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Abstract

In this Master’s thesis, we investigate the Langevin dynamics on the spherical Sherrington-

Kirkpatrick (SSK) model, a classical mean-field spin glass model. The first contribution
of this thesis is the asymptotic limit of energy function of the SSK model, a critical prop-
erty linked to the model’s equilibrium state. The thermodynamic limit of energy of the
system is characterized in terms of a system of integro-differential equations as the size of
the system goes to infinity. Then we look at the behavior of the limiting dynamics as the
time goes to infinity. This long time behavior of the energy has a phase transition. In the
regime of below the critical inverse temperature, the limiting result is zero. In the regime
of above the critical inverse temperature, the limiting result is a constant depending on
the temperature.

The second contribution of this thesis is that we analyze the complexity of the zero-
temperature Langevin dynamics (a.k.a. the gradient descent algorithm) on the SSK model.
We establish lower and upper bound for the hitting time, defined as the first time required
for the output of the algorithm to achieve a small overlap with the eigenvector correspond-
ing to the smallest eigenvalue of the Wigner matrix.
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Chapter 1

Introduction

The Sherrington-Kirkpatrick (SK) model is a widely studied mathematical model in sta-
tistical mechanics. It has drawn considerable interest from physicists, mathematicians,
and computer scientists. This model was first introduced by Sherrington and Kirkpatrick
in their seminal paper [ 1. Since then, it has become a prominent tool for analyzing
the behavior of spin glasses, which are disordered magnetic systems that exhibit complex
behavior making them as a topic of great interest in physics [ 1.

This thesis focuses on several aspects of the SK model and related problems. We will
first review the SK model and its basic properties in Section 1.1. In Section 1.2, we review
the phenomenon of aging in the SK model. Finally, we discussed the complexity of gradient
descent related to zero-temperature Langevin dynamics on SK model in linear algebra in
Section 1.3. Specifically, we will focused on the problem of computing eigenvectors of
symmetric Wigner matrices using gradient descent.

1.1 Sherrington-Kirkpatrick (SK) model

We begin by introducing the spin glass model. For dimension N = 1, we consider the state
space {-1,+1}"V. In this model, there are N classical spins labeled as [N]:={1,2,...,N},
which can take the values of either —1 or +1. The spins interact with each other through
pairwise couplings oJ;;, which are independent standard Gaussian random variables mod-
eling the quality of interaction between agents i and j. Let Hy: {-1,+1}" — R be the
Hamiltonian. The interpretation of Hj(X) is the internal magnetic energy of each possi-
ble state X € {-1,+1}". In order to understand the material in thermal equilibrium, one



would like to describe the proportion of time spent in different states is given by the Gibbs
measure on {—1,+1}" at inverse temperature f € R:

exp(BH (X))

GN(X)ZZ Zﬁ

(1.1)

where
Zgi= Y ePHIX (1.2)
Xe{-1,+1}N¥

is called the partition function and u is the probability measure defined on {—1,+1}.

A natural question in the spin glass model is the asymptotic behavior of the maximum
of Hy, for example the Dean’s problem [ , Section 1.1]. In realistic models, the key
feature of a spin glass is that different pairs of spins interact in very different ways which
is known as the Edwards-Anderson spin glass model introduced by [ 1.

The Sherrington-Kirkpatrick (SK) model is a mean-field simplification of the Edwards-
Anderson spin glass model, in which one ignores the spatial locations of the spins. The SK
model is motivated by the optimization problem called Dean’s problem: given N agents
labeled [N]=1{1,...,N} in which the like or dislike between individuals i and j is given by
gi;j- Then Dean would like to maximize the "happiness” of the N-agent system defined by

1 N
HeX)=— Y giilx-x1 (1.3)
g \/NiJ'Zzl iy 4 i}

where g;; = gj; for 1 =i < j <N are independent identically distributed (i.i.d.) random
variables with mean 0 and variance 1, and g;; for i = 1,...,N are i.i.d. random variables
with mean 0 and variance 2. Note that the system (1.3) is equivalently as

1 N
H,(X)=— giiX; X;, (1.4)
(O 7F g0

which is the sum of the pairwise couplings multiplied by the product of the spins.

This is a non-trivial maximization problem, even in the case where N = 3 (see Figure
1.1 for a illustration). The presence of conflicting interactions between agents can lead to
frustration and the inability to reconcile all intuitive assignments of the agents into two

groups.

The SK model is associated with a free energy of the model defined via
1
Fyn(p) = NE(IOgZN(ﬁ)), (1.5)
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Figure 1.1: A simple example of the SK model used to illustrate the non-triviality of the
problem, even in the case N = 3. Suppose there are three agents labeled i, j and &, where
Jij <0, Jjp >0 but J;; > 0.

where Z () is the partition function defined by

p
Zn(B) = Z exp (— (X)) (1.6)
Xe{-1,+1}N \/N ¢

and inverse temperature parameter § € R is tunable. The large N asymptotics of this
free energy have been of interest to mathematicians studying the SK model. In 1979,
[ ] proposed a formula for this limit called the replica symmetric breaking solution.
This formula was later confirmed by the work of [ 1. [ ] generalized these re-
sults, providing a comprehensive understanding of the free energy and the thermodynamic
properties of the SK model in the large N limit. Indeed, if we have a formula for the free
energy, then this will give a formula for the leading order behavior of the Dean’s problem
[ , Section 1.1]. These mathematical advances have greatly enhanced our under-
standing of the behavior of spin glasses and have contributed to the development of new
algorithms for solving optimization problems in statistics and machine learning (see e.g.,

[ , ; D.

Originally, the SK model considered the case where the spins are Ising spins and the
probability measure follows the Bernoulli law u(dx) = %(6_1 +041) defined on {-1,+1}.
One natural dynamics associated with such dynamics are Glauber dynamics (see e.g.,

[ ; D.

One generalization of the Ising spins to a continuous configuration space M (e.g., a
sphere instead of a hypercube) called spherical spin glasses. Let S¥~1(v/N) be N —1 di-
mensional sphere of radius VN in RY:

SN IWN):={X eRY : | X% =N}, (1.7)
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where || - || is the ¢2 norm.

The spherical Sherrington-Kirkpatrick (SSK) model [ ] is defined by the Hamil-
tonian
HSSK(X) = ——— % gii X X; (1.8)
- 13 l ’ .
& VN ;721 ’ ’

where the spin variables X = (X1,...,Xn) € R lie on the sphere $V~1(v/N). The Hamilto-
nian of the SSK model is same as the SK model but with the constraint of spin variables
on the sphere.

The associated Langevin dynamics of the SSK model (see (3.2) in Chapter 3) were
considered by [ , , , 1.

1.2 The phenomenon of aging in the SK model

In Section 1.1, we introduced the basic definition of the SK model, which is one of the
most widely studied models of spin glasses. One of the main problems in the study of spin
glasses is understanding the equilibrium phase transition (see e.g., [ , D,
which is a fundamental change in the system’s properties that occurs as temperature is
lowered and it can reveal information about the natural of the ground state of the system.

However, in some cases, the system may relax to equilibrium so slowly that it never
actually reaches it. This phenomenon is known as “aging”, and it is integral to the study of
spin glasses dynamics, both experimentally and theoretically. Aging is a phenomenon that

affects the system’s decorrelation properties over time. According to [ 1, this means
that the longer the system exists, the longer it takes to forget its past. This phenomenon
has been studied extensively by various authors (see e.g., [ , , D). The

study of aging and its effect on spin glass dynamics is an active area of research in physics,
with important implications for the understanding of the low-temperature behavior of
these systems.

In [ 1, the authors focus on such systems and study the phenomenon of “aging”
in spherical spin glasses to characterize the low-temperature behavior of the dynamics.
They studied the Langevin dynamics for the SK model using correlation functions that
satisfy a system of integro-differential equations known as the Crisanti-Horner-Sommers-
Cugliandolo-Kurchan (CHSCK) equations [ , ]. This was the first mathematical
literature on aging in spin glasses, and it opened the door for further research on this
topic.



Our work in Chapter 3 aims to understand the asymptotic limit of the energy and focus
on the long-time behavior of the energy of the system. The energy of the spherical spin
glasses model is described by the Hamiltonian function, which describes the interactions
between the spin variables on the surface of a high-dimensional sphere. The energy func-
tion is a key quantity in the spherical spin glasses model, as it determines the equilibrium
properties of the system and governs its dynamical behavior (see e.g., [ , 1. By
studying the long-time behavior of the energy function, we can gain insight into the way
the energy of the system evolves over time and how it is affected by the dynamics of the
spin variables. In particular, the long-time behavior of the energy function can reveal
information about the aging behavior of the system.

