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Abstract

Drinfeld modules play an important role in number theory over function fields, analo-
gizing that of elliptic curves for the number field setting. The broad success in translating
results over from number fields to function fields has motivated the study of Drinfeld mod-
ules, particularly in light of the enormous theoretical and practical weight of their elliptic
curve counterparts. More recently, this has taken a more computational focus, with the
potential for applications to polynomial factorization over finite fields. The main focus of
this work will be to study the computation of the characteristic polynomial of the Frobe-
nius endomorphism of a Drinfeld module. This problem has its roots in point counting

problems over elliptic curves.

This thesis introduces several new algorithms for computing the characteristic poly-
nomial of the Frobenius endomorphism. In particular, we give three new algorithms for
computing the characteristic polynomial for Drinfeld modules of any rank, as well as two
modifications to existing algorithms for the rank two case only. We also prove their correct-
ness and analyze their bit complexity. In addition, we analyze algorithms for computing
basis representations for the space of morphisms between Drinfeld modules derived from

pre-existing approaches described in the literature.
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Chapter 1

Introduction

Since their initial introduction by Drinfeld [22], his eponymous modules, originally referred
to as elliptic modules, have become important number theoretic tools. Originally motivated
by efforts to prove special cases of the Langlands conjectures for global function fields,
Drinfeld modules are now understood as just one component of a vast dictionary between
the number field and function field setting. Spanning modular forms, L-functions, higher
dimensional ablian varieties, and more, there has been considerable success in porting

constructions and results over to the Drinfeld setting.

More recently, considerable amount of effort has gone in a computational direction, with
much of it mirroring the existing machinery for elliptic curves. Some of the early work in
this direction included Gekeler’s work on the distribution of Frobenius traces of Drinfeld
modules [341] who was motivated by potential parallels with the Sato-Tate conjecture for
elliptic curves. The theory of zeta functions and their relation to counting rational points is
a classical result that has motivated the design of algorithms for computing the number of
points on an elliptic curve over a finite field. This is done by computing the characteristic
polynomial of the Frobenius endomorphism of the curve, and has motivated a number of
algorithms to carry out this operation; with the most famous being Schoof’s algorithm
for elliptic curves and its extensions. This provided one of the main entry points for my
investigation into algorithms for computing the characteristic polynomial of the Frobenius

endomorphism. Since then, the algorithmic study of Drinfeld modules has grown to include



isogenies and isogeny graphs [13, 71], endomorphism rings [51, 29], and characteristic
polynomials [31, 29, 59, 56]. Moreover, there have been attempts to translate cryptographic

constructions paralleling the machinery over elliptic curves to the Drinfeld module setting.

While some readers may be more familiar with the general construction of Drinfeld
modules, we will largely restrict our consideration to Drinfeld modules over A = F [x] for
a finite field F, of cardinality ¢q. We will exclusively work over finite Drinfeld modules;
that is, fix a finite extension L of F, with n = [L : F,] and a choice of characteristic
map v : A — L. The map v necessarily has a non-trivial kernel generated by a monic
irreducible p € A referred to as the characteristic or A-characteristic. Now let 7 be a
non-commutative indeterminate such that, for elements a € L, 7a = a%r, and let L{7}
denote the ring of polynomials in 7 with coefficients in IL. Then a Drinfeld module of rank
r can be realized concretely as an F, algebra homomorphism ¢ : A — L{r} such that
o(x) = > Ayt +y(x) with A, # 0. Morphisms between Drinfeld modules with domain
and codomain ¢, 1) respectively can be realized concretely as elements u € {7} such that
u¢, = YP,u. To each endomorphism of a Drinfeld module, one can associate a characteristic
polynomial and minimal polynomial, denoted CharPoly(u) and MinPoly(u), arising from
its induced action on the so-called Tate module, the details of which are discussed in more

detail in chapter 4.

When stating our complexity results, we will let w < 2.372 denote the exponent of
matrix multiplication; thats is, a real number such that two square matrices of size d
over a ring can be multiplied in O(d¥) ring operations. Similarly, let ws < 3.2516 denote
the exponent of d x d by d x d* matrix multiplication, and X the exponent of taking the
characteristic polynomial of a matrix. These objects are discussed in more detail in sections
2.2.1 and 2.2.2. We will also let SM(d, n, q) denote the complexity of multiplying two skew
polynomials in IL{7} of degree at most d; further details on the complexiy of this operation

are discussed in section 2.4.

The main goal of this thesis is to present new algorithms for computing the character-
istic polynomial of endomorphisms of a finite Drinfeld module, particularly the Frobenius
endomorphism corresponding to the skew polynomial 7™ which is sometimes referred to as
the characteristic polynomial of a Drinfeld module. Chapter 2 will cover the prerequisite

algorithmic theory concerning skew polynomials on which our main algorithms will depend,



and in particular will establish much of the basic complexity concepts and notation that
we will use in our analysis of algorithms. Chapter 3 will review some of the basic theory
of elliptic curves, and describe the computation of the characteristic polynomial in this
setting. Chapter 4 will provide the required background theory on Drinfeld modules and
will include an analysis of previous algorithms for computing the characteristic polynomial
of endomorphisms of a Drinfeld module. Chapter 5 will introduce the notion of crystalline

cohomology of Drinfeld modules.

Chapter 6 will introduce several new results; in particular we will present several new
approaches to compute the characteristic polynomial of the Frobenius endomorphism in
any rank, as well as modifications to existing algorithms for the rank 2 case. The following
theorem extends the previous “Schoof-like” algorithm which was originally presented in
the “large base-field” case only in [55].

Theorem (6.1.1). There exists a deterministic algorithm to compute the characteristic
polynomial of the Frobenius endomorphism of a rank 2 Drinfeld module ¢ with a bit com-
plexity of (n?logq + nlog® ¢)toM).

This extends the approach of [55, Thm. 15], which previously required ¢ > 7. In addition,
we will present a modification of a pre-existing algorithm given in [59] which required that

the minimal polynomial of ¢, as a linear operator on L/F, have degree n.

Theorem (6.2.1). Let ¢, be a rank 2 Drinfeld module over (L, ). There is a Monte Carlo

algorithm to compute the characteristic polynomial of the Frobenius endomorphism of ¢ if
deg MinPoly(¢,) = n with a bit complexity of (n'®*°logq + nlog2 q)1+°(1).

We will present generalizations of two algorithms, previously only applicable to the rank
two case only, to Drinfeld modules of arbitrary rank. The first result is a generalization of

the “Schoof-like” algorithm seen in [55].

Theorem (6.1.2). Let ¢ be a rank r Drinfeld module over L. such that CharPoly(t") =
MinPoly(7™). There exists an algorithm such that if ged(n,r) = 1 or ged(n,r — 1) = 1,
and ¢ > N, then the algorithm computes the characteristic polynomial of the Frobenius

endomorphism of ¢ if the following conditions hold.
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(r+1

1. ¢, lies outside of a hypersurface in Fy ) defined by a polynomial | of degree at most

(n—1)(r—1).

2. A randomly chosen vector E = (eq,...,e,) € ]FfJV lies outside of a hypersurface in Fév

of degree at most nr + %2

3. A randomly chosen projection { : . — F, lies outside of a hypersurface in Fy of

degree at most n(r — 1).

Moreover, this algorithm runs with a bit complexity of (r**/**'n?log q + nlog? q)'*toM.

This improves the complexity of the characteristic polynomial to quadratic order in the
degree of the field extension n = [L : FF,], which was previously cubic using either the
“direct approach” or that of [29]. The second result generalizes an algorithm based on

structured linear systems again seen in [55].

Theorem (6.3.1). Let ¢ be a Drinfeld module of rank v over L. There exists a Monte

Carlo algorithm to compute the characteristic polynomial of the Frobenius endomorphism

14o(1

when ged(n,r) = 1 with a bit complexity of (n®rlogq) ) and which returns the correct

result with probability at least (1 — ”2(1”2) .

The final major result on this topic is a series of deterministic algorithms for computing
the characteristic polynomial of any endomorphism of a Drinfeld module of any rank based
on the cohomological constructions due to Angles and Gekeler [2]. These algorithms will
then be specialized to the case of the Frobenius endomorphism, as well as the “prime field

case” where F, = L. The results are summarized in the following theorem.

Theorem (6.4.1). Let ¢ be a Drinfeld F,|x]-module over (L, ), and let u be any endomor-
phism of ¢ of T-degree d. Then there are deterministic algorithms to compute CharPoly(u)

with the following complexities

14+o0(1)

1. (min(dTQ’(d+T)Tw_l) (d+ m)nlog g + r’*n(d + m)/mlog q + nlog® q)

m

2. (rSM(d +r,n,q) + r*n(d +m)/mlog q + nlog® q)'+°1) which is either

4



o (r(d+7r)“*?nlogq+r*n(d+m)/mlogq+nlog®q)'*°W ifd < n
o or (r(d + r)n¥"'logq + r*n(d + m)/mlog q + nlog® ¢)'+°) otherwise

3. ((r*/m 41+ /y/m)n?log q + nlog? q)'+oWM) jf 4 = 7

4. (r*n**logq + nlog® ¢)*°M ifu =7 and L = F,.

In the case of the Frobenius endomorphism, these algorithms again improve on the
previously known optimal complexities for the characteristic polynomial computation, but
have the key advantages of being deterministic, being generally applicable in any rank, and
achieving a complexity on the order of n'*® when r is fixed in the prime field case. This last
point is notable, as previously an algorithm achieving this bound was only available for the
rank 2 case [31, §3.4]. Moreover, when r is fixed their worst case complexities are O(n?)
which is a significant improvement over both the direct approach and the algorithm of [29].
For general endomorphisms, when n and r are fixed, algorithm 2 achieves a complexity of

dlogd in the degree of the endomorphism.

Chapter 7 will cover some additional results. We present a new algorithm for multi-

point evaluation of skew polynomials; this result is contained in the following theorem.

Theorem (7.1.1). Given a skew polynomial s € L{T} of degree d and t evaluation points
aiy,...,a; € L, there exists an algorithm for computing the evaluations s(ay),...,s(a;) in

time

o (dt“"2nlogq)teW if t < /d.

o (d“~D2tnlogq)" M otherwise.

In addition we will discuss the complexity of the algorithm of Wesolowski [71] for
computing a basis of morphisms Hom(¢, 1), of Drinfeld modules ¢, 1) of degree at most d,
as well as extensions of the algorithm for computing a basis of the free module of morphisms
over the coefficient rings IF,[7"] and F,[z]. The main contribution here is a complete bit
complexity analysis of the following algorithms for computing basis representations of the

module of morphisms of Drinfeld modules ¢, ¥ over various coefficient rings.
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Theorem (7.3.1). There is an algorithm for computing a basis of

e Hom(¢,)q over B, using (d“n* logq + dn’rlog q + nlog® q)'+°M) bit operations.

e Hom(o, 1)) over F,[t"] using (nrlogq + nlog®q)' ™M) bit operations.

1+o() bit operations.

e Hom(o, 1) over F,[z] using (n“r“*log q + n*r®log q + nlog’ q)
Appendix A will also contain a brief overview of an implementation of Drinfeld modules
introduced in [54] which is now part of the SageMath implementation of Drinfeld modules.
This will include an overview of some of the key features available in the current public

distribution of SageMath, as well as some features still under development.



Chapter 2

Background

2.1 Elementary Mathematical Notation and Defini-

tions

We will assume that the reader is familiar with basic algebraic structures, particularly
groups, rings, and fields. We will fix here some of the most common mathematical notation
used throughout this work. We will use R to denote an arbitrary commutative ring. Let
R|x] denote the set of polynomials with coefficients lying in R, and let R[x]; denote the
set of polynomials of degree at most d. Furthermore, let M. 4(R) and My(R) denote the
sets of s X d and d x d matrices respectively with coefficients in R. If 1 : R — R is a ring
endomorphism, this induces endomorphisms on R[z]|, M.4(R) given by coefficient-wise
action of ¢. Given an element f € R[z] or f € Mgy q(R) we will denote the action of ¢ in
this way by f*.

In this work, F, will denote a finite field of size ¢ a prime power, and L will be used to
denote a field extension of F, of order n = [L : F,]. We write L/F, to denote the [F,-vector

space structure on L.

We will let End(R), Hom(R, R'), Aut(R) denote the set of ring homomorphisms, endo-
morphisms, and automorphisms respectively, with identical notation when R is understood

as a field. When R is an algebra over F,, we will write Endg,_(R) for the F-endomorphisms
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which fix F,, with similar notation Homg, (R, R'), Autg, (R) for homomorphisms and au-
tomorphisms. If ¢ € Aut(R), then the order of o, denoted ord(o) is the smallest positive
integer ¢ such that o9 = id.

Recall that L is a vector space of dimension n over F,, and any s € LL induces an
F,-linear operator on IL given by multiplication with s. The norm and trace of s, denoted

N, (s) and Try g, (s), are the determinant and trace of this linear operator respectively.

2.2 Elementary Algorithmics

As the primary goal of this thesis is to construct and analyze algorithms, we will define
the complexity model used to state the runtimes of operations. We will make use of the
standard asymptotic notation conventions, including O(f), O(f), and f+°() throughout

this work, which we shall define here.
Definition 2.2.1. Let f : RT — Rt g : R™ — RT be positive real valued functions. We
say that
o f € O(g) if there exists constants C,xy > 0 such that f(x) < Cg(x) for all x > xy.
o f€O(g) if there exists a k > 0 such that f € O(glog® g).
o f c g't°W if there exists a function h : RT — RT such that lim,_,o h(z) = 0 and
feo(g™h).
The two complexity models we will consider for this work are:
1. the algebraic model for rings and fields, in which the elementary operations of addi-
tion, multiplication, and division can be done at unit cost [11]

2. using a bit complexity model, which counts bit operations using a standard random

access machine [01].



The algebraic operation model is the norm for most research in symbolic and algebraic
computation, and we will make use of it at certain points. However, this work will primarily
aim to give the runtimes of core algorithms in the bit complexity model. The reason for
this, as will be discussed shortly, is the Kedlaya-Umans algorithm for modular composition,
which is impossible to account for in the algebraic model and which plays an important
role in the complexity of operations on skew polynomials. Using the bit complexity model,
we will assume that the elementary field operations in F, can be performed in O(log q) or
(log ¢)**°) bit operations [30]. Consequently, algorithms with an algebraic cost of O(t)

operations in F, can be assigned a bit complexity of O(tlogq) or (tlogg) oM.

2.2.1 Multiplication of Polynomials and Matrices

For rings which admit an FFT-like algorithm, we may take the complexity of multiplying
two polynomials in R[x| of degree at most d to be O(dlogd) algebraic operations. For
arbitrary rings, this can be done in O(dlogdloglogd) [12]. In particular, we will let
Mul(n, q) denote the complexity of multiplying two finite field elements in a degree n

extension of F,; based on the preceding statement, we may set Mul(n, q) = (nlog q)'*oW.

We will let w € R denote a real number such that two elements of My(R) can be
multiplied in O(d¥) algebraic operations. As of the writing of this work, the smallest
bound given in the literature is w ~ 2.372 [23]. We will similarly let w, denote the exponent
such that an element of M,;(R) can be multiplied by an element of My, s2(R) in O(d*?)
R-operations. A known bound is wy < 3.2516 [28] and in general wy < w + 1. For general
multiplication of matrices of size (d,t) x (t,u), we can divide the factors into square blocks
of size min(d, t,u) while padding as necessary. Using naive rectangular multiplication on
the block decomposition yields an algorithm with a cost of O(dtumin(d,t,u)*3) field

operations.

2.2.2 Characteristic Polynomials

We will let A denote the exponent such that the complexity of computing the characteristic

polynomial of a d x d matrix with coefficients in R is O(d*) ring operations. When R is a

9



field, the characteristic polynomial of any matrix can be computed at a cost of O(d“’) [11].
For more general rings, we will rely on the algorithm of Kaltofen and Villard [17] with a

complexity corresponding to A ~ 2.7.

2.2.3 Representations of Finite Field Elements

A salient detail of algorithms over finite fields is the choice of representation of field ele-
ments. For a field extension F, C L with [L : F,] = n, which we may denote F, =L,
this is typically done by first fixing a representation of IF, and representing elements of
L as polynomials in F,[z]/(¢(z)) for some choice of irreducible ¢(x) € F,[z] of degree n.
The technicalities of this choice become clearer when one works over a tower of fields
F, m F, ”™ L with [L : F,] = n, [Fy,F,] = m and F, = F,[z]/(p(z)) for an irreducible
p(z) € Fy[z]. Then L may be represented in either univariate form as L. = F[t]/(¢(t)) with
((t) € F,[t] or bivariate form L = F,[z,t]/(p(x), g(z,t)). The univariate representation is
the default for most algorithms, and when necessary we may convert between the bivariate
and univariate representations at the cost of a single modular composition; an algorithm

which is discussed in section §2.3.

2.2.4 Companion Matrices

., aq—1) such that

T; = Zf:_ol a;xj_q4+; for j > d, we define the d x d companion matriz C, to be

Given a sequence (z;);>0 defined by a length d recurrence with a = (ay, . .

Then we have that:

10

-ad—l ag—2 ai (10-
1 0 0 O
0 1 0 0

| 0 0 1 0]




Lj—d Tj—d41

If we have a monic a € R[z]|q with a = Z?:o a;z', the companion matrix of the polyno-

mial has the form:

[ Gd—1 _ Gd—2 —a _ao’]
aq aq aq aq
1 0 0 0
Co = 0 0 0
| 0 0 10

2.3 Modular Composition

After multiplication and Euclidean division, perhaps the most natural problem to consider

is that of modular composition

Operation 1. Let R be a ring, and let f,g,h € R[z]| be polynomials of degree at most d

with h monic. The modular composition operation computes the polynomial

f(g) mod h

For nearly 30 years, the best known algorithm for modular composition was based on
the algorithm of Brent and Kung [10] who gave an algebraic complexity of O(d“+1/2).
This was later improved slightly by Huang and Pan in [11] to O(d*?).

This question was addressed once more in Kedlaya and Umans’ paper [50], in which they
gave algorithms for key operations including finding normal bases, polynomial factorization
over finite fields, and modular composition, based on a novel and quasi-optimal algorithm

for multivariate multipoint evaluation. The algorithm may be required to change the

11



ring over which algebraic operations are performed, therefore making it impossible to give
a complete accounting of the computational cost using an algebraic complexity model.
Consequently, the runtimes for the algorithms are given purely in terms of bit complexity.
Moreover, the algorithm has proven difficult to realize in the form of an efficient practical

implementation, which will have implications for the timings of our implementations.

For the duration of this thesis, we will take the runtime of modular composition to be
(dlog q)'*°M for polynomials over a finite field F,, based on a refinement of the Kedlaya-

Umans algorithm [10].

2.3.1 Computing Frobenius Images

Given a field F of characteristic p, the Frobenius operator o, : F — FF of order ¢ = p* sends
a to a?. This operation acts linearly on fields of characteristic p, and if F, C I then o, is
an [F,-vector space isomorphism. For a fixed choice of Frobenius operator o4, for any a € F
let all = oi(a) = a?. For m € Myyq(F) mll denotes entry-wise application of o,, and
for f € Flx], ff denotes coefficient-wise application. In [32], von zur Gathen and Shoup
gave an explicit approach reducing the computation of Frobenius maps on finite fields to

modular composition via the so-called polynomaial representation of the Frobenius.

Consider the representation of F presented as the set of modular polynomials F,[z]/h(x)
with A(x) irreducible of degree n. The Frobenius element is x? mod h(z), and given any
other element f(z) mod h(x), we observe that f(z?) = f(z)? mod h(x). Therefore, it
suffices to compute z? mod h(x) once and then perform a single modular composition to
compute the g-order Frobenius of any element of F. Moreover, the ¢’-order Frobenius
element ¢ mod h can be obtained in a similar manner by successive modular composi-
tions of 29" mod h(zx) with 2¢ mod h(z). Thus, after accounting for an initial cost of
(nlog(q)?)*°W bit operations to compute 2 mod h(z), all further g-order Frobenius pow-
ers can be computed at the cost of modular composition. Therefore g¢*-order Frobenius
powers can be reduced to modular composition after a pre-computation step with total bit

complexity (nlog(q)? + n?logq)'oM.
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2.3.2 Normal Bases

Recalling L/IF, a field extension of order n, and let o : L. — L be the g-order Frobenius

endomorphism on L o(a) = a.

