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Abstract

Empirical likelihood and the bootstrap play influential roles in contemporary statistics.
This thesis studies two distinct statistical inference problems, referred to as Part I and

Part II, related to the empirical likelihood and bootstrap, respectively.

Part I of this thesis concerns making statistical inferences on multiple groups of samples
that contain excess zero observations. A unique feature of the target populations is that
the distribution of each group is characterized by a non-standard mixture of a singular
distribution at zero and a skewed nonnegative component. In Part I of this thesis, we
propose modelling the nonnegative components using a semiparametric, multiple-sample,
density ratio model (DRM). Under this semiparametric setup, we can efficiently utilize

information from the combined samples even with unspecified underlying distributions.

We first study the question of testing homogeneity of multiple nonnegative distributions
when there is an excess of zeros in the data, under the proposed semiparametric setup.
We develop a new empirical likelihood ratio (ELR) test for homogeneity and show that
this ELR has a x*-type limiting distribution under the homogeneous null hypothesis. A
nonparametric bootstrap procedure is proposed to calibrate the finite-sample distribution
of the ELR. The consistency of this bootstrap procedure is established under both the
null and alternative hypotheses. Simulation studies show that the bootstrap ELR test
has an accurate nominal type I error, is robust to changes of underlying distributions,
is competitive to, and sometimes more powerful than, several popular one- and two-part

tests. A real data example is used to illustrate the advantages of the proposed test.

We next investigate the problem of comparing the means of multiple nonnegative dis-
tributions, with excess zero observations, under the proposed semiparametric setup. We
develop a unified inference framework based on our new ELR statistic, and show that this
ELR has a y?-type limiting distribution under a general null hypothesis. This allows us to
construct a new test for mean equality. Simulation results show favourable performance
of the proposed ELR test compared with other existing tests for mean equality, especially
when the correctly specified basis function in the DRM is the logarithm function. A real

data set is analyzed to illustrate the advantages of the proposed method.



In Part II of this thesis, we investigate the asymptotic behaviour of, the commonly
used, bootstrap percentile confidence intervals when the parameters are subject to inequal-
ity constraints. We concentrate on the important one- and two-sample problems with data
generated from distributions in the natural exponential family. Our attention is focused on
quantifying asymptotic coverage probabilities of the percentile confidence intervals based
on bootstrapping maximum likelihood estimators. We propose a novel local framework to
study the subtle asymptotic behaviour of bootstrap percentile confidence intervals when
the true parameter values are close to the boundary. Under this framework, we discover
that when the true parameter is on, or close to, the restriction boundary, the local asymp-
totic coverage probabilities can always exceed the nominal level in the one-sample case;
however, they can be, surprisingly, both under and over the nominal level in the two-sample
case. The results provide theoretical justification and guidance on applying the bootstrap

percentile method to constrained inference problems.

The two individual parts of this thesis are connected by being referred to as constrained
statistical inference. Specifically, in Part I, the semiparametric density ratio model uses
an exponential tilting constraint, which is a type of equality constraint, on the parameter
space. In Part II, we deal with inequality constraints, such as a boundary or ordering
constraints, on the parameter space. For both parts, an important regularity condition in
traditional likelihood inference, that parameters should be interior points of the parameter
space, is violated. Therefore, the respective inference procedures involve non-standard

asymptotics that create new technical challenges.
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Chapter 1

Overview

1.1 Background and examples

This thesis exploits two important statistical inference problems, both of which take their
motivation from real applications. We first introduce the research background by giving

several motivating examples.

For Part T of this thesis, our research is motivated by the existence of a particular type
of data which contains excess zero observations in addition to having skewed nonnegative
outcomes. In many applications, multiple groups of samples with such important features

are frequently encountered.

Example 1.1 Muralidharan and Kale (2002) considered such a data set after monitoring
rainfall distributions. Daily rainfall measurements were recorded over several years. There
were often dry days which were recorded as having zero rainfall. All other data points were

on a positive, continuous scale.

Example 1.2 Zhou and Tu (1999) provided an example involving the assessment of medi-
cal care expenditures. Here observations came from a control group and several intervention
groups. In each group, a majority of inpatients had zero cost due to no hospitalizations
during the study.



There are many other examples in the literature, covering a broad range of applications,
such as fishery surveys (Pennington, 1983), life sciences (Taylor and Pollard, 2009; Wagner
et al., 2011; Gleiss et al., 2015), epidemiology (Bascoul-Mollevi et al., 2005; Bedrick and
Hossain, 2013; Hu and Proschan, 2015), health economics (Tu and Zhou, 1999), reliability
(Lambert, 1992), and tobacco consumption (Johnson et al., 2015). In addition, examples
in more complex settings can be found in a recent special issue of the Biometrical Journal
(Volume 58, Issue 2, March 2016) on “Models for Continuous Data with a Spike at Zero”.

The scientific issues motivated by these examples often involve two questions.

Q1. How to test if several such populations are homogeneous? that is, testing if the data

of each group are from the same underlying distribution?

Q2. How to make reliable inferences on the means of several such populations? for ex-
ample, when testing mean equality?

Note that there are situations in which the excess zero observations are due to censoring
or truncation (cf. Moulton and Halsey, 1995; Taylor et al., 2001). Modelling and analyzing
the zero values in these situations may require more knowledge about the underlying data
generating process, and thus are different from the “true” zeros that we consider in this

thesis.

Part II of this thesis is devoted to situations where the parameters of interest are
restricted by (linear) inequality constraints. These should be carefully differentiated from
ones which have logical constraints (cf. Anaya-Izquierdo et al., 2014). The nature of these

problems may be best introduced by using illustrative examples.

For a single scalar parameter, a boundary constraint can often be encountered in prac-

tice. Here we share two examples from physics and genetics.

Example 1.3 Feldman and Cousins (1998) provided an example from high enerqy Physics
when searching for neutrino oscillations. The observed signal can be formulated by the
equation X = S + B, where the true signal S, and the background noise B, are two

independent Poisson random variables, and B has a known mean b. Suppose the unknown



mean of X is 6, and hence 6 > b. It is further claimed, in Woodroofe and Wang (2000),

that the observed signal could be very weak which results in a challenging inference problem.

Example 1.4 Fu et al. (2006) investigated an example of genetic linkage analysis. The
distribution of the number of recombinations between genetic traits and marker loci is usu-
ally described by a binomial distribution (Ott, 1999). The recombination fraction, denoted
by 0, is a useful measure of genetic linkage. When the loci of two genes are completely un-
linked, 0 achieves the mazimum possible value of 1/2, and hence the recombination fraction
6 is constrained by 6 € [0,1/2].

In multiple-sample problems, there are many real life examples where an ordering con-

straints can happen naturally. Here we mention two such examples.

Example 1.5 Follmann (1996) presented an example from a case-control study involving
blood pressure reduction. The treatment of sodium reduction is expected to have the effect
of reducing blood pressure, relative to the control group. Inference on treatment effects can

be made approximately by using normal distributions with ordered means.

Example 1.6 Li et al. (2010) considered an example from a pancreatic cancer biomarker
study. For each patient, the serum samples were assayed for two antigens. Higher levels
of the two antigens are known to be associated with higher risks of cancer. Therefore, for
each antigen with categorized levels, the means of the binary outcome variable modelled by

binomial probabilities should be ordered with regard to the levels.

More motivating examples, with either boundary or ordering constraints, can be found in
the book of Silvapulle and Sen (2004), and also in a special issue of the Journal of Statistical
Planning and Inference (Volume 107, Issues 1-2, September 2002) on “Statistical Inference

under Inequality Constraints”.

Interval estimation of constrained parameters is a key measure of statistical accuracy,
in additional to simply testing some pre-specified parameter point or set. In Part IT of this
thesis, we investigate confidence intervals constructed by, the frequently used, bootstrap
percentile method. We aim to evaluate how reliable the bootstrap percentile confidence

interval is by answering the following three specific questions.



Q3. Can it achieve nominal coverage level?
Q4. If not, does it over- or under-cover the true value of the parameter?

Q5. Can we more appropriately quantify the asymptotic coverage probability?

1.2 Main contributions and outline of the thesis

In this thesis, we study the empirical likelihood and bootstrap methods in problems that

are motivated from a wide range of practical examples.

In Part I, we attempt to answer the aforementioned scientific questions Q1-Q2 arising
in the context of multiple nonnegative distributions with excess zero observations. In many
applications, multiple populations may naturally share some common characteristics. It is
therefore desirable to borrow information across similar populations to improve inference
procedures. At the same time, we also hope to avoid making too specific parametric
model assumptions, which may not be realistic in applications. The density ratio model
(DRM) is therefore attractive because of its semiparametric nature. We propose to link the
distributions of the positive observations in multiple samples using the DRM, and build an
empirical likelihood ratio (ELR) based inference framework. Under this semiparametric
inference framework, we are able to exploit information from all the available data without
having to specify the underlying distributions. This framework is valuable since it adds
a semiparametric alternative to the existing class of fully parametric and nonparametric
approaches for modelling and making inferences on multiple nonnegative distributions with

excess zero observations. In Chapter 2, the DRM and its background are introduced.

In Chapter 3, we address the scientific question Q1 under the proposed semiparametric
setup. We propose an ELR test for the homogeneity of multiple nonnegative distributions
with excess zero observations. It is shown that the ELR has a y2-type limiting distri-
bution under the homogeneous null hypothesis. In particular, the DRM assumption is
always satisfied under this null hypothesis, and hence the asymptotic size of the ELR test
can always be controlled at its nominal level even for misspecified basis functions. We

further propose a nonparametric bootstrap procedure which improves the finite sample

4



performance of the ELR test. The consistency of the proposed bootstrap procedure is
established under both the null and alternative hypotheses. In addition, the proposed
bootstrap ELR is computationally fast since it uses logistic regression routines available
in standard statistical software, making it readily applicable in practice. The R code for
implementing the bootstrap ELR test is also available in Appendix A.1. The theoretical
and computational advantages of the proposed ELR test and the bootstrap procedure are

illustrated by simulation studies and in a real data example.

In Chapter 4, we address the scientific question Q2 under the same semiparametric
setup. We develop a unified inference framework, based on the ELR, for comparing the
means of multiple nonnegative distributions with excess zero observations. Specifically,
under the DRM assumption, the means of multiple samples can be estimated through
unbiased estimating equations, and we show that the empirical likelihood method provides
an effective inference platform. It is shown that this ELR has a x2-type limiting distribution
under a general null hypothesis that includes mean equality as a special case. The numerical
calculation of this proposed ELR statistic is also discussed. We have written R functions
for implementing the ELR for testing mean equality, with the basis function in the DRM
being the logarithm function, and they are available in Appendix A.2. We illustrate the
good behaviour of the proposed ELR by finite sample simulation studies and also with
real data example, where the emphasis is on testing mean equality. The simulation results
show that the proposed ELR test can successfully control type I error in most scenarios,
and that it is not sensitive to unequal sample sizes. Compared with other existing tests
for mean equality, the ELR test shows a clear advantage in terms of power when the
correctly specified basis function in the DRM is the logarithm function. These conclusions

are further supported by a real data analysis.

In Part II of this thesis, we answer the scientific questions Q3—Q5 by showing an under-
standing of the behaviour of bootstrap percentile confidence intervals in the constrained
inference problems. In Chapter 5, the bootstrap procedure and bootstrap percentile con-

fidence interval are formally introduced.

In Chapter 6, we begin by investigating a simple normal example in which the mean

parameter is constrained to be nonnegative. In this example, we construct a confidence



interval for the mean by using the standard bootstrap percentile method. We quantify its
exact coverage probability and observe that it can over-cover the true parameter when it
is on, or close to, the boundary. We next quantify the exact coverage probabilities of the
bootstrap percentile confidence intervals for two ordered normal means and their difference.
The results show that these intervals can under- and over-cover the true mean parameters,
but always over-cover the true difference of the two means, when the true mean difference

is on, or close to, the boundary.

As we have seen from the motivating examples, the constrained inference problems may
be associated with a wide range of data distributions. Therefore, we extend our exact finite
sample results for the one- and two-sample normal distributions to the class of distributions

in the natural exponential family.

We note that the non-standard coverage phenomena discussed above only occur when
the true constrained parameters are on, or close to, the boundary. Here the magnitude
of closeness crucially depends on sample size. This motivates us to propose using a local
asymptotic framework to study the behaviour of bootstrap percentile confidence intervals
for constrained mean parameters when the distributions are in the natural exponential
family. Under this proposed framework, similar phenomena as seen in the normal exam-
ples can be observed asymptotically for one- and two-sample constrained problems. Our
theoretical findings show that the bootstrap percentile confidence intervals may not always

offer correct coverage level, and hence should be used with caution.

Finally, in Chapter 7, the achievements of this thesis are summarized and discussed,

and possible directions for future research are highlighted.



Part 1

Empirical likelihood and the density

ratio model



Chapter 2

Introduction to Part 1

2.1 The semiparametric density ratio model

In this chapter, we introduce the definition and show the properties of the semiparametric
multiple-sample density ratio model (DRM) which will play an important role in Part I of

this thesis. Suppose we have m + 1 independent groups of samples as follows:
Tity .oy Tin, ~ Gi(x), 1=0,...,m,

where n; is the ith group’s sample size which is a fixed number by design, and the G;(+)’s
are cumulative distribution functions with common support which may be continuous or
discrete. Let dG;(x) denote the probability density functions or probability mass functions
of Gi(z), for i = 0,...,m. The definition of the multiple-sample density ratio model
(Anderson, 1979; Qin and Zhang, 1997) is given as follows.

Definition 2.1 (Density ratio model) The G;(x)’s are said to satisfy the multiple-sample
density ratio model if each dG;(z) satisfies

dGy(x) = exp{oy + B] a(x)}dGo(x), i=0,...,m, (2.1)

for a pre-specified, non-trivial, basis function q(x) of dimension d, and unknown parameters

a; and B,. Clearly, ag =0 and By = 0 for an arbitrarily selected baseline group.
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This definition of the DRM does not require a specification on the baseline distribution
Go(z). Hence, the DRM belongs to the class of semiparametric models, in the sense that
it lies between the fully parametric and fully nonparametric approaches. It only specifies a
parametric form for the log density ratios, where the parameters «;’s and 3,’s characterize
the discrepancy between dG; and dGy. Inference based on the DRM defined in (2.1) does

not depend on the form of Gy(z) and hence is robust to any assumptions on Go(z).

We give now a brief review of the connections between the DRM and several classical

statistical models.

The DRM and multinomial logistic regression

Logistic regression models are widely used in analyzing data from case-control studies.
The earliest roots of the DRM may date back to Anderson (1979) who was modelling

multivariate logistic compounds, where a specific form of q(z) = x in the DRM was used.

The connection between the DRM and logistic regression can be explained by the
equivalence between prospective and retrospective sampling schemes (Prentice and Pyke,
1979; Qin and Zhang, 1997). For a prospective sampling scheme, a study is usually designed
by following a cohort of subjects over a period of time. Then we model the observed
outcome of disease status at the end of the time period. Suppose D =i for i =0,...,m
is the indicator variable of the ith disease group. Conditional on a covariate X = z, the

classical multinomial logistic regression model is

exp{a; + B/ a(z)}

PI‘(D = 1|X - I) = 1+ 221:1 exp{@z + ,B;grq(x)}7

i=0,1,...,m. (2.2)

Due to the time and budget constraints, prospective sampling designs are sometime
not feasible. Instead, a retrospective sampling scheme is used, where subjects are included
in the study conditional on their disease status. Let Pr(X = z|D = i) = dG;(x) with
Gi(z) = Pr(X < z|D =1). If G;’s satisfy the DRM (2.1), then applying Bayes’ rule gives

Pr(X =z|D =1i)Pr(D

Pr(D=i|X =z) = S Pr(X =z|D = k)Pr(D =

_ expfo; +Bla(x)}
k) 1+ 37 exp{a + BLa(z)}




where of = o; — log{Pr(D = 0)/ Pr(D = ¢)}. Therefore, the DRM (2.1) is connected with

the multinomial logistic regression model (2.2).

Note that logistic regression models and their related inference procedures are well es-
tablished in the literature. The connection between the DRM and multinomial logistic
regression provides a great computational advantage when implementing the DRM and
related statistical inference procedures. Besides, this connection also provides a justifica-
tion for borrowing the logistic regression model diagnostic and selection tools to related
purposes for the DRM. The details will be covered in later sections.

The DRM and parametric exponential family

Suppose we have m + 1 random variables, Xg, X1,...,X,,, from the same exponential

family with probability density function or probability mass function

9(z; @;) = h(z) exp {WT(@)T(ZU) + C(¢z)} ;o 1=0,...,m,

where ¢, is a parameter vector, and h(-), w(-), T(-), and ¢(-) are known functions, and the

common support of X; should not depend on ¢,’s.

Let dG;(x) = g(x; ¢;), then the ratios dG;(z)/dGy(z), i = 0,...,m, satisfy the DRM
assumption (2.1) with

a; = c(@;) —c(@y), B;=w(p;) —w(¢y), and q(z)=T(x)

In the classical definition of the parametric exponential family, the form of h(z) must
be fully specified. A fundamental innovation in a semiparametric DRM is that the baseline
density dGo(z), the counterpart of h(z), is left unspecified as a nonparametric component
since it plays no role in the estimation of o; and 8,. This adds to a good deal of flexibility
to the specification of the DRM. In Table 2.1, we summarize some special and important

members included in the rich DRM family.

As we can see from Table 2.1, the density ratio model assumptions are weaker than
a fully specified parametric model, since q(x) is the only component that needs to be
specified in the DRM (2.1). For example, the choice of basis function q(z) = log(x)
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Table 2.1: Examples of members in the family of the semiparametric density ratio model.

Parametric distribution G; q(z) Description

Normal (p;,0?) (x,xQ)T i mean; o7: variance

Binomial (n, p;) T p;: success probability; n: known # of trails
Poisson (\;) x Ai: rate

Negative Binomial (r, p;) x p;: success probability; r: known # of failures
Exponential (\;) x A;: rate

Log-normal (a;, b;) {log(z), log2(aj)}T a;: mean in log scale; b;: variance in log scale
Gamma (a;, b;) {z,log(x)}" a;: shape; b; scale

Beta (a;, b;) {log(z),log(1 — z)} " a;: shape; b;: scale

Weibull (&, A;) zk Ai: scale; k: known shape

embraces the log-normal distribution of same b;’s, and the gamma distribution of same
b;’s. These commonly used examples in Table 2.1 also provide a guideline on choosing

some candidate basis functions q(z) in practice.

More discussions on the connections between the DRM (2.1) and other classical statis-
tical models can be found, for example, in Qin (1998) and Jiang and Tu (2012) for the Cox
proportional hazards model (Cox, 1972), and in Qin and Zhang (1997) and Gilbert (2000)

for the biased sampling problems.

A note on model space of the DRM

Although the DRM is flexible and has wide connections with classical statistical models,
it is worth mentioning some exceptions under the Definition 2.1. First, this definition
requires that all the G;’s should have common support. This, for example, prohibits the
use of DRM to link the normal distribution with known variance (with support on R) and
the exponential distribution (with support on R™). Second, this definition also excludes the
distributions with support depending on unknown parameters, for example, the generalized
extreme value distribution and the generalized Pareto distribution. Lastly, the class of
finite mixture distributions also does not satisfy the definition of DRM, although it is not

unusual in applications.
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2.2 Dual empirical likelihood for the DRM

In this section, we review an inference procedure for the DRM which uses the empirical
likelihood (EL) method.

The EL method was proposed by Owen (1988, 1990, 1991). The EL is a nonparametric
likelihood that has many attractive properties analogous to the parametric likelihood but
requires no restrictive distributional assumption. In an important milestone paper, Qin and
Lawless (1994) showed that auxiliary information, in the form of a set of general unbiased
estimating equations, can be incorporated through the EL to improve the efficiency of
estimation and the EL ratio based confidence intervals. The monograph of Owen (2001)

serves as a comprehensive reference on empirical likelihood.

With the data structure as described in Section 2.1, if we treat all the distribution
functions G;’s as unknown parameters, then the likelihood function is

m  n;

H H dG;(z45).

i=0 j=1

Under the density ratio model (2.1), the likelihood function becomes

m  ng

£ = J[I]exp{ci+ B/ a(zi;)}dGo(ay).

i=0 j=1
Following the generic recommendation in Owen (2001), we restrict the form of baseline

distribution Gg(x) to be a discretized distribution with support being the union of the

combined observations of total sample size n = Y. n;. Specifically,

=0 j=1
Therefore, p;; = dGo(x;;) = Go(xi;) — Go(xi;—) is the probability mass assigned to z;;.

For a compact presentation, let o = (ay,...,om)", 8 = (B],...,8.)", and 8 =

(", B")T. Then the empirical log-likelihood function of (8, Gy) can be written as

06.G0) = log() = 3°3 " {an + BTa(ry) + loa(py)}

i=0 j=1
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where we have the following natural constraints:
pij > 0, Z sz‘j exp{ax + Bra(zi;)} =1, k=0,...,m. (2.3)
=0 j=1
Hence, the maximum EL estimator (8, Gy) of (8, Gy) is defined as the solutions that max-
imize £(8,Gy) over the constrained space (2.3).

For inference about é, the profile empirical log-likelihood function would be much more
convenient to work with. We follow similar procedures to those in Qin and Lawless (1994),

using Lagrange multipliers to profile out the infinite dimensional parameter Gy.
We first set up the Lagrangian function. For any given 0,
A(Go,\) = £(8,Gyo) + nZAk 1— ZZPU exp{as + B a(zi;)}] ,
=0 j=1

where A = (A, ..., \m) T are Lagrangian multipliers. The point {p;1, ..., pin, : 1 =0,...,m}

that maximize 57(0, (o) must also be a stationary point of A satisfying

ON(Go, A) ON(Go, N)
AT A d =277 _. 2.4
s 0 an o, 0 (2.4)
We note that
nl OA(Go, A
0 = Z Zp” ) -
=0 j=1 p”
= Z Zpij {pi_jl —-n Z A exp{ak + ﬁ;q(xw)}
i=0 j=1 k=0
= n—nZAkzzpmexp{ak_F/Bk QTZ]}

=0 j5=1

= n—nZ)\k (2.5)

where the last equation follows from the constraint (2.3).
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By solving (2.4) together with (2.5), the function (0, Gy) achieves its maximum when
)\0 =1- 2:';1 )\Z and
1 1

L , 2.6
L W S O TP s (26)

where (Mg, ..., A,) solves

m.o n, T
r i)y —1
Z Z EXp{a B al ]3} =0, forr=1,...,m. (2.7)
i=0 j=1 I+ Zk:l )\k[exp{ak + /6k: q<xl])} - 1]
Using (2.6) to profile out the p;;’s, the profile empirical log-likelihood function of 8, up to

a constant, not depending on the unknown parameters, is

g*(e Zzlog{1+z)\t exp{at+/6t a(zi;)} }+ZZ{az+ﬁ a(zi;)}-

i=0 j=1 i=1 j=1
Therefore, the maximum EL estimator of @ can be obtained by 8 = argmaxyl*(0).

Unfortunately, there are at least two potential issues for using g*(@) to make inference
on . First, in the computation of 8, we need to maximize ¢*(8) numerically. This may
not be an easy task since there are no analytical solutions for (2.7) in the definition of
(*(8). Second, under the constraints (2.3), 8 = 0 implies a = 0 and hence the function
E*(O) may not be identified in a neighbourhood of @ = 0. Therefore, 8 = 0 is no longer an
interior point of the parameter space which violates the standard regularity conditions in

traditional likelihood inference.

Keziou and Leoni-Aubin (2008) and Cai et al. (2016) argued that the above two issues
of 17*(0) can be resolved by optimising the following dual empirical log-likelihood function:

00) = Zzlog po+2pkeXp{ak+ﬁk ng +ZZ{QZ+B :B”)} (2.8)

=0 j=1 =1 j=1
where p, = ny/n for k=0,...,m.

We summarize the favourable properties of £(0) by restating some key results of Keziou
and Leoni-Aubin (2008) for the two-sample case, and Cai et al. (2016) for the multiple-

sample case, in the following proposition.
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Proposition 2.1 (Properties of dual EL) Under some mild regularity conditions, for
example, those in Cai et al. (2016), then for ((0) defined in (2.8) and @ = arg maxg (*(0),

we have

(a) €(0) is a concave function in 0, and it is strictly concave when
PRI DITEE q' (zi;)} {1,q" (x;;)} is positive definite.
(b) €(0) attains its mazimum in a n'/® neighbourhood of the true parameter 8 asn — oo.

(c) @ = argmaxg ((0) and ((8) = (*(6).

Proof.  We only prove Part (c). The proofs of Part (a) and Part (b) can be found by
applying Theorem 3.1 in Keziou and Leoni-Aubin (2008) for the two-sample case, and
Lemma 2.3 and Lemma 2.4 in Cai (2014) for the multiple-sample case.

Recall that @ = arg maxe{¢*(8)}. Let A = (A1,..., An)T be the solution of (2.7) with
0 being replaced by 6. That is, X satisfies

eXp{dHB; <x13)} ! —0, r=1,...,m. (2.9)
;;MLZt Adlexpla; + B, alwyy)} — 1]

Plugging 6 and X into (2.6), we denote fori =1,...,mand j=1,...,n;

P 1 _ (2.10)
Ny 43 Aexp{dr + B, alziy)} — 1]

In the first step, we find the explicit form of . For the convenience of our presentation,

we let
ZZlog{l—FZ)\t lexp{ey + B} a(zi)} } +ZZ{@1+B a(zi;)}
=0 j=1 =1 j=1
Then *(8) = h(0, A) with X being the solution of (2.7) and ¢*(8) = h(8, A).
Note that when X is the solution of (2.7), \;’s are actually functions of 8. When *(6)

is maximized, the following equations should be satisfied, for k =1,....,m
o0+ (6
. 6)
Bak
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Oh(B,X) = Oh(6, ) O\,

Oak 8)\r (073 0:9

L exp{én + By aley))

_5\ )i k k 3 ij
k;;hLZ?; )\t[exp{@ﬂrﬁ:qwij)}—l]
m m n; AT

exp{d; + By d(z;;)} — 1 O\,

220, T '

~

m ~ o7 -6
r=1 i=0 j=1 1+ thl Aelexp{d; + B, Q(xij)} — 1] o 16=0

L . AT )
= —n\ Z Z exp{ay + B, d(zi;) }i; +

i=0 j=1

—i-nk

= N — n)\kh

where the third equation is by (2.9) and (2.10), and the last equation follows from the

constraint (2.3). In summary, when £*(6) is maximized at @ = 6, the Lagrange multipliers

have the explicit solutions
j\k:%:pk, k‘:l,...,m.
n
Hence ((0) = h(0, ).

In the second step, we argue that

A A

0L(0) _ Oh(B,N)

=0.
00 00
It can be easily verified that, for k=1,...,m
Oh(0, A o A A
(’ga ! =N Z Z exp{dy, + B a(zij) }pij + i = nk — nAy, = 0.
F i=0 j=1

For 86(9)/8,@k, we notice that, for k=1,...,m

o0+(0)
0 p—
By
Oh(0, ) iah(é,X) O\,
a8, N, 0B,10-0

16

(2.11)
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A 3 m m ~ AT
Oh(6.X) S exp{dx + B a(wziy)} — 1 oA
m 3 A ol -6
9B =1 i=0 j=1 1+ >, Mlexp{dy + B, q(z;)} — 1] By 16-6

_ 7 (2.13)

where in the last line, we have used (2.9). Hence, (2.12) and (2.13) together imply (2.11).
Hence 0 is a stationary point of ¢(0). Due to the concavity of £(0), we have

~

0 = arg max 0(0).

This completes the proof. 0

We note that property (c) in Proposition 2.1 states that the maximum point and maxi-
mum value of £*(6) are identical to those of the dual empirical log-likelihood function £(8).
With property (c), the properties (a) and (b) guarantee that a unique @ exists and it is
an interior point of the parameter space with probability one as n — oco. These properties

are important for the following discussion on the numerical computation of @ and ¢(8).

Subsequently, plugging @ and Az = n,/n into (2.6), we obtain

. 1 1
ng —_= E - - N ~T .
1+ s Elexp{an + By alzy)} — 1]
Finally, we can estimate the distribution function G(x), for k =1,...,m, by
. 1 o . AT A
Grlz) =~ > 0> expfan + By alwy) Yoyl (xy < x). (2.14)
i=0 j=1

Asymptotic properties

Under some mild regularity conditions, the y/n-consistency of 6 and the asymptotic normal-

ity of 6 have been established in many situations; see for example, Qin (1998) and Keziou
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and Leoni-Aubin (2008) for the two-sample case, and Fokianos et al. (2001) and Chen and
Liu (2013) for the multiple-sample case. Based on these results, Qin and Zhang (1997)
and Zhang (2002) further showed that the semiparametric estimator {Go(z), ..., Gm(z)}

in (2.14) converges weakly to a multivariate Gaussian process.

A note on computation

The solutions of 6 and pi; can not be found explicitly in general. In order to compute
é, numerical optimization algorithms are required. To do this we can use the equivalence
between the DRM (2.1) and the multinomial logistic regression model (2.2). For a given

q(x), the log-likelihood function of the multinomial logistic regression model in (2.2) is

ZZlog 1—|—ZeXp{Oék+ﬂk q(zij)} +ZZ{04 "‘ﬁ a(zij)},

=0 j=1 =1 j5=1

*

* )7 is the vector of intercepts and B3;’s are vectors of regression

where af = (ag,...,«
parameters interpreted as the log odds ratios associated with the ith group. Compared
with the dual likelihood ¢(€) in (2.8), it is easy to find that

((0) =l an log(p:),

and oy = o + log (po/p:) for i = 1...,m. This fact makes the computation of 6 and
l (9) very straightforward using logistic regression routines, for example, via the R function
multinom available in the package “nnet” (R Development Core Team, 2014). Alterna-
tively, one can use the R package “drmdel” (Cai, 2015) for the dual EL inference under the
DRM; this includes solving more general computational problems in Chen and Liu (2013)
and Cai et al. (2016).

2.3 The DRM diagnostic and selection

Despite the flexibility of the DRM, (2.1), misspecifying the DRM can still have an impact

on the inference results (Fokianos and Kaimi, 2006). To assess the DRM assumption
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(2.1), a Kolmogorov-Smirnov-type goodness-of-fit test of Zhang (2002), for multinomial
logistic models based on case-control data, may be used. However, this may only be
helpful in identifying several competing models with suitable basis functions q(z). In
practice, Fokianos (2007) suggested selecting a suitable basis function q(z) in a DRM
among several competing models using Akaike’s information criterion (AIC) (Akaike, 1973)

which is defined as

AIC = —20(8) + 2(md + m).

~

Here £(0) is the dual EL and md+ m are the number of parameters in 8. The performance
of AIC was evaluated in Fokianos (2007), and it was shown to be robust for moderate

sample sizes.

2.4 Recent developments on the DRM

The idea of the DRM as a powerful semiparametric tool was not being fully recognized
until the establishment of the theoretical foundation of empirical likelihood by Owen (1988).
Later, the idea of the DRM was popularized by Qin and Zhang (1997) and Qin (1998).
In particular, Qin and Zhang (1997) demonstrated the equivalence between the DRM and
logistic regression models, and further developed procedures to assess the goodness-of-fit of
the logistic regression models based on case-control data. Qin (1998) formally established
the large sample properties of the maximum EL estimators of the DRM parameters in the

two-sample case.

We now selectively review some fundamental work for EL inference under the DRM.
For the multiple-sample estimation problems, Fokianos (2004) and Aubin and Leoni-Aubin
(2008) considered density estimation under the DRM. Diao et al. (2012) studies the esti-
mation efficiency of parameters in the DRM. Chen and Liu (2013) discussed the quantile
and quantile function estimation problem using the DRM. For the multiple-sample hy-
pothesis testing problems, Fokianos et al. (2001) constructed a Wald-type test of the linear
hypothesis about the DRM parameters in one-way layout. Zhang (2002) considered testing

the validity of the generalized logistic model with multiple categories based on case-control
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data using the connection with the DRM. Cai (2014) constructed an EL ratio statistic for
testing a general composite hypothesis about the DRM parameters. Wang (2014) proposed
a Wald-type statistic for testing the means of several populations under the DRM.

There has been a large literature that investigate the merit of the DRM in a wide range
of important statistical problems. For examples, Qin (1999), Zou et al. (2002) and Li et al.
(2016) applied the DRM to semiparametric mixture models. Guan (2004) and Hu et al.
(2008) extended the use of the DRM for the change point problems. Fokianos and Savvides
(2008) and Kedem et al. (2008) explored the use of DRM in the context of time series data.
Shen et al. (2012) and Chan (2013) implemented the DRM in the analysis of survival data.
Jiang and Tu (2012) and Jiang et al. (2016) studied making inference under the DRM
with censored data. Qin and Zhang (2003), Wan and Zhang (2007) and Wan and Zhang
(2013) examined using the DRM for optimally estimating receiver operating characteristic
curves. Davidov et al. (2010) and Davidov et al. (2014) generalized the DRM to inference

problems under order restriction.

Other significant recent advances include the work of Luo and Tsai (2012) and Huang
and Rathouz (2012) who introduced proportional likelihood ratio models to regress the
DRM parameter (3 on a set of covariates. Liu et al. (2014) built up a local empirical likeli-
hood framework to allow for varying coefficients in a DRM. The paper of de Carvalho and
Davison (2014) investigated modelling several multivariate extremal distributions using the
DRM. Chen et al. (2014) and Ning and Chen (2015) suggested a new pseudo-likelihood
framework for inference problems under the DRM. Qin et al. (2015) used the DRM idea to
integrate valuable auxiliary information from external large data sources for case-control
studies. Chen et al. (2016) relaxed the log-linear form of the DRM and proposed a mono-

tonic DRM to further improve the robustness of the inference procedures.

To the best of our knowledge, the semiparametric DRM has not been used in modelling
multiple samples with excess zero observations. In Chapters 3 and 4, we will model and
develop inference procedures for multiple samples with excess zero observations under such

a semiparametric framework.
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Chapter 3

Testing homogeneity for multiple
nonnegative distributions with excess

zero observations

3.1 Introduction

This chapter is devoted to answering the scientific question Q1 outlined in Section 1.1
of Chapter 1. That is, given multiple groups with an excess of zero observations, we
aim to test the homogeneity of their distributions. This hypothesis testing problem has
been considered as one of the fundamental problems in the literature; see for example,
Lachenbruch (1976, 2001, 2002); Tse et al. (2009); Bedrick and Hossain (2013); Johnson

et al. (2015). Specifically, suppose we have m+ 1 independent groups of samples as follows:
Tity ooy Tin, ~ Fi(x) = v l(x =0) + (1 — ) (x > 0)Gi(x), i=0,...,m, (3.1)

where n; is the ith group’s sample size, I(+) is an indicator function and the G;(-)’s are cu-
mulative distribution functions with common support which may be continuous or discrete.
In this chapter, we concentrate on continuous distributions G;(+)’s whose support consists

of nonnegative real numbers; but we proposed, in Section 7.1, ways that the method can
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be applied to discrete distributions. For random samples with excess zero observations,
the zero outcomes, in fact, contain valuable information and thus should not be simply
discarded. The above formulation, (3.1), which is a non-standard mixture model of a point
mass distribution at zero and a continuous nonnegative component, is an intuitive way to
account for the unique features of such data. Our interest is to test whether the m + 1
mixture distributions F;’s are homogenous. In addition, one may also be interested in

testing the equality of their means. This topic will be further covered in Chapter 4.

In the literature, two-part tests have been widely used to compare groups of samples
from the non-standard mixture structure in (3.1). Lachenbruch (2001, 2002) comprehen-
sively studied two-part tests for two such populations. A two-part test is a two degrees of
freedom test based on the sum of a test statistic for the equality of the proportions of zero
counts and a conditional y2-test statistic for the positive part. The test for the latter part
may be a nonparametric Wilcoxon-Mann-Whitney rank sum test or a two-sample ¢-test.
If more than two populations are under consideration, we can replace these tests with a
Kruskal-Wallis test or an ANOVA F-test, respectively. On the other hand, the parametric
likelihood ratio test can also be used for the second part after assuming a parametric form
on the nonzero data, such as a log-normal distribution or a gamma distribution. The two-
part tests and their extensions have been successfully implemented in various applications;
see for example, Bascoul-Mollevi et al. (2005), Taylor and Pollard (2009), and Wagner et al.
(2011). Further ideas and comparisons of some existing one- and two-part procedures may
be found in Delucchi and Bostrom (2004), Follmann et al. (2009), Hallstrom (2010), and
Hu and Proschan (2015).

