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Abstract

This dissertation is a collection of four different proposals to describe the early universe.
Each will draw from insights of different areas of physics to suggest a description which
differs from the standard inflationary paradigm.

First we start with holographic cosmology in which cosmological predictions of the
very early Universe are expressed in terms of the observables of a three dimensional quan-
tum field theory (QFT). This framework includes conventional slow-roll inflation, which
is described in terms of a strongly coupled QFT, but it also allows for qualitatively new
models for the very early Universe, where the dual QFT may be weakly coupled. The
new models describe a universe which is non-geometric at early times. While standard
slow-roll inflation leads to a (near-)power-law primordial power spectrum, perturbative
superrenormalizable QFT’s yield a new holographic spectral shape. Here, we compare the
two predictions against cosmological observations. We use CosmoMC to determine the best
fit parameters, and MultiNest for Bayesian Evidence, comparing the likelihoods. We find
that the dual QFT should be non-perturbative at the very low multipoles (l ≲ 30), while
for higher multipoles (l ≳ 30) the new holographic model, based on perturbative QFT, fits
the data just as well as the standard power-law spectrum assumed in ΛCDM cosmology.
This finding opens the door to applications of non-perturbative QFT techniques, such as
lattice simulations, to observational cosmology on gigaparsec scales and beyond.

We then turn to the suggestion that the universe repeats in cycles, with an infinite
series of similar cycles in the past and the future. Here, we instead propose that the cosmic
history repeats itself exactly, constructing a universe on a periodic temporal history, which
we call periodic time cosmology. In particular, the primordial power spectrum, convolved
with the transfer function throughout the cosmic history, would form the next cycle’s
primordial power spectrum. By matching the big bang to the infinite future using a
conformal rescaling (a la Penrose), we uniquely determine the primordial power spectrum,
in terms of the transfer function up to two free parameters. While nearly scale invariant
with a red tilt, using Planck and Baryonic Acoustic Oscillation observations, we find the
minimal model is disfavoured compared to a power-law power spectrum at 5.1σ. However,
extensions of ΛCDM cosmic history change the large scale transfer function and can provide
better relative fits to the data. For example, the best fit seven parameter model for our
Periodic Time Cosmology, with w = −1.024 for dark energy equation of state, is only
disfavoured relative to a power-law power spectrum at 1.8σ level. Therefore, consistency
between cosmic history and initial conditions provides a viable description of cosmological
observations in the context of Periodic Time Cosmology.
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Next, we discuss the 5D holographic big bang model, a novel model for the emergence
of the early universe out of a 5D collapsing star (an apparent white hole), in the con-
text of Dvali-Gabadadze-Porrati (DGP) cosmology. The model does not have a big bang
singularity, and yet can address cosmological puzzles that are traditionally solved within
inflationary cosmology. We compute the exact power spectrum of cosmological curvature
perturbations due to the effect of a thin atmosphere accreting into our 3-brane. The spec-
trum is scale-invariant on small scales and red on intermediate scales, but becomes blue
on scales larger than the height of the atmosphere. While this behaviour is broadly consis-
tent with the non-parametric measurements of the primordial scalar power spectrum, it is
marginally disfavoured relative to a simple power law (at 2.7σ level). Furthermore, we find
that the best fit nucleation temperature of our 3-brane is at least 3 orders of magnitude
larger than the 5D Planck mass, suggesting an origin in a 5D quantum gravity phase.

Finally, we turn to the status of locality in quantum mechanics. Motivations for viola-
tions of the notion of relativistic locality include the Bell’s inequalities for hidden variable
theories, the cosmological horizon problem, and Lorentz-violating approaches to quantum
geometrodynamics, such as Horava-Lifshitz gravity. We explore a proposal for a “real en-
semble” non-local description of quantum mechanics, in which “particles” can copy each
others’ observable values AND phases, independent of their spatial separation. We first
specify the exact theory, ensuring that it is consistent and has (ordinary) quantum mechan-
ics as a fixed point, where all particles with the same values for a given observable have the
same phases. We then study the stability of this fixed point numerically, and analytically,
for simple models. We provide evidence that most systems (in our study) are locally sta-
ble to small deviations from quantum mechanics, and furthermore, the phase variance per
value of the observable, as well as systematic deviations from quantum mechanics, decay
as ∼ (Energy×Time)−2n, where n ≥ 1. Interestingly, this convergence is controlled by the
absolute value of energy (and not energy difference), suggesting a possible connection to
gravitational physics. Finally, we discuss different issues related to this theory, as well as
potential novel applications for the spectrum of primordial cosmological perturbations and
the cosmological constant problem.
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Chapter 1

Introduction

Cosmology seeks to describe the universe as a whole, including its origin, evolution and
final fate.

Our current model of cosmology originated with the development and confirmation of
Einstein’s theory of general relativity, combined with the discovery, originally by Hubble,
that our universe is expanding. From there, the model had been further refined with obser-
vations of the cosmic microwave background, the light coming to us from the earliest times,
of increasing accuracy as well as the application of particle physics and other theoretical
tools to our analysis of our expectations.

When we make these observations and calculations, we see that our universe must have
evolved from a nearly isotropic, homogeneous, and flat background with small anisotropies
that are nearly scale invariant.

We can using this construct a fit to the six-parameter ΛCDM model. This model is an
empirical parameterization for cosmology, combining four parameters of the transfer func-
tion with two of the primordial power spectrum. For the transfer function, the parameters
correspond to the matter contents of the universe, the current rate of expansion of the
universe, and the optical depth (which is related to the time of reionization). This part is
well-understood in the context of the ΛCDM framework. The other two parameters, ∆2

0

and ns, are those of the scalar primordial power spectrum P(k), which is taken to have a
power-law form:

P (k) = ∆2
0

(
k

k∗

)ns−1

, (1.1)

where k∗, the pivot scale, is an (arbitrary) reference scale.
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This part has several issues. We calculate that there is not enough time for all re-
gions of the universe we see to have come in contact with each other for interaction of
the various regions to produce the needed correlations. We do not know what produced
the homogeneity and isotropy. Neither do we know what produced the primordial power
spectrum.

Typically the primordial power spectrum is explained using slow-roll inflation in which
the early universe undergoes a phase of rapid accelerated expansion. This is used to
explain the homogeneity and isotropy of the universe by having the expansion increase the
size of the regions which were in causal contact after the big bang to our entire visible
universe as well as making it look flat by being large enough that the curvature is not
visible. In addition, starting from the quantum adiabatic vacuum, inflationary models
typically predict a primordial power spectrum well approximated by the power-law form
(1.1). While inflation is often considered to be the best scenario to explain cosmological
observations, it suffers from shortcomings such as lack of predictivity and falsifiability,
sparking a search for alternative possibilities.

In this dissertation, I describe four such alternative possibilities on which I have worked.
First, however, the remainder of this chapter describes our current knowledge. I go through
the developments of modern cosmology in modern history, in order to explain where current
theory comes from, and hopefully make a case for questioning this standard paradigm.
During this process, I explain the tools used in modern cosmology as well as how inflation
became the consensus model.

In putting together this chapter, I relied on several secondary sources in addition to
memory and conversations. For the basic outline, I used two popular science books [1, 2] to
help structure the historical story. For the equations and other details, I used class notes
by Latham Boyle [3], Wikipedia, and three cosmology books [4, 5, 6].

1.1 Early 20th Century: Is the Universe Changing

With Time?

Our history will begin at the start of the 20th century. This is when modern cosmology
begins, when we first learned that the universe extends beyond our galaxy, and when we
first see the tools constructed which describe the universe as we know it today. Specifically,
two main discoveries emerged which helped define modern cosmology and the limits of our
knowledge with it. The first is Einstein’s theory of general relativity [7]. This provided
a theory of gravity for very large scales, from which we could calculate the interaction
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between matter and space-time, allowing for the possibility of an evolution of the universe.
The second is Hubble’s discovery of the expansion of the universe [8]. Specifically, Hubble
calculated the relation between the velocity of galaxies and their distance from us. Quan-
tum theory was also first discovered and developed during this time period, but it did not
become relevant to cosmology until later.

1.1.1 Einstein and GR

In 1905, Einstein developed the theory of special relativity [9]. He described it as a theory
of electromagnetism and developed it from asking what happens if he were to chase a beam
of light. By allowing time to rotate into space, the speed of light can remain constant for all
observers. This “rotation” is applied when one moves from one inertial (non-accelerating)
reference frame to another, so that in every such reference frame, the speed of light appears
to have the same fixed value.

However, time is not the same as space, so an ordinary rotation would not provide such
an effect. The mathematics required, however, had already been developed previously in
attempts to explain the constant speed of light. These rotations go by the name Lorentz
transformations, which for the case of a change in velocity in the x direction are,

t′ = γ
(
t− vx

c2

)
x′ = γ (x− vt)

y′ = y

z′ = z

where

γ =
1√

1− v2

c2

. (1.2)

In this formulation, the invariant distance between events (localized space-time points) is
given by

ds2 = −c2dt2 + dx2 + dy2 + dz2, (1.3)

replacing the original invariant distance between objects from the Pythagorean theorem,

ds2 = dx2 + dy2 + dz2.

From this, Einstein found that not only space and time transform into each other,
but also matter and energy [10]. For an object at rest, the famous equation expressing
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this equivalence is, E = mc2, which when extended to the case for an object in motion,
becomes,

E2 = m2c4 + p2c2. (1.4)

In this theory, massless particles always move at the speed of light, but they do have
momentum.

However, these relations work only for initial reference frames and objects which are
not accelerating at the time at which they are analyzed. While there is a lot which can
be calculated with this given conservation laws, it does not provide a complete picture of
reality.

By 1915, in order to fix this issue, Einstein developed the theory of general relativity
(GR) [7], which describes gravity. This originally came from thought experiments involving
the equivalence principle, which states that gravitational and inertial mass are identical.
Einstein interpreted this as meaning that gravitation and acceleration are identical, leading
to a geometric description of space-time. The resulting theory describes a universe where
gravity bends space-time, replacing the fixed background of Newton with a dynamical one.

Given a metric gµν and its inverse defined by,

gαβgβγ = δαγ , (1.5)

and an energy-momentum or stress tensor calculated from the Lagrangian of matter Lm,

Tµν = gµνLm − 2
∂Lm

∂gµν
, (1.6)

Einstein’s field equations for this relation are,

Gµν + Λgµν = 8πGNTµν , (1.7)

where

Gµν = Rµν −
1

2
gµνR. (1.8)

The Ricci tensor Rµν and scalar R come from the Riemann tensor Rα
βγδ by equations

Rµν = Rγ
µγν , R = gαβRαβ. (1.9)

The Riemann tensor and the metric are related to each other through the curvature, which
for the case of a torsion-free metric compatible connection Γα

β,γ,

Γα
βγ =

1

2
gαδ (gγδ,β + gβδ,γ − gβγ,δ) . (1.10)
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With this, we calculate the Riemann tensor as,

Rα
βγδ = Γα

δβ,γ − Γα
γβ,δ + Γα

γµΓ
µ
δβ − Γα

δµΓ
µ
γβ. (1.11)

The resulting theory was found to explain previously unexplained effects and to predict
new effects which were later found to be accurate. It also predicted a changing universe.
In order to maintain a static universe, Einstein set Λ to a non-zero value. However the
result would be an unstable equilibrium. When the universe was seen to be expanding,
Einstein called this his “biggest blunder.”

1.1.2 Hubble

It has been noted that the universe can not be of infinite age and of infinite size. The
reason for this it that the night sky would not be dark – everywhere one would look, there
would be a star. If the night sky is dark, this means that there is a finite amount of light
which reaches us.

By 1923, it was known there were many galaxies. The universe also appeared to be
isotropic and homogeneous on large scales. This is the cosmological principle.

It was during this time that Hubble originally discovered the expansion of the universe.
He did so by measuring the distances to visible galaxies and compared this to their velocity
away from us. His plot from 1929 is shown in Figure 1.1 [8]. For a constant rate of expansion
and no preferred position or direction, there should be a linear relation between distance
and velocity which is the same in any direction. The slope of this line is called the Hubble
constant. Hubble’s calculated Hubble constant was 500 (km/s)/Mpc which is almost an
order of magnitude above its known modern value.

To calculate the velocities and distances, he used certain known relations. For velocity,
it was well known that when a wave moves towards or away from an observer, its frequency
shifts. This is known as the Doppler shift. For light this can be calculated in special
relativity by

νobserved = γ
(
1− v

c

)
νsource (1.12)

with ν being the frequency and γ given by Equation 1.2. We can rewrite the Doppler shift
as

z =
λobserved − λsource

λsource
=

√
1 + v

c√
1− v

c

− 1, (1.13)
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Figure 1.1: Hubble’s original plot of velocity of a galaxy away from us vs its distance from
us. This image originally appeared in [8].
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where λ is the wavelength of the wave. If the Doppler shift is known, typically from
the measured frequency of spectral lines produced by atomic transitions, it can be used
to calculate an object’s relative velocity towards or away from us, blue-shifted if moving
towards us and red-shifted away from us.

Distance can be measured from standard candles, stellar objects with a known bright-
ness. For Hubble, he used Cepheid variable stars, which vary in brightness but have a
known, fixed relation between their maximum brightness and the frequency of their varia-
tion in brightness.

1.1.3 The Friedmann Equations

While Equation 1.3 from special relativity gives the distance measure for a flat maximally
symmetric space-time, general relativity allows for more forms of this separation. The
invariant separation in general relativity is given by

ds2 = gµνdx
µdxν . (1.14)

For special relativity in Cartesian coordinates (Minkowski space), we have 1

gµν = ηµν ≡

⎡⎢⎢⎣
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎦ . (1.15)

However, for general relativity there are more possibilities. For the case of maximally
symmetric metric, there are two other possibilities, that with positive curvature (similar
to a sphere) and that with negative curvature. The general form of the metric is

gµν = ηµν +K
xµxν

ρ2 −Kx2
, (1.16)

where ρ is the radius of curvature, and K is −1, 0,+1, determining the type of curvature
– hyperbolic, flat, or spherical. For 3 + 1 dimensions, as is presented here, the names for
the types of spacetime are Anti de Sitter, Minkowski, and de Sitter.

For this case, however, these metrics solve the Einstein equations for the case when
Tµν = 0. If we have matter and energy in the universe, this is not the solution.

1As the speed of light c is effectively a ratio of conversion between spatial and temporal coordinates,
the standard notation is to set c = 1 which I will do here and for the rest of the document.
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If we allow for an asymmetry in time, the natural extension is the FRW metric. This
describes an isotropic and homogeneous space-time like our universe, but allows for the
universe to change in time. The model was developed first by Friedmann in 1922 [11], then
by Lemâıtre in the late 1920s [12, 13], and developed by Robertson [14, 15, 16] and Walker
[17, 18] in the 1930s. The metric is given by

gµν =

⎡⎢⎢⎣
−1 0 0 0
0 a2 (t) 0 0
0 0 a2 (t) 0
0 0 0 a2 (t)

⎤⎥⎥⎦ (1.17)

for the flat case in Cartesian coordinates, or,

ds2 = −dt2 + a2 (t)

[
dr2

1−Kr2
+ r2dΩ

]
(1.18)

in spherical coordinates for any of the three cases. This can also be represented using
conformal time τ where dt = adτ . In this case,

ds2 = a2 (τ)

[
−dτ 2 dr2

1−Kr2
+ r2dΩ

]
. (1.19)

For the case of FRW, Tµν is

Tµν =

⎡⎢⎢⎣
−ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

⎤⎥⎥⎦ . (1.20)

This means that we now have matter in our theory, and the Einstein equations can be
solved for the behavior of the entire system. Here, ρ is the density of matter, and p is its
pressure. We will define the Hubble constant H = ȧ

a
and an equation of state of the matter

or energy contained in the system w = p
ρ
. The Einstein equations reduce to the Friedmann

equation

H2 =
8πGNρ+ Λ

3
− K

a2
(1.21)

and the continuity equation
ρ̇ = −3H (ρ+ p) . (1.22)
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From this, the shape of the universe, and its evolution, can be determined by comparing
the density of matter in the universe to a critical density

ρcrit (t) =
3H2 (t)

8πGN

. (1.23)

In general, ȧ ̸= 0. For a flat case, since ȧ > 0, we know the universe is expanding, and if
we reverse this process, we predict everything started from a point, a hot big bang. In the
infinite future, a→ ∞.

The energy density of our universe is comprised of several components. First, there is
matter (or non-relativistic particles), ρm = ρb + ρc, which has an equation of state w = 0.
There is also radiation (or relativistic particles), ρr = ργ + ρν , with an equation of state
of w = 1

3
. We can also express two other terms in Equation 1.21 as if they were an energy

density. For dark energy, ρΛ has an effective w = −1 if it is a cosmological constant.
Alternative models may alter this. The curvature term can also be expressed as ρk, such
that

ρm + ρr + ρΛ + ρk = ρcrit. (1.24)

Since ρk varies with time as a−2, we see that its effective equation of state is w = −1
3
.

Using Equation 1.22, we can calculate the dependence of each type of energy density
on the scale factor a (t). From this, we get ρm (t) = ρm0

a3(t)
and ρr (t) =

ρr0
a4(t)

. The other two

energy densities had already been calculated in reverse: ρΛ (t) = ρΛ0 and ρk =
ρk

a2(t)
. From

this, we can rewrite Equation 1.21 as

H2 (t) =
8πGN

3

[ρr
a4

+
ρm
a3

+
ρk
a2

+ ρΛ

]
(1.25)

This can be integrated by separation of variables to calculate the age of the universe. The
modern estimate is about 13.8 billion years [19].

1.2 Mid 20th Century: The Discovery of the CMB

While the Friedmann equations and the FRW metric were developed in the 1920s and 30s,
it wasn’t until later when the implications of the possibility of calculating the beginning
of the universe were fully realized.
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1.2.1 Theoretical Prediction

In 1946, George Gamow first calculated the implications of a universe which stared in a hot
big bang [20]. This conception was based on Lemâıtre’s comments about how, if continued
into the past, an expanding universe would imply that everything must have started from a
single point. Gamow performed the first calculations for Big Bang Nucleosynthesis (BBN),
where the primordial abundances of atoms were formed in the cooling of the universe.
Working with him, Ralph Alpher and Robert Herman estimated the temperature of the
Cosmic Microwave Background (CMB) [21, 22].

The conception was reproduced by other groups independently of this in the 1960s, just
before the first experimental confirmations emerged.

1.2.2 Experimental Confirmation

Experimental confirmation of this model occurred in 1964, when Penzias and Wilson at
Bell Labs were trying to figure out the source of and remove the noise from their radio
antenna [23]. What they found was a signal, corresponding to about 3 K originating from
space with no preferred direction. The conclusion is that it came from outside of our galaxy.
The measurement was identified by a physicist Burke to fit the predictions of the hot big
bang model of Dicke, Peeble, and Wilkinson [24]. Others confirmed this measurement
with ground based telescopes at different frequencies and eventually with a balloon based
experiment designed to get above the atmosphere and measure frequencies absorbed by
the atmosphere [25].

1.2.3 A Brief History of the Universe

The universe was not always full of stars and galaxies. Based on the thermodynamics
of various processes, we can work out the history of the universe. NASA has produced
pictorial schematics of this, as seen in Figure 1.2.

Since our model becomes more and more speculative as we go to earlier and earlier times,
I will start this history after the suspected time of inflation. After this time is speculated
that the origin of the matter / antimatter asymmetry originated. This is around the
time when the electroweak force and strong force are expected to be unified, a symmetry
suspected of breaking around 1016 GeV.

As we move to times we can begin to calculate with modern theories, the electromag-
netic force and weak force are expected to be unified into an electroweak force above 200
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Figure 1.2: The history of the universe according to our current understanding. This
image was created by NASA.
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GeV. The breaking of this symmetry occurred around 10−12 s after the big bang. After this
symmetry breaking, the universe consisted of a quark-gluon plasma. Quarks and gluons
later became confined in baryons and mesons around 10−6 s after the big bang.

Neutrinos freeze out – decouple from other matter and radiation – around 0.2 s after
the big bang. Reactions based on the weak force are no longer a factor in maintaining
equilibrium, so the neutron / proton ratio freezes except for a slow decay of neutrons until
they are stabilized in nuclei after BBN.

Electron / positron reactions completely annihilate the remaining positrons after the
temperature drops below the mass of an electron and new pairs can no longer form readily
around 1 s after the big bang. The annihilation heats up the photons, contributing to
the higher cosmic microwave background temperature compared to the predicted cosmic
neutrino background temperature.

BBN occurs about 3 min after the big bang. At this point, the temperature is low
enough for nuclear reactions to be favorable, causing all the remaining neutrons to combine
with protons to form nuclei. The resulting fractions are about 75% H and 25% He with
some heavier elements. The remaining heavier elements will be formed much later in stars.

The matter/radiation equality, when ρm = ρr is at around 75,000 years after the big
bang.

Electrons are captured by nuclei at around 380,000 years after the big bang. This is
called recombination, and at this time photons decoupled from charged particles and the
universe became transparent. This is what we see when we observe the cosmic microwave
background.

Structure formation begins after recombination, when gravity finally causes the inho-
mogeneities to form stars.

As the stars emitted radiation, the universe became reionized at some point in its
history, although we do not know exactly when. This is a free parameter in our model,
although it is known that zreionization > 6 [26].

The final significant event known in our universe as a whole is the time of matter /
dark energy equality. This is defined as when ρm = ρΛ and is at around 10 billion years
after the big bang [27].
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1.3 Late 20th Century: Anisotropies or Measuring

the CMB

By the end of the 20th century, we had entered the era of precision cosmology with the
launch of the first satellite dedicated to cosmology. The big bang model had been confirmed
as the only surviving explanation of all existing data. However, the model appeared to
require precise initial conditions to explain certain features of our observations. Out of
all of the models of the time to explain this, only inflation survived the comparison to
data to become the modern standard. However, this model was found to have numerous
conceptual issues.

1.3.1 The Era of Precision Cosmology

What is known as the era of precision cosmology got its start with the launch of the
COBE satellite by NASA. Satellite based maps of the CMB enabled a bypassing of the
atmospheric absorption of relevant frequencies of radiation, thus enabling the very precise
measurements of CMB temperature required to measure the CMB anisotropies. The first
results of COBE in 1989 confirmed the homogeneity and isotropy of the CMB to extreme
precision, measuring a temperature of 2.735 K. In 1992, the first low resolution map of
the anisotropies was released [28]. COBE was followed by WMAP in 2001 [29] and Planck
in 2009 [30], providing a very precise map of the CMB. Supplemented by various ground
based and balloon based measurements, this provides an extremely precise measurement
a model must be able to reproduce.

1.3.2 Theoretical Issues

While the standard big bang model, when analysed using thermodynamics and our current
understanding of nature worked well in explaining the structure of the universe (after dark
matter and dark energy were added), there was a limit to how far back the calculations
could take us. And it became clear that what happened before then was relevant for what
we observe today. Several mysteries remained.

While the evolution of the universe seems to produce a uniform temperature, there
is a fundamental issue – if evolved to past, not enough time to for all of the visible sky
to become correlated. This is called the horizon problem. In addition, if universe is not
exactly flat, it appears now to be close enough for the deviations to not be detectable.
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Since the expansion of the universe is slowing down, the curvature should be getting more
noticeable over time. So the curvature was even smaller at earlier times, requiring exact
precision in the various energy densities. This is called the flatness problem.

In the 1970s, one more issue was noted. Theoretical calculations implied that the
universe should be filled with magnetic monopoles [31, 32].

Later, as anisotropies began to be observed in the CMB, what was responsible for
forming them and their precise shape also became important.

The Horizon Problem

A brief summary of the issue is that light required more time than there exists in universe
to allow for the causal contact between disjoint regions of the universe required for them
to have the same temperature. While the universe would have been smaller in the past,
the distances between points decrease slower than the age of the universe decreases. This
is because matter is slowing the expansion of the universe.

For a slightly more technical explanation, we can define a particle horizon to be the
furthest light could have travelled from to still be able to reach us now given the finite age
of the universe. We can calculate the maximum comoving distance

χmax = τ0 − τBB =

∫ t0

tBB

dt

a (t)
=

∫ a0

0

1

ȧ

da

a
. (1.26)

From this, we can see that for a value of ä < 0, this will have a finite size. To find out
how it varies, we can differentiate Equation 1.25 with respect to time. If we define for each
type of effective energy density

Ωa ≡
8πGN

3H2
ρa (1.27)

to be its fraction of the critical density, we get,

ä = aΩΛ − 1

2a2
Ωm − 1

a3
Ωr. (1.28)

We can see that a dark energy term will accelerate the expansion, while matter and ra-
diation will slow it down. As ΩΛ was much smaller in the past, ȧ was shrinking, and the
Hubble horizon 1

aH
was thus growing. This means that as time goes on, larger comoving

scales come into contact, so there are regions which are becoming visible now, but shouldn’t
have been in contact in order to thermalize in the past.
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The Flatness Problem

From Equation 1.25, we see that there are four effective energy densities which must all
add up to the critical density: ρm, ρr, ρΛ, and ρk. Each of these vary at a different rate
with respect to the scale factor a. As a increases, ρr, dominant for small a values will loose
its dominance to ρm, then ρk, and finally ρΛ. However, we do not see any curvature at all,
and we are reasonably close to the matter / dark energy equality time. In order for the
curvature to be undetectable now, it must have much smaller (by a factor of 10−30) at
early times in comparison to the other terms.

Anisotropies

A mechanism to produce anisotropies in order to provide an original deviation from ho-
mogeneity required to produce the structure seen in the universe does not exist without
theory of the very early universe. However, we not only see structure in the universe, but
also we can calculate the structure of the early anisotropies which produced it by analyzing
the CMB.

The anisotropies in the CMB are small, on the order of 10−5 times the average temper-
ature. When analyzed, the standard deviation of their two-point correlations fits a model
with a primordial scalar power spectrum which is close to scale invariant scale invariance,
with a slight red tilt. The spectrum is well fit by a power law with no running of the tilt
as in Equation 1.1.

A Potential Solution

As discussed, with a decelerating universe, the Hubble horizon is growing, bringing into
view more of the universe. However, if the universe instead accelerates, this process would
be reversed, decreasing the field of view and making the universe appear flatter. This
realization leads to the proposal of inflation, that the early universe went through a phase
of rapid expansion and acceleration of that expansion. Combining inflation with quantum
field theory, one can then produce a semi-classical approximation for the expected shape
of the anisotropies emerging from this period of time.

1.3.3 A Summary of Inflation

Inflation is a conception developed in the 1980s [33, 34] to solve these issues by having
the initial universe expand so rapidly that universe becomes approximately flat and the
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comoving scales seen today are smaller than what were in causal contact in the early
universe. In order to cause the expansion, the theorists needed to introduce some type
of inflaton – typically a scalar field responsible for the inflation which decays away after
inflating the early universe [35]. By applying quantum field theory in a curved spacetime
background, one can produce calculations for the expected anisotropies by explaining them
as coming from quantum fluctuations. They would be predicted here to be small, close to
scale invariant, but with a red tilt, just as observed.

Anisotropies from Slow-Roll Inflation

In order to produce anisotropies, inflation takes advantage of quantum fluctuations of
the inflaton field. During the inflationary phase, the system is close to the Planck scale,
causing it to oscillate rapidly. As the system expands, comoving scales will leave the
Hubble horizon and will freeze out, or stop changing. Calculations can show that if this
were to go on forever, this would produce a scale invariant power spectrum. But the finite
time of this phase of expansion combined with the details of the calculations will cause a
power loss on smaller scales relative to the larger scales, creating a red shift in the power
spectrum.

