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Abstract

The first part of the thesis studies a decentralized network of separate transmitter-
receiver (Tx-Rx) pairs. The users are asynchronous meaning there exists a mutual delay
between their transmitted codewords. Each Tx stays silent permanently after it sends
its codeword. The channel from each Tx to each Rx is modelled by a static and non-
frequency selective coefficient followed by additive white Gaussian noise. Each Tx sends
a preamble sequence before transmitting its codeword to ensure its affiliated Rx knows
the exact arrival time for the codeword. The network being decentralized, different users
are unaware of each other’s preamble sequences. As such, the receivers can not determine
the exact positions of interference bursts. We introduce a learning technique based on
piecewise-linear regression where it is shown how each Rx successfully estimates the number
of interferers, the coefficients of the channels carrying interference and the mutual delays.
The estimates for the mutual delays are not perfect, however, they are reliable enough to
guarantee successful decoding of the codewords.

The second part of the thesis addresses a centralized Gaussian interference channel of
two Tx-Rx pairs under stochastic data arrival (GIC-SDA). The information bits arrive
at the transmitters according to independent and asynchronous Bernoulli processes (Tx-
Tx asynchrony). The transmissions are asynchronous (Tx-Rx asynchrony) in the sense
that a Tx immediately sends a codeword to its Rx when there are enough information
bits gathered in its buffer. Such immediate style of transmission is in contrast to the Tx-
Rx synchronous style discussed in [20]. In a setting where the transmitters only know the
statistics of Tx-Tx asynchrony, it is shown how each user designs its codebook rate in order
to maximize the probability of successful decoding at the receivers. An achievable region is
characterized for the codebook rates in a two-user GIC-SDA under the requirements that
the transmissions be immediate and the receivers treat interference as noise. This region is
described as the union of uncountably many polyhedrons and is in general disconnected and
non-convex due to infeasibility of time sharing. Special attention is given to the symmetric
case where closed-form expressions are developed for the achievable codebook rates.
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Chapter 1

Introduction

1.1 Motivation and Previous Work

Characterizing the capacity region for Gaussian interference channels has been an open
problem for more than thirty years. Even the two-user case is only partially solved [1, 2,
, 1]. Some pivotal assumptions made in [1, 2, 3, 1] and the references therein are:

1. The network is centralized, i.e., there is a central controller that assigns the resources
(such as time or bandwidth) to the users. Moreover, users know each other’s code-
books (through the central controller or direct communication among users) which
enables the receivers to perform interference cancellation or multiuser decoding. In
decentralized setups such as ad hoc networks [5], there is no central node to assign
the resources to the users and issues such as fairness and rate assignment must be
handled locally by each transmitter-receiver pair. The well-known ALOHA system
[0] is a potential candidate for data communication in such scenarios. Modelled
based on the so-called collision channel, each user randomly stays silent or transmits
a packet independently from packet interval' to packet interval. If two users collide,
the transmitters are required to retransmit the lost packets which in turn drops the
overall spectral efficiency and leads to extra delay and stability? issues regarding the
backlogged packets [7, &, 9]. The seminal paper of Massey and Mathys [10] studies the
collision channel without feedback in the context of random multiple access where the
packets sent by different transmitters incur independent delays. The transmitters can

LA packet interval is the communication period it takes each transmitter to send a packet.
2An ALOHA system is called stable if the random process of backlogged packets is ergodic.



not be synchronized due to the lack of feedback from the common receiver. Instead,
each transmitter is assigned a “protocol sequence” in order to enable the receiver
to identify and decode the transmitted packets regardless of the delays. Design of
protocol sequences (signature coding) is further explored in [11, 12].

2. The number of users is fixed. In a network with invariable underlying infrastruc-
ture such as frequency division (FD), if the number of active users is less than the
design target, part of the spectrum remains unused. Despite its simplicity, FD is
optimal in various setups that comply with (i) and (ii) above. For example, [I3]
demonstrates that in a Gaussian interference channel, every pareto-optimal rate as-
signment is realized by F'D under the assumptions that users treat each other as noise
and the crossover channel gains are sufficiently larger than the direct channel gains.
In practice, the majority of users are most likely inactive in a typical snapshot of the
network. This results in a low spectral efficiency for FD.

3. Users are block-synchronous. This assumption is not necessarily valid in practice,
because different users do not become active simultaneously. Information theoretic
studies on a network of block-asynchronous users is investigated in [14, 15] in the
context of centralized multiple access channels. Reference [16] combines the scheme
of [15] with the so-called generalized time sharing [17] to derive an achievable rate
region for a centralized interference channel in the presence of block asynchrony.
The authors in [18] study a centralized Gaussian interference channel with block-
asynchronous users. Invoking the general formula for capacity in [19], a multi-letter
expression is derived for the capacity region of such channels.

4. Each transmitter constantly communicates with its affiliated receiver. In some ap-
plications such as wireless sensor networks, transmitters stop sending data intermit-
tently. Moreover, no user knows a priori the times that other users start or end their
transmissions.

The goal of this thesis is to explore the possibility and limits of reliable communication
in a network where the number of users is random, users are block-asynchronous with burst
transmissions and the coordination among the users is minimal. In the next section, we
present an overview of the main results.



1.2 Contributions

1. In the first part of the thesis, a decentralized wireless network of separate transmitter-
receiver pairs is studied where there is no central controller to assign the resources
to the users and users do not explicitly cooperate. For simplicity, we focus on a
single-burst scenario where each transmitter sends a single codeword upon activation
and remains silent afterwards. Users are block-asynchronous meaning there exists a
mutual delay between their transmitted codewords.

We show how the receivers learn about the number of active users, channel coefficients
and activation times of the transmitters based on locally available measurements. It
is essential that each receiver finds the exact arrival time of the codeword sent by its
corresponding transmitter. To achieve this goal, preamble sequences are embedded at
the beginning of a transmitted codeword. As different users do not necessarily know
each other’s preamble sequences, there is no guarantee that a receiver can estimate
the arrival times of interference bursts along its desired data with vanishingly small
probability of error. Nevertheless, the estimates are reliable enough to guarantee
successful decoding at each receiver.

2. In the second part of the thesis, we study a two-user Gaussian interference channel
(GIC) with stochastic data arrival (SDA). The input bit streams at the transmitters
are independent and asynchronous Bernoulli processes. The information source at
each transmitter turns off after randomly generating a given total number of bits.
Let us consider two transmission schemes:

1- Each transmitter begins to send a codeword only at a predetermined set of time
slots t; < ty < --- agreed upon between both Tx-Rx pairs. Transmission of a
codeword at time instant ¢; is subject to availability of enough data bits to represent
a codeword. If the number of available information bits is not enough, the transmitter
waits until the earliest time slot ¢, for m > 2 when enough data is gathered in its
buffer. This scheme is introduced in [20] which we refer to as the Tx-Rx synchronous
scheme.

2- Each transmitter begins to send a codeword immediately when there are enough
bits gathered in its buffer. In this case, each receiver does not know a priori the time
slots when the codewords are dispatched by the transmitters. We refer to this style
of transmission immediate or Tx-Rx asynchronous.

Under both the Tx-Rx synchronous and the Tx-Rx asynchronous schemes, the data
sent by both transmitters can potentially look like intermittent bursts along the
time axis. In the synchronous scheme, all symbols in a transmitted codeword are



received either in the absence of interference or in the presence of interference. In the
asynchronous scheme, however, a number of symbols per transmitted codeword may
be received interference-free while the rest are received in the presence of interference.

We compare both schemes in terms of the underlying relative delay induced in the
transmission process. More precisely, if the first symbol of the j™ transmitted
codeword is sent at time slots Ts(;r)mh and Ta(g}),nch under the synchronous and asyn-

chronous schemes, respectively, then there exists a 6 > 0 such that the probability of
)
synch asynch

@) > § occurring grows to 1 in the limit of large codeword length.

asynch

Applying sequential joint typicality decoding [21], the receivers estimate and learn
about the positions of the transmitted bursts along the time axis. We study funda-
mental constraints on the codebook rates in order to guarantee immediate transmis-
sion at the transmitters and successful decoding at the receivers. For simplicity of
presentation, we employ random Gaussian codebooks and assume all receivers treat
interference as noise. The achievable region for codebook rates is characterized as
the union of uncountably many polyhedrons which is in general non-convex and dis-
connected due to infeasibility of time sharing. In a setup where the exact asynchrony
between the input bit streams is unknown to the transmitters, the number of trans-
mitted codewords at each transmitter is optimized to achieve a target transmission
rate and minimize the probability of unsuccessful decoding at the receivers.

Our analysis directly incorporates the burst-like nature of incoming data in the stan-
dard information-theoretic framework for reliable communications.



Chapter 2

Decentralized Networks with
Asynchronous Users and Burst
Transmissions

2.1 Notations and terminology

The set of real and complex numbers are shown by R and C, respectively. Random quan-
tities are shown in bold such as x. A realization of x is denoted by z. Vectors are shown
by an arrow on top, e.g., Z. A sequence (ay,--- ,a,) is denoted by (a;)]*;. A circularly
symmetric complex Gaussian random sequence (x;)", of length m with zero mean and
covariance matrix ¥ is denoted by CN(0,%). The probability ciensity function (PDF)
of a CN(0,¢?) random variable is denoted by g(z;0?) = #6_%. A Bernoulli random
variable with parameter 6 is denoted by Ber(#). We use P(E) for the probability of an
event £, 1¢ for the indicator function of an event £ and p,(-) for the PDF of a ran-
dom variable . The mutual information between random variables & and vy is denoted
by I(x;y), h(x) denotes the differential entropy of a continuous random variable & and
hy(x) := —xlogx — (1 — z)log(1 — x) denotes the binary entropy function. For z € R, |z
is the floor of  and =+ = x1,-9. We write f(z) = O(g(z)) to mean there exist constants
c1,¢ > 0 such that ¢; < ]%\ < ¢y for sufficiently large z. For any set A, |A| and A°
show the cardinality and complement of A, respectively. For any two sets A and B, A\B

denotes the difference between these sets. Throughout the chapter,

e i.i.d. stands for “independent and identically distributed”.
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e We refer to the inequality a — 1 < |a] < a for any a € R as “the floor inequality”.

e Any equality, inequality or convergence involving random quantities is understood in
the “almost sure” sense unless otherwise stated. We avoid using the term “almost
surely” hereafter.

2.2 System Model

2.2.1 Channel model and the signalling scheme

We consider a wireless network of separate transmitter-receiver pairs. From the perspective
of each active user, say user 0, there are a number K of other active users that are referred
to as potential interferers. The static and non-frequency selective channel coefficient from
transmitter ¢ to receiver j is denoted by the complex number 7, ;. For notational simplicity,
we denote h;o by h; and define h = (h;)K,. The channel from each transmitter to each
receiver is slotted and the time slots on different channels coincide. Therefore, all active
users are synchronous at the symbol level.! Transmitter ¢ chooses its message from a set
of size 21" where n and R; are the codeword length and the code rate, respectively.
The corresponding codeword (%,1)72_01 is transmitted during n consecutive time slots. The
elements of ()]~ are realizations of independent CN(0, P;) random variables. To address
the fact that in practice users do not stay active forever, we assume each transmitter sends
one codeword upon activation and remains silent afterwards. Due to fairness, the code

rates and average transmission powers of all users are identical, i.e.,

Ri=R, P=P, 0<i<K. (2.1)

2.2.2 Modelling the asynchrony

Fixing an origin ¢ = 0 on the discrete time axis as shown in Fig. 2.1 and recalling the code-
word length is n for all users, transmitter ¢ starts its activity at time slot ¢, ,,, referred to as
the delay associated to user i. The delay t; ,, takes its values in the set {0,1,--- , [n/a] — 1}
where [n/a| — 1 is the index of the latest time slot that any transmitter starts its activity

1See the discussion at the end of Section 2.2.2 on how synchronization at the symbol level is achieved
in practice.
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user 2
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\J

Figure 2.1: A decentralized network of four active users (user 0 together with K = 3 poten-
tial interferers). Different users become active at different time slots. The activation time
ti» for user i is a realization of a discrete uniform random variable over {0, 1,--- , [n/a]—1}.

and 0 < a < 1 is referred to as the congestion factor. A smaller o implies a less congested
network. For any 0 < i < K, one can write

tin=||n/a]vi], (2.2)

where vy, - - - , v, are distinct numbers in the interval (0,1). We denote the sequence (1;)k
by . No user is aware of I/ a priori, however, all users are aware of «.

The motivation for the model considered in this chapter is that in practical wireless
systems, users become active after enough data (determined by the codeword length) is
available in their buffers. Due to the random nature of the data arrival, buffers of different
nodes will reach to such a state (from now on called the transmission state) at different
times. The conclusion of this model is that, if each unit is allowed to decide for the start of
its transmission based on the local content of its buffer, rather than waiting for all units to
have enough data, the overall delay experienced by each unit will be significantly reduced.
However, each unit, upon reaching its transmission state, can synchronize its transmission
at a symbol level by waiting for the start of the next symbol interval (referred to as “time
slot” in the article). This results in a minor additional delay (less than a single time slot).
The question is how one can guarantee that such separate users can detect and synchronize
their transmissions at a time slot level. This requires the following;:

1. Access to a central clock (measure of time)

2. The ability of each unit to deal with small errors in synchronizing with such a central
clock



e Answer to (1): Access to a central clock is part of most modern wireless systems,
e.g., through a GPS clock, through the timing information embedded in the TV
signals [22], or through access to a backbone network using Network Time Protocol
(NTP) [23]. Even in the absence of such systems, it is fairly easy to provide a
coarse time synchronization mechanism by using a dedicated node to occasionally
broadcast a training signal and having separate units to look for such a training
signal in order to synchronize. The latter option, however, is against the definition
of a decentralized network in this chapter where the presence of a central node is out
of the question. This conflict can be settled if one restricts the role of a central node
to only broadcasting training signals for time slot synchronization.

e Answer to (2): In practice, many wireless systems rely on a mechanism that re-
duces their sensitivity to synchronization errors. In particular, most modern wireless
systems rely on orthogonal frequency division multiple access (OFDM/OFDMA). In
OFDM, the time slot can be defined as a single OFDM symbol, and it is well known
that the use of cyclic prefix in OFDM provides total immunity to timing errors as
long as such timing errors are less than the length of the cyclic prefix. The cyclic
prefix is long enough (is always set to be longer than the length of the channel mem-
ory) to guarantee that the timing errors in synchronizing with the central clock are
totally absorbed within the OFDM cyclic prefix.

2.3 Channel estimation and user identification

It is assumed that receiver 0 knows hg, i.e., the channel coefficient from its affiliated

transmitter. However, receiver 0 is required to estimate K, (h;)X, and 7. Towards this

goal, each transmitter starts its activity by sending a preamble sequence, namely, (a:;l) ZLZ(;J
for transmitter i consisting of [n°] independent complex Gaussian random variables with
average power P where % < § < 1.2 This sequence is revealed to both ends of user i
and is transmitted in [n’| consecutive time slots upon activation. Each user generates its
preamble sequence independently of other users. As a shorthand notation, let n, = |n?|.

The signal received by receiver 0 at time slot 0 <t < [n/a] +n, +n — 1 is given by

Yolt] = hosolt] + Y _ i sit] + zo[t], (2.3)

=1

2The constraint % < § < 1is required in the proof of Proposition 2.



where zy[t] ~ CN(0, 1) is the ambient noise at receiver 0 at time slot ¢ and s;[t] is the
signal transmitted by user ¢ at time slot ¢ given by

m;,t—tin ti,n S t S ti,n _|_ n5 - 1
silt] =S ®ipt,,n, tint+n, <t<tim+n;+n—1 (2.4)
0 t<tjm or t>t,+n,+n—1

Since the ambient noise has unit variance, P is a measure of SNR. Note that |t;,, —to,| >
n + n, if and only if there is no interference between user 0 and user <.

2.3.1 Estimating the number of users, channel coefficients and
the delays

Let T;, be the latest time slot that a transmitter may send the last symbol in its codeword,
ie., T, = [n/a] +n, +n—1. Define the random continuous function® F, : [0,1] — [0, c0)
by F,(0) =0, Fn(jf—n) = PLTn S |yolt])? for 1 <1 < T, and let F,, be linear over each
interval [I=1, -], Also, define

Tn 0 Tn
o o
() =7l e + TTa a]lT>1%a' (2.5)
and
T ~ Vi
F = = hig < — ! > < < 1. 2.
)= p+ L IhPu(r— ). 07 < (26)

The following proposition is essential towards estimating K, (h;)X, and 7:

Proposition 1. For any € > 0, let n be large enough such that n, > 2 and €I, >
max{cn,, '} where ¢ and ¢ are constants that only depend on K, h and P. Then

P(|F, — F|l,, > ¢€) < O(1)e 0™, (2.7)
In particular,
lim ||F,, — F||_ =0, (2.8)
n—o0
where for any bounded real-valued function f on [0,1], ||fllec = sup,epqy |f(7)] is the

so-called uniform norm of f.

3All realizations of F',, are continuous.



Proof. See Appendix A. n
Explicit expressions for the constants ¢ and ¢’ in Proposition 1 are

c=45(K* + 5K +6) max{ max |h;|, max |hi||hj|},
0<i<K

0<4,j<K

= ( +Z\h\) (2.9)

To explain Proposition 1, let k; denote the index of the (i+1)** transmitter that becomes
active, i.e., vy, < g, < -+ < g _. The function I in (2.6) is a piecewise linear function.
The slope of F'is }% over the interval [0, 1 +a] As transmitter kg becomes active, the slope

of F' jumps to 5 + |hy|?. Let us distinguish two cases:

l/ko Vko +a
1+a’ 14«

] and jumps to 5 + |hy,|? as transmitter k; becomes

o If vy, > vy, + @, the slope of F' is & + |hy,|* over the interval | |, drops to

1 . l/k0+0{ Vi
5 over the interval [0~ 7

active.

Vky

o If l/ko < Vg, < Uk, + @, the slope of F' is % 4 |hy,|? over the interval [ |, jumps

1+a’ 14+ad?
to & + |k |* + |, |* as transmitter & becomes active and stays at this value over
l/ko+a
the mterval [1+O¢’ ]

The function F), converges uniformly to F, i.e., for arbitrary € > 0, ||F, — Fllc < €
for sufficiently large n. As a specific example, let us consider a scenario where there are
K + 1 = 3 active users in the network, vy, = 0.3106,v;, = 0.4104,v, = 0.6959 and
hy, = 1.4878e%2932V=1 = (0.9014€30291V=1 p, = 1.1134e~27195V=1_ [t is assumed that
a=0.5,6=0.6,0=0.6and P =20dB. Fig. 2.2 presents plots of the sample paths F, ()
in terms of 7 for different values of n. We observe that as n increases, F,, becomes closer
to F' in the sense that ||F,, — F'||« decreases. This property of F), enables receiver 0 to
obtain estimates |/l;k| and vy, for |hy,| and vy, respectively?, by applying piecewise-linear
regression to the graph of F},. The slopes and breaking points of the resulting piecewise-
linear approximation are used to obtain |h,| and U, .

4 It is more accurate to write |h;C | instead of |hk | as receiver 0 only estimates the absolute value of
hi,. However, we adopt the notation |h;c | for simplicity. Moreover, |hk | and Uy, depend on n which is
again dropped from notation for simplicity.
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To describe the estimation procedure in more detail, Fig. 2.3 presents schematic plots of
F,(7) and F'(T)=%e in terms of 7 near the point 7 = ff:a where transmitter k; becomes active.
It is assumed that n is large enough so that ||F,, — F'|| < e. Activation of transmitter k;
results in a jump in the slope of F. Let us denote the slope of F' immediately before
and after 7 = 11/41:; by a_ and a,, respectively. We assume e is sufficiently small so that
receiver 0 is able to find points (shown in filled squares) on the graph of F), for 7 < ff:; ,
while the slope of F'is a_ and for 7 > %, while the slope of F is a,. Receiver 0 constructs

the regression lines (shown in dashed lines) for these two groups of points and announces

. . . . . Vi .
the 7-coordinate of the point where the regression lines intersect as sza . Moreover, the

jump in the slope of the regression line is the estimate \/Hk 2 for |hy,|>. This estimation
technique is analyzed in Appendix B where we prove the following corollary:

Corollary 1. The estimators \ﬁk| and vy, satisfy

P(| || = B ]| > €) < O(1)eO (2.10)
and
P(|Dr, — vi,| > €) < O(1)e O™, (2.11)
In particular, lim,,_, |i\zk] = |hg,| and lim,,_,o Uy, = vy, .
Proof. See Appendix B. n

Motivated by Corollary 1, we assume receiver 0 has learnt the exact values of K and
|hi,|. However, it is unrealistic to assume receiver 0 knows the exact values of v,. This
is because a small difference vy, — vy, can translate to a large difference tAkzn — tiym =
| [n/a|v, ] — [|n/a]vg, |. Let us formalize our observations under Assumption 1:

Assumption 1. Receiver 0 is able to find the exact values of K and |hy,| for 0 <i < K.
Moreover, it is able to construct an estimator Uy, for vy, such that P(|Uy, — vy,| > €) <
O(1)e=<®™ for any € > 0.

2.3.2 Estimating the activation time ¢,

It is essential for receiver O to identify the exact time slot ¢y, when transmitter 0 starts its
activity. According to our results thus far, receiver 0 can obtain the estimate

B = LIn/alBi . (2.12)

11



for ty, ». By Assumptlon 1, Uy, can be made arbitrarily close to 1,, however, there is no
guarantee that P( tk n # tk,n) vanishes as n increases. Sending a preamble sequence by
transmitter 0 enables receiver 0 to obtain a finer estimate for ¢ ,,.

We start with the following lemma:
Proposition 2. There exists a positive integer N depending on ¢, ¢, a and § such that
P( [Eh 0 — thon| > 26n,) < O(1)e "), (2.13)
for anyi and n > N.

Zofen —1) Therefore,

Proof. By the floor inequality, | £, ,—t, »| > 2cn, implies | Dy,

204((:716 -

~ . 2 -1 1) 2
P(| B — tiom| > 2en,) < IP<| Di, — v | > M) <o) () 6w (914
n

where the last step is due to (2.11) for the choice of € = ¢, = % and n is assumed

to be large enough so that cn, > 1. By Proposition 1, one needs to check if €,7;, >

2aeny “UTn ©(n,) and ¢ is

n
a constant there is Ny such that €,7},, > ¢ for n > N;. Moreover, “T" > % =

1—|—n+n o > 1. Therefore, €,T;, = *I2 x2(cn, —1) > 2(cn, —1). As Such eI}, > cn, holds

if en; > 2. Let Ny be such that cn, > 2 for n > N,. Finally, (M)Q@( ) = @(%‘5) =
©(n?-1). This completes the proof of proposition by letting N = max{N;, N»}. ]

max{cn,, ¢’} in order to guarantee (2.14) holds. Since €,T;, =

Motivated by Proposition 2, we make the following assumption:

Assumption 2. Recewer 0 estimates the delay ty, ,, within an interval of length at most
deng around its actual value, i.e., |ty n—tr, | < 2cn, for any i. Without loss of generality,
2c is an integer. Otherwise, one can replace 2¢ by max{1, |2c|}.

In fact, for given € > 0, one can assume n is large enough such that P(Ji : |?kln —tgn| <
2cn,) > 1 — € and add € to the probability of error in decoding the message sent by
transmitter 0.

By Assumption 2, the preamble sequence for transmitter k; starts no earlier than time
slot tx, », — 2cns and ends no later than time slot tx, , + (2¢ + 1)ns. Define

Ain = {thm — 2005, g + (2¢+ 1)ng ). (2.15)

12



The burst for transmitter k; starts no earlier than time slot tAkn — 2c¢ns and no later than
time slot y, , + 2cns. Define

Bin i= {tk,m — 2¢n5, -+ , g, + 2¢05}. (2.16)

The burst for transmitter k; ends no earlier than time slot tAkn +n+(1—-2¢)ns — 1 and
no later than time slot ¢, , +n + (1 + 2¢)ns — 1. Define

Cin = {ltem+n+1—2n5—1,-- tpn+n+ (14 2c)n; —1}. (2.17)

The next assumption simplifies the description and analysis for the sequential typicality
decoder:

Assumption 3. For any i # j, there exists a constant N* > 1 such that A;,,(\Bjn. =0
and A; N Cjn = 0 for any n > N*. This implies that no transmitter starts or ends its
transmaission while another transmitter is sending its preamble sequence.

The next proposition justifies Assumption 3:

Proposition 3. For any € > 0, there is an integer N, such that the probability of Assump-
tion 3 being false is less that € if one selects N* = N,.

Proof. See Appendix C. O]

To find ¢y, receiver 0 uses the so-called sequential typicality decoder [21]. Recall that
for given € > 0, m > 1 and a PDF p(-,-) on C? with marginals p, and p,, the typical set
Al [p] is the set of all pairs (Z,7) where &, € C™ and the following three inequalities
hold:

1 m
- togn ) + hip)| < (218)
i=1
1 m
‘E > logp,(y:) + h(p,)| < e (2.19)
i=1
and
1 m
‘E Zlogp(xi,yi) + h(p)| < e. (2.20)
=1

13



We refer to any (Z,7) € Al [p] as an e-jointly typical pair with respect to p [28].

In order to describe how the sequential typicality decoder operates, we find it best to
look at the specific example in Fig. 2.2. By Assumption 3, the number of active users is

fixed while transmitter 0 is sending its preamble sequence (:1:270)7:50_ ' Let us denote the
PDF of noise plus interference in each time slot during the transmission of (a;;yo)?;o‘ ' by

Py (+). According to Fig. 2.2, if transmitter 0 is the first active transmitter (ko = 0),

pNI(w) = pNLko(w) = g<w; 1)7 (221>
if transmitter 0 is the second active transmitter (k; = 0),
pNI<w) = Dnik1 (w) = g(w; 1+ |hk0’2p) (222>
and if transmitter 0 is the third active transmitter (ko = 0),
pNI<w) = pNLkQ(w) = g(w; 1+ <|h'ko’2 + ‘hk1|2)P) (223>
Let pi,(z,y) = g(z; P)py,, (y — how) be the joint PDF of the input and output of user 0

while this user is transmitting its preamble sequence. Receiver 0 estimates %y, as the
unique integer ¢ € B;,, such that

ns—1 t+ns—1 (ny)

(@602 (ol ) € A [pw, ], (2.24)
for exactly one choice of 0 < 7 < 2. We denote this estimate of t,,, by %\gm. The next
proposition shows that the probability of error in estimating ¢, vanishes as n grows to
infinity.