Definition 2.3.1. A basis for L over F is said to be normal if it has the form {b,o(b), ...,
o™ 1(b)} for some b € L.

Operation 2. Given a degree n extension L/F, and o is the q-order Frobenius, find a

normal basis.

We denote the complexity of computing a normal basis for o of L/F, by NB(n, ¢, 0);
we drop the dependence on ¢ when o(-) = -9. von zur Gathen and Giesbrecht [31] gave
a Las Vegas algorithm for computing normal bases with expected O(Mul(n?, ¢)(logn)? +
Mul(n, ¢) log q) F,-operations. Kaltofen and Shoup in [16] gave the first subquadratic
algorithm for normal basis construction and conversion to and from power bases. This
approach utilised a baby-step/giant-step method based on their improved algorithms au-
tomorphism projections. For a normal basis with respect to the Frobenius automorphism,
and leveraging the Kedlaya-Umans algorithm for modular composition, the bit complexity

of constructing and manipulating normal bases is bounded by

NB(n,q) = nwa/? 10g1+o(1) q+ plte() 10g2+o(1) q

2.4 Skew Polynomials

As much of the mathematical theory of Drinfeld modules can be described quite concretely
in terms of skew polynomials in the Frobenius operator, many algorithms of interest on
Drinfeld modules rely on fundamental algorithms on skew polynomials. To that end, it
will be necessary to describe and analyze the complexity of the key operations we will be
calling upon in this work. Let ¢ : R — R be a ring endomorphism. A o-derivation is a
map ¢ : R — R such that, for all a,b € R

13



e §(a+b)=20d(a)+d(b)

e j(ab) = g(a)d(b) + 6(a)b.

We can now define the ring of skew polynomials.

Definition 2.4.1. Given a ring R, an endomorphism o : R — R and a o-derivation
0 : R — R, let T be an indeterminate such that Ta = o(a)T + 6(a) for all a € R. We then

define the ring of Ore or skew polynomials to be the set

d
R{r;0,0} = { Zaﬂ'ﬂai €eR.de Z+}
=0

When 6 = 0, we will write R{7;0} instead of R{7;0,0}. When the choice of 0,9 is
clear from context, we will suppress them from the notation and write the ring of skew
polynomials as R{7}. Furthermore, there is a canonical identification { : R{7} — End(R)
given by

Zani — Z a;0" € End(R),

where ¢ = id. Then £ can be seen as an F,-algebra homomorphism where ordinary
multiplication of skew polynomials in R{7} corresponds to composition of operators in

Endg, (R). For a € L we will simply write p(a) to mean &(p)(a).

We will denote the cost of computing of a single application of ¢ to any element by SK{..)
in the relevant parameters, which for our finite field setting will be n,q. The complexities
for skew polynomial operations in this chapter will be given in terms of SK(n,q) to keep
the analysis general. However, for all algorithms concerning Drinfeld modules, including
chapter 4 and onwards, o will be the g-order Frobenius endomorphism o(z) = z?, in which

case SK(n, q) = (nlog )W,

For an element S € R{7} whose leading coefficient is invertible in R, we let deg S denote
its degree in 7, and R{7}s = {S € R{7r} | degS < d}. Given T, S € R{7}, we shall define
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the right quotient T'/S and right remainder T mod S, to be the unique values Q,U € R{7}
respectively such that T = QS + U with degU < degS. For fixed S € R{r} the right
quotient R{7}/S is a left R{7}-module in the usual manner. It will also be convenient to
view elements of R{7}/S as an R-module, and in our typical setting of R = F, or R = L
we have a natural vector space structure of dimension d. For any s € L{7}, we will use §

to denote the corresponding representation as a column vector of size d.

For the remainder of this work, we will work exclusively with L{7}. We will set o to
be the g-order Frobenius operator o,(a) = a? and set § = 0. In this setting, we have a

further interpretation of skew polynomials as the so called linearized polynomials, under

the identification
Z a; T > Z a;v? € F[z].

2.4.1 Multiplication

Operation 3. Leta =Y  a;7',b=>"_ b;7" € L{r}. The skew multiplication operation

min(d,s) d

a-b returns the skew polynomial 3, ., a;o" (b)) = S ST g (b)Y,

We will denote the complexity of skew multiplication of skew degree d polynomials over
a field extension L/F, such that [L : F,] = n by SM(d,n, q). We will now proceed to state
and analyze two algorithms, due to Puchinger & Wachter-Zeh and Caruso & Le Borgne to
give upper estimates on SM(d, n, q).

The Puchinger & Wachter-Zeh Algorithm

We begin with an analysis of the algorithm given in [64, Th.7]. The algorithm and proof
of correctness are as given in the text; the full proof is given here as part of a refinement

of the complexity estimates.

Theorem 2.4.2. Two skew polynomials a,b € L{T} can be multiplied with a bit complezity
of d*2/*Mul(n, q) + d*?SK(n, q) = (d“*/*nlog q)'+°W.
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Proof. Write our inputs as

s

a= E a; 7"

=0

=0

Let d* = [vd+1]. We can split @ into a sum of d* terms of the form alV =
Zd*ol Qige+ ;7T such that a = Zj o a®. This in turn splits the product ¢ into d*
terms ¢ = Zi:g c® with ¢ = Db, We can multiply through the expression for ¢®:

d*—1

W = Z igey 70 T (Zb T )
dt-d*—1
- Z (Zald*ﬂ M (b—j)T id*+k>

k=0 7=0
d+d*—1

_ 2: Lk
k=

We now define matrices A, B, C such that:

Aij =0 (tige+j)
By, = o' (br_;)
Cis =" (c}))

)

Where 0 <i4,7 <d*—1,0 <k <d+d*—1. Observe that C' = A- B; the coefficients c,(f)

can be recovered through O(d?/?) applications of automorphisms and ¢ can be recovered
by summing the c,(;).
Assuming the automorphism o admits a pre-computation step similar to the polynomial

+id*

representation, at the cost of a single application, representations of 0% o7 for i <

d*, j < d+ d* can be computed in O(dSK(n,q)). Taking advantage of fast rectangular
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matrix multiplication, we can compute the matrix product in O(d“?/?M(n, q)). Applying
automorphisms to compute the entries of A, B, as well as to recover the terms c,(f) from C'
costs a total of O(d*?SK(n, ¢)). Finally, it takes at most O(d*/?) additions in LL to compute
the sum Z?ial ), O

When d < n, the algorithm of Puchinger & Wachter-Zeh has better bit complexity than

the Caruso & Le Borgne algorithm, which is discussed next.

The Caruso & Le Borgne Algorithm

In [11], the authors gave two main algorithms for multiplying skew polynomials. The first
of which is a Monte Carlo for the “large degree case” when the degree d is larger then the
order of the automorphism g = ord(c). The second is a deterministic algorithm when the
sum of the degrees is less than g. While the latter is certainly of theoretical interest, for our
purposes no such relation will be known so we will proceed exclusively with a discussion
of the former. As the algorithm is quite technical, we will proceed with an outline of the

procedure and a statement of its complexity.

Recall that L is an extension of IF, of order n, and for this setting we let ¢ have order
g. Fix an extension K of F, of order m and let L' = L ® ¢ K. The algorithm proceeds by
computing the product a - b mod Z;(79) for t irreducible polynomials 7, ..., 2, € F,[T],
and reconstructs the product in {7} via a Chinese remainder theorem to compute a -
bmod Z; --- Z;(19). The Z; are constructed as minimal polynomials of elements \; € K
such that \; = Np/x(\;) for A; € L. For a choice of extension K with ¢ = [K : F,]

2d
such that 2—‘;(%—‘; + 1) < {q*, then £ € O(logd + log g) and for any choice of {)\i}iiglJ, the
probability that one can reconstruct the product in L{r} via the CRT is at least § [11,
Lemma 2.10, Theorem 2.11]. Multiplication in L{7}/Z;(79) is reduced to multiplication
in L'{7}/(m9 — \;) via the isomorphism 1 ® id : L. - K ® L acting coefficient-wise and

sending 79 + a.

Multiplication modulo 79 — a can be lifted to multiplication modulo 79 — 1 via an
isomorphism sending a(7) — a(A7). To complete the picture, and give an algorithm for

modular multiplication in L{7}/(79 — 1), we first require the following proposition.
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Proposition 1. [7/, Prop. 1.6] Let T be a commutative variable, and fix a normal basis
Doy - by for L/F, and let b = S0 bT%. Further let a = 3.y a;7" € L{r} and set
a(T) =1 ai T, ¢ = alb;) and c(T) = . &;T%. Then

o(T)=a(T)b(T) mod T" —1

The above proposition reduces computing the action of a on a normal basis to commu-
tative polynomial multiplication with the inputs reduced modulo 7™ — 1. Given any two
a,a’ € L[T]/(T™ — 1), the product aa’ can be computed as follows:

1. Compute ¢(T) = a(T)b(T), d(T) = o' (T)b(T).

2. Extract from ¢, the matrices M, M’ respectively for the action of a,a’ on L/F,

where the domain uses the normal basis and the co-domain uses the standard basis.

3. Compute M BM’ where B is the change of basis matrix from the standard basis to

the normal basis. This gives the action of the product aa’ on L/F,,.

4. Given the product MBM' compute the corresponding ¢(T') such that ¢b='(T) =
a(T)a'(T') and extract the coefficients of aa’

After performing O(d/tg) modular multiplications in IL{7}/(Z;(79)), the cost of recov-
ery via the CRT is O(dg) field operations in F,. Via the reductions described above, each
multiplication modulo Z;(79) reduces to a single instance of multiplication in L{7}/(79—1).
This reduction, as well as the multiplication itself, costs O(g*) F,-operations. When d > g,
the complexity of the entire procedure can be bounded by O(dg”~'(logd + logg)) F,-
operations; in the context of the Frobenius endomorphism this gives a bit complexity of
SM(d, n, q) = dn“~*(log d + log n) log q. Moreover, there is a one-time cost of constructing
a normal basis for L over F,, adding n“?/?log! M ¢ 4 nl+oM) Jog?tW) ¢

2.4.2 FEuclidean Division

As alluded to in section §2.4, the ring L{7} is a right (and left) Euclidean domain and

therefore admits a non-commutative analog of the Euclidean algorithm [60].
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Operation 4 (Right Euclidean Division). Given skew-polynomials a,b, compute skew-
polynomials w, p such that deg.(p) < deg,(b) and a = wb+ p. In this case we write
RD(a,b) = (w, p).

Elementary division problems concerning skew polynomials were first studied in [60],
with the first thorough algorithmic treatment, including the first non-trivial factorization
scheme for skew polynomials, given in [35]. In [14] an algorithm for right Euclidean divi-
sion of a degree d; skew polynomial a by a degree dy skew polynomial b with complexity
in O(SM(dy,n,q)logd;). The procedure is based on a classical algorithm for Euclidean

division on commutative polynomials seen in [30].

Theorem 2.4.3. The right Euclidean quotient and remainder RD(a,b) of two skew poly-
nomials a,b of degree at most d can be computed using O(SM(d, n, q)logd) bit operations

[04].

We sketch the procedure here. Define the pseudo-inversion operator of order ¢ on
L{r}s:

5 5
Ts ( Z aﬂ") = Z as_iT " (2.1)

i=0 i=0
For a skew polynomial p = Z?:o p;, let p) = Zj:o o'(p;)™. It is fairly straight-
forward to check that Ty is linear and satisfies the relation Ty, 4,(ab) = Ty, (a)Ty, (b1V).
Let w = Y72 w;T" be such that wTly, (b %) = 1. From the preceding product for-
mula, we have that Ty, (a) = Ty, _q,(w)Ty, (b) + Ty, (p). Let wlh—d2l = Z?;gdrl w;T%; and
observe that Ty, (a)wl®@~%lb — T, (a) must have degree at least d; — do, implying that
Ty —a,(p) = Ty (a)@ D%l — T, (a). We can compute @™ ~%! using Newton iteration in

O(log d;) steps, each of which has cost at most O(SM(dy,n, q)).

2.4.3 Minimal Subspace Polynomial & Multipoint Evaluation

Recall that we have a canonical identification § : L{7} — Endg,(LL). The kernel of a skew
polynomial p is the set:
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ker(p) = {a € L | p(a) = 0}.

Observe that ker(p) is an F,-linear subspace of L/F, and dimker(p) < min(degp,n),
with the latter fact following from the observation that if p = Z(j:o a;7", then a € ker(p)
if and only if it is a root of the linearized polynomial Z?:o a;z7. Let V C L be a linear
subspace of dimension m < n over F,. The minimal subspace polynomial MSP(V') is the
monic skew-polynomial of lowest degree whose kernel contains V. The MSP of a linear
subspace is unique and has degree d if V' has dimension d. Consequently, a monic degree
d skew-polynomial is equal to MSP (V') for some subspace V' if and only if it has a set of d

linearly independent roots.

Problem 2.4.4 (Minimal Subspace Polynomial). Given a linear subspace V- C L/F, with a
basis vy, . .., vq € L, determine its minimal subspace polynomial, MSP(V') = MSP({v1,...,v4}).

Given a set of s elements vy, ..., v, and a skew polynomial p we may wish to simultane-
ously compute the evaluations p(v1), ..., p(vs). This leads us to the multipoint evaluation
problem.

Problem 2.4.5 (Multipoint Evaluation). Given a set of s points vy, ...,vs and p € L{7},
compute the set MPE(p;vq,...,v5) = {p(v1),...,p(vs)}.

In the case of Multipoint evaluation, it suffices to compute the evaluation on a maximal
linearly independent subset of vy, ..., v,. Two mutually recursive algorithms were proposed

in [64] to solve both problems. For details on these, see algorithms 1 and 2.

A detailed complexity analysis for these mutually recursive algorithms was given in [64].
We will let MSP*(d) denote the complexity of computing the minimal subspace polynomial
on a space of dimension d, and MPE*(d, s) the complexity of computing the multipoint
evaluation of a degree d skew polynomial on s points. Then the cost of both algorithms

can be expressed in terms of the following recurrences:

MSP*(d) = 2MSP*(d/2) + MPE*(d/2, d/2) + SM(d/2, n, q)
MPE*(d, s) = 2MSP*(s/2) + 2MPE*(d/2, s/2) + SM(s,n, q) log s.
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Algorithm 1 Minimal Subspace Polynomial [(4]

Input A basis {vy,...,v4} for V C L

Output A monic skew-polynomial p € L{7}, of degree d such that p(v;) = 0 for each
1<i<d.

1. if d =1 then

2 p+1lifvy =0

3 p <7 — vl otherwise

4: else

5: a < MSP(v1, ... v4/2)

6 {vi21s -+ vg}t < MPE(a; vaja41, - - -, va)
7 b MSP(v} /541, -,0g)

8: p < ba

end if

Algorithm 2 Multipoint Evaluation [(4]
Input A skew polynomial p € L{r} of degree d, and a set of linearly independent

evaluation points {vy,...,v5} C Fyn.
Output The set {p(v1),...,p(vs)} T Fyn

1: if deg (p) =1 then

2 Return{p(vy), ..., p(vs)}

3: else

4 a < MSP(v1,...v2)

5: b < MSP(vs/241, - - - vs)

6 (Was pa) = RD(p, a)

7. (wy, p) < RD(p,b)

8 {p(v1), ..., p(vs)2)} = MPE(pa; v1,...v52))

9 {p(vss241)s - -5 p(vs)} = MPE(pp; vs/241, - - - v5))
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By memoizing the output of MSP at line 5, the call to MSP at line 4 of algorithm 2

can be avoided, and the recursive expression for MPE becomes

MPE*(d, s) = MSP*(s/2) + 2MPE*(d/2, s/2) + SM(s,n, q) log s.

Let @ = max(s, d); both expressions are simultaneously bounded by a complexity class

C(0,n, q) satisfying the recurrence

C(0,n,q) =3C(0/2,n,q9) + O(SM(0,n,q) logd)

By assuming the complexity of the Puchinger-Wachter-Zeh algorithm SM(d,n,q) =
O(d**/*Mul(n, q) +d**SK(n, q)) and using the master theorem we can obtain a complexity
of

C(d,n,q) = O(SM(d,n, q) + °%=Fnlog q)
= O(vmx(os23) w2/ )\ ul(n, ¢) log 0 + 9°22)SK(n, ¢) log d)

O(amax(log2(3)vw2/2)n log Q)

Q

bit operations. We will discuss an alternate approach to both the multipoint evaluation

and minimal subspace polynomial problems in section §7.1.

2.5 Valuations, Places, and Limits

Valuations, valued fields, and places play an important role in algebraic number theory,

the definition of Drinfeld modules, and their cohomology theories.

Definition 2.5.1. Given a field F and an abelian group G equipped with a total ordering

<, a valuation on F is a map v : F — G U {0} satisfying:

e v(a) = oo if and only if a =0
e v(ab) =v(a)+ v(b)
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e v(a+b) > min(v(a),v(d))

Furthermore, let g* be an order-reversing group homomorphism ¢* : G — (R\{0}, x)
with the extension ¢g*(oc) = 0. Then the valuation v induces a norm || - ||, on F given by
llall, = g*(v(a)). We then define F, to be the completion of ' with respect to || - ||,. Two
valuations vy, v, are said to be equivalent if there is an order preserving automorphism
g : G — G such that vy(a) = g(va2(a)). In this case, the norms induced by v; and vy are
equivalent and F,, = F,,.

Definition 2.5.2. A place of a field F is an equivalence class of valuations.

In the next section, we will discuss a classical example of valuations and their corre-

sponding places.

2.5.1 The p-adic Numbers

The most famous class of examples of valuations are the so-called p-adic valuations v, :
Q — Z U {oo} on Q. These are defined for a fixed prime p as follows:

e v,(0) =00

e v,(r) =max(n:p"z) for all x € Z

o If z = ¢ for a,b € Z, then v,(z) = vy(a) — v,(b)

Let |-[, denote the norm induced by v, under the mapping g*(z) = p~* for all z € Z,

and let Q, denote the completion of Q with respect to |-| ,- We may then construct p-adic

integers Z, in a number of equivalent ways.

Definition 2.5.3. The set Z, of p-adic integers may be defined in any of the following
ways:

1. {z € Q| |2], <1}
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2. the completion of Z with respect to ||,

3. the set of formal power series
oo
> ap
=0

with entries a; € {0,1,...,p— 1}.

Definition 3 will be of particular interest to us later when generalizing p-adic con-
structions to general rings. A given p-adic integer is more typically written in its p-adic
expansion as ...asai1a9. There is a canonical inclusion Z <— Z,, given by, for any integer
{ € 7, the sequence satisfying, Z;;%) a;p’ = ¢ mod p' for all i > 1.

Let ¢ = p", fix an irreducible h € F,[z], and set h to be a lift of & to Z,. The object
Q, = Qplz]/ (iz(:z:)), is unique up to isomorphism regardless of the choice of lifting. When
F, is given as F, = F,[z]/(h(z)), we can then define a lifting F,[z]/(h(z)) = Q,[x]/(h(x))
by the usual mapping of coefficients {0,...,p — 1} into Z,,.

A similar construction can be carried out for polynomial rings F[xq,. .., z;]. Namely,
choose a prime ideal I, define v;(x) = max(n : x € I"), and extend v; to F(xy,...,xx) in
the usual manner. If p > 0 is the characteristic of the field IF, then we can obtain a norm as

—v1(*) and each choice of prime ideal I defines a distinct place.

before by letting ||z||; = p
For multivariate polynomial rings there are additional places, defined by the valuation
Voo(2) = deg(x) where deg may denote either the degree in a fixed variable x; or the total

degree.

