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Abstract

Interference is assumed to be one of the main barriers to improving the throughput
of communication systems. Consequently, interference management plays an integral
role in wireless communications. Although the importance of interference has promoted
numerous studies on the interference channel, the capacity region of this channel is still

unknown.

The focus of this thesis is on Gaussian interference channels. The two-user Gaus-
sian Interference Channel (GIC) represents the standard model of a wireless system in
which two independent transmitter-receiver pairs share the bandwidth. Three important
problems are investigated: the boundary of the best-known achievable rate region, the
complexity of sum-rate optimal codes, and the role of causal cooperation in enlarging the

achievable rate region.

The best-known achievable rate region for the two-user GIC is due to the Han-
Kobayashi (HK) scheme. The HK achievable rate region includes the rate regions achieved
by all other known schemes. However, mathematical expressions that characterize the
HK rate region are complicated and involve a time sharing variable and two arbitrary
power splitting variables. Accordingly, the boundary points of the HK rate region, and
in particular the maximum HK sum-rate, are not known in general. The second chapter
of this thesis studies the sum-rate of the HK scheme with Gaussian inputs, when time
sharing is not used. Note that the optimal input distribution is unknown. However, for
all cases where the sum-capacity is known, it is achieved by Gaussian inputs. In this
thesis, we examine the HK scheme with Gaussian inputs. For the weak interference class,
this study fully characterizes the maximum achievable sum-rate and shows that the weak
interference class is partitioned into five parts. For each part, the optimal power splitting
and the corresponding maximum achievable sum-rate are expressed in closed forms. In
the third chapter, we show that the same approach can be adopted to characterize an
arbitrary weighted sum-rate. Moreover, when time sharing is used, we expressed the
entire boundary in terms of the upper concave envelope of a function. Consequently, the

entire boundary of the HK rate region with Gaussian inputs is fully characterized.

The decoding complexity of a given coding scheme is of paramount importance in

wireless communications. Most coding schemes proposed for the interference channel
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take advantage of joint decoding to achieve a larger rate region. However, decoding
complexity escalates considerably when joint decoding is used. The fourth chapter studies
the achievable sum-rate of the two-user GIC when joint decoding is replaced by successive
decoding. This achievable sum-rate is known when interference is mixed. However, when
interference is strong or weak, it is not well understood. First, this study proves that
when interference is strong and transmitters’ powers satisfy certain conditions, the sum-
capacity can be achieved by successive decoding. Second, when interference is weak, a
novel rate-splitting scheme is proposed that does not use joint decoding. It is proved
that the difference between the sum-rate of this scheme and that of the HK scheme is

bounded. This study sheds light on the structure of sum-rate optimal codes.

Causal cooperation among nodes in a communication system is a promising approach
to increasing overall system performance. To guarantee causality, delay is inevitable in
cooperative communication systems. Traditionally, delay granularity has been limited to
one symbol; however, channel delay is in fact governed by channel memory and can be
shorter. For example, the delay requirement in Orthogonal Frequency-Division Multi-
plexing (OFDM), captured in the cyclic prefix, is typically much shorter than the OFDM
symbol itself. This perspective is used in the fifth chapter to study the two-user GIC with
full-duplex transmitters. Among other results, it is shown that under a mild condition,

the maximum multiplexing gain of this channel is in fact two.
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Chapter 1

Introduction

The accelerated improvement of wireless technology, in which numerous wireless devices
employ the same frequency band, has made interference an intrinsic part of today’s
communication systems. The first study of a communication system that considered
interference as an intrinsic element, was in Shannon’s work on the two-way channel [1].
His work was followed by that of several other scholars, and nowadays, the interference
channel is the accepted model of a communication system in which interference, signal,

and noise interact with each other [2-7].

The importance of interference in wireless communication has promoted many studies
on the interference channel. The two-user Gaussian Interference Channel (GIC) is of
particular interest. This channel models a practical wireless network consisting of two
independent receiver-transmitter pairs. Each transmitter tries to send its message to its
corresponding receiver, but it inevitably causes interference for the unintended receiver.

Both receivers suffer from Gaussian noise as well.

Although the capacity region of the Gaussian interference channel has been studied
for more than 40 years, it is only known for some specific cases. For example, with
strong interference, the whole capacity region is known to be achieved by decoding the
inference [7-9]. On the other hand, with very weak interference, the sum-capacity is

achieved by treating the interference as noise [10-12].

This thesis is intended to provide a better understanding of the capacity region of the
two-user Gaussian interference channel. The main contribution is to address three impor-

tant aspects of this channel: (1) the boundary of the best-known achievable rate region,
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(2) the complexity of sum-rate optimal codes, and (3) the role of causal cooperation in

enlarging the achievable rate region.

1.1 Boundary of the HK Rate Region

One challenging aspect of characterizing the capacity region is to find a tight inner bound
corresponding to a particular coding scheme. A general coding scheme, based on the idea
of rate splitting, was first proposed by Calieal [5]. This scheme was then improved by
Han and Kobayashi [6], whose main contribution was joint decoding at the receivers. In
fact, Carlieal used successive decoding instead of joint decoding but Han and Kobayashi

proved that joint decoding at the receivers can increase the achievable rate region.

For the two-user GIC, the Han-Kobayashi (HK) scheme results in the best-known in-
ner bound. By optimizing over a time-sharing variable and two power splitting variables,
the HK scheme can include all known achievable results as its special cases. However,
the optimization problem involving the underlying variables has yet to be clarified. In
fact, [13] states

“ Unfortunately, the optimization among such myriads of possibilities

is not well-understood”.

This thesis aims to shed light on this issue by investigating the HK scheme and finding
the optimal power-splitting policy that maximizes the weighted sum-rate. Consequently,
the boundary of the HK rate region with Gaussian inputs is fully characterized. This

important has been investigated for more than 30 years.

The other challenging aspect of characterizing the capacity region is to find tight outer
bounds. For the two-user GIC, various outer bounds have been derived using different
techniques [10,13-17]. Unlike achievable schemes, where the HK scheme results in the
best-known inner bound, no converse scheme results in the best-known outer bound. In
fact, each outer bound can be tighter or looser than other outer bounds, depending on the
channel parameters. The outer bound obtained in [13] is of particular interest. Using a
genie that provides information about the intended message to each receiver, [13]| proves
that a sub-region of the HK scheme is within 1 bit of the capacity region. In this thesis,
our focus is on the achievable schemes. We use the existing outer bounds to check the

optimality of the achievable schemes under certain conditions.
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1.2 Complexity of Sum-Rate Optimal Codes

Joint decoding is used in the HK scheme to enlarge the achievable rate region. Joint
decoding is a powerful coding scheme; however, it considerably increases decoding com-
plexity. The decoding complexity of the joint decoding of k messages of a random coding
scheme is proportional to 2™ where n is the block length, and Ry, is the sum of
the rates corresponding to the messages that are jointly decoded, i.e., Ry = Zle R;.
However, the decoding complexity of the successive decoding of the same set of messages
is proportional to 2"%mex where Ry.. = max(Ry, Ry, ..., R;) [18]. Therefore, practical
coding schemes employ successive decoding in their decoder to decrease the complex-
ity of decoding. Moreover, there exist numerous studies regarding the construction of
high performance point-to-point codes [19-23], whereas there are fewer studies on mul-
tiuser codebooks, which are jointly decoded. Thus, this study compares the performance
of successive decoding, which employs existing point-to-point codes, with that of joint

decoding, which employs multiuser codebooks.

Rate Splitting (RS) and Successive Decoding (SD) can reduce decoding complexity
and have been used to investigate the multiple access channel and the interference channel
[24,25]. The capacity region of the two-user multiple access channel can be achieved by RS
and SD [18,26]. However, for the two-user Gaussian interference channel (GIC), RS and

SD cannot achieve even the Simultaneous Non-unique Decoding (SND) rate region [27].

RS and SD have been used to investigate the maximum achievable sum-rate of the
two-user GIC. For instance, when interference is mixed, it is known that the sum-capacity
can be achieved with SD [10]. When interference is strong or weak, the performance of RS
and SD has not been well-understood. This study characterizes the maximum achievable
sum-rate when joint decoding is replaced by successive decoding, and shows that, under
a set of mild conditions on transmitters’ powers, RS and SD can achieve the sum-rate of

the HK scheme.

1.3 Causal Cooperation among Transmitters

Cooperation among nodes in a communication system is a promising approach to increas-

ing overall system performance. Full-duplex transmitters can not only double the rate of
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wireless communication systems, but also facilitate collaborative signaling and coopera-
tive communication [28]. For the two-user interference channel, full-duplex transmitters
can take advantage of the signal they receive from each other to mitigate interference
at their receivers, and this simple cooperation among the transmitters can enlarge the
achievable rate region. In the context of cognitive radio channels, the role of cooperation
in enlarging the capacity region of the GIC has been studied, and rate-splitting along with
Gelfand-Pinsker binning has been used to improve the achievable rate region [29], [30].
Moreover, the capacity region of the two-user Gaussian interference channel with confer-
encing encoders is established in [31] to within a constant gap. To investigate the effect
of causal cooperation, the achievable rate region of two-user interference channels with

cribbing encoders is studied in [32-34].

Furthermore, multiplexing gain has been used as a measure to investigate the role
of partial non-causal cooperation in wireless networks in the high Signal-To-Noise Ratio
(SNR) regime. It is proved that, for the K-user GIC, as the cooperation among transmit-
ters increases from no cooperation to perfect cooperation, the multiplexing gain increases
from %K to K [35]. However, practical cooperation among different nodes requires the
causal delay consideration as an essential constraint. The signal transmitted by a node
will be received and processed by other nodes with some delay, and the minimum ac-
ceptable delay can significantly affect the potential gains of cooperative communication
systems. For instance, in the two-user GIC, when only transmitters cooperate non-
causally, the channel behaves like the broadcast channel, and the maximum multiplexing
gain of two is achievable [36,37]. Similarly, non-causal cooperation among the receivers
achieves the multiple-access-channel multiplexing gain of two [38]. This study investi-
gates the two-user GIC with full-duplex transmitters to show that causal cooperation

among transmitters can increase the multiplexing gain.

1.4 Outline of Thesis and Main Contributions

The main objective of this thesis is to provide a better understanding of the capacity
region of the two-user GIC. To this end, three important problems are investigated: the
boundary of the HK rate region with Gaussian inputs, the complexity of sum-rate optimal

codes, and the role of cooperation in enlarging the achievable rate region.

4
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The first problem is addressed in Chapters 2 and 3. In Chapter 2, we investigate the
maximum HK sum-rate. Note that the HK scheme results in the best-known achievable
rate region. However, mathematical expressions that characterize the achievable sum-
rate of the HK scheme are complicated, involving two power-splitting variables and one
time-sharing variable. For simplicity, we first investigate the maximum HK sum-rate with
Gaussian inputs when time sharing is not used. Then in Chapter 3, we return to time
sharing and investigate its role in increasing the achievable sum-rate. Note that, when
interference is strong or mixed, the maximum HK sum-rate is known. However, for the
weak interference class, the maximum HK sum-rate has remained unknown. The main
contribution of Chapter 2 is the characterization of the explicit power-splitting policy that
maximizes the HK sum-rate when interference is weak. We first describe the optimization
problem that corresponds to the maximum HK sum-rate and highlight the challenges in
solving the optimization problem. In particular, the fact that the objective function is
non-differentiable over the feasible region is discussed. Then we explain our idea for
solving the problem. The idea is to partition the entire feasible region into several parts
such that, inside each part, the objective function is differentiable. In other words, we
partition the feasible region into several parts such that all non-differentiable points lie on
the boundary of the parts. Relying on this idea, we solve the optimization problem and
fully characterize the maximum HK sum-rate. Chapter 2 shows that, depending on the
values of channel parameters, five different power-splitting policies maximize the HK sum-
rate. In fact, we partition the weak interference class into five sub-classes, and for each
sub-class, we fully characterize the optimal power-splitting policy and the corresponding

maximum sum-rate.

In Chapter 3, we generalize the results of Chapter 2 and characterize the maximum
weighted sum-rate of the HK scheme with Gaussian inputs. In other words, we fully
characterize the optimal power-splitting policy that maximizes a linear combination of
R, and R,. Note that the time-sharing variable can increase the sum-rate of the HK
scheme. We first highlight that time sharing and time division are not essentially the
same. In fact, time division, which convexifies the achievable rate region, is a special case
of time sharing. Then we show that the role of time sharing in increasing the achievable
weighted sum-rate can be described in terms of the upper concave envelope of a function

of transmitters’ powers. This characterization can reveal several important properties.
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For instance, it allows to identify the regions in which time sharing does not increase
the achievable sum-rate. More importantly, we can identify regions in which simple time

division with power control is as good as the general time sharing strategy.

In Chapter 4, we address the second problem. To achieve the sum-capacity of the
two-user GIC, most coding schemes take advantage of joint decoding. However, decoding
complexity increases when joint decoding is used. Rate splitting and successive decoding
provide alternatives that can reduce this complexity. On the other hand, this complexity
reduction is achieved at a price. Some points of the capacity region cannot be achieved
by successive decoding. In this study, we investigate the achievable sum-rate, when joint
decoding is replaced by successive decoding. First, we express the optimization prob-
lem that corresponds to the maximum achievable sum-rate. Chapter 4 highlights the
challenges in solving the optimization problem. In particular, it is shown that the opti-
mization problem is non-convex. Then a method is proposed for solving this optimization
problem. We explicitly determine the number of required splits and the amount of power
allocated to each split. We then show that the sum-rate loss, caused by replacing joint
decoding with successive decoding, is bounded, even when transmitters’ powers approach

infinity.

Chapter 5 addresses the third problem, namely the role of cooperation in enlarging
the achievable rate region. It is known that causal cooperation among transmitters of
the two-user GIC does not increase the multiplexing gain [39]. This result is obtained
with the traditional delay assumption. To guarantee causality, delay granularity has been
assumed to be limited to one symbol; however, channel delay is in fact determined by
channel memory and can be much shorter. Using this perspective, we investigate the
two-user GIC with full-duplex transmitters, and reach the following conclusion: with a
new constraint of causal delay, which is slightly different from the traditional one, the role
of delay is captured more accurately. As a result, the maximum multiplexing gain is in
fact two, rather than the limit of one, previously proved under the traditional constraint
of causal delay [39]. Furthermore, we study the optimal power allocation that maximizes

the achievable sum-rate and examine its effect through several numerical simulations.

Finally, Chapter 6 summarizes the main contributions of this thesis and discusses

future research directions.



Chapter 2

Maximum Han-Kobayashi Sum-Rate

Chapters 2 and 3 investigate the best-known achievable rate region proposed for the
two-user Gaussian interference channel, i.e., the Han-Kobayashi (HK) region. Chapter
2 characterizes the maximum sum-rate achieved by the HK scheme, when time sharing
is not used. The main challenge in this characterization is to solve a non-differentiable
optimization problem. A method is proposed for solving the optimization problem and
is discussed in detail. Chapter 3 extends the method and characterizes the maximum

weighted sum-rate achieved by the HK scheme.

2.1 Introduction

Shannon’s work on the two-way channel [1] is one of the first studies of a communication
system that considered interference as an essential element. In wireless communications,
interference is assumed to be one of the main challenges that hinders overall system per-
formance. The two-user Gaussian Interference Channel (GIC) models a practical wireless
network consisting of two independent transmitter-receiver pairs. Each transmitter aims
to send a message to its receiver, thereby inevitably causing interference for the other

receiver.

Although the two-user interference channel has been studied for more than 40 years,
its capacity region is known only for a few specific cases. Several coding schemes have been
proposed for the two-user GIC, such as time division with power control, Treating Inter-

ference as Noise (TIN), Simultaneous Non-unique Decoding (SND), and Han-Kobayashi

7
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(HK) [37, Chapter 6.

Rate splitting provides a general frame work to enlarge the achievable rate region of
this channel. In fact, Carleial was the first to propose a scheme based on rate splitting
and successive decoding [5]. This scheme was subsequently improved by HK [6], whose
main contribution was the use of joint decoding at receivers. Their work proved that
joint decoding at receivers can increase the achievable rate region. For the two-user GIC,
the HK scheme has four main ingredients: (1) rate splitting, (2) power splitting, (3)
joint decoding, and (4) time sharing. By modifying the power-splitting policies and using
different time-sharing strategies, the HK scheme can include all known coding schemes
as its special cases. However, the optimization among the power-splitting variables and

time-sharing variables is complicated. In fact, [13] states that

“ Unfortunately, the optimization among such myriads of possibilities is
not well-understood, ... it is not very clear how much improvement can
be obtained and in which parameter regime would one get significant

improvement”.

This chapter is intended to provide a better understanding of this issue by investigating

the HK scheme and finding the optimal power splitting that maximizes the sum-rate.

The sum-capacity of the interference channel is known for only a few special cases.
When interference is strong, the sum-capacity is achieved by decoding both messages
at both receivers [7,8]. When interference is mixed, the sum-capacity is achieved if
one transmitter sends only the private message and the other transmitter sends only the
public message [10]. When interference is weak, the sum-capacity is not known in general.
For a small part of the weak interference class, the sum-capacity is achieved by treating
interference as noise [10-12]. In all cases where the sum-capacity is known, it is achieved
by the HK scheme with Gaussian inputs and no time sharing. However, for the weak
interference class, the maximum sum-rate of the HK scheme with Gaussian inputs and

no time sharing is not known.

When interference is weak, the maximum achievable sum-rate of the HK scheme,
even when inputs are Gaussian, is unknown. This problem has been studied in [40-42].
Reference [40] studies the two-user symmetric GIC when the HK scheme with Gaussian

inputs and no time sharing is used. Among all possible power-splitting policies, reference
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[40] investigates only two special cases: the symmetric power splitting and an asymmetric
power splitting in which exactly one user allocates all its power to its public message.
Moreover, reference [41] studies the achievable sum-rate of the two-user GIC when the HK
scheme with Gaussian inputs and no time sharing is used. For some parts of the weak
interference class, reference [41] finds a closed form expression for the optimal power

splitting that maximizes the achievable sum-rate.

This chapter studies the achievable sum-rate of the two-user GIC, when the HK
scheme uses Gaussian inputs. Note that the optimal distribution of the inputs is not
known. However, in all cases where the sum-capacity is known, it is achieved by the
HK scheme with Gaussian inputs. In this thesis, we always assume that inputs are
Gaussian. First, the full characterization of the achievable sum-rate is found, when no
time sharing is used [43]. It is shown that when interference is weak, the achievable sum-
rate can have five distinct closed-form expressions. For each expression, the optimal power
splitting that achieves the maximum sum-rate is found. Moreover, for given channel gains
and given transmit powers, the optimal strategy that achieves the maximum sum-rate
is derived. In doing so, we characterize an optimization problem that formulates the
maximum HK sum-rate. We show that this optimization problem is challenging, as it
involves a non-differentiable objective function. The main contribution of Chapter 3 is the
characterization of the solution to the optimization problem. Since the proof is involved,
we divide the proof into several steps and examine each step separately. Moreover, we

use several figures to visually illustrate each step.

In Chapter4, we show that the approach used in Chapter 3 for finding the maximum
sum-rate can be adopted to find the support function of the HK rate region, i.e, the
maximum of any linear combination of the individual rates. Accordingly, we express the
optimal power-splitting strategy that achieves any boundary point of the HK scheme
with Gaussian inputs and no time sharing. More importantly, we examine the role of
the time-sharing variable in enlarging the achievable rate region. We show that, for the
weak interference class, the optimization problem over the time-sharing variable and the
power-splitting variables can be decoupled. Relying on this idea, we can significantly

decrease the complexity of the HK rate region for the weak interference class.

The rest of this chapter is organized as follows. Section 2.2 introduces the channel

model and existing results and reviews different classes of interference. Then we examine
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the existing results on the capacity region of each class. In Section 2.3, the maximum
sum-rate of the HK scheme is studied for the two-user GIC with weak interference. This
section, which demonstrates how power is allocated among public and private messages,

contains the main contributions of Chapter 3. Finally, Section 2.4 concludes the chapter.

2.2 Channel Model and Preliminaries

In this chapter, the following notations are used. Random variables are denoted by upper
case letters. N(m, o) represents the Gaussian distribution with mean m and variance o?.
The notation [1 : n| represents the set of integers from 1 to n, and a = b means b is the
definition of a. C(z) = 1log(l + z) where log(z) = log,(z). The notation 1(z > y) =1
if © > y, otherwise 1(x > y) = 0. Moreover, [z]" = max{x,0}. The expectation with
respect to a random variable Z is expressed by E;. For a set @, |@| denotes the size of
the set. Finally, @ represents addition modulo 2 and R? represents the set of all (Ry, Rs),

such that both R; and R, are non-negative real numbers.

The two-user GIC is modeled by the following expressions:

K:X1+\/5X2+Z1,a€R+,
Yo = Xy + VbX| + Zy, b€ R,

Z; ~ N(0,1), E[(X;)’] < P, i € {1,2}, (2.1)

where X, is transmitted by the ¥ transmitter and Y; is received by the i*" receiver.
The " encoder assigns a codeword X!(m;) to each message m; € [1 : 2"%], where n is
the length of the codeword and R; is the rate of the i* transmitter. The gains of the
cross-link channels, which affect the power of interference, are represented by /a and
vb. Additionally, the i** transmitter has limited power P, to transmit its message. The
capacity region of the two-user GIC is the closure of all (Ry, Ry) € R?, such that each
receiver is able to decode its intended message with arbitrarily small probability of error

as n approaches infinity.

10
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Figure 2.1: Classes of interference and the corresponding sum-capacity expressions.

2.2.1 Classes of Interference and the Corresponding Sum-Capacity

Based on the values of a, b, P, and P,, the interference is categorized into several classes
as shown in Figure 2.1. Note that each class is a region in R%. However, to demonstrate
each class, we use one of the following ways: either for a given (P, P), the projection
of the class onto the ab-plane is depicted or for a given (a,b), the projection of the class
onto the P; Py-plane is depicted. Four main classes of interference are defined as follows:
If a > 1 and b > 1, the interference is strong. If either 0 <a<landb>1or0<b<1
and a > 1, the interference is mized. For more clarity, we refer to the class corresponding
to 0 < b < 1and a > 1 as mized I. Similarly, we refer to the class corresponding to

0<a<1andb>1as mized II. Moreover, if a < 1 and b < 1, the interference is weak.

To investigate one class, we partition it into some sub-classes. For instance, in the
strong interference class, a > 1+ P, and b > 1 + P, specify the very strong interference
sub-class. The weak interference class is the focus of this chapter. Therefore, we focus on
some sub-classes within the weak interference class, namely very weak, somewhat weak,
and barely weak sub-classes. For a < 1 and b < 1, the very weak interference sub-class
is specified by Pivb + Pyv/a < %5 [10,37]. As shown in Figure 2.4, we refer to
P < la_—ba, P, < la—_bb as the somewhat weak interference sub-class and P, > %, P, > la—_bb
as the barely weak interference sub-class.

The sum-capacity of the two-user GIC is known, when the interference is strong [7],

or when the interference is mixed [10]. However, when the interference is weak, the sum-

11
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capacity is not known in general. Define Cy,, as the sum-capacity of the two-user GIC.
Figure 2.1 shows the main classes and the corresponding sum-capacity expressions. For
the weak interference class, the sum-capacity is known only for the very weak interference

sub-class [10,11]. This sub-class is shown in Figure 2.2.

Moreover, we can partition each class into some sub-classes, such that inside each sub-
class, Csum is given by a single expression. To this end, we define the following sub-classes.
For the strong interference class, the entire capacity region is achieved by SND [7,37],

therefore, Cyypy, is given by

C(P, + aPy),C(Py + bP,),
Clp = Tin (Pr+aby), C(P +0P), {1 (2.2)

Note that the strong interference class can be partitioned into three sub-classes, such that
in each sub-class, Cy,y, is given by one of the terms inside the min{} in (2.2). In fact,

when the interference is very strong, i.e., a > 1+ Py and b > 1+ P, , (2.2) reduces to
Csum = C(P) + C(Py). (2.3)
In addition, when 1 < b < 14 P, and a > b, (2.2) reduces to
Csum = C(Py + bPy). (2.4)

We refer to this sub-class as the mizedly strong I sub-class.

Similarly, we refer to 1 < a <1+ P; and b > a as the mizedly strong II sub-class. In

this sub-class, (2.2) reduces to
Csum = C(Pl + CLPQ). (25)
Figure 2.2 shows how the entire strong interference class is partitioned into these three

sub-classes.

Moreover, for the mixed I and mixed II classes, the sum-capacity is known [10]. In

fact, [10] shows that for the mixed I class, Cyyy is given by

w=ctrymnfe( B o)) e

and for the mixed II class, Cyyy, is given by

Csum:C(Pg)—i—min{C(l+P;P2>,C<1Z_P}2>}. (2.7)

12
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Figure 2.2: All sub-classes of interference for which the sum-capacity is known.

Note that we can partition the mixed I class into two sub-classes, such that for each sub-
class the sum-capacity is given by one of the terms inside the min{} in equation (2.6).
Accordingly, we define the following sub-classes inside the mixed I and mixed II classes:

the weakly mixed I sub-class satsifies 0 < b < land 1 <a < %. The strongly mixed I
1

sub-class satisfies 0 < b < 1 and a > 11:;;}1. Note that for the weakly mixed I sub-class,
(2.6) reduces to
Osum == O(Pl + CLPQ), (28)

and for the strongly mixed I sub-class, (2.6) reduces to

(1-0)P,
C C(P,+bP) +C TR (2.9)
Similarly, the weakly mized II sub-class satisfies 0 < a < 1,1 < b < 11:532 , and

the strongly mized I sub-class satisfies 0 < a < 1, b > %. For the weakly mixed II

sub-class, (2.7) reduces to
Comm = C(Py + bP), (2.10)
and for the strongly mixed II sub-class, (2.7) reduces to

1— a)P2>.

Csum:C(P1+aP2)+C<(1+aP (2.11)
2

13
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Figure 2.2 shows how the mixed I and mixed II classes are partitioned into four sub-

classes.

Note that whenever the sum-capacity is known, it is achieved by the HK scheme
with Gaussian inputs. Therefore, a step toward finding the sum-capacity can be the
full characterization of the achievable sum-rate of the HK scheme. In the following, we
briefly review the HK scheme. In particular, we review all cases for which the maximum

achievable sum-rate of the HK scheme is known.

2.2.2 Han-Kobayashi Coding Scheme

The HK scheme divides each message M;, i € {1,2} into two parts: public and private.
Following the notation of [37], M;; represents the private message at rate R;; and M
represents the public message at rate R;o. Consequently, R; = R;; + R;. Each encoder
uses superposition coding to encode its message: M, is encoded by the cloud center U;
and (M, M;;) is encoded by the satellite codeword X;. Then, using two power-splitting
variables, A\; and \g, each transmitter splits its available power between its public and
private messages. In fact, since the total power of the ¥ transmitter is limited to P;, the
total power is divided between the messages: \;P; is allocated to M;; and (1 — \;)P; is
allocated to M;q, where 0 < \; < 1.

The i** decoder uses joint decoding and finds the unique (10, ;) and some M(ie1)0,
such that (u?(140), Ul (MaGe1)0), €1 (Mo, M), yi') are jointly typical. Note that we did
not consider the time-sharing variable (). Moreover, the optimal input distribution is
still an open problem. In this study, we assume that both transmitters use Gaussian
distribution. For fixed values of (A1, A2), the average probability of error at decoders
approaches zero as the block length goes to infinity, if Ry and Ry satisfy the following

inequalities:

14



CHAPTER 2. MAxiMUM HK SuM-RATE

Ry < (1—|—a)\2P2>
R C<1+1b3§\1P1>
Ruv iy <o (B o 2R,
s <o(B) o ()
Rot Ry <o (MO | (MR
oh+ e <0(BER) L o(( M) o (RBEPY

It is worth mentioning that (2.12) is in fact the simplified description of the HK con-
straints, presented in [44]. Define Gy as all the rate pairs (R, Rz) € R? that satisfy all
the constraints of (2.12). Clearly, G is a function of (P, P2, A1, A2).

Moreover, if Ry and Rs satisfy all inequalities of (2.12), then the maximum achievable
sum-rate for a fixed power splitting (A, A2) is denoted by Rsum.uk, as expressed in the

following equation:

Rsum-HK(Ala )\2) = max R1 -+ RQ. (213)

R1,R2€G0

In this chapter, we investigate the maximum achievable sum-rate of the HK scheme

with Gaussian inputs. We first investigate the following optimization problem:

A Rt (. A 214
sum-HK )\1%2)[% 1] HK( 1 2) ( )

This optimization problem characterizes the optimal power allocation that maximizes
the HK sum-rate without time sharing. Although time sharing can strictly increase the
HK sum-rate, for all the cases that the sum-capacity is known, it is achieved by the HK
scheme without time sharing. Therefore, in the following, we first review the existing

results on the maximum HK sum-rate without time sharing.

2.2.3 Sum-Capacity versus Maximum HK Sum-Rate

It is important to note that for all cases in which the sum-capacity Cg,, is known, we

have Csym = Ry This means, although the time sharing variable () can increase the
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Optimal
max
Sub-class Cam RO o) Ref.
1-va—b | o R P R P,
C C -
RVb+P+as T (1+aP2)+ (1+bp) C(1+aPz)+C(1+bPl) Ly [10-12]
1-a 1-b R P,
- - - C 1 +C 2
0sR<=—=,0sP <= unknown (1+aPz) (1+bP) (€5 [41]
-a 1-b
0<B < 5 P, > ey unknown C(R,+bR) 0,3 [41]
p>1"2 gop 17D unknown C(R+aR) (L0) [41]
1ab T ab
1-a 1-b
H>¥,F’2 >¥ unknown Theorem 1 Theorem 1

Table 2.1: Sub-classes in the weak interference class and the corresponding sum-capacity

expressions and maximum sum-rate expressions.

achievable sum-rate, for all cases that the sum-capcity is knwon, it is achieved without
any time sahring. Let Rfﬁl{g}{ denote the achievable sum-rate when time sharing is used.
Although RJ>* I(_%K > Ru™ uk, for all cases that the sum-capacity is known, we have

max-
CSUTH - Rsum HK — Rsum—HK'

For instance, in the strong and the mixed interfere classes, R™> 3. is known. For
3 max-Q max _ : :
these classes, Cgqym is known and R, Hx = Roeiyk = Csum, as shown in Figure 2.1.

max

However, for the weak interference class, R\2* ;. is known only for a few sub-classes. A

primary goal of this chapter is to find RIX ;. for the entire weak interference class.

We first review all known results for the weak interference class. When interference is

somewhat weak, reference [41] shows that treating interference as noise achieves R%2% .

Therefore, in this sub-class, R 1 is given by

5! b
R =00 ) o(2), 215
sum-HK 1 +aP2 + 1 +bP1 ( )
Moreover, when a < %Plb and b > ﬁpw, maX uk 1s given by the same expression

corresponding to the mixed 1T class, i.e., b > 1 and a < 1 [41]. Therefore,

et =C(P) +min{ (1) o) (2.16)

Note that, for the weak interference class, (]<1 +aP2> > C’(lip 11)2>, and therefore, for
a < 1+Pb and b > 1+P , we have

Rinnk =C (P2 + bPy). (2.17)
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Figure 2.3: For fixed values of P, and P, the weak interference class is partitioned into
four sub-classes. These sub-classes and their corresponding maximum sum-rate expres-

sions are demonstrated in the ab-plane.

f 1 1 max : :
Similarly, when a > 757 and b < 15—, Rk 1s given by

sumrx =C (P1 + al). (2.18)

Table 2.1 summarizes all sub-classes for which R52* . is known.

Note that, for the barely weak interference sub-class, R ;1 has been unknown. This
chapter characterizes Rhax 1 for the barely weak interference sub-class. In Theorem 2.1,
we partition the barely weak interference sub-class into four smaller sub-classes, and for

3 max
each sub-class, we characterize R k-

Figure 2.3 demonstrates the sub-classes of Table 2.1 in the ab-plane. As mentioned
earlier, it is traditional to use the ab-plane to investigate different interference classes. In
fact, Figure 2.3 shows all sub-classes of Table 2.1 in the ab-plane, and for each sub-class,

X i 1s depicted. However, it turns out that it would be easier to investigate all these
sub-classes in the P} Py-plane. Figure 2.4 shows all sub-classes of Table 2.1 in the P, P»-

plane. In the following, as the main contribution of this chapter, we explicitly determine

the optimal power splitting policy that maximizes the sum-rate.
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Figure 2.4: For fixed values of a and b, the weak interference class is partitioned into
four sub-classless. These sub-classless and the corresponding maximum sum-rate are

demonstrated in the P, P>-plane.
2.3 Maximum HK Sum-Rate without Time Sharing

In this section, the maximum achievable sum-rate of the two-user GIC is investigated
when the HK scheme is used. The mathematical optimization problem that characterizes
the maximum sum-rate of the HK scheme is presented. Our main result is the solution to
this optimization problem. Note that Chapter 3 does not consider time sharing. Chapter

4 shows how time sharing increases the achievable sum-rate.

2.3.1 Main Results

Theorem 2.1 is the main result of this chapter. In this theorem, we characterize the

achievable sum-rate of the two-user GIC when the HK scheme is used.

Theorem 2.1. For the two-user Gaussian interference channel, when interference is

weak, the maximum achievable sum-rate of the HK scheme with Gaussian inputs and no
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time sharing is given by
max _
Rsum HK —

max{ (1—1—aP2> +O<1+bP1)’

CP1+CLP2,

( )
C(Py+bPy),
C(Pr 4 aPy) + g(A1, M) 1 (A > 0)1(Ap > 0)1(Ag > Ay),

C(Pr 4 aPy) + g(A, M) 1 (A > 0)1(Ae > 0)1(A > xz)}, (2.19)
where g(A1, Ay) = C(%) — C(bM\ Py) and (i, Xo) is given by
~ 1—a
A1 =ab—
1 a P1 )
~ 1-9
=ab— . 2.2
Ay =a P, ( 0)
Moreover, Xy is the non-negative solution of the following equation:
(02) 42 (14 bPic) (M) + (14 bPc)(abPic+a—1) 0 (2.21)
2T Pm+ Py) abPym(bPyom + Py) '
and \; is given by
A = mAy + ¢, (2.22)
where m and ¢ are given by
Py((1— Pi(1—ab
= B0 =)+ A —ab) (2.23)
P (1 =b+ Py(1 —ab))

~ P(L—b+ Py(1—ab))’

Theorem 2.1 shows that the maximum sum-rate of the HK scheme can have five
distinct mathematical expressions, depending on the values of a, b, P;, and P,. In fact,

this theorem partitions the weak interference class into five sub-classes. For each sub-

max

max k- Note that each sub-class is a region in R?. We

class, Theorem 2.1 computes R,

demonstrate these sub-classes in two different planes: the P, P>-plane and the ab-plane.

Figure 2.5 shows the P; P>-plane. This figure shows that quadrant I of the P; P>-plane

is partitioned into five regions, such that in each region, one of the expressions given in
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Figure 2.5: The maximum achievable sum-rate of the HK scheme (RE2 ) for the two-
user GIC with weak interference. The weak interference class is partitioned into five
sub-classes. For fixed (a,b), these sub-classes are demonstrated in the P P,-plane, and

for each sub-class, Riax i is characterized.

sum-

(2.19) is the maximum achievable sum-rate. Similarly, Figure 2.6 shows that quadrant
I of the ab-plane is partitioned into five regions, such that in each region, one of the

expressions given in (2.19) is the maximum achievable sum-rate.

Theorem 2.1 demonstrates the maximum achievable sum-rate expressions but does not
show the optimal power splitting. Each sum-rate expression is achieved by a particular

pair of power-splitting variables (A1, A2) as explained in the following theorem:

Theorem 2.2. For the two-user Gaussian interference channel, when interference is
weak, the mazimum achievable sum-rate of the HK scheme with Gaussian inputs and no

time sharing 1s given by

Rk = Rsamnk (A7, A3), (2.25)

20



CHAPTER 2. MAxiMUM HK SuM-RATE

b _ l-a+P
~P+(1-a)(aP,+)

2
1 \____———',
meHK_C(P +bR ) T i

'
1

;o ~ 1-b+P,
L /&R +a-b)bR
Lo R =C(RraR)+g(hA z) !

Rk =C(R +aR,)+
1-a 1-b
g2 a-1oh)

Figure 2.6: The maximum achievable sum-rate of the HK scheme for the two-user GIC

with weak interference. The weak interference class is partitioned into five sub-classes,

and for each sub-class, R 1y is characterized.

where Reymux 15 defined in (2.13) and the optimal power splitting (A}, \3) is given by

(A1, A3) =
( (0,0) f (a,b, Py, Py) € somewhat weak sub-class,
(A} >¢,0) if (a,b, P, P2) € weakly mized I sub-class ,
(0,X5 > ) if (a,b, Py, Py) € weakly mized II sub-class, (2.26)
(A1, 5\ 2) f (a,b, P, Py) € power splitting I sub-class ,
\ (A1, ) f (a,b, P1, Py) € power splitting II sub-class,

where ¢ and ¢ are given by

. P(1-b)—Py(1—a)
- Pi(L—b+ Py(1—ab))’

, . Py(l—a)— P(1-0)
- Py(l—a+ Pi(1—ab))’

and the descriptions of all sub-classes are given in Table 2.2.

(2.27)

Table 2.2 shows how the entire weak interference class is partitioned into five sub-
classes. For each sub-class, the maximum achievable sum-rate and (A}, A}), the optimal
values of A; and Ay that result in the maximum achievable sum-rate, are specified. Note

that the optimal power splitting is unique for three sub-classes, namely somewhat weak,
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Sub-class I mex Optimal
Name Sub-class Description " )
Somewhat Osas%‘, b 5
C(—L)+C(—=2—
Weak b (l+al32) (1+ba) @1
Interference 0sp,s—-.
Weakly ps1-2
nterference OSPZSmaX{—,( ) B +b-1)
| ab 1-a
Weakly P J1-b
InthiXed 12 alb b C(R,+bR) (L0)
errerence OsPlsmax{—a,( fl)a p+a-1.
1 ab’ 1-b
1-a 1-b 0. l-a
rower P cRrar)+ | AT¥TRY
L ~ 1-b 0 30 _
Splitting | A,zab- . 94, 4;) AZD:ab—l b.
i P
p> L %prag
Non-zero - C(P+aPR)+
rower R Rl oot (o)
itti - g(A1,12
Splitting 11 R 1-b
A <ab-
)

Table 2.2: The weak interference class is partitioned into five sub-classes. For each
sub-class, the optimal power splitting (A, A3) and the corresponding optimal sum-rate

RIS i are given.

sum-

power splitting I, and power splitting II. However, for the weakly mixed I sub-class any
(A7, 0) that satisfies ¢ < A7 < 1 is an optimal power splitting. Similarly, for the weakly

mixed IT sub-class, any (0, \3) that satisfies ¢ < A7 < 1 is an optimal power splitting.

To prove Theorem 2.1 and Theorem 2.2, we first need to derive an optimization
problem that characterizes the maximum sum-rate of the HK scheme, as provided in the

following.

2.3.2 The Optimization Problem Corresponding to the Maxi-
mum HK Sum-Rate

The HK scheme imposes several bounds on the achievable sum-rate. For a given interfer-
ence class, some of these bounds may not be active. Consequently, one can simplify the

mathematical expression that characterizes the maximum HK sum-rate. In the following
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theorem, we show that, for the weak interference class, exactly three bounds are active.