In numerical studies (see Sections 3.3 and 3.6), we show that the existing two-part tests
are either inefficient when no parametric assumptions are made for the nonnegative com-
ponents or are not robust when the parametric models are assumed. In many applications,
multiple populations may naturally share some common characteristics. It is therefore
desirable to borrow efficiency across similar populations to improve testing power. At the
same time, we also hope that a test is robust to deviations from the model assumptions.
The semiparametric density ratio model defined in Chapter 2 is a natural tool to use here.
We propose to compare the distributions of the continuous nonnegative components in
(3.1), by the DRM to exploit information from all available samples. Let dG;(z) denote
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the density of G;(z) for i =0, ..., m. We link G;(x) through the DRM such that
dGy(z) = exp{oy + B/ a(2)}dGo(x), i=0,...,m. (3.2)

for a non-trivial pre-specified basis function q(x) of dimension d, and corresponding un-
known parameters a; and 3, (ap = 0 and B, = 0). Without specifying the baseline density
dGo(x), we propose a test based on the DRM that does not depend on the form of Gy(x)

and hence is robust to the assumption on Go(z).

Under this semiparametric setup, we propose an empirical likelihood ratio (ELR) test
for homogeneity under (3.1) and (3.2). We show that the proposed ELR test is also a
two-part test: the first part tests the equality of zero proportions v;’s and the second part
tests the homogeneity in the continuous components of the model. We show that the
asymptotic null distribution of the ELR is x2-type as the total sample size goes to infinity.
We also explore using a nonparametric bootstrap procedure to calibrate the distributions of
the proposed test statistic in finite-sample situations. This bootstrap procedure is shown
to approximate the null distribution of the ELR test statistic under both the null and
alternative hypotheses. Software implementing the bootstrap ELR test has been developed
in the R language (R Development Core Team, 2014) and is supplemented in the Appendix
A.1 at the end of this thesis.

We note that developing the limiting distribution of the ELR is technically challenging.
First, in the second part of the ELR, the number of observations, i.e., the number of
positive observations in each group, is a random number, thus differs from the work of
Fokianos et al. (2001), Zhang (2002), Cai et al. (2016) and this creates new challenges. In
particular we have to deal with random sums of independent and identically distributed
random variables. Second, the two parts of the ELR both have y2-type null limiting
distributions. Hence we need to show asymptotic independence so that their summation
still has a x2-type null limiting distribution. We comment that investigating the asymptotic
properties of the bootstrap procedure under both the null and alternative hypotheses is
also technically challenging. FExisting results may not be directly applied. We refer to

Janssen and Pauls (2003) for more discussion.

We further note that under the null hypothesis of homogeneity, the DRM in (3.2) is

automatically satisfied regardless of the choice of basis function q(z). This is because the
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null hypothesis corresponds to a reduced form of the DRM with all o; = 0 and 3, = 0. This
property is attractive because it ensures that the asymptotic size of the test can always be
controlled at its nominal level even if the form of basis function q(x) is misspecified. Hence

the size of the proposed ELR test is robust to both the choice of q(z) and the assumption
on Gy(z).

The rest of this chapter is organized as follows. In Section 3.2, we present the ELR
test for homogeneity under the DRM, investigate its asymptotic properties, and propose
a nonparametric bootstrap procedure to calibrate its finite-sample distribution. We fur-
ther study the theoretical properties of the bootstrap procedure under both the null and
alternative hypotheses. In Section 3.3, we report some simulation results. A real exam-
ple is given in Section 3.4. For the convenience of presentation, all proofs and complete

simulation results are in Sections 3.5 and 3.6, respectively.

3.2 Main results

In this section, we present an empirical likelihood method for testing homogeneity of dis-
tributions under (3.1) and (3.2). For a compact presentation, let @ = (ay,..., )",
B =(B,....8 )", and 8 = (a’,8")". Under the condition (3.2), testing the null
hypothesis, that all the m + 1 groups of samples come from the same population, i.e.

Fy=---=F,,, is equivalent to testing

Hy:vy=---=uv, and 6 =0. (3.3)

3.2.1 Empirical likelihood method

Let ny and n;; be the (random) numbers of zeros and positive observations for the ith
group, respectively, for ¢ = 0,...,m. Without loss of generality, we use z;i,...,Zi,,, to

denote the positive observations for the ith group.

With the given multiple groups of observations from (3.1), the likelihood function of
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the parameters v;’s and G;’s is
m ni1
[1{we -l |
i=0

Under the density ratio model (3.2), the likelihood function becomes

L=]]we@—wv) [[ ] exp{a: + B] alzi;)}dGo(a)).
i=0 i=0 j=1

Along the lines of empirical likelihood (see Section 2.2), we restrict the form of baseline
distribution Gy to be

m ni1

= ZZPijI(xij < ).

i=0 j=1

Let v = (v,...,Vn)", then the empirical log-likelihood function of (v,0,Gy) can be

written as
log(L) = Lo(v) + 01(0, Gy),
where
Zlog{l/"’o —v)"1}, 6(8,Gy) = ZZ{W@ a(zi;) + log(pi;) } -
=0 j5=1

Here ¢y(v) is the binomial log-likelihood corresponding to the number of zero observations

and 571(9, Gy) is the empirical log-likelihood associated with the positive observations.

We have the following natural constraints:

m ng1

pij > 0, Z Zpij exp{a, + 8 q(z;)} =1, r=0,...,m. (3.4)

i=0 j=1

Recall the derivation of dual empirical log-likelihood function in Section 2.2. By re-

placing n; in (2.8) with n;;, we have the following dual empirical log-likelihood function of

0:

mo M1 m. Ni1
--> po+2preXp{ar+[3 alzi)} | + DY {ai+Blalzy)}, (35)
i=0 j=1 r=1 i=1 j=1
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where p, = n,i/ng for r = 0,...,m with ny = > n;;. Note that this dual empirical

log-likelihood ¢;(0) retains the nice properties given in Proposition 2.1.

Let (©,0) = argmax,, {lo(v) +¢1(0)} be the maximum EL estimate of (v, 8). Clearly,
v and @ maximize lo(v) and ¢,(0), respectively. Therefore, the ELR test statistic for
testing Hy is defined as

R, =2 {eo(ﬁ) — n}{%xﬁo(v)} +24,(9),

where, in the last step, we use the fact that ¢,(8) = ¢,(0) = 0 under Hy. In R,, the

subscript n denotes the total sample size, i.e., n =Y " n;.

3.2.2 Large sample property

In this subsection, we study the asymptotic distribution of the ELR test statistic R,, under
Hy.

Suppose that the true value of v is v* = (v3,..., 1) " under Hy. The true value of 6
is 0 under Hy. Then the asymptotic result in this section relies on the following regularity

conditions.

Cl. 5 € (0,1).
C2. liMuminfng,....nm} 00 1/ — pf, where pf € (0,1) for i =0,...,m.
C3. [(L,q"(z)I(z > O))T (1,a"(z)I(z > 0)) dFy(x) exists and is positive definite.

C4. [exp{B]q(z)}I(z > 0)dFy(z) < oo in a neighbourhood of B; = 0 for i = 0,...,m.

Condition C1 states that the parameter v* is an interior point of the parameter space
of v such that ¢y(v) has regular properties. Condition C2 assumes that the ratio of each
group sample size to n converges to a constant as min{ny,...,n,} — oo. For simplicity
and convenience of presentation, we write pf = n;/n and assume that it is a constant. This

does not affect our technical development. Under C1 and C2, there is no need to distinguish
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the stochastic orders with respect to n or n;. Condition C3 is an identifiability condition,
and it ensures that the components of {1,q" (z)I(z > 0)} are linearly independent under
Fy(x), and hence q(z) can not be a constant function. Conditions C3 and C4 guarantee

that a second-order approximation of ¢;(8) is applicable.

The limiting distribution of R, is given in the following theorem. Let 4 denote “con-

vergence in distribution”.

Theorem 3.1 Suppose we have m + 1 groups of samples from (3.1) and condition (3.2)
is satisfied. Assume, also, that the reqularity conditions C1-C4 hold. Under the null
hypothesis Hy given in (3.3), we have

d
R, — X?n(dJrl)

as n — 0o, where an(dﬂ) denotes a chi-squared random variable with m(d + 1) degrees of

freedom.

For the convenience of presentation, we defer the proof of Theorem 3.1 to Section 3.5.1.

We provide a remark on the result in Theorem 3.1 by considering the degrees of freedom
in the y*limiting distribution. Let R, = 2{lo(¥) — maxp, {o(v)} and R, = 2£,(6).
Then the ELR test statistic R,, = R, 1 + R, 2. Here the first part R,, ; tests the equality of
zero proportions v and is shown to have a x2 null limiting distribution. The second part
R, tests homogeneity and is shown to have a x?2, ; null limiting distribution. For second
part we actually have total dim(6@) = m-+md number of parameters, but the number of free
parameters is md since 3 = 0 automatically implies that & = 0. Adding the asymptotically
independent R, ; and R, together, we get that the null limiting distribution of R, is
an(d +1)- In addition, some technical difficulties in our proof have been highlighted in
Section 3.1.

3.2.3 A bootstrap procedure

As we show through simulations in Section 3.3, the approximation of the limiting distri-

bution to the finite-sample distribution of the ELR is not satisfactory in many situations.
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Intuitively we can see two possible causes: (i) R,1 and R, o are not independent in finite-
sample situations; and (ii) even when the total sample size is moderately large, the asymp-
totic results can still be unreliable if the zero proportions, v;’s, are close to boundaries at
Oorl.

A natural method for improving the finite-sample approximations is to use the boot-
strap (Efron and Tibshirani, 1993). Let X* = {a%,...,2%, ¢ =0,...,m} be the non-

parametric bootstrap sample, by resampling with replacement from the combined observed
data X = {z;1,..., 2, 11 =0,...,m}. Let R¥ be the ELR test statistic based on X“.

Next we study the asymptotic properties of ¥ under both the null and alternative
hypotheses, which depend on a new set of regularity conditions. Let F'(z) =Y 7" pi Fy()

and 7 = Y1 pivs
D1. 7 € (0,1).
D2. liMuin{ng,....nm}—00 Ni/1 — pi, where pf € (0,1) for i =0,...,m.
D3. [(1,q"(z)I(z > O))T (1,a"(z)I(z > 0)) dF(z) exists and is positive definite.

D4. [exp{B;q(z)}I(z > 0)dF(x) < oo in a neighbourhood of 3; = 0 for i = 0,...,m.

The following theorem establishes the asymptotic properties of the proposed bootstrap
procedure.

Theorem 3.2 Assume that the reqularity conditions D1-Dj hold. Then conditional on

the observed data X, we have

w d
Ry — X?n(d-i—l)

in probability as n — oco. Hence
sup |[Pr(R;; < 2|X) = Pr(xp, ) < @) = 0
in probability as n — oo.

The proof of Theorem 3.2 is given in Section 3.5.2. We give some remarks about
Conditions D1-D4 and the results in Theorem 3.2.
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(a) The proof of Theorem 3.2 does not rely on any information about v and @ specified
under the null hypothesis in (3.3). Hence, the result is valid for the whole model
space under (3.1) and (3.2). That is, the true underlying model that generates the

observed data X can be from the null and also alternative hypotheses.

(b) Since Theorem 3.2 is proved to cover the cases that the observed data X is from the
null and also alternative hypotheses, we require the regularity conditions to cover
both cases. Conditions D1-D4 serve this purpose. They become Conditions C1-C4
when the observed data is generated under the null hypothesis. The comments for
Conditions C1-C4 in Section 3.2.2 can be similarly extended to Conditions D1-D4.

(¢) The conditional asymptotic distribution of RY always approximates an( 1) under
both the null and alternative hypotheses that generate the observed data X. This
is a desirable property for a resampling method in hypothesis testing context (Pauly
et al., 2015). It ensures that the quantiles of the bootstrap distribution of R¥ always
converges in probability to the quantiles of an( 1)’ which is used to find a p-value
under the null hypothesis even if the null hypothesis is not true. Hence, together
with Theorem 3.1, the resulting bootstrap ELR test can asymptotically maintain
the nominal type I error under Hy. This further implies that the ELR test can also
maintain its consistent power behaviour for any fixed alternative based on bootstrap

critical values.

Based on Theorem 3.2, the following nonparametric procedure is then suggested to

approximate the p-value of the ELR test.

Step 1. For each b from 1 to B, we repeat the following:

Step 1.1. Generate a bootstrap sample {:1:1(-11]), W= 0,... ,m} by ran-

Y iTLi
dom sampling with replacement from the combined observed data {z;i, ..., T, :

i=0,...,m}.
Step 1.2. Based on this bootstrap sample {:cgll’), e ,x(b) 21 =0,... ,m}, we

in;

can calculate the bootstrap ELR test statistic R,(Ib);
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Step 2. From Step 1, we obtained a set {Rg) b=1,..., B}. We approximate

the p-value of R, by Zle I {RS’) > Rn} /B, where R, is the observed ELR test
statistic.

Note that in Step 1.1 we separate the obtained bootstrap sample into m + 1 segments with
each segment length n; and call the ith segment the bootstrap sample for the ¢th group,

fort=0,...,m.

The choice of B depends on the desired precision level. In our simulation, we set B =
999. We show in the next section that the ELR test coupled with the above nonparametric

bootstrap procedure produces accurate type I errors in almost all the simulation settings.

3.3 Simulation studies

In this section, we assess the finite-sample performance of the proposed ELR test and the
nonparametric bootstrap procedure through Monte Carlo simulation. We further compare

the proposed method with some existing methods:

e two-part parametric likelihood ratio tests (LRT) based on the assumption of a log-
normal distribution for the nonnegative part (LRT-LN) or the assumption of a gamma
distribution for the nonnegative part (LRT-GAM);

e the one-part Wald-type statistic (WTS1) proposed by Pauly et al. (2015) for testing
a linear hypothesis about the means without using any distributional assumptions

under very general heteroscedastic factorial designs, and also its two-part version

(WTS2);

e the one-part generalized ANOVA-type statistic (ATS) proposed by Brunner et al.
(1997), which was shown in Vallejo et al. (2010) and Pauly et al. (2015) to accu-
rately maintain the preassigned level in most cases and it is conservative for skewed

distributions;

e the one-part Kruskal-Wallis test (KW1), and its two-part version (KW2);
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e the one-part ANOVA F-test (ANOVAL), and its two-part version (ANOVA2).

The KW test, the ANOVA test, and the fully parametric LRTs are classical methods
to test the equality of multiple distributions. Their two-part versions are also classical
methods and are studied in Lachenbruch (2001). In the context of zero-excess data, it is
well known that skewness is an important characteristic. Vallejo et al. (2010) concluded
that the ATS method should be recommended when the distributions are moderately
skewed. Lastly, the WTS is a distribution-free and valid method in general heteroscedastic

factorial designs and may be adapted to the case with excess zeros (Pauly et al., 2015).

We fix the number of populations under consideration to be m + 1 = 3 and generate
random observations, conditional on all #;’s # 0 or 1, from (3.1) with all the G;’s being
log-normal, or all the G;’s being gamma. Note that if any 7;’'s = 0 or 1, then some test
statistics may not be well defined. This is not a problem in practice. However, note that,
when any true zero proportion v; is too close to the boundary 0 or 1, Anaya-Izquierdo
et al. (2014) found that boundary effects can dominate the sampling distribution of ;.
Hence, the true v;’s are considered to be between 0.2 and 0.7 in our simulation settings.
A diagnostic tool was proposed in Anaya-Izquierdo et al. (2014) which defines how far
v; is required to be from the boundary so that first order asymptotics remain adequate.
Further, note that, when the combined sample contains only a few nonzero observations,

resampling methods may not be very helpful to remove such boundary effects (Chen et al.,
2003).

In the following, we use LN(ay, b;) to denote a log-normal distribution with mean a; and
variance b; both with respect to the log scale (i.e., the mean and variance of the associated
normal random variable) and GAM(a;,b;) to denote a gamma distribution with shape
parameter a; and scale parameter b;. The parameter settings under the null (LN;-LNj
and GAM;-GAMj3;) and alternative (LN4,~LN;5 and GAM,;~GAM;5) models are given in
Table 3.1.

We consider the case with equal sample sizes by setting n; to be 20, 50 or 100 for
i = 0,1,2; and also consider the case with unequal sample sizes that (ng,ni,ny) =
(50,100, 150).
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For all tests, the type I error rates and power at the 5% significance level are calcu-
lated based on 10,000 repetitions. The type I error rates are calculated using the limiting
distribution and the bootstrap procedure proposed in Section 3.2.3 with B = 999. For fair
comparison, the bootstrap procedure with B = 999 is used to calculate the powers of all
methods. For the one-part and two-part WTS test statistics, the computation is completed
by using R package “GFD” (Friedrich et al., 2016). Following Pauly et al. (2015), we also use
the permutation method with 10,000 permutation samples (the default number in “GFD”)

to calculate the type I error rates and powers of one-part and two-part WT'S tests.

For the clarity of presentation, we only present the results of ELR test under the
correctly specified basis function q(z). That is, ELR test under q(x) = {z,log(x)}" for
the GAM models; and ELR test under q(z) = {log(z),log*(z)}" for the LN models.
For more choices of q(x), interested readers may refer to Section 3.6. Moreover, we only
present the comparisons of the ELR test with the correctly specified LRT (which serves
as the benchmark test), the WTS2, and the KW2. The ANOVA2 has similar or even
less power than W'TS2. The one-part tests are in general comparable to, or less powerful
than, the corresponding two-part versions. Hence, the power comparisons with ANOVA2
and one-part tests are not presented in this current section. Further, for WT'S2 method,
bootstrap and permutation procedures give the consistent results; see Section 3.6. For
fair comparison, we only present the results using the bootstrap procedure for WTS2. In

Section 3.6, complete simulation results for all tests are available.

3.3.1 Type I error

The simulated type I error rates for the four selected representative tests are summarized
in Tables 3.2-3.3. We have observed, based on our simulation results, that the type I error
rates based on asymptotic distributions for all tests tend to be inflated, particularly, when
sample sizes are small for ELR, LRT and WTS2, and when sample sizes are small and
zero proportions are low for KW2. On the other hand, the bootstrap procedure provides
satisfactory adjustment to the type I error rates, except for LN3 and GAMj3 with sample
sizes (20,20,20). In these settings, we may encounter a number of bootstrap samples

contain at most one nonzero observations. For such a bootstrap sample, some test statistics
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Table 3.1: Parameter settings for simulation studies. In the first column, each LN;-LN15 and
each GAM;-GAM;5 denote mixture models whose continuous parts follow the distributions
LN(a;, b;) and GAM(a;, b;), respectively, for @ = 0,1,2. The last two columns are the means

and variances corresponding to each model.

Model (vo, v1, v2) (ao, a1, a2) (bo, b1, b2) Means Variances

LN, (0.2, 0.2, 0.2) (0.0, 0.0, 0.0) (1.0, 1.0, 1.0) (1.65, 1.65, 1.65) (4.67, 4.67, 4.67)
LN (0.4, 0.4, 0.4) (0.0, 0.0, 0.0) (1.0, 1.0, 1.0) (1.65, 1.65, 1.65) (4.67, 4.67, 4.67)
LN3 (0.7, 0.7, 0.7) (0.0, 0.0, 0.0) (1.0, 1.0, 1.0) (1.65, 1.65, 1.65) (4.67, 4.67, 4.67)
LN, (0.2, 0.3, 0.4) (0.0, 0.0, 0.0) (1.0, 1.0, 1.0) (1.32, 1.15, 0.99) (4.17, 3.84, 3.45)
LN5 (0.4, 0.4, 0.4) (0.0, 0.5, 1.0) (2. 0 2.0, 2.0) (1.63, 2.69, 4.43) (30.10, 81.82, 222.40)
LNg (0.6, 0.6, 0.6) (0.0, 0.0, 0.0) (1.0, 2.0, 3.0) (0.66, 1.09, 1.79) (2.52, 20.66, 158.16)
LN~ (0.5, 0.6, 0.7) (0.0, 0.5, 1.0) (3.0, 2.0, 1.0) (2.24, 1.79, 1.34) (196.69, 56.15, 14.57)
LNg (0.6, 0.6, 0.6) (0.0, 0.5, 1.0) (3.0, 2.0, 1.0) (1.79, 1.79, 1.79) (158.16, 56.15, 18.63)
LN (0.3,0.4,0.5) (0.0, 0.15, 0.34) (2.0, 2.0, 2.0) (1.90, 1.90, 1.90) (34.60, 40.97, 49.89)
LN1o (0.4, 0.5, 0.6) (0.0, 0.0, 0.0) (2.0, 2.36, 2.81) (1.63, 1.63, 1.63) (30.10, 53.95, 107.90)
LN11 (0.4, 0.5, 0.6) (0.0, 0.5, 1.0) (2.69, 2.05, 1.5) (2.30, 2.30, 2.30)  (124.67, 77.32, 54.07)
LN12 (0.5, 0.5, 0.5) (0.0, 0.5, 1.0) (2.46, 1.98, 1.5) (171, 2.21,2.88)  (65.93, 65.93, 65.93)
LN13 (0.3,0.4,0.5) (0.0, 0.07, 0.15) (2.0, 2.0, 2.0) (1.90, 1.75, 1.58)  (34.60, 34.60, 34.60)
LN14 (0.3, 0.4, 0.5) (0.0, 0.0, 0.0) (2.0, 2.07, 2.15) (1.90, 1.69, 1.46)  (34.60, 34.60, 34.60)
LNi5 (0.4, 0.5, 0.6) (0.0, 0.5, 1.0) (2.28, 1.88, 1.5) (1.88, 2.11, 2.30)  (54.07, 54.07, 54.07)
GAM; (0.2, 0.2, 0.2) (1.0, 1.0, 1.0) (1.0, 1.0, 1.0) (0.80, 0.80, 0.80) (0.96, 0.96, 0.96)
GAM, (0.4, 0.4, 0.4) (1.0, 1.0, 1.0) (1.0, 1.0, 1.0) (0.60, 0.60, 0.60) (0.84, 0.84, 0.84)
GAMs (0.7, 0.7, 0.7) (1.0, 1.0, 1.0) (1.0, 1.0, 1.0) (0.30, 0.30, 0.30) (0.51, 0.51, 0.51)
GAM, (0.2, 0.3, 0.4) (1.0, 1.0, 1.0) (2.0, 2.0, 2.0) (1.6, 1.4, 12) (3.84, 3.64, 3.36)
GAMs (0.6, 0.6, 0.6) (1.0, 1.5, 2.0) (2.0, 2.0, 2.0) (0.8, 1.2, 1.6) (2.56, 4.56, 7.04)
GAMg (0.6, 0.6, 0.6) (1.0, 1.0, 1.0) (1.0, 2.0, 3.0) (0.4, 0.8, 1.2) (0.64, 2.56, 5.76)
GAM~, (0.4, 0.5, 0.6) (1.0, 1.5, 3.0) (3.0, 2.0, 1.0) (1.8, 1.5, 1.2) (7.56, 5.25, 3.36)
GAMs (0.5, 0.5, 0.5) (1.0, 1.5, 3.0) (3.0, 2.0, 1.0) (1.5, 1.5, 1.5) (6.75, 5.25, 3.75)
GAMy (0.4,0.5,0.6) (1.5, 1.8, 2.25) (2.0, 2.0, 2.0) (1.8, 1.8, 1.8) (5.76, 6.84, 8.46)
GAMpo (0.4, 0.5, 0.6) (1.0, 1.0, 1.0) (2.0, 2.4, 3.0) (1.2,1.2,1.2) (3.36, 4.32, 5.76)
GAMy; (0.4, 0.5, 0.6) (2.0, 3.0, 4.0) (2.0, 1.6, 1.5) (2.4, 2.4, 2.4) (8.64, 9.60, 12.24)
GAM;i2 (0.4, 0.4, 0.4) (1.0, 1.5, 3.0) (2.0, 1.53, 0.92) (1.20, 1.37, 1.66) (3.36, 3.36, 3.36)
GAM;s  (0.3,04,05) (1.5, 1.56, 1.66) (2.0, 2.0, 2.0) (2.1, 1.87, 1.66) (6.09, 6.09, 6.09)
GAM14 (0.3, 0.4, 0.5) (1.0, 1.0, 1.0) (2.0, 2.08, 2.20) (1.4, 1.25,1.1) (3.64, 3.64, 3.64)
GAM;5 (0.4, 0.5, 0.6) (2.0, 3.0, 4.0) (2.0, 1.52, 1.26) (2.4, 2.28, 2.02) (8.64, 8.64, 8.64)

may not be well defined. Our treatment is to simply delete such bootstrap sample. By

doing so, the type I error may be slightly inflated.

In Section 3.6, we demonstrate, by additional simulations, that similar conclusions on
the type I error rates can be drawn for the bootstrap ELR test under five particular basis

functions which may be incorrectly specified. This confirms that the asymptotic size of the
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Table 3.2: Type I error rates (%) for testing Hy at significance level 0.05 when data are generated
from a log-normal mixture model with parameter settings given in Table 3.1. The ELR test is
defined under q(z) = {log(z), log?(z)} .

Model (no,n1,ns) ELR LRT-LN WTS2 KW2

asymptotic bootstrap asymptotic bootstrap asymptotic bootstrap asymptotic bootstrap

(20, 20, 20) 8.12 4.87 7.03 4.12 7.33 4.66 5.73 4.81

LN (50,50, 50) 6.12 4.89 5.79 4.81 5.54 4.64 5.10 4.88
! (50,100, 150) 5.89 5.20 5.76 5.22 6.72 4.84 5.37 5.31
(100, 100, 100) 5.70 5.06 5.32 4.89 5.43 4.91 4.80 4.69

(20, 20, 20) 8.58 4.78 7.35 3.99 7.00 4.64 4.98 4.87

LN (50,50, 50) 6.80 5.03 5.91 4.75 6.40 5.14 5.11 4.99
2 (50,100, 150) 6.10 5.17 5.64 5.00 7.14 4.92 5.35 5.40
(100, 100, 100) 6.03 5.17 5.50 5.17 5.77 5.11 5.52 5.46

(20, 20, 20) 12.54 5.66 10.02 3.47 8.80 5.79 3.26 5.79

LN (50,50, 50) 7.94 4.81 6.61 4.36 7.00 4.65 4.96 4.81
3 (50,100, 150) 6.91 4.99 6.30 4.95 8.65 5.33 5.55 5.59
(100, 100, 100) 6.42 4.98 5.73 4.58 6.10 5.00 4.76 4.80

NOTE: the Monte Carlo error is 0.218 (%) under the null models LN{-LN3.

Table 3.3: Type I error rates (%) for testing Hy at significance level 0.05 when data are generated
from a gamma mixture model with parameter settings given in Table 3.1. The ELR test is defined
under q(z) = {xz,log(z)}".

Model (no, n1,n2) ELR LRT-GAM WTS2 KWwW2

asymptotic bootstrap asymptotic bootstrap asymptotic bootstrap  asymptotic bootstrap

(20, 20, 20) 7.97 4.63 7.06 4.39 8.04 5.18 6.13 5.16

GAM (50, 50, 50) 5.98 4.53 5.38 4.38 6.18 4.98 5.09 4.97
L (50, 100 150) 5.58 4.81 5.33 4.67 5.82 4.74 5.04 4.93
(100, 100 100) 5.67 5.09 5.42 5.09 5.54 5.06 5.12 4.94

(20, 20, 20) 8.91 4.99 7.37 4.32 7.99 5.03 5.29 5.14

GAM (50, 50, 50) 6.22 4.59 5.33 4.32 5.82 4.72 4.90 4.81
2 (50, 100 150) 5.84 4.92 5.32 4.74 6.26 4.88 5.13 5.11
(100, 100 100) 5.52 5.04 5.32 4.88 5.50 5.07 5.13 5.15

(20, 20, 20) 11.95 5.75 10.01 3.66 9.68 5.10 3.10 5.60

GAM. (50, 50, 50) 7.87 4.99 6.94 4.64 7.34 4.77 5.13 5.02
3 (50, 100 150) 6.70 4.95 6.16 4.84 7.42 5.01 5.04 5.07
(100, 100 100) 6.60 4.99 5.90 4.77 6.36 5.24 5.33 5.39

NOTE: the Monte Carlo error is 0.218 (%) under the null models GAM{-GAM3.

ELR test is robust to the choice of q(z) and the assumption on Go(z).
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3.3.2 Testing power

For clarity and to aid discussion, we categorize the alternative model specifications into a
3 x 4 table given in Table 3.4. For the rows, these are considered to include the scenarios
that the non-homogeneity is: due to both means and variances (Scenario R.I), mainly due
to the variances (Scenario R.II), or mainly due to the means (Scenario R.III). For the
columns, the specifications can be divided into scenarios in which: either the zero propor-
tions or the nonnegative components are held constant (Scenario C.I), the parameters b;’s
of nonnegative components are held constant (Scenario C.II), the parameters a;’s of non-
negative components are held constant (Scenario C.III), or all the parameters are different
(Scenario C.IV).

Table 3.4: Scenarios categorized according to the alternative model settings in Table 3.1.

Scenario C.I C.II C.III C.IvV

R.I LNy & GAMy LN5 & GAMs LNg & GAMg  LN7 & GAM~
R.II LNg & GAMg LNg & GAMg LNjg & GAMj9 LNi; & GAMq;
R.IIT LNi2 & GAMi2 LNi3 & GAMi3 LNy & GAMi14 LNis5 & GAM5

The simulated powers for four selected representative tests, adjusted using bootstrap
procedure, are plotted in Figures 3.1-3.2. Together with the additional simulation results

in Section 3.6, we make the following comments.

(a) There seems to be no single dominant method in terms of the power of the tests in

all the scenarios considered.

(b) The fully parametric LRT is known as the asymptotically most powerful test if the
parametric model is correctly specified. It can be observed that the proposed boot-
strap ELR test performs almost as well as the fully parametric LRT under correct
model assumptions in all the settings investigated. But not surprisingly, the boot-
strap ELR test performs better than the parametric LRT under incorrect parametric
assumptions, from the results in Section 3.6. These findings confirm that the boot-

strap ELR test is robust against the departure of parametric assumptions.
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The comparison with one-part tests is provided in Section 3.6. In some settings, the
one-part tests may preform slightly better than the corresponding two-part versions,
but can fail dramatically such as in Scenario C.IV for KW1, and in Scenario R.II
for ANOVA1, WTSI1, and ATS. This phenomenon may be due to the fact that the
one-part tests ignore the mixture structure in (3.1). In general, the ELR test is more
powerful than the one-part tests except for KW1 under LNy, LN, LN4, GAMy,
and GAM;,. The performance of ELR test and KW1 are very comparable under
LNy, GAMy, and GAMy4, while the KWT1 is slightly more powerful for small sample
sizes. Under LNy and LNy4, the KW1 is more powerful than the ELR test for all
sample sizes. These two models belong to the case that the mixture proportions and

variances on the log scale (i.e. b;’s) are different in a log-normal mixture model.

For all the two-part tests, the first parts are likelihood ratio tests for testing homo-
geneity in the zero proportions. Therefore, the power differences of two-part tests are
due to the second parts for testing homogeneity in G;(z)’s. If both a;’s and b;’s are
different (i.e., Scenarios C.I and C.IV except for LN, and GAM,), the ELR test is
the most powerful test, or one of the most powerful tests. For example, the ELR test
has the most advantage for LN;, LNg, GAM7, and GAMg. If a;’s or b;’s or both are
the same (i.e., Scenarios C.IT and C.III, LN, and GAM,), then KW2 and/or WTS2
could be sometimes more powerful than the ELR test except for LN6. This limitation
of the ELR test is mainly because the q(x) in the DRM (3.2) is over-fitted. If a more
parsimonious basis function q(x) is used, then the ELR test could become compara-
ble to KW2 and/or WTS2. More precisely, in LN;3 and (ng, nq,n;1) = (50, 100, 150),
the powers of KW2, WTS2, and ELR with basis function q(z) = {log(x),log?(z)}"
are 56.04%, 50.19%, and 47.25%, respectively. The most parsimonious basis function
under LNy3 is q(x) = log(z). With this basis function, the power of the ELR test
increases to 55.33%, which becomes comparable to other two-part tests. Lastly, we
explain the trend exception of LNg. Note that in LNg, the means of G;’s are only
slightly different compared with the magnitude of variances. Recall that WTS2 is
mainly designed for testing the mean differences in G;’s. This explains why the WTS2
is less powerful than the ELR test for LNg. Also note that the non-homogeneity in

F;’s under LNg is only due to the differences in b;’s. Since the KW test is invariant
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to the monotone transformation (Kruskal, 1952), the KW2 is not able to detect the
differences in b;’s (the variances in log scale) of a log-normal mixture model. This
explains why the KW2 is much less powerful than the ELR test for LNg.

(e) To examine how sensitive the power of the ELR test is to the choice of q(z), more
comprehensive simulation results, that cover under-fitting, over-fitting, and misspec-
ification of a DRM, are given in Section 3.6. In general, we have observed that
the bootstrap ELR tests based on the correctly specified basis functions have higher
power than those based on the misspecified, under-fitted or over-fitted basis func-
tions. Hence, in practice, to achieve appreciable testing power, we suggest selecting a
suitable basis function q(x) in a DRM among several competing models using some
information criteria, for example, Akaike’s information criterion (AIC) as described
in Section 2.3. We note that our current hypothesis testing problem is slightly differ-
ent from that considered in Fokianos (2007). Hence, the use of AIC for selecting q(z)
and its impact on the power performance may deserve further investigation, which is

beyond the scope of this chapter.

3.4 Testing with a real data set

In this section, we employ a real data example to illustrate the proposed ELR test and the

nonparametric bootstrap procedure.

The aim of this real example was to investigate precipitation distribution changes which
plays an important role in meteorology. The data here is available from the website of the
University of Waterloo weather station data archive (http://weather.uwaterloo.ca/
data.html). The data set records daily precipitation measurements (in millimetres, and
in winter the number is referred to as the snow-water equivalent) for several years since 2003
based on the GeoNor T-200B Precipitation Gauge (installed in December 2002) located in
the North Campus of the University of Waterloo, Canada.

For illustration purposes, we consider the data for years 2003—2006. We are interested
in detecting if there are any precipitation distribution changes over these years. To reduce

the time dependence among the observations, we take every 4th measurement into our
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analysis, i.e. the observations on days 1,5,9,...,361, which gives a total sample size
n = 364. Similar conclusions were drawn when we considered other subsets of the data.

Some summary statistics are:

e the estimate of v is (0.3187,0.3956, 0.4176,0.4176) with sample sizes (91,91, 91,91);
e the sample means are (2.0923, 3.5396, 3.3978, 3.4978);

e the sample variances are (16.6392,41.0662,76.1044, 59.4987).

We further fit this data by log-normal mixture model and gamma mixture model under
the null and alternative hypotheses by the parametric maximum likelihood method. The
details are provided in Table 3.5. These models are used in our confirmative simulation
later on. It seems that the means and variances fitted by the gamma mixture model match

the real data quite closely.

Table 3.5: Fitted parameters for log-normal mixture model and gamma mixture model under the
null and alternative hypotheses for Waterloo precipitation data. The models LN and GAM¢ are
fitted under the null hypothesis; and the models LN17 and GAM;j7 are fitted under the alternative
hypothesis. The last two columns are the means and variances corresponding to each model, and
17 =(1,1,1,1).