1.3 The complexity of the gradient descent

In this section, we discuss the potential connection of our results on aging in spin glasses
to linear algebra problems, and we review some background and previous results on the
complexity of power method.

The study of aging in spin glasses model as discussed in Section 1.2 provides important
insights into the dynamics of the energy function in the SK model, which is the focus of
our work in Chapter 3. This insight can be used to develop more efficient algorithms for
solving difficult linear algebra problems, such as computing the eigenvectors of Wigner
random matrices. However, to achieve this goal, we need to understand the complexity of
iterative methods, which have received less attention in complexity theory [ 1.

The study of the complexity of algorithms in linear algebra has been a topic of interest
for many years by [ 1. While direct algorithms that solve problems in a finite number
of steps have been extensively studied, iterative methods such as those required for the
matrix eigenvalue problem have received less attention in complexity theory in [ 1.

The power method is a well-known iterative algorithm that approximates the eigenvec-
tor corresponding to the dominant eigenvalue, which is the largest in absolute value. How-
ever, for Hermitian random matrices, the complexity of the power method for obtaining a
dominant eigenvector is infinite by [ 1. [ ] showed that the upper bound of the
complexity is O(N?1og N), conditioned on all the eigenvalues being positive. Another algo-
rithm for calculating the dominant vector was investigated by [ 1, who showed that,
under certain conditions, the average number of iterations required is O(log N +log|logel).
[ ] studied the performance of three algorithms for computing the eigenvalues of sam-

-2
ple covariance matrices and showed that the complexity is about O ((li) Og geN - %) N?3logN ),
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regardless of the specific distribution of the entries.

In our work presented in Chapter 4, we investigate the complexity of an algorithm
that uses spherical gradient descent inside aging to study the equilibrium of the spherical
SK model based on the zero-temperature dynamics, i.e., taking f = co in the Langevin
dynamics defined in (3.2). The spherical gradient descent is an optimization method that
updates the spin variables in the direction of the negative gradient of the energy function
on a unit sphere. This algorithm can be understood as the continuous analogue version of
the power method. To ensure that our algorithm achieves its goal, we consider the hitting
time when the overlap between the output and the eigenvector is positive, where overlap
is a measure of similarity between two spin configurations. Our work represents an im-
provement over previous studies, as we provide a lower bound of O(N%3) and upper bound
of O(N?31ogN) for computing eigenvectors of Wigner random matrices whose entries are
independent and identically distributed Gaussian variables. This insight may prove use-
ful in developing more efficient algorithms for solving difficult linear algebra problems in
the future.

1.4 Organization of the thesis

In Chapter 2, we review a variety of classical mathematical results that we will use in
this thesis. The main contribution of the thesis begins in Chapter 3. The main results
include the integro-differential equation of the energy of the SK model and an explicit
formula for the limiting of the energy. In Chapter 4, we analyze the complexity of the zero-
temperature dynamics for finding the eigenvectors corresponding to extreme eigenvalues
of Wigner matrices.



Chapter 2

Preliminaries

In this chapter, we collect some results that were used in the proof of the main results
presented in Chapter 3 and Chapter 4 in random matrix theory and probability theory.
In Section 2.1, we provide a brief review of the Wigner matrix, semicircle law, and Tracy-
Widom law. In Section 2.2, we review some basic tools from stochastic analysis, including
stochastic differential equations and It6’s formula. Finally, in Section 2.3, we review the
definition and basic properties of the Bessel function. These results are key components
in the proof of our main results.

2.1 Random matrix theory results

Random matrix theory is a branch of mathematics that studies the behavior of large matri-
ces with random entries. While the idea and motivation of studying random matrices dates
back to 1950s with the pioneering works of Wigner, Dyson, and others [ , 1.
There are already several textbooks that describe in detail the theory and work related
to random matrices (see e.g., [ , , ). We will review some facts about
semicircle law and edge universality in this section.

Let us start with the definition of the (symmetric) Winger matrix ensemble.

Definition 2.1.1. [ , Section 2.3] Let N = 1 be an integer. Consider a symmetric
N x N matrix Y ={Y;;}1<i j<N, which hence has N eigenvalues. Assume that the following
conditions hold:

* {Y;;}1<i<j<n are independent random variables;
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® The diagonal entries {Y;;}1<i<N are identically distributed with finite variance, and
the off-diagonal entries {Y;}1<i<; are identically distributed with mean zero and unit
variance.

The matrix Y is known as a symmetric Wigner matrix.

When the random variables Y;; and Y;; are real Gaussian with E[Y;; 12 = 2, the Wigner
matrix Y will be called Gaussian Orthogonal Ensemble (GOE). Similarly, when the
strictly upper triangular entries Y;; are complex and Y;; are real Gaussian with E|Y;; 12=1,
the Wigner matrix Y will be called Gaussian Unitary Ensemble (GUE).

By [ , Corollary 2.3.6], we have Y [lop = O(V'N). We always consider the normal-
ized Wigner matrix J = \/LNY in the following results.

Let (X,d) be a metric space. Let y, (n = 1) and u be Borel probability measures on X.
Let Cy(X) be a collection of all bounded and continuous functions defined on X. We say
that u, converges in weakly to u if

ffdun —»ffd,u, as n — oo, for all f € Cp(X). (2.1)

One of the fundamental universality results in random matrix theory is the Wigner
semicircle law. This describes the limiting distribution of eigenvalues of a Wigner matrix
converges weakly to the semicircle law as the size of the matrix goes to infinity. The
precise distribution of entries does not affect the conclusion of the law as long as the
matrix satisfies conditions of the Wigner matrix as in Definition 2.1.1.

Given any N x N normalized Wigner matrix J, we consider the empirical spectral mea-
sure of J:

1 N
U = N ;501‘, (2.2)

N

where ! <-.- <" are eigenvalues of J and §. is the Dirac measure.

Theorem 2.1.2. [ , Theorem 2.4.2] Let J be the N x N normalized symmetric Wigner
matrix. Then the empirical spectral distribution ug converges weakly to the (Wigner) semi-
circle law almost surely (hence also in probability)

1 ——
,usct=§ 4—x21|x|52dx. (2.3)



There are several methods to prove the semicircle law. One of the methods to prove this
result is the moment method. The idea of this method is to compare the moments of the
empirical spectral measure of the random matrix with the moments of the semicircular
law, and show that the convergence as the matrix size tends to infinity. Another method
to prove the semicircle law is the Stieltjes transform method, which is a similar technique
to Fourier method. The Stieltjes transform of a probability measure is a complex-valued
function. More precisely, given any probability measure u on the real line, we can form its
Stieltjes transform: for any z € R\ supp(u)

1
m(z) ::f —d u(x). (2.4)
RX—2Z

o.3o§
0.25;
o.2o§
o.15§
o.1o§

0.05

Figure 2.1: Semicircle law of GOE: plot of empirical spectral distribution of 10000 x 10000
matrix from GOE converging weakly to semicircle law.

Except for the semicircle law, there are two universal phenomenon about the local
statics of eigenvalues of random matrices called the bulk universality and the edge uni-
versality (see e.g. [ , , , D.

This thesis will focus on the edge universality. The two endpoints —2 and +2 of the
semicircle law are called the edge of spectrum. Note that the typical or average spacing
between eigenvalues is of order O(N 1) (i.e., they are roughly equally spaced with [-2,2]).
However, for the Gaussian ensembles, Tracy and Widom [ , ] give more pre-
cise information about the rescaling of the largest eigenvalue around the edge, which is
described as follows.

Lemma 2.1.3. /. , Theorem 3.1.5] Let c* < --- < o™ be the eigenvalues of a normalized
Wigner matrix J. Then we have
lim P(N?3(oY -2) <x) = Fy(o) (2.5)
N—oo0

9



where Fpg(x) is the Tracy-Widom distribution functions described by the Painlevé equations

for B=1,2,4 corresponding to orthogonal, unitary, symplectic ensemble, respectively. This

result also holds for the smallest eigenvalues o.

See [ ] for the definition of the Painlevé equations.