Theorem 2.3. For the two-user Gaussian interference channel with weak interference,
the maximum achievable sum-rate of the HK scheme with Gaussian inputs and no time

sharing is given by the following optimization problem:

Rimonk =
APy Ao Py
Cl———— )+ C(—————
Al,rfl%’[%,u{ P w Rl e s w R
. 5\1P1 + Clj\gpz 5\2P2 + bj\lpl
min {C’( ,C )
1—|—)\1P1+a,)\2P2 1—|—)\2P2+b)\1pl
o P, b\ P,
() + C S 22
1+)\1P1—|—a)\2P2 1+/\2P2+b>\1P1
Proof. To be presented after Lemma 2.1. n

We first need to find a compact upper bound on the achievable sum-rate of the HK
scheme. If we directly use (2.12) to find an upper bound on the maximum achievable

sum-rate of the HK scheme, we would obtain the following optimization problem:

max

sum-HK —
. APy APy
Al)\nli}[f),l]{mln{C(l—f-a)\gpg)+C(1—|—b/\1P1)7
C(P1+(l)\2P2) C( )\QPQ )7
1—|—a)\2P2 1+b>\1P1
C<P2+b)\ P1> < >\1P1 )
1+ b\ Py 1+ alo Py 7
)\pl—f-a)\gpg )\2P2+5\1P1
C Cl————
< 1+ adao b > ( 1+ 0\ P, )
1 P,
1+a)\2P2)+C( )\1P1 >
1+a)\2P2 1"‘0J)\2P2

(T ()
(B o ),
C(%) + C<1+Z;1AQPQ>) }] . (2.29)

Note that (2.29) involves minimization over six different functions, whereas (2.28)

involves minimization over only three functions. We prove that, for the weak interference
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class, (2.29) and (2.28) are equivalent. To do so, we first look at the HK scheme in detail.
The HK scheme jointly decodes the common messages and the intended private message
at each receiver. However, we show that, if the common messages are decoded first while
treating the private messages as noise, and then the private messages are decoded, the

HK achievable sum-rate does not decrease. The following lemma describes this point.

Lemma 2.1. For the two-user interference channel, if the HK scheme first decodes the
common messages while treating the private messages as noise and then decodes the pri-
vate messages, it achieves the sum-rate of the classical HK scheme, in which common

messages and the intended private message are jointly decoded at each receiver.

Proof. This idea has been mentioned in [13,40] without formal proof. For the sake of
completeness, we provide its proof. As explained in the previous section, in the HK
scheme, decoder 1 finds the unique message pair (g, m1;) and some gy, such that
(u} (o), ul (Mag), 27 (1o, 1), y7) are jointly typical. It can be shown [37] that the
probability of error for the first receiver approaches zero as the block length n goes to

infinity, if

Ry <I(X1; Y1|U4, Us),

(
Rui + Rip <I(X1; Yi|Us),
Riy + Ry <I(Xy,Us; Y1|U1),
(

Ry + R10 + RQO <I Xl, UQ; Yi) (230)

However, if successive decoding is used instead of joint decoding, i.e., decoder 1 first
finds the unique pair (m1g, M), and then finds the unique 4y, the probability of error

approaches zero, if

Ry <I(X1; Y1|U4, Us),

(

Ry <I(Uy; Y1|U2),

Ry <I(Us; Y1[U1),
(

R10+R20 <J Ul,UQ;Yl). (231)
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Note that we have

I(X1;Y1|Uy) = I(Uy; Y1|Us) + 1(Xq; Y1 Uy, Us), (2.32)
I(Xq, Uy Y1|Uy) = I(Ug; Y1 |Uv) + 1(Xq; Y1 |Uy, Us), (2.33)
I(X1,Up Y1) = I(Uy, U; Y1) + 1(Xq; Y1 Uy, Us). (2.34)

Therefore, the rate region characterized by (2.31) is a sub-set of the rate region charac-
terized by (2.30). Similarly, one can prove the same argument for decoder 2. However,
using Fourier-Motzkin elimination, one can show that both schemes impose the same set
of constraints on Ry + Ry = Ry + Ras + Rig + Ro. In fact, both schemes impose the

following four constraints on the sum-rate:

Ry + Ry < I(X1;Y1|Us) + 1(Xo; Ya|Uy), (2.35)
Ry + Ry < I(Xy; V1|UL, Us) + I(Uy, X3 Ya), (2.36)
Ri+ Ry < I(Xs; Ya|Uy, Us) + I(Us, X13 Y1), (2.37)
Ry + Ry < I(Us, Xi; A|UL) + I(U, Xo; Ya|Us). (2.38)

This lemma facilitates finding a compact upper bound on the achievable sum-rate of

the HK scheme. We use this lemma to prove Theorem 2.3.

Proof. Here we provide the proof of Theorem 2.3. According to Lemma 2.1, for the

two-user GIC, the rate of private messages should satisfy the following constraints:

Ry < C’(H}\;—])D\;P),
Ao Ps )

< e s
B < C<1+b)\1P1

(2.39)
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Similarly, the rate of common messages should satisfy the following constraints:

M P
1+ )\1P1 + a/)\QPQ)’
aro Py
1+ MP+ aA2P2>
MNP+ a\ Py
14+ MP+ aAQPQ)’

(
<
( Ao Py
(
<

Rm§0<

Y

14+ XN Py + 0\ P
b\ P
14+ X P + b\ Py
Ao Py + b\ Py )
14+ XoP + b\ Py

(2.40)

Note that the first three bounds in (2.40) are the MAC bounds at receiver Y; when
common messages with the power of A\ P, + a\y P, are treated as noise. Similarly, the
last three bounds in (2.40) are the MAC bounds at receiver Y2 when common messages

with the power of \s P, + b\ P, are treated as noise.

From (2.39), it is clear that there is only one constraint on Ry; + R as follows:

Riy+ Ry < C(HA;—];%) C(%). (2.41)
However, (2.40) imposes six constraints on Ry + Ro; as follows:

Rig + Ry < min {

(o) Ginrmn) 242)
C(s i ig?;f 2) 7 (2.43)
O(HAQZPj ) +C<1+A2b1§21i1mlpl>’ (2.44)
C<1if§?§i 1) _ (2.45)
i) i) o
C(l + Afﬁgfa&g) * 0(1 + AQbJ;\;ileIP1> } (247)

Note that constraint (2.42) is always looser than (2.43). Similarly, constraint (2.44)

is always looser than (2.45). Moreover, (2.46) is the sum of “direct” individual rates,
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whereas (2.47) is the sum of “cross” individual rates. In the following, we show that

constraint (2.46) is always looser than (2.47).

(o) i)
1+)\1P1+&)\2P2 1+>\2P2+b)\1pl

ars Py b\ Py
> C c
= (1+)\1P1+a)\2P2> + <1+)\2P2+b)\1P1)

<=>(]_+P1—I—(l)\gpg)(l—f-PQ—f—b)\lPl)

Z (1+)\1P1+CLP2)(1+/\2P2+6P1)

P2bA\; + P2a)y + Py Py(1 4+ A\ hoab)
(a)
> 14 Py(b+ M) + Pala+ Xo) + PEbAL + Piady + Py Py (M Ay + ab), (2.48)

where (a) is valid because for 0 < a < 1,0 < b < 1,0 < A\ < 1,and 0 < Ay < 1, the

following inequalities are valid:

14 0M\ >b+ Ay,
1-'-&)\2 Za+)\2,

1+ )\1/\2ab 2)\1)\2 + ab. (249)

The above arguments show that R+ Rs is upper bounded by only (2.43), (2.45), and
(2.47). Moreover, there is only one constraint (2.41) on (Rjp+Ra0). Since Rgum-nk (A1, A2) =
(R11+Ra22)+(R10+Rao), the HK scheme imposes only three constraints on Rgym -k (A1, A2).

. max .
Therefore, for the weak interference class, RaX 1 is given by

St = sum- A 7)\
sum-HK Al,)\nfé:[%,l]R HK( 1 2)
APy Ao Py
- O(—2U1 o222
Al)\Ir;Eé}[g,l][ (1 +CL)\2P2) + <1+b)\1pl)+
. 5\1P1 + CLS\QPQ S\QPQ + bj\lpl
min {C’( , ,
1+)\1P1+(1)\2P2 1+)\2P2+b/\1P1
o P b\ P
Ol ps) + € Lo, @s0)
1+)\1P1—|—a)\2P2 1+)\2P2+b)\1pl
and this completes the proof of Theorem 2.3. ]

We frequently use the following lemma which facilitates deriving compact expressions.
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Lemma 2.2. If P;, P», and N are all positive real numbers, then we have

() +(piw) = (P77 (251
Proof.
o() + () =z (T) + 3o ()
3 P2—|—P1+N
=glos(=—5 )
C(Pl PQ) (2.52)
N

2.3.3 The Proposed Optimization Technique for Maximizing
the HK Sum-Rate

To prove Theorem 2.1, we first review an optimization technique to find the global max-
imum of an arbitrary function. Note that, according to Fermat’s theorem (also known
as Interior extremum theorem), the global maximum of a differentiable function f over
a feasible region A is achieved at one of the following points: a stationary point or a
boundary point [45]. In particular, assume that fi(x) and fa(x) are both functions from
R* to R* which are differentiable over [0,1]. Now, consider the following optimization

problem:

max mm{fl( ), fg(a;)} (2.53)

0<z<1,

Define fuin(z) = min{ fi(z), fg(x)} We can thus rewrite the optimization problem as

max fin (). (2.54)

0<z<1,

If fuin(z) were differentiable over [0, 1], then the optimal solution xz* would be either a
stationary point (<Lg(2*) = 0) or a boundary point (z* = 0 or z* = 1). Since fuwm(z) =
min { fi(z), fg(x)}, fmin(z) may not be differentiable over [0, 1]; however, since f;(z) and
fo(x) are both differentiable, the only points at which fu,;,(z) may not be differentiable
is when fi(z) = fo(z). Therefore, if 2* is the optimal solution of (2.53), it belongs to
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f.

0 X X X=1 X

Figure 2.7: To find the maximum of min{ f,(z), fo(z)} over [0, 1], it is sufficient to check
all stationary points like x3 and all boundary points like x; and all non-differentiable

points like x,,4.

one of the following categories: I- stationary points, II- boundary points, and III- non-
differentiable points. Consequently, the search for the optimal solution of (2.53), in the

feasible region [0, 1], can be restricted to the three categories of points mentioned above.

Relying on this perspective, we can solve the optimization problem in Theorem 2.3.

Define hg(A1, Ag) = 0(14:\5\321132) + 0(131;?131)' In fact, ho(A1, A2) represents the sum-rate

of private messages. Moreover, define hi(A1, A2), ha(A1, A2), and hg(A1, A2) as follows:

MNP+ a\ Py >

hl()\la )\2) ihOO‘l? >‘2) + C<1 + MP + ado Py

(a) P1 =+ (I;\QPQ )‘2P2
@ (Prtarelly | 0 AP 2.55
<1+a)\2P2> <1+bA1P1>’ 2
' Ao Py + b\ P
h?()\la )‘2) :h0(>\17 >\2) + C(l +2)\22P2 + ;)\11P1>
® (P~ bAL P, APy
O (Pt WP RS 2.56
<1+b)\1p1) <1+CL>\2P2>’ | )
' as P
ha(A1, A2) =ho(Ar; A) + C(1 + /\1P12+2a/\2P2>+
b P,
C(l + )\gpz + b)\1P1>
(©) (M P+ ad Py APy + DA Py
© (M P+ ado Py A2l T bAL 2.
C( 1+ a\ P, ) C( 1+b\ Py ) 290

where (a), (b), and (c¢) are valid by Lemma 2.2. Then the optimization problem of Theo-
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rem 2.3 is equivalent to
R uam oKk — Max R, um-HK A ,)\
sum- A1,A2€[0,1] ® ( ! 2)

p— 1 . 2-
)\17)\%2}[((),1] min {hl()\ly )\2), hg()\l, )\2), hg()\l, )\2)} ( 58)

Similar to (2.53), the search for the optimal solution of (2.58) can be restricted to three
categories of points, namely stationary points, boundary points, and non-differentiable

points. In the following, we describe each category.

In order to analyze this optimization problem, it is useful to know the condition under
which one function inside the min is less than the other function. The following lemma

describes this condition.

Lemma 2.3. For hi(A1, \2), ho(A1, A2) and hs(A1, \2) defined in (2.55-2.57), we have

A) h1(>\17 )\2) < hg()\l, )\2) s Py > " or \; =1 (259)
— A2
oA <ab— ——or A\ = 1. (2.60)
2
B) ha(A1 Ae) < ha(Ai, do) & Pr 2 —— oot d=1 (2.61)
- Al
1—a
S\ <ab-— or \y = 1. (2.62)

1

C) hl()\h )\2) S hg()\l, )\2) = Pl((l — b)(l — )\1))
+ Plpg((l — ab)()\g — )\1))
< B((1=a)(1 = A2)) (2.63)

S A > mAy + C, (264)

where m and ¢ are given in 2.23 and 2.24, respectively.
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Proof. The proof is straightforward. In fact, for part A, we have

hi(A1, A2) <hs(A1, A2)
Py 4 aXy Py Ao Py
<1+CL>\2P2> C<1—|—b>\1P1>
/\1P1 + Cl/\ng )\QPQ + bj\lpl
<C -
- < 1+a)\2P2 )+ ( 1‘|‘b)\1P1 )
M P
Yo
<1+a/\2P2+)\1P1++a)\2P2>
b\ P,
C<1+b)\ P1+)\2P2>
1-b
Shi=1lor B> 3
ab — A2
1-b
Sh=1lor \<ab-— 7 (2.65)
2

where (a) is valid by Lemma 2.2.

The proof of part B follows similarly. For part C', we have

hi(A1, A2) <hg(A1, A2)
P o P, Ao P

‘:’C< 1:_;)\22]322) C<1 +§)A?P1>_

oM o (M)
A\ P o P

So(onn o)
Ao Py + b\, P,

C<1 n b;jal +1)\21P2>

@Pl(l — b)(l — )\1) + P1P2(1 — (Ib)()\g — )\1)
SPQ(]_ — (I)(]_ — /\2)

SN\ >mhs + o, (2.66)

where (b) is valid by Lemma 2.2. This completes the proof.

O

In the following, we investigate three different categories of points in detail. The

optimal power splitting belongs to one of these categories.
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2.3.4 Three Categories of Points Corresponding to Optimal Power
Splitting

To find the optimal solution of (2.58), we need to investigate the following three categories

of points:

I- Stationary Points: If (A;, \2) is a stationary point of min{h;(), ha(), hs()}, then it
is a stationary point of hi() or hs() or hs(). Therefore, the category of stationary points
represents (A1, A2), such that (A1, A2) is a stationary point of hy() or ha() or hs() inside the
region 0 < A; < 1,0 < Ay < 1. Moreover, a stationary point (A, Az) corresponding to hi()
can be the optimal solution of (2.58), if we have hy (A1, A2) < min {hg(/\l, o), hs(Aq, )\2)}.
Similar arguments follow for hs() and hs(). Since we have three functions, we have three
sub-categories of stationary points, namely S;, Ss, and S3. These sub-categories are

described by the following sets:

S, = {()\1,>\2) A € (0,1), VA (A, A) = 0,

hy(Ar, Az) < min {hy(Ar, Ag), hg(/\l,)\g)}}, (2.67)
S, = {(Al,AQ) A e € (0,1), Vhs(A, As) = 0,

ha(Ay, A) < min {hy (A1, Ag), hs(Aa, )\2)}, (2.68)
Sy = {()\1,)\2) A s € (0,1), Vhg(A, A) = 0,

h(Ar, A2) < min {hy(Ar, Aa), ha(Ar, AQ)}. (2.69)

I1- Boundary Points: Since 0 < A; < 1 and 0 < Ay < 1, the boundary of the feasible
region consists of four line segments. Each line segment is a sub-category of boundary

points, as described by the following sets:

By ={(A,0):0< A\ <1}, (2.70)
By={(A\,1):0< A\ <1}, (2.71)
Bs = {(0,X) : 0 < Ay < 1}, (2.72)
Bi={(1,A):0< A\ <1} (2.73)

I11- Non-differentiable Points: This category includes all (A1, A2) where

min{hi (A1, A2), 2 (A1, A2), hg(A1, A2) }
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can be non-differentiable. This category is the union of all (A, Ay) for which two of h;()s
are equal and are less than the third one. Since we have three functions, we have three

sub-categories of non-differentiable points, as described by the following sets:

ND, = {()\1’)\2) SAL A € (0,1), (A, Ag) = ha(Ag, Ag) < h3()\la)\2)}> (2.74)
ND2 = {(>\17 )\2) : )\1; )‘2 € (07 1)7 h2()‘1’/\2> = h3(>\17 >‘2) S hl()‘h )\2)}’ (275)
ND; = {(/\1,>\2) DAL A2 €(0,1), ha(Ar, A2) = hi(Ar, Ag) < h2()\1,)\2)}- (2.76)

Note that, if (A1, Ay) belongs to one of the sub-categories of non-differentiable points,
it is not necessarily a non-differentiable point of min{h;(), h2(), h3()}. However, if (A1, A2)
is a non-differentiable point of min{h;(), h2(), h3()}, it necessarily belongs to one of the

sub-categories of non-differentiable points.

2.3.5 A Sufficient Condition for Optimal Power Splitting

If (A%, A3) is the optimal solution of (2.58), it must belong to one of the three categories
of points, listed above. In the following, we investigate each category in detail and find
all points of each category that can maximize the sum-rate. By comparing the achievable
sum-rate of all these points, we find the optimal solution of (2.58). To demonstrate our
proof more clearly, we investigate each category in a separate lemma. We first find a

sufficient condition under which the point (A;, A2) is the optimal solution of (2.58).

Lemma 2.4. Sufficient condition for optimality: Let m € {1,2,3} be a fixed integer. If

(AT, AS) is the optimal solution of

2.
Alglg)[é,uhm()\l’ A2), (2.77)
and if we have
hm (AT, A5) < (AT, A3), (2.78)

for every j € {1,2,3}, then (A}, A3) is the optimal solution of

max min{h1<)\1,)\2),hg(/\hAg),hg(/\l,/\g)}. (279)

A1,22€[0,1]
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Proof. Note that, for (A1, A2) = (A}, A3), according to (2.78), we have
min {hl(/\’{, D), ha(N5 A5), Ry (M, A;)} = h (A5 D). (2.80)
Let us denote the optimal solution of (2.79) by (A, A3). According to (2.80), we have
min {hl(A;, AL, ha(N5, AS), ha (M, A;)} > ho (A5, L), (2.81)
Note that (2.81) implies that
BV A3) > i (M, X3). (2.8

On the other hand, according to (2.77), (A%, A3) is the optimal solution of A Iila)[é ]hm(Al, A2).
1,A2€[0,1

Therefore, we have
P (AT A3) < hi (A, AS). (2.83)

Comparing (2.82) with (2.83), we conclude that h,, (A5, A5) = h, (A7, A5). This completes
the proof. n

In the following, we use this sufficient condition to characterize the maximum achiev-

able sum-rate for some parts of the weak interference class.

2.3.6 Maximum HK Sum-Rate over Stationary Points

Next, we investigate the first category of points, i.e., stationary points. We show that
over the feasible region 0 < A\; < 1, 0 < Ay < 1, the optimization problem (2.58) has no

stationary points, as described in the following lemma:

Lemma 2.5. Stationary points: Over 0 < A\ < 1, 0 < Ay < 1, no stationary points
exist, that is, the equation V(h;(A1, \2)) = 0, i € {1,2,3} has no solutions. Therefore, the
optimal solution of (2.58) is either over the boundary points or over the non-differentiable

points.

Proof. Let us start with S; and S;. To find all solutions of V(hy(A1, A2)) = 0, we first

calculate V(hy(A1, A2)) as follows:
Ohy(A1, A2)~  Ohy(A1, A2) -
o 1( 1, 2) : + 1( 1, 2)]

V(hl()\l, )\2)) = 8)\1 1 a)\Z
B —bAs Py P L B-a-dnp);
(TP (L + P+ XaPy) (14 aPo)o)(1+ 0P+ XoPy)

(2.84)
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P +aP
o |~ C(R+aP)
0 constant 1-a 1 Al

Figure 2.8: The behavior of hi(Ay, Ay) over the boundary.

Therefore, V(hi(A1, A2)) = (0,0) has no solutions over 0 < Ay < 1, 0 < Ay < 1.

Similarly, one can calculate V(ha(A1, A2)) as follows:

~ Oha(M, o)+ ahQ(Al,AQ)j

V(ha(A1, Ma)) = ;
( 2( 1 2)) O\ O\
. Pl(l —b— ab)\QPQ)% i —CLAl.PQPlj
—(1 + bPl)q)(l + CLP2>\2 + )\1P1) (1 + Cng/\g)(l + aPQ)\Q + )\1P1) ’

(2.85)
One can show that V(ha(A1, A2)) = (0,0) has no solutions over 0 < A\; < 1,0 < Ag < 1.

Next, we consider S3. We first calculate V(h3(A1, A2)) as follows:

Ohs(A1,A2)~  Ohs(A1, A2) -
Yk, 1)) = Lol Dldn )

Pi(1—b— abPy)i Py(1—a—abPy)j
— + . (2.86)
(1+bP1>\1)<1+6LP2+P1)\1) (1—|—CLP2>\2)(1—|—6P1—|—P2)\2)

Clearly, V(h3(A1, A2)) = 0 has no solutions in 0 < A\; < 1, 0 < Ay < 1, and this completes
the proof. n

An interesting observation about Lemma 2.5 is the behavior of hy(A1, A2), ha(A1, A2),
and h3(Aq, A2). According to Lemma 2.5, none of these functions has a stationary point
inside the feasible region. Therefore, they all achieve their maximums over the bound-
ary. Figure 2.8 demonstrates the behavior of hi(A1, A\2) over the boundary. Note that,
according to (2.84), as (A1, A2) moves from (0,0) to (0,1), the value of hy (A1, A2) increases
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from C(P, + aPy) to C(P,) + C<1+(LP ). Moreover, as (A1, A2) moves from (1,0) to (1,1),
the value of hi(\1, \y) decreases from C(P; + aP,) to C’(pr ) + C’(1+ap ). Therefore,
hi(A1, A2) achieves its maximum value of C(P,) + C(—% (A1 = 0,22 = 1) and its

1+aP2 ) at

minimum value of O(1+bP1) + O(1+aP2) at (A\; = 1,\y = 1). Moreover, according to

(2.84), Vhi(A1, X2) equals zero in the direction of j, for Ay = Therefore the function

abP

hi(A1, A2) remains constant over the line A\ = as depicted in Figure 2.8.

R

Similarly, Figure 2.9 demonstrates the behavior of hy(A1, A2) over the boundary. Note
that, according to (2.84), as (A1, Ag) moves from (0,0) to (1,0), the value of ho(A1, A2)
increases from C (P, + bP;) to C(Py) + C’(pr ).
to (1,1), the value of hi(A1, A2) decreases from C(P + bP;) to C(1+bP ) + C(1+ap2>
Yat (A =1,A =0)

Moreover, as (A1, A2) moves from (0,1)

Therefore, hiy (A1, A2) achieves its maximum value of C(Py) + C( 2

and its minimum value of C(1+bP1) + C(1+aP2) at (A =1, =1).

The behavior of h3(A1, A2) can be used to find R .. The sign of V(h3(A1, A2)),
corresponding to both directions 7 and j’, does not depend on A; or Ay and depends
only on (a, b, P, P;). Therefore, for each direction, hg(A1, A2) is either strictly increasing
or strictly decreasing, as shown in Figure 2.10. Consequently, h3(A;, A2) achieves its
maximum at one of the four corner points of the feasible region, namely (A\; = 0, Ay = 0),

(M =0\ =1), (A1 =1,A =0), and (A\; = 1, s = 1). This property can be used in

conjunction with Lemma 2.4 to find R23X 1, as explained in the following remark.

Remark 2.1. In this remark, we partition the weak interference class into four sub-
classes. Using Lemma 2.4, we characterize RLX 1 for three sub-classes. For one
sub-class, namely the barely weak interference sub-class, Lemma 2.4 cannot character-
1ze Ry i

A) If P < 5% and P, < 122, then V(hg(A1, X2)) has positive values in both directions
i and j. Therefore, hg()\l,)\g) achieves its mazimum when (A = 1,\y = 1), that is,

when the entire interference is treated as noise in both decoders. The maximum value of

hg(/\l,/\g) iS
max hg()\l,)\z) h3<1,1)

A1,A2€[0,1] ) Pl P2
B <1+aP2)+C<1—|—bP1>’ (2.87)

as shown in Figure 2.10A. One can check that hs(1,1) = hy(1,1) = he(1,1). By
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Figure 2.9: The behavior of hy(A1, Ay) over the boundary.

Lemma 2.4, this means if Py < ~=* and P < la—_bb, treating interference as moise mazx-
imizes the achievable sum-rate of the HK scheme with Gaussian inputs and no time

sharing. Therefore, we have

P Py
max . 2.
sum-HK C(1+CLP2>+C<1+Z)P1> ( 88)
B) If P, < =% and P, > 122, then V(hs(A, \2)) has negative value in the direction

of © and positive value in the direction of j. Therefore, h3(A1, A2) achieves its maximum
when A\ = 0 and Ay = 1, that is when the entire interference is teated as moise in the
first decoder and the entire interference is decoded in the second decoder. As a result, the

mazximum value of hg(A1, A2) is given by

max hg(/\l,/\2> = hg(O 1) =C

A1 )\QE[O 1]

VS

P+ bP1>, (2.89)

as shown in Figure 2.10B. One can check that hs(0, )
By Lemma 2.4, this means, if P, < a—“ and Py, >

IN

h (0, ].) and h3(0, ].) S hg(o, 1)
, (A1, A2) = (0,1) s the optimal

Q.‘|
c-

solution of (2.58), and the mazimum achievable sum-rate is given by:

sum-H

Rumax C<P2 + bP1>. (2.90)

C) If PL > % and P, < 5, one can show that (i, As) = (1,0) is the optimal

solution of (2.58), and the mazimum achievable sum-rate is given by

sum-HK = C(P1 + aP2>. (2.91)
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Figure 2.10: The behavior of h3(A1, A2) over the boundary

This is in agreement with the result of [41].
D) If P, > 1a_—b“ and Py > 1a—_bb, i.e., for the barely weak interference sub-class, V(hg(A1, A2))
has negative values in both directions i and j. Therefore, h3(A1, A2) achieves its mazimum

when (A = 0, o = 0), that is, when the entire interference is decoded at both decoders.

The maximum value of h3(A1, \2) is

max hg()\l, )\2) = h3(0 O) C(GPQ) + C(bP1>, (292)
A1,A2€[0,1]

as shown in Figure 2.10D. However, we cannot use Lemma 2.4, because the following

inequalities are not satisfied:
h3(0,0) < h1(0,0),
h3(0,0) < hy(0,0). (2.93)
For the barely weak interference sub-class, we have
hs(0,0) = C(aPy) + C(bPy) > hi(0,0) = C(P, + ab),
hs3(0,0) = C(aPy) + C(bPy) > h2(0,0) = C(Py, + bPy), (2.94)
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Figure 2.11: Four sub-categories of the boundary points: the optimal point and the

maximum sum-rate corresponding to each sub-category.

and consequently, (2.92) is not the maximum achievable sum-rate. In fact, we will later
show that for the weak interference class, (A1, A\a) = (0,0) is never the optimal solution
of (2.58), i.e., SND does not achieve REZX . as will be explained in Corollary 2.1.
Note that, for the barely weak interference sub-class, the maximum achievable sum-rate
has been unknown. In the rest of our analysis, we focus on the barely weak interference

sub-class, that is, we assume that P; > 1;—1;1 and Py > %bb

2.3.7 Maximum HK Sum-Rate over Boundary Points

Now that we have investigated the behavior of hq (A1, A2), ha(A1, A2), and h3(A1, A2) over

the boundary, we investigate the behavior of
min{h1(A1A2), ha(A1, A2), ha(A1, A2)}
and find all local maximum points over the boundary.

Lemma 2.6. Boundary points: For the boundary points, when P, > =2 and P, > =°

ab “ab ’
define ¢ = P(d-b)-P-a) o7 - P0-a-Ad-b
Py (1—b+P2(1_ab)) Py (1—a+P1(1—ab))

, then we have

2.0-A: For the sub-category of boundary points By, i.e., Ao = 0, the optimal \i is
not unique. In fact, any A\ € [[c]+, 1} 15 an optimal solution, and the corresponding

mazximum sum-rate is given by C(P, + aPy), as shown in Figure 2.11.
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2.6-B: For the sub-category of boundary points Bs, i.e., Ay = 1, \] = 0 is the unique
optimal solution, and the corresponding mazximum sum-rate is given by C(Py + bPy), as

shown in Figure 2.11.

2.6-C: For the sub-category of boundary points Bs, i.e., \y = 0, the optimal Ay is
not unique. In fact, any N € [[c’]*,l} is an optimal solution, and the corresponding

mazximum sum-rate is given by C(Py + bPy), as shown in Figure 2.11.

2.6-D: For the sub-category of boundary points By, i.e., \y = 1, A5 = 0 is the unique
optimal solution, and the corresponding mazimum sum-rate is given by C(P, + aP,), as

shown in Figure 2.11.

Proof. 2.6-A: When \y = 0 and 0 < A\; < 1, the optimization problem (2.58) reduces to

max Rsum—HK()\ly )\2) = Imax min {hl()\la O), hg()\l, O), hg()\l, O)}

)\1,)\26[0,1] 0<A1<1
(@) .
< max min {hl()\l, 0), ha( 1, 0)}, (2.95)
where (a) is valid because, for Ay = 0 and P, > 1a—_bb, according to Lemma 2.3, we have

h1(A1,0) < hgz(A1,0). To solve the optimization problem (2.95), we first characterize
min {hl()\l, 0), ha( 1, 0)} as follows:

Note that hi(A1,0) = C(MP) + C(Alf;—ﬂf) — C(P, + aP,). Therefore, hi (A1, 0)

is a constant function for all values of A;. On the other hand, hy(A1,0) = C(\MPy) +

b Pi+Ps Ohi(A1,0) Py P .. .
C’( W ) Therefore, we have =532~ = 755 — Tpe; = 0. This implies that

ha(A1,0) is an increasing function over A; € [0,1]. Finally, according to Lemma 2.3,

< . . > _ Pl(lfb)fpz(lfa) )
hi(A1,0) < ho(Aq,0) if and only if A\ > ¢ P (1_b+P2(1_ab)) Consequently, we have

hg()\l,O) if )\1 <c

min {hl()\l, 0), ha(A1,0) b = (2.96)
} hl(/\l,O) if )\1 Z C.
Moreover, since hs(A1,0) is an increasing function, we conclude that
max min {hl()\l, 0), ha( A1, 0)} =1 (X}, 0)
:C(Pl —|— CLP2>, (297)

and any A} > max{c,0} is an optimal solution. This completes the proof of 2.6-A of
Lemma 2.6. Figure 2.11 shows that any A} that is greater than c achieves the maximum

sum-rate over the boundary sub-category B;.
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2.6-B: When Ay = 1 and 0 < \; < 1, the optimization problem (2.58) reduces to

max  Rewnnx (A1, Ao) = max min{hl()\l,1),h2()\1,1),h3()\1,1)}

)\1,/\26[0,1] 0<A1<1
@ max ha(A1,1), (2.98)

0<\ <1
where (a) is valid, because by Lemma 2.3, for Ay = 1, we have hy(\,1) = h3(A,1) <

hi(A1,1). Moreover, according to (2.56), ha(A,1) = C(%;\lljfll) —1—0(%). Therefore,

8h2(/\1,1) _ P . Pib o Pl(lfbfabPQ) : 1-b
. T TPnTals T TEPON — (FPouraB)(aPoy)c Omce P > R we see that
Oha(A1,1)

ox, s strictly negative over [0,1]. Therefore, hy(A1, 1) achieves its maximum when
A1 = 0. The maximum of (2.98) is C(P, + bP;). This completes the proof of 2.6-B of
Lemma 2.6. Figure 2.11 shows that (A, As) = (0,1) achieves the maximum sum-rate,

over the boundary sub-category Bs.

Note that the proof of 2.6-C and 2.6-D follows by exchanging the indices 1, 2, as well
as exchanging the cross-link gains a and b, in the proof of 2.6-A and 2.6-B, respectively.
Figure 2.11 summarizes all parts of this lemma. It demonstrates the optimal point over

each sub-category of the boundary points. This completes the proof of Lemma 2.6. [

Lemma 2.6 completely characterizes the sum-rate corresponding to the boundary
of the feasible region. The constants ¢ and ¢ determine the optimal points over the
boundary. Note that if ¢ is positive, then ¢ is negative, and therefore, ¢’ does not restrict
the optimal points over the boundary. Similarly, if ¢’ is positive, then ¢ is negative, and
therefore, ¢ does not restrict the optimal points over the boundary. Figure 2.12 shows the
achievable sum-rate over the boundary, when c¢ is positive. Note that for (A} = 0, Ay = 0),
the achievable sum-rate is given by min{C(P, + aPs),C(P; + bP))} = C(P> +bPy). If
A1 remains zero, but A, starts to increase, the achievable sum-rate remains constant.
However, if Ay remains zero, but A; starts to increase, the achievable sum-rate increases,
until A; = ¢. At this point, the achievable sum-rate is given by min{C'(P; + aP,), C'(P: +
bP)} = C(Py + abP,). If A\ increases further, the achievable sum-rate remains constant,

until (A1, A2) reaches the point (A; = 1, Ay = 0). If (A1, A2) moves from (0, 1) to (1,1), then

the achievable sum-rate decreases to C'(5 +121P2 )+C (5 bePl ). Note that, for the barely weak

interference sub-class, we have C(1+12P2) + C(l—l—PbZPl) < min{C(P;, + aP,),C(P> + bP;)}.

This means, the sum-rate achieved by treating interference as noise is less than the sum-
rate achieved by SND. Moreover, the sum-rate achieved by SND is less than the sum-rate
achieved by (A > ¢, Ay = 0).
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Figure 2.12: The achievable sum-rate of the HK scheme over the boundary of the feasible

region, for the barely weak interference sub-class with ¢ > 0.

Note that the sum-capacity of the two-user GIC is known for some sub-classes, as
shown in Figure 2.2. For all such sub-classes, the sum-capacity is is equal to R:2% .
Moreover, the optimal (A1, A2) belongs to one corner point of the feasible region. For the
sarong interference class, (A; = 0, Ay = 0) leads to R™* ... For the mixed I interference
class, (A1 = 1, A2 = 0) leads to R2* ..., and for the mixed II interference class, (A, =
0, A2 = 1) leads to R™2* ... Finally, for the very weak interference sub-class, (A = 1, Ao =

1) leads to R 4. For the weak interference class, the following corollary compares the

achievable sum-rates corresponding to the four corner points of the feasible region.

Corollary 2.1. For the two-user GIC with weak interference, the HK scheme can achieve
the following sum-rate:
P P.
st = o {e () ()
sum = MR T O\ TR )
O(P, +aPy),C(Py + bPl)}. (2.99)

Table 2.3 shows the achievable sum-rate corresponding to the four corner points of the
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(A1s A2) hi(A1, A2) ha(A1, A2) h3(A1, A2) Reum-ux (A1, A2) =
min{%1(), h2(), k() }
ClaPy) +
(07 0) C(Pl +CLP2) C<P2 + bPl) ( 2) Rsum—SND
C(bh)
ClEs) +
(0,1) (rar) C(Py+bP,) | C(Py+bP,) C(Py + bP))
C(P)
C() +
(170) C<P1+CLP2) (1+bP1) C(P1+GP2) C(Pl +GP2)
C(P)

(1 1) C<1+%P2) + 0(14311132) + 0(14’%132) + 0(14311132) T

Clgim) | Clddm) | Claim) Clim)

Table 2.3: The achievable sum-rate corresponding to four corner points of the boundary.

feasible region. Note that the sum-rate corresponding to (A; = 0, Ay = 0) is the sum-rate
achieved by SND, denoted by Rgumn-snp- For the weak interference class, Rgum-snp is given

by

Rsum-SND =

mm{C(P1 +aPy),C(Py + bP,), C(aPy) + C(bPl)}. (2.100)

For the weak interference class, this sum-rate is smaller than the sum-rate correspond-
ing to (Ay = 1,2 = 0) or (A; = 0,2 = 1), as shown in Table 2.3. Therefore, although
SND achieves the sum-capacity for every (a, b, P;, P,) that belongs to the strong interfer-
ence class, SND achieves the sum-capacity for no (a,b, Py, P,) that belongs to the weak
interference class. Consequently, the sum-rate (2.99) is achieved by just considering the
three corner points of the boundary of the feasible region, namely (A; = 0,y = 0),
(M =0,A =1), and (A\; = 1, X, = 0). In fact, when P < 1=¢ or P, < 1=t Remark 2.1
shows that the maximum sum-rate of HK scheme is given by (2.99). However, for the

1—a

barely weak interference sub-class, i.e., P > ~—* and P, > la;bb, the maximum sum-rate

of HK is not known.

Figure 2.13 shows quadrant I of the P, P>-plane. This quadrant is divided into three
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Figure 2.13: The sum-rate of the HK scheme achieved by investigating only the boundary
points: Quadrant I of the P P,-plane, is partitioned into three regions. In each region,

> + C<1+bp ) C(P, + aP,),C(P, + bPy) is the achievable

exactly one of the C<1+aP

sum-rate.

regions. In each region, exactly one of the C<1+ 5 ) +C(1+bP ) C(Pi+aPy),C(Py+bP)
is greater than the other two, as shown in the figure. Note that the line P;(1 —b) =
Py(1 — a) separates two regions: the region in which C(P; + aP;) is the maximum of
the three and the region in which C'(P; + bP;) is the maximum of the three. Lemma 2.5
and 2.6 studied all stationary points and all boundary points, respectively. Figure 2.13
demonstrates the summary of these lemmas. To solve the optimization problem (2.58),
all that is left is to investigate the last category of points, i.e., the non-differentiable

points.

2.3.8 Maximum HK Sum-Rate over Non-Differentiable Points

As highlighted in (2.74-2.76), there exist three sub-categories of non-differentiable points,
namely N'D;, N'D,y, and N'D3. We characterize each sub-category inside the A\ \o-plane.
For sub-category N'Dy, we have hi(A1,A2) = ha(A1, Aa) < hs(A, A2). According to
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Lemma 2.3, for A\, A € (0,1), we have

hi(A1, A2) = ha(A1, Ao) & A\p = mAs + ¢, (2.101)
hi( A1, A2) < ha(Ag, dg) € Ay < ab — 1;26, (2.102)
B\, M) < s(Ar, Ag) 0 A1 < ab — - _1“ (2.103)
Therefore, the subcategory N'D; can be expressed by
ND, = {()\1,)\2) A s € (0,1), M = ma + ¢,
0<)\1§ab—1;1a,0<)\2§ab—1;2b}. (2.104)

All points that belong to the sub-category N'D; lie on the line A\; = mA; + ¢, and are
shown by the blue solid line in Figure 2.14. In fact, N'D; is a line segment that has
two end points. One end point is given by (A = ab — 11,%1‘1, Ay = ab — 1?’;’), as shown in
Figure 2.14. Depending on the value of ¢, the other end point can have two cases. If

¢ > 0, the other endpoint is given by (A; = ¢, A\s = 0), as shown Figure 2.14. However, if
¢ < 0, the other endpoint is given by (A} = 0, Ay = ¢/), as shown Figure 2.15.

For the sub-category N'Dy, we have ha(A1, A2) = h3(A1, A2) < hi(A1, A2). According

to Lemma 2.3, for Aj, Ay € (0,1), we have

1—a

hg()\l, /\2) = h3<)\1, )\2) <~ /\1 = ab — D (2105)

1
hg()\l, )\2) < hl()\la )\2) = /\1 < m)\g + ¢, (2106)

1-0

h3(>\1,>\2> < hl()\la )\2) S A\ > ab— (2107)

2

Therefore, the subcategory N'Dy can be expressed by
1—a 1-0b
ND, = {(AI,A2) A A € (0,1), 0 =ab— — 2 N > ab— } (2.108)
1 2

Consequently, all points that belong to the sub-category N'D, lie on the vertical line
A =ab— 1}.%1‘1, as shown by the blue dashed line in Figure 2.14.
Finally, for the sub-category N'D3, we have h3(A,A2) = hi(A, A2) < ha(Aq, Ag).