Proposition 4. Let %O,n be the estimator of to,, as described in above. Then

P(to, = ton) > 1—O(n)e M), (2.25)

In particular, lim,, . IP’(?OJL = ton) = 1.

Proof. See Appendix D. n
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2.4 Decoding strategy and achievable rates

In the previous section, we demonstrated how receiver 0 estimates the number K of po-
tential interferers, the channel gains and delays of active transmitters. Moreover, it was
established that the probability of error in estimating ¢, by receiver 0 vanishes as n grows.
In this section, we explore reliable communication between transmitter 0 and receiver 0.
For simplicity, it is assumed K = 1 throughout this section and the only potential interferer
on user 0 is user 1. Extending the achievability results to general K is straightforward.

We begin by listing several assumptions that facilitate the description of the decoding
strategy and error analysis:

Assumption 4. Receiver 0 knows the exact value of tg .

Assumption 4 is motivated by Proposition 4. In fact, for given € > 0, one can assume

n is large enough such that IP’(?O,” = tO,n) > 1 — € and add € to the probability of error in
decoding the message sent by transmitter 0.

Having the assumptions in above, let us explain the decoding scheme. Description of
the decoding scheme depends on the sign of v, —1 and whether |v; — 1] is smaller or larger
than a. Here, we only consider the case 0 < 11 — 1y < . Other cases can be explained
similarly. By Assumption 2, transmitter 1 starts its activity no earlier than an —2cn, and
no later than 1, + 2cn,. Recalling that to,, +n, and to, +n, + n — 1 are the time slots
transmitter 0 sends the first and last symbols in its codeword, respectively, we have

—
S
N

(a,n —2cn,) — (tom +1n,) > (tin —2en, — 2cn,) — (ton +1n,)
= tl,n — tO,n — (40 + ].)71,6
(b)
> ((nfa -1 —1) = (n/a)yy — (4c+ 1)n,
> A et D, — i — 1, (2.26)
and
~ (a)
(ton+mns+n—1)— (tin+2cn,) > (ton+n, +n—1)— (t1,+2cen, + 2cn,)

= n+ty, —ti, — (de— 1)n,

—~
=
=~

n+ ((n/ao— 1)y — 1) — (n/a)ry — (dc — D)n,

h =
n(1— . )—(4c+1)n5—yo—1, (2.27)

VoV
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where in both (2.26) and (2.27), (a) is due to Assumption 2 and (b) is due to the floor
inequality. Since 0 < v — 1y < «, the terms on the right sides of (2.26) and (2.27) are
positive if n is sufficiently large. As such, user 0 experiences partial interference on its
codeword in the sense that there exists ¢y, +n, <t < to, +n, +n — 1 such that any
symbol in the codeword of user 0 transmitted in time slot ¢ or later is received in the
presence of interference. By Assumption 4, receiver 0 knows the exact value of ¢, and
therefore, it can divide the collection of time slots ¢, +n;, - , %o, +n, +n — 1 into three
groups as shown in Fig. 2.4, namely,

e The initial interval consisting of time slots ¢, +n,, - - ,tAlyn —2cn; — 1. The number
of time slots in this interval is ¢, — to,, — (2¢ + 1)n,.

e The ambiguity interval consisting of time slots %\17”—26715, e ,tA17n+2<:n s- The number
of time slots in this interval is 4cn, + 1.

e The final interval consisting of time slots an +2cn, +1,--+ ,ton +n, +n—1. The
number of time slots in this interval is to, — t1, — (2¢ — 1)n, +n — 1.

Receiver 0 knows for a fact that there is no interference during the initial interval, it is
uncertain about the presence of interference in any time slot during the ambiguity interval
and it knows for a fact that interference is present in each time slot during the final interval.
Therefore, the PDF of noise plus interference per time slot at receiver 0 during the initial
interval and the final interval is given by

Prag(w) = g(w; 1) (2.28)
and
P (w) = g(w; 1+ | [*P), (2.29)
respectively. Let
pi(z,y) = g(@; P)py, (y — ho) (2.30)
and
Pe(®,y) = 8(w; P)py; i (y — how). (2.31)

Receiver 0 finds the unique codeword (z;);"~; such that both

# n—to,n—(2c+1)n;—1 ?,n—QCn —1 ?m—t n—(2c+1)n
(o™= (gl Je ™) @ Al T TEE N (29)

I=ton+ng

16



and

n— ntns+n—1 ,n—A,n— 2c—1)n +n—1
(o (all) 5 ) € AL T ) (239)

I=t1,n—ton+(2c—1)ng+1’ I=t1n+2cng+1

are satisfied. The decoding rule in (2.32) requires the first Z\ln — ton — (2¢ + 1)n, symbols
in a codeword be jointly typical with the received signals during the initial interval. Also,
the decoding rule in (2.33) requires that the last ¢y, — t1,, — (2¢ — 1)n, +n — 1 symbols in
a codeword be jointly typical with the received signals during the final interval.

We are ready to present the main result of this section:
Proposition 5. Define the achievable rate for user 0 by

|hol*P >
1+ |m]2P/°
(2.34)

R :=min {1, |v; — vp|/a}log(1 + |ho|*P) + (1 — |11 — 1/0]/04)+log (1 +

If R < R, the probability of error in decoding the message of user 0 can be made arbitrarily
small by letting n be sufficiently large.

Proof. See Appendix E. n
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Figure 2.2: Plots of F(7) and F,(7) in terms of 7 for different values of n. It is assumed
that there are K + 1 = 3 active transmitters, vy, = 0.3106, v, = 0.4104, 14, = 0.6959,
i, = 1.4878e%2932V=T 1, = 0.9014e302V=1 = 11134 279V-1 P = 20dB, o = 0.5,

0 = 0.6 and 6 = 0.6. Note that activation of user k; corresponds to 7 = ;7 +1 on the 7-axis,
ie., 1”% = 0.2071, Vkl = (0.2736 and V’”a = 0.464. By increasing n, F,, becomes closer to

F' in the sense that HF F||s decreases.
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Figure 2.3: Plots of F(7) & ¢ and F,(7) in terms of 7. Transmitter k; become active

at T = lyja which results in an increase in the slope of F'. Let us denote the slope of
F immediately before and after 7 = fja by a_ and a,, respectively. We assume e is

sufficiently small so that receiver 0 is able to find points (shown in filled squares) over the

graph of F}, for 7 < 1'%1, while the slope of F'is a_ and for 1’:’:; < 1, while the slope of F

is a,. Receiver 0 finds the regression lines (shown in dashed lines) for these two groups of

points and announces the 7-coordinate of the point where these regression lines intersect
D,
1+«

as . Moreover, the increase in slope of the regression lines is | Ay, |?.
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e oLt E— codeword
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| | . | |
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user 0 - 1 ‘ \ \
i o | |
| \ ‘ | |

. . . . ' >
ton + Ny tAM, —2cn, i t1n + 200, ton +ns+n—1

Figure 2.4: Relative positions of the codewords sent by transmitter 0 and transmitter 1
across the time axis from the viewpoint of receiver 0. It is assumed that 0 < 11 —vy < a. By
Assumption 4, receiver 0 knows the value of ¢, ,,, however, it does not know the value of ¢; ,,.
Receiver 0 is able to find the estimate tAln such that |tA1n — t1n] < 2cn, by Assumption 2.
The codeword of user 0 is received during the time slots o, +n,, - ,ton+n,+n—1. These
time slots are divided into three intervals, namely, the initial interval where receiver 0 knows
for a fact that interference is absent, the ambiguity interval where receiver 0 is unable to
identify the presence of interference and the final interval where receiver 0 knows for a fact
that interference is present.
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Chapter 3

Asynchronous Communication over
Gaussian Interference Channels with
Stochastic Data Arrival

3.1 Notations and terminology

Random quantities are shown in bold such as x with realization z. Sets and in particular,
events are shown using capital calligraphic or cursive letters such that A or /. The set
difference for two sets A and B is denoted by A\ B. The underlying probability measure
and the expectation operator are denoted by P(-) and E[-], respectively. For a real number
x, the floor of x is |x] and the ceiling of x is [z]|. A binomial random variable with
parameters n (number of trials) and p (probability of success) is denoted by Bin(n,p).
A negative binomial random variable with parameters k and p, denoted by NB(k,p), is
defined to be the number of trials until k& successes are observed where p is the probability
of success. The probability density function (PDF) of a Gaussian random variable with

2

z2
zero mean and variance o2 is denoted by g(z;0?) := ﬁe*ﬁ. The differential entropy

of a continuous random variable & with PDF p(-) is denoted by h(x) or h(p). For two
functions f and g of a real variable x, we write f = ©(g) if there is xy and constants c¢;
and ¢ such that c1g(x) < f(z) < cag(z) for x > z5. We define

1
C(x) := 5 log(1 4+ z). (3.1)
All logarithms have base 2. Throughout the chapter,
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Figure 3.1: This figure shows a two-user GIC with stochastic data arrival (GIC-SDA). The
source of Tx i generates k; bits per time slot with a probability of ¢; and turns off after
a total of k;n bits are generated. The links from each transmitter to each receiver are
modelled by static and non-frequency selective coefficients. The signals at the transmitters
are subject to an average power constraint and the noise at each receiver is an AWGN
process with unit variance.

e Any equality or inequality involving random variables is understood in the “almost
sure” sense unless otherwise stated. We avoid repeating “almost surely” throughout
the chapter.

e “SLLN” stands for “the strong law of large numbers”.

e The symbol “:=” means “is defined by”

3.2 System Model

3.2.1 Signalling and channel model

We consider a GIC with two users of separate Tx-Rx pairs shown in Fig.3.1. The channel
from Tx ¢ to Rx j is modelled by a static and non-frequency selective coefficient h; ;
where hyy = hoy = 1, hoy = y/az and hy3 = y/a;. The channel from each transmitter
to each receiver is slotted in time and the time slots on any of the four channels from
different transmitters to different receivers coincide. Therefore, the two users are symbol-
synchronous. Throughout the chapter, we show the time slots using the indext =1,2,---.
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If we are describing a property for user 7, the index ¢’ refers to the other user, i.e., i’ =3 —1i
for 7 = 1,2. Denoting the signal at Tx ¢ in time slot ¢ by z;;, we impose the average power
constraint

1 2
Qi = 7 Dl (32
teT;
where 7; is the communication period of interest for Tx ¢ and |7;| denotes the length of 7;.

The signal y;; received at Rx ¢ in time slot ¢ is given by

Yit = Tit + /@iy Ty + Zig, ©=1, 2, (3~3)

where z;; is the additive noise at Rx ¢ in time slot £. The noise at each receiver is an
additive white Gaussian noise (AWGN) process with unit variance.

3.2.2 Data arrival

Each transmitter is connected to an information source through a buffer as shown in
Fig. 3.1. At the “beginning” of time slot ¢ = 1, the buffers are empty. At the “end” of
each time slot, a number of k; bits arrive at the buffer of Tx ¢ with a probability of ¢; or
no bits arrive with a probability of 1 — ¢;.! The rate of data arrival at Tx i is denoted by

The bit streams entering the buffers of the two users are independent processes. Source ¢
is turned off permanently after it generates a total number of k;n bits where n runs in the
set of positive integers. To transmit its data, Tx i employs a codebook consisting of 2177
codewords of length

n; := |nb;], (3.5)

where 7;,6; > 0. Note that the codebook rate for Tx 7 is &—le Assuming 7; has the
particular expression

N = — (3.6)

for integers N; and Ny, we see that Tx ¢ sends a total number of N; codewords where each
codeword represents |nm;| = | 52| of the bits stored in its buffer. The number of bits that

kin
N;

are not transmitted is equal to k;n — N;| %2 | < N; which is negligible in the limit of large

TAll results in the chapter are still valid as long as the incoming bit stream is a random process with
independent and identically distributed inter-arrival periods with finite mean value.
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preamble codeword

7',;(]) +n' +1

Figure 3.2: This figure shows the first transmission burst of Tx i along the t-axis. At
the end of time slot Ti(l) the number of bits in the buffer of Tx ¢ become larger than
or equal to |[nn;| for the first time. A number of |nn;| bits in the buffer of Tx i are
represented by a codeword which together with the preamble sequence are sent during
time slots Ti(l) +1,--- ,Ti(l) +n' + n;.

n. Before a codeword is transmitted over the channel, each transmitter sends a preamble
sequence of length n’ where?

n' =o(n). (3.7)

Each preamble sequence enables the receivers to identify the arrival of a codeword. Details
on the preamble sequences and how they are utilized are provided in Section 3.3.

Let b;; be the number of bits in the buffer of user i at the “beginning” of time slot ¢,

b;; be the number of bits entering the buffer of user 7 at the “end” of time slot ¢ and Ti(l)

be the smallest index ¢ > 1 such that b;; +b;, > |nn;|. At time slot ¢ = Ti(l) +1, a number
of |nn;| bits in the buffer of Tx i are represented by a codeword which together with the
preamble sequence are sent during time slots Ti(l) +1,--- ,Ti(l) +n’ +n;. This is referred to
as a transmission burst or simply a burst as shown in Fig. 3.2. These |nn;] bits are erased

from the buffer of Tx 1, i.e.,

b2.7Tg1)+1 = biﬂ__u) + b; L LTLUZJ (3.8)

Let Ti(2) be the smallest index t > TZ-(I) +n' 4 n; such that by, + ), > [nn;|. At time slot
t = Ti(Q), a second group of |nn;| bits in the buffer are scheduled for transmission. These

bits are represented by a codeword which together with the preamble sequence are sent

’
?This means lim, o = = 0.
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during time slots Ti(2) +1,--- ,7-.(2)

+ +n' 4+ n; and we have

bi,Tﬂ(z)Jrl = biﬂ_@) + b; C) L?’L?]ZJ . (39)
In general, Ti(j ) is defined by
79 = min {t >0V o o by U, > Lnnij} . (3.10)

At time slot Ti(j ) a number of | nm; | bits in the buffer of Tx i are represented by a codeword

which together with the preamble sequence are sent during time slots Tl-(j ) 4 1,--- ,Tl-(j ) 4
n' + n;. Moreover,

b vy = b; 0 + b; L0~ L] (3.11)

This style of transmission is Tx-Rz asynchronous in the sense that Rx ¢ does not know a

priori the time slots Ti(l) +1, Ti(Q) +1,--- when Tx 7 begins to send its bursts.

A few remarks are in order:

1. The Tx-Rx asynchronous transmission considered in this paper is in contrast to
the Tx-Rx synchronous scheme® studied in [20] in the context of networking and
information theory. In this scheme, Tx i sends its codewords only at time slots
mn; + 1 where m > 1 is an integer. The so-called augmented codebook of Tx i
consists of 21"l data codewords of length n; and one additional codeword referred
to as the null codeword with the same length n;. At the “end” of time slot mn,, if
there are at least |nn;| bits in the buffer, a data codeword is transmitted over the
channel during time slots mn; +1,--- , (m+ 1)n,. If the number of bits at the “end”
of time slot mn; is less than |nn; |, the null codeword is transmitted over the channel
during time slots mn; + 1,--- , (m + 1)n; and Tx i repeats this process at time slot
(m+1)n;. Transmission of the null codeword facilitates the synchronization between
a receiver and its corresponding transmitter. Lemma 24.1 in [20] guarantees that the
buffer of Tx i is stable, i.e., sup,~(E[b;;] < oo, if and only if

i 1
Wi = — = > 0;. (3.12)
Ai Nigi
3See chapter 24 on page 600.
4The description provided here for the scheme in [20] is given in terms of the notations introduced in
this paper. Moreover, the communication scenarios studied in [20] are the point to point channel and the

multiple access channel.
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In the scheme considered in this paper, stability of the buffers is not an issue because
Tx i only transmits a finite number k;n of bits and hence, the backlog (buffer content)
is bounded from above by k;n at any time slot. However, we still impose the constraint
in (3.12) for N; > 1 because it guarantees immediate data transmission described in
the next remark.

. It is desirable that the transmissions be immediate in the following sense:

We say the transmissions of Tx i are immediate if Tx i sends a codeword immediately
after there are at least |nn;| bits stored in its buffer.

Such immediate transmission is not possible if a previously scheduled codeword is
not completely transmitted. More precisely, let

7V .= min {t > 41y biy + iy > Lnn,j} : (3.13)
Then ﬁ(l) is the earliest time slot such that the buffer of Tx 7 contains at least
|nn;| bits after the transmission of the first burst begun at time slot Tl-(l) +1. If
ﬁ(l) < Ti(l) +n' +n; — 1, these |nn;| bits must stay in the buffer until time slot
Ti(l) + n’ + n; when the transmission of the first scheduled codeword is complete.
In Appendix F it is shown that if (3.12) holds, then

~(1) (1) ! —cin
P’ <7/ +n'+n—1) <e ", (3.14)

where ¢; > 0 is a constant that does not depend on n. In virtue of (3.14) and
for sufficiently large n, the second transmission is immediate with arbitrarily large
probability. Next, define

(2

7@ .= min {t > 7'1'(2) + 1 b+ b, > Lm]zJ} : (3.15)

Then 7~'i(2) is the earliest time slot such that the buffer of Tx 7 contains at least
|nn; | bits after the transmission of the second burst begun at time slot Ti(2) + 1. If
?i(Q) < 7'2-(2) +n' +n; — 1, then these |nn;| bits must stay in the buffer until time slot

Ti(Z) + n' 4+ n; when the transmission of the second scheduled codeword is complete.
Similar to (3.14),

holds under the condition p; > 6;. By (3.14) and (3.16), the probability that both
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Figure 3.3: If u; > 6;, the signals sent by Tx i look like intermittent bursts along the t-axis
with high probability.

the second and third transmissions are immediate is bounded from above by 2e™%",
Simple induction shows that the probability of all N; transmissions by Tx ¢ being
immediate is bounded from above by N;e™%".

3. By the previous remark and under the constraint in (3.12), the signals sent by
Tx ¢ look like intermittent bursts along the ¢-axis with high probability as shown
in Fig. 3.3. After sending a codeword, the transmitter must wait to receive enough
bits in its buffer to transmit the next codeword. In contrast to [20], no “null code-
word” is utilized in this paper, i.e., Tx ¢ stays silent if it does not have enough bits
in its buffer to represent a codeword.

4. Since transmissions are immediate, Tl(j ) = :ng ) with high probability and one may
redefine Tl-(] ) in (3.10) by

79.—0, 79 .= min {t >0 1y, 4 b, > an} L j>1. (3.17)

Without loss of generality, let n be a multiple of Ny Ns. Then |nn; | becomes divisible

by k; for both i = 1,2 and the inequality b;; + b}, > [nn;] in (3.17) can be replaced

by iy + b, = |nni], ie.,

(2

Ti(o) =0, Ti(j) = min {t >0 41 biy + b, = Lnn,J} , > 1L (3.18)
Moreover, the buffer dynamics can be written as

b+ b, b+ b < |n
bi,t+1 - { 0 bz’,t + b/i,t — UWM . (319)
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The following proposition compares the times when Tx i begins to send its j* burst
under the immediate Tx-Rx asynchronous scheme considered in this paper and the Tx-
Rx synchronous scheme in [20]:

Proposition 6. Assume p; is not an integer multiple of 0;, %, e ’J%‘ Let ng) + 1 for
1 < j < N; be the time slot that Tx i begins to send its j* codeword under the Tx-
Rz synchronous scheme in [20]. There exists § > 0 such that

lim P(s) > (1+0)r) =1, (3.20)

forany 1 <j < N;.
Proof. See Appendix G. O]
Remark- Under the assumptions in Proposition 6, one can prove the existence of 6 > 0
such that lim,,_, CO;—E(]) > ¢ for any 1 < 7 < N; which is stronger than the statement in

(3.20).

3.2.3 Tx-Tx asynchrony

In the previous section the incoming bit streams at the transmitters where assumed to
be synchronous in the sense that both start to run at time slot ¢ = 1. In practice, the
activation times for these processes are different. Let Tx 1 and Tx 2 start their activity at
time slots ¢ = |nvy | and t = |nwe], respectively, where vy, 15 > 0. Then (3.18) is rewritten
as

7= ), 7 = min e = 20 by b = ] | G0 (3.21)
We see that Ti(j ) is the smallest t > Ti(j Y 41 such that Tx i receives packets of k; bits in
exactly LTZZ"J slots among the time slots with indices Ti(] “Y41,... . Therefore, ’TE] ) —TEJ -
is a negative binomial random variable with parameters L’}ZiJ and ¢, i.e.,
Alternatively, if &, ,,--- , &, ; is a sequence of independent NB(%, q) random variables,
one can write ‘
Tz('j) =&+ &t w1, j= 1 (3.23)
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Defining .
551) =&+ -+ & (3.24)

then 557') ~ NB(jLZ—jU, ¢;) and we get our final expression for 9 e,

Tz(j) = £§j) + |ny;] — 1. (3.25)

We end this subsection with the following remarks:

Remark- Throughout the chapter, v; and v are realizations of independent and con-
tinuous random variables v, and vs.

Remark- In Remark (iv) in the previous subsection we assumed that n is a multiple
of NiN,. If we do not make such an assumption, each §;, for 1 <1 < j turns out to be

a NB(LLTL—"JJ + my, qi) random variable where m; is an integer that depends on n, k; and
N; and 0 < |my| < k;. This does not affect the results in the forthcoming sections. The
assumption that n is a multiple of Ny N, is made only for notational simplicity.

3.2.4 The Average transmission power and the average trans-
mission rate

The incoming bit stream at the buffer of Tx i starts at time slot |ny;| and Tx i sends the

last symbol in its N/* burst (last burst) at time slot Ti(Ni) +n'+n;. Therefore, the activity
period 7; appearing in (3.2) is given by

To={ Ll ) + 1, 7™ i (3.26)
The elements of each codeword and the preamble sequence for Tx ¢ are realizations of
independent N(0, ;) random variables where ; > 0 is a constant designed to ensure that

the average transmission power at Tx i does not exceed P;. In the following, we compute
the average transmission power (); and the average transmission rate R; for Tx i:
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Average transmission power

Tx i sends out N; bursts where the j% burst lasts from time slot ng) + 1 to time slot

TEJ ) pn 4+ n;. The average transmission power @, is a random variable given by

(N) @)
+n'+n; N; T, +tn+n;
1 s NN 1 ' 9
o E xr? = E E x:,. 3.27
Qz |7—z‘ i,t |Tz| - n' + n; . it ( )
t=|nv; | Jj=1 t:TEJ)-i-l

By SLLN,

Tl(j) +n'+n;

1
lim >ooal = (3.28)

n—oo N/ + n; -
l:TZ(.”—H

for any 1 < j < N;. Recalling the expression for ng ) in (3.25),

n+n; n +n;
T TgNi) +n' +n; — |nv] +1
B n + n;
N €§Ni) +n' +n;
- o (3.29)
Nilnni| §;

o Nmg T +”z

0

Since EENi) ~ NB(W, ¢;) is the sum of % independent geometric random variables
with parameter ¢;, we invoke SLLN one more time to write

g
nh—>nc}o Nilnni] a (3.30)

i

By (3.27), (3.28), (3.29) and (3.30), the average transmission power in the limit of large n
is given by

. . (0 + 1) Nivi 0; Nivi Ny
W Q0= B T = N g " (3.31)
i —|— n' 4+ n; i + 0;
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where we replaced 7; = ]If[—l in the last step.

Average transmission rate

Tx i sends a total number of k;n bits over its whole period of activity 7;. Then the average
transmission rate R; is a random variable given by

kin kin
R=—=—+— : (3.32)
Tl ™) 4 4oy
Using (3.30), the average transmission rate in the limit of large n is
ki Ai
lim Ry = ' = . (3.33)
n—00 SE 40, 14 abs

We will use the expressions in (3.31) and (3.33) in Section 3.5.1 where we study system
design.

3.3 Estimating the arrival times and transmitter iden-
tification at the receivers

Let (sgf‘l));zal for 1 < j < N; be the N; codewords of length n; sent by Tx 4. Also, let
(s;,l);;’gl be the preamble sequence for user i. The signal z;, in (3.3) can be written as
S( ) Ti(j) ‘l‘ 1 S t S Ti(j) + n/
Tip = s\ o Ti(j) 4+ 1<t< Ti(j) 0l (3.34)

0 otherwise

for 1 <i<2and 1< j <N, The preambles (3’171)?/61 and (8’271”/61 are revealed to both

receivers. The following assumption considerably simplifies the analysis in this section.
Assumption- For any integers 1 < j; < Ny and 1 < jo, < Ny,

Jatto — Jipn + 2 — 14 & {07 0, —02,0, — 92}- (3.35)

Remark- Since we are assuming that v; and 1, are realizations of independent and con-
tinuous random variables v1 and vy, the restrictions in (3.35) are considered “mild” in the
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sense that the probability of joug — jip +ve — vy lying in {0, 6, —0s, 0, — 05} for some j;
and js is equal to zero.

We will use the assumption in (3.35) throughout the chapter. Its first application
appears in the following proposition:

Proposition 7. Assuming (5.35) holds, the probability of Tz i starting or ending a trans-
mission burst while Tx i’ is sending a preamble sequence tends to zero as n grows.

Proof. See Appendix H. O

In view of Proposition 7 and for given € > 0, we assume n is large enough so that the
probability of Tx i starting or ending a transmission burst while Tx 7’ is sending a preamble
sequence is less than € and add € to the probability of error in decoding the codewords. In
other words, we assume no transmitter starts or ends a transmission burst while the other
transmitter is sending a preamble sequence.