2.5.2 Inverse Limits for Rings and Modules

The concept of limits in category theory provide a vast generalization of many constructs
used throughout algebra, including disjoints unions, cartesian products, direct sums, etc.
For our purposes, we will make use of a heavily simplified definition of a particular type of

limit, known as an inverse limat.

Definition 2.5.4. Let {H;};en be an inverse system; that is, a family of rings such that
for each v < j we have ring homomorphisms f; ; : H; — H; such that
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o fii is the identity map on H; for all 1

[ fOT‘ all 1 S j S ]{3, fm‘ o) fj,k = fi,k : Hk — Hz
The we define the inverse limit of {H;}ien to be the ring

lim H, = {(hj)jeN e [[Hil fij(hy) = hivi < j}

ieN

That is, lim H; is the set of sequences (h;)jen such that h; € H; and f;(h;) = h; for
any pair ¢ < j; this is a ring with the usual operations defined entrywise. The inverse limit
also requires the existence of projection maps m; - H — H; which are ring homomorphisms
such that m; = f; ;m; for all ¢« < j; under the construction given in definition 2.5.4, the

co-ordinate functions m;((h;);en) = h; satisfy these requirements.

We will take care to note that the inverse limit construction can be carried out for
more general algebraic objects and categories, though we will require it only for rings and
modules. For inline typesetting we may omit the index of the inverse limit. This construc-
tion also gives another way of constructing the p-adic integers, namely as the inverse limit

p = @Z /(p%). Moreover, this approach can be easily generalized to arbitrary rings.

Definition 2.5.5. Let R be a ring, and let I be a prime ideal of R. The I-adic comple-
tion of R with respect to I s the ring

Ry =lmR/I*
k

The elements of R; can be viewed as convergent series in the I-adic norm || - ||;. Now
suppose we are given a module H over a ring R, and let / be any prime ideal of R. We can
define the quotient modules H; = H/I'H which is also a module over R/I?, and we have
maps f;; : H; — H; when ¢ < j obtained by reducing elements of H; to their equivalence
classes modulo I*H. We can then define the inverse limit of the modules H = l'&nHi in
an identical manner to the construction for rings in definition 2.5.4, with the additional
remark that H is a module over R; where the ring action can be taken co-ordinate wise.
More explicitly, if (7;)ieny € Ry and (h;)ien then (7;)ien * (hi)ien = (7 * hy)ien.
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Chapter 3

Elliptic Curves

3.1 Definitions

The primary goal of this section will be to review some of the classical theory of Elliptic
curves, and in particular the approaches used for computing the characteristic polynomial
of the Frobenius endomorphism. As Drinfeld modules are often viewed as part of the
“function field” analogy with classical number fields, with rank 2 Drinfeld modules being
a direct parallel to elliptic curves, this section is intended to motivate the approaches used
later on in the text by describing their inspiration from the elliptic curve setting. For those

interested in further readings on elliptic curves, we recommend [71], [69], and [70].

We will recall some basic concepts from algebraic geometry, which can be reviewed
in most standard references on the topic such as [33]. We begin by supposing F is an
algebraically closed field, an affine variety over F¥ is a subset V' C F¥ whose elements are
the zeros of all members of an ideal S C Flxy,...,zx]. We will define projective k-space
P*(IF) to be the set whose elements are the 1-dimensional subspaces of F**1. More explicitly,
we can view P*(IF) as the set of equivalence classes in F**! under the equivalence relation
s ~ ¢ if there exists A € F such that s = As’. A polynomial in F[z1, ..., x| is homogeneous
if all its monomial terms have the same total degree. A projective variety is a subset

V C P*(F) whose elements are the zeros of all members of an ideal S C F[xz1, ..., Tp41]
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generated by homogeneous polynomials. Note that we can canonically embed homogeneous
elements of F[xq, ..., xg 1] into Flzy, ..., x| via the evaluation map .1 = 1; this allows us
to explicitly describe projective varieties as subsets of k dimensional spaces vanishing at the
members of an ideal generated by ordinary k-variate polynomials. A function f:V — V'
is regular if it can be expressed component-wise as polynomial functions. A variety V
is abelian if it has a commutative group structure on its points that is “given by regular

maps”. That is:

e there is a regular map + : V x V — V satisfying the usual axioms of a group
operation, such that a +b=b+a for all a,b € V

e there is an element id € V such that a +id=a for alla € V

e there is a regular map — : V' — V such that a + (—a) =id for all a € V.

The map + is sometimes referred to as the group law on the variety.

We will typically choose to work with F = Fq and consider the restrictions of curves
to sub-fields as necessary. In the algebraically closed setting, Hilbert’s Nullstellensatz tells
us that affine varieties V' C F* correspond to radical ideals V(I) of F[xy, ..., z;] and that
this correspondence is bijective. Then the regular functions from V' to F are the elements
of Flxy,...,xx]/V(I). A similar correspondence concerning homogeneous ideals exists for

projective varieties.

Definition 3.1.1. Let F be an algebraically closed field whose characteristic is different
from 2 or 8. An elliptic curve E over F, denoted E/F, is a smooth abelian projective

variety over Po(IF) whose elements are the zeros of a Weierstrass equation
v =23 +ax+b

for fived a,b € F with 4a® + 27b% # 0.

While a more general definition of elliptic curves does exist, in particular for the “small”
characteristic case, this definition will be sufficient for the purposes of this work. For a
subfield F' C IF, we will set E/F" C E/F to be the set of points invariant under the natural
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action of Gal(F/F’) on Py(FF). As an abelian variety, any elliptic curve has a group law
defined on it; addition of points can be defined explicitly as follows: the projective point
at infinity acts as the identity of the group. Otherwise, we have the doubling and addition

formulae. Set

3z +a
2y

de(w,y) =

Then for any (z,y) € F, the double of any point can be written as

2(z,y) = (de(z,y)* — 22, 3de(x, y)x — de(z,y)* — y)

Otherwise, for x; # xa, set

_ Y=
ae = ac(T1, Y1, T2, Yo) =
To — X1

Addition of two distinct points in £ can then be computed as follows:

(z1,91) + (29, 12) = (a2 — 11 — 22, a.(271 — a2 + x3) — Y1)

We will fix O € E to be the identity element for the group operation on E/F. For a

t times
positive integer t, we let t x P = P+P+... + f’, and we define —P € E to be the point
such that P+ (—P) = O. We then define the t-torsion of an elliptic curve E to be the set

Eft|]={P € E|t«P=0}.

Let Hom(E}, Ey) denote the set of group morphisms from E;/F — E,/F that are also
regular maps. We will use the term endomorphism to refer to elements of Hom(FE, E).
Let F be an algebraically closed field with positive characteristic p and suppose E/F is
an elliptic curve defined over F whose Weierstrass equation has coefficients contained in
F, C F with ¢ = p°. The Frobenius morphism on E is the map F': E — E' given by
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F:E—FE
(z,y) = (2P, ")

If E/F has Weierstrass equation y* = x® 4+ ax + b, then E’/F is defined by the equation
y* = 2® + aPx + WP. When a,b € F,, entry-wise exponentiation by ¢ defines the (g-order)
Frobenius endomorphism F, = F* on E; the fixed points of this endomorphism are exactly
the points contained in F/F,. The endomorphism F satisfies a degree two polynomial
with integer coefficients 2% — ¢z + ¢ € Z[x] known as the characteristic polynomial of the
Frobenius. That is: F(P) — ¢ ¥ Fy(P) + ¢; * P = O for all P € E/F. The Frobenius
endomorphism, along with its characteristic polynomial, plays an important role in point
counting problems on algebraic varieties owing to conjectures and results originating in the
work of Hasse and Weil [67] [19], and is a special case of a more general connection between
zeta functions on varieties and schemes and point counting problems. In the next section,
we will give a brief overview of these particular point counting problems in the setting of

elliptic curves and make explicit the role played by the Frobenius endomorphism.

3.2 Point Counting

Given an elliptic curve E/F we will let E, denote the set of points on the curve whose

coordinates lie entirely in [F,.

Operation 5. Given an elliptic curve E/F and a positive power of the field characteristic

q =p°, compute |E,|.

Now we will assume that E/F is defined by a Weierstrass equation whose coefficients are
all contained inside a finite field IF,. The role that the g-order Frobenius endomorphism
plays in computing the number of points in £, as well as bounds for the amount of

computational work required to compute |E,|, are consequences of theorems due to Hasse
and Weil [69, Thm. 1.1].
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Theorem 3.2.1 (Hasse). Let ¢ = p°. Let E/F be an elliptic curve over an algebraically
closed field F of characteristic p whose Weierstrass equation has coefficients contained in
F,. Then

g+ 1= Bl <2v4

A powerful consequence of the general Weil conjectures gives an explicit connection

between the characteristic polynomial of Fj, and |E,|.

Theorem 3.2.2 (Weil’s theorem for elliptic curves). Let E/F be an elliptic curve be as
defined in theorem 3.2.1. Set h = q+ 1 — |E,| and let F, be the q-order Frobenius acting
on E/F. Then F, satisfies the equation

F? —hF,+q=0. (3.1)

3.3 Schoof’s Algorithm

Schoof [65] gave the first polynomial time algorithm, in log ¢, for computing | F| by finding
|E| mod p; for distinct primes p; such that [, p; > 4,/q. In particular, we know that for
(x,y) € E[p], p* (x,y) = 0 and so we have t * (z,y) = (t mod p) * (x,y), which allows us

to reduce the characteristic polynomial modulo p to obtain

(27, y*) + (¢ mod p)(z,y) = (h mod p)(27, y?)

To compute the characteristic polynomial of I on FEl[p], Schoof introduced the so-
called division polynomials, which allow one to efficiently encode entire torsion subgroups
via polynomials 9, (x,y) whose zero sets on E are exactly E[p]. Concretely, the division
polynomials are polynomials in Z[z, y, a, b] corresponding to elliptic curves with Weierstrass

3

equation y? = 2® — ax + b, and can be constructed recursively as follows:
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Yo =10

Y =1

Yy =2y

s = 3zt + 6ax? + 120z — a?

Yy = 4y(z® + bax* + 2002° — 5a*x? — dabx — 8b* — a?)

¢2m+1 = ¢m+2¢21 - ¢m—1¢21+1
Yom = ﬁ—zwmwil st

Lemma 3.3.1. [05] The points (z,y) € E satisfying ¥,(x,y) = 0 are ezactly E|p).

This leads us to the original version of Schoof’s algorithm:

e Fix primes py, ..., p; such that for all i, p; { ¢ and []._, pi > 4,/4,

e Solve for h; satisfying:

(7, 7Y + (¢ mod p;)(x,y) = hi(2?, y?).

e Return the unique A such that A mod p; = h; for all 7.

The original version of Schoof’s algorithm, using modern computational techniques, had
a runtime of O(log® q) bit operations. Later improvements due Elkies and Atkins replace
the division polynomials with modular polynomials ®,(X,Y) whose roots correspond to
pairs of so-called p-isogenous curves. Their improvements leveraged information about the
splitting behaviour of the characteristic polynomial by alternately chosing primes p; based
on the splitting behaviour of the characteristic polynomial modulo p;. These improvements

gave a runtime of O(log* ¢) bit operations.
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3.4 Kedlaya’s Algorithm

While polynomial in log ¢, Schoof’s algorithm still faces some notable drawbacks, including
the still fairly large exponent in the complexity in log ¢, as well as exponential complexity
in the genus of the curve when the algorithm is generalized to hyperelliptic curves. For
a fixed prime p such that ¢ = p°, later algorithms, notably Satoh’s and Kedlaya’s, had

improved complexity in terms of e at the cost of no longer being polynomial in log p.

Kedlaya’s algorithm [19] for computing characteristic polynomials of hyperelliptic curves
uses a variant of crystalline cohomology, that of Monsky-Washnitzer, and for fixed p has
a complexity of O(g*to(Me3+e() [25]. The core idea of Kedlaya’s algorithm is to compute
the matrix of the lifting of the Frobenius endomorphism to a particular subspace of the
Monsky-Washnitzer cohomology, whose coefficients, lying in Z,, can be computed to a
finite precision. We will now introduce the machinery required to make this description

more precise.

We will note that this next section is quite heavy technically and the machinery de-
scribed here is not required for the main results. This section is included mainly to provide
a background description of the inspiration for the crystalline algorithm for computing the
characteristic polynomial of the Frobenius endomorphism of a Drinfeld module described
later in this work. The reader may therefore feel free to skip this section without impacting

their understanding of the rest of the content of this work.

3.4.1 Monsky-Washnitzer Cohomology

For readers interested in exploring crystalline or the more general setup of p-adic coho-
mology, we recommend [0]. We will give an explicit algebraic description of the crys-
talline cohomology on an elliptic curve by way of its construction via the “algebraic de
Rham” cohomology. We recall our initial setting of an elliptic curve E/F, with equation
y*> = f(z) = 2° + ax +b. First, we observe that the Frobenius automorphism on F, can be
lifted to a Frobenius automorphism on Z,. We can lift to a curve E /Q, using a choice of
lift f=a+az+be Zg|x]. The ring of regular functions on Ey = E — {(x,y) |y = 0} is
given by
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Ao =Fylr,y.y 71/ (y* = f(2))

The crystalline cohomology is typically defined in terms of the de Rham complex as-
sociated to a canonical lifting of A to regular functions on the lift E, /Q,. In the case
of Monsky-Washnitzer cohomology, we instead consider the so-called overconvergent func-

tions:
A(Jg = { Z(CLO’Z‘ + ay;T + aQ’ix2)y" | llm inf |aj,i|p/|j| > 0}
iet lgl=o0
The standard derivation on Ay can be obtained by setting
2udy = (32* + a)dx

The first de Rham complex of the Monsky-Washnitzer cohomology is therefore given as

dx

Hiw(E) = ker d/dA} = A(T]Q—
Y

JdA;

The map ¢ : E — E given by

L<I7y) = (‘Tv _y)

induces an endomorphism on Ay sending y +— —y, and similarly on H};,(E). This map
splits H} - (E) into a direct sum of eigenspaces Hipy (E) = Hipy (E)T @ Hiy (E)™ cor-

responding to the eigenvalues +1 of .. We then have the following lemma:

Lemma 3.4.1. The set B = {7, %2} is a basis for Hypy (E)™.

3.4.2 Lifting the Frobenius

Working with basis B, we will be able to explicitly compute the action of the Frobenius on
Hypw(E)™.
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Lemma 3.4.2. There ezists a lifting of the Frobenius endomorphism F on E to FT : A(T) —
Ag satisfying the following relations:

o [(z)=2aP
o Fi(y)? = 2% 4 aPa? + P

o Fi(y)Fi(y™) =1.

Then FT lifts to a map F on H}yy (E)~ whose action on the elements of the basis B is
given by:

dr\ 5 (—1/2 FUP) = /7 o o
) E (Pt
Y ; k p
) E (L

We can re-express F (%‘”) as :

J—“(%) = gpk“ck(w)dg (3:2)

where ¢(z) € Qg(x) such that p™c(z) € Zy(x) when ky > log,(2k + 1) + 1 [27].
This expression can be rewritten in terms of the basis elements of B using the reduction
algorithm of [25]. We then have the following theorem, which allows us to justify this entire

computation.

Theorem 3.4.3. [25, Thm. 5.3.2] The characteristic polynomial of F'¢ on E is equal to
the characteristic polynomial of F¢ on Hyy (E)~. That is, it has the form

X2 —hX +4
Moreover, recalling that |h| < 4,/q, we have that A, < 5 log, 4.
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The goal then is to explicitly compute the the matrix of F¢ via the lifting of F, and
extract the characteristic polynomial of this matrix. If M(F) is the matrix for F on

Hiw (E)™, then a matrix for F¢ is given by

M(F?) = M(F)M(F)7--- M(F)7

where we recall that M(F)? denotes entry-wise application of ¢ when ¢ is an operator.

The algorithm can be summed up as follows:

1. Fix a lift £/Q, of E/F,. Set precision w > 5 log, 4.

2. Compute the action of F on the basis B by computing the coefficient polynomials
cr(x) up to k satisfying k —log,(2k +1) — 1 > 7.

3. Using the reduction algorithm, extract the coefficients of the matrix M(F) with
respect to B.
e—1 )
4. Compute the matrix for F¢ as H./\/l(}" )?". Compute its characteristic polynomial

i=0
and return the result.

The dominant computational step is item 4, which has a complexity of e**°(1) bit
operations. For more general curves of genus g, the analogous algorithm has a runtime

using g*ToMe3*te() bit operations.
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Chapter 4

Drinfeld Modules

Drinfeld modules were first introduced by Vladimir Drinf’eld [22] as part of his proof of
the Langlands conjecture for GLy over global function fields. Since then, Drinfeld modules
and their generalizations have been recognized as important tools in the theory of function
fields, playing a role analogous to that of elliptic curves. In line with this philosophy, a
significant amount of theory, paralleling that of the number field case, has therefore been
developed for Drinfeld modules. This has included questions of computational significance,
given the important role that elliptic curves play in cryptography [12] [54], [74] and integer
factorization [59]. The focus of this section will be to introduce the main definitions
surrounding Drinfeld modules and associated objects, and cover some of the background

theory relevant to understanding the characteristic polynomial computation.

4.1 Definitions

4.1.1 Background

We now introduce the main definitions and constructions, which can be found in the survey
of Drinfeld modules of Deligne and Huseméller in [20]. Fix a smooth projective curve C'

defined over F,, and let A denote the ring of functions on C' which are regular outside of a
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fixed place. The standard example of such a setting, and the one that we will focus on for
the purpose of explicitly describing our algorithms, takes C' = P! C P? and at the place
Uso = deg, in which case A = Fy[z]. Let K = Frac(A) denote the fraction field of A; which

in our standard case will be F(z).

Now let L be a field extension of F,, and in our finite setting we will always let n = [L :
F,]. Fix an F,-homomorphism ~ : A — L; ker v is then generated by an irreducible p € A
of degree m. We let F, = A/(p) and F, is isomorphic to a sub-field of L. If F, = L, that

is n = m, we will refer to this as the prime-field case. We therefore have a tower of fields
F, m F, Y™ L

We may refer to v as the characteristic map, and p as the A-characteristic. To under-
stand the definitions, it may be helpful to keep in mind the analogies with elliptic curves,
and to that end we have the following table illustrating the role that each object plays and

the corresponding object for number fields.

Object Definition Number field analogue
A Regular functions on C Z
F, The “prime field” Ly,
K Fraction field of A Q
K. The completion of K with R

respect to the fixed place
Cso The completion of the al- C

gebraic closure K o
Table 4.1: The “dictionary” between the number field and function field cases
The latter two objects, Cy and K, play a role in the construction of Drinfeld modules
as A-lattices of C, in much the same way that elliptic curves can be constructed as

2-dimensional Z-lattices in the complex plane. This construction, however, will not be

explicitly used in this work.
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Example 4.1.1. We will let ¢ = 5, n = 4. We can concretely represent . = Fgzs =
Fs[y]/(y* + 4y? + 4y + 2). We let y(z) = y mod y* + 4y* + 4y + 2, in which case p =
x* + 42? + 4z + 2 and we find ourselves in the prime field case with F, = L.

We could instead take v(z) = y* + y* + y + 3 mod y* + 4y + 4y + 2, in which case
p =22+ 4z + 2 and we have m = 2 and Fy, = Fs»

Recall that L{r} is the ring of skew-polynomials subject to the commutation rule
7¢ = (41 for all ¢ € L. It will be helpful to note that we can canonically associate to each

element of L{7} an operator acting on L as follows:
(Zz aiTi) () =3 a;l?.