[ ] proved the joint distribution of the & largest eigenvalues can be expressed in
terms of the Airy kernel.
Lemma 2.1.4. /. ] Let o' <--- <oV be the eigenvalues of a Wigner matrix J. Then the
limiting joint distribution of the k largest eigenvalue for Gaussian ensembles

dim P(N?3(0N - 2) < x1,...,N¥3 (N1 —2) < xp) = F (1., ), (2.6)
—00

where Fg(x1,...,xz) is still called the Tracy-Widom distribution. This result also holds for
the smallest eigenvalues o', ... ok,

Definition 2.1.5. [ ] We say that the Wigner matrix ensemble J = {Y;;}1<; j<n obeys
condition C1 with constant Cq [ ]if one has

ElY;;I°<C,1<i,j<N 2.7
for some constant C (independent of N).

It was conjectured that the Tracy-Widom law holds for general Wigner matrices if the
Wigner matrix J = {Y;}1<; j<n obeying condition C1 with C¢y =4 by the numerical results

in [ 1. This fourth moment is the optimal value of the moment [ ]. There has
been a lot of partial progress on this conjecture [ , , 1.
[ ] proved a simple necessary and sufficient criterion for Tracy-Widom law. Here

we just list the sufficient condition as follows.

Theorem 2.1.6. [ , Theorem 1.2] Let J be the normalized Wigner matrix defined in
Definition 2.1.1. We denote by 01 < 09 < ...0N the eigenvalues of J. If the off-diagonal
entry of the Wigner matrix satisfies

lim s*P(|Y12] =5) =0, (2.8)
S—00
then the joint distribution function of k rescaled the largest eigenvalues
PN (N -2) <51, N (N1 -2) <s9,..., N3 (0N 1 _2) < 5) (2.9)

has a limit as N — oo, which coincides with that in the GUE and GOE cases, i.e., it weakly
converges to the Tracy-Widom distribution. This result also holds for the smallest eigenval-

ues ol,... ok
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Note that any distribution with a finite fourth moment satisfies the criterion (2.8),
however, the converse statement does not hold. See [ ] for a counterexample.

Next, we will discuss the distribution of eigenvectors of Wigner matrices. For a given
matrix J sampled from the GOE (a special case of Wigner matrices), the eigenvalues of J
are almost surely distinct by [ , Theorem 2.5.2]. Due to the GOE ensemble’s invari-
ance under orthogonal transformations, we have the following Lemma.

Lemma 2.1.7. /. , Corollary 2.5.4] Let {v1,vs,...,vN} be the eigenvectors correspond-
ing to the eigenvalues o',...,d" of a matrix J drawn from GOE. Each of the eigenvectors
U1,...,UN is distributed uniformly on the unit sphere:

SVl i= fx = (x1,...,2n8) 1 x; €R, X[l = 1,x1 > O} (2.10)

Note that there would be the sign ambiguity for unit eigenvectors. To resolve this
ambiguity, we randomly and independently choose each eigenvector from the two available
options.

Recall the following fact about the Gaussian random vector in high dimensions.

Lemma 2.1.8. / , Exercise 3.3.7] For a random vector g ~ N(0,1Iy), g/llgll2 is uniformly
distributed on the unit sphere SN 1.

Since the direction g/| g2 is uniformly distributed on the unit sphere S¥-1, Thus, we

can represent a random vector X ~ Unif(VNSY 1) as X = VN ”é%-

Combing the above facts, we can prove the following Lemma that for a unit vector
g € SV71, VNv; - q are asymptotically normally distributed for i =1,...,N.

Lemma 2.1.9. Let J ={Y;;}1<; j<n be a matrix drawn from GOE. Let q € SN-1 pe g unit
vector in RY. Let v; € SN-1 pe chosen randomly among all unit eigenvectors corresponding
to eigenvalue o' of J. Then VNv; - q converges to N(0,1) in distribution as N — oo.

Proof. By Lemma 2.1.7 and Lemma 2.1.8, we write v; = g/llglle and q = h/||h|2 with g =
(g1,...,8N) ~N(,In) and h = (h1,...,AN) ~ N(0,Iy), respectively. By Slutsky’s theorem
[ , Theorem 5.5.17], we have

\%N Y gih;

1 1
VFZigd) (Frin?)
converges to N(0,1) in distribution, where the numerator converges to N(0, 1) in distribu-

tion by central limit theorem, and the denominator converges to 1 in probability by the
weak law of large number. O

VNv;-q = (2.11)

11



One can extend the above Lemma to the general Wigner matrix ensembles:

Lemma 2.1.10. /' ] Let J ={Y; ;}1<i j<n be a random real symmetric matrix obeying the
following condition for a sufficiently large constant Cy:

ElY;;1°°<C (2.12)

for some constants C > 0. Assume that Y;; = -Y;j for 1<i,j<N. Let q¢€ SN1 e a
unit vector in RN. For each i =1,...,N, let v; € SV~ be chosen randomly among all unit
eigenvectors with eigenvalue o*. Then vV Nuv; - q tends to N(0,1) in distribution as N — co.

2.2 Stochastic differential equations

Most of the concepts and proofs featured in this section were covered in the course STAT
902 by Prof. Yi Shen in Winter 2022. Other notable sources include [ , , 1.

Stochastic differential equations (SDEs) are a powerful too for modeling systems that
evolve randomly over time. They are widely used in many fields such as finance and

machine learning (see e.g., [ , 1). Let us start with the definition of Brownian
motion.
Definition 2.2.1. /. , Section 7.1] We say a real-valued process B; for t = 0 is a one-

dimensional Brownian motion if it satisfies the following properties:

* By=0.

B; has continuous paths.

(independent increments) if to < t1 < --- <t,, then By,,B;, —By,,...,Bs, =By, | are
independent.

(stationary increments) For t >s =20, B;—B; ~N(0,t —s).

The one-dimensional Brownian motion defined above serves as the basic for the devel-
opment of the theory of the stochastic integrals.

For n > 1, a n-dimensional Brownian motion B; = (Bl,...,B’tl) starting at x € R” is
defined as a collection of independent one-dimensional B},...,Bfl, where Bj, = x; for i =
1,...,n.

12



The Ito’s formula is a central tool in stochastic calculus. In the following we give the
simplest version of It6’s formula for one-dimensional Brownian motion from [ , The-
orem 7.6.1]. This formula can be extended to n-dimensional Brownian motion [ ,
Theorem 7.6.7] and even to the semimartingale [ , Chapter 5].

Theorem 2.2.2 (I1td’s formula). Suppose that [ : R — R has two continuous derivatives. The
with probability one, for all t =0,

t 1 t
By~ fBo) = fo '(B,)dB, + fo £1(BL)ds. (2.13)

Lemma 2.2.3 provides an integration by parts formula for stochastic integrals as fol-
lows.

Lemma 2.2.3. / , Theorem 4.1.5] Let f(t) be a continuous and of bounded variation
with respect to t €[0,T]. Then

t t
fo f(s)dBs = f(t)B; —fo Bsdf(s). (2.14)

Recall that a filtration on the probability space (Q2,.%,P) is a non-decreasing family
{F}i=0 of sub-o-algebra of & such that &, ¢ &; for s <t < 0o, where we define F, :=
0 (Us=0%;). Recall that a stochastic process {X;};>0 is called adapted to a filtration {Z;};~¢
if X; is &#;-measurable for every ¢ = 0.

One important result called It6 isometry from [ , Corollary 3.1.7] is as follows.

Lemma 2.2.4 (It6 isometry). Let f(t,w) : [0,00) x Q — R be a 9B x F-measurable func-
tion, where 2B is the Borel o—algebra on [0,00). Assume that f(t,w) is F;-adapted and

E [fab f(t,w)th] < oo. Let B; be a Brownian motion on [0,00). Then

([ eawaz)

One of main applications of It6 isometry is to compute the variance for random vari-
ables that are given as It6 integrals.

b
E :[E[ f f(t,w)2dt|. (2.15)

A stochastic differential equations (SDEs) has the following form [ , Chapter 7]:

dXt:a(t,Xt)dt'l‘b(t,Xt)dBt, (216)

13



where X; € R" is the the solution to the SDEs, a(¢,x) € R” is the drift term that describes
the deterministic evolution of the system, b(¢,x) € R**™ is the diffusion term that describes
the random fluctuations, and B; the is a m-dimensional Brownian motion.

The existence and uniqueness theorem of SDEs provides a theoretical framework for
studying the solutions to SDEs (See e.g., [ , Theorem 5.2.1]). Roughly speaking,
it requires a linear growth upper bound and a Lipschitz condition for functions a(t,x)
and b(¢,x). It guarantees the existence of a unique solution to the SDEs under suitable
conditions on the coefficients a(:,-) and b(-,-). The solution X; is called a strong solution
if it satisfies the SDEs (2.16) almost surely for all time, given the Brownian motion B; in
advance.