Next, we study the detection/estimation procedure at Rx 1. A similar procedure is
carried out at Rx 2. Define the PDFs pM(-,-), - p™®(-,-) on R? as follows:

e For1 <75 < N;and Tl(j) +1<t< Tl(j) +n’, Tx 1 is sending the preamble sequence in
its j* burst. If Tx 2 is not transmitting during this time interval, then Parpy,, (T, Y) =
g(z;v)gly — x;1). We define

PP (z,y) = glz;m)e(y — 23 1). (3.36)

e For1 <75 < N;and Tl(j) +1<t< Tl(j) +n’, Tx 1 is sending the preamble sequence in
its 7" burst. If Tx 2 is transmitting during this time interval, then pmlmyl’t(:v, y) =
g(x;m)gly — x; 1 + azye). We define

PP (x,y) == g(w; 1)8(y — ;1 + azy2). (3.37)
e For1 <7 < N, and 7'2(j) +1<t< 72(j) +n’, Tx 2 is sending the preamble sequence in

its 7 burst. If Tx 1 is not transmitting during this time interval, then p, , 4 ,(z,y) =
g(x;v2)e(y — agz; 1). We define

PPz, y) = g(w;12)g(y — axz; 1). (3.38)
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Figure 3.4: A scenario where where Tx 1 and Tx 2 send only two and one bursts, respec-
tively, i.e., Ny = 2 and Ny = 1. It is assumed that n; < ny. For simplicity of presentation,
we call t; := 7'1(1) + 1, ty 1= 7'2(1) + 1 and 3 := 7'1(2) + 1.

e For1<j<Nyand 7 +1 <t <7 +n/, Tx 2 is sending the preamble sequence in
its ' burst. If Tx 1 is transmlttmg during this time interval, then pm’t,yl’t(;c, y) =
g(x;7)g(y — agw; 1+ ). We define

P (z,y) = g(z;72)8(y — aaw; 1+ ). (3.39)

To identify the arrival time of a transmission burst, each receiver applies the so-called
sequential joint typicality decoder [21]. To describe how Rx 1 estimates T(J for different
¢ and 7 and without loss of generality, we find it best to consider the particular situation
shown in Fig. 3.4 where N; = 2, Ny = 1 and n; < nsy. The arrival time estimation and
user identification are performed in the following steps:

1. By Fig. 3.4, t; := 7'1(1) + 1 is the time slot that the first active transmitter sends the
first symbol in its preamble sequence. Rx 1 estimates ¢; by

B =min {t >0 ((s1)15" ()i ™) € AP 0] or (5,150 )t ™) € A p]}

(3.40)
where the PDFs p(" and p® are defined in (3.36) and (3.38), respectively. By
Proposition 7, we can assume pg, 4, , = p for any t; <1< t; +n' — 1. Then the
weak law of large numbers yields

tim P(((sh,01%5" (n0f5 ) € A p0) = 1 (3.41)

n—oo
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By (3.41), lim,,_,oc P(t; < t;) = 1. As such, to show that ¢, = ¢; holds with high
probability, it is enough to show that P(¢; < ¢1) is negligible for sufficiently large n.
This is the content of the following proposition:

Proposition 8. We have

P(t, < t;) < O(n)e ™). (3.42)
In particular, lim,_,. P(t, < t;) =0.
Proof. See Appendix I. n

Motivated by Proposition 8, we assume Rx 1 knows the exact value of ¢;. In fact,
for given € > 0, we assume n is large enough so that the probability of error in
estimating the first arrival time is less than € and add e to the probability of error
in decoding the codewords. Not only does Rx 1 know the exact value of ¢, but also
it realizes that ¢, is 7'1(1) + 1 and not 72(1) + 1, i.e., it knows the first arriving burst
belongs to Tx 1. This is described in the next step.

. After finding ¢1, Rx 1 decides whether the first burst belongs to Tx 1 or Tx 2. Towards
this goal, Rx 1 verifies if

(LY ()it € A ph) (3.43)
or
((Sh)roh ()it e AW p). (3.44)

If (3.43) holds, the first arriving burst is assumed to belong to Tx 1. If (3.44) holds,
the first arriving burst is assumed to belong to Tx 2. As mentioned earlier in (3.41),
(3.43) holds with high probability in the limit of large n. In Appendix J, it is shown
that

P(((sh)155" ()i ™) € AP p]) < e, (3.45)

Therefore, (3.44) holds with a probability that decays exponentially with n’ and
hence, Rx 1 can identify the sender of the first burst with high probability.
. Up to this point, Rx 1 knows that the first burst belongs to Tx 1 and it lasts from

time slot #; to time slot ¢; +n'+mn; — 1. If another burst arrives during this period, it
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must belong to Tx 2. As shown in Fig. 3.4, a burst belonging to Tx 2 indeed arrives
at time slot £y 1= 72(1) + 1 when the first burst of Tx 1 is still arriving. The preamble
sequence in the first burst by Tx 2 extends from time slot ¢s to time slot to+n' —1.
By Proposition 7, pz, .y, , = p@ for any t, <1 <ty +n' — 1 where p® is defined in
(3.39). Based on these observations, Rx 1 estimates to by

f, = min {t1 St<ti+n +ng—1: ((sh)rsh ()Y € Agn/)[p(4)]} . (3.46)

Following similar lines of reasoning in the proof of Proposition 8, one can show that
P(ty # ty) < O(n)e ™). As such, we can assume that Rx 1 knows the exact value

of t5, i.e., Rx 1 knows 72(1).

Remark- If (3.47) fails to return an estimate for o, Rx 1 concludes that no burst of
Tx 2 is received by the time Tx 1 finishes its first burst. As such, starting at time
slot t; +n’ 4+ ny, Rx 1 looks for the arrival time ¢* of a new transmission burst that
might belong to Tx 1 or Tx 2. The time slot ¢* is estimated similar to (3.40), i.e., t*

is the smallest value of ¢ > ¢; + n’ + n; such that ((31 i 61, (11 Z)frfl 1) € AE”/)[p(l)]
or ((525)1 0 v(%l)ﬁf 1) S Agn)[p(g)]-

4. After finding t5 in step (iii), Rx 1 knows that the first burst of Tx 2 lasts from
time slot ¢5 to time slot 3 +n' 4+ ny — 1. Since the first burst of Tx 1 ends at time
slot t1 +n+mny — 1, Rx 1 looks for possible arrival of the second burst of Rx 1 during
time slots t; +n' + ny to to +n' +ny — 1. In fact, as shown in Fig. 3.4, the second
burst of Tx 1 arrives at time slot t3 := 7'1(2) + 1 when the first burst by Tx 2 is still
arriving. The preamble sequence in the second burst of Tx 1 extends from time slot
t3 to t3 +n' — 1. By Proposition 7, Py iy, = p@ for any t; <1 < t3+n' — 1 where
p'?) is defined in (3.37). Based on these observations, Rx 1 estimates t3 by

b = min {fi 0+ <1<ty b= L (S (i) € AP}
where following the proof of Proposition 8, it can be shown that P(t; # t3) <
O(n)e O,

The detection/estimation procedure described here can be easily extended to scenarios
other than the one depicted in Flg 3 4. Throughout the rest of the chapter, we assume
both receivers know the values of 7; U) for any i =1,2and 1 < j < N;.
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Figure 3.5: If (3.50) holds for i = 1, the j&* burst of Tx 2 overlaps (with high probability
for large n) with the j! codeword of Tx 1 over its “left end” as shown in panel (a), while
if (3.51) holds for i = 1, the ji" burst of Tx 2 overlaps with the ji* codeword of Tx 1 over
its “right end” as shown in panel (b).

3.4 Decoding strategy and achievability results

In the previous section, we described how each receiver is capable of estimating Ti(j ) with
vanishingly small probability of error. Our analysis heavily relied on the conditions in
(3.35) which are also used in the following proposition:

Proposition 9. Leti = 1,2 and 1 < j; < N;. Assuming (3.35) holds, the j* codeword of
Tz i and the & burst of Tx i overlap with arbitrarily large probability in the limit of large
n if and only if

Juttir = Gigti + vie — vi € (0,0:) | J(—03, 6 — 6i). (3.48)

Proof. See Appendix K. n

The result of Proposition 9 can be intuitively described as follows. Define the scaled
time variable

(3.49)



On the t-axis, Tx i sends its ji" codeword at times %(Tﬁji) +n'+1) to %(ngi) +n'+mn;). In
virtue of SLLN, lim,, %ngi) = jip; + v;. As such, in the limit as n grows to infinity, the
gt codeword of Tx i lies on the interval ( Jilts + Vs, Jifbi + Vi + 91») along the f-axis. Similarly,
one sees that the jf,h burst of Tx ¢’ lies on the interval (j,-/ui/ + Vyr, Jir fhir + Vir + QZ-/) along the
t-axis. Provided (3.35) holds, the condition in (3.48) is equivalent to saying that the two
intervals ( Jilbi F Vi, Jifbi + Vi + Gi) and ( Jit fhir = Viry Jir fhir + Uy ~|—«9i/) overlap. More specifically,
if

— Qi/ < ji//ubi/ - jZ/LZ + v —v; < min{O, 01 — Gi/}, (350)
the j&* burst of Tx 4’ overlaps (with high probability for large n) with the j* codeword of

,[//

Tx i at its “left end” as shown in Fig. O.1(a) for i = 1, while if
maX{O, 0; — 91/} < ji’ﬂ'i’ — ]zﬂz +vp =y < 01‘, (351)

the ;" burst of Tx 4’ overlaps with the j* codeword of Tx i at its “right end” as shown in
Fig. O.1(b) for i = 1. Finally,

min{0,0; — 0y} < jopy — jipi + vir — v; < max{0,0; — 0}, (3.52)

implies that the j* codeword of Tx i is contained in the ji* burst of Tx ¢’ or the other
way around depending on whether 6; < 6, or 6;; < 6;, respectively.

Remark- The geometric interpretation of the conditions in (3.35) is that the endpoints
of the intervals ( Jilbi + Vi, ik + v + 91») and ( Jar it Vi, Jirfhir + Vir + 91-/) do not coincide.

We make the following definitions:

e Fixing j; = j, there exists at most one positive integer j; that satisfies (3.50). We
denote this value of ji by w;;. In fact, w;; is the index of the burst of Tx 4’ that
overlaps with the left end of the j** codeword of Tx 4. In case w; ; does not exist, we
write w; ; = 0.

e Fixing j; = j, there exists at most one positive integer j; that satisfies (3.51). We
denote this value of jy by w;;. In fact, w/; is the index of the burst of Tx 7' that
overlaps with the right end of the j* codeword of Tx i. In case w;“] does not exist,
we write w:j = 0.

e We define w; ; as the number of bursts of Tx ¢’ that are completely contained within
the 7" codeword of Tx i.
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Figure 3.6: Positions of the bursts along the #-axis in a scenario where N; = 3 and N, = 5.

For example, Fig. 3.6 presents a scenario where N; = 3 and N, = 5 and we have

(wil,wil,wl,l) = (1,2,0), (wiZ,wiz,ng) = (0,0,1), (wiS,wfg,wl,g) = (0,5,1). (3.53)

Next, we study achievability results for the j** transmitted codeword of Tx 1, i.e., we look
for sufficient conditions that guarantee the j* transmitted codeword by Tx i is decoded
successfully at Rx 7. In order to describe the decoding strategy, we focus on Rx 1. For
notational simplicity, in some equations we show w; ; and wf ; by w™ and w™, respectively.

Assume w™ # 0, wt # 0 and wy ; = 0. Then

(w™)

T§w7)+1<7'1(j)—|—n'+1§T2w7)+n'—|—n2§7’2(w+)+1§71(j)—|—n'+n1<7'2 +n' 4+ n,.

This situation is shown in Fig. 3.7. The 4" codeword of Tx 1 is transmitted during

time slots 7 +n’ + 1 to 7 + n/ + ny. The interference pattern over this codeword
is described as follows:

— Any symbol of the codeword transmitted during time slots Tl(j "4+ 1 to

7'2(“]_) +n' +ny is received in the presence of interference. For any Tl(j '/ 1<
I < TQ(W) + n' + ng, we have Pay iy, = p? where the PDF p® is defined in
(3.37).

— Any symbol of the codeword transmitted during time slots 7—2((#7) +n +ny+1to
7'2(°J+) does not experience interference. For any 7'2(“’7) +n'+n+1<1< 7'2(°J+),

we have pg, 4, , = pV where the PDF p() is defined in (3.36).

(wF)

— Any symbol of the codeword transmitted during time slots 7, "+1 to Tl(j ) fn+
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EEEm y pEEm

burst of index b of Tx 1

Figure 3.7: A scenario where w; ; # 0, wf, ; # 0 and w; ; = 0. For notational simplicity, we
have shown wy ; and wffj by w™ and w™, respectively.

+ .
ny is received in the presence of interference. For any 7'2(‘” )—1—1 << 7'1(] )+n’ +nyq,

we have pg, 4, , = p® where the PDF p®) is defined in (3.37).

According to the interference pattern just described, Rx 1 finds the unique codeword
(s10)20 ! such that all three statements

(w™)_ () _ (W™) 4 (™) __ (&
T 7 +n2—1 Ty +n'+ng T —m ) 4 ng (2)
(510022 () o) € AT T (3.55)
wH__G_ (@™t) Wt ()
Ty mmen—l T2 (7. - —n/—n2)[,(1)
<(31,l)l_ (w=) () ) (yl,l) R I > € Ae 2 ? [p ] (356)
=T, -7 +n2 l=T7, +n/+nz+1
and
[C) ) G)__(wh,
ny—1 T+ +n (Tl —Ty +n +n1) (2)
<(Sl’l)l:T2(w+)—T1(j)—n” <y1’l)l:7§“+)+1 > € Ae [p } (357)

hold. We have the following proposition:

Proposition 10. Given the index j of a transmitted codeword of Tx i, assume w; ; #
0 and w;; # 0. If w;; # w;;, then

1
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is a sufficient condition for reliable decoding of the 7 message of Tx i where

i

- . A L

ki = Cli), #.: c(1 . ai/%) (3.59)
and the function C(-) is defined in (3.1). If w;; = w;';, then (3.58) is replaced by
Proof. See Appendix L. O

Assume w™ # 0, wt =0 and w; ; = 0. Then
1< e 1< ) e < P 4 by <Y 41 (3.61)

This situation is shown in Fig. 3.7 after removing the bust with index w™t of Tx 2
from the picture. The interference pattern over the j* codeword of Tx 1 is described
as follows:

— Any symbol of the codeword transmitted during time slots Tl(j )40/ 41 to
7“7 40/ 4 ny is received in the presence of interference. For any 77 +n/+1 <

I < 7“7 40+ ny, we have Pariy,, = PP where the PDF p@® is defined in
(3.37).
— Any symbol of the codeword transmitted during time slots TZ(W) +n'+mny+1to

Tl(j ) +n’ +ny does not experience interference. For any 7'2(‘”_) +n'+n+1<1<
79 4 0 + ny, we have Pay iy, = p) where the PDF p() is defined in (3.36).

According to the interference pattern just described, Rx 1 finds the unique codeword
s17)™ 1 such that the two constraints
=0

(s T ) ) € Al e ) (3.62)
and
(O RO ) € Al e ) (3.63)
=7} 9 +ns =" )t/ +na+1
hold.
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Proposition 11. Giwven the index j of a transmitted codeword of Tx i, assume w; ; #
0 and w;; = 0. Then

: e
(1- )\i(ml —Kp))mi + )\lf] (ki — Ky < Oik; — (Vo — v + 05 (1 + wij)) (K — KS)
(3.64)

is a sufficient condition for reliable decoding of the j* message of Tx i where k; and
K; are defined in (3.59).

Proof. See Appendix M. O
Assume wt # 0, w~ =0 and wy; = 0. We have
T by < 4 41 < 1 <A 10l g < 40! s, (3.65)

This situation is shown in Fig. 3.7 after removing the burst with index w™ of Tx 2
from the picture. The interference pattern over the j* codeword of Tx 1 is described
as follows:

— Any symbol of the codeword transmitted during time slots Tl(j )4 +1 to Tz(j ")

does not experience interference. For any Tl(‘j 'y +1<I< 7'2(w+), we have

N p where the PDF p() is defined in (3.36).

— Any symbol of the codeword transmitted during time slots Tz(w+) +1to Tl(j ) bn 4
ny is received in the presence of interference. For any 7'2(w+) +1 <1< 7'1(] ) 4! +nq,

we have pg, .y, , = p® where the PDF p® is defined in (3.37).

According the to the interference pattern just described, Rx 1 finds the unique code-

word (s1;)"5 " such that the two constraints

H )y (@) @WhH __@_,
Ty ™ —n T2 A(T2 -7 =n')1.,(1) ]
(G107 D) € AL [P (3.66)
and
. 2D iniin O e,
<(81’Z)l:17-<‘1‘)+>—7'(j)—n’7 (yl’l)l;T(WJr)—&-ll) S AE ! 2 A 1)[p(2)} (367)
2 1 2
hold.
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Proposition 12. Given the index j of a transmitted codeword of Tx i, assume w; ; =
0 and w;; # 0. Then

Tt NV — 5 (e s < B (0 — 1 — B (e — K
(1 + )\_("{Z "%))ﬁz )\_(’fz k)N < Oik; + (Vi — vi — Opwi ) (ki — k7). (3.68)

)

is a sufficient condition for reliable decoding of the j* message of Tx i where k; and

K, are defined in (3.59).
Proof. The proof is similar to the proof of Proposition 11 and is omitted. n

° Ifw;j:w;szo,
n; < 92‘:‘11' — Qz‘/wi’j<l€i — lﬁl) (369)

(2

is a sufficient condition for reliable decoding of the j** message of Tx i.

Corollary 1. If n; < 6;x,, the probability of error in decoding the ™ message of Tx i
vanishes by increasing n for any j regardless of the values of w;, wxj, wij, Vi and vy.
If n; > 0;k;, the probability of error in decoding any message of Tx i approaches one by

mcreasing n.
Proof. Let n; < 6;x,. We consider the following cases:

e Assume w;; # 0, wjj # 0 and w;; # w;“j Since n; < 0;x; and 0; < py by (3.12),
we must have 7; < 0;x; + (g — 0;)(1 + wi’j)(/ii — k;) which is exactly (3.58) after
rearranging terms.

e Assume w; # 0 and w:rj = 0. On the t-axis, the interval Jy = (jui+vi, w™ po+vi+0ir)
together with w; ; intervals 7y, - - - , 7., ; each of length 6;; corresponding to the bursts
of indices w™ + 1, -+ ,w™ 4+ w;; of Tx 7' are disjoint intervals and all are included
in the interval J = (ju; + v4,jps + v; + 6;) corresponding to the j* codeword of
Tx i. Hence, the sum of the lengths of the intervals Jo, J1,- -+, Ju,; which is ¥ :=
W i + vy + 0y — (G + v;) + 0pw; ; must be less than or equal to the length 6; of
J. Then one can write 0;x; < (6; — ¥)k; + Uk due to §; — 1 > 0. Since 1; < 6k,
by assumption, we get n; < (6; — ¥)k; + 9k} which is exactly (3.64) after rearranging
terms.

e The cases w;; = 0,w;; # 0 and w;; = w;’; = 0 are analyzed similarly. We omit the
details.
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Figure 3.8: This picture shows the bursts of both users on the #-axis in a situation where
w&#Oandw;’rjzo

A=jui+v A= jpi+vi+0;

By = (w;; +m)py + v B, = (w;; +m)py + vy + Oy (3.70)

m:O,1,~~-,wm m:0,1,~-,w¢,j

If n; > 0;k;, reliable communication is impossible due to the fact that the capacity of an
AWGN channel with SNR ~; is ;. The codebook rate for Tx ¢ is lim,, kzzj = Z—: The

probability of error tends to one if Z—Z_’ > K. O

Remark- Let us describe a simple method to obtain the constraints (3.58), (3.64) and
(3.68) in Propositions 10, 11 and 12, respectively. For example, let us discuss how to
obtain (3.64) by looking at the positions of the bursts on the f-axis. Fig. 3.8 depicts the
j™ codeword of Tx i in a situation where w; ; # 0 and wf] = 0. The table in (3.70) shows
the numbers on the t-axis corresponding to different points in Fig 3.8. The interval during
which the j™ burst of Tx i is sent can be divided into two subintervals, i.e., subinterval 1
where the two users interfere and subinterval 2 where there is no interference. Using (3.70)
it is easy to see that

length of subinterval 1 = AB{+ BB} + -+ By, B,
= w, i + Vi + O — (G + vi) + wi j0y (3.711)
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and

length of subinterval 2 = 6, — length of subinterval 1
= 9@ - (Wi_,j[li’ + vy + Qi/ — (]M; + l/i) + Wi,jei’)- (372)

Finally, the criterion for successful decoding of the j transmitted codeword of Tx i is
given by

n; < (length of subinterval 1) x; + (length of subinterval 2) ;. (3.73)

Substituting (3.71) and (3.72) in (3.73) and rearranging terms, we get (3.64).

3.5 The admissible set A for (v1,1,) and the probabil-
ity of outage

3.5.1 System Design

In Section 3.2.4 we obtained the average transmission power and the average transmission

rate for Tx i as (); = lf"“ and R; = 7 + g respectively, in the limit of large n. Throughout
q;0;

this section we assume none of the transmitters performs power control and both transmit
at full power, i.e.,

Qi=P, i=1,2. (3.74)
We get
. 1 /M
0= 0= —(2 1) 3.75
AN ( )
and P \
4= (1 ) R (3.76)
If N; > 1, then (3.12) together with (3.75) 1mply that
N;
i i :
N1 < R; < (3.77)
If N; =1, we simply have
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In Section 3.4, we derived sufficient conditions for successful decoding at the receivers.
Letting 0; = 0; and ; = 4;, we aim to characterize an admissible region A for (v, 112) such
that reliable communication is guaranteed for all transmitted codewords. Define

o~ /

R = K; ., K= l'%‘ . .
¢ =47 T ly1=51,72=%2

(3.79)

It n, > éif%'i, reliable communication is impossible for Tx ¢ as stated in Corollary 1. For
any value of N;, define’

By (3.77), (3.78) and (3.80), we demand that R; be in the interval

N;
N;+1

where we have used the fact that® R;(N;) < \;. For any Ry, R, define
N,k = { (N1, N2) : R; satisfies (3.81) for i = 1,2}. (3.82)

We call N, g, the active set for the pair (Ry, Ry). Note that Ny, g, is finite due to the

constraint %HMM < f\i < 1in (3.81).

By Corollary 1, if n; < 91/%2, the codewords of user i are received reliably regardless of
the values of v; and . A more interesting situation occurs when Ry, Ry satisfy

min max {l 12 } > 1. (3.83)

—,
(N1,N2)€E NR, Ry «91,‘4,11 92/4,/2

The inequality in (3.83) implies that for any (N1, Na) € Ng, r,, thereisi € {1,2} such that
n; > 0;k, and hence, the values of 11 and v, may potentially affect reliable communication
for Tx 1.

Remark- Throughout the rest of this section, we are only interested in rate pairs

5Using the change of variable z := —N% )\i);iRi — P%, the inequality 7; < 0;%; can be written as 227 >

—%271%7%1‘ which is equivalent to 2 > x( for some xy. This in turn results in the solution 0 < R; < R;(NN;)
for Rl

6Recall from Footnote 5 that N < 91/%1 is equivalent to 0 < R; < Ei(NZ-). It is easy to see that
limRiHA; 91/%1 = 0. Hence, there exists a 0 < § < A; such that élkl < n; for R; = X\; — . This gives
R;i(N;) < \; — 0 as desired.
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(R1, Ry) and system parameters qi, ga, A1, Aa, a1, as, P, Py such that (3.83) holds.

Towards characterizing an admissible region A for (14, 112), we need to define the concept
of the state in a GIC-SDA under immediate transmissions. Let A; = [y + v and A] =
lpy 4 v + 0, be the starting point and the ending point of the [** codeword of Tx 1 on the
t-axis. The points A, A] for 1 <1 < Nj partition the t-axis into 2N + 1 disjoint intervals

Il = (-OO,A1>
IQ = (AIJAII)

13 = (All, Ag)
: . (3.84)
Toni—1:= (AN _1, ANy)
:Z’.QNl = (AN17A3\71)
Lon 41 = (AEVNOO)

For any 1 < j < Ny, we assign a tuple (u;,v;) to the 57 transmitted codeword of Tx 2
where

e u; is the unique index m such that the starting point of the j™ codeword of Tx 2
lies in interval Z,,.

e v; is the unique index m such that the ending point of the j codeword of Tx 2 lies
in interval Z,,.

Define the state of the asynchronous GIC-SDA by
S ={(f;uj,v;) : 1 < j < Not. (3.85)

The set of all states is denoted by .. For example, Fig. 3.9 depicts a situation where

N, = 3 and N, = 4. The t-axis is partitioned into seven intervals Z;,--- ,Z;. We have
(u,v1) = (1,2), (ug,v2) = (3,4), (us,v3) = (5,6), (ug,v4) = (7,7) and the state of the
channel is given by

§=A{(1;1,2),(2:3,4),(3;5,6), (4,7, 7)}. (3.86)
In general, the number of states in a two-user asynchronous GIC-SDA is |.¥| = (21\%;31\/ 2)
A proof of this fact is given in Appendix N. Note that any state uniquely determines the

parameters w;_, w;; and w;; for any 1 <i<2and 1 <j <N,

For any state S, we impose two sets of constraints on (14, v») referred to as the geometric

constraints .A(Sgeom) and the reliability constraints Agel) . The admissible region A is defined
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Figure 3.9: This picture shows the positions of the bursts of both users on the t-axis in
a situation where Ny = 3 and Ny = 4. For 1 < [ < 3, the points A; = lu; + v and
A} = lpy + vy + 0, are the starting point and the ending point of the [** codeword of Tx 1.

These points partition the t-axis into seven disjoint intervals Z;, - -- , Z;.
Tx 1 ‘ ‘
Tx 2 1 1
T, 3 Iy 3 13

»
!