4.1.2 Drinfeld Modules

Definition 4.1.2. A Drinfeld A-module ¢ over (L,~) is an F,-algebra homomorphism
¢: A — L{7} such that for all a € A there exists n, € L{T}7 such that

¢(a) = ng + v(a)

A standard convention in the literature is to use v,, ¢, in place of y(a), ¢(a) respectively,
and we will follow this convention here. In the case where C' = P!, the Drinfeld module is
determined by ¢, and the rank of the Drinfeld module is deg, ¢.. Throughout this work,
for computational purposes, we will primarily be concerned with Drinfeld F,[x]-modules.
We will often specify a rank r Drinfeld F,[z]-module by A,,...,A; € L denoting the

coefficients of ¢,; that is:

¢z = 22:1 Aﬂ—i + Ve

Example 4.1.3. Consider the context of example 4.1.1 with F, = F5, L = Fs[y]/(y* +
4y? + 4y +2), and y(x) = y. We then define a rank-2 Drinfeld F,[x]-module by setting

G =y7* + 27 +y
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Recall that in the case of elliptic curves, we have a Z-action on the points p of the curve
by adding p to itself ¢ € Z times. Analogously, a Drinfeld module ¢ induces an A-action
on L given by, for all £ € L:

axl= ¢a(€)

The above construction allows us to define the torsion of a Drinfeld module.

Definition 4.1.4. For a € A, the a-torsion of a Drinfeld ¢[a] is the set:
pla] ={feL|axl=0}

If a # p. then ¢[a] is a free module over A/(a) of rank r [37]. Now letting [ be an
irreducible element of A different from p, and we will let A; be the [~adic completions of
A. We may now construct the so-called Tate module as an inverse limit using the torsion

data at each power [,

Definition 4.1.5. Let ¢ be a rank r Drinfeld module. Let | be a prime element of A
different from p. The l-adic Tate module of ¢, Ti(¢) to be the Ai-module

Ti(¢) = & 6[11].

We will note that several authors instead take Ti(¢) = Hom(Kj, l%n o[I"]) where K is
the [~adic completion of K, and that these constructions are the same up to isomorphism
[37]. Since each ¢[l'] is free of rank r over A/(I'), Ti(¢) is a free module over A; of rank r
[20]. This construction strongly parallels the classical construction of the Tate module for

abelian varieties.

4.1.3 Morphisms and Characteristic Polynomials

Definition 4.1.6. Let ' be an extension of .. An L'-morphism of Drinfeld modules
u:¢—isaue {1} such that up, = p,u for all a € A.
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We will typically consider L-morphisms, and the unqualified term morphism will refer
to this case. The motivation for this definition can be more clearly understood in terms
of the induced A-module on L, as the definition is equivalent to the requirement that the

following diagram commutes.

We will use Hom(¢, 1) to denote the set of morphisms from ¢ to 1) and End(¢) =
Hom(¢, ¢). End(¢) is the centralizer for ¢(A), and in particular of ¢,, in L{7}. A non-
zero element of Hom(¢, 1)) is referred to as an isogeny and two Drinfeld modules ¢, 1
are isogenous if there is a non-zero member of Hom(¢,v). An isomorphism of Drinfeld
modules is a u € Hom(¢,v) (L. Recalling [L : F,] = n, End(¢) contains the so-called

Frobenius endomorphism, T".

Since elements of End(¢) commute with ¢(A), each u € End(¢) induces a linear map
t(u), : dla] — ¢[a] for any a € A whose action is given by t(u),(¢) = u(¢) for £ € ¢|a].
This can therefore be lifted to a linear map ¢(u) € End(Ty(¢)).

Definition 4.1.7. The characteristic polynomial CharPoly(u) of u € End(¢) is the
characteristic polynomial of t(u) € End(T(9)).

The minimal polynomial of u is defined in an analogous manner. Since T(¢) is free of
rank 7 over A;, CharPoly(u) has degree r, and its coefficients lie in the canonical inclusion
of Ain A; [33, Cor. 3.4]. Moreover, the coefficients of the characteristic polynomial do
not depend on the choice of [ [33, Cor. 3.4], and when the Drinfeld module map is applied
to the coefficients of CharPoly(u), it annihilates u as a skew-polynomial [31]. To put this

more concretely, the characteristic polynomial has the form

CharPoly(u) = X" +a, X" '+ ... +a; X" +... + a1 X + ag
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with each a; € A such that

U+ Gy U ot L Gyt Gy = 0. (4.1)

For Drinfeld F,[z]-modules, the coefficients satisfy a degree bound

deg(a;) < 2=

—1
T

which can be viewed as an analogue of the Hasse bound of theorem 3.2.1. The minimal
polynomial MinPoly(u) = >0 ba' € Az] of u is also the polynomial of minimal degree
r1 such that

U 4 gy, U Gyt A Gy u+ dy, = 0.
Moreover, we have the following lemma.
Lemma 4.1.8. [2, 58] Let uw € End(¢). Then
(MinPoly(u))"™ = CharPoly(u)
with ry such that ro| .

This divisibility requirement immediately leads to the following corollary.

Corollary 4.1.9. If n = m or ged(n/m,r) = 1, then MinPoly(u) = CharPoly(u) for all
u € End(¢).

Example 4.1.10. Consider the context of example 4.1.5 with F, = F5, L = Fsy]/(y* +
4y? + 4y + 2), v(x) =y, and a rank-2 Drinfeld F,[x]-module given by

b =yt +27+y
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Its characteristic polynomial is

X2+ (22 + 30+ 1)X + 32" + 227 + 22 + 1

We can verify that

2n n _
T 4 Pog2y301T" + Gapat0z2 19541 = 0

For the remainder of this work, the characteristic polynomial of a Drinfeld module
refers to the characteristic polynomial of the Frobenius endomorphism 7". Two Drinfeld
modules are isogenous if and only if their characteristic polynomials coincide [2]. In the
case of Drinfeld modules over F,[z], the term ag is known as the Frobenius norm, and can

be computed directly via the following formula:

33

ag = (_1)r+n(r+1)NFp/]Fq (Ar)_lp (42)

4.2 Elementary Algorithms on Drinfeld Modules

In this section, we will focus on the basic algorithms associated with Drinfeld modules over
Fylz].

4.2.1 Computing Images and Inversions of the Drinfeld Map

Perhaps the first algorithmic question to come to mind with regards to Drinfeld modules is
the complexity of computing the skew polynomial ¢, given a polynomial a = Z?:o a;xt €
F,[z]. For the inversion operation, we are given a skew polynomial s € L{7} with degs =

rd, and wish to either return a such that s = ¢, or determine that s ¢ ¢(FF,[z]).

Proposition 4.2.1. Let ¢ be a Drinfeld F,[x]-module of rank r and a € F,[z] be a poly-

nomial of degree d. There exist deterministic algorithms to compute ¢, € L{T} with costs
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o (®nrlog® q)* M) bit operations

e O(SM(rd,n,q)) bit operations if SM is super-linear in the degree parameter.

Conversely, given a skew polynomial s of degree rd there exists an algorithm to com-
pute a € F,[z] such that s = ¢, or determines that s ¢ ¢(F,[z]) with a bit cost of
(d®nrlog?® g)t+e),

The first approach computes powers ¢,: for + < d = dega, from which we can recon-
struct ¢, = Z?:o a;i¢,i at a bit cost of (d?*nrlogq)'™°™. To compute the required skew

polynomials, observe that since

=1

the coefficients f; ; therefore satisfy the recurrence:

- k
fi-i-l,j = ’Y(l‘)fzyj + Z Aifgjfk (43)
k=1

With the usual pre-processing step for computing polynomial representations of Frobenius
powers, this recurrence allows the computation of ¢z, ..., ¢, in (d?nrlog?¢)+°M) bit

operations.

We also present an alternative algorithm for computing ¢, based on a classic divide-and-
conquer approach [30]. First, observe that a key bottleneck of the previous method was the
insistence on computing ¢,z2, ..., ¢,4. If we instead wish to compute ¢,4 for a single choice
of d, we can use a repeated squaring procedure based on skew-polynomial multiplication
costing SM(rd,n,q). Write a = ag + z'9?la;, with degag,dega; < |d/2] + 1. The cost
of computing ¢, then reduces to the cost of computing ¢, ¢a,, and ¢, a2) as well as
computing the product ¢,a/2j¢,,. The latter two operations cost SM(rd,n,q); from this
we can conclude that the complexity Im(d) of computing the image of a degree d element

of IF,[z] satisfies the following recurrence:
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Im(d) = 2Im(d/2) + O(SM(rd,n, q)).
Since SM is super-linear in the degree parameter, the cost of computing ¢, is at most
O(SM(rd,n,q)), which completes the complexity analysis of computing ¢,.

Now turning to the question of inversion, this problem can be reduced to solving a

linear system over I which we will construct below. First, let:

s
!
=
s
&NA

1=0
rd
_ J

s = S;T
J=0
d i rd d

Ga = g a; fz’,jT] = g g aifi,j 7.
i=0  j=0 §=0 \i=|j/r]

This gives rd+ 1 equations, with coefficients f; ; € IL, in d+ 1 unknowns. By extracting

equations corresponding to every r'* coefficient of s, we obtain the upper-triangular system

Joo fio - Jao| |ao 50
0 fl,r s fd,r a1 . Sp
0 0 . fd,rd Qq Srd

The diagonal entries f;,; of this system are the leading coefficients of ¢,:, which are
powers of A,, and therefore non-zero. This implies that the system has a unique solution,
which we may solve for using at most O(d?) operations in L. A valid solution a to the
inversion problem exists if and only if the values a; € F, for all 1 < i < d. Including the

cost of computing the required entries f; ; gives a total bit complexity of (d*nr log? q)**o),
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4.2.2 Computing Field Actions

We recall that each ¢, acts as a field endomorphism on L, and more generally any field
extension contained in L. For a € F,[z] of degree d and for o € L, our goal is to determine
¢q(a). The direct approach leverages the algorithms of §4.2.1 to compute the skew poly-
nomial ¢,. Using modular composition, we can compute () for i < dr at a total bit cost
of (drnlogq)'*t°®M leaving the dominant cost coming from the computation of ¢, which

1+o(1) " if we wish to recover the intermediate

can be done at a cost of either (d®nrlog? q)
powers of ¢,, or SM(rd,n,q)) otherwise. If we wish to compute the evaluation at a set
{aq,...,as} instead, we can use the multipoint evaluation algorithms of §2.4.3 or §7.1.

This leaves us with the following corollary.

Corollary 4.2.2. Let ¢ be a Drinfeld F[x]-module of rankr, a € F [z, and let {an, ... as} C
L. There exists an algorithm to compute {ds(v1), ..., dq(as)} with a bit complexity of
O(SM(max(s, d),n, q) + max(s, d)°*22®nlogq 4+ T*) where T* = SM(rd,n,q)) or T* =
(d®nrlog® )" +o).

For a fixed linear form ¢ € L*, ¢/ : L. — F,, we can invoke the transposition principle
[30] to conclude that computing the linear mapping £(¢,) given by (¢,)(a) = ((¢a())

can be done at the same asymptotic cost as computing the field action ¢, ().

4.3 The j-Invariant

The classical j-invariant for elliptic curves is notable for classifying isomorphism classes of

curves. We will now state the notion of j-invariant for Drinfeld modules:

Definition 4.3.1. [03, Def 2.1] Let ¢ be a Drinfeld module with ¢, = > ;_ A", Let
h<r—1andky,..., k, be integers with 1 < ky < ... <k, <r —1 and let 61,...,0, be

integers and §, > 0 a positive integer satisfying

Zéi(qki —1) =0d,(¢" —1). (4.4)



01....,0 .. . .
Then the J. " j-invariant is defined as:
15--5Rh

é 6
Jél,...,éh o Akll e Ak‘};

k1,...kn (gb) - A(S"' .
T

-----

q"—1
b 5 —= qgcd(z ™)1

e gcd(dy,...,0p,0,) =1

+1
For Drinfeld modules of rank 2, there is a single j-invariant given by Jf“ = % which
is also basic. The basic j-invariants classify Drinfeld modules up to isomorphism, in a

direct analogy of the classical j-invariant of elliptic curves.

Proposition 4.3.2. [09, Thm 2.2] Let ¢, be rank r Drinfeld A-modules over (L, 7). Then

¢ and 1) are L-isomorphic if and only if J51’ ’5h(¢) J,fll """ ,i’; (v), for all basic j-invariants

810 i
kiy...kp

Finding all possible basic j-invariants for Drinfeld modules over LL requires the determi-

q =1

nation of all integer solutions of equation (4.4) satisfying the size constraints §; < prlcomE

Algorithms to find such solutions based on finding integral points on polyhedra exist, but
are exponential in the number parameters h < r. As we will see later, computing the space
of morphisms between two Drinfeld modules can be done by computing the kernel of a
linear system. This allows us to determine whether two Drinfeld modules are isomorphic

in polynomial time, making the j-invariant approach obsolete in practice.

4.4 Computing the Characteristic Polynomial

The question of computing the characteristic polynomial, particularly in the rank 2 case
and particularly of the Frobenius endomorphism, has seen some prior study in the literature
[34] [29] [56] [15]. We will cover the most significant approaches preceding our work in the

next sections, and the complexity results are summarized in the following theorem.
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Theorem 4.4.1. Let ¢ be a Drinfeld module. There exists deterministic algorithms to

compute the characteristic polynomial of the Frobenius endomorphism ™" with complezities

1.1 (n¥*'r¥log q + n’rlog® q)' M) when r = 2 or CharPoly(7") = MinPoly(7")

1.2 (n®rlog”® q)'*°W) in the prime field case L — F,.

Furthermore, there exist Monte Carlo randomized algorithms to compute the characteristic

polynomial when r = 2 with complezities

1+o0(1)

2.1 (n*log qlogn) when q > %

2.9 (TL2 10g2 q)1+0(1)

4.4.1 The Direct Approach

We may exploit the fact that an endomorphism is annihilated by its characteristic polyno-
mial to construct a linear system as done by Gekeler in [34]. This algorithm is applicable
if r = 2 or if CharPoly(7") = MinPoly(7"). Define

n(r—i)/r

a; = E CLi’jIJ

j=0
rj

QSZE] = Z f.]:ka
k=0

Then we have

1 n('rT ) n(r Z)

an + Z ai’jfj,k7k+m + ¢a0 = O (45)

i=1 j=0 k=0

After computing the coefficients of ¢,; up to j < ”(TT O} equating coefficients of each

term 7¢ from the left hand side of equation (4.5) to 0, we obtain a system with nr equations
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with >0 11 o — nlr— 1) unknowns. The coefficients f; are extracted from the computation
Gp2, ..., Gk USING the algorithm of proposition 4.2.1 in (k*nrlog® ¢)'*°") bit operations.
Computing all coefficients of the linear system takes (n®rlog? ¢)'+°(!) bit operations, and

solving it costs (n®+r+ log q)'*+oW).

For the preceding algorithm to return a solution, we require that there is a unique
solution to the system extracted from equation (4.5); that is, there is a unique monic
polynomial of degree r that annihilates 7" with constant coefficient ag. When r = 2, either
MinPoly(7") = CharPoly(7") or MinPoly(7") = = — y/ao and CharPoly(7") = (x — \/ag)*.
Since any solution of (4.5) must have MinPoly(7") as a factor, we conclude CharPoly(7")

is the unique solution to equation (4.5) with constant term ag.

When r > 2, the system has a unique solution if and only if CharPoly(7") = MinPoly(7").
Recalling that CharPoly(7") = MinPoly(7")™ for some exponent rq, if ro > 1 and r > 2
then deg CharPoly(7") — deg MinPoly(7") = r3 > 1. In this case, we can multiply
MinPoly(7™) by any monic polynomial of degree r3, whose constant term can be suitably
chosen to satisfy the constraints of equation (4.5), to obtain an annihilating polynomial of

7". This completes the analysis of item 1.1 of theorem 4.4.1.

4.4.2 An Algorithm for the Prime Field Case

When L = F,, a simpler algorithm for computing the characteristic polynomial due to

Garai and Papikian [29] can be used.

Define

T k—1
— ni ni
g, = E G, 7" and gy = E Pa; T
i=k =0

Then we must have that the lowest degree term of g, is v(a)7™*. Since g+, = 0, the

coefficient of 7% in g, is —7(a). This permits the computation of all the v,, as follows:
e Compute ag using equation (4.2), which has the form ag = (—1)" ™" DNy 5 (A,)'p.
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e Pre-compute ¢, ....0n0—1)/-

e For each 1 < k < r, compute g; as above and set —v,, equal to the coefficient of 7

Since each coefficient a,, satisfies dega, < n, we can recover the original polynomial in
F,[z] from its image under v. This algorithm has a cost of (n®rlog® q)'*°™") arising from
the computation of the terms ¢, ....¢y—1)/. This completes the analysis of item 1.2 of
theorem 4.4.1.

4.4.3 A Schoof-like Approach when r = 2

Here we will present an algorithm that originally appeared in my MMath thesis in [55].

For this exposition we will assume that ¢ > § and r = 2. Choose ey, ..., e,/2 € Fy and
reduce the equation 72" — o, 7" + ¢4, = 0 modulo @r—e; to obtain
7_2n mod (bzfei - al(ei>7—n mod (bacfei + aO(ei) =0 (46>

By computing 7" mod ¢,_.,, we obtain a;(e;), and doing this for all § + 1 evaluation
points e; and interpolating allows us to recover a;. We proceed to compute 7" mod ¢y,
as follows: let

= vj + ;7 mod ¢, — e;

Then we have

A —e; A
J+1 g 2 2 . q q Ve €; 1
T =V T+ W7 =VT + u;{ — - —T
j j j i A, A, )
from which we obtain the recurrence relations v;11 = —*“uf and pj = v — ﬁ—é,u?.
Now setting o = % %o pf=—2L we define

:lf g].
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The desired coefficients v, i, are then given by the matrix product

Up 1
[on 0

Recall that al! = a9 for @ € L. For matrices T, we will let 71! denote entrywise

— 77l -l

exponentiation by ¢*. Now defining P; = TTW ... TVl we have a relation

Pyj1 = PP (4.7)

After the usual pre-processing step for computing Frobenius powers, this recurrence
allows us to compute the desired coefficients v, i, at a cost of (nlogqlogn)'*°™. Once
these have been determined, we can substitute the coefficients into equation (4.6), where

we have

ai (ei)(yn + NnT) = (Vn + MnT)Q + aO(ez’) mod Qbm — €. (48)
We can expand this to obtain

A z — €
al(ei)(yn+ﬂn7) = (Vnﬂn+yzun_A_;MnM%)T+V2_ VA—ZMEL+GO<€1) mod ¢$_6i~ (49)

From the preceding equations, we can conclude that, if u,, # 0, then we can determine the

evaluation of the trace at e; without pre-computing the norm using the expression:

) — a_ =1 a
arler) = v+ = S0

Otherwise, we obtain

Cale) (e
ai(e;) = v, + ” Ao

The dominant step in this computation is therefore calculation of v, u, for each of at

least 2 values of e;, which has an overall bit cost contribution of (n*log glogn)' ™), giving

the complexity required for item 2.1 of Theorem 4.4.1.
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4.4.4 Using Hankel Systems

Here we will present another algorithm for rank 2 Drinfeld modules ¢ given in [55]; a Monte
Carlo randomized approach inspired by ideas due to Shoup [68] as well as Wiedemann’s
algorithm for solving linear systems [75]. The aim of this approach is to construct a

structured Hankel system that can be solved for the coefficients of a;.

Definition 4.4.2. A t x t matriz is Hankel if it is of the form

aq (45} as R Q¢
a9 as ay Ce at1
as ay as cee Qg2
| At Q41 Qg2 - .. A2t |

We can solve linear systems defined by Hankel matrices over a field at a cost of
O(Mul(n, q) log(n)) field operations [9]. The following lemma, due to Kaltofen and Pan,

will play a crucial role in determining when Hankel systems have a unique solution.

Lemma 4.4.3. [/, Lemma 1] Consider a linear sequence {{;}3°, over a field F, and let d

denote the degree of the sequence’s minimal polynomial. For any t > 0 let T be a matriz
of the form:

EO 61 e gtfl
0 b . ly
N

Then det Ty # 0 and for any m > d, detT,, = 0.