Inflation produces both scalar and tensor modes, of which only the scalar modes have
been detected. The details of the spectrum depend on the model, although most of them
match reasonably well even the very precise modern measurements.

The Basic Mathematics

The for the case of single-field slow-roll inflation, start with an action with only the metric
and the inflaton being relevant. This action is

S =

∫
d4x

√
−g
[

R

16πGN

− 1

2
gµν∂µϕ∂νψ − V (ϕ)

]
. (1.29)

We also define the slow-roll parameters

ϵ =
1

2

m2
pl

8π

[
V ′ (ϕ)

V (ϕ)

]2
and

η =
m2

pl

8π

V ′′ (ϕ)

V (ϕ)
.
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When these parameters are both ≪ 1, the field is in a state of slow-roll, falling down the
potential with negligible acceleration.

From the potential we can calculate the pressure and density of the field within the
FRW spacetime. Our density is

ρ =
1

2
ϕ̇2 + V (ϕ) (1.30)

and our pressure is

p =
1

2
ϕ̇2 − V (ϕ) . (1.31)

We can put this into Equation 1.22 to get

ϕ̈+ 3Hϕ̇+ V ′ (ϕ) = 0. (1.32)

In the slow-roll regime, we can calculate ϕ̇2 ≪ V (ϕ), giving us a cosmological constant-like
field and exponential expansion. The term slow-roll comes from the part of the approx-
imation where the acceleration ϕ̈ is negligible. Later, the system will leave the slow-roll
exponential expansion as V (ϕ) decreases in comparison to the approximately constant ϕ̇2.

The calculation of the leading order perturbations is more involved. By using quantum

field theory, the uncertainties of the scalar (ζ
(
τ, k⃗
)
) and tensor (hij

(
τ, k⃗
)
) perturbations

can be calculated. The end result is a prediction of the power spectrum of perturbations
after they leave the Hubble horizon. The power spectra are defined as

Pζ =
d ⟨0| ζ̂2 (τ, x⃗) |0⟩

d ln k
, (1.33)

and the results are

Pζ =

[
k

2πz

]2
≈ 1

2ϵ

[
H

2πmpl

]2
(1.34)

and

Ph (k) =

[
k

2πmpla

]2
= 8

[
H

2πmpl

]2
. (1.35)

1.3.4 The Issues with Inflation

However, many issues remain. In order to have inflation, there must be some field driving
the expansion, but no known fields would produce this effect. So to solve this issue, a new
field, the inflaton, must be proposed. In order for this inflaton to not be observed, it must
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decay away at the end of the inflationary phase. So the inflaton is specifically constructed
to provide its intended effect and is not observed elsewhere, meaning the field and process
has the effect of something put in by hand to cover up our lack of knowledge [35].

This has the added effect of allowing the construction of many inflation models with
only the CMB to guide which ones are viable. This causes a loss in predictivity of the theory
as it is adapted to new results since theorists can modify their theory to accommodate any
contradictory result.

The next major critique is about what aspects of quantum mechanics are retained and
what are ignored. Continuing with the standard semi-classical approximation required to
calculate anisotropies, one can come to the conclusion that some small regions may fall out
of the inflationary stage later, or even never. Due to the nature of inflation, these extremely
unlikely regions will expand exponentially faster than the standard region, causing them to
take up a much larger portion of the phase space volume. This has the effect of inverting
probabilities in a sense, as seemingly unlikely possibilities become much more likely. Our
theory now no longer predicts anything as it predicts everything should exist somewhere.
This issue is called internal inflation, and those who take it seriously as a solution effectively
construct a multiverse and use the anthropic principle to explain our universe [36, 37].

Others may question if it even makes sense to quantize the perturbations without
quantizing the background metric. The reason this was done is due to the lack of a
quantum theory of gravity, but the understanding inflation tries to impart may require a
theory of quantum gravity to have any meaningful interpretations. An approximation may
give predictions, but they will have limited precision and will not give true understanding
[38].

And the notions such as the start of time and the origin of the universe have not been
solved, only pushed back further.

1.3.5 Further Note

There is no reason to expect that inflation is the only explanation for our observations. The
power law expansion of the anisotropies is a phenomenological expansion which happens
to be able to be fit by inflationary models. Many of the observations which we currently
use inflation to explain had been expected before inflation was developed (e.g. [39, 40]).
Later models have been developed which can explain the observations without relying on
inflation [41]. And the reason inflation works well may have to do with the fact that
the math is the same or similar to the actual solution without the reason for it having
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any relation to reality. Considering the mathematics of special relativity were worked out
before Einstein proposed the theory, it would not even be unheard of in physics.

1.4 Experimental Tools

To compare inflation or alternative to model, we need to be able to match our models to
the observational data. This means we need to know what our models predict in terms
of what we would be able to measure. On the observational side, this means we need to
know what to measure, how to remove as much noise as possible, and how to put the
data in a form for which our models give us a prediction. On the model building side,
this means we need to have a small number of parameters for which we fit and everything
beyond that is calculated by numerically solving the equations governing the evolution of
the system. In order to do this matching, we use specialized software developed to calculate
the predictions of the models and analyze how well they fit to the data.

1.4.1 Model Parametrization

Each model has a number of parameters which determines the various components in the
theory. Then each theory can be evolved through time using statistics and the laws of
nature provided by the model. After the effects of the evolution are worked out, certain
predictions will result of what the results of observations should be. The results will depend
on the parameters, so we need to find the best fit parameters to match our theory.

Our standard model is ΛCDM. Any alternative or extension tends to draw from similar
parameters and a similar structure of evolution of cosmology. Some parameters can be
directly measured, while others can only be determined by a model fitting procedure.
Parameters will fit into several types which can be grouped into astrophysical parameters,
determining anything between the earliest times we can calculate and now, and primordial
parameters, which measure what we detect from the early universe.

The astrophysical parameters are:

• H0, the Hubble constant at the present. Once we have the present value for the
Hubble constant, its history can be calculated. Often times, we will use 100θ, where
θ is the angular scale of the sound horizon, instead of the Hubble constant in our
parametrization, as this has a Gaussian probability distribution in our parameter
space exploration.
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• The present energy densities: ρb of baryons and ρc of cold dark matter are typically
fit for, while ρν is typically fixed. ργ for photons is effectively zero at present, and
ρΛ for dark energy is calculated from the constraint that the sum of all the densities
must add up to the critical density, for the system to be spatially flat. If we were to
extend this model, we can add in the contribution from curvature, ρk, to maintain the
constraint even in the case with spatial curvature. These numbers can be rewritten
in terms of their ratio to the critical density, Ωx, and are often multiplied by a Hubble
constant parameter h = H0

100km/s/Mpc
squared to get the Gaussian parameters Ωbh

2,

Ωch
2 and Ωkh

2.

• τod, the optical depth to reionization.

• The primordial helium fraction YHe is typically calculated by our present best big
bang neucleosynthesis model, but can also be varied as a parameter to determine
how good this is.

• The exact details of neutrinos are unknown, so the parameters should be fit for.
However, they do not have much effect on the shape of the CMB, so they are typically
fixed instead. The two typical numbers expected to make some effect on the observed
CMB are Nν , the effective number of neutrinos, and Σmν , the sum of the masses of
the neutrinos. Nν is calculated from particle physics to be 3.046. Σmν is typically
set to 0.06 eV, its minimum value according to present knowledge.

• The exact form of dark energy is unknown, but it is typically regarded as a cosmolog-
ical constant, with no new parameters added to the model. Standard extensions of
this model add in an unknown equation of state parameter w, which is −1 for the case
of a cosmological constant. The model can be extended with another phenomeno-
logical parameter wa, which introduces a linear dependence on a of the equation of
state.

Primordial parameters are grouped based on what primordial power spectrum they
describe. The parametrize the primordial power spectra. The typical parametrization for
this spectrum is as a power law, given by Equation 1.1. Here, there are two unknown
parameters, ∆2

0, the overall amplitude and ns, the tilt in power spectrum. The model can
be further expanded to add a running term to the expansion parametrized by nrun:

P (k) = ∆2
0

(
k

k∗

)(ns−1)+nrun
2

ln( k
k∗ )

. (1.36)
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The primordial perturbations are grouped into three types of power spectra: scalars,
vectors, and tensors. Only scalars have been detected so far, and so only scalars will be
covered here. Inflation typically predicts a form similar to the power law for both scalars
and tensors2, although the power law expansion itself is phenomenological and could be fit
by other models, like bounce models.

1.4.2 Observation and Data

The CMB Maps

There are multiple sources of data with which to analyze the models. Of these, the largest
and most publicized are the satellite-based full sky temperature and polarization maps.
There are three such satellites: COBE launched in 1989 [28] and WMAP launched in
2001 [29] by NASA and Planck launched in 2009 [30] by the ESA. After analysis and
processing by the scientific teams working on each of the satellites, the processed data
is released publically, along with instructions for how to install the datasets for use with
other analyses.

The basic function of the satellites are to map the effective temperature and polar-
ization of photons at various frequencies across the entire sky. From this, the foreground
needs to be removed to get the CMB maps3 [30]. Having multiple frequencies, external
observations of the foreground, good models for the foreground, and good masking tech-
niques are all important to reduce the errors of this process while retaining as much useful
data as possible. The satellite itself also has various imprecisions which can produce both
systematic errors and noise. This process will add to our analysis nuisance parameters,
additional parameters which need to be fit for in our analysis of the data.

The basic temperature and polarization maps are not what we need, however. In order
for these to be useful, they need to be in the form of something calculable by our theory.
Since our model is statistical, we do not have a prediction for what the temperature will
be at certain points in the sky. We can, however, calculate the probabilities for various
2-point correlation functions at a given physical scale or size.

From the data, we have a two dimensional angular map of the sky. Such a map can
be decomposed into spherical harmonics or multipoles, Y m

l (θ, ϕ), a spherical version of a

2For tensors, ∆2
0 is replaced by r which gives the ratio between ∆2

0 for tensors and ∆2
0 for scalars, while

ns becomes nt and nrun nt,run.
3The foreground is used for other analyses, but for the purpose of the CMB, it is noise.
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Fourier expansion. By performing the relevant integral,

alm =

∫
dΩM (θ, ϕ)Y ∗

lm (θ, ϕ) , (1.37)

with M being the map, the map can be converted from one based on angular positions
θ = [0, π) and ϕ = [0, 2π) to one based on integers l and m, where l = [0,∞) measures the
scale and m = [−l, l] counts the particular mode with that scale. The monopole l = 0 gives
the average temperature, and does not measure an anisotropy. The dipole l = 1 measures
our particular velocity with respect to the rest frame of the CMB. So our analysis of the
CMB anisotropies begins with l = 2 as the largest scale we can measure. The smallest
scale is around l = 2500 for the Planck satellite data.

The second number we have is m which determines the direction and shape of each
spherical harmonic. However, our theory does not predict the exact shape, only statistics.
Given that the universe is isotropic, each such spherical harmonic with the same value of
l gives us another sample from the same ensemble. This is important since we have only
one universe, so we do not have anything else to increase the number of realizations and
compare statistics.

The next thing we want to do is to reduce this data into the statistics of the anisotropies.
For the case of a single anisotropy, the average alm, ⟨alm⟩, is by definition zero. But the
variance ⟨alma∗lm⟩ ≡ Cl is not. This can be calculated from the theory and here from the
observational data. Figure 1.3 shows a sample plot of these Cls for the temperature data
calculated from Planck and matched to ΛCDM.

Much of the error from Figure 1.3 comes from the cosmic variance:

∆Cl

Cl

=

√
2

2l + 1
. (1.38)

This is due to the limited number of samples of a given Cl we can observe, that number
being 2l + 1, the number of m values at a given value of l. The rest of the error comes
from the instruments and the data cleaning. For higher values of l, the ls can be binned
and averaged in order to increase the number of samples and reduce all the errors. For the
Planck data, this is done starting at l = 30 for every 30 ls. Below l = 30, as much of the
data as possible for comparison is kept and compared to theory.

We can measure three signals from the CMB, temperature (T) and two polarizations.
The polarization channels can be split into a curl-free component called E and a gradiant-
free component called B. An analysis of the mathematics involve tell us that we expect to
calculate variances for TT, TE, EE, and BB, but not TB or EB. In addition, ET will be
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Figure 1.3: A sample plot of the fit of the Planck data to the ΛCDM model. The TT
angular power spectrum is shown along with Planck error.
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identical to TE. Signal in the BB channel will not be produced by scalar perturbations in
the primordial power spectrum, but can be produced both by tensors and contaminants.

In addition to temperature and polarization data, Planck also produced a map of grav-
itational lensing, the distortions in the CMB due to the bending of light by gravity. This
data is required for an accurate matching of observation to theory.

Other Measurements

Besides the satellite data, multiple ground based measurements provide additional con-
straints on the CMB parameters. One such measurement is of baryonic acoustic oscillations
(BAO). This is an effect produced by sound waves through the baryons and photons in
the early universe. At recombination, the baryons and photons loose contact, so the sound
waves can no longer propagate and become frozen [42]. A characteristic sound horizon can
be calculated based on speed of sound and the age of the universe when the sound waves
stopped propagating. This is calculated to be about 150 Mpc. This produces characteristic
peaks in both the CMB and the distribution of matter in the universe. Several ground-
based measurements of BAO exist, measuring the distribution of matter in the universe,
including the Sloan Digital Sky Survey in the US [43, 44, 45, 46], the 6dF Galaxy Survey
in Australia [47], and the WiggleZ Dark Energy Survey in Australia [48].

Other teams have made independent measurements of various ΛCDM parameters. This
includes measurements of the current Hubble constant [49, 50, 51], dark energy [52, 53, 54,
55], and the optical depth to reionization [26].

An additional dataset comes from a joint analysis by the BICEP2/Keck team and the
Planck team [56]. This measured the contamination of the B-mode power spectrum by
galactic dust. While in the CMB, only tensor modes will produce B-modes in the power
spectrum, astrophysical sources such as dust can also produce them. In the BICEP2
analysis, B-modes had been detected in excess of the original dust models. Comparing
this to Planck, however, revealed that this was dust contamination. This does provide an
additional source of observational data for the match to theory, however.

1.4.3 Analysis

In order to calculate the predictions of a model, we need a few things. We need to calculate
what a given realization of a model predicts for the observed data, and we need a means
to find the best fit parameters for the model and their distribution to determine if the fit
indicates viability of the model. For both these steps, we use the computer.
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Boltzmann Equations

Our first tool will be a Boltzmann integrator. Here we use CAMB [57, 58, 59], which
like all of these codes is based on CMBFAST [60, 61]. The goal is to calculate either
backwards or forwards the expected distribution of matter now given a certain primordial
power spectrum from the early universe and a number of parameters in our model. We
will then need to put this in terms of what we can observe.

The initial conditions are given the primordial power spectrum. However, it turns out
that the details of the evolution of matter can be calculated independently of the initial
conditions, although the full predictions will require them.

The evolution is given by the Boltzmann equations, which are used to calculate non-
equilibrium thermodynamics by keeping track of all interactions. The form of these equa-
tions are

df

dt
= C [f ] , (1.39)

where f is the distribution function of the particles in a system and C is a sum of collision
terms. Both sides are calculated from the laws of nature governing the system.

For our case, we will use general relativity for the interactions between the metric and
various energies, specifically linearized gravity over an FRW background metric as our
perturbations are expected to be small. The case for which this is expected to be changed
is for modified gravity theories as the approximation holds for all times of our analysis. In
addition to this, we will need to account for electromagnetic interactions between electrons,
protons and photons.

When we do this analysis, we need to ensure that we work in a unified gauge, although
the gauge can be converted. CAMB uses the synchronous gauge in the cold dark matter
rest frame. It also uses Fourier space as this simplifies the result. The result will be a
system of differential equations, which can be solved numerically, although some fitting
function approximations also exist.

Gravity is linearized by splitting the metric into a background gµν and its perturbations
hµν . In the synchronous gauge, h00 = 0 and h0i = 0. The metric is defined by

ds2 = a2 (τ)
[
−dτ 2 + (δij + hij) dx

idxj
]
, (1.40)

where hij is the metric of perturbations Fourier transformed to

hij (x⃗, τ) =

∫
d3keik⃗·x⃗

[
k̂ik̂jh

(
k⃗, τ
)
+

(
k̂ik̂j −

1

3
δij

)
6η
(
k⃗, τ
)]

. (1.41)
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For matter and radiation, δ
(
k⃗, τ
)

represents the Fourier transformed density perturba-

tions, while v
(
k⃗, τ
)
represents the velocity perturbations. For radiation, we also have σ

which represents the shear, and Fl for l > 2 represent the higher Legendre components
averaged over momentum. We also define the conformal Hubble constant H = a−1 da

dτ

The equations are: [62] for photons

δ̇γ = −4

3
ikvγ −

2

3
ḣ, (1.42)

ikv̇γ = k2
(
1

4
δγ − σγ

)
− τ̇od (ikvb − ikvγ) , (1.43)

2σ̇γ ≡ Ḟγ2 =
8

15
ikvγ −

3

5
kFγ3 +

4

15
ḣ+

8

5
η̇ +

9

5
τ̇odσγ −

1

10
τ̇od (Gγ0 +Gγ2) (1.44)

Ḟγl =
k

2l + 1

[
lFγ(l−1) − (l + 1)Fγ(l+1)

]
+ τ̇odFγl (1.45)

Ġγl =
k

2l + 1

[
lGγ(l−1) − (l + 1)Gγ(l+1)

]
− τ̇od

[
−Gγl +

1

2
(Fγ2 +Gγ0 +Gγ2)

(
δl0 +

δl2
5

)]
(1.46)

for matter and dark matter,

δ̇c = −1

2
ḣ, (1.47)

δ̇b = −ikvb −
1

2
ḣ, (1.48)

ikv̇b = −ikHvb + c2sk
2δb + ikτ̇od

4ρ̄γ
3ρ̄b

[vb − vγ] ; (1.49)

and for neutrinos,

δ̇ν = −4

3
ikvν −

2

3
ḣ, (1.50)

ikv̇ν = k2
(
1

4
δν − σν

)
, (1.51)

2σ̇ ≡ Ḟν2 =
8

15
ikvν −

3

5
kFν3 +

4

15
ḣ+

8

5
η̇ (1.52)

Ḟνl =
k

2l + 1

[
lFν(l−1) − (l + 1)Fν(l+1)

]
(1.53)
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An additional set of equations can be added for dark energy if it is not a cosmological
constant. In CAMB, the equations for evolution are

δ̇i + 3H (1− wi) (δi + 3H (1 + wi) vi/k) + (1 + wi) kvi + 3Hẇivi/k = −3 (1 + wi) ḣ (1.54)

v̇i − 2Hvi + kA = kδi/ (1 + wi) , (1.55)

where A is the vector potential for the perturbed metric, giving h⊥ij = ∂iAj + ∂jAi, where
h⊥ij is the transverse component of the perturbation metric, given by ∂i∂jh

⊥
ij = 0.

While it would seem that to solve these, we need to know the initial conditions, in
practice we do not. These equations have several modes, for which the most important are
the two adiabatic modes. Of these, there is a growing mode and a shrinking mode, and
only the growing mode is relevant. We do need the Hubble constant H (t) and the optical
depth τod (t), however. H (t) comes from the Friedmann equation. If we know H0 and the
various ρ0s, we can calculate this using Equation 1.25. τod comes from our definition of
optical depth, such that

τ̇od = −neσTa. (1.56)

This depends on time only through the scale factor a in a known way. The only compli-
cation in our model comes from the number density of electrons. We know that the CMB
comes from the surface of last scattering which occurred when the electrons became bound
in atoms. We know, however, that we have free electrons again after reionization. The
time to reionization is unknown, but is given by the parameter for the optical depth to
reionization.

Now that we have our perturbations, we can use this to calculate observation. We first
calculate,

al,m =

∫
d3k

(2π)3
eik⃗·x⃗

∫
dΩY ∗

l′,m′ (p̂) δγ

(
k⃗, p̂, τ

)
, (1.57)

then move to Cl space using the definition

⟨alma∗l′m′⟩ = δll′δmm′Cl. (1.58)

The Parameter Distribution

Now that we have a model which we can compare to data, we need to have a means of
finding the best fit parameters of that model. One of the most computationally efficient
methods of exploring a parameter space with a large number of parameters is randomly.
This type of random simulation goes by the name of Monte Carlo Markov Chain or MCMC.
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The standard such algorithm is called the Metropolis–Hastings algorithm [63, 64]. It is
effectively a thermodynamic simulation, which will first approach the minimum value, then
randomly explore that region of parameter space with a probability based on how likely
the values of the parameters are when compared to data.

The output of such a method is a chain, a list of the sets of parameters and likelihoods
of those parameters sampled in order, accompanied with the number of times the algorithm
remained on that value.

The code we use for this exploration goes by the name of CosmoMC [65, 66]. It has the
advantage of already being integrated with CAMB and being set up to use the cosmological
data sets. It uses the Metropolis–Hastings algorithm adapted for separating out “faster”
nuisance parameters from the “slower” model parameters. Once it constructs the chains
using an MCMC simulation, it has another algorithm for processing the chains into a mean
and standard deviation for each parameter, as well as being able to plot the distributions
of likelihoods of various parameter values for either one or two parameters at a time.

If instead of a distribution, we just want the most probable set of parameters, we can
use a minimizer algorithm. CosmoMC uses Powell’s 2009 BOBYQA bounded minimization
routine [67]. This algorithm converges faster, but only gives a better minimum than a full
run of CosmoMC if it uses the mean calculated from CosmoMC as the starting point. This
is probably due to getting stuck in local minimums, for which it is known to do when there
is a large number of parameters over which to minimize.

The usefulness of this algorithm, thus, is not to get a fast convergence, but to find the
best fit set of parameters after one gets the distribution. From this, one can calculate a
value for the likelihood of the data given the model: L = − log (likelihood). An alternative
measure of this is χ2 = 2L. If one takes the difference of this for two models, the square
root

√
χ2
a − χ2

b gives the deviation. A difference of < 1σ is considered insignificant, while
a difference of > 3σ can be considered to rule out the less likely model.

Bayesian Evidence

Bayesian evidence is an alternate method to likelihood of calculating how well a model fit
the data. Instead of calculating the likelihood of the data given the model like χ2 accounts
for, Bayesian evidence uses Bayes’ Theorem in order to estimate the probability of a model
given the data. The advantage of this method is that it will naturally prefer models with
fewer parameters, allowing for the easy comparison of models with an unequal number of
parameters. The disadvantage is that the calculation is dependent on the choice of priors.
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Bayes’ Theorem inverts an event and its condition in a probability condition. When
applied to a model and its data, it takes the form of

E =

∫
dαMP (αM)P (D|αM), (1.59)

where αM is the set of parameters that specify the model and D is the data. Here,
P (D|αM) is the probability for obtaining the data D given parameters αM , which is the

same as the likelihood L (αM) = χ2

2
from the more typical χ2 calculation. P (αM) is the

prior probability for the parameters.

Commonly, flat priors are used, assuming equal probability for all underlying models.
This means P (αM) = const. for all values of αM which we consider viable, while it vanishes
otherwise. Then, the evidence integral becomes

E =
1

VolM

∫
VolM

dαML (αM), (1.60)

where the integral is over the region of the parameter space in which the prior probability
distribution is non-zero and VolM is the volume of this region.

A detailed exposition of this method can be found in [68, 69, 70] and references therein.
To compute (1.60), MultiNest [71, 72, 73] was used.

1.5 Questioning the Orthodoxy: Alternative Expla-

nations for the Early Universe

As described in Sections 1.3.4 and 1.3.5, although inflation has worked extremely well in
order to predict observations, it appears to have many conceptual issues. To deal with
this aspect, many have attempted to find alternative solutions which provide the same or
similar calculations while providing a much different picture of the history of the universe.
Hopefully such things will provide predictions to use in order to distinguish them from
inflation.

1.5.1 What it Means to Question the Standard Model

In our search for the correct explanation of the universe, we need to try new alternatives,
explore, and attempt to find our erroneous assumptions. We acknowledge all the strengths
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of where we came from as we continue our explorations. We know in the past that we have
reached the limits of our previous understandings and needed to find something new. Not
everything we explore will work, but we keep looking for insights which may allow us to
further understand the universe.

1.5.2 Lessons from the Development of Relativity

As referred to in Section 1.3.5, in the development of special relativity, the transformations
Einstein developed were first developed earlier. Before special relativity, people believed
in the existence of an aether through which light travelled. After the Michelson and
Morley experiment in 1887 showed no aether wind [74], Lorentz and others developed a
transformation which would allow for the speed of light to remain constant and explained
it in terms a distortion in the forces between molecules [75]. In 1905, Einstein rederived
these equations, this time using a less bulky explanation which allowed space and time to
rotate into each other [9].

1.5.3 Bounce and Cyclic Models

The main category of theories alternative to inflation to describe the big bang and early
universe are bounce models. The basic idea of a bounce model is that the initial singularity
did not exist. Instead, the early universe began as the scale factor shrunk down to a mini-
mum amin before it started expanding again. If this process repeats, it can produce a cyclic
model. While many conceptions of this now are based on quantum gravity considerations,
it is possible to construct an FRW metric with this property. To do this, it is necessary to
violate at least the strong energy condition [76].

However, the basic bounce and cyclic models were ruled out, or at least determined to
be implausible, before dark energy was observed. For a bounce model, one has to account
for an additional effective density term in the Friedmann equation relevant for anisotropic
universes:

ρaniso (t) =
ρaniso
a6

. (1.61)

This term becomes irrelevant for expanding universes, but as the universe collapses, this
will dominate over the other densities [40]. Its effect will cause the universe to stretch
in some directions and collapse in others, creating a chaotic mixmaster behavior as the
average scale factor goes to zero. Setting ρaniso = 0 exactly leads to the same questions of
fine-tuning which inflation nominally avoid.
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For a cyclic model, there was the question of entropy. Tolman’s original cyclic model
required each cycle to have more entropy than the previous, until it eventually couldn’t
contract any more. If this was examined in the opposite direction, each previous cycle would
be shorter until it shrunk to nothing, beginning at a finite time in the past, preventing this
model from solving the issue of requiring a beginning of time [77].

Now, however, they provide the leading contender to inflation and present a solution
to the issues described in Section 1.3.4. A basic bounce will use the late phase dark energy
we now observe to replace the inflaton in shrinking the Hubble horizon. This connects
what we see now to explain what we observe in the past, and avoids quantum gravity and
producing a scalar which would not be observable [41]. To deal with the issue of anisotropy
in the scale factor, it is common to introduce an exotic matter with an equation of state
w > 1 [78]. The density will vary with the scale factor as a(−1−w), disappearing in an
expanding universe, but dominating over the anisotropic term in a contracting one.

1.5.4 Quantum Gravity

Inflation relies on semi-classical gravity where the metric is classical while the matter is
not. Semi-classical gravity is probably not how the universe works, although it is used
commonly as an approximation as we do not have a proven theory of quantum gravity.
Since the mathematics of inflation appears to match observations very well, the calculation
may be valid, although further analysis of the conceptions have questioned if there would
be an issue of eternal inflation if the conceptions behind the calculations are valid.

As an alternative to semi-classical gravity, one may try to solve the candidate quantum
gravity models and tools which do exist for what one would expect to observe in the early
universe. At least some of these analyses imply a bounce rather than inflation.

1.6 Outline

This document covers four different classes of models on which I have worked which attempt
to solve the issues solved by inflation while avoiding the issues of inflation. Each of these
conceptions posit a different structure for the observable primordial power spectrum from
the power law expansion. In working with these, I have used the described code to compare
the new models to the standard power law expansion to determine their viability.