A classic example of a SDE is the Ornstein-Uhlenbeck (OU) process (see e.g., [ ,
Chapter 5]), which is widely used in finance and physics [ ]. The OU process is
a mean-reverting process that models the behavior of systems that tend to return to a
fixed equilibrium state. It is described by the following SDE: for two positive parameters
0,0 >0,

dX;=-0X,dt+odB;. (2.17)

By applying It6’s formula in Theorem 2.2.2 to e X;, we get

t
X;=Xoe " +o f e 9)dB;. (2.18)

0
Another example is called the Langevin dynamics [ 1, which is a stochastic

process that models the behavior of a particle in a viscous medium subject to a potential
force and thermal fluctuations. It is described as a SDE as follows.

dX,;=-VU(X)dt+\/26~1dB;, (2.19)

where X; represents the position of the particle at time ¢, U(-) is the potential energy of
the particle, § is the inverse temperature, and B; is the standard Brownian motion on R?.

2.3 Bessel function

In this section, we will introduce Bessel function and modfied Bessel function along with
their integral representations, relations, and asymptotic behavior. These results will play
a key role in the proof of our main results.
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Bessel functions, first defined by the mathematician Daniel Bernoulli and then gen-
eralized by Friedrich Bessel, are canonical solutions of Bessel’s differential equation in
[ , Section 9.1].

An alternative definition of the (modified) Bessel function, for integer values of n, is
possible using integral representation:

Definition 2.3.1. /. , Section 9.1] The Bessel function is given by
VAL L
B(x):= — f e'*¢%0 cos(nB)do. (2.20)
T Jo

for neNand x €R.

The modified Bessel function is given by
1 /1
I (x):== f % cos(n0)do. (2.21)
mJo
forneNand x eR.

The relation between the Bessel function and the modified Bessel function is given by
I,(x)=e ""2B, (xe'™?) (2.22)

as shown in [ , Section 9.6].

We will use the following lemma about the recurrence relation and derivatives of mod-
ified Bessel functions.

Lemma 2.3.2. /. , Section 9.6] Let I,, be the modified Bessel function defined as in
Definition 2.3.1. For n € N,

1,0) = Lnsa(x) + = In(x), (2.23)

and Ij(x) = I1(x).

By [ , Section 9.6], we have the following asymptotic results of modified Bessel
functions.

Lemma 2.3.3. Let I,, be the modified Bessel function defined as in Definition 2.3.1. For
neN, as x — oo we have
lim =

X—00 x—1/2ex - \/% (224)
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Chapter 3

The long time behavior of the energy
of the spherical SK model

In this chapter, we will consider the Langevin dynamics for the SSK model. Recall that
the definition of the spherical Sherrington-Kirkpatrick (SSK) model in Section 1.1. The
SSK model is described by the Hamiltonian

HyX)=- Y J,;XiXj=-X-dX (3.1)
1<i,j<N

where the spin variables X = (X1,...,Xy)€ RY lie on the sphere constraint || X ||2 = ZZL.\L 1 X L2 =
N, and J = {J;;}1<; j<n is the normalized symmetric Wigner matrix with mean zero and

B[] = 4. E[J2]=F for1<i<j=<N.

3.1 Main results

We consider the Langevin dynamics for the Sherrington-Kirkpatrick (SK) model defined

by the following system of stochastic differential equations (SDEs) as in [ 1:
N : 1N . , .
dX} =] lJi Xldt—f' N ZI(X{)Z X/dt+pV2dwW}, (3.2)
Jj= Jj=

where J = {J; ;}1<; j<n is a symmetric matrix of centered Gaussian random variables such
that [E[Ji2j] = le and [E[Ji2] = J% for1<i<j<N, f:[0,00) — R satisfies f to be non-negative

i
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and Lipschitz, § is a positive constant, and {Wti}lsisN is an N —dimensional Brownian
motion, independent of {J;;}1<; j<n and of the initial data {Xj}1<;<n.

For any N =1 and T = 0, the SDE (3.2) has a unique strong solution X; = {X; l<is<
N,t€[0,T]} on €([0,T1,RN). See [ , Lemma 6.7] for a proof.

The second term in (3.2) is a Lagrange multiplier in order to implement a smooth
spherical constraint [ 1. The simplification caused by the SSK model is the invari-
ance under rotation for the SDE (3.2).

We write J = GTDG, where G is an orthogonal matrix with the uniform law on the
sphere and D = diag(ol,...,0"V) is the diagonal matrix of the eigenvalues {0%}1<j<n of o.
As N — oo, we have ]%,Zfi 10,i converges weakly to the semicircle law pp with compact
support [—2,2] by Theorem 2.1.2.

To simplify the SDE (3.2), we let both sides of (3.2) be multiplied by the rotation matrix
G which is invariant under rotation. We take Y; := GX; and B; := GW;. Then the SDE
under the rotation is given by

ay; = (o' - ' (IVI*/N)| Y;dt+ p~2dB;, (3.3)
where || - || is the ¢2 norm.
Denote by
1N
Kn(t,s):==> X;X. (3.4)
N3

the empirical correlation function. We use abbreviated notation Ky (¢) := Ky(¢,t) for con-
venience. [ ] studied the dynamics of the empirical correlation Ky and the limiting
point as N — oo (NN is the size of the system), which is the unique solution to a CHSCK
equation as follows.

Theorem 3.1.1. /. , Theorem 2.3] Assume that the initial data {Xé}lsisN are i.i.d
with law po so that [Ex~u0[e"‘X] < oo for some a >0. Fix T=20. As N — oo, Ky converges
almost surely to deterministic limits K. Moreover, the limit K is the unique solution to the
following integro-differential equation:

K(t,s)= e_fg f'Ewydw-[5 f'Ew)dw [ea(t+s)X§]
(0,X0)~m™®

1 tAS t ,K d S /K d t 2
+p” f e~ e I'E@)dw—f7 f'E@hdw [ p0lt+s=2r)1q,
o (0,X0)~m>®

where n%° = up ® uo and here we write K(s) := K(s.s).
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Remark 3.1.2. As emphasized in [. 1, the aging is very dependent on initial condi-
tions. In addition to considering i.i.d. initial condition, the author also considers other
three types of initial conditions: the rotated independent initial conditions, the top eigen-
vector initial conditions, and the stationary initial conditions.

Remark 3.1.3. Based on the thermodynamic limit of Kn(t,8) as N — oo, [. | study
the long time evaluations of K(t,s) and established a dynamical phase transition in terms
of the asymptotic of K(t,s) in [. , Proposition 3.2]. This is a first mathematical proof
of the aging phenomenon.

Next, we similarly consider how to describe how the energy of the system evolves over
time. Recall that the quadratic Hamiltonian of SSK model is defined by Hj(X;) = X tT JX;.
Note that we have Hj(Y;) = Y;TDY;, where Y; =GX,; and J =GTDG.

Let
Hy()i= LHy (YD = = 3" ai(v})? (3.5)
. N t N l:1 t .
be the energy of the system.

Our first result characterizes the limiting behavior of the energy Hy(¢) of the SSK
model as N — oo for ¢ € [0, T'] as follows.

Theorem 3.1.4. Assume that the initial data {Xé}lsisN are i.i.d with law po so that
[EX~H0[e“X 1< oo for some a >0. Fix T =0. Let K be the solution defined as in Theorem
3.1.1. As N — oo, Hy converges almost surely to deterministic limits H. Moreover, the limit
H is the unique solution to the following integro-differential equation:

H(t)=e 2o l'Ewidw — p [5,20tx2) (3.6)
(0,Xo)~>®
t !
+ﬁ_1f e 2RI E@dw 520091 3.7)
0 (0,X0)~m*®

where n°° = up ® uo and here we write K(s) := K(s.s).

Theorem 3.1.4 provides a precise characterization of H(¢). However, the expression of
H(t) is unclear because it involves the fixed point equation of K(¢) in Theorem 3.1.1. The
key point of this model is that we can exactly study the long time behavior of the energy
H(t) as t — oo.

In order to precisely determine the limit of the energy, we will define K(0,0) to be 1

and take function N

cx
flx)= o (3.8)
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where c is a positive constant. By [ , Theorem 2.4.2], recall that the density function
of semicircle law up is given by

1 ——
dl'tD = E 4 —le{_Qstz}dx. (3-9)

Let m : R\ supp(up) — R be the Stieljes transform of the probability measure up given
by

1 2
m(s) =E,-~ = : (3.10)
T ls-0o| s+Vs2-4
Let B. be the critical temperature such that
c c
Pe=m@)=. (3.11)

Our second result is as follows.