Model (vo, v1, V2, 13) (a0, a1, a2, a3) (bo, b1, ba, b3) Means Variances

LN1g 039 x 1T 0.52x 17 258 x 1T 3.74x 17 285.90 x 1T
LN;7 (0.32,0.40,0.42,0.42)(0.18,1.05,0.36,0.52) (2.18,1.70,3.08,3.00) (2.43,4.04,3.91,4.39)(70.62,131.52, 559.29, 645.92)

GAMg 0.39x 17 0.56 x 17 9.11 x 17 3.13x 17 34.74 x 17
GAM;7(0.32,0.40,0.42,0.42) (0.65, 0.82, 0.46, 0.50) (4.72, 7.12, 12.69, 12.04) (2.09, 3.54, 3.40, 3.50)  (11.92, 33.41, 51.40, 50.89)

We applied the proposed bootstrap ELR tests and other testing methods to test if the
precipitation distribution changed for the four years. The various test statistics and their

p-values based on 10,000 times bootstrap resampling are summarized in Table 3.6.

It is seen that the proposed ELR tests based on the first three basis functions all give
highly significant p-values at the 5% significance level. The bootstrap ELR test based
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Table 3.6: Test statistics, corresponding p-values, and related simulation results based on the

bootstrap procedures with B = 10,000 for Waterloo precipitation data.

Method Precipitation data Confirmative simulation
AIC Test statistic p-value LN LN~ GAMig GAM;7

ELR

q(z) = {z,log(z)} T 614.54 23.36 0.0070 540  82.81 4.96 90.74

q(z) = {log(z), log?(x)} " 616.78 21.12 0.0155 5.26 87.48 4.90 81.93

q(z) = {z,log(z),log?(z)} T 618.94 24.96 0.0210 5.16 81.63 5.18 86.08

q(z) ==z 622.62 9.28 0.1746 5.41 42.52 5.02 75.76

q(z) = log(z) 619.97 11.93 0.0672 5.07 75.34 5.15 60.00
KW2 - 11.70 0.0696 5.14 77.22 4.98 65.62
KW1 - 2.33 0.5005 5.10 22.08 4.89 12.27
ANOVA2 - 7.84 0.2538 4.79 33.86 5.09 68.28
ANOVA1 - 0.91 0.4383 4.37 11.64 5.07 31.50
LRT-LN - 18.30 0.0155 5.12 87.58 4.45 66.74
LRT-GAM - 20.20 0.0361 4.48 44.06 4.89 90.74
ATS - 0.91 0.4383 4.37 11.64 5.07 31.50
WTS1 - 5.10 0.1870 4.96 19.76 4.87 47.94
WTS2 - 12.18 0.0747 4.87 42.32 4.96 82.37

on q(z) = {x,log(z)}" has the smallest AIC. Hence, the DRM with q(z) = {z,log(z)}"
provides the best fit to the data among the five commonly used basis functions as guided
by Table 2.1. Therefore, under a reasonably fitted DRM, we gain some evidence that the
precipitation distribution was changing over 2003-2006 based on the observed data. Even
though we are not able to exhaustively search all possible basis functions q(z), our ELR
test based on this fitted q(z) = {x,log(x)} " already has enough power of rejecting the
homogeneous null hypothesis at 5% significance level, and our conclusion is reliable. This
is because of the fact that misspecifing, over- or under-fitting the basis function q(x) in the
DRM may only result in some loss of power (Section 3.6), while the type I error can still
be controlled regardless the choice of q(z). The total computational time for obtaining
the p-value of bootstrap ELR test based on q(z) = {z,log(z)} " is around 2 minutes in an
IMAC with a 3.4-GHz Intel Core i7 processor.

The two parametric likelihood ratio tests also produce significant p-values, however,
at the risk of misspecifying the underlying parametric models, which may significantly
decrease the power of the parametric likelihood ratio test as we have discussed in Section

3.2.3. On the other hand, the proposed bootstrap ELR test guarantees the control of type
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I error with data-discovered underlying distributions and thus the conclusion is much more

reliable.

The above results may be further verified by the confirmative simulation with model
settings in Table 3.5. The simulation results are based on 10,000 repetitions. For each
repetition, B = 10,000 bootstrap samples are used to calculate the p-value for each test.
For WTS1 and WTS2, we also use 10,000 permutation samples to calculate the p-values.
The results are very similar to those from the bootstrap method and thus are omitted
here. The results are summarized in Table 3.6, which show that the resampling adjusted
type I error rates for all tests are well controlled for the null models LN and GAM;g.
Since a;’s, and b;’s are all different, the ELR test with basis function q(z) = {z,log(x)}"
and LRT-GAM are the most powerful tests under GAM;7;. Recall that the alternative
model GAM;; well captures some characteristics of this data. The simulation results
under GAM;4 and GAM;; further confirm that our findings for the ELR test with basis
function q(x) = {z,log(x)} " may not be obtained by chance.

3.5 Proofs

This section contains proofs of Theorem 3.1 and Theorem 3.2.

3.5.1 Proof of Theorem 3.1

Recall that the true value of v is v* = (1,...,1)" under Hy. The true value of 6 is 0
under Hy. The regularity conditions provided in Section 3.2.2 will be needed throughout
this proof.

Recall that R,, = R, 1 + R, 2 with

Rp1 =2 {Zo(f/) — max Eo(v)} , Rz = 20,(0).
0

The roadmap for proving Theorem 3.1 is as follows. In Step 1, we argue that the null

limiting distribution of R, ; is x2,. In Step 2, we argue that the null limiting distribution
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of R,o is x4 In Step 3, we argue that R,; and R, are asymptotically independent.
Theorem 3.1 then follows.

Note that ¢5(v) is the summation of binomial log-likelihood based on n;’s and R, ; is
the parametric likelihood ratio test statistic for testing the null hypothesis that vy = --- =
Vm. According to the classical likelihood theory (Serfling, 1980, Chapter 4), we have under
Hy

1 8@0( a60
le n 8VT {Z t— VO(l m-i-l1 +1} (1)7 (36)
where ¥ = 1 7 d1ag(p0, oopi)and 1,4 isa (m+ 1)—d1men810nal vector with all ones.

It can be Verlﬁed that

.
oly(v*) {noo — nov§ Mo — N }

T \wd-w) T )

By the central limit theorem, we have that
0l (V") 4
S22 5 N(0,X).
T (0,%)
After some algebra, we can further check
(271 — (1= V5)1m+11;z+1) % (271 — (1l - V5)1m+11;+1) X 51— V0)1m+11m+1
and rank (27" — 5(1 — 1§)Ln411,, 1) = m. Hence, it follows that

Rn,l - X2

This finishes Step 1.

In Step 2, we derive the limiting distribution of R, » under the null hypothesis, which
requires the asymptotic properties of 9¢1(0)/00, 9%¢1(0)/8096" and 6. To present these
results, we need some notation. In the following, the expectation, variance and covariance
are taken under vjI(z = 0) + (1 — /§)Go(x)I(z > 0), the true null distribution. Without
loss of generality, we assume that E{q(X)I(X > 0)} = 0. Otherwise a transformation
can be applied. Let Q = {Z;ﬁl a' (zoy)I(zo; > 0),.., 220" A (T [ (T > 0)}T, L,
denotes a m x m unit diagonal matrix, and 1,, denotes a m-dimensional vector with all

entries being one. Further, let H = diag(p) — pp" with p = (p},...,p5)".
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Lemma 3.1 Assume the same conditions as Theorem 3.1. We have under Hy, as n — oo

0 0
() %o = 0. 755" = {(=p. L~ pL}) ©L}Q + 0,(n'?), and

n—l/Qa%—g)) 4 N(0,V),

where V=H® Var{q(X)I(X > 0)} and ® denotes the Kroneker product;

(b) _1200)  yg 4y probability, where

" 5000 "
_( A=yy)H 0
U= ( 0 v )’

(¢) n2& = 0,(1) and /2B = n~ 2V "{(=p, T, — p1],) @ 1}Q + 0,(1).

Proof. First, we consider Part (a). With ¢;(0) defined in (3.5), it can be verified that for

r=1,...,m,

861 (0) agl(o) Nyl mo N1
e =0 and 98, = ; a(zr) = pr Z Z q(wi;)-

i=0 j=1

We emphasize that in the above segment of the score function, the p, and n;’s are
random variables which prevent us from applying standard large sample theories directly.
We use indicator variables to circumvent this technical difficulty. Note that Conditions C1

and C2 imply that p, — p! almost surely under Hy. Then, for r =1,... m,

0¢,(0)
98,

- iq($rj)](xrj >0) —p; Z iq(xij)[(xij > 0) + 0,(n'/?).

i=0 j=1
Therefore, we have an expression of the score function

90,(0) dt,(0)
oy =0 and 05

={(=p.L. — p1,,) ©1}Q + 0,(n'/?).
After some algebra, we can verify that
E[{(~p.Tn — p1}) 2 1}Q] =0
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and
Var|{(—p, I, — p1,,) @ 1,}Q| = nH ® Var {q(X)I(X > 0)} =nV.

Note that by using indicator variables, elements in Q are written as the summations of
independent random vectors. Therefore, applying the standard central limit theorem, as

the total sample size n — oo, we have
n{(=p, L - pl,,) ©13Q 5 N (O, V).

Using Slutsky’s theorem, we further have

nlﬂag—g)) 4 N(0,V).

This finishes Part (a).

Next, we consider Part (b). It can be verified that, for 1 < r, s < m,

94,(0)
dada. —(0rspr — prps)n.a,
0%,(0) T
= - 67"8 r — PrPs ij )y
50,087 (6rsp pp);;q ()
0%(1(0) WAL
A AT rspv" PrPs q -Tz -'L'z
98,08, Z; Z e

where 6,5 is 1 when r = s and 0 otherwise.

By noting that p, = p} + 0,(1) and using indicator variables, we can write the above
second derivatives as sums over a constant range of all n observations. As an illustration,

we consider

9%4,(0) U
W = rspr PrPs qu ng xzy

szl

= Tsp'r prps Z Z q ':EU :BZJ (xl] > 0) + Op(”)‘
=0 j=1
Using the Kronecker product ®, 9%¢1(0)/0000" becomes

L) _ pe Yoo 2 gy I(wij > 0) St Yot al (i) I (wij > 0) toy(n)
00007 >oio >ty alaig) (s > 0) 3270 32 alw)a’ (zi)I (2 > 0) e
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By applying the standard weak law of large numbers, as the total sample size n — oo,
_38261(0) LU- (I1-v5H)H 0
n 9600 " 0 \Y%
in probability, where we have used the fact that E{q(X)I(X > 0)} = 0. This finishes Part
(b).

Last, we consider Part (c). Note that @ satisfies that

d0,(0)/06 = 0.

Conditions C1-C4 ensures that the matrix U is positive definite and hence we can apply

first order Taylor expansion to 8¢ (0)/98 to obtain the approximation of @ as follows:

0_8131(0) (a%(o)
) 0000 "

With Parts (a) and (b), we further have

) 6 + 0,(n'/?).
0 = U ((pr e erg ) T

= (e 3)_1<{(—p,lm—?»l;)@mcz)*0”("_1/2>’

which implies Part (c). O

A

A

We now move back to show the limiting distribution of R, » = 2¢;(0) under H,. Since
¢1(0) = 0 and U is positive definite, the second-order Taylor expansion can be used to

approximate R, s as

861 (0) ~ AT (8261 (0)) ~
R.y—2 ) 0+ o0, 1).
2T 00T 20007 o(1)

With Lemma 4.1, the approximation of R, 5 is simplified to

Rpo = %[{(—p, L, — p11) @ 13Q] 'V [{(=p, 1. — p1]) @ L}Q] + 0,(1),  (3.7)

which converges in distribution to x2,; Note here rank(V™') = dim(8) = md. This
finishes Step 2.
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The remaining step is to show R, ; and R, > are asymptotically independent. In light
of Lemma 4.1 and asymptotic expansions (3.6) and (3.7), it suffices to show that

Cov [{(=p,Tn = p1,,) ®12}Q, (%g( )} ={(-p —p1;)®1d}cov{Q, a€g<:*)} —0.

Recall that Q can be partitioned into m + 1 blocks with each block being a d-dimensional
vector. For any 0 < r, s < m, the covariance between the (r+ 1)th block of Q and (s+1)th
element of 04y(v*)/0v is Cov {Z?;l q(z,j) (2, > 0), (%O(V*)/é?ys} which is 0 when r # s

since the observations for the rth and sth groups are independent. When r = s,

o ol (v*
Cov {Z q(z,j)I(x,; > 0), gsj ) }
= (l—VO Cov{Zq i) (24 >0),nT0—nTV§}
= —Cov Zq zpi) (x5 > 0), ZI(IW =0)
vyl —vg) g

Hence R, ; and R, » are asymptotically independent, and the null limiting distribution of
R, =R, + Ry,»is le(dﬂ). This completes the proof of Theorem 3.2. OJ

3.5.2 Proof of Theorem 3.2

The regularity conditions provided in Section 3.2.3 will be needed throughout this proof.

We first define some notation. Recall that X* = {2%},...,2%, i =0,...,m} is the

M anyg

nonparametric bootstrap sample from X = {x;1,..., 2, : ¢ =0,...,m}. That is,
XX~ Ey( 221%«5
=0 j5=1
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For a given bootstrap sample X*, let n% and ni be the numbers of zeros and positive
observations for the ith group, respectively, for ¢ = 0,...,m. Without loss of generality,
we use {x‘g’l, e ’x;un‘ﬂ :1=20,...,m¢ to denote the positive observations in X“.

Recall the forms of £ and Q defined in the proof of Theorem 3.1. The bootstrap version

of U is defined as % = (7§,...,0%

rTm

)T with 0% = n% /n; for i = 0,...,m. The bootstrap

version of Q is defined as

no Nim T
Q" = {Z Q' (z5) (x> 0),..., > q' (x%,)1(z,; > 0)} _
=1

j=1

Since X*|X ~ F,(z), it is easy to verify that

E(0¥X) = (vy,...,7)" and E(QYX)=(nq',...,nnq ) :=Q,

where %y = " ;njo/nand g =~ 31" >y d(@ig) I (wy; > 0).
The proof of Theorem 3.2 depends on the asymptotic properties of ¥ and Q“ condi-

tional on the observed data X. As a preparation, we study them first. Let

w —
w _
Zn - w —
No — MmN
Q°-Q

Let Er and Varz represent the expectation and variance calculated under F. Also let
X ~ F(x). Without loss of generality, we assume that Ez{q(X)I(X > 0)} = 0.

Lemma 3.2 Assume the same conditions as Theorem 3.2. We have, as n — 0o
(a) conditional on the observed data X,
1
—7 % N(0,Q)

Jn

in probability, where £ = ( 9011 QOQQ ) and

Qs = diag| oy Varg {a(X)1(X > 0)} ..., o, Varg {a(X)1(X > 0)} ]
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(b) 0¥ —v* = 0,(n"Y?) and Q¥ = O,(n'/?), where v* = (T3, ..., v5)".

Proof. First, we consider Part (a). Note that ni = > 7" I(zf; = 0). Hence conditional
on the observed data X, each row of Z,] is sum of independently and identically distributed
observations. Then by the fact that X“|X ~ F,(z), we have

1 1 inl inQ)
E(—=2zX) =0, Var|——2Z*X)=9,= ! 1)
(\/ﬁ ! ) (\/ﬁ | ) (Qn,m Q22
where

Qn,ll = dlag {pEk)lj()(l — 170) . ,p;knﬁo(]_ — D())} s

Q,, 20 = diag [PS { Zq zij)q Izg I(z;; > 0) — qu} ;
~--,an{ qum (zij) (xij>0)—qu}],

Qo1 = Q) = diag(—PoVo(L e =P 00Q)-

After some calculus, it can be verified that E(q) = Er{q(X)I(X > 0)} = 0. Hence by
the weak law of large numbers, we have 2, — €2 in probability. By Conditions D1-D4, €2

is positive definite.

By Berry-Esseén inequality (Shao and Tu, 1995, Section 3.1, p. 74) together with
Cramér-Wold theorem (Serfling, 1980, p. 17), or the results in Janssen and Pauls (2003),

we get that, conditional on X,

a2l ge 4 N(0,1)
n \/_ n

in probability. Note that €,, — € in probability implies that €1/ — Q=2 in probability.
By conditional Slutsky’s theorem (Cheng, 2015), conditional on the observed data X,

ng 4 N(0,9)

in probability. This finishes the proof of Part (a).
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Next, we consider Part (b). Since € is positive definite, we have n — n;vg = O,(v/n)
and Q¥ — Q = O,(y/n).
It is easy to verify that E(i) = 73 and Q = O,(n'/?) since Ez{q(X)[(X > 0)} =

Hence by the classic central limit theorem, we obtain that 7y — 75 = O,(n~'/2) and Q

O, (n'/?).
Combining the above results, we get that
Y — s =0,(n""%), and QY= 0,(n'?).

This completes the proof of Part (b). O

We now move back to the proof of Theorem 3.2. For a given bootstrap sample X%, we
define the bootstrap versions of ¢y(v) and ¢;(0) as

=3 log{¥/ (1 — 1)}
=0

and

m nzl

+Zz{az +/8 q( z])}

=1 j=1

w
m M1

=3 "log | pf

i=0 j=1

m

+ > o expla, + B a(x)

r=1

m

where p = n¥ /n4 with n4 = >"" n$. Then the bootstrap ELR statistic can be written
as R = Ry, + R, , with

Ry, =2 {sup 0§ (v) — sup 66"(1/)} , Ry,=2 {sup (£(0) — sup 6“{(0)} :
v Ho 0 Ho

With the results in Lemma 3.2, we are able to find quadratic approximations of R ; and
Rz 2 .

First, we consider R%,. Note that £ maximizes 5(v). Then R2, = 2{(g(0*)—
sup g, 45 ( } By the Second order Taylor expansion and Lemma 3.2, we have
w (W w n = —%
) — ) =53 i~ 1_%) (52 — 7)* + 0,(1). (3.8)

=0

20



Similarly, we have

sup (5 (v) = (") = 3 Z PTG ) + 0p(1), (3.9)

n
- " SOOW  po — (Y — 1
Ty 2 70— 6 Y ()

Let S¥ = (5%,,...,5% )T with §¥, = 0% —jy for i = 0,...,m. Then we can have a compact

form for R, as
(VnS;) "2 (vVnSy) — 75 (1 — %) (VnS5) ' B 11, 27 (VSy) + 0p(1),

where ¥* = ﬁdiag(pa, ..., pr). Using Part (a) of Lemma 3.2, we have, conditional
0 0
on X,

VnS? & N (0,(z)7Y)
in probability. Finally, we can further check that

(=75 (1 = )2 L1, 1 2F) ()7 (B — 75 (1 — )2 L1, 2)
= X -l - )" 1m+11m+12*

and rank (X* — 75(1 — )X 1,111, ,,3*) = m. Hence, by the conditional continu-
ous mapping theorem (Kosorok, 2008, Theorem 10.8) and conditional Slutsky’s theorem
(Cheng, 2015), conditional on X, we get that

Rﬁ,l i> X?n
in probability.

Next, we consider R}, ,. Let 6" = argmax,(¥(0). It can be checked that sup 1, 11(0) =
0. Then R}, = 26‘1"(9w). Note that, no matter the original observed data X is from the null
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or alternative hypothesis, the bootstrapped observations for all groups are homogeneous.
This is because that the bootstrapped observations for all groups come from the same
empirical distribution function £,(z). Following Cai et al. (2016), we still have 8~ — 0 in
probability and 8 = O, (n=1/?).

In the following lemma, we summarize some useful properties of 9¢<(0) /00, 9*4(0) /0600 ",
and ", which are helpful to find the conditional distribution of R} 5. The proof is similar

to that of Lemma 4.1 and hence is omitted.

Lemma 3.3 Assume the same conditions as Theorem 3.2. We have, as n — 0o

ot (0 oe2 (0 y
(a) ga((y ) _ 0, % ={(—p, 1, — p1 ) @ 1;}Q“ + Op(nl/z);

(b) —%% — U in probability, where

HT
— ((1-7)H 0
o~ ( )
and V=H ® Varp {q(X)I(X > 0)};
(c) Vil = 0,(1) and Vil = 2V {(=p, T, — p1],) ©T1Q + 0,(1).

We now move back to R, = 26“{(9%. By the second order Taylor expansion and

Lemma 3.3, we have the following quadratic expansion for R ,:

RY, = %[{(—p, L, — p11) @ 1L}Q*] 'V ' [{(=p, L., — p1]) @ L}Q*] + 0,(1).

After some algebra work, it can be verified that

{(=p. I, — p1,) ®L;}Q = 0.

Hence

Ry, = %[{(—p, L, - pl) ©L}QY — Q)] V' [{(=p, L. — p1]) @ L}(Q* — Q)] + 0,(1).
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Recall that Part (a) of Lemma 3.2 implies that conditional on X,

%(Q” ~Q) % N (0, )

in probability and

%{(—p, I, — pll) @ I}(Q" - Q) % N(0,V)

in probability. Note rank(\_/'_l) = dim(B) = md. By conditional Slutsky’s theorem (Cheng,

2015), we conclude that conditional on X,
w d
Rn,? — X?Qnd
in probability.

Lastly, Part (a) of Lemma 3.2 implies that conditional on X, Ry and Ry, are asymp-

totically independent. Hence, conditional on the data X,
w d
R, — X?n(dJrl)
in probability. As a result, under both the null and alternative hypotheses,
sup [Pr(Ry < 2|X) — Pr(xXias < )| =0

in probability. This completes the proof of Theorem 3.2. 0

3.6 Additional simulation results

In this section, we add more simulations to assess the finite-sample performance of the
proposed ELR test and the nonparametric bootstrap procedure. The simulation settings
stay unchanged as in Section 3.3. We consider more competitors and more choices of basis

functions.

To examine how sensitive the power of the ELR test is to the choice of user-specified
basis function q(z) in a DRM, we consider the ELR defined under five particular basis

functions:
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e ELRI1: q(z) = {x,log(z)}", which is, in general, correctly specified under GAM
models but is misspecified under LN models;

e ELR2: q(x) = {log(x),log’(x)}", which is, in general, correctly specified under LN
models but is misspecified under GAM models;

e ELR3: q(z) = {z,log(x),log’(x)}", which covers both distribution families, but
perhaps at the price of over-fitting;

e ELR4: q(x) = z, which is correctly specified when the parameters a;’s in GAM
models are set to be equal, but otherwise, is under-fitting under other GAM models

and is misspecified under LN models;

e ELR5: q(z) = log(z), which is correctly specified when the parameters b;’s in both
LN and GAM models are set to be equal, but otherwise, is under-fitting under other
LN and GAM models.

Same as before, the type I error rates and powers at the 5% significance level are
calculated based on 10,000 repetitions. The type I error rates are calculated based on the
limiting distribution as well as adjusted by the nonparametric bootstrap procedure with
B =999. The results are summarized in Tables 3.7-3.10.

As suggested in Pauly et al. (2015), we also use the permutation method with 10,000
permutation samples (the default number in “GFD”) to calculate the type I error rates and
powers of WTS1 and WTS2. The results along with those from the bootstrap method are
presented in Table 3.11. As we can see, the results from two resampling methods are quite

consistent.
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Table 3.7: Simulated probabilities (%) of rejecting Hy at significance level 0.05 when data are
generated from a mixture model with parameter settings given in Table 3.1 and (ng,n1,n2) =
(20,20,20). The abbreviations “asym.” and “boot.” denote the asymptotic distribution and

bootstrap procedure, respectively, that are used in calculation.

(no,n1,n2) = (20,20, 20)

Model ELR1 ELR2 ELR3 ELR4 ELR5 KW2 KWI1 ANOVA2 ANOVA1l LRT-LN LRT-GAM ATS WTS1 WTS2

asym. 8.67 8.12 11.43 7.41 6.56 5.73 4.78 5.98 4.24 7.03 16.12 2.29 6.28 7.33

LNy boot. 4.86 4.87 4.94 493 4.74 4.81 496 4.84 4.40 4.12 4.11 4.40 439 4.66
LN, asym. 8.85 858 12.76 7.11 6.31 4.98 4.67 527 3.57 7.35 15.46  2.26 6.04 7.00

boot. 4.84 4.78 5.11 494 4.85 4.87 4.82 451 4.32 3.99 3.97 4.32 498 4.64
LN; asym. 12.47 12.54 19.75 7.16 6.70 3.26 295 5.07 2.72 10.02 15.22 141 492 8.80

boot. 5.75 5.66 6.95 5.67 5.70 5.79 5.83 5.13 5.19 3.47 3.82 5.19 5.78 5.79

LNy4 boot. 13.37 13.11 11.71 15.60 15.49 16.78 15.04 16.24 8.09 12.42 10.56 8.09 9.33 14.93
LN5 boot. 16.84 16.18 15.31 17.76 21.72 19.20 9.73 11.79 13.56  16.70 14.22 13.56 13.83 11.86
LNg boot. 11.45 11.67 8.94 5.84 5.26 5.11 4.44 535 5.35 7.94 7.47 5.35 587 4.73
LN~ boot. 27.04 27.10 19.45 17.25 24.26 25.94 11.92 17.86 4.57 25.36 17.03 4.57 4.30 16.64
LNg boot. 18.30 18.63 15.31 10.21 15.39 12.77 3.96 6.33 6.32 16.72 10.92 6.32 9.87 8.96
LNg boot. 13.63 13.32 11.92 16.05 17.02 18.03 11.32 17.30 4.28 12.78 10.30 4.28 4.63 14.21
LNip  boot. 12.99 12.75 11.12 14.68 14.28 15.84 16.86 15.53 4.89 11.35 9.11 4.89 748 14.08
LN11 boot. 25.53 25.38 20.67 20.01 28.89 29.19 8.62 19.97 4.35 25.03 16.65 4.35 4.62 16.74
LNz boot. 15.74 15.93 15.18 13.02 18.92 16.26 7.58 8.86 9.01 15.59 10.53 9.01 10.43 9.87
LN13 boot. 12.23 12.03 10.27 14.17 14.90 16.18 13.32 15.60 5.21 11.14 8.63 521 5.73 13.24
LNi4  boot. 12.21 11.80 10.28 15.02 15.21 16.67 16.26 15.76 5.82 11.27 8.69 5.82 6.83 14.03
LNi15 boot. 25.44 25.19 20.99 23.45 31.87 31.43 9.06 22.70 4.78 24.92 17.94 4.78 4.82 1841

asym. 7.97 853 11.00 7.54 7.02 6.13 4.98 6.59 5.31 16.48 7.06 3.78 7.17 8.04
boot. 4.63 4.59 5.05 5.18 4.93 5.16 5.20 5.09 5.13 4.12 4.39 5.13 5.14 5.18
asym. 891 9.46 12.66 7.03 6.67 5.29 5.15 6.19 4.46 15.54 7.37 3.29 710 7.99
boot. 4.99 5.28 5.68 5.17 5.00 5.14 5.37 5.08 4.99 4.31 4.32 499 536 5.03
asym. 11.95 12.03 19.53 6.72 6.34 3.10 2.86 5.24 3.04 16.25 10.01 1.71 594 9.68
boot. 5.75 5.72 6.55 5.32 5.28 5.60 5.69 5.02 5.16 3.27 3.66 5.16 6.06 5.10

GAM;
GAM>

GAM3

GAM,y boot. 10.69 10.88 9.83 13.06 12.23 13.95 13.91 13.70 8.18 8.75 10.39 8.18 9.70 11.84
GAM;s boot. 19.72 18.72 18.64 24.40 27.88 23.40 8.04 22.60 16.08  19.08 18.32 16.08 15.46 22.20
GAMg boot. 21.32 20.20 19.04 30.36 24.68 24.20 8.28 24.72 20.52  16.36 20.04 20.52 19.36 25.88
GAM7 boot. 24.15 24.26 15.71 12.93 15.67 16.02 12.51 12.97 8.93 21.77 21.52 8.93 8.03 12.39
GAMg boot. 17.08 16.60 11.96 5.84 8.48 7.40 6.52 5.52 6.20 15.72 14.24 6.20 6.24 6.40
GAMg boot. 19.83 19.58 17.49 24.09 27.23 26.28 9.48 25.55 5.03 18.75 19.85 5.03 5.13 20.73
GAM;jo boot. 15.81 15.61 14.51 19.35 18.45 18.93 12.78 20.04 5.76 11.76 14.10 5.76 5.65 15.14
GAM;i1 boot. 28.01 27.90 23.57 30.23 34.99 33.10 7.68 30.98 5.06 28.84 27.57  5.06 5.36 27.26
GAM;i2 boot. 26.40 26.60 20.72 15.44 24.80 19.76 10.88 14.36 12.32  30.88 26.52 12.32 12.16 16.00
GAM;i3 boot. 1241 12.16 10.46 14.95 15.05 16.01 13.33 15.13 8.59 10.69 11.63 8.59 819 13.54
GAMi4 boot. 11.64 11.51 10.55 14.06 14.10 15.15 13.87 14.51 7.54 8.95 10.52 7.54 827 1191
GAM15 boot. 20.52 20.64 16.22 18.97 21.84 22.08 9.57 19.08 6.09 19.34 18.65 6.09 6.67 17.11

* NOTE: the Monte Carlo error is 0.218 (%) under the null models LN;-LN3 and GAM;-GAM3.
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Table 3.8: Simulated probabilities (%) of rejecting Hy at significance level 0.05 when data are

generated from a mixture model with parameter settings given in Table 3.1 and (ng,n1,n2) =

(50,50,50). The abbreviations “asym.” and “boot.” denote the asymptotic distribution and

bootstrap procedure, respectively, that are used in calculation.

Model (no, n1,n2) = (50, 50, 50)

ELR1 ELR2 ELR3 ELR4 ELR5 KW2 KWI1 ANOVA2 ANOVA1l LRT-LN LRT-GAM ATS WTS1 WTS2

asym. 6.54 6.12 7.76 5.68 5.30 5.10 4.70  4.79 3.71 5.79 17.17  2.87 5.33

LNy boot. 4.91 4.89 5.12 4.84 4.82 4.88 4.66 4.61 4.27 4.81 4.43 4.27  4.58
LN, asym. 7.30 6.80 8.61 6.38 5.61 5.11 5.21 5.03 4.00 5.91 17.71 2.88 6.03

boot. 5.20 5.03 5.35 5.23 5.11 4.99 5.30 5.04 4.64 4.75 4.81 4.64 497
LN; asym. 8.22 7.94 11.17 6.78 5.85 4.96 4.81 5.24 3.48 6.61 15.87  2.22 5.64

boot. 4.95 4.81 521 495 498 4.81 5.10 4.83 4.46 4.36 4.30 4.46 491

LNy4 boot. 30.92 31.64 26.51 37.01 37.44 38.17 32.38 38.35 12.49  31.56 22.84 1249 12.95
LN5 boot. 46.68 47.21 42.03 38.38 55.90 52.77 18.52 26.44 3233  47.95 33.48  32.33 33.17
LNg boot. 29.57 31.80 23.79 10.93 5.59 548 4.98 893 9.59 30.09 25.47  9.59 7.96
LN~ boot. 75.05 77.55 68.25 34.90 63.56 64.08 21.11 36.43 4.72 78.32 44.61 4.72  4.92
LNg boot. 55.57 58.62 49.54 11.45 37.49 34.98 8.05 8.18 7.47 60.74 26.03 747 10.84
LNg boot. 32.30 32.46 28.42 36.08 39.79 40.01 21.20 38.29 4.46 33.01 20.97  4.46 5.31
LNig  boot. 29.90 30.28 26.21 33.05 32.25 33.11 36.13 36.23 5.55 29.92 19.96  5.55 7.50
LN11 boot. 66.19 69.06 60.39 40.45 68.02 67.29 13.65 41.81 4.54 69.47 36.35 4.54 5.23
LNi2  boot. 43.82 46.36 40.58 19.68 46.95 43.90 11.79 14.03 15.88  47.83 20.62 15.88 17.66
LN13  boot. 28.39 2841 24.66 33.19 34.70 35.18 27.42 35.70 5.95 28.69 17.69  5.95 6.99
LNi4  boot. 28.02 27.94 24.18 33.39 33.81 34.53 34.44 35.51 7.43 28.13 17.04 7.43 9.19
LN15  boot. 65.33 67.27 59.70 47.24 71.53 70.16 12.82 47.50 5.84 68.30 40.11 5.84 6.23

5.54
4.64
6.40
5.14
7.00
4.65

36.45
28.58
7.29
35.84
11.77
34.82
31.54
39.56
16.81
33.10
33.67
44.32

asym. 598 6.44 7.37 5.61 5.54 5.09 4.85 5.26 4.72 16.99 5.38 4.19 5.75
boot. 4.53 4.57 4.68 4.92 4.84 4.97 4.89  4.78 4.85 4.56 4.38 4.85 4.72
asym. 6.22 6.65 853 5.48 5.37 4.90 5.11 5.04 4.87 16.63 5.33 4.13 6.11
boot. 4.59 5.03 5.23 4.59 4.75 4.81 5.10 4.65 5.05 4.64 4.32 5.05 5.02
asym. 7.87 8.41 1096 6.18 6.21 5.13 4.86 5.61 4.45 16.25 6.94 3.26  6.38
boot. 4.99 5.09 5.04 488 5.10 5.02 4.86 4.90 5.09 4.62 4.64 5.09 4.71

GAM;
GAM>
GAM3

GAM,y boot. 31.49 31.37 27.29 37.41 37.55 38.51 33.90 37.90 14.98  22.96 31.95 14.98 14.96
GAM;s boot. 56.05 55.06 48.36 53.19 65.57 58.58 10.31 51.20 35.20  57.93 57.31  35.20 34.87
GAMg boot. 64.21 59.67 57.43 74.41 56.39 61.44 10.65 66.09 55.67  42.29 66.21  55.67 57.77
GAM7 boot. 70.60 68.78 58.71 30.97 43.83 38.95 25.38 31.32 17.60  68.74 69.68 17.60 15.86
GAMg boot. 48.83 46.86 38.13 544 15.21 10.04 6.10 5.42 5.22 52.46 48.29 522 5.33
GAMg boot. 54.02 54.17 47.81 57.70 63.59 61.23 15.02 58.28 5.02 51.81 54.98 5.02  5.03
GAM;ig boot. 37.59 36.19 32.70 45.02 41.25 43.23 22.30 46.37 5.85 25.98 37.73 5.85 5.44
GAM;i1 boot. 74.31 74.03 66.64 69.26 79.62 75.49 11.87 69.94 5.58 75.22 75.35 5.58 4.97
GAM;i2 boot. 71.34 70.19 61.37 25.50 60.15 46.88 17.17 25.08 20.86  80.17 73.86  20.86 20.66
GAM;i3 boot. 29.55 29.09 25.16 34.70 35.11 35.72 25.87 35.09 11.58  23.87 29.67 11.58 11.45
GAM14 boot. 27.90 28.18 24.24 33.73 33.70 34.55 29.30 34.33 11.17  20.74 28.48 11.17 10.94
GAM15 boot. 56.81 56.32 47.68 45.97 57.64 53.70 18.20 45.76 8.69 59.09 56.66 8.69 8.47

6.18
4.98
5.82
4.72
7.34
4.77

36.24
51.47
72.73
31.19
5.41
55.44
41.08
68.60
27.74
33.45
32.34
45.22

* NOTE: the Monte Carlo error is 0.218 (%) under the null models LN;-LN3 and GAM;-GAM3.
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Table 3.9: Simulated probabilities (%) of rejecting Hy at significance level 0.05 when data are
generated from a mixture model with parameter settings given in Table 3.1 and (ng,n1,n2) =
(100,100, 100). The abbreviations “asym.” and “boot.” denote the asymptotic distribution and

bootstrap procedure, respectively, that are used in calculation.

