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Abstract

The application of the Sanchez-Lacombe equation of state (SL-EOS) to homogeneous
polymeric mixtures is requisite for the application of some types of Self-Consistent Field
Theory (SCFT) to inhomogeneous mixtures. It has recently been observed that the SL-
EOS fails to adequately describe the saturated polymer-solvent mixtures considered in
polymeric foaming. This observation portends poor outcomes for the application of SCFT
to the inhomogeneous polymer mixtures that constitute foams. In order to investigate this
failure, an off-lattice method for deriving the SL-EOS is presented. In doing so, it is shown
that the phase equilibrium inconsistencies introduced into the mixture formulation through
hole volume mixing rules cannot be corrected, as previously proposed. Rather, it is found
that any mixing rule applied to the hole volume introduces impermissible thermodynamic
inconsistencies to the theory.

A new variant of the theory for use with saturated polymer-solvent mixtures is proposed,
eliminating mixing rules in favour of a constant hole volume. This variant is successfully
applied to the solubility data of saturated binary and ternary polymer-solvent mixtures,
indicating that the previously observed poor performance of the SL-EOS for such mixtures
was partly the result of the thermodynamic inconsistencies. Fair agreement is also achieved
for swelling data for the same mixtures.

A physical interpretation of hole volume is put forward, characterizing them in terms
of rudimentary averaged correlations. The interpretation relates these correlations to the
architecture of polymer molecules, evidenced by consideration of both pure fluids and
mixtures.

The large number of conflicting literature parameters is addressed by proposing a best
practice parameter estimation procedure based on nonlinear least-square fitting, for both
for pure fluids and mixtures. Poor performance in some literature parameters is found to
be related to sub-optimal parameter estimation practices, namely those that include few
data points and those that encompass the critical point.

An additional constraint is proposed for semi-empirical statistical thermodynamical
theories that include features without physical basis and use thermodynamic principles to
derive material properties, asserting that ensemble equivalence should be imposed. This
constraint is applied through the imposition that equations of state derived from each
thermodynamic potential be consistent.
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Chapter 1

Introduction

1.1 Motivations

The ability to predict phase equilibria in homogeneous polymer-solvent mixtures is im-
portant to many applications, especially the manufacture of polymeric foams. While many
theories exist that are capable of making such predictions, industrial applications such as
process control favour theories with high accuracy and low complexity. This is achieved by
reducing the information content of the theory to include only the molecular information
relevant to the desired properties, often thermodynamic Pressure-Volume-Temperature
(PVT) data, while excluding unnecessary model features [101]. This trade-off must be
considered carefully. On one hand, a theory that is too simplistic will not be capable of
explaining and predicting the system’s behaviour and will not satisfactorily predict observ-
ables [119]. On the other hand, a theory containing a large amount of information does
not necessarily imply that it offers greater accuracy or a wider range of applicability. In
general, a theory should strike a balance that is appropriate for its given purpose [101].

The widely used Sanchez-Lacombe equation of state (SL-EOS) offers an excellent bal-
ance between correlation to experiment and complexity for the polymer-solvent mixtures
considered in polymeric foaming. The earlier cell theories attribute inappropriate solidlike
entropies to amorphous fluids [28, 29], while the contemporaneous Simha-Somcynsky the-
ory includes additional arbitrary features and added complexity [56, 113]. The perturbed-
chain self-associating fluid theory (PC-SAFT) features dozens of model parameters and
dozens of terms in its equation of state [38, 39]. Inclusion of only PVT considerations
makes the SL-EOS ideal for process control applications that need consider only PVT-
related parameters.

1



The SL-EOS is not only capable of predicting thermodynamic changes upon mixing,
but also pure fluid properties [66, 103–105]. The SL-EOS was first advanced in a 1974
publication in Nature [103] preliminary to more detailed publications outlining a theory
for pure fluids [104] and for mixtures [66]. The theory applies to both macromolecules
and small molecules by treating them as chains of segments distributed on a lattice. The
presence of lattice vacancies, known as holes, allows for the treatment of volumetric ef-
fects not typically included in earlier lattice-based mixture theories [26, 54]. The holes
absorb residual equation of state effects not explicitly included in the theory, making it
semi-empirical in nature. Since its introduction, the SL-EOS has been ubiquitous, with
applications ranging from hydrogen storage [2] to drug delivery [59] to dark energy [21].

Many statistical mechanical equations of state, those that are semi-empirical in par-
ticular, make use of assertions that can only be validated through comparison with ex-
perimental observation [119]. The SL-EOS makes several such assertions, including the
assumption introduced by Prigogine [98] of the independence of internal and translational
modes of energy, the inclusion of holes to absorb residual equation of state effects [66, 104],
and the mean field discounting of correlations [41]. In the past, technological limitations
impeded the ability to obtain accurate and independent solubility and swelling data for
polymer-solvent mixtures, where solubility is defined as the mass fraction of solvent in
a saturated polymer-solvent mixture and swelling is defined as the ratio of the volume
of a polymer-solvent mixture to the volume of the original polymer sample. Accurate
magnetic-balance-based solubility measurement requires knowledge of volumetric changes.
Since