Theorem 3.1.5. Assume that K(0,0) =1 and f(x) = % for some positive constants ¢ > 0.
Let H be the unique solution given in Theorem 3.1.1. Then, for B < ., we have

lim H(#) = 0. (3.12)
For B> B., we have
4p-c 1
lim H) = —P—¢ 4 g1 (3.13)
t—e0 22 /mef 2

Theorem 3.1.5 describes the limit of energy function H(¢) as ¢ — co. This concludes
a dynamical phase transition phenomenon. See Figure 3.1 for the existence of a jump
discontinuity in the asymptotic limit of the function H(¢), where we set ¢ = 1.

The proof of Theorem 3.1.5 utilizes tools and techniques from the paper [ 1, with
some modifications made to their results. We borrow the notation from [ 1 and write
¢
R(t):=exp (2f f’(K(w))dw) (3.14)
0

with K(w) = K(w,w).

Then the expression of H(¢) in Theorem 3.1.4 becomes
¢
H@®)=R@®™* ([E[aez‘”] + 471 f R(r)[E[aer(t_’)]dr) (3.15)
0

Note that the limit of H(¢) is governed by the asymptotic of the derivative of the moment
generating function of o. So it suffices to characteristic the limit of R(¢) and E [aez‘”].

Similarly, we consider the asymptotic limit of H(¢)/K(t) as t — oo.
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lim._, H(1)

0.5 1

Figure 3.1: In this figure, we set ¢ =1 and plot the limiting behavior of the function H(t)
as t approaches infinity. H(¢) exhibits a jump discontinuity in the phase transition at the
critical inverse temperature . = 0.25.

_4? H(?)
/Im,_mﬁ:r)
3 !
K B>B.
—
o| ! 0.5 1

Figure 3.2: In this figure, we set ¢ = 1 and plot the limiting behavior of the function
H(t)/K(t) as t approaches infinity. There is a jump discontinuity in the phase transition at
the critical inverse temperature . = 0.25.

Corollary 3.1.6. Assume the same setting as in Theorem 3.1.5. Then for B < B., we have

0N

For > B, we have
H@) 2732(4p—-c)+/mc

tlrgo K(t) - 2_5/2(4,3—0)+ \/EC (317)

The proof of Corollary 3.1.6 as 8> 8. is the same as the proof in Theorem 3.1.5. For
the proof of the case g < 8., we apply the same idea of proving [ , Theorem 1.2]. See
Figure 3.2 for the plot of the asymptotic limit of H(¢)/K(t), where we set ¢ = 1.

Proof. Consider first the regime > .. Recall that R(¢) is defined as in (3.14) and K(¢) is
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given in Theorem 3.1.1. We rewrite K(¢) as follows:
t
K@#) =R ([E[e2w] +p7t f R(ME[2T1dr|. (3.18)
0

We apply Lemma 3.2.4 and Lemma 3.2.3, and plug in the asymptotic limit of R(#) and

E[e?7], we get
7 1

2727 2(46+1) 1
o 2dprl) Lo (3.19)
Cp(4p—c) 2

Combining this result and Theorem 3.1.5, we obtained the desired result.

tlim K@) =

For B < B., we will show that lim;_.,K(¢) = C for some non-zero constants C. Take
h(t) = R(:)K(¢). Note that
R'(¢) = 2cK($)R(¢) = 2¢ch(?). (3.20)

Thus, we have 2¢%},(z) = 2 %r(2) - 1.
By Lemma 3.2.5, we have

1+ cm(z)
Zr(2)= o7 —cB-Im(a) Fm@) (3.21)
Hence, we get .
L) = i czm(z)(1+ 67—z (3.22)

2¢c\ 2z-cBIm(z)

Note that £;(z) has a simple pole at sg, which is a solution to 2z = ¢f1m(z). Thus there
exists a constant C > 0 such that

linazjfg(z+s/3): C (3.23)
z—>
By [ , Lemma 7.2], we have

lim e 2btp(t)=C (3.24)

Hence, lim; .. K(¢) = C for some non-zero constants C. Hence, the desired follows from
Theorem 3.1.5.

For g = B., we apply the same proof as 8 < B.. Note that lim;_...K(¢) = C; for some
non-zero constants C1. Hence, we still obtain the desired result by Theorem 3.1.5. O
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3.2 Proof of Theorem 3.1.5

We will first give the representation of the characteristic function of the semicircle law by
the Bessel function.

Lemma 3.2.1. Let B(t) be the Bessel function defined as in Definition 2.3.1 for n = 1.
Recall that the eigenvalues o of N x N normalized symmetric Wigner matrix J follow the
semicircle law with distribution up as in (3.9). Then we have

E[ei’] = B 1?” (3.25)

Proof. Byl , Theorem 6.2.3], it is enough to calculate the inverse of the characteristic
function of B1(2¢)/t is the density of the semicircle law.

Note that by the inversion formula we have

1
ff QZtCOSGCOSQe thdedt
0

ZB1(2t)e 1 dt =
f 1(Z0)e 2im?

f cos@f 1t2e0s0-2) g4 gg

J

" 9in2

=—in- Slgn(Zcosﬂ x)
1 /4
= ——f cos O -Sign(2cosf — x)d0,
271 Jo

where Sign(-) is the Sign function.

Clearly, we have Sign(2cosf —x) = —1 for x > 2, and sgn(2cosf —x) = 1 for x < —2. For
both cases, the above integral is zero due to f; cos6d6 = 0.

Consider the case that -2 <x <2. Set u =2cosf — x. The above integral becomes

1 (2% u+x 1 ) 0 u+x 2’Cu+x
“ o 5 2S1gn(u)du =5 f f
T J-o- 7 |J- / /—
x 1— (u;x) u+x
1(, (2 v 1y
=—12 dy—2 dy
2”( -1/1-2 5 V1-y? )
1
=—V4-x2
21
where we take variable y = (u + x)/2 in the second line for -2 <x < 2. O
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The following Lemma derives the asymptotic limit of the derivative of the moment
generating function of 0.

Lemma 3.2.2. Recall that the eigenvalues o of N x N normalized symmetric Wigner matrix
J follow the semicircle law with distribution up as in (3.9). Then we have:

. [EUNMD [Ueta] 1
tlllg $-3/2p2t - 2\/5' (3.26)
Proof. Substitute ¢ by it in Lemma 3.2.1, then we have
B1(-2it
Elet7) = B2 (3.27)
—2it
where B1(-) is the Bessel function.
By equation (2.22), we get
I1(2¢)
E[e!?] = ——, 3.28
[e™] o (3.28)
where I1(2t) is the modified Bessel function.
Thus, the derivative of the moment generating function can be expressed as
Eloe™ 1= —t"211(2t) + 2t 1 I} (2t) (3.29)
Combine (3.29) and Lemma 2.3.2 we have
I5(2¢
Eloe'’] = % (3.30)
By Lemma 2.3.3, it yields the desired result.
O
Similarly, we have the following result.
Lemma 3.2.3. Assume the same setting holds as in Lemma 3.2.2, we have
[E - etO' 1
lim oole ] (3.31)

t—oo 322t - 4\/5
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Let m(s) be defined as in (3.10). We define

2
p(s,p):= % —m(s). (3.32)

Recall that f. is the critical temperature defined in (3.11). For any g € (0, .), there
exists a unique solution of p(s, ) = 0 on the interval (2,00), denoted by sg. We can solve
for sgasspg=2(1-(1- B/B)?)"V2. For B> B, we simply define sp=2.

We can get the asymptotic limit of R(¢) as follows.

Lemma 3.2.4. /. , Lemma 3.3] Recall that s p= 21— 1-B/B) V2 for any B (0, B.),
and sg =2 for = P.. Let ¥ =0 for p<f., ¥ =35 for p=p, and‘P:%forﬂ>ﬁc. Then

there exists a constant Cg >0 such that

R(x)

Moreover, we have
Blem(sp)+1)
2ﬁ—cm’(3ﬁ) ) ﬁ < ,Bc
Cﬁ = @’ B =B
(45+1)
LoD, B>Pe

where c is the coefficient constant defined in (3.8) and m(s) is defined as in (3.10).