(no,n1,n2) = (100,100, 100)

Model ELR1 ELR2 ELR3 ELR4 ELR5 KW2 KWI1 ANOVA2 ANOVA1l LRT-LN LRT-GAM ATS WTS1 WTS2

asym. 583 5.70 6.95 5.50 5.06 4.80 4.74  4.81 4.53 5.32 18.66  3.75 5.50 5.43

LNy boot. 4.95 5.06 5.11 5.05 4.91 4.69 4.83 5.01 4.90 4.89 4.60 490 483 491
LN, asym. 6.33 6.03 6.92 5.81 5.83 5.52 5.07 4.94 4.57 5.50 18.42 3.70 5.79 5.77

boot. 5.09 5.17 4.90 5.09 5.44 546 4.94 491 5.05 5.17 4.65 5.05 487 5.11
LN; asym. 6.96 6.42 8.68 6.39 5.22 4.76 499 5.14 4.28 5.73 17.00 3.31 596 6.10

boot. 5.13 498 520 5.18 4.69 4.80 4.96 5.02 4.94 4.58 4.74 494 484 5.00

LNy4 boot. 62.33 62.29 56.07 69.97 70.38 70.62 59.80 71.33 19.35  62.55 45.14 19.35 19.81 69.83
LN5 boot. 81.64 82.14 76.65 62.37 87.79 85.96 34.00 47.78 56.62  82.45 57.22 56.62 56.36 50.60
LNg boot. 57.99 66.73 55.52 22.47 5.02 5.28 5.36 15.48 19.78  64.04 53.74 19.78 18.87 16.11
LN~ boot. 98.27 98.90 97.71 62.64 93.93 93.97 39.69 66.04 6.91 99.15 73.90 6.91 6.43 65.30
LNg boot. 90.49 93.87 89.82 10.80 70.51 68.11 11.43 8.14 8.52 94.92 48.19  8.52 1145 11.91
LNg boot. 63.49 63.98 57.47 66.81 72.04 72.07 39.20 69.03 4.73 64.25 37.29 473 4.75 66.40
LNig  boot. 57.43 59.66 53.41 62.38 60.33 60.99 64.34 65.69 5.77 59.63 35.01 5.77 7.37 61.99
LN11 boot. 95.87 96.79 94.58 69.11 96.04 95.54 22.20 70.91 4.76 96.98 61.21 4.76 5.37 69.99
LNi2  boot. 80.70 83.58 78.21 27.36 81.65 79.00 18.64 20.74 24.27  84.70 34.02 24.27 26.85 24.46
LNi3  boot. 56.44 56.59 50.03 62.90 64.64 65.10 50.83 65.76 7.11 56.84 30.95 711 798 61.13
LN14  boot. 54.55 55.20 48.78 61.78 62.63 63.18 61.26 64.94 9.54 55.33 29.04 9.54 11.20 62.34
LN15  boot. 95.80 96.33 93.95 76.80 96.97 96.57 20.74 77.62 6.94 96.44 66.76  6.94 7.84 76.04

asym. 5.67 6.24 6.63 5.52 5.38 5.12  4.98 5.34 4.78 17.75 5.42 4.51 536 5.54
boot. 5.09 5.26 5.18 5.16 4.93 4.94 5.08 5.06 4.92 4.92 5.09 4.92 517 5.06
asym. 5.52 6.02 6.93 5.19 5.29 5.13 5.16 4.86 5.02 16.63 5.32 4.72 557 5.50
boot. 5.04 5.11 5.08 4.85 5.13 5.15 5.10 4.76 5.02 4.58 4.88 5.02 4.76  5.07
asym. 6.60 6.93 858 5.92 5.61 5.33 524 5.64 4.98 17.13 5.90 4.26 595 6.36
boot. 4.99 5.02 5.42 523 5.12 539 524 5.26 5.19 4.64 4.77 5.19 4.79 5.24

GAM;
GAM>

GAM3

GAM,y boot. 61.78 61.76 55.72 69.67 69.98 70.26 59.61 70.07 25.32  45.06 62.44 25.32 25.22 69.10
GAM;s boot. 91.19 90.72 86.60 85.62 94.83 91.62 16.22 84.82 64.91  89.86 91.49 64.91 64.77 84.17
GAMg boot. 95.81 93.10 93.05 97.84 87.47 93.10 15.49 96.46 89.72  72.38 96.28  89.72 92.24 97.61
GAM7 boot. 97.15 96.58 94.58 58.61 78.81 70.04 45.99 59.00 34.11  96.61 97.26  34.11 34.20 58.97
GAMg boot. 86.66 83.45 79.73 5.81 29.87 16.01 6.96 5.70 5.37 88.87 8739 537 494 543
GAMg boot. 88.92 88.73 84.74 89.58 93.16 92.06 25.22 89.81 5.05 85.27 89.44  5.05 4.85 89.11
GAM;jo boot. 7271 70.01 66.54 79.46 73.68 76.52 40.26 80.31 5.08 50.21 73.21 5.08 5.23 T77.71
GAM;i1 boot. 97.75 97.73 96.48 95.48 98.62 97.63 19.10 95.65 4.73 97.82 98.00 4.73 5.02 9541
GAM;i2 boot. 97.71 97.16 95.33 43.87 92.73 81.51 30.03 43.62 34.63  98.87 98.17  34.63 35.50 47.59
GAM;i3 boot. 57.58 57.50 51.11 64.77 66.00 66.10 46.48 64.95 18.77  47.77 57.94 18.77 19.20 63.98
GAM14 boot. 56.20 56.35 49.93 64.48 64.03 64.64 53.65 65.12 16.31  40.32 56.64 16.31 16.16 63.80
GAM15 boot. 90.39 90.27 85.75 78.83 90.02 86.52 32.15 78.88 11.85 91.44 90.63 11.85 11.99 78.48

* NOTE: the Monte Carlo error is 0.218 (%) under the null models LN;-LN3 and GAM;-GAM3.
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Table 3.10: Simulated probabilities (%) of rejecting Hy at significance level 0.05 when data are

generated from a mixture model with parameter settings given in Table 3.1 and (ng,n1,n2) =
(50,100, 150). The abbreviations “asym.” and “boot.” denote the asymptotic distribution and

bootstrap procedure, respectively,

that are used in calculation.

(no,n1,n2) = (50,100, 150)

Model ELR1 ELR2 ELR3 ELR4 ELR5 KW2 KWI1 ANOVA2 ANOVA1l LRT-LN LRT-GAM ATS WTS1 WTS2
LN, asym. 6.36 5.89 7.05 5.86 5.66 5.37 5.17 5.22 4.57 5.76 18.44 4.67 6.65 6.72
boot. 5.23 5.20 5.17 5.11 5.20 5.31 5.20 5.18 4.91 5.22 4.92 4.71 4.84 4.84
LN, asym. 6.27 6.10 7.36 5.86 5.62 5.35 5.49 4.97 4.71 5.64 17.56 5.07 712 7.14
boot. 5.11 5.17 5.03 5.02 5.30 5.40 5.53 4.92 5.11 5.00 4.60 5.00 5.06 4.92
LNs asym. 7.51 6.91 889 6.82 6.01 5.55 5.18 5.73 4.47 6.30 17.18 492 790 8.65
boot. 5.23 4.99 497 5.53 5.63 5.59 5.36 5.45 5.11 4.95 4.94 498 483 5.33
LNy boot. 52.19 52.06 46.28 59.48 59.94 60.23 51.88 60.47 18.51 52.54 37.53 9.42 10.12 55.89
LN5 boot. 72.73 74.01 67.33 57.12 80.83 78.34 26.24 27.40 34.00 74.82 47.67 60.89 58.95 54.60
LNg boot. 41.76 48.34 36.55 12.75 3.17 3.67 4.64 5.09 4.67 47.98 34.54 23.52 18.74 17.53
LN~ boot. 96.20 97.50 95.97 60.03 90.59 89.04 37.73 59.23 13.75 97.78 76.20 3.62 3.57 54.65
LNg boot. 88.02 91.84 88.14 16.35 69.40 62.63 9.36 8.38 8.83 93.09 52.37 12.26 17.30 16.99
LNg boot. 54.16 54.25 48.31 58.97 62.78 62.77 33.81 57.56 4.58 54.69 31.67 3.92 3.75 55.49
LN1g boot. 48.79 49.73 42.84 52.33 50.71 51.48 57.40 52.76 5.59 50.00 28.01 2.67 233 48.60
LNy boot. 91.70 93.67 91.06 66.09 92.85 91.28 19.01 62.00 5.08 94.00 59.85 6.38 7.58 62.82
LNj2 boot. 73.02 76.75 71.53 29.48 75.40 70.09 14.78 13.80 15.34  77.72 31.57 28.60 32.33 31.05
LNi3 boot. 47.17 47.25 41.93 54.19 55.33 56.04 44.91 54.73 8.10 47.84 26.26 3.40 3.30 50.19
LNj4 boot. 46.01 46.05 40.50 52.69 52.99 53.82 54.19 54.04 10.96  46.10 24.39 3.65 3.46 48.19
LNi5 boot. 91.18 92.46 89.67 73.39 93.93 92.64 18.05 67.55 4.17 92.83 63.53 9.63 10.87 69.35
GAM, asym. 5.58 6.13 6.72 5.21 5.47 5.04 4.82 5.12 4.82 17.29 5.33 5.07 6.03 5.82
boot. 4.81 4.92 5.10 4.83 5.06 493 4.84 4.88 4.85 4.90 4.67 483 5.13 4.74
GAM, asym. 5.84 5.77 6.80 5.08 5.14 5.13 4.95 4.72 4.84 16.85 5.32 5.15 6.44 6.26
boot. 4.92 4.67 5.01 4.74 4.73 5.11 5.06 4.62 4.98 4.36 4.74 5.00 5.08 4.88
GAMs asym. 6.70 6.91 827 5.65 5.64 5.04 5.08 5.44 4.89 15.77 6.16 544 T7.13 7.42
boot. 4.95 5.07 5.04 5.05 5.12 5.07 5.10 5.14 5.17 4.60 4.84 5.16 4.77  5.01
GAMy4 boot. 50.98 51.15 45.07 59.47 59.59 60.33 52.07 59.74 22.79  36.11 51.81 15.91 15.89 56.81
GAM;s boot. 83.19 82.73 78.18 78.27 88.92 83.73 11.76 72.46 47.53  84.16 84.00 61.59 60.87 78.29
GAMg Dboot. 85.10 81.32 79.12 91.50 72.02 82.84 10.86 80.31 66.63  56.41 86.14 89.32 88.55 95.35
GAM7 Dboot. 95.47 94.33 92.43 53.94 74.55 64.12 40.41 54.09 35.76  95.39 95.46 19.15 21.17 49.23
GAMsg boot. 85.14 81.84 79.21 8.80 33.97 16.83 6.92 8.51 7.75 88.37 85.96 6.62 597 6.46
GAMg boot. 82.95 83.24 78.07 84.58 89.36 87.13 22.61 83.55 3.80 80.47 83.76 4.57 4.73 83.92
GAMj1p boot. 62.27 60.63 55.95 70.53 63.55 67.20 35.48 69.22 3.92 42.86 62.66 4.47 421 69.84
GAM;1;1 boot. 95.39 95.35 93.02 93.34 97.18 95.68 15.92 92.95 3.91 95.54 95.51 4.73 4.89 92.48
GAMi2 boot. 96.78 96.14 94.59 47.00 91.43 77.35 25.36 43.71 31.37  98.68 97.38 29.71 36.02 44.80
GAM;i13 boot. 49.51 49.50 43.60 56.53 57.60 57.70 41.16 56.14 16.37  40.50 50.05 12.65 12.15 54.50
GAM14 boot. 46.84 46.53 41.31 54.36 53.91 54.70 46.38 54.45 13.80  32.23 47.29 9.23 9.10 51.95
GAM;15 boot. 82.73 82.60 77.82 72.62 83.92 78.98 29.12 71.67 12.04  85.26 83.20 8.72 9.87 69.89
* NOTE: the Monte Carlo error is 0.218 (%) under the null models LN;-LN3 and GAM;-GAM3.
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Table 3.11: Results from bootstrap and permutation methods for WT'S1 and WTS2 when data
are generated from a mixture model with parameter settings given in Table 3.1. The abbreviations

“boot.” and “perm.” denote the bootstrap and permutation procedures, respectively.

(no,n1,n2) = (20,20,20)  (no,n1,n2) = (50,50,50) (no,n1,n2) = (100,100,100) (ng,n1,n2) = (50,100, 150)

Model WTS1 WTS2 WTS1 WTS2 WTS1 WTS2 WTS1 WTS2
boot. perm. boot. perm. boot. perm. boot. perm. boot. perm. boot. perm. boot. perm. boot. perm.
LN, 4.39 477 466 4.76 4.58 4.50 4.64 480 483 5.02 491 5.02 4.84 499 4.84 5.02
LN 4.98 490 4.64 488 497 533 514 527 487 539 511 5.17 5.06 5.20 4.92 4.97
LN3 578 5.70 579 578 491 4.76 465 500 4.84 521 500 5.07 4.83 5.32 533 5.53
LNy 9.33 9.34 1493 1548 12.95 12.83 36.45 36.99 19.81 19.83 69.83 70.05 10.12 9.72 55.89 56.10
LN5 13.83 14.74 11.86 13.08 33.17 34.69 28.58 29.62 56.36 58.08 50.60 51.42 58.95 60.00 54.60 55.28
LNg 5.87 542 473 513 796 878 7.29 8.00 18.87 20.64 16.11 16.88 18.74 19.87 17.53 18.76
LN~ 4.30 4.70 16.64 17.33 4.92 5.66 35.84 36.66 6.43 6.78 65.30 66.04 3.57 3.72 54.65 55.55
LNg 987 886 896 9.30 10.84 11.53 11.77 12.37 11.45 12.08 11.91 12.15 17.30 17.48 16.99 17.38
LNy 4.63 5.69 14.21 1493 531 b5.71 34.82 35.86 4.75 497 66.40 66.92 3.75 3.70 55.49 56.11

LN1g 7.48 8.02 14.08 14.43 7.50 7.63 31.54 32.78 7.37 7.57 61.99 62.39 2.33 2.73 48.60 49.64
LN11 4.62 533 16.74 1798 5.23 5.68 39.56 40.49 5.37 590 69.99 70.52 7.58 T7.97 62.82 63.06
LN12 10.43 10.90 9.87 10.82 17.66 18.55 16.81 17.32 26.85 26.70 24.46 24.89 32.33 32.40 31.05 31.51
LNi3 5.73 6.45 13.24 14.00 6.99 7.64 33.10 33.90 7.98 7.94 61.13 63.36 3.30 3.11  50.19 50.89
LN14 6.83 7.87 14.03 15.07 9.19 9.88 33.67 34.59 11.20 10.62 62.34 62.69 3.46 3.69 48.19 49.18
LN15 4.82 5.61 1841 19.64 6.23 6.53 44.32 45.05 7.84 8.11 76.04 76.61 10.87 11.07 69.35 69.97

GAM; 514 5.32 5.18 522 472 496 498 498 517 495 5.06 5.05 5.13 4.93 474 4.84
GAM> 536 5.04 5.03 513 5.02 520 472 4.8 4.76 5.05 507 4.97 5.08 4.97 488 4.90
GAM3 6.06 5.77 510 546 4.71 5.05 477 495 479 504 524 542 4.77 494 501 491

GAMy 9.70 8.83 11.84 12.24 14.96 15.01 36.24 36.20 25.22 25.01 69.10 69.13 15.89 15.91 56.81 56.69
GAMs 15.46 14.88 22.20 23.00 34.87 35.52 51.47 51.68 64.77 65.17 84.17 84.21 60.87 61.23 78.29 78.55
GAMg 19.36 18.88 25.88 26.48 57.77 59.49 72.73 73.52 92.24 92.38 97.61 97.62 88.55 88.71 95.35 95.45
GAM7 8.03 7.58 1239 12.88 15.86 16.45 31.19 31.12 34.20 33.55 58.97 59.14 21.17 21.04 49.23 49.50
GAMg 6.24 6.44 6.40 6.20 5.33 547 541 543 494 511 543 545 597 6.64 6.46 6.49
GAMy 5.13 5.24 20.73 20.99 5.03 5.23 55.44 5557 4.85 4.99 89.11 89.15 4.73 4.65 83.92 83.99
GAM1p 5.65 5.86 15.14 15.34 5.44 5.88 41.08 41.26 5.23 5.09 77.71 77.83 4.21 444 69.84 69.78
GAM;11 536 4.72 2726 27.89 4.97 536 68.60 68.12 5.02 4.66 9541 95.40 4.89 5.02 9248 92.27
GAM2 12.16 12.80 16.00 16.16 20.66 21.29 27.74 27.97 35.50 35.29 47.59 47.60 36.02 35.45 44.80 44.78
GAM13 819 877 13.54 13.39 11.45 11.62 33.45 33.49 19.20 18.56 63.98 63.85 12.15 12.26 54.50 54.65
GAM4 827 7.54 1191 12.09 10.94 11.32 32.34 32.64 16.16 16.21 63.80 63.67 9.10 8.83 51.95 51.99
GAM15 6.67 5.88 17.11 17.63 8.47 8.17 45.22 4522 11.99 11.70 78.48 78.56 9.87 9.53 69.89 70.14
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Chapter 4

Semiparametric inference on the
means of multiple nonnegative
distributions with excess zero

observations

4.1 Introduction

In this chapter, we answer the scientific question Q2 outlined in Section 1.1 of Chapter 1.
That is, we would like to make inferences about the means of multiple nonnegative distri-
butions with excess zero observations. Recall that we have m 4 1 independent samples as

follows:
Tity ooy Tin, ~ Fi(x) = v l(x =0) + (1 — ) (x > 0)Gi(z), i=0,...,m, (4.1)

where n; is the ith group’s sample size, I(-) is an indicator function and the G;(-)’s are
cumulative distribution functions with common support which may be continuous or dis-
crete. Again, in this chapter, we concentrate on continuous distributions G;(-)’s whose

support consists of all nonnegative real numbers; but we proposed, in Section 7.1, ways
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that the method can be applied to discrete distributions. Under (4.1), the mean of each

F;(z) can be expressed as

ui:/ xdFi(:c):(l—Vi)/ xdGi(x), 1=0,...,m.
0 0

Our interest is to make inferences about puyg,. .., t,. These include testing the null hy-
pothesis jio = -+ = fi,,, and constructing confidence intervals for p; — p; and p;/p;, for
i ].

The mean of a population with excess zeros has been considered an important summary
quantity. For example, in fishery and health economics studies, the population total often
has a crucial scientific meaning. The mean can provide information for recovering the pop-
ulation total, for example, for the total egg production of Atlantic mackerel (Pennington,
1983), and the total expenditure of patients (Chen and Zhou, 2006).

Inference on the means of two, or more, populations with excess zeros has been con-
sidered one of the most important, and fundamental, problems in many applications. For
example, Tu and Zhou (1999) showed that testing the mean equality of several of these
populations is a question of great importance in medical cost data analysis. Also, Zhou and
Tu (2000) argued that confidence intervals for the ratio of mean diagnostic charges in two
health groups can provide useful information on the magnitude of the relative difference

between the two groups.

A natural way to make inference on these means is by using fully parametric models.
Tu and Zhou (1999) and Zhou and Tu (1999) proposed to model G;’s by the log-normal
distribution, based on which they developed a Wald and a likelihood ratio test, for testing
the overall mean equality. Confidence intervals for the two-sample mean ratio and mean
difference have been considered in Zhou and Tu (2000) and Chen and Zhou (2006), when
the positive data in both samples follow log-normal distributions. Although the log-normal
distributions are quite natural for modelling the positive observations, other parametric
models, such as the gamma distribution, have also been argued to be suitable in applica-
tions (Marazzi et al., 1998; Nixon and Thompson, 2004). However, as concluded in Nixon
and Thompson (2004), “when sample sizes are not large, different parametric models that
fit the data equally well can lead to substantially different inferences”. This fact may pose

an issue of model robustness in the fully parametric approach.
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Another approach is to use the nonparametric methods ignoring the mixture structure
(4.1). As we mentioned in Chapter 3, the nonparametric ANOVA-type statistic (ATS) and
the Wald-type permutation statistic (WTPS) are two representative methods for comparing
the means of multiple samples. The ATS, proposed by Brunner et al. (1997), is an extension
of the classical ANOVA F-test for heteroscedastic factorial designs. Brunner et al. (1997)
suggested using an F-distribution with random degrees of freedom to approximate the
finite sample distribution of the ATS. It can be shown that the ATS is equivalent to
the Welch two-sample ¢-test (Welch, 1938) when m = 1. More recently, the WTPS was
proposed by Pauly et al. (2015) for testing a linear hypothesis about the means without
any distributional assumptions, under very general heteroscedastic factorial designs. In
practice, the homoscedastic variance assumption is usually difficult to justify for multiple
groups of observations with excess zeros; see for example, Zhou and Tu (1999) and Section
4.5. Hence, it is appropriate to directly apply the ATS and WTPS methods. The empirical
likelihood method has also received considerable interest in dealing with such problems.
Chen et al. (2003) and Chen and Qin (2003) used it to construct the confidence interval
for the mean of a population with excess zeros. For the two-sample case, Taylor and
Pollard (2009) considered a test for the means, and Kang et al. (2010) and Wu and Yan
(2012) studied the constructions of confidence interval for the mean difference, by using

the empirical likelihood.

In many applications, multiple populations may naturally share some common charac-
teristics. It is therefore desirable to borrow efficiency across similar populations to improve
the inferential results. At the same time, we might also want that inferences do not rely
on any specific distributional assumption. In a similar way to Chapter 3, we propose to
model the distributions of GG;’s by the semiparametric DRM such that

dGy(z) = exp{o; + B/ q(2)}dGo(x), i=0,...,m (4.2)

for a non-trivial, pre-specified, basis function q(x) of dimension d, and corresponding un-
known parameters «; and 3; (ap = 0 and B, = 0). In this chapter, we propose a unified
framework, based on an empirical likelihood ratio (ELR) statistic, for making inferences on
the means of multiple nonnegative distributions under (4.1) and (4.2). Software implement-

ing the proposed ELR for testing overall mean equality, with basis function q(z) = log(x)
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in the DRM, has been developed in the R language (R Development Core Team, 2014) and
is supplemented in the Appendix A.2 at the end of this thesis.

We note that deriving the asymptotic distribution of the proposed ELR statistic is
technically challenging. Due to its non-standard mixture structure (4.1), the summations
in the definition of the ELR (see Section 4.2) are over random numbers, i.e., the number
of positive observations in each group. Hence, standard large sample theory may not be
directly applied. In addition, we have to deal with a biased sampling problem (Qin, 1993)
induced by (4.2) together with estimating equations. Unlike Chapter 3, we do not have a
simple form for the profile empirical likelihood or dual empirical likelihood. This makes
the theoretical derivation more complicated; see Qin et al. (2015). After some technical

work, we show that the ELR enjoys a simple y2-type limiting distribution.

The structure of this chapter is as follows. In Section 4.2, we formulate the research
problem, construct the empirical likelihood ratio statistic, and study its asymptotic prop-
erties. A numerical implementation is discussed in Section 4.3. Simulation results are
reported in Section 4.4, and a real data set is analyzed in Section 4.5. For the convenience

of presentation, proofs are given in Section 4.6.

4.2 Empirical likelihood inference under the DRM

4.2.1 Notation and problem setup

Let us first recall and introduce some notation. Recall that, as defined in Chapter 3, n;g
and n;; denote the (random) numbers of zero and positive observations for the ith sample,
for i = 0,...,m. Define ng = > " ny and nq = Y . n; the total zero and nonzero
sample sizes, and let n =) ", n; denote the total sample size. Without loss of generality,
we use first n;; observations z;i,...,Z;,, to denote the positive observations in the ith

sample for ¢ = 0,...,m.

Let p = (o, - - -, ftm) ' be the mean vector of the m + 1 groups. The main goal of this

section is to develop a test for the following general linear hypothesis about the means

HO : Cl,b = d, (43)
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where the p x (m + 1) matrix C and p x 1 vector d have real, non-random, entries that
are completely specified under the null hypothesis and do not depend on sample sizes. We
assume that C has full row rank so that rank(C) = p (with p < m+1).

We comment that formulation (4.3) is very flexible and includes many special cases.

For example, when

-1 1 0
~1 0 )
C - . . . . . ) d = Om><17 (44)
100 --- 1 o (et 1)
then the hypothesis (4.3) becomes
Hy o =1 =+ = pm. (4.5)

In our numerical studies, in Section 4.4, we focus on this special, though important, hy-
pothesis (4.5).

4.2.2 Empirical likelihood ratio

For a compact presentation, we use vector notation. Let v = (vg,...,1,)", and 6 =
(GJ, . ,0;)T with 6, = (ai,BiT)T for i = 0,...,m. Also, let w(z;0) = (wl(x; 0,),...,
wm(; (9m))T with w;(x; 6;) = exp{a; + B, q(z)} for i =0,...,m.

Under the DRM (4.2) for the G;’s, we can refine the definition of the means based on

the pooled positive samples
i = (1— 1/2)/ aw;(x; 0;)dGy(x), i=0,...,m. (4.6)
0
Under the general null hypothesis Hy in (4.3), we have Cu — d = 0, or equivalently

Eo {g(X;v,0)} = 0px1,

64



where X ~ Gy(x) and Ej means that the expectation is taken under Gy(z), and

(1 - Vo)x
91(@1,6) — ) aw; (z;
g(x,u,@) = =C (1 1) 1( ,91)

gp(w;1v,0)

—d. (4.7)
(1 = vp)zwp(z;0,,)

Therefore, the information about the means in null hypothesis Hy can come into a p-
dimensional unbiased estimating equation (4.7). For parameters estimated through unbi-
ased estimating equations, the empirical likelihood method has been shown to provide an

effective inference platform (Qin and Lawless, 1994). Based on the construction of unbiased

estimating equation (4.7), we proceed to develop inference procedures using the empirical
likelihood method.

Along the lines of empirical likelihood (see Section 2.2), we restrict the form of baseline
distribution Gy to be

m ni1

= ZZpij](xij < ).

i=0 j=1
Recall that, in Chapter 3, given multiple groups of samples from (4.1) in which the G;’s
satisfy the DRM (4.2), the empirical log-likelihood function can be written as

m ni1

i(v,0,Gy) = Z log{v;"*(1 — ;)" } + Z Z {ai + B/ a(wy) +1og(py) } -

i=0 j=1
We always have the following set of natural constraints:
{0,000 20 351 38t 0) 1) =00 .
=0 j=1 =0 j=1
Under the general null hypothesis Hy in (4.3), we also have the following set of constraints:
62:{(’/ 8 GO Zzpwg Tij, V, 0)—0p><1 }
1=0 j5=1

The empirical likelihood ratio (ELR) statistic for testing the general null hypothesis
given in (4.3) is then defined via

R, =2 { sup  {(v,0,Gy) — sup (v, O,GO)} . (4.8)
(v,0,Go)eCq (v,0,Go)eC1N Ca
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For the convenience of presentation, the numerical evaluation of R, is discussed in
Section 4.3.

4.2.3 Large sample property

In this section, we study the asymptotic distribution of the ELR statistic, R,, for the
general hypothesis testing problem in (4.3) under (4.1) and (4.2).

Suppose that the true value of (v',87)" is (v*7,0*")T under the null hypothesis Hy.

Deriving the asymptotic distribution of R, relies on the following regularity conditions.

R1. vf € (0,1) fori=0,...,m.

R2. liMuin{n,....nm}—00 Mi/1 — pi, where pf € (0,1) for i =0,...,m.

R3. [ (1, qT(x))T (1, qT(:p)) dG,(z) exists and is positive definite for i = 0,...,m.
R4. [exp {B:q(x)} dG;(z) < oo in a neighbourhood of 6*.

R5. The matrix U defined in (4.31), in Section 4.6, is positive definite.

R6. ||0g(x;v,0)/0n| and ||g(x;v,0)|° are bounded by some integrable function of z in

a neighbourhood of (v*7,0*")T, where n = (v",0")" and || - || denotes Euclidean

norm.

Condition R1 states that the parameter v* is an interior point of the parameter space
of v. Condition R2 assumes that the ratio of each group sample size to n converges to
a constant as min{ng,...,n,} — o0o. For simplicity, and convenience of presentation,
we write pf = n;/n and assume that it is a constant. This does not affect our technical
development. Under Conditions R1 and R2, there is no need to distinguish the stochastic
orders with respect to n or n;. Condition R3 is an identifiability condition, and it ensures
that the components of {1,q" (z)I(x > 0)} are linearly independent under all G;(z)’s, and
hence q(z) can not be a constant function. Conditions R3-R6 guarantee that a quandratic
approximation of R, is applicable. The following theorem defines the asymptotic null

distribution of R,, under the general null hypothesis H in (4.3).
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Theorem 4.1 Suppose we have m + 1 groups of samples of the form (4.1) and condition
(4.2) is satisfied. Assume, also, that the regularity conditions R1-R6 hold. Under the null
hypothesis Hy, given in (4.3), we have

R, = X5,

in distribution as n — oo, where X;Q) 18 a chi-squared random variable with p degrees of

freedom, and p = rank(C) for some full rank C in H.

For convenience of presentation, the proof of Theorem 4.1 is given in Section 4.6. Here we

make three remarks about Theorem 4.1.

(a)

As a direct consequence of Theorem 4.1, the ELR test for the overall equality of
m + 1 group means, (4.5), has a limiting chi-squared distribution with m degrees of

freedom, since the rank of C in (4.4) is m.

The mean differences and ratios are two quantities commonly used to measure the
magnitudes of relative differences among the group means. The result of Theorem
4.1 is also useful for the construction of confidence interval, or region, for the mean
differences and ratios. As an illustration, suppose we are interested in constructing
the confidence interval for the mean difference 6 = 1 — o in the two-sample problem.

The unbiased estimating equation (4.7) can be replaced by
d(z;v,0,0) = (1 —v))zwi(x;07) — (1 —vp)z — 6.

Then, the ELR, defined in (4.8), becomes a function of ¢, since this parameter ¢ is
incorporated through d(z;v,0,9) in the constraint set Co. We denote it as R, ().
It follows that the 95% ELR confidence interval for § can be constructed as {0 :
R, (0) < X395} where X7 g5 denotes the 95th quantile of the x7 distribution.

A Wald-type statistic may also be constructed based on the normal approximation
to (2,0) defined in Section 4.3. However, such a statistic is not invariant to trans-
formations (Critchley et al., 1996). For example, mean differences and mean ratios
are two different nonlinear transformations of (v,6). The Wald-type statistics for
testing mean ratios equal to one, and for testing mean differences equal to zero, could

lead to two different conclusions.
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4.3 Numerical implementation

In this section, we discuss numerical calculation of R, defined in (4.8), for some given C

and d.

We first discuss how to calculate sup, g ¢\ec, £(V, 0, Go) in R,. Note that the opti-
mization problem of maximizing ((v,8,Gy) subject to C; for given (v,0) is identical to
the one discussed in Section 3.2. Following a similar profiling procedure as used in Section

2.2 and the results in Proposition 2.1, we have

sup  {(v,0,Gy) =supls(v,0) —n.qlog(n.,), (4.9)
(v,0,Go)eC1 v,0
where
m m Uz
L4, 0) = Y log{r (1= v} + 3> {oi+ Blalay))
i=0 i=1 j=1
m N1 m
=3 > log |po+ Y prexp{an + Blala;)}| (4.10)
i=0 j=1 r=1

with p, = n,/n4 for r = 0,...,m. Note that, here, we use {4(v,0) to denote the dual
empirical log-likelihood to emphasize that it is defined under the alternative hypothesis.
The numerical calculation of (,0) = arg sup,, g £a(v,0) and (4(0,0) = sup,, g £a(v, 0)
can be solved straightforwardly via the connection with logistic regression, as discussed in
Section 2.2.

We next discuss how to calculate sup, g go)ecinc, (¥, 6, Go) in R,. We start with the
profiling procedure of g(u, 0,G,) by profiling out the infinite dimensional parameter Gj.

First, we set up the Lagrangian function. For given (v, 8), define

mo N1 m. N4l

‘IJ(G(), )\, t) = g(l/, 97 GO) + Z ZpijAT{W(l'ij, 0) — ]_} -+ Z prtTg(:Ew, v, 6)7
=0 j=1 i=0 j=1
where X = (A1,...,A\p) " and t = (¢1,...,t,)" are corresponding Lagrangian multipliers.

The point {pi1,...,Pin, : ¢ = 0,...,m} that maximize g(v,@, (o) must be a stationary
point of ¥ satisfying
\\J \\J \\J
OV (G, A, t) o, OV (G, A, t) _0. and OV (G, A, t)

= 0. 4.11
Opij 2% ot 0 (4.11)
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It follows from (4.11) that, for fixed (v, 8), {(v,0,Gy) attains its maximum at

1 1
. , 4.12
Pij ny 1+ /\T{w(:vij, 0) — 1} +t'g(zy;v,0) (4.12)
where the Lagrange multipliers, A and t, solve following equations
WS Ww(T;j, 0) -1
—ZZ oy 8) 71 = Oyt (4.13)
n. 0]11—1—)\ {w(z,0) — 1} +t g(z5;v,0)
and
1 WU g(CL’U, v, 0)
— =0,x1- 4.14
na ;;1+)\T{w (xi5,0) —1}+tTg(:cij;u,0) pxl ( )

Therefore, using (4.12) to profile out p;;, the profile empirical log-likelihood function of
(v, 0) under the null hypothesis Hy given in (4.3) can be written as {y (v, 0) — n.i log(n.1)
with

m mo 141
> log{y (1w} + 30 {ai+ Blalw)}
=0 i=1 j=1
m. N1
=D o1 AT {w(@y,0) ~ 1} + tTg(aiv, )] (415)
i=0 j=1
Then, it follows that
sup U(v,0,Gy) = supln(v,0) —nilog(ny). (4.16)
(l/,e, Go)GClﬁ Ca v,0

Let (0,0) = arg sup,, g {n (v, 0) be the maximum EL estimate of (v, 8) under Hy in (4.3).

Hence, to calculate sup, g o)ecin e, {(v,0,Gy), it is sufficient to obtain (&, 9).

Unfortunately, the numerical calculation of (, é) may not be an easy task since there

are no analytical solutions for A and t in the definition of ¢x (v, 0) in (4.15).

Let ¢ = (7,07, A",t")" and define

(w0 x ) = S log{eo(1— )} + 35 {ai + B aley)}
i=0 =1 j=1
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m ni1

=3 log [1 + A {w(@yy,0) — 1)+t g(wy; v, e)] . (4.17)

i=0 j=1

Then (y(v,0) = ((v,0, X, t) with A and t being the solutions of (4.13) and (4.14). Note

that, A and t in {y(v, @) are actually functions of v and 6.

Let X and t be the solutions of (4.13) and (4.14) when (v, ) is replaced by (7, ).
Hence, 12(:),@,5\,13) = €N(D,é). Further let ¢ = (DT,éT,S\T,ET)T. We summarize some
key properties of using (v, 0, \,t) to find (,0) = arg sup, ¢ {n (v, 0) and In(D,0) =

sup,, ¢ {n (v, @) in the following proposition.

Proposition 4.1 For((v,0,\,t), defined in (4.17), and (,0) = arg sup,, ¢ {n(v,8), then
W is a stationary point of l(v,0,\t). That is, ¥ is a solution of
ol(v,0,\t)

9 =0.

Proof.  The result can be proved by the similar arguments as used in the proof of Propo-
sition 2.1. We sketch the key steps.

First, when (y (7, é) is maximized, the following equations are satisfied:

o 00
Further, note that since A and t in ¢y (v, @) are the solutions of (4.13) and (4.14), they are
functions of v and 6.

For illustration, we only show

o _ On(.6)
N B,
oD, 0, X\t " 0,0, X\, 1) O\, P 00,0, X\ t) ot
_ (Va 5 7>+Z (V7 5 7) ~~+Z (V7 ) 7) o
0B, — oA, 0B\ wO=-w0) = Ot 0B, | w.0)=w.0)

oU(,0, A1) O\,

Ot
—-0- —0-
9B, Bi

-
w.0)=w.0) B;

w.0)=.,0)
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= é 3 , (4.18)
where the second last line is followed from (4.13) and (4.14).
One can similarly verify as (4.18) that
Oln(D,0) 00,0, At) _ 0
on on
Hence 9 is a stationary point of ¢(0). This completes the proof. O

With the result of Proposition 4.1, (o, é) can be obtained by solving for a stationary
point, in fact a saddlepoint of £(v, 8, X, t), over the space of 1p. To numerically calculate b,
we minimize the sum of squares of (v, 0, A, t)/01 by using the built-in nlminb function

in R. Once we obtain 1, we calculate SUD(, 0, Go)eCin Co ((v,8,Gy) by (4.16).