{-axis

Figure 3.10: This picture shows the positions of the bursts of both users on the t-axis in a
situation where Ny = 1 and Ny = 2. The state of the channel is {(1;1,2), (2;2,3)}.

by
A= (AF™ (M AFY). (3.87)
Ses

The geometric constraints are dictated by the positions of the bursts on the ¢-axis. For
example, let N; = 1, Ny = 2 and the state of the channel be S = {(1;1,2),(2;2,3)} as
shown in Fig. 3.10. Then

Agge‘”“) = {(Vl,VQ) Sty < vy < potvat0s < 2ustvs < gt 460; < 2p2+u2+92}.
(3.88)

The reliability constraints guarantee reliable communications for all transmitted code-

words. For example, for the situation in Fig. 3.10 there are three reliability constraints:
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e For the first codeword of Tx 1, wy; = 1,wf’1 = 2 and w;; = 0. By Proposition 10,

1, . A A .
m — /\—2( 1 — R < 01k7 — O5(Ry — RY). (3.89)

e For the first codeword of Tx 2, wy, = O,wil =1 and wy; = 0. By Proposition 12,

1 . 1 . ~ R R
(1 + )\—(/-fg — 5’2))772 — )\—(KQ — Ry < Ogkh + (11 — 1) (R — RY). (3.90)
2 1

e For the second codeword of Tx 2, wy, =1, wgfg = 0 and w2 = 0. By Proposition 11,

2 . R 1. R AL ~ R
(]. — )\—(KJQ — HJ/Q))’T]Q + /\—(:‘ig — :‘1/2)7]1 < 02%2 — (Vl — 9 + ‘91)(:%2 — KJ/Q) (391)
2 1

Then Agel) for S ={(1;1,2),(2;2,3)} is the set of all (11, 1) such that the three inequalities
in (3.89), (3.90) and (3.91) hold.

We are ready to state our design problem. Let (R, Ry) be such that (3.83) holds and 4
and v, be realizations of independent uniform random variables” v, and v, respectively,
with support [0,d] for some d > 0. We aim to find (Ny, N2) € Ng, r, such that the
probability of (1, v2) not being in the admissible region A is minimized, i.e.,

(N1, Ny) = arg min P((v1,v2) ¢ A). (3.92)

(N1,N2)€ NRy Ry

In words, (3.92) answers the following question:

Given the value of d and assuming the rate pair (Ry, Re) is such that (3.83) holds,
What s the optimum number of transmission bursts N; for Tz i in order to minimize the
probability of the outage event, i.e., the event that (v1,v2) does not lie in the admissible
region A?

Since the sets AE°™ N AYY are disjoint® for different states S, we can write

P((vi,v2) ¢ A) =1- > P((vy,w2) € AF™ () AGY). (3.93)

Ses

"One can consider any arbitrary continuous distribution for v, and v,. We consider the uniform
distribution due to its realistic nature.

8This is due to the fact that the geometric constraints Aggeom) are disjoint for different states S.
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Define
o :=Vy— V. (3.94)

Each constraint (v,vs) € Aggeom) N Agel) is in fact a constraint on «, i.e., for any state
S there are real numbers ozg) and afgu) such that’

(v1,v9) € ABO™ ﬂAf;e” = ol <a<al (3.95)
By (3.93) and (3.95),

P((v1,v2) ¢ A) = 1= (Fa(a§’) - Falay)), (3.96)

Ses

where Fi(a) = (1 — %)]lm\gd is the cumulative distribution function of a.

The next proposition provides conditions on the parameter d > 0 such that reliable
communication is guaranteed for both users regardless of the values of vy, v, € [0, d]:

Proposition 13. Let Sy := (0,d) x (0,d). Then P((v1,v2) ¢ A) =0 if and only if
Sa YA\ AGY) =0, (3.97)
for any S € ..

Proof. Assume P((v1,v) € A) = Yo, P((v1,v2) € AfggeOm)ﬂAgel)) = 1. Since
{A(Sg’”m) : S € S} is a partition of the sample space, ZSG!V]P)((VMVQ) € Agge"m)) = 1.
But, P((ul,uz) € A(Sgeom)ﬂAgel)) < P((V]_,VQ) € A(Sg“m)) for any S € .. Hence,
P((v1,vs) € A(Sg“)m)ﬂA(;e‘)) = P((v1,vs) € A(Sge°m)) or equivalently, P((v1,vs) €
Af.;geom) \ Agel)) = 0 for any S € .. This in turn means Sy ﬂ(Agge"m) \ Agel)) has
Lebesgue measure zero. But, Aggeom) \Agel) is a union of a finite number of (disjoint)
strips of the form {(vi, 1) : B < vy — 11 < B} where 30 and 3™ are real numbers.
As such, S ﬂ(AEggeom) \ A(Sren) is empty by virtue of being an open set with Lebesgue
measure zero. O

9For example, look at the geometric and reliability constraints given for the state depicted in Fig. 3.10.

49



Motivated by Proposition 13, we define
._ i (geom) (rel)y _
Apax 1= SUP {d >0:8, ﬂ(.AS \ Ag"’) =0 for any S € 5’} (3.98)

If dax > 0, then the probability of outage is zero for any d < d.x. In the next subsection,
we offer simulation results to study the effects of different system parameters on the optimal
choices for Ny, Ny in (3.92). In particular, we will see an example of a rate tuple (R;, Rs)
that satisfies (3.83) and still there exists d > 0 such that (3.97) holds for any S € .7.
Therefore, if (R, R,) satisfies (3.83), it does not necessarily mean that P((vq,vs) ¢ A) >
0.

3.5.2 Simulations

In this subsection, we study the optimum choices for Ny, Ny in (3.92) in a few examples.

Example- Let k; = 3,ky = 2,1 = 0.3,q0 = 04,01 = 0.5,a0 = 0.7 and P, = P, =
30dB. We consider several possibilities for (R;, Rs):

e Let By = 0.4\ = 0.36 and Ry = 0.4\y = 0.32. Then Ny, g, = {(1,1)}, however,
condition (3.83) is not satisfied. This means that by setting Ny = N, = 1, both
receivers successfully decode the messages regardless of the values of 1y and vs.

e Let By = 0.5\ = 0.45 and Ry = 0.5M\y = 0.4. Then Ng, g, = {(1,1)} and the
condition in (3.83) is satisfied. We fix N; = Ny = 1. Fig. 3.11 in panel (a) shows the
region | Jge y(A(Sg“’m) \ Agel)). By Proposition 13, if d < dyax & 0.83, the probability
of outage is zero. Fig. 3.11 in panel (b) shows the probability of outage in terms of
d.

o Let By = 0.7\ = 0.63 and Ry = 0.7\ = 0.56. Then N, p, = {(1,1),(1,2),(2,1),(2,2)}
and the condition in (3.83) is satisfied. Fig. 3.12 in panel (a) shows the probabil-
ity of outage in terms of d for different values of (Ny,No) € Ng, g, If d < 2,
(N1, No) = (1,2) and if d > 2, (N7, N3) = (1,1) are the optimum choices.

e Let Ry = 0.8\; = 0.72 and Ry = 0.8\ = 0.64. Then Ng, g, = {(m1,m2) : 1 <
my,my < 3} and the condition in (3.83) is satisfied. It turns out that depending
on the value of d, the best choices are (N1, Ny) = (1,1),(1,2) or (1,3). Fig. 3.12 in
panel (b) shows the probability of outage in terms of d for these values of (N, Ns).
If d < 1.43, (N1, Na) = (1,3), if 1.43 < d < 2.51, (N1, Ny) = (1,2) and if d > 2.51,
(N1, N3) = (1,1) are the best choices.
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Example- It is possible that d,., = 0. By Proposition 13, this happens when the
line v; = v, lies in the interior of the region (Jg y(Agge"m’ \ A%y in the v4-, plane.
An example of this situation is a symmetric scenario where ky = ky = 5, ¢; = ¢ = 0.2,
a; = ay = 0.5, Ry = 0.7\ = 0.7 and Ry = 0.7\, = 0.7. We consider two cases for the
average transmission power, i.e., P, = P, = 10dB and P, = P, = 30dB. It turns out that

in both cases, Ng, g, = {(1,1),(1,2),(2,1),(2,2)} and the condition in (3.83) is satisfied.

e Let P, = P, = 10dB. Fig. 3.13 in panel (a) presents the probability of outage in
terms of d for different values of (N7, N3). Due to symmetry, the cases N; = 1, Ny = 2
and N7 = 2, Ny = 1 offer the the same performance. We see that N; = Ny = 1 is the
optimum choice for any value of d.

e Let P, = P, = 30dB. Fig. 3.13 in panel (b) presents the probability of outage in
terms of d for different values of (N1, N2). In contrast to the case P, = P, = 10dB
in panel (a), the situation is reversed. Here, Ny = Ny = 2 is the optimum choice for
any value of d.

3.6 An achievable region for the asynchronous GIC-
SDA

3.6.1 The General Model
In this section we consider a different setting where

e The source of Tx 7 no longer turns off after generating a number of k;n bits.

e The parameters v; and 1, are known at both transmitters'’. As before, we let

Q= Vy — Uy,

Accordingly, we adopt a slightly different notation where we assume Tx i has a codebook
with rate R.; consisting of 2["feil codewords of length n; = [nf;| where 6; > 0 is a
constant. We pose the following problem:

Given positive integers N1 and N, determine the possible values for the codebook rates
(Re1, Re2) such that

10T his requires a certain level of coordination between the two transmitters in order to inform each other
about their initial instants of activity.
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1. The first N; codewords sent by Tzt are transmitted immediately in the sense defined
in Section 3.2.2 and decoded successfully at Rx i.

2. The average transmission power for Tx i satisfies (3.2) where T; is the period of
activity for Tz i until the time slot it transmits the last symbol in its NI burst.

Since the codewords are transmitted immediately, the content of the buffer of Tx ¢
never exceeds |n;R.;| + k; and therefore, the buffers are stable. The first IV; bursts sent
by Tx i represent a total number of N;|n;R.;| bits. Therefore, the average transmission
N;|niRe,i]

A Following similar steps in Section 3.2.4,

rate for Tx 7 is R; =

NiR.,

R = ——F— 3.99

1 + N; RB i ( )
and the average transmission power for Tx i is
N

Q= —1 3.100

14 Hiffed’ (3100

in the limit of large n. Then the average power constraint @); < P; in (3.2) becomes

1 R,
0<n < (— C”)R-. 3.101
<%=yt ( )

Before proceeding further, let us reiterate the major differences between the current setup
and the setup in the previous section:

e We show the codebook rate of Tx 7 by R.;. No notation was selected for the
codebook rate 7 in the previous section. All the achievability results in Proposi-
tions 10, 11 and 12 remain valid after replacing n; by 6;R.;.

e N; and #; are constants, while they served as design parameters in the previous
section.

e The parameters v; and 15 are known at both transmitters, while v; was unknown to
Tx i’ in the previous section.

e The information source at Tx ¢ turns on at time slot |ny;| and remains active inde-
terminately.
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We aim to characterize a region R of all codebook rate tuples (R, R.2) such that
both transmitters send their codewords immediately and reliably and such that the power
constraints in (3.2) are not violated. We call R the achievable (codebook) rate region. One
can also define an achievable rate region R’ of all transmission rate tuples (R;, R2) such
that the aforementioned properties hold. Since R’ and R are related through the mappings
in (3.99), we only focus on R. Immediate transmission of a scheduled codeword is impos-
sible if a previously scheduled codeword is not fully transmitted. By (3.12), immediate
transmission of the codewords is guaranteed if % > 0, for N; > 1, i.e.,

Rc,i > >\i]1Ni>17 1= 1, 2. (3102)
An achievable R,.; must satisfy'!
1
Combining (3.101) and (3.103),
1 1 R.;
i < 5l (1 (— )P) 104
R,<20g +Ni+/\i (3.104)
This is equivalent to
Re; < Rei i=1,2, (3.105)

Rc’i)PZ-). By (3.102) and (3.105), R lies inside the rectangle [>\1]1N1>17Rc,1] X Aol nys1, Reol.

where Ecﬂ- is the unique positive solution'? for R.; in the equation R.; = %log(l + (Nl +
Y [

To describe R, we need the concept of the state introduced in Section 3.5.1 for a GIC-
SDA with immediate transmissions. For each state S, we impose two sets of constraints on

(Re1, R.2), i.e., the geometric constraints and the reliability constraints shown by R(Sgeom)

and R(Srel)7 respectively. To describe these constraints, let us consider the situation shown
in Fig. 3.14 where N; = Ny = 2 and the state of the channel is S = {(1;1,2),(2;2,4)}.
This is only one of (i) = 70 possible states. The table in (3.106) shows the numbers on
the t-axis corresponding to different points in Fig 3.14.

"By Corollary 1, we must have 0;R..; < 0;; which simplifies to (3.103).
2Define f(z) = = — 3log(1 + (§- + £)P:). Note that f(0) = —5log(1l + &) < 0, limy 00 f(2) = o0
b

/ _ 1 TZ
If there is 29 > 0 such that f/(zg) = 0, then f is decreasing over (0, z) and increasing over (xg,00). This
again implies that f(z) = 0 has only one positive solution.

If f/(z) > 0 for all z > 0, then f(z) = 0 has only one positive solution.
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e The geometric constraints are imposed by the positions of the bursts along the t-axis.
For example, point By is on left of point A; which gives ezf% tuy < Bt A

)
complete list of the geometric constraints is given by the polyhedron 1
[_ 01 b2 7] r o .
1 A -
f\l _23\_2 92 + o
2 272 9 —
A1 A2 R 1
ST [RCJ | ta |, (3.107)
oy 2 | L2 by — by —
PYRD
-1 0 -1
0 -1 [

ie., 'R(Sgeom) for S = {(1;1,2),(2;2,4)} in the set of all (R.1, R.2) such that (3.107)
holds. The last two constraints in (3.107) are the inequalities in (3.102).

e The reliability constraints guarantee successful decoding for all Ny + No =2+2 =4
transmitted codewords subject to the power conditions in (3.101). For example, the
second codeword of Tx 1 in Fig. 3.14 only interferes with the second codeword of
Tx 2 at its “left end”, i.e., wy, = 2, wIQ =0, wy2 = 0. We invoke Proposition 11 to
write

2

/ 2 / /
(1 — )\—(lil — /11))91]%671 + )\—(/‘il — /fl)HQRC’Q < 91/’61 — (Oé + 92)(:‘{,1 — Hl). (3108)
1 2

A complete list of reliability constraints is given by the polyhedra

i 01 —%2(/11 — Kby ] [ 01k — O2(Kk1 — K))

(1= (w1 =)0 (k1 — K))b2 0161 — (@ + 02) (k1 — K))
—%1(/62 — /{1/2)91 (1 + %2(/432 — K/Q))QQ |:Rc,1:| < 92"43,2 - O‘(KJQ - /1,2)
—Ll(/ig - 111/2)91 92 Rc,g 92%’2 — 91(/?2 — I<L/2) !

1 0 M=)
L 0 —1 i | Az(% - 7?2)

(3.100)

for some 1,7, > 0, i.e., Rgel) for S ={(1;1,2),(2;2,4)} is the set of all (R.1, R.2)
such that (3.109) holds for some 71,72 > 0. The last two constraints in (3.109) are

the inequalities in (3.101). Note that R(Srel) is the union of infinitely many polyhe-
dra. More precisely, if we denote the polyhedron in (3.109) for fixed 71,72 > 0 by
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Ps(71,72), then
RE = U Ps(m. 7). (3.110)

Y1,7220

It is needless to mention that ; and &) are functions of 71, ys.

Having R(Sgeom) and Rgel) defined for any state S, the achievable rate region R is given by

R=J REMNRE). (3.111)

Ses

A few remarks are in order:

e In general, none of RE™ and RYY is a subset of the other.

e Depending on system parameters, there may exist a state S such that
(geom) (rel)
R NRs ™ =0.

e Full power transmission, i.e., v; = (=

N )R is not in general optimum. For
exampleletN1—3 N2—2(91—62—1k1—2]€2—3(]1—02Q2 01@1—
1.5,a9 = 0.5, P, = 20dB, P, = 30dB and a = 1. Fig. 3.15 in panel (a) shows the

regions RE™ in grey and RY% in black for S = {(1;2,3),(2;3,4)}. Fig. 3.15 in
(rel)

panel (b) shows the same regions under full power transmission. It is seen that R
rel
under full power transmission is strictly smaller than R (rel) U71 >0 Ps(m1, V2).

e In order to plot Rgel) for a given state S, we choose a finite set of values for 7,

namely I';, and approximate Rge) by

R = |J  Ps(n.) CREY. (3.112)

y1€l1,72€l

To choose IT';, we observe that

1 R
0< <7, = (— C”)B, 3.113
<%<T={xy "ty (3.113)
due to (3.101) and (3.105). Fix a natural number m and let
[ _
T, = {—%:1§z§m—1}. (3.114)
m
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The set difference Rgel) \ﬁgel) becomes smaller as m increases. For example, Fig. 3.16
shows the region }N%Srel) for S = {(1;2,3),(2;3,4)} in a setup where N; = 3, Ny =
2,91 = 02 = 1,]{?1 = 27]{32 = 3,(_]1 = O.Q,QQ = 0.1,(1,1 = 1.5,&2 = 0.5,P1 = QOdB,Pg =
30dB and o = 1. In panel (a), we have I'; = {5, : 1 <[ < 4} and in panel (b),
Iy ={57,:1<1<9}).

In the next two examples, we fix 0y =0y =1,ky = ko = 2,1 = ¢q2 = 0.3,a; = as = 0.5,
P, = P, = 20dB and study the effects of Nj, Ny and @ on R in (3.111). We also fix
Iy ={57:1<1<9}).

Example- Let a = 0, i.e., both users become active at the same time. Fig. 3.17 shows
the region R for different values of Ny = N,. As the number of transmitted codewords
increases, R becomes strictly smaller.

Example- Let Ny = N, = 2. Fig. 3.18 shows the region R for different values of a. As
« increases, the region R converges to the square {(Re1,Re2) : \i < Ry < Ry, i=1,2}
where R, = R, ~ 4.8774.

3.6.2 The Symmetric Model

In this section we study a symmetric setting where except for vy and 15, other system
parameters for the two users are identical. In this case, we drop the index ¢ = 1,2, i.e.,
Ni=No=N, M= =\NR1=R2=R;, 00 =0,=0,a, =a,=a, =7 =1 and
P, = P, = P. Without loss of generality,

1] Z V. (3115)

Let'® Rqym be the set of all R, > M y~; such that

e All 2N transmitted codewords are decoded successfully.

e The average transmission power for Tx ¢ satisfies il > oier: Tig < P where T; is the

period of activity for Tx ¢ until the time slot it transmits the last symbol in its N*"
burst.

3More precisely, Rsym is the set of codebook rates R. > Alysi such that v < (% + %)P and all

2N transmitted codewords are decoded successfully according to the sufficient conditions put forth by
Propositions 10, 11 and 12.
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Towards characterizing Rym, we define the set P(x,y; ) for real numbers x and y by

x , , , 1 R,
P(x,y;v) = {RC > Mpysr: (11— X(,«;7 — k.))Re < K., — (kg — 57)%,7 < (N + T)P} ,
(3.116)
where N
ry = C(y), #,:=C( ). (3.117)

1+ avy

One can rephrase the statements in Propositions 10, 11 and 12 in Proposition 14:

Proposition 14. For1 <i <2 and 1 < 57 < N assume the following conditions hold:

o Ifw;;,w; #0, then R. € P(1,6;7).

27‘7’

o Ifw,; #0 and w;; =0, then R. € P(j —w,;, v — Vi3 7).
o Ifw;; =0 and w; #0, then R. € P(w, — j,vi — vir;7).

o [fw, ;= wfj =0, then R. € P(0,—0;7).

Then the probability of error in decoding the j* message of Tx i can be made arbitrarily
small by choosing n sufficiently large.

If N =1, one can easily find Rgym, by considering the cases o < 6 and o > 6, separately.
If @ < 6, the two transmitted codewords overlap and we have (wi,w{},wi,1) = (0,1,0)
and (ws,,w3;,w21) = (1,0,0). Applying Proposition 14, R, € P(1 — 1,11 — v3;7) =
P(0, —a;7y). If a > 6, none of the transmitted codewords experiences interference and

hence, R. € P(0,—6;~). Therefore,

U, P(0,—a;y) a<¥
Ram =1 2 : 3.118
Y { U'yzop(()? _6),'7) o >0 ( )

Define B B B
RC = Rc,l = RC’Q, (3119)

where R,.; is given in (3.105) and let 7* be the unique positive solution for v in the equation
ol
P

Kl + %(ky — K.) = (% —1)A. Then it is easy to see that R = (0, Re,max) Where

R max 1s given by

Sym}N:l

* 1
Remax = { (F_w)r a<b (3.120)



For N > 2, it is not necessarily the case that Rgym = (A,Rmax). For example, consider
the setup in panel (a) of Fig. 3.18 where the line R.; = R.» is shown in red. We see that
Rsym is the union of two disjoint intervals.

Throughout the rest of this section let NV > 2. Our goal is to characterize Rgym. Define'4

OR,
= 121
0 ;) (3.121)

Recall from Section 3.4 that the burst with index j of Tx i extends from ju+v; to ju+v;+0
on the f-axis. Let j* > 1 be such that

Junt+m <pturvy < (G + 1D+ v, (3.122)
or equivalently,®
a a
— <<= : (3.123)
J* g =1

i.e., the starting point of the first burst of Tx 2 lies between the starting points of the
bursts with indices 7* and 7* + 1 of Tx 1 as shown in Fig. 3.19. The interference pattern

on the transmitted codewords depends on how the numbers g, jofkjel and aj—te compare with
each other. For example, Fig. 3.19 shows the case where ]‘?i__el << O‘]—*e As a result, each

codeword of Tx 1 with index j > j*+1 experiences interference at both ends, the codeword
of Tx 1 with index j* experiences interference only at its right end and any codeword of
Tx 1 with index j < j* — 1 does not experience any interference. In general, it is easy to
see that

0 J<7
wi; j—it p< s >+ (3.124)
0 p>% =541
0 J<Jy -1
wij=4 =il w>am gz (3.125)
0 p<i=p J2J

141n Section 3.2.2 we defined p; := 3 in (3.12). Since 7; is replaced by ¢; R; in our new system model in

this section, the choice of the letter 1 for the quotient % in (3.121) is in accordance with the one in (3.12).
I51f j* = 1, we drop the upper bound in (3.123).
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J+i5 =1 pu> *1>]<N Jr+1

Wy = 0 < < _1,j<N 7 +1 (3.126)
0 jZN—j +2
and
JH7 op< S <N =
wy; = 0 u>a+9 j<N—j* . (3.127)
0 jZN—j +1

In view of the interference pattern described in (3.124) to (3.127) and considering the
constraints in (3.123), we define the four disjoint sets

{ a—0 a+6 « a }
A = . D <p<——, D <p<—
Jr—1 J J Jr—1
—0 0
= {R >\ max{oi a}<u<m1n{at ,-*a }}, (3.128)
jr =1 g -1
{ a—0 a+6 o Q }
> A\ u<m1n{ , — }, — <p<
=1 g J* g =1
—0 0
{RC>)\ —<u<m1n{a o }} (3.129)
J* =1 g
{ a—0 a+46 a a
R. > u>max{* s }, — <p<—
;-1 7 J Jr—1
a—0 a+6 o
max{ , — }<,u<‘ } 3.130
{ Jo=1 y* Jr=1 ( )
and
a—+0 o — o
D = qR.>AN:—— <pu<— y < —
J =1 7 Jr—1
0 -0
- {RC>A:&<M<(,Z } (3.131)
J* J¥—1

Next, we explicitly compute the sets Reym () @+, Reym [ | Bj*, Rsym [ €j+ and Reym [ D+
We will frequently invoke Proposition 14 without specific mention.
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e Computing Ruym [ %)

1. Conditions for successful decoding at Rx 1
— Any codeword of Tx 1 with index 7 < j7* — 1 does not experience any
interference.
— The codeword of Tx 1 with index j* experiences interference only at its
right end and wi ;. = 1. We require R, € P(1 — j*, 11 — 1o;7) = P(1 —
j*a —Q; ’y)
— Any codeword of Tx 1 with index j* +1 < j < N experiences interference
at both ends. We require R. € P(1,6;7~).
2. Conditions for successful decoding at Rx 2
— Any codeword of Tx 2 with index 1 < 7 < N — j* experiences interference
at both ends. We require R. € P(1,6;7).
— The codeword of Tx 2 with index j = N — j* + 1 experiences interference
only at its left end and w, .y = N. We require R, € P((N—j+1)—
N,y —vy;7y) = P(L— j*, —a; 7).
— Any codeword of Tx 2 with index N — 7*+2 < j < N does not experience
any interference.

It follows that

Uyso (PLEN NP~ j* —ai7)) N 1<j* <N —1
Rsym ﬂmfj* = U,50P(1 = N, —a;7) j* =N
U’yZO P (0, —0;v) N - J =2 N+1
(3.132)

e Computing Ryym [ B

1. Conditions for successful decoding at Rx 1
— Any codeword of Tx 1 with index 7 < j* does not experience any interfer-
ence.
— Any codeword of Tx 1 with index 7* + 1 < 57 < N experiences interference
only at its left end and w; ; = j — j*. We require R, € PGi—G—75),ve—
vi3y) = P(J" a59).

2. Conditions for successful decoding at Rx 2
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— Any codeword of Tx 2 with index 1 < 7 < N — j* experiences interference
only at its right end and w;’j = j+j5*. We require R, € P((j +5°)—J, e —

v;7) = P(j* ;).
— Any codeword of Tx 2 with index N — j*+ 1 < 7 < N does not experience
any interference.

It follows that

U0 PG5 asy) N DBy 1<j*<N-1
Reym [ | #ir = N - : 3.133
Y ﬂ ’ { U«eo P(Ou _9; 7) ﬂ '%j* J > N ( )

e Computing Ry (] €+

1. Conditions for successful decoding at Rx 1

— Any codeword of Tx 1 with index 7 < j5* — 1 does not experience any
interference.

— Any codeword of Tx 1 with index j* < 7 < N experiences interference only
at its right end and wfj =7 —7"+ 1. We require R. € P((j -7 +1) -
Jivi —va;y) = P(L—j* —a; 7).

2. Conditions for successful decoding at Rx 2

— Any codeword of Tx 2 with index 1 < 57 < N—j*+1 experiences interference
only at its left end and w,; = j 4+ j* — 1. We require R, € P(j —(j+7 -
1), 01— 57) = P(L = j*, —a; 7).