In Chapter 2, I discuss Holographic Cosmology. Holographic Cosmology uses the holo-
graphic principle to solve for the structure of space-time emerging from the early universe.
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Because dualities, like those conjectured by the holographic principle, invert the coupling
strength of a theory, the typical inflationary case would be representable by its holographic
dual but unsolvable perturbatively. However, there is a solution which can be solved per-
turbatively without a well-defined space-time manifold at early times, for which I analyzed
in CosmoMC.

Chapter 3 discusses my Periodic Time Cosmology model. By positing that our universe
closes back on itself instead of going through an infinite cycle of expansion and collapsing,
we can reuse the effects of matter and energy on the original primordial power spectrum
to form the same power spectrum in the infinite future. A conformal rescaling to match
the future and past allow for this structure to match observations.

For Chapter 4, I discuss a model based on the Holographic Big Bang model of R.
Pourhasan, N. Afshordi, and R. B. Mann. In this, our universe exists on a 3-brane formed
outside of a collapsing 5D star. Its travel through the star’s atmosphere produces a calcu-
lable, approximately scale-invariant primordial power spectrum.

And in Chapter 5, I describe my work on the extension beyond quantum mechanics of
an alternative, hidden variable model for quantum mechanics. Here, I show that the model
will converge to quantum mechanics given reasonable deviations from it. The model has
non-local, and therefore faster than light communication, which out of quantum mechan-
ical equilibrium should allow for signalling. If this is correct, then this faster than light
signalling could solve the horizon problem.
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Chapter 2

Constraining holographic cosmology
using Planck data

2.1 Introduction

Insight from the study of black hole entropy has long indicated that gravity might have
a holographic nature [79, 80], i.e. that there is a dual quantum field theory (QFT) in
one lower dimension without gravity. This principle, the holographic principle, should also
apply to the early universe. Explicit examples of holographic dualities were found in string
theory [81]. However, these cases tend to apply to theories with a negative cosmological
constant, which is in contrast to cosmological observations.

The extension of the duality to de Sitter space-time and cosmology was considered soon
after the initial work on Anti-de Sitter space [82, 83, 84, 85, 86]. In the cosmological context,
the statement of the duality is that the partition function of the dual QFT computes the
wave-function of the universe [86], using which, cosmological observables may be obtained.
These dualities are less understood than the standard AdS/CFT duality, in part because
we currently have no explicit realization in string theory. Nevertheless, one may set-up a
holographic dictionary [87, 88, 89, 90, 91] using a correspondence [92] between cosmological
accelerating solutions and holographic renormalization group (RG) flows, solutions that
admit standard holographic interpretation.

In this duality, time evolution is mapped to inverse renormalization group flow and the
physics of the early universe is mapped to the IR physics of the dual QFT. Thus, depending
on the nature of the IR, we have different cosmological scenarios. Here we test theories for
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the very early Universe against the cosmic microwave background (CMB) data, so more
precisely we would like to know what the dual QFT is which is relevant at the energy scales
probed by the CMB.

One of the main properties of the holographic dualities is that they are strong/weak
coupling dualities. This means that when one of the two sides is strongly coupled, and
therefore difficult if not impossible to solve, the other side is weakly coupled, and solvable
perturbatively. Therefore a weakly coupled inflationary period is dual to a strongly coupled
quantum field theory. While work has been done in using holography in this setting (see
[93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110] for a
sample of works in this direction) we here mainly examine the opposite case. This is
the case of a strongly coupled gravitational theory. In this case, the early universe does
not have a well defined geometry. It can not be examined without quantum gravity.
However, the dual QFT not only can be examined, but is weakly coupled and solvable
perturbatively. This is the alternative model we examine, which we call the holographic
model or holographic cosmology here.1 In this case the dual QFT is a super-renormalizable
three-dimensional QFT.2 This model for the very early Universe was first proposed in [87]
and it was subsequently analyzed in [88, 89, 90, 91, 114, 115]. A sketch of the Penrose
diagram describing holographic cosmology is shown in Figure 1.

Previously, this holographic model had been compared to WMAP7. It was found to be
viable [116, 117] but mildly disfavoured relative to ΛCDM. With the release of the Planck
data, it is time to reexamine the viability of the holographic model for early universe
cosmology. Our results were announced in [118] and the purpose of this work is to provide
a more detailed and comprehensive discussion of their derivation.

The structure of this chapter is as follows. In Section 2.2, we describe the two models we
are comparing. In Section 2.3, we find and explain the best fit model. Section 2.4 explains
how well the two models fit the data and compare to each other. Finally, in Section 2.5
we present some concluding remarks.

1As inflation is also holographic, this is a potentially confusing terminology. Here we want to distinguish
between a cosmology which has a conventional space-time description (inflation) and one without such
description (holographic cosmology).

2An example of such QFT is the worldvolume theory of coincident D2-branes. The holography nature
of this theory is well established [111, 112, 113].
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We are here

Early Universe

QFT (reheating surface)
t

Figure 2.1: A sketch of the Penrose diagram describing holographic cosmology (HC). The
early Universe is non-geometric and is described by a dual QFT, which is located at the
end of the non-geometric phase.
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2.2 Models

2.2.1 Holography for cosmology: basics

The idea of holography for cosmology is that the dual QFT computes the wavefunction of
the Universe [86]. Schematically, this works as follows: The wavefunction is equal to the
partition function of the dual QFT,

ψ(Φ) = ZQFT [Φ], (2.1)

where Φ on the left-hand side denotes collectively gravitational perturbations and on the
right-hand side sources that couple to gauge invariant operators. Note that we consider
the wavefunction of perturbations only here. Cosmological observables may be computed
using standard quantum mechanics

⟨Φ(x1) · · ·Φ(xn)⟩ =
∫
DΦ|ψ|2Φ(x1) · · ·Φ(xn), (2.2)

where the correlators are evaluated at end of the early universe phase (for example, at the
end of the inflationary phase, if inflation describes the very early universe). Using that
ZQFT [Φ] may be expressed in terms of correlation functions

ZQFT [Φ] = exp

(∑
n

(−1)n

n!
⟨O(x1) · · ·O(xn)⟩Φ(x1) · · ·Φ(xn)

)
, (2.3)

where O denotes the gauge invariant operators to which Φ couples.3 We now may express
cosmological observables in terms of QFT correlation functions. If the QFT is strongly
coupled, then the bulk is described by Einstein gravity and these results should match those
coming from standard inflationary cosmological perturbation theory, while if the QFT is
weakly coupled the bulk is non-geometric.

There is currently no first principles derivation of the QFT relevant for cosmology
but one may use the domain-wall/cosmology correspondence [92] to map the cosmology
problem to that of standard gauge/gravity duality, then use the QFT dual to the domain-
wall and finally map the results back to cosmology [87, 88].4 This leads to the following

3We take the QFT to be Euclidean, though this is not essential.
4There is a proposed duality [119] where the QFT is defined a priori (i.e. without the need to map the

problem to the domain-wall first) but in this case the bulk involves Vasiliev’s higher spin gravity instead
of Einstein gravity.
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holographic formulae for the scalar and tensor spectra, P and PT , respectively,

P(q) = − q3

16π2

1

ImB(q)
, PT (q) = −2q3

π2

1

ImA(q)
, (2.4)

where A,B are extracted from the momentum space 2-point function of the energy mo-
mentum tensor Tij,

⟨⟨Tij(q)Tkl(−q)⟩⟩ = A(q)Πijkl +B(q)πijπkl. (2.5)

Here ⟨Tij(q1)Tkl(q2)⟩ = (2π)3δ3(q1+q2)⟨⟨Tij(q1)Tkl(−q1)⟩⟩, πij = δij−qiqj/q2 is a transverse
projector and Πijkl = 1/2(πikπjl+πilπjk−πijπkl) is a transverse-traceless projector. In other
words, the scalar power spectrum is associated with the 2-point function of the trace of the
energy-momentum tensor while the tensor power spectrum is related with the transverse-
traceless part of the 2-point function. These formulae were derived for QFTs that admit a
’t Hooft large N limit and they either become conformal in the UV or approach a QFT with
a generalized conformal structure (where generalized conformal structure is explained in
the next subsection). The imaginary part in (2.4) is taken after the analytic continuation,

q → −iq, N → −iN, (2.6)

where q is the magnitude of the momentum vector and we assume that we are dealing
with an SU(N) gauge theory coupled to matter in the adjoint representation, as is the
case below.5 Similarly, one can relate the bispectra with 3-point functions of the energy
momentum tensor [89, 90, 91].

When the QFT is strongly coupled, the bulk is geometric and there is a conventional
description in terms of quasi-de Sitter or power law inflation. In these cases, (2.4) correctly
reproduces the results of cosmological perturbation theory [87, 88]. Here we focus on the
opposite regime where the QFT is weakly coupled.

2.2.2 Non-geometric models

In non-geometric models, the theory is defined by giving the dual QFT. Here we analyze
the model proposed in [87, 88], in which the QFT is an SU(N) gauge theory coupled to
scalars ΦM and fermions ψL, where M,L are flavor indices. The action is given by

S =
1

g2YM

∫
d3x tr

[
1

2
FijF

ij + δM1M2DiΦ
M1DiΦM2 + 2δL1L2ψ̄

L1γiDiψ
L2

+
√
2µML1L2Φ

M ψ̄L1ψL2 +
1

6
λM1M2M3M4Φ

M1ΦM2ΦM3ΦM4

]
, (2.7)

5In the case of a large N vector model, we need N → −N .
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where all fields, φ = φaT a, are in the adjoint of SU(N) and trT aT b = 1
2
δab. Fij is the

Yang-Mills field strength, and D is a gauge covariant derivative. The Yukawa couplings µ
and the quartic-scalar couplings λ are dimensionless, while g2YM has dimension 1.

This theory is superrenormalizable and has the important property that has a “gener-
alized conformal structure.” This means that if one promotes g2YM to a new field that
transforms appropriately under conformal transformation, the theory becomes confor-
mally invariant [120, 113]. Related to this: if one assigns “4d dimensions” to the fields,
[A] = [ΦM ] = 1, [ΦL] = 3/2, then all terms in the action scale the same way. While this is
not a symmetry of the theory, it still has implications.

In our case, the generalized conformal structure and the large N limit implies that the
2-point function takes the form

A(q,N) = q3N2fT (g
2
eff), B(q,N) =

1

4
q3N2f(g2eff) (2.8)

where fT (g
2
eff) and f(g

2
eff) are (at this stage) general functions of their argument and g2eff =

g2YMN/q is the effective dimensionless ’t Hooft coupling constant. The factor q3 reflects
the fact that the energy momentum tensor has dimension 3 in three dimensions and the
factor of N2 is due to the fact that we are considering the leading term in the large N
limit. The factor of 1/4 in B is conventional.

Under the analytic continuation (2.6)

q3N2 → −iq3N2, g2eff → g2eff , (2.9)

so for this class of theories one may readily perform the analytic continuation and (2.4)
becomes

P(q) =
q3

4π2N2f(g2eff)
, PT (q) =

2q3

π2N2fT (g2eff)
. (2.10)

We have thus now arrived in a relation between cosmological observables and correlators
of standard QFT.

Perturbation theory applies when g2eff ≪ 1. Since g2eff = g2YMN/q, g
2
eff → 0, as q → ∞,

reflecting the fact that the theory is super-renormalizable. On the other hand the effective
coupling grows in the IR, so the question of whether the theory is perturbative or not
depends on the scales we probe. In the perturbative regime, the functions f and fT up to
2-loops take the form

f(g2eff) = f0
(
1− f1 g

2
eff ln g

2
eff + f2 g

2
eff +O(g4eff)

)
, (2.11)

fT (g
2
eff) = fT0

(
1− fT1 g

2
eff ln g

2
eff + fT2 g

2
eff +O(g4eff)

)
. (2.12)
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The coefficients f0 and fT0 come from 1-loop and have been computed in [87, 88]. The
2-loop computation is discussed in detail in [121]. At 2-loops there are both UV and
IR divergences and these induce the log terms. Both A and B suffer from UV diver-
gences and these can be removed with a counterterm. If (some of) the scalars in (2.7)
are non-minimally coupled scalars6 then the B form factor (but not the A) also has an IR
divergence. It is believed that this class of theories is non-perturbatively IR finite, with
the Yang-Mills coupling effectively playing the role of an IR cut-off [122, 123]. In sum-
mary, f1 and f1T can be computed unambiguously in perturbation theory, while f2, f2T
are scheme dependent and f2 also has an IR ambiguity. As discussed in [118], we fix the
scheme dependence by setting the RG scale µ equal to the pivot scale q∗, µ = q∗, and the
IR ambiguity of f2 by setting the IR cut-off equal to gYM .

Following [117], we define new dimensionless variables g, β, gT , βT via 7

f1g
2
YMN = gq∗, ln β = −f2

f1
− ln |f1|, f1Tg

2
YMN = gtq∗, ln βt = −fT2

fT1

− ln |fT1|

(2.13)
In terms of new variables

P (q) =
∆2

0

1 + (gq∗/q) ln |q/βgq∗|
PT (q) =

∆2
0T

1 + (gtq∗/q) ln |q/βtgtq∗|
(2.14)

where

∆2
0 =

1

4π2N2f0
, ∆2

0T =
2

π2N2fT0

. (2.15)

We emphasize that these formulae were derived using perturbation theory, so our first task
when fitting to data is to assess whether the perturbative expansion is justified at all scales
seen by Planck. We use as an indication of the breakdown of perturbation theory the size
of gq∗/q. Note that, unlike [117], we did not set β = 1. The theoretical computation [121]
shows that generically β ̸= 1, and furthermore, β = 1 provides a bad fit to the data (see
Figure 2.6 or Table 2.2). We are thus forced to use 3 parameters to fit the primordial
spectrum, one more than needed for ΛCDM in (1.1).

Note that the form of the power spectrum (2.14) is a universal prediction for this
class of theories, so if this form is disfavoured by the data then it rules out this class of

6When non-minimal scalars are coupled to gravity, their action contains a coupling to curvature,∫
ξRΦ2. Correspondingly, their energy-momentum tensor contains a new term proportional to the so-

called improvement term.
7This parametrization assumes that f1 ̸= 0, f1T ̸= 0. While generically this is true, there are also

examples where this does not hold. For example, (2.7) with only scalars has f1 = 0. These cases require
a separate analysis.
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holographic models. On the other hand, if (2.14) is consistent with data, one can further
analyze whether the best fit values can be reproduced by a specific choice of QFT within
this class.

2.2.3 Empirical models

To formalize the comparison we now define (following [117]) the empirical model of holo-
graphic cosmology (HC) to be the model parametrized by the seven parameters
(Ωbh

2,Ωch
2, θ, τ,∆2

0, g, ln β), where Ωbh
2 and Ωch

2 are the baryon and dark matter densi-
ties, θ is the angular size of the sound horizon at recombination and τ is the optical depth
due to re-ionization.

This model is to be compared with ΛCDM, which is parametrized by six parameters,
(Ωbh

2,Ωch
2, θ, τ,∆2

0, ns) and ∆2
0, ns are the parameters entering in (1.1).

We also compare HC with ΛCDM with running, which includes as a new parameter
the running αs = dns/d ln q. In this case the scalar power spectrum is given by

P (q) = ∆2
0

(
q

q∗

)(ns−1)+αs
2

ln( q
q∗ )

. (2.16)

The running is usually set to zero since it does not improve the fitting significantly. Here
we include this model so that we can also compare HC to a model with the same number
of parameters.

In inflationary models, ns typically has weak dependence on q and it may be Taylor
expanded around q∗. In ΛCDM, one keeps the leading order term in this expansion, while
in ΛCDM with running one keeps in addition the sub-leading term. In slow-roll inflation,
the running is second order in slow-roll parameters and higher order running is further
suppressed [124]. The holographic power spectrum (2.14) can be rewritten in the form
(1.1) with specific ns = ns(q) when gq∗/q ≪ 1. In this case, however, αs/(ns − 1) = −1,
and higher order runnings are not suppressed [88, 117].

All the cosmological parameters other than those quantifying the primordial spectrum
– i.e. those in the transfer function - are the same in all three models. In addition, all
three models have a parameter ∆2

0 which determines the overall amplitude of the power
spectrum. These parameters are accounted for in the data analysis using CosmoMC by
fitting for 100θ, τ , ln (1010∆2

0), Ωbh
2, and Ωch

2. In addition, all the nuisance parameters
of Planck are identical for both models. The values and details of these are considered
irrelevant for the analysis. For the parameters not shared by the models, ΛCDM uses ns
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Table 2.1: Priors for CosmoMC. The priors are the default for CosmoMC for the ΛCDM
parameters. g and β ranges were chosen to ensure viability of the primordial power spec-
trum.

Parameter Minimum Maximum

Ωbh
2 0.005 0.1

Ωch
2 0.001 0.99

100θ 0.5 10
τ 0.01 0.8

ln (1010∆2
0) 2 4

ns (ΛCDM) 0.8 1.2
αs (ΛCDM running) −0.05 0.05

g (HC) −0.025 −0.001
ln β (HC) −0.9 4

and αs if running is included. Holographic cosmology uses g and ln (β). The priors used
for the relevant parameters are in Table 2.1.

2.3 Matching the Model to Data

2.3.1 Best Fit Parameters

In order to determine how well the models fit to data, we started by finding the best
fit parameters, median and expected ranges using CosmoMC [60, 61, 57, 66, 58, 65, 59].
Because we needed to compare models with no variations besides the primordial power
spectrum, we ran not only holographic cosmology (for which we needed to modify the code
to use our primordial power spectrum), but also ΛCDM using the same dataset. We ran
ΛCDM both with and without running. Running was used to ensure the likelihoods were
compared between models with the same number of parameters, while fitting to ΛCDM
without running was done since running has previously been found to not make a significant
difference [19].

We fit the models to two different sets of datasets. For both cases, the datasets used were
identical for holographic cosmology and both ΛCDMmodels. The first case is marked as the
standard, full Planck run, or is not indicated as special. The data sets used in this case were
Planck 2015 (low TEB+high l [HM] TT) as well as lensing [19, 125, 126, 127, 29, 128, 129],
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Table 2.2: Planck 2015 and BAO best fit parameters and 68% ranges for holographic
cosmology and ΛCDM. Data for ΛCDM is from a separate run of CosmoMC, included to
compare the χ2 numbers.

HC ΛCDM ΛCDM with running
best fit 68% range best fit 68% range best fit 68% range

Ωbh
2 0.02217 0.02215± 0.00021 0.02227 0.02225± 0.00020 0.02231 0.02229± 0.00022

Ωch
2 0.1173 0.1172± 0.0012 0.1185 0.1186± 0.0012 0.1184 0.1186± 0.0012

100θ 1.04112 1.04115± 0.00042 1.04103 1.04104± 0.00042 1.04108 1.04105± 0.00041
τ 0.081 0.082± 0.013 0.067 0.067± 0.013 0.069 0.068± 0.013

109∆2
0 2.126 2.126± 0.058 2.143 2.143± 0.052 2.151 2.149± 0.054

ns 0.9682 0.9677± 0.0045 0.9682 0.9671± 0.0045
αs −0.0027 −0.0030± 0.0074
g −0.0070 −0.0074+0.0014

−0.0013

ln β 0.88 0.87+0.19
−0.24

χ2 11324.5 11319.9 11319.6

as well as Baryonic Acoustic Oscillations (BAO) [47, 48, 45, 130, 46, 43, 131, 44] and
BICEP2-Keck-Planck (BKP) polarization [56]. The second case, called the high-l run or
the run without low ls, uses all the same data except does not use the portion of the Planck
dataset corresponding to l < 30.

After running CosmoMC to get the distribution of parameters, we ran the minimizer
[67] included with the code to find the best fit parameters as well as its likelihood.

This procedure leads to the parameter ranges in Table 2.2 for the best fit and 68%
region of both models using the full Planck dataset. As can be seen, the difference in
χ2 is 4.81. This means the difference between the models is 2.2σ, favouring ΛCDM. The
difference in likelihood between ΛCDM with and without running is less than 1, so the
case with fewer parameters should be favoured. Our fit for ΛCDM is comparable to those
found by the Planck team.

As mentioned earlier, the perturbative expansion (2.14) requires |(gq∗)/q| ≪ 1. How
large of values of |(gq∗)/q| one is willing to accept depends on the error one is willing
to tolerate. Certainly values of |(gq∗)/q| which are of order 1 are outside the regime of
validity of perturbation theory. In our case, as can be seen in Table 2.2, the best fit value
is g = −0.00703 and one can check that 2 × 10−3 ≤ |(gq∗)/q| ≤ 2.5, for the multipoles
2500 ≤ l ≤ 2 seen by Planck. Therefore, |(gq∗)/q| is indeed very small for almost all
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Table 2.3: Same as Table 2.2, but with l < 30 data removed for both holographic cosmology
and ΛCDM.

HC ΛCDM ΛCDM with running
best fit 68% range best fit 68% range best fit 68% range

Ωbh
2 0.02204 0.02202± 0.00022 0.02227 0.02224± 0.00020 0.02217 0.02212± 0.00024

Ωch
2 0.1187 0.1187± 0.0014 0.1187 0.1188± 0.0013 0.1186 0.1188± 0.0013

100θ 1.04097 1.04099± 0.00042 1.04108 1.04104± 0.00043 1.04101 1.04100± 0.00041
τ 0.067 0.066± 0.017 0.0703 0.068± 0.016 0.0695 0.067± 0.016

109∆2
0 2.044 2.043± 0.074 2.158 2.151± 0.064 2.151 2.139± 0.066

ns 0.9667 0.9660± 0.0048 0.9682 0.9666± 0.0047
αs 0.0083 0.0090± 0.0094
g −0.0130 −0.0127+0.0042

−0.0038

ln β 1.01 0.90+0.32
−0.16

χ2 824.0 824.5 823.5

multipoles, but it does become large at very low multipoles (at l = 30 it is equal to 0.15,
at l = 20 it is 0.25 and at l = 2 it is 2.5). It follows that perturbation theory is valid at
all scales seen in Planck, except at very low multipoles. This is our first major conclusion:
the data a posteriori justify the perturbative treatment for all multipoles but the very low
ones.

At very low multipoles one cannot trust the model: a non-perturbative computation
of the 2-point function of the energy-momentum tensor is needed in order to work out the
predictions of this model for these multipoles. In order to stay within the regime of validity
of the model, we therefore removed the low l data from our dataset and recalculated the
parameters. The exact boundary at l = 30 was determined by the datasets we had from
Planck, which offers the data already split between the l < 30 and l ≥ 30 data and it
is roughly in accordance with the estimate above. In [118] we further determined which
model within the class of (2.7) reproduces the best fit values and within that model one
can make a more precise estimate of the point where the perturbative treatment is not
justified and this leads to l ∼ 35.

Consequently, the results of the new fits can be found in Table 2.3 if we exclude l < 30.
For this case, the difference in χ2 is less than 1, indicating that the models are within 1.0σ
of each other and that neither model is favoured. This is our second major conclusion:
within their regimes of validity HC and ΛCDM fit the data equally well.

Figure 2.2 shows the shape and degeneracies of the most likely region of parameter
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Figure 2.2: A triangle plot of the likelihoods of parameters for holographic cosmology. The
blue plots showing the case without low ls is less symmetric than the red plots with the
full data set due to the reduced amount of data. The contours show the 68% and 95%
confidence levels.
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space. The most obvious aspect of these figures is the irregular shape of ln (β) for the case
when the low l data is removed. This is seen somewhat in the 1σ region, but more clearly
in the 2σ region. This seems to imply that ln (β) becomes less constrained and potentially
consistent with 0 when the low ls are removed. The rest of the figure is comparable to
Figure 43 of [126], although the degeneracy between ∆2

0 and g is in the opposite direction
of that between ∆2

0 and ns in that figure.

Taking the parameters from the case with the low-l data removed, we show the TT
angular power spectra in Figure 3.4 for Planck 2015 data, as well as ΛCDM and holographic
cosmology. Both models appear to fit the data equally well, with the difference between
them being within the 68% region of Planck. Small l’s have the largest difference between
the models, however the difference still remains within the error as low ls were not part of
calculating the fit.

Similar plots for the TE and EE power spectra are shown in Figure 2.4. These plots
do not include the low-l data however. The goodness of fit is similar to the TT case. The
units for the Cl’s match those used in [19].

2.3.2 Comparing Primordial Spectra

Now that we have the best fit parameters, we can examine the difference between the two
primordial power spectra. This can be seen in Figure 2.5. We use the best fit parameters
for holographic cosmology and ΛCDM without running found in Table 2.3. This means we
again used the values for when the low l data was removed. The same plot with the best fit
values from Table 2.2 or from much of either tables’ indicated range for parameters would
look similar to what is seen. The error is approximated by assuming the same relative
error as the Planck TT power spectrum, using l ≈ q × 14 Gpc.

The biggest difference between the two is seen at low l values. The cutoff used of l = 30
is around q = 0.002 Mpc−1. This removes much of the very low values of the holographic
cosmology primordial power spectrum, but still occurs (in the middle of the insert) before
the holographic cosmology’s spectrum has become larger than that of ΛCDM. Despite
being very similar in value for q ≳ 0.002 Mpc−1, the HC and ΛCDM power spectra can be
seen to have different shapes.

2.3.3 Comparison to Previous Results

Comparing the results for WMAP in [117] to the results for Planck here, it appears that g
noticeably shifts to lower values, outside of the expected error. This shift remained when
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Figure 2.3: TT power spectra of Planck 2015, ΛCDM and HC. Error bars are shown for
low l. In the insert (l ≤ 40), the blue line (ΛCDM) is noticeably above the red one (HC).
The green shaded region in the difference plot shows the Planck relative error.
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Figure 2.4: Plots of EE (left) and TE (right) polarization for Planck 2015 (black), ΛCDM
(blue) and HC (red). The green shaded region in the difference plot shows the Planck
error.
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Figure 2.5: Plot of the primordial power spectrum for HC and ΛCDM. The parameters
used to produce the curves are the best fit values in Table 2.3. The error (seen in the
lighter shaded regions above and below the curves) is determined by assuming the same
relative error as the Planck cls. It is included in order to give a sense of the error, not as
the actual error. The red line indicating holographic cosmology starts significantly lower
and increases rapidly at low q values.
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Figure 2.6: Plot of 1σ and 2σ regions in parameter space for holographic cosmology g
and ln(β) values for WMAP (blue, right), Planck (red, middle), Planck with low l values
removed (green, left), and Planck with high l values removed (purple, dashed).

we reran the code for WMAP, this time including β and the same external datasets as we
used for Planck.8 The trend towards more negative values of g continues when the low l
dataset is removed from the data used to determine the parameters. This trend can be seen
in Figure 2.6. While it is possible that this indicates an issue with the model, the theory, as
stated previously, becomes non-perturbative when |gq∗/q| becomes relatively large. This
shift is believed to be compensating for the fact that the model is non-perturbative when
using the full dataset. To test if the choice of range of ls is the reason for the shift in g,
we also ran the Planck data without using any data for l above a chosen cutoff of l = 700
to mimic the uncertainty in the WMAP data for ls around that number. 9 Despite the
differences in the sharpness of the cutoff, the values found are close to those from WMAP.

A similar analysis for ΛCDM is shown in Figure 2.7. For this case, there is no similar

8The parameter β was not used in [117] since it was (incorrectly) argued to be unimportant for the
expected values of g. When we ran WMAP again using β (not setting it to 1), we got β = 3.56 and
g = −0.0027. These values are used in Figure 2.6.