According to Lemma 2.3, for A\;, Ay € (0,1), we have
1—-0

hg()\l, )\2) = hl()\la )\2) S Ay =ab— D, (2109)
2
1—

ha(Ai, A2) < ha(h, Ae) € A > ab - — = (2.110)
1

hl(/\ly /\2) < hg()\l, )\2) <~ /\1 > m)\g + c. (2111)
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Figure 2.14: Three sub-categories of non-differentiable points in the A\ \s-plane, when

c>0.

Therefore, the subcategory N'D3 can be expressed by

1-0 1—a
ND; = {(/\17>\2) P A1, A2 € (0,1), A0 = ab — P, ;A1 > ab— P, } (2.112)

Consequently, all points of the sub-category N'D3 lie on the horizontal line Ay = ab — 17’2”

and are shown by the blue dotted line in Figure 2.14.

Lemma 2.5 shows that there exists no stationary points. Corollary 2.1 shows that by

investigating the boundary points, the maximum achievable sum-rate is given by

Rbnd — maX{C(l +P;P2> + C(l fZH),O(Pl +aPy),C(Py + bPl)}.

We now investigate the three sub-categories of non-differentiable points to see, if we can
achieve a sum-rate greater than the sum-rate corresponding to the boundary points. The

following lemma describes the result.

Lemma 2.7. Non-differentiable points: Over the non-differentiable points, when P; >

=2 ond Py > =8 we have
ab ab ’

2.7-A: For the non-differentiable sub-category N'D1, the optimal solution of (2.58), is

given by
(/\,1(7 Ag) € {(C7 0)7 (07 Cl>7 (5‘17 ;\2)7 (5‘17 5‘2)}’ (2113)
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ND,:A =ab-17

':U‘m

_l-a
C 0 ab fl 1 /]1

Figure 2.15: Three sub-categories of non-differentiable points in the A\ \o-plane, when

c < 0.

where (A, \s) is given by

< l1—a
A =ab—
1 a P1 )
N 1—-5b
Ay = ab — ) 2.114
2=20a P, ( )
Moreover, A= mhs + ¢, where m = P2((1_a)+P1(1_ab)), ¢ = Al=h=F(-0) , and Ao is
Py (1-b+Py(1-ab)) Py (1-b+Py(1—ab) )
the non-negative solution of the following second order equation:
14+ bP, 1+ bP bP, -1
() 42 IOy BEIROWIAC L L) g1y
(ble + Pg) able(ble + PQ)

The maximum achievable sum-rate corresponding to the this sub-category is given by
max{hi(c,0), h1(0,¢), b1 (A, A2), hi(Ar, A2)L(A1 > 0)(Aa > 0)1(Ag > No)} =
max {C(H +aP,),C(P, +bP),
C(Py+ aPy) + gi(A1, ha),

C(Py + aPs) + g1(A1, A)1(A; > 0) (Ao > 0)1 (A > XQ)}, (2.116)

where the function gi1(A1, \2) is defined by

(1 — CL)>\2P2 + b)\lpl
1 +CL)\2P2

g1 (A1, A2) = O ) — C(bM\ Py). (2.117)
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Moreover, (5\1, 5\2) 18 an acceptable power splitting, i.e., 5\1, Ao € [0, 1], that belongs to
NDy if and only if

1 - b)ab

(1—)61131 +b—1< P, (2.118)
— a

1 — a)ab

%Pyﬂz— 1< P, (2.119)

. 1

So <ab— 120 (2.120)

2

2.7-B: For the non-differentiable sub-category N'Ds, the optimal solution of (2.58) is

given by
N 1—a
Al =X =ab— B
N 1-0b
p=do =ab— =, (2.121)
and the corresponding achievable sum-rate is given by
l1—a 1—-05 1—a 1—-0b
Rgum- b— ——,ab— = hi(ab——, ab — ) 2.122
Moreover, (5\1, 5\2) = (ab—lg—la, ab—l?;b) is an acceptable power splitting, i.e., A, Ay € 0, 1]
if and only if
1—a
P> 2.123
1 = ab ) ( )
1—-0
P, > . 2.124
> (2.124)

2.7-C: For the non-differentiable sub-category N'Dy, the optimal solution of (2.58) is
the same as 2.7-B.

Proof. 2.7-A: When hy (A1, A2) = ha(A1, Aa) < hs(A1, A2), the optimization problem (2.58)

reduces to
max Roumax (M1, Ag) =
)‘1)\26[0,1}
hi(A1, A
>\1,I>22)[E),1} 1( 15 2)
subject to h1()\1,)\2) < h3(>\1, )\2). (2'125)

Since hi(A1, A2) = ho(A1, A2), by Lemma 2.3, we know that the optimal A\; and A\, are

linearly dependent, and we have

)\1 = m/\g + c. (2126)
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where
Py((1—a) + Pi(1—ab
me R2l=a)+ P -a )), (2.127)
P(1—-0)— P (1—
co 1=t = Pl=a) (2.128)
Therefore, the optimization problem (2.125) reduces to
max hi(mAs + ¢, A2)
0<A2<1
subject to hi(mAa + ¢, Ag) < ha(mAs + ¢, A2). (2.129)

To solve the optimization problem (2.129), note that the feasible region is a line segment,
as shown in Figure 2.14. Therefore, the optimal point is either a stationary point on this
line segment or one of the two ends of this line segment. One of the end points is (5\1, 5\2)
This point achieves the sum-rate of h1(5\1, 5\2) The other end point can have two cases,
depending on the value of ¢. If ¢ is positive, the other end point is given by (¢, 0), as
shown in Figure 2.14. This point achieves the sum-rate of hy(c,0). Note that according
to (2.128), we have

. Pl(l—b)—Pg(l—a)

~ Pi(1—b+ Py(1—ab))

Pi(1-0)
TP (1-b+ Py(1— ab))

<1. (2.130)

However, if ¢ is negative, the other end point is given by (0,¢ = =£), as shown in

Figure 2.15. This point achieves the sum-rate of h1(0,¢’). Note that According to (2.128)
and (2.127), we have
’ —C Pg(l—a)—Pl(l—b)
C = — =
m  Py(1—a+ Pi(1—ab))
PQ(]_ — CL)
“Py(1—a+ Py(1—ab))

<1. (2.131)

Let us denote the stationary point that belongs to NDy by (Ar, As). Therefore, if

¢ > 0, the maximum achievable sum-rate corresponding to N'D; is given by

max{h;(c, 0)7h1(5‘175\2)7h1(;\17;\2)}7 (2.132)
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and if ¢ < 0, it is given by
max{h(0,¢), hi(A1, Xa), b1 (A1, Ao) Y. (2.133)
Therefore, for N'Dy, the optimal solution of (2.58) is given by

()‘Tﬁ )\5) € {(07 0)> (07 Cl)? (5‘17 5‘2)7 (5‘17 5‘2>} (2-134)

Note that, since hy(c,0) = C(P, + aP,) and hy(0,¢") = C(Py, + bP,), we have
hl(C, O) > hl(O,C/) <~ P1(1 — CZ) > Pg(l — b) S c> 0. (2135)
Consequently, the maximum achievable sum-rate corresponding to N'D; is given by

max{hy(c,0), h1(0,¢), hi(A1, As), br (A1, A2)}. (2.136)

Note that (c,0), (0,¢), and (A1, ;) necessarily belong to N'Dy. However, hy(mAs +
¢, \2) may not have any stationary points that belongs to N'D;. In the following, we
prove that hi(mAy 4 ¢, A2) can have at most two stationary points, namely Ay and 5\2,
where Ay < M. Moreover, )\, is negative, and consequently, does not belong to A'D;.

However, Ay belongs to A’D; if and only if

1 —
{1 = blab : blabp L p_1< Py, (2.137)
—a
1 - a)ab
%Pﬁa— 1< P, (2.138)

1-0

2

Ay < ab— (2.139)

To find the stationary points, we investigate %jjcm) = 0. According to (2.55),

for A\ = mAy + ¢, we have

By (o + ¢, Ag) — c(?fa—c‘;jgf) (= b(:;]:: c)P1>' (2.140)
Consequently,
Ohi(mAs + ¢, A2) _ ab,
Oy 1+ alo Py
+ B(1+behy) (2.141)

(1 + bPl(m)\g + C)) (1 + bP1<m/\2 + C) —+ PQ)\Q) '
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Ohy (m)\g +C,>\2)

To solve — 0, =0, we need to solve
GPQ P2(1+bCP1)
= , (2.142)
1+a/\2P2 (1+bP1(m)\2—|—c)) (1+bP1(m)\2+c)+P2>\2)
which is equivalent to
able(ble + PQ)(/\%) + 2abP1m(1 + bP16>(/\2)
+(]. + bP16>(CLbP10 +a— 1) =0
1+bP10) (1+bP10>(abP10+(l—1)
A 2(— =0. 2.143
&)+ 2 s ey ) P+ By (2.143)

Let us denote the solutions of (2.143) by X2 and A, , such that Re{j\g} < RG{S\Q}. In

fact, we can express Ay and Ao as follows:

u 1+ bPc (_1+ 1_(bP1m+P2)(abPlc+CL—1)>
2 ble + P2 (1 + bPlc)(able) ’

(2.144)

. 1+bPec (_1_ 1_(bP1m+P2)(abPlc+a—1)>
2 _ble + P2 (]_ + bPlc)(abplm)

Note that Ay and A\, are functions of a,b,P;, and P,. We find the constraints on
(a,b, Py, Py) under which the equation (2.143) has exactly one non-negative solution that

belongs to N'D;. Note that, we have

~ ~ 1—|—bP10
A A=—2——— 2.145
2 T A2 bPimt By’ ( )
}\25\2 :<]. + bPlC)(CLbP10+ a — ].) (2146)

abPym(bPym + Py)

We claim that Ay + A» < 0. Note that according to (2.127), m > 0, and consequent,

bPym + Py > 0. Moreover, according to (2.128), we can simplify 1 + bP;c as follows:

(1= b)(1+bP; + Py)

1+bPc= > 0. 2.147
e T T TR —w) (2.147)
Therefore, we have
Sot g = 2 LHPRO (2.148)
2T S oPim+ Py ‘

Note that by (2.148), we can conclude that A, cannot be a non-negative real number.
Therefore, equation (2.143) does not have two non-negative solutions. Moreover, equation

(2.143) has exactly one non-negative solution if Ao is a non-negative number. Note that
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;\2 > 0 if and only if ;\2;\2 < 0, which is valid if and only if

(abPic+a—1) <0

l1—a
< Pie< . 2.149
1€ ab ( )

Note that (2.149) is valid if and only if

Pl(l—b)—Pg(l—a) 1—a
(1—b+ By(1—ab))  ab
(1 —"0)ab
< l—-a

Pi+b—1<P,. (2.150)

Therefore, s is non-negative if and only if (2.150) is satisfied.

Note that (5\1 = m)y +c, 5\2) is an acceptable power splitting if both A and o belong
to [0,1]. We already showed that )y is non-negative if and only if (2.150) is satisfied.
Similarly, it follows that that \; is non-negative if and only if

1—a)ab
%Pg ta-1<P,. (2.151)
We now show that Ay < 1. Note that ), is the nonnegative root of the equation (2.143).
Since (2.143) has one negative root Ay, we can conclude that Ao < 1, if for Ay = 1, the

value of equation (2.143) is nonnegative, that is

f(Ph PQ) =
abPym(bPym + P2)(A3) + 2abPym(1 + bPic)(Ay)

+ (1 + bPic)(abPic+ a — 1)|(x=1) > 0. (2.152)

Note that we only need to prove (2.152), for P, > 1;—ba and Py > 1a—’bb To this end, we first
show that f(Py, P») > 0, when P, = % and P, = la;bb Then we show that f(Py, P,) is

an increasing function of P; and P,, for P; > 1a_—b“ and P > %

By inserting (2.127) and (2.128) into (2.152), we see that

f(P17P2):
1

+ 2ab(1 — ab) P, Py + ab*(1 — b)P? + ab(1 — a) P?

(ab2(1 — ab)P2P, + ab(1 — ab) P, P

+(1—a)(ab+b—1)Py+ (1 —b)(2ab—b) P,
—(1—a)(1— b)). (2.153)
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First, note that, for P, = la_—b“ and P, = la—_bb, we have

1—a
ab

f(P1, Py) = > 0. (2.154)

Moreover, since > 0, to show that f(P;, P) remains positive for P, > 1a_—b“

1
1—b+P2(1—ab)

and P, > 1a—’bb, it is sufficient to show that the numerator in (2.153) remains positive. Let

us denote the numerator in (2.153 ) by

In(Pr, P) =
ab*(1 — ab)PEPy + ab(1 — ab) P, P
+ 2ab(1 — ab) P, Py + ab*(1 — b)P? + ab(1 — a) P
+(1—a)(ab+b—1)Po+ (1 —b)(2ab — b) P,

4 (1—a)(1—b). (2.155)

One can check that %ﬁ’&) is an increasing function of P;, when P, > la_—b“ and

P > 1a—_bb Moreover, we have

8fN(P1,P2> 1—a
b, lm=tgmet = —m 20, (2.156)
which proves that %?1’132) is positive, for P; > 1@’—1)“ and Py > 1@—7‘1’ Therefore, we have
Afn(Pr, P2)
——=2 >0. 2.157
0P, - ( )
Similarly, one can check that %I;L’PQ) is an increasing function of P,, when P; > 1;—1)“
and Py, > la—’bb Moreover, we have
6fN(P1,P2) 1—a
0P |(P1=1Jba»P2=%) =T ab =0, (2.158)
which proves that %1;12,132) is positive, for P, > la_—ba and Py > 1a—_bb Therefore, we have
Afn(P1, Py)
——=2 >0. 2.159
0P - ( )

Note that, (2.154), (2.159), and(2.159) prove that f(P;, P,) is greater than zero, for

P> 1a_—b“ and P, > % This proves that 5\2 < 1, as intended.

Next, we prove that A; < 1. Note that \; = mAs + ¢. According to (2.127), m > 0.

Therefore, \; takes its maximum value when Ay take its maximum value. Moreover, we
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have proved that Ao < 1. Consequently, we have

5\1 :m;\g +c
<m-+c

=1, (2.160)

where the last equality is valid, according to the definitions of m and ¢, given in (2.127)

and (2.128), respectively.

Constraints (2.150) and (2.151) are the necessary and sufficient conditions for Ay, Ay €
[0, 1]. However, A1, A should belong to A'D;. Therefore, we should have

1—a

P
- 1—-0b
A < ab— B (2.162)

2

5\13&1)—

(2.161)

as shown in Figure 2.14. Note that (A\; = ab— 11;—1“, Ay = ab— %b) is one of the end points
of ND;. Therefore, we have

1— 1-—
b — a b

)+ c. (2.163)

Consequently, (2.161) is satisfied if and only if (2.162) is satisfied.

Note that the three constraints (2.150), (2.151), (2.162) represent the necessary and
sufficient conditions for (5\1, 5\2) € ND;. In fact, (2.150) guarantees that Ay > 0, (2.151)
guarantees that A\ > 0, and (2.162) guarantees that Mo < \y. If these three constraints

are satisfied, the stationary point that belongs to N'D; is given by
(N5, = (mha + ¢, \a), (2.164)
and the corresponding achievable sum-rate is given by
Ryum-tik (MAs + ¢, Aa) = hi(mAa + ¢, As). (2.165)

Note that we can simplify the achievable sum-rate given by hy (A1, A2) as follows:
P, Ao P P.

|+ aXs 2)—}—0( Ao Py >

1—|—a)\2P2 1+b)\1P1

P1 +OJ§\2P2
e P
< 1+ a)\QPZ > + O<a>\2 2)

(]_ — a))\QPQ + b)\lpl
14 (Z)\QPQ

:C(Pl + CLPQ) + 91()\1, )\2), (2166)

ha (M, o) :C<

+ O

) = C(bA P)
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where the function g; (A1, \2) is defined by

(1 — CL))\QPQ + b)\lpl
1 + (l/\QPQ

Consequently, the achievable sum-rate expressed in (2.165) is equal to

Rsum_HK(mj\z + C, 5\2) = C(Pl + CLPQ) + gl(mj\g + C, 5\2) (2168)

Similarly, one can simplify hy(A1, A2) as follows:

Py + b\ Py Py
RSO o= _
1+b>\1P1> <1+&)\2P2>
Py + b\ Py
=C|\———FF—— P
C( W ) +C0MR)
(1 — b)/\lpl + CL/\QPQ
1+b\ P

:C(P2 + bPl) + gg(>\1, )\2), (2169)

ha(Ai, o) :C<

+C(

) — ClaXyPs)

where the function go(A1, \2) is defined by

(1 — b))\lpl + CL)\QPQ
1+ 0\ Py

gg()\l, )\2) = C( ) — C’(a/\QPQ). (2170)

Since we have h1<m5\2 + ¢, 5\2) = hQ(mj\Q + ¢, 5\2), we can equivalently express the

maximum achievable sum-rate by

Rsum_HK<m;\2 + C, ;\2) :h2 (mj\Q + C, 5\2)

:C<P2 —+ bPl) + g2(m5\2 + C, 5\2) (2171)

If the three constraints (2.150), (2.151), (2.162) are satisfied, then N'D; includes
exactly one stationary point (5\1, 5\2), and therefore, the maximum achievable sum-rate

corresponding to N'D; is given by
max{hy(c,0), h1(0,¢), by (A, Aa), b1 (A1, A2)}. (2.172)

However, if these three constraints are not satisfied, then N'D; does not include any
stationary point, and therefore, the maximum achievable sum-rate corresponding to N'D;

is given by
max{h1 (C, 0)7 hl (07 C/), hl(j\la 5\2)} (2173)
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Therefore, we can use the function 1() and express the maximum achievable sum-rate

corresponding to N'D; by

rnax{h1 (C, 0), hl (O, CI>, hl(j\la 5\2),

By (A1, A2) (A > 0)(Ag > 0)T(Ag > A9)}. (2.174)
Note that we have
(C, O) :C(Pl + ClPQ), (2175)
(0, C/) :C(P2 + bP1>, (2176)
hl()\l, )\2) :C(Pl + aPQ) + 91(5\1, 5\2), (2177)
hl()\lu )\2) O(Pl + (IP2> + gl(;\l, ;\2), (2178)

where the last two equalities are valid by (2.166 ). Therefore, (2.174) is equivalent to
max {C’(Pl +aP,),C(P,+ bP)),
C(Pr +aPs) + g1(M1, Aa),
C(P+aPy)+
g1(An, A2) LA > 0)(A2 > 0)1(Ay > &2)}. (2.179)
This completes the proof of 2.7-A of Lemma 2.7.

2.7-B: When hq(A1, A2) = h3(A1, A2) < ha(Aq, A2), the optimization problem (2.58)

reduces to
max Roumax (M1, Ag) =
)‘1)\26[0,1}
hi(A1, A
>\1,I/\22)[E),1} 1( 15 2)
subject to hy(A1, A2) < ha(Ag, A2). (2.180)

Since hy (A1, A2) = h3(A1, A2), by Lemma 2.3, we have
1-0

Ao = ab — (2.181)
p)
Therefore, the optimization problem (2.180) reduces to
1-0b
X hi(A1,ab — 23 )
. 1-0 1-0
subject to hs(A1, ab — ) < ho(Ar,ab — ). (2.182)
I P
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S ‘ . oha (Ar,ab—152)
To solve the optimization problem (2.180), we investigate — =0 Accord-

ing to (2.55), for Ay = ab — 1P;2b, we have

1_(,):C<P1+a(1—ab—l—17_2b)Pz) C((ab—%)%).

hi(A1,ab —
1, Py 1+a(ab—%2b)P2 L+bM Py

(2.183)

Clearly, (2.183) is a decreasing function of A;. Therefore, the optimal A; is the smallest
A1 that satisfies hz(A1, A2) < ha(A1, A2). According to Lemma 2.3, h3(A1, A2) < ha(Aq, Ag)

is equivalent to Ay > ab — 113—1“. Consequently, the optimal A; that maximizes (2.180) is

given by:
L 5. 1—a
Al =X =ab— (2.184)
1
This means the optimal solution of (2.180) is given by
. 5 l1—-a
Al =X =ab— B
R 1-0
A5 =Xy =ab— B (2.185)
and the achievable sum-rate is given by
l—a 1—-10 l—a 1-0
sum- b— ) b— =h b— s b— . 2.1
Rk (a B a 23 ) 1(a 2 a 2) ) (2.186)

Note that, according to Lemma 2.3, for (A1, \y) = (5\1, 5\1), we have hl(j\l, 5\1) = h2(5\1, 5\1) =
hs(A1, A1). Therefore, (2.186) can be expressed as

Rsum—HK<5\17 5\1) :hl(j\ly 5\1)
:h/?(;\h 5\1)
=h3(A, A1) (2.187)

Similar to (2.166), we can simplify (2.187). In fact, the achievable sum-rate is equal

to

1—a 1-0b 1—a 1-0b
b— =C (P P b— ——,ab—
j2) ) @ P, ) =C(P1+ aP2) + g1(a 2 @ P,

1—a 1—
=C(P, + bP. b— —— ab—
( 2 + 2)—|—gg(a P, ,a 2

)

by (2188)

Rsum-HK(ab -

where the functions g;() and go() are defined in (2.167) and (2.170), respectively.
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Note that (5\1, 5\2) is an acceptable power splitting if both A; and Ay belong to [0, 1].
Since (A, A2) = (ab — 1;—1“, ab — 17_;’), we have
1—a
ab ’
1—5
ab
This completes the proof of 2.7-B of Lemma 2.7. Note that the proof of 2.7-C follows

Mel0l]e P > (2.189)

Melol]e P> (2.190)

from the proof of 2.7-B, if we exchange indices 1 with 2 and cross-link gains a with b.

Therefore, the proof of Lemma 2.7 is complete.

2.3.9 Solving the Optimization Problem Corresponding to the
Maximum HK Sum-Rate

Now that we have investigated all the three categories of points, we can prove Theorems
2.1 and 2.2. In fact, it is sufficient to compare the achievable sum-rates corresponding to
all sub-categories. In Lemma 2.5-2.7, we calculated the achievable sum-rate of all these
sub-categories. By comparing these achievable sum-rates, we can now prove Theorem 2.1

and Theorem 2.2 as follows:

Proof. First, note that R2"2% ;. is only unknown for the barely weak-sub-class, as depicted
in Figure 2.4. In the following, we show that the barely weak-sub-class can be partitioned
into four parts. For each part, we characterize the optimal power splitting and find the
maximum achievable sum-rate R52% .. Note that the optimal power splitting belongs
to one of the sub-categories investigated in Lemma 2.6 and 2.7. Table 2.4 summarizes
the results of these Lemmas. Note that for any (a,b, Py, P») in the barely weak sub-class,
the optimal power splitting belongs to one of the sub-categories of Table 2.4. Therefore,

we should find the constraints under which the achievable sum-rate of one sub-category

is greater than that of all other sub-categories.

Note that in Table 2.4, the optimal power splitting corresponding to N'D; is (5\1, 5\2)
In Lemma 2.7, we proved that the optimal power splitting of this sub-category can have

four cases and is given by

(/\7{7 )\5) S {(C7 0)7 (Ov Cl)? (5‘17 :\2)7 (5‘17 5‘2>}
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Sub-category | Optimal (A}, A3) | Achievable sum-rate
Rsum-nic (AT, A3)

B (A} > ¢,0) C(P+ aPy)

B (0,1) C(P,+bP)

Bs (0,5 > ¢) C(P,+bP)

B, (1,0) C(P, + aPy)
ND; (A, A2) hi(Ar, A2)
ND, (A1, A) hi(A1, As)
ND; (A, A) hi(Ar, Ao)

Table 2.4: Sub-categories, their corresponding optimal power splittings and achievable

sum-rate expressions, for the barely weak interference sub-class.

Note that (c,0) and (0,¢) belong to the boundary. Moreover, (A1, As) belongs to N'Ds.
Therefore, if we do not consider (¢, 0), (0, ), and (:\1, ;\2) in N'D;, the maximum achiev-

able sum-rate does not decrease.

First we characterize the constraints under which the RJ% ., is given by hl(j\l, 5\2),

i.e., the optimal power splitting belongs to the sub-category N'D;. Note that, according

to Lemma 2.7, the sum-rate h1(5\1, 5\2) is achievable if and only if

(1 —b)ab

: Pi+b—1<P, (2.191)
—a
1 — a)ab
LTJ%L&+a—1§R, (2.192)
) 1-b
Ao <ab— —°. 2.193
2 >0 P, ( )

These three constraints demonstrate a region in Ri which can be demonstrated in
the P, Ps-plane. Note that this region is a subset of the barely weak interference sub-
class. We refer to this region as the non-zero power splitting II sub-class, as can be seen in

Figure 2.16. For this sub-class, (m;\2 +c, 5\2) is an acceptable power splitting that belongs
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to the non-differentiable sub-category N'D; and results in the maximum achievable sum-
rate given by h1(5\1, 5\2) We prove that for any (a, b, P, P,) that belongs to this sub-class,
we have Rmax = hy(Ay, As). To this end, we should show that if (a,b, Py, P,) belongs

sum-H

to the non-zero power splitting II sub-class, then hl(;\l,;\g) is greater than all other

sum-rates listed in Table 2.4.

Note that the non-zero power splitting II is inside the barely weak interference re-
gion. For the barely weak interference sub-class, the maximum sum-rate achieved by

investigating the boundary points is given by
max{C’(Pl +aPy),C(Py + bPl)}, (2.194)
as shown in Figure 2.13. Therefore, we need to prove that
(A, o) > max{C(P1 Y aPy),C(Py + bPl)}. (2.195)
We present the proof for the case
max{C(Pl +aPy),C(Ps + bPl)} — C(P, +aP). (2.196)

Note that (2.196) is valid if and only if P;(1 —b) > P»(1 — a). Due to the symmetry of
the problem, the proof of (2.195) for P;(1 —b) < P»(1 — a) follows by exchanging index

1 with 2 and channel gain a with b.

Figure 2.17 demonstrates the proof of hi(A, o) > C(Py + aPy), for Pi(1 —b) >
Py(1 —a). In fact, in the barely weak interference sub-class, when P;(1 —0b) > Py(1 — a),

we have
maX{C(Pl +aP,),C(Py + bPl)} = C(P; + aPy), (2.197)

as shown in Figure 2.13. Note that (A, ) is the optimal solution of (2.58) if we restrict
our search to the points that lie on N'D;. Note that since Pi(1—0) > P»(1—a), we know

that ¢ > 0. Since (¢, 0) lies on the line segment N'D;, we have
Rsum—HK(S\la 5\2) Z Rsum-HK(C7 0)7 (2198)

as shown in Figure 2.17. On the other hand, in Lemma 2.6, we proved that when Ay = 0,

we have

Raumnk (M, 0) < Roumenk(c,0) = C(P1 + aPy). (2.199)
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P2 : //—\
: _ 1-b 5.1-b
i ER Ay
P,= (115’23*3 P +b-1
1—b( 1 ) ' Rk =y (AuA2) \
1-ab’(ab)® ' Non-zero power splitting 11
AR T
E \\\/> A2=ab R, //,/
b | e [
ab
1-a l-a, 1 _ P
ab 1-ab @by !

Figure 2.16: The non-zero power splitting II sub-class demonstrated in the P; P>-plane.

Comparing (2.198) and (2.199), we conclude that

Rsum—HK(j\la 5\2) > Romuk(c,0) = C(P + aP,). (2.200)

Similarly, one can show that
Roum-rik (As A2) > Roumnenx (0, ) = C(Py + bP). (2.201)
Therefore, we have

Rsum-HK(mS\Q +c, 5\2) = h1(5\1> 5\2)
- hQ(j\la 5\2)

> max{C’(P1 +aPy), C(Py + bPl)}. (2.202)

Therefore, we have shown that, for the non-zero power splitting II sub-class, hy (5\1, 5\2)
is greater than the sum-rate achieved by the four sub-categories of the boundary, i.e., By,
By, B3, and By. The proof will be complete if we show that it is also greater than the
sum-rate of the N'Dy and N'D3 sub-categories. In the proof of Part 2.7-B, we show that
the optimal power splitting over non-differentiable points expressed in N'Dy and N'D5 is

given by (A1, Ag) = (ab — 1;—1“, ab — 1}.%1“) Therefore, we need to show that
A 1—a 1—a
Rsum-HK<)\17 )\2) 2 Rsum-HK(ab - T 5 ab — ) (2203)
Py Py
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RSUm-HK(jlv;]\Z) = Rst-HK(C'O) = C(Pl+ aPz)

me-HK(jl’jz) 2 me.HK(ab‘l%a’ab‘l%b)
1 2

P, NDl:/llzm/l2+c

Figure 2.17: For the non-zero power splitting II sub-class, the achievable sum-rate cor-
responding to N'D; is greater than the achievable sum-rate corresponding to all other

sub-categories.

However, (A1, \2) = (ab — 11,%1“,&6 - 1;—1“) lies on the line A\; = mAy + ¢, as shown in
Figure 2.17. Over this line, (A, \;) is the optimal solution of (2.58). Therefore, (2.203)

is valid, and this proves that over the non-zero power splitting II sub-class, we have

R e = hi(Ai, Ao) = C(Pr + aPy) + gihi, o). (2.204)

sum-

max
sum-

Second, we characterize the constraints under which the R%3 .. is given by hl(s\l, 5\2),
i.e., the optimal power splitting belongs to the sub-category N'Dy. Therefore, we need
to compare the sum-rate corresponding to A'D, with the sum-rate corresponding to all

other sub-categories.
Remember that we only investigate the barely weak interference sub-class, in which

P> 1;—6“ and P, > 1a—_bb. According to Lemma 2.7, for the barely weak interference

sub-class, both A1 and )\, are acceptable power splittings.
Moreover, note that
hl(S\la 5\2) :hZ(S\lv 5\2)
:C(Pl + CLPQ) + 91(5\1, 5\2)
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Therefore, we have

(O, o) > maX{C’(Pl +aRy),C(Py + bPl)}, (2.206)

if and only if
g1\, A2) >0, (2.207)
g2(M1, Ag) > 0. (2.208)

According to (2.167), we have

g1(A1,A2) >0

(1—@))\2P2—|—b)\1pl
> b\ P
1+a)\2P2 - 1
1 1

< —(=—=1). 2.2
= 1_bP1(a ) ( 09)

Similarly, according to (2.170), we have

g2(A1,A2) >0

(1—b)/\1pl+a/\2P2
> als P,
1+ b\ P, = 472
1 1

Ao < —(=—1). 2.21
< 2_CLP2<b ) ( 0)

Therefore, we have
hl(j\l,j\z) Z max{C’(Pl —|—CLP2),C(P2+Z)P1>}, (2211)

if and only if

), (2.212)

which can be re-written as

< —(=-1). (2.213)

Note that (2.213) is equivalent to
l—a 1
P < — -1
b= l—ab((ab)2 )
1-b6, 1
Py< —— ().
2= 1—ab((ab)2 )

(2.214)
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1—a

Therefore, for the barely weak interference sub-class, hy(ab— o, ab— %Qb) > maX{C’ (P +

abPy),C(Ps + bPl)} if and only if

l1—a l—a, 6 1

p<—% 1
b SIS 1—czb((ab)2 )
1-0b 1-0b 1

—1). (2.215)

<P<—
ab 2Tl ab((ab)2
This region is depicted in Figure 2.18. In this region, hi(ab — 1;—1“, ab — 17_;’) is greater
than the sum-rate corresponding to all four sub-categories of the boundary. Finally, we

compare hy(ab— %“, ab — 17_;’) with hl(;\l, ;\2), i.e., the sum-rate corresponding to N'D;.

According to Lemma 2.7, hy (5\1, 5\2) is the sum-rate corresponding to N'Dy if (a, b, Py, P)
belongs to the power splitting II sub-class. Moreover, inside this sub-class, hl(;\l, ;\2) is
greater than the sum-rates corresponding to all other sub-categories. Therefore, we only
need to consider the compliment of the Power splitting II sub-class. Consequently, the
constraints under which hs(ab — 1;—1“, ab — %b) is greater than all other sum-rates corre-

sponding to other sub-categories is specified by

1—a l—a, 1
<P < -1
ab =1 ab((ab)2 )
1-5b 1-b6 1
P, < -1
b TS 1—ab((ab)2 )
S sab— =0 (2.216)
ab — . :
2 2
Since Ay > ab — 152 implies that P, < 1@z — 1) and P < ff——bb(ﬁ —1), (2.216) is
equivalent to
1—a
<P
ab 1,
1-0
< P
ab 2,
. 1-0
A2 > ab — 2.217
2 a P2 ) ( )

as can be seen in Figure 2.18. We refer this region as the non-zero power splitting I

sub-class. For this sub-class, we have

max h1<5\1, 5\2) = C(Pl -+ CLPQ) + 91(5\1, 5\2) (2218)

sum-HK —

Third, we characterize the constraints under which the REX 1 is given by C(P; +

aP,), i.e., the optimal power splitting belongs to the sub-category B or By. Since we have
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P, - max{C(P,+aP,),C(P,+bP)} =
C(P+aP)+g,(ab-122 ab-12D)
1_b( 1 _1) [ ;,,A,',Dl ,,,,,,,, F,’Z ,,,,,,
1-ab‘(ab)? C(P,+aR)+g,(A.A.) 2
C(P,+aPy) +g,(@-172 ab-1-0) >
1 2
K max{C(P, +aP,),C(P,+bP)}
Az =ap-12D
2 |non-zero power
-b splitting | region )
ab : v
Rz =C(RaPy) g, (- 152 ab-12D)
>max{C(P,+aP,),C(P, +bP)}
1-a l-a, 1 _ P
b rab@y Y !

Figure 2.18: The non-zero power splitting I sub-class, projected onto the P, P,-plane. For

this sub-class, C'(P, +aP) + g1(ab— 11;—1“, ab— 1?_21’), which corresponds to N'D», is greater

than the sum-rate corresponding to all other sub-categories.

characterized the Power splitting I and II sub-classes in which hl(:\l, :\2) and hl(jq, 5\2)

max

show R&* ... respectively, we only need to compare C(P, + aP) with C(P + bP).
Note that C'(P, + aP,) > C(P, + bP,) if and only if P(1 —b) > Py(1 — a). Therefore,
C(Py + aP,) is greater than other subcategories and equals R%* .. if and only if

(1 —b)ab

P1+b_12P27
1—a

<P 2.21
ab = 25 ( 9)

as shown in Figure 2.19.

Similarly, C'(P» + bP;) is greater than other subcategories and equals R%* .. if and

sum-
only if

(1 —a)ab

P —1>P
1-b 2+a = 11,

< P 2.22
ab = 1 ( 0)

as shown in Figure 2.19. In fact, Figure 2.19 shows that the entire barely weak interference

sub-class is partitioned into four sub-classes. For each sub-class, the expression that shows

max

X i 1s demonstrated.

Note that Figure 2.4 demonstrates R i for the entire weak interference class, ex-

cept the barely weak interference sub-class. On the other hand, Figure 2.19 demonstrates
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X qx only for the barely weak interference sub-class. By comparing these two figures,

we see that C'(P, + aP,) corresponds to RE2 . for two adjacent sub-classes. In fact,

RmaxHK = C(Pl + CLPQ) if

sum-

(1 —b)ab

P+b—12> P,
l1—a

< b, (2.221)

as shown in Figure 2.19. On the other hand, R®* ... = C(P, + aPy) if
1—a
ab ’

P < — 2.222

P>

as shown in Figure 2.4. Therefore, RI 4« = C(P; + al) for the union of the regions

sum-H

expressed by (2.221) and (2.222). Therefore, for the weak interference class, we have

sum-

1—a

ab ’

1—b (1—b)ab
P, <

> < max{ ab 71—

P >

P +b—1}, (2.223)

as shown in Figure 2.5. We denote to this sub-class as weakly mixed interference I sub-

class.

Similarly, for the weak interference class, we have R™* . = C'(Py + bP,) if

l—a (1—a)ab

Pyta—1 2224
b 1oy etasih (2.224)

as shown in Figure 2.5. We denote to this sub-class as weakly mixed interference II
sub-class. As one can see in Figure 2.5, the entire weak interference class is partitioned
into five sub-classes. For each sub-class, the optimal power splitting and the maximum

sum-rate is shown in Table 2.2. This completes the proof. ]

Theoreml investigates the maximum achievable sum-rate of a general two-user GIC,
when HK scheme with Gaussian inputs and no time sharing is used. Therefore, it can
be used to characterize the maximum achievable sum-rate for some particular classes

of the two-user GIC. For instance, define the class of semi-symmetric two-user GICs as
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P2 RmmHK"C(P*a ) \—) -

\ P= (1 a)ab ab
R= (1IE’)aab|31+b—l

- § 7 R =C(R+aR)
e e

| RE=ClRaR) g - 1o8 - 1oD)

l—‘ 1- 1 _ P
£ 1-abary ¥
Figure 2.19: The barely weak interference sub-class is partitioned into four sub-classes,

and for each sub-class, R5L3  is demonstrated.

sum-

all two-user GICs in which Pi(1 — b) = Py(1 — a). Note that the two-user symmetric
GIC, in which P, = P, and a = b, is a special member of this class. Over the barely
weak interference sub-class, when Pj(1 —b) = P,(1 — a), the optimal solution is always
a non-differentiable point. In fact, for the class of semi-symmetric two-user GICs, the
optimal power splitting (A7, A3) is always symmetric, i.e., A] = A5. The following theorem

investigates the achievable sum-rate of the semi-symmetric two-user GIC.

Theorem 2.4. For a two-user semi-symmetric GIC, the maximum achievable sum-rate

of the HK scheme with Gaussian inputs is given by

max

sum-HK —
C<1+aP>+C<1+bP) ifPlélg—b“,
C(P +aP) +g(N)  if 52 < P < Lmabnl), (2.225)
C(Py 4 aPy) + g(\) % <P,

\

where g(\) = C(+-225) — C(bAP)), and

1+alPs
1—a
. = ab— 2.22
s=a B (2.226)
o Loa Vab—ab (2.227)
1—ab abP
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Moreover, the optimal power splitting is given by
(

(L]-) ZfP1<1ab7

ML) =9 (A, A) if 52 <H_W, (2.228)

D) ¢ (1—a)(vab—(ab)?)
WA e - < D

Proof. In a two-user semi-symmetric GIC, if P, < 1 o+, then we have P < 1 . Therefore,
the maximum sum-rate is achieved by treating interference as noise. When P1 < 1*—“ if
Ao > ab— %’, then the maximum sum-rate is achieved by (A}, \5) = (ab— 5%, ab— —)
Note that since P;(1—b) = Py(1—a), we have ab—llj—l“ = ab—%b. Finally, if )\2 < ab—?f,
then the maximum sum-rate is achieved by (A*, A5) = (mAs + ¢, A), where m, ¢, and A,

are given by (2.127), (2.128), and (2.144), respectively.

Note that, since P;(1 —b) = P»(1 — a), we can easily check that m = 1 and ¢ = 0.

Therefore,

CbPm+ P (14 bPyc)(abPym)

1 (bP1+P2)(a—1)
bP1+P2< +\/ abP; )

o) 1— 1
0 _1oa (g [

o _ Ll+bPe (_1+\/1_(bleJrPQ)(abPchra—l))

(1 —ab)Py ab
1-— b—ab
- o yab—a , (2.229)
(1—ab)Py, ab
where (a) is valid because bP, + P, = P11 ab. Moreover, ;\2 > ab — 17_;’ is valid if and
only if
1— _ _
a Vab— ab Sab— 1-0
1—ab abP, P,
1—a Vab— ab Sab— 1—a
1—ab (lbpl P1
(1 —a)(Vab — (ab)?)
s P < 2.230
Y= (1= ab)(ab)? (2:230)
This completes the proof. O

On interesting observation about Theorem 2.4 is the value of g(\) = C’(%) -
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C(bAPy). Note that, according to (2.227), we have
< l1—aab—ab

hA= l1—ab ab
A 1—b. 1—b+ab—ab
P =P T a/\ i P — (2.231)
Therefore, 9(5\) does not depend on P, and P,. In fact, we have
. 1 b 1— 1—+b
g3 = log+—\/a_ - 20(< va) \[)). (2.232)
Va+ b Va+ Vb

(1—a)(Vab—(ab)*)
(1—ab)(ab)?2 >

the achievable sum-rate is given by C'(P; 4+ aP,) plus a constant term 2C (%)

This implies that for fixed values of a and b and large values of P, i.e., P; >

Corollary 2.2. For a two-user symmetric GIC, in which P, = P, = P and a = b, the

maximum achievable sum-rate of the HK scheme with Gaussian inputs is given by

C(P(a + 1)) Tg() ifLe <P < =2 (2.233)

(2.234)

(2.235)

Moreover, the optimal power splitting is given by

(

(1,1)  if P <o

(ALAD) =9 O A) if 5t <P <2 (2.236)

Note that [40] investigates the two-user symmetric GIC, and shows that if power is
allocated symmetrically, (2.233) is the maximum achievable sum-rate of the HK scheme.
However, Corollary 2.2 shows that (2.233) is indeed the maximum achievable sum-rate

of the HK scheme and no non-symmetric power splitting can achieve a higher sum-rate.
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b A ; .
i - C(R)+C(P,)
A A - I
1+P d-a)P, E o
L <( 1+aP22) : ’
L C(P,+bR)
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Figure 2.20: The maximum achievable sum-rate of the HK scheme with Gaussian inputs

and no time sharing for all values of a and b.