Combining Lemma 3.2.2 and Lemma 3.2.4 we can characterize the limit of H(¢) as
t — o0o. In order to give a precise result of the asymptotic limit, we also need to do Laplace
transformation on both sides of the equation (3.15) to get an identity as follows.

Define the Laplace transform of the function R (%) for z > 2 by
Lr(z):= f e Z'R(t)dt. (3.34)
0

Lemma 3.2.5. The Laplace transform ZLr(z) satisfies the equation
22%p(z)—-1=cm(z)(1+ ,3_123(2)), (3.35)

where c is the coefficient constant defined in (3.8) and m(s) is defined as in (3.10).

24



Proof. Note that

K(HR(t) = K(t)e2¢ i Kw)dw _ %atR(t).

Then we have the linear Volterra integro-differential equation

t
R'(t)=2¢K()R(t) = 2¢ ([E[ezgt] +p71 f R(E[2“dr|. (3.36)
0

The Laplace transform of the LHS in (3.36) is

Zri(2)=—-R(0)+22%Rr(2) = -1+ 22%r(2).

Note that the term inside the integral on RHS in (3.36) can be expressed as the con-
volution of R(¢) and e2!. We write it as (2% * R)(t) and use the fact that the Laplace
transform of this one is equal to product of the Laplace transform of each function.

Thus, the RHS becomes

0o 0o t
f e—2ZtRl(t)dt:f e—22t 2¢ ([E[eZUt]+ﬁ_1f R(r)[E[e20(t_r)]dr))dt
0 0

0
] (e.0)
=cE +20/3_1[E[ f e 2t Lo(2)
Z2—0 | 0
1] 1
= cE +c,6_1[E[— Ly(2)
Z2—0 | zZ2—0

Hence, combining the Laplace transforms of the left and right sides, we obtain

22%r(2)=1+cm(z)+ cﬁ_lm(z)ij(z).

We now turn to the proof of Theorem 3.1.5.

Proof of Theorem 3.1.5. (i) We start by considering the case where > ..

Using Lemma 3.2.4, we obtain an asymptotic limit for R(¢) as:
R(E) ~yo Cﬁt_3/2e4t,

where Cg = %.

25



Combining the asymptotic limit for R(¢) and Lemma 3.2.2, we notice that the limit of
the first term of H(¢) defined as in (3.15) is:

_El0e?"] (9,\-3/2 4t 5o
lim R(t) YE[oe2°!] = li (2t)—3/2e4t(2t) e 9
t—oo m

= R@®) - - ’
t—o0 Cﬁt—3/2e4t C’Bt 3/264t \/ECﬂ

(3.37)

Next, we multiply the integral in equation (3.15) by the asymptotic limit of R(¢) and
split it into three parts: for t — co,x — oo, and x/t — 0,

t X
C;ltge—‘“ f R(r)[E[an"“—”]drzCglt%e—‘“( f R(ME[0e2°M1dr
0 0

t—x

t
n R(r)Eloe?*Mdr+ R(r)[E[aeQ"“_r)]dr)

x t—x

X
= Cl;lt%e_‘”( f R(rE[oe?°“Mdr
0
t—x

+ R(r)E[ge2dr + f R(t—r)[E[aeQ"(r)]dr)
0

X

=:11+1s+13.
We now estimate each term separately. For I, we have:

I, = Cgltge_‘”fo R(r)E[ge2“Mdr

Elge?7¢=n)]

5 2(t - r))_ge4(t_r)dr
(2(t —r)) " 2e4t-1)

-citdet [ "Ry

3
o1 [ a1 t )2
=9 ZCﬁ fo R(r)e (2\/5+O(1))( —r) dr
= —30—1fo(r)e—4r(i+o(1) (1+o0(1)dr
FJo 27

_2—gc—1 1 ¥ —4rd
= P ﬁfo R(r)e r

For Iy, we can show that it is of smaller order than I; and I3 and can be neglected.
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Indeed, we have

l—x
Iy=Cjpltze ™ f R(r)E[oe** ldr
X

t—x E 20(t—r)
_ Cgltge—u[ R(Z) Cﬁr—%e4r loe i ] (2(t_r))_§e4(t—r)dr
x Cﬁr_ie‘” 2t — r))—§e4(t—r)

t—x 1
=Cpltre™ | Cpriet (— + 0(1)) @t —r) 2 dr
T

; NG

S L (R
B VT Jx r(t—r)

Finally, for I3, we have:

X
I3 :f Eloe®Tle " dr.
0
Note that we have
f IR(r)le ¥ dr < oo and f Eloe2"le 4 dr < co.
0 0
Then we have

2-% +2—3ﬁ-1
Covi  Cpva

lim H(#) = f R(r)e ¥dr+p71 f Eloe?"le 4 dr. (3.38)
—00 0 0

By Lemma 3.2.5, we have

00 1
f e R(Yr = Lp(2) = PLTE) (3.39)
0 4B—c
Also, note that
f Eloe?le ¥ dr=FE [a[ e 22-0)r g,
0 0
T l22-0)
1
3,2 )] 500
2 2—-0 2
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Hence, plug (3.39) and (3.40) into (3.38) we have

fim 110 = 2~ [ 2
= +
P Cpvm \Cpvm

5
1+ 1 272(46 — 1
C)+ _1:—2('8 C)+
4f-c

2 Vrep 2
(i) As B =B, by Lemma 3.2.4, we have

R(t) ~t1oo Cﬁt_1/2e4t

Blc+1)
—

where Cg =

—pL. (3.41)

By Lemma 3.2.2 and Lemma 3.2.4, the first term R~(¢)E[oe2°!] in H(t) converges to

0 ast— oo.

Note that we have for x — oo, — oo, x/t — 0

t x
Cylere f R(r)[E[aer(t_r)]dr:CBlt%e_‘”( f R(rEl0e " ]dr
0 0

t—x x
+ R(r)E[lge* " dr +f R(t—r)E[oe2°"1dr
0

X

::El +E2 +E3

Then we have

bojco

1
Ei =2 Clglf R(r)e—‘*’t—z(im(l))dr:o(l)
0

(t—r)2 \2v7

1
where it follows from —2+ = %(1 +0(1)) = o(1).
(t-r)2

Similarly, we have E3 = o(1).

Also, we have

Hence, we have
tlim H(t)=0. (3.42)
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(iii) In the case of B < B,:
By Lemma 3.2.4, we have

R(®) ~t100 Cpe™*"",
_ Plem(sp)+1)
where Cﬁ = m
By Lemma 3.2.2 and Lemma 3.2.4, the first term R ~1(t)E[0e2°!] in H(t) converges to
0 ast— oo.

Note that we have for x — oo, — 0o, x/t — 0

t x
C'Ele_zsﬁtf R(r)[E[O_e2O'(t—r)]dr — Cﬁle_%ﬁt(f R(r)[E[a.eth(t—r)]dr
0 0

t—x x
+ R(ME[ge2“Ddr + f R(t—r)E[ce?"\dr
0

X

=:F1+Fy+Fg
Then we have

3 x 1 1
F1=2"2C;! f R(r)e 4 —— ¢ 2(sp=2) (— + 0(1)) dr =o(1)
P Jo (t—r) 2y/7

1
where it follows from —2+ = 2(1+0(1)) = o(1) and s > 2.
(t-r)2

Similarly, we have F's = o(1).

Also, we have

3

[\[eY)

Fo=2” f t_xe_2(3ﬂ—2)(t—r)( L )er = 0(x"2).
VT Jx t—
Hence, we have
lim H(¢) =0. (3.43)
t—o0
O
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3.3 Proof of Theorem 3.1.4

Recall that f’ is non-negative and Lipschitz as defined in (3.2). Recall that K = K(¢,¢) is
0 ¢1
defined in (3.4). Define RO(K) := e~ J: 'E()ds g4

d

—RYK) = f(K(x,py)e F /' Eles (3.44)

DRYK) =

We have the following bound on R%(K) and DRY(K).

Lemma 3.3.1. /. , Theorem 5.3] Recall that we define f',R%(K), and DR(K) as
above. Then we have

1. forany 0<1<6<T and K € C([0, T1?), we have
¢
0<R%K)<1, and f IRUK)|dT <1. (3.45)
0
2. forevery 0 <T, we have
0 01 0 7a
sup|RY(K)—RI(K)I < If | |K(s,s)—K(s,s)|ds, (3.46)
7<0

where ||f'|| ¢ is the Lipschitz norm of f.