Combining (4.9) and (4.16), we finished the numeric calculation of R,, by
R, =2 {zw,é) - zN(a,é)} .

We have also written R functions to calculate R, for testing overall mean equality, with
basis function q(z) = log(x) in the DRM, and they are available in the Appendix A.2 of
this thesis.

4.4 Simulation studies

In this section, we use Monte Carlo simulation to evaluate the finite-sample performance
of the proposed ELR test for testing the overall mean equality, that is an important case
covered by the hypothesis testing problem (4.3). The ELR test statistic is calculated by
the procedure in Section 4.3 with the forms of C and d given in (4.4).

We fix the number of groups under comparison to be m +1 =2 or m+1 = 3. We
compare the type I error rates and the power of the proposed ELR test with the ATS of
Brunner et al. (1997) and WTPS of Pauly et al. (2015). Note that the classical ANOVA

F-test is designed for the assumption that the variances of F;(x) are homogenous, which
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may not be satisfied in our setup. Recall that both the ATS and WTPS do not require

such an assumption. Hence in our comparison, we only include the ATS and WTPS.

For each test, the type I error rate and the power at the 5% significance level are
calculated based on 10,000 and 2,000 repetitions, respectively. The computations for the
ATS and WTPS methods use the R package “GFD” (Friedrich et al., 2016). Following the
suggestion in Pauly et al. (2015), we use 10,000 permutation samples (the default number
in “GFD”) to calculate the type I error rates and the power of the WTPS.

The random observations are generated, conditional on all 2;’s # 0 or 1, from (4.1)
with all the G;’s being log-normal, or all the G;’s being gamma distributions. Note that
if any 7;’'s = 0 or 1, then some test statistics may not be well defined. This is not a
problem in practice. However, note that, when any true zero proportion v; is too close
to the boundary 0 or 1, Anaya-Izquierdo et al. (2014) found that boundary effects can
dominate the sampling distribution of 7;. Hence, in our simulation settings, the true v;’s
are considered to be between 0.3 and 0.7. A diagnostic tool was proposed in Anaya-
Izquierdo et al. (2014) which defines how far v; is required to be from the boundary so that

first order asymptotics remain adequate.

In the following, we use LN(a;,b;) to denote a log-normal distribution with mean a;
and variance b; both with respect to the log scale (i.e. mean and variance of the associated
normal random variable), and GAM(a;, b;) to denote a gamma distribution with shape

parameter a; and scale parameter b;.

The parameter settings under the null hypothesis (LN;-LNg and GAM;-GAMs) that
all the means are equal, and the alternative hypothesis (LN7—LN5 and GAM;—GAM;5)
are given in Table 4.1. Note that in the following we use the same model notation for
two- and three-sample comparisons when no confusion is caused. We consider the case
with equal sample sizes by setting (ng,n1) to be (50,50) and (100, 100) for the two-sample
comparison, and (ng, n1,n2) to be (50,50, 50) and (100, 100, 100) for the three-sample com-
parison. We also consider the case with unequal sample sizes by setting (ng,n1) to be
(50,150) and (150, 50) for the two-sample comparison, and (ng, n1, ng) to be (50,150, 100)
and (150,50, 100) for the three-sample comparison. With the parameter settings in Table

4.1, these combinations of unequal sample sizes correspond to two cases where increasing
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the sample sizes is related with increasing variances (positive pairing) or with decreasing

variances (negative pairing).

Table 4.1: Parameter settings for simulation studies.

In the second column, each LN{—LNyg4

and each GAM;-GAM;j4 denote mixture models whose continuous parts follow the distributions

LN(a;,b;) and GAM(a;,b;), respectively, for ¢ = 0,1 under two-sample comparison, or for i =

0, 1,2 under three-sample comparison.

Scenario Model (vo,v1,12) (a0, a1,a2) Means Variances
Scenario T LN, (0.3,0.3,0.3)  (0.00, 0.00, 0.00) (1.15, 1.15, 1.15)  (3.84, 3.84, 3.84)
(null) LN, (0.7, 0.7,0.7)  (0.00, 0.00, 0.00) (0.49, 0.49, 0.49) (1.97, 1.97, 1.97)
Scenario II LN; (0.3,0.5,0.4) (0.33, 0.66, 0.48) (1.60 ,1.60, 1.60) (7.38, 11.36, 9.04)
null LN, (0.5,0.7,0.6)  (0.37, 0.89, 0.60) (1.20, 1.20, 1.20) (6.39, 11.61, 8.35)
Scenario II1 LNs (0.3,0.5,0.4)  (0.05, 0.29, 0.16) (1.10, 1.10, 1.10) (2.64, 5.37, 3.75)
null LNg (0.5,0.7,0.6)  (0.00, 0.50, 0.25) (0.80, 0.80, 0.80) (2.64, 4.94, 3.24)
) LN;  (0.5,0.3,0.4) (0.00, 0.00, 0.00) (0.82, 1.15, 0.99) (3.01, 3.84, 3.45)
f’;ﬁg%ﬁi{/e) LNg (0.7, 0.5,0.6)  (0.00, 0.00, 0.00) (0.49, 0.82, 0.66) (1.97, 3.01, 2.52)
LNy (0.6, 0.4, 0.5)  (0.00, 0.00, 0.00) (0.66, 0.99, 0.82) (2.52, 3.45, 3.01)
) LNijp  (0.3,0.3,0.3) (0.00, 0.50, 0.25) (1.15, 1.90, 1.48) (3.84, 10.44, 6.33)
f’;ﬁg%ﬁi{}e) LNi1  (0.7,0.7,0.7)  (0.00, 0.75, 0.50) (0.49, 1.05, 0.82) (1.97, 8.84, 5.36)
LN, (0.4, 0.6,0.5) (0.00, 1.00, 0.50) (0.99, 1.79, 1.36) (3.45, 18.63, 8.20)
) LNi3  (0.3,0.3,0.3) (0.00, 0.50, 0.25) ) (1.15, 1.72, 1.41) (3.84, 6.46, 4.99)
?;ﬁfel%ﬁi{g) LNys  (0.7,0.7,0.7)  (0.00, 0.75, 0.50)  (1.00, 0.80, 0.90 (0.49, 0.95, 0.78)  (1.97, 5.76, 4.33)
LNi5 (0.6, 0.4, 0.5) (0.00, 0.50, 0.25) (0.66, 1.34, 0.96) (2.52, 3.63, 3.17)
Scenario I GAM; (0.3,0.3,0.3) (1.00, 1.00, 1.00) (0.70, 0.70, 0.70) (0.91, 0.91, 0.91)
null GAM: (0.7,0.7,0.7)  (1.00, 1.00, 1.00) (0.30, 0.30, 0.30) (0.51, 0.51, 0.51)
Scenario 11 GAM;s (0.3, 0.5, 0.4) (1.43, 2.00, 1.67) (1.00, 1.00, 1.00) (1.43, 2.00, 1.67)
null GAM; (0.5, 0.7, 0.6) (2.00, 3.33, 2.50) (1.00, 1.00, 1.00) (2.00, 3.33, 2.50)
Scenario II1 GAM;s (0.3, 0.5, 0.4) (1.71, 1.20, 1.33) (1.20, 1.20, 1.20) (1.82, 3.84, 2.76)
null GAMs (0.5, 0.7, 0.6)  (2.00, 1.50, 1.75) (1.00, 1.00, 1.00) (2.0, 4.56, 2.93)
) GAM; (0.5,0.3,0.4) (1.00, 1.00, 1.00) (0.50, 0.70, 0.60) (0.75, 0.91, 0.84)
?;ﬁg?;fti{]e) GAMg (0.7, 0.5,0.6) (1.00, 1.00, 1.00) (0.30, 0.50, 0.40) (0.51, 0.75, 0.64)
GAMo (0.6, 0.4, 0.5)  (1.00, 1.00, 1.00) (0.40, 0.60, 0.50) (0.64, 0.84, 0.75)
) GAM;io (0.3,0.3,0.3) (1.00, 2.00, 1.50) (0.70, 1.40, 1.05) (0.91, 2.24, 1.52)
?;ﬁg?gﬁilvle) GAM;; (0.7,0.7,0.7)  (1.00, 2.00, 1.50) (0.30, 0.60, 0.45) (0.51, 1.44, 0.92)
GAM;2 (0.4, 0.6,0.5) (1.00, 2.50, 1.50) (0.60, 1.00, 0.75) (0.84, 2.50, 1.31)
) GAM;3 (0.3,0.3,0.3) (1.50, 1.00, 1.25) (1.05, 1.40, 1.31) (1.52, 3.64, 2.71)
?;ﬁg%fti{g) GAMy4 (0.7,0.7,0.7) (175, 1.25, 1.50) (0.53, 0.75, 0.68) (1.17, 2.81, 2.08)
GAM;5 (0.6, 0.4,0.5) (2.00, 1.00, 1.50) (0.80, 1.20, 1.13) (1.76, 3.36, 2.95)

To evaluate the performance of the ELR test with respect to the choices of user-specified

basis function q(z) in a DRM, we consider the following three scenarios that may be

encountered in practice:
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e Scenario I: all the distributions G;’s are homogenous, and thus any basis function
is correctly specified under the models LNy, LNy, LN;-LNg, and GAM;, GAM,,
GAM;—GAM,.

e Scenario II: the parameters a;’s are not equal while the parameters b;’s are held
constant, and thus the basis function q(x) = log(z) is correctly specified under the
models LN3, LN4, LNl()*Lng, and GAMg, GAM4, GAMlofGAMlg.

e Scenario III: all the parameters a;’s and b;’s are not equal, and thus the basis function
q(z) = {log(x),log®(x)} T is correctly specified under the LN models LN5, LNg, LN 35—
LN5, and the basis function q(x) = {x,log(x)} " is correctly specified under the GAM
models GAM5, GAMg, GAM3-GAM;5.

In the following comparisons, the simulation results are discussed by the above three sce-

narios.

4.4.1 Scenario I

The simulated type I error rates of the ELR, ATS, and WTPS under Scenario I are sum-
marized in Tables 4.2-4.3, and the simulated power under the same scenario are plotted
in Figure 4.1. Here, the DRM (4.2) is correctly specified with any form of q(x). After
experimenting with several forms of q(z), the basis function q(z) = log(x) is recommended
since the ELR with such basis function has the most accurate type I error and the largest

power. Hence we only present the results under the basis function q(z) = log(z).

Based on our simulation results, our major observations for both the two- and three-

sample comparisons are summarized as follows.

(a) It can be seen from the results in Tables 4.2-4.3, that the proposed ELR test and
the WTPS method well control the type I error rates close to their nominal level.
However, the ATS method tends to be conservative for equal sample sizes; and when

the sample sizes are unequal it tends to be liberal for the two-sample comparisons.
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Table 4.2: Scenario I: simulated probabilities (%) of rejecting Hy when data are generated from
LN(a;, b;) according to the parameter settings given in Table 4.1. Here the ELR is defined under
basis function q(z) = log(z).

Model Two-sample comparison Three-sample comparison
(no,n1) ELR ATS WTPS (no,n1,n2) ELR ATS WTPS

LNy (50, 50) 5.10 4.05 4.85 (50, 50, 50) 5.01 3.03 4.97
(100, 100) 4.83 4.84 5.15 (100, 100, 100) 5.10 3.77 4.75
(50, 150) 5.10 5.85 4.92 (50,150, 100) 5.01 5.00 5.06
(150, 50) 4.94 5.91 4.84 (150, 50, 100) 5.14 4.75 5.08

LNg (50, 50) 4.96 3.68 5.01 (50, 50, 50) 4.77 2.45 5.13
(100, 100) 5.07 4.04 4.73 (100, 100, 100) 4.87 3.01 4.98
(50, 150) 4.74 5.78 3.99 (50,150, 100) 5.20 4.67 4.97
(150, 50) 4.77 6.15 4.25 (150, 50, 100) 5.15 4.79 5.02

NOTE: the Monte Carlo error is 0.218 (%) under the null models LN;-LNy.

Table 4.3: Scenario I: simulated probabilities (%) of rejecting Hy when data are generated from
GAM(a;, b;) according to the parameter settings given in Table 4.1. Here the ELR is defined

under basis function q(x) = log(x).

Model Two-sample comparison Three-sample comparison
(no,n1) ELR ATS WTPS (no,n1,n2) ELR ATS WTPS

GAM; (50, 50) 5.16 4.68 4.82 (50, 50, 50) 5.47 4.34 4.99
(100, 100) 4.98 4.56 4.84 (100, 100, 100) 5.17 4.62 5.09
(50, 150) 4.83 5.89 5.18 (50, 150, 100) 5.28 4.82 4.94
(150, 50) 5.13 5.74 5.08 (150, 50, 100) 5.32 5.11 5.07

GAMa (50, 50) 5.28 4.50 4.99 (50,50, 50) 5.22 3.20 4.84
(100, 100) 5.02 4.94 5.16 (100, 100, 100) 5.10 4.15 5.15
(50, 150) 5.28 6.06 4.74 (50, 150, 100) 5.14 5.30 4.78
(150, 50) 5.06 6.12 4.88 (150, 50, 100) 5.18 5.15 4.97

NOTE: the Monte Carlo error is 0.218 (%) under the null models GAM-GAMa,.

(b) In terms of power, it can be observed from Figure 4.1, that the performance of the
proposed ELR test seems to be less sensitive to the sample sizes than the other two
tests. Although there is no uniformly dominant method for all the settings in Figure
4.1, the ELR test seems to be the most powerful for equal sample sizes and unequal
sample sizes with a negative pairing. For the unequal sample sizes with positive
pairing, the WTPS method may have some advantage over the ELR test for the LN
models, and thus it may be favourable in this scenario, while recalling that the ATS

method may have inflated type I error.
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Figure 4.1: Scenario I: simulated power (%) of rejecting Hjj at significance level 0.05 when data
are generated from a log-normal mixture model with parameter settings given in Table 4.1. The
ELR test is defined under q(x) = log(z). The horizontal axis denotes combinations of sample
sizes (ng, n1) equal to (50, 50), (100, 100), (50, 150) and (150, 50) for two-sample comparisons; and
(ng,n1,n2) equal to (50,50,50), (100,100, 100), (50, 150,100) and (150, 50, 100) for three-sample

comparisons, from left to right.
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4.4.2 Scenario 11

The simulated type I error rates for Scenario II are summarized in Tables 4.4-4.5, and the

simulated power for Scenario II are plotted in Figure 4.2.

Table 4.4: Scenario II: simulated probabilities (%) of rejecting H when data are generated from
LN(a;, b;) according to the parameter settings given in Table 4.1. Here the ELR is defined under
correctly specified basis function q(x) = log(x).

Model Two-sample comparison Three-sample comparison
(no,n1) ELR ATS WTPS (no,n1,n2) ELR ATS WTPS

LN3 (50, 50) 5.27 4.26 5.08 (50, 50, 50) 5.01 3.29 4.97
(100, 100) 5.12 5.31 5.74 (100, 100, 100) 5.19 3.74 5.08
(50, 150) 5.13 5.48 4.32 (50,150, 100) 5.37 4.17 4.37
(150, 50) 5.11 7.37 6.22 (150, 50, 100) 5.28 6.27 6.51

LN4 (50, 50) 5.19 5.16 5.53 (50, 50, 50) 5.10 3.60 4.87
(100, 100) 5.34 4.89 5.42 (100, 100, 100) 5.41 3.85 5.79
(50, 150) 5.42 4.82 3.06 (50,150, 100) 5.23 3.61 3.67
(150, 50) 5.36 8.88 7.52 (150, 50, 100) 5.47 7.18 7.67

NOTE: the Monte Carlo error is 0.218 (%) under the null models LN3-LNy.

Table 4.5: Scenario II: simulation probabilities (%) of rejecting Hj when data are generated from
GAM(a;, b;) according to the parameter settings given in Table 4.1. Here the ELR is defined under
correctly specified basis function q(x) = log(z).

Model Two-sample comparison Three-sample comparison
(no,n1) ELR ATS WTPS (no,n1,n2) ELR ATS WTPS

GAM3 (50, 50) 5.00 4.64 4.83 (50, 50, 50) 5.36 4.41 4.96
(100, 100) 4.84 4.57 4.69 (100, 100, 100) 5.16 4.79 5.10
(50, 150) 5.03 5.60 5.14 (50, 150, 100) 4.91 4.84 4.85
(150, 50) 5.11 5.43 5.16 (150, 50, 100) 5.09 5.10 4.83

GAMy4 (50, 50) 5.10 5.21 5.39 (50, 50, 50) 5.04 4.29 4.91
(100, 100) 5.28 5.26 5.33 (100, 100, 100) 5.25 4.82 5.10
(50, 150) 5.16 5.02 4.38 (50, 150, 100) 5.30 4.84 4.69
(150, 50) 4.92 6.05 5.58 (150, 50, 100) 4.93 5.65 5.29

NOTE: the Monte Carlo error is 0.218 (%) under the null models GAM3-GAM4.

Based on our simulation results, our major observations for both the two- and three-

sample comparisons are summarized as follows.

(c¢) In terms of type I error control, it can be seen from the results in Tables 4.4-4.5,

that the ELR test under q(z) = log(z) always retains error rates close to the nominal
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level, and the results seem insensitive to whether sample sizes are equal or not. On
the other hand, the type I error rates of both ATS and WTPS methods seem to
be sensitive to whether the sample sizes are equal or not. For equal sample sizes,
both ATS and WTPS methods control the type I error satisfactory, although the
ATS method may be conservative in some settings. For unequal sample sizes with
positive pairing, both the ATS and WTPS methods are conservative in their type
I error rates; however, with the negative pairing, they tend to have inflated type I

error rates, particularly for the LN models.

(d) In terms of power, it can be observed from Figure 4.2, that the performance of the
proposed ELR test is, again, not as sensitive to unequal sample sizes as the other
two tests. Further, in all the settings in Figure 4.2, the ELR test is the most, or
one of the most, powerful tests, for both the equal and unequal sample sizes under
comparisons. In some special cases, the gain in power could be over 50%. Together
with the observations from the type I error rates, the proposed ELR test under

q(x) = log(x) is much preferred in this scenario.

4.4.3 Scenario I1I

The simulated type I error rates for Scenario III are summarized in Tables 4.6-4.7, and

the simulated power for Scenario III are plotted in Figure 4.3.

Based on our simulation results, our major observations for both two-sample and three-

sample comparisons are summarized as follows.

(e) In terms of type I error control, it can be seen from the results in Tables 4.6-4.7
that the ELR test, under basis functions q(z) = {log(x),log?(z)} " for LN models,
or q(z) = {x,log(z)}" for GAM models, may fail to keep the error under control,
except for the unequal sample sizes with positive pairing. In this scenario, the WTPS
method may also lead to inflated type I error rates in some settings. On the other
hand, the ATS method seems to have overall good control of the type I error, except

for the case of unequal sample sizes with negative pairing. Indeed, all three methods
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Figure 4.2: Scenario II: simulated power (%) of rejecting H at significance level 0.05 when data
are generated from a log-normal mixture model with parameter settings given in Table 4.1. The
ELR test is defined under q(x) = log(z). The horizontal axis denotes combinations of sample
sizes (ng, n1) equal to (50, 50), (100, 100), (50, 150) and (150, 50) for two-sample comparisons; and
(ng,n1,n2) equal to (50,50,50), (100,100, 100), (50,150,100) and (150, 50, 100) for three-sample

comparisons, from left to right.
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Table 4.6: Scenario III: simulation probabilities (%) of rejecting Hj when data are generated

from LN(a;, b;) according to the parameter settings given in Table 4.1. Here the ELR is defined

under correctly specified basis function q(z) = {log(z), log?(z)} .

Model Two-sample comparison Three-sample comparison
(no,n1) ELR ATS WTPS (no,n1,n2) ELR ATS WTPS

LNs (50, 50) 6.00 4.97 5.53 (50, 50, 50) 5.82 3.89 5.89
(100, 100) 5.64 5.17 5.49 (100, 100, 100) 5.44 4.11 5.41
(50, 150) 5.28 4.49 3.31 (50,150, 100) 4.93 3.58 3.68
(150, 50) 6.05 8.11 7.16 (150, 50, 100) 5.91 6.16 6.40

LNg (50, 50) 5.68 4.74 5.57 (50, 50, 50) 5.36 3.43 5.33
(100, 100) 5.48 5.22 5.79 (100, 100, 100) 5.33 3.90 5.62
(50, 150) 4.91 4.70 3.10 (50,150, 100) 5.23 3.85 3.73
(150, 50) 5.79 8.19 6.72 (150, 50, 100) 6.10 7.24 7.08

NOTE: the Monte Carlo error is 0.218 (%) under the null models LN5-LNg.

Table 4.7: Scenario III: simulation probabilities (%) of rejecting Hj when data are generated

from GAM(a;, b;) according to the parameter settings given in Table 4.1. Here the ELR is defined

under correctly specified basis function q(z) = {z,log(z)} .

Model Two-sample comparison Three-sample comparison
(no,n1) ELR ATS WTPS (no,n1,n2) ELR ATS WTPS

GAM;5 (50, 50) 5.86 5.18 5.29 (50, 50, 50) 5.76 4.75 5.44
(100, 100) 5.40 4.92 5.03 (100, 100, 100) 5.21 4.61 4.85
(50, 150) 5.15 4.92 4.17 (50, 150, 100) 5.20 4.69 4.32
(150, 50) 5.76 6.20 6.01 (150, 50, 100) 5.59 5.96 5.83

GAMs (50, 50) 5.91 5.46 5.63 (50,50, 50) 5.93 4.60 5.53
(100, 100) 5.82 5.51 5.61 (100, 100, 100) 5.46 4.99 5.50
(50, 150) 5.42 4.96 3.90 (50, 150, 100) 5.22 4.45 4.02
(150, 50) 6.24 7.15 6.67 (150, 50, 100) 5.83 6.96 6.53

NOTE: the Monte Carlo error is 0.218 (%) under the null models GAM5-GAMs.

under comparison lead to inflated type I error rates when the sample sizes are unequal
with negative pairing. In general, for the cases of equal sample sizes and unequal
sample sizes with positive pairing, the ATS is a suitable testing method in this
scenario. In this scenario with more complex data distributions, the ELR and WTPS
methods seem to need larger sample sizes than those considered to give adequate

approximations.

In terms of power, it can be observed from Figure 4.3 that the ATS method still has

consistent performance in the settings of equal sample sizes and unequal sample sizes
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Figure 4.3: Scenario III: simulated power (%) of rejecting H§ at significance level 0.05 when
data are generated from a log-normal mixture model with parameter settings given in Table
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with positive pairing. However, keep in mind that the ELR and WTPS methods
both may fail to control the type I error rates. Therefore, no fair comparison can be
made with ELR and WTPS methods.

In summary, for testing mean equality in the three scenarios considered, the proposed
ELR test is robust against the assumption of parametric models that generate the data.
The ELR test generally performs best in Scenario II with basis function q(z) = log(x)
correctly specified in a DRM. As we may expect, the failure of selecting an appropriate
form of q(x) in a DRM may affect the control of type I error of the ELR test in some

settings, and potential convergence problem in computation can also be an issue.

In our simulation studies, the numerical procedure for calculating ELR, discussed in
Section 4.3, converges fast and is in general not sensitive to choices of initial values when
the basis function q(z) = log(z) is used in Scenarios I and II. However, when the basis
function of increasing dimension are specified in Scenario III, we found that the compu-
tation may not be very stable and a good choice of initial value can be helpful. Besides,
in our experience, the ELR with correctly specified basis function is also important for

convergence in Scenarios II and III.

In practice, a comprehensive DRM selection strategy, as described in Section 2.3, would
be encouraged at a preliminary stage of data analysis. We comment that such a preliminary
DRM selection procedure is not too restrictive. Given the difficulty in identifying a suitable
parametric model for many practical situations, the proposed ELR test can still be an

attractive and robust semiparametric alternative approach.

Combining the conclusions of our simulation results and numerical experience, we rec-
ommend using the ELR test when the basis function q(z) = log(z) is selected in the
DRM.

We also comment that for the three-sample comparisons, the unequal sample sizes
combinations presented in this section correspond to two extreme cases that are perfectly
positive, or negative, pairing with the unequal variances. For these cases with positive and
negative parings, the findings for ATS and WTPS methods are consistent with those in
Vallejo et al. (2010) and Pauly et al. (2015). We do not report all possible patterns of
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unequal sample sizes and variances combinations in simulation. For other combinations
that are somewhat in between those reported, the pattern of results do not exhibit large
difference from those reported. In general, the ELR test has been observed to be more
robust against unequal sample sizes when compared with the ATS and WTPS methods.
In the next section, we examine a real data example in which the relation between sample

sizes and variances are not dramatically positively or negatively correlated.

4.5 An illustrative real data example

In this section, we analyze a real data set from Koopmans (1981, p. 107). It arises in
a biological study of the seasonal activity patterns of a species of field mice. The mea-
surements are the average distances (in meters) travelled between captures by those mice
at least twice in a given month. One of the objectives in this study is to discover if the
mean measurements differ between the four seasons. In addition to the continuous positive
measurements, there are substantial proportions of zero values, especially in the fall and

winter data. Some summary statistics are:

e the sample estimate of v is (0.1765,0.1111,0.3704, 0.2941) with sample sizes (17, 27, 27, 34);
o the sample means are (26.9412, 30.8148, 13.0370, 15.0294);

e the sample variances are (679.3088,1118.926, 178.8832,293.5446).

As discussed in Section 4.4, we need to select a basis function q(z) in a DRM that
provides a reasonable fit to this data. We apply the AIC, discussed in Section 2.3, to select
a basis function in the DRM for the positive data in this example. The five candidate
basis functions are guided by Table 2.1. The results are given in Table 4.8. It can be
seen that the DRM with q(z) = log(z) has the smallest AIC among five commonly used
basis functions, and hence it is recommended in this example. Furthermore, we have also
applied the ELR test for homogeneity in distributions developed in Chapter 3 to this real
data set. The bootstrap ELR test for homogeneity based on q(z) = log(x) gives a p-value
of 0.0402, with 10,000 times bootstrap resampling. With this preliminary data analysis,

83



it seems reasonable to categorize this real data example into the Scenario II considered in
Section 4.4.2.

Table 4.8: AIC for five commonly used basis functions q(z) in a DRM for the positive field mice
data.

q(z) = log() T {log(z),log?(z)} " {z,log(z)} " {z,log(x),log? ()} T
AIC 219.63  220.45 224.19 224.05 228.86

We further fit this data by log-normal mixture models and gamma mixture models,
under the null and alternative hypotheses, by the parametric maximum likelihood method.
Here the null hypothesis is that the means of measurements for all four seasons are the
same. The details are provided in Table 4.9. These fitted models will be used in our

confirmative simulation later on.

Table 4.9: Fitted parameters for log-normal mixture model and gamma mixture model under
the null and alternative hypotheses for field mice data. The models LN1g and GAM;4 are fitted
under the null hypothesis; and the models LN17 and GAM;j7; are fitted under the alternative
hypothesis. The last two columns are the means and variances corresponding to each model, and
17 =(1,1,1,1).

Model (vo, v1, v2, v3) (a0, a1, a2, az)  (bo, b1, bz, b3) Means Variances

LNjg (0.28,0.21,0.28,0.23) (3.11,3.03,3.12,3.05) 0.41 x 1T  (19.95,19.95,19.95,19.95) (430.69, 362.72,433.63,376.22)

LNi7;  (0.18,0.11,0.37,0.29) (3.29,3.25,2.91,2.87) 0.37 x 1T  (26.68,27.49,13.84,14.99) (539.26,474.92,248.75,235.92)

GAM;6(0.27, 0.20, 0.28, 0.23)(2.32, 2.13, 2.35, 2.20) 12.22 x 1T (20.68, 20.68, 20.68, 20.68)(410.53, 362.76, 417.95, 381.00)

GAM;7(0.18, 0.11, 0.37, 0.20)(2.88, 2.77, 2.10, 2.04) 11.24 x 1T (26.65, 27.67, 14.87, 16.22)(451.68, 406.71, 297.12, 291.97)

We then applied the proposed ELR test, and other testing methods discussed in Sec-
tion 4.4, for the mean equality in this real data. The observed test statistics and their

corresponding p-values are reported in Table 4.10.

From the results in Table 4.10, the proposed ELR test as well as the other two tests
all produce significant p-values at 5% significance level. It is worth emphasizing that the

proposed ELR test provides the strongest evidence. Therefore, a nature followup concern is
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Table 4.10: Test statistics, corresponding p-values, and confirmative simulation for field mice
data. The ELR test is under basis function q(z) = log(z) in a DRM.

Pair Method Field mice data Confirmative simulation
Test statistic p-value LN LN~ GAM;i¢ GAM;7
All four seasons ELR 12.40 0.0061 5.20 86.36 5.21 79.11
ATS 3.17 0.0435 3.92 68.11 3.99 62.07
WTPS 9.71 0.0388 4.83 76.58 4.67 66.88
Spring vs. Autumn ELR 5.65 0.0175 5.05 59.35 5.29 53.19
ATS 4.15 0.0542 4.36 47.32 4.61 42.50
WTPS 4.15 0.0431 4.56 49.07 4.61 43.05
Spring vs. Winter ELR 4.95 0.0261 4.91 57.24 5.23 45.97
ATS 2.92 0.1009 4.69 42.15 4.90 34.24
WTPS 2.92 0.0991 4.62 43.61 4.80 34.56
Summer vs. Autumn ELR 6.56 0.0105 5.16 79.56 5.29 74.43
ATS 6.58 0.0149 4.40 74.16 4.72 68.31
WTPS 6.58 0.0071 4.88 74.92 4.91 68.41
Summer vs. Winter ELR 6.62 0.0101 5.37 78.91 5.31 70.61
ATS 4.98 0.0319 4.50 71.83 4.77 62.69
WTPS 4.98 0.0262 4.80 72.96 4.92 62.91

to detect any potential pairwise mean differences. We further test for the two-sample mean
equality for six pairwise combinations of this data. The testing results for the significant
pairs are given in Table 4.10. We particularly highlight one pairwise comparison, that is,
Spring vs. Winter. The proposed ELR test in this two-sample mean comparison gives a
significant p-value of 0.0261 at the 5% significance level. In comparison, both the ATS
and WTPS methods fail to detect the mean difference for this particular pair at the 5%

significance level.

These results may be further verified by the simulation according to model settings in
Table 4.9. The simulation results based on 10,000 repetitions are summarized in Table
4.10. It can be seem that all the simulation results demonstrate very good agreement with

our real data analysis.
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4.6 Proofs

This section contains a proof of Theorem 4.1. The regularity conditions provided in Section
4.2.3 will be used throughout this proof. We first define some useful notation before we

proceed.

We emphasize that the definition of R,, in Section 4.3 involves the summation of random
variables over random numbers, i.e., the numbers of zero and positive observations are
random due to the mixture data structure. This fact prevents us from applying standard
large sample theories directly. In our proofs, we use indicator variables to circumvent this
technical difficulty. Let Zij denote the summation over the constant range of all n pooled
observations (unless is otherwise specified), that is, j € {1,...,n;} and i € {0,1,...,m}.
For notational simplicity, let Q(z;;) = {1,q" (zi;)} ", so that w,(z;; 6,) = exp{0, Q(z;;)},

for r =0,...,m, where we have set 8y = 0.

Recall that n = (v',07)". Note that the function £(v, 8, X, t) defined in Section 4.3

can be rewritten as

Un, A t) = Zlog{ﬁ“’(l — )"} + Z {6/ Q(zij)I(z;; > 0)}

— Zlog [1 + A w(w;;0) — 1} +t " gy n)]](xij > 0).

ij
For simplicity, we have used £(n, A, t) to denote £(v, 8, A, t), and g(x; n) to denote g(z; v, ).

Suppose the true value of 1 is * = (v*7,0*") 7. Define

oo =)
XLl =y)
Let A* = (A\f,...,A%)" and t* = 0. We comment that A* and t* together have the

following property: A* and t* are the solution of

o™, X\, t) | ol(m*, X\, t) |
p{HIAO) o pfotra0)

r=1,...,m.

They play the role of “true values” of unknown parameters and hence are called the true

values of X and t.
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Recall that ¢ = (n', AT t")T, and from Proposition 4.1, the estimator 4 of ¥ under

Hy is the solution of
9l(n, A t)

oy 0

T
Recall that n = (f/T, 0 )" is the maximum empirical likelihood estimator of i under the
alternative model. Let X be the Lagrange multiplier A correponding to 7). Similarly to the

arguments in Proposition 4.1, we have that 1 and X are the solution of

0ln,X,0) _ o dl(n,A,0)
on - N

Then the empirical likelihood ratio test statistic R, can be rewritten as

Next we apply the second-order Taylor expansion on ¢(m, A, t) around @ = ¥* with
P = (T, A*7,0")7 to find the quadratic approximation of R,, in which we need the
first and second derivatives of £(n, A, t) at ¥ = 9.

First derivatives of {(n, A, t)

We calculate the first derivatives of £(n, A, t) as follows, for r =1,...,mand s =1,...,p.

81/0 120 1-— y

al(n, A t) 0o no1 tTag(mij; n)/0vy
— 7 — E I(z;; > 0)
T ij g

— 1+ A

{w(zij;0) — 1} +t " g(z:5m)
a‘g(lrlv A, t) Nro . Nr1 B Z tTag(Iwu 77)/87/7«
Ovy ve 1w 414 A {w(wy;0) — 1} + tTg(zism)
84(7’]7 Av t) = )\T’Q(xij)wT<xij; 07") + tTag(xij; 77)/807“
— i I i > 0) — 1 ij > 0 s

I(ili'ij > O),

j=1 ij

ol(n, A, t) _ Z wy (w55 6,) — 1 I(z;; > 0)

SN 7L A {w(r;0) — 1} +tTglogm) T

HnAY 5 slogm) I(zy > 0).
Ot - L+ X {w(z;;0) —1} +t'g(zi;m)
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For a compact presentation, we introduce additional notation. Denote \f§ =1—> 7" | A
and h(x;n*) = >0 Nw;(z;07). Define

1=0 "'
he(z;m") = Arw,(x;07) /h(z;1"), r=0,1,...,m.

Notice a useful fact that > ", hi(z;n*) = 1. Further, we denote A* = Y~ p*(1 — vf),
and hence A} = p(1 — v¥)/A*, for r = 0,...,m. For a compact notation, let h(z;;;n*) =

Define
8 *, *7
o
g _Om A 0) | MR S, (4.20)
" 617[) 8£(7787;\ 70) Sn3
96(n*,\*,0) S,.4

ot

where S,,; is a (m + 1)-dimensional vector, S,2, S,3 are m-dimensional vectors and S, is

a p-dimensional vector with corresponding entries as follows:

S _ ‘%("7*7)\*70) B L) o1 Nmo Tl ’
n v AN T T
ol(n*, A", 0) s
Sn2,r = T = Z Q(Q?m)[<ﬂf” > 0 ZQ ng IU,’U )[(xlj > O),
r j=1
ol(m*, A", 0) wr(zi;07) — 1
Swr = — v = — — I(xi; > 0),
(%(n )\* gs Tij; Tl
Sn s — T a, R s Tij > 0 )
B Z M) Y )
forr=1,...,mand s=1,...,p.