9 Because the data for l > 30 is binned every 30 ls, the cutoff point is not exactly l = 700. The code is
then told to ignore the data for ls above the cutoff. The data still remains available to be used, however.
This makes the cutoff imprecise. It is, however, sharper than WMAP, which has data for larger ls, but
with a very large error. See [132] for discussions on this type of cutoff.
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Figure 2.7: Plot of 1σ and 2σ regions in parameter space of ΛCDM ns and αs values for
WMAP (blue, largest pair of curves), Planck (red, below the green), Planck with low l
values removed (green, above the red), and Planck with high l values removed (purple,
dashed).
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Figure 2.8: Plot of 1σ and 2σ regions in the parameter space of ΛCDM ns and τ values
for WMAP (blue, largest pair of circles), Planck (red, the smallest set of circles), Planck
with low l data removed (green, slightly larger than the red), and Planck with high l data
removed (purple, dashed).
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shift in ns and αs. However, there is a known shift in τ from WMAP to Planck for the
ΛCDM case: its best fit value went from 0.088 (WMAP) to 0.067 (Planck). Holographic
cosmology with the full dataset gives τ = 0.081 which goes down to 0.067 when we remove
the l < 30 multipoles. The plot of ns vs τ for ΛCDM is in Figure 2.8.

What we can see in these figures is that the shift in τ for ΛCDM appears due to Planck
while the shift in g is at least partially due to the value of l. Since τ decreases to values
similar to Planck when the low l data is removed (Table 2.3), it appears that τ is decreased
by Planck, but increased to fit the erroneous holographic cosmology power spectrum to
compensate for the drop in the low l primordial power spectrum. We suspect that the
lower τ value is real.

All other common parameters between the two models are compatible with each other.

2.3.4 Tensors

As in slow-roll inflation, holographic cosmology allows for the production of tensors. There
are also holographic cosmology models consistent with an absence of tensors. The tensor
affects which holographic models are possible, so an analysis of the status of tensors is
required.

In holographic cosmology, the power spectrum for tensors is given in (2.14). The upper
limit for the ratio of tensors to scalars, r = ∆2

0T/∆
2
0, is 12.49% for 2σ and 17.12% for

3σ. The data is consistent with r = 0. Figure 2.9 shows the triangle plot of these three
parameters, showing that r = 0 is consistent with the data and consistent with any value
of gt or βt. The allowed value of r can be increased, but this requires the values of |gt| and
βt to be increased past the point for which the perturbative expansion would be valid.

2.4 Model Evidence

In order to compare different models, one needs to determine which model is more likely
given the data. Typically one determines which models fit the data better, using for
instance the value of χ2 or its square root. While this has already been noted (in Tables
2.2 and 2.3), we examine these likelihoods further here. However, if what we want to know
is the probability for the model given the data rather than the best fit of the model to the
data we should use Bayesian Evidence. We emphasise that what we compare here are the
empirical models introduced in Section 2.2.3.
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Figure 2.9: A triangle plot of the likelihoods of parameters for tensors in holographic
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Table 2.4: χ2 breakdown for different runs of CosmoMC. The table shows the χ2 values of
the HC and ΛCDM with running from Table 2.2 (full Planck data) split by dataset. The
χ2’s are split into contributions from the high l dataset (l ≥ 30), the low l dataset (l < 30)
and all other contributions to χ2.

χ2 breakdown for full Planck run (Table 2.2) HC ΛCDM with running

Contribution of high l data (l ≥ 30) 767.4 766.6
Contribution of low l data (l < 30) 10498.2 10494.1

Contribution of other data 58.9 58.9
Total contribution 11324.5 11319.6

2.4.1 Likelihoods

In order to compare the best fits of the two models, we calculate the difference in χ2. χ2 is
given by χ2 = 2 (− lnL), where L is the likelihood of the model. When we take the square
root of the difference,

√
∆χ2, we can get the number of standard deviations one model is

from the other. We interpret results within 1σ as insignificant, but a model is considered
to be still viable at up to 3σ’s.

However, the likelihood does not account for the number of parameters in the model.
Since we had to include β in the holographic cosmology models, we have one more parame-
ter than standard ΛCDM. Instead of adding a term to compensate for the different number
of parameters as suggested in [117], we added running to ΛCDM so that it has the same
number of parameters. Increasing the number of parameters decreases the minimum χ2.
Since this decrease, as seen in Table 2.2, is less than 1, the extra parameter is disfavoured
in the model. It does, however, give us a model with the same number of parameters for
comparison.

The χ2 values given in Tables 2.2 and 2.3 are also presented here in Table 2.4 and 2.5 for
holographic cosmology and ΛCDM with running. For the full Planck dataset, the difference
in χ2 is 4.81, corresponding to a difference of 2.2σ. However, as explained previously, our
holographic model breaks down at low l values and cannot be trusted. Table 2.4 shows the
breakdown in the source of χ2 based on dataset. As can be seen, most of this difference
comes from low l data, which we do not expect to be accurate. Comparing instead the
model run without the unreliable portions of the data, ∆χ2 = 0.5. This is within 1σ,
indicating that neither model is statistically preferred to the other.
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Table 2.5: χ2’s, excluding l < 30 data, using best-fit parameters from Tables 2.2 and 2.3.

HC ΛCDM with running

χ2 for full Planck without low l data (from Table 2.4) 826.3 825.5
χ2 total for l ≥ 30 run (Table 2.3) 824.0 823.5

2.4.2 Bayesian Evidence

In the previous subsection, we added a parameter (running) to ΛCDM in order to have
models with the same number of parameters when we use likelihood to compare them. In
this subsection, we use a method that automatically accounts for the number of parameters:
we compute the Bayesian evidence, the probability of each model given the data (rather
than that of the data given the model). An explanation of this method was given in Section
1.4.3

Our aim is to compare the two empirical models introduced in Section 2.2.3 and in order
to be maximally agnostic about the underlying physical models we proceed by using flat
priors as described in Section 1.4.3. Alternatively, one could consider comparing physical
models, for example a specific inflationary model versus the model specified by (2.7). In
this case, the prior probabilities would (in principle) be theoretically computable from
the underlying model. For the case of the holographic model in (2.7) the parameters g
and β are related by a 2-loop computation to the parameters of the underlying model
(the rank of the gauge group, the field content, the couplings etc.) and assuming that all
perturbative models are a priori equally likely10 one can, in principle, compute the prior
probability for the parameters g and β by analyzing how often given values of g and β
are realized. It would be interesting to see whether such analysis would lead to non-trivial
prior distribution. We leave such analysis to future work and proceed with flat priors, as
is common.

To compute (1.60), we used MultiNest [71, 72, 73]. The priors are determined from
the previous fits of the same empirical models to data and are given in Table 2.6. These
priors were chosen to be consistent with the choices in [117]. However, the range of 100θ
needed to be increased to allow for the known best fit values. In addition, the range of
gmin needed to be increased to match the lower values of g. The range of g was chosen
to be gmin < g < 0, with gmin variable. The upper limit was set to 0 as g was found
to be negative in [117] (and the theoretical computation [118, 121] also shows that g is

10Alternatively, one may use the partition function of the QFT (with no sources turned on) in order to
assign different probabilities to different perturbative models.
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Table 2.6: Priors used with MultiNest. gmin is variable and ranges from −0.009 to −0.65.
The priors are identical to those used for WMAP [117] except for 100θ and g which needed
to be expanded to accommodate the best fit results and β and αs which were not used
originally.

Parameter Minimum Maximum

Ωbh
2 0.02 0.025

Ωch
2 0.09 1.25

100θ 1.03 1.05
τ 0.02 1.5

ln (1010 ∗∆2
0) 2.9 3.3

ns (ΛCDM, asymmetric) 0.92 1.0
ns (ΛCDM, symmetric) 0.9 1.1
αs (ΛCDM running) −0.05 0.05

g (HC) gmin 0
ln β (HC, small) 0 2
ln β (HC, large) −0.2 3.5

generically negative). The maximum |gmin| reflects our expectation about the validity of
the perturbative expansion. We allow for the possibility that the perturbative expansion
is valid only for l > 30. We use as a rough estimate for the validity of perturbation theory
that gq∗/q is sufficiently small, taking this to mean a value between 0.20 and 1 at l = 30.11

This translates into −0.009 < gmin < −0.45. The prior for β is fixed by using the results
from (our fit to) WMAP data. We use two sets of priors: one coming from the 1σ range
(0 ≤ ln β ≤ 2) and the other from the 2σ range (−0.2 ≤ ln β ≤ 3.5). The prior for the
running was taken to be |αs| ≤ 0.05. This contains the 1σ region of αs for all 1σ values of
ns for WMAP. It also contains up to the 2σ region for αs independent of other parameters.
Both this and the case with no running were calculated for ΛCDM.

In Figure 2.10, we present the results for the Bayesian evidence using the data without
the low multipole and for different choices of priors. We use the data without the l < 30
multipoles because only for this portion of the data the holographic model is perturbative.
The shading around each line indicates the error. As a guide [69], a difference lnE < 1 is
insignificant and 2.5 < lnE < 5 is strongly significant. We can see that the difference in
evidence between ΛCDM and holographic cosmology is insignificant.

11The momenta and multipoles are related via q = l/rh, where rh = 14.2 Gpc is the comoving radius of
the last scattering surface.
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Figure 2.10: Plot of Bayesian evidence when l < 30 data is removed. Priors are given in
Table 2.6.
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2.5 Conclusion and outlook

Here we confronted holographic cosmology against Planck CMB anisotropy data, as well
as other cosmological observations. In this work, holographic cosmology is the empirical
model obtained by replacing the primordial power-law power spectrum assumed in ΛCDM
by that obtained (holographically) by a perturbative computation in a three-dimensional
superrenormalizbale QFT with generalized conformal structure. We found that the data
a posteriori justifies the use of perturbation theory for all but the very low-multipoles
(l < 30). Restricting to this part of the data, we further found that this theory fits just as
well as ΛCDM. This follows both from the goodness of fit (the difference of χ2 is less than
1) and Bayesian evidence (the difference in log Bayesian evidence is less than one). If we
(incorrectly) use the holographic model over the entire data, then the model is viable but
disfavoured.

In order to include in the analysis the low-multipole data one would need a non-
perturbative evaluation of the 2-point function of the energy momentum tensor. One
way to do this is to put the QFT on lattice and use the methods of lattice gauge theory;
such computation is currently in progress. Such non-perturbative results would allow us
to meaningfully compare this model with ΛCDM over the entire data, and may potentially
explain the large angle anomalies in the CMB sky (e.g., [133]). A lattice computation
would also allow us to formulate yet another new class of the holographic models, namely
ones based on a QFT with a coupling constant of intermediate strength. Such models
could potentially provide an even better fit than the models we analysed.

In this analysis we assumed an instant reheating: the data from the end of the very early
universe phase were the initial conditions for hot big bang cosmology. It would be useful
to develop a dynamical model describing the transition from the non-geometric phase to
Einstein gravity. This may be achieved by adding irrelevant operators that would modify
the UV sector of the QFT and induce an RG flow that would drive the theory to strong
coupling. Such terms could modify the high l part of the spectrum, but our ability to
fit the current data very well without such corrections suggests that that they are small.
However, future results from the next generation stage IV CMB experiments [134], as well
as future large scale structure surveys such as SPHEREX [135], are expected to reach up
to much higher wavenumbers, potentially probing the holographic reheating phase in our
model.
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Chapter 3

Does History Repeat Itself?
Periodic Time Cosmology

3.1 Introduction

All the typical cyclic models imagine the universe to repeat itself, potentially infinitely
many times. However, the geometric structure of general relativity (GR) allows for another
possibility: Since the spacetime manifold need not be flat globally, it is possible to construct
a manifold for which, even without faster than light signalling, some events may be able
to influence their own causal past [136]. These spacetimes are said to have closed timelike
curves (CTC).

In such a spacetime manifold, it would not be possible to define generic initial conditions
and simply evolve the system from the past to the future (i.e. solve a Cauchy problem in
the standard way) as is typically done in physics. Because of this, regularly manifested
by the “grandfather paradox”, considering a universe with CTCs is often avoided. For
instance, causal set theory [137] and shape dynamics [138] both state removing these as
part of their strengths. In addition, with the standard energy conditions, added to require
“reasonableness” and prevent runaway particle creation, CTCs cannot occur in general
relativity [139].

However, it has been shown that when there is a CTC in a system, there exist self-
consistent particle solutions for any choice of initial conditions before the CTC [140, 141,
142]. Moreover, solving dynamical equations based on an evolution from the past to the
future is not the only way to do physics. The principle of least action, for instance, provides
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a description of what happens between two points by fixing the beginning and the end,
from which Novikov’s self-consistency condition can be derived [143, 144].

So, if there is a repeating cosmic history, is it possible that the reason for this repetition
is that the future is the past, and that we live on CTCs instead of time being infinite?
Most cyclic models avoid this possibility for various reasons, one being that this constraint
is difficult to work with. However, if a model is more constrained, it would potentially be
more falsifiable. And if the model succeeds with the additional constraint, this would be
more significant.

With this suggestion, we construct a cosmological model based on the constraint of
temporal periodicity. We ask if we can take advantage of this constraint to construct a
testable form of the primordial power spectrum.

It turns out we can. To do this, we take advantage of the concept of conformal matching
of Penrose’s conformal cyclic cosmology CCC. Penrose suggested that in the infinite future,
most to all matter would evaporate to radiation. Without massive particles, time no longer
has any meaning and the structure is conformally invariant, allowing an arbitrary rescaling.
The big bang period was radiation dominated, and thus was also effectively scale invariant
early on. Therefore, given the conformal invariance of our effective theories near big bang,
and infinite future, these can be matched to each other, as the singularity only appears on
the conformal factor [145].

As the superhorizon metric perturbations freeze at both big bang, and infinite future,
they could be matched across the transition. If we match larger comoving scales from the
previous cycle to smaller comoving scales in the next cycle, the metric power spectrum
should transfer from one cycle to the next. Therefore, we do not need to construct a
mechanism to produce metric fluctuations. Instead, as we shall see, the effects of matter
transfer function from the previous cycle would produce a slight red tilt on an otherwise
scale invariant power spectrum on large scales.

In this chapter, we examine if this power spectrum produces a satisfactory fit to ob-
servations such that a model which recycles its power spectrum at each cycle is viable.
In Section 3.2, we develop the periodic time cosmology (PTC) model described here. In
Section 3.3, we examine how well this model can fit the data, compared to the standard
power-law power spectrum. In Section 3.4, we discuss the physical implications of our
results, and Section 3.5 concludes the chapter.
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3.2 Model Construction

3.2.1 Finding the Primordial Power Spectrum

We desire to construct a periodic model for which the condition of temporal periodicity will
constrain the system, so that we can make predictions based on this construction. What
can we observe from the previous cycle? In the cosmological data, we see the primordial
power spectrum as what comes through from the earliest times, as an input to our model.
It must have either come from the previous cycle or have been formed at early times. We
will take it as coming from the previous cycle. This means that in the infinite future, there
is a power spectrum of metric perturbations at some scale that transfers over into our past.

If the evolution of the universe were not to affect the power spectrum, there are two
forms of solutions for which the matching of the infinite future to the early universe would
preserve. First, if comoving scales are matched to themselves, any power spectrum would
work. This produces no restriction on the form of the power spectrum, but would require
any evolution of the power spectrum to either be periodic or to reverse itself. Since we
do not expect this and are looking to restrict the form of the power spectrum, this case is
uninteresting for our analysis.

Let us now define a general conformal rescaling across the infinite future/big bang
transition, for the spatial metric gij of uniform density hypersurfaces:

gij(αx)|big bang ∝ gij(x)|infinite future, (3.1)

where α is a constant factor. In this case, the power spectrum is matched across the transi-
tion with a fixed, non-unitary shift in the comoving scales. Any scale invariant primordial
power spectrum would be preserved by any such matching. More generally though, a power

spectrum periodic in ln
(

k
k∗

)
with a period of ln(α) will match this condition, where k∗ is

an arbitrary pivot scale used to remove the dimension of k.

However, we know the power spectrum does evolve from its primordial shape as the
universe evolves. For example, the CMB anisotropies we see now is determined by the
power spectrum after it has lost power due to acoustic oscillations and Silk damping on
small scales [146, 42]. This loss in power is defined by the transfer function T (k, t), which
can be calculated numerically [57, 58, 59, 60, 61], or approximated by a fitting function
[147] in ΛCDM cosmology. It is defined such that it is normalized to

lim
k→0

T (k, t) → 1. (3.2)
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To fit current observations, we only need to focus on the scalar adiabatic perturbations,
which quantified by the Bardeen variable ζ [148], which quantifies the conformal fluctua-
tions of the spatial metric on superhorizon scales in the uniform density gauge:

gij(x) ∝ [1 + 2ζ(x)]δij, (3.3)

which is related to the conformal Newtonian metric perturbations by

ζ = ψ − H

Ḣ

(
Hϕ+ ψ̇

)
. (3.4)

In the Fourier space, the transfer function for linear perturbations at wavenumber k
and time t is defined as:

T (k, t) ≡ ζk (t)

ζk (t = 0)
. (3.5)

This function, for typical cosmological parameters and evolved from the early universe to
the present, can be seen in Figure 3.1.

In order to determine what is passed from one cycle to the next, we need the transfer
function at the infinite future:

T (k) ≡ lim
t→∞

T (k, t). (3.6)

The cosmic future appears to be dark energy dominated. If the structure of dark energy
is known, we can evolve the same equations we used to calculate the transfer function to
today, into the future. Furthermore, if dark energy is just a simple cosmological constant,
the transfer function no longer expected to evolve significantly after recombination, i.e.
T (k) ≃ T (k, t)|present. This is because the speed of sound of matter is close to zero and
dark energy is non-dynamical.

With this introduction, the consistency condition (3.1) for primordial cosmological met-
ric perturbations takes the form:

gij(αx)|big bang = T ⋆ gij(x)|big bang, (3.7)

where T⋆ denotes convolution with the linear transfer function T (k). An example of this
consistency under convolution+rescaling is depicted in Figure (3.2).

As convolution is a simple product in Fourier space, the primordial power spectrum (at
the big bang) should satisfy the following simple consistency condition:

P(α−1k) = P(k)|T (k)|2. (3.8)
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Figure 3.1: A plot of a sample transfer function evaluated at present time. The transfer
function is normalized to one at the largest scales. This was calculated numerically in
CAMB [57, 58] using values of Ωb, Ωc, τ and 100θ close to the best fit values for the
standard ΛCDM fit to Planck [19, 132, 133, 125, 126, 127, 149, 150, 151, 29].
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Figure 3.2: An image depicting a figure repeated over several cycles, each time shrunk
and then convolved with a low-pass filter (or transfer function), as in Figure (3.1). This is
an example of a pattern that satisfies the matching consistency condition (3.7) in PTC. In
cosmology, what we see is limited by the Hubble horizon, depicted here as the boundary
between the light and dark regions. As such, only the light region of the universe would
be visible to us.
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Given this condition, it is easy to see that the the power spectrum must be of the form

P (k) = F

(
ln
k

k∗

) ∞∏
n=1

|T (αnk)|2 , for α < 1, (3.9)

where F
(
ln k

k∗

)
is periodic with a period of lnα: F

(
ln k

k∗

)
= F

(
ln k

k∗
+ lnα

)
. Here, for

simplicity, we will just take F
(
ln k

k∗

)
= A0, a constant. This can be justified by requiring

that on scales much bigger than all the physical length scales in the problem, physics must
be conformal and thus the spectrum must be scale invariant, not just periodic. We thus
posit that only the matter transfer function T (k) breaks this symmetry.

Our resulting power spectrum is then

P (k) = A0

∞∏
n=1

|T (αnk)|2 , for α < 1. (3.10)

This function would be scale invariant if it were not for T (k), as expected. However, T (k)
looks very unlike what we expect for the primordial power spectrum. In addition, the
infinite product seems to push the power spectrum to zero on all scales. However, if we
look at the large scales of T (k), matter has very little effect, and it is nearly scale invariant.
In addition, the tilt is red. If we choose α ≪ 1, we will have a power spectrum close to
what we expect. In addition, since αnk → 0 for large n, given Equation 3.2, the infinite
product should have a finite, non-zero value at the scales of interest since the terms get
closer and closer to one.

3.2.2 Approximating the Primordial Power Spectrum

Now that we have a potential primordial power spectrum, we need to test if this can fit the
data. To do this, we use CosmoMC [65, 66]. However, while CosmoMC is easy to modify
for a new power spectrum, our power spectrum is not in an analytic form. Fortunately
the program already calculates the transfer function to the present time. As we discussed
above, Tt→∞ is very close to Tpresent for ΛCDM cosmology. Therefore, we use Tpresent (k)
instead of Tt→∞ (k) for the transfer function in Equation 3.10.

Given T (k), in order to calculate P , we need to know the limit of the infinite product.
We start with the approximation α ≪ 1. From Equation 3.2, we know that T (αnk) in
Equation 3.10 will get closer and closer to one as n→ ∞. We will start with one factor of
|T (αnk)|2,

P (k) ≃ A0 |T (αk)|2 , (3.11)

65



and check whether our approximation is close enough.

We will start by determining if cutting off the product is a correct approximation. For
the case when k̃ = αnk is sufficiently small, for k̃ ≲ 10−4 Mpc−1, from simple analyticity
considerations, we expect the leading correction to the transfer function to look like

T
(
k̃
)
≃ 1− ϵk̃2, (3.12)

where ϵ is the inverse square of an appropriate comoving sound horizon. In this case,
Equation 3.10 will become

P (k) = A0

[
1 + ϵ2α4k4 − 2ϵα2k2 − 2ϵα4k2 +O

(
α6
)]
. (3.13)

This implies that to any finite order, Equation 3.10 can be approximated by a finite product,
and Equation 3.11 is correct to O (α3) for low k.

Now that we know a finite product of transfer functions will work, we estimate α. We
know our approximation, here Equation 3.11 is required to maintain a small spectral tilt
throughout the relevant scales. We know this is sufficient since further factors of T will
reduce the power of the smaller scales more than the larger ones, increasing the effective tilt.
Using Figure 3.1, our first estimate for α is for it to be on the order of kinflection/kmax ∼ 0.01.
With this shift, the successive factors of T (αnq) will quickly approach unity to the relevant
degree of precision. For relevant k (k ≤ 1 Mpc−1), α2k < 10−4, which is within the range
approximated by Equation 3.12. In this case, each additional term corrects the previous
by by a term of order α2 = 10−4 relative to the previous, which is less than 1%. This
means we can approximate Equation 3.10 by Equation 3.11.

However, the transfer function calculated by CosmoMC is calculated at only specific k
values calculated by the program. In order to use this with a shift in the values of k, we
will need an interpolation between points and an extrapolation function for low k values.
For interpolation, we use linear interpolation. For extrapolation, we use Equation 3.12.
We fit the smallest 30 k values to the function using a least squares fit, and use it in place
of any value of k smaller than the 10th.

Now that we have our power spectrum, we need to estimate the value of α as well as
the priors for this parameter. We will estimate this parameter by calculating the slope of
P at the pivot scale k∗ = 0.05 Mpc−1 and matching this to the ΛCDM known ns = 0.96.
Based on this our estimate is α ∼ 0.007.

We use as priors 0.0001 < α < 0.1. We do not expect that CosmoMC examines the
whole range of this parameter space, however. Based on Figure 3.1, we expect the error in
Equation 3.11 to be < 1% for α < 0.04 for all the values of k within our range.
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Table 3.1: The priors used for the parameters extending the ΛCDM astrophysics.

Parameter Minimum Maximum

Nν 3 4
mν 0.05 0.5
w −1.1 −0.9
wa −0.1 0.1
ΩΛ −0.01 0.02

3.2.3 Beyond ΛCDM

Since our model uses part of the transfer function in place of the primordial power spectrum,
we know that any effect which affects the shape of the transfer function will change the
primordial power spectrum. Thus, the extensions of ΛCDM which alter the shape of the
transfer function will potentially be more relevant for our periodic model than they are for
the standard power-law. Because of this, we will consider a variety of 7 and 8 parameter
models in addition to the standard 6 parameter model when evaluating the viability of
PTC as presented here.

We consider two potential such effects, that of neutrinos and that of dark energy. We
do not consider curvature as the conformal matching requires a flat universe. We also, as
is typical, use the Big Bang Nucleosynthesis constraints to determine the helium fraction,
so this will not be treated as a free parameter. The parameters and their priors are in
Table 3.1.

Our choice of priors was chosen to prevent the numbers from getting too large. However,
Planck has presented a range of potential values for these variables based on an analysis
of the extended ΛCDM models. We will leave for a future project a run CosomMC with
an extended parameter range based on the maximum range the Planck team analysis has
suggested.

Neutrinos

There are two standard parameters in the extended ΛCDM related to neutrinos. These
are the sum of the neutrino masses mν and the effective number of neutrinos Nν . Neutrino
mass is typically taken to be minimum value possible based on our current observations.
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It has a minor effect on the transfer function, but may effect the shape of the large scale
spectrum which is relevant for our PTC.

The effective number of neutrinos is typically taken to be 3.046, which is calculated from
the standard model. This parameter can also be taken to be a free parameter, calculated
by fitting the data to the model. In this calculation, however, this parameter can be
degenerate with H0.

Dark Energy

Dark energy is an unknown factor in the evolution of the universe. Typically, dark energy
is taken to be a cosmological constant. However, since the effects of dark energy are going
to be significant for our model, we will examine a few simple possibilities.

Beyond a cosmological constant, the simplest model is for the case when dark energy
has a constant equation of state. In this case, the equation of state is defined by a constant
w, where p = wρ, with p being the pressure and ρ being the density. w = −1 corresponds
to the case when dark energy is a cosmological constant. We can vary w close to −1 and
still fit our observations.

Since we are using the current transfer function as our infinite future transfer function,
the real form of w we compare here is constant to now, then is set to −1 from now to
the future. While this model is not what we expect, it will still determine if our model
is viable when dark energy is not a cosmological constant. The case where we use the
correct transfer function taken to the infinite future will have to wait for a future analysis.
Moreover, a constant-w model is a toy model to begin with, even if it were taken to the
infinite future.

To continue this examination, we also try a common extension to this model, wa, which
introduces a variation of w linear in a, the size of the universe. If wa is taken alone without
varying w, the present day w would be set to −1.

As another alternative model, we use early dark energy (+ a cosmological constant).
This could, for example, appear for exponential quintessence potentials [152], or the
quadratic cuscuton model [153]. This dark energy component will affect the early times,
but will become irrelevant later. That means that the transfer function still stops changing
by the present, so it does not need to be evolved to the infinite future.

The early dark energy component is assumed to be a constant fraction of the total
density:

ΩEDE =
ρEDE

ρtot
= const., (3.14)
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with
ρtot = ρm + ρr + ρDE (3.15)

being the total energy density. In this case,

ρDE = Λ+ ΩEDEρtot. (3.16)

If we solve this for the equation of state, w, we get

1 + wDE = − ρ̇DE

3HρDE

= K
3Ω0ma

−3 + 4Ω0ra
−4

Ω0DE − ΩEDE + ΩEDE (Ω0ma−3 + Ω0ra−4)
, (3.17)

where

K =
ΩEDE (1− ΩEDE)

3
. (3.18)

3.3 Comparing to Data

Now that we have our model set up, we can compare its predictions to data. As previously
stated, we use CosmoMC in order to find a fit. In order to see how good of a fit this is,
we will compare to the fit to the standard power-law primordial power spectrum given by
Equation 1.1.