3. forany0<1t<60<T,

0
IDR%(K)-DRYK)| < ||f’||z{|K<r,r)—I?(r,r>| + (DRf(K)+DRf(I?)) fo |K(s,s)—i€<s,s>|ds}.

Consider the following collections of functions with domain space R2xC([0,T]) for T >0
and range space one of C([0,T}) for j=1,2,3:

41 :={g;,j=1,2,3:81(Y0,0,B.)t) = 0e” (Yo)?, g2(-)(t) = 0BZ, g3(-)(t) = 0 Y B,}.

Gy :=1{g),j =4,5:84(Y0,0,B.)s,8) = 0YoBse”", g5()s,t) = 0*YBse'}.

(eg3 = {g.]’.] =6,7 :gG(YO,U,B.)(u,U,t) = O-BuBUeUt’g7(')(u,v’t) = 0-2BqueUt}'
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Then our collection of functions is

G =9 U9 UYs. (3.47)

Define the empirical measure

v_1J
VT = ]V izziéy(;’ai’BElO,T]. (3.48)
Define for g€ ¥
1 N L
CEN = _[g(YOaUaB-)dV]]Y(YO,U7B') = ]v Zg(YL7O-l’B~L)’ (3.49)
=1

where note that for g € 4;, fgdvé\f € C([0,TV) for j=1,2,3.

Proof of Theorem 3.1.4. 1. Existence and uniqueness of the limit

Apply Ito’s formula described as in Theorem 2.2.2, we have
Yize fot(ai—f’(KN(r)))drYOi + V2 fo te Joi - Enr)dr g BL. (3.50)
Define Fy(K,0) = f'(K(t,t)) — 0. By Lemma 2.2.3, we have
Y= e—féFr(KN,ai)drYé +p 2B 4 (_IB—I/ZftBIL;FS(KN,a.i)e—fstFr(KN,Ui)drds). (3.51)
0

Then we have

. i . . t . i .
Yi =R{(Kn)e? 'Y+ V2Bl + (— pY2 f Bie? ")(DRUKN) - ole(KN))ds) .
N ! s, e 0

J

=T} =T} ~
h® 28 =Ti(t)
(3.52)

We denote the sum of three terms as Ti(t), Té(t), and Té(t), respectively. In this case,
Y} =TH#) + Ty + Ti(@). (3.53)

Then the energy Hy(t) becomes
NS, . .
Zla‘ J;(T]’.(t)) +2 Z T}(t)T,i(t) , (3.54)

1
Hy@)=—
N 1= J#k
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Plug into the expression of Ti(t), T;(t), Té(t)

N )
Hy(®) =~ ZMRO(KN))2 2071y )2 4 Za‘ﬂ—l(B;)2

i=

N ‘ |
%Z f f B,Bje” * ™™ (DRI(Kx) - o' Ry(KN)) (DRY(EN) - 'R\ (Kn)) dudv
l:
2 N - _ |
NZ { ~12y!BIR(KN) - pV? fo YiBle” #R(Ky) (DRLKN) - o' RLK)) ds

—p! fo B{Ble” "9 (DRUKN) - o' RL(Kw)) ds}

Hence, the above equation of Hx(t) specifies the function
@ : C([0,T1) x C([0, TH"!! x C([0, TT)**! x C([0, TT*)** — C([0,T])

such that
Hy =®D(Kn,6N).

By Lemma 3.3.1, for any 6 defined as in (3.49) and Kn,Kn € C([0, T1?), there exists
a constant C1 > 0 so that

o~ t o~
sup [BKy, Ex) - DRy, x| < C fo Kn(s,8)—Rn(s,9)lds  (3.55)
0<t<T

Similarly, we apply Lemma 3.3.1, then for any €y, €y defined as in (3.49) and Ky €
C([0,T7?), there exists a constant Cy > 0 so that

sup |P(Ky,6n)— DKy, 6n)| < Call€x —Enlloo (3.56)
0<t<T

By Theorem 3.1.1, we know that K converges to the deterministic limit K almost
surely and K is unique. By [ , Lemma 3.7], each element in 6 converges to
deterministic limits 6 almost surely under the i.i.d. initial conditions.

Combining (3.55) and (3.56), then we have

1K N, EN) — DK, E)loo = [PEN, EN) - PEN,C) + PDEKN,€) - DK, €)llo
< |O(K N, €N) — PEN, €)oo + |1 PE N, €) - DK, €)oo
< C1lKN —Klloo + C2 €N —€llc — 0, as N — co.
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Hence, Hy converges to deterministic function H.
Also, we have H = ®(K,€6). Indeed,

|H-®(K,€)<|H-Hy|+|Hy - DP(K,¥6) — 0, as N — oo.

. Equations for the limit points

Next, we characterize the limit H as follows. Recall that R%(K) = e~ Ji f'E&)ds Then
Y; can be expressed as

. t ; )
=R§(Kn)e” 'Yy +p 1 f RUKN)e” " dBL.
0
Substitute the above expression of Yti to Hy(t) defined as in (3.5), then we have

Hy(t)= ZG‘eZU YHRRYKN)? + /5_ ( f R Ey)e” ¢ aBi|

ﬁ 1/2 N
N i=1

0-.( O(KN)eU tyl f R (KN)@U i(¢— S)dBL

As N — oo, note that the first term is convergence to its expectation as in (3.6) by
strong law of large number (SLLN) [ , Theorem 2.4.1], the limit of the second
term given in (3.7) is obtained by SLLN and It6 isometry [ , Lemma 3.1.5], and
the last term is convergence to Zero by SLLN. Note that we take the limit that re-
quires the empirical measure v =¥ Z Y i Bl ,, CODVerges to the desired limits
under the i.i.d. initial conditions. Hence we obtaln the desired integro-differential
equation as in Theorem 3.1.4.

O]
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Chapter 4

The complexity of the gradient
descent

4.1 The hitting time of gradient descent

We consider the normalized N x N symmetric Wigner matrix J = {J;}1<; j<y defined as in
Definition 2.1.1 (e.g., GOE and GUE are two special cases of Wigner matrix). We denote
N eigenvalues of J in increasing order as

AM <A <---<An.

We define vq,v9,...,uvn be an orthonormal basis of eigenvectors of J so that Jv; = 1;v; for
i=1,...,N.

It is clear that if the Wigner matrix J obeys condition C1 with constant Cy =4 as in
Definition 2.1.5, then the criterion 2.8 holds. Our main result needs to ensure that the
Tracy-Widom law holds, so we only need to ensure that the Wigner matrix obeys condition
C1 with constant Cy =4 by Theorem 2.1.6.

Next, we consider the dynamics of the spin glasses model on the sphere. Recall that
the SK model defined on the unit sphere is described by the Hamiltonian

HyX)=XTJx,

where X =(X1,...,Xy) with | X |2 =1 and J is the normalized symmetric Wigner matrix.
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The zero-temperature dynamics (a.k.a., gradient descent algorithm) of the SK model
on the unit sphere is defined as follows:

dX, = —Ven1 Hy(X,)dt, (4.1)

where the initial data Xy = {X é}lsis ~ is uniformly distributed on the unit sphere SV1,
and Vgn-1 is the gradient on the unit sphere SN-1 and

Ven-1£(x):= Vf(x)— (Vf(x)-2)x, x € RN

for smooth functions f.

Similarly, the Langevin dynamics of the SK model on the sphere are defined by the
following SDE.
dX;=-Ven1Hy(X,)dt + p~V2dB,, (4.2)

where the initial condition X is uniformly distributed on the unit sphere SV 1, B; is the
Brownian motion on the unit sphere $™¥~1, and B is the inverse temperature. Brownian
motion on the unit sphere is a solution of the integral equation [ , Example 3.3.2].

In this chapter, we mainly study the algorithm complexity of using the gradient descent
algorithm to find the extreme eigenvalues of the Wigner matrix. This is related to our
previous main results about the asymptotic limit of energy in Chapter 3 for the description
of the time to the equilibrium state of the SK model.

Recall that we randomly start with an initial condition X uniformly distributed on
the unit sphere $V~1, and consider the zero-temperature dynamics defined in (4.1).

Fix € € (0,1). Denote by T the hitting time of the overlap between the output X; of
the gradient descent and eigenvector v corresponding to the smallest eigenvalue of J is
greater than ¢, that is

Te:= ggg{lm Xyl = e}

Our main result is the lower bound and upper bound of the hitting time 7. as follows.