— Any codeword of Tx 2 with index N — j* 4+ 2 < 7 < N does not experience
any interference.

It follows that

o Uyzop(l_j*a—m’)/)ﬂ%j* 1<j*<N
Rsymﬂ‘@*‘{ Uy PO ~0:)NE G >N+1 - G138

e Computing Rm (] Z;+: In this case, any codeword sent by Tx 1 or Tx 2 is received
in the absence of interference. Hence,

Reym )25+ = |J PO, -0:7) (25, 5> 1. (3.135)

720
In general, one can characterize Ry, for N > 2 by taking the following steps:
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1. Write

Reym = G Rje, (3.136)
j*=1
where
Rje = Reym [ (7 | B- J%- | 2). (3.137)

2. Use (3.132), (3.133), (3.134) and (3.135) to describe R;- for any j* > 1.
If a <0,

for any j* > 2, i.e., Rgym = R1. The following proposition characterizes Rgym provided
that a < 6.

Proposition 15. Assume a < 0. Let o, 71 and 7y, be the solutions for v in 2k = k.,
K, = A and k!l + §(ky — K.) = A, respectively. If 1 does not exist, let vy, = co.

o If )\ <k, define

Y0’

0 ~< 0 YT<m
2KL, — Ky
f(y) = TET L gy = T m<7<7 . (3.139)
Arem , Al
L+ 5y — K V> V2

o If\> k., define

0 v <72 0 -
e T T=72
— T al < — .
= i mersh 0= W+ 50y — ) 7> 1)

A 7> m

Then
y 1
720

Proof. See Appendix J. n
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A few remarks are in order:

e Explicit expressions for vy and v, are

T 2 T I oa@> 1y '

Yo

There is no closed-form expression for 7, and it must be computed numerically.

o If P is sufficiently large, e.g., P > N max{vy,72}, it is easy to see that Rsm =
(A, Remax) where R ay is given in (3.120). For “smaller” values of P, infg.er,,., Re
can be larger than A as we will see in the example in below.

e In (3.141), Reym is given as the union of uncountably many intervals. It is more
convenient to represent Ry, as follows. Define the regions ¥, Q" and Q2 by

V= {(v,Re): f(7) < R < 9(v)}, (3.143)
Q= {(7, R.): R.> (% . %)A} (3.144)

and
Q= (3.145)

ie., € is the set of all (v, R.) such that the 2N transmitted codewords are sent
immediately and decoded successfully at the receivers and Q" is the set of all (v, R,)
such that the average power constraint in (3.101) holds. Then

Reym = I1(Q) (3.146)

where the map II(v, R.) = R, is the projection on the R.-axis.

Example-Let N = 4,0 =1,a = 0.5and o = 0.5. Then 7 ~ 6.84dB and «/, ~ 0.6358.
We consider two cases:

o If A < 0.9x = 0.5722, then f(v) and g(v) are given by (3.139). Assuming P ~

3.617dB, Fig. 3.20 in panel (a) shows f(v), g(7) and (% — +)X as functions of .
The set Rgym is shown by a red strip as the projection of the region €2 on the R -axis.
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o If A > 0.9x], = 0.5722, then f(y) and g(v) are given by (3.140). Assuming P =
10dB, Fig. 3.20 in panel (b) shows f(7), g(7) and (3 — +)A as functions of . The
set Reym is shown by a red strip as the projection of the region 2 on the R.-axis.
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0.5/« i A

Outage Probability
)

o
o
G

Figure 3.11: Let ]Cl = 3, ]{32 = 2,q1 = 0.3,(]2 = 0.4,@1 = O.5,CL2 = 07, P1 = P2 = 30 dB,
Ry = 0.5\ = 045 and Ry = 0.5\ = 0.4. Then Ng, r, = {(1,1)} and (3.83) is satisfied.

Fixing N; = N, = 1, panel (a) shows the region USG!V(.Aqueom) \Agel)) in grey shade.
Panel (b) shows the probability of outage in terms of d.
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0.5
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0'47 ")\ ---N1 :2,N2: 1 |
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(a) R1 = 0.7/\1,R2 = 07)\2
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0.3 PO T o
2025}
2 02
S
a9
o 0.15
&
3 0.1
0.057
0
0

(b) Ry = 0.8\, Ry = 0.8\,

Figure 3.12: Let ]{51 = 3, ]{?2 = 27 q1 = 037 g2 = 04, ap = 05, ag = 0.7 and P1 = PQ = 30dB.
If Ry = 0.7\ = 0.63 and Ry = 0.7\y = 0.56, then Ng, g, = {(m1,m2) : 1 < my,my < 2}
and (3.83) is satisfied. Panel (a) shows the probability of outage in terms of d for different
values of (N1, Ny). If Ry = 0.8\; = 0.72 and Ry = 0.8\y = 0.64, then Nz, g, = {(m1,m2) :
1 <my,my < 3} and (3.83) is satisfied. It turns out that depending on the value of d, the
best choices are (Ny, Na) = (1,1),(1,2) or (1,3) as shown in panel (b).
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Figure 3.13: A symmetric scenario where k; = ko = 5, ¢4 = ¢ = 0.2, a; = as = 0.5,
Ry = 0.7A = 0.7 and Ry = 0.7Ay = 0.7. Panel (a) presents the probability of outage in
terms of d for different values of (N7, Ny) for P, = P, = 10dB. We see that Ny = Ny =1
is the optimum choice for any value of d. Panel (b) presents the probability of outage in
terms of d for different values of (Ny, Ny) for P, = P, = 20dB. Here, Ny = Ny = 2 is the

(b) P, = P, =30dB

optimum choice for any value of d.
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> {axis

Figure 3.14: This picture shows the positions of different bursts on the ¢-axis corresponding
to the state S = {(1;1,2),(2;2,4)} in a scenario where N; = Ny = 2. The table in (3.106)
shows the numbers on the ¢-axis corresponding to different points on the t-axis.

01 R, 02R.
A, = 2Tl 4y, B,, = M2fe2 | ),

(3.106)

- mb1Rc 1 + 1 +91 B = mb2R¢ 2 + 1y _|_92

m A1 m A2
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2, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
ERkis SIS
g : < :
0 0
3 | T 1
—= 1 I . e e
< | <
0.5 0.5_ .......... ‘ .............. .............. ..............
0.5 1 1.5 2 25 3 0.5 1 1.5 2 2.5 3
R.; (code rate) R.; (code rate)
(a) (b)

Figure 3.15: Consider a setup where Ny = 3, Ny = 2,60, = 0y = 1,k = 2,ky = 3, ¢4 =
0.2,qo = 0.1,a; = 1.5,a5 = 0.5, P, = 20dB, P, = 30dB and o = 1. Panel (a) shows the
regions nggeom) in grey and Rgel) in black for S = {(1;2,3),(2;3,4)}. Panel (b) shows
the same regions under full power transmission. It is seen that R ynder full power

S
transmission is strictly smaller than Rgel) in its general form given in (3.110).
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Figure 3.16: Consider a setup where Ny = 3, Ny = 2,60, = 0y = 1,k = 2,ky = 3,¢q1 =
0.2,qo = 0.1,a; = 1.5,a5 = 0.5, P, = 20dB, P, = 30dB and o = 1. Panel (a) shows the
region ﬁ(srel) in (3.112) where S = {(1;2,3),(2;3,4)} and I'; = {£5, : 1 <1 < 4}. Panel (b)
shows the same region for I'; = {li(ﬁi 1 <1 <9}
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(d) Ny = N, =4
Figure 3.17: A setting where 6, = 0y = 1,ky = ko = 2,1 = ¢ = 0.3,a1 = a; = 0.5, P, =

P, =20dB and o = 0. As the number of codewords N; = N, increases, R becomes strictly
smaller.

71



I
n
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Re2 (code rate)
(e
‘\\
Re2 (code rate)
W]

[\

Rc1 (code rate)
(b) =10

Figure 3.18: A Setting where N1 = N2 = 2,91 = 92 = ].,1{71 = kQ = 2,(]1 = ({2 = 0.3,@1 =
az = 0.5 and P, = P, = 20dB. As « increases, the region R converges to the square

{(RCJ, ch) : )\Z < RCJ‘ < Fqia 1 =1, 2} where ECJ = EQQ ~ 4.8774.

burst j* of Tx 1 burst j* + 1 of Tx 1
3 first burst of ETX 2 second burst of Tx 2
: : : : > {-axis
Ju+ W+ v (J*+Dp+n 2+ vy

Figure 3.19: The integer j* > 1 is such that the starting point of the first burst of Tx 2
lies between the bursts with indices j* and j* + 1 of Tx 1. The length of any burst
is 0 on the t-axis. This picture shows the case where (u + 1) — (j*n + 1) < 0 and
((5* + Dp+ 1) — (u+ v2) < 0, or equivalently, ﬁf_al <p< "‘J—*G This implies that each
codeword of Tx 1 with index j > j* 41 experiences interference at both ends, the codeword
with index j* experiences interference only at its right end and any codeword with index

Jj < 7% — 1 does not experience any interference.
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Figure 3.20: Panel (a) shows a setting where N = 4, § = 1, A\ = 0.5722, a = 0.5,
P~ 3.617dB and o = 0.5. In this case, 7o ~ 6.84dB and A < !/ ~ 0.6358, i.e., f(v) and
g(7y) are given by (3.139). Panel (b) shows a scenario where N =4, § = 1, A = 0.7629,
a = 0.5, P =10dB and a = 0.5. In this case, 79 = 6.84dB and A > /i/% ~ 0.6358, i.e.,
f(7v) and g(7) are given by (3.140). The red strip on the R.-axis is Reym as the projection
of the region 2 on the R.-axis. In both panel (a) and panel (b), infg.cr,,., Re > A
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Chapter 4

Conclusion

In the first half of the thesis we proposed a distributed learning scheme in a decentralized
wireless network with asynchronous users and burst transmission. It was shown how each
user estimates the locations and intensities of interference bursts along its transmitted
codeword. The main tool used in the learning process was piecewise linear regression.

In the second part of the thesis we have studied a two-user GIC-SDA with immediate
transmissions under two different settings. In one scenario, the information source at each
transmitter turned off after generating a given total number of bits and the transmitters
only knew the statistics of the mutual delay between their bit streams. The codebook
rate at each transmitter was optimized in order to achieve a target average transmission
rate and transmission power and maximize the probability of successful decoding at the
receivers. In another scenario, the information sources were active indeterminately and
the transmitters were aware of the exact mutual delay between their bit streams. We
characterized an achievable rate region for the codebook rates assuming the receivers treat
interference as noise. This region was given as a union of uncountably many polyhedrons
which is in general disconnected and non-convex due to infeasibility of time sharing.
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Appendix A

Proof of Proposition 1

Let 7, = —[T;ZF"] and 7/ = —[TT%]A. We have

|Fn(7) — F(7)| |Fn(70) = Fo(7)| 4+ [Fr(7) — F(70)| + |F(75) — F(7)]
|F(70) — Fo(r,)| + [ Fo(r) = F(7)| + |[F(7) — F(7)], (A1)
where in the last step we use the fact that F',, is nondecreasing and write |F',,(7,) —F,(7)| <
|F, (1) — F(7))|. Moreover,

|F(70) = Fo(1y)| < |Fu(m) = F(7)| + | Fou(r,) = F(m)| + [F(7) = F(7)]- (A2)

n

By (A.1) and (A.2),

|Fo(r) = F(T)| < 2|Fy(70) — F(7a)| + [F(7y,) — F(7,)] + [F(70) — F(7,)]
+|F(7) — F(7)]
< 2[Fn(m) — F(7)| + [Fu(7,) — F(m,) 4 2|F (7)) — F(7,)]
(A.3)

where the last step is due to the fact that F' is increasing. Hence,

|En(r) = F(T)llec <3 sup [Fi(7,) = F(m)| +2 sup |F(7,) = F(7,)]. (A.4)

T€(0,1] 7€[0,1] !

In order to show lim,, .« ||Fn(7) — F(7)|lc = 0, we use the fact that a sequence of real-
valued random variables (@,)m,>1 tends to zero if Y °_ P(|a,,| > €) < oo for any € > 0.
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This is a direct consequence of the Borel-Cantelli lemma [29]. By (A.4),

P(IFu(r) = F(r)lle > ) < P(3 sup |Fu(r) = F()| +2 sup |F(r,) = F(7})] > )

7€[0,1] 7€[0,1] "
€
<P( sup |Fu(m) = F(m)l 2 £) + L iy ) -Ferpiz
T7€[0,1]

(A.5)

where the last step is due to the fact that if 3a + 2b > € for two real numbers a and b, then
at least one of a and b must be greater than or equal to £. The function F' is piecewise

. . 1 K 2 : | —
linear and its slope never exceeds 5 + > ;_ |hi[*. Since |7, — 7| = 7-, one can guarantee

SUp,eo1) |F(n) — F(7,)| < £ if > L+ Zfio |h;]?. Under this constraint and by (A.5),

P(|Fu(r) = F(7)lloo = ©) < P( sup [Fu(ra) = F(r)| = £). (A.6)
7€[0,1] 5
We have
[TTh]
A.
() PT (A7)
[TTM K [7T]
2
~pr 3 0+ Y g Z
=0 t=1
[TT]
—i-QZ ZRe (hisi[t]zg[t])

E:Rehhsl 5[) - (A.8)
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Recalling the definition of F' in (2.6), we get

1 1
sup [Fy(7) — F(m)] < = sup | ) |=olt]]" — 7
7€[0,1] P e Th 1
(7T ]
b AP = o (m - 75|
+Z‘ | i PT Z’S 1+a
K 1 [TTn]
+2 sup Re (h;s;[t|z5[t ‘
> o | 3 ezl
[TT%]
+2 Z sup ’PT Z Re (h:hs;[t]si[t]) ‘ (A.9)

0<i<j<k TE[0:1]

Writing h; = |hi|eY 14" the term eV ~1" is absorbed into s;[t] and we can write Re (h;s;[t]z5[t]) =
|hi|Re (s;[t]z[t]) with a slight abuse of notation. Similarly, Re (h;h}s;[t]s5[t]) = |hi]|hj|Re (s;]t]s7[t]).
This leads to

1 1
sup |F, (1) — F(1,)] < —= sup |= |zot |2 — Ty
r€[0,1] P cion!'Th Z g

[T7T]

PT Z Re (st ) (A.10)

+2d Z sup
0<i<j<K T7€[0,1]

where we define

d:= max{Oréliz%>§<|hi|,og?§[(|hi||hj|}. (A.11)

By (A.6) and (A.10), P(||F,.(7) — F(7)]|s > €) is less than or equal to the probability that
the term on the right side of (A.10) is greater than or equal to . Thinking of the right side
of (A.10) as asum of 14+ 35 1438 14+ ocicicre 1 = 14+2(K+1) + K“§+1) = K2+3K+6
terms, we conclude that P(||F,,(7) — F(7)|le > €) is less than or equal to the sum of the
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probabilities that each of these terms is at least € e f; RT0) Hence
1 1 &
(IFa(r) = FDllw 2 ) < P sup | D [zl = | 2 ¢)
P T€[0,1 Tn
€[0,1] -1
[TT] »

P(d AP =w(m - 35)[ = 9)
+Z e PT Z"S 11a/l=°¢
+ZIP’<2d sup Z Re (s;[t]zp]t]) ‘ > e’>

T€[0,1]
[T7Th]
+ Z <2d sup ‘ Z Re (s;[t]s}[t]) ‘ > e’)(A.lQ)
0<i<j<K T€[0,1] PT
—€20(n)

In the following, we find an upper bound of the form ©(1)e on each term on the right
side of (A.9). Throughout the proof, we invoke the following lemmas in several occasions:

Lemma 1 (Etemadi’s inequality [30]). Let aq,--- ,ay be independent real-valued random
variables and € > 0. Then

m m
| 2] 2 o) <3, max F(| 2 e
1= 1=

Lemma 2 (Bernstein’s inequality [31]). Let ay,--- ,ay be independent zero mean real-
valued random variables, a; < 1 for any 1 <i < N and e > 0. Then

> %) (A.13)

1 N _ Ne2
Py lazd)se ™9, (A14)

2

where o* is the arithmetic average of the variances of aq,--- ,ay.
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A.0.1 The term IP’(supTE[O’l] ‘TL Zt[ff” |zo[t]|* — Tn| > ¢ P)

We have
[TTn] [TTn]
IP’( sup |— |zo[t]|” — Tn| > e'P) = IP’( sup (|zolt]> = 1)‘ > e'PTn>
T€[0,1] n T€[0,1] —1

where the last step is due to Etemadi’s inequality. But,

P(| Sl — ] = “2L) = B(3 zalt? 2 m+ O

t=1 t=1

(3001 ol = o). (A6)

t=1

Let us find upper bounds on the two terms on the right side of (A.16). For 0 < a < 1 and
by the Chernoff bound [28],

(D [zolt)l* > m+

where the last step is due to |2[0]|? being an exponential random variable with parameter 1.
Minimizing the right side of (A.17) over 0 < a < 1, we get a = 1 — % Subbing this
m

e PTy
value of a in (A.17),

7(m+e’PTn)a

) < e m+ BTy (E [ea|zo[on2]>m _ ﬁ (A.17)

¢ PT,

3

- 'PT, 'PT,\™ _drr,
(3 lzolt)? > m+ € . B < (14 o) e (A.18)

3m
t=1

In order to find an upper bound on P( Y ", (1 — |zo[t]|?) > GIPTT"), we use Bernstein’s
inequality. Since a; = 1 — |z[t]|* are independent random variables with zero mean and
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unit variance and a; < 1 for any 1 <t < m, we get

- 'PT,, ey
P( D1~ [zolf?) = T < o mwrin, (A19)
t=1
By (A.16), (A.18) and (A.19),
m / ’
9 ePTn> < ePTn>m Py
— > <
mﬁl,??fﬂ(\;“%““ Dz 5t) < max (145) e
- 2 p272
+ max e 20m+dPTn)
m=1,-,Tn
2p21,

! ’
— e*(%*ln(lJr%))Tn + e 20+P)

_ 2 P2Tn 2 P2T’n

< e e 208 (A.20)

where the penultimate step is due to the fact that both maximizations are achieved for
. 2
m = T, and the last step is due to the inequality a —In(1 +a) > % for any 0 <a < 1.!

A.0.2 The term P(dsupTe[O’H ’PLT,L E” |so[t]|* — ¥ (Tn — 1’;—0&) ‘ > e’)

This is the most demanding part of the proof. Following similar lines in (A.15), we have

1 IZ0)
P(d sup |50[t]]? — Q/J(Tn - )‘ > e')
T7€[0,1] PTn ; 1+«

1 & m Vo ¢
P —o(F - 1a)| 2 3)
PTn;|SOH| AT " 1rall 234
!

B 1 — 9 m Vo €
- 32%§m$?§fjp<‘PTn 2 lsolt] _w<Tn 1 —|—oz>‘ ” 3d> (A.21)

1<5<3 =1

where the last step is due to the fact that the maximum value of a sum of functions is less
than the sum of the maximum values of those functions and the sets & and F; are defined

'Having the Taylor series In(1

series, we get In(1 +a) < a — 2
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as
81 = {m m< tO,n}

E={m:to, <m<ty,+n, —1}

E = {m:to,+n, <m<to,+n,+n—1} (A.22)
Es={m:m>ty,+n, +n—1}
and
le{m:Tﬂn—l’jr_Oa<()}
B:{m‘OS%_ly_oa<1%}- (A.23)

In (A.22) and (A.23), it is implicit that m € {1,--- T, }. It is straightforward to see that
ENF;=0if (i,7) € {(1,2),(1,3),(2,3),(3,1),(4,1),(4,2)} and n is sufficiently large such
that n, > 2. For example, let us verify & [ F; = (). Verification of the other cases can be
carried out similarly and is omitted. We have & F1 C {m : to,, + n, < m < [’ﬁ—TgJ}
This requires

ton +n; < [0Tn/(1+a)]. (A.24)

By the floor inequality, o, > [2]1p — 1 and [ﬁ—T;j < ﬁ—Tg Using these inequalities in
(A.24),

(T, — 1+ a)|n/al)vy > (1 +a)(n, —1). (A.25)

But,

T,—(1+a)|n/al = ny;+n—1—a|n/af

> ny+n—1—axn/a

= n, —1. (A.26)
If n, > 2, then T,, — (1 + @) [n/a] > 0 and (A.25) yields

(14 a)(n, —1)

T, — (1 +a)[n/a]
n, —1-(G— &)
T, — (1+a)|n/ao

n5—2
2 M A T el

o

= 1+

(A.27)

where the last step is due to 0 < 2 — [2]| < 1. Having n; > 2, (A.27) results in 1y > 1
which is a contradiction.

85



We proceed by investigating the cases m € & () F; for (i,7) taking on (1,1), (2,1),
(2,2), (3,2), (3,3) and (4,3):
e Let m € & () F1. Since so[t] =0 for n € & and ¢ (% — 1’;—0(1) =0 for m € Fy, we
get P(| 5 Sty lsolt)? — v (2 - 2) | > ) =0.
o Let m € & () Fi. Then

m m—to,n

1 m 140 (a)
o S lsoldP - (7 - 1) 2 > latel® = o *Lu,-0)
®) 1 n§—1
S PT Z |m6,t|2’ (A28)
" =0

where (a) is due to the fact that if ¢y, = 0, then the first symbol in the preamble
sequence of user 0 is not included in the sum Y /", [so[t]|* and (b) is due to m —ty,, <
n;, — 1 and |afo|*14,,—0 > 0. Therefore,

(’PT Z' Solt]” — <__1—V£a>‘236_d) = P(PlTnZ%t'QZ;_d)

n

)

(A.29)

where the penultimate step follows by the Chernoff bounding technique as in (A.18).
The function g(a) = 1 — 22 is increasing for a > 1. If n is large enough such that

€T,

3dns > 2, (A.30)
then 1 — 24 ( Sar ) (1 —1In2). Using this in (A.29),
(‘PT Z sl = v(7 - 175 [ 2 3d> <o <o T (A1)

n
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m

1 2
P, 2 5ol -y

m
T,

where the last step is due to €2 < €.

m—to,n

e Let m € & () Fa. Then we have (A.33) and hence,

P =m0 bl ) = (7~ 7))
1+a PT, tz; |0, |930,0| to,n=0 T 1ta
¢ (S el e oPlams) + [ 2
> PTn pr 0,t 0,0 to,n=0 Tn 1 T a
1 néfl
< bl + | - 2. A.33
- PTngle’tl + T, 1+« ( )
m e/
(i S 21> 2
anZ\So[t]l P T " Trall 23
1 n5—1
/ 2> ) N v
_P<PTn;|wo’t| ~ 6d +]l|ﬁ_1+0a|2@
S 6_1_5326’27%_’_]]_'&_ Vg |>57/7 (A32)
Tn 1+a!=—6

where the last step follows by the same bounding technique in (A.29) and (A.31).

Moreover,
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m IZ40) ’ (a) M y

T, 1+« T, 1+«
(2) tO,n + ng, — 1 B Vy
- T, 1+«
< LEJVO‘H%_l_ %)
- T, 14+«
_ w@+ 2] -T) + (1 +a)(n, — 1)
(1+ )T,
© —wyln, — 1)+ (1 +a)(n, — 1)
- (1+a)T,
. (I+a—wr)(n, —1)
B (1+ )T,
n
< = A.34
Tn’ ( )
where (a) is due to the fact that if m € Fy, then - — %2 > 0, (b) is due to the
fact that if m € &, then m < to,, +n, — 1 and (c ) is due to (A 26). By (A.34),
et v > < implies ;—5 > g—; Wthh contradicts (A.30). Therefore, the second

term on the rlght side of (A 32) is zero.

e Let m € &) Fe. Following similar steps in (A.33), we arrive at

‘PlTn g [solt)® ﬂp(% - 1:004)‘

n

néfl mfto,nfn5

1 1 m 1
< (7))
= PT, * ’PT ; 2o~ 7 ~ 744
" to e Y ton + 1 1
< S 2 ’ 2—P‘ 0 _Onl s o
< Z\ ol + o X (el - P | -2
(A.35)

where in the last step we have added and subtracted %;"M and applied triangle
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inequality. By (A.35),

(‘PTZ’SO - (n 1+a >—3d>

! m= tO n = /
= P(PT Z 20l" 2 9€d) HP(‘ Gl P)‘ & %)
+1 o totngt | (A.36)
Tra =Ty §a
Let us investigate the three terms on the right side of (A.36) separately:
— Following the same bounding technique in (A.29) and (A.31),
1= F2s € Loln2 2,
P(P_Tn ; |20, > @) Se et (A.37)
where in contrast to (A.30), we require that
/
96 dﬂ’; > 2. (A.38)
— Following similar lines of reasoning that led to ]1| e = 0form € & () Fo,
one can show that 1|, ¢, 40,1 s = — 0 under the constraint in (A.38).

1+a Tn

— Following similar steps as in (A.16), (A.18) and (A.19),

m—to,n—n(S

P(‘ . Y (| |2—P)‘> €/> < <1+€/T”> e ﬁ
PT, t=0 o ~ 9d o 9dm/’
(A.39)

where m' =m —ty,, —n, + 1. Since 1 < m < T, then m’ <T,,. Moreover, the
two terms on the right side of (A.39) are increasing in terms of m’. Hence,

m—to,n—n(S ,

/2
P(pr X (ool = P> 5) < e G o oo

/2T /2T

S e T 486d2 _'_ e 2d(81d+36’) <A40)

89



where the last step is due to the inequality a —In(1+a) > % forany 0 <a <1
verified in Footnote 1.

o Let m € &) Fs. We have (A.41).

n,—1
1 — m Vo 1 <
)PT Z‘SO[t]|2_¢(T_1+a)‘ < Br 2 el
n n ™ =0

t=1

mfto’nfné

+‘P1Tn 2 (|w°’t’2_P)‘

+‘m—t0,n—n5+1_ o

‘(A.41)
T, 14+«

By (A.41),

Pl S o (2202 )

1+«

SR T . (A.42)

We have obtained upper bounds on the first and second terms on the right side of
(A.42) in (A.37) and (A.40), respectively. As for the term 1

m—tgn-ns+l o _ o, 0te
\T—ITJZ@
that if m € &, then m <+, +n, +n — 1. Therefore,
m—to, —n; +1 o
T, 14+«
n o ng—l—(ﬁ—tﬁJ)
< — — = o
-1, 14+« (14 a)T,
n, —2
< - A .43
<-"—a (4.43)
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where the last step uses the floor inequality. Therefore, as long as n, > 2,

m —ton —n,; +1 o _ m —ton —n; +1

T, l+al 14« T
(2) o _ 1/10;-571” - tO,n — N + 1
- 1 + o Tn
(I +a)(ton +n; — 1) — 0T,
N (14 )T,
_ (14 a)([2]vy +n; — 1) =T,
- (14 )T,
_ (4, —1) = (T, — (1+a)[3])

(1+ )T,

(i) (1+a)(n, —1) —vy(n, — 1)
- (1+ )T,
_ Qte—w)n,—1) n, (A.44)

where (a) is due to the fact that if m € F3, then m > %:E2T, and (b) is due to (A.26).
By (A.44) and under the constraint in (A.38), we conclude that the third term on
the right side of (A.42) is zero.

e The case m € &,()Fs can be handled similar to the case of m € &/ F2. In fact,
one obtains the same upper bound.