Second derivatives of /(n, A, t)

We next calculate the second derivatives of £(n, A, t) and evaluate them at the true value.
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We have

aZZén;,A;,o) 026(71 )\* 0)  824(n* A_’;,O) d%(n A* ,0)
vOv OvoA
920(n*, A", 0) 82%3;}5‘;’0) ( )\* 0) a?ea(g;,,\;p) ( )\* 0)
Py 81/; - 82252:9’}‘;’0) 024( 0) 825(77*,>\T*,0) a?e(n >\* 0)
el e N 25
otovT ataeT ItOXT preTa
where
325(’7*a >‘*¢ 0) dia _nOO . no1 _an . Nim1
T S I R TRy PR R e o
820(n*, X*,0) o2(n*, 2%, 0)) 0
ovoe’ 000vT o
920(n*, A*,0) 9%(n*, A%, 0) | 0
OvOAT OO T o
ES * E3 * T *
9’Um*,A",0) _ [PU(n*A,0) 0 _ B og(zij;m )/3VTI($,, - 0)
otov’ ovot’ — h(xi;;m*) Y ’
%] J
920(n*, A%, 0 .
A - - 3 { [cinathtein)) = e T i) ] © 1Q(e)Q7 ) > 01
92(n*, A", 0) a%(n Y, )}T
000N oXo0 "
diag{w(zi;; 0")} — h(zi;; n*){w(z;;; 0%) —1}T
i R
2(n*, A*,0) [ 92(n*,A*,0) }T
000t T B oto0 "
_ 3gT($z’jﬂ7*)/59 — {h(zi;0%)g" (zij,n")} ® Qi) ;. <
9%0(n*, A*,0) —{w(zi;;0) — 1H{w(z5;0%) — 137
- _ T(::
OXOAT Z h(:cw, n*)? (35> 0)
325(’7*a )‘*7 0) 82£(77 7)‘* {UJ xl]a - l}g (x2j7lr]*)
= I ij )
oXotT IO } Z %], n)2 (45 > 0)
82€('I7*, )‘*a 0) g ‘/L"L]a (xljvn )
_— I(x;; >0 s
otot’ Z ZL'U,'I’] *)2 (i )

and ® denotes the Kronecker product.
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4.6.1 Some useful lemmas

In the proof of Theorem 4.1, we need the expectation of 9%¢(n*, \*,0)/dp0v ", and the
expectation and variance of S,,. The following lemma is used to ease the calculation burden
in our later proofs.

Lemma 4.1 Suppose that fi and fy are two arbitrary vector-valued functions. Let X
denote a random variable from Go(x). Then

(a)
E {Z Si(wig) I (2 > 0)} = nA"Eo{h(X;n") f1(X)}.

(b) Forr=0,...,m

COU{ZT: fi(@e) (2,5 > 0), Z fo(wi) (w5 > 0)}

R B[, (X (X £ (X))
—nA"2 i EG (X0 he (X5 07) fu(X) Y Eo (X5 0" he (X5 ) £ (X))

(c)
COU{Z fi(@i) (@i > 0), ZfQ(xij)I(fcz’j > O)}
= nA"E{h(X; ") i(X)fy (X)}

Y 0 B (X (X5 COYE{ACK )i (X £ (X)),

=0

Proof. For Part (a), we have
ij i=0

- an(l — vi) Eo{wi(X; 07) f1(X)}
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= nA"Y " Ep{\wi(X;6) fi(X)}
i=0
= nA"E{h(X;n") 1(X)}.
This finishes Part (a).
For Part (b), we look at

Cov {Z fi(@) I (zp5 > 0), Z fol@i) I (255 > 0)}

= COV{X: fl(zrj)l(xrj > 0)ﬂzr:f2(xrj)l(xrj > 0)}

= n,Cov{fi(xy)I(z;1 >0), fo(x,)(z,1 >0)}
= B f) @)@ > 00} — B () (@ > O} () (0 > 0)}
= nA"Ep{h(X:n")h(X;07) f1(X) fy (X)}
—nApr Eo{h(X;m*)he (X5 0%) f1(X) Y Eo{M(X50%) b (X5 7) £ (X))
This finishes Part (b).
For Part (c), we compare it to the result in Part (b) above. It is easy to find that

Cov {Z fi(zig) (x5 > 0), Zf2(l’z‘j)f($ij > 0)}

= Z Cov {2 fl(xrj)f(xrj > 0), Z f2(Iz’j)I(l’ij > 0)}
= nA*Eo{h(X;n") f1(X)f) (X)}

—n Y7 o By (G0 ) e (X5 ") (XD} Eo{ WXy (X ") £ (X)),

r=0
where in the last line, we used a fact that Y ., h;(z;n*) = 1. This finishes Part (c). Hence,
the proofs of Lemma 4.1 are completed. O

With the help of Lemma 4.1, we calculate the expectation of 92(n*, A*,0) /00 . For
notational simplicity, let h = {hy(X;7%), ..., hpn(X;17)} T, w = {01 (X;65), . .., wn(X;07)}T
and g = {g:(X;m*), ..., g,(X;m*)}".
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Lemma 4.2 With the form of 9*((n*, X\*,0)/0dp " given above and under Hy given in
(4.3), we have

1 { PU(n*, X", 0) } 0 Ay Az Ay
By oR e LLAEL/A) Gy
n 0P 0 Az —Azz —Ay
Ap A —A —Au

where

. o P
A = dmg{ua‘a—us>""’ua<1—u;>}’
Aly = Ay = —A*Cdiag(p)diag {(1 —v*)"'},
Ay = A"Ep [h(XQ’U*) {dmg(h) - (hhT)} ® {Q(X)QT(X)}] ’
Ay = A} = AEy{[diagw) — {h(w - 1)} ® Q(X)},
Ay = Ay = A"Ey | {diag(w)(Opnr, L) diag(1 — v*)CTX — (hg")} © Q(X)),

Ay = A*EO{(“’_l)(“’_l)T},

h(X;n*)
—1)g’
Ay — AT —Arp {1V
o 43 O{ h(X;m7) }
L
L gg
t = an S

Proof. 'The main idea for showing the results in this lemma is to apply the results in
Lemma 4.1 to each block of 9%(n*, A\*,0)/0wdv . Because the proof for each block is

either trivial or is very similar, here we only show how to find Ay, as an illustration.
Recall that

O?l(n*, X",0) 0g' (ri5,1*)/00 — {h(ziy;0")g" (zi5,1")} @ Q(zy)
POy
000t " h(z;j;m*)

I(Iij > 0),
]
Hence, by treating the term in summation as fi(z;;)I(x;; > 0) in part (a) of Lemma 4.1,

we have

1 (9%(n*,\*,0)
Az = _EE{ 000t }
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= A"Ey [{0g"/00 — (hg") @ Q(X)}]
— A'E, [ {diag(w) (O, Lnsm)diag(1 — v*)CTX — (hg')} @ Q(X)].

This finishes the proof. 0

With the help of Lemma 4.1, we now study the properties of S,, defined in (4.20).

Lemma 4.3 With the form of S, = ‘%(%;2‘*’0) defined in (4.20) and under Hy given in
(4.3), we have
1
—S,, —» N(0,B
=8, N(0.B)

in distribution as n — oo, where

Bll Bl2 B13 Bl4
BQl 322 B23 BQ4

B = ,
B3y Bsy; Bsz DBy
By Bsys Biys By
and
By = Ay,

and By, B3, By, W, and S are defined as
By = A"Ey [M(X;n"){diag(h) — (hh")} ® Q(X)],
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Bs = A*Eg{(w—1)h'},

B, = A*Ey{gh'},

W = (Lnxt, —Ixm) diag{(1 —v*) ™"}

S = {py "Lnl,, + diag(pi ", ... o)}

Proof. We first show that E(S,) = 0. The main idea is to apply the result of Part (a)
of Lemma 4.1. We only verify E(S,2) = 0 since the other results are either trivial or very

similar. For the rth segment of S,» given in (4.20), we have
E(S,,) = E {Z Q(z,) (x4 > 0) ZQ i)V (g ) I (245 > 0)}

= {ZQ zj)1 (i > 0) } {ZQ Tij) e (i ) (i > 0)]

= nA"Eo{h(X;n")h(X;1")Q(X)} — nA"Eo{h(X;17)h (X;m7)Q(X)}
= 0,

where we have used Part (a) of Lemma 4.1, and a similar fact that
E {Z fi(@e;) (2 > 0)} = nA"Eg{ \rw,(X;0,) f1(X)} = nA"Eo{h(X;n")h.(X;1") f1(X)}.
j=1

Next, we verify that Var(S,) = B. The key idea is to apply Parts (b)—(c) of Lemma
4.1 to the (r, s) entries or blocks of Var(S,,). Again, in the following we will only show how
to find By4 and Baz as an illustration, because the proof for other blocks are either trivial

or are very similar.

First, we find Byy. Forr=0,...,mand s =1,...,p,

1 1 gs Tij ,77
~Cov(Su1r Snas) = ﬁcov{ ; xj i > 0)}
_ %cov iu% R S L RN
nv¥(1l —v¥) = r h(xij;m*)
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A*v*

r
*

T‘)

vi(l—v

EO {hr(Xa 'I”]*)QS(X, T’*)} )

where we have used a special case of part (b) when fi(x) = 1 in Lemma 4.1. Hence, for

r=1,...,mand s=1,..

1

_COV(Snl,ra Sn4,s)

n

., p, we have shown that

1
1—us

B4,sr'

Further, we can simplify 2Cov(S,1,0, Spa,s) by recalling that ho(X;n*) = 1=37" hi(2;n*).

Then

1
—Cov(Sn1,0,Sna.s)

n

In summary,

A* * *
—=Fo {ho(X;m%)gs(X;m7)}]
-1 m
B ST
11— ; +

1 . e oy —
Bl4 = ECOV(SannAL) = [_(1 - VE)k)_ll;rnBIadlag{(l - Vl) 1a crt (1 - Vm) 1} Bz} = _WTBI

This finishes the proof of Bi4.

Next, we move on to find Bes. Forr=1,...,mand s=1,...,m,

1
*COV(SnQ,m Sn3,s)
n

= %COV ZT: Q(mr])l(a@” >0) — Z Q(xij)hr(l‘ij; ’I’]*)I(l‘” >0), — Z WI(QC” > 0)]
b= = = i)
1 i s(2ij;0%) — 1
= ~Cov ]2 Q) (zi; > 0),— EJ: Wf(mij > 0)]
Loy Zh (2i5:77)Q(x:,)I (1 > 0) _ZM[@ > 0) (4.21)
n OO | 2 i) Qri) ey > 0. =) =6 iy 1y > 01 |

Applying the part (b) of Lemma 4.1 to the first term in (4.21), it becomes

1 o
—Cov

n -
Jj=1

h(zij;m*)

ZQmmm»m,Z%m”m]H%>ﬂ

ij
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= A By [—h (X)) QX {uws(X:67) — 1}
A Bo (X )b (X5 0" )QUX) Y Bo [—hy (X7 {ws (X5 63) — 1}]. (4.22)

Then applying the part (¢) of Lemma 4.1 to the second term in (4.21), it becomes

fCOV ZQ xz] :L‘”,n )I(ZEU > 0), —Z(’WI(%U > 0)
= —A"Ey (- h (X3 17) QX ){ws(X;65) — 1}]

+A*2 ZpZ*IEo{h(X;n*)hk(X;n*)hr(X; n")QX)}Eo [—hi (X5 ){ws(X;05) — 1}] . (4.23)
k=0

Plugging in (4.22) and (4.23) to (4.21), we find

lCov( Sn2,r»Sn3.s)
_ A*2 1E0{h X: in )h (X,T]*)Q(X)}EO [hr(X777*){wS(X70:) B 1}]

—A* ZpzflEo{h(X;n*)hk(X;??*)hr(X; n*)Q(X)}Eo [hi (X5 ){ws(X;05) — 1}]. (4.24)
k=0

To further simplify the result, recall that ho(X;n*) =1 — 3", hi(x;n*). Then
Eo{ho(X;m")h(X;77)h (X517 Q(X)}
= Eo{h(X;n")h.(X;n")Q(X)} - ZEo{hi(X; n)MX;n)he (X )Q(X)}, (4.25)
and
Eo [ho(X;1*){ws(X;63) ZEO (X5 ) {ws(X;6%) — 13]. (4.26)
Using (4.25) and (4.26) to replace the term in (4.24) for k = 0, we find

A2 5 Eo{h(X ") ho (X3 (X3 1%) QUX) Y Eo [ho (X517 ) {ws (X 67) — 1]

= A%pp! EO{h(X§"7*)hr(X§"7*)Q(X)}_ZEO{hi(X§n*)h(X;n*)hr(XQ'n*)Q(X)}

{ ZEO (X5 s (X e*>1}1}
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= A2 By {h(X; ") he (X {ZEO (X5 n ) {ws (X 3)1}]}

+872057 |7 Bo{ha(X5 ) (X507 )he (X:m7)Q ]{ZEO (X" {ws<X;e:>1}]},

=1

which together with (4.24) leads to

1
*COV(SnZ,ra SnS,s)
n

= AR Eo{h(X; 0 ) he (X {ZEO (X m* ) {ws (X Z)l}]}

A2 By {h(X s he (X07)QUX)} B [ (X5 7)o (X3 62) — 1)]
{ZEO (X5 {w(X ;)1}1}

—A Y " o Eo{h (X0 b (X5 %) he (X5 07) Q(X) Y Eg [T (X3 ¥ ){ws (X5 65) — 13]. (4.27)
k=1

—A2p ZEo{hi(X;n*)h(X;n*)hr(X;77
i=1

It is very useful to introduce a group indicator I;; such that I;; = 1if i = j and I;; = 0
otherwise. Hence, we simplify (4.27) to

1
7COV(STL2,7’7 Sn3,s)
n

= f}i%lwf1fw>Eo[hz-<X;n*>h< 1)L Q(X)] o [y (X;0") {ws(X; 603) — 1}]

! i i%_l 01 ) Eo [ (X V(X e (X3 ) QU] Eo [y (Xim™) e (X:67) — 1}
—gg(pé‘lwi‘lhj)%[hﬂn)h(Xn){f (X))} QX)) Bo [y (X 77) {ws (X 07) —
= f;f:l(po + pi 7 ) Bori B s

e

In summary, we have
823 == BQSBST
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This finishes the proof of Bas.

Finally, recall that S,, in (4.20) is a sum of independent random vectors. Therefore, by

the classical central limit theorem, we have
1
NZD

in distribution, which finishes the proof of Lemma 4.3. U

S, — N(0,B),

4.6.2 Proof of Theorem 4.1

With above preparation, we now move back to derive the limiting distribution of R,, under
the null hypothesis given in (4.3) where Hy : Cu = d. Using the similar arguments to
those in the proofs of Lemma 1 and Theorem 1 of Qin and Lawless (1994), and Theorem
2.1 of Chen and Liu (2013), we have

P - = 0y(n ), H—m =0, A= X =0,
Recall that in (4.19)

R, = 2{£(ﬁ,5\, 0)—6(77,5\,’5)}

- z{e(ﬁ,;\,o)—e(n*,,\*,o)} —2{6(77,5\,{)—6(17*,)\*,0)}.

We proceed in three steps. In Step 1, we find the asymptotic approximation of ¥ — *,
which is used to find an approximation of £(f, A,t) — £(n*,A*,0). In Step 2, we find
the asymptotic approximation of 7 — n* and A — A", which is then used to find one
for E(ﬁ,j\,O) — {(n*,A",0). Combining Steps 1 and 2 together, we obtain a quadratic
approximation of R,. In Step 3, we derive the limiting distribution of the quadratic

approximation.

We start with Step 1. Recall that

9l(n, A, t)

9 =0.
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Applying the first-order Taylor expansion to the above equation, we have

0=

o' X",0) | (n’, \",0)

o ST B~ ¥) 0.

Recall that
S ol(n*, A%, 0)
" op '

Using Lemma 4.2, we further have
0 =S, —nA(Pp — ") + O,(1),

which implies that
P — P = (nA)7'S, + 0,(n"1?).

Applying the second-order Taylor expansion to (1, A, t) — £(n*,A*,0) and using Lemma
4.2, we get

~ X T * * i * 1 7 * " *
(0,2 8) = (0" A7,0) = S, (3 = 97) = S (¢ — ") (nA) (¥ — ¥") + 0,(1).
With the approximation of 1) — 1*, we obtain an approximation of o(n, A, t) —£(n*, \*,0)
as

< - 1
07, A t) — £(n*, A*,0) = ESI(nA)—lsn + 0,(1). (4.28)
In Step 2, we partition the matrix A into blocks and denote them by

Ay 0 0 | Ay

A:(AO Al): 0 Ay Ay | Ay
Al A,

Using the similar steps as in Step 1, we obtain the approximation of (7, A, t) —£(n*, X*, 0)
as .
0, A, 0) — £(n*, A*,0) = 5327,4(71%)*15”,,4 +0,(1), (4.29)

where S,._4 = (S;},,S),, 8T

nlr»>~n2s~n3
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Combining (4.28) and (4.29), we obtain the approximation of R, as
R, = S, _4(nA) 'Su_4— S, (RA)'S, + 0,(1).

By the inverse of block matrix, we have

Al (AT HATAAGATAT —A AL A
—AyIA A Az ’

where Ay = Ay — A] Ag'A,. After some algebra, we find that

1 _ T _ _ -
Ry =—= (St = A{AG'S, 1) (Ao = AJAGIAL) ™ (Sua — A AG'S, a) +0,(1). (4.30)

From Lemma 4.3, we have
n~128, — N(0,B)

in distribution. As a result,
n 2 (Sps — A{ A 'S, —s) = n V2 (—A] A 1y,)S, — N(0,U)

in distribution, where U = (=A] Ay', L) B(=A] Ayt 1,5,) 7. Hence, to show the chi-

squared limiting distribution of R,, the remaining task is to argue that

U=A/A;'A; — As. (4.31)
Next, we present a lemma, which study the relationship between A land B.

Lemma 4.4 Denote Ay" by

Ay O 0 - Al 0 0
Aal — 0 AQQ A23 — 0 A22 A23
0 Az —As 0 A2 —A3
Then we have
(a)
All — Aflla
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A22 — A2_21 o A23A32A2—21 _ A2_21 - A23(A33)_1A32, (432)
1
A? = (A7) = {lm@e'}, (4.33)
1
A3 = E{diag()\*) — AT (4.34)
where e = (1,0,...,0)" is a vector with first element being 1 and others zero, and the
length of e is the same as that of Q(X); and
(b)
BQ = A*AQQAQS - A*A23A33, (435)
By = A'Tn — AT A5 A = A*A53 A, (4.36)
By = AV — A"ApA® = A*A;3A%, (4.37)

where V = Cdiag(1 — v*)(0mx1, Lnxm) " Eo {diag(w) X} appears in (4.57), for simplicity.

Proof. Recall that from Lemma 4.2, we have found

A22 =
Az =

A33

For part (a),

A = A7l is obvious. For the

A*Ey [h(X;n") {diag(h) — (hh")} © {Q(X)Q"(X)}]
Agy = A" Ey {[diag(w) — {(w —Dh "} @ Q"(X)},
- g sl T)

h(X;n)

rest, since the inverse matrix of Ag is

unique, we only need to verify that

A A + A A*? = Toasma, (4.38)
Agp AP — Ap3 A = 0pdsem, (4.39)
Agp AP — A3 A% = O, (4.40)
Az A + A3 A = T, (4.41)

with the forms of A% = Ay — AB A3 AL, A%, A%2 and A% given in (4.33)-(4.34).

We first establish some useful relationships. By the property of Kronecker product and
the fact that Q' (X)e = 1, we have

A22A23 _

A*Ey [h(X; ) {diag(h) — (hhT)} & {Q(X)QT(X)}]

1
E{Imxm ® e}
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= [h(X;n*) {diag(h) — (hh")} ® {Q(X)}]
NI (4.42)

Similarly, we have
A32A23 - Im><m - Bg/A* (443)

Next, by the properties of the Kronecker product and the definitions of w, h, and A*, we
have

A A® = A'Ey {[diag(w) — {h(w - 1)"}] ® Q(X)} é{diag(x‘) — AT}
= Ep{[diag(w)diag(A*) — diag(w)A*A*"
—h(w — 1) "diag(A*) + h(w — 1) "A*A T ® Q(X) }
= Eo {[h(X;n")diag(h) — h(X;7")bA*T — h(X;n")hh" + hA*’
+{A(X;7) = AT — (1= 2)hA" ] @ Q(X)}
= By [h(X;n") {diag(h) — (hh")} ® {Q(X)}]
= By/A*. (4.44)

Also, we can similarly show

Ags AP = By/A* (4.45)
Then (4.42) and (4.44) together lead to

A AP = Ay A®, (4.46)

which implies that (4.39) is correct and the two forms of A%? in (4.32) are the same.
Combining (4.43) and (4.45) gives

Ime —A*A32A23 = A33A33, (447)

which implies that (4.41) is correct.
Next, (4.32) together with (4.46) give

A22A22 — A22(A521 _ A23<A33)71A32)
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Idemd - A22A23(A33)_1A32
Imd><md o A23A33(A33)_1A32

_ 32
- Imdxmd_A23A .

This verifies that (4.38) is correct.
Lastly, (4.32) together with (4.46) and (4.47) give

A AP = As(As) — ABARAL)
= AgAy) — A AP Az ALY
= AgpAs — (Tnwm — Az3A%) Az Asy
= ApAPApAy
= A3 A%

This verifies that (4.40) is correct.

For Part (b), (4.35) follows from (4.42) and (4.44), and (4.36) follows from (4.43) and
(4.45). Here we only need to further verify (4.37). Recall that from Lemma 4.2,

Ap = A'Ep [Cdiag(l - ') {(Omxl,lmxm>Tdiag(w)X - (ghT)} ® QT(X)},

Similar to (4.42), we have
ApA®? = EO{Cdiag(l . u*)(Omxl,Imxm)Tdiag(w)X} _ By/A".
It can be verified that V' = Eo{Cdiag(l — V) (0px1, Imxm)Tdiag(w)X}. Hence
ApA® =V — By/A* (4.48)
Also, similar to (4.42), we have

ApAP = By/A* (4.49)
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Finally, (4.48) and (4.49) together imply (4.37). This completes the proof of Part (b), and
hence that of Lemma 4.4. O

We now move back to verify (4.31) by following two steps. In Step 1, we find the form of
—Ay+A] A A, In Step 2, we identify the form of U = (—A] Ay, Ly, ) B(—A] AL Tu,) "
Combining the two steps together, we can verify (4.31).

For Step 1, we start with

AL o0 0 Ay ATltAy
AalAl - 0 A22 A23 A24 - A22A24 - A23A34
0 A32 _A33 _A34 A32A24 + A33A34

By (4.37), we have
A2 Agy + ABA =V,

Using (4.32), we get
A22A24 o A23A34 — {A2—21 _ A23(A33>_1A32}A24 o A23A34
— A2_21A24 o A23(A33)_1A32A24 . A23A34
— A521A24 o A23(A33>71V—r.
Hence, we obtain
Al Ay
ATA = | AL Ay — AB(AB)TIVT ) (4.50)
VT
With (4.50), —Ay + A] Ag'A; can be rewritten as
—Ay FATAIAL = Ay AP AT A+ Ap{A) Ay — AB(AB)TIVTY — AV T
= Ap+ AnAf Avs + ApAs) Agy — Ap AP (A¥) VT — AV
= Au+ An A7 A+ ApAy) Ay — V(A®)TIVT (4.51)

where in the last equation we have used (4.37). This finishes the Step 1.
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We now move to Step 2. With the form of B defined in Lemma 4.3, we can rewrite B

as
Ay 0 0 O 0 w'B, —-WT'B] —-W'B/
0 Axn 0 O BoW  —BySB)  BySB]  BySB]
B = + - - - |- 452
0 0 Ay Az —BsW  B3SB) —B3SB] —B3SB)
0 0 A Ay -B,W B,SB) —B4SB] —B,SB]

Let B(;) and By denote the first and second matrix on the right hand side of (4.52),
respectively. Then

U = (“AJAGLLyp)B(=AT Ag L Tp)
= (AT A L) By (—AT A L) T+ (AT A L) By (AL AL Tsp) T (4.53)

With (4.50), after some algebra, we find that

(—AIAEI, Ipo)B(1)<_A1TA61>Ipo>T

= Ay + A41Af111414 + A42A§21A24
CV{(AB) AR Ay + Agy) — {ApAB(AR) L A VT
FV{(AB) AR Agy AP (AP 1 A )V (4.54)

By (4.37), we have
(AP LA Ay, 4 Agy = (AT
By (4.35) and (4.36), we further have
(AP)TEAZ A AB(AP) ! 4 Agy = (A%F) 7 (4.55)
Combining (4.54)-(4.55), we obtain

<_AIA517 Ipo)B(l)(_AIA517 Ipo)T
= Ay + Ap AT Ay + Ap A Ay — V(ABHTIV T

Next we find the form of (—A{ Ag", Ly, ) By (A Ay', Ix,) " A key step is to argue that
(0, BQT> _BST? _BI)(_AIA(;1> Ipo)T = 0. (4.56)

105



After some algebra, it can be shown that
(0, 8], B, ~B])(~ATAg L) T = —BI Agj Agy + B AB(4%) VT + BIVT - B
With (4.35)-(4.37), (0, By , —Bj , —B])(—A] Ay ', 1,.,)" can be rewritten as

(07 B;: _Bi;r7 _BALT)(_AIA(717 Ip><p>T
_ —A*A32A24 + A*A33A32A23(A33)_1VT + A*A33A33VT o A*VT + A*A32A24
— A* {A33A32A23(A33)_1 4 A33A33 . Imxm} VT
= 0,
where in the last equation we have used a fact implied by (4.36) that

A32A23(A33)71 — (A33)71 - A33.

The finishes the proof of (4.56).
With (4.56), we can simplify (—A{ Ag", Lxp)Ba) (A Ag', Lx,) " as

0
_ _ - —B, WAL A
(_AlTAo 17 Ipo)B(Q)(_AIAo 17 Ipo)T = (_AIAO 17 Lyxp) Bgi/VAl_?A:l =0. (4.57)
ByW AL Ay
Combining (4.53)—(4.57) leads to
U= Ay + Ap Al Ay + Ap Ayt Agy — V(A TV T (4.58)

which together with (4.51) implies that
U=A/A;'A — Ay

This finishes the Step 2.

Therefore, we conclude that the quadratic approximation (4.30) of R,, converges to ng

in distribution as n — oo, which completes the proof of Theorem 4.1. ([l
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Part 11

The bootstrap with inequality

constraints
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Chapter 5

Introduction to Part 11

5.1 The bootstrap method

In this chapter, we begin by introducing some basic concepts concerning the bootstrap
method. This has become a popular data resampling method for statistical inference
after its introduction by Efron (1979). Part of its popularity comes from its widespread
applicability and its simplicity, especially when the sampling distribution of a statistic is
unknown or very difficult to calculate or approximate. Efron and Tibshirani (1993), Shao
and Tu (1995), and Davison and Hinkley (1997) serve as excellent reference books on the
bootstrap.

In Part II of this thesis, our study focuses on the application of the bootstrap method,
under parametric model settings, but with an inequality constrained parameter space.
When the data is known to follow a parametric model, it is natural to use the paramet-
ric bootstrap. Therefore, here we briefly outline the parametric bootstrap procedure for
estimating the sampling distribution of a scalar statistic, and give the definition of its
consistency. We focus our review on the case where the observations are independent and
identically distributed (i.i.d.). It should also be mentioned that when talking about the
bootstrap, we are referring to the standard n out of n bootstrap, where n is the total

sample size.
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Suppose we have a sequence of i.i.d. random observations X = {X7,..., X} from an
unknown distribution P. In the parametric setting, the distribution P = P(6) is completely
known, except for an unknown parameter 6 € ©. Let 6, = én(X) be an estimator of 6.
Here and after, we use the simplified notation 0,. Throughout Part II of this thesis, we
concentrate on using the parametric maximum likelihood estimator 6,, of  based on the

observations X. Let T,, = T,,(X) be a scalar statistic of interest, and let
H,(x;0) = Pr(T, < x|0)
denote its sampling distribution. The bootstrap method can be readily used to estimate
H,(x;0).
Let X* = {X7,..., X} be a parametric bootstrap sample such that X* is an random

sample from the parametric model P(én) for a given observed value 6,,. With the bootstrap

sample X*, we can similarly calculate 77 = T,,(X"). Let
H;(;0,) = Pr(T; < x(0,)

be the conditional distribution of T7* for a given 6,,. Then H*(z;8,) is called the parametric

bootstrap distribution of T,,, which can be used to estimate H, (z;6).

The following is a definition of the consistency of a bootstrap estimator (Shao and Tu,
1995, Section 3.1).

Definition 5.1 (Bootstrap consistency) Suppose p is a metric distance on the space
of all probability measures on R. We say H?(x;0,) is p-consistent (or weakly p-consistent)
of

p (M3 62), Ha(2:0)) = 0, (5.1)

in probability under P(0) as n — oo.

Recall that 0, = én(X) is a function of random observations X. Hence, the bootstrap
distribution H*(x;0,) is defined as a random distribution function since it is conditional
on én, although we usually treat it as a conditional distribution for a given value 6,,. Note
that a distance p is required in this definition. In the literature, Kolmogorov-Smirnov-type
distance is commonly used, while Mallow’s distance is also sometimes used. The consis-
tency of the bootstrap distribution is fundamental for further investigating the validity of

various bootstrap based inference methods.
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5.2 Bootstrap percentile confidence intervals

Confidence interval (CI) estimation has been an important research focus throughout the
theoretical development of the bootstrap (Hall, 1988; DiCiccio and Efron, 1996). There
are many types of bootstrap methods for constructing Cls of a parameter. For example,
at least five common methods are described in Efron and Tibshirani (1993), and their
asymptotic properties can be found in Hall (1988) and Shao and Tu (1995). In Part II
of this thesis, we mainly focus on the method which is based on using the percentiles of
the bootstrap distribution of its estimator, which is usually referred to as the bootstrap
percentile confidence interval (Efron and Tibshirani, 1993). This type of bootstrap CI is
simple to implement and thus is widely used in practice (referring from Hall (1988): “Our
enquiries of users indicate that the percentile method is used in more than half of cases,
...7). For a scalar parameter, the standard procedure to construct CI based on bootstrap

percentile method can be described as follows.

Suppose we consider the same setup as in Section 5.1. For a cumulative distribution
function F(x), the o'® quantile of F(x) is defined as F~'(a) = inf{z : F(x) > a}.

Definition 5.2 (Bootstrap percentile confidence interval) Let G*(z;0,) = Pr(6: <
16,,) be the bootstrap distribution function of 0,. Then a 100(1 — )% bootstrap percentile

CI for 6 is constructed as
(G200 0] = [ G136, G371 (1= 23, (5.2)

where GV (ay; 0,) and G711 — ag; 0,) are the ot and (1 — )™ quantiles of G=(x;0,),
ay, a9 € (0,0.5) and o = a1 + as.

Note that the endpoints of a confidence interval defined in (5.2) are random functions
of 9n, since they are obtained by conditioning on 0, = én(X) as a function of random
observations X. Then the probability Pr (9 € [qk,, q{_az]) is called the coverage probability
of a confidence interval (5.2) for 0, where Pr(-) indicates the probability distribution of X
under P(f). In general, the exact coverage probability of a CI depends on the sample size

n, and may need to be calculated case by case. If the exact coverage probability of a CI is
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not easy to calculate, it is desirable to have its asymptotic coverage probability

lim Pr (9 S [q;lv qrfaz])

n—oo

being the nominal coverage level 1 — . This asymptotic coverage probability provides us
a useful approximation to the exact finite sample coverage probability of a CI. Hence, it
may help us to understand the finite sample behaviour of a CI. The following definition
gives the consistency of the bootstrap percentile confidence interval (Shao and Tu, 1995,
Section 4.2).

Definition 5.3 (Consistency of bootstrap percentile confidence interval) A boot-
strap percentile confidence interval for 6 defined in (5.2), with nominal coverage level 1 —a,
is said to be consistent if

Pr(0€ (¢, qi o)) = 1—a, (5.3)

under P(0) as n — oo.

The next theorem reviews some sufficient conditions for the consistency of bootstrap
percentile CI. Let H,(z;6) be the sampling distribution of T, = n'/2(, — 6), and let

H*(x;0,) be its bootstrap distribution conditional on 6,.

Theorem 5.1 Suppose that the following conditions are satisfied:

(a) H*(x:0,) is consistent with H,(x;0),

(b) lim, o sup, |H,(x;0) — H(x)| = 0 for a continuous, and strictly increasing H(x),

where its density function is symmetric around zero,

then the bootstrap percentile confidence interval defined in (5.2) is consistent.

Despite the vast literature on the bootstrap method, its applicability under inequality
constrained inference problems seems to be not well understood. As we will show in the
next chapter, the conditions in Theorem 5.1 may be violated in problems with inequality

constraints, and thus the bootstrap percentile confidence interval may be inconsistent.
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Chapter 6

Quantifying the local asymptotic
coverage probabilities of bootstrap
percentile confidence intervals for

constrained parameters

6.1 Introduction

As shown by various examples in Chapter 1, in many applications there is useful prior
knowledge available about the parameters of interest, which can be expressed in terms
of linear inequality constraints. Research on developing statistical methods and theory
under such constraints has a long history; see Robertson et al. (1988) and Silvapulle and
Sen (2004). The general consensus is that, if the constraint information can be properly
incorporated in the analysis, we can expect to obtain more accurate estimation and more
powerful statistical tests. In this chapter, we concentrate on confidence intervals for the
constrained parameters when there are linear inequality constraints on the parameters
under parametric models. More specifically, we aim to answer the scientific questions
Q3—Q5 outlined in Section 1.1 of Chapter 1.
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For regular parametric models, there are mainly three types of methods to construct a
confidence interval (CI) for an unknown parameter: the Wald-, score-, and likelihood-ratio-
type. Under some regularity conditions, the maximum likelihood estimator (MLE) of the
unknown parameter is consistent and asymptotically normal. This property ensures that
the Wald-, score-, and likelihood-ratio-type statistics are asymptotical pivotal. That is,
their limiting distributions do not depend on the unknown parameter. This nice property
guarantees the consistency of the resultant confidence intervals based on their limiting
distributions. When there are linear inequality constraints on the parameters, the true
values of the parameters may lie on the boundary of the parameter space, which violates
commonly used regularity conditions. In such situation, the limiting distribution of the
MLE may not be normal. Instead, it becomes a complicated function of a normal random
variable or multivariate normal random vector; see Chernoff (1954) and Self and Liang
(1987). Because of that, the Wald-, score-, and likelihood-ratio-type statistics are no
longer asymptotical pivotal. In some situations, their limiting distributions do not have a
simple analytic form. We refer to Chernoff (1954), Self and Liang (1987) and Susko (2013)
for results on the likelihood-ratio-type statistic, and Silvapulle and Silvapulle (1995) and
Molenberghs and Verbeke (2007) for results on the score- and Wald-type statistics.

The bootstrap method reviewed in Chapter 5 can be intuitively applied to obtain the
bootstrap distributions of these statistics, which can then be used to construct confidence
intervals for constrained parameters. A natural question is how does the bootstrap method
perform in these situations? Surprisingly, some pioneer work, including Andrews (1997,
2000), showed that the bootstrap distribution is inconsistent with the sampling distribu-
tion of the MLE of an unknown parameter when it is on the boundary. Drton and Williams
(2011) discussed the application of the bootstrap method to hypothesis testing with the
likelihood ratio test. They quantified the asymptotic size of the bootstrap likelihood ratio
test under a boundary hypothesis and concluded that the size can be both below or above
the nominal level. Peddada (1997) studied the construction of confidence intervals for
order constrained parameters by bootstrapping the point estimator introduced in Hwang
and Peddada (1994). Li et al. (2010) investigated several bootstrap methods for construct-
ing confidence intervals for ordered binomial proportions via simulations and a real data

example.
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To the best of our knowledge, the asymptotic behaviour of bootstrap methods for
confidence interval estimation under inequality constraints still seems unclear, especially
when the true value of the parameter is near the boundary. The primary goal of this chapter
concerns quantifying the asymptotic coverage probabilities of the bootstrap percentile Cls
as reviewed in Section 5.2 for constrained parameters. We study the important one- and

two-sample problems with data generated from distributions in natural exponential family.

This chapter is organized as follows. In Section 6.2, we first consider one- and two-
sample problems with data generated from normal distributions. For the one-sample prob-
lem, the mean parameter is constrained to be nonnegative; and for the two-sample problem,
the mean parameter for the first sample is constrained to be smaller or equal to that of
the second sample. We quantify the exact coverage probabilities of the bootstrap per-
centile confidence intervals for both the one- and two-sample problems. Then, in Section
6.3, under a local asymptotic setup, these results are generalized to the constrained mean
parameters of distributions in natural exponential family. For presentational convenience,

the proofs in Section 6.3 are deferred to Section 6.4.