For both of these models and every choice of parameters to run, we find the best fit
parameters as well as their medians and expected ranges. We first run CosmoMC to get
the distribution using a Monte Carlo Markov Chain, then run the minimizer included in
the CosmoMC code to get the best fit parameters. For the case of the power-law power
spectrum, we also compare the results we got with those of the Planck team to see if they
make sense.

The datasets we use are those supplied by the Planck team. For this, we include
the l ≤ 30 temperature and polarization data (low TEB), the l > 30 temperature and
polarization data (TTTEEE) as well as the lensing data [19, 132, 133, 125, 126, 127,
149, 150, 151, 29, 129, 128]. In addition, we use BAO [43, 47, 44, 45, 46, 48, 131, 130], the
BICEP2-Keck-Planck joint dust analysis [56] and an instantaneous reionization at zre > 6.5
[26]. This last one was used since τ had been found to decrease for the best fit PTC model
values.

To determine if our model is viable, for each run we compare the χ2 for periodic time
vs. power-law power spectrum with the same cosmological parameters. Our preliminary
results are shown in Table 3.2. Due to an issue with CosmoMC, we were unable to run

69



Table 3.2: Minimum χ2 values found for various runs of power-law and periodic time
cosmology (PTC) power spectra with the full dataset used here in the CosmoMCminimizer,
as well as the difference between these χ2 values. The sigma value is calculated by the
square root of the difference. A model is expected to be ruled out above 3σ.
This data is preliminary due to an issue with CosmoMC, although a full run is not expected
to change the χ2 values much except for the struck out data. The χ2’s that are struck out
have not converged, are still bigger than the absolute minimum by ∼ 2− 4. The reason is
due to an issue with the minimizer. The relevant effect of the additional parameters can
still be seen, however.

χ2 for power-law power spectrum χ2 for PTC power spectrum ∆χ2 σ

ΛCDM 12995.3 13021.1 25.8 5.1

+ Nν 12997.2 13021.7 24.5 4.9
+ mν 12995.0 13024.5 29.5 5.4

+ w ̸= −1 12995.1 12998.5 3.4 1.8
+ ΩEDE 12995.8 13020.4 24.8 5.0

+ Nν , mν 12995.2 13020.0 24.8 5.0
+ w, Nν 12995.0 12998.0 3.0 1.7
+ w, mν 12995.8 13001.6 5.8 2.4
+ w, wa 12994.7 12997.8 3.1 1.8

this code to the tolerance of the MCMC routine, so the true minimum may have not yet
been found. Our results come from running CosmoMC to failure to get an estimate of the
mean value for the parameters, then running the minimizer starting at those values until
completion or failure. The results are not perfect, but are reasonably close to what we
expect for χ2 values for these models. Previous runs with less data and fewer combinations
of parameters confirm this expectation. As can be seen from Table 3.2, PTC is ruled out
at around 5σ for all w = −1 cases. This means our model requires non-trivial late-time
dark energy.

A comparison of the primordial power spectra for a power-law, PTC with w = −1 and
PTC with w ̸= −1 can be seen in in Figure 3.3. Here we can see that w ̸= −1 dark energy
changes the shape of the primordial power spectrum, causing it to have a shape which
matches the expected tilt. In a future analysis of this apparent tilt, we will examine the
relationship between w and the apparent ns.

The TT power spectrum for PTC with non-trivial dark energy can be seen in Figure
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Figure 3.3: Best fit primordial power spectra for power-law power spectrum (blue), periodic
time cosmology (red, PTC+ΛCDM), and PTC with w ̸= −1 and the transfer function
evolved to the present (green, PTC+wCDM). The portion of the transfer function for
PTC+wCDM near the pivot scale k∗ = 0.05 Mpc−1 can be seen to match the best-fit
power-law. At larger scales, there is less power for PTC+wCDM compared to the power-
law.
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Table 3.3: Preliminary best fit parameters for periodic time cosmology (PTC) and power-
law power spectra for the case when w ̸= −1.

power-law + wCDM PTC + wCDM

Ωbh
2 0.02220 0.02225

Ωch
2 0.1198 0.1184

100θ 1.04074 1.04094
τ 0.0527 0.0483

109∆2
0 2.0900 2.1779

w −1.0364 −1.0238
ns 0.9637
α 0.01125

3.4. The fit seen here appears reasonably close to the Planck results.

Table 3.3 shows the best fit and 68% regions for both PTC and ΛCDM for the case
when w ̸= −1. From this we can see a drop in the value of τ .

3.4 Issues and Considerations

Now that we have seen that our model may fit the data reasonably well, we wish to ask
what this fit means within the field of early universe cosmology. There are many aspects
of periodic time cosmology to consider.

3.4.1 Phenomenology vs. Theory

As a phenomenological model, our model is based on testing the constraint of periodicity
rather than developing an underlying theory. As such, it is a proof of principle that CTCs,
often overlooked, could potentially provide a viable and consistent description of cosmic
history. However, it does not give a reason for why the matching exists in the first place. It
may be worth examining how this result fits in with CCC or the overall landscape of cyclic
models, especially a microscopic mechanism for how such a matching could be produced
in the context of a quantum theory of gravity.
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Figure 3.4: A plot of the differences in temperature power spectra between power-
law+ΛCDM and PTC+wCDM power spectra (see Figure 3.3) .
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Figure 3.5: A plot of the transfer function with the shift in comoving scales of matching
for our conformal periodic time cosmology model vs. the standard inflationary or bounce
model expansions depicted. Our periodic time cosmology model shrinks large scales into
small scales and recycles its power through each cycle, while most other models wash away
the existing power spectrum to reform a new one.

3.4.2 The Creation of a Power Spectrum

Both inflation and the cyclic models will shift the small scale wavenumbers to larger scales,
causing the visible power spectrum to be removed as the transfer function goes to zero at
small scales. For inflation, the universe is inflated at early times, while bounce models
do this at late times (during dark energy domination). This leaves an empty background
on which a new nearly scale invariant power spectrum is constructed by some mechanism
dependent on the model.

In part because of this trait, our model, despite using some of its conceptions, is not
the same as Penrose’s CCC. Not only was this original suggestion not exactly periodic, it
also shifts the old power spectrum to zero and required a mechanism to reform the power
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spectrum as other cyclic models. Our PTC model instead takes the shift of the power
spectrum to be in the opposite direction. The reason for this is to allow for the periodicity
to form a constraint on the new power spectrum instead of trying to conceive of a process
to construct a new one. The comparison of these two mechanisms is shown in Figure 3.5.

In our model, we reuse (or recycle) the primordial power spectrum and everything else
in the universe. In this way, it is unnecessary for us to create a mechanism for new matter
to be created and a new primordial power spectrum to form. Typically the generation
of the primordial power spectrum is required to predict something, but consistency in the
context of PTC is enough to make testable predictions, without any generation mechanism.

3.4.3 Cyclic vs Periodic Models

Our model is designed on having exact periodicity to reduce the infinite series of universes
required for cyclic models. We then use this exactness to construct a method to constrain
the form of primordial power spectrum based on the required exact repetition. However,
as stated, our model is phenomenological in nature, using the conditions of constraint to
define the model instead of using a specific model to calculate the results. It is possible to
therefore discuss the necessity of exact periodicity for this model to work. Without exact
periodicity, this model would no longer have the conceptual niceties of not having a series
of universes or the perfect constraint from our proposed model. However, the constraints
would be loosened and the issues with having closed timelike curves would not be relevant.

A potential future examination of this may look at if this model is an attractor to
determine if a series of universes would eventually lead to this type of thing.

3.4.4 Dynamical Dark Energy?

During our analysis, we found that non-trivial dark energy was required for our model to
work. However, this may not be surprising. Modern cyclic universe models rely on the late
time behaviour of the universe. And CTCs typically require matter violating the energy
conditions to exist. Future precision tests of dark energy history (e.g., WFIRST, Euclid,
LSST) will be able to test this prediction.

3.4.5 Closed Time Considerations

One of the big issues with this type of model is the consideration of the second law of
thermodynamics. This may or may not be a real issue, as some have noted the fact that
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this may only apply in an open system and not when considering the full universe [154].
Throughout previous sections, we have assumed this is not an issue. But let us consider
here other solutions to this problem for cyclic universes. The original cyclic models had
issues due to increasing of entropy at each cycle (which extended each cycle) [77]. The
ekpyrotic model solves this issue by increasing the size of the universe each time, keeping
a constant entropy density despite an increasing entropy [155]. CCC, the model closest
to ours, uses black hole information loss to remove the increasing entropy [145]. Since
our model decreases sizes instead of increasing them, no trick of increasing sizes to keep
entropy density constant will work. The black hole case can work still, however.

Having an infinite space may prevent the entropy considerations from being relevant
[154]. This would be required in order to have conformal symmetry at any time, as a finite
spatial volume would create a preferred scale, removing the conformal symmetry required
to make this work.

In talking about entropy, we left out consideration for the formation of an arrow of
time. Having a time dimension which is not identical to the spatial ones is already known,
both by having this dimension be the finite one as well as by the usage of FRW spacetime.
FRW has a preferred time direction given that it lacks symmetry in that direction while
maintaining symmetry for spatial directions. Future can be given by the direction of
increasing universe size, which has relevance during times without conformal symmetry.
While this doesn’t solve all problems, anything further is beyond the scope of this chapter
and probably unnecessary for our analysis.

3.4.6 Other Properties to Find

We also wonder if there are other observable signs of our proposed model. One proposal
would be that there would be exact copies, and therefore an exactly fractal structure in
the universe. Figure 3.2 shows what an image would look like if it were rescaled each cycle
and passed through a low-pass filter like matter transfer function. If the universe were
periodic, the fractal pattern produced would need to be exact. The rescaling would also
create a preferred point. It might be possible to find signatures of these repeating rescaled
structures in the large scale structure of the universe.
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3.5 Conclusion

In this chapter, we developed a cosmological framework for periodic time dimension. This
relies on the idea of matching infinite future and big bang, via conformal rescaling, following
the original suggestion by Penrose [145]. We show that consistency fixes primordial power
spectrum in terms of cosmic history, in the context of periodic time cosmology (PTC).

We then compared PTC predictions for standard cosmological histories to our current
cosmological observations. We found that such a model can fit observations with a dif-
ference 1.8σ from the standard power law power spectra. While the data still favours the
standard power-law, PTC model remains viable if a non-trivial dark energy equation of
state is considered.

In our analysis, we found that having dark energy which is just a cosmological constant
does not reproduce observations, being ruled out by 5.1σ. A further analysis indicates
that the late time behaviour for dark energy is important. However, as discussed, this is
expected for a cyclic model. These models are designed to take what will happen in the
infinite future of our universe as a replacement for the effects which traditionally rely on
inflation in the early universe.

Many questions still remain. For starters, the analysis presented is still preliminary.
We need to rerun CosmoMC in order to get better fits. In addition, we need to evolve
the transfer function into the infinite future to fit the data appropriately. Beyond this,
we hope to find a better model for dark energy and to find a more physical origin of the
matching condition. And many issues still remain unaddressed, like the issue of 2nd law
of thermodynamics.

However, we end with a final question. Is it possible that we do not need to find a way
to remove all the fluctuations from a former universe, and instead of trying to recreate
them, perhaps we just need to recycle what is already there?
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Chapter 4

Cosmological Perturbations in the
5D Holographic Big Bang Model

4.1 Introduction

Recently [156], a novel cosmological model was proposed in which our universe is a 3-
brane emergent from the collapse of a 5-dimensional star. Motivated by the desire to
see if a more satisfactory (or natural) understanding of these puzzles can emerge from
an alternative description of the geometry, this model explains the evolution of our early
universe whilst avoiding a big bang singularity. Furthermore, the model was shown to have
a mechanism via which a homogeneous atmosphere outside the black hole generates a scale
invariant power spectrum for primordial curvature perturbations, (nearly) consistent with
current cosmological observations [157].

Our 5D holographic origin for the big bang is based on a braneworld theory that
includes both 4 dimensional induced gravity and 5D bulk gravity: the Dvali-Gabadadze-
Porrati (DGP) model [158], with action

SDGP =
1

16πG5

∫
bulk

d5x
√
−gR5 +

1

8πG5

∫
brane

d4x
√
−γK +

∫
brane

√
−γ
(

R4

16πG4

+ Lmatter

)
,

(4.1)

where g and γ, G5 and G4, R5 and R4 are the metrics, gravitational constants and Ricci
scalars of the bulk and brane respectively, while K is the mean extrinsic curvature of the
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brane. Our universe, described by the metric

ds24 = −dτ 2 + a2(τ)

K
[dψ2 + sin2(ψ)(dθ2 + sin2(θ)dϕ2)] , (4.2)

is represented by a hypersurface in a 5 dimensional Schwarzschild black hole spacetime

ds25 = −
(
1− µ

r2

)
dt2 +

(
1− µ

r2

)−1

dr2 + r2dΩ2
3 , (4.3)

located at r = a(τ)√
K . In this context, a pressure singularity is generically found when the

energy density of the holographic fluid ρ̃ satisfies ρ̃ = ρ̃s =
3G4

16πG2
5
[159]. The authors in [156]

showed that the singularity happens at early times in the cosmic history as matter decays
more slowly than a−4. However, under the evolution from smooth initial conditions, the
pressure singularity can occur before Big Bang Nucleosynthesis (BBN), and is generically
inside a white hole horizon. Alternatively, the universe could have emerged from the
collapse of a 5D star into a black hole, just before BBN, removing both pressure and
big bang/white hole singularities. As advocated in the fuzzball program [160], the rate
of this tunnelling is enhanced due to the large entropy of black hole microstates, which
we speculate could match those of an expanding 3-brane thermal state. Our universe is
represented by the boundary of a 5D spherically symmetric spacetieme with metric (4.3),
in which we impose Z2 boundary conditions. This picture will be described in more detail
in Section 4.2.

Interestingly, this model not only circumvents the singularity at the origin of time, but
can also address other problems of cosmology that are typically solved by inflation. Because
the collapsing star could have existed long before its demise, it had enough time to attain
uniform temperature, thereby addressing the Horizon Problem. Furthermore, if we assume
that the initial Hubble constant was of order of the 5D Planck mass, then the curvature
density −Ωk ∼ (M5rh)

−2, where rh is the radius of the black hole. Consequently −Ωk ∼
M5/M∗ could become very small for massive stars, thus solving the Flatness Problem. More
generically, the no hair theorem ensures that a 3-brane nucleated just outside the event
horizon of a massive black hole has a smooth geometry.

Yet another feature of the model is that a thermal atmosphere around the brane,
composed of a gas of massless particles produces scale invariant curvature perturbations. In
this work, we shall revisit this result, focusing our attention on the mechanism responsible
for deviations from scale-invariance in the primordial curvature power spectrum in the
context of the 5D Holographic origin of the Big Bang. To this end, we consider a thin
atmosphere that can be regarded as infalling matter, or the outer envelope of the collapsing
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5D star, which resides in the 5D bulk and thus contributes to its energy momentum tensor.
In this context, the DGP action Eq. (4.1) is modified to

S = SDGP +

∫
bulk

d5x
√
−gL5,atmosphere (4.4)

where L5,atmosphere accounts for the matter Lagrangian in the bulk. Consistency between
cosmological phenomenology and the DGP model implies that the brane is expanding
outwards, and thus eventually encounters this atmosphere. We then compute the resulting
power spectrum of scalar curvature perturbations and the change of the Hubble parameter
due to this encounter. We find that the best fit nucleation temperature of the 3-brane is
considerably larger than the 5D Planck mass, perhaps indicating an origin in a 5D quantum
gravity phase.

In Section 4.2, we discuss a possible mechanism for brane nucleation and the different
scales involved in our problem, giving a qualitative description of the different physics
processes. In Section 4.3, we solve Einstein equations with matter in the bulk, and the
consequences that it has on the brane. In particular, we solve for the density profile of a 5D
spherically collapsing atmosphere and compute the change on the Hubble parameter as it
falls into our 3-brane. In Section 4.4, we study cosmological perturbations in the bulk and
their projection onto the brane, making special emphasis on the curvature perturbation
and its power spectrum. Section 4.5 compares our predictions against Planck data and
contrasts it with the power-law power spectrum assumed in the ΛCDMmodel. We conclude
our work with discussion of the limitations and prospects of our model in Section 4.6.

4.2 A 5D Holographic Big Bang

4.2.1 Brane Nucleation

As described in the introduction, we are working in the context of the 5D Holographic
Big Bang model [156] where our universe is modelled as a hypersurface (the brane) in

a 5-dimensional Schwarzschild space time according to the embedding r = a(τ)√
K . This

construction is a solution of the DGP action (4.1) once we impose a Z2 boundary condition
on the brane. As a consequence, via the embedding constraint the brane becomes an
outward travelling boundary of the higher dimensional spacetime, an assumption that is
necessary if we want our universe (represented by the brane) to be expanding.

From the perspective of an observer in the bulk, this setup is reminiscent of a construc-
tion proposed by Witten called the ‘bubble of nothing’ [161], in which an interior region of
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space is missing, with space ending smoothly at the surface of this bubble (the brane). One
possible scenario in the 5D Holographic Big Bang model is that the brane was formed by
the quantum tunnelling of a collapsing star in 5 dimensions, with all of the degrees of free-
dom of the inner part of the collapsing matter becoming degrees of freedom of the brane.
This is analogous to the fuzzball paradigm, a model proposed to solve the information-loss
paradox [162], which consists of the explicit construction of black hole microstates with
no “dataless horizon region”. The infalling matter can tunnel to a fuzzball state with
amplitude [160]

A ∼ e
− 1

G5

∫
R ∼ e−αG5M3

, (4.5)

where α = O(1) and we have used the length scale r ∼ G5M
2 to estimate the Euclidean

Einstein action for tunneling between two configurations that have the length and mass
scales set to those of the black hole. Although this amplitude is very small, the number of
fuzzball configurations that a black hole can tunnel to depends on the Bekenstein-Hawking
entropy as

N ∼ eSBH ∼ eG5M3

(4.6)

yielding a significant probability to form a fuzzball. In fact, the two exponentials exactly
cancel each other [160]. We anticipate a similar principle operating here, in which collaps-
ing matter at sufficiently high density – just prior to formation of a black hole horiozn–
necessarily tunnels to a brane so as to avoid the ensuing quantum paradoxes that follow
upon introducing an event horizon.

Since it is well established that BBN happened in the formation of our universe, and
that in the 5D Holographic Big Bang (HBB) model [156] the pressure singularity generically
forms before BBN, we consider a brane that must form before this. This means that the
temperature of nucleation must be at most the temperature of BBN – TBBN ∼ 0.4MeV
[163]:

Tnuc ≥ TBBN ∼ 0.4 MeV. (4.7)

Finally, let us mention that the DGP model possesses a scale rc = G5

G4
, above which 5-

dimensional gravity dominates over 4-dimensional gravity. Constraints on the normal
branch of the DGP model [164] give 1

rc ≳ 3H−1
0 → M5 < (H0M

2
4/12)

1/3 → M5 < 9MeV . (4.8)

where M4 =
1

(8πG4)1/2
is the reduced 4D Planck mass.

1Planck 2015 constraints on the dark energy equation of state roughly imply |1 + w| < 0.11 at 95%
level, at the pivot redshift of z ≃ 0.23 (Fig. 5 in [165]), which provides a similar bound on rc, using the
DGP Friedmann equation with a cosmological constant.
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Figure 4.1: Cartoon of the different scales treated in this problem, in the black hole rest
frame. The inner black circular arc represents the brane with radius R and the outer black
circular arc represents the brane with radius 2R. H−1 is estimated by tracing light rays on
the brane after it has doubled it size; it is small if the brane is traveling near the speed of
light. The atmosphere is shown in yellow sitting in between the two red arcs with length
∆L.

4.2.2 The Atmosphere: Setup and Scales

In this scenario, we are interested in the effects of a thin atmosphere located just outside
the brane. Although the brane forms a Z2 boundary, excluding the event horizon in Eq.
(4.3), we shall refer to the metric in Eq. (4.3) as the black hole metric.

In order to organize the different assumptions, we will review the implied hierarchy of
the scales present in this problem. If we assume that the Hubble patch of our universe,
at/near brane nucleation, is small enough to be insensitive to the curvature of the black hole
spacetime, we can assume that the atmosphere is just a perturbation around a Minkowski
background. This limit implies H−1 ≪ R where R is the radius of the black hole, or
brane upon nucleation. This assumption is also observationally motivated, since today we
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measure (HR)−2 ≪ |Ωk| ≪ 1 and thus our observable Hubble patch is approximately flat.
In our model, if the brane is moving very close to the speed of light, H−1 ≪ R. This will
allow us to define metric perturbations in Section 4.4. We will then be interested in finding
the behaviour of the power spectrum of curvature perturbations for modes of wavelength
λ, that are of super-horizon size before BBN, but are now observable in the CMB sky. This
restricts R ≫ λ≫ H−1.

Finally, we would like to understand the behaviour of different physical quantities of
the brane, such as the behaviour of the Hubble parameter before and after the encounter
with the atmosphere. Assuming it can be considered to be a thin atmosphere in the 5
dimensional space time, the width ∆L of the atmosphere needs to be smaller than R for
the brane to cross the atmosphere completely in less than a Hubble time. We then get the
following hierarchy of different scales

H−1 ≪ λ≪ R, and ∆L≪ R (black hole frame), (4.9)

λ ≲ ∆L (atmosphere frame). (4.10)

As we shall in Section 4.4, the latter inequality is the key ingredient that leads to a
near scale-invariant spectrum of primordial curvature perturbations for large scales. This
hierarchy of scales is illustrated in Fig. 4.1.

4.3 Homogeneous brane meets thin atmosphere

4.3.1 Einstein Equations

We want to study the influence of an atmosphere that is falling into the black hole as
shown in in Fig. 4.2. For this, we assume that the brane is moving supersonically (in fact,
almost with the speed of light) into the atmosphere, and thus bulk metric perturbations
do not react to the brane’s presence until it runs into them.

The Einstein equations on the brane that follow from the action (4.4) are:

Gµν = 8πG4

(
Tµν + T̃µν

)
(4.11)

where the two different components of the energy-momentum tensor are Tµν , the matter
living on the brane, and T̃µν the holographic fluid that is induced on the brane via the
junction conditions described below. Due to the symmetry of the (unperturbed) FRW
spacetime, Tµν has the form of a perfect fluid

Tµν = (P + ρ)uµuν + Pγµν , (4.12)
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Figure 4.2: Penrose diagram (left), and cartoon of the 5D star collapse (right), followed
by the nucleation of a 3-brane (our universe). The star (in yellow) that is collapsing
(nearly) forms a black hole, but the 3-brane (red) will nucleate just prior to the formation
of the event horizon, and traverses a thin atmosphere of infalling matter or atmosphere
(cross-section shown in the cartoon at right).
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where uµ is the 4-velocity of the fluid normalized such that uµuµ = −1.

The holographic fluid is the Brown-York stress tensor induced on the brane once Ein-
stein equations are imposed on the bulk

T̃µν =
1

8πG5

(Kγµν −Kµν) , (4.13)

where Kµν ≡ ∇αnβe
α
µe

β
ν is the extrinsic curvature of the brane whose unit normal is nα.

Here eαν ≡ ∂x̂α

∂xν , where we have associated the set of coordinates {x̂α} and {xν} with the
bulk and the brane respectively. In addition to the Einstein equations (4.11), the continuity
equations for the total matter living on the brane arising from the Bianchi identities are:

∇µ
(
Tµν + T̃µν

)
= 0 . (4.14)

The Gauss-Codazzi equations constrain the geometric quantities of the brane with the
matter present in the bulk

∇µ (Kgµν −Kµν) = 8πG5T
5
αβe

α
νn

β , (4.15)

R4 +KµνKµν −K2 = −16πG5T
5
αβn

αnβ , (4.16)

where R4 = −8πG4

(
T + T̃

)
is the Ricci scalar of the brane. T 5

αβ is the energy momentum

tensor of the bulk which satisfies the Einstein’s equations on the bulk Gαβ = 8πG5T
5
αβ.

Note that the first of the Gauss-Codazzi equations (4.15) reduces to the conservation of
the holographic fluid T̃µν in the case that T 5

αβ = 0. If the bulk matter flows into the brane,
the holographic fluid is not conserved and the effect of the continuity equation (4.14) is to
change the matter on the brane through the holographic fluid in order for the sum of both
to be conserved.

In the same way, as a result of the symmetries of FRW spacetime, the holographic fluid
must have the form of a perfect fluid. Moreover, the 4-velocity of this fluid must coincide
with the 4-velocity of the normal matter on the brane:

T̃µν =
(
P̃ + ρ̃

)
uµuν + P̃ γµν . (4.17)

Combining Eqs. (4.13) and (4.17) we get:

Kµν = −8πG5

[(
P̃ + ρ̃

)
uµuν +

1

3
ρ̃µν

]
. (4.18)
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4.3.2 Shift in the Hubble

The rate of expansion described by the Hubble parameter will change as the brane goes
through the atmosphere and we can find a general expression forH by studying the Einstein
equations and junction conditions for the DGP brane in the general case. This general
case treats the bulk as a 5-dimensional Schwarzschild black hole (4.3) and the brane as a

hypersurface parametrized by r = a(τ)√
K , as detailed in the Introduction.

From Equations (4.11) and (4.14-4.16) we obtain

H2 +
K
a2

=
8πG4

3
(ρ̃+ ρ) (4.19)

ρ̇+ ˙̃ρ+ 3H
(
ρ+ ρ̃+ P + P̃

)
= 0 (4.20)

˙̃ρ+ 3H
(
ρ̃+ P̃

)
= T 5

αβe
α
τ n

β (4.21)

0 = T 5
αβe

α
i n

β (4.22)

(ρ+ ρ̃)− 3
(
P + P̃

)
+

8πG2
5

G4

(
2

3
ρ̃ 2 + 2P̃ ρ̃

)
= −2

G5

G4

T 5
αβn

αnβ (4.23)

The quantity T 5
αβ is the stress-energy of the atmosphere outside the black hole. This atmo-

sphere will have two effects on the brane. It will induce metric and matter perturbations in
our universe, which we shall use to compute the curvature perturbation in Sec. 4.4 below.
However it will also make the Hubble parameter change its value as the brane crosses the
atmosphere: the brane will expand more slowly due to an extra source of infalling matter.
Combining Eqs. (4.19) and (4.20) and ignoring the curvature term we get

∆H = −4πG4

∫
(PT + ρT ) dτ, (4.24)

where the integral is performed in the proper time of the brane and PT = P+P̃ , ρT = ρ+ρ̃.