Next, we characterize the maximum achievable sum-rate of the HK scheme for all
values of a and b. Note that, when interference is weak, Theorem 2.1 completely char-
acterizes the maximum achievable sum-rate of the two-user GIC achieved by the HK
scheme with Gaussian inputs and no time sharing, as shown in Figure 2.6. Moreover, the
maximum achievable sum-rate expressions for the mixed and strong interference classes
are already known, as shown in Figure 2.2. Comparing Figure 2.6 with Figure 2.2, we
characterize the maximum achievable sum-rate of the HK scheme with Gaussian inputs

and no time sharing, for all values of a and b, as shown in Figure 2.20.

One interesting observation about Figure 2.20 is the region that corresponds to R 111

C(P, +aP,). Figure 2.6 shows that, for the weakly mixed I sub-class, we have R™2* . =
C(P; + aP,). On the other hand, Figure 2.2 shows that, for the mixed weak I sub-
class, we also have R®® . = C(P; + aP). Consequently, these two sub-classes can
be merged together, as shown in Figure 2.20. Note that for the weakly mixed I sub-
class, it is known that Coum = Ry = C(Py + aP2). However, for the mixed weak I
sub-class, Cgym is unknown. Similar arguments follow for the region that corresponds to
Ry« = C(Py + bPy). In the next chapter, we show that a similar approach can be

used to find the maximum of any linear combination of R and R,.
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2.4 Conclusion

This chapter studied the maximum achievable sum-rate of the HK scheme with Gaussian
inputs for the class of weak interference. We fully characterized the maximum sum-
rate without time sharing. We showed that when interference is weak, depending on the
values of P, and P, five distinct power-splitting policies can maximize the achievable sum-
rate. For each power splitting policy, the corresponding maximum sum-rate expression
is explicitly determined. In the next chapter, we show that time sharing increases the
maximum achievable sum-rate, and the corresponding increase can be expressed using

the upper concave envelope of a function of P, and P.
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Chapter 3

Boundary of the Han-Kobayashi
Rate Region

In the previous chapter, we characterized the maximum HK sum-rate. In this chapter,
we first generalize the results of the previous chapter and characterize the maximum of
an arbitrary weighted sum-rate. Moreover, we show that the role of the time-sharing
strategy in enlarging the achievable rate region can be described in terms of calculating

the upper concave envelope of a function of P, and P.

3.1 Introduction

Recall that, for the two-user Gaussian Interference Channel (GIC), the Han-Kobayashi
(HK) scheme has two arbitrary variables: power splitting and time sharing. In this
scheme, each message is divided into public and private messages, and using two power-
splitting variables, A\; and A, the available power of each transmitter is shared between
its public and private messages. Moreover, a time-sharing variable () can exploit differ-
ent strategies to enlarge the achievable rate region. However, the optimization problem
involving all possible power splits and all time-sharing strategies that characterizes the

boundary of this region is not well-understood. In particular, [13] states

“even if we restrict ourselves to use only Gaussian codebooks, we need
to consider all possible power splits and different time-sharing strategies

among them. This is in general very complicated”.

72



CHAPTER 3. BOUNDARY OF THE HK RATE REGION

This chapter addresses this issue by investigating the HK scheme with Gaussian inputs
and finding the optimal power splitting that results in boundary points of the achievable

rate region.

The boundary of the HK rate region is known for only a few particular cases. When
interference is strong, it is known that the rate HK region in which (A; = 0, Ay = 0)
characterizes the capacity region [6-8]. Moreover, this region is a polygon, and therefore,

the entire boundary can be easily characterized.

There is a one-to-one correspondence between a closed set and its support function
[46]. Let G denote the region achieved by the HK scheme with Gaussian inputs. For G,

the support function is a mapping from R% to R!, defined by
hg(u) = max{Rl —+ /LRQ’(Rl, Rg) < Q} (31)

Therefore, by characterizing the maximum of Ry + uRs, one can fully catheterize G.
However the maximum of R; 4+ pRs is not known in general. For p = 1, the maximum
sum-rate is known for only a few particular cases. For the few cases where the sum-
capacity is known, it equals the maximum sum-rate of the HK scheme. Unfortunately,
the sum-capacity is not known in general, but only for strong interference [7] and mixed
interference [10]. For weak interference, the sum-capacity is an open problem and is
known for only a small part of the weak interference class [10-12]. For weak interference,
not only is the boundary of the HK rate region unknown, but its corresponding maximum
sum-rate is also unknown [40-42]. This chapter fully characterizes the boundary of the
HK scheme with Gaussian inputs, even when time sharing is used, a problem that has

been unsolved for more than 30 years.

This chapter studies the HK scheme with “Gaussian” inputs. Note that the optimal
distribution of the inputs is not known. In fact, for all cases where the capacity is
known, it has been achieved using the HK scheme with “Gaussian” inputs. First, the
full characterization of the achievable rate region is found, when no time sharing is used.
It is shown that, when interference is weak, the optimal power splitting that achieves a
boundary point is not unique and belongs to a set with a finite size that can be explicitly
characterized. Moreover, we examine the role of the time-sharing variable () and the

Frequency Division (FD) technique in enlarging the achievable rate region.
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The rest of this chapter is organized as follows. In Section 3.2, the existing results
are reviewed. In particular, the difference between time sharing and time division is
highlighted. In Section 3.3, the boundary of the HK rate region is studied for the two-
user GIC with weak interference. This section, which demonstrates how optimization
over power splitting and time sharing is performed, contains the main contributions of
this chapter. Moreover, in this section, using upper concave envelope, we show how time

sharing increases the achievable rate region. Finally, Section 3.4 concludes the chapter.

3.2 Preliminaries

In this chapter, the following notations are used. The notation m = n means n is the

definition of m, and C'(x) = 3log(1+x). Moreover, for non-negative numbers a, b, x such

that @ < b, [7]® = min{max{z, a},b}. For a set A, |A| shows the size of A. For a function

f:RZ — R, C[f] represents the upper concave envelope of f, i.e. the smallest concave

function that is bigger than f. Note that, by Caratheodory’s theorem,

(CYZE’ 51‘P2)’ (3_2)

3
CI(P,Po) = sup > 6.f 0

0;,008,€[0,1] ;=

subject to 320 0, =30 a; =30 fBi=1.

In this chapter, we investigate the weak interference class, i.e., when a < 1 and b < 1.
Recall that, for the two-user GIC, the HK scheme results in the best-known achievable

rate region. As stated in the previous chapter, this region is described by [6,44,47]
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B <Dy = <1 + a)\QP2>
o <Dy = C<1 +ijilpl>
Ry + Ry <D} = (?jaagﬁz) c(%),
Ry + Ry <D? = (?jb’iljﬁ?) O(HA;—J;;%>,
oot = (AR s ()
s <p (S () (T
<o = o) (i) (TR

3.2.1 Time Sharing versus Time/Frequency Division

).

). (3.3)

One of the contributions of Han and Kobayashi is the introduction of the time-sharing

variable ) which can enlarge the achievable rate region. It is important to highlight that

the role of the time-sharing variable () is not necessarily equivalent to the convex hull

operation of the FD technique [10,12,37].

Following [10], we define
D3 = min{ D3, D3, D3}.
Let the vector

D(P17P27)\17)\2) = (D17D27D37D47D5>t7

where D;s are defined in (3.3). The rate region Gy is defined as follows:

G, = {R € R’|]AR < D},

where R = (Ry, Ry)', and A is defined as

1 01 21
A =

0111 2
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Go is a polytope which has at most 7 extreme points. In fact, Gy represents the region
achieved by a fix power splitting (A, A2). Observe that (0,0), (C(F;),0), and (0, C(F2))
are three extreme points of Gy. For this region, the maximum of Ry + pRs is denoted by

R, nk and is expressed by

Rp,—HK<Ph PQ, )\1, )\2) = Rmax Rl + ,uRg (37)

R2€Go

We can enlarge the achievable rate region G, using different techniques. For instance,
define G; as the union of the Gy(Py, Py, A1, A2), where the union is taken over all A\j, Ay €
[0, 1], as explained in the following:

G = U Go(P1, P2, A1, Az). (3.8)
A1,A2€[0,1]

For this region, the maximum of R; + uR is denoted by Rk, as given by the following

expression:
Rmax ; R R 3.9
-AK er%%é(gl 1+l ( )
Note that we have
Rk (P, Py) _Alf/\gﬁg[g 1]Ru HK (P1, Pa, A1, A2). (3.10)

One can enlarge G, using the time-sharing variable (). Define G, as
Go = {R € RZ|AR < Dg}, (3.11)

where Dy = Y27 qu(a;fl BiPy Ah,Am), and we have A, Aas, i, B, ¢i € [0, 1], such
that Zi:l g = Z?Zl ;= Zi:l Bi = 1. It is proved that, using more than 5 ¢;s does not
enlarge G [48]. This scheme is called Coded Time Sharing (CTS) [37]. We denote the

max-Q

maximum of Ry +p1Ry of the HK scheme with Gaussian inputs and with CTS by Ry,

as expressed in the following:

max-Q _-
R hk _Rllzn%?é{gQRl + pRs. (3.12)

Moreover, we can enlarge Gy by using the Time Division (TD) or FD technique. Define

Grp as

Grp = {R\R Ze R;, AR, < D(%Pl @,Ali,xm)}, (3.13)

=1
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for R; € R and Ay;, Aoy, oy, 6, 6; € [0, 1], such that Zf’zl 0; = Z?Zl o = Z?Zl Bi = 1.
Intuitively, in the FD scheme, the entire bandwidth is divided into 3 sub-bands, where
the i"" sub-band has 6; percentage of the bandwidth. The first transmitter allocates a;
percentage of its power to the " sub-band and the second transmitter allocates 3; per-
centage of its power to the i’ sub-band. Finally, (A;, Ao;) represents the power splitting
used in the i*" sub-band. It is known that Gpp is a closed and convex region and increas-
ing the number of sub-bands to more than 3 does not enlarge Gpp [10,48]. We denote
the maximum weighted sum-rate of the HK scheme with Gaussian inputs and with FD

by lrf_?{xf(F D " as expressed in the following:

RmaxtD - R R,. 3.14
p-HK ngzaé}éFD 1+ ph ( )

One can see that Gy C G; C Gmp C Gg, and therefore, R, pux(A1,A2) < Rk <
R < Rzﬁ‘i{Q. However, for the weak interference class, [10] proves that CTS and
FD result in the same achievable rate region, i.e., Gpp = Gg. Therefore, we can conclude

the following corollary:

Corollary 3.1. For the two-user GIC with weak interference,

max-FD __ max-Q

u—?—IK - Ru—?‘lK :
This corollary is used to find RERI?KQ Solving the optimization problem (3.12) is
complicated. However, in the next section, we solve (3.14) in two steps. In the first step,
we optimize over \y;, Ag;, for a fixed j. In the second step, we show that the optimization

over 0;, a;, and f; is equivalent to calculating the upper concave envelope with respect

to (Pl, PQ)

3.3 Boundary of the HK Rate Region

This section characterizes the entire boundary of the HK rate region. The main results
are given in the following two theorems. The first theorem shows the set of optimal
power splittings. The second theorem discusses the role of time sharing in enlarging the

achievable rate region.
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3.3.1 Main Results

Theorem 3.1. For the two-user GIC, when interference is weak, the maximum of Ry +
1Ry achieved by the HK scheme with Gaussian inputs and without CTS is given by

Eﬁi{K(Pth) = max R, ux(A1, A2), (3.15)

)\1,)\261\“

where A, is a finite set representing the optimal power splittings that mazimize Ry + pRs.

More importantly, for a fixed p, one can explicitly find all elements of A,,.

Theorem 3.1 demonstrates that the optimal power splitting, and consequently, the
maximum of R; 4+ pRy can have up to |A,| distinct mathematical expressions, depend-
ing on the values of P; and P,. In fact, this theorem partitions the weak interference
class into |A,| sub-classes. For each sub-class, Theorem 3.1 demonstrates R}'§i and the

corresponding optimal power-splitting variables.

Note that according to (3.10), R} (P1, P») is obtained by maximizing R, uk (A1, A2)
over all (A1, A2). Theorem 3.1 claims that one can restrict the search for optimal power-
splitting variables to the finite set A,. We show that the set of optimal power splitting
points can be partitioned into three categories of points: points that correspond to sta-
tionary points inside the feasible region, points that lie on the boundary of the feasible
region, and points at which the function R, nk (A1, A2) is non-differentiable. Before prov-
ing this theorem, we state our second result. The next theorem shows how CTS increases

Rl + ,uRQ

Theorem 3.2. For the two-user GIC, when interference is weak, the maximum of Ry +

1Ry achieved by the HK scheme with Gaussian inputs and with CTS is given by

RUSE(Pr, Py) = CIRI](PL, Py). (3.16)
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Proof. When interference is weak, we have

RmaX-Q @ RmaX—FD

pu-HK p-HK
- Ry ,Ill%lzaé}éFDRl + MRQ
3
a; Py @P 2 \i i
_ 0.R,. (——AA)
Gi,aiﬁg\l?f;\ze[ﬂ,l] ; H-HK 61 91 172
3
a; Py ﬁz‘P 2 \i i
= 02 R ) < , 7 ’ )\z)
eiaari%iaex[ovl] i=1 Xiv/\nzg}[évl] o 6@ 92 ! 2
3
a Py BiPs
— eiRmaX <—’ )
by,cuiBoelo, ] ; wHK 9, 06,
@ max
- C[ u-HK](-Ph P2)7 (317)
where (a) is valid by Corollary 3.1 and (b) is valid by (3.2). O

Theorem 3.2 shows that when CTS is used, the maximum of R; 4+ pRs increases from
ik (P, P2) to CRT§](P1, P2). Note that, by the definition of the upper concave en-
velop, we have R}y (Pr, P2) < C[R}§k](P1, P2). Moreover, this theorem clarifies the role
of time sharing in increasing the achievable rate region. For instance, if R}k (P, P2) is
concave, then time sharing does not increase it. In fact, for mixed and strong interference,
the achievable sum-rate of the HK scheme without time sharing is a concave function of

(P, Py), and therefore, time sharing does not increase it. However, when interference is

weak, RE{?}‘K(Pl, P,) is not concave and time sharing can be useful.

In the following, we discus two interesting properties of the HK achievable rate region.
We show that similar to the achievable rate region of the multiple access channel, which
corresponds to a pentagon, the achievable rate region of the HK scheme with no time
sharing is a polygon with seven extreme points. These properties are used to prove

Theorem 3.1.

3.3.2 Properties of the HK Rate Region

To prove Theorem 3.1, we first explore some properties of the HK rate region, as stated

in the following lemmas.
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Lemma 3.1. For the HK rate region defined in (3.3), we have

Dy+ Ds = D3 + D3 + D3,

Dy+ D5 > 3Ds,
Dy + D3 > Dy,
Dy + D3 > Ds,
D1+ D5 > 2D,

Dy + Dy > 2Ds,

Di+ Dy > D,
D3+ Dy > Ds
D3+ D, > D,
D3 + Dy > Dj
D3+ Dy > Dy
D3+ Dy > Ds

Dy + Dy > Dy

ifa<l,ab< 1,
ifa<l,ab<1,
ifb<1,ab<1,
ifb<1,ab< 1,
ifb<l,a<l,
ifb<1l,a<1,

ifa<l,b<1,

Dy=D; & M\ =(1-c)\+c,

D§:D§<:>)\1:5\101')\2:1,

D§:D§<:>)\2:5\20r)\1:1,

where ¢ = ZAZDZRAZA) 0 g (X X)) = (ab—

Pi(1-b+P>(1—ab))

l—a 1-b
A ab— 57).

Proof. The proof is straightforward. In fact, (3.18) is validated by direct calculation, and

(3.19) is the direct consequence of (3.18). Note that

3D3; =3min{Dj3, D3, D3}

<D+ D; + Dj

:D4 + D5.
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To prove (3.20), we calculate Dy — Dy — D3.

Dy Dy - by o (Bl o AP

14 a)\2P2 1+ a)\QPQ
()\1P1+0J5\2P2> ( P1 )
1—|—a)\2P2 1+a)\2p2

2o(rrmram) ~C(rnmam)
1+)\1P1+CLP2 1+)\1P1+CL)\2P2

()
<0, (3.35)

where (a) is valid by (3.3), (b) is valid by Lemma 2.2 of the previous chapter, and (c) is
valid because Ay < 1. (3.21) can be proved similarly.
To prove (3.22), note that

D, + Dy ¥

Di+ D3+ D;+ Dj — D,

®

>D; + Dy

©

>2Ds, (3.36)

where (a), (b), and (c) are valid by (3.18), (3.20), and (3.4), respectively. (3.23) can be
proved similar to (3.22).

To prove (3.24), we directly calculate D3 + Dy — Dy, as follows:

D§+D1—D4@C(T¥§§EQ+f(§%%§%%)
(et ()

0 ( ato P >+C’< Ao Py )
N 1+P1—|—CL)\2P2 1+bP1+)\2P2

5\2P2 5\2-P2
- (i) o)
%“F%"—)\QPQ 1+bP1+)\2P2
(©
>0, (3.37)

where (a) is valid by (3.3), (b) is valid by Lemma 2.2 of the previous chapter, and (c) is
valid if a + abP;, < 1 + P;, which is satisfied because we have assumed that ¢ < 1 and

ab < 1. (3.25) can be proved similarly.
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To prove (3.26), we calculate D} + Dy — Dy, as follows:

D+ D, — D, @O(L> +C<ﬂ)

1—|—CL)\2P2 1—|—b)\1P1
\ P, Xo Py + b\ P,
—C’< 1171 >_C<22+ 11)
1+CLA2P2 1+b/\1P1

. 0(1 +)\1;\31]j: a)\gP2> a ( o

1+)\1P1—|—a)\2P2 %-'-)\1]314_)\2%

(©
>0,

14+ 6MP + MNP
et ) el )

(3.38)

where (a) is valid by (3.3), (b) is valid by Lemma 2.2 of the previous chapter, and (c) is

valid if b 4+ abP, < 14 P,, which is satisfied because we have assumed that b < 1 and

ab < 1. (3.27) can be proved similarly.
To prove (3.28), note that when a < 1 and b < 1, we have
L@
D3 + Dl 2D4a
NC
D3 + Dl ZD47

, o ©
D3 + Dl 2D47

where (a), (b), and (c) are valid by (3.26), (3.24), and (3.20), respectively. Therefore,

(3.28) is valid. (3.29) can be proved similarly.

To prove (3.30), we can write

@
Dy + Dy 2Dy + D5 — 2D;
Yply p2y p3—op,

2D37

where (a) is valid by (3.28) and (3.29) and (b) is valid by (3.18).

(3.39)

Observe that (3.31), (3.32), and (3.33) are valid by Lemma 2.3, proved in the previous

chapter. This completes the proof.

]

Lemma 3.2. For the two-user GIC with weak interference, the HK rate region Gy, charac-

terized in (3.3), is a polygon with ezactly seven extreme points if (A, A2) € {(1,1), (A1, X2)}.
Moreover, if (A1, A2) = (1,1), Go has four extreme points, and if (A1, \y) = (:\1,:\2), Go

has six extreme points.
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R A:A )2 D), A} 1R, B:i(A,A)=(1D
E.=(D,-2D,,D,) N

. N
~ I
~ N

E3=(D4—D3,2D3—D4

F7=(D1'D4’2D1 R+R =D,

R |E=00 E=(D0,0 R

> >

E,=(0,0) 5=(.0]

R C:AA)=(hA)
ES :(D5_2D2’ DZ)

N

. R+R=D,
ESE= N

(D,-D,,2D,-D,)=\\.
(2D,-D,,D,-D,)

E,=(D.,D,-2D)

E,=(0,0) E=(D,0 |

Figure 3.1: The achievable rate region Gy and its extreme points.

Proof. The proof can be established using Lemma 3.1. For instance, Gy can have six
extreme points if and only if Dy + D5 < 3D3. However, according to (3.19), Dy + D5 >

3D3. Therefore, Gy can have six extreme points if and only if

D4+ Ds =Dy + D3 + Dj

—3D;. (3.40)
On the other hand, Di + D% + D3 = 3Djs if and only if
D3 = D; = Dj. (3.41)
Note that, according to (3.31), (3.32), and (3.33), one can satisfy (3.41) if and only if
(A, A2) € {(1,1), (A1, M)} (3.42)
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Therefore, if (A, A2) ¢ {(1,1), (A1, X2)}, then Gy cannot have six extreme points. One can
check that if (A1, A2) = (1,1), then Gy has four extreme points, as shown in Figure 3.1.

Similarly, if (A1, A2) = (5\1, 5\2), then Gy has six extreme points, as shown in Figure 3.1.

Following a similar line of arguments, one can see that Gy cannot have five extreme
points. Moreover, G, can have four extreme points if and only if (A1, A\y) = (1,1). This

completes the proof. O

The properties of the HK rate region can be used to describe the optimization problem
that corresponds to the maximum of an arbitrary weighted sum-rate. In the next section,

we use linear programming tools to describe that optimization problem.

3.3.3 The Optimization Problem Corresponding to the Maxi-
mum Weighted HK Sum-rate

To prove Theorem 3.1, we express an optimization problem that characterizes the maxi-

mum of R; + pRs, as explained in the following theorem.

Theorem 3.3. For the two-user GIC with weak interference, R}y is given by the fol-

lowing optimization problem:

(
ax Dy + u(Dy—2D fo<pu<i

\, Jpax Dr 1(Dy 1) if0<p <3

max Dy — D3+ p(2D3 — Dy) if%<ﬂ§1

max __ A1,22€[0,1]
pu-HK
max 2D3 — D5+ pu(Ds — D3) if 1 < pu <2
A1,A2€[0,1]
max Dy — 2Dy + Dy if 2 < p,
L A1,22€[0,1]

where Dy, Dy, D3, Dy, and Ds are defined in (3.53).

Proof. Assume that (A, \z) ¢ {(1,1), (A1, A2)}. By Lemma 3.2, we know that the feasible
region Gy has seven extreme points, as shown in Figure 3.2. Since the objective function
Ry + pRy is a linear function, it achieves its maximum at one of the extreme points of
the feasible region. In fact, R4 is the solution of the optimization problem (3.9), and

R1+ pRy obtains its maximum at Es, F3, Fy, and Fs,if 4t < 05,05 <pu<1,1<pu <2,
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A

EGZ(O’ DZ) E5:(D5‘2D2’D2)

|E,=(00) 5=0,0)]

vl

Figure 3.2: Depending on the value of y, Ry + pRs is maximized at one of the extreme

points.

and 2 < u, respectively, as stated in Theorem 3.3. Moreover, if (A1, A2) = (1,1), one can
show that Fy = F3 = E, = Es. Similarly, if (A, A2) = (ab— 11;—1a, ab— 1P;2b), then Es3 = E,.
Consequently, for these two cases, optimization of Theorem 3.3 holds. This completes

the proof. 0

To prove Theorem 3.1, we need to solve four optimization problems, the problems
given in Theorem 3.3 for different values of u. According to the interior extremum
theorem, the global maximum of a function f over a feasible region A is achieved at one
of the following points: a stationary point or a boundary point or a point at which the
function f is non-differentiable [45,46]. Note that the feasible region of the optimization
problems of Theorem 3.3 is A1, Ay € [0, 1]. Therefore, the boundary of the feasible region,
denoted by B, is the boundary of a unit square which can be represented as B = B; U
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A

2
1 ]
S decreasin v
ABg 1e85INg B,:A,=1
d e o d
B4:/]1:1
increasing
Y "/]SB4
BS:/Ilzo
B:A,=0 <

@
1A
Figure 3.3: Behavior of R, = Ry + uRy = Dy + (D4 — 2D;) over the feasible region and

the six optimal power splittings that maximize R,,.

BQ U BQ U 84, where

Bi={(M,0):0< A\ <1},
By ={(M,1): 0 <A\ <1},
By = {(0,0) 10 < My < 11,
B = {(1A): 0 < Mo < 1}

Relying on this idea, we solve the optimization problems corresponding to pu < 0.5,
and 0.5 < p < 1 in two separate lemmas. The other two optimization problems of
Theorem 3.3, corresponding to 1 < 4 < 2 and 2 < p, can be solved similarly. Lemma 3.3
investigates the case in which p < % This lemma proves Theorem 3.1, for p < % It

shows that for this range of p, [A,| <6.

Lemma 3.3. If R}, is the optimal solution of the optimization problem

* = D D, —2D 4
R AMH;%)[%’” 1+ 1(Dy 1) (3.43)
then Ry, = Alr’l/\lgag\#Ru_HK()\l, X2), where A, is given by
Ay = {(0,d),(0,1),(1,0), (1,d), (0, [N3,]a), (1, [A3,10)}, (3.44)

where d = [C}bfpl;](l). Moreover, Ag, and \g,, which are stationary points corresponding to

local maximums over Bs and By, respectively, can be obtained by solving the following
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equations:

a(Dl(o, A2) + 1(Da(0,A2) — 2D1(0, As))

N———
=

- _ (3.45)
8<D1(1, A2) + pu(Da(1, A2) — 2D4(1, )\2))>
i —0. (3.46)

Proof. Note that we have

9(D1+ w(Dy—2D1))  AD,
O ~ o
— 1Py (abdaPy + b — 1)
(1+0MP)(1+ MP+adPy)

This shows that, with respect to A1, Dy + u(Dy — 2Dy) is increasing if Ay < d = [;&%]5,

and is decreasing if Ay > d (see Figure 3.3). Therefore, the optimal A} belongs to {0, 1}. If
A} = 0, then by taking derivative with respect to g, one can show that A3 € {d, 1,[A3,]}}.
Similarly, if A} = 1, then X5 € {0, d, [\},]3}, as shown in Figure 3.3. One can check that
equations (3.45) and (3.46) can have at most one solution in [0, 1] that corresponds to a

local maximum. This completes the proof. m

Solving the optimization problem of Theorem 3.3 corresponding to % < <1 1is more
challenging because the function D3 = min{Di, D2, D3} is not differentiable over the
feasible region. However, we use properties (3.31-3.33) and partition the feasible region

into up to three parts, namely Z;, Z,, and Z3, where
Z; = {(M\,\s) : D3 = D}}. (3.47)

Note that Dj is differentiable within each partition. Figure 3.4 shows how this partitioning
is performed, depending on the values of P, and P,. Dj can be non-differentiable only
at the boundary between two adjacent partitions. As shown in Figure 3.4, adjacent

partitions are separated by black solid line segments. These three lines are expressed by

Nl = {()\1, )\2) . )\1 = (1 — C))\Q + C}, (348)
No={(A, h0) A1 = A b, (3.49)
N ={(A, X)) : A = A1 (3.50)
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. 1-a 1-b . 1-a 1-b
/‘12 AR>Lap>1h /112 B:R<lap>Lh
dec dec dec
—
l,:D,=Dz l,:D,=D3 l,:D,=D2
~ ~ dec
Az 7777777777777777777777777777777 /]2 i
in_c) dic) dec
l:D,=D2 l,:D,=D3
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0 c A 1A 0 1A
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22 _______________________________
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— — —
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0 R 1/]1 0 1A1

Figure 3.4: Behavior of D3 over the feasible region.

Moreover, we explore the behavior of D3 with respect to A;. Note that we have

OD} (M, A2) —bA\o PPy (3.51)
O\ (L+bPA)(1+bP A+ \aPy)’ ‘
OD3 (M, N2) Pi(1—b— ab\yPy) (3.52)
O\ (1+0PA)(1+aPdo+ NP’ '
OD3 (A1, Aa) Pi(1—b— abP,) (3.53)
O\ (1P (1 +aPy+ Py ‘

Therefore, for each partition, we can check if Dj is increasing (inc), decreasing (dec), or
constant (con) with respect to A1, as shown in Figure 3.4. Relying on this perspective,

we prove Theorem 3.1 for 0.5 < p < 1, in the following lemma:
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M A 1-a 1-b ‘'r-p.l-a 1-b
LIARTE R g e LBRIERTS
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Figure 3.5: Behavior of R, = Ry +pRy = (1 —p) Dy + (20— 1) D3 over the feasible region:

the optimal power splittings that maximize I, are shown by solid black dots.

89



CHAPTER 3. BOUNDARY OF THE HK RATE REGION

Lemma 3.4. If R}, is the optimal value of the optimization problem

R = D,—D 2D, — D
p =, max D 3 + 1(2D; 1)

= 1 —u)Dy + (24— 1)D 3.54
Afﬁiﬁ,u( 1) Dy + (2p — 1) Ds, (3.54)

* — ) A - N
then R, Alr,f\l?e)fqu“ uK (A1, A2), where A, is given by

Ay = {(0, 1), (0, [ Jo): (1,0), (1, [Ag,Jo) (1, 1), ([A5,Jo, 1)
([5‘1]%)7 [Aj\/'z](l)>7 ([5‘1]67 [5‘2]%))7 ([/\.7\/’3](1)7 [5‘2](1))7
(Monalos Panilo)s (Pa-zio, o=z, ]o),

(i-zlbs Po-zlb), (a-zlb, De-zlb) }- (3.55)

Figure 3.5 demonstrates all optimal power splittings of A,, and Table 3.1 provides their

corresponding definitions.

Proof. Once the feasible region is partitioned, we need to solve an optimization problem
over each partition. For instance, if P, > 1{;—1)“ and Pgla—_bb, we solve three optimization
problems, corresponding to three feasible regions, namely 7Z;, Z,, and Z3, as shown in

Figure 3.5.

The optimal power splitting is either a stationary point inside one of the partitions
or a point on the boundary of the partitions. To find the stationary point inside Z;, we

should solve the equation

V(R;) =(0,0)
< V((1 = p) Dy + (2 — 1) D3) =(0,0)
L 00— 1) Dy A1, Ao) + (2 — 1) D3(A1, Ao)

e =0 and
O(1 — p)Dy( N, Az)a‘; (21 = 1)D5(A1, Aa) —0. (3.56)
2

In fact, (A1_z,, A2_z,) is the solution of (3.56) that corresponds to a local maximum inside
Z;. Other elements of A, belong to the boundary of partitions. Note that the boundary
of all partitions are line segments. Therefore, an optimal power splitting on the boundary
of partitions is either a vertex of the boundary or a local maximum over the boundary

which has a derivative of zero along the direction of the boundary. Table 3.1 shows all
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Power Given by the solution of
splitting
&((1=w)Da (1,1 +(2u-1)Ds(M1,1))
7 N =0
B2 1
0((1=1)Da(022)+(21-1) D3(0,12))
7 )N =0
Bs 2
0((1-)Ds(1A2)+(21-1) D3 (1,12))
7 X =0
84 2
(1= Daa A)+2u—1)Ds (A 2a)) 0
AN, o =
8((17u)D4(A1,5\2)+(2ﬂ*1)D3()\175\2)) -0
>‘:/9\/’3 (2281 -
(1w Da((1-c)hater) +(2u—1)Da((1-cPateds)) 0
§7N1 Ao o
v v = (L=, +c
d(1—p)Da(A1 22)+(2u—1)Di(A,02) o -
A1, B S = 0,5 € {1,2,3}
A(1—p)Da(A1,22)+(2u—1)Di(M,02) o -
o1, Tt = 0, € {1,2,3}

Table 3.1: The optimal power splittings.

the optimal power splittings. For instance, (Aj,, 1) is a point on the boundary section B,.
The point (5\1, A%,) lies on non-differentiable points A3. Finally, the point (Ai_z;, A2—z,)

is a stationary point inside Z;. O]

In the next section, we show that Theorems 3.1 and 3.2 can be used to rederive several

known results about the HK achievable rate region.

3.3.4 Rederiving Existing Results

Using Theorems 3.1 and 3.2, we prove some known results. First, note that the set A,

given in (3.55), leads to a full characterization of Ry + puRy for 0.5 < p < 1. For instance,

91



CHAPTER 3. BOUNDARY OF THE HK RATE REGION

for 1 = 1, Chapter 1 shows that the set A, reduces to

Ar = {(0,1), (1,0), (Ao, Phelo), (1 1), (I _p Jos A3-aalo) -

Consequently, the maximum sum-rate (/\ max Ry nk(A1, A2)) equals the maximum of five
1,A2€01

distinct functions of (P, P»), as proved in the previous chapter.

Remark 3.1. Sason proposes a coding scheme that achieves a mazximum sum-rate of

C(Py + P,) for all values of a and b [49]. For the symmetric channel, we compare this

achievable sum-rate with RE3X 4y, given in (2.233). When P is small, i.e.,
one can see that R® ... > C(2P). For this range, the HK scheme with no time sharing
outperforms the Sason’s scheme. On the other hand, when P goes to infinity, Ro qx
approaches 3 (log(P) + log(a + 1) + gs()\)) = 1(log(P) + log( 1+“ )), whereas C(2P)
approaches %(log(P) + log(2)). One can see that, if a < /5 — 2, then R™ . > C(2P),
and if a > /5 —2, then R™* .. < C(2P). This implies that for large values of a and P,

Sason’s scheme outperforms the HK scheme with no time sharing.

The observation that Sason’s scheme can sometimes achieve a higher sum-rate is a
special case of the following argument: if the FD technique is used, the achievable sum-

rate increases from RL 4 (P, Py) to C[REX L (P, ), where

max max alpl 62P2
C[ sum—HK](Ph PQ max ZQZ sum- HK ", )7

0;,0;3;€[0,1] i

subject tozei = Zai = Zﬂi =1.

In this scheme, the entire bandwidth is divided into 3 sub-bands, and in each sub-band

the HK scheme is used. In the #*" sub-band, which has 6; percentage of the bandwidth,
the first transmitter uses «; percentage of its total power and the second transmitter
uses ; percentage of its total power. According to Caratheodory’s theorem, the rate
region achieved by th FD technique will not enlarge if more than three sub-bands are
used [10,48]. Sason’s achievable sum-rate of C'(P; + P») can be directly achieved by this
scheme. Note that fi(P, P,) = C(P, 4+ aP,) and fo(Py, Py) = C(Py + bP;) are both
achievable sum-rates. Therefore, using the FD technique, Clmax{fi, fo}](P1, P,) is also

achievable. In the following, we show that
Clmax{fi, f2}](P1, P2) = C(P1 + P). (3.57)
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Let f = max{f1, fo}. By Caratheodory’s theorem,

ClfI(P, P) = sup Zef(o‘”'D1 @PE) (3.58)

0i,0:8:€[0,1] ;4 z 0;

subject to S0 6, =320 a; = 327 | f; = 1. Therefore, we have

Clf)(P, P) = sup Z@f(lel 51132)

0;,0::€[0,1] % 0; 0;
~ (P B1P2 Py BQPQ
Zelf ~ ) 92f 9
(55— 0) o (55 5)

041P1 511)2 o Py 52132

>91f1 2f2 )

(55 50) (5550
=é1C(P1 + P) + éQC(Pl + P)
=C(P, + P,), (3.59)
where

~ Pl
0 .
1 Rz (3.60)
R P,
0 3.61
T P+D (3.61)
a; =1, (3.62)
ay =0, (3.63)
B =0, (3.64)
3y =1. (3.65)

On the other hand, C[f](P, P») is the smallest concave function which lies above C(P; +
aP,) and C(Py + bP;). Since C(P; + P,) is concave and is larger than C(P; + aP;) and
C(P, + bPy), we have

Clfl(P1, P2) < C(P, + P2). (3.66)
Comparing (3.66) with (3.59), we conclude that
ClA(P, ) = C(P + P). (3.67)

Therefore, for all values of @ < 1 and b < 1, one can achieve C(P, + P,). On the
other hand, if the first receiver decides to decode the entire interference, then a MAC

bound on the sum-rate implies that R; + Ry < C(P, + aP,). Note that since a < 1,
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C(P, + aP,) < C(P, + P,). This shows that, for weak interference, if the HK scheme
requires one of the receivers to decode the entire interference, then the achievable sum-
rate will not be optimal. This is in contrast to the strong and mixed interference classes,
in which to achieve the sum-capacity, at least one of the receivers must decode the entire

interference.

The time-sharing variable () can also enlarge the achievable rate region. Furthermore,
this region includes the rate region achieved by the FD technique [6]. However, under
some constraints, these two regions are in fact equal. For instance, when interference is
weak, FD and @ result in the same achievable rate region, as stated in Corollary 3.1.
Therefore, one can characterize the maximum achievable sum-rate, even when time shar-

ing is used, as explained in the following corollary:

Corollary 3.2. When interference is weak, the maximum achievable sum-rate of the
HK scheme with Gaussian inputs (and with time sharing) is given by C[R2 1| (Pr, Pa),
where the function RS . (Py, Py) is given in (2.19).

Remark 3.2. Fxplicit calculation of the upper concave envelope of a function is in gen-
eral very complicated. However, under some constraints, one can use supporting hyper-
planes and explicitly characterize the upper concave envelope. Using this idea, Costa and
Nair [42] characterized the mazimum achievable sum-rate of the symmetric channel, for
some ranges of channel parameters. Following a similar approach, one can explicitly
characterize C[RX® L |(P1, Py), for some ranges of channel parameters. Moreover, it is

known that representing the achievable rate region in terms of upper concave envelope can

help characterize the capacity region [50-53].

3.4 Conclusion

This chapter examined the boundary of the HK rate region relying on Gaussian inputs.
When no time sharing is used, we characterized the boundary for the class of weak
interference. When time sharing is used, we expressed the entire boundary in terms of
the upper concave envelope of a function of (P, P). Therefore, we fully characterized

the entire boundary of the HK region.
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Chapter 4

Rate Splitting and Successive
Decoding for Gaussian Interference

Channels

This chapter investigates the structure of sum-rate optimal codes proposed for the two-
user Gaussian Interference Channel (GIC). It describes an optimization problem that
corresponds to the maximum achievable sum-rate through rate splitting and successive
decoding. First, the complexity of the optimization problem, and in particular the non-
convexity of the problem, is highlighted. Then an optimization method is proposed to
solve the problem under a set of mild conditions. The main result of this chapter is the

closed form expression for the optimal power allocation that achieves the sum-capacity.

4.1 Introduction

Most coding schemes proposed for the two-user GIC employ joint decoding to enlarge
the achievable rate region. For instance, the Simultaneous Non-unique Decoding (SND)
scheme [37] and the well-known Han-Kobayashi (HK) scheme [6] employ joint decoding;

however, joint decoding increases decoding complexity.

To decrease decoding complexity, practical coding schemes employ Successive De-
coding (SD). Moreover, there exists a considerable amount of literature regarding the

construction of high performance point-to-point codes [19-23], whereas there is much less
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research on multiuser codebooks, which can be jointly decoded. Thus, it is important to
have a comprehensive understanding of the performance of SD, which employs existing

point-to-point codes, in comparison to joint decoding, which employs multiuser codes.

Rate Splitting (RS) and successive decoding can reduce decoding complexity and have
been used to investigate the multiple access channel and the interference channel [24,25].
RS and SD have been used in a wide range of problems in information theory [54-57]. The
capacity region of the two-user Gaussian multiple access channel can be achieved using
RS and SD. In fact, if each message is split into two parts and decoding is done in the
proper order, the boundary of the capacity region can be achieved using SD. Moreover,
even the boundary of the capacity region of the K-user Gaussian multiple access channel

can be achieved using RS and SD [18,26,58|.