6.2 Results for the normal distributions

6.2.1 Omne-sample normal distribution

In this section, we consider a simple but generic setup motivated by Andrews (1997). The
results under this setup will shed light on the more complicated situation discussed in
Section 6.3.1.

Suppose X1, ..., X, is a random sample from a normal distribution with mean 6 and
unit variance. The parameter space of 6 is constrained to be C; = {6 : § > 0}. We aim
to quantify the coverage probability of a bootstrap percentile confidence interval of 6 as

reviewed in Section 5.2.

We start with finding the form of the MLE 6, of 6, and the sampling distribution of
Vn(6, — ). Based on n random observations X, ..., X, from N(6,1), the log-likelihood
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function of 6, up to a constant not dependent on 6, is
1,(0) = —n(X, — 0)*.

Then the MLE of 8 is defined as

~

6, = arg max 1n.(0).

In the next lemma, we discuss the closed form of 6, and the distribution of \/n(6, — 6).
Define X,, = >, X;/n and y* = max(y, 0).

Lemma 6.1 Suppose Xi,..., X, are i.i.d. with distribution N(0,1) with 8 > 0 and the

true value of 6 is 6y. Then én = )_(;r and

V10, — 0) = max(Z, —/nfo),

) . . ) ) d
where Z 1s a standard normal random variable with zero mean and unit variance. Here =

denotes “has the same distribution as”.

Proof. The MLE of # can be equivalently defined as

- e o
Qn—argrenzlgl(Xn 0).

It can be casily verified that 6,, = XF. Hence

Vn(6, — 0y) = max{v/n(X, — 0,), —/nby},
which has the same distribution as max(Z, —+/n#p). This finishes the proof. O

Lemma 6.1 implies that \/ﬁ(én — 0p) has the same distribution as Z* when 6, = 0.
Its distribution function is not continuous, strictly increasing, and symmetric. That is,
Condition (b) in Theorem 5.1 does not hold. Hence, the bootstrap percentile confidence
interval reviewed in Section 5.2 may not be consistent when 6, = 0. This is confirmed in

the next proposition.

For the convenience of our presentation, we define some notation. Let X7,..., X

denote the bootstrap sample from N (én, 1), for given én, and let é;; = X’* denote the
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maximum likelihood estimator of § based on the bootstrap sample, where X* = " | X7 /n.
Further let
G (x;0,) = Pr(6F < z|6,)

be the bootstrap distribution function of 6,, and ¢’ be the o' quantile of G (z; én) From
Lemma 6.1, we note that 6, is actually a function of random observations Xi,...,X,,.
Hence, the bootstrap distribution Gj;(x;én) and its quantile ¢ are defined as random

functions in terms of 6,,.

Proposition 6.1 Suppose we consider the same setup and assumptions as in Lemma 6.1.
Then

* " . 1—051—062, Zf\/ﬁeo >q)_1(1—052)
Pr (60 € [qa17q1—a2]) - { 1 — oy, Zf \/ﬁeo S (1)_1(1 . Oéz) )

where Pr(-) indicates the probability under the distribution of 6, gwen in Lemma 6.1,
®(-) is the cumulative distribution function of a standard normal random variable, and
1,0 € (0,05) with o« = a1 + g € (0, 1)

Proof.  Note that

n(@i0n) = {1—Pr(X;>x|én) ifz>0 <I>{\/ﬁ(x—én)} ifz>0"

For a given true value 6y > 0, we have

Pr (6o € (¢}, di_o,]) = Pr{m < G (03 0,) <1— Oég}
~ Pr [@1 < @{\/ﬁ(eo—én)} < 1—@2} .

Then by the property of ®(-), the above equation becomes

Pr(6y € 4, 4i_0,]) = Pr {qfl(az) < (b, —0p) < (1 — 041)}
= Pr{

Vil —8y) < Y1 — ozl)} ~Pr {\/ﬁ(én — ) < CI>_1(a2)} .
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By Lemma 6.1, we have

Pr (60 € g2y, 0i0)) = {7 (1= a1)} = Pr{vn(h, — ) < 27 (az) }
- 1 —a; — as, if \/590><I>‘1(1—0z2)
N 1-— o1, if \/590 < (I)_l(l — Oég)
This finishes the proof. O
We comment that the exact coverage probability in Proposition 6.1 is a left-continuous,
piecewise constant, function of f, with a jump at ®~*(1 — ay)/+/n, for given n and ay
values. In Figure 6.1, we plot the exact coverage probabilities versus the true value of

0y for different sample sizes n at level @ = 0.10 with oy = as = «/2 as an illustration.

However, we note that different choices of a; and as should give different graphs.

Normal with non-negative mean

0.94
1

0.92
1

coverage probability

0.86
|

0.0 0.1 0.2 0.3 0.4 0.5 0.6

o

Figure 6.1: Coverage probability of 90% bootstrap percentile CI for the non-negative mean of

univariate normal distribution with ¢? = 1 and a; = ay = 0.05.

In general, we can observe from Figure 6.1, that the bootstrap percentile CI behaves

conservatively in terms of its coverage probability. Specifically, when the true value 6, is

117



on, or close to, the boundary, a non-regular behaviour, that the bootstrap percentile CI
over covers the true parameter, can happen. Note that the degree of closeness of 6, to the

boundary crucially depends on the sample size by an order of \/n.

6.2.2 Two-sample normal distributions

The two-sample problem for the means is of great importance in statistical inference. In
this section, we consider the case of two independent normal populations with equal and
known variances, both set to be one, where the two means are known to satisfy an ordering

constraint.

Suppose we have independent observations X;;’s such that X;; ~ N(6;,1) for j =
1,...,n; and i = 1,2. The parameter space of (6;,0,) is constrained to be Co = {(61,65) :
0y > 01}. We aim to quantify the coverage probabilities of bootstrap percentile Cls for 6,
0>, and their difference A = 6 — 6.

As a first step, we identify the form of the MLE of (6;, 605, A). Let n = ny +ns. The log-
likelihood function of (1, 6,), up to a constant not dependent on the unknown parameters,

1S

ln(ela 92) = _nl(an - 91)2 - nz(an - 92)2;
where X,,; = Z;;l Xi;/ni, i =1,2. The MLEs of 6; and 0, are defined as

(

D>
D>

o) = arg max  [,(61,0,) = arg min {nl(an —01)? 4+ ny(Xpo — 92)2}

nl
’ (61,02)€Cs 01<6>

and the MLE of A is A, = éng — 0,1

Suppose the true value of (01, 02) is (019, 02) and let Ag = 059 — 610. In the next lemma,
we summarize the explicit form of (énl, éng, An) and the marginal sampling distributions
of \/n(0,1 — 010), V(s — O29), and /n(A,, — Ag). For the convenience of presentation,
we let w =ny/n € (0,1).

Lemma 6.2 Suppose X;;’s are independent, X;; ~ N(6;,1) forj=1,...,n; andi=1,2,
and the true value of (01,0, A) is (610, 020, No). Then
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(a) the MLE of (01,0,), subject to the constraint in Ca, is
énl = miH{an,O.)an + (1 — W)Xng}, én2 = maX{XnQ,O.)an + (1 — W)Xng},

and the MLE of A is A, = (X, — X1)*;

(b)

IsH

\/ﬁ(énl — 810) = min {\/ng, \/aZl + \/1 - WZQ + (1 — w)\/ﬁAg} 3

. 1
\/ﬁ(@ng — 620) = max{ 1— WZQ, \/521 + vV 1-— CUZQ - W\/EA()} s

maX{\/ ! Zy — \/IZh_\/ﬁAO}a
1l —w w

where Z1, Zy are two independent standard normal random variables.

IsH

>
Il=

\/E(An - AO)

~

Proof. We first consider Part (a). To identify the forms of (f,1,60,2), we consider the

following sample sizes dependent reparameterization
0p=n—(1—-w)A, 0Oy=n+wA,

or equivalently
n:w91—|—(1—w)92, A:92—91.

Under the above reparameterization, the constraint #; < 5 then becomes A > 0, while 7

is free of restriction.

Recall the log-likelihood function I,,(6;, 62). Then the MLE of (1, A) is
(M, An) = arg miAn [nl {an —n+(1- w)A}2 + no(Xn2 — 1 — wA)2]
m,
subject to the constraint A > 0. After some algebra, we find

(7, A,) = arg I??gl [n {n—wX,u—(1- w)Xn2}2 +nw(l —w){A — (Xpo — an)}ﬂ
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subject to the constraint A > 0. Hence

~ — —

fp = wXp1 + (1 —w) X, A= (Xpo— X))t
which implies that
01 = T — (1 —w)A, = min{X,,wXn + (1 —w) X2},
O, = fin + wA,, = max{ X2, wXn1 + (1 — w) X2}
This finishes the proof of Part (a).

We now come to Part (b). It can be easily verify that

V(0 — 6y)
= min {\/g\/n_l()(nl —010), Vw/n1(Xn1 — 010) + V1 — wy/na(Xpa — O) + (1 — w)\/ﬁAo} :

which has the same distribution as min {\/ng, VwZy + V1 —wZy + (1 — w)\/ﬁAO}. The
sampling distributions of \/n(0ns — f0), and \/n(A, — Ag) can be similarly derived, and
are thus omitted here. This finishes the proof of Part (b). O

Lemma 6.2 implies that the sampling distributions of \/ﬁ(énl — 61p) and \/ﬁ(ém — Ba9)
are continuous, and strictly increasing, but their densities not symmetric, and the sampling
distribution of \/ﬁ(An — Ap) is not continuous and strictly increasing, and its density is
not symmetric, when Ay = 0. That is, Condition (b) in Theorem 5.1 does not hold for
\/ﬁ(ém —610), \/ﬁ(éng —6s), and \/E(An — /). Hence, the bootstrap percentile confidence
intervals for 6;, 6>, and A may not be consistent when Ay = 0. This is confirmed in in the

next proposition.

For the convenience of presentation, we define some notation. Let X};’s be the bootstrap
sample such that X7,,..., X}, ~ N(0,1,1) for given 0,1, and independently, X3,,..., X3, ~
N (02, 1) for given 6,,5. Define X, = > ity Xi/ni, i = 1,2. Further, let
On1 = min{X:Ll7WX:Ll +(1- W)X:b}, é;kLQ = maX{X:LQ’wXT*Ll +(1- w)XT*IQ}? A:L = (X;b - Xr*n)Jr
be the MLEs of #,, 05, and A, respectively, based on the bootstrap sample. Denote the
bootstrap distributions of énl, énz, and An respectively by

GZl(x;énhénQ) = Pr(é:;lgxyénl’én?)?
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GZQ(@"; On1, 9n2) = Pr(ejﬂ < anl’ 9n2)>
:;,A(ft; 07117 én?) = PI(AZ < I|én1a 0712)7
and their o' quantiles by ¢}, g5, and g3 ,. From Part (a) of Lemma 6.2, we note that
énl and éng are both functions of random observations X;;’s. Hence, as defined above, the
bootstrap distributions Gfbl(x;énl,éng), G;’;Q(x;énl,éng), and G, A (7; énl,éng), and their
corresponding quantiles ¢j ,, ¢5 ., and ¢j , are random functions in terms of (énl, én2>
Further, let @ x)(z,y) denote the joint cumulative distribution function (cdf) of a
bivariate normal random vector with mean vector 0 and variance-covariance matrix 3,

and Fi2(z,y) denote the joint cdf of \/ﬁ(énl — 019) and \/ﬁ(ém — ). That is, from Part
(b) of Lemma 6.2, Fio(z,y) is the joint cdf of

min {\/ng, VWZy + V1 —wZy+ (1 — w)\/ﬁAo} ;

and

1—w

1
max{ Zg,\/c_uZl—i—\/l—ng—w\/ﬁAg} .

Proposition 6.2 Suppose we consider the same setup and assumptions as in Lemma 6.2.

For aq, a9 € (0,0.5) and ag + ay = «, we have

(a)
. . B 1—a; —ag, if ynlg> 0 (1—a)/yw(l—w)
Pr (AO € [da qA’I*”]) N { 1—a, if ViAo < 71— ag)/y/w(l —w) '

(b)
Pr (010 € [¢f 0y B1-an)) = // Hay < gi(r,y) <1 — anpdFia(z,y),
where
gi(z,y) = @{-Cu(2)} + ®{-Cra(7,y)} — Poa, {—Cu(z), —Cra(w,y)},

with Ciy(x) = yJwzx, Cra(z,y) = wr + (1 —w)y + v/n(l — w)Ag, and

v (4 F)
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(c)

Pr (60 € G0y @1 0)]) = // I{ar < ga(e,y) < 1 — agydFia(z, y),

where

92(%?/) = (I)(O,AQ) {—021@)7 —sz(xﬂ)},
with Co1(y) = V1 —wy, Coa(x,y) = wz + (1 —w)y — V/nwl,, and
( 1 vV1—-w )
Ay = T :

—w 1

Proof. For Part (a), the proof is similar to that of Proposition 6.1.
For Part (b), we first find G, (2; 0,1, 02) as

Gy (2301, 0,5) = Pr {X;l <z or wXi+(1—-w)X: < x|én1, }
= Pr(X}, <x|9n1,9n2)+Pr{wX + (1 —w) X’y < 200,1,0, }

—Pr {)_(;1 < zwXi 4+ (1 —w) X5y < 2l001,0, }
Note that given énl and ém,

\/%(X;;l - énl)
( WX+ (1= )X, — whot — (1 — w)bio) ) ~ N (0,Ay).

Then

Gy (2:001,0,0) = {Vnw(@ —0,1)} + @{v/n(z — whu — (1 — w)bhy2)}
~ B {m(x—em) V(e — why — (1 —w)ém)},

which is a continuous and strictly increasing function. The coverage probability is

Pr (610 € [¢7 ays @1 1-a,]) = Pr {041 < Gy (0105 0n1, 0n2) <1 — 062} -

With g;(x,y) defined in Part (b), we further have
Pr (910 S [CIT,al, Cli1_a2]) = Pr [041 <0 {\/ﬁ(ém — 010), \/E(énQ - 6’20)} <1- 062} :
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Together with the definition of Fis(x,y), this finishes the proof of Part (b).
For Part (c), the proof is similar to that of Part (b), and is thus omitted. O

It appears that explicit expressions for the coverage probabilities of 8, and 6, are not
available. Fortunately, the coverage probabilities of #; and 0y are written in terms of
bivariate integrals that can be easily evaluated using numerical methods. In Figure 6.2,
we plot the coverage probabilities for A, #; and 6, versus the true mean difference Ag, in
the case of sample sizes ny = 25 and ny = 75 at level a = 0.10 with a; = as = 0.05 as
an illustration. Again, we note that different choices of a; and as should give different

graphs.

Two-sample ordered normal means: A, nq =25 ,n, =75 Two-sample ordered normal means: 64 and 6, ,ny =25 ,n, =75
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Figure 6.2: Coverage probabilities of of 90% bootstrap percentile CIs for two normal means
with ordering constraint, and common ¢? = 1 and a; = as = 0.05. Left panel is for the mean

difference A, and right panel is for the two-sample means 61 and 6.

From Figure 6.2, we observe that the coverage probabilities for 8; and 6, can be both
greater or smaller than the nominal level, no matter what the values of #;y and 6, are,
but only depend on their true difference Ag. These exact results show that the bootstrap
percentile Cls for ; and 6, are no longer always conservative, but can significantly under
cover the corresponding true parameters when the constrained parameter is on, or close
to, the boundary. On the other hand, when the two-sample mean difference A is the

parameter of interest, the bootstrap percentile CI for A is still conservative.
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6.3 Results for natural exponential family

In the preceding section, we examined the exact finite sample coverage probabilities of
bootstrap percentile ClIs under linear inequality constraints on the mean parameters when
data is generated from normal population(s). In many applications (see Section 1.1),
observations may come from distributions such as binomial or Poisson, in which their
mean parameters are subject to linear inequality constraints. In this section, we generalize
the results for normal distributions in Section 6.2 to the distributions belonging to the
general class of natural exponential family (NEF). For the convenience of presentation, all

the proofs in this section are deferred to Section 6.4.

6.3.1 Omne-sample NEF

In this section, we consider the one-sample problem with the linear inequality constraints
on the mean parameter when data is generated from the natural exponential family of

distributions.

Suppose X1,..., X, is an i.i.d. sample from a distribution in the natural exponential

family with probability density function (pdf) or probability mass function (pmf)

f(@;0) = a(z) exp {shx — b))}, (6.1)

where 1 is the natural parameter, and = E(X;) = I/(¢)) represents the mean parameter.
It is assumed that b(-) is twice continuously differentiable with 0”(1) always positive. Let
0? = V(1)) be the variance of X; under f(z;0). The parameter space of the mean 6 of
X is constrained by C3 = {6 : 6§ > d} for some fixed boundary d. Under this general
parametric setup, the explicit form of the coverage probability of the percentile confidence
interval of 0 is typically unavailable, or has to be derived case by case. Therefore, it is of
interest to quantify the asymptotic coverage probability of the bootstrap percentile CI for
0.

Similarly to Section 6.2.1, we first find the form of the MLE of . Based on n random

observations from (6.1), the log-likelihood function of 6, up to a constant not dependent

124



on 0, is
(0) =¥ X —nb(1).
i=1

Then the MLE of 8 is defined as

~

0, = arg max 1,(0).
The following lemma finds the closed form of 0,.

Lemma 6.3 Suppose X, ..., X, is an i.i.d. random sample from f(x;0) defined in (6.1).
The MLE of 0 subject to the constraint Cs is 0, = max(X,,d) where X, = Sor, Xi/n.

Let 6y be the true value of §. Next, we investigate the limiting distribution of \/ﬁ(én —
0p), which plays an important role in deriving the asymptotic coverage probability of the
bootstrap percentile CI of . As we have seen in Section 6.2.1, the coverage probability for
0 depends on how close the true value 6 is to the boundary. The magnitude of “closeness”
crucially depends on how large the sample size is. Treating 6, as a fixed value may not
be helpful for understanding the subtle results in Proposition 6.1 and Figure 6.1. Hence,
motivated by Proposition 6.1, we adopt a local asymptotic framework by allowing the true

constrained parameter varying in a n~"/?

neighbourhood of the boundary. More specifically,
welet 0y =0y, = d+7n~2. The corresponding local parameter 7 = nl/Q(Qom —d) controls
the order of closeness of 6, approaching to the boundary d. This setup helps capture the

asymptotic distribution of the MLE in terms of 7, as stated in the next lemma.

Lemma 6.4 Suppose Xi,...,X, is a random sample from f(x;0) defined in (6.1), and
the true value of 0 is 6y, = d+7n~? with T being a fized nonnegative local parameter not
depending on n. Let o3 = V" (1) with 1y = V/'~*(d). Then

—\/ﬁwn — 00,71) i> max (Z, —l) ,

0o 0o

‘ : d .
as n — 0o, where Z is a standard normal random variable. Here — denotes “converges in
distribution”.
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Lemmas 6.3 and 6.4 together extend the results in Lemma 6.1 from the normal distri-
bution to the class of distributions in NEF. With the help of Lemmas 6.3 and 6.4, we next
quantify the local asymptotic coverage probability of the bootstrap percentile CI for 6 in
the next proposition. Let ¢ be the a'® quantile of the bootstrap distribution of 6,,. Recall

that the bootstrap distribution of 6,, is similar to that considered in Section 6.2.1.

Theorem 6.1 Suppose we consider the same setup and assumptions as in Lemma 6.4.
Then

1—a; — as, ZfT > (I)_l(l — Oég)do

Pr (0 . * : *_ ‘
r( o € [qal q 042]) — { 1—a, zf7'<CI)_1(1—0é2)00

as n — 00, where a = ay + g € (0,1) with oy, as € (0,0.5).

This result generalizes the exact finite sample result in Proposition 6.1 for single normal
distribution to cover the NEF of distributions. If such an approximation remains good for
finite n, then this local asymptotic result provides us with information on how likely we

are to have conservative conclusions, when 6, ,, is shrinking close to d.

To make our asymptotic results in Proposition 6.1 more appealing for practitioners,
we illustrate with two commonly used, and important, distributions in the NEF. Recall
the motivating examples in Chapter 1. The binomial proportion with boundary constraint
finds important applications in genetic linkage analysis (Example 1.4). The Poisson rate
with boundary constraint finds important applications in the signal with background noise
problem (Example 1.3). Next, we compare the exact coverage probability and asymptotic

coverage probability of # under binomial and Poisson distributions.

Example 6.1 (One-sample binomial example) Suppose Xi, ..., X, is a random sam-
ple from a Binomial(m,p) distribution with known m (for simplicity, let m = 1), and the
mean p subject to constraint p € [d, 1] with 0 < d < 1. For illustration, we consider d = 0.5.
Under the this setup, of = d(1 —d) = 0.25.

Suppose the true value of p is po, = 0.5 + Y2, Applying Proposition 6.1, the local
asymptotic coverage probability of the 100(1 — )% bootstrap percentile CI of p is

1—ay—ay, if7>0507 11— )

lim Pr (pO,n S [q:q?qrfcm]) - { 1— ay ZfT < 05(1)—1<1 - 062)

n—o0
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The ezact coverage probability of the 100(1 — )% bootstrap percentile CI for p can also
be calculated by noting the fact that a sum of independent binomial random variables still
has a binomual distribution. Combining these results, in Figure 6.3, we plot the asymptotic
and exact coverage probabilities of the bootstrap percentile CI as functions of pg = pon. We
note that different choices of ay and g should give different graphs. For comparison, we

also add the exact coverage probability of the bootstrap percentile CI for p without constraint.

Binomial proportion with boundary constraint: p € [0.5, 1], n=100 Binomial proportion with boundary constraint: p € [0.5, 1], n=400
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Figure 6.3: Asymptotic and exact coverage probabilities of 90% bootstrap percentile CI for the
proportion p of univariate binomial distribution with 0.5 < p <1 and a3 = as = 0.05. Left panel
is for n = 100, and right panel is for n = 400.

In Figure 6.3, we observe chaotic behaviour with oscillation phenomenon of the cov-
erage probabilities due to the discrete nature of the binomial distribution. Hence, we can
not always expect the quantified exact coverage probabilities to achieve the nominal level,
even for the exact unconstrained case. In general, we can see a clear trend that the quan-
tified asymptotic local coverage probability shows a close agreement with the exact coverage

probability, as functions of py, especially when the sample size increases.

Example 6.2 (One-sample Poisson example) Suppose X1,..., X, is a random sam-
ple from a Poisson(\) distribution with mean \ subject to constraint X € [d, 00) with d > 0.
For illustration, we consider d = 2. Under this setup, o5 = d.
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1

Suppose the true value of X\ is Xg,, =2+ 70" /2. Applying Proposition 6.1, we have the

local asymptotic coverage probability of the 100(1 — a)% bootstrap percentile CI of A is

lim Pr (Aos € (65, 61—a,]) =

n—oo

1—a; — as, ZfT > (I)_l(l — 052)\/§
1—oay, ’I;fT<(I)_1(1—052>\/§ '

The exact coverage probability of the 100(1 — )% bootstrap percentile CI for \ can also
be calculated by noting the fact that a sum of independent Poisson random variables is
still has a Poisson distribution. In Figure 6.4, we plot the asymptotic and exact coverage
probabilities as functions of the true parameter Ao = Xo,. We note that different choices
of a1 and a should give different graphs. For comparison, we also add the exact coverage

probabilities of the bootstrap percentile CI for A without constraint.

Poisson rate with boundary constraint: A € [2, ), n=100 Poisson rate with boundary constraint: A € [2, ), n=400
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Figure 6.4: Asymptotic and exact coverage probabilities of 90% bootstrap percentile CI for the
rate A of univariate Poisson distribution with A > 2 and a1 = as = 0.05. Left panel is for

n = 100, and right panel is for n = 400.

Again, we can not always expect these exact coverage probabilities to achieve the nominal
level due to the discrete nature of the Poisson distribution. In general, we can see a clear
trend that the quantified asymptotic coverage probability shows close agreement with the
exact finite sample coverage probability, as functions of g, especially when the sample size

mcreases.
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6.3.2 Two-sample NEF

In this section, we generalize the results developed for the two-sample normal distributions
in Section 6.2.2 to distributions in NEF.

Suppose we have i.i.d. observations X, ..., Xi,, from f(x;6;), and independently, we
have i.i.d. observations Xy, ..., Xo,, from f(z;0s), with f(z;0) belonging to the natural
exponential family. That is, f(x; 0) satisfies (6.1) and 0 still represents the mean parameter.
The parameter space of the two means is defined to be Cy = {(61,62) : 62 > 6;}. Our
interest is to quantify the asymptotic coverage probabilities of the bootstrap percentile

confidence intervals of 6, 65, and their difference A.

As a first step, we identify the form of MLE of (64,02, A). Let n = n; + ny. Based on
the n random observations, the log-likelihood function, up to a constant not dependent on

the unknown parameters, is

2 n;
01702 Z{¢ZZX1] z }

i=1

The MLE of (6,,6s) is defined as

~

01, Ona) = L,(6:,0
( 1 2) afg(elfgS?éQ (1 2)

and the MLE of A is An = ém — énl. The following lemma finds the closed forms of the
MLEs of 6, 65 and A. For the asymptotic purpose, we let w = n;/n and assume that
w € (0,1) does not depend on n.

Lemma 6.5 Suppose Xi1, ..., X1, is a random sample from f(x;0;), and independently,
Xot, ..., Xon, is another random sample from f(x;60s), with f(x;60) defined in (6.1). The
MLEs of 61 and 65 subject to the constraint in C4 are

enl = min {Xn17WXn1 + 1 - w n2} 9n2 = max {Xn27WXn1 + 1 - w n2}

and the MLE of A is A, = (X5 — X1)*.
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Lemma 6.5 generalizes Part (a) of Lemma 6.2 from normal distribution to general distri-
butions in the NEF. We next generalize Part (b) of Lemma 6.2 to the class of distributions
in the NEF by considering the limiting distributions of \/ﬁ(énl — b610), \/ﬁ(éng — 01p), and
Vi(A, — Ao), where (619, 00) is the true value of (61,0) and Ay = a9 — 0. In a sim-
ilar way to the discussion in Section 6.3.1, fixing #,¢9 and 659 may not be able to reveal
the subtle results discovered in Proposition 6.2 and Figure 6.2. Instead, to gain a better

understanding, we proceed by considering the following local asymptotic framework. Let

010 = 910,n =TMo — (1 - W)Ao,n, and 0Oy = 920,n =1+ WAo,m

where A, = on~1/?

. Here 1y is a fixed value, and ¢ is a fixed, nonnegative, local parameter
not depending on n. Under this setup, we fix the true value of wfig, + (1 — w)bap, i.e.
the overall mean of two samples, to be 79, and allow the true value of constrained mean
difference, Ay, = 620, — 0100, to vary in a n~ 12 neighbourhood of 0. Note that this local
setup is motivated from the observations in Proposition 6.2 and Figure 6.2: the non-regular
behaviour of the coverage probabilities of the bootstrap percentile Cls for #;, 05, and A

only occurs when Ag is a n~'/? neighbourhood of 0.

Lemma 6.6 Assume that X1, ..., X1, is a random sample from f(x;01), and indepen-
dently, Xo1, ..., Xon, is another random sample from f(x;6y), with f(x;0) defined in (6.1).
Suppose the true value of (01,02) is (010n,020n,) € C4 with 019, = 1o — (1 — w)Ag,, and

1/2

020 = No+wAo,n, where Ag,, = dn""/%, ng is a fived parameter, and § is a fized nonnegative

local parameter not depending on n. Let o2 =" (o) with v = 0" (o). Then

20,1 — 0 1 1—

n (nl 10,n) i> min{\/iZ1,\/aZ1+mZQ+M ,
09 w 0o

Vo, — 0 T

" (On2 20.n) i> maX{ Zz,\/aZ1+V1—WZ2—w—5}a
oo 1—w 0o

V2(A, — A [ 1 1
n ( n O,n) i) max{ ZQ— —Zl,—i s
0o 1—w w 0o

as n — 00, where Z1, Zy are two independent standard normal random variables.
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With the help of Lemma 6.6, we are able to quantify the local asymptotic coverage
probabilities of the bootstrap percentile CIs for 6y, 65, and A in the next theorem, which

generalizes the results in Proposition 6.2.

For the convenience of presentation, we define some notation. Let ¢f ,, 43 ,, and qj ,
denote the ot quantiles of the bootstrap distributions of énl, énz, and An, similar to those
considered in Section 6.2.2. From Lemma 6.5, we note that énl and éng are both functions
of random observations X;;’s. Hence, the quantiles ¢ ,, ¢3,, and g, are as defined
random functions in terms of (énl, éng). Further let Fio(z,y) denote the joint cumulative

distribution function of

1 1—
min{\/;Zl,\/c_uZl—l— \/].—WZQ—FM}’

0o

[ 1 0
max{ | Zg,\/c_uZl—i—\/l—wZQ—w—}.
— W (s}

That is, from Lemma 6.6, Fi5(z, y) is the joint limiting distribution of of \/n(f,; —010.) /00
and \/ﬁ(eng — 920771)/0'0.

and

Theorem 6.2 Suppose we consider the same setup and assumptions as in Lemma 6.6.

Then, for ay,as € (0,0.5) with o = oy + e, we have, as n — 0,

(a)

. . l—og—ag, ifd>0 N1 —an)op//w(l—w)
Pr (AO,n € [QA,alan,l—ag]) — { 1— o, zf(S < @71(1 _ 042)0'0/\/m )

)
Pr (Bi0m € (g f10))) = / / Hon < gu(,y) < 1— as}dFuo(z,y),

where
gi(z,y) = {-Cu(2)} + ®{-Ci2(2,y)} — Poa) {—Cui(x), —Cr2(x,y)},
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with Cyq(x) = ywzx, Cra(z,y) =wzr + (1 —w)y + (1 —w)d/og, and

v (5 5)

(c)
Pr (020,77, € [qg,alu q>2k,1—a2]) — // I{al S g2(x7 y) S 1 - Oég}dF12($7y),

where

92(95: y) = ‘I'(O,Ag) {—021@), —022(1’7 y)} )
with Co1(y) = V1 —wy, Cop(z,y) =wzr + (1 —w)y — wd /oy, and
( 1 Vi—w )
AQ = 1 .

—w 1

This result generalizes the exact finite sample result in Proposition 6.2 for two-sample
normal distributions to cover the general NEF of distributions. Finally, we apply the
results in Theorem 6.2 to a binomial example, which may be considered as a two-sample

special case of Example 1.6 given in Section 1.1.

Example 6.3 (Two-sample binomial distributions) Suppose we have two indepen-
dent samples X;; ~ Bin(m;,p;) for i = 1,2 and j = i,...,n;, with known m;, where
p1, p2 are subject to the constraint py > py. For illustration, we consider m; = mqy = 1.
Let A = py — p1. Then the restriction becomes A > 0. Further, we set ny = 0.5 and
w = 0.25.

Let the true values of py and ps be pig, = 0.5—0.75A¢ ., and pag, = 0.54+0.25A,,, with
Doy = on~Y2, and § being a fived nonnegative local parameter not depending on n. Under
the current setup, o3 = no(1—mno) = 0.5%. In Figure 6.5, we graph the asymptotic and exact
coverage probabilities of the bootstrap percentile Cls for A, 61 and 05 versus the true mean
difference A in the cases of (ni,ne) = (25,75) and (nqy,n9) = (100,300) at level o = 0.10

with oy = ag = 0.05. The asymptotic coverage probabilities are calculated by applying
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Theorem 6.2. The exact coverage probabilities are calculated by following the definition
of the bootstrap percentile Cls as reviewed in Section 5.2 and discussed in Section 6.2.2.
For comparison, we also include the exact coverage probabilities of the bootstrap percentile
Cls of p1, p2, and A without using the constraint. We note that different choices of oy
and oy can lead to different coverage behaviours of the confidence intervals, and hence give

different graphs.

As we can see from Figure 6.5, the quantified local asymptotic coverage probabilities
capture the general trend of the exact coverage probabilities. The two coverage probabilities

become closer to each other as the sample size increases.

6.4 Proofs for Section 6.3

6.4.1 Proofs of Lemmas 6.3 and 6.4

Recall that the parameter space for § is C3 = {0 : 6 > d}, which is a closed convex set.

Then by Proposition 2.4.3 in Silvapulle and Sen (2004, p. 51), 6., equivalently minimizes
(Xn - 0)2
subject to the constraint 8 > d. That is

s o o _
9n—argr01121£1(Xn ) = max(X,,d).

This finishes the proof of Lemma 6.3. U

Next we come to the proof of Lemma 6.4. Recall that 6y, = d+n"/?7 and 02 = b (1)
with 1y = v/"1(d). Applying the central limit theorem for a triangular array gives

Zi:l(Xi - QO,n) _ Z7
\/no?
in distribution as n — oo, where o2 = 0"(¢,) with ¢, = V"'(fy,) and Z ~ N(0,1).
Further, both ¥~!(z) and 0”(x) are continuous functions, and 6, — d as n — oco. Then

133



Two-sample ordered binomial proportions: A = p, - p4, Ny =25, n, =75 Two-sample ordered binomial proportions: A = p, - p4, n4 =100, n, =300
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Figure 6.5: Asymptotic and exact coverage probabilities of 90% bootstrap percentile Cls for the
proportions p; and ps and their difference A of two binomial distributions with p; < ps, w = 0.25
and a1 = ae = 0.05. Left panels are for n = 100, and right panels are for n = 400.
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we have 02 — 02 as n — oo. By Slutsky’s theorem, we have

\/E(XTL - eo,n)

0o

— Z, (6.2)

in distribution as n — oco. Together with the continuous mapping theorem, it follows that

M — \/ﬁ{maX(Xm d) — eﬂ,n}

00 0o
X, — 0. d— 6y,
_ max{\/ﬁ( 0,)’\/5( o,)}
0o (o)
—  max {Z, —l} ,
g0
in distribution as n — oo. This completes the proof of Lemma 6.4. U

6.4.2 Proof of Theorem 6.1

We first define some notation. Let X7,..., X be the bootstrap sample from f(z; én) for
the given 6,, and é; = max(X?,d) be the MLE of 6 based on the bootstrap sample, where
X = > iy X7 /n. Denote the bootstrap distributions of 6, and X, respectively, by

G (x:0,) = Pr (é; < x|én> and  G*(x;0,) = Pr <X; < :v|én> :
Then

G (z:0,) = >d
0 r<d

Gr(w:0,) = {
Recall that ¢ is the o' quantile of the bootstrap distribution of 0,. Then
¢o = Gy 0,) = max{G;, " (a3 0,), d}.
Therefore
Pr (0om € (45, @—ay)) = Pr [max{@ffl(al; 0n),d} < 0o, < max{G; (1 — az;0,),d}

= Pr {G’*‘l(al;én) <o < GH1 — ay; én)} )

n
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Let _ ~
7 (z:0,) = pr{M <z én} :

which is the bootstrap distribution of the standardized X,,. Then

~

G Ha én) = n_1/200]:.l;_1(04; én) +0,,.
Therefore

- A Oom —0,)  — R
Pr (0o, € [a3,. 41_a,]) = Pr {HZ‘I(al;en) < % < Hy ' (1- Ozz;Hn)} . (6.3)
0

We next study the asymptotic property of H*~*(ay; én), which is helpful for our proofs.

Lemma 6.7 Assume the same setup and same assumptions as in Theorem 6.1. Then

(a) 6, = d+ 0,(1) and 62 = o2 + 0,(1), where 62 = V" (1h,) with 1, = b'~1(8,,);
(b) sup, |H;(x;0,) — ®(x)| = 0,(1);

(¢) HYa;0,) = ® Y (a) + 0,(1) for any given level a € (0,1).

Proof. We first consider Part (a). Note that (6.2) implies that X,, — 6y, = 0,(1). Recall
that 0,, = d +n~'/27. Then

X, =d+o0,(1).
This implies that
0, = max(X,,d) = d+ o0,(1).