Looking back at (A.21), we have shown that P(dsup,¢p ‘PLTH Zt[l?] |so[t]]? — ¥(7n —

fjr—oa)} > ¢) is bounded from above by O(1)e=<Om).
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A.0.3 The term P(2dsup,p ‘PLTH Zlﬂ"] Re (so[t]zg[t]) | =€)

We have
[TTn]

o ke 3 et 2

hm g
< P(Qdee%ﬁ] BT Z Re(so[t])Re(z(’;[t])‘ > 5)

(rm g
+IP’<2de€1[t17)l] ‘PT Z Im(so[t])Im(zg[t ])‘ > 5)

1 fTTn] ¢

_ QIP(TS;[E)” BT ; Re(so[t]me(zg[t])( > @), (A.45)

where in the first step we write Re (so[t]z§[t]) = Re (so[t]) Re (z§[t]) — Im (so[t]) Im (2§[t])
and the second step is due to Re (so[t]) Re (z§[t]) and Im (so[t]) Im (2§[¢]) being identically
distributed. Moreover, we have the thread of inequalities

[Ty

3 Re(solt) Re(zil1)| > <

IP’( sup

T7€[0,1]

N———

PT, 4d

= IP( max
m=1,- Ty

P, 3 ReleultRe(zi)| > <)

<3, B(| - S Relsl )2 )

€
=3, w3 #(| o ZR@ soltRe(z310)| = 135) nee
1<i<4
E/
<3 Z S IPDOPT ZRQ so[t])Re(zg[t ])‘ 2 @) (A.46)

1<i<a megi

92



As for the last term in (A.46), let us study the (more interesting) case of ¢ = 3. For any
m € 83,

m—toyn—né n6—1

‘iRe(So[ﬂ)Re(zS[t])‘ < ‘ Z Re(xoy)z;| + Z Re(iﬂ{),t)z;’

t=1 t=0 t=0

, (A.47)

where 2z, = Re(z§[t + to, + n,]) and 2z} = Re(z§[t + to,]) for 0 <t < m —ty, —n, and
0 <t <n, —1, respectively. Therefore,

m m—to.n—n
1 6/ 1 ’ 6 6l
g ) < o )
pr; L RelsollRe(ailf)] 2 15) < B(lpp B Re(end] 2 5
1 n5—1 6/
! IS )
HP)(’PT,L D Re(@,)=| = 57

6/

1 / 1
> .
BT E Re(a:ojt)zt > 24d>(A 48)

m—to,n—"n

where the last step is due to the fact that the PDFsof ,_, * Re(xo )z, and Zﬁigl Re(x ;) z¢
are even functions. In order to develop Chernoff-type upper bounds on the terms on the
right side of (A.48), one needs to know the moment generating function of the product of
two Gaussian random variables. It is straightforward to see that if b; and b, are indepen-

dent standard Gaussian random variables, then E[e2®1%2] = \/1177 for |a] < 1.2 Then the
—ton— / :
Chernoff bound on P(5- >717"" " Re(@o,)2} > 555) can be written as
1 M s € a’P =3
ae' PTy,
P( Re(wo)z) > o) < (1= 55 ) e ™5 A 49
PTn ; ( Oyt) t — 24d — 4 ) ( )
2,02 o,
®We have E[e®ib:] = L [[,e T An b, Waiting b2+ b — 2abiby =
(b bg)t < 1a —1a> <Zl) and interpreting ( 1a —1a) as the inverse covariance matrix of a bivariate
_ ) _

Gaussian distribution yields the result.
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where m’ =m —1tp, —n, and 0 < a < \F One can minimize the right side of (A.49) Wlth

respect to a to find the tightest upper bound. Instead, let us use the inequality 1 —b < e~
for any real number b to get

mftg,nfn(s ,

1 €
P(PTn > Re@o)z > 5

i
) < ( _a2p - ae' PT), a’PT,  ad PTy
e )

1 e 2a <e s  24d (A50)

where the last step is due to m’ < T,, for any choice of m. Let us assume € < j—df and

2
select @ = &. Then P( 55 T Re(woy) 2] > so) <e” T Similarly, we obtain
612 "
IP’(PLTn Z?ial Re(xg )z > ZZd) < e it Using these upper bounds in (A.48),
/ 2
| max P((PT ZRe (so[t] Re (=it ])\ > 16265) < de~ Tl (A.51)
me€s
’2PT

It is easy to see that 4e™ 3s4c2 is also an upper bound on other terms in (A.46) fori = 1,2, 4

: /
under the constraint ¢ < ﬁ'

( n1
A.0.4 The term P(2dsup,cp ’PT Re (s,[t]s7[t]) | > ¢€)
The analysis for this term is quite similar to the analysis presented in the previous case

and is omitted for brevity. The only difference is that we require € < 8dv/P.
We have shown that if € < Sdmln{\/_, \F} and €T, > max{lgdn s hil? )}7

"K? 5K 16
then P(||Fp(7) — F(7)||os > €) < O(1)e~®() . This completes the proof of Proposition 1.
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Appendix B

Proof of Corollary 1

Appendix B; Proof of Corollary 1

Before proving Corollary 1, we observe a few facts about linear regression. Let (x;,y;) for
t=1,---,2m be 2m points in the z-y plane that satisfy

ar; + b <y, <ax;+by, 1<i<2m, (B.1)

where a, b; and by are constants. This implies that the points (z;,y;) are inside a strip
whose boundaries are given by the lines y = ax + b; and y = ax + by. Let T and y be the
arithmetic averages of x; and y;, respectively. We have the following:

e Fact 1: The point (7,7) lies on the regression line.

e Fact 2: Assume x; = izg where xy > 0 is a constant. By (B.1), a7 +b; <7 <
aT + by. Using these inequalities and the fact that the slope of the regression line is
S (2i—T) (yi—7)

S (ai—7)2

S =T —y) ol < 2(by — b1) 32705 (T — ) _ 6m(by — by) (B.2)

> (= T)? S (2 — )2 (4m? — 1)xq’

=1

, it is easy to see that

where the last step is due to 37 (T — ;) = %z and Y7 (2, — T)? = m(4+2_1)$(2).

Next, let us describe the plot in Fig. B.1 and make some observations:
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e-boundary

1
R '
~.0’ ; = = == piecewise linear regression
A ; !
R A
1 1 1
: i i
A i i i
i i i
! ! !
I i 5 i
T v v T o T
- 14+o 1+« +

Figure B.1: The lines Ay and I'y determine the e-boundary for the function F in (2.6).
In fact, A JA, = {(1,{) : ( = F(r)+e}and I'_UI', = {(1,¢) : ( = F(1) —€}. A
new user has arrived at 7 = 1 which results in an increase in the slope of F. For given
codeword length n, we assume receiver 0 is able to determine a number NN, = ©(n) of
points (7, , F,,(7; )) lying between A and I' . The line A_ is the regression line for these
points. A_ passes through the point A_ = (7_,(_) where 7_ and (_ are the arithmetic
averages for 7,7 and F,(7;”), respectively. The line A, and the point A, = (7,,(,) are
defined similarly.

e The lines AL and I'y determine the e-boundary for the function F in (2.6). In fact,
A UA, ={(1.¢Q):(=F(r)+etand I'_UTI, ={(7,¢) : ( = F(1) — €}. A new

user has arrived at 7 = 7 which results in an increase in the slope of F.

e For given codeword length n, we assume receiver 0 is able to determine a number N,
of points (7,7, F,,(7;7)) for 1 <i < N, lying between A and I' . The line A_ is the
regression line for these points. By Fact 1, A_ passes through the point A_ = (7_,(_)
where 7 and (_ are the arithmetic averages for 7,7 and F, (7, ), respectively. The
line A, and the point A, = (7,,(,) are defined similarly.

e B = (r_,p_)and B, = (7,,p,) are points on A_ and A, that have the same
T-coordinates as the points A_ and A_, respectively.
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e Let a_ and a, be the slopes of regression lines A_ and A_, respectively. Then
1+La is the 7-coordinate for the point of intersection of A_ and A_, i.e., v satisfies

a (v/(l4+a)—7)+p =a, (v/(1+a)—71.)+ p,. This yields

+

I1+a
v=——(a, T, —a. T +p_ —p). (B.3)

a, —a_

e Let @_ and @, be the slopes of regression lines A_ and A_, respectively. By definition,
= is the 7-coordinate of the point of intersection of A_ and A, i.e., ¥ satisfies

a0/l +a)—7)+C =a.(7/(1+a)—7.)+C,. This yields

~ I+a A
V= ﬁ(a+7-+ —a.T_ +( — <+) (BA)
a, —a._

By Fact 2 and selecting m = N,, and xg = Tin in (B.2), we have [a* — a*| < %e. Let
n be sufficiently large so that N,, = O(n), i.e., receiver 0 can identify a fraction, say one
third, of the graph of F}, that lies within each arm of the e-strip in Fig. B.1. For example,

Fig. 2.2 shows that for large n, F), is highly concentrated around F' and the arms of the

e-strip can be identified. Then d := sup,, Z%Y%”;Tf is finite and we get
a* — a*| < de. (B.5)
Moreover,
I =G = (e —p ) S = p [+ — py | < 26+ 26 = 4e. (B.6)
By (B.4),
~ I+a /.. 5
v o= ﬁ((cﬂ - a+>T+ - (CL - a7)7'7 + (. = C+ - (,lL - :u+)>
a, —a_
1+«
+H(a+@ —a_T_+pu_ — M+)
14+a 7, . a, —a_
= H((a+—a+)T+—<a—CL)T—I—C—C+—(M—M+)>+617V,

(B.7)
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where the last step is due to (B.3). Without loss of generality, assume € < 2 ming<;<x |hi|?.
By (B.7) and using triangle inequality,

~ I+a /.. ~
e o (e R LA S S VAT
+ —
1% —~ ~
‘*ﬁ;ﬁ:;{qﬂa+-—a+l+¢af-—afD
(2) (1 + a)(de + de + 4e) N v(de + de)
= e, —al @, —a |
© (1+a)(2d+4) +2dv
€
- a, —a_ — 2de
(c)
0 2(3d + 4)

min,_,_ . |hi|? — 2de

d)
@ 4(3d+4)

—

Sal IV B.8
T oming_,_,. |h,-|2€’ (B.8)
where (a) is due to (B.5), (B.6) and the fact that 0 < 7_,7, <1, (b) is due to |a, —a_| >
la, —a_|—|a, —a,|—|a_—a_| > |a, —a_|—2de, (c) is due to the fact that a, —a_ = |h;|?
for some 0 < i < K and (d) is due to € < 35 min_,_, |hi|*.
We conclude that if ||[F,, — F||oo < €, there are constants d; = 2 and dy = %
o<i<k I
such that ||fy, [> — [hy, [?| < die and |D, — vi,| < doe. Therefore,
~ €
P\~ || > ) < B(IFu~Fllo> )
_2om
O(l)e "
O(1)e <M, (B.9)

where the penultimate step follows by Proposition 1. Similarly, IP’(“I?;% — Vk,~| > ¢€) <
O(1)e=<®™_ This completes the proof of Corollary 1.
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Appendix C

Proof of Proposition 3

Let i # j. We only show that A;,(\B;, = 0 with high probability if n is sufficiently
large. A similar reasoning establishes the same fact if one replaces A,,.NBj, =0 by
A;,.,NC,, = 0. Throughout this appendix, we let At, = tk n tk > Aty = Ty — Ty

Av =y, — 1y, and d;,, = |tki,n tk;n|. Define

() {Ain[)Bjn =0}, (C.1)

n>N

for any N > 1. Note that A;, (B;, = 0 if and only if At, < —deng or At, > (4c+ 1)ns

= J {ANBiw # 0} € | {IA%] < (de + 1)} (C.2)

n>N n>N
Let us investigate the events {|A€n| < (4c+ 1)ns } that appears in (C.2). We can write'
{ \Afn| < (4c+ 1)n5} C { \A%n| < (4c+ 1)ns,d;, < 2cn,,dj, < 20n5}
U {d;, >2cn,} U {d;n>2cn,}. (C.3)
Using triangle inequality, |At,| < At, + d;, + d;,. This together with (C.3) yields

{]At\<(4c+ n(;} {\At|< (8c+1)n }U{dm>26n}U{djn>20n} (C4)

'We are using the fact that A C (A B)|J B¢ for events A, B.
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We have® |At, — 2Av| < 2. Hence,
{I1At,] < 8¢+ 1)n,} C {|Av] < a((8c+ 1)n, +2)/n} (C.5)
By assumption |Av| > 0. Noting that lim,, . W = 0, there exists an integer N,

depending on «, §, ¢ and Av, such that for n > N’, the set on the right side of (C.5)
becomes empty. Then by (C.2) and (C.4),

P(TE) < Y (P(di > 2cn,) + P(dy, > 2cn,)), (C.6)

n>N

for any N > N’. By Proposition 2, one can further bound the right side of (C.6) to get

P(T) <O(1) ) e, (C.7)

n>N

Since the right side of (C.7) is the tail of a convergent series, we conclude that for arbitrary
€ > 0, there is N > 1 such that P(7¢) < eif N > N.

By the floor inequality, Aty = ti,m — thym = [[ 2ok, ] — [[2]ve,] > (L%Jyk 1) = [ 2]y, >
(=D, = 1) =2y, = ZAv — 1y, — 1> mAV — 2. Slmllarly7 Aty < ZAv +
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Appendix D

Proof of Proposition 4

We prove the proposition for the situation in Fig. 2.2. We only consider the case that
ko = 0, i.e., transmitter 0 is the first active transmitter. The cases k; = 0 and ky = 0 can
be treated similarly. If p, is selected as in (2.21), then p(z,y) = g(z; P)py,(y — hox) is the

actual PDF of noise plus interference during transmission of (mg’l);l:‘;gl. Setting t = tp,, in
the sequential typicality decoding rule in (2.24), we have

= ny—1 to,ntng—1 (ng)
P(Fon < ton) = P (@)% (ol ™) € A™[p]) (D.1)
Then

lim Pt < to,0) > Tim P (((@h,)% (ol ™) € APpl) =1, (D2)

n—00 n—00 I=ton
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Figure D.1: Schematic diagram for the partitions S, (all points crossed by solid lines)
and S, (all points crossed by dashed lines) in (D.9) and (D.10) for m = 2. The first row
represents the numbers 4d for d = 0,1, - - -, the second row represents the numbers 4d + 1
ford=20,1,--- and so on.

where the last step is due to the weak law of large numbers. As such, in order to show

lim,, o0 P(fom =ton) = 1, it is enough to verify lim,,_, IP’(?M < ton) = 0. Let us write

= n,—1 n,—1 n
P(ty, <ton) = IP’(EIt € By, 1t <tp, and ((w67l)l:‘50 ,(yo[l])fit‘S ) € Ag 5)[]:)])

to,n+2cns
n.—1 n.—1 n -~
= Y P(3te€Bg,:t<ty,and ((x),)’ (ol ) e A" [p), B = 5)

s=to,n—2ncCs

to,n+2cns
s ns—1 t+n,—1 (ny)

< Z P(3t € B((),n tt <ton and ((x0,),2 s (yoll]),® ) € A *'[p])

s=to,n—2ncCs

to,n+2cns ( )

ns—1 t+ng—1 n

< Z Z P(((‘”G,z)zio  (yoll]) 1=, ) €A [p]),

s=tlo,n—2ncs tEB(()le:t<to,n

(D.3)
where for any tp,, — —2ncs < s < ty, + —2ncs, we define Béi)l = Bo,n|;0 _,- To compute

an upper bound on each term on the right side of (D.3), we study the cases t < ty,, —n,
and to, —n, +1 <t <ty, — 1, separately:

e Let t < ¢y, — n,. Then (w{)’l)?:‘s_l and (y,[l])i" " are independent as t + n, —
1 < ty, — 1 and transmitter 0 is not active before time slot ¢p,. We explicitly

—

write the constraint defining Agng)[p] in (2.20) as the set of all (Z,7) such that
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[ S (bl o = hoa|” = 2)| <

]P( ((mlo,l)ln:é(:17

n§—1

(%
( 1

2
@2 + |2oll + 1] — hof |* -~ 2)

o+ Then we have the thread of inequalities
g e

(ol ") € A" [p])

1 1 €
=D~ (Flebal + lyolt + 1) — hofyl? = 2) | < =)

loge

2 €
|,)* + |yoll + t] — homy, | — 2) < )

log e

<)
loge

loge

loge

(
(2+ InoPP - %|m671|2 — Jzoll 1] = homh, ) > 1hol?P - )
(

Sl ) 1? + | zoll + 1] — ho, |2> - |ho?P — 15 >

2 + |ho|2P 2+ |ho|2P

(D.4)

where (a) is due to the fact that the signal at receiver 0 during time slots ¢ to
t+n; — 1 consists of ambient noise only, in (b) we have added |ho|*P to both sides of
the inequality, in (c) both sides are divided by 2 + |ho|?P and (d) is due to Lemma 2
(Bernstein’s inequality)! and it is assumed that ¢ < |hy|?Ploge.

IThe random variables a; = 1 —

2
Blp >+ zoli+1]~howy, |

5TTho2P are zero mean with finite variance and a; < 1.

Therefore, one can apply Bernstein’s inequality.
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o Letty, —n, +1<t<ty, —1. Then

n;—1 t+n,—1 (ng)
P( ((936,1)1:60 s (Yoll]) =y ) €A [p])
<p(i52 (1|x' 2 + |yl + 1] — o, \2—2) < )
> n, &= plTou 0 0L, log e
1 to,n—t—1 1
@P(— Z (—|.’B6’l‘2+ |Zo[l+t] —howg’l‘2—2>
- P
n5—1

1 ! 12 2 €
- - ho! [+t — hoxh, |2 — 2) < )
P 3 (e ottt sl ot -2) <

®) o 1 1 9 2 €
:p(n_ 3 (Fym;),,] + |zoll + 1] — hozl, | —2) <210g€)

3
I
_

8

1 2 €
IP(— (— ' 2y | hoa! [+ 1] — ho! —2)< )
B l:%:_t 510+ [hoh gy, 0+ Z0ll + 1] = howh | Tlone

(D.5)

where (a) follows by noting that y,[l +t] is the ambient noise for I +¢ < ¢, and (b)

is due to the fact that if the sum of two numbers is less than loge, then at least one
€

of them is less than 5;%—. Following a similar reasoning for the last step in (I.3), the
oge

3 @(n?)
first term on the right side of (I.4) is bounded from above by e on~* < ¢=©) due
to to, —t < n,. As for the second term on the right side of (I.4), we note that the
summands are no longer independent. For simplicity, let us define

1 2
w = ﬁ|w6,z|2 + ‘how;—to,n—l-t + zo[l +t] — hoxy, ’ -2 (D.6)
Any two w; and wy are dependent if and only if || —I'| = ¢y,, —t. As such, one

can not directly apply the concentration inequality of Lemma 2. To circumvent this
difficulty, we use a trick in Appendix 24B in [20]. We consider two cases:

— If tp,, — ¢ is odd, the terms with odd indices are independent. Similarly, the
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terms with even indices are independent. Then

n,—1
1 < € 1 €
]P’(— < ) < IP(— < )
n Z Wi 2loge/ n Z wi 4loge

 I=tg,n—t

At this point, similar to (I.3), one can apply Bernstein’s inequality to conclude
that each term on the right side of (I.10) is bounded from above by e=©(s).

— If ¢y, — t is even, we need to partition the set of integers to a finite number of
disjoint sets such that the difference of any two element in each set is not equal
to to,, —t. Let tp,, —t = 2m. It is easy to see that the required partition is
given by

{0,1,2,3,---} = 8. JS., (D.8)
where
2m—1
S. = ( 2ma+b:a=0,2,4,--- 2ma+b+1:a=1,3,5,--- )
U { FUA J
(D.9)
and
2m—1
s = ({2ma+b:a:0,2,4,---}U{2ma+b+1:a:1,3,5,~-}).
Y odd
(D.10)

For example, Fig. D.1 presents the schematic diagram of S, and S, for m = 2.
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We can write

ng—1 ns—1
1 <« € 1 « €
]P>(— < ) < IP’(— < )
n, Z Wi 2loge/ s Z Wi 4loge
l=tg,n—t I=to,n—t
leSe
1 s €
+IP<— Y ow < ) (D.11)
el 4loge
1S,

As each of Zz cs Wi and Zl ¢ s, Wi are sums of independent random variables,
it follows that each term on the right side of (I.11) is bounded from above by

e—@(ng)_

We conclude that whether ¢ <, —n, or to, —n, +1 <t <1y, — 1, each term on the
right side of (D.3) is bounded from above by e=®(). Since there are at most ©(n2) terms

on the right side of (D.3), we get P(#, < to,) < O(n2)e~®"s) which vanishes as n grows.
This completes the proof of Proposition 4.
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Appendix E

Proof of Proposition 5

We only consider the case where 0 < v; — 1y < a.. Other cases can be handled similarly.
The proof is carried out in two steps:

e Let us show that (2.32) and (2.33) hold for the transmitted codeword with a prob-
ability that approaches 1 as n grows to infinity. We only verify (2.32). Verification
of (2.33) is quite similar and is omitted for brevity. As mentioned earlier, let n be
sufficiently large so that the right side of (2.26) is positive and hence, the initial
interval is nonempty regardless of the value of t;,, — 2cn, < tAln < ti, +2cn,. Let
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(x0,)]=, be the codeword sent by transmitter 0. We have

Tin—ton—(2c+1)n —1 T1m—2cn;—1 (t1.n—to.n—(2c+1)n;)
P(((zoa)iZy T ol ) AT "))

l:tO,n+n6
t17n+2cn§
t—to,n—(2c+1)n;—1 t—2cn—1 (t—to,n—(2c+1)n;) -~
= Z IEI)(((5'30,1)1:00 ’ a(yo[l])z:to,ning) ¢ Ac ’ Yol tin = t)
t=t17n—2cn(s
t1,n+2cn
' ° t—to,n—(2c+1)ns—1 t—2cn, —1 (t—to,n—(2c+1)n;)
< Z P(((wO,l>z:0 7(y0[l])z:to,n+n5) ¢ A [pl])
t:t17n—20n5
tl,n+26n5

= 2 P<‘t—t0,n —1(20+ 1)n,

t:tlvn_ants

t—to,n—(2c+1)n,;—1

X Z log p,(xo, Yol + ton +n,]) — h(p,)| > e).
1=0

(E.1)

For each time slot during the initial interval, p, in (2.30) is the actual joint PDF
between the transmitted code symbol by transmitter 0 and the received signal by
receiver 0. In fact, for any ¢, — 2cn, < t < t1, + 2cn,, the random variables
log p,(xo, Yol +ton +n,)) for 0 <1 <t—ty,, —(2¢+1)n, — 1 are i.i.d. with common
expectation h(p,). Fixing ¢ and assuming the variance of log p, (@00, Yo[ton + 1;]) is
finite, one can apply the Chebyshev’s inequality [29] to get

t—to,n—(2c+1)n; —1

1

P(‘ 1 Yoll + ton —h
t—ton — (2c+1)n, ; 0g Py (To, Yoll + ton + 1)) — h(py)
 var(log p, (@00, Yolton + )
T (t—ton— 2cH+1)nge

-

tin —2cn; <t <t,+2cn;.

(E.2)
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Denoting var(log p, (0.0, Yolto.n +n,])) by O(1) and by (E.1) and (E.2), we get

Tin—ton—(2c+1)n—1 Tin—2cn—1 (t1.n—to.n—(2¢+1)n;)
P(((zoa)ls T (ol ) AT Ipi))

l:tO,n+n5
t1,n+20n5

o(1)
< 2 (t —tom — (2c+ ), )e

t:t1,n—2cn5

tl,n+20n5

o)
< 1
((tl,n —_ 20”5) - ZfO,’n - (20 + 1)”6)6 ttl,nz—zcné
(4eny +1)O(1)

= (tim — ton — (de+ Dy ) (E.3)

Since t1, — to,, = O(n), the right side of (E.3) tends to zero as n grows. This
completes the proof of (2.32).