Lemma 4.4.4. Let I" € F [x] denote the minimal polynomial of ¢, acting on L and let Kk
be its degree. Then r > 3.
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Proof. Substituting ¢, = Ao + A7 + 7, into I, for some coefficients s, . .., s2,. € L, we

obtain an expression

D(¢y) =50+ 817+ ... + 807" =0

Now recall the canonical identification 7 +— o with linear operators o(s) = s? introduced
in section §2.4. Appealing to Artin’s independence of characters, we have that the set
{0"}o<i<n satisfy no non-trivial L-linear relation. Therefore if k < 5, we must have that all
coefficients s; = 0. However we also have that s, must be a power of A, obtained as the

coefficient of (Ay72)", and therefore sy, = AS*‘I“)/ (1=9) £ 0, giving a contradiction. [

We now construct a linear system as follows: choose a random projection ¢ : L — [F,

and a random element o € L. Write

[n/2]

a, = E ¢t
i=0

and set 7 = &+ ¢q, (). It then follows from the definition of the characteristic polynomial

that, for any j > 0, we have

Ln/2]

D cil(aies (@) = L (1)) (4.10)

=0

)

' (@)))izo0 C F,, from which we construct

Then we have a linearly generated sequence (¢(¢
a Hankel system as seen in lemma (4.4.3) to solve for the coefficients ¢;. Examining the
lemma once again, we observe that if n is even and if x = §, the dimension | %] +1 system
required to solve for all coefficients is singular. To overcome this, we can pre-compute ¢, o

using a formula due to Jung [13]

Cnja = TrFqg/IFq(NL/Iqu (A)7h).

By replacing r with 7 = a + ¢4y () — ¢;20 2| (@) the system arising from equation (4.10)

becomes
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((a) o U 31-1(a)) Co ((r)
: : Co| = : (4.11)

U ugi-1(a)) o L(dep-1(a))] Loz U 131-1(7))

Letting 'y, denote the minimal polynomial of the sequence (¢(¢%(c)));>0. Combining
lemma (4.4.3) with lemma (4.4.4), in the case where I';,, = I" the linear system of (4.11)
has a unique solution since deg 'y, > %. Using a result of Wiedemann [75] as well as the
DeMillo-Lipton-Zippel-Schwartz lemma (which will be discussed in more detail later), we
have that I'y, = I with probability at least max(1/(12max(1,log,v)),1—2n/q) [15]. Con-
sequently, the algorithm successfully returns the Frobenius trace with probability bounded

by the same value. The entire algorithm then proceeds as follows:

1. Choose ¢, o, and determine I'; , using the Berlekamp-Massey algorithm. If degI'y, >

5, proceed to step 2.
2. Compute £(¢,i(a)) for 0 <i <2|%] — 1 and £(¢,i(7)) for 0 <i < [§] — 1.

3. Construct and solve the linear system as given by equation (4.11).

Determining ', costs at most (n?logq)'™°™) bit operations. Computing the entries
U(pyi(a)), £(¢,i (7)) can be done through repeated applications of the operator ¢,, costing

14o(1

a total of (n? log? q) ) bit operations. The Hankel system can be solved for a cost of

(n?log q)'*°™M bit operations, leaving an overall bit complexity of (n?log® ¢)**o®).

4.4.5 Narayanan’s Algorithm

For rank 2 Drinfeld modules where the minimal polynomial of ¢, over F, has degree n,
Narayanan [59] gave a Monte Carlo algorithm. Recall that ¢, € L{7} can be interpreted
as a linear operator on L/F,.

Lemma 4.4.5. [79] The characteristic polynomial of ¢, as a linear operator on L/F, is

1—a1+a0.
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By choosing a random projection ¢ : L — [, and a random element a € L, we again
obtain a sequence (¢(¢%(a)));>0 C F,. As mentioned previously, the minimal polynomial
of this sequence can be determined via the Berlekamp-Massey algorithm. Moreover, with
probability at least max(1/(12max(1,log,v)),1 — 2n/q), we have that I';, coincides with

the minimal polynomial of ¢,, from which we can deduce the Frobenius trace.

The main computational step lies in determining 2n terms of the sequence (£(¢%()))io
to which we may apply the Berlekamp-Massey algorithm to compute I'y,. To do this,
Narayanan invokes the automorphism projection algorithm of Kaltofen and Shoup [40]

wt1)/2  This, however, requires that ¢, is an

to obtain a complexity with order at most n!
automorphism on I which will not hold in general. Whether this algorithm can be adapted

in a way that maintains sub-quadratic complexity overall is an open question.

4.4.6 Recent Work for Computing Norms of Isogenies and Char-

acteristic Polynomials of Endomorphisms

Recent work designing algorithms for computing characteristic polynomials of endomor-
phisms of Drinfeld modules of arbitrary rank, as well as norms for more general morphisms,
was done in [15]. These results were developed contemporaneously with the writing of this
thesis, so while we will not discuss them in detail readers are encouraged to review the

paper for further background on the subject.
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Chapter 5

Cohomology of Drinfeld Modules

5.1 Derivations and De Rham Cohomology

The construction of the de Rham and crystalline cohomology modules appears to be due
to Gekeler, but the sources are not easily accessible. For this reason, we will follow and
cite the exposition due to Angles in [2]. We begin by letting N = L{7}7, and ¢ be a rank

r Drinfeld module over L.

Definition 5.1.1. A derivation on ¢ is an L-linear map n : A — N such that for all
a€ A

Nab = Yalb + Na®b

We will denote the space of all derivations D(¢,L). Observing that any derivation is
determined entirely by its value 7, at x, the mapping n — 7, gives an LL-linear bijection
from D(¢,1L) onto N. This will allow us to view the cohomology spaces as rings of skew
polynomials; however the derivational construction is useful to keep in mind for the parallels

with the usual construction of the de Rham cohomology for manifolds.

Let A = L ®g, A; in the particular case where A = [F¢[z], we have Ap, = L[z]. We may
define an Ap-action on D(¢,L) given by, for any £ € L, a,b € A, n € D(¢,L):
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(f®a)*n)y, = mda

This action turns D(¢, L) into a left Ap-module. A similar action defined by (({®a)*n) =
lsp, for all @ € A, s € N turns N into an Ap-module, and the evaluation map n +— 7,
gives an isomorphism D(¢,L) — N as Ap-modules. We are therefore free to view D(¢, L)
as essentially the skew polynomial subring N equipped with the previously described Ap-

action.

This construction is also closely related, in fact almost entirely identical, to the so-called
Anderson motive of a Drinfeld module [1]. The Anderson motive M (¢) can be constructed
by turning {7} into an Ay, module under the Ap-action (¢ ® a)(u) = cu¢, for ¢ € L,
a € A ueL{r}. It follows that M(¢) = N = D(¢,L), and we are free to work with
each construction and obtain similar results. However, to highlight the parallels with the
classical case we will proceed with the crystalline cohomology constructions of Gekeler and

Angles. In particular, we have the following lemma:

Lemma 5.1.2. [2, Lemma 2.3] D(¢,L) is a projective module over Ay, of rank r.

In the case where A = F,[z], D(¢,L) is projective over the coefficient ring L[z] and
therefore free. The LL[z] action on D(¢,L) in this case can be explicitly written out as, for
a=>Y,az" €Llz], s € N:

(Zaiﬂ) *§ = Zais@i.

For the remainder of this work, we will omit the * operator indicating scalar multiplication
by L[z].

Definition 5.1.3. A derivation is strictly inner if it is of the form
Na = YaT — NQq

for somen € N.
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Denote the set of strictly inner derivations by Ds;(¢,L). It is straightforward to verify
that Dg(¢,L) is an Ap-submodule of D(¢,IL). We now have sufficient background to
formally define the de Rham cohomology.

Definition 5.1.4. [2, Def. 2.1] The de Rham cohomology H;.(¢,L) of a Drinfeld

module ¢ is the Ar-module quotient

In the case A = F,[z], we have a simpler description of D (¢,L) as D(¢,L) = (x —
12)D(¢, L)

5.2 Crystalline Cohomology

Let A = F,z]. Now define a map § : L[z] — L given by a ® ¢ + ~v(a)l. Then let
I = keré = (z — 7,) and observe that [ is an ideal lying above p in Ap. Now set
W), = L[z]/I* and define W (L) to be the I-adic completion of L[z], given by the inverse
limit W (L) = % W,

We have W(L) = L[z — 7,]] and each element of F,[z] naturally embeds into W (L)
via a map ¢ : F[z] — W(LL) giving the [-adic expansion. Moreover, W (L) comes equipped
with projections 7 : W(L) — Wy. We let ¢, = ¢ o 1, and since I* lies above p*, there
exists a homomorphism x; : Wy, — F,[x]/p* such that ¢4 o x;. gives the quotient modulo

p*. We can represent the situation with the following commutative diagram.

X
Or:f (@) £(2) modm o

Fylz]/(p(2)")
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We will now show how to compute the maps y;. effectively. We begin with a represen-
tation L = F[t]/(¢(t)), and write W}, as the bi-variate quotient ring Wy, = F,[t, |/ (¢(t), (2 —
72)¥). We can convert elements of L to their bi-variate representation L = F,[z,t]/(p(x), g(z, t))

using modular composition to give an isomorphism
Wi = Fylt, 2]/ (€(t), (2 = 72)*) = Fyla, t, 2]/ (p(2), g(=. 1), (z — 2)")

In [39, §4.5], the authors gave a so-called tangling algorithm for explicitly computing
an isomorphism F,[z, 2]/(p(x), (z — 2)*) — F,[z]/(p(z)*) in (kmlogq)'+°M bit operations.
This isomorphism can be applied coefficient-wise to powers of ¢ to obtain an isomorphism

Fq[x,t,z]/(p(x),g(x,t), (Z - x)k) — ]F‘q[lf,t]/(p(l’)k,Gk(ZE,t))

With Gy, a polynomial of t-degree 2 chosen such that W, = Fy[z,t]/(p(x)*, Gy(x, ).

Definition 5.2.1. /2, Def 2.5] The Crystalline Cohomology of a Drinfeld module ¢ is
the W (LL)-module

H:rys(¢7 ]L) = W(L) ®]L[37] D((b’ L)

The precision-k cohomology H} (¢, L) is the Wy-module:

H;(6,L) = D(¢,L)/1" D(¢,L) = H}, (¢, L) /1" H,y (¢, 1L).

crys

It follows from lemma (5.1.2) that H}., (¢, L) is a free module of rank 7 over W (L), and
cach H}(¢,L) is free over W, of the same rank. In particular, H},(¢, L) = D(¢,L)/I D(¢,L)
and is a dimension r vector space over Ay /I = 1L. Each cohomology space has a canonical

basis corresponding to the derivations 7, = 7% for 1 <7 <r [2].

5.3 Endomorphisms and Characteristic Polynomials

Given an endomorphism u € End(¢), we obtain a corresponding module endomorphism
4 € End(H},,,(¢,1L)) given by, for all a € A, n € H} (¢,LL):

crys
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ﬁ(n)a = NaU.

Since Hy (¢, L) is free of rank r, we may represent each endomorphism @ as an r x r
matrix with entries in W (L), and set CharPoly () to be the formal characteristic polyno-
mial of this matrix. We can obtain a related endomorphism @ acting on M/(¢) given by
u(s) = sufor s € M(¢) (recall that M (¢) is the space of skew polynomials with a particular

Ay action). The following theorem of Angles relates CharPoly(u) to CharPoly(u).

Theorem 5.3.1. [2, Thm. 3.2] For u € End(¢) and let & € End(H},.  (¢,1L)) be its induced

crys

endomorphism. Then we have that

CharPoly(u) = CharPoly(u).

Similar results for M (¢) were shown in [15, Thm. 2.8], and in particular we also have

CharPoly(ua) = CharPoly(u) which we will reproduce the proof from [15] below.

Proof. Fix a € F,[x], and let M(¢), = M(¢)/aM($). Observe that ¢[a] is a free module of
rank 7 over F,[z]|/(a), which implies that as an F,-vector space we have dim ¢[a] = r deg(a).
Similarly, M(¢), is a free module over L[z|/(a) of rank r, and dimy, M (), = r deg(a). We
turn ¢[a] into a vector space over L by an extension by scalars, that is, set ¢[a] = L®p, ¢[a]

and M(¢), = L ®L M(¢),. Both are finite dimensional vector spaces over L and since
dimp, ¢[a] = dimy, D(¢, a), we have dimg ¢a] = dimg M (¢),.

Let @, denote the module endomorphism induced on M (¢), by 4. Our first goal will be
to show that CharPoly(¢(u),) = CharPoly(a}) where @ is the dual morphism of 4, acting
on 7(¢); = Hom(M(¢),. ).

Let 6 : ¢[a] — M (¢): given by

0 : ¢la] — D(¢.a)*
c® 2z (b® s bes(z))

with b,c € L, 2 € ¢[a], and s € L{7}.
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Lemma 5.3.2. The map 0 : ¢[a] — M(p): defined above is an isomorphism.

Proof. Tt suffices to show it is injective. Suppose we have an element ¢ € ¢[a] such that
0(¢) = 0. Let z1,...,24 € ¢[a] be linearly independent, such that we can write ¢ =
Zle c; ®z; for ¢; € E\O. Among the non-zero choices for ¢, there exists at least one choice
such that the integer d is minimal and suppose ¢ is chosen such that this is the case. This
further implies that the z; are F,-linearly independent, since if say z4 = Zf:_ll t;z; then we
also have ¢ = Zj:_ll(cz +t;) ® z;. The requirement 6(¢) = 0 implies that for all s € M(¢),

we have
d

> cis(z) = 0. (5.1)

i=1

In particular, to show ¢ € ker 6 it suffices to show that equation (5.1) holds when s = 77

for all 7 > 0. Therefore, for any 7 € N we must have
d .
Z cizf] =0
i=1

So we must also have:

d d

J+1 -1 J+1
E clzf =0 and E ezl =0
i=1

i=1

We therefore obtain:

=0 (5.2)

If ¢/ — % '¢; = 0, then (c;/cq)? ' = 1 which implies ¢;/cq € F,. If this where the case,
then Zle(ci /ca)zi = 0, which contradicts linear independence of the z; over F,. It follows
that equation (5.2) is a non-trivial sum; but we can also conclude from equation (5.2) that
SN = &7 ) © 20 € ker 6, which contradicts the minimality of d. O

7
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Now recall that for an endomorphism u of ¢, the corresponding map on ¢[a| induces a
map on ¢la] by setting t(u),(c® 2z) = c®wu(z). Similarly, recall that u induces an action ,
on M(¢), given by right multiplication by u. The corresponding dual map @} on M (¢)*

therefore acts on elements of the form 0(c ® z) as:

U (0(c®z) =b® s — bes(u(z)) = 0(c®@u(z))

Observe that @} and t(u), are similar under #, and we can conclude their characteristic
polynomials coincide. Since characteristic polynomials are invariant under extensions by
scalars and taking dual maps, we conclude that CharPoly(¢(u),) = CharPoly(a,) for all
choices of a. With respect to a fixed set of elements simultaneously forming a basis for
M (¢) and M(¢),, the matrix obtained from @, is simply the matrix for @ with respect to
the basis with coefficients reduced modulo a. From this, we can conclude CharPoly (@) =
CharPoly(u) as desired.

]
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Chapter 6

Algorithms for Computing the
Characteristic Polynomials of

Endomorphisms of Drinfeld Modules

In this chapter, we will present new algorithms, as well as extensions of previous algo-
rithms. We will primarily focus on the computation of the characteristic polynomial of
the Frobenius endomorphism 7". Moreover, the algorithms presented here will focus on
improving asymptotic complexity in the parameter n = [L : ,]. This is due to one of the
original motivations for studying the computation of the characteristic polynomial in the
rank 2 case: it is a subroutine in algorithms for polynomial factorization over finite fields

[59], for which its complexity in n is a bottleneck.

6.1 Schoof-Like Algorithms

6.1.1 The Rank 2 Case

One major assumption of the algorithm of §4.4.3 was that the base field F, contained

enough elements, at least 5 +1, to allow us to interpolate a; from its evaluation at elements
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of F,. We will now extend this algorithm to remove the requirement ¢ > 7 +1. This result
is based on work published in [50].

Theorem 6.1.1. There exists a deterministic algorithm to compute the characteristic poly-
nomial of the Frobenius endomorphism of a rank 2 Drinfeld module ¢ with a bit complexity
of (n*log q + nlog?q)'*oM),

Proof. After computing aq explicitly using equation (4.2), we need only compute a poly-
nomial a; € Fy[z] with dega, < % such that
7_277, o ¢a17_n + ¢a0 =0

For any E € F,[z] with deg £ < d for some choice of d, we reduce equation right-modulo
¢ to obtain

Tn¢a1 mod E mod ¢E‘ = 7_211 + ¢a0 mod E mod ¢E (61)
Now consider the F -linear mapping 7" : L{7}2q — L{7}2q given by S — 7.5 mod ¢g
for any S € L{7}24. Write

2d

br = E ST
i=0
2d—1

7' mod ¢ = E fi ;T
=0

2i
Pui = Z JigT
j=0

Now expand the action of T" on 7%

2d—1 2d—1 2d—1 s
i+l q J+1 _ q J _ 25,4 J
T = E T = E Mij 1T+ i 0q-1T"-
— — — S2d
Jj=0 Jj=1 Jj=0
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Recall that for a (skew) polynomial, the (transposed) companion matrix Cy, is given

by
[__S2d—1 _ S2d—2 _ s __ S0
S2d S2d S2d S2d
1 0 0 0
C¢E— 0 1 0 0
| 0 0 1 0 |

Let € = C(fE. Let § denotes the standard d dimensional [L-vector representing s €

L{7}/¢g. In particular, we have:

then the action of T'(8) is given by
Ts = ¢(3)M.

We can invert this action to obtain the inverse operator

NS
T—lgz(e—lw) :

Using the same procedure based on equation (4.7), we can explicitly compute 7"($) and

T-"(38) at a cost of (d“nlogq)'™°™M) using the following relations

eelll . glh—2gh-1lg
¢l-lgl2l gl-nlgs

>
I

T’n
T =
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Having computed a( using equation (4.2), we can compute ¢ and ¢u, mod £ at a bit cost
of (d®nlog?q)'+°M) using the algorithm of proposition 4.2.1. Let a; mod E = Y0 aya?,

and expand equation (6.1) to obtain:

T" Z aifi,jTj = 7_271 + ¢a0 mod E (62)

1<d
7<2(d-1)

Which we can rewrite as a system over IL of the form

Joo Jfio .- fao N 0
0
0 fiz ... Jaz2 : .
: : .. : : =1 0 + T n((bao mod E) (63)
. : . : -
0 0 ... fa120a-1) ! 1

Note that on the left hand side, we have the same matrix that is obtained when at-
tempting to compute inverse images of the Drinfeld map as seen in section §4.2.1. This
system can be solved, uniquely, at a bit cost of (d?nlogq)'*°()). We have an overall cost

of (d“nlogq)*°M from computing a; mod E.

To reconstruct a;, we need to compute a; mod F; for sufficiently many distinct irre-
ducible polynomials {Ey, Es, ..., E,} C Fy[z] such that deg E; < d and deg [[;", E; > §
Here we will recall a classical result telling us that the product of all irreducible of degree
dividing d is 29" — 1z seen in, for example, [32, Fact 3.3]. This implies it suffices to select
the E; from polynomials of degree at most d = [log,(n + 1)| of which there are at most
¢t < ¢?o8(M) = 2. Testing each such polynomial for irreducibility has a cost polynomial
in d € O(log(n)) as well as log g using the algorithms of [32, Thm. 7.5], incurring an overall

140(1)

cost of (n*logq) to generate the E;.

Computing a; mod E; for O(n/logn) choices of E; yields a total cost of (n?log ¢)'+°M).
Reconstructing a; from the polynomials a; mod E; for all i costs O(n?logq) bit opera-
tions. Adding in the usual cost of nlog? ¢ for pre-computing polynomial representations of

Frobenius powers, we obtain the complexity of theorem 6.1.1. O
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6.1.2 The Schoof-like Algorithm in any Rank

In this section, we will present a generalization of the algorithm seen in section (4.4.3) to
arbitrary rank, but keep the requirement of a large base field [y, requiring that ¢ > nr.
As before let F, be a field of order ¢ and L a degree n extension of F,. Let ¢ be an F [z]-
Drinfeld module over L of rank r. Note that Drinfeld modules of rank r are parametrized
over L™ via the correspondence (Ag, ..., A) = (¢ = A7+ ...+ Ay7 + Ag). We will
note that in this case that the characteristic map v is determined by A and will not be

(

fixed. We can expand this to a parametrization over Fy r+l) by introducing parameters

a;j such that A; = 3 a; ;A; for a basis {A;}}_; of L/F,.