Recall that both b~1(x) and V”(z) are continuous functions. By the continuous mapping
theorem, we further have
62 = ap + 0y(1).

n —

This finishes the proof of Part (a).
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Next we consider Part (b). We start with the limiting distribution of v/n(X* — 6,) /0
for the given én Note that conditional on én,

E(X}10,) = 6,, and Var(X;|0,) = &>

Let % denote “convergence in distribution”. Then, by Berry-Esseén inequaltiy (Shao and
Tu, 1995, Section 3.1, p. 74) or the central limit theorem (van der Vaart, 1998, Theo-

rem 23.4), conditional on 0,,, we have

Vi(X; —6,)

On

4 N(0, 1),

in probability. Recall that in Part (a), we have shown &,, — o in probability. By condi-
tional Slutsky’s theorem (Cheng, 2015), we further have that, conditional on én,

— ~

O) 4, N0, 1),
in probability, which implies that
sup [ (w30,) — ()| = 0,(1).

This finishes the proof of Part (b).

With Part (b), then Part (c) is a direct application of Lemma 21.2 in van der Vaart
(1998). O

We now move back to the proof of Theorem 6.1. Applying Lemma 6.7 to (6.3) gives

< \/ﬁ(én B 90,71)

Pr (90,Z € lq,, q’{_aQ]) = Pr {—@‘1(1 — ) +0,(1) < p < -0 MHay) + op(l)}

~

— Pr {cb—l(ag) +0,(1) < —\/ﬁ(e’;_ o)

— Pr { \/ﬁ(én - 90,n)

0o

<Ol —ay) + op(l)}

s¢*a—ao+%uﬁ

—Pr {M <& Hay) + o,,(1)} : (6.4)

0o
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Recall that in Lemma 6.4, we have shown that

\/ﬁ(én - Qo,n)

0o

— max (Z, —7/0y) .

That is, the limiting distribution of \/n(6, — 6o,)/00 is ®(x)I(z > —7/0,), which is con-
tinuous at z = @711 — ;) and # = ® () if D' (ay) # —7/0¢. By the definition of
convergence in distribution, Slusky’s theorem, and (6.4), we have that if ®1(ay) # —7 /09

lim Pr (6o, € (¢}, q_0,]) =1 — a1 — ol (27 (an) > —7/0y).

n—o0

That is, for every continuous point of the limit function,

s l—a —ay if Y ay) > —7/0
lim Pr (6o, € (g0, q1_0,)) = { ' ’ (02) fon

n—00 1—o if (b_l(OéQ) < —T/O'o
B l—a;—ay if 7/og > @711 — ay)
B l1—o if 7/0g < @11 —ap) °

This finish the proof of Theorem 6.1.

6.4.3 Proofs of Lemmas 6.5 and 6.6

Note that the parameter space Cy = {(01,602) : 02 > 61} is a closed convex set. Then by
Proposition 2.4.3 in Silvapulle and Sen (2004, p. 51), (énl, éng) minimizes

nl(an — 91)2 + HQ(Xn2 - 92)2'

That is,

~

(énl, 0,.2) = arg min {nl w1 — 01)? 4+ no( X — 92)2} ) (6.5)
(91 92)6C4
Following the proof of Lemma 6.2, we have

enl = min {Xn17WXn1 + 1 - w n2} 9712 = Imax {Xn27WXn1 _'_ 1 - w n2}

and A, = (X2 — X,,1)". This finishes the proof of Lemma 6.5. O
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We now come to the proof of Lemma 6.6. For the convenience of presentation, we
introduce some compact notation. Write g, = (010.n,020n)7, Xn = (Xn1, Xn2)” and
én = (énly éng)T. Let

\/ﬁ(xn - 00,n)

00
Write W,, = wU,1 + (1 —w)U,2. Recall that 619, = 1o — (1 —w)Ag,, and Oz, = 1o +wAq
with Ag,, = 6n~Y/2, and o2 = V" (1) with 1y = b1 (np).

Un - (Unla Un2>T —

Applying the central limit theorem for a triangular array, we have
>t (X15—610,n)
A /nlain _ Zl
32021 (X2j—620,1) Zy )’
A /nzag,n

in distribution as n — oo, where o7, = V"(¢;,) with s, = b (fio,n). Further, we have
o2, — 08 as n — 00, since 0y, — 1o as n — oo and both '~'(x) and b”(z) are continuous

functions. Therefore, by Slutsky’s theorem, we have
w71/2 Zl
U, — _ ,
( (1—w) ?2,

We now come to the limiting distribution of n*/2(6,,; — 010.,)/00. Using the form of 0,1,

in distributions as n — oo.

we have

n1/2(én1 — glO,n) 1/2 {mln {an, (,L)an —|— ]_ — CL) n2} 910,71 }
n

00 0o

Y

_ mné Uni W, n'/? (770—910n)}

0o

1/2 X nl — 910 ) n1/2 (Wan =+ (1 — W)Xng — elo’n) }

0o

— min

Zl,\/_zl+\/1—w22+ (1_(”)5}

0o

in distribution as n — oo.
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The proof for n'/ 2(én2 — 020.,)/00 is similar, and hence is omitted. For A,,, the proof
is similar to that of Lemma 6.4. This finishes the proof of Lemma 6.6, and hence is also
omitted. ]

6.4.4 Proof of Theorem 6.2

The proof of Part (a) is similar to that of Theorem 6.1, and hence is omitted. Next we

concentrate on the proof of Part (b) as the proof of Part (c) is just similar.

We first define some notation. Let X7, ..., X7, be the bootstrap sample from f(x; ém)

Ing
*

for given 6, and X31,...,X5,, be the bootstrap sample from f(z; éng) for given O,
Further, let (6%,,6%,) be the MLE of (6;,6,) based on X}5’s. Then

nlr Yn2
é;;l = min {X’;l,w)z;';l +(1-— w)X;';Q} , and é;z = max {X;Q,w)?zl + (1 - W)X:Lz} ,
where X7 = 37" X5 /n;, i = 1,2. Denote the bootstrap distribution of 0,1 by
G (7 én) = Pr(éZI < x\én),
and the corresponding o™ quantile by ¢f ,.

Next, we mainly consider Pr (9107n > q;q) in Part (b) of Theorem 6.2. The other part

can be similarly proved. Note that
Pr (Qlom Z qzl) = Pr {Oél S G,*ﬂ(é’w,n; én)} . (66)

For G}, (610, 0,,), we have

G (0100:0,) = Pr [min {Xr, wXi + (1 —w)X;,} < 9107n|9n}
= Pr (X < 00l )+ Pr (Wi + (1= @) Xp < 010,10
—Pr {X:n < Orom,wX )+ (1 —w) X}, < 9107n|én} .
Fori=1,2, let
U = :

n O_O
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and W} = wU}, 4+ (1 —w)U},. Then after some algebra, we have

G (010:0,) = Pr (U;1 < —Um\én) + Pr {W; < W, —(1- w)a/ao\én}

_Pr {U;;1 < U, W5 < —W, — (1 - w)5/00|9n}. (6.7)

In next lemma, we study the asymptotic properties of

Pr <U;1 < x|én) , Pr (I/V;Lk < x|9n) , and Pr <U;:1 <z, W; < y|9n> ,

which are very helpful in our proofs.

Lemma 6.8 Assume the same setup and same assumptions as in Theorem 6.2. Then

sup
X

sup
x

sup
x

Pr (Ve < 10,) - @(x)‘

Pr (W;; < :1:|9n> - (IJ(JE)‘

= OP(1)7 (68)
0p(1), (6.9)

Pr (@U;;l <a,Wr< y|én> — Boa,)(1,9)] = 0,(1). (6.10)

Proof. Similar to proof as Part (b) of Lemma 6.7, we can show that, conditional on én,

VU 5 N0,1), and V1—wUr % N(0,1),

in probability. Further, conditional on 6,,, VwU} and /1 — wU}, are independent. Hence,

conditional on 0,,, we have

nl

) 4 N(0, Inyo),

in probability. Then by Example 3.3 of Shao and Tu (1995), we have, conditional on 0.,

that

in probability. This implies (6.8)—(6.10) and finishes the proof.

nl ) 4 N(0,A;),



Combining Lemma 6.8 and G%,(#10,; 0,,) in (6.7), we obtain

0 1—w)d
Gi(0100;6,) = P(—vwU,) + @ (_Wn _ %)
0
1 —w)d
_q)(OaAl) <_\/5Un17 _Wn - (O_—W)> + Op(l)
0

= O{-Cn(Un)}+2{-Ci2(Un,Un2)}
—®0.a) {—C11(Un1), =Ci2(Un1, Una) } + 0p(1)
= gl(UnlaUn2) +0p(1)7 (611)
where ¢1(x,y) is defined in Part (b) of Theorem 6.2.

Combining (6.6) and (6.11) and applying Slutsky’s theorem, we further have

nh_g)lo Pr (elo,n > qf;l) = nh_)fglo Pr{a; < g1(Up1, Un2) + 0p(1)}
- [[ Hor < g paFey) (612
Similarly, we find
li Pr (b, < i) = [[Hotww) <1-ajdbatey). 013

Combining (6.12) and (6.13), we get

lim Pr (¢, <0100 < qi_q,) = // Har < gi(z,y) <1 —ag}dFis(z,y).

n—oo

This finishes the proof. 0
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Chapter 7

Summary, discussion, and future

work

7.1 Summary and discussion of the current achieve-

ments

In this thesis, we have considered, the empirical likelihood and bootstrap method, re-
spectively, in Part I and Part II, for some constrained inference problems. Here, we first

summarize what has been achieved in this thesis.

In Chapter 3, we dealt with the problem of testing homogeneity for multiple distri-
butions with excess zero observations. By assuming the semiparametric DRM for the
distributions of the positive data, we have developed an ELR test which can efficiently
exploit information from the pooled data and is robust against the risk of misspecification
of the underlying data distributions. Furthermore, the proposed ELR test guarantees that
the asymptotic size of the test can always be controlled at the nominal level under the null
hypothesis. The chi-squared limiting distribution of this ELR statistic has been derived
under the homogeneous null hypothesis. We have further suggested using a bootstrap
procedure to calibrate the finite sample distribution of the ELR. The consistency of the
bootstrap ELR has been established under both the null and alternative hypotheses. Cou-
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pled with the bootstrap, simulation studies and a real example showed that, for practical
sample sizes, the ELR test has accurate type I error, is competitive to, and sometimes more
powerful than, other existing tests. Finally, the proposed ELR test can be readily imple-
mented in practice by using logistic regression routines available in standard statistical

packages.

In Chapter 4, we discussed the problem of making statistical inferences on the means
of multiple distributions with excess zero observations. We followed the same modelling
framework as in Chapter 3 by using the semiparametric DRM to link multiple distributions
with excess zeros. Based on this semiparametric framework, we further proposed an ELR
statistic for making inference on the means, which allows us to make efficient use of the
entire sample information. The limiting chi-squared distribution of this ELR statistic
has been established under a fairly general linear null hypothesis on the means. This
result allows us to construct a test for mean equality, and confidence intervals for the
mean differences and ratios, as important applications. Simulation results showed that
the performance of the proposed ELR test under correctly specified basis functions in the
DRM is, in general, less sensitive to unequal sample sizes, in terms of both type I error
and power of the test, when compared with other popular tests for mean equality. With
extensive simulation studies and a real data example, we identified a scenario in which
the proposed ELR has superior performance in terms of type I error and power, and is
computationally stable for testing overall mean equality when the correctly specified basis
function is the logarithm function in the DRM.

As an important area of application, the ELR based semiparametric inference frame-
work developed in Part I can also be employed to deal with zero-inflated count data. For
these discrete problems we no longer have a clear distinction between the (discrete) zero
counts and the (continuous) positive data in the non-standard mixture model. Hence, we
adapt the idea of the hurdle model for zero-inflated count data (Min and Agresti, 2002;
Bedrick and Hossain, 2013) which models the zero and positive counts separately. That
is, in models (3.1) and (4.1), G;(z) is the cumulative distribution function for the positive
counts. We then link G;’s through the DRM (2.1), in which dG;(z) should be understood
as the probability mass function. Note that the commonly used zero-truncated Poisson

and zero-truncated negative binomial distributions both satisfy the DRM condition (2.1).
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As discussed in Bedrick and Hossain (2013), testing homogeneity under the two types of
mixture structures of the zero-inflated Poisson and the Poisson-hurdle model are equiva-
lent. Furthermore, it can be verified that the definition of the means under the mixture
structures of the zero-inflated Poisson and the Poisson-hurdle model are also equivalent.
Similar conclusions also apply to the negative binomial distribution. Therefore, for mul-
tiple groups of data containing discrete counts with zero inflation, the ELR for testing
homogeneity proposed in Chapter 3, and the ELR for making inferences on the means

proposed in Chapter 4, can both be directly applied.

The ELR based inference framework on the means, proposed in Chapter 4, can also be
extended to more general settings. For example, given that we have prior knowledge that
all, or part of, the group means are equal (Gupta and Li, 2006; Tsao and Wu, 2006; Fu
et al., 2009), then the proposed framework can be used to obtain refined inference results.
Further, if the number of estimating equations exceeds the number of parameters, our
proposed framework can be extended to incorporate such auxiliary information to further
improve the inference results (Qin and Lawless, 1994; Qin et al., 2015).

In Chapter 6, we studied the behaviour of the standard bootstrap percentile method
for constructing confidence intervals when the parameters are subject to inequality con-
straints. We concentrated on the important cases of one- and two sample mean problems
with data generated from the natural exponential family of distributions. We have quan-
tified the local asymptotic coverage probabilities of the bootstrap percentile confidence
intervals when the true constrained parameter is varying in a local neighbourhood of the
boundary. Under such a setup, the asymptotic results not only provide examples that the
bootstrap percentile method is not universally appropriate, but also give a quantification
of its coverage behaviour in a practically meaningful way. It has also been shown, by using
binomial and Poisson examples, that, the important cases that we have investigated can

find rich applications in constrained inference problems.
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7.2 Future work

The proposed inference methods and frameworks in this thesis are expected to be very
promising for a number of research problems. In this section, we highlight some possible

future research.

7.2.1 Testing homogeneity for multiple groups of zero-and-one

inflated proportion data

The methodologies developed in Part I of this thesis is feasible to be generalized to data
with more than one degenerate component. For example, in modelling proportion data
it is common to have a zero-and-one inflated mixture structure. Multiple groups of such
samples have important applications, such as in transportation safety (Ospina and Ferrari,
2012), and in marine science (Sun and Gitelman, 2016). Specifically, we consider m + 1

independent groups of samples as follows:
Tity ooy Tin; ~ Fi(x) = v l(x =0)+wl(x =1)+ (1 —v; —w;)1(0 < z < 1)Gy(x),

for i = 0,...,m, where n; is the ith group’s sample size and the G;(-)’s are cumulative

distribution functions with common continuous support on open interval (0, 1).

In the literature, research has focused on the use of Beta distributions for the G;’s.
To allow for more model flexibility, and to make efficient use of all observations, the
semiparametric framework under the DRM can be introduced in this context. Partic-
ularly, the Beta distribution is a special example satisfying the DRM condition with
q(z) = {log(z),log(1 — x)}". The scientific questions for this type of proportion data
include a test for homogeneity (Sun and Gitelman, 2016). Hence, an extension of the
empirical likelihood ratio test proposed in Chapter 3 would be useful and deserves further

investigation.
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7.2.2 Semiparametric estimation and comparison for multiple
Gini indices
The empirical likelihood method plays an active role for making inference on Gini index

(Qin et al., 2010; Peng, 2011). More recently, Wang and Zhao (2016) studied the inference

on the difference of two Gini indices using the empirical likelihood.

Suppose we have m + 1 populations. Let F; be the income distribution associated with
the ith population (e.g. country). For two independent random variables X; and Y; which

share the same distribution F;, the definition of the Gini index for the ith population is

E\X;,-Y; 1 [
Gini; = EXi =¥ _ —/ {2Fi(x) — 1}zdFi(x),
24 i Jo
where p; = [ adF;(z) for i = 0,...,m. Hence, if we have good estimates of F;(x)’s, we

can estimate the Gini indices and based on which inference procedures can be developed.

It may be possible to further introduce the semiparametric DRM to link the income
distributions across multiple populations. In the modelling of income distributions, David-
son (2009) considered three parametric distributions for F; in simulation studies, which are
argued to be realistic in practice. Specifically, Davidson (2009) considered data generated
from the exponential distribution, the Pareto distribution, and the log-normal distribu-
tion. The exponential and the log-normal distributions are clearly in the DRM family; see
Table 2.1. Furthermore, the Pareto distribution with shape parameter \; and fixed scale
parameter belongs to the DRM family with q(z) = log(z). With this information, we see
the possibility to make better estimation and inference on multiple Gini indices under the

semiparametric setup discussed in Part I of this thesis.

7.2.3 Quantifying the coverage probabilities of bootstrap likeli-

hood ratio confidence intervals

For the constrained inference problems consider in Part II of this thesis, the likelihood
ratio is another popular way to construct confidence interval for a scalar parameter (or

joint confidence region for higher dimensional parameters). In practice, the confidence
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interval based on bootstrapping the likelihood ratio is desirable since it does not require
calculating the possibly complicated limiting distribution, and it is known for its finite
sample improvement. Hence, a natural question to ask is: can we also appropriately
quantify the coverage probability of bootstrap likelihood ratio function based confidence

interval, in light of the framework proposed in Chapter 67

It is still convenient to look at a simple normal example with mean 0 € {6 : 0 >
0} and variance one. It can be checked that the likelihood ratio is no longer a pivotal
quantity, and actually its distribution would depend on /nfly where 6, is the true value
of 6. Therefore, we conjecture that the bootstrap likelihood ratio may also have some
non-regular behaviour. By numerical studies, we find that the coverage behaviour of the
bootstrap likelihood ratio based confidence interval for # seems much more complicated
than the bootstrap percentile confidence interval, even in this one-sample case. Hence, it

becomes an interesting topic to be explored in the future.
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Appendix A

Appendix: R functions

A.1 R functions for Chapter 3

In this section, we provide R functions to implement the bootstrap ELR test proposed in Chapter
3:

e elr.partO: calculate R, 1;

e elr.partl: calculate R, o;

elr: compute R,.

— It is integrated with five commonly used basis functions, as describe at the beginning
of Section 3.6 in Chapter 3.

boot.elr: the main function.

— Inputs: “B” is the number of bootstrapped samples; “data” input must be a data
frame: 1st column is the group labels and 2nd column contains all observations (both

zeros and nonzeros, and the nonzeros could be discrete or continuous).

— Outputs: this function returns the values of the proposed ELR test statistics and

corresponding p-values calibrated using the nonparametric bootstrap procedure.
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As an illustration, we apply the bootstrap ELR with B = 999 to a data set generated from
the log-normal mixture with three groups in which (vp,v1,v2) = (0.2,0.3,0.4), (ag,a1,a2) =
(0,0.3,0.5), and (bg, by, b2) = (1,1,1). The output looks as follows with details given in the end.

$ELR.pvalues
obs.teststat boot.pvalue

qx=(x,logx) 17.63242 0.012012012
qx=(logx,logx"2) 18.09275 0.007007007
qx=(x,logx,logx"2) 19.43278 0.028028028
qx=x 16.76268 0.004004004
qx=logx 17.10396 0.001001001

The following gives the source R code for the above mentioned R functions.

library("nnet") # Load package for fitting multinomial logistic regression;

elr.part0 <- function(n){
n0 <- n[,1]
nl <- n[,2]

alp <- n0/(n0+n1)
RO.alt <- sum(nO*log(alp))+sum(ni*log(l-alp))

alp0 <- sum(n0)/(sum(n0)+sum(nl))
RO.nul <- sum(n0)*log(alpO)+sum(nl)*log(1-alp0)

RO <- 2%(RO.alt-RO.nul)
RO
}

##

elr.partl <- function(x, gx=1){
x[,1] <- factor(x[,1])

group <- unique(x[,1])

m <- length(group)

n <- cQ)

for(i in 1:m){
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n <- c(n, sum(x[,1]==group[i]))
}

rho <- n/sum(n)

x1=x[,2]
x2=log(x1)

x3=x2*x2

if (gx==1){ result <- summary(multinom(x[,1] x1+x2, trace=F)) } # q(x)=(1,x,logx)

if (qx==2){ result <- summary(multinom(x[,1] x2+x3, trace=F)) } # q(x)=(1,logx,logx"2)

if (qx==3){ result <- summary(multinom(x[,1] x1+x2+x3, trace=F)) } # q(x)=(1,x,logx,logx"2)
if (gx==4){ result <- summary(multinom(x[,1]7x1, trace=F)) } # q(x)=(1,x)

if (qx==5){ result <- summary(multinom(x[,1]7x2, trace=F)) } # q(x)=(1,logx)

loglik <- -result$value-sum(n*log(rho))
## if also need AIC for selecting basis function;
# cat(paste("AIC =", result$AIC), "\n")

R1 <- 2xloglik
R1
b

##

elr <- function(data, gx=1){
datal,1] <- factor(datal,1])
group <- unique(datal,1])

m <- length(group)

ncount <- c()
for(i in 1:m){
xx=dataldatal[,1]==group[i],2]
n00=sum (xx==0)
nll=sum(xx>0)
ncount=rbind(ncount, c(n00,n11))
}
part0 <- elr.partO(ncount)
partl <- elr.parti(dataldatal,2]>0,], gx)
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list (elrt=partO+partl)
}

## This is the main function;

boot.elr <- function(data, B){
datal[,1] <- factor(datal,1])
group <- unique(datal,1])

m <- length(group)

N <- nrow(data)

boot.sample <- matrix(sample(datal,2], B+*N, replace=T), N, B)

pvalues <- NULL

for(i in 1:5){

test <- function(y){
newdata <- data.frame(datal,1], y)
elr (newdata, gx=i)$elrt
}

R.boot <- apply(boot.sample, 2, test)
obs.teststat <- elr(data, gx=i)$elrt

pvaluel <- mean(R.boot > obs.teststat)

res <- c(obs.teststat, pvaluel)

pvalues <- rbind(pvalues, res)

}
rnames <- c("gx=(x,logx)", "qx=(logx,logx"2)", "qx=(x,logx,logx"2)", "gqx=x", "qx=logx")
cnames <- c("obs.teststat", "boot.pvalue")

dimnames (pvalues) <- list(rnames,cnames)

list (ELR.pvalues=pvalues)
}
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## An artificial data example;

set.seed(2016)

n10 <- rbinom(1l, 50, 0.2); x1=c(rep(0,n10), rlnorm(50-n10, meanlog = 0, sdlog = 1))
n20 <- rbinom(1, 50, 0.3); x2=c(rep(0,n20), rlnorm(50-n20, meanlog = 0.3, sdlog = 1))
n30 <- rbinom(1l, 50, 0.4); x3=c(rep(0,n30), rlnorm(50-n30, meanlog = 0.5, sdlog = 1))
group.lab <- rep(LETTERS[1:3], rep(50,3))

group.data <- c(x1,x2,x3)

artificial.data <- data.frame(group.lab, group.data)

## Outputs for the artificial data example;

boot.elr(artificial.data, B=999)
> $ELR.pvalues

> obs.teststat boot.pvalue
> gx=(x,logx) 17.63242 0.012012012
> gx=(logx,logx"2) 18.09275 0.007007007
> gx=(x,logx,logx"2) 19.43278 0.028028028
> gx=x 16.76268 0.004004004
> gx=logx 17.10396 0.001001001

A.2 R functions for Chapter 4

In this section, we provide R functions to implement the ELR based method proposed in Chapter

4, specifically, for testing mean equality, with the basis function q(z) = log(z) used in the DRM:

e loglik.alt: calculate the log-likelihood value under the alternative hypothesis via the

logistic regression routine;
e score: calculate the sum of squared error loss of the score functions;
e loglik.null: calculate the log-likelihood value under the null hypothesis of equal means;
e mele: minimizing the above score function for a given initial point;

e elrt: the main function.
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— The input contains four arguments, whereas it is sufficient to only supply the first

argument.

— Input 1: “dat” input must be a data frame: 1st column is the group labels and 2nd
column contains all observations (both zeros and nonzeros, and the nonzeros could

be discrete or continuous);

Input 2: “ini” input can be either missing or contains user supplied vector of initial

values for the parameters; see the notes below for details.

— Input 3: “tol” input sets the tolerance level that controls the minimized value of the

objective function for each given initial point, with default 1e-8.

— Input 4: “max.ini” input controls the maximum number of different initial points to

use before convergence, with default 200; see the notes below for details.

— The output is a list object with following four components.
— Output 1: “$score” is the minimized value of the objective function.
— Output 2: “$elrt” returns the value of the proposed ELR test statistic R,.

— Output 3: “$p.value” returns the corresponding p-value of the observed ELR test

statistic R, based on the chi-squared null limiting distribution.

— Output 4: “$mele” returns the parameter estimates and the corresponding values of

the Lagrange multipliers under the null hypothesis; see the notes below for details.

As an illustration, we apply the proposed ELR to test the equality for two-sample means of
the mice data example in Section 4.5 with two groups, Spring vs. Winter. The output looks

typically as follows with details given in the end.

elrt(artificial.data)

$obj

[1] 1.031804e-16

$elrt

[1] 1.171699

$p.value

[1] 0.5566329

$mele

[1] 0.128085525 0.327879781 0.429639613 -0.009463512 0.277062633 -0.053600908 0.453009705
[8] 0.306526854 0.248136846 0.008831648 0.025351896

V V V V V V V V V V
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Here we will refer to some notation as defined in Chapter 4. We provide some notes on details

of the above functions, and also give some tips for users:

e Note 1: the input “ini” is in the form of a vector containing initial of parameters ordering

as (V()a"'7Vm7a17/317'"7am7/3m7t17"'atm)'

e Note 2: if the input “ini” is missing, as default, we use the sample estimates of ¥ as
initial value for v, use the estimated parameters (&1, Bl, ceey O, Bm) obtained from logistic

regression as initial value for 8, and set the initial value for t at its true value zero.

e Note 3: for the input “ini”, we do not have to worry about A by noting a fact as follows.
By setting the 0¢(n, A, t)/0v to 0, we get

N 1—-0 7
)\T:%v T:1,...,m.
Vrn.1

Hence, by incorporating this relationship, we can express A = A(v) as function of v in

order to reduce the dimension of parameters in optimization.

e Note 4: the input “max.ini” specifies the maximum number of times that we repeat the
following procedure to generate a new initial point or until a convergence is reached. Every
time when the default or user supplied “ini” does not result in a successful convergence,
we add a small random noise to the & components in “ini” and create a new “ini” for the

next iteration. Note that we always suggest the initial values of (v,t) at (©,0).

e Note 5: “$mele” returns the parameter estimates of & and 6, and the corresponding val-
ues of Lagrange multipliers X and t, under the null hypothesis. The output is ordered as
(D0, -+ -y Dy 15 Bl - -+ s Qs By ALy - - - Ams B1, - -y Em). Here X (and each A value in itera-

tions) is determined by the above relationship A, = A (7).

e Note 6: for understanding the programming of the below attached source functions, we
used lambdal and lambda?2 to stand for A and t as used in Chapter 4.

e Tip 1: in some extreme cases that the positive observations of each group are well separated,
or nearly well separated, the algorithm can fail to converge, especially when some sample

sizes are too small or zero proportions are too large.

e Tip 2: our experiences suggest that these functions perform stable for up to four groups

comparison, with moderate sample sizes.
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The following gives the source R code for the above mentioned R functions.

library("nnet") # load package for fitting multinomial logistic regression;
##
loglik.alt <- function(dat){

dat[,1] <- factor(dat[,1])
group <- unique(dat[,1])
m <- length(group)
ncount <- c()
for(i in 1:m){
xx=dat [dat[,1]==group[i],2]
n00=sum (xx==0)
nll=sum(xx>0)
ncount=rbind(ncount, c(n00,n11))
}
nO=ncount [, 1]
ni=ncount[,2]
rho=n1/sum(n1)
nu=n0/(n0+n1)
if (any (nu==0) ) {nu=nu+le-10; warning("’some group observations are strictly positive’")}
lambdal=(1-nul[-1])*ncount[-1,1]/(nul-1]*sum(ncount[,2]))

zl=dat [dat[,2]>0,2]
z2=log(z1)

result <- summary(multinom(factor(dat[dat[,2]>0,1])~z2, trace=F))
loglik <- sum(nO*log(nu))+sum(ni*log(1i-nu)) - result$value-sum(nl*log(rho))

out <- matrix(result$coefficients, ncol=2)
out[,1] <- out[,1]-log(rho[-1]/rho[1]); theta <- as.vector(t(out))

return(list(value=as.numeric(loglik) ,m=m,ncount=ncount,nu=nu,theta=theta,lambdal=lambdal))

}

##
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score <- function(dat, par){

dat[,1] <- factor(datl[,1])
group <- unique(dat[,1])
m <- length(group)

z <- dat[dat[,2]1>0,2]

nu <- par[1:m]
theta <- par[(m+1):(3*m-2)]
lambda2 <- par[(3*m-1):(4*m-3)]

w.matrix <- NULL; ee.matrix <- NULL; ncount <- NULL; log.nonzero.sum <- NULL
for(i in 1:m){
xi <- dat[dat[,1]==groupl[i],2]
n00=sum(xi==0)
nill=sum(xi>0)

ncount=rbind(ncount, c(n00,n11))

if(i>1){
wi <- exp(theta[2*i-3]+theta[2*i-2]*1log(z))
w.matrix <- rbind(w.matrix, wi) # for q(x)=(1,log(x));
eei <= (1-nulil)*z*wi - (1-nul1])=*z
ee.matrix <- rbind(ee.matrix, eei)
xi.nonzero <- xil[xi>0]

log.nonzero.sum <- c(log.nonzero.sum, sum(log(xi.nonzero)))

lambdal <- (1-nul[-1])*ncount[-1,1]/(nul[-1]*sum(ncount[,2]))

deno <- 1+ as.vector(lambdal)’%*%(w.matrix-1)+as.vector (lambda?2)*’%ee.matrix

sl <- ncount[1,1]/nul1]-ncount([1,2]/(1-nul1]) - sum(lambda2)*sum(z/deno)

ss.score <- s172

for(i in 2:m){
s2 <- ncount[i,1]/nuli]l-ncount[i,2]/(1-nuli]) + sum(lambda2[i-1]*z*w.matrix[i-1,]/deno)
nume3 <- lambdal[i-1]*w.matrix[i-1,] + lambda2[i-1]1*(1-nuli])*z*w.matrix[i-1,]

83 <- ncount[i,2] - sum(nume3/deno)
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nume4<- lambdal[i-1]*log(z)*w.matrix[i-1,]+lambda2[i-1]*(1-nu[i])*z*log(z)*w.matrix[i-1,]
s4 <- log.nonzero.sum[i-1] - sum(nume4/deno)

s6 <- sum(ee.matrix[i-1,]/deno)

ss.score <- ss.score + sum(s2°2,8372,s472,s672)

T
if(is.na(ss.score)| ss.score>lelOlis.nan(ss.score)){ val=1el10 }

return(ss.score)

}

##
loglik.null <- function(dat, par){

dat[,1] <- factor(dat[,1])
group <- unique(dat[,1])
m <- length(group)

z <- dat[dat[,2]>0,2]

nu <- par[1:m]

theta <- par[(m+1):(3*m-2)]
lambdal <- par[(3*m-1):(4*m-3)]
lambda2 <- par[(4*m-2):(5%m-4)]

w.matrix <- NULL; ee.matrix <- NULL; ncount <- NULL; log.nonzero.sum <- NULL
for(i in 1:m){

xi <- dat[dat[,1]==groupli],2]

n00=sum(xi==0)

nill=sum(xi>0)

ncount=rbind(ncount, c(n00,nl11))

if(i>1)4{
wi <- exp(theta[2*i-3]+theta[2*i-2]*1log(z))
w.matrix <- rbind(w.matrix, wi)
eei <~ (1-nulil)*z*xwi - (1-nul1])=*z

ee.matrix <- rbind(ee.matrix, eei)
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xi.nonzero <- xi[xi>0]

log.nonzero.sum <- c(log.nonzero.sum,sum(theta[2*i-3]+theta[2*i-2]*log(xi.nonzero)))

pkj <- log(l+ as.vector(lambdal)’%+*%(w.matrix-1)+as.vector(lambda2)%+*%ee.matrix + 1e-20)

value <- sum(ncount[,1]*log(nu) + ncount[,2]*log(l-nu)) + sum(log.nonzero.sum) - sum(pkj)

return(loglik.null=value)

}

##
mele <- function(dat, par0){

res.alt <- loglik.alt(dat)

m <- res.alt$m

if (length(par0) !=3* (m-1)+m) {

stop(" ’parameter dimension does not match the no. of groups and basis function!’ ")}

res <- nlminb(start=par0, score, lower=c(rep(0,m),rep(-20, (2*m-2)),rep(-2,m-1)),
upper=c(rep(1l,m),rep(20, (2*m-2)) ,rep(2,m-1)), dat=dat)

obj <- res$objective

par.temp <- as.vector(res$par)

nu=par.temp[1:m]

ncount <- res.alt$ncount

lambdal <- (1-nu[-1])*ncount[-1,1]/(nul-1]*sum(ncount[,2]))

mele <- c(par.temp[1:(3*m-2)], lambdal, par.temp[(3*m-1):(4*m-3)])
loglik0 <- loglik.null(dat, mele)

elrt.temp = res.alt$value - loglikO

elrt = as.numeric(2x*elrt.temp)

pvalue = 1-pchisq(elrt, df=(m-1))

return(list(score=obj, elrt=elrt, p.value=pvalue, mele=mele))

}
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## This is the main function to use;

elrt <- function(dat, ini, tol=1e-8, max.ini=200){

res.alt <- loglik.alt(dat)

m <- res.alt$m

alt <- c(res.alt$nu, res.alt$theta, rep(0O,m-1))

laml=res.alt$lambdal

if (missing(ini)==TRUE) ini=alt

res <- mele(dat, ini)

obj <- res$score

elrt <- res$elrt

j=0

while( (obj>tol | elrt<0 | is.nan(elrt) | is.na(elrt)) & j< max.ini ){

if (obj<10*m){
ini<-c(res$mele[c(1: (3*m-2), (4*m-2) : (6*m-4))]+c(rep(0,m) ,rnorm((2*m-2),0,0.01) ,rep(0,m-1)))}
else{ ini <- alt + c(rep(0,m), rnorm((2*m-2),0, 0.1), rep(O,m-1)) }

val.null <- loglik.null(dat, c(ini[1:(3*m-2)],laml,ini[(3*m-1):(4*m-3)]1))
while(is.nan(val.null) | is.na(val.null)){
ini <- alt + c(rep(0,m), rnorm((2*m-2),0,sqrt(obj)/nrow(dat)), rep(0,m-1))
val.null <- loglik.null(dat, c(ini[1:(3*m-2)],laml,ini[(3*m-1):(4*m-3)]))
¥
res <- mele(dat, ini)
obj <- res$score
elrt <- res$elrt
3=3+1
}

if (j==max.ini){
cat(paste("\n", " !NOTE: the maximum number of different initial points reached:", j,

"; may consider increasing max.ini and/or tol to converge! ", "\n", "\n")) }

return(list(obj=obj, elrt=elrt, p.value=res$p.value, mele=res$mele))

}
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## Same illustrative artificial data example as used in last section;

set.seed(2016)

n10 <- rbinom(1, 50, 0.2); x1=c(rep(0,n10), rlnorm(50-n10, meanlog = 0, sdlog = 1))
n20 <- rbinom(1l, 50, 0.3); x2=c(rep(0,n20), rlnorm(50-n20, meanlog = 0.3, sdlog = 1))
n30 <- rbinom(1l, 50, 0.4); x3=c(rep(0,n30), rlnorm(50-n30, meanlog = 0.5, sdlog = 1))
group.lab <- rep(LETTERS[1:3], rep(50,3))

group.data <- c(x1,x2,x3)

artificial.data <- data.frame(group.lab, group.data)

## Outputs for this artificial data example;

elrt(artificial.data)

$obj

[1] 1.031804e-16

$elrt

[1] 1.171699

$p.value

[1] 0.5566329

$mele

[1] 0.128085525 0.327879781 0.429639613 -0.009463512 0.277062633 -0.053600908 0.453009705
[8] 0.306526854 0.248136846 0.008831648 0.025351896

V V V V V V V V V
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