Denoting the 2"%) messages of user 0 by message 1 to message 21" let message 1
be the transmitted message by transmitter 0 and (Zo;)", be the codeword that is
assigned by user 0 to message 2. The probability p_. . that a codeword different from

error

the transmitted codeword satisfies both (2.32) and (2.33) is bounded from above as
Pawv < 2" P(E( ) F), (E4)

where £ and F are given by

~  \t1in—ton—(2e+1)n—1 t1n—2en,—1 T1,n—to,n—(2¢+1)n
& = {(@og ™~ (ol ) € AT L (B5)

l:tO,n+n6

and

- ~ \n—1 to,n+ns+n—1 (to,n—t1,n—(2c—1)ns+n—1)
F={(@003 st @olDe T € A ] E6)
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Fixing flm = t, we denote the events £ and F by &;, F;, respectively. Then

t1,n+2cng
PEF) = Y, PE[)Ftin=1
t:th—ch(s
tl,n+20n5
= > PE(Futia=1)
t=t1,n—2cng
tl,n+20n5

> PE(F)

1%:151,71—2011[s

IN

tl,n +20n6

= Z P(gt)P<~Ft)a (E7)

t:t17n72cn6

where the last step is due to independence of & and F; as they only depend on the
initial interval and the final interval, respectively. For any ¢ ,—2cn, <t <t ,+2cn,,

one can use the standard properties of typical sequences [28] to get
P(&) < 9= (t—to.n—(2c+1)n;)(I(py) —3¢) (E.8)
and
]P)(]:t) S 2—(to,n—t—(2c—1)n5+n—1)(](pF)—3e)’ (E9)

where for any PDF p(-,-) on C? with marginals p, and p,,

I(p) = / p(x,y)log %dwdy

is the mutual information between the marginals p, and p,. By (E.7), (E.8) and
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(E.9), we obtain the thread of inequalities

tl,n+2cn(S
P((‘: ﬂf) < Z 2—(t—t0,n—(2c+1)n6)(I(pI)—36)2—(toyn—t—(2c—1)n5+n—1)(](pF)—36)
t=t17n72cn6
—((tlyn—2cn5)—to7n—(26+1)n6)(1(p1)—36)2—(t0,n—(t1,n+20n6)—(26—1)n6+n—1)(1(pF)—35)

2
27(t1’nft07n7(4c+1)n5)(I(pI)735)27(n7(t1,nfto,n)f(llcfl)né 71)(I(pF)73e)

A
I INE

—~
=
~

3+(4cfl)n§

) (Upp)=36) g—n(1-115t0 2D ) (15, ) -36))

vi—vg 2«!»(4(:4»1)715
n

—
3
~

vi—vy 2+(4c+1)n5

4den, + 1 2‘”(7 f)(l(pl)—&) 2—n(1—%_

2«%(44:4»1)77,(s
n

) (I(pp)—36))

IN

2+(4c+1)n5

den, + 1)2 " (0B =80+ 1220 (1) -3 = ST U )+ ) -69) (1)

IN
—~ —~ —~
N
Q
S
[S—
N~— SN~— S~—
™
3
—~
Q

IN

where (a) is due to the fact that 2~ (¢~ t0.n=et1)ns)I(P)=3¢) gpd 2~ (Fom—t=(2e—)n;+n—1)(I(pr)=3¢)
assume their largest values for t = t; ,, — 2en, and ¢y, + 2cn,, respectively, (b) is due

to |t1n —tom — = (V1 — 10)| < 2 which can be verified as in Footnote 2 and (c) is due

to 34 (4c — 1)n, <2+ (4c+ 1)n,. By (E.4) and (E.10), we have the bound

2+4(4dc+1)n

P < (dn, + 1)20 (B2 U0 =39 -1 2150) 1) =30+ 5208 () +)—60)) (5 1)

Assuming R < Ry, = “221(p,) + (1 — 22%)I(p,), one can choose e sufficiently
small and n sufficiently large so that R — =0 (I(p,) —3¢) — (1 — “=22)(I(p,) — 3¢€) +

M(I(pl) + I(p,) — 6¢) < 0 and hence, the right side of (E.11) tends to zero as

n
n grows to infinity.
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Appendix F

Proof of (3.14)

We need the following Lemma which is a slightly weaker version of Theorem 4.4 in [32]:

Lemma 3. Let x be a Bin(N,p) random variable. Then
P(z > (1 + €)Np) < e~ (HFImta)=oNp, (F.1)

for any e > 0.

At the “beginning” of time slot ¢ = 0 the buffer is empty. Recall that ¢, := 7'1(1) is
the smallest ¢ such that b;, + 0}, > [n7;]. This implies that b;,, + b}, = “nm |&; is the
smallest multiple of k; which is larger than or equal to |nn;]. The first codeword together
with the preamble sequence are transmitted during the time slots tq + 1, -« ,to +n' + n;

and the content of the buffer at the beginning of time slot ¢g 4+ 1 becomes

bityr1 = P?q ki — [ (F.2)

We are interested in computing the probability of the event that a new codeword is sched-

. . . totn/+n;—1
uled for transmission before or at the time slot to+n'+mn;—1, i.e., b; .11 +Zt°:t:£” b,
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|nn;|. We have

to+n'4+n;—1 to+n'4+n;—1
P(bi,to—H + Z b;, > LW%J) < P( Z b;, > |nn;] — kz)

t=to+1 t=to+1
to+n'4+n;—1 1/
b;, L"?%J
= P = > —1 F.3
( >, eyl ) (F3)
t=to+1

where the first step is due to the fact that 0 < b; 4,41 < k; due to (F.2). By assumption,

: 1 Lnn;] n
1 -1 = =—>1. F.4

Let 1
223
= ——1). F.
‘ 2(91- (F-5)

In view of (F.4), assume n is large enough such that

1 (anJ _ 1) > 1+ 6. (F.6)

Since 2:0242(?:{7171 b]i’_’ is a Bin(n' + n; — 1,¢;) random variable, the right side of (F.3) is
bounded from above by P(Bin(n' +n; —1,¢;) > (1 +¢;)(n’ +n; — 1)g;) due to (F.6). Then

Lemma 3 applies, i.e.,

P(Bin(n +mn; — 1,¢) > (1 +&)(n' +n; — 1)q) < e 4", (F.7)

where ¢; = ¢;0;((1 + ¢)In(1 + ¢;) — ¢;) and we have assumed n is large enough such that
n+n;—1=Inn+ |nb;| —1 > nb,.
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Appendix G

Proof of Proposition 6

We will use the following simple fact:

Lemma 4. Let x, forn > 1 be a sequence of real-valued random variables and lim,,_,, ,, =
a where a > 0 is a real number. Then lim,,_, . P(x, > 0) = 1.

Proof. Since lim,,_,, @, = a, then x, also converges to a in probability. Fix 0 < € < a.
We have lim,, o, P(x,, > 0) > lim,, o P(|z,, —a| <€) = 1. O

We only study the cases 7 = 1 and j = 2. The proof can be extended to any j > 3. Let
Bm = Yo bi, for m > 1 be the total number of bits arriving at the buffer of Tx i until
the time slot of index mn;. Under the Tx-Rx synchronous scheme, Tx ¢ checks its buffer
at time slots mn; for m > 1 and if its buffer content is more than |nn; |, a codeword is sent
over the channel during time slots mn; + 1,--- , (m + 1)n;. By SLLN,

lim B—m = mb;\;, (G-1)
n—oo 1
for any m > 1.
e Let 5 =1. We have
P =mn; <= B Bt < L)y B > [ (G.2)

for any m > 1. Recall y; := Z—Z > 0;. By assumption, y; is not an integer multiple of
0;. Let m* > 1 be such that
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Putting (G.1), (G.2) and (G.3) together and invoking Lemma 4,

lim P(¢!" = (m* + 1)n,) = 1. (G.4)

n—oo

By (G.3), fix §; > 0 such that (1 + &;)u; < (m* + 1)6;. Then

P> (14 a)r") = P(sl > (14 8)r" 6V = (m* + 1))

_ P((m* 1> (L + )7, W = (m* + 1)ni)G.5)

Since Tgl) ~ NB(LT_Z'J,qi), we can apply SLLN to get lim,,_,. %((m* + Dn; — (1 +

51)7-(1)) = (m*+1)6; — (1 4 61)p; > 0. Using this together with Lemma 4,

7

lim P((m* + Dn; > (14 8)7") = 1. (G.6)

n—o0

By (G.4) and (G.11), the expression on the right side of (G.10) goes to 1 as n grows’
and we get the desired result.

o Let j = 2. We have %‘(2) = mn; for some m > 2 if and only if thereis 1 < m' <m—1
such that

617 e 76777/—1 < U”%Ja Bm’ 2 Lm?zj, 6m’+17 e 7ﬁm—1 < 2Ln7hJ7 Bm Z 2|]“71J (G7)
Recall that p; is not a multiple of %. Let m* > 2 be such that

<y < G.8
5 <H 5 (G-8)
Then we can invoke Lemma 4 together with (G.1), (G.7) and (G.8) to write

lim P(gl(?) = (m"+ 1)n;) =1, (G.9)

n—oo

where m’ in (G.7) is selected as m’ = - +1 for even m* and m’ = 2 for odd m".

'If A,, and B, are events such that lim,, o, P(A,) = lim,, o P(B,) = 1, then lim,, o, P(A, (N B,) = 1.
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By (G.8), fix d5 > 0 such that (1 + d9)p; < m Then

% %

_ P((m* F)n > (14 8)72, 6P = (m* + 1)711()3.10)

P(c(z) > (1 +52)7-§2)> > P(S‘(Z) > (1+0)7 6 = (m* + 1)n">

Since 7'52) ~ NB(ZLZ—’“J, g;), we can apply SLLN to get lim, o £ ((m* + 1)n; — (1 +

7

52)7'(2)) = (m*+1)0; — 2(1 + d2)p; > 0. Using this together with Lemma 4,

7

lim P((m* + 1)n; > (14 8,)7) = 1. (G.11)

n—o0

By (G.4) and (G.11), the expression on the right side of (G.10) goes to 1 as n grows
and we get the desired result.

Finally, we select ¢ := min;<;<y, d; to make sure (3.20) holds for any 1 < j < N,.
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Appendix H

Proof of Proposition 7

Let 1 < ji < Nyand 1< jo < Ny If 700 +1 < 77 41 < 79 4 /) then the jt
burst of Tx 2 starts while Tx 1 is sending the preamble sequence in its ji* burst. If
Tl(jl) +1< TQ(jQ) +n'+ny < Tl(jl) + 7/, then the ji* burst of Tx 2 ends while Tx 1 is sending
the preamble sequence in its ji* burst. Let &, j, be the union of these two events, i.e.,

Epge = {0 <78 — 7 < — 1} o <70 — 7P <l pmy -1} (H)
We have
P &w) < D P& (H.2)
J1,J2 1<j1 <Ny
1<jo< Ny

Moreover,

P(&j,.,) < IP’(O < TéjQ) — ngl) <n — 1) + ]P’(ng < ngl) — ’ngZ) <n' 4+ny — 1). (H.3)

In view of (H.2) and (H.3), it is enough to show that

nh_}ralo P(0 < 2 — 700 <y 1)=0 (H.4)
and A ‘
nlLIElO]P)(nQ <70 20 <l g, — 1) =0 (H.5)
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for arbitrary choices of j; and jo. To verify (H.4), define

P, = %(réﬂf) — ngl)), pl = %(T&jl) — ) 4 — 1).

Then

]P’(O < ‘rng) — ngl) <n — 1) = P(pn >0,p, > 0) = ]P’(min{pn,p;} > O).

By (3.25),
(41) (41) (41)
lim T = lim 21— + lim [ = lim & + 1.

(1)
Using SLLN, lim,, % = j1p11 and we get

. T(jl) ’
lim = Jip1 + 1.
n—oo
Similarly, '
. T(Jz) '
lim = J2l2 + Vs
n—oo
Define

p = Japlo — Jipn + V2 — V4.

(H.8)

(H.9)

(H.10)

(H.11)

By (H.6), (H.9) and (H.10) and noting that lim, ., "= = 0, we get lim, 00 p, = p,

lim,, . p!, = —p and hence,

lim min{p,, pj,} = min{p, —p} <0,
n—o0

(H.12)

where the last step is due to (3.35). By (H.12) and Lemma 4, the proof of (H.4) is complete.

The proof of (H.5) is quite similar and is omitted for brevity.
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Appendix 1

Proof of Proposition 8

We have
P(t) <t) =Y P(t <tifty =t)P(t, = ty). (1.1)

t12>0

Moreover,
P( il < t1’t1 = t1>
=P (3t <t (015" W)l ) € AM Y] or ((sh)15h (wa )i ) € AP )

t1—1
< 3P (1015 ()i ) € APp))
t=0
t1—1
3P ((shils" ()it ™) € AXp)) (1.2)
t=0

In the following, we find an upper bound on each term on the right side of (I1.2).

o The term Y, 0 P(((s5,)15 ", (yi )i ™) € Agn/)[p(l)]): We study the cases t < t; —
n'and t; —n' +1 <t <t; — 1, separately:

— Let ¢t < t; —n’. We explicitly write the constraint defining A™ [pM] in (2.20)
as the set of all (Z,7) such that |+ 3", (a7 + 5 (v — xl)z —1)| < . Then

291 loge"
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we have the thread of inequalities

P(((s)i"s (yr )it =ty € A ph))

n'—1
1 1., 5 1 ;N2 €
< P()ﬁ Z (2_%’31,1‘ + §(y1,l+t —s1)° - 1)‘ < loge)
1=0
n'—1
1 1., ., 1 e ¢
< P(ﬁ ; (2_%|81,l| + §(y1,l+t - 51,1) - 1) < 10ge>
n'—1
(@) o 1 1 o 1 ;N2 €
R (o7 1) <)
n' ; 271 |Sl,l| + 2( 1,0+t Sl,l) 10g€
) 1l v 1 1 N M €
SP(p 2 (145 — gl = (=) > 3 - )
- n/ 12:; * 2 271|81’l| 2(zl’l+t 31,1) 2 loge
n'— 2 €
(—i)]P(l . (1_ w80 + 5 (e — 81)) ) N 5 - 1Oge>
n i 1+3 1+3
(d) ,
S e—@(”)) (]:3>

where (a) is due to the fact that the signal at Rx 1 during time slots ¢ to t+n’—1
only consists of the ambient noise, in (b) we have added %+ to both sides of the
inequality in (a) after multiplying both sides of the inequality by —1, in (¢) both
sides are divided by 1 + %+ and (d) is due to Lemma 2 (Bernstein’s inequality)

where it is assumed that € < Zloge. In fact, the random variables w; =
1 |81 P 5 (21487 )’
+4

and w; < 1. Therefore, one can apply Bernstein’s inequality.

are independent with zero mean and finite variance
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— Lett; —n/+1 <t <t —1. Then we get

P(((sh )ise"s (w )ity ™) € A p))
n'—1
1 1 1 2 €
<P(o 2 (g sl + 3 e = 51" =1) < )
=\ & 2%‘31,1 +2(y1,l+t 1) loge
t1—t—1
(a) 1 1., 5 1 ;N2
2e( S (Gt ')
w2\ 81| +2(zl,l+t 31,1)
n'—1
1 1,, o, 1., ;N2 €
TR 1) <)
+ o l;t (2% 81" + 2 (Sl,l—l—t—tl T 2104t 31,1) log e
t1—t—1
®) o1 T I, 5 1 ;2
r(5 (1 - )
n! lzo: + 2 271|817l| 2(z1,l+t Sl,l)
n'—1
1 1 1 9
+ " (1 +n - 2—|8/1,z|2 - §(Sll,l+t7t1 t 2 — 8'1,1) > > €n>7
l=t1—t /yl
(1.4)

where in (a) we have used the fact that y, ;, is the ambient noise for [ < #, —¢
and Yy 4, = 814, T 2104e for tp =t <1 <n'—1and in (b) we have added
4 to each term in the first sum and v; to each term in the second sum after
multiplying both sides of the inequality in (a) by —1. Moreover, €, is given by

tl —1 n' +t— tl €
n = — . L5
€ o N + VG Tog ¢ (1.5)
We can write
t, —t € n —1 € Y1 €
n=(1-— - > (1-— - > — — , 1.6
‘ ( 2n/ )% loge — ( 2n/ )71 loge = 3 loge (1.6)

where the penultimate step is due to t; — ¢t < n’ — 1 and in the last step we are
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assuming n is sufficiently large! such that 1 — "2/—;,1 > 1. By (I.4) and (1.6),
P(((s10i%" (g)iti ) € AP pY)
t1—t—1
1 Y1 1 1 2
<Py X (143 - gleil — g (e - a)’)
=
n'—1
1 1 1 2 94! €
. 1 o / 2 _ = / _ / > > L >7
! n zztzl:—t ( th 27 81’l| 2 (Sl’l+t_t1 T+ EL Sl’l) 3 loge
(L.7)
where we are assuming that e < %-loge. Define
2
. { 1—@(ﬁsm—g(zw—sgl)) 0<I<t,—t—1
1= 2
1— Hl% (ﬁ|s’u|2 — 3 (S, T 21— 81y)) —t<Il<n' -1

(1.8)

Then we can write (1.7) as

P(((s)is", ()it ™) € A p))
t

)
-1 n'—1

18 o1 1 o €
< IP(— 141 - 1 n_ )

n ( * 2 )wl * n' Z (14 m)wi > 3 loge

=0 I=t1—t
n'—1

1 1 71 €
< IP’(— > no ) 1.9
- n' wi 1—1-%(3 loge) (L.9)

where in the last step we have used the fact that - flzf)t_l (1+ B)w +

L Z;i;l_t(l +y)w, < (14+7) X & erigl w;. Note that w; have zero mean
and finite variance and w; < 1 for all 0 < [ < n’ — 1. However, in contrast
with the previous case where we had t < ¢; — n’, one can not apply Bernstein’s
Lemma because w; are no longer independent random variables. In fact, any
two w; and wy are dependent if and only if |l — | = ¢; — ¢. To circumvent this
difficulty, we use a trick in Appendix 24B in [20]. We consider two cases:

x If t; —t is odd, the terms with odd indices are independent. Similarly, the

'We have lim,, o0 (1 —

n’—1
2n/

n/—l)

=1 _
5.~ ) = 5 and hence, 1

> % for sufficiently large n.
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terms with even indices are independent. Then
n'—1

1 1 Y1 €
P(ﬁ ;wl ” 1+m (3 a 1oge)>

<P ( nz_:l“” 1+71)(731_10;€)>

lev even

n'—1

( Zwl> H%)(%— ‘ )). (1.10)

loge

l odd

At this point, similar to (I.3), one can apply Bernstein’s inequality to con-
clude that each term on the right side of (I1.10) is bounded from above by
e 90,

x If ¢t — ¢t is even, we need to partition the set of integers into two disjoint
sets Z and J such that the difference of any two element in each of these
sets is not equal to t; —t. Such a partition is given in Appendix 24B in [20]
or Appendix D in [25]. Then

1 1 71 €
P<_’Zwl> 1+71(§_10ge)>
n'—1 1 ~ .
1
Sp(ﬁ;wl ~ 14+ (g a loge))
leT
1= 1 7 e
1
+]P’(ﬁ ;'wl > T (3— 1oge)>' (I.11)
leJg

As each of 33, w; and ), w; are sums of independent random vari-
ables, it follows that each term on the right side of (I.11) is bounded from
above by e=©).

We conclude that whether t <ty —n'ort; —n'+1 <t <t —1, each term in the
first sum on the right side of (I.2) is bounded from above by ©(1)e ~6(n . Since there
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are t; terms in this sum, we get

t1—1

SR (1" )ity ™) € ALPY]) < 6o()e . (112)

t=0

e The term Y11 'P (((Szl)l/o ,(y”)}H'f e Agn,)[p(?)]): The analysis in this case
follows similar hnes of reasoning in the previous case and is omitted. The result is

that
t1—1

EZP( DL ) € APPP]) < o). (113)

By (L.1), (1.2), (1.12) and (L.13),

P(t) <)) < O(1)e ®™) Z tP(t = t) = O(1)E[tJe %), (1.14)

t12>0
But,

Elt;] = E[r{V +1]
E[¢] + E[[nv )] + 1
(

< E[¢]"] + B[] +1
_ Lo m
= N Tt
— O(n) (1.15)
By (I.14) and (I.15),
P(# < t1) < O(n)e "), (1.16)

as desired.
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Appendix J

Proof of (3.45)

The proof follows similar lines of reasoning in (I.3). We explicitly write the constraint
defining A" [p®)] in (2.20) as the set of all (Z,7) such that |L S (2

1
2’72171 + E(yl -
2
/a2 fﬂl)
/__ /_1 ’
P(((sho)iohs (wr)it =) € A p))
1 — 1 V) 1 !/ \2 €
<P(|op 2 (g ol + 0 — VA -1 < )
1%t 1 o €
= P(ﬁ P (% 2l| * Z(y”Hl V@2 3271) B 1) < loge>
n'—1
(@) (1 ( Loy 1 I \2 ) € )
Y p( = _ - — Ja ~1) <
n lz(; 272‘32,” + 2(31,l + 21044 az SQ,Z) log e
® 1 " taye 2 1., 71+ azye €
SP(W§(1+2 27 ‘ 11’ 2(31,1+Z1,l+t1 va 321) ) 9 loge>
" 2
() p 1 1 272‘32112 (311 t 2104t — V02 3/2,1) %Jrng - 1026
= (W : ( - 1+71+;272 ) 1_|_”/1+;272 )
=0
(d) p
< 6*9(")’ (J.l)

where (a) is due to the fact that the signal at Rx 1 during time slots t; <t <t¢; +n' —1
is y, = s, + 214, in (b) we have added 25222 to both sides of the inequality in (a)
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after multiplying both sides of the inequality by —1, in (¢) both sides are divided by
14 25222 and (d) is due to Lemma 2 (Bernstein’s inequality) where it is assumed that

1 12 1 / 2
. |87 +3 (81 ;+21,044, —Va2 85 )
e < B2 oge. In fact, the random variables w; = 1 — 2202 H’vﬁaml ’

are independent with zero mean and finite variance and w; < 1. Therefore, Bernstein’s
inequality applies.
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Appendix K

Proof of Proposition 9

The ji* burst of Tx 1 overlaps with the j* burst of Tx 2 if and only if one of the events

_{7- —|—1<732)+1<T(]1)+n +TL1} (K.1)
or ,
= {T(Jl +1< 7P 40 4 ny < 70 +n' +n} (K.2)

holds. Let us show that lim,, ,., P(&,) = 0 if and only if jous — jipg + 0 — 14 € (0,64).
Define

1 j2 1 1 1 j2
po= (15" =) = () = e g - 1), (K.3)
Then
En=1{p, 2 0,p, >0} = {min{p,, p,} > 0}. (K.4)

Following similar arguments made in Appendix D,
nh_{{.lo min{p,,, p,,} = min{jopiy — jipp +v2 — v1, jip — Jopso + 11 — vo + 61} (K.5)

If jgﬂg — j1,u1 + vy — 1 € (0,91), then min{jgug — j1M1 + vy — V17j1/~51 — jzﬁbz + v —
vs + 601} > 0. Hence, lim, ,,,P(£,) = 1 by Lemma 4. Similarly, one can show that
if jopo — jipn + vo — 1y € (—0s,60, — 0), then lim, ,P(F,) = 1. It follows that if
Jabte — Jip1 +ve — vy € (0,601) J(—0s, 0, — 05), then lim,, o P(E, | JF,) = 1. Next, assume’
Jotte — Jipn +vo — vy ¢ [0,0:]U[—02, 01 — 05]. Since jops — jipn + v2 — v1 ¢ [0,01], then
min{jopi — J1 i1 + Vo — v, jipn — japia + 1 — e+ 61} < 0 and we have lim,,_,., P(&,) = 0 by

1Recall that by (335), jg/.LQ — jl,ul + vy — 11 ¢ {O, 017 —02,91 — 92}
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Lemma 4. Similarly, jops — jip1 +ve —1vy ¢ [—02, 01 — 5] results in lim,, o, P(F,,) = 0. But,
P&, UFn) <P(&,) +P(F,) and we get lim, o P(E, JF,) = 0. Finally, the probability
of the ji* burst of Tx 2 overlaping only with the preamble sequence in the ji* burst of
Tx 1 vanishes as n grows due to Proposition 8. This completes the proof.
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Appendix L

Proof of Proposition 10

Fix € > 0. We assume ¢ = 1. Given the index j of the codeword of Tx 1, let both w™ := wy
and wt = wffj be nonzero, w~ # wt and w;; = 0. The proof can be easily extended to

the cases w™ = w™ or wy; > 1. Define the event U, by
U, = {T;wi) +1< T(lj) +n'+1< ‘r(zwi) +n' +ny
<t 1< VD 4 47 1 +n2} :

(L.1)
The probability of error in decoding the j* codeword of Tx 1 at Rx 1 is bounded as
P(error) < P(error,U,,) + P(U:) < P(error,U,) + e, (L.2)

where in the last step we have assumed n is large enough so that P(US) < e. This is
due to Proposition 9 together with the fact that w™,w™ # 0. Under the event U,,, error
can happen in two ways. The first case is when at least one of (3.55), (3.56) or (3.57) is
not satisfied for the actual transmitted codeword by Tx 1. We denote this error event by
errory. The second case is when all of (3.55), (3.56) and (3.57) are satisfied for a codeword
that is different from the transmitted codeword by Tx 1. We denote this error event by
errors. Then

P(error,U,,) < P(errory,U,,) + P(errory, U,). (L.3)

Next, we address the two terms on the right side of (L..3) separately:

e The term P(errory,U,): Here, we verify that (3.55) occurs with high probability for
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the actual transmitted codeword in the limit of large n. One can establish a similar
result for (3.56) and (3.57) yielding lim,, ., P(errory,U,) = 0. Define the set U,, by

U, = {(ti,to,t3) €EZ° ita+1<ti+n +1<ty+n"+ny
<tz+1<t+n" +n <tg+n'+ny}.
(L.4)
Then
Uy = { (9,77 1) et} (L.5)

Assume (s1,)2, !is the 5% codeword sent by Tx 1. The probability that (3.55) does
not occur for the actual transmitted codeword under /,, can be written as

@@ @) i, @) __()
P((<s1,l>;20 T (g )7 ) g AT +"2>[p<2>],un)

Z:ng)—i-n’—l—l

= Y P (s ) ¢ Al )

(t1,t2,t3)EUn

j w™ wt
)P((rD, 78, 75)) = (1,1, 3)).