For the interference channel, a misconception exists that RS and SD can achieve
the entire SND rate region or even the HK rate region. Reference [59] explains this
misconception and highlights that, when several receivers have to decode a rate-splitting
codebook, the entire capacity region may not be achieved. In particular, it is proved
that, for the two-user GIC, RS and SD cannot achieve even the SND rate region [27].
Moreover, [27] proposes a sliding window decoding scheme that achieves the performance

of the simultaneous non-unique decoding inner bound.

The problem of sum-rate maximization has been studied in the literature [60-63]. In
particular, RS and SD have been used to investigate the maximum achievable sum-rate
of the two-user GIC. For instance, [64] proposes an algorithm based on RS and SD which
is derived by first investigating the deterministic interference channel [65,66]. For the
symmetric two-user GIC, [64] provides numerical evaluations to show that the sum-rate
of the SD algorithm is above that of the single-split schemes and below that of the HK
scheme. In addition, [10] shows that, when interference is mixed, the sum-capacity can
be achieved using SD. However, when interference is strong or weak, the performance of
RS and SD has not been well-understood. This study shows that, under a mild condition

on transmitters’ powers, RS and SD can achieve the sum-rate of the HK scheme [67,68].

This study examines the achievable sum-rate of the two-user GIC when SD is used
instead of joint decoding. Although it is known that a corner point of the SND rate region

cannot be achieved using SD [27], this chapter shows that SD can achieve the maximum
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sum-rate of the HK scheme. First, this chapter investigates the strong interference class
and shows that, if transmitters’ powers satisfy certain conditions, RS and SD achieve
the sum-capacity of the channel. The order of decoding at the receivers, the number
of the required splits, and the amount of power allocated to each split are described as
closed-form expressions. Moreover, when SD is strictly inferior to joint decoding, this
study calculates the maximum sum-rate loss when joint decoding is replaced by SD. It
is shown that the maximum sum-rate loss does not depend on transmitters’ powers and
remains constant as powers approach infinity. Second, this chapter investigates the weak
interference class. Similar to the strong interference class, it is shown that, if transmit-
ters’ powers satisfy certain conditions, the maximum sum-rate of the HK scheme can be
achieved using SD. It is shown that for a wide range of channel gains and transmitters’
powers, a single-split scheme can achieve the sum-rate of the HK scheme. For a small re-
gion, the single-split scheme actually achieves the sum-capacity. Moreover, we propose a
coding scheme based on RS and SD in which both transmitters divide their messages into
N + 1 parts, where N can be any positive integer. We show that this scheme can achieve
the sum-rate of the HK scheme. Once again, the order of decoding at the receivers, the
number of required splits, and the amount of power allocated to each split are described
as closed-form expressions. When SD is strictly inferior to the HK scheme, this study
calculates the maximum sum-rate difference. It is shown that the maximum sum-rate
difference does not depend on transmitters’ power and remains constant as transmitters’

powers approach infinity.

The HK scheme results in the best-known achievable rate region. Unfortunately,
the mathematical expressions that characterize the HK rate region are complicated and
involve some arbitrary power splitting variables. In contrast, our SD scheme does not
have arbitrary variables and results in simple characterization of the achievable sum-rate.

Consequently, our scheme provides insight into structures of sum-rate optimal codes.

Joint decoding is also used in parallel channels. An important question about parallel
channels is separability: is it necessary to jointly encode and decode across all sub-
channels to achieve the capacity region? Can separate encoding and decoding achieve
the entire capacity region? In fact, it is known that parallel Gaussian point-to-point
channels, parallel Gaussian multiple access channels, and parallel Gaussian broadcast

channels are separable [37], [69] and there is no need for joint coding. However, parallel
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Gaussian interference channels are not separable and separate decoding can considerably
decrease the achievable rate region [70]. Specific cases of parallel Gaussian interference
channels are studied by [71,72] and the optimality of separate coding is investigated for
each case. Note that this chapter does not investigate parallel channels. Rather, in this
chapter, joint decoding is performed over one GIC, and the decoders jointly decode some

messages that are transmitted over a single channel.

The structure of this chapter is as follows. In Section 4.2, the channel model and
preliminaries are introduced. This section expresses the optimization problem that corre-
sponds to maximizing the achievable sum-rate. Although it is shown that the optimiza-
tion problem is non-convex and involves a discrete optimization, we provide closed-form
expressions for the optimal solution. In Section 4.3 and 4.4 the achievable sum-rate is
studied for the strong and weak interference classes, respectively. These sections, which
demonstrate how many splits are required and how much power should be allocated to
each split, highlight the main contributions of Chapter 4. This chapter concludes in
Section 4.5.

4.2 Preliminaries

The following notations are used in this chapter. SV represents {S},S?,...,SN}. For
a random variable Sy, P(S7) represents the power of S; and for a set S}, P(S{?V) =

Zﬁil P(S%). For a statement @, 1(Q) = 1 if Q is true, otherwise 1(Q) = 0.

The two-user GIC is defined in Chapter 2. Based on the values of a and b, the
interference is divided into some classes, namely weak, strong, and mixed, as defined in

Chapter 2. In this chapter, we investigate the achievable sum-rate of each class separately.

4.2.1 The Underlying Optimization Problem Corresponding to

Maximum Sum-Rate

We formulate the achievable sum-rate of the two-user GIC, when RS and SD are used. The
it transmitter, i € {1,2}, splits its message M; into N; parts, namely M}, M?, ..., M.
Then, M/ is encoded by X7 according to N (0, P/) where P/ is the power allocated to M.
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Moreover, R represents the rate of M7 and R; = Zjvzll R!. Finally, all N; codewords are
superimposed and X; = Zjvzl Xl-j is transmitted. Transmitters’ powers are bounded by

Py and Py, i.e.,
N1
Z Plj S Pla
j=1
Ny
Y Pl <P (4.1)
j=1

The order of decoding at the receivers can affect the sum-rate achieved using SD. The
first receiver successively decodes all parts of M; using a specific order S; where S; =
(S1,52, ..., SMTN2) 1In fact, each S7 represents exactly one of the X7, i € [1:2] and j €
[1: N;], such that Sy is a permutation of { X1, X7, ..., X\ Yu{/aX], VaX3, ..., \/aX}?}.
First, va 1+N2 35 decoded by the first receiver, while considering all other splits as noise.
After decoding S92 SN+~ 4 decoded, while considering S1V272 as noise. The
first receiver follows S; until all parts of M; are decoded. Note that some parts of
M, may not be decoded. For instance, if S] = \/aX3, then the first receiver does not
decode X1. Similarly, the second receiver successively decodes all parts of M, using a
specific order Sy = (53,532, ..., SN T™2) where S, is a permutation of { X3, X2, ..., X2?} U

{(VoX! VbX2, .. VXY

The first receiver must decode X7, but the second receiver only decodes X7 if according
to the order Sy, X f is required to be decoded. Therefore, the first receiver imposes a
constraint on R{, but the second receiver only imposes a constraint on R{ if it decodes

X7, Mathematically,

. P(si)
Ri<d = c( e ) (4.2)

1+ P(5, )

so that X7 can be reliably decoded at the first receiver where SlK =X 7 in the decoding

order Sy. Similarly, if X { is decoded at the second receiver, then

e o P
R{ S d]l - C( 1:L{1)>’ <43)

14+ P(S,

so that X7 can be reliably decoded at the second receiver where S2L L= VbX] in the

decoding order S,. Therefore,

99



CHAPTER 4. RS AND SD ror GICs

min{c], dl} if the second receiver decodes X7,

Ri (4.4)

c{ otherwise.

Similarly, Xg should be decoded by the second receiver, but the first receiver only

decodes it if the decoding order S; requires decoding of Xg. Therefore,

min{c}, d}} if the first receiver decodes X3,

c; otherwise.

. Lj . K] ] . i .
where ¢, = C(%), d) = C(%), Sf{% = /aX}, and SQL% = Xj.
1+P(5, 27 1+p(s 2

To find the maximum sum-rate achieved using SD, the following optimization problem
is investigated.
Ny N
(2 B+ ).
j=1

J=1

opt -
Rsum-SD - max
N1,N2,P],P],81,82

subject to (4.1), (4.4), (4.5). (4.6)

This optimization problem is not convex, and finding the general solution can be difficult.
However, in this chapter, we characterize the optimal solution of this problem, for a wide
range of a, b, P, and P.

Note that when interference is mixed, the optimal solution of (4.6) can be easily

found. In fact, [10] shows that, for the mixed class in which @ > 1 and 0 < b < 1, the

sum-capacity is given by

csum:C(Pl)+mm{c(1fzpl),c(l‘fﬁl)}. (4.7)

On the other hand, consider the following solution to the optimization problem (4.6).

(Nb NQ) :(17 1)7
S1 =(X1, VaXy),
Sy =(VbX1, X5). (4.8)

This solution leads to the following achievable rates:

Ry =c; = C(P),
Ry = min{cy, dy} = min{C(1 +PZP1>,C<11P;1> } (4.9)
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Cam=C(P,+bP) \
R(b-1=P,(a-1)

b-1t-------------mmmm - e’

Cam=C(R)+C(R) Cum=C(P,+aP)

a-1 R

Figure 4.1: The sum-capacity of the strong interference class.

Comparing (4.9) with (4.7), we conclude that the solution (4.8) achieves the sum-capacity,
and therefore, is the optimal solution of (4.6). Similarly, one can show that for the mixed

class in which b > 1 and 0 < a < 1,

(NLNZ) :(Ll)?
Sl :<\/5X2,X1),
Sy =(X5, VBXy), (4.10)

shows the optimal solution of (4.6) that achieves the sum-capacity.

In the following, two distinct cases are studied, namely the strong interference class
and the weak interference class. We calculate closed-form expressions for the number of

splits, the optimal power allocated to each split, and the achievable rate of each split.

4.3 Strong Interference Class

The strong interference class is the case defined by a > 1 and b > 1. The sum-capacity
of this class is known. In fact, for the strong interference class, the entire capacity region
is achieved using SND [7,37], and the sum-capacity is given by

O(Pl —+ CLPQ), O(PQ + bPl),

Csum = min . (4.11)
C(P) + C(Py)
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Consequently,
C(P1)+C(P2) ifPl_a—1P2 b—l
Coum = C(P, + aPy) if P, > max{a —1 B (a— 1)}, (4.12)

C(Py+bP)  if P> max{b— 1, 20y,

as shown in Figure 4.1.

The main goal of this section is to show that, the sum-rate achieved using RS and
SD equals the sum-capacity for a wide range of (a,b, Py, P2). In other words, the optimal
solution of (4.6) equals Cy,y, for a wide range of (a, b, P, P»). In doing so, we first show
that without using rate splitting, one can achieve Cgyy, for some values of (a, b, P, P,).
Then we show that by using rate splitting, but without any joint decoding, one can

achieve Cyyy, for a wide range of (a, b, Py, P»).

4.3.1 Is Rate Splitting Required?

We calculate the achievable sum-rate when no RS is used. Our main goal is to show
that, for some values of (a,b, P;, P), RS is not required. In doing so, we first solve the
optimization problem (4.6) for N = Ny = 1. Then we compare the results with the sum-
capacity expression given in (4.12). The following theorem characterizes the maximum

achievable sum-rate when no rate splitting is used.

Theorem 4.1. For the two-user GIC with strong interference, the mazimum sum-rate

achieved with no rate splitting is given by

bP;
1+ P

C(Pl + (IPQ),

GPQ
1+ P

RYBS — min {C(

sum

)+ C( )
C(Py+bP,),
(P + C(Pz)}. (4.13)

Proof. When no RS is used, we have N; = Ny = 1. Therefor, the optimization (4.6)

reduces to

RNERS — maxft, + ;. (4.14)

sum
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Decoding Decoding
R+ Ry
order S; order So
(\/aX%Xl) (\/EXDX?) C(1+F;IP2) +C<1+Pb2pl)
C(Py) + min{C(—L2-), C(-4L
(X1, vaXs) | (VBX1, Xo) = { (”bpl)P ()
=C(h) +Cl75)
min{C (125, C (1255} +
(VaXy, X1) | (Xy,VhX3) C(P)

— O(1+12P2) + C(PQ)
min{C(P), C’(llf}éz)}—i—
min{C(FP), C(liplil)}

(X1,VaXs) | (X5, VbXy) = min{C(5) + C(&E),

C(Pl + CLPQ), O(PQ + bPl),

C(P) +C(PR)}

Table 4.1: The achievable sum-rate of the strong interference class corresponding to four

decoding orders.

There exist four possibilities for S; and S,, as shown in Table 4.1. This table shows
the achievable sum-rate corresponding to the four possible decoding orders. In the first
case, both receivers treat the interference as noise. In the second case, the first receiver
decodes the interference whereas the second receiver treats the interference as noise. In
the third case, the second receiver decodes the interference whereas the first receiver
treats the interference as noise. Finally, in the fourth case, both receiver decode the
interference. Note that the sum-rate corresponding to the fourth decoding orders, i.e.,
S1 = (X1,VaXs),Ss = (Xg,\/l;Xl), is greater than the sum-rate achieved by other
decoding orders. Therefore, for all values of (a, b, P, P»), the maximum achievable sum-
rate is given by the rate expression corresponding to fourth decoding orders, as stated in

(4.13). This completes the proof ]

For fixed values of a and b, Figure 4.2 demonstrates RY2S in the P,P,-plane. By

sum
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P2
_~ bR, aP,
RS =C,,,, =C(P, +bR) i = Clrp) *Clgrp
<Cam
e

RS =Cam =C(R)+C(P) RS =Cam =C(R,+aP))

a-1 R

NRS

. With the sum-capacity for the strong interference class.

Figure 4.2: Comparison of R,

comparing this figure with Figure 4.1, we can compare RYES with Cy,,. Note that,

Caum > RYNES if and only if

sum

P >a—-1,

Py>b—1. (4.15)

Moreover, when interference is very strong, i.e., 1 + P, < a and 1+ P, < b, Figure 4.2
shows that without any rate splitting, the sum-capacity is achieved. We highlight this

observation in the following corollary.

Corollary 4.1. For the two-user GIC, when interference is very strong, the sum-capacity

can be achieved using SD.

In the next sub-section, we propose a novel coding scheme based on RS and SD that
achieves a sum-rate better than RNZS. We show that our scheme achieves the sum-

sum

capacity for a wide range of (a, b, Py, P»).

4.3.2 How Many Splits Are Required?

In this sub-section, we propose a coding scheme that divides both messages into N + 1
parts. We show that, to achieve the sum-capacity, NV should be properly chosen according
to the value of (P, P,).
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To find the optimal solution of (4.6), the following decoding orders are proposed. For
a#1andb#1, let

(S1,82,8% 5t ) = (X],VaXy, X2, VaX2,..),
(S3,55,55,55,...) = (X3, VbX{, X3, VbXT, ..). (4.16)

Since the optimization problem (4.6) is non-convex, it may be difficult to find the

optimal power allocations. The main idea is to use proper power allocations, such that

¢ =d} if X/ is decoded by the second receiver,

¢ = d) if X} is decoded by the first receiver. (4.17)

Intuitively, these extra constraints prevent power loss. If c{ > d{, then we have allocated
some power to enhance the channel between the first transmitter and the first receiver.
However, since d{ < C{, the capacity of the channel between the first transmitter and the
second receiver restricts the achievable rate of the channel between the first transmitter

and the first receiver.

Relying on (4.17), we characterize a feasible solution to the optimization problem
(4.6). As highlighted earlier, due to non-convexity of (4.6), characterizing the optimal
solution can be difficult. However, we show that, for a wide range of (a,b, P, P»), the
feasible solution that satisfies (4.17) is in fact the optimal solution of (4.6). The idea to
prove the optimality of our solution is to use some form of duality certificate. Instead of
proving the optimality directly, we show that our solution achieves the sum-capacity. In
the following, we first propose our feasible solution. Then we show that for a wide range

of (a,b, P, P,) our solution achieves the sum-capacity.

According to (4.16), we have ¢ = C(P}) and d} = C(%). To satisfy (4.17), we

have ¢} = d}, and consequently, P} is found as follows:

=)
= Py =b—1. (4.18)
Similarly, we have ¢} = C(Py) and d} = C (%). By letting ¢} = d}, P} is found.
1
o =l
= Pl =a—1. (4.19)
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Generally, for k > 2, ¢ and d} are given by

k (@)
1

( “ )
E S P a0 P
bPF
dfﬁ@ Cj( k j : k—1 pj >’
LS B )

(4.20)

where (a) and (b) is calculated based on the decoding orders given in (4.16). Next, by

letting c& = d¥, PF is found, as follows.
clf :d’f
k ' k—1 . k—1 . k—1 '
= (1 +Y PI b0 Pf)) :b(l +Y Pl +ald] Pg))
= = = =
= PF=(b—1)+ (ab—1) ZPJ
YW pk—(b— 1)(ab)F\ k € {1,2,3,..}, (4.21)

where (a) is justified by induction on k. Similarly, ¢§ and d§ are given by

]Dk
ch 20(1_1_2] 1P§l+a(Zk 1P])>
d’§:0< ) , ) (4.22)

1+ P+ b(35 T P

and by letting ¢k = db, PF is found.
PF=(a—1)(ab)* " ke {1,2,3,...}. (4.23)

Moreover, by inserting (4.21) and (4.23) into (4.20), ¢} and d¥ simplify to

& =dt =Cla—1). (4.24)
Similarly, by inserting (4.21) and (4.23) into (4.22), ¢§ and d simplify to

h=di=C(b-1). (4.25)
Note that the values of cf and ¢§ do not depend on k.

With this power allocation, the constraints (4.4) on R¥ and (4.5) on R simplify to
RY < min{ct, di} @ C(a—1),

R < min{ck, iy 2 o —1), (4.26)
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where (a) is valid by (4.24), and (b) is valid by (4.25).

For the strong interference class, define P %(N) and Py%(N) as
N
PR(N) =Y P,
j=1
N
PYE(N) =Y P, (4.27)
j=1

where P/ and PJ are given by (4.23) and (4.21), and N is a positive integer. Therefore,

a—1

PYE(N) = —— ((ab)™ = 1),
PR(N) = abb__ll ((ab)¥ —1). (4.28)

To simplify the notations, we define Py’ (0) = 0 and P;gt(O) = 0. In fact, if P, = P}§'(N)
and P, = P; gt(N ), for some positive integer N, then each transmitter can split its message
into exactly NV parts and can allocate a proper amount of power to each of these N parts
such that (4.17) is satisfied. This power allocation has the property that all splits of
M, can achieve the same rate, i.e., C(a — 1), and all splits of M, can achieve the same
rate, i.e., C'(b — 1). Therefore, based on the proposed decoding orders (4.16) and power

allocations (4.21,4.23), SD results in the following achievable sum-rate.

Ry +Ry=NC(a—1)+ NC(b—1). (4.29)

The following theorem shows that if P, = P PY(N) and P, = Py PY(N) for some positive

integer N, then SD can achieve the sum-capacity of the strong interference class.

Theorem 4.2. For the two-user GIC with strong interference, if P, = Pﬁgt(N) and
P = P;gt(N) for some positive integer N, then splitting of My and My into N parts and
allocating power according to (4.21,4.23) and decoding according to (4.16) is sum-rate

optimal.

Proof. For P, = Pigt(N) and Py = P;gt(N), since both Plogt(N) and Pgog(N) are strictly
increasing functions of N, P > P} (1) =a—1and P, > P;gt(l) = b — 1. Therefore,

interference is strong but not very strong, and Cyyy, is given by
Conn 2 min{C(P, + aPy),C(Py + bP,)}, (4.30)
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where (a) is valid by (4.12). For such values of P, and P,

1
C(Pl +CLP2) zilog(l +P1 +G,P2)

@%log(l + (fb__ll (@)Y —1) + a(fb__ll) ((ab)Y - 1))
— Slog((ah)")
=N Jlos(a) + N%log(b)
=NC(a— 1)+ NC(b—1), (4.31)
where (a) is valid by (4.28). Similarly,
C(Py +bP) = NC(a — 1) + NC(b— 1), (4.32)

Since C(P, + aPy)=C(P2 + bP;)=NC(a — 1) + NC(b — 1), the sum-capacity is given by

Csum :mln{C’(R + CLPQ), C(PQ + bPl)}
=NC(a—1)+ NC(b—1), (4.33)

but this sum-rate is achieved using the proposed SD, as explained in (4.29). This com-

pletes the proof. O

Theorem 4.1 and Theorem 4.2 show that if P, and P, satisfy certain conditions, then
SD achieves the sum-capacity of the channel. In the next theorem, we propose a novel
RS scheme that divides both messages into N + 1 parts. We show that N should be
properly chosen according to (P, P2). The next theorem, uses Theorem 4.2 to find even

more values of P and P, for which SD is sum-rate optimal.

In the rest of this chapter, we deal with many calculations that involve the function
C(x). We frequently use the following property of this function: if z and y are non-
negative real numbers, we have

C(z +y) = C(z) +0(1ix). (4.34)

Theorem 4.3. For the two-user GIC with strong interference, if one of the following
conditions holds for some non-negative integer N, then allocating power according to

(4.21,4.23) and decoding according to (4.16) is sum-rate optimal.
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Condition A:

P;gt(N) < P, < PBY(N +1), Pf’}gt(N +1) < P (4.35)

Condition B:
Pﬁgt(N) <P < Pl"fét(N + 1), P2°f§t(N +1) < P, (4.36)

Proof. We prove this theorem when condition A holds. The proof, corresponding to
condition B, can be obtained by changing indices 1 and 2. The main idea is to use a
portion of P; and a portion of P, for the first splits of M; and M, such that the remaining

powers satisfy conditions of Theorem 4.2. Therefore, we express P, and P, as follows:

Py = PYY(N) + AP,

Py = P¥(N) + APy, (4.37)
and since condition A holds, we have

APy > PN +1) = P(N) 2 (a — 1)(ab)",

AP, < PN + 1) — PEY(N) 2 (b — 1)(ab)", (4.38)

where (a) and (b) are valid by (4.28). In fact, for each value of N, (4.37) describes a
power region in the P;P,-plane. For this region of powers, the first transmitter uses
AP to transmit X't Similarly, the second transmitter uses AP, to transmit X5 .
Then each receiver successively decodes both X! and X2t After this step, the
remaining power of each transmitter satisfies Theorem 4.2, i.e., P, — AP, = P} P'(N) and

Py — APy, = P;gt(N). In fact, according to the decoding order (4.16), we have

Ry =NC(a — 1) + min{c} ', dy '}

AP )

:NC'(a—l)+min{C' - =
<1 + Pl,gt(N) + aP2,I§t(N)

1+ PY¥(N) + AP, + bPY(N)

@NC(a — 1) + min {C<%>’C(ﬁ%&>}
AP

UNCla—1)+ C(W> (4.39)
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Figure 4.3: Regions in the P, P;-plane for which SD can achieve the sum-capacity of the
strong interference class. The label associated with each point shows the theorem and

the value of N corresponding to the point.

where (a) is valid since

(ab)™ =1+ PPE(N) + aPy§ (N)

=1+ P%(N) +bPE (N), (4.40)

and (b) is valid since AP, < (b — 1)(ab)". Similarly,

APQ >
1+ ngt(N) + begt(N) ’

Ry =NC(b—1) + min{C(

CZAPQ
O( opt opt >
1+ P (N) + AP+ aP)g (N)

UNCBh-1)+ min{0<(§%>’c<<wﬁﬁ%ﬂ)}

aAP, )

®
ONom-1)+ C(m

(4.41)

where (a) is valid by (4.40), and () is valid because AP, > (a — 1)(ab)". Therefore, the

following sum-rate is achievable
Ry + Ry =NC(a—1)+ NC(b—-1)
Apl CLAPQ
C Cl———= - 4.42
* ((@)N) * ((ab)N+AP1> (442)

Moreover, we know that SND achieves the sum-capacity of the strong interference

channel. Therefore, for the values of P; and P, satisfying condition A, the sum-rate is
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upper-bounded by

Rsum-snp =min{C (P, + bP,),C(P, + aPy)}
:O(Pl + CLPQ)

=C(P¥(N) 4 aPy5 (N) + AP, + aAP,)
Apl + QAPQ
1+ PYY(N) + apggt(N)>
Apl + (IAPQ
(ab)N >
One can use (4.34) and check that (4.42) and (4.43) are equal, and this completes the

—C(PR(N) +aP5E (V) + O

=NC(a—1)+ NC(b—1)+ (J( (4.43)

proof. O]

Results of Theorems 4.1, 4.2, and 4.3 describe conditions under which SD achieves
the sum-capacity. These conditions can be interpreted in two ways. For fixed a and b,
Figure 4.3 visualizes regions in the P; P»-plane for which SD achieves the sum-capacity.
On the other hand, for fixed P, and P5, Figure 4.4 shows regions in the ab-plane for which
SD achieves the sum-capacity. For each value of N, Theorem 4.2 demonstrates a point
in the P, P»-plane or in the ab-plane. These points are shown by stars in Figure 4.3 and
Figure 4.4. For instance, the star 77(1) satisfies the condition of Theorem 4.1 for N = 1.
Theorem 4.2 describes the very strong interference region. This region is filled with a
triangle, labeled 75, in both Figure 4.3 and Figure 4.4. For each value of N, Theorem 4.3,
under condition A, also describes a region. For instance, for N = 0, Theorem 4.3 describes
the region P, > a—1and 0 < P, < b— 1. For fixed values of a and b, this region is filled
with three circles in Figure 4.3. These circles are labeled T54(0). On the other hand, for
fixed values of P, and P, this region is expressed by a < P, +1 and b > P, + 1 and is
filled with one circle labeled T54(0) in Figure 4.4. The circle labeled T54(i) represents
a point that satisfies condition A of Theorem 4.3 for N = i. Figure 4.3 and Figure 4.4
show the regions characterized by Theorem 4.3A only for N € {0,1,2}. Similarly, the
regions characterized by Theorem 4.3B for N € {0, 1,2} are demonstrated in Figure 4.3
and Figure 4.4 and are filled with rectangles. The rectangle labeled T3p(i) represents a
point that satisfies condition B of Theorem 4.3 for N = i.

Next, we summarize the results of Theorem 4.3. In Theorem 4.3, we proposed a
novel coding scheme, and we showed that, for a wide range of (a,b, Py, P»), our scheme

achieves the sum-capacity. Let Rg.sp represent the achievable sum-rate of this scheme.
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Figure 4.4: Regions in the ab-plane for which SD can achieve the sum-capacity of the
strong interference class. The label associated with each point shows the theorem and

the value of NV that corresponds to the point.

In the following, we explicitly characterizer Rg,m.sp. Consider a pair of power allocation

(P, P»). We can uniquely determine (P;, P,) as follows:

Py = P¥(N) + AP,

Py = Py (N) + APy, (4.44)
where IV is the greatest non-negative integer such that AP; > 0 and AP, > 0. Note

that N, APy, and AP, are unique. Then, by dividing each message into N + 1 parts, the

following sum-rate is achievable by the scheme proposed in Theorem 4.3.

sum

Ryumsp = NC(a —1) + NC(b—1) + RNH1 (4.45)

where RNF1 = RN - RNVF! is given by

sum

R =
’
c(%) it AP, > (a—1)(ab)N, AP, < (b— 1)(ab)",
o(%) if AP, < (a—1)(ab)N, AP, > (b—1)(ab)", (4.46)
\ C(&8) + (A i AP < (a—1)(ah)", AP, < (b—1)(ab)".
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The first line of (4.46) is exactly equivalent to the condition A of Theorem 4.3. Simi-
larly, the second line of (4.46) is equivalent to the condition B of Theorem 4.3. The third

line shows the case, in which SD does not achieve the sum-capacity.

The proof of achievability of the third line follows similar to (4.39). In fact, one can

see that SD achieves the following rates:

R =NC(a—1)+ C’(ébl;l\,),
Ry =NC(b—1) + C((fgfv) (4.47)

4.3.3 Maximum Sum-Rate Loss

According to Figure 4.3, the only regions in the P; P,-plane for which sum-capacity is not

achieved using SD are as follows:

Py = PR(N)+ AP0 < APy < (a— 1)(ab)",
Py = P%(N) 4+ AP0 < AP, < (b— 1)(ab)",

N >1. (4.48)

A natural question is the maximum difference between the optimal sum-rate and the
sum-rate achieved using SD. Interestingly, the next theorem shows that the maximum
sum-rate difference is only a function of channel gains, i.e., a and b, and does not depend

on the number of splits N + 1.

Theorem 4.4. For the two-user GIC with strong interference, if joint decoding is replaced

by SD, the maximum sum-rate loss is given by AR = log ( 1+m).

sum \/a+\/5

Proof. First, note that ARLY represents the maximum difference between Cg,,, and

Rsum-sp. Since, for the strong interference class Cgym = Rsum-snp, ARR is given by

AR™* = max <Rsum_SND - Rsum_SD). (4.49)

SUM P S0,P>0

Second, if P; and P, are not in the region described by (4.48), then Theorems 4.1,

4.2, and 4.3 show that SD is sum-rate optimal and there is no sum-rate loss. If P; and
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P, belong to the region described by (4.48), the sum-rate of our proposed SD, Rgum.sp,

the sum-rate of SND, Ry um.snp, and the sum-rate difference, A Rgum, are as follows:

Rgumsp =NC(a — 1)+ NC(b—1) —i—C( AP ) —i—C( AP, )7

(ab)™ (ab)N
Rsumsnp =NC(a—1)+ NC(b—1)
. AP, + aAP, AP, + bAP,
emin (SR () |
ARé\im iRSum—SND - Rsum—SD

—in {C<AP1(C;;]LVAP2)7 C(AP?(;;)ZAH) }

- C((ﬁbj)gflv ) N C((ﬁb];?\f)' (4.50)

Therefore, to find the maximum sum-rate loss, the following optimization problem is

solved.

AR™ — max ARY

sum APl,APQ sum?’
subject to 0 < AP, < (a — 1)(ab)™, N > 1,

0< AP, < (b—1)(ab)¥,N > 1. (4.51)

Let us review an optimization technique. According to interior extremum theorem, the
global maximum of a differentiable function f over a feasible region A is achieved at one
of the following points: an stationary point or a boundary point [45,46]. In particular,
(AP, AP,), defined in (4.50). First note that this function
is not necessarily differentiable. The function min{} can make ARY (AP;, AP) non-
differentiable. However, ARY (AP, AP,) can be non-differentiable only if

sum

consider the function ARY

C(APl(;Z—))cJLVAPg) _ (AP?;;)ZZVAH)

Consequently, all non-differentiable points of the function ARYN (AP, AP,) lie on (a —
AP, = (b—1)AP,.

The feasible region of the optimization problem (4.51) is a rectangle, as shown in

Figure 4.5. Observe that (a —1)AP, = (b—1)AP, is a line inside the feasible region that
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(b-1)(ab)" i S .
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Ol g
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Figure 4.5: The feasible region of the optimization problem (4.51).

divides the feasible region into two parts, namely F; and F5, where

Fy = {(AP,APR) :0 < AP, < (a —1)(ab)?,

0< AP, < (b—1)(ab)",

(a—1)AP, < (b—1)AP}, (4.53)
Fy ={(AP;,AP,) :0 < AP, < (a —1)(ab)",

0< AP, < (b—1)(ab)",

(a—1AP, > (b—1)AR}. (4.54)

We solve the optimization problem (4.51) in three steps. First, we find the optimal
solution over Fj. Second, we find the optimal solution over F,. Finally, we compare the

results together. To do so, we first solve the following problem

AR™ — max ARY

sum APl ,APQ sum?’

subject to (AP, AP,) € F}. (4.55)

Inside Fy, ARY is a differentiable function. According to interior extremum theorem,

sum

the optimal solution of (4.51) is either an stationary point, or a point over the boundary.
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Figure 4.6: Comparison of the achievable sum-rate Rq.,.sp with the sum-capacity.

We can see that the function ARY

sum

ARY —min {O<AP1(C;;)C]LVAP2> | C<AP2(C;Z>€VAP1> }

B C((izj;;) a C((fzf)ji)

(S ) =) - ()

:C<(ab)aNA%Pl) - O(égfv). (4.56)

(AP, AP,) is a decreasing function of AP;. Therefore, ARY

sum

has no stationary points.

(4.56) shows that ARYN

sum

has no stationary points.

To investigate the boundary, first note that F} is a right triangle. Over the two legs

of the right angle, we have
ARéYJm - Rsum—SND - Rsum—SD @ 0, (457)

where (a) is valid by Theorem 4.3. Consequently, ARY achieves its maximum over the

line
(b—1)AP, = (a—1)AP;. (4.58)

In fact, by letting the derivatives equal zero, we find the following point that maximizes
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the sum-rate loss over (b — 1)AP; = (a — 1)APy:

9 aAP, AP,
OAP, (C<<ab>N + <AP2)ZTi> - C<(ab)N>) R
(Vab — 1)(b — 1)(ab)"
(ab—1) ’

= AP =

(4.59)

Moreover, since (b — 1)AP; = (a — 1)AP,, we have

(Vab - 1)(a — 1)(ah)"
(ab—1)

AP = (4.60)

Inserting (4.60) and (4.59), into (4.56), we see that
ARé\{lm - RSUIH—SND - Rsum_SD

alAPs AP
(@ rar) ()

o) -l

b—1 b—1
10g(1+1+\/7> < 1+\/%>
1./ (1+Vab)
3¢ (2 vie)
1+ Vab
“e (G va)
where (a) is valid by (4.60) and (4.59).

(4.61)

Similarly, one can show that over Fy, the optimal solution that maximizes ARY  is
given by (4.60). Therefore, (4.60) represents the optimal solution of the original problem

(4.51), and (4.61) represents the maximum sum-rate loss, as claimed in Theorem 4.4.

Note that (4.60) and (4.59) show the optimal solution (AP, APsP") that maximizes
the optimization problem (4.51) and the value of the maximum sum-rate loss is given by
(4.61). Moreover, AP and APs®" are functions of N, whereas the maximum sum-rate
loss is not. This means, for each N > 1, there is exactly one pair of (AP, AP;®"), and

for all N > 1, these pairs result in the same maximum sum-rate loss. O

Theorems 4.2-4.3 show that for a wide range of (a,b, Pi, P»), Csum — Rsumsp = 0.
Theorem 4.4 shows that, for values of (a,b, P, P;) that Csym — Rsumsp > 0, we know

that Csum — Rsum-sp is bounded. Figures 4.6 compares Cyuy, With Rgum-sp.
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Figure 4.7: Comparison of the sum-capacity and the sum-rate achieved using SD for the

symmetric two-user GIC with strong interference.

Moreover, we demonstrate the results of previous theorems by considering the sym-
metric Gaussian interference channel in which P, = P, = P and a = b. Figure 4.7
investigates the strong interference class and compares the sum-rate achieved using our
proposed SD and the sum-capacity achieved using SND. It shows that when interference
is very strong, i.e., P < a—1, SD achieves the sum-capacity. When interference is strong
but not very strong, if P = P*'(N) = C;IQ—__ll(CLQN — 1), SD still achieves the sum-capacity.
Moreover, Figure 4.7 depicts the sum-rate loss when the proposed SD scheme is used. In

fact, according to Theorem 4.4, the maximum sum-rate loss equals log <%> and does

not depend on P. Figure 4.7 shows that this maximum loss is seen exactly once in every

interval (PgP(N), PS*'(N + 1)).

4.4 Weak Interference Class

In this section, we investigate the weak interference class. The weak interference class is
more challenging than the strong interference class. The sum-capacity of the weak inter-
ference class is unknown. For the strong interference class, the maximum HK sum-rate
is achieved by decoding the entire interference at both receivers. For the weak interfer-

ence class, [43] shows that to achieve the maximum HK sum-rate, a specific portion of

118



CHAPTER 4. RS AND SD ror GICs

the interference should be decoded by each receiver. This portion varies as (a, b, P, P»)
varies inside the weak interference class. For the strong interference class, a fixed de-
coding order, given in (4.16), achieves the sum-capacity for a wide range of transmitters’
powers. For the weak interference, we show that different decoding orders should be used,

depending on the value of (a,b, Py, P).

The structure of this section is as follows. We first show that, without any RS and
joint decoding, the maximum sum-rate of the HK scheme is achievable for a wide range
of (a,b, P, P,). Second, to achieve the maximum sum-rate of the HK scheme for a wider
range of (a,b, P, Py), we propose a novel scheme in which both transmitters divide their

messages into some parts.

4.4.1 Is Rate Splitting Required?

We calculate the achievable sum-rate when no RS is used. Our main goal is to show
that, for a wide range of (a,b, P;, P»), RS is not required. In doing so, we first solve
the optimization problem (4.6) for Ny = Ny = 1. Then we compare the result with the

maximum achievable sum-rate of the HK scheme.

Theorem 4.5. For the two-user GIC with weak interference, the mazximum sum-rate
achieved with no rate splitting is given by
P, P
R = {0 (7))
sum fmax ].+CLP2 + ].+bP1 ’

Proof. When no RS is used, we have N; = Ny = 1. Therefor, the optimization (4.6)

reduces to

RYRS = max Ry + Ry. (4.63)

sum
1,52

There exists four possibilities for S; and S5, as shown in Table 4.2. This table shows
the achievable sum-rate corresponding to the four possible decoding orders. In the first
case, both receivers treat the interference as noise. In the second case, the first receiver

decodes the interference, while the second receiver treats the interference as noise. In
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Decoding Decoding
R+ Ry
order S; order So
(\/EX% Xl) (\/EXDX?) C(1+F;IP2) + C<1+P1)2P1)
C(Py) + min{C(—L2-), C(-4L
(X1, vaXs) | (VbXy, Xy) ) tmam ), !

= C(Pl + CLPQ)

min{C(25), C(35)

14+aPs 14+P>
<\/aX2,X1) (XQ,\/[_)X1> C(P2> — C(P2+bP1)
min{C(P), C(llf]%)} +
(X1, VaX) | (X, voX)) min{C(7%). C(55%)}
= C({) + (%)

Table 4.2: The achievable sum-rate of the weak interference class corresponding to four

decoding orders.

other words, since Sy = (\/EXl,Xg), the second receiver does not decode X;. Con-
sequently, R; is “not” required to be smaller than C'(bP;). In fact, Ry = C(P;) and
Ry = min{C(L2-), C(:%2)} = C(-%2-), and therefore, Ry + Ry = C(P; + aP;). In the

14+0Py 1+P 1+Py

third case, the second receiver decodes the interference, while the first receiver treats the
interference as noise. Therefore, we have Ry + Ry = C'(P,+bP;). In the fourth case, both
receivers decode the interference. Note that the sum-rate corresponding to this order is
smaller than the sum-rate achieved by other decoding orders. Therefore, the maximum
achievable sum-rate is the maximum of the three rate expressions corresponding to the

first three decoding orders, as stated in (4.62).
This completes the proof. n

RN RS

sum

Remark 4.1. The sum-rate achieved by 1s greater than the sum-rate achieved using

SND: For the weak interference class, Rgum-snp 1S given by

Rsum—SND -

min{C’(H +aPy),C(Py+bP),C(aPy) + C(bPl)}. (4.64)
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PZ
R =C(P,+bR) >
max{c:(1+ )+ C(1+bP)C(P+aP)} \
" pa-b=p-a)
b |
‘ab

R =Clizp )C(1+bp)- Rand_C(maPP

max{C(Pl+aP) C(P, +bP)} mad C(. ),C(P,+bP)}

1+ aP ) C(1+ bR ™

T
QD
~oV

Figure 4.8: The maximum achievable sum-rate when rate splitting is not used: Quadrant

RNRS

s 1s demonstrated.