As in the rank-two case, the goal will be to evaluate CharPoly(7™) at 7 and reduce
right modulo ¢,_, for at least N = L@J + 1 choices of e € F,. The solution of this
system yields the evaluations {a;(e)}/_;, from which we can interpolate to recover the
entire characteristic polynomial. Our algorithm will therefore require that we randomly
choose a set of evaluation points E = (ej,...,en) € ]Fév. It will turn out to be the case
that for not all choices of ¢, and evaluation points e, that the resulting system reduced

modulo ¢,_. can be solved uniquely to guarantee the correct result is returned.

We also note that the algorithm will only return a correct result if CharPoly(7") =
MinPoly(7™); if this is not the case, the linear system we obtain can not be solved uniquely,

which is a failure mode that is already detected by the algorithm.

Theorem 6.1.2. Let ¢ be a rank r Drinfeld module over L such that CharPoly(7") =
MinPoly(7™). There exists an algorithm such that if ged(n,r) = 1 or ged(n,r — 1) = 1,
and q > 2nr, then the algorithm computes the characteristic polynomial of the Frobenius
endomorphism of ¢ if the following conditions hold.

r+1

1. ¢, lies outside of a hypersurface in IFZ( ) defined by a polynomial | of degree at most

(n—1)(r—1).

2. A randomly chosen vector E = (eq,...,e,) € ]Fflv lies outside of a hypersurface in Ff]\]

of degree at most nr + %2
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3. A randomly chosen projection £ : . — F, lies outside of a hypersurface in Fy of

degree at most n(r — 1).

Moreover, this algorithm runs with a bit complexity of (r**/**'n?log q + nlog? q)'*toM.

We will devote the rest of this section to the proof of the preceding theorem. As usual,
we will fix a Drinfeld module ¢ defined by ¢, = A, 7"+ ...+ A7+ Ay. As with the rank 2
case, we will begin by reducing equation (4.1) modulo a skew polynomial of the form ¢, .
for e € F,.

T 4 a1 ()T £ ay(e) +ag(e) =0 mod ¢,_. (6.4)

By solving equation (6.4) for the values {a;(e)};—y, for at least n distinct choices of e, we
can interpolate to recover the coefficients of the characteristic polynomial. As an aside, we
observe that this method will only be viable for Drinfeld modules ¢ where CharPoly(7") =
MinPoly(7™). As done previously, for a fixed ¢ € L{7} we will let § denote the (deg))-
dimensional coefficient vector of s mod ¢ with entries in IL for all s € L{7}; the ¢ will

usually be specified in context so we will omit this dependency. Moreover, let

~

R() = |#=b & 1| € My, (L).
Let R, = R(¢,—.). Equation (6.4) therefore leads to a linear system that can be written
in the following form:
a,_1(e)

R.| = | =% (6.5)

Equation (6.5) can be solved if and only if rank(R,) > 7 i.e. when the set {7 }o< <, I8
linearly independent. While this won’t hold in general, we intend to show that the number

of choices of Drinfeld module ¢ and evaluation point e; for which this fails is small when
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q > nr. To do this, we can make use of a classical result in probabilistic polynomial

identity testing, the DeMillo-Lipton-Schwartz-Zippel lemma, which we will introduce here,

for a more precise probability analysis.

Lemma 6.1.3. [00, DeMillo-Lipton-Schwartz-Zippel lemma/ Let F be a field and S C F.

Let f # 0 be a multivariate polynomial f(x1,...,x;) € Folzy, ..

For ey, ... ¢, € S chosen uniformly at random from S we have that Pr[f(cy, ...

|51

., 4] of total degree d > 0.
7Ct) = O] S

Rather than provide the probability analysis explicitly, we will show that our algorithm

succeeds when ¢, as well as the chosen evaluations points ey, . .

.,en and projection ¢, exist

outside of hypersurfaces whose degrees are determined by polynomials in n,r. The first

step in the proof of theorem 6.1.2 will be to establish the existence of a polynomial f acting

on a parametrization of skew polynomials ¢ € L{7} such that if rank(R(¢)) < r then

f(y) = 0.

We will suppose that the set {7 mod v} ,;<, satisfies an L-relation. Then there exist

p; € L and P € L{7} such that:

> BT =Py
=1

Write:

= Z wﬂ'i
Zn:—ol)r

(
P= Z Pt

Now, recasting equation (6.6) as a linear system, set:
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r q(nfl)'r

(n—1)r
Ur

q(nfl)r
r—2

q(nfl)'r
0

0

B(zp) isan (nr —n+1) x (n — 1)(r — 1) matrix where B(@D)m =1

0 0 0
(n—=1)r_1
q
(0K 0 0
(n—1)r—1 (n—1)r—2
q q
wr—l 77D7‘
(n—1)r—1 (n—=1)r—r
q q
1 . g 0
(n—1)r—1 (n—1)r—2 (n—=1)r—r—1
q q
0 (o R
0 0 . 0

and ¢ < r 4 j. This gives the system

Removing the rows of B(1)) corresponding to the positions of /3, . . .

51

)

0
q(n=Dr=j
r4+j—1

(6.7)

wg’!l_
for 0 <75 <4
(6.8)

, Br, which correspond

to indices {ni}/—; (our matrices are 0-indexed), we obtain a matrix B(¢) such that

P, 0

(6.9)

Then a non-zero P satisfying equation (6.6) exists only if det B(¢)) = 0. Fix a basis

ISV
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i <nand 0 < j < rsuch that ¢ = 377 a;;); for i # 0 and ¢y = Y77 ai) — e
(we can view this setup as effectively parametrizing pairs (¢,,e) corresponding to skew
polynomials ¢,_.). Noting that w;’k = ai,j)\gk, we have that all entries of B(1)) are
degree-1 polynomials in the variables «; ; taking values in F,. Then (¢, e) = det B(¢)) €
Fq[{am}éggf , €] with total degree at most (n—1)(r—1). Suppose the partial evaluation of
f(¢s, €) at ¢, corresponding to a fixed choice of the «; ;, does not yield the zero polynomial
in e. If § is not the zero polynomial, this happens outside of a hypersurface containing
choices of ¢, C Fo"™ defined by the simultaneous vanishing of the coefficients of f(¢, )
in the variables «; ;, each of which have degree at most (n—1)(r —1). We recall this is part
1 of the hypotheses of Theorem 6.1.2. Under this assumption, the choices of evaluation set
E = (e1,...,en) C F) such that we can not solve equation (6.5) for all e; are defined by

the vanishing of the following polynomial:

N

11560 e [ [(ei —e).

i=1 i<j

Noting this polynomial has degree at most n’r + ”72, we have now established that the
algorithm will succeed outside of choices of ¢, and F satistying the hypotheses of Theorem
6.1.2.

To improve the complexity of the algorithm, we will attempt to leverage the fact that
the solutions to our linear system aqg(e), . .., a,—_1(e) lie entirely in F,. Select a random pro-
jection £ : I — F,, and apply this projection entrywise to R, to obtain R:. By representing
elements of I as univariate polynomials . = Fy[z]/(f) we can set £ = (1,41,...,0,_1) € F}
such that for @ = Z?;()l a; 7" € L we have E( Z?;ol aia:i) = o+ Z?;ll l;a;. BEach entry of
R’ is then a degree-1 polynomial in the projection parameters ¢y, ..., ¢, 1, and so det R’
is a degree r polynomial in the variables {/;}. Observe that if det R, # 0 then det R’
can’t be identically the zero polynomial since we can set ¢; = 2 € L, under which we have
det R, = det RY # 0. Given a choice of E satisfying hypothesis 2, the projected systems
Rﬁi can be solved as long as our choice of ¢ avoids the hypersurface defined by the following

polynomial:
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N
[] det ..
i=1

which has degree Nr = n(r —1).

It now remains to determine choices of parameters n and r such that f = det B(%)) is
not identically the zero polynomial. This can be done by showing the existence of at least
one skew polynomial ¥ such that det B(V¥) # 0.

Lemma 6.1.4. Let det B(v)) be defined as above. If ged(n,r) = 1, there exists a skew-
polynomial ¥ such that det B(¥) # 0.

Proof. Let ¥ = 7" + 1. B(¥) has the form

(1 0 0 0 0]

01 0 0 0

00 1 0 0
B(Y) = 0 0 1 0

01 0 0 1 0 0

00 0 ... 0 ... 0 ... 1 |

Let b; denote the it row of B(¥), and note that the rightmost 1 is contained in column
7, and the second 1 if it occurs, appears at index ¢ — r. Since any column contains exactly
2 non-zero entries, any non-trivial linear dependence relation between rows containing b;
must therefore contain both b;,, and b;_, when possible. From this it follows that, if there
exists a non-trivial linear relation containing a row b;, with ¢ mod r» = d, then there must

exist a non-trivial linear dependence relation of the form

0<i<nr—m+1
i mod r=d
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with all ¢; # 0. Recall that the procedure for constructing B(v) from B()) involved
removing rows at indices {ni}/_). It follows from the hypothesis ged(n,r) = 1 that for
each residue class d least one index with ip mod r = d does not appear as a row of B(v)
so no relation of the form in equation (6.10) can be constructed from the rows of B(v)),

which implies it has full rank and thus proving the claim. ]

Lemma 6.1.5. Let B(v) be defined as above. If ged(n,r — 1) = 1, there exists a skew-
polynomial ¥ such that det B(W) # 0.

Proof. We repeat the argument of lemma 6.1.4 with ¥ = 7"+ 7 with residues taken modulo
7 — 1. One minor observation is that B(¥) contains a single zero-row at index n(r — 1),

which does not appear in B(W). O

Now recall that once R, is known to have full rank, and the system of equation (6.5) can
be solved for the coefficients of the characteristic polynomial. We can now summarize the
algorithm of theorem 6.1.2.

1. Compute 7 mod Pp—e, for V;—lnj + 1 distinct e; € Fyand 1 <k <r.

2. Construct the matrices R.,. For each e; choose a random projection ¢; : . — F, and

apply it to the entries of R.; to obtain Rg and solve the system

a,_1(e)
RG | | =5 (6.11)
| aile)
ag(e)
over F, to obtain a4 (e;), ..., a,_1(e;). Repeat for n choices of e; over F,.

3. Interpolate {a;(e;)}}j—, for each a; and return X" + S a X

Step 3 incurs a cost of (rnlogq)'*°(!) owing to the interpolation of  polynomials of
degree at most n. The cost of constructing R,, is largely derived from computing skew

polynomials 7% mod ¢, ... This computation can be done for each 1 < k < r and
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1 < j < n through repeated skew polynomial multiplication and division, at a total cost of
(rnSM(r,n,q))' M. Computing R’ from R, costs r’nlogq bit operations, and solving
the linear system of equation (6.11) for an individual e; costs at most 7 log ¢, with a total

1+0(1) coming from step 2. The overall computational cost of

contribution of (r“nlogq)
the entire algorithm is dominated by the term (rnSM(r, n, q) + r“nlog ¢)'t°(). Using the
Puchinger and Wachter-Zeh algorithm for skew polynomial multiplication, which is the
preferred approach when r < n, yields a complexity of (r2/2+1n2log ¢ + r“nlog q)'T°M) as

desired.

This completes the proof of theorem 6.1.2. The key feature of this algorithm is its
quadratic complexity in n, and the removal of the restriction on the rank of the Drinfeld
module. However, it is constrained primarily by the requirement of a large base field

relative to nr.

6.2 A Modification of Narayanan’s Algorithm

We present a modification to the algorithm of Narayanan described in §4.4.5 based on

Coppersmith’s block Wiedemann algorithm, which was also published in [56].

Theorem 6.2.1. The ¢, be a rank 2 Drinfeld module over (IL,~y). There is a Monte Carlo
algorithm to compute the characteristic polynomial of the Frobenius endomorphism of ¢ if
deg MinPoly(¢,) = n with a bit complexity of (n**% log ¢ + nlog? ¢)"+°W.

Proof. Consider ¢, as a linear operator ¢, : . — L. Recall the assumption that I' =
MinPoly(¢,) = CharPoly(¢,) and that Narayanan’s algorithm proceeds by selecting a
random projection ¢ : L. — F, and element a € L and seeks to compute the minimal

polynomial of the sequence s; = (¢’ (c)).

Fix a parameter d € O(n’) which we will later determine, and select d projections
(1,...,¢; mapping L. — IF,, and elements a1,..., a4 € L. We obtain a sequence of d x d
matrices (Ry)rso with each (i,7)" entry Ry;; = €;(¢¥(c;)). This sequence has a matrix
generating function of the form Q~'P for matrices Q, P € Myxq(F,[z]). From [17, Thm
2.12], we have that det @ divides the characteristic polynomial of ¢,, which by assumption
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is I'. . Moreover, with probability at least max(1/(12max(1,log,v)),1 — 2n/q) [15] we
have that the minimal polynomial of (R x)k>0 coincides with I'. Finally, since det @
annihilates (R 1x)k>0, det @ divides the minimal polynomial of that sequence, which will

again, for generic choices of ¢; and «y, be equal to I'. In this case we can conclude that

det @ = I' = CharPoly(¢.).

We can compute @) using the PM basis algorithm of [36] which requires us to compute
Ry, for k at most 2n/d. To compute the required matrices Ry, we will use a method
adapted from algorithm “AP” of [16]. For some constant ¢ which will also be determined,
set H = |(25)°], H = [55], and compute ¢ at a cost of SM(H,n,q). For each 1 < d,
pre-compute the linear operators *f¢ = ¢; 0 ¢¥ for u < H; using the transposition argument
of §4.2.2, this can be done at a bit complexity of (Hdnlogq)'+°()). Note that each *( is
represented as an n-dimensional row vector with coefficients in [Fy.

Next, we compute a;, = ¢%(a;) for v < H" and j < d; this can be done using the
multi-point evaluation algorithm seen in theorem 7.1.1 at a cost of (Hd* ?nlogq)' o)
for each v < H', costing a total of (d“~3n?logq)'™*™) bit operations. Our final goal is
to compute a0 = ) = Li(¢“(a;)) € Fyfor 0 < uw < H, 0 < v < H' and
1 < 4,5 < d. This can be done by computing the following (Hd,n) x (n, H'd) matrix

product with coefficients in [Fy:

1o ... ad,H/—l] .
*‘6571

This costs (H*“dn®~'logq)' o) = (q'=cB-wIpw=1+eB-w)]og ¢)1*+°() Having com-
puted the required matrices Rj, we can recover () as stated before at a bit cost of
(d“~'nlog q)'T°M). The determinant of Q) can then be computed at a cost of (d“~'nlog ¢)'*+°M)
[02], from which we determine CharPoly(¢,). A result due to Gekeler tells is that a; =
1 — CharPoly(¢,) + ag [33]. After computing ag using formula (4.2), we can recover the

entire characteristic polynomial at a total cost of

(nb(w72)+(1fb)c+1 lqu + nb(w73)+2 lqu + nb(lfc(3fw))+w71+c(3fw) lOg q>1+o(1)
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for a choice of parameters b, c. Accounting for a cost of nlog® ¢ for pre-computing poly-
nomial representations of Frobenius maps and by setting b = 0.183, ¢ = 0.642, w = 2.372

and we obtain the required complexity.

]

6.3 Using Hankel Systems

We generalize the approach of the algorithm in §4.4.4.

Theorem 6.3.1. Let ¢ be a Drinfeld module of rank r over (IL,~y). There exists a Monte
Carlo algorithm to compute the characteristic polynomial of the Frobenius endomorphism

when ged(n,r) = 1 with a bit complexity of (nrlog q)'*°M) and which returns the correct
TL2T‘2)

result with probability at least (1 —

Recall that the characteristic polynomial of the Frobenius endomorphism has the form
Yoo X" with each a; € Fy[z]. Using the fact that 7" satisfies its characteristic polyno-

mial, we have:

r—1
> G0, =T = (6.12)
=1

Writing the coefficients of the characteristic polynomial in the form
Ln(rr7i>J
a; = Z a; ;27 € Fy[z]
=0

We can rearrange equation (6.12) as

|20 | (1 1)

Z Z i ;T =T — g, (6.13)
=0 =1

Let M be an extension of L of degree r, so that [M : ;] = nr. Let o € M be such

that {a?}"5! is a normal basis for M/F,; for convenience let a; = a?. Recall the we
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could view L{7} as a ring of linear operators acting on L/IF,; we can naturally extend
these operators to act on M/FF,. For a positive integer v we can define Hankel matrices
Hy, € Myyra—um)(L{7}) with coefficients in L{7} corresponding to terms in equation
(6.13) with j = u with additional rows corresponding to multiplication by 7" an additional

r — 1 times:

¢g7_n gbgTQn o (bgT\_r(l—u/n)Jn
- ¢;T2n gbgTi’m o ¢;T(1+Lr(l—u/n)j)n
(bg,rrn ¢ZT(T+1)n o ¢g7_(r+\_r(l—u/n)])n

With vectors G € M,;(IL{7}) corresponding to the right-hand side:

TT'LT‘ _ ¢a0

Tn(rJrl) _ gbao,rn

G:

Tn(?rfl) _ gbaOTn(rfl)

We can then construct a block Hankel system of the form H; as follows:

[(n+ % ) (T‘—i)j columns

[Hy, H, ... H\pr—1y/r]
H=|": o : n blocks
(Hy Hy ... Hppoiy)
G
G=|: n blocks
G

Let a € M be a normal element for M/F,, let o;; = a4, and define:

G B (O B A )
ur2n (o ur3n (o uT(1+r—1—|_(ur/n)j)n o
e [P o) (@
bra) GrHINa) L il
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T (@) = Gao (@)

7 +l) (@) = ¢ao 7" (¥)

G(a) =
7_n(27'71) (a) _ gbaOTn(rfl) (OZ)
Then for ag, v, ..., (n_1)» € M we can define:
Hy (o) Hi(wo) .. Hpng-1)/r)(c0)
H(a) = : : :
Ho(om-1yr) Hi(am-1y) - Hpe-1)r (@m-1))
G(Oéo)
g= :
G(agm-1yr)

Finally yielding the following linear system:

1.0

2,0

He) | an | =6(). (6.14)

Q21

| @1, (n(r—1)/r] |

The rows of H have entries consisting of evaluations of operators of the form ¢“7™ for
0 <u<|[=n]and 1 <i<r, with each row being evaluated at a distinct element of
the normal basis generated by a. Our aim now will be to determine the conditions under
which the matrix H(«) is invertible, allowing us to solve equation (6.14) uniquely for the
coefficients of the characteristic polynomial. For that, we will first define what we mean

by linear independence of field homomorphisms.
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Definition 6.3.2. Let E, F be fields and let o4, ...,0,, be field homomorphisms o; : E —
F. We say that o4, ...,0., are linearly independent if for any 64, ...,60,, € F we have that
if

Oro1(a) + ...+ 0pom(a) =0

for all a € F then we must have 6, = ... =6, = 0.

That is, 0y, ...,0,, € Hom(E, F') are linearly independent if they are linearly independent
in the usual sense when Hom(E, F') is viewed as an F-vector space in the natural way. We

can now state and prove the following lemma.