(L.6)
For any (t1,ts,t3) € L?n,
P (o102 (g i) ¢ AL )
1 to—t14+n2—1
<P({|— log p2 ) hip® ‘>
= ( ty— 1 + 1o lz(; 08P (811 Yty pmr1) + R(PT)| > €
1 to—t1+na—1 ( ) ( :
+P| |——— log p\* (s14) + h 2‘>e)
(T SR IR
1 to—t1+na—1 (2) (2)
S Y I — o t) ‘>e), L.7
<t2—t1+n2 12:; 8Py (Yrisn4ns1) (p3") (L.7)

where p?) and pg) are the first and second marginals of p(®, respectively. The three

terms on the right side of (1..7) can be treated similarly. Here, we only study the
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first term. Let us write

1 to—t1+no—1

Pl 3 101 i) + 107 > o)
=0
1 to—t1+no—1
S P(m Z logp@)(sl,la yl,l+t1+n/+1) + h(p(2)) > e)
=0
1 to—t1+no—1
(o 2 1or P Bin) + ) < —¢) (L)
=0

The random variables logp@)(sl,l,yl’lﬂﬁn,ﬂ) for 0 <[ <ty —t; +ng — 1 are
independent and identically distributed with expectation —h(p®). Using Chernoff’s
bounding technique [28] and for r > 0, we can find an upper bound on the first term
on the right side of (L.8) as

1 to—t1+no—1

Z logp@)(su, yl,l+t1+n’+1> + h(p(z)) > 6)

(tQ — tl + N9 —o

to—t1+n2

= 9lta—ti4n2)(e=h(p®)) (E [(p(2)(31,0> yl,t1+n’+1))ri| >t2—t1+n2 : (L.9)

< 2—T(t2—t1+n2)(€—h(p(2))) (]E |:27” lng(Q)(31,07yl,t1+n’+1):|)

For notational simplicity and with a slight abuse of notation, let us write ¥, 4, 1,y 1 =
810+ /a2 82 + 21 where 85 ~ N(0,7,) is a symbol of the w™ " transmitted codeword
by Tx 2 and z; := 214,11 ~ N(0,1). We have
(810, Yriins1) = 8(510:7)8Y 1w — 5105 1+ a272)

= g(s10;71)e(Vaz 82 + 2151 + axye) (L.10)

p
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and

E [(P(Q)(Sl,m yl,t1+n’+1)>r] = E[(g(s1.0;m)) (g(v/azs2 + 2151+ asy2))']

= E(g(s10;m) 1 E[(g(vaz sz + z1;1 + ayy2))’]
1

(1+7r) (2%/71(1 + azﬂyg))T

67"
T (14 r)2e®) (L-11)

where the penultimate step is due to the fact that for & ~ N(0,1) and any u > —%, we

have E[e~"*"] = \/1—1‘,-72u and the last step is due to h(p®) = log(2mer/71(1 + azys)).
By (L.9) and (L.11),

1 to—t1+na—1

_ log p'? (1, )+ h(P?) > e) < g (tamtitn2)u(r)
<t2 T+ lz:; g L Y14+t14n +1) (») >
(L.12)
where
uw(r) ==In(l4+7r)—r(1 —€ln2), r>0. (L.13)

Following a similar approach that led us to (1..12), one can show that the second
term on the right side of (L.8) is bounded from above as

to—t1+no—1

Z 10%])(2)(31,17 Yiipttni+1) T h(p®) < _€> < e (2mtitna)u(r)

1
P
tg — tl + %) —o

(L.14)
where
v(r):=In(1—7r)+r(1+en2), 0<r<1 (L.15)

Regardless of the value of € > 0, there always exists an 0 < ry < 1 such that
u(r),v(r) > 0 for 0 < r < ro. It is understood that we take r inside (0,r). It is
easy to see that for any 0 < r < 1, v(r) < u(r).! Using this fact together with (L.8),

'We have v(r) < u(r) if and only if w(r) := In(1 + r) — In(1 — r) — 2r > 0. Note that w(0) = 0 and

fé—lﬁ = 12_Tj2 > 0 for any 0 < r < 1. Therefore, w(r) > 0 for any 0 < r < 1 by the mean value theorem.
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(L.12) and (L.14),

to—t14+no—1
1
P(l——— 3 logp® , hip® ‘> < 9p—(ta—t1+n2)u(r)
<t2_t1+n2 - ogp (31,l7y1,l+t1+n+1>+ (p ) €] =~ <€

(L.16)

It can be shown similarly that the second and third terms on the right side of (L.7)
are bounded from above by 2e~(f2=t1472)v(") - Therefore,

P <((31,l)§2:_0t1+n2_17 (yl,l);i—::_ﬁ/-:?j1> ¢ A£t27t1+n2)[p(2)}> < 66*(t27t1+n2)v(7“)' (Ll?)

Using (L.17) in (L.6),

O S C) B ORI @G,
P(((S1,z)l:20 e ,(yl,l)ljfgj>+n,+12) ¢ Al ) [p)], Un>
< Z 66_(t2_t1+”2)”(”]13’((7'§j), Téw_),Tgﬁ)) = (t1,t9,13))

(t1,t2,t3)E Uy

@ -
< Z 66—(t2—t1+n2)v(7")]P><(7_§J)’T;w ),T§w+)) — (tl,tg,tg))

(tl,tz,tg)EZB
= GE[e (s =i Hn)e()]
— ge—(lmva] =l +n2)o(n [ef(sé“—s@)v(r)}

— ge— ()=l ]4+n2)v(n [e—v(r)iéw_)] E [ev(r)ﬁgj))} ’ (L‘lg)

where in (a) we have removed the constraint (t1, s, t3) € U, and the last step is due to

independence of 55"_) and 59 ), Recalling the expression for the moment generating
function of a negative Binomial random variable?, we get

—v(r) W_IEMDJ
Blens” ] - 42c ) (L.19)
1-— (1 — QQ)G_U(T)
2The moment generating function of & ~ NB(n, p) is given by E[e!®] = (%) fort < —In(1-p).
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and
Jlnnil

v(r) 2
B|e 8] = b L2
1— (]_ — q1>ev(r) ? ( 0)

where (L.20) holds as long as v(r) < —In(1 — ¢). Since lim, o+ v(r) = 0, one can
make sure the constraint v(r) < —In(1 — ¢) holds by choosing r small enough. By
(L.18), (L.19) and (L.20),

@) ) g @) 4y O N C)
P((s1)i2 7 o) o) ¢ AT )y, )

401
w” |nng | jlnny]
< e (lval=ln]+n2)u(r) gac”"") k2 qe’") R
- L— (1= gg)ev 1— (1—q)er®

(L.21)

Using the identity In ; = 2 4 o(z) for 0 < a < 1, one can write (L.21) as

1 a)eT o
(w™) _ OJ+ 1 (w’)+ Iy (w™)_ ()
]P(((Sl,l)lTZZO Ty N2 s (y17l)::27(1j)+7;/+7i2) ¢ AETQ Ty +'f7«2)[p(2)]7 u’n)

< e (Ll =l [ na)o(r) , T 2 (= 5 Ho(v(r))) T (52 Ho(u(r)))

= e~m(I(), (L.22)

where

oy i (]I ) o 4 (L) + o)

Ao A1
(L.23)

But, lim,, o f(n) = w g — jur + vo — 1 + 02+ (1 + 12 ) . By definition, w™

o(v(r))
o(r

U(r

satisfies w™ o — ju1 + o — 11 + 62 > 0. Since can be made arbitrarily small

by choosing r small enough, we conclude that lim, ., f(n) > 0. This together with
(L.22) implies that e ™"/ decays exponentially with n as desired.

e The term P(errorg, U,,): Let § > 0 and define

V, = {max{‘# — (W™ o —1—1/2)), ‘# — (W s +V2)’} < 5}. (L.24)
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Also define V, by

t
V, = {(tz,t:a) € 7?: max{‘ﬁ — (W™ +1/2)’,

%_(W+M2+V2)‘} <5}.

(L.25)
We can write
P(errory,U,) < P(errory, Uy, V,) + P(V5). (L.26)
@) @)
By SLLN, lim,, ., TQT = w™ g + 5. Therefore, -an also converges to w™ o + 1
in probability and one can select n large enough so that
)
IP’(‘ 2 (W F )| > 5) < €/3. (L.27)
n
Similarly,
@)
IP’(‘ 2 (wtps+ )| > 5) <¢/3 (L.28)
n

holds for large enough n. It follows that if n is sufficiently large, then P(V¢) < e.
To find an upper bound on P(errors,U,,V),), let us label the messages of Tx 1 as
message 1 to message 21"1) . Assume the j* transmitted message of Tx 1 is message 1
and (s1;)/2, ! is the codeword of user 1 corresponding to message 2. Recall that
P(errore, U, V,) is the probability of the event that a codeword different from the
transmitted codeword satisfies (3.55), (3.56) and (3.57). Then

Perror, Uy, V) < 2P (€Y F Gt (\V0) (L.29)

where
£ — ( )Téw_>—"'§j)+"2—1 ( )Tgw_)+”/+”2 e A<Té“_>—r§”+m)[p(2)] (L.30)
= S1.0)1=0 y\Y1, =) g1 € , .
@H__G)_ w®) @h__@w)_
F=S (s T ) ) €Al e )
I=7y" =7 +no =Ty J4n/+no+1

135



and

niy— ‘r<1j) n'4+n1 T(J) _ 7 +) n'+ny
g= {((31,1)1_ (1u+) ) 7(y1,l)_ Iﬁll) A( @ )[P(2)]}- (L-32)
=Ty '—Ti’-n =T
Recalling the definition of V, in (L.4),

P(eNFNGNU (W)
- Z (5ﬂ}—ﬂg‘ 7, gﬁ)):(tl’tz,ts))

(t1,t2,t3)€~1/1n
(t2,t3)EVn

xP((r9 787 280) = (1, 15, 13)). (L.33)
For any (t1,t2,t3) € Uy,
j w™ wt
P(MFNG] (P77 787) = (b1, t2,15) ) = P(E ) P(Fisrata)P(Grr )
(L.34)

where

Eunte = { (1057 (g )Eiis) € AL p@) L (1.35)

-7:1&1,152,153 = { ((Sl l);53 tgtl tln—i-;,; (yl l)l =to+n’ +n2+1) S Agts—tQ—TL —n2) [p(l)]} (L36)

and
Gty 5 = {((811)1 1t (yu)?ifﬁ”l) € Agl_t3+nl+"l)[p(2)]} : (L.37)

The reason behind (L.34) is that fixing (7,7, 78")) = (#1, to, 3), the events
&, F and G are independent as they depend on non-overlapping segments of the se-
quences (1) " and (y, l)flz’ﬂ;’il Using the standard properties of jointly typical

sequences [28], we have

P&, ,) < 272 hm)(m =50 (L.38)
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]P(Ftl,tg,tg) S 2—(t3—t2—n’_n2)(/€1—36) (L39)
and
P(gtl,t?,) S 2—(t1—t3+n’+n1)(f§'1—36). (L40)

By (L.33), (L.34), (L.38), (L.39) and (L.40),

P(eNFNINt V)

< 2—n’(/{'1—/{1)2—712(5’1—51)2—711(5’1—36)
x ooy 2 P () ) ) = (1t ).

(t1,t2,t3)€~ﬂn
(t2,t3)EVn

(L.A41)

We can write

Z 2—(t3—t2)(n1—n’1)]P>((7_gj)’ TSU7), ’ng+)) = (thtg,tg))
(t1,t2,t3) € Un
(t27t3)61~/n
@ . / Cy
< 2—n(w+ﬂ2+l’2—5—w pz—v2—0)(k1—r}) Z P((ng);Tgw )7Tgw+)) = (t17t27t3))

(tl,t27t3)€~an
(t2,t3)EVn

2 gnlna-20)(m—r}). (1.42)

where (a) is due to the fact that if (to,13) € ]7n, then to < n(w™ s + 5 + 0) and

. j w™ wt
ts > n(wt s + v —9) and (b) is due to Z(tht%tg)egm (ta,t5)EDn P((Tg]), Tg )a T; ))

(t1,t2,t3)) <1 and the fact that w™ —w™ = 1. By (L.29), (L.41) and (L.42),

P(errory, U, V,) < 27/ (L.43)
where
n n n’ nn
F(m) = 12— 20) (1 — )+ "2 — )+ 2, 36) + 2y — ) —
(L.44)
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We have lim,,_,o f(n) = po(k1 — K}) + 02(k) — K1) + 0167 — m — 2(k1 — K}) — 301€.
By (3.58), pa(k1 — K}) + Oo(k} — K1) + 615 — m > 0. Therefore, lim,_,, f(n) > 0
for sufficiently small 0 and e and P(errory, U,,V,) decays exponentially with n as
desired.
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Appendix M

Proof of Proposition 11

Given the index j of the codeword of Tx 1, we assume w~ # 0, w" =0 and w; ; = 0. The
proof can be easily extended for arbitrary w; ; > 1. Define U, by

U, := {TS‘” 1<t e +1<+8 ) 40 4 <tV 40+ <7y 4 1} (M.1)
Also, let
Uy = {(t1tayts) €L ity + 1 <ty +0' + 1<ty +n +ny <t +n +ny <t3+1}(M.2)
The probability of error in decoding the j** codeword of Tx 1 at Rx 1 is bounded as
P(error) < P(error,U,,) + P(US) < P(error,U,,) + e, (M.3)

where in the last step we have assumed n is large enough so that P(US) < e. This follows
by Proposition 9 together with the facts that w™ # 0, w* = 0 and w;; = 0. Under the
event U, error can happen in two possible ways. The first case is when at least one of
(3.66) or (3.67) is not satisfied for the actual transmitted codeword by Tx 1. We denote
this error event by error;. The second case is when both (3.66) and (3.67) are satisfied for
a codeword that is different from the transmitted codeword by Tx 1. We denote this error
event by errory. Then

P(error,U,,) < P(errory,U,,) + P(errory, U,). (M.4)

139



Analysis of P(errory,U,) is quite similar to the one offered in Appendix G. Here, we only
address P(errory, U,,). Let 6 > 0 and define

J) (@™)

V, = {max{ — — ()|,

‘ T

(M.5)

Also, let

t .
V, = {(tl,tQ) cZ*: max{‘i — (i + 1)

} <5}. (M.6)

to _
’)E (W™ 2 + 1)

We can write
P(errory, U,) < P(errory, Uy, V,) + P(Vy) < P(errora, Uy, Vy) + €, (M.7)

where the last step we are assuming that n is large enough such that P(V¢) < € following a
similar reasoning in (L.27) in Appendix F. Let us label the messages of Tx 1 as message 1
to message 21"1J Assume the j* transmitted message of Tx 1 is message 1 and (s1.0)20 !
is the codeword corresponding to message 2. Then

P(errory, U, V) < 2P (5 NFN\N vn) , (M.8)
where
Téw7)775j>+n271 ‘r(zw )+n/+n2 (T(wf)_T(j)_’_nﬂ (2)
&= ((Sl,l)zzo 7(y1l) O ) €A™ ! [p*] (M.9)
and
3) (7) (w™)
_ ny—1 T +n'+ny (ry’—7 +n1—n2)[,.(1)
F {<(81’l)lr<2“ ) ) g (yl’l)l‘réw)+n’+n2+1> € AN ? [p ]} . (M.lO)
Then

P<5ﬂfﬂunmvn> =) (é’ﬂf] (79 757 2Ty (tl,tQ,t3)>

(t17t2,t3)€~Un
(t1,t2)EVn

xP((r0, 75 78 T) = (f1, 8, £)) (ML11)
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For any (tl7t27t3) € uﬂa

<gﬂ}—{ Tl ’T2 . 7 gd +1)) = (t1>t2’t3)> - P(gtlytz)P(Eth)a (M-12)
where
Enie = { (105 ()i ) € AL [p) ) (M.13)
and
F = { (1015 s W) ) € AL (M.14)
Using the standard properties of jointly typical sequences [28], we have
IP)((c/‘h,tz) S 2_(t2_t1+n2)(ﬁa_3e) (M15)
and
R I (M.16)

By (M.11), (M.12), (M.15) and (M.16),

d (5 7\t ﬂVn> < gmim=8ggmmln —m)

% Z 2—(t1—t2)(”1_”3)IP’((T§j),ngi)aTng)) = (t17t27t3)>'
(tl,tz,tg)G Z;{vn
(tl,tz)Gﬁn

(M.17)

For any (t1,ts) € ﬁl, we have t; > n(ju; + v —9) and to < n(w™ g + 2 + 9). Using these
bounds in (M.17), we get

P (5 F () Vn) < 2 mlmmsagmna(Kim)g el b v =20) (s =wt) (M 18)

By (M.8) and (M.18),

P(errory, Uy, V,) < 27", (M.19)
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where

] - / n n , n
F(n) = G~ + 01— v = 20) (s — )+ ey — 80) 4 20— ) — L)

(M.20)

We have lim,, o f(n) = (1 —w g + 11 — 12)(k1 — K)) + 0161 + 02(K) — k1) — 1 — 2(K1 —
Ky)0 — 301e. By (3.64), (ju1 — w po + v1 — o)(k1 — K)) + O1k1 + O2(K) — K1) — 1 > 0.
Therefore, lim, ., f(n) > 0 for sufficiently small 6 and e and P(errory, U,,V,) decays
exponentially with n as desired.
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Appendix N

We need the following lemma:

Lemma 5. Let m,n be positive integers. The number of non-decreasing sequences of length

, , -1
n whose entries are among the numbers 1,2,--- . m is (mt? )

Proof. Define the sets A and B by

L1,y T4l ez
A:: (331,"' axn-‘rl): x1 Z 17x27"' y Tn+1 2 0 (Nl)
Ti4 et T =m

and

B:= {(yla"'7yn):y17'”>ynEZ71§y1§y2§'”§yn§m}a (N2>

respectively. Define the map

f:A—=B (N.3)
(1, Tng1) = (T, 01 + 20, Ty + 22 + T3, 21 -+ 2). '
The codomain of the map f is as promised because for any (x1, -+ ,2,41) € A, 1 <123 <

1+ re<zrit+axet+a3<---<x1+ -+ 2, <m. We make the following observations:

e The map f is one-to-one. In fact, let (@1, -, Zp41), (27, -+ ,2,,,) € A and assume
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floy, - pgn) = f(ah, - - 733;L+1)- Then

Ty =1}
1+ Ty : Y+ 7 (N4
x1+'--+xn;x’1+-~~+x;
It follows that z; = 2} for any 1 < ¢ < n and hence, zp,41 = m — Y ' z; =

m— Yy ¢ x, =, . We conclude that (z1,--- ,zn41) = (2, -+, 2, 1)

e The map f is onto. To see this, let (yy,- -+ ,y,) € B. Define z1 := yy, x; := y;—y;_1 for
any 2 < i <nandx,1 =m—y ., ;. Thenitis easy to see that (z1,---,2,41) € A
and f(xb o 7xn+1) = (yh to 7yn)

It follows that f is a bijection between A and B and hence, |A| = |B|. But, |A] is exactly

the number of solutions for the tuples (z1, - - - , z,41) where 21 := x1, 29 := xo+1--+ , 2,01 1=

Tnt1 + 1 are positive integers and z; + - - - 4+ 2,41 = m + n. This number is known to be

(m-l—n—l) . D
n

Note that {(j,u;,v;) : 1 < j < Ny} is a state if and only if
1<ip <ji<ig<jo < <ing1 < Jnp—1 Sin, S Jn, S 2N+ 14 (N.5)

ie., (i1,71,92,J2, " ,iN,, JN,) IS a non-decreasing sequence of integers whose entries are

among the numbers 1,2,---,2N; + 1. By Lemma 5, the number of such sequences is
(2N1+2N2)
2Ny, )
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Appendix O

Proof of Proposition 15

As shown earlier in (3.138), we only need to assume j* = 1. Then &) ={R >\ :a<pu<
a+0t =1+, G ={R>X :p>a+0}=((1+9)\ 00) and B, = 2, = 0.
For notational simplicity, we show k. and /@’7 by x and k', respectively. It is beneficial to
our presentation to write P(z,y;v) in (3.116) as

P(z,y;7) = Pla,y;7) (UMW), (0.1)
where
Pz, y;7) :{Rc>)\ ( —;(/{—K/))RC</€ —(H—H’)%} (0.2)
and
U :{Rc>)\ 7<(%+%)P}. (0.3)
We have
Rl = (Rsym ﬂ 3{1) U(Rsym ﬂ Cgl)a (04)
where
Rom (V4 = U (U P69 P(0, —ai7) ()) (0.5)

v=>0
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and

Ran(V6 = U (U PO,~ai (). (0.6)

7>0

by (3.132) and (3.134), respectively. We have

P0, —;7) ﬂ‘é = ((1 + %)/\, K + %(n — m’)). (0.7)

To compute the right side of (O.5), it is enough to note that

P(1,0;y) = {R >A:(1- %(H— K))R < 2k — H}
(A,%) K=K <A<H
_ (max{A,%},oo) k>26, k—K >\ (0.8)
(A, 00) k<2k, kK—kK >\
0 otherwise
and
P0, —a: ) ﬂm = <)\, min{(l + %))\, K+ %(/@ — /i,)}>. (0.9)

Having (O.8) and (0.9), we can find Ry ()97 in (O.5) which together with Reym ()%
in (0.6) and (0O.7) complete the description of R in (O.4). To simplify our computations,
let us consider two cases:

1. Assume

(1—|—%)/\<I€/—|—%(FL—I€/>. (0.10)

Using this in (0.9), we see that P(0, —a;y) (. = (A, (1+%)X) and we get

P(L.0;7) (PO, —a:7) ()
(Amin {(1+ 2\, =)} k—K <A<K

’1—%(&—/@’)
_ (max{/\,%},(l—l—%))\) K2>26, k=K >\ (0.11)
(A (1+2)N) k<26, K=K >\
1) otherwise
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Simple algebra shows that

, .« , 2k — K
(A= (e =) (' + Glo =) = 715
= (5= W) (1 DA = (5 + S5 — ). (0.12)

y (0.10) the right side of (0.12) is negative. Therefore,

2k — K « 2k — K
KN = W oK) < (I S A
S K+0(I€ 2 1—+(k—r) (+0) 1—$(k—r)
(0.13)

where in the last step we use (0.10). Therefore, the interval in the first row of (O.11)
becomes (A, (1+ §)A), ie.,

P(1,6;7) ()P0, —a:7) [ )

(A (1+9)N) K—K <A<H
2k’ —K a > / o
_ (max{/\,li%(ﬁin/)},(l—l—9))\) K>26, k—K >\ (0.14)
(A (T+5)N) k <2k, K=K >\
0 otherwise
It is notable that in the second line in (O.14) it is always true that % <

(14 %)X provided £ — &' > X and hence, the interval (max {), ﬁ} (14 $)A)

is nonempty.*

. Assume

(1+ 9))\> K+ — (ff—/f’). (0.15)

0
Then
P(0,—a;7) ()% = 0. (0.16)

y (0.9) and (0.15), P(0, —a;~) A = (A, & + 4(k — K')). Using this together

1Mul‘mplymg both sides of -

( ,) < (14 %)X by the negative number 1— §(k—£') yields (1+ %)X <

& (k — x") which is our assumptlon in (0.10).
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with (0.5) and (O.8),

P(L0:7) (PO, ~a7) [
(A,min{%,ﬁ’%—%(/ﬁ—/ﬁ’)}) K—K <A<k
_ <max{)\,%}aﬁl+%(’i—"/>> R226, k=K >\ (0.17)
(A K+ G (k= K)) k <2k, K=K >\
0 otherwise

The right side of (O.12) is nonnegative due to (O.15). Therefore,

2k — K a
K—K <\ = T (=) /<a’+§(/<a—/<;’) (0.18)
and o
K — K «
K—K >\ = R Yp— m’+§(m—m’). (0.19)

Let us make the following observations:

e By (0.18), the interval in the first row of the definition of Reym ()< in (O.17)
2k’ —kK
becomes ()\, m)
e By (0.19), the interval in the second row of (O.17) is empty.
e Combining k — k" > X with (O.15), we get A > &’ and hence, k > 2x’. This
shows that the constraints in the third row of (O.17) are not compatible with
(0.15).

Based on these observations, we can simplify (O.17) as

otherwise

- - A —2E )k — K <A< K

P(1,6;7) [P0, —;7) [ |4 = { ( 1@““)) . (0.20)
Define 7y, as the value of v that solves k' = k — k. We consider two cases:
L. Let A < &/ . This situation is shown in panel (a) of Fig. O.1. The solutions for

v in £, = A and Kk, — £/, = A are shown by v, and 73, respectively. It is only for

values of v in the interval (7y1,73) that x, — &l < A < &l. Moreover, the equation
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Figure O.1: Plots of x/ (black curve) and ., — &/ (blue curve) as function of 7. The
constant level A is shown in red. The value of v for which #, = k. — &/, is denoted by ~o.
Panel (a) shows a scenario where A < s/ . The solutions for 7 in #7 = A and x, — k[ = A
are shown by 77 and -3, respectively. It is only for values of 7 in the interval (v;,73)
that x, — x, < A < xl. Moreover, the equation ! + §r, — x, = (1 + §) is solved for
v = 72 where 71 < 72 < 73. Panel (b) shows a scenario where A > «’ . The conditions
Ky — K, < A < Kl no longer hold.

K., 4 G (ky — KL) = (14 §)X is solved for v = 7, where 7 < 75 < 73.> We have

D 0 v < e
PO, —a; € = o ;e , 0.21
(0.~ )% {((1+5)>‘a“+§(%—%)) V> (021)
and
- N Q), T<mn
P(1,0:7) (PO, —a;7) [ h =3 (N itits) m<v<mn (0.22)

1
(ALA+9A)  y>m

2. Let A > &/ . This situation is shown in panel (b) of Fig. O.1. The conditions
k — Kk < X < k' no longer hold. Moreover, v3 < 72 < 71 where we let v, = oo if it

2if v < 41, then #’ and x — &’ are both smaller than A\ and if 4 > 3, then &’ and k — &’ are both larger
than . In either case, k + §(ky — &) # (1 4+ F)A.
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does not exist. The set ﬁ((), —a;7) ()% is given by (0.21) and

- _ 0 Y=< 72
P(1,6;7) ﬂP(O, —a;7) ﬂe@fl = { %, (1+%)A) m<v<m . (0.23)
(/\ (1+9)A) T>M

By (0.4), (0.5) and (0.6),

R = U () V(P10 (NP0, -0 o) U (B0 ~as) 1)) ) 020

720

Using the expressions in (0.21), (0.22) and (0.23),

(P16 PO,—asm) () | (PO, —as9) [ 6) = (F(1).9()),  (0.25)

where f and g are defined in (3.139) and (3.140) under the assumption that A < x/ and
A > K., respectively.
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