Let’s first look at the behavior of the holographic fluid P̃ and ρ̃. From Equation (4.23)
we have

P̃ + ρ̃ =
1

3
(

ρ̃
ρ̃s

− 1
)[− 2

G5

G4

T 5
nn − 4ρ̃+ 2

ρ̃2

ρ̃s
+ T

]
, (4.25)

where T = 3P − ρ, T 5
nn = T 5

αβn
αnβ and ρ̃s = 3G4

16πG2
5
. In order to avoid the pressure

singularity we require ρ̃≫ ρ̃s and in this limit the last equation becomes

P̃ + ρ̃ =
1

3

[
− 2

G5

G4

T 5
nn

ρ̃s
ρ̃

+ 2ρ̃+ T
ρ̃s
ρ̃

]
. (4.26)
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Now let’s analyze the behavior for the the matter on the brane P and ρ. Combining
Eqs. (4.20) and (4.21) and assuming an equation of state P = wρ the fluid on the brane
satisfies

ρ̇+ 3H (ρ+ P ) = −T 5
αβe

α
τ n

β ⇒ d

dτ
(ρa3(w+1)) = −T 5

αβe
α
τ n

βa3(w+1) . (4.27)

If we now assume that the atmosphere is thin enough so that we can approximate the
matter distribution as a delta function (i.e. H∆τ ≪ 1, during the impact time ∆τ), we
see that the last equation will give a jump in the density (and hence in the pressure)
proportional to a step function. In fact, if we consider the system of equations (4.19-
4.23), with P = wρ, and a delta function T 5

αβ, the only consistent solution would have

a delta function in P̃ , with step function jumps in other variables. As such, the biggest
contribution in Eq. (4.24) is given by the first term on the right hand side of Eq. (4.26):

∆H =
G4

2G5

∫
T 5
αβn

αnβ

ρ̃
dτ [1 +O(H∆τ)] . (4.28)

We shall see in Sec. 4.4 below that the amplitude of curvature perturbations depends
on ∆ lnH = ∆H

H
. To compute this, we note that from Eq. (4.19) we can write H2 ≈

8πG4

3
(ρ̃+ ρ) ≈ 8πG4

3
ρ in the regime where ρ≫ ρ̃. Then

∆ lnH ≈ G4

2G5

√
3

8πG4

1
√
ρρ̃

∫
T 5
αβn

αnβ dτ , (4.29)

We can now use the solution in vacuum for ρ̃ found in [156]

ρ̃ = ρ̃s

(
1 +

√
1− 2(ρBH − ρ)

ρ̃s

)
, (4.30)

where ρBH =
3Ω2

kH
4
0r

2
h

8πG4a4
. In the approximation where ρ≫ ρBH and ρ≫ ρ̃s we find

ρ̃ ≈ ρ

√
2ρ̃s
ρ

(4.31)

and then Eq. (4.29) reads

∆ lnH ≈ 1

2ρ

∫
T 5
αβn

αnβdτ , (4.32)

implying that the relative jump in the Hubble parameter due to a thin atmosphere is the
ratio of the work done by the pressure of the atmosphere to the energy of the brane.
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4.3.3 Profile of the atmosphere

So far we have considered a general energy momentum tensor on the bulk responsible of
dynamic features on the brane. Let’s now consider that the bulk is filled with a relativistic
spherically symmetric, collapsing 5D radiation atmosphere (P5 =

1
4
ρ5) that represents the

atmosphere whose energy momentum tensor is

T 5
αβ(w) = ρ5(w)

[(
1 +

1

4

)
δ0αδ

0
β +

1

4
ηαβ

]
. (4.33)

In order to study the effect of this atmosphere we need to introduce scalar homogeneous
perturbations in the bulk. A generalization of 4D perturbation theory allows us to write
the perturbed metric of the bulk in the Newtonian gauge in 5D as

ds2bulk = −[1 + 2Φ5(x
α)]dt2 + [1− 2Ψ5(x

α)][dx2 + dy2 + dz2 + dw2] . (4.34)

where Φ5 and Ψ5 represent the scalar perturbations of the bulk and xα are bulk coordinates.
Our universe is represented as a hypersurface in the 5D bulk, whose trajectory is given
by the constraint w = f(xµ). In this setup, the brane will inherit three bulk coordinates
{t, x, y, z} and will respond to perturbations that are just functions of the bulk time via
the relation w = f(xµ). Consider that the metric perturbations and the brane position are
homogeneous:

Φ5 = ϵΦ0
5(w) , Ψ5 = ϵΨ0

5(w) , f = f0(t) , (4.35)

where ϵ ≪ 1 is a parameter that controls the homogeneous metric perturbations. Assum-
ing hydrostatic equilibrium in the (infalling) rest frame of the atmosphere, the Einstein
Equations in the bulk for the metric (4.34) leads to the relativistic Poisson and Euler
equations:

∇2Φ0
5 =

8πG5

3
ρ5 , (4.36)

∇Φ0
5 = −1

4

∇ρ5
ρ5

. (4.37)

These equations can be solved exactly in Minkowski background:

ρ5(w) = ρ̄5

{
1− tanh2

[
γ̄

(
w

w̄
− 1

)]}
, (4.38)

where ρ̄5 ≡ 3
16πG5

γ̄2

w̄2 , while γ̄ and w̄ are constants of integration.
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The relationship between the energy density and the temperature of the atmosphere
can be computed by integrating the Bose-Einstein distribution in 4+1 dimensions

ρ5(w) =

∫
d4k

(2π)4
ω

exp [ω/T5(w)]− 1
=

3ζR(5)

π2
T5(w)

5 , (4.39)

where ω2 = kαk
α. The above expression allows us to write

T5(w) =

(
ρ5(w)

π2

3ζR(5)

) 1
5

= 1.26 ρ5(w)
1/5 . (4.40)

Note that the characteristic thickness of the atmosphere is given by

∆L =
w̄√
2γ̄

. (4.41)

We are now in position to compute Eq. (4.32) and we will do so in the reference frame
of the atmosphere. In this frame ρ5 does not depend on time, but the normal to the brane
nα will depend on the relative velocity of the brane and the atmosphere. First consider the
fluid velocity uα = (1,v)/

√
1− v2, where v is the relative 3 velocity between the brane and

the atmosphere. If we now require nαn
α = 1 and nαuα = 0 we have nα = (v,v/v)/

√
1− v2.

With this we can write T 5
αβn

αnβ = ρ5(w)(1 + 4v2)/4(1 − v2) and the RHS of Eq. (4.32)
reads

∆ lnH =
1

2ρ

∫
T 5
αβn

αnβdτ =
1

2ρ

∫ ∞

0

T 5
αβn

αnβ
√
1− v2dt ,

=
1

2ρ

∫ ∞

0

T 5
αβn

αnβ
√
1− v2

dw

v
,

=
(1 + 4v2)

v
√
1− v2

ρ̄5
8ρ

w̄

γ̄

[
1 + tanh(γ̄)

]
. (4.42)

4.4 Cosmological perturbations

As discussed in the last section, if the velocity of the brane is near the speed of light
we can assume that the Hubble patch of the universe will be smaller than the curvature
radius of the black hole spacetime. In this regime it is safe to approximate the bulk as
Minkowski spacetime and analyze the perturbations around it. In the last section we have
briefly introduced the homogeneous scalar perturbations and in Appendix A.1 we present
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the anisotropic perturbations. The curvature perturbation can be written as function of
the scalar gauge invariant quantities (A.8)

ζ = Ψ4 −
H

Ḣ

(
HΦ4 + Ψ̇4

)
. (4.43)

Note that in our framework the Hubble constant is of first order in the perturbation (see
Eq.(A.9)) as the brane crosses the atmosphere, and thus the term HΦ4 can be neglected.
With this we have

ζ ≈ Ψ4 −
∆Ψ4

∆ ln(H)
, (4.44)

where ∆Ψ4 = Ψ4f −Ψ4i . Here Ψ4i(f) stands for the metric perturbation in 4D right before
(after) the brane crossed the atmosphere, and we assume that ζ evolves continuously. We
are interested in the value of the curvature perturbation after the brane has passed through
the atmosphere where the metric perturbation Ψ5f = 0, which makes Ψ4f = 0. In this
regime the curvature perturbation becomes

ζ = ζf ≈ Ψ4i

∆ ln(H)
. (4.45)

We are now ready to analyze the behaviour of the curvature perturbation power spec-
trum

Pζ(k) =

∫
d3x eik·x⟨ζ(x)ζ(0)⟩ . (4.46)

If the atmosphere is not in thermal equilibrium, we can relate the 2-point correlation
function of the thermal fluctuations in 5D energy density to the temperature profile of the
atmosphere:

⟨ρ5(y1)ρ5(y2)⟩ = α (T5(y1))
6δ4(y1 − y2) . (4.47)

To proceed, we notice that in [156] it was found that the 5D energy density correlation
function due to a thermal gas is

⟨ρ5(y1)ρ5(y2)⟩ ≃
5

8

[ ∫
d4k

(2π)4

[
1

exp(ω/T5)− 1
+

1

2

]
ω exp[ika(y

a
1 − ya2)]

]2
. (4.48)

This expression can be approximated as a delta function ⟨ρ5(y1)ρ5(y2)⟩ ≃ α(T5(y1))
6δ4(y1−

y2), where α = 5
8

[
1

π263
(945ζR(5)−π6)

]
, while we have dropped the power-law UV divergence

and ζR is the Riemann zeta function. Note, that (4.48) can be approximated by a 4
dimensional delta function on length scales larger than the thermal wavelength T−1

5 .
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With the use of the Poisson equation in 5D

∇2Ψ5(y) =
8πG5

3
ρ5(y) , (4.49)

we can find the power spectrum for the curvature perturbation to be (see Appendix A.2
for details)

P(k) =
k3

2π2
Pζ(k) = β k

∫ ∞

0

dw e−2|w|k (T5(w))
6 (4.50)

= ∆2
0 k

∫ ∞

0

dw e−2|w|k {1− tanh2[γ̄(w/w̄ − 1)]
}6/5

(4.51)

where ∆2
0 = β [T̄5]

6, β = α
2

(
G5

6∆lnH π3

)2

and we have used Eqs.(4.39) and (4.40) of Sec. 4.3.3

to write the temperature of the brane. The power spectrum predicted by our model is
characterized by 3 free parameters γ̄, w̄,∆2

0 which we are going to fit to Planck data in the
next section.

4.5 Observational constraints on 5D holographic big

bang

The standard model of cosmology, ΛCDM, is described by 6 parameters (Ωbh
2,Ωch

2, θ, τ,∆2
0, ns),

the baryon density, dark matter density, angular size of the sound horizon at recombina-
tion, the optical depth to reionization, amplitude of the scalar power spectrum and its tilt
respectively. This model characterizes early universe cosmology via the power spectrum of
the curvature perturbations

P(k) = ∆2
0

(
k

k∗

)ns−1

, (4.52)

where k∗ = 0.05/Mpc is the comoving pivot scale. This form of the power spectrum,
expected in slow-roll inflationary models, best fits the CMB data with parameter values
[157]

∆2
0 = (2.196± 0.059)× 10−9 ns = 0.9603± 0.0073 . (4.53)

We would like to compare this model with the HBB model (Eq. 4.51) that strictly is
represented by the seven parameters (Ωbh

2,Ωch
2, θ, τ, γ̄, w̄,∆2

0). In order to compare models
with the same number of parameters, will also include ΛCDM with running αs = dns/d lnq.
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Table 4.1: Planck 2015 and BAO best fit parameters and 68% ranges for HBB and ΛCDM
models. The last row indicates the χ2 for each of the models. Note that w̄c corresponds to
the comoving value of the position of the centre of the atmosphere and its related to the
physical w̄ via w̄ = w̄c

2.3×10−10MeV
Tnuc

.

HBB ΛCDM ΛCDM with running
best fit 68% range best fit 68% range best fit 68% range

Ωbh
2 0.02212 0.02210± 0.00023 0.02227 0.02225± 0.00020 0.02231 0.02229± 0.00022

Ωch
2 0.1172 0.1169± 0.0012 0.1185 0.1186± 0.0012 0.1184 0.1186± 0.0012

100θ 1.04113 1.04116± 0.00042 1.04103 1.04104± 0.00042 1.04108 1.04105± 0.00041
τ 0.081 0.083± 0.014 0.067 0.067± 0.013 0.069 0.068± 0.013

109∆2
0 5.79 0.793± 0.021 5.798 5.798± 0.019 5.82 5.82± 0.020

ns 0.9682 0.9677± 0.0045 0.9682 0.9671± 0.0045
αs −0.0027 −0.0030± 0.0074
γ̄ 0.513 0.525± 0.053

w̄c [Mpc] 275 297+39
−77

χ2 11327.4 11319.9 11319.6

We have performed the comparison by running the CosmoMC code [166, 167, 168, 169,
170, 171, 172] with Planck 2015 data, Barionic Acoustic Oscillations (BAO) [173, 174,
175, 176, 177, 178, 179, 180] as well as lensing data [125, 181, 127, 182, 183]. Finally,
to determine the best fit parameters and the likelihood, we run the minimizer expressing
our results Table 4.1. Comparing best-fit χ2 of HBB and ΛCDM (with running), we see
that HBB is disfavoured at roughly 2.7 2.8σ (2.8σ). The Planck angular TT spectrum
together with the best fit curves and residuals for HBB and ΛCDM are shown in Fig. 4.3.
The best fit primordial scalar power spectrum in both models are also contrasted with a
non-parametric reconstruction from Planck 2015 data [184]. We note that the difference
between the two models (mostly) lies within the 68% region and the largest disagreement
of the models is at low l’s or k’s.

We are now going to analyze the physical implications of the best fit parameters
{γ̄, w̄c,∆

2
0}. In particular, we are interested in the temperature and position of the at-

mosphere and the change on Hubble constant of the brane when crossing the atmosphere.
All of these physical quantities are related to the fitted parameters, and also to the tem-
perature of the brane at nucleation Tnuc and the Planck mass in the bulk M5. Using
w̄ = w̄c

2.3×10−10MeV
Tnuc

and Eqs. (4.38), (4.39) and (4.41) we can find the values for the ampli-
tude of the energy density, the temperature and the width of the atmosphere respectively.
We have summarized our results in Table 4.2.

The model still allows freedom for the parameters {Tnuc,M5, v}. These can be con-
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Figure 4.3: Left-Top: angular power spectrum of CMB temperature anisotropies, compar-
ing Planck 2015 data (black dots) with best HBB model (solid/red) for all l. Left-Inset:
angular power spectrum of CMB temperature anisotropies, comparing Planck 2015 data
with ΛCDM (dotted/blue) and HBB (solid/red) for l < 40. Left-Bottom: relative residu-
als and difference between ΛCDM and HBB (black solid) where the green shaded region
indicates the 68% region of Planck 2015 data. Right: Best fit of the primordial power
spectrum as predicted by HBB (dashed-red) in comparison with the best fit of ΛCDM
model (blue). The grey regions are the ±1σ and ±2σ constraints from a non-parametric
reconstruction using Planck 2015 data [184].
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Table 4.2: Physical characteristics of the HBB model using the best fit parameters pre-
sented in Table 4.1. The first column shows the relevant physical parameters and their
definitions in terms of the best fit parameters and related quantities.The second column
shows the numerical values and scaling with M5 and Tnuc. Finally, in the last column we
show the limits necessary for the thin atmosphere condition (4.61). The 5th and 6th rows
show the shift in the Hubble constant when crossing the atmosphere computed using per-
turbations and bulk background information, respectively. The 7th row presents a function
constraining the velocity of the atmosphere in the bulk that can be computed by equating
the results of rows 5 and 6. Note that Tnuc ≥ 0.4MeV in order for the BBN constraint to
be valid.

Thin atmosphere bound
Quantity Value M5 ≤ 8.56×10−4 (MeV

Tnuc
)5/21Tnuc

(4.61)

w̄ = w̄c
2.3×10−10 MeV

Tnuc
9.872× 1027 1

Tnuc
9.872× 1027 1

Tnuc

ρ̄5 =
3

16πG5

γ̄2

w̄2 1.62× 10−56M3
5 T

2
nuc ≤ 1.02× 10−65 (MeV

Tnuc
)5/7 T 5

nuc

T̄5 = 1.26 ρ̄
1/5
5 8.75× 10−12 (M3

5 T
2
nuc)

1/5 ≤ 1.26× 10−13 (MeV
Tnuc

)1/7 Tnuc

∆L = 1√
2
w̄
γ̄

1.35× 1028 1
Tnuc

1.35× 1028 1
Tnuc

∆ lnH = G5T (0)3

6π3∆0
(α
2
)2 4.54× 10−35(Tnuc

M5
)6/5 ≥ 2.18× 10−31 ( Tnuc

MeV
)2/7

Eq. (4.56)
∆ lnH =

f(v) ρ̄5
8ρ

w̄
γ̄
[1 + tanh(γ̄)] 1.62× 10−29( M5

Tnuc
)3f(v) ≥ 2.18× 10−31 ( Tnuc

MeV
)2/7

Eqs. (4.57) and (4.42)

f(v) = (1+4v2)

v
√
1−v2

2.8× 10−6 (Tnuc

M5
)21/5 ≥ 2.14× 107 Tnuc

MeV
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strained using observational bounds for DGP model and by requiring consistency of our
approximations. In particular, we have modelled the atmosphere as being thin, which is
equivalent to the requirement that the time it takes the brane to cross it is less than a
Hubble time:

∆L

√
1− v2

v
≤ H−1 =

(
3

8πG4ρ

)1/2

⇒ Tnuc ≤
v√

1− v2
2.33× 10−7MeV , (4.54)

employing the fact that the energy density on the brane at nucleation time is ρ = π
30
g∗ T

4
nuc,

for g∗ effective relativistic degrees of freedom. The above bound is consistent with the
BBN constraint (Tnuc ≥ TBBN) for velocities near the speed of light. On the other hand, as
discussed in Section 4.3.2 when the brane encounters the atmosphere its Hubble parameter
will change as predicted by Eq. (4.42). Since this quantity enters in the amplitude of the
power spectrum Eq. (4.51) we can write

∆2
0 = β T̄ 6

5 , β =

(
G5

6π3∆ lnH

)2

(4.55)

and thus

∆ lnH = 4.54× 10−35

(
Tnuc
M5

)6/5

. (4.56)

We also get a constraint on ∆ lnH from the bulk atmosphere using Eq. (4.42)

∆ lnH = 1.62× 10−29 (1 + 4v2)

v
√
1− v2

(
M5

Tnuc

)3

, (4.57)

Using Eqs. (4.56) and (4.57) we can constrain the velocity and the speed of sound of the
brane

f(v) =
(1 + 4v2)

v
√
1− v2

= 2.8× 10−6

(
Tnuc
M5

)21/5

. (4.58)

From the above equation we notice that in order to have a real brane velocity we need to
satisfy

Tnuc ≥ 30M5 . (4.59)

We can obtain a constraint for {Tnuc,M5} by combining expressions (4.58) and (4.54)

and noting that in the large velocity limit v√
1−v2

≈ 1√
1−v2

≈ f(v)
5

Tnuc ≤ 1.31× 10−13

(
Tnuc
M5

)21/5

MeV . (4.60)
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Inverting this we find

M5 ≤ 8.56× 10−4

(
MeV

Tnuc

)5/21

Tnuc . (4.61)

This bound represents the maximum allowed value of M5 in order for the thin atmosphere
condition to be satisfied. In the third column of Table 4.2 we list the values for the physical
quantities allowing M5 to saturate the above bound. This constraint must be combined
with the physical constraint (4.7)

Tnuc > TBBN ∼ 0.4 MeV (4.62)

as well as with the constraint (4.8)

M5 < 9MeV , (4.63)

on the normal branch of DGP in order to get the allowed region in parameter space for
{Tnuc,M5} – depicted in Fig.4.4 (blue shaded region).

It is interesting to compare the thermal entropy of our brane to the holographic bound
expected from its surface area in 5D. The entropy for the 5D black hole is SBH = A

4G5
, while

the entropy density in a universe dominated by relativistic particles s(T ) = 4π2

90
g∗T

3
nuc ≃

4.71×T 3
nuc, for g∗ = 10.75 effective relativistic degrees of freedom, prior to electron/positron

annihilation [185]. This puts a lower bound

M5 > 0.23

(
Tnuc.

0.4MeV

)
MeV (holographic bound) (4.64)

on the 5D Planck mass M5 = 1
(32πG5)1/3

, where Tnuc. is the nucleation temperature of the

brane. We show the Holographic bound allowed region in parameter space in Fig. 4.4
(orange shaded region). Eqs. (4.64)-(4.8) constrain the 5D Planck mass to be within 1.5
decades in energy:

0.23MeV < M5 < 9MeV, (4.65)

a range that will inevitably shrink with future observations that better constrain BBN,
and late-time cosmic expansion history. As we see in Fig.4.4, the best-fit value for Tnuc.
from cosmological observations (assuming the thin atmosphere condition) does violate the
holographic bound (4.64) by at least 2.5 orders of magnitude, which would decrease the
lower limit on M5 in Eq. (4.65) by the same factor2.

2 Note that the exact saturation of the holographic bound predicts a brane velocity that is not real.
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Is this a “show-stopper”? While the holographic bound on entropy remains a very
well-motivated conjecture, it is not clear how firm it might be as objects that get close
to crossing it are already in the quantum gravity regime where the classical description of
spacetime physics fails. One may argue that since the degrees from responsible for thermal
entropy of our brane are on scales much smaller than the 5D Planck length, they are not
accessible by a 5D bulk observer, and thus are not limited by the 5D holographic bound.

4.6 Summary and Discussion

The 5D Holographic Big Bang (HBB) is a novel proposal for a holographic origin of our
universe as a 3-brane with induced gravity, out of the collapse of 5D star that can address
the traditional problems of big bang cosmology. The main goal of this study was to provide
detailed and concrete predictions for this proposal, and to see whether it can serve as a
possible competitor to slow-roll inflationary models to explain cosmological observations.

We first focused our attention on a possible mechanism for the nucleation of our 3-brane
in which the quantum degrees of freedom of the bulk tunnel into a fuzzball configuration
reminiscent to the bubble of nothing model. This mechanism not just provides a possible
scenario of brane nucleation but also constrains the Planck mass in the bulk.

Previous work has shown that the presence of uniform thermal gas in the 5D bulk leads
a scale-invariant primordial power spectrum for cosmological scalar perturbations. To
formalize this result and search for mechanisms that could potentially explain deviations
from scale-invariance (observed in the CMB data), we studied cosmological perturbations
induced by a thin infalling atmosphere. This atmosphere is composed of a spherically
symmetric thermal relativistic gas that the brane encounters after nucleation. We showed
that this atmosphere induces a change in the Hubble parameter and also scalar cosmological
perturbations on the brane. The power spectrum is scale invariant for large k’s and scales
as k for small k’s.

We then tested this prediction for power spectrum against the cosmological observa-
tions. The transition is characterized by a decay of 1/k for scales where the power spectrum
is highly constrained by data [184] as shown in Fig. 4.3 (right). We found that our model
is broadly consistent with non-parametric reconstruction of primordial power spectrum,
but is disfavoured compared to a pure power-law at 2.7σ level. We finally outlined various
theoretical constraints on the nucleation temperature and 5D Planck mass in the HBB
model, and found that the best fit nucleation temperature of the 3-brane was at least 3
orders of magnitude larger than the 5D Planck mass.
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Figure 4.4: Theoretical and empirical bounds for the Holographic Big Bang model. The
DGP bound Eq.(4.63) (thick-black) and the holographic bound Eq.(4.64) (black, thin
dashed), together with the BBN bound Eq.(4.62) (vertical black) constitute the theoretical
bounds of the model. The top shaded area (orange) is the allowed region for these three
bounds to be satisfied. The real velocity bound Eq.(4.59) (thick, grey) and the thin atmo-
sphere condition (4.60) (black, thick dashed) constitute the empirical bounds that HBB
must satisfy. The bottom shaded area (blue) is the allowed region of {M5, Tnuc} parameter
space satisfying the empirical bounds, and the arrows indicate the directions in which the
different bounds apply. It is clear that the empirical bounds violate the holographic bound
for all possible allowed pairs {M5, Tnuc} by at least 2.5 orders of magnitude. The least
severe violation of the holographic bound is for parameters at the bottom left of the plot:
for Tnuc being the minimum allowed value by BBN and M5 the maximum allowed by the
thin atmosphere condition (third column of Table 4.2).
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This first attempt to understand the detailed consequences of the HBB model for cos-
mology relies on several simplifying assumptions that can be relaxed in future work. Some
of the issues that remain to be tackled are:

1. Perhaps our most perplexing finding was that our best-fit model violated the holo-
graphic entropy bound by 8 orders of magnitude. It is not yet clear whether this is
a feature or a bug!

2. It would be interesting to study how brane cosmological perturbations will be affected
by the large-scale curvature of the bulk (in a 5D Schwarzschild of Kerr spacetime).

3. Other observables that remain to be computed are the amplitude of tensor modes
and the non-gaussianity, although we do not expect them to be significant.

4. Given that the speed of sound for a relativistic 5D atmosphere is cs = c/2, one ex-
pect O(0.2) relativistic corrections to the atmosphere profile, which we have ignored.
This could affect the functional shape of the power spectrum at a similar level, po-
tentially improving (or worsening) the fit to the data. A related issue is whether the
hydrostatic equilibrium profile for the relativistic thin atmosphere is stable.

To conclude, while we believe the 5D holographic big bang remains an intriguing possi-
bility for the origin of our universe, there remain empirical and theoretical challenges to its
status amongst various scenarios for the early universe cosmology that should be addressed
in future work.
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Chapter 5

A Non-Local Reality: Is there a
Phase Uncertainty in Quantum
Mechanics?

5.1 Introduction

In his ground-breaking 1964 paper, John Bell demonstrated that the correlations pre-
dicted for quantum mechanical observables can never be fully replicated in local hidden
variable theories [186]. The empirical success of quantum mechanics over the past 50 years
would thus only be consistent with a hidden variable theory with superluminal (in fact,
instantaneous) communication. However, experimental verification of Lorentz invariance
(or equivalence principle) at extreme precisions (e.g. [187]) has nearly vanquished any
(empirical) motivation for such a possibility.

Surprisingly though, a motivation for this possibility may come form cosmological ob-
servations: If quantum mechanics is given by a hidden variable theory, that theory could
have a non quantum mechanical extension with quantum mechanics as an equilibrium
fixed point. Then, non-local signalling [188] may be possible before the universe enters
the quantum mechanical “equilibrium”, and could be imprinted in the initial conditions
of the universe. Therefore, one might be able to replicate the correlations observed in the
cosmic microwave background (CMB) (e.g. [189]) using the non-local signalling in the pre-
quantum mechanical universe [188], as they cannot otherwise be explained in the standard
Big Bang theory (so-called horizon problem).
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Another motivation for instantaneous signalling comes from a power-counting renor-
malizable approach to 3+1d geometrodynamics, known as Horava-Lifshitz gravity [190]
which, violates foliation invariance (and thus relativistic locality) of general relativity. At
high energies, the speed of propagation for excitations in this theory approaches infinity,
amounting to non-local (though causal) instantaneous signalling.

A real ensemble model is a non-local hidden variable theory, as an alternative to quan-
tum mechanics, and so can potentially possess this type of non-local signalling. In order
for this theory to be viable, however, quantum mechanics must be an attractor, such that
the non-quantum mechanical theory becomes quantum mechanics at later times, consis-
tent with present-day experiments. Valentini shows this is the case for Bohmian mechanics
[191, 192] using a coarse-grained H-theorem as in statistical mechanics, so that one can
see there are regimes which approach quantum equilibrium [193]. The proof applies to the
coarse-grained case for a model with a real wave-function and independent probability.

In this chapter, we focus on a different hidden variable model, the so-called ”real ensem-
ble” model recently introduced by Smolin [194]. The model focuses on an object described
in quantum mechanics by a wavefunction |ψ⟩, which could be a particle, field, composite
system of many particles, etc. We will refer to this as the system. It puts all systems
that would be in the same state in quantum mechanics into an ensemble. One would then
examine this system in a given eigenbasis for the observable of interest. There are two
beables1 for each such system – the value of the observable in question and the phase
of the component of the wavefunction in the eigenstate corresponding to the observable
value would possess in quantum mechanics. All these systems are spread out across the
universe, interacting non-locally as governed by the rules of interaction of members of the
ensemble. The systems then evolve according to two rules: i) The continuous evolution
rule states that the phase of the systems evolves according to some equation, and ii) The
copy rule states that there is a finite probability for one system in the ensemble to change
its observable and phase values to match those of another system’s. This then can be used
to determine the evolution of the probability that a system would be in a given state as
well as the phase associated with that state.