I of the P Py-plane is partitioned into three regions. In each region,

For the weak interference class, this sum-rate is smaller than RX2S given in (4.62). There-

fore, although SND achieves the sum-capacity for the strong interference class, SND fails

NRS

am for the weak interference class.

to achieve R

Figure 4.8 shows quadrant I of the P, P,-plane. This quadrant is divided into three
regions. In each region, exactly one of C’<1+ap2> +C<1+bp ) C(P1+aPy), and C(Py+bP;)

RNRS

is greater than the others, as shown in the figure. Note that the region in which R}

equals C'(P; 4+ aP,) and the region in which RYRS equals C(P, + bP;) are separated by
the line Pi(1 —b) = P»(1 — a).

The main goal of this section is to find out when RS is required. To this end, we need

NRS

sum

denoted by R&eX k. We have

sum-

to compare R, with the maximum sum-rate of the HK scheme with Gaussian inputs,

NRS opt max
Rsum < Rsum SD sum-HK* (465)
Therefore, wherever we have RYRS = Rmax e have found an optimal solution of the

optimization problem (4.6).

The maximum sum-rate of the HK scheme with Gaussian inputs, RI:2X ., was char-
acterized in Chapter 2. In the following theorem, we review this characterization. To

make comparison simpler, we use a slightly different notation here.
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Theorem 4.6. For the two-user Gaussian interference channel, when interference is

weak, let Ro3X 1« denote the mazimum achievable sum-rate of the HK scheme with Gaus-

sum-

stan inputs, without time sharing. Then R4 4 1S given by

sum-H
Rink (P, P2) = (4.66)
P I
(ivem) *(5im)
max{ 1+ap) " “\T50n,
C P1 + CLPQ s

C(Py + abP,) +91(;\1,;\2)1(5\1 >0,h >0, > 5\2)},

where

(1 — a))\ng + b/\lpl

91()\1, )\2) :O( 1 n a)\2P2 ) - C(b)\lpl), (467)
- 1—a 1-0b

(A1, A2) =(ab — 2 ,ab — P, ) (4.68)

. 14+0bPc (bPia + Py)(1 — abPic — a)

= -1 1 4.69

> bPa+ B (-1+ \/ (1 + bPrc)(abPra) ): (4.69)

A =adg + ¢, (4.70)

Cipl(l—b)—Pg(l—a)’ (471)
Pi(1—b+ Py(1—ab))

a=1-c (4.72)

As expected, (4.66) shows that RNRS < pmax . More importantly, Theorem 4.6

sum

shows that the maximum HK sum-rate has five distinct mathematical expressions, de-
pending on the value of (a,b, Py, P;). Table 4.3 partitions the entire weak interference
class into five sub-classes, namely A, B, C, D, and E. For each sub-class, the maximum

H-K sum-rate is demonstrated. By comparing RYRS with Rmax . we characterize three

NRS _ pmax

sub-classes inside the weak interfere class, for which R > = Ry i,

as explained in the

following theorem.

Theorem 4.7. For the two-user GIC with weak interference, if (a,b, Py, Py) belongs to

the union of sub-classes A, B, and C, then RYRS = pmax

Proof. Theorem 4.5 and Theorem 4.6 characterize RXXS and R™2X . respectively. Ta-

ble 4.3 partitions the weak interference class into five sub-classes. For each sub-class, we
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Sub-
Description RE2 1k RNRS
class
0< P < 1(1__ba’ C(1+ZIP2>+ C(plepz)""
0< P < la;bb C(lbePl) C(lJrIZQPl)
P> =
OSPQSH]&X{IG—_bb, C’(P1+aP2) C<P1+QP2)
B AR
P>t
0§P1§max{1;—b“, C(P2+bP1) C(P2+bP1>
Uoaabp, +a—1}
max{
Pl > %, PQ > 1a__bb’
R C<P1+Gp2) C(P1+CLP2),
)\2 > ab — l?j) -~ o~
+91(A1, A2) | C(P2+0P)}
P> 09p g1, max{
P2>%P1+b—1, C(P1+GP2) C(P1+CLP2),
5\2 §ab—%b —1—91(5\1,5\2) C(PQ"‘bPl)}

Table 4.3: The weak interference class is partitioned into five sub-classes. For each sub-

NRS

sum *°

class, 3% i 1s compared with R

can compare RNES with Rmax . as shown in Table 4.3. For the first three sub-classes,

NRS __ pmax
we have R[> = RuaX k.

This completes the proof. n

Note that the sum-capacity of the weak interference channel is not known in general.

For the small sub-class of the very weak interference, characterized by Pvb + Pyy/a <

1_\/\/%;\/5, treating interference as noise is sum-rate optimal [10,11]. This sub-class is

NRS

strictly inside sub-class A. Therefore, for the very weak interference sub-class, R

achieves the sum-capacity, as stated in the following corollary.

Corollary 4.2. For the two-user GIC with very weak interference, RNES achieves the

sum
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\ _1b ,,1b
RO, =C(R,ebR) LR
m-k ~ G +DR)
p,=(D)abp g
1-a

1-b, 1

T-ab b
Vs ]z=ab—l;2b
ab \
R&Han)’:-HK :C(Pl"' apz)
///"'/ 1-a \\\ 1—3( 1 -1) Pl

b | 1-ab(ab)

J P P M
- _ 1-a 4 1-b
R&m-Hk C(ﬁ)*'c(répl) %-HK‘C(H* 2)+g(ab—?a,ab—fz)
Figure 4.9: The weak interference class is partitioned into five sub-classes. For each

suc-class, ARgyy, = B2 o — RNBS s demonstrated.

sum
sum-capacity.

Moreover, Figure 4.9 shows that the entire weak interference class is partitioned into
five sub-classes. For each sub-class, ARym = R™ . — RNBS is shown. For two sub-

sum

classes, namely D and F, we have ARy, > 0. To characterize A Rqum, let us define

(1 — b))\lpl + CL)\QPQ

A1, Ag) = — Ao Ps). 4.
92(A1, A2) = C( W2 ) — Clara ) (4.73)
Using direct calculation, one can show that
C(Pl + aPQ) + gl()\l, )\2) = C(PQ + bpl) + gg<>\1, )\2) (474)

Consequently, for sub-class D, A Rg,y, is given by
ARsum :C(Pl + CLPQ) + 91(5\1, 5\2) — maX{C'(Pl + CLPQ), O(PQ + bpl)}
:C(P2 —+ bPl) —+ 92(5\1, 5\2) — rnax{C(Pl -+ CI,PQ)7 C(PQ -+ bPl)}

= min{gl(j\la 5\2), 92(5\1, 5\2)}- (4.75)
Similarly, for sub-class E, ARg., is given by
ARy = min{gi (A1, A2), g2( A1, A2)}. (4.76)

In the next sub-section, we propose a novel coding scheme based on RS and SD that
achieves a sum-rate better than RNR®S. We show that the proposed scheme achieves

sum

max
max gk for sub-classes A, B, C', and D.
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N | | i
PR (@) 1

1 | 1 |

(P,P)= |

| AR (Pz@+0R, PR +AP) |

REC(02): REC(,2 REC(2.2) |
T e

REC(0D){ RECED REC(2.)) |
71 T T
REC(00)| REC(L0)| REC(20) | P
PO RO PH@ -

Figure 4.10: Quadrant I of the P P,-plane is partitioned into rectangles. Each rectangle
determines the decoding orders (S, S2) and the number of splits (N + 1).

4.4.2 How Many Splits Are Required?

In this sub-section, we propose a novel coding scheme that divides both messages into
N + 1 parts. We show that to achieve the HK sum-rate, N should be properly chosen.
In fact, the number of splits depends on the value of (P, P»). Note that (P, P,) is a
point in the first quadrant of Ri. We partition the entire Ri into rectangles, as shown in
Figure 4.10. The point (P, P») lies in one of these rectangles, denoted by REC (m,n). As
demonstrated in Figure 4.10, the partitioning is created by vertical lines P, = Pﬁ %‘{,(N )

and horizontal lines P, = Py PL(N), where

Py(N) = 11__;; ((a;)N - 1) , (4.77)

PyR(N) = 11__;; ( (a;)N — 1) . (4.78)

If the point (P, P») lies on REC(m,n), we let
N = min{m,n}, (4.79)

and divide each message into N +1 parts. According to (4.79), N is a function of (Py, P,).
In other words, (P, P,) determines the number of splits. There is a close relation between
the partitions introduced in Table 4.3 and the rectangles REC(m,n). For instance, sub-
class A is exactly REC(0,0), and sub-class D is a part of REC(1,1). This relation is

demonstrated in Figure 4.11.
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We represent (P, P,) as follows:
(Pr, P2) = (P%W(N) + APy, Py (N) + APy), (4.80)

as shown in Figure 4.10. Note that according to (4.80), each (P, P») has a unique
representation. Furthermore, according to the value of m and n, we have the following

constraints on AP, and AP;:

If m = n, then we have

1—a

AP < P (N +1) = P/R(N) = @) (4.81)

AP, < P%(N +1) = PY(N) = (;b);Nil (4.82)
If m > n, then we have

AP > PP (N +1) — P/R(N) = (;b);jvil (4.83)

AP, < Py%(N +1) = PY(N) = (alb);Nil (4.84)
If m < n, then we have

AP < P (N +1) — P/R(N) = (;});Nil (4.85)

AP, > Py (N +1) = P (N) = (;Z));Nil (4.86)

We already noticed in Theorem 4.5, that the optimal decoding orders S; and S,
depend on the value of (P, P,). Figure 4.8 shows that depending on the value of (P, P),
three different decoding orders can be optimal. Relying on this idea, we use the following

three decoding orders, based on the value of (P, P,).

If (Py, P,) lieson REC(m,n), then S; = (S, 52,53, 84, ...) and Sy = (S}, S2, 53, 54, ...)

are given by the following:
If m = n, then we let
S1 = (VaXy, X, VaX3, X7, .., VaXy ™, X{'),
S, = (VbX!, X3, VX2 X2, .. VeX N+ XN+, (4.87)
If m > n, then we let
S1 = (X1, VaXy, VaX3, X7, ... vVaXy T X,
Sy = (VX! X3 VX2 X2, VXN XN, (4.88)
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. 1R i ‘
o | E— —— A — —
2w REC(0,2) | REC(L2) /' REC(2,2) |
Sub-class ' :
C i
RO secon | Recay T S
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A | B | PL
AN® A@ RR® -

Figure 4.11: The relation between rectangles REC(m,n) and sub-classes A, B, C, D,
and F.

If m < n, then we let

Sy = (X1, VX!, VX2 X2, .. VhX N+ XN+, (4.89)

Observe that only the first two elements of S; and Sy have changed in (4.87-4.89).

We have determined the number of splits and the decoding orders, based on the
value of (P, P5) in (4.79) and (4.87-4.89), respectively. We also need to determine the
value of the optimal power allocations, i.e., P/ and Pj. Using (4.87-4.89) and (4.17), we

characterize a feasible solution to the optimization problem (4.6).

Similar to the strong interference class, we use (4.17) to characterize a feasible solution
to the optimization problem (4.6). According to (4.2) and for the decoding orders given
in (4.87-4.89), we have

PN+1
o= N - N+L i )
L+ > Pl +a(d 2 B)
bPNJrl
vt =of — ). (4.90)
T+ P+ P)
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By letting ¢! = d¥ !, we calculate Pt as follows:

C

N+1

N
=b(1+Y Pl +a(d P
k=1 k=1

N+1 _gN+1

) =1+>_ Pi+b> P

k=1
=Pyt =1—b+ (1 —ab)P,. (4.91)
Similarly, by letting ¢y ™' = dY ™, we have
PNt =1 a4 (1 —ab)P. (4.92)
Inserting (4.91) and (4.92) into (4.90), ¢! and d)¥* simplify to
l—ab)Pi+1—a
N g+ — C<< ! ) 4.93
“a ! a(Py + bP + 1) (4.93)
Similarly, one can show that
1—ab)Py+1—b
N+ gh+1 (J<( 2 ) 1.94
C2 2 b(Pl—f-CLPQ—f-]_) ( )

Following this scheme, let ¢/ = d} and ¢, = d for all j > 2. Consequently, we calculate

Plj and Pg for 2 < j < N, as follows:

Pl=1—a+(1—ab)(P, —

Pi=1-b+(1—ab)(P—

With this choice of values for P/ and P, the values of ¢ = d’ and ¢

N+1

> P,
k=j+1
N+1

> P,

k=j+1

(4.95)

(4.96)

= d% simplify to

S
I

& C((

&

1—ab)P1+1—a)
CL(P2+bP1+1) ’

N b(P1+(lP2+1)

). (4.97)

Note that the values of c{ and c; are independent of j. This is a direct consequence of

(4.95) and (4.96). Moreover, according to (4.1), we have S 0" PF =

P, and 0t pE =

P,. Therefore, by choosing the values of PF and P¥ according to (4.95) and (4.96),

respectively, P! and P; are determined by

N+1

_Pl_zplkaPQ1
k=2
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Using (4.95-4.96), one can show that P! and P} are given by

P! = AP (ab)™,
P} = APy(ab)". (4.99)

For a given (Py, %), (4.79) determines the number of splits, (4.87-4.89) determine the
decoding order, and (4.95-4.96) determine the power allocation. Consequently, one can

calculate the achievable sum-rate of this scheme, as stated in the next theorem.

Theorem 4.8. For the two-user GIC with weak interference, if (Py, Py) lies on REC(m,n),
then rate splitting and power allocation according to (4.95,4.96) and successive decoding
according to (4.87-4.89) achieves the following sum-rate:

1—b
T) + RL. (4.100)

RRS-SD _ NC(l —a

sum

)+ NC(

where N = min{m,n} and R., = R} + R} is given by

sum

(

AP (ab)N AP (ab)N .
Ot ) + C(Haidsw) ifm=n,
R =4 C(APy(ab)™ + aAPy(ab)") ifm > n, (4.101)
C(APy(ab)™ + bAP;(ab)™) if m <n.

\

Proof. For 2 < j < N + 1, we have

R{ + R} = min{c], d{} + min{c}, &3}

D +d

@C<(1—ab)P1+1—a> ((1—ab)P2+1—b>

a(P2+bP1+1) b(P1+aP2—|—1)
(1—ab)Pi+1—-a (1—ab)P,+1-0
— - 1log ((1
2 °g<( TP P T 1) )( b(Py +aPy + 1) )>

_110 1
2 & ab

l1—a 1-b
where (a) is valid by (4.17), and (b) is valid by (4.97). Therefore,
N1 Nt ‘
RESSP=N"(RI+R)) =) (RI+R)+R +R
j=1 =2
@ N(J(1 — 9 +NC(1T_b) + R (4.103)
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where (a) is valid by (4.102).

Moreover, for m = n,

Rown = BRI+ Ry = ¢ + 5

sum

N N
@;) ( Apl (ab) ) ( APQ(CLb) ) (4104)
1+ aAPy(ab)N 1+ bAP;(ab)N
where (a) is valid because, according to (4.87), ¢} and ¢} are given by
P} AP (ab)N
1_ 1 _ 1
Cl_C(1+aP21) B (1—|—aAP2(ab)N)’
P} APy (ab)™
y=0(+—2) = 2 . 4.105
@ (1+bP11) (1+bAP1(ab)N) (4.105)
This completes the proof for m = n.
For m > n,
Rl = R; + Ry = c; + min{cy, d3}
<y d
(b) N CLAPQ(Gb)N
= C (AP (ab —_—
CAR@™) + (AP ()
= C (AP (ab)" + aAPy(ab)™) (4.106)

where (a) and (b) are valid because, according to (4.88), cl, i, and d} are given by

¢t = C(PY) = C(AP (ab)"),

P} APy (ab)V
1 _ 2 _ 2
02_0(1+bP11) (1+bAP1(ab)N)’
aPy aAPy(ab)N

dy=C( ). (4.107)

This completes the proof for m > n. The proof for m < n follows similarly. ]

RS-SD

awo”. In order to compare the performance of

The previous theorem characterizes R

RRS-SD with Rmax

. e 1k, we need to simplify the expressions given in Theorem 4.8, as stated

in the following theorem.

Theorem 4.9. For the two-user GIC with weak interference, if (P, Py) lies on REC(m,n),

then rate splitting and power allocation according to (4.95,4.96) and successive decoding
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P2 !
PG
RERSP =C(P, +bR) REHSC =C(R,+aP,)+ m(APl,APz)i
el r"‘R'S;S'D';"";“ """""""""""""" :
. C(Prln+aP2)
+h(AR.AR)
T ’
Clyd)*
| RERS0 =C(P, +aP,)
(1+l:2)P) P
PO=52 PRO=1 "5 PO
Figure 4.12: The achievable sum-rate RE5-SD,
according to (4.87-4.89) achieve the following sum-rate:
(
C(1+aP2) +C(1+bP1) if m=n=0,
C(Py+aPy) + hY (AP, AP) ifm=mn>1,
RESSD — (4.108)
C(P1+GP2) z'fm>n,
C(Pg‘l'bpl) ifm<n,

\

where WY (AP, APRy) = C(%) — C(aAPy(ab)N) is a non-negative function.

Proof. To prove this theorem, we simplify the expression of RE5SP given in (4.100). Note

that, according to (4.77) and (4.78), we have

(ab)™ =1+ Pﬁ%tv(N) + apggtv(N)

=1+ PR (N) 4+ bPR(N). (4.109)
Moreover,

C(Py + aPy) =C(P\y(N) 4 aPy%(N) + AP + aAP,)
APl -+ GAPQ >
1+ PR (N) + aPshe(N)

Yere(tsh) (R, o

—C (PP (N) + aPi () +

@N()(l
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where (a) is valid by (4.109). Consequently, for m > n, we have

1—a 1-0b AP1+CLAP2
, )+NC(T)+(W)

Yo +apy), (4.111)

RRS—SD @ NC(

sum

where (a) is valid by (4.101), and (b) is valid by (4.110). Similarly, for m < n, one can
see that

RESSD — C(Py, +bP). (4.112)

sum

For m = n = 0, according to (4.101)

AP, AP,
_ Py Py
=) YOG

RRS—SD — O(

sum

(4.113)

Finally, for m =n > 1,

RS ENC( ) 4 NC() + Ol AT + ClaaPia)
+C(5 fligb()az)]v) — C(aAPy(ab)™)
—Ne(E=0) 4 NC’(lT_b) + C(—AP@Z)%P?)
+0(5 fzi(zib()a];)fv) — C(aAPy(ab)™)
Yo (P + aPy) + hY (AP, AP), (4.114)

where (a) is valid by (4.101) and (b) is valid by (4.110). Moreover,

_ APy (ab)N
N - 2 _ N
hl (APl,APQ) _C(1+bAP1(ab)N) C((lAPQ(CLb) )
(@)
>0. (4.115)
where (a) is valid by (4.81). This completes the proof. O

The previous theorem characterizes simplified expressions for the achievable sum-rate.

Note that for m = n > 1, RE5D g given in terms of C(P; + aP,) plus a nonnegative

function. Similarly, one can show that, RXS-SP

sum

can be given in terms of C(P, + bP;) plus
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a nonnegative function too. In fact, for m =n > 1, we have

l1—a 1-b APy (ab)™

v )t O TAR @)

RRS—SD @NC<

e )+ NO( <) + C(bAP(ab)™)

APl ((lb)N
1 + aAPy(ab)

L—a +NC’(1T_b) +0(

APl (ab)N
1+ aAPQ(ab)
(b)

=C(Py+bPy) + hy (AP, APy), (4.116)

+C( ~) — C(bAP(ab)")

:NC( AP2+bAP1>

(ab)=N
N) - C(bApl(ab)N)

+ O

where (a) is valid by (4.101) and (b) is valid by (4.112). Moreover,

APl (ab)N
1+ aAPy(ab)

hy (AP, APy) =C( <) — C(bAP(ab)")

(a)
>0. (4.117)

where (a) is valid by (4.82). Therefore, for m = n > 1, we have

RESSD =C(P) + aPy) + hY (AP, AP)
=C (P, +bPy) + hy (AP, AP,)
=max{C(P, + aP,),C(P, + bP;)}

+min{h (AP, AR,), hY (AP, AP,)}. (4.118)

Relying on this observation, we compare this simplified sum-rate with RY25 and show

sum

that RESSD > RNBS a9 explained in the following remark.

Remark 4.2. RRSSD > RNRS. 1% compare RRSSD with RNES - we can compare Fig-

sum sum sum

ure 4.12 with Figure 4.8. For m # n, we have RSP = RNRS = Moreover, form =n =0,

sum sum °

we have RESSD = RNBS = However, form =n > 1

RESSD _ RNRS @ i (O(Py + aPy), O(Py + bPy)}
+min{h (AP, AR,), by (AP, AP,)}
— max{C(P, + aP»),C(Py+ bP))}
= min{hy (AP, APy), hy (AP, AP,)}

>0, (4.119)
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where (a) is valid by (4.118). Since both hi¥ (AP, APy) and hY (AP, AP,) are nonnega-

tive functions, (4.119) shows that for m =n > 1, we have RE5SD > RNRS,

sum sum

Remark 4.2 shows that our proposed scheme can achieve a higher sum-rate compared

to RNBS. Next, we compare RESSD with Rmax . to show that for a wide range of

(a,b, P, Py), RRS-SD achieves the maximum HK sum-rate. In fact, Tables 4.3 shows that

sum
the HK scheme partitions the weak interference class into five sub-classes. Next theorem

RRS—SD

proves that for the first four sub-classes, we have R,

= Ronk-
Theorem 4.10. For the two-user GIC with weak interference, if (a,b, Pi, Py) belongs to

the union of sub-classes A, B, C, and D, then RESSP = pmax

RRS-SD

sum

Proof. Figure 4.12 demonstrates inside all rectangles REC(m,n). By comparing

RRS-SD _

sum

Figure 4.12 with Figure 4.9, we see that for sub-classes A, B, and C, we have

max . For sub-class D, according to (4.114), RESSD = C(P, + aPy) + hi(AP, AR,).
On the other hand, according to Theorem 4.6, R .. = C'(P; 4+ aPy) + g1 (M1, Az). One
can verify that hl(AP;, AP,y) = g1(A1, \2) and conclude that RESSP = Rmax . 1In fact,

sum

according to (4.68), we have

M P, = abPy — (1 —a), (4.120)

XoPy = abPy — (1 —b). (4.121)
On the other hand, since sub-class D is inside REC(1,1,)

APiab =(Py — P{%y(1))ab

~(A - b
=abP, — (1 —a)
WP (4.122)
where (a) is valid by (4.120). Similarly,
APyab = M\ P;. (4.123)

Inserting (4.122) and (4.123) into (4.67), we have
(1 — a):\QPQ + b/~\1P1

A, X)) =C 2 — C(b\ P
90, 3a) =C(E— 2 P - (bR
(1 —a)APyab + bAPyab
= — AP . 4.124
a3 1+ aAPyab ) = C(bAPiab) ( )
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On the other hand,

APs(ab)

) — C(aAPs(ab)). (4.125)
Observe that (4.125) and (4.124) are equal because

(AP, APs) =g1 (A1, Ao)
APQ((Zb)

TS 0AP (ab) bAPl(ab)) — C(aAPy(ab))
(1 —a)APyab + bAPyab
1+ aAPab

APQ((lb)
—_— AP,
T 0AP (ap) T C0ARAD)
1 —a)APab + bAPab
14+ aAPyab

&C(APab + bAP ab)

<O

=C(

) — C(bAPyab)

<O

(! ) + C(aA Py(ab))

This shows that, for sub-class D, RESSD = pmax . The proof is complete.

sum

4.4.3 Maximum Sum-Rate Loss

The previous theorem shows that inside sub-class £, RE>SP < pmax - However, we can

sum
show that even in this sub-class, RE3SD is close to R™&% ... First, we show that there

RRS-SD

exist hyperplanes inside sub-class E, for which we have R,)"

= R k. Second, we

show that inside sub-class E, Rmax . — RESSD g hounded.

sum

Theorem 4.11. For the two-user GIC with weak interference, if (a,b, Pi, Py) belongs to
REC(N,N) and also belongs to the hyperplane Ly characterized by

Ly ={(a,b, P1, P;) € R} :
. =2 (1 = (ab)™)

Ao = (ab)N — 1= 5 : (4.127)
2
for some positive integer N, then RES-SD = pmax .

Proof. First, remember that sub-class F represents all (a,b, Pi, P») € R% that satisfy

the description given in Table 4.3. Observe that 5\2, given in (4.69), is a function of
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~ a N
(a,b, P, P,). Therefore, for a fixed N, the equation \y = (ab)" — w represents

a hyperplane in RY.

Second, note that if N=1, (4.127) simpliﬁes to

5 ; (1 — ab)
2 =ab — T
1—0
= b —
a 23
=X (4.128)
Moreover,
5\1 :CYS\Q +c
:a5\2 +c
=\ (4.129)

Consequently, for N = 1, Theorem 4.11 reduces to equality (4.126).

For N > 1, we have

RISSP = C(Py+ aPy) + by (AP, AP).

sum

Rmax K= C(Pl + CLP2) + gl(/\l, /\2)

sum-H

We claim that if (4.127) is satisfied, then hY (AP, APy) = g1(A1, As), and Consequently,
(ab)N— 1ap (1 (ab) )

RS-SD __
R S

we have R0 = RI . To prove this claim, on one hand, if Ay =

then \; is given by

A1 :a5\2 +c

=(1—-¢) ((ab)N _ =s ;2<ab)N)> +c

(a) 1 (1 - (ab)N)
=(ab 4.130
(any* - T, (4130
where (a) is valid by (4.72). On the other hand, for m =n = N, we have
AP (ab) =(Py — PRy (N))(ab)™
l1—a 1
= — 1)) (ab)™
< T (ab)¥ )> (ab)
l1—a
—(ab)N P, — - ab(1 — (ab)™)
WP, (4.131)
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Pt

Pz?\':/)\t/ ()]

PR

Po@

PLO\R/t(l) PLO\R;(Z) PLO\R,"(B) '31‘6'&(4) ...

Figure 4.13: The sub-class F is partitioned by hyperplanes L;. On the boundary of each

part, Rmax = RBSSD Ingide each part, the maximum of Rmax . — RRS-SD

sum

(P, Py) = (P%y(N), PS%(N)) for N > 1.

occurs when

where (a) is valid by (4.130). Similarly, one can show that

APQ(CL())N = 5\2P2. (4132)

Therefore, g1 (A1, A2) is given by

(1 — a);\QPQ + bj\lpl

A, Ag) =C - — C(bM P
91(A1, A2) =C( T OuE, ) — C(bA )
—C’((l — a)APy(ab)N + bAPl(ab)N)_
- 1+ aAPy(ab)N
C(bAP; (ab)™). (4.133)
On the other hand,
, APy (ab)N
N - 2 . N
hY (AP, AP,) = 0(1 n bApl(ab)N) C(aAPy(ab)™). (4.134)

Similar to (4.126), one can see that (4.133) and (4.134) are equal. This completes the

proof. O]

The hyperplane Ly is demonstrated in Figure 4.13, for N =1, N =2, and N = 3.

Theorem 4.11 shows that the hyperplanes L;, partition the sub-class F into many parts.

RS-SD

Over the boundary of each part, we have R

= R332 k- In the next theorem, we show

that inside each part, the maximum difference between RR5-5P and R™ax

oy e i 1s limited to
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2| p=3p o 1/
,/ min(/‘l,jz):gl(jl,jz),/,
1-b, 1 i " pa-b)=p,(1-a
l—ab((ab)z_l) ( /]2 ab—l b o i1-H=RA-a)
i\\/ L gmm(/h 2) gz(/h 2)
b | L e
ab | R= 1 AtbTl
1-a l-a, 1 _ P
“ab 1-ab(any !

Figure 4.14: The function gm, (P, P2) over the sub-class F.

log<\1/fc) Interestingly, there exists exactly one (P, P») inside each part that leads to

this maximum difference. Note that the maximum difference is the same for all parts.

Theorem 4.12. For the two-user GIC with weak interference, if joint decoding is replaced

by SD, the mazimum sum-rate loss is given by ARD = 10g<\1/2;;/§%>.

Proof. Our goal is to show that

max (R g — R ) = log Levab) (4.135)
PPy \/a+\/[_)

Note that RESSD < pmax . only in the sub-class E. Therefore, we can restrict

(Py, P») to the sub-class E. Let & represents the sub-class F, for fixed values of a and b.
We have

1 —a)ab
€:{<P1,P2) ZP1>%P2+(I—1,
(1 —b)ab
P, > 1—b P1+b—1,
< 1-0
Ay < ab— }. (4.136)

2

Then the optimization problem (4.135) is equivalent to

max RS-SD
gllf]j%(( sum-HK Rsum )
subject to (P, P) € £. (4.137)
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We can partition £ into parts, namely Ey, Fs, ..., as shown in Figure 4.13. Our idea to
solve this optimization problem is as follows. Instead of looking for the optimal solution
over £, we look for the optimal solution over each F;. Let ARp, be defined as

A = max _ pRS-SD
REz g}%ﬁ;( sum-HK Rsum )

subject to (P, ) € E;. (4.138)
Since E;s form a partitioning of £, we conclude that (4.137) is equivalent to
mgxx(AREi). (4.139)
In the following, we show that we have

(4.140)

Va+ Vb

and therefore, (4.137) is equivalent to

{1+ Vab
mgmx(AREi) = log (W) . (4.141)

To solve (4.138) and characterize E;, we first note that over the boundary of each

RS-SD _ pmax
part, we have Ry >" = Roi .

RS-SD ~ RNRS

sum sum *°

Moreover, according to Remark 4.2, R Therefore, we have

max RS-SD max NRS
Rsum—HK - R SRsum—HK - R

sum sum

:ARsum
@ min{gl(j\l, 5\2), 92(5\1, 5\2)}, (4].42)
where (a) is valid by (4.76). Define
Guin(P1, Ps) = min{gl(;\ly ;\2)792(;\17 ;\2)} (4.143)

According to (4.69) and (4.70), Ay and A, are functions of (Py, P,), and therefor, gmin()
is a function of (P, P»). Figure 4.14 demonstrates the function gy, () over the sub-class

E. Observe that, we have

max _ RRSSDY AR\
g}%%{( sum-HK Rsum )—%}%%gmln()\h)\z% (4144)
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subject to (P, P) belongs to the sub-class E. Instead of solving (4.135) directly, we solve

maxgmm(Pl, Py) (4.145)
PP

In the following, we first prove that

maxgmm(Pla PQ) log M ; (4146)
PrPy Va+ Vb

then, we show that only if (P, P) = (Pf%tv(N), P;%(N)), we have

L+ Vab ) (4.147)

R — RISSP = log | ————
i Va+ Vb

To show that (4.146) is valid, we note an optimization technique. According to interior
extremum theorem, the global maximum of a differentiable function f over a feasible
region A is achieved at one of the following points: an stationary point or a boundary
point [45,46]. In particular, gi(A1, A2) and ga(A1, Ay) are both differentiable functions of
(Py, Py). However, gmin(P1, P») can be non-differentiable. In fact, over the hyperplane
P (1-0b) = Py(1 —a), we have 91(5\1, 5\2) = gg<5\1, 5\2) Consequently, if gmin(Py, P2) is not
differentiable at (P;, P,), then (P;, P5) belongs to the hyperplane P;(1 — b) = P»(1 — a).
Therefore, if (P, Py) maximizes the optimization problem (4.146), then (P}, Py) is either
an stationary point, or a point on the boundary, or a non-differentiable point on the

hyperplane P(1 —b) = Py(1 — a).

We solve the optimization problem (4.146) in three steps. First, we note that guin(Pr, Ps)
has no stationary points inside the sub-class E. Then we show that over the hyperplane
Pi(1—b) = P,(1 —a), which include all non-differentiable points, we have gy, (P1, P2) =
log(“”r) Finally, we show that over the boundary of the sub-class E, we have

Va+vb

Jmin(P1, P») < log (\%@) ,

To show that gmin(F1, P») has no stationary point, we should investigate V(p, p,g1 (;\1, ;\2)
Direct calculation shows that V(p, p,) 91(5\1, 5\2) = (0,0) has no solution in the sub-class
E. Similarly, Vp, p,) g2(A1, A2) = (0,0) has no solution in the sub-class E. Consequently,
gmin(P1, P2) has no stationary point in the sub-class E.

Next, we investigate the non-differentiable points of g, (P1, P»). If (Pi, Py) belongs to
the hyperplane P, (1—b) = P,(1—a), according to (4.72), ¢ = 0 and o = 1. Consequently,
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by (4.69),

2" bPa+ P (1 + bPyc)(abPra)

1 P+ P -1
:—<_1+ (P + P)(a )>
bP1+P2 &bPl

@(ﬁ_ﬁ(—wr\/g)

. 1+bPe (—1+\/ _(bPloz+P2)(abPlc+a—1)>

__l-a vab—ab (4.148)
(1—ab)Py ab
where (a) is valid because bP; + P, = Pi2=%. Moreover, by (4.70)
5\1 :Ozj\g +c
1— b—ab
- o Vab—ab (4.149)
(1—ab)P,  ab
Inserting this value of (A;, As) into (4.67) and (4.73), we see that
4 1+ Vab
91(>\1, )\2) ZIOg — |, (4150)
Va+ /b
4 1+ Vab
92(A1, A2) =log| ————= |. (4.151)
Va+ b
Consequently,
;Illlalfl(—HK - }%sl\ginS :gmin(Plﬁ P2)
:min{gl(;\la ;\2)792(;\17 5\2)}
1 b
=log 14 vab) (4.152)
Va+ b

Therefore, when P;(1—b) = Py(1—a), the value of g, (Py, P») is independent of (Py, Py).

Finally, we investigate gmi,(P1, Py) over the boundary. The boundary of sub-class £
is characterized by the following three hyperplanes:

1— b
p, — (L= aab : “Z“ Pyta—1, (4.153)
1 _
=0 (4.154)
a 1—-0
= — . 4.155
)\2 ab P2 ( )
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For fixed values of a and b, these hyperplanes are lines in the P, P,-plane, as shown in

Figure 4.14.

If (P;, P,) belongs to the hyperplane (4.153), then (4.69) shows that Ay = 0, and

consequently,

(1 - CL);\QPQ + bj\lpl

g1(A1, Ae) =C( ) — C(bAL Py)

].‘I“CLS\QPQ
0+ b\ P, .
=C(———) — P
O — COAP)
=0. (4.156)

Therefore, when (4.153) is satisfied,

gl?;(HK - Rsl\ﬁls :gmin(Pla Pz)
Zmin{gl(ﬁl, 5\2)792(5\17 5\2)}
=0. (4.157)

Similarly, if (P, P;) belongs to the hyperplane (4.154), then A; = 0, ga(A, As) = 0.
Consequently, when (4.154) is satisfied,

R;ﬁ(HK - Rgg}r{ns :gmin(Pla Pz)
Zmin{gl(ﬁl, ;\2)>92(5\1, 5\2)}
=0. (4.158)

If (Py, P,) belongs to the hyperplane (4.155), then (Ay, As) = (A1, Az). Note that,
for fixed values of a and b, this hyperplane is demonstrated by L;, shown in Fig-

ure 4.13. One can see that as (P, P») moves over L; and goes from (Pﬁ%f]@), Pz'i%f,(l)) to

(PR (1), P (2)), the value of gi() continuously increases from 0 to C(W)

ilarly, as (P, P,) moves over L; and goes from (Pﬁ%g,(l),P;’%f,(Q)) to (Pﬁ%(Z),P;%E,(l)),
(l—a)b(l—b))

. Sim-

the value of go() continuously increases from 0 to C( . Consequently, gmin() =

min{g;(), g2()}, achieves its maximum when g¢;() = ¢2(). Direct calculation shows that

91() = g2() occurs when

Pi(1—b) = Py(1 - a). (4.159)
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Note that according to (4.152), when (4.159) is satisfied, we have guin (P1, P2) = log(\%ﬂ

Therefore, over L; we have

(4.160)

1+ Vab
gmin(Ph P2) S log <—>

Va+ b
Examining (4.157), (4.158), and (4.160), we conclude that over the boundary of sub-class

E, we have

(4.161)

1+ Vab
Gmin(P1, P2) < log <—>

Va+ Vb
and equality occurs if (4.159) is satisfied.

Since gmin(P1, P2) has no stationary points, it achieves its maximum value over the
boundary or at a non-differentiable points. (4.152) and (4.161) show that this maximum
value is attained over the hyperplane P;(1 — b) = P5(1 — a), and therefore, (4.146) is

valid.

Next, we prove that (4.147) is valid. Note that by (4.142) and (4.146), R 1 —

RRS-SD _ log( 1+Vab

s Tt \/) only if we have

RESSD — pNRS. (4.162)

sum sum

On the other hand, Remark 4.2 shows that RES-SP > RNES = According to (4.119) and for

sum sum
sub-class B, RE-5D = RNRS oy if

WY (AP, APRy) =0,
hY (AP, APy) = 0. (4.163)

According to (4.115), WY (AP, AP,) = 0 if and only if AP, = 0. Similarly, according
o (4.117), hY (AP, AP;) = 0 if and only if AP, = 0. Note that when AP, = 0 and
AP, =0, we have

P, :Pﬁ%tv(]\f),

Py =Py (N). (4.164)

Consequently, for sub-class E, we have RESSD = RNES if and only if (4.164) is satis-

sum sum

fied. Observe that in the sub-class E, (4.164) can be satisfied for N > 2, as shown in
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Figure 4.13. It is straightforward to see that if (P, P») = (Pﬁ%f,(]\f), Py (N)), we have
Pi(1 —b) = Py(1 — a), and Consequently, by (4.152),

max RS-SD __ pmax NRS
Rsum-HK - R _Rsum-HK - R

L (1+Vab
=log (W) . (4.165)

This completes the proof.

4.5 Conclusion

This chapter studied the role of RS and SD in the two-user GIC when interference is
strong or weak. It was proved that, for a wide range of (a,b, Py, P5), the sum-rate of the
HK scheme can be achieved using RS and SD. When SD is strictly inferior to the HK
scheme, the maximum sum-rate loss was calculated and was shown to remain constant
as P; and P, approach infinity. This study revealed some interesting structures of sum-
rate optimal codes. The extension of the results of this chapter to more than two-user

channels can be an interesting future work.
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Chapter 5

Delay in Cooperative
Communications:
Multiplexing (Gain of Gaussian
Interference Channels with

Full-Duplex Transmitters

This chapter investigates the role of cooperation among transmitters of the two-user
Gaussian interference channel in enlarging the achievable rate region. In particular, we
focus on causal cooperation among transmitters, in which a delay constraint guarantees
causality. We review the existing results and highlight the importance of the delay con-
straint. The main contribution of this chapter is a more accurate analysis of delay in
cooperative communications. We introduce a new constraint of causal delay. This new

constraint allows the coding scheme to achieve a higher multiplexing gain.

5.1 Introduction

The importance of interference in wireless communications has generated major interest
in the interference channel. Different coding schemes have been proposed for the two-user

GIC, that maximize the achievable sum-rate under certain conditions. For example, under
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strong interference, in which each cross-link channel gain is greater than the corresponding
direct-link channel gain, the optimal coding scheme is to decode the interference as well as
the desired signal [7-9]. In contrast, when cross-link channel gains are much smaller than
direct-link channel gains, the sum-capacity is achieved by simply treating the interference

as noise [10-12].

Cooperation among nodes in a communication system is a promising approach to
increasing the overall system performance. Full-duplex transmitters can not only double
the rate of wireless communication systems, but also facilitate collaborative signaling
and cooperative communication [73-76]. In the two-user interference channel, full-duplex
transmitters can take advantage of the signal they receive from each other to mitigate
the interference at their receivers, and this simple cooperation among transmitters can
enlarge the achievable rate region. In the context of cognitive radio channels, the role
of cooperation in enlarging the capacity region of the GIC has been studied and rate
splitting along with Gelfand-Pinsker binning has been used to improve the achievable rate
region [29], [30]. Moreover, the capacity region of the two-user GIC with conferencing
encoders is established in [31] to within a constant gap. To investigate causal cooperation,
the achievable rate region of the two-user interference channel with cribbing encoders is

studied in [32-34,77,78].