Lemma 6.3.3. Let E,F be a finite fields extensions of a common field K, and fix a
basis o, . .., apy, for E over K. Let oq,...,04 be linearly independent field homomorphisms
E — F fizing K. Then the following matrix has a trivial right kernel:

or(ar) ... oay)
o1(am) .. oelam)

Proof. Suppose S has non-trivial kernel. Then there exist Ay,..., Ay € F not all 0 such
that

o1(aq) ... o) A 0
o1(am) .. ollam)] [Am : 0
Then for any row-wise re-scaling with 6y, ...,60,, € K we must also have
Oro1(aq) ... Grop(ay) A1 0
Qmal.(ozm) . Qmam:(ozm) /\.m ) O

We multiply out the left-hand side and sum the resulting entries in each row to obtain
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Z Qi)\jaj(oz,-) = Z )\jO’j ( Z QZOZZ) = O
i=1 j=1 j=1 i=1

We observe that the above relation holds for any 64,...,#6,,, implying that Z;”:l Ao
is the zero morphism. Since we assumed not all the \; are 0, this violates the linear

independence of o4, ...,0,,. We conclude S has trivial kernel. O

We can directly apply lemma 6.3.3 to conclude that if the set of linear operators
{(ﬁgTi”}éii’l% oy OO0 M are linearly independent, the linear system of equation 6.14 has
a unique solution which must necessarily be the coefficients of the characteristic polyno-
mial. The next phase is to establish M-linear independence of the [F -linear operators
out"™ : Ml — M. This can be done when ged(n,r) = 1 by appealing to Artin’s famed

independence of characters, which we will now state.

Lemma 6.3.4 (Artin’s Independence of Characters for Fields). Let E, F be fields and
let o1, ...,0, be distinct field homomorphisms from E to F. Then o4,...,0,, are linearly

independent.

Artin’s independence of characters in fact holds in far greater generality, when FE is
replaced by a monoid and the maps o; are instead monoid homomorphisms o; : £ — F*
where F'* denotes the multiplicative group of the field F'. Lemma 6.3.4 implies that to
show a set of field homomorphisms are linearly independent, it suffices to show that they

are distinct.

Lemma 6.3.5. Let gcd(n,r) = 1. The operators {¢ 7"} == mapping M — M are

0<u<|[=n]
linearly independent.

Proof. We will show the statement for the set S = {gurn}0=/=""! Ik from which the

O§u<L%1n

0<i<r—1
0<u<|=1n] have the

same T-degree reduced modulo rn. Suppose to the contrary that this were the case; that

stated lemma follows. First, we show that no two elements of {¢u7™}
is:
ur 4+ in mod nr = (deg ¢“7™) mod nr = (deg ¢"77") mod nr = vr + jn mod nr.
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It then follows that
ur +n mod n = ur mod n = vr + jn mod n = vr mod n

By the assumption ged(n,r) = 1, we can divide by r mod n and conclude u = v. So we
must have:

(i —j)n = 0 mod nr

Since |i — j| < r, we can conclude that i = j, from which our claim follows. If necessary,
we can perform Euclidean division of ¢“7™ by 7" to obtain a skew polynomial of degree
at most nr — 1 while preserving the action on M. Following this reduction, each element
of U7 € S is equivalent to an operator whose degree is ur + in mod nr, and we conclude

that each element of S has a distinct reduced degree.

To complete the proof, suppose there is a linear dependence relation among the elements
of S, say:
> Buidir™ =0
u,i

Then amongst the parameters u,¢ such that 3,; # 0 there is an element with the unique
highest degree mod nr, say dy < nr. This implies that 7% as an operator can be written
as a linear combination of lower order terms. However, the linear operators id, 7,..., 77" 1
are distinct on M and therefore linearly independent by Artin’s lemma, leading to a con-

tradiction. n

Using the combination of lemma 6.3.3 and lemma 6.3.5, we conclude that the matrix

H(«) is invertible when ged(n,r) = 1. We can describe the entire algorithm as follows:

1. Fix a degree r extension M of L and compute a normal basis {c;}j<an-
2. Compute ¢%(e;) for j <mn, u < n.

3. Compute ¢u7"(c;) for i < r, j < n, u < n. This can be done by applying 7" to

¢ () since the operators commute.
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4. Construct H(«), G(«) as defined in equation (6.14). Apply a random linear projection
¢ : M — F, entrywise to both H(«) and G(«), and solve the resulting system over
F,

Pre-computing a normal basis for M/F, has a cost of ((nr)“2/2logq + (nrlog®q))*+°W).
Step 2 incurs a cost of (n’rlogq)'t°™M as a result of performing O(n?) applications of ¢,

to elements of M, with each application costing (rnlog ¢)**°1) bit operations.

The resulting linear system is made up of Hankel blocks of uneven size, with [n(r—1)/r|
blocks spanning the columns of A and n blocks spanning the rows. The blocks in the
it" column have r rows and r — 1 — [%J columns, with total dimension of H system
being at most nr x nr. Such “Hankel-like” systems were studied in [16, Prop. 7], and
the authors gave a Monte Carlo algorithm to solve such a linear system costing O((r +
n)“~*Mul(max(n, 7)) log®(max(n, r)) operations in M, and which succeeds with probability
at least % By applying a randomly selected projection ¢ : M — [, By first selecting a
random projection ¢ : . — F, and applying it to the coefficients of H and G to generate
a new system H¢ G° with coefficients in F,. Using a similar analysis to the one seen in
§6.1.2, if ¢H is invertible, then with probability at least 1 — ’"2;2, we have that #H* is also

invertible. The cost of applying the projections entrywise is n?r?log ¢ bit operations. The

overall bit complexity of solving this Hankel-like system over I, is then (n“rlog q)tot)

using the algorithm of [16, Prop. 7).

The overall complexity of the algorithm is therefore (nrlogq)'+°(!) owing to the cost
of step 2. We observe that the requirement to compute the values £(¢%r"(a;)) for i < r,
J < mn, u < n bears a resemblance to Narayanan’s approach in §4.4.5, and it seems likely
that the techniques of §6.2 can be adapted to this setting.

6.4 Computing Characteristic Polynomials using Crys-

talline Cohomology

Here we will present approaches to computing the characteristic polynomial of any endo-

morphism of a Drinfeld module ¢ based on the crystalline cohomology. These algorithms
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were first described in [57]. Recall that by theorem (5.3.1), the characteristic polynomi-
als CharPoly(u) = CharPoly(u)*, where @ is the endomorphism induced on H} (¢,L) by
u € End(¢); for the remainder of this section we will conflate @ with the corresponding
skew polynomial u. Since Hp ((¢,L) is free of rank r over W(ILL), we may attempt to
compute a matrix for the action of @ on Hy (#,IL) up to precision k sufficient to recover
the coefficients of CharPoly(u). Our objective for the rest of this section is to prove the
correctness and complexity results of theorem 6.4.1.

This includes two distinct approaches for computing the characteristic polynomial of
arbitrary endomorphisms, along with a specialization of the approach using the recurrence
method for the special case where u is the Frobenius endomorphism. These algorithms can
be viewed as a Drinfeld analog of Kedlaya’s algorithm discussed in §3.4.

Theorem 6.4.1. Let ¢ be a rank r Drinfeld F,[x]-module over (L,v), and let u be any
endomorphism of ¢ of degree d. Then there are deterministic algorithms to compute
CharPoly(u) with the following complexities

1. (min(er,(d+T)r“’_1) ( 1+o(1)

m

d +m)nlogq + r’*n(d +m)/mlog q + nlog® q)
2. (rSM(d +r,n,q) + r*n(d +m)/mlog q + nlog® q)'+°) which is either

o (r(d+7r)“*?nlogq+r*n(d+m)/mlogq+nlog®q)'*°W ifd < n
e or (r(d+r)n*"logq + r*n(d 4+ m)/mlog q + nlog® q)'+°V) otherwise

3. ((r*/m + 14 /\/m)n®log g + nlog® ) W) if u = 1"

4. (r*n*®log q + nlog? ¢)'*°M if u = ™ and L = F,,.

For Drinfeld F,[z]-modules, recall W(IL) = L[[z — ~,]]. Moreover, Hg  (¢,1L) = L{7}7
under the identification 7 — 7,, with the W (LL)-action given by z % s = s¢, for s € L{7}7.
Therefore, for the remainder of this section we will state our algorithms concretely with
elements from L{7}7. In this case, we have a standard W (L)-basis consisting of skew
polynomials b = {7,...,7"}, and a skew polynomial u corresponding to an endomorphism

of ¢ of degree d. For any skew polynomial s € L{r}7, if s = 7' + ... + p,7" with

82



p; € W(L), then let u(s) denote its coefficient vector with respect to the standard basis,
that is

M1

fir
and let pu® = p(r?).

Our procedure for computing CharPoly(u) will resort to computing a matrix repre-
sentation m(u) of the action of @ on Hy (¢, L) with respect to b with coefficients in Wy
for k > <. Concretely, we compute the matrix m(u) = [ILL(TU) u(T"u)] with (4, 7)%
entries 1, ; truncated to precision k. We may then apply xx : Wi — F,[z]/p* to the

coefficients of CharPoly(m(u)) to recover the coefficients of CharPoly(u).

6.4.1 A Divide-and-conquer Approach

In this section, we will construct and analyze algorithm 2 of theorem 6.4.1. Namely, that
there is a deterministic algorithm to compute the characteristic polynomial of a degree d
endomorphism u with bit complexity (rSM(d+r,n, ¢)+r*n(d+m)/mlog g+nlog® ¢)'*+°M).
If we are given a factorization of the form

K

Ty = Z(fe,ﬂ'l it fo )L

=0

with f,; € L then we may recover the coefficients ; ; using

K
pig =y frga’ (6.15)
=0

We have that K < L%j By performing skew-polynomial Euclidean division of 77u by

L/ QJ, we obtain a decomposition

Iy = 9¢9LUK/2J +h
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To which we may recursively apply our decomposition algorithm until deg g,degh <
r. Using fast exponentiation, we can compute ¢! for O(logd) values i for a cost of
O(SM(d, n, q)), and perform Euclidean division of degree at most d+r for O(SM(d+r,n, q))

cost.

Using the Puchinger and Wachter-Zeh, the complexity of the algorithm becomes (r(d+
r)“2?nlogq + r*n(d + m)/mlogq + nlog?q)'*°M, and is the preferred approach when
d € O(n). Instead, using the Caruso and Le Borgne algorithm, we obtain a complexity of
(r(d 4 r)yn“"'log g + r*n(d + m)/mlog q + nlog® ¢)'*°M) which is better for large d.

6.4.2 Methods using a Recurrence

The following lemma will be useful in allowing us to compute the action of endomorphisms
on L{7}7:

Lemma 6.4.2. Let ¢ be a rank r Drinfeld F [z]-module defined by ¢, = > 7 NiT". For
any t > 1, the following relation holds in the W (IL)-module L{7}7:

Z At = oyt (6.16)
i=0

Proof. The result follows from applying the definition module action of L[z] on L{7}7 to
zx Tt

,
2x7T =70, = 7' E AT

1=0

For 0 <i <7, set A; = —%t. For any ¢ > 0, we define a matrix A € M,(L[2]) to be:

r
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(Ao Ao oo Ay A+ Air_
0 ... 0 0

A=|0 1 ... 0 0 (6.17)

00 10

and set A; € M, (L[z]) to be
AL A, Al AT+ ]

1 o ... 0 0
A=A"=10 1 ... 0 0 : (6.18)

0 o ... 1 0

Recalling that the operator - indicates Frobenius 03 applied coefficient-wise for poly-
nomials, and entry-wise for matrices. For any skew polynomial s € L{7}7, let p(s) denote
its coeflicient vector with respect to the standard basis and let u(s); denote the coefficient
of 77 € b. If we let u = p(7%), then:

N(t-&-r) ,u(t-i-r—l)

(t+r—1) (t+r—2)
u u

LD e

By reducing the entries modulo g, = (z — 7, ), we obtain the coefficients for the basis
expansion in Wj. For general endomorphisms u, we can compute m(u) with coefficients

truncated to precision k as follows: write u = Z?:o w Tt € End(H (¢,1L)) of degree d
over Wy. For each 1 < i < r, we have

Ty = ug]ri +-- 4 ug]Td”.
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Our goal is to compute the matrix:

m(u) = [p(ru) p(ru) .. pro)

It suffices to first compute basis expansions to obtain u) for j < d + r using equation

(6.19), and then compute vectors p(7'u) using pu(r'u); = Zf:o utu§i+t)_

Preparing the coefficients Ay, ..., Ay costs O(dr) field operations and applications of
the Frobenius, contributing a bit cost of (drn log ¢)'*°(!). Each application of the recurrence
from (6.16) incurs a bit cost of (kr’nlogq)'*°(") from scaling operations by coefficients of
the form Agt] as well as a cost of (dkrnlog q)'*°®") from scaling and modular reduction from

the linear term Ag] + AZM.

T

Recovering the coefficients of u(7'u) modulo g takes O(dkr) operations in L. In the
case where we are interested in computing the characteristic polynomial, it is sufficient
that k > £ to allow for the recovery of the coefficients inside of F,[z]/p* after applying

k. In this case, the complexity for using the recurrence to compute ;) becomes
((d + r)(d + m)rn/mlog q)*+°W
and for recovering the coefficients of the matrix, we have a cost of

(d(d + m)r*n/mlog q)'+oW).

At this stage, we have our matrix m(u) € M, (W}); computing the characteristic poly-
nomial of m(u) costs r*knlogq. We also incur a cost of nlog? ¢ to pre-compute polynomial
representations of all Frobenius operators {o, ... ,03_1} for use in modular composition.

Summing these costs gives us the complexity of algorithm 1 of theorem 6.4.1.

6.4.3 A Baby-step Giant-step Algorithm to Compute the Char-

acteristic Polynomial of the Frobenius Endomorphism

We will now describe an algorithm for computing the characteristic polynomial of the

Frobenius endomorphism 7" based on the recurrence of lemma (6.16), which is the basis
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of algorithms 3 and 4 of theorem 6.4.1. Building on the approach of the previous section,

when the endomorphism in question is the Frobenius, we are only interested in computing

the vectors p™*9 ... 1) which we can write as
M(n+r)
M(n+r—l)
A, A=A (6.20)
Iu(n—i—l)

Since we only need the final product, we can compute it using a baby-step giant-step
approach inspired by a technique in [21]. Write n* = [Vnk] € O(n/y/m), and let n be
written as n = n*ny + ng with 0 < ng < n*, so that ny < y/n/k. Now let:

Co =AMl Al

and

¢ — Alnol . glno+1]

Then we have:

A, = clm=1n7] ,C[n*]CCO_

To obtain the desired complexity, we will seek to work with matrices with coefficients

reduced modulo g, and in particular we want to compute

A, mod g, = (C[™~D" T mod g) - - (€™ mod g;)(C mod g;)(Co mod gy).
To do this, we will need the following lemma

Lemma 6.4.3. For f,g in L[x] and t > 0,

£ mod g = (f mod gi~)1
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Proof. Let R € L[z] such that deg R < degg and f = Qg!= + R for some @ € L[z]. Then
1 = QMg + R while deg R < deg ¢, from which we can conclude the lemma. O

Using lemma 6.4.3, we can compute C"1 mod g;, = (C mod gk—in*})[m*} for 0 <7 < ny.
Computing matrices A, ... A"+l costs O(nr//m) field operations and applications of
the Frobenius, contributing a total bit cost of (rn?*rm~/21og ¢)'*°™). Computing C and C,
can be done with cost (r“n?/v/mlogq)'*°() using classical techniques [30]. Each entry in
C has degrees of order O(n/y/m); computing C" mod g, takes O(r?n/\/m) applications
of the Frobenius and O(r?) polynomial euclidean divisions of degree at most O(n/y/m).
These tasks together cost a total of (r?n?/y/mlog q)'*°M) bit operations. The final step to-
wards computing A, involved taking the matrix product (C!™~Y""I mod g;)--- (C!*") mod
gx)(C mod g )(Co mod g;). This takes (r“n?/y/mlog q)'*°M) bit operations.

Having computed .A,, the remainder of the algorithm consists of computing its charac-
teristic polynomial, and applying the map x; to its coefficients. When £ =1, W, = L and
in the computation of the characteristic polynomial can be done in O(r¥) L-operations.
For other values of k, computing the characteristic polynomial takes O(r*) operations
in Wy, with A the coefficient defined in section 2.2.2. This contributes a bit cost of
(r*knlog ¢)'t°M). Summing the costs gives the complexities of algorithm 3 and 4 of theorem
6.4.1.
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Algorithm 3 Characteristic Polynomial of the Frobenius
Input A Drinfeld F,[z]-module ¢, = Y ;_ A7
Output A degree r polynomial in F [z][Z]

n*,n1,n9 + [Vnk], [n/n*],n mod n*.
A as in (6.17)
C + Alv+nol
Co + Al A mod ¢

Clml (€ mod g him for 0 < i < ny.

ni—1
6 A, ( 11 c‘[m*l)c‘o
i=0
7: a; + coefficient of Z* in det(A, — ZI)

8: return a; = xx(a;) for 0 <i <r

Alno+1].

6.4.4 Timings

The algorithm of section 6.4.3 has been implemented and merged into the SageMath
[72] open source software system as part of the implementation of Drinfeld modules. A
MAGMA [7] implementation of the same algorithm is available at https://github.com/

ymusleh/drinfeld-magma and was used to generate the timings below

n=100 | n =150 | n =200 | n =300 | n =400 | n =500 | n =600
r= 0.400 2.260 42.190 | 86.830 | 269.760 | 635.170 | 1099.110
r=9 |0.790 4.210 78.860 | 157.100 | 481.090 | 1129.670
r=12 | 1.170 6.080 104.630 | 220.430 | 658.950 | 1531.580
r=18 | 2.300 11.360 | 170.790 | 366.690 | 1074.840 | 2451.530
r=23 | 3.820 17.580 | 240.100 | 525.670 | 1518.370

Table 6.1: Run Times for m = 10 ¢ = 25 in seconds

We will note that the results here differ from the theoretical predictions of the perfor-
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https://github.com/ymusleh/drinfeld-magma
https://github.com/ymusleh/drinfeld-magma

mance of the algorithm. The main reason for this discrepancy is the apparent lack of an
implementation of Kedlaya-Umans modular composition, which impacts the cost of com-
puting Frobenius powers. We will also note that for computing images under the map yx,
we used a simpler technique based on Grobner bases rather than the tangling algorithm

described here.
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Chapter 7

Additional Algorithms

We will give an analysis of several algorithms connected to skew polynomials and Drinfeld
modules. In particular, we will analyze a new approach for both multi-point evaluation
and minimal subspace polynomial combining the mutually recursive approach of Puchinger
and Wachter-Zeh with a Horner-type scheme. This algorithm is used in the complexity

analysis of theorem 6.2.1.

Finally, we will describe the algorithm of Wesolowski given in [74] for computing an
explicit basis over F, of the space of morphisms Hom(¢, 1), of degree at most d between
arbitrary pairs of Drinfeld modules ¢, 1. Moreover, we will describe an extension to this
approach, which yields algorithms to compute a basis for Hom(¢, 1) as a free module over

both F,[7"] and F,[x], as well as provide a complexity analysis for all algorithms discussed.

7.1 An Algorithm for Multi-point Evaluation of Skew

Polynomials

Let Endy (U) denote the set of F-vector space endomorphisms on an F-vector space U.
We consider a tower of finite fields F, C L such that [L : F,] = n. If o is an F,-linear
operator on the n-dimensional vector space L, then we have a mapping, the evaluation
map eval : L{r;0} — End]‘F/q (L) determined by, for all a € L:
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eval Z i) (a) = Z si0'(a) (7.1)

To simplify notation, we will let s(a) = eval(s)(a). Recall that given ¢ evaluation points

ai,...,a; and a degree d skew polynomial s = Z?:o 5;7° € the multi-point evaluation
problem asks to compute s(a;),...,s(a;). We now present an algorithm to compute the
multi-point evaluation of s at aq, ..., a; which originally appeared in [56].

Theorem 7.1.1. Given a skew polynomial s € L{7} of degree d and t evaluation points
ay,...,a; € L, there exists an algorithm for computing the evaluations s(ay),...,s(a;) in
time

o (dt*2nlogq)t oW if t < V/d.

o (d“=Y/%tnlog q)' M) otherwise.