The model is called “real ensemble” since all the systems can exist in the same uni-
verse and their Hamiltonians which determine their local interactions can, in principle,
include the influence of other members of the ensemble. This conception is in contrast to

1Beables generally refer to properties innate to the system rather than determined by observation. This
term is used in hidden variable theories to give a name to the properties of the system which actually exists
and are subject to the laws of evolution of the system. It typically includes both the observables and the
hidden variables.
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the “many-worlds interpretation”, where the ensemble is effectively over multiple paral-
lel ”universes” (or rather separate portions of the wave-function), but for what would be
considered the same system in each.

Since in Smolin’s real ensemble model the phases (of the wave function) are the addi-
tional hidden variables, the non-equilibrium behaviour is different. While we do not have a
coarse-grained H-theorem, we have examined the convergence numerically and analytically
to determine not only that there are regimes for which the model converges, but also the
rate of convergence is dependent on absolute energy.

The outline of the chapter is as follows: We begin in Sec. 5.2 by developing a non-
equilibrium real ensemble model, which admits quantum mechanics (Eqs. 5.1-5.2) as an
equilibrium limit. We also study the dynamics close to the equilibrium. In Sec. 5.3, we
study the stability properties of the non-equilibrium model numerically for simple spin−1

2

systems, and in particular examine the stable parameter-space of the theory. In Sec. 5.4,
we provide an analytic perturbative study of near-equilibrium behaviour, which is roughly
consistent with the numerical results. Finally, Sec. 5.5 puts the real ensemble framework,
along with our findings, into some physical context, and Sec. 5.6 concludes the chapter.

5.2 Real Ensemble Theory: the framework

We begin by introducing the equilibrium real ensemble model which reproduces quantum
mechanics. In the case of equilibrium, there is one phase per observable value. For this
case, the number of systems, N , is sufficiently large such that there is a large enough
number of systems per distinct sets of beables (phases AND observable values), so that
they can be treated as continuous numbers. We define the probability for a system to
have a given value a for the observable of interest as ρa(t). The phase associated with this
observable value is defined as ϕa(t). The equations which reproduce quantum mechanics
are then [194]:

ϕ̇a (t) =
∑
b

√
ρb (t)

ρa (t)
Rab cos [ϕa (t)− ϕb (t) + βab] , (5.1)

ρ̇a (t) =
∑
b

2
√
ρa (t) ρb (t)Rab sin [ϕa (t)− ϕb (t) + βab] , (5.2)
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where the evolution ϕ̇ comes from the continuous evolution rule and the evolution ρ̇ from
the copy rule 2. R and β in this equation are real, non-negative numbers defined by
the particular system. This case is identical to the quantum mechanical system with the
wavefunction given by

|Ψ⟩ =
∑
a

√
ρa (t) e

−iϕa |a⟩ , (5.3)

and Hamiltonian given by

H = ℏ
∑
a,b

Rabe
iβab |a⟩ ⟨b| . (5.4)

Equation 5.1 is equivalent to equation 31 in [194], equation 5.2 to equation 30.

In order to determine the non-equilibrium forms of the equations, we need to remember
that the calculation of the two Equations 5.1 and 5.2 starts with the assumption that ϕ is
a function of the value of the observable rather than the system, defined as the equilibrium
condition. The goal is to extrapolate these equations to non-equilibrium equations, one
which has ϕ different for different systems even if the value of the observable is the same,
using the known equilibrium equations. ϕ̇ and ρ̇ must reduce to those shown in Equations
5.1 and 5.2 when there is only one potential phase per value of the observable, as this will
reproduce quantum mechanics when the function achieves equilibrium. We will retain the
large N limit assumption.

5.2.1 Allowing for Multiple Phases per Value of Observable

The number of cases for a given value of the observable can be represented as a sum of the
number of systems with a given set of beables for all beable sets with the given observable
value a. Working in probabilities since the number of systems N is large, this can be
replaced by a weight function w which determines the probability of the system with a
given value of an observable having a given phase. As a probability function,

1 =
∑
ϕ

w (a, ϕ, t) (5.5)

for every a and t. We will label a system type – all systems which share phase and
observable value – by the labels i, j, k, etc., rewriting a as ai, ρa as ρai , and ϕa as ϕai .

2In order to match quantum mechanics, one needs to include a factor of 2 that was missing from
Equation 30 from [194]. This correction, however, will not effect any later conclusions, and it was fixed in
the published version. The other change in this from Smolin’s notation is the replacement of δ with β to
prevent confusion with the Kronecker δ-function.
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ρ1

ρ2
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ρ4

ρ5

ρ6

ρ7

ρ8

ρ9

ϕ4

ϕ5

ϕ6

ϕ7

ϕ8

ϕ9

ϕ1

ϕ2

ϕ3ρ1 +ρ2 +ρ3 = ρa1

a1 = a2 = a3

ρ6 +ρ7 +ρ8 +ρ9 = ρa6

a6 = a7 = a8 = a9

ρ4 +ρ5 = ρa4

a4 = a5

Figure 5.1: A pictorial depiction of an out of equilibrium real-ensemble system: Each
value of observable, ai, has multiple potential values of phase, ϕi. ρi on the right is the
probability for a particle to have both an observable value ai and a phase ϕi. In contrast,
ρai on the left is the probability of having ai but with any phase. The sum of a given
quantity over all i can either be determined by taking the sum over all indices i, or by
taking the sum over all observable values and all phases with non-zero probability for each
observable value. In equilibrium, there is only one ϕ for each ai, i.e. ϕi = ϕai .

In the non-equilibrium case, ρai becomes ρi and ϕai becomes ϕi. Note that ρai still has
meaning out of equilibrium as

∑
j ρjδaiaj . δ here is the Kronecker delta. A depiction of this

expansion of the number of distinct pairs of beables and the labelling is shown in Figure
5.1. Using w, ρi = ρaiwi. Since aj is no longer the only quantity the terms in the sum are
dependent on,

∑
aj
· · · becomes∑

aj

∑
ϕj

w (aj, ϕj, t) · · · ≡
∑
j

wj · · · , (5.6)

where · · · is whichever expression the sum is taken over in the equations of evolution.
The process of converting from a double sum to a single sum is a simplification of the
notation determined by recognizing there are multiple values of j with the same aj, each
with different ϕj. This can be seen in Figure 5.1 where it is a sum over three aj, and for
each aj, a sum over two to four ϕj converted to a sum over nine values of j.

However, there is a less obvious place in which this weight function is needed. Under-
neath the square roots ρaj may not be independent of phase anymore. It is uncertain if
it only depends on the probability of a value of the observable or on the probability of a
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given beable pair. This is dealt with by adding in an arbitrary real function F (a, ϕ1, ϕ2)
for which F (a, ϕ1, ϕ1) = 1 and F (a, ϕ1, ϕ2) ≥ 0 everywhere. This function determines
the contribution to the density functions under the square root of systems with different
phases but the same value of the observable. We must then replace ρa by

ρ̃ai ≡ρai
∑
j

wjδaiajF (ai, ϕi, ϕj) (5.7)

≡
∑
j

ρjδaiajF (ai, ϕi, ϕj) . (5.8)

F must be periodic with respect to ϕ1−ϕ2, but might have additional dependence on a and
ϕ1. Since this is an extension beyond quantum mechanics, we have no guide to determine
what form this extension should take, but we can examine several different models to test
for convergence. We will minimize the symmetries broken when leaving equilibrium since
there is no reason to suspect that they are broken and this reduces the potential forms of
F . A ϕ1 dependence could introduce a dependence on absolute phase, while a dependence
on a may remove certain quantum mechanical symmetries from some systems when leaving
equilibrium. These additional dependencies will not be considered here since there is no
reason to believe that such dependencies exist nor any need to consider them. In addition,
only the case for which F (ϕ1 − ϕ2) = F (ϕ2 − ϕ1) will be considered. If this does not
hold, time reversal invariance will no longer hold: Since under time reversal in this model,
ϕ → −ϕ, t → −t, ρ → ρ, R → R, and δ → −δ[194], applying time reversal to Equations
5.11 and 5.12 (the final equations, later) will only give ρ̇→ −ρ̇ and ϕ̇→ ϕ̇ for all a, ϕ, and
ρ (a, ϕ, t) if F (ϕ1 − ϕ2) = F (ϕ2 − ϕ1).

We further exclude the possibility that F is 1 when ϕ1 = ϕ2 and 0 otherwise, be-
cause then transferring a large number of systems from ϕ1 ̸= ϕ2 to ϕ1 = ϕ2 contin-
uously will result in a discontinuity in the function ϕ̇ and ρ̇ from the discontinuity in
ρ (a, t)

∑
w (a, ϕj, t)F (a, ϕi, ϕj). Other functions which similarly produce a discontinuity

when going to equilibrium will be problematic.

The resulting evolution equations are

ϕ̇i (t) =
∑
j

wj (t)

√ ρaj (t)
∑
k

wk (t) δajakF (ϕj − ϕk)

ρ (ai, t)
∑
k

wk (t) δaiakF (ϕi − ϕk)
×Raiaj cos

[
ϕi (t)− ϕj (t) + βaiaj

]
and

(5.9)
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ρ̇i (t) = wi (t)
∑
j

wj (t)

√
ρai (t)

[∑
k
wk(t)δaiakF (ϕi−ϕk)

]
ρaj (t)

[∑
k
wk(t)δajakF (ϕj−ϕk)

]

× 2Raiaj sin
[
ϕi (t)− ϕj (t) + βaiaj

]
. (5.10)

Equivalently, we can define the probability for a given value of the observable and
phase, ρi ≡ ρaiwi, yielding:

ϕ̇i =
∑
j

ρj∑
k

ρkδajak

√
ρ̃aj
ρ̃ai

×Raiaj cos
[
ϕi − ϕj + βaiaj

]
, (5.11)

ρ̇i =
ρi∑

k

ρkδaiak

∑
j

ρj∑
k

ρkδajak

√
ρ̃ai ρ̃aj × 2Raiaj sin

[
ϕi − ϕj + βaiaj

]
. (5.12)

Here, as in equation 5.8,

ρ̃ai ≡
∑
k

ρkδajakF (ϕj − ϕk) . (5.13)

First note that Rab and βab are symmetric and anti-symmetric, respectively, due to
the hermiticity of the Hamiltonian. Therefore, summing Eq. (5.12) above over ai and ϕi,
we end up with terms that are completely symmetric under i ↔ j, with the exception of
the sine factor, which is anti-symmetric. As a result, the sum vanishes and thus the total
probability remains conserved.

5.2.2 Other Changes When Leaving Equilibrium

While they will not be covered here, there are a few other additions to this equation which
might be examined. The first is the addition of terms which go to zero for the large N
equilibrium case. There is nothing to indicate what form these terms might take, except
that they must go to zero for either the large N limit or the quantum mechanical limit,
and they can’t cause any probabilities to not behave as probabilities. Other possibilities
include adding a ϕ dependence into R and β. This would have to take a form in which the
quantum mechanical limit still holds, say by taking the difference between the mean phase
and ϕ, or the spread of phases as influencing R.
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5.3 Discrete Systems: Spin-12 with Finite Number of

Phases per Value of Observable

In this section, we numerically study the evolution of simplest possible systems, i.e. spin-1
2
’s

or qubits, and investigate whether/how their evolution approaches the quantum mechanical
equilibrium.

5.3.1 The Model

This case involves two possible values of a, spin up or spin down, simplifying the analysis
since there are only two potential values of the observable to sum over. The input to the
algorithm will determine the R and β parameters by using the sum of Pauli matrices to
define a Hamiltonian, H = ctI+ cxσx+ cyσy+ czσz. The R and β functions are determined
by the Hamiltonian in equation 5.4 using

R12 = R21 =
√
c2x + c2y; R11 = |ct + cz| ; R22 = |ct − cz| (5.14)

β12 = −β21 = arg (cx − icy) ; β11 = arg (ct + cz) ; β22 = arg (ct − cz) . (5.15)

The function F will have one of a few predefined values constructed as sample functions
using the limitations in previous section. The first possibility is a constant F, F (∆ϕ) = 1.
This corresponds to the case when the densities under the square roots are independent of
phase.

The smooth cosine type function is a simple solution to account for the phase differences
as being important while still creating an influence from the variation in the phases of the
different systems. This would appear as

F (∆ϕ) ≡ 1

2
+

1

2
cos (∆ϕ) = cos2

(
∆ϕ

2

)
. (5.16)

This definition can be generalized to model a sharper dependence on phase difference.
One such function is

Fc (∆ϕ) ≡ cos2
(
c ∆ϕ

2

)
Θ[cos(∆ϕ)− cos(π/c)], (5.17)
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for a constant c, where Θ[x] is the step function that vanishes for x < 0 and is 1 otherwise.
We note that F1 = F defined in Eq. (5.16). Moreover, for completeness, we define
F0(∆ϕ) ≡ 1.

For our numerical studies below, unless noted otherwise, we focus on three possibilities:
F (∆ϕ) = F0, F1, and F100.

5.3.2 Results and Plots

We numerically evolve Eqs. (5.11-5.12) with either two or three different phases per each
potential value of sz. The results can be seen in Table 5.1, as well as in the appendix. In
the plots, spin up is represented by the blue colours (dotted black line, dashed blue line,
thin purple line), while spin down by the red colours (wide dashed red line, dot-dashed
orange line, solid pink line). The plots in Table 5.1 are representative of all the cases run
with similar initial differences in the phases of the same value of sz. In each case, the sum
of the probabilities of measuring a specific value of sz follow an evolution indistinguishable
within the expected error from the quantum mechanical case.

For the two cases of functions which are flat or close to flat within this region, they
start with the same behaviour, but the kernel that slightly deviates from flat (i.e. F1) is
stable and fully approaches equilibrium, while the other case, F0 does not and diverges
from equilibrium. The third case, F100, which which has the narrowest domain causes the
system to approach equilibrium in a different way: Instead of the probability for certain
pairs of beables to be present dropping to zero, the difference between the phases of the
beable pairs with the same observable value goes to zero.

One subtlety to note for the F0 case is that the values given do go below the expected
error threshold for the numerical simulation. This, however, does not nullify the results
which are seen - the fact that this is unstable remains, but the values after the point in
which the model decreases below the error threshold can not be trusted.

For both the F0 and F1 cases, the very low probabilities could approach the levels in
which the discreteness of the set are relevant and the large N approximation breaks down
for that particular beable pair. This possibility could alter the evolution of these beable
pairs, and more interestingly potentially cause one of the potential pairs of beables to
completely empty, removing it from the ensemble. This could possibly cause the F0 case
to become quantum mechanical, despite the instability, or the F1 case to become exactly
equilibrium.

For the evolution with greater initial difference in the phases, the cases with a phase
difference of 0.1 still go to equilibrium for those F functions which approached equilibrium
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Table 5.1: Plots of the evolution of spin-1
2
systems in the non-equilibrium real ensem-

ble model. Each case has three different phases for each of the two potential values of
sz. The initial conditions are ρ (0) = {{0.16, 0.08, 0.06} , {0.23, 0.3, 0.17}} and ϕ (0) ={
{0, 0.001π, 0.002π} ,

{
π
2
+ 0.001π, π

2
, π
2
+ 0.0005π

}}
. The Hamiltonian is H = ω0ℏ (2σz).

ℏ ≡ 1 and ω0 determines the units for t. From top to bottom, the functions F within
equations 5.11 and 5.12 for the plots are F = 1, F = cos2

(
∆ϕ
2

)
, and F given by equation

5.17 with c = 100.

Probability vs Time Phase Difference vs Time

0 200 400 600 800 1000
t

0.2

0.4

0.6

0.8

1.0
Ρ

È-\3

È-\2

È-\1

È+\3

È+\2

È+\1

200 400 600 800 1000
t

-0.04

-0.02

0.02

0.04

DΦ

0 200 400 600 800 1000
t

0.2

0.4

0.6

0.8

1.0
Ρ

È-\3

È-\2

È-\1

È+\3

È+\2

È+\1

200 400 600 800 1000
t

-0.006

-0.004

-0.002

0.002

DΦ

0 200 400 600 800 1000
t

0.2

0.4

0.6

0.8

1.0
Ρ

È-\3

È-\2

È-\1

È+\3

È+\2

È+\1

200 400 600 800 1000
t

-0.000015

-0.00001

-5. ´ 10-6

5. ´ 10-6

DΦ

109



for smaller initial angle difference, while the cases with a relatively large phase difference
do not. At the start, however, the evolution of the sum of all probabilities of measuring
one of the two values of sz is not necessarily quantum mechanical for even the moderate
phase difference. Sample plots for the F1 and F100 cases are given in Tables B.1 and B.2
in the Appendix.

5.3.3 Rate of Convergence

In an examination of the small phase difference for which shape converges fastest, one
must first develop a measure for the rate of convergence. A simple such definition would
be to use the standard deviation, as it approaches zero for either method of approaching
equilibrium. Table 5.2 shows the distance from quantum mechanics using this measure vs.
time. Note that the F100 case here is log-log, showing an approximate ∼ t−1 decay, while
the F1 case is logarithmic only on the y-axis, showing an exponential decay/convergence.

It can be seen that with this measure of convergence, the F function given by a spike
(c = 100) converges to quantum mechanics faster within the given time, than that given
by a cosine function (c = 1). This indicates a faster rate of convergence at early times, for
a sharper F -kernel. The flat F function (c = 0) approaches equilibrium in a similar rate
as the cosine function, until it jumps away from equilibrium.

For the case of H = 2σz, Figure 5.3 shows if the distribution converges to quantum
mechanics for a given width c of the F function in equation 5.17 and initial phase separation
∆ϕ0 for ρ (0) = {{0.16, 0.08, 0.06} , {0.23, 0.3, 0.17}} and ϕ (0) =

{
{0, α, 2α} ,

{
π
2
+ α, π

2
, π
2
+ α

2

}}
.

The case for c = 0, equivalent to F = 1, is not shown on the plot, and does not converge.
The convergence can be seen for an initial phase separation less than π

10
, while for values

above ∆ϕ0 ∼ 1, the system does not approach quantum mechanics. Convergence here is
defined as having the variance decrease faster than approximately t−0.2 by t = 1000, how-
ever most cases are obvious with a variance either oscillating around unity, or decreasing
as t−n with n > 1 (or exponentially for c = 1) by t = 1000 (see Fig. 5.2). The cases which
converge slowly (slower than t−0.5) as well as those that converge late (after t = 500) are
in the purple zone (the region in the center with mostly diamond shaped points for those
viewing without colour).

5.4 Perturbation Theory near Equilibrium
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Figure 5.2: This plot shows the asymptotic behaviour of the rate of convergence, which
we quantify as the logarithmic time derivative of the standard deviation of the phase:
n =

d lnσϕ

d ln t
. Shown is the plot of −n vs t. The colours red (solid line), orange (dotted line),

yellow (dashed line just above the green/dot-dashed line), green (dot dashed line), blue
(wide dashed line) and purple (dashing wider than blue case, consists of spike behaviour
before t = 200) correspond to c = 2, 5, 25, 100, 250 and 1000 respectively. We see that
convergence is always faster than σϕ ∝ t−1. The case c = 1 is not plotted here, as it decays
exponentially n→ −∞.
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As we saw above, by construction, the quantum mechanical equations are approximately
recovered, when the spread in phases, specified by w(a, ϕ, t) for a given value of the ob-
servable a, ∆ϕa, satisfies:

∆ϕa ≪ π, and ∆ϕa ≪ ∆ϕF , (5.18)

where ∆ϕF characterizes the phase spread/width of the kernel F . These conditions ensure
that different coefficients in the sums:

∑
ϕw(a, ϕ) in Eqs. (5.9-5.10) factor out, which

then let us replace the sums with unity. In other words, for narrowly-spread phases per
observable value, one can combine Eqs. 5.9-5.10 (or 5.11-5.12) for systems, to evolution
equations for mean phase and total probability per observable value to approximately re-
cover quantum mechanics (5.1-5.2).

In order to examine the next order approximation to compare this evolution to quantum
mechanics, we examine the analytical case for a diagonal Hamiltonian. The reason for this
choice is that the diagonal case is simple enough to do this calculation analytically, and
still can represent any quantum mechanical system (assuming unitary equivalence, which
we discuss in the next section). For a diagonal Hamiltonian, Eqs. (5.9)-(5.10) separates
for different observable values, and can be written as:

ϕ̇i =
∑
j

wj cos(ϕi − ϕj)

√∑
k wkF (ϕj − ϕk)∑
k wkF (ϕi − ϕk)

, (5.19)

ẇi = 2wi

∑
j

wj sin(ϕi − ϕj)

√∑
k

wkF (ϕj − ϕk)×
∑
k

wkF (ϕi − ϕk), (5.20)

where we have suppressed the dependence on a for brevity, and chosen R−1
aa as unit of time.

Furthermore, as we saw above, in the regime close to quantum mechanics we can assume
∆ϕ≪ π,∆ϕF , thus we can Taylor expand both F and cosine:

cos(ϕ− ϕ′) ≃ 1− (ϕ− ϕ′)2

2
, (5.21)

F (∆ϕ) ≃ 1− ∆ϕ2

∆ϕ2
F

, (5.22)

where ∆ϕ−2
F ≡ −1

2
F ′′(0) here. For example, ∆ϕF = 2c−1 for systems studied in the last

section (Eq. 5.17). In this limit, the evolution for ϕi and wi can be approximated as:

ϕ̇im =
λ

2

[
(ϕi − ⟨ϕ⟩)2 − (ϕm − ⟨ϕ⟩)2

]
+O(∆ϕ4), (5.23)

ẇi = 2wi(ϕi − ⟨ϕ⟩) +O(∆ϕ3), (5.24)
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where

λ ≡ ∆ϕ−2
F − 1, (5.25)

ϕim ≡ ϕi − ϕm, (5.26)

⟨ϕ⟩ ≡
∑
i

wiϕi. (5.27)

We now notice that Eq. (5.23) can be written as:

d

dt
(ϕi − ⟨ϕ⟩)− λ

2
(ϕi − ⟨ϕ⟩)2 = G(t), (5.28)

where G(t) is a yet to be determined function of time. In particular, combining Eqs.
(5.27-5.28) yields:

G(t) = −(λ+ 4)

2
⟨∆ϕ2⟩ = −(λ+ 4)

2

∑
i

wi(ϕi − ⟨ϕ⟩)2. (5.29)

The advantage of Eq. (5.28) is that it decouples the evolution for different phases, and
thus reduces to a first order ODE for a given G(t). Unfortunately, the solution cannot be
written in closed form for arbitrary G(t).

5.4.1 Power Law Convergence: λ > 0

We first introduce an ansatz, which, as we see below, is applicable for λ > 0, or equivalently
∆ϕF < 1 (implying c > 2 for the models of Sec. 5.3).

To proceed, we next notice a scaling symmetry of the Equations (5.23-5.24), which
remain invariant under:

ϕim → A× ϕim, t→ A−1 × t, (5.30)

for arbitrary A. Therefore, we postulate an ansatz: G(t) ∝ ⟨∆ϕ2⟩ ∝ t−2. With this
assumption, it is convenient to define:

ϕ̃i ≡ λt(ϕi − ⟨ϕ⟩), τ ≡ ln(t), G(t) = −σ
2 − 1

2λt2
, (5.31)

which let us write Eq. (5.28) as

ϕ̃′
i = ϕ̃i +

1

2
ϕ̃2
i −

σ2 − 1

2
=

1

2
(ϕ̃i + σ + 1)(ϕ̃i − σ + 1).

(5.32)

w′
i = 2λ−1wiϕ̃ (5.33)
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Note that σ is an arbitrary constant, with σ > 1 for λ > 0 and 0 < σ < 1 for λ < 0, which
is set by the variance of ϕ̃, by combining Eqs. (5.31) and (5.29):

⟨ϕ̃2⟩ = σ2 − 1

1 + 4/λ
. (5.34)

Moreover, ′ denotes derivative with respect to τ .

Interestingly, both the variance of ϕ̃ (Eq. 5.34) and its equations of motion (5.32-
5.33) become time-independent, which potentially admit steady state distributions. In
particular, Eq. (5.32) has two fixed points at

ϕ̃± = −1± σ. (5.35)

The fixed point ϕ̃+ is an unstable fixed point, while ϕ̃− is stable. For positive λ, it turns
out that phases approach infinity (in the perturbative equations) within a finite time in the
interval (ϕ̃+,∞), which given the periodic nature of phase, puts them within (−∞, ϕ̃−).
For negative λ, the stability and evolution for ϕ̃ is identical to that for positive λ, but this

is not the case for ϕ. Since
∂ϕ̃′

i

∂ϕ̃i
= 1 + ϕ̃i = ±σ, near the fixed point ϕ̃i − ϕ̃± ∝ t±σ which

is equivalent to ∆ϕ ∝ t±σ−1 + Cϕ̃±t
−1, where C is an unknown constant. Since σ < 1

for negative λ, this is stable for both fixed points. Therefore, given that we would like to
study small phase variances, it stands to reason that we focus on the (ϕ̃−, ϕ̃+) interval.
Now, defining w(ϕ̃) as the weight (or probability) density in the ϕ̃ space, we can write the
steady-state continuity equation:

�
�
�∂w

∂τ
+

∂

∂ϕ̃

[
w(ϕ̃)ϕ̃′

]
= w′(ϕ̃), (5.36)

which, plugging from Eqs. (5.32-5.33), becomes:

∂

∂ϕ̃

[
w(ϕ̃)

(
ϕ̃+

1

2
ϕ̃2 − σ2 − 1

2

)]
= 2λ−1w(ϕ̃)ϕ̃, (5.37)

which can be integrated to give:

w(ϕ̃) ∝ (ϕ̃+ − ϕ̃)α+(ϕ̃− ϕ̃−)
α− ,

α± = −1 +
2

λ
∓ 2

λσ
. (5.38)

We notice a few interesting properties of this solution:
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1. For λ > 0, α± > −1, which ensures that the probability =
∫
w(ϕ̃)dϕ̃ is finite. This

is not the case for λ < 0, implying that the steady-state solution is non-existent. We
can thus consider:

λ = ∆ϕ−2
F − 1 = −1

2
F ′′(0)− 1 > 0,

⇒ − F ′′(0) > 2 (5.39)

as a necessary condition to approach equilibrium, at least within the above scaling
ansatz: G(t) ∝ t−2.

2. We further notice that integrating the continuity equation (5.37) over our domain
(ϕ̃−, ϕ̃+), as the left hand side is a total derivative, and its argument w(ϕ̃)ϕ̃′ vanishes
at the boundaries (since α± > −1). Therefore, the right hand side ∝

∫
ϕ̃w(ϕ̃)dϕ̃ =

⟨ϕ̃⟩ = 0, which is consistent with our definition of ϕ̃ (Eq. 5.31).

We note that the condition λ > 0 is equivalent to c > 2, where we see a power law decay
of the standard deviation σϕ ∝ t−1 in our numerical simulations (e.g. third row in Table
5.2). Therefore, in spite of the fact that the analysis above is for continuum distributions,
it roughly predicts the correct asymptotic behaviour of simple discrete simulations.