Multiplexing gain has been used as a measure to investigate the role of partial non-
causal cooperation (or cognitive message sharing) in wireless networks in the high Signal-
To-Noise Ratio (SNR) regime. The multiplexing gain of multiple-input multiple-output
(MIMO) Gaussian channels depends on the minimum number of transmits and receive
antennas [79,80]. Furthermore, in the K-user GIC, as the cooperation among transmitters
increases from no cooperation to perfect cooperation, the multiplexing gain increases
from %K to K [35]. However, practical cooperation among different nodes requires causal
delay to be considered as an essential constraint. The signal transmitted by a node will be
received and processed by other nodes with some delay, and the minimum acceptable delay
can significantly affect the potential gains of cooperative communication systems. For
instance, in the two-user GIC, when only transmitters cooperate non-causally (no delay
constraint), i.e., each transmitter non-causally knows the other transmitter’s message,
the channel behaves similar to the broadcast channel, and the maximum multiplexing

gain of two is achievable [36,37]. Similarly, non-causal cooperation among the receivers

146



CHAPTER 5. DELAY IN COOPERATIVE COMMUNICATIONS

achieves the Multiple-Access-Channel multiplexing gain of two [38].

In contrast, when cooperation is causal, Host-Madsen and Nosratina [39] have proved
that the maximum achievable multiplexing gain is limited to one. Interestingly, this
multiplexing gain can be achieved by half-duplex transmitters without any cooperation.
Furthermore, even when all nodes are synchronized and operate in the full-duplex mode,
as long as they satisfy the traditional constraint of causal delay, the maximum multi-
plexing gain remains limited to one [39,81]. Therefore, [39] states that “the multiplexing
gains promised by the MIMO systems are critically dependent on a tight coordination
among the transmit antennas on the one side, or among the receive antennas on the other
side; a level of coordination that seemingly cannot be achieved by the wireless connec-
tions available to cooperative communication”. Similarly, causal cooperation is known to

increase the capacity region of the MIMO GIC, but not its multiplexing gain [82].

This study investigates the two-user GIC with full-duplex transmitters to reach the
following conclusion: with a new constraint of causal delay, which is slightly different
from the traditional one and captures the role of delay more accurately, the maximum
multiplexing gain is in fact two [83]. We introduce this new constraint of causal delay
and compare it with that of [39]. The causal delay constraint is traditionally applied to
each symbol, whereas in this study, we apply this constraint to a block of M symbols
that constitute one OFDM symbol. This new constraint plays an integral role in this
study as it allows the coding scheme to achieve a higher multiplexing gain. Moreover,
it is known that the channel delay does not affect the capacity of the point-to-point
memoryless channel, the memoryless broadcast channel, and the memoryless multiple
access channel [84]. However, we show that a small change in the delay of the channels
between full-duplex transmitters of the two-user GIC can significantly change the sum-

capacity.

To illustrate our results, we first consider a case in which only one of the transmitters
operates in the full-duplex mode. Then, we consider the general case in which both trans-
mitters are full-duplex and cooperative. We highlight the potentials (higher multiplexing
gain) and limitations (caused by the closed loop between transmitters) that emerge when
both transmitters are full-duplex. Furthermore, we study the optimal power allocation
that maximizes the achievable sum-rate and examine its effect through some simulations.

Interestingly, the simulation results reveal that, when full-duplex transmitters are de-
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signed to cancel interference, the achievable sum-rate of the symmetric GIC does not
significantly degrade. In fact, we show that when the interference power increases, as the
cross-link channel gains increase, the achievable sum-rate of full-duplex transmitters is

almost flat and close to that of non-interfering transmitters.

The rest of this chapter is organized as follows: in Section 5.2, our notation and the
channel model are introduced. Section 5.3, which contains our main contribution, investi-
gates the achievable multiplexing gain of the two-user GIC with full-duplex transmitters.
The case when only one of the transmitters is full-duplex is studied separately. Further-
more, the closed form expression of the optimal power allocation is computed. In Section
5.4, simulation results are presented to highlight the corresponding improvement in the
sum-rate. Moreover, the role of optimal power allocation in increasing the achievable

sum-rate is depicted in simulation results. Finally, Section 5.5 concludes the chapter.

5.2 Preliminaries

In this chapter, matrices including vectors, are denoted by boldface uppercase letters.
a = b means that b is the definition of a. diag(P 1, P2, ...P1 ar) demonstrates an M x M
matrix in which (Py1, Pio,...P1 a) is the main diagonal and all other entries are zero.
For a square complex matrix C;, C,[i] is the complex number that represents the i
element of the main diagonal. For a complex vector S; = [Si1,S1.2, ..., S1m]”, Sili]
is the complex number that represents the 7" element of the vector, i.e., Si[i] = Si;.
The notation V(R;) represents the gradient of the function Ry. [z]T = z if x > 0,
otherwise [z]" = 0, and log(z) = logy(x). The notation 1(z < y) = 1 if x <y, otherwise

I(z < y) = 0. Finally, for a complex number z, |z| represents the magnitude of z.

5.2.1 Channel Model

In the system model studied in this chapter, a bandwidth of B is divided into M orthog-
onal sub-carriers and is shared between 2M links (a link is composed of a transmitter
and its corresponding receiver). Therefore, we assume that M orthogonal sub-carriers
are shared by two groups of transmitter-receiver pairs where each group has exactly

M links, as depicted in Figure 5.1. In other words, the two groups share the entire
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Tyq sub-carrierl o R, 4 Tg 1 sub-carrier1 o Rp .
TA,Z sub-carrier 2 > RA,Z TB,Z sub-carrier 2 > RB,Z
TA,3 sub-carrier3 o R 43 TB,3 sub-carrier 3 o R B3
TA,M sub-carrierm s, RA,M TB,M sub-carrierM o, RB,M
GroupA Group B

Figure 5.1: Two groups (A and B) of wireless transmitters sharing M sub-carriers of

OFDMA.

bandwidth, based on Orthogonal Frequency-Division Multiple Access (OFDMA) with M
sub-carriers. Each sub-carrier is used by both groups, and therefore, M parallel two-user
GICs are formed, as shown in Figure 5.2. Note that OFDMA is used in many wireless
standards. For instance, in the Long-Term Evolution (LTE) standard, used by many

telecommunications providers, OFDMA is used in the down-link [85].

One of the main advantages of OFDM systems is their immunity to multi-path fading.
When a signal z(t) is transmitted through a channel with impulse response c¢(t), the

recieved signal y(t) is expressed by a linear convolution as follows:

+o0
y(t) = / x(T)e(t — 7)dr + 2(t), (5.1)

where z(t) represents the noise at the receiver. The multi-path delay can be modeled as

Npath

e(t) = D Golt =), (5.2)

where (; and 7; represent the gain and the delay of the i path, respectively. Npqm is
the number of paths, and §(¢) is the Dirac delta function. For this channel, the delay
spread t4 is given by t; = max{7;} — min{r;}. The receiver retrieves x(t) from y(¢) using
an equalizer; however, the complexity of implementing such an equalizer increases as
Nparn increases. The basic idea of OFDM is to transmit the message through narrow-
band orthogonal sub-carriers, so that each sub-carrier experiences a complex gain, and

consequently, the equalizer structure is simplified.

To realize an OFDM symbol of size M, a symbol of incoming data S(n) = [S1(n), Sa(n), ..., Si(n), ..

is multiplied by an inverse Fast Fourier Transform (FFT) matrix to create the time-
domain symbol D(n) = [Dy(n), Dy(n), ..., Di(n), ..., Das(n)]T, where n,i, and M repre-

sent the time index, the sub-carrier index and the symbol size, respectively. Note that
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one OFDM symbol conveys M messages. Furthermore, a cyclic prefix of size L., is added
at the beginning of the OFDM symbol D(n). Then, a parallel to serial converter and
a digital to analogue converter are used to generate the analogue signal d(t), in which
the OFDM symbol has duration t, and the cyclic prefix has duration ¢.,. The cyclic
prefix is used to avoid interference among sub-carriers. In fact, if the delay spread ¢,
is shorter than ¢, (or equivalently, if the channel impulse response is shorter than L.,),
the cyclic prefix turn the linear convolution into the cyclic convolution. Since circular
convolution can be diagonalized in the Fourier basis [86], it can be verified that multi-
path delay in the time domain is transformed into complex gains over sub-carriers in
the frequency domain [87-89]. Therefore, by adding a redundancy of size L., to an
OFDM symbol of size M, OFDM systems can effectively handle the multi-path fad-
ing. In OFDM systems, instead of dealing with the delay of each D;(n), the delay of
D(n) = [D1(n), Da(n), ..., Di(n), ..., Dpr(n)]T is managed by adding a cyclic prefix. This
in turn results in the message embedded in each OFDM sub-carrier to be multiplied by
a complex channel gain value, without any interaction with the rest of the messages em-
bedded in other OFDM sub-carriers. This is the key idea that let us relax the traditional

delay constraint, as will be further explained in Remark 5.1.

In this study, the " sub-carrier is used by both groups simultaneously; in group A,
it is used by the i transmitter-receiver pair. Similarly, in group B, it is used by the
it" transmitter-receiver pair. From the receivers’ points of view, the entire channel is
similar to M parallel two-user GICs; therefore, in Figure 5.3, all transmitters of group
A are gathered together and labeled T4 and all receivers of group A are labeled R4. In
our notation, T4; and R4 ; represent the i transmitter and the " receiver of group
A, respectively. Similarly, all transmitters of group B are labeled Tz and all receivers of

group B are labeled Rp.

Moreover, we assume that transmitters have full-duplex capability. When a signal
is broadcasted from the 7*" transmitter of T 4, it is received by the other three nodes
operating over the same sub-carrier, i.e., the i** transmitter of Tz, the i* receiver of
R, and the i'" receiver of Rp, passing through the corresponding channels with gains
C12[i], G11[i], and Gi]i], respectively. Similarly, the broadcasted signal from T'g; is
received by T 4, Rp,;, and R4, affected by channel gains denoted by C;[i], Ga2[i], and

G 1], respectively. Note that the self interference, i.e., the leakage from a transmitter’s
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Tyn Ryq
>< sub-carrier 1

Tg1 Rp1

Ty Ry,
>< sub-carrier 2

Tg; Rp,

Tam Rym
>< sub-carrier M

Tpm Rp m

Figure 5.2: M parallel GICs formed across M sub-carriers of OFDMA.

antenna to the receiver of the same transmitter is assumed to be fully compensated. All
considered channels between the nodes are illustrated with blue boxes in Figure 5.3. It
is assumed that all channel gains are constant during the transmission of one OFDM

symbol and are fully known by all transmitters and all receivers.

The goal of this study is to mitigate the interference through cooperation among
transmitters when receivers simply treat the interference as noise. This interference
mitigation is performed by a scheme that we call superimposed interfere cancellation. In
this scheme, T'4 superimposes a filtered version of the signal it receives from T'g on the
original signal of T'4. The filter is chosen such that the interference is canceled at R 4.
Similarly, T'p superimposes the signal it receives from T4 on its own signal to cancel the
interference at Rp. The filter at T 4, which is used to cancel the interference at R4, is
denoted by F'; and the filter at T'g, which is used to cancel the interference at Rp, is
denoted by F'5 (see Figure 5.3). Note that F'; represents M filters; each used by the
corresponding transmitter of T'4. The i transmitter of T4 is designed to cancel the
interference only over the " sub-carrier at the i’ receiver of R4. As explained in the
rest of this chapter, under some assumed conditions, the filter used by the i"* transmitter
of T4, i.e., F'1[i], is a simple one tap filter that has a constant magnitude and a constant

phase.

Note that T 4 represents M distinct transmitters of group A, installed at different
locations. Each transmitter communicates with a corresponding receiver over a narrow
frequency band. Such a narrow frequency band is formed over a single OFDM sub-

carrier, or a group of adjacent OFDM sub-carriers with equal gains. The requirement
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Figure 5.3: The equivalent GIC with full-duplex transmitters.

is that the channel formed over each of such narrow bands is frequency flat. Relying
on this assumption, filters F;[i] and F,[i], for the i transmitter/receiver pair, will
operate over a frequency flat channel. Consequently, each such filtering operation will be
equivalent to multiplication by a complex number (phase and magnitude adjustment).
Under this condition, each of these M pairs of filters can be implemented in the time
domain, without introducing any additional delay, and without the need to filter /separate
OFDM sub-carriers. Each such filter will introduce a phase and magnitude adjustment
over the entire band. This will effectively provide the phase and magnitude adjustment
required to cancel the (narrow band) interference term over the corresponding two-users
GIC. Due to orthogonality of sub-carriers , each pair of filters, although operating over
the entire band, will affect only its corresponding two-user GIC. In other words, such a

filtering operation will be transparent to other transmitter/receiver pairs.

This model only requires that transmitters are physically separated, each operating
over a narrow-band (flat) sub-channel. However, receivers can be either grouped together
in one physical location, or be in separate locations. If the receivers are physically to-
gether, the model will correspond to the uplink in an OFDMA system. Note that in the
uplink, coverage is typically governed by the limitation on the amount of power mobile
nodes can transmit. Using a narrow band channel allows mobile units to concentrate

their available power in a smaller band and satisfy the required link budget.

The case in which receivers are in separate locations corresponds to M physically
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separate transmitter receiver pairs (M two-users GIC) sharing the spectrum. Use of
small cells in emerging wireless standards, such as LTE, would be an example for the
application of such a set of separate transmitter/receiver pairs. FEach link connects a
micro/pico base-station to a client within a small cell. The model would capture 2M
such small cells sharing the spectrum. In this case, frequency planning would ideally
assign a pair of two-user CIG sharing a sub-carrier to small cells further away from each
other, while neighboring small cells would be separated by assigning them to orthogonal
sub-channels. This is aligned with our assumption in Theorem 5.1 that the product of

the cross-link channel gains is smaller than the product of the direct-link channel gains.

It should be added that such filters can be implemented directly as part of the Ra-
dio Frequency (RF) front end as a simple tunable phase/magnitude adjustment of the
incoming signal prior to combining it (in the RF domain) with the outgoing radio signal.
Finally, note that although F'i[i] and F5[i] are implemented in the time domain, in our
notations, these are equivalently represented as complex multiplications in the frequency

domain.
The signal received by R4 and Rp are expressed as

Y =GuX:+GuXy+ 27y,

Yo=G: X1+ GpuXs+ Zs, (5.3)
where G11, Go1, G12, and Gy are diagonal M x M complex matrices, representing channel
gains. X and X5 are complex M x 1 vectors, representing the outputs of T'4 and T'g,
respectively. Furthermore, Z; and Z, are M x 1 vectors, representing the zero-mean
unit-variance complex Gaussian noise of R4 and Rpg, respectively. Z; and Z, have
independent equal variance real and imaginary parts. As depicted in Figure 5.3, since
T 4 has full-duplex capability, its output, X, is the sum of the S, i.e., an M x 1 Gaussian
vector that represents the original message of T4, and W1 = F1(C1 X2+ N;1). W is
an M x 1 vector, and it represents the filtered signal that T4 receives from T'g. Similarly,
X, is the sum of Sy and Wy = Fo(C12X 1 + N3), therefore,

X, =81+ Fi(CuXy+ Ny,

Xy =85+ Fy(C2X1 + N»y), (5.4)
where IN; and N, represent zero-mean unit-variance complex Gaussian noise of the

receivers of T 4 and T g, respectively. Moreover, all noises are independent of each other
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and are independent of the inputs S; and S5. Define L as the gain of the loop between

transmitters. Therefore,
L - F1021F2012. (55)

Note that F'y, Cy1, F5, and C1, are all diagonal matrices, and therefore, are commuting

matrices. From (5.4), X; and X, are expressed as functions of S and S, as follows:

X, =(S1+F N+ FCs (S, + F,N,)(I - L),
Xy = (Ss+ FoN, + FyC1o(S; + F1N1))(I — L) (5.6)

Note that S;(n) = [S;1(n), S;2(n), ..., S;jm(n)]", j € {1,2}, represents an OFDM symbol
of size M, transmitted through M orthogonal sub-carriers, and n represents the time
index. In this chapter, whenever the time index n is clear from the context, it will be

omitted.

Although the M transmitters of T4 can have different powers, we impose a power
constraint on the total power transmitted by all of them. Consequently, the transmission
power at T 4 and T'g are bounded by P, and P, respectively. The justification for this
power constraint is further discussed, when we investigate the optimal power allocation.
Since in OFDMA, the sub-carriers are orthogonal, the transmission power constraint is
applied over the M orthogonal sub-carriers. Consequently, the total power of X, which
is the sum of powers of X[i]s,i € {1,2,..., M}, is restricted to P;, and the total power
of X5, which is the sum of powers of Xs[i]s,i € {1,2,..., M}, is restricted to Ps.

5.2.2 Causal Cooperation

Next, we examine the constraint of causal cooperation, used in this study. In a causal co-

T can be a function

operation among transmitters, X;(n) = [X;1(n), Xi2(n), ..., X1 pm(n)]
of its received signal, i.e., Wi(n—1), Wi(n —2),..., W;(1). Moreover, T 4 can superim-
pose Wi(n) on Si(n). Similarly, X(n) can only depend on Wy(n — 1), ..., Wy(1), and
T can superimpose W(n) on So(n). Note that to achieve a multiplexing gain of two,

transmitters do not need to use the past received signals. In this study, we show that by

just superimposing W ;(n) on S;(n), a multiplexing gain of two is achievable.
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Remark 5.1. Causal delay: Since T 4 is not aware of the message of T'g, to consider
a causal scenario, it is traditionally assumed that X1(n) can only depend on Wi(n —
1), Wi(n—2),..., Wy(1). With this traditional constraint of causal delay, [39] proves that
cooperation among transmitters does not increase the multiplering gain of the two-user
GIC. However, in this study, T 4 can filter the signal it receives from T g and superimpose
it on its own signal. Note that T 4 does not decode X o(n) = [Xa1(n), Xa2(n), ..., Xoar(n)]*
and does not use it to encode X 1(n). The justification behind our assumption is the fact
that the actual delay is determined by the channel memory length and not by one symbol
length. In OFDM systems, as far as the maximum delay spread is less than the t.,, the
effect of multi-path delay is just M complex gains over the M parallel sub-channels in
the frequency domain. Note that the message embedded in each OFDM sub-carrier will
be detectable only after the entire OFDM symbol is received, however this extension in
time 1s the same for all paths, and it is consistent with the OFDM structure. Due to
the cyclic prefix, this results in a simple linear combination of the desired signal and the

interference over each OFDM sub-carrier.

In this setup, the role of the relaying of the interfering signal is equivalent to creating
some additional paths in the propagation of the OFDM symbol, and consequently, as long
as all the paths corresponding to any given OFDM symbol are received by the destination
within a delay spread satisfying the cyclic prefiz condition, the superposition principal
over each sub-carrier will be valid. With this idea, we can capture the role of delay inside
the OFDM symbol. A longer delay requires a longer cyclic prefiz. For a fixed M, as the
size of the cyclic prefiz L., increases, the effective rate of the OFDM symbol decreases.

In the next section, we investigate this issue.

In the scenario investigated in this chapter, the signal transmitted by T g, reaches R 4
through two distinct paths: a direct path from T's to R4 and an indirect path from T'g
to T 4 and then from T4 to R 4. Therefore, as far as the total delay spread, including the
delay from T'g to T 4 and the processing delay in T4 and the delay from T4 to Ry, is
less than the cyclic prefix duration, the i** transmitter of T4 can deploy a proper filter,
i.e., F'1[i] to apply the required gain/phase shift in the indirect path. Note that since
each transmitter operates over a sub-carrier of OFDMA, such filtering operation can be
performed in time by operating over successive time samples of each OFDM symbol as

these are received and relayed. With this filtering, the i** receiver of R, experiences an
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TB

Figure 5.4: The interference, caused by T'g, reaches R4 directly by I; and indirectly by
I;,. The filter F'y can guarantee that Iy + I;,, = 0.

interference-free sub-channel. This is depicted in Figure 5.4 for the signals transmitted
by Tp that reaches R4 trough two distinct paths. In Section 5.3, we characterize the
direct interference Iy and the indirect interference I,,. Then, we compute the filter F;

that satisfies Iy + I, = 0.

In this chapter, multiplexing gain is used to investigate the role of cooperation in the
achievable rate region of the two-user GIC. Intuitively, multiplexing gain is the factor
in front of log(SNR) in the expression of the achievable sum-rate. Mathematically, the

following is used as the definition of multiplexing gain [37]:

Definition 5.1. For the two-user GIC, a multiplexing gain of [ is said to be achievable, if
for P, = P, = P, there exists a coding scheme that achieves the rate tuple (R (P), Ra(P)),

such that
P P
lim sup [ (P) + Fx(P)

msup S = (5.7)

In the next section, we show that a simple causal cooperation among full-duplex

transmitters of the two-user GIC, can achieve a multiplexing gain of two.

5.3 Interference Cancellation with Full-Duplex Trans-

mitters

In this section, we first study the case in which transmitters of only one group are full-

duplex. Then, we investigate the general case in which transmitters of both groups are
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full-duplex.

5.3.1 The Two-User GIC with One Full-Duplex Transmitter

We first study the case in which only T4 is full-duplex. This would be equivalent to the
general case depicted in Figure 5.3 if we let F'; = N9 = 0. In fact, X; and X5 are given
by

X1 :SI+F1N1+F1021SQ, (58)
X2 - SQ. (59)

The signal received by receivers, i.e., Y; and Yy are expressed as

Y =GuX1+Gu X2+ 2,

=G1(S1+ F1N,+ F1C%82) + Gy S + Z,4

=G (S1+ F1Ny) + (G111 F1Co1 + G21) Sy + Z4, (5.10)
Y =G X1+ GuXs+ Z,

=G12(S1+ F1N;+ F1C%S5) + G2So + Z,

= G12(51—|—F1N1)+<G12F1021+G22)SQ—|—Z2. (511)

As expressed in (5.10), the interference caused by Sy, reaches R4 though two distinct

paths. Directly, through G5, S5 causes the interference Iy, which is expressed as
Idz' = G21527 (512)
and indirectly, through G F1C5, S5 causes the interference I,,, which is expressed as

I, = (G11F1C%)S.. (5.13)

To cancel the interference, we choose F'; such that
I;+1;,=0. (5.14)
Therefore, F'; is given by

F1 == —G21<G11021)71. (515)
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Note that Rp simply treats the existing interference as noise. Consequently, the achiev-

able rate of T'4 and T'g are given by

M . .

AL P}
R, = izllog(l + Ji ),
M . .
ALP;

where P} and Pj represent the power of S;; and Sy ;, respectively. A% and A} represent
the effective channel gains at the i’ receiver of R4 and Rp, respectively. BiP} represents
the power of the interference that the i'" receiver of Rp experiences. Finally, J¢ and J}
determine the power of the effective noise at the i*" receiver of R4 and Rp, respectively.

Moreover, according to (5.10) and (5.11), we have

A} = |G i),

Ay = [(G12F1C1 + Ga)[i]]?,
B; = |G1s[i]]?,

T =G Fl* + 1,

Ty = (G F )il + 1. (5.17)

Moreover, since X5 = S5, the power constraint of T' g is simply Zi\il P} < P,. However,
since X1 =81+ F N1+ F,C5 S5, the power constraint of T 4 is a constraint involving

Pj and Pj. In fact, to show that the total power of X is restricted to Py, we have

M
> P+ |Fili)* + [(F1Cx)[i] P < Pr. (5.18)
i=1

This constraint can be rewritten as follows:

M
Y CiPj+ DiP, < E, (5.19)

=1

where according to (5.18), Ci, D}, and E; are expressed as

Cl =1,

D} = |(F\Ca)[il?,
M

Ey =P =) |Fi[i]]*. (5.20)
=1
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By canceling the interference using filter F', given in (5.15), R; increases proportion-
ally to log(P;). The power of the noise of the i'® sub-carrier of R4 and Rp has increased
from 1 to Ji and J&, respectively. Moreover, because of power constraint (5.19), S2M, Pi
is strictly less than P;. However, as can be seen from (5.16) and (5.20), the full-duplex
transmitter can cancel interference at its receiver, and in the high SNR regime, R; is pro-
portional to log(P;) while Ry is proportional to log( %). In the next subsection, we show
that if both transmitters are full-duplex, then both R; and Ry can increase proportionally

to log(P;) and log(P,), respectively.

5.3.2 The Two-User GIC with Two Full-Duplex Transmitters

In this subsection, we study the general case, where transmitters of both groups are full-
duplex. Transmitters superimpose the signal they receive on their own messages such

that their intended receiver will see no interference. The signal received at R, is

Y, =G X, +GuXy+ Z,
WG (S) + F1N, + F1Cy(Ss + F3N2))(I — L)~
+ Go1(Sy + FoNy + FyC (S, + F1N,))(I - L) ' + Z4
=(S1 + FyN1)(Gyy + G FoC o) (I — L)t
+ (82 + FyN3)(Gy + G F1Coy))(I — L) + Zy, (5.21)

where (a) is valid by (5.6). Similarly, Y5 can be expressed in terms of Sy, Ss, and Zs,

as follows:

Y, =G2 X+ G X, + Zy
:(Sl + FlNl)(Glg + G22F2012>(I - L)_l
+ (83 + FyN3)(Gay + G1oF1Cy)(I — L) ' + Zy. (5.22)

In addition, the power constraints for X; and X, are expressed as

M
ZE[|X1,i|2] < P,

=1
M

D E[|X2" < Py (5.23)

i=1
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Since X and X, are given by (5.6), we obtain

(51+F1N1—|—F1021(S2+F2N2))H

Xli )
) 7/]
. (S2+F2N2“|’F2012(Sl + F1N1))|] (5.24)
2, — Z] . .
Therefore, we can rewrite (5.23) as follows:

M
> CiP{+ DiP; < B,
i=1
M
> CiP{ + DyP; < By, (5.25)

where P} and Pj represent the power of Sy; and Sy, respectively, as expressed by the

following equations:

E[|S1,]%] = Py,

E|Sa]%] = P, (5.26)

According to (5.24), for j € {1,2}, Ci, D%, and E; are given by

i Ik i |(FC)li]|?

i-|=m| - =T

R 1C T 0] e T S

i ’1—13[‘] B '1—LH |

E; =P — chu_ﬂ‘1 Zm]_ﬂ’2 . (5.27)

A simple power allocation scheme is the uniform power allocation. When the entire
power is allocated uniformly across all sub-carriers, Pi = PF = Py and Pi = PF = P, for

i,k € {1,2,..., M}. Therefore, according to (5.25), we obtain

M M
PY Ci+ Py D=E;je{l2}, (5.28)
=1 i=1

which results in the following expressions for the uniform power allocation:

p Ei Y, Dy — B3, D
DDRIRED DN D S el Do)
y E,SM i g, M
Py = 12 G Bhgn G (5.29)

SM DM - M Dyt
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Note that in the high SNR regime, in which P, = P, = P approach infinity, we have

v

P,

lim 1 = Cq,
P—oo P
P
Plgl'olo F = Ca, (530)

where ¢; and ¢y are positive constants. This means that in the high SNR regime, a
fixed portion of the entire power is allocated to each sub-carrier. The following theorem
shows that if both transmitters are full-duplex, using the uniform power allocation, a

multiplexing gain of two is achievable.

Theorem 5.1. When the magnitude of the product of cross-link channel gains is smaller
than the magnitude of the product of direct-link channel gains, the maximum multiplexing

gain of the two-user GIC with full-duplex transmitters is equal to two.

Proof. The proof has two main parts. First, we show that full-duplex transmitters can
use filters F'; and F'5 to simultaneously cancel the interference at their receivers. To do
so, transmitters use OFDM symbols of size M with cyclic prefix of size L.,. Second, we
show that in the high SNR regime, M and L., can be chosen such that the use of cyclic
prefix does not reduce the multiplexing gain. As it will be shown later, we need to assume

that
|G12[i] G [i]] < |G1[i]Gali]l, (5.31)

for all ¢ € {1,2,..., M}. This means the magnitude of the product of cross-link channel

gains is smaller than the magnitude of the product of direct-link channel gains.

According to (5.21), T'4 can cancel the interference at Ry, if Go; + G11F1C9 = 0.

Consequently, T 4 uses the following filter:
Fi = -G (GiCo)™ . (5.32)
Similarly, T'p can cancel the interference at Rp, if the following filter is used by T'5:
Fy = —G13(G»Ch) ™" (5.33)
When the interference is canceled, Y; and Y5 are given by

Y = (S1+ FiN1)(G11 + Gu FoC1o)(I — L)™' + Z,,
Y2 = (82 + F2N2)<G22 + GlgFngl)(I — L)_l + ZQ' (534)
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Let R; and R, denote the achievable rate of R4 and Rpg, respectively. Then, R, and

Ry are given by
M . .
Al pi
R =Y Jog(1+-—fﬁi), (5.35)
i=1 J

where A;'» and J} represent the effective gain and the power of the effective noise at the i*?
sub-carrier of Y, i € {1,..., M} and j € {1, 2}, respectively. According to (5.34), these
quantities are described in terms of L = F1Cq F3C'5 as follows:

2

A — (G11 + G FoCy)]i]
1 . ’
1— LJ[i]
Al — (Goa + G12F1Cq)]i] ?
2 1 — L[] ’

Ji = |l PAL + 1,

Ji = |Fyi]|* Al + 1. (5.36)

Although the achievable sum-rate depends on the value of A% and J}, the achievable
multiplexing gain does not. The achievable multiplexing gain can be computed by letting
P, = P, = P — oo. Note that according to (5.30), for the uniform power allocation,

limp oo P = limp o 2808 = 1 for all i € {1,2,..,M}. Therefore, for OFDM

symbols of size M, we have

lim sup Ri(P) + ’a(P)
P—oo MIOg(P)

A'L Pi A'L Pi
Eij\il log(1 + #) + Ef\il log(1 + %)

= lim sup

P—oo MlOg(P)
— lim sup Zz]\i1 log(Pf) + sz‘i1 10g<P2i)
P—oo MlOg(P)
—2, (5.37)

which shows the achievability of a multiplexing gain of two.

For the above argument to be valid, we should show that the cyclic prefix does not
decrease the achievable multiplexing gain. The addition of the cyclic prefix at the be-
ginning of the OFDM symbol decreases the spectral efficiency. When a cyclic prefix of
size L, is added to an OFDM symbol of size M, the effective rate would decrease by an

M

efficiency factor of STET. By choosing a large M, or equivalently a large duration t,

this efficiency factor tends to one.
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In addition, the time duration, required to reach the steady state signals expressed in
(5.6), should be smaller than the cyclic prefix duration t.,. More precisely, let ¢;, be the
loop duration, i.e., the time required for the signal to go from T4 to T g and to come back
from T'g to T 4. In the following, we show that if the cyclic prefix duration is greater

than a certain multiple of ¢;,, a multiplexing gain of two is achievable.

Assume that a time duration of k x t;, has passed, where £ is an integer. As can be
seen in Figure 5.3, we have

k k
Xl :Z(Sl+F1N1)Ll+ZF1021(52—|—F2N2)LI. (538)

1=0 1=0
When k goes to infinity, (5.38) will be equivalent to (5.6), as explained by the following

expression:

2(51 + F1N1)Ll + ZF1CQ1(52 + F2N2)Ll

=0 =0

- (Sl+F1N1+F1C21(SQ—|—F2N2))<I—L>71. (539)

However, for a finite k, we have

k k
D (814 FiNy)L'+ ) FiCy(S> + FyN,)L!

=0 =0

X4

(S1+ FiN)L' + ) F1C2(Sy + FoNy) L'

=0

M

l

i
o

— Y (81 + FiN)L' = ) FiCx(Ss+ F2No)L!

:<Sl+F1N1+F1021(SQ+F2N2))(I—L)_1 —NA, (540)

where the last equality is valid by (5.39). Therefore, after a time duration of k x 1,
X is equal to the steady state expression given in (5.6) and a noise term IN 4, where
Ny =[Na1,Naga, ...NAM]T is an M x 1 vector, representing the noise experienced by
receivers of T'4, caused by approximating (5.38) by (5.6). According to (5.40), N 4 is

expressed as

Nai= Y (Si+FIN)L'+ Y FiC5(Ss + F2N,)L'
I=k+1 I=k+1
- (51+F1N1+F1021(52+F2N2))Lk+1(I—L)_1. (541)
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Similarly, after a time duration of £ x t;,, T'p will experience an additional noise term

N g, which is given by

Np= Y (So+ F:Ny)L'+ Y FCia(S: + FiNy)L'
l=k+1 I=k+1
= (Sy+ Fy;N,+ FyC15(S, + FIN,))L" (I — L)™". (5.42)

In (5.40), (5.41), and (5.42), we have used the following geometric series:

ZLI =I-L)"'=(I—-FCyyFsCy5)", (5.43)
Z L'=L"Y1-L0)™! (5.44)
I=k+1

where these equalities are valid if |L[i]| < 1 for all ¢ € {1,2,..., M'}. Note that
L] = [(CorFyCraF) ] [(GraGin G Gl (5.45)

where (a) is valid by (5.32) and (5.33) and the fact that Ca1, C12, G11, G2, G12, and

G are all commuting matrices. Therefore, |L[i]| < 1 is equivalent to
(G1,G2Gy Gy)i]| < 1. (5.46)

Note that (5.46) means that over all sub-carriers, the magnitude of the product of cross-
link channel gains should be smaller than that of the product of direct-link channel gains,

|Gh2[i] G [i]] < |G1i[i]Ganlill, (5.47)

which was assumed in Theorem 1. (5.47) is reminiscent of the weak interference condition,
in which each cross-link channel gain is smaller that the corresponding direct-link channel
gain. The interference channel formed across the i*" sub-carrier is weak if we have
|Grali]| < |Gali]],
|G [i]| < |Gald]]- (5.48)
Clearly, if the interference channels formed across all sub-carriers are weak, then the

constraint |L[i]| < 1 is satisfied for all ¢ € {1,2,.., M }.

Receivers of T' 4 can consider IN 4 as an extra noise, in addition to IN;. To achieve

a multiplexing gain of two, it would be enough to keep the power of N4 ; at the same

164



CHAPTER 5. DELAY IN COOPERATIVE COMMUNICATIONS

level as the power of N;;. More precisely, as P, and P, go to infinity, we should make
sure that mZaX{IEHN 4.i]?]} does not approach infinity, so that in the high SNR regime, the
effect of the power of IN 4 on the achievable sum-rate is negligible. Assume that power
is allocated uniformly according to (5.29). Note that in the high SNR regime, both P}
and Pi are proportional to P as highlighted in (5.30). Consequently, for P, = P, = P,
a multiplexing gain of two is achievable if we can find two positive constants b; and by

such that the following inequalities are satisfied:

lim maX{IEHNLZ» + NAJ-|2]} < by, (5.49)

P—oo 1

Jim max{EHNQ,Z» + NB,,-|2]} < by, (5.50)
— 00 T

The i*" receiver of T 4 treats N A, + N1; as the total noise that it observes. Therefore, if
(5.49) is satisfied, then the power of the total noise experienced by the i** receiver of T 4
is upper bounded by by. Similarly, if (5.50) is satisfied, then the power of the total noise
experienced by the it receiver of T’z is upper bounded by by. This means that the effect
of Ny; and Np; is equivalent to a bounded increase in the power level of N;; and N,

respectively, and therefore, does not decrease the multiplexing gain.

In the following, we show that if |L[i]| < 1 for all i € {1,2,..M}, we can always keep
max{E[|Na,; + Ni,|*]} and max{E[|Ng; + Na;|*]} to be small enough such that (5.49)
and (5.50) are satisfied. In doing so, note that

E[[Nai + Niil?) SE[Nasl® 4+ [Niil* +2|N1 i Nasl]
QE[Na] + 1+
2B[| Ny ;(Fy N LM (T — L) Y)[i]]]
= E[|Nai|?] + 1+
2B[|(F L (T — L)) N f°]
=E[|Nas*] + 1+ 2|(F,LF(I — L)™H[i] > (5.51)

where (a) is valid because N ; is unit-variance noise and is independent of S[i], Ss]i],

and Ny ;. Therefore, to upper bound E[|N4; + Ny ,|?], we find upper bounds on E[| N ;[?]
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and 2|(F,L*™(I — L)™")[{]|>. According to (5.51), we obtain

lim maX{EHNLi + NA7Z~|2]} <

P—oo i

1+ lim m?x{EHNA,im} + lim m?x{2|(F1Lk“(I— L)—l)[m?}. (5.52)

First, we find an upper bound on the power of N, ;. Note that the power of Ny ; is
proportional to |L[i]|?>. According to (5.41), since Sy, So, N1, and N, are independent

random variables, we have

Ef|Nadf?] <
(P + 1FA1 + [Py AC [P + | P20 ) (L6 PS - L) (5.59)

Note that according to (5.27), F; < P, and Fy < P,. Therefore, in (5.25), we can replace
FE, with P, and E5 with P, and we have

M
S CiP 4 DI < P,

=1

M
> CiP{+ DiP; < P,. (5.54)

i=1
Moreover, according to (5.27), C%, C%, Di, and D} are all non-negative values, therefore,
it follows that

PP

Pi< - pl< 5.55
1 = C{’ 2 = Di, ( )
P . P
PZ < - PZ < . .
s hsg (5.56)
Inserting (5.55) into (5.53),
E[|N4?] <
P, . . o, P . . T
(& + IFA i)l + P Canli) (5 + [ Foli)®) (L6 = L) ). (5.57)
1 1

Moreover, define A as the maximum magnitude of the loop gains, given by

A= max |L[i]| (5.58)

i€{1,2,..M}

Since we have assumed that over all sub-carriers, the product of cross-link channel gains

is smaller than that of direct-link channel gains, by (5.45), we deduce that |L[i]| < 1.
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Therefore, we can conclude that 0 < A < 1. For P, = P, = P, let n(P) be the smallest

positive integer such that
1

A2n(P)+1) 2
- P

(5.59)

Equivalent, n(P) can be defined as

—In(P)
P) = .
)= | 5 (5.60)
where |.] represents the floor function. Note that since 0 < A < 1, we can always choose

a large n(P) that satisfies (5.59). Consequently, for all 7 € {1,2,..M}, we have

(@
(ZEDPEEDIQ = L2 < X201 — L] 2

© |1 - LI

< T’ (5.61)

where (a) is valid because of (5.58), and (b) is valid because of (5.59). Inserting (5.61)
into (5.57),

E[(Nas)?] <

(g + it mgicutaf + i) (B5E5). e

Therefore, for P, = P, = P, we can bound the power of the noise Ny ;, as follows:

lim maX{E[|NA,i|2]}

P—oo 1t
(a) maX{c% +IF[i]? + [F1[i]]Cnli) (5 + |F2[i]|2)}
< lim —

e L

N max{% + |F1[i]021[¢]|2(%)}
 max{ |1~ L 2L~ LR + |1 - L)1 - L)

— 9, (5.63)
where (a) is valid by (5.62), and (b) is valid by (5.27). Therefore, we have
: 2
Plglgom?X{EHNAﬂ ]} <2 (5.64)

Similarly, after a time duration of n(P) x t;,, we have

lim max{E[|Np,|?]} < 2. (5.65)
P—oo 1t
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Note that the bounds used in (5.55) and (5.56) are not sharp. As a result, two is not
a sharp upper bound on the maximum power of the noise, as expressed in (5.64) and
(5.65). However, this upper bound is enough to prove that a multiplexing gain of two is

achievable.

Second, we find an upper bound on

|(F LT — L)) (5.66)
In particular, we show that
Jim max{|(F,L"P*Y(1 — L) H[i]]*} = 0. (5.67)
— 00 (2

Note that

Jim max{ | F[i] | L[]V - L[| %)
—00 7

@ . a2l (= L[~

< 2n-

< Jim max{|F[7]| R

.1 , a1

= Jim Smeax{|Fy[i][*[1 - L[]}

—0, (5.68)
where (a) is valid by (5.61). Inserting (5.68) and (5.63) into (5.52),

lim maX{EHNLi + NA,i|2]}

P—oco 1t
<1+ lim max{JEHNA,iP]} + lim max{2|(F1Lk+1(I— L)’l)[z’HQ}
P—oo 1t P—oo 14
<3. (5.69)

This shows that (5.49) is satisfied with b; = 3. Similarly, one can show that

lim maX{E“Nz,z’ + NB,i|2]} <3, (5.70)

P—oco 1

which shows that (5.50) is also satisfied with by = 3.