Theorem 4.1.1. Assume that the normalized N x N symmetric Wigner matrix J obeys
condition C1 with constant Co = 4. Consider the gradient descent described in (4.1) with
the same setting as before. Let the hitting time T be defined as before. For every 6 > 0, there
exist constants C1=C1(6)>0, Cy =C9(6) >0, and C3 =C3(e,d) >0 such that

lim P (01N2/3 < T, < CyN%3 1og(C3N)) >1-6.

The upper bound in Theorem 4.1.1 is also proved in [ 1.
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4.2 Proof of Theorem 4.1.1

Recall that 1; <--- < Ay are N eigenvalues of the Wigner matrix J in increasing order. Re-
call that v; is the orthonormal basis of eigenvectors of J corresponding to the i-th smallest
eigenvalue A; for i =1,...,N. Define the overlap of the output X; and eigenvectors v; of J
by hi(t):=v; - X; fori =1,...,N. Note that we can solve A;(¢t) for i =1,...,N as follows.

Lemma 4.2.1. Assume that the same setting holds as in Theorem 4.1.1. Then we have

| ;(0)|e 24!

()] = . 4.3)
VEN B2t
Proof. Note that the gradient descent (4.1) can be simplified as follows
dXt = - (VHJ(Xt) - (VHJ(Xt) Xt)Xt)dt = —ZJXtdt + 2HJ(Xt)Xtdt (44)

By spectral decomposition we have

J= ZviviTAi,
i

where v1,...,vn are eigenvectors corresponding to eigenvalues 11 <Ag <---< Ay of J.

Note that
HyX) =X, IX, =) Li(hi@).
i

Consider the dot product v; on the both sides of (4.4) and substitute the above equation
of Hy(X;) to get

1
5B = hi(OHSX) —v1-Q viv; A)X,

=h()H3(X;) - A1v1- X,
=h1(OHy(X;) - A1h1(2).

By the fact that ¥; 2;(t)?> = 1 we have

1 N
Ehll(t) =(Hy(X) - ADh(t) = Z[(/li - Al)h?]hl(t). 4.5)
=1
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where we write A ;(¢) = h; for convenience, i =1,...,N.

Similarly, we have

1 N
ShiB =Y (i -2 PRETR (D). (4.6)
i=1
Multiply 4 j(¢) on the both side of (4.6) yields

N
(50 =4 (A= Ah7) B

Denote f(¢)=); Aih?(t) and F(¢) = fg f(s)ds.
Both sides of the equation are divided by h? yields forj =1,...,N

(logh3(t)) = 4f (£)—4A;

Integrating the two sides with respect to time ¢ yields

R2(t) = hj(0) exp (4F (1) - 4A,t) (4.7)

Taking the derivative with respect to both sides of F(¢) and substitute (4.7) yields

Fi)= Y Aih3e) = e (Zaih,z«»e-‘*“).

Both sides are divided by the integration factor e**® and integrating with respect to ¢ to
obtain
e D _1 =% r2(0)e *M! - 1). (4.8)
So we get
1 .
F()=~log (Z h?(O)e—‘W). (4.9)
i

Substituting (4.9) into equation (4.7) yields for j=1,2,...,N
|hj(0)]e~2A!
N it
\/Zizlhzz'(o)e it

IR j(t)| = (4.10)
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To prove Theorem 4.1.1, we need the following Lemma.

Lemma 4.2.2. Consider a sequence of i.i.d. positive random variables X1,...,X}. For every
constant C > 0, we have

IF)(X1+X2+---+Xk

C
Cl>1-— =1,...,k.
X, > )> k,forJ yeens

Proof. Note that

X X
0<E|—— ‘:[E[ = }:---:[E[ =k <1,
i Xi Y Xi 21X
Then we have
X, 1
E Z 7
i Xi
By Markov’s inequality, we get for every constant C >0
X1+Xo+---+Xp ) ( X ) [ X; ] c
P <C|=P =1/C|=<C-E =— 4.11
Xj X1+X2+-'-+Xk ZiXi k ( )
O
Lemma 4.2.3. /. , Lemma 2.3] Let J be the normalized symmetric Wigner matrix.

Assume that J obeys condition C1 with constant Co=4. Let A1 < Ag be the two smallest
eigenvalues of J. Then for every € > 0, there exists § > 0 so that

P(N*(Ap-21)25)>1-¢ (4.12)
for all N large enough. This result also holds for the two largest eigenvalue Anx_-1 < An.

This result follows from combining Theorem 2.1.6 and continuous mapping theorem in
[ , Theorem 3.2.10]. Moreover, we have Ag — 11 = Op(N_2/3).

We require the following Lemma.

Lemma 4.2.4. Let X be a standard normal random variable. Then for every € > 0, there
exists a constant 6 >0 so that
P(X|>0d6)=1-¢. (4.13)
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Proof. For every € > 0, there exists a sufficiently small constant 6 € (0, \/ge) so that

1 0 2 2
P(|X|s5):—f e ¥ 2dx< —_§<e, (4.14)
V2mJ-5 2
where the above inequality follows from the fact that e 2 <1 for xeR. O

Armed with the previous results, we then can prove our main result.

The proof of Theorem 4.1.1. By Lemma 4.2.1, we have

|h1(0)]e~ 271! |h1(0)|

INOE =
VEiR2e it [12(0)+ £V, h2(0)e=4hi- )

(4.15)

Next, we consider the upper and lower bound of the hitting time T, respectively.

1. Lower bound of T'..

For any 6 > 0, we fix the first £ terms of the denominator of (4.15) and then we will
find desired & below depending on € and § (independent of N):

|71(0)]

1 ()] < ,
VA0 + T, h2(0)e40i-10

(4.16)

Note that (A; —11) < (A — A1) for i =1,...,k —1. Then we upper bound the above

inequality:
h1(0
hy(t)] < 10 (4.17)

VE30) + -4t Tk p2(0)

For ¢t = T,, we have

e<|hi(t)] < A 1O (4.18)

V3O +e-4t-A0 ¥k | h2(0)

and we get

T, (4.19)

1 h3(0)+ - +h3(0)
> log
44— M1) R2(0)(e 2 -1)
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For any § > 0, we apply Lemma 4.2.2 (choose C =2¢72 - 1):

h3(0)+--- +h7(0) RI(0)+hZ(0)+---+AZ(0) 2
lim P 5 =limP 5 >— - 1] (4.20)
N—co R2(0)e2-1) h7(0) €

=1-6/2, (4.21)

—00

where we take k& = [2(2¢72 - 1)/6] + 1.

By the similar argument of Lemma 4.2.3, for any 6 > 0 there exists a constant ¢ =
c1(6) > 0 so that
dim P(N?3(Ap — A1) < c1)=1-6/2 (4.22)
—00

Hence, for any 6 > 0 there exists co = % so that

Alrim P(T, > csN¥3) = 1-6. (4.23)

. Upper bound of T.

Note that (A9 — A1) < (A4; — A1) for i = 3,...,N. We upper bound each term of the
denominator in (4.15) by e~4i=4) < ¢=4t(2=4) for ; =3 ... N. Then we have

|~ 1(0)] |~ 1(0)]

|h1(®)] = = (4.24)
VB3O +e-402-At y N p2(0) | [R3(0)+ e~ 1A2-A0i(1 — h3(0))
For t <T,, we get
INOE l21(0) : (4.25)
\/B3(0) +e~402-A(1 — R3(0))
and this yields Y
Tes 4(/121— A1) 1Ozc-’{(hi“(;)i_l 1) ' (4.26)
By Lemma 4.2.3, for any 6 > 0 there exists a constant cg = ¢3(6) > 0 so that
Jim IP(N%()LQ ~ M)z C3) >1-6/2 (4.27)
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Note that vV Nh1(0) is asymptotic Gaussian by Lemma 2.1.10. By Lemma 4.2.4, for
every 0 > 0, there exists a constant c4 > 0 so that

lim P (\/N|h1(0)| > C4) >1-6/2. (4.28)

For any 6 >0, we take c5 = > 0 and then get

1
ci(s‘z—l)

h1%(0)-1
|]:D - @
£2-1

cZ
<esN|=P[R1(0)] > , [=—| =P |/ 1+ 2 VNIR1(0)] > c4
c;+N N

By inequality (4.28), for every 6 > 0 we have

Iim P

N—-oo

h%0)-1
2

< C5N) >1-6/2. (4.29)

Combining the two upper bounds (4.27) and (4.29), for every § > 0 there exist con-

stants c¢5 defined as above and cg = é so that

lim P (Tg < cgN%? log(C5N)) >1-6. (4.30)

O
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