5.4.2 Exponential Convergence: λ < 0

As we saw above, for λ < 0 (or ∆ϕF > 1), the power-law ansatz does not lead to a
sensible asymptotic steady state distribution. Let us now propose a different anstaz, i.e.
that asymptotically w(∆ϕ) becomes time-independent, without additional time rescaling,
where ∆ϕ ≡ ϕ − ⟨ϕ⟩. Moreover, we assume G(t) = ⟨∆ϕ2⟩ = 0. Again, since there is
no explicit time-dependence left in the evolution equations, the continuity equation (5.36)
now reads:

���
��∂w(∆ϕ)

∂t
+

∂

∂∆ϕ

[
w(∆ϕ)× λ

2
∆ϕ2

]
= 2w(∆ϕ)∆ϕ, (5.40)

which can be integrated to give:

w(∆ϕ) ∝ |∆ϕ|4/λ−2. (5.41)

Since the integrals over w(∆ϕ) are divergent for λ < 0, we have to use a cut-off ∆ϕmin → 0.
After properly normalizing w(∆ϕ), this yields:

⟨∆ϕ2⟩ =
(
λ− 4

−λ− 4

)
∆ϕ2

min → 0, for − 1 < λ < 0, (5.42)
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consistent with G(t) = 0 ansatz above.

Given that this static solution has zero variance, it appears that it cannot have any
discrete counterpart. However, one may consider any initial condition w(∆ϕ) as a pertur-
bation around this static solution, which could be expanded into exponentially decaying
modes 3. While not entirely rigorous, this analytic argument provides an intuitive under-
standing of why convergence to quantum mechanics is exponential, rather than power-law,
for λ < 0, or c < 2, e.g. in the second row in Table 5.2.

5.4.3 Approaching Quantum Mechanics

How does this deviation from quantum mechanics affect physical observable values? Simple
manipulations yield:

⟨ϕ⟩̇ = d

dt

∑
i

wiϕi = 1 + ⟨∆ϕ2⟩+O(∆ϕ4), (5.43)

More generally, we can write a hierarchy of equations for all the moments of ∆ϕ:

⟨∆ϕm⟩̇ = (2 +
mλ

2
)⟨∆ϕm+1⟩ − m(λ+ 4)

2
⟨∆ϕ2⟩⟨∆ϕm−1⟩, (5.44)

which can provide an alternative approach to numerically study convergence to quantum
mechanics.

Instead, here we simply wrap up by making some observations about potential smoking
guns of this theory. After reintroducing physical units, Eq. 5.43 reads:

⟨ϕ⟩̇ − ϕ̇QM = ⟨∆ϕ2⟩ × ϕ̇QM , (5.45)

which represents a deviation from quantum mechanics proportional to the variance of
phases. This correction can be absorbed into the Hamiltonian eigenvalues,

H̃ii = Hii

(
1 + ⟨∆ϕ2⟩

)
, (5.46)

giving an evolving effective Hamiltonian close to the true Hamiltonian. As we saw above
(Secs. 5.4.1-5.4.2):

⟨∆ϕ2⟩ ∝ (Et)−2n, n ≥ 1. (5.47)

Therefore, one expects a time-dependent part of the energy levels of e.g. atoms/nuclei,
that decays as (Et)−2 or faster asymptotically.

3Note that there could be no exponentially growing mode, as the total probability is conserved
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Figure 5.3: Phase space of convergence to quantum mechanics for H = 2σz, ρ (0) =
{{0.16, 0.08, 0.06} , {0.23, 0.3, 0.17}}, ϕ (0) =

{
{0,∆ϕ0, 2∆ϕ0} ,

{
π
2
+∆ϕ0,

π
2
, π
2
+ ∆ϕ0

2

}}
,

and F given by Equation 5.17 with varying c (characterizing the compactness of the F-
kernel) and ∆ϕ0 (the initial phase difference per value of the observable). Blue circles
indicates convergence, red squares indicates lack of convergence, and purple diamonds
means spin up converges, but spin down does not.

5.5 Discussions

Many of the issues with the original real ensemble model, presented in Section VI of [194],
still remain open. The only exception is the stability of the quantum mechanical equilib-
rium, which we have demonstrated for a certain class of the non-equilibrium equations.
Here, we discuss some of the other conceptual challenges (or features) in Smolin’s real
ensemble extension of the quantum theory:
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5.5.1 Zero Occupancy States

An interesting aspect of this model is the fact that if ρa = 0, ρ̇a = 0 and this potential
observable value is effectively non-existent. This is necessary as Equation 5.1 breaks down
when ρa = 0. In the non-equilibrium extension, this becomes ρi = 0 meaning ρ̇i = 0.
Despite the

∑
k

ρkδaiak term in the denominator of Equation 5.12, it can be seen that this

remains true even if all ρi terms are zero for a given value of ai. This will effectively
eliminate a set of beables from being possible if at any time in its evolution, that set of
beables has a zero probability. This ensures the quantum mechanical case is a fixed point,
as if each value of the observable only has one potential phase, no other potential phases
will be able to become non-zero, and the condition of one phase per value of the observable
is maintained. This also causes a non-quantum mechanical issue at the nodes of a quantum
mechanical system in the cases where in quantum mechanics a node ceases to be a node
at later times due to the evolution.

This model is also by nature discrete. This implies two things for the property above.
First is the finiteness of the number of sets of beables, which will cause issues with the
examination of continuous and infinite systems as will be examined in the next section.
The second is what happens in a large N system for pairs of beables or times with small
enough probability such that N is no longer large enough to prevent the discreteness from
effecting the system and its behaviour. This is not just at a node of exactly zero probability,
but near one of very small probability. In this case finite behaviours become important,
and there is a potential for complete loss of a beable pair by chance, even if the continuous
probability dictates that the probability is never exactly zero.

5.5.2 Unitary Equivalence vs Preferred Basis

Technically, our current model chooses a preferred basis of the Hilbert space, defined by
the eigenstates of the observable that is realized in the real ensemble theory. However,
this would imply that, e.g. only spin in one direction can be measured – it does not
account/allow for choice of non-commuting observables, which is part of what contrasts
quantum and classical mechanics. Since we would like to account for the existence of non-
commuting observables, we need to ask what the model would give if one were to measure
a different observable. To do this, the model would either have to define a preferred basis
for the theory from which other measurements could be determined or one has to have a
definite observable value for many bases. Both proposals have flaws. Since this model is
discrete by nature (only continuous by approximation), taking position, or even momentum
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Table 5.2: Plots of the standard deviation of the phases for the cases in Figure 5.1. From
top to bottom, the functions F within equations 5.11 and 5.12 for the plots are F = 1,
F = cos2

(
∆ϕ
2

)
, and F given by equation 5.17 with c = 100. The first two plots have a

logarithmic scaling for the y-axis, while the scaling of both axes are logarithmic for the
third plot.
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in a continuous space-time would suffer from the “node” problem mentioned above – the
probabilities would be spread too thin, exposing the discreteness of the model, causing
certain observable values to be unrepresented, and therefore never represented. In order
to take one of these as the preferred basis as might be desired, a discrete spacetime is
required.

Taking spacetime discrete and position space, momentum space, Hamiltonian, or all
three together as the preferred basis/bases, might help if N is large enough. Any discrete
eigenspace would work – e.g. that of the Hamiltonian. A discrete but infinite system would
not be able to have all eigenstates represented though, for a finite N.

Even for a finite system, however, if we choose to maintain unitarity, the fact that the
system is finite is again a problem. There is an infinite number of unitary transformations,
unless somehow we discretize this, for instance by having discreteness in angles for the case
of the spin-1/2 system. So we must take a finite set of preferred bases, something which in
this case, unlike the infinite case, does create a finite number of types of members of the
ensemble in the equilibrium model.

In continuing with this, a finite number of represented phases per value of each observ-
able is also required to maintain the fact the system is finite.

The most obvious choice is to take the Hamiltonian eigenspace as preferred, as it exists
in all cases and is native to the equations. Of course, this doesn’t make it the correct,
but rather the simplest possible choice. It is also discrete for finite systems. An issue
remains for degeneracies in the eigenstates of this basis, where the Hamiltonian fails to
single out a basis, unless the degeneracies are only an idealization/approximation of the
system. This choice has both the advantage and disadvantage of simplifying the equations.
The advantage being that the simplified system is easy to work with and understand. The
disadvantage being that no equilibrium evolution is seen and parts of the equations remain
unused – parts that match quantum mechanics in equilibrium and enabled the conclusion
that this set of equations matches quantum mechanics.

5.5.3 Real Ensemble Model and Early Universe

Given the experimental success of quantum mechanics in explaining microscopic phenom-
ena, any phenomenologically viable real ensemble theory must be stable to perturbations
away from quantum mechanics, at least within the tested regimes. Indeed, as we have
demonstrated in this chapter, this is possible for a large space of parameters in our formu-
lation. Therefore, any smoking gun for this theory should be sought beyond the current
empirical regime, i.e. very high (or possibly very low) energies, or prior to convergence to
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quantum mechanics. Both these conditions are met in the early universe, which implies
that one could potentially search for signatures of deviations from quantum equilibrium in
cosmological observations.

As we pointed out in the introduction, indeed one of the motivations for studying hidden
variable theories away from quantum equilibrium is non-local signalling that could provide
a resolution to the cosmological horizon problem [188], as well as observed superhorizon
correlations in the CMB. Let us see how this could happen in our framework:

The spectrum curvature fluctuations in the radiation era is given by (e.g., see [195]):

Pζ(k) =
(1 + 2nk)

(4π)2
√
3

(
k

Mp

)2

, (5.48)

where nk is the mean occupation number of the mode k, and Mp is the Planck mass. In
the ground state of quantum mechanics nk = 0. However, as we saw in Eq. (5.46) the
phase variance introduces a correction to the effective energy of all the energy eigenstates,
including the ground state. Given that energy of a harmonic oscillator scales as nk +

1
2
, we

may interpret this correction as:

nk =
1

2
⟨∆ϕ2⟩ ≃ ⟨∆ϕ2⟩0

2(Ekt)2
, (5.49)

where we used the results of Sec. 5.4 (e.g., Eq. 5.47) for the asymptotic scaling of the
phase variance. Furthermore, for the ground state:

Ek =
1

2
ωk =

csk

2
=

k

2
√
3
, (5.50)

where we used c2s = 1/3 for the radiation fluid. Plugging this into Eq. (5.48) yields:

Pζ(k) =
(k/Mp)

2

16π2
√
3
+

√
3⟨∆ϕ2⟩0

8π2(Mpt)2
. (5.51)

We thus see that the correction term to the ζ power spectrum is indeed scale-invariant,
and assuming t ∼ 104

√
⟨∆ϕ2⟩0M−1

p , yields Pζ ∼ 10−9, which is roughly consistent with
cosmological observations.

Of course, the interpretation of the result in Eq. (5.51) is far from straightforward.
For example, Pζ should become independent of time on superhorizon scales in standard
cosmology. So, at what time, t, should we expect the evolution of ζ to freeze, if at all?
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This will be a necessary condition for the scale-invariant term to not be negligible at late
times.

A more serious problem with interpreting Eq. (5.51) as the origin of cosmological
primordial power spectrum, is that it requires ⟨∆ϕ2⟩ ≫ 1 to match the amplitude of CMB
anisotropies, thus invalidating the near-equilibrium approximation. Therefore, we should
only consider this result as a suggestive direction for further exploration of the implications
of the real ensemble theory for early universe, pending a deeper understanding of its physics.

5.5.4 Real Ensemble Model, Quantum Gravity, and Cosmologi-
cal Constant Problem

A surprising feature of the real ensemble theory that was discovered here, is that the rate of
convergence to quantum mechanics depends on the absolute (and not relative) energy. This
suggests a possible connection to gravitational physics, as gravity is the only interaction
that is sensitive to the total energy of a system. In other words, total energy of a system
sources both its gravity, AND its convergence to quantum mechanics.

As an example, let us consider the expectation for the vacuum energy, or the cosmo-
logical constant. In Eq. (5.46), we saw that the effective energies of eigenstates receive
corrections as:

E = EQM +
⟨∆ϕ2⟩0
EQM t2

, (5.52)

if we interpret ⟨ϕ̇⟩ as energy, E. Now, this energy has a minimum:

Emin ∼
2
√
⟨∆ϕ2⟩0
t

. (5.53)

Now, if we interpret this as vacuum energy within a Hubble patch of the universe:

ρvac ∼ EminH
3 ∼ (14 meV4)

√
⟨∆ϕ2⟩0 T (TeV)8, (5.54)

which is comparable to the observed dark energy density, if we set t to the time of elec-
troweak phase transition, or temperature T ∼ TeV (and ⟨∆ϕ2⟩0 ∼ 1):

This might be a reasonable scale to plug in here, as quantum field theory is not well
probed beyond TeV scale.
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5.5.5 Alternative Non-Equilibrium Real Ensemble Model

In converting from equations 5.9 and 5.10 to equations 5.11 and 5.12, we note an additional
possible extension of the model outside of the quantum mechanical case. This case comes
from factoring out a ρa term from the square root to remove this term from the denominator
of the weight function before taking the equation out of equilibrium. It is equivalent to
the case when all instances of

∑
k

ρkδaiak are replaced with ρ̃ai . The resulting equations

governing the model are:

ϕ̇i =
∑
j

ρj√
ρ̃aj ρ̃ai

×Raiaj cos
[
ϕi − ϕj + βaiaj

]
, (5.55)

ρ̇i =
∑
j

ρiρj√
ρ̃aj ρ̃ai

× 2Raiaj sin
[
ϕi − ϕj + βaiaj

]
. (5.56)

Several aspects make this model appear simpler. The square root denominator is the
same for both ϕ̇ and ρ̇. There is only one type of ρ̃ term. In addition, the weighting
based on ρi is obvious and separate from the square root terms. This change comes from
acknowledging this implicit weighting from the equilibrium model, and separating it from
the square roots.

Numerically, the new model gives results close to, if not effectively identical to, the
original model when analysing for convergence. This means that although the exact evo-
lution may differ, all result obtained for the original non-equilibrium model remain valid.
The convergence is invariant to this change in extrapolation.

Both models are identical when F = 1.

5.6 Conclusions

Inspired by theoretical and observational motivations for violating relativistic locality, we
explored the non-local real ensemble model, in the context proposed by Smolin [194]. In
particular, the theory generalizes quantum mechanics by allowing a range of (or uncertainty
in) quantum phase per value of an observable.

We first developed the generalized evolution for the real ensemble, which consist of
continuous phase evolution, and copy rules. We then provided both numerical and analytic
evidence for why quantum mechanics (with one phase per observable value) is a local stable
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fixed point for most of the parameter space of the theory. Moreover, the phase variance, as
well as deviations from quantum mechanical frequencies decay faster than (Et)−2n, with
n ≥ 1, for stable models. The energy scale of this decay is the absolute energy rather
than relative energy of the system, which suggests a possible connection to gravitational
physics.

Finally, we discussed different conceptual aspects of the real ensemble theory. This
includes the need for a preferred basis in the Hilbert space (and/or further interpreta-
tion), as well as potential novel applications for the spectrum of primordial cosmological
perturbations and the cosmological constant problem.
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Chapter 6

Conclusion

In this dissertation, I have introduced four different models for the early universe which
are alternative to standard inflationary and bounce models. Each of them has their own
strengths, weaknesses, and interesting features. While not all of them can be correct,
perhaps each of them has characteristics which help to understand which is possible for
the early universe or other areas of theoretical physics.

For three of the four models, we analyzed our model against the Planck CMB anisotropy
data, as well as other cosmological observations. Our models in this case were constructed
by replacing the primordial power-law power spectrum of the standard ΛCDM cosmology
with the appropriate alternative power spectrum.

Holographic cosmology relies on the holographic principle in order to construct an al-
ternative primordial power spectrum by a perturbative computation in a three-dimensional
superrenormalizable QFT with a generalized conformal structure. We found that the model
becomes non-perturbative at low l values (l < 30), but is valid elsewhere. When we ana-
lyze the fit with only this data, we found that this theory fits just as well as the power-law
expansion. With the full dataset, the model is viable but disfavoured.

For periodic time cosmology (PTC), we developed a cosmological framework with a
periodic time dimension. To do this, we match the infinite future and the big bang using
a conformal rescaling, as suggested by Penrose [145]. We showed that we can construct a
primordial power spectrum constrained by the periodicity and the known cosmic history.
When compared to the power-law expansion, we found that such a model can fit obser-
vations with a difference 1.8σ from the standard power-law power spectra, favoring the
power-law expansion, if we include a non-trivial dark energy equation of state.
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Table 6.1: This table gives the χ2 and σ difference between each model analyzed with
CosmoMC and the standard power-law primordial power spectrum model with the same
datasets and astrophysical parameters.

∆χ2 σ

holographic cosmology 4.8 2.2
holographic cosmology l > 30 0.5 0.7

periodic time cosmology ΛCDM 25.8 5.1
periodic time cosmology wCDM 3.4 1.8

holographic big bang 7.8 2.8

The 5D Holographic Big Bang (HBB) framework posits that our universe is a 3-brane
with induced gravity, formed from the collapse of 5D star. Previous work had shown that
this model can produce a scale invariant primordial power spectrum when the brane travels
through a uniform atmosphere. To explain the deviation from scale-invariance observed in
the CMB data, we instead studied the case of a thin infalling atmosphere. When compared
to cosmological observations, we found that our model is disfavoured compared to a pure
power-law by 2.8σ. In addition, the best fit model must break the holographic bound by
at least 8 orders of magnitude in order to match the data and for the thin atmosphere
approximation to be valid.

The real ensemble model is a hidden-variable model of quantum mechanics where all
particles in the universe which would have the same quantum mechanical state are part
of a self-interacting ensemble. In this case, the “beables” would be the quantum mechan-
ical phase and the observable values. While the ensembles need not start in a quantum
mechanical distribution, they were shown to converge to quantum mechanics. The rate of
convergence to quantum mechanics for the distribution of phases of an ensemble of parti-
cles in this model was found to be based on the absolute energy of the system rather than
the relative energy. The cosmological implications have not yet been examined.

The relative goodness of fit for each model vs. a power-law expansion is given in Table
6.1. The TT anisotropy power spectrum comparison of all four analysed models – power-
law, holographic cosmology, periodic time cosmology, holographic big bang – compared to
Planck is shown in Figure 6.1.

As we have discussed, there are many open questions in relation to these models which
may be studied in the future.
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Figure 6.1: A plot of the TT anisotropy power spectrum for all models compared in
CosmoMC on top of each other and the Planck observations. The insert focuses on the
low l values. The second plot shows the relative difference so the deviations from Planck
are more visually obvious.
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Appendix A

Supplemental Calculations for the 5D
Holographic Big Bang Model

A.1 Inhomogeneous Cosmological perturbations on the

bulk

If we consider the metric (4.34) and homogeneous perturbations of the form (4.35) the
induced metric on the brane is γµν = gαβe

α
µe

β
ν that to first order in ϵ reads:

ds2brane = [(f ′2
0 − 1)− 2ϵ

(
ˆ̂
Ψ0

5(f)f
′2
0 + Φ̂0

5(f)
)
]dt2 + [1− 2ϵΨ̂0

5(f)][dx
2 + dy2 + dz2] , (A.1)

where f ′ = df
dt
. The induced metric on the brane has to be able to describe a Friedmann

universe for which we make the following identifications

− dτ 2 = [(f ′2
0 − 1)− 2ϵ

(
Ψ̂0

5f
′2
0 + Φ̂0

5

)
]dt2 , a2 = [1− 2ϵΨ̂0

5] , (A.2)

where τ is the proper time of the brane and a is the scale factor. On top of the homogeneous
perturbations we are now going to consider anisotropies

Φ5 = ϵΦ0
5(w) + ϵ1Φ

1
5(x

α) , Ψ5 = ϵΨ0
5(w) + ϵ1Ψ

1
5(x

α) , f = f0(t) + ϵ1f1(x
α) , (A.3)

where ϵ1 ≪ 1 is a parameter that controls the anisotropic perturbations and ϵϵ1 ≪ ϵ, ϵ1.
The induced metric can be written as

ds2brane = −[1 +
2ϵ1

f ′2
0 − 1

(Φ̂1
5 + Ψ̂1

5f
2
0 − f ′

0f
′
1)]dτ

2 + 2aϵ1
f ′
0f1,i√
f ′2
0 − 1

dxidτ + a2(1− 2Ψ̂1
5ϵ1)dx

2 ,

(A.4)
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where Ψ̂5 = Ψ5(w = f(xµ)) are the metric functions projected to the brane. The general
form of a 4D metric including scalar and vector cosmological perturbation in 4D are that
contains all the terms in Eq. (A.4)

ds2brane = −(1 + 2ϕ4)dτ
2 − 2aBidτdx

i + a2(1− 2ψ4)dx
2 , (A.5)

and thus we identify

ϕ4 =
ϵ1

f ′2
0 − 1

(Φ̂1
5 + Ψ̂1

5f
2
0 − f ′

0f
′
1) , ψ4 = Ψ̂1

5ϵ1 , Bi = ϵ1
f ′
0f1,i√
f ′2
0 − 1

. (A.6)

Note that the Newtonian gauge on the bulk does not translate into a Newtonian gauge on
the brane and that some perturbations that are scalars in 5D are projected as a vectorial
perturbation component in 4D. The scalar gauge invariant quantities can be constructed
from Eq.(A.4) as

Φ4 = ϕ4 − ∂τ (aB) , (A.7)

Ψ4 = ψ4 +HaB , (A.8)

where, H is the Hubble constant and B is the scalar part of the vector metric perturbation
Bi. From our construction the Hubble constant is

H =
ȧ

a
= −ϵΨ̂

0
5

a2
, (A.9)

and thus Eq.(A.8) reduces to Ψ4 = ψ4 to first order in ϵ, ϵ1.

A.2 Derivation of the power spectrum

With use of the Poisson equation in 4D

∇2Ψ5(y) =
8πG5

3
ρ5(y) , (A.10)

and the expression for the energy density correlation function

⟨ρ5(y1)ρ5(y2)⟩ ≃ α(T5)
6δ4(y1 − y2) , (A.11)

we can write the 2-point correlation function of Ψ5 using the Green’s function for the
Laplacian operator

⟨Ψ5(x1)Ψ5(x2)⟩ = α

(
8πG5

3

)2(
1

4π2

)2 ∫
d4y

(T5(y))
6

|y − x1|2|y − x2|2
. (A.12)
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The junction condition between the 5D and 4D metrics (4.34) and (A.1) allow us to compute
⟨Ψ4(x1)Ψ4(x2)⟩

⟨Ψ4(x1)Ψ4(x2)⟩ = ⟨Ψ5(x1, x1w = 0)Ψ4(x2, x2w = 0)⟩

= α

(
2G5

3π

)2∫
d3y3dyw

(T5(yw))
6

(|x1 − y3|2 + |yw|2)(|x2 − y3|2 + |yw|2)
(A.13)

where we have decomposed the bulk coordinate as y = (y3, yw) and we have set the
temperature to be just a function of the w direction of the bulk. Combining expressions
(4.45), (4.46), (A.13) and setting x1 = 0 we have

Pζ(k) = α

(
2G5

3π∆lnH

)2 ∫
d3y3 dyw (T5(yw))

6

|y3|2 + |yw|2

∫
d3x

eik·x

|x− y3|2 + |yw|2
,

= α

(
2G5

3π∆lnH

)2 ∫
d3y3 dyw (T5(yw))

6

|y3|2 + |yw|2

∫
d3x′ e

ik·x′
eik·y3

|x′|2 + |yw|2
,

= α

(
2G5

3π∆lnH

)2 ∫
dyw (T5(yw))

6

(∫
d3x′ eik·x

′

|x′|2 + |yw|2

)2

,

= α

(
2G5

3π∆lnH

)2
1

(4πk)2

∫
dyw e

−2|yw|k (T5(yw))
6 , (A.14)

where we have performed the coordinate transformation x′ = x − y3, and use the result∫
d3x eik·x

|x|2+|m|2 = e−k|m|

4πk
.

With this we are able to write

P(k) =
k3

2π2
Pζ(k) = β k

∫ ∞

0

dw e−2|w|k (T5(w))
6 , (A.15)

where β = α
2

(
G5

6∆lnH π3

)2

. Note that we are in integrating between [0,∞) because of the Z2

symmetry. Because the temperature profile is analytic it admits a Taylor expansion of the
form

(T5(w))
6 =

∞∑
n=0

T 6(n)
(0, γ̄, w̄)

n!
wn , (A.16)

and thus the power spectrum Eq.(A.15) admits a series decomposition of the form

P(k) = β

∞∑
n=0

T 6(n)
(0, γ̄, w̄)

kn
2−1−n . (A.17)
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This last expression implies that for large k the correction to a scale invariant power
spectrum goes as 1/k. If the integral in Eq.(A.15) is performed in the rage (−∞,∞) the
the power spectrum series would be

P(k) = β

∞∑
n=0

T 6(2n)
(0, γ̄, w̄)

k2n
2−1−2n , (A.18)

giving a correction from scale invariant that goes as 1/k2 for large k. This correction
renders model disfavourable in comparison with the symmetric case, where we have a 1/k
decay. This is the reason why we work with the symmetric integral Eq.(A.15).
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Appendix B

Various Plots of Numerical
Simulations for The Real Ensemble
Model

Here are given additional plots of the numerical simulations for those that wish to confirm
certain aspects covered in the real ensemble chapter.
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Table B.1: Plots of the evolution of spin-1
2

systems in the non-equilibrium real en-
semble model for the case with a moderate initial separation of phases. Each
case has three different phases for each of the two potential values of sz. The
initial conditions are ρ (0) = {{0.16, 0.08, 0.06} , {0.23, 0.3, 0.17}} if marked as un-
even or ρ (0) = {{0.2, 0.1, 0.2} , {0.2, 0.1, 0.2}} if marked as even and ϕ (0) ={
{0, 0.1π, 0.2π} ,

{
π
2
+ 0.1π, π

2
, π
2
+ 0.05π

}}
. The Hamiltonian is H = σx + σz for the first

two plots and H = 2σz for the third. The functions F within equations 5.11 and 5.12 for
the plots are F = cos2

(
∆ϕ
2

)
for the top plot and F given by equation 5.17 with c = 100

for the other two.
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Table B.2: Plots of the evolution of spin-1
2
systems in the non-equilibrium real ensem-

ble model for the case of large initial separation of phases. Each case has three dif-
ferent phases for each of the two potential values of sz. The initial conditions are
ρ (0) = {{0.16, 0.08, 0.06} , {0.23, 0.3, 0.17}} and ϕ (0) =

{
{0, 1, 2} ,

{
π
2
+ 1, π

2
, π
2
+ 0.5

}}
.

The Hamiltonian is H = σx + σz for the top plot and H = 2σz for the bottom plot.
From top to bottom, the functions F within equations 5.11 and 5.12 for the plots are
F = cos2

(
∆ϕ
2

)
and F given by equation 5.17 with c = 100.
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Table B.3: Plots of the evolution of spin-1
2

systems in the non-equilibrium real
ensemble model for the case with a Hamiltonian proportional to the identity.
Each case has three different phases for each of the two potential values of sz.
The initial conditions are ρ (0) = {{0.16, 0.08, 0.06} , {0.23, 0.3, 0.17}} and ϕ (0) ={
{0, 0.001π, 0.002π} ,

{
π
2
+ 0.001π, π

2
, π
2
+ 0.0005π

}}
. The Hamiltonian is H = 2I. From

top to bottom, the functions F within equations 5.11 and 5.12 for the plots are F =
cos2

(
∆ϕ
2

)
and F given by equation 5.17 with c = 100. Note that the standard deviation

plots are logarithmic in scale on the y-axis, with the second such plot being logarithmic in
scale on both axes.
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