Proof. Without loss of generality assume d+ 1 is a perfect square and set § = v/d + 1. For
Sty ..., S5-1 € L{7}, write:

S = S[) —I— 765’1 —f- Ce + 7'5(6_1)85_1

where deg S; < § and S; = Zj’:o s;;71. Next, compute a;; = ¢'(a;). Furthermore, we
have that:

S0,0 Tt S0,6—1 Qo,1 Qo2 - Aoy So(al) T So(at)
= : : (7.2)
S6-1,0 *°r S5-1,6-1 as—1,1 As—12 - Os—1t Ss_1(ar) -+ Ss—1(ay)
Finally, we can compute the evaluations S(a;) using a Horner scheme S(a;) = Sp(a;) +
T2 (Si(ay) +7°(Sa(az) + ..)).
The dominant cost of this procedure is computing the 6 x § and d x ¢ matrix product

of equation (7.2) which costs O(dt*~2) L-operations if ¢ < v/d + 1, and d“*~1/2¢ otherwise.

The complexity claims follow. m
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We observe that in the “small ¢’ case with ¢ < v/d, the complexity of the algorithm
is (d“/?nlogq)'*°M). This compares favourably with the Puchinger and Wachter-Zeh ap-
proach discussed in section §2.4.3, which has a complexity of (d™®*(082(3)w2/2)p Jog ¢)1+o(1)

in the same setting.

Algorithm 4 Multipoint Evaluation [50]
Input A skew polynomial s € {7} of degree d, and a set of linearly independent

evaluation points {a1,...,a;} C L.
Output The set {s(a1),...,s(a;)} CL

1: Compute s; = 8,0+ $i17 + ...+ 81'75_17'5 such that s = sg + 7%s1 + ...+ 700" Vgs_,
2: Compute a; ; = 0'(a;) foreach 0 <i<d—land 1 <j <t

3: Compute the o X 0 and o x t matrix product:
50,0 Ce 50,6—1 Qo0 Ce Qo,t 80(@1) Ce So(at)
56—-10 .- S6—1,6—1 as—10 .- Q5s—1pt 3671(01) ce Séfl(at)

4: For 1 < j <t compute s(a;) = so(a;) +7°(s1(a;) +7°(s2(a;) + . .. via Horner’s scheme

7.2 Minimal Subspace Polynomial

Given t < n elements ay,...,a; € L linearly independent over F,, recall that the minimal
subspace polynomial problem asks to compute the skew polynomial s of minimal degree
such that s(a;) = 0 for each ¢ < ¢. The mutually recursive algorithms of [64] allow us to
convert any algorithm for either multi-point evaluation of minimal subspace polynomial
into an algorithm for the other. In particular, we recall that the recurrence for minimal

subspace has the form
MSP(d) = 2MSP(d/2) + MPE(d/2,d/2) + SM(d/2,n, q).

Corollary 7.2.1. Letvy,...,uq € L. There is an algorithm to compute MSP({vy,...,v4}) €
L{7} with a bit complezity of (d“*+V/?nlog q)'*+°L).
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Proof. The complexity result of theorem 7.1.1 give a recurrence of the form

MSP(d) = 2MSP(d/2) + (d“*Y/2nlog q)* M + SM(d/2, n, q),

yielding an overall bit complexity of MSP(d) = (d“*+Y/2nlog ¢q)'+°M).

7.3 Computing Endomorphism Rings of Drinfeld Mod-

ules

In the classical setting, the structure of the endomorphism ring of elliptic curves plays an
important role in several areas, including class field theory via the correspondence between
CM elliptic curves and orders in imaginary quadratic number fields. Isogenies also play
an important role in point counting algorithms and in classical cryptography, including
possible post-quantum schemes, over elliptic curves, making their explicit computation is
an important mechanism. Important results in this direction include Vélu’s formula for
computing, given a base elliptic curve E and a subgroup GG, computes an elliptic curve E’
and isogeny t : E — E’ whose kernel is exactly G [73]. A related problem is the explicit
isogeny problem which, given j-invariants j, j’, determines if elliptic curves belonging to
the corresponding isomorphism class are isogenous of degree d, and if so, computes curves
E, F’ and an isogeny t : R — E’. This is a very well studied problem for elliptic curves,

and several algorithms have been proposed including in [27, 17, 53, 18].

The structure of the set of morphisms between Drinfeld modules, including the special
case of the endomorphism ring and the explicit computation of bases, has been studied in
several recent papers, including [51, 29]. In [71], an algorithm for explicitly computing an
isogeny between fixed Drinfeld modules was given. Here, we will give a complexity analysis
of several algorithms that largely follow the methodology of the approaches discussed in
[51, 74]; the main contribution here is the complexity analysis, and in the case of the
basis for Hom(¢, ¢) over F,[z], the use of the recurrence method to compute explicit basis

expansions.

94



Recall that Hom(¢, ) = {u € L{7} | u¢, = ¥ u}. In particular, for all ¢, 1.

e Hom(¢, )4 is a vector space over F, of dimension at most dn.
e Hom(¢, 1) is a free module over F,[r"] of dimension at most n*.

e Hom(¢, ) is a free module over F,[z], where = % u = u¢, = 1, u, of dimension at

most 72 [33], and as we shall see, also of dimension at most nr.

A more natural way to view the problem is to consider the set LL{r} as a module over
the corresponding coefficient rings F,, F,[7"], and F,[z]. In each case, Hom(¢, ¢) is a linear
subspace of IL{7} given by the kernel of the linear operator u +— u¢, — ¥,u. To compute
a basis for Hom(¢, ), it therefore suffices to compute an explicit matrix for the action
of this operator with respect to a canonical basis for IL{7} over each coefficient ring, and

compute its kernel. The results of this section are summarized in the following theorem.

Theorem 7.3.1. There is an algorithm for computing a basis of

1. Hom(g,1)q over F, using (d“n* log q + dn*rlog q + nlog® q)*+°M) bit operations.

1+o

2. Hom(¢,v) over Fy[t"] using (n*rlogq + nlog® q)*+°M) bit operations.

1+o(

3. Hom(¢,) over Fy[x] using (n®r3logq + nlog® q)'+°M) bit operations.

Proof. A polynomial time algorithm for computing an F -basis for Hom(¢, )4 using the
approach described above was first given in [74]. We will describe this algorithm below,

and analyze its complexity.

n d
Fix a basis { f;}7= for L/F,. Set ¢ = 7 o A7’ by = Y1 o A7, and u = Z Z wjr fi
j=1 k=0
with u;; € F,. Then v € Hom(¢,¢)s = {u € Hom(¢,v) | deg,(u) < d} if and only if it

satisfies the following relation:



We can compute all products Aif]m, Agk]fj for a total bit cost of (dn?rlogq)'+o.

Rewriting each entry in terms of the F-basis for IL

n—1
Az’fj['z] = Z Aijofo
0=0
n—1
k
[Rﬂ ::zizaaikﬁjb
0=0

allows us to define a linear system over I, coming from

r n—1 d n—1 r n d n—1
itk i+k
d o> Sigmotinfor™F =" Ai otk fom ™. (7.4)
i=0 j=0 k=0 6=0 i=0 j=1 k=0 6=0

We therefore obtains a linear equation in the F, variables u;; from extracting the
coefficients of each iji for 0 < j <nand 0 <i<d+r, allowing us to construct a (d +
r)n x (d+ 1)n linear system over [F, whose kernel is exactly Hom(¢, ¢)4. Constructing the
system from equation (7.4) costs O(dn?r) operations in F, as well as O(r + n) applications
of the Frobenius. Pre-computing the Frobenius takes the usual (nlog? ¢)'+°(!) bit cost; with
the overall bit cost to construct and solve the system being (d“n® log ¢ + dn?r log q)'+°"),
we obtain the complexity stated in item 1 of theorem 7.3.1.

One can repeat a similar procedure for bases of Hom(¢, ) over F,[7"] and F,[x], and

. . . . k1 0<k<n
indeed such a computation was discussed in [51]. In the former case, {f;7},272,) is an

n n—1

F,-basis for {7} with coefficients in F,[7"]; so we can write u = ZZO‘MJCJTk with
j=1 k=0

a;j € F [m"]. Then Hom(¢, ) consists of such u satistying the relation

\3
3
|
—
3
|
—
<
3
|
—
i
—

ZZZA[k]fJaJ Wt Aiaj,kf][i]Ti+k (7.5)

i=0 j=0 k=0 i=0 0

.
Il
)
£
Il

As seen previously, we can compute a basis decomposition of all A; fjm and AZW f; at a bit

cost of (rn?logq)'™°™. Then equation 7.6 becomes:
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3
L
3
L
3
L

n—1 r
i+k
8 j k0 kT i 00 kT (7.6)
0 6=0 =0 0

ﬁ
i
AR
3
L

I
<)
£
Il

=0 j

.
Il
=)
ES
Il
o
S
Il

By rewriting the above expression in terms of the basis elements f;7% for j < n and k <n

with coefficients p; j ¢ € Fy[7"], we obtain:

3
L
3
L
3
L
3
L

7
Pij ke fiT =0

Il
o
I
o
£
Il

0 ¢

Il
o

=0 j
Then the coefficients ay, of u can be solved for by constructing an n? x n? linear system

over F,[7"], whose coefficients have degree at most |~ | + 1, of the form
£0,0,0,0 e P0,0,n—1,n—1 0,0

Pn—1n—1,00 --- Pn—1ln—1n—-1n—1 On—1n—1

We may then take advantage of pre-existing algorithms for computing a minimal

20=1r) field operations in F, [70],

nullspace basis for the system with a complexity of O(n
adding a cost of (n?*rlog q) in our bit complexity model. Constructing the system costs at
most (n®rlog ¢)'*°() bit operations, and adding in the usual pre-computation for Frobenius

maps gives the stated complexity in item 2 of theorem 7.3.1.

We can repeat the core idea of this algorithm once again for a basis over F,[z], though
some more care must be taken to address technical details. More explicitly, we view L{7}
as an F,[r]-module with the action z*u = u¢,, and note that u is not required to lie inside
Hom(¢,v). Write u = Y _._ Z o wi i f;T with w;; € Fylz]. Then if u € Hom(¢, ) we

must have

r—1 n—1 r—1n-1 r
UPy =T x U= Z Z xumfﬂ'i = Yu = Z Z Z Akfj[-k]umT”k (7.7)
i=0 j=0 i=0 j=0 k=0

Constructing the linear system as we did previously can be done by computing coeffi-
cients p;;; € Fy[z] such that
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for <t < 2r. Recalling the definition of the F,[z]-action on L{r} z7' = 7%¢,, we can

re-arrange the expression to obtain the following recurrence, for any i > 0

LS AN L

= - — ’ " 7.8

T Z( Ar) T 4 xT (7.8)
k=0

This can be evaluated at most r — 1 times to allow the extraction of the required

coeflicients p;; ;. Note that degp,;; < 1. Each such evaluation requires O(r) applications

of the Frobenius, and O(r?) operations in L. This gives an overall bit complexity of

(r*nlog q)'+°W for computing all required p;; ;. Then equation (7.7) yields:

,_.

n—1 r r—1n-—1

i
|
—
3
|
—

r—

xui,jiji = Z Z Akf][k} ui,jpiJrk,w,zszw (79)

i 3 i=0 k=0 w=0 2=0

Il
=)
.

Il
=)

I§
)
.

In this case, it suffices to compute the decomposition of Akf[k] = "71 —o Mejofofork <,
J < n for a total bit cost of (n*rlog q)HD Using the above equatlon we can determine
the coefficients of the basis elements f.7" in terms of the indeterminates wu;;, which allows
the extraction of an nr x nr linear system, with entries in Fy[z];, in the usual manner.
This system can then be solved over F,[z] with a bit complexity of (n“r* logq)'*oW).
Generating the system from (7.9) costs (r’*n®logq)'*°(), which gives an overall cost of

(r*n3log ¢ + nlog® ¢)'+°(V). This completes the analysis of the algorithms of theorem 7.3.1.
]
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Appendix A

Software

A SageMath implementation was prepared and first presented in [1], and was developed
in collaboration with David Ayotte, Xavier Caruso, and Antoine Leudiere. The software
provides basic features for constructing and computing with Drinfeld module objects. All
methods and functionality except for Fq basis and basis have been merged into the

standard SageMath distribution. We will review some of the basic functionality here.

A.0.1 Constructing Drinfeld modules

We can instantiate a Drinfeld module of rank r over a base field F, and finite extension n

by specifying the coefficients of ¢, in IL using the DrinfeldModule constructor.

Fq = GF(25)

A.<x> = Fq[]

L.<z> = Fg.extension(3)

phi = DrinfeldModule(A, [L.random_eleme

phi
Drinfeld module defined
[1)*£%6 + (4%2"5 + 2’
+ 3
't + 2%275 + 4%z + 2

The constructor accepts two parameters: the regular function ring A and a list of
coefficients [Ay, ..., A,] over a ring L. and returns a Drinfeld module ¢ : A — L{7} such
that ¢, = >_;_, A;7". Currently, only Drinfeld modules where A = F,[x] for a a finite field
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F, are implemented. We can access basic parameters of the Drinfeld module, such as it’s
rank and characteristic p, which are inferred from the coefficients of ¢,. We can also access
the basic algebraic objects such as A,LL, and L{7}.

phi.rank()
7

phi.characteristic()
"3 + 4%x"2 + 2%x + 3%22 + 1
phi.function_ring()
Univariate Polynomial Ring in x over Finite Field in z2 of size 572

phi.base_over_constants_field()

Field in z with defining polynomial x~3 + (2*z2 + 2)*x + 4*%z2 over its base
phi.ore_polring()

Ore Polynomial Ring in t over Finite Field in z of size 5”6 over its base twisted by Frob~2
phi.category()

Category of Drinfeld modules over Finite Field in z of size 5”6 over its base

We can also access the underlying Drinfeld map ¢ : A — L{7}. The skew polynomial
¢, can be accessed directly through the gen method. General images ¢, can be accessed
through the operator syntax as seen below. ¢~1(s) can also be computed using the invert
method.

phi.gen()
4 + 273 + 272 + Z)*tT + (

LY. S 2:{:21\3 + 3:0:
*tA3 + (4%z75

4*z74 + 2%z°3 + 3%z
:{:x + ))

A.0.2 Invariants

In the case of rank 2 Drinfeld module, we can compute its j-invariant using the j-invariant
method.

phi = DrinfeldModule(A, [L.random_element()
phi.j_invariant()

2¥275 + 2%¥274 + 2%Z°3 + 2%2°2 +




For higher rank Drinfeld modules, we can recover all of its basic j-invariants and their

corresponding parameters using the basic_j_invariants method.

phi = DrinfeldModule(A, [L.random_element() _ (431); phi
Drinfeld module defined by x |--> z"2%t"3 + (z"2 + z + 1)*t"2 + z"2*t + z +
1

phi.basic_j_invariants()
fCC1,), (7, 1)): z"2 + z + 1,
1,
"

(Cx, 2), (1, 1)): +
(1, 2), (4, 1)): z*2
(1, 2), (5, 2)):
(a1, 27, 3)):
(1, 27, 4)):
((2,), 1z}

Z,

Recalling the context of definition 4.3.1, the parameters are returned in the format
(kv kin)y (B 00, 0,)) 2 TR (6)

We can compute the characteristic polynomial of the Frobenius endomorphism using
the frobenius_charpoly method. We may pass an optional algorithm parameter to this

method to specify the procedure used.

phi = DrinfeldModule(A, [L.random_element() _ (u)]1); phi

Drinfeld module defined by x |--> t*3 + (z + 1)*t"2 + t + z"2
phi.frobenius_charpoly()

X*3 + x*xX*2 + (x"2 + x + 1)*X + x"3 + x + 1
phi.frobenius_charpoly(algorithm="c

X*3 + x*X*2 + (x"2 + x + 1)*X + x"3 + x + 1
phi.frobenius_charpoly(algorithm="motive")

XP3 + x*X*2 + (x"2 + x + 1)*X + x"3 + x + 1

It is also possible to use this method with Drinfeld modules of rank larger than 2.

phi = DrinfeldModule(A, [L.random_element() _ (12)]1); phi
Drinfeld module defined by x |-—> (z"2 + z)*t*11 + (z"2 + z + 1)*t"18 + (z +
1)*t"9 + t"8 + (z"2 + 1)*t"7 + t"6 + (2”2 + 1)+t "u + (2"2 + 1)*t"3 + (z + 1
Jxt22 + (z*2 + z + 1)*t + z + 1

phi.frobenius_charpoly(algorithm="c alline')
X 11 + X*XAT + X6 + x"2*X"3 + (x"2 + x + 1)*X"2 + (x"2 + x)*X + X"3 + x"2 +
1
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A.0.3 Morphisms

We can also instantiate the set of homomorphisms between Drinfeld modules ¢, or en-

domorphisms on ¢ using SageMath’s built-in Hom and End constructors.

Fq = GF(2)

A.<x> = Fq[]

L.<z> = Fq.extension(3)

phi = prinfeldModule(a, [z, z* + z])
psi = DrinfeldModule(A, [z, z + 1, 1)

H = Hom(phi, psi); H

Set of Drinfeld module morphisms from (gen) (z"2 + z)*t"2 + (z"2 + z + 1)*t + z to
(gen) (z"2 + z + 1)*t"2 + (z + 1)*t + z

E = End(phi); E
Set of Drinfeld module morphisms from (gen) (z"2 + z)*t"2 + (z"2 + z + 1)*t + z to
(gen) (272 + 2)*t"2 + (272 + z + 1)*t + z

Currently, it is possible to compute an explicit basis for the space of morphisms over
[F, of degree at most d using the Fq_basis method, or over F,[7"] using the basis method.

These methods are currently awaiting review for inclusion into SageMath.

H.Fq_basis(3)
[Drinfeld Module morphism:
From: Drinfeld module defined x |-—> @ z)*t"2 + (z"2 +
To: prinfeld module defined x |-—-> z + 1)*t"2 + (z
Defn: (z"2 + 1)*t"2 + t + z +
Drinfeld Module morphism:
From: Drinfeld module defined x |--> z)*t"2 + (z"2 +
To: Drinfeld module defined p z + 1)*t"2 + (z
Defn: z"2,
Drinfeld Module morphism:
From: Drinfeld module defined x |-—> @ z)*t"2 + (z"2 +
To: prinfeld module defined X |--> zZ + 1)*t"2 + (z
Defn: z"2xt"3]
H.basis()
[Drinfeld Module morphism:
From: Drinfeld module defined x |-—> @ z)*t"2 + (z"2 + + 1)*t +
To: Drinfeld module defined by x |-—= z + 1)*t"2 + (z 1)*t +
Defn: (z"2 + 1)*t"2 + t + z + 1,
Drinfeld Module morphism:
From: Drinfeld module defined by x |--> (z"2 + z)*t"2 + (z"2 + z + 1)*t +
To: Drinfeld module defined by x |--> (2"2 + z + 1)*t"2 + (z + 1)*t + z
Defn: (z"2 + 1)*t"5 + (z + 1)*t"d + z*t"3 + t"2 + (z"2 + z)*t + z,
Drinfeld Module morphism:
From: Drinfeld module defined by x |--> (2”2 + z)*t"2 + (z"2 + z + 1)*t +
To: Drinfeld module defined by x |--> (z"2 + z + 1)*t"2 + (z + 1)*t +
Defn: z"2]

Recall the action of F [z] on Hom(¢,) given by a x v = u¢, for a € F,[z] and u €
Hom(¢, ). This action can be applied using the multiplication operator in SageMath.
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u = H.random_element(4); u
Drinfeld Module morphism:
From: Drinfeld module defined by z)*t 2 + (z"2 +

To: Drinfeld module defined by z + 1)*t"2 + (z
Defn: z"2*t"3
x*U
Drinfeld Module morphism:
From: Drinfeld module defined by z)*t~2 + (z"2 +

To: Drinfeld module defined by z + 1)*t"2 + (z
Defn: (z"2 + 1)*t"5 + t~d + (z +

The characteristic polynomial of an endomorphism can be computed using the charpoly
method.

u = E.random_element(4); u
Endomorphism of Drinfeld module defined by x |--> (z"2 + z)*t"2 + (z"2 + z +
1)+t + z

Defn: (z"2 + 1)*t"d + ("2 + z)*t"3 + t"2 + (z + 1)*t + z"2 + z + 1
u.charpoly()
X2 + x"4 + x"2 + 1
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