Consequently, a sufficient condition, under which a multiplexing gain of two is still

achievable, is to make sure that n(P) x t;, is smaller than t,, that is,

tep > n(P) X by, (5.71)
or equivalently,
—In(P)
> | —= . .
tep > {21n(/\)J X 1y, (5.72)



CHAPTER 5. DELAY IN COOPERATIVE COMMUNICATIONS

Under this condition, the power of N,4; and the power of Np; become negligible and a
multiplexing gain of two is still achievable. This means, as P increases, n(P) will increase,
and consequently, ., should also increase such that (5.72) is satisfied. Therefore, L,

should increase and this increase can reduce the achievable rate. However, as highlighted

earlier, one can increase the size of the OFDM symbol M such that the ratio ﬁ%p tends
to one. Note that
lim —— = . .
ML, AT 57

M
Consequently, a multiplexing gain of two is achievable if M grows as P goes to infinity

such that

L,
lim =% = 0. (5.74)

P—o0

Note that L., is proportional to ¢.,, and according to (5.72), t., is proportional to In(P).

Therefore, one can see that for,
M = In(In(P)) In(P), (5.75)

(5.74) is satisfied and a multiplexing gain of two is achievable.

For the converse part of the proof, note that even if transmitters are non-interfering
and each transmitter non-causally knows all the messages of the other transmitters, the
maximum multiplexing gain of the channel is limited to two, and this completes the

proof. O

Remark 5.2. Note that in the proof of Theorem 5.1, we forced the power of the noise at
T4 and T'p to be bounded, as expressed in (5.49) and (5.50). It is worth mentioning that
even if the power of the noise is proportional to In(P), still the achievable multiplexing

gain is two. In fact, one can replace (5.49) and (5.50) with

mas{ B[Ny + Nl }

i <
AT ) =0 70
maa{E[| N + Npl*) |
. 7 <
AT ) = b 70

This relazation can lead to a smaller lower bound on the size of the cyclic prefix Lep.
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Remark 5.3. Comparison with the relay channel: It is interesting that just one time
slot delay, assumed by [39], decreases the achievable multiplexing gain from two to one.
On the other hand, if transmitters of each group are non-causally provided with all of the
other transmitters’ messages, the achievable multiplexing gain will not be greater than two.
This is reminiscent of the results of [90] in which the lookahead relay is investigated. [90]
defines Cy as the capacity of the relay channel when relay has access to the present signal
transmatted by the main transmitter in addition to its past received signal. It is shown
than having access to the present transmitted signal, allows Cy to pass the cut-set bound
of the classical relay channel in which relay does not have access to the present signal
transmitted by the main transmitter. Note that in the definition of the capacity, the
block length, and consequently, the delay go to infinity. Therefore, it might seem that
the channel delay has no effect on the capacity of the channel. In fact, the capacity
region of the memoryless multiple access channel does not depend on the channel delay
[84]. However, [90] shows that for the relay channel, the channel delay can significantly
change the capacity. Moreover, [90] defines C* as the capacity of the relay channel, when
relay has non-causal access to future signals of the main transmitter. Clearly, Cy < C*;
however, [90] shows that under a condition on channel gains, Cy = C*, and a simple

amplify and forward strategy achieves the capacity.

Furthermore, we can compare the achievable sum-rate of full-duplex transmitters with
that of non-interfering transmitters. If the T'4,; and T p; were non-interfering, then the
SNR at the i sub-carrier of R4 would be P!|G1;|?, and the power constraint for T4 is
given by Zf\il Pi < P;. This case is investigated as an upper bound on the achievable
sum-rate of the full-duplex interfering transmitters. On the other hand, when interfering
full-duplex transmitters cancel the interference at their receivers, the SNR at R, is
calculated by (5.36). The power of the signal of the i** sub-carrier that is intended for R4
is amplified by (A%)?, while the power of the noise is amplified by F';[i]*A} +1. Moreover,
the power constraint Zf\il CiPi + Di P < Ey, implies that a portion of the power of T'4
is used to cancel interference, and only a portion of its total power is available to transmit
its original messages across sub-carriers. Therefore, although interference is canceled, the
SNR and the achievable sum-rate will decrease in comparison with the SNR and the
achievable sum-rate of two non-interfering transmitters. However, as P = P, = P, goes

to infinity, the effect of this decrease of the available power on the achievable sum-rate
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becomes insignificant. Consequently, both interfering and non-interfering transmitters

achieve the same multiplexing gain of two.

It is worth noting that the proof of Theorem 5.1 shows that the uniform power allo-
cation achieves the maximum multiplexing gain. However, the uniform power allocation
does not achieve the maximum sum-rate of the channel. The following sub-section in-
vestigates the optimal power allocation that achieves the maximum sum-rate and shows
that the optimal power allocation is given by a generalization of the well-known water

filling.

5.3.3 Optimal Power Allocation

The model used in the derivation of the power allocation relies on one main assumption:
limiting the total power distributed among different sub-carriers, rather than limiting the
power allocated to each sub-carrier. This assumption is justified noting that in reusing the
spectrum in neighboring areas, the amount of interference is governed by the total amount
of transmitted power. Note that such a power allocation strategy does not require a tight
coordination among different links, and does not contradict the assumption that links
operate autonomously. The reason is that issues such as power allocation, or structure
of filters used in interference removal, depend only on factors that vary slowly with time.
As a result, it is possible to use some form of central coordination to adjust the relevant
system parameters according to a particular realization of such factors. On the other
hand, instead of imposing a constraint on total power, one can impose a constraint on

the power of each transmitter of T4 and T'g. In the following, we study both cases.

First, consider the case in which the total power distributed among different sub-
carriers is limited. After interference is canceled at all receivers, channels behave similar
to two distinct parallel Gaussian point-to-point channels; however, the power constraint at

each transmitter depends on the power allocated to other transmitters. Mathematically,
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to maximize the achievable sum-rate, the following optimization problem is solved:

max{R; + Ry} =

PZP’L
M ’L ZPZ
log(1 + )+ o
Ry D e 40
M
subject to ¥ CiPj + DiPy — E; <0,j € {1,2},
=1
~ P <0,j€{1,2},i€{1,2,..,M}. (5.78)

where A;, C’;, and D;, and F; are constants known by all transmitters and receivers,
given in (5.27). As can be seen in (5.78), the achievable rate of T4, i.e., Ry, only depends
on how P; is distributed over sub-carries; however, the power constraint for T4, i.e.,
S M. CiP}i + DiPj < Ey, shows that the power allocation used across sub-carries of T's,
affects the power allocation over the sub-carries of T'4. We denote the optimal power
allocation, which maximizes (5.78), by (P!, Pi). Therefore, to find (P}, Pi), the Karush-
Kuhn-Tucker (KKT) conditions are written and the result is explained in the following

theorem:

Theorem 5.2. The optimal power allocation (pf, ]521) that mazximizes the achievable sum-
rate of the parallel two-user GICs with full-duplex transmitters, when transmitters coop-

erate to cancel interference at their receivers, is given by

. 1 Ji1T

where 1y and po are KKT multipliers that are determined by

M
> _CiP{+DiP; < B,
i=1
M
> CiP{+ DyP; < E». (5.80)
i=1
Moreover, for the symmetric two-user GIC, where C15 = Ca1, G2 = Go1 = al, and
Py, = P, when the available power at transmitters is high enough, i.e.,

E (2 7 D’L Z i D’L
1>m {J(C+ - Z 1+

= ToT (5.81)
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the closed-form expressions for pf = 132’ and [y = po are given by

L 1 J
pi=p=—— - L
PP m(Ci+ D) A
M
fin = pip = (5.82)

B+ M T (i + D’)
Proof. The KKT conditions for the optimization problem (5.78) are given by

Stationarity:

M M
V(B + Bo) = iV ( SO(CIP + DiP)) ) + V(3 O(CiP; + D) )

i=1 i=1
M M
+Y MV(=P) + ) NV(-P) (5.83)
=1 =1
Primal feasibility:
M
> (CiPj+ DiP}) — E; <0, € {1,2}.
=1
—Pi<0,je{1,2},i€{1,2,...M}. (5.84)

Dual feasibility:

pj > 0and X > 0,5 € {1,2},ie{1,..,M}. (5.85)
Complementary slackness:
M
ui( SO(CIPi+ DR — B;) = 0,5 € 1,2},
i=1
NP =0,7€{1,2},ie{l,.., M}. (5.86)

First, note that KKT conditions are generally necessary conditions for optimality.
However, for a maximization problem, if the feasible region is convex and the objective
function is concave, then the KKT conditions are sufficient for optimality [45,46]. The
feasible region of the optimization problem (5.78) is a convex region. Moreover, the

Hessian matrix of the objective function is given by

o A1)2 —(AM)2
V(R + Ry) =1 di (4; L ,
(1) = tow(eplioe (= e (73 AT
—(4)° —(43")°
(JE+ AP (I + A§4P2M)2)' (5.87)

Note that the Hessian matrix is a 2M by 2M negative semidefinite matrix. This means the

objective function is concave. Consequently, the KK'T conditions are sufficient conditions.
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Simplifying the stationarity condition leads to

(Zlog >+V(Zlog 1+Aj]fm))

:Mv<§:(cjpf + DiF))) + uN(i(CéPf + DiP}))

i=1 i=1
M
+) NV(=P)) + Z AV (=P (5.88)
i=1

Calculating the gradient with respect to Pj and Pj, we have

Piy J 1
Al p1Ch+ paCh — N
R 1
Pl 22 = . A - 5.89
2 AL DY+ paDy — Ny (5.89)
1 7 i 1 Ji .
m > A“ let A = 0 and P/ = e e i A—ll On the other hand, if
¥ i i Al i . . i i
m < jTlg’ let Ao = puyC% + ppCl — J—{l and P} = 0. This choices of P/ and A] is

equivalent to

. 1 Ji1t
PP=|—7m— — —1} , 5.90
! {Mlci +u2Cy  Aj (5.90)
AT
A
Similarly, let
, 1 Ji1t
pi— - _2} ’ 5.92
2[mm+m% Ay (592)
AT
)\ |:,M1D + /ULQDz - 7:| . (593)
Note that
ZPZ
V(R + By) = (Zlog )—i—V(Zlog )
Ai . Az o
Zzl o8() 7y i) +ZZI 08() 7 AT (5.94)

where, ji and j; represent 2M orthonormal vectors. Therefor, V(R; + Ry) = 0 has no
solution for P > 0 and P > 0. This means that the optimal solution of (5.78) is achieved
over the boundary of the feasible region, in which at least one of the inequalities of (5.80)

is satisfied with equality.
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1f "M CiPi + DiPj = Fy and Y., CiP} + DyPi < E,, then by complementary

slackness, po = 0. In addition, p; > 0 is determined by

M
Ey =) CiP{+ DiP;

=1
M
e g pi |1 g0
p ,U/ICZ Az 1 ,ulDZ Az
M + .
1 CiJt 1 Dy Js
Z{ 1} +{E— 1‘11i2:| . (5.95)
_ 2

Similarly, if S.M, CiPi + DiPj < Ey and Y.V, CiP} + DiPi = E,, then by comple-

mentary slackness, p1 = 0. In addition, gy > 0 is determined by

M
Ey=Y CiP|+ DiP;

=1
1 Ji 1 J
Sl 3] ol -3
1 CZJ’ 1 DiJil™
:Z{ ] +h— jﬁ} : (5.96)
i=1 2

Finally, if "M, CiPi + DiPi = By and Y., CiPi 4+ DyPj = E,, then 1, and py are

the non-negative solutions of the following set of equations:

M 1 Ji +
ST I 0 ) S N )
; ' {/Mcf + 2G5 } Z {ulD’ + pe Dy Al !

=1 =1
M N M —
, 1 Ji - 1 Js
| — — —1} + D: {— - —2} = Fs. 5.97
; ’ LMC{ +pCy A ; *lmDi + pa Dy Al ’ (597)

One can easily verify that this solution satisfies all the KKT conditions.

For a symmetric two-user GIC, where C'15 = Cy1, G1o = Gy = oI, and P, = P, it
can be verified that A = A%, Ct = Di, Ci = D4, Ji = Ji, and E; = E5. For a symmetric
two-user GIC, (5.90), (5.92), and (5.97) are all symmetric expressions, which imply that

P =P},

Therefore, the optimal power allocation is given by

! Ji ] " (5.99)

1 Ji1+
RGeS I

b pa(Cy+ Dy) Ay
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where @1 = o can be computed from

M
Ey =) CiP|+ DiP;
=1
1 Jiis

. 1 Ji
Cl D e ———
i (C + Di) AJ

- _|_D1
oy a0

-

1

S G O

m(Ci+Dy) A m(Ci+Dy) A
SUNGETAY
< Al

tnqz

1

.
I

1" (5.100)

p"qi

7

Note that the last equality is a standard water filling problem in which F; is the total

amount of water and i represents the level of the water. For this equation, if we have

Ey 0+U Ji(C1 + DY)

i z:: > m?x{T}, (5.101)
then m jﬁ > 0 and W — j—z >0 for all i € {1,2,..., M}. Therefore, the
optimal power allocation is given by

L 1 Ji 1 J4
PP=pPl = — — "1 - 2 (5.102)

i (Ci+Di) Al us(Ci+Diy) Ay

where p; = ps can be computed from (5.100) as follows:

i 1 (C{+Di)Ji

i =F
— Ml Az ) 1
M Ji
= — =F E i L
" 1+ 4 C + D )All
M
= U] = (5.103)

E1~|—Zl 1AZ(C”—|—D1)

One can see that this solution satisfies all KKT conditions, and due to the sufficiency of

KKT conditions, the proof is complete. O

As mentioned earlier, to improve coverage in the uplink, mobile nodes may increase
their transmit power without accounting for the total interference caused to the larger
network. A second power allocation scheme, discussed next, accounts for such scenarios.

In this power allocation, we investigate the case in which a power constraint is imposed

176



CHAPTER 5. DELAY IN COOPERATIVE COMMUNICATIONS

on every transmitter of T4y and T'g. This means, instead of the two power constraints

given in (5.23), we impose 2M power constraints as follows:
E[|[X1,"] < Q1
E[|X5,[*] < @5, (5.104)

for i € {1,2,..., M}, where Q% and Q% represent the power constraints on the 7" trans-

mitter of T'4 and T'p, respectively. Similar to (5.25), we can rewrite (5.104) as follows:
CiPi+ D\ Py < By,
CiPi 4 DiPi < Ei, (5.105)

where C? and D} are the same quantities given in (5.27). The only new quantity is E}

which is defined by

E; = Q — Ci|F1[i]|* — D}|Ffi] . (5.106)

J

With these new power constraints, the optimization problem dealing with the maximum

sum-rate is given by

max{R, + Ry} =

Pi.Pi
AZ PZ A’L P’L
log(1+ =24+ log(1+ 22
I;%JX{ZI og(1+ =) Zl og(1+ =)

subject to C;Pf + D;Pg — EjZ <0,

—PI<0,je{1,2},i€{1,2,... M} (5.107)

where A}, Ji are given in (5.27).

Note that in the previous optimization problem given in (5.78), the achievable sum-
rate of different sub-carriers depend on each other through the two power constraints
given in (5.78). However, with the 2M power constraints of the optimization problem

(5.107), the achievable sum-rate of different sub-carriers become independent of each
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other. Therefore, the optimization problem (5.107) is equivalent to

max{ R + Ry} =

Pf,PQZ
AL P! AL P
> (max{log( + “L4) +10g(1 4+ Z22) })

subject to C’;Pf + DjP; — E; <0,

—PI<0,je{1,2},i€{1,2,...,M}. (5.108)

Theorem 5.3. The optimal solution of the optimization problem (5.108) is given by

Pl = ! Al (5.109)
Pl Gy A '

4 1 Ji"

2[mm+%% AJ’ >410)

where pit and b are the KK'T multipliers determined by the power constraints (5.105).

Proof. Note that according to (5.108), we have a separate optimization problem for each
i. For each P} and P, the feasible region of this optimization problem is a convex
region. The feasible region is a polygon with at most four edges as depicted in Figure
5.5. Moreover, the objective function is concave. Therefore, the KKT conditions are

sufficient. Define R} + R} as

Ry + Ry = 10g<1 + Ajljfjll> + log(l + A%D%) (5.111)

1

Note that we have

V(Ri + RZQ) :V(log(l + Ajl]iplz> + log(l + Ajzjépé))
A :
mh + IOg(e)

A .

2 7

=log(e)
where j} and j; are two orthonormal vectors corresponding to P} and P4, respectively.

One can see that the equation V(R! + Rj) = (0,0) has no solution for P{ > 0
and Py > 0. Consequently, the optimal solution of the optimization problem (5.108) is
attained over the boundary of the feasible region, and therefore, satisfies at least one of

the following equalities:
CiPi+ DiP; = By,

CyP + DyP; = E4, (5.113)
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Figure 5.5: The feasible region of the optimization problem (5.108) and the optimal

solution on the boundary.
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for all i € {1,2,..., M'}. One can write the KKT conditions for this new problem. Note
that since we have 2M power constraints, we have 20 corresponding KK'T multipliers
given by u}, where j € {1,2} and i € {1,2,..., M}. Similar to the previous optimiza-
tion problem, one can write the stationarity condition and show that the optimal power

allocation satisfies

4 1 i
Py = {— - i} :
Mlcl +N2C2 Al
A 1 Jil"
PZ = - _2 . 5.114
2[mm+%% AJ (5.114)

If CiP} + DiP; = E{ and C4P} + D,Pi < E}, by complementary slackness, 5 = 0.

Moreover, p¢ > 0 is determined by
E} =CiP{ + D\ P,

1 0 R JiT
_ci |- .__1} +D’{. .__2}
4%@ A PlwDy A
1 qgr {1 mgr
== = : + | = = : ) 5.115
[Mi Al py o A (5:115)

Similarly, if C{P{ + D! Pi < E{ and C4P} + D, Pi = E}, by complementary slackness,

wi = 0. Moreover, ub > 0 is determined by
By =C3P) + DyP,

N D R (R B Ji1T
:cz[. .__1} +Dz{4 .__2}
Sl A ClusDy Ay
1 cgjf]+ {1 L§J§}+
S ekt ) (T el 5.116
[ué Aj py A (516)

Finally, if C{P} + D{P; = E} and C4P} + DyP; = E%, then p; and po are the non-

negative solutions of the following set of equations:

; 1 Ji" , 1 Ji1t ,
PG+ i Cy o Al " WiDi + Dy Al !
. 1 Jilt , 1 Jilt .
2O+ iCs AL 2\ WiD} + Dy A} ? )

In Figure 5.5, these three cases are shown. Figure 5.5A shows the case in which
pi =0 and pb > 0. The optimal power allocation is demonstrated by the point Oy, in

which the contour curve R} + R} = ¢; tangentially touches the line C{ P} + DiPj = Ei.
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Figure 5.5B shows the second case in which p¢ > 0 and p = 0. The optimal power
allocation is demonstrated by the point O, in which the contour curve Ri + R} = ¢,
tangentially touches the line CiP} + DiPi = FEi. Finally, Figure 5.5C shows the third
case in which u¢ > 0 and p% > 0. The optimal power allocation is demonstrated by the
point Os, in which the contour curve R + R} = c3 passes through the intersection of

CiP{ + DiP; = Fi and CiP} + DiPi = Ei. This competes the proof O

We can further investigate the solution of the optimization problem (5.108), and find
the optimal power allocation explicitly such that the KKT multipliers are eliminated.
This solution can reveal the conditions under which exactly one of the possible three
cases depicted in Figure 5.5 determines the optimal solution. In doing so, we solve

equations (5.115), (5.116), and (5.117).

To solve equation (5.115), define m! = Cjﬁ and n} = Dj‘;] ¢ Then (5.115) is equivalent
to
1 s 1 s .
{—i - mﬁ} + [—l — n’l} = F. (5.118)
H1 M1

Note that (5.118) is a standard water filling equation, and therefore, ;¢ is given by

1 : 1 ) )
———— if B} < |m} —n!|
i EY4+min{m? n’ 1 = 1 1
2 .
Bl otherwise.

Therefore, inserting (5.119) and g, = 0 into (5.114), the optimal power allocation (P}, Pi)

is given by

( .
Biaimi <nl) if B < |mé —nd

pi= e P (5.120)

Ei—mi4nl .
= otherwise.
\ 1

‘ 1(nt <my) if B < |m! —n}
pi={ it e (5.121)

e otherwise.
\ 2D}

Note that (5.120) and (5.121) represent the optimal solution of the optimization problem
(5.108), if and only if C3 P} + DiPi < F}, that is, for Ei < |m! — ni|, we should have

ChrL(m} < i) + Dy pH1(nh < mh) < B3, (5.122)
1 1
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and for B! > |m! — n}|, we should have

o Ei—mi+nt Bl 4+mi —nt
Ez >Cz 1 1' 1 + Dz 1 1‘ 1
272 201 2 2D}
Cs %)- (ni —my)(D] = C1)
(=2 + 2 FE" A . 5.123
(20{ * 2D )t i 201D} ( )

In the first quadrant of the EfFj-plane, (5.122) and (5.123) specify a region. Label the
region characterized by (5.122) and (5.123) as Ry. Note that Ry represents the region
inside which the optimal power allocation is given by (5.120) and (5.121).

Similarly, one can solve (5.116) and find the optimal power allocation. Define m} =

C5J1
A

D Jj
A

and nl = By solving (5.116) and inserting into (5.114), the optimal power
allocation (P!, Pi) is given by

(

Eéﬂ( i TR i i
- g L(my <njy) if By < [mj —ng
pr= o | (5.124)
Ey—my+ns :
|72 otherwise.
.
E 1( i i i i i
Py=g ’ (5.125)
Ei+mb—nl .
\ QTZQ otherwise.

Note that (5.120) and (5.121) demonstrate the optimal solution of the optimization prob-
lem (5.108), if and only if C{Pj + D{P; < Ei, that is, for E} < |mb — nb|, we should

have

(J;?ﬁﬂ(mg <nb)+ DgD—fﬂ(ng <mj) < Ei, (5.126)
2 2

and for Ei > |mi — nb|, we should have

, EL—mb +nd - EL 4+ mb —n!
g scif2 " Ma Ty | pip Ty 71
b 204 ! 2D}
Cl | Diyp (nh—mb)(Ds— C5)
=(—=L + =) E} Nt : 5.127
<ﬂg+2DQ 2+ 204 D;, ( )

Let us label the region characterized by (5.126) and (5.127) as Ro. In fact, Ro represents
the region inside which the optimal power allocation is given by (5.124) and (5.124).

Finally, we solve equation (5.117). Note that (5.117) is not a standard water filling
equation and finding ¢ and pb from (5.117) can be complicated. However, as depicted
in Figure 5.5, there exist exactly three cases for (uf, ub). We have already shown that if

(5.122) and (5.123) are satisfied, then (u} = 0, 4 > 0). Similarly, if (5.126) and (5.127)
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Figure 5.6: The optimal power allocation of the optimization problem (5.108), when

ny < mj and nfy > ms,.

are satisfied, then (u} < 0,u4 = 0). Therefore, for all other cases, the optimal power
allocation satisfies (u} > 0, ub > 0). In other words, the first quadrant of E} Fi-plane can
be partitioned into three regions such that inside each region, the closed form expression

of the optimal power allocation is explicitly given, as shown in Figure 5.6.

We have already investigated two regions inside the first quadrant of EiFi-plane,
namely R; and Rs. For the remaining region, that we label as R3, the optimal power
allocation is the solution of (5.117). In fact, R is characterized by the following expres-

sions: for EY < |m} — n2|,

i—.ﬂ(m; < nb) + D"—.ﬂ(ng < mj) > Ej, (5.128)

and for Ef > |m! — n}|,

i D ' (nz . mi)(Di . 7,) '
2- 2A E 1 1 A A1 1 > Ft
(20{ +2D11> 1t 2Ci D} -
Cl | Diypi  (nh—my)(Dy—C5) _ oy

4+ LRl St > Bl 5.129

(205 * 2D§> 2+ 2C% D} - ( )

To find the solution of (5.117), instead of finding ! and p, we directly find P} and
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Pi. Note that (5.117) is equivalent to
CiPj+ DiP; = By,
CiPj + DyP; = E}. (5.130)

Therefore, we can directly find the optimal power allocation (f’f, ]55) as follows:

i _ DiPi = DiE,
' iy - apy
pi _ ~CiFi+CiE}

> CiDy— CiDi -
Note that (5.131) represents the optimal power allocation, if and only if (Ei, E}) € Ra,

(5.131)

as depicted in Figure 5.6. Moreover, one can easily check that inside the region Rs,

expressions of (5.131) assign positive values to Pf and PQZ

In order to demonstrate how R, R, and R3 partition the first quadrant of FiFE}-
plane, we need to know whether m} is smaller than n} or not. Similarly, we need to
know whether m! is smaller than n} or not. The case in which n} < m! and n} > m) is
depicted in Figure 5.6. In this figure, the first quadrant of the E!Fi-plane is partitioned
into three regions, namely R, Ro, and R3. For each region, the optimal power allocation
is explicitly given. In Rq, the optimal power allocation is only a function of E! and is
independent of Ej. This can be justified by noting that in Ry, the value of E} is large
enough such that the power constraint C% P} + DiPi < E} is inactive, as shown in Figure
5.5A. Similarly, in R3, the value of Ei is large enough such that the power constraint
CiP}+ D}P; < FEi is inactive, and therefore, the optimal power allocation is independent
of Ei. In R3, both power constraints are satisfied with equality, as shown in Figure 5.5C,

and the optimal power allocation is a function of both E} and E}.

One interesting observation about Figure 5.6 is to note that the regions R;, Ra,
and R3 demonstrate a valid partitioning of the first quadrant of E!Ei-plane. To do so,
we should make sure that for large values of E! and E}, the lines that determine the
boundaries of Ry and Rs do not intersect. As can be seen in Figure 5.6, the boundary

of R; is a line that has a slope given by
AE, Dy G

= . 3 5.132
AE 2D 20t (5.132)
On the other hand, the boundary of R is a line that has a slope given by
AE, /Di  Ciy-l
. — . : 5.133
AFEY (2D§ * 2(]5) ( )
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To make sure that Ry and R, have no intersection, we should make sure that (5.132) is

greater than or equal to (5.133). Note that (5.132) represents the arithmetic mean of g—%

1

and by the power

and % However, (5.133) represents the harmonic mean of % and %,
1 1 1
mean inequality, we know that the arithmetic mean is always grater than or equal to the

harmonic mean.

Next, to conclude this section, we compare the optimal power allocation (5.79) with
the uniform power allocation (5.29). For the symmetric two-user GIC, in which E; =

E, = E, (5.82) shows that the optimal power allocation is given by

Pi= P} =

M .
E 1 gk + Dl
=yl Bt N (5.134)

k=1

M(Ci+ DY) AYCi+ Dy Al
Moreover, (5.29) shows that for the symmetric two-user GIC, the uniform power allocation
is given by
E
7 )
2= (CF + D)

Pi=Pi=p = (5.135)

Comparing (5.134) and (5.135), we see that the optimal power allocated to the i*" channel
will increase, if C}+ D} decreases. On the other hand, if all parallel GICs are identical such
that C} + D} and i—ll are independent of 7, the uniform power allocation and the optimal
power allocation will be the same. However, when parallel GICs are different, the optimal
power allocation achieves a higher sum-rate. In the next section, we demonstrate some
simulation results to compare the achievable sum-rate of the optimal power allocation

and that of the uniform power allocation.

5.4 Simulation Results

The considered system model is simulated based on an OFDM system with M = 512 sub-
carriers and a cyclic prefix of size L., = 16. Figure 5.7 considers parallel symmetric two-
user GICs, in which C15 = Cy1, G2 = Ga1, G11 = Gay. Moreover, P, = P, = M x 103.
Since noise power is normalized to one, this power value corresponds to an average power
of 30db per sub-carrier, which is typical in wireless systems supporting modulations with

high spectral efficiency. For 1 < i < M, |G11[i]| and |G12i]| are distributed according

N VT
2

and a3,

to a Rayleigh distribution with means of respectively, where 0 < o < 1
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represents the cross-link channel gain. Furthermore, it is assumed that all channel gains

are fully known at all transmitters and all receivers.

In the simulation, 10000 symbols of OFDM are generated, and for the GIC formed
over each symbol, independent channel gains are realized according to the Rayleigh dis-
tribution. Note that the independence assumption is justified by the fact that different
transmitters operate in different physical locations, resulting in physically separate links
for different transmitter/receiver pairs. Then, the average achievable sum-rate per com-
plex sub-carrier is calculated for four different scenarios. We have considered two different
power allocations: the uniform power allocation and the optimal power allocation given
in (5.79). Both power allocations satisfy the power constraint (5.25). OFDM symbols
are transmitted through the channel as depicted in Figure 5.3. Furthermore, the additive
white Gaussian noise with zero mean and unit variance is added to the received signals

of every receiver in the system.

Figure 5.7 compares the achievable sum-rate of four different cases when the cross-link
channel gain « goes from zero to one. Note that to satisfy |L[i]| < 1 for all i € {1,2,.M},
a should be smaller than one. The red line shows the case where transmitters are not
full-duplex and interference is treated as noise. As can be seen, when the power of the
interference increases as a goes to 1, the achievable sum-rate decreases significantly. Both
the black line and the blue line show the case in which full-duplex transmitters are used to
cancel the interference at their corresponding receivers. The black line shows the sum-rate

when power is allocated optimally according to (5.79), whereas in the blue line, power is

£
>l (Ci+Dy)’
achievable sum-rate is less than that of the optimal power allocation but still considerably

allocated uniformly. When power is allocated uniformly, i.e., P{ = P = the
more than the case in which transmitters are not full-duplex and interference is not

canceled.

The green line, which shows the case in which transmitters do not interfere with each
other, is considered as an upper bound. In this case, and with the specified values of
P, and P, each complex sub-carrier can achieve around 9 bits per transmission. This
achievable rate is motivated by the new trend for using higher order modulation such as
512-QAM and above. The black line represents the sum-rate of full-duplex transmitters
with optimal power allocation as described in (5.79). As seen in Figure 5.7, the achievable

sum-rate of full-duplex transmitters is strictly less than that of non-interfering transmit-

186



CHAPTER 5. DELAY IN COOPERATIVE COMMUNICATIONS

20

167

14}

12r

L
&

10r

Sum-Rate

Non-Interfering Transmitters, Optimal Power Allocation

Full-Duplex Transmitters, Optimal Power Allocation
‘% Fyll-Duplex Transmitters, Uniform Power Allocation

= = = Half-Duplex Transmitters, Uniform Power Allocation

0 | e B T O R -
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Cross-Link Channel Gain @)

Figure 5.7: The average achievable sum-rate (per complex sub-carrier) of the symmetric

two-user GIC for four different coding schemes, with M = 512 and P, = P, = M x 103.

ters. In fact, although cooperative transmitters can completely cancel the interference,
this cancellation is achieved at a price. To combat multi-path fading, a cyclic prefix of
size L., = 16 is used. Consequently, the effective achievable rate is reduced by a factor of
#ﬁfm. Moreover, a portion of the power of each transmitter is used to cancel the inter-
ference and for each transmitter less power is available to transmit its original message.

Therefore, although full-duplex transmitters can completely cancel the interference, this

cancellation reduces the available power to transmit the original message.

To clarify this power loss, Figure 5.8 shows the percentage of the power that is used
to transmit the messages of each group. According to (5.6), S1(I — L)~ ! is the signal
that conveys the original messages of the transmitters of T4 and F,C5S>(I — L)~ is
the signal used to cancel the interference at R4. Define Ps, as the power of S;(I —
L)™' ie., Ps, = .M CiPi, where Ci is defined in (5.27). The ratio P?Sll represents the
percentage of P; that is used to transmit the original M messages of T 4, conveyed by
S1 = [511,512, ...SLM]T. Figure 5.8 shows that, as the cross-link channel gain a goes to
one, more power is required to cancel the interference. In fact, when o = 1, the power
of the interference is maximized, and consequently, more power is required to transmit
F,C4 Sy(I — L)™! such that the interference is canceled at R,. Figure 5.8 shows that,
for most values of a, at least half of the total power is used by T 4 to transmit the

original messages. Therefore, the maximum sum-rate loss for most values of «, due to

the power loss, is limited to 2log,(2) = 2. This is clearly seen in Figure 5.7, as the

187



CHAPTER 5. DELAY IN COOPERATIVE COMMUNICATIONS

04 1 1 1 1
0 0.2 04, 06 . 0.8 1
Cross-Link Channel Gain @)

Figure 5.8: The power available for T'4 to transmit its own message S;, when optimal

power allocation is used.

achievable sum-rate of the full-duplex transmitters with optimal power allocation drops

from approximately 17.7 to 15.8 bits per transmission.

Remark 5.4. The achievable sum-rate does not significantly depend on the cross-link
channel gain o: As can be seen in Figure 5.7, the achievable rate of the two-user GIC with
half-duplex transmitters decreases significantly as the cross-link channel gain increases.
This rate loss is expected, since as a increases, the power of the interference increases,
and consequently, the SNR at the receivers decreases. However, the achievable sum-rate
of full-duplex transmitters does not change significantly. In fact, as « increases, the
power of the interference received by Ry increases. Therefore, more power is required to
cancel the interference and less power remains available at each transmitter to transmit
its own messages. For instance, consider the uniform power allocation, i.e., P = Pi =
% If a — 1, both C% and D} will increase according to (5.27), and therefore,
P} and P} will decrease. Similarly, when the power is allocated optimally according to
(5.79), as « increases, P} and Pj decrease. This is clearly depicted in Figure 5.8. The
power constraint Zf\il CiP} + D\ P; < E; implies that Zf\il D} P; is a portion of Py that
1s used to cancel the interference at R4, and Pg, = Zf\il CiP} is a portion of P, that
s used to transmit the original message Sy. Figure 5.8 shows that when optimal power
allocation is used, as the cross-link channel gain increases, less power remains available
for the transmission of S1.

Interestingly, the overall SNR, i.e., #, does not vary significantly, and since log(SNR)
1
determines the achievable sum-rate, a small change in SNR does not lead to a major

change in the achievable sum-rate. Thus, full-duplex transmitters can guarantee an almost
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constant rate for different fading gains. Moreover, the achievable sum-rate of full-duplex

transmitters is shown to be close to that of non-interfering transmitters.

5.5 Conclusion

In this chapter, a new perspective was introduced that captures the role of the delay
in cooperative communications more accurately. Relying on this perspective, the role of
cooperation in increasing the achievable sum-rate of the two-user GIC was investigated.
We showed that, in the context of OFDM systems, the traditional constraint of causal
delay can be slightly modified. Then, we showed that when full-duplex transmitters
causally cooperate with each other to cancel the interference, a multiplexing gain of
two is achievable. Moreover, we computed the optimal power allocation that maximizes
the achievable sum-rate when interference has been canceled. Simulation results were
included to highlight the role of interference cancellation in improving the achievable
sum-rate and the impact of interference cancellation on the optimal power allocation.
The new perspective introduced in this study can shed light on the role of delay in a wide

range of scenarios related to cooperative communications or multi-hop networks.
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Chapter 6

Conclusion and Future Research

Directions

6.1 Conclusion

In our attempt to offer a better understanding of the capacity region of the two-user
GIC, we investigated three important aspects of this channel, as briefly explained in

what follows.

In Chapters 2 and 3, we characterized the boundary of the HK region. In doing
so, we first derived an optimization problem that corresponds to the maximum sum-
rate achieved by the HK scheme with Gaussian input and no time sharing. The general
optimization problem that demonstrates the maximum HK sum-rate is complicated. Our
first contribution is a simpler characterization of this optimization problem for the weak
interference class. However, even the simplified optimization problem is still difficult
to solve and involves a non-differentiable objective function. We have thus used an
optimization technique to overcome this difficulty. In fact, by partitioning the feasible
region, we were able to solve the optimization problem. Consequently, we explicitly
derived the optimal power allocation that maximizes the HK sum-rate. For the weak
interference class, we showed that, depending on transmitters’ powers, different power
allocation policies maximize the HK sum-rate. This situation is in contrast to the strong

and mixed classes, where a unique power allocation policy maximizes the sum-rate.

Chapter 3 extended the results of Chapter 2 and characterized the optimal power
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allocation policy that maximizes an arbitrary weighted HK sum-rate. Moreover, we de-
scribed the role of time sharing in increasing the HK sum-rate. For strong and mixed
classes, the time sharing variable Q does not increase the maximum HK sum-rate. How-
ever, for the weak interference class, we showed that time sharing can strictly increase the
achievable sum-rate. We proved that the role of time sharing in increasing the sum-rate
can be expressed in terms of calculating the upper concave envelope of a function of P;

and PQ.

In Chapter 4, we discussed the complexity of sum-rate optimal codes. Most coding
schemes proposed for the two-user GIC employ joint decoding to increase the achiev-
able sum-rate. However, joint decoding significantly increases decoding complexity. In
Chapter 4, we showed that joint decoding can be replaced by rate splitting and suc-
cessive decoding. In doing so, we first characterized an optimization problem that cor-
responds to the maximum sum-rate achieved by rate splitting and successive decoding.
We highlighted that the optimization problem is complicated and involves a non-convex
optimization. We thus used an optimization technique to find a feasible solution for the
optimization problem. Then an optimality certificate was used to investigate the optimal-
ity of the solution. Our main contribution is the closed-form expressions for the optimal
power allocation, optimal number of splits, and optimal decoding order. We showed
that the sum-rate loss, caused by replacing joint decoding with successive decoding, is

bounded and remains constant as transmitters’ powers approach infinity.

In Chapter 5, we discussed the role of causal cooperation among transmitters in
enlarging the achievable region. In cooperative communications, a delay constraint is used
to guarantee causality. Traditionally, delay granularity has been limited to one symbol,
however, channel delay is in fact governed by channel memory and can be shorter. With
this perspective, we introduced a new constraint to guarantee that cooperation is causal.
In chapter 5, our main contribution is a more-accurate analysis of delay in cooperative
communications. We showed that the new constraint allows the coding scheme proposed

for the two-user GIC to increase the multiplexing gain.

191



CHAPTER 6. CONCLUSION AND FUTURE RESEARCH DIRECTIONS

6.2 Future Research Directions

This dissertation gives rise to several interesting research questions, as will be briefly

discussed below.

In Chapter 2, we focused on the two-user GIC. One possible research direction is
to characterize the boundary of the HK scheme for the K-user GIC. Note that general
understanding of the achievable region of the K-user GIC is limited. Most of the results on
the K-user GIC correspond only to interference alignment and the achievable multiplexing
gain. Therefore, obtaining solid understanding of the achievable region is of paramount

importance.

Another research direction is to develop optimization techniques that can address
the maximum HK sum-rate. In this thesis, we used the partitioning idea to solve the
optimization problem. Another useful optimization technique is the min-max idea. One
can replace the non-differentiable objective function with a new function that involves
minimization over new variables. Then, by replacing the order of maximization and
minimization, one might be able to solve the optimization problem. This idea has been
used to investigate the boundary of the Marton’s rate region [53]. It would be interesting

to see whether a similar approach can characterize the boundary of the HK rate region.

In Chapter 4, we focused on the maximum sum-rate through rate splitting and suc-
cessive decoding. It would be worthwhile to use this idea and characterize the entire
boundary of the achievable region. In fact, characterizing the maximum of an arbitrary
weighted sum-rate involves an optimization problem, which is slightly more complicated.
In Chapter 4, the symmetry of the sum-rate results in simplified closed-form expressions.
However, by characterizing the maximum of an arbitrary weighted sum-rate, one can
demonstrate how power should be allocated to achieve a boundary point of the achiev-
able region. Another interesting direction would be to generalize the results of Chapter
4 to the K-user GIC. This generalization could shed light on the characterization of the
HK scheme for the K-user GIC.

In Chapter 5, we introduced a new delay constraint that guarantees causality. We
showed that this new constraint allows the coding scheme proposed for the two-user GIC
to achieve a higher multiplexing gain. This new constraint can be used to analyze the

multiplexing gain of multi-hop networks. Therefore, the application of this idea to other
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multi-hop networks would be a useful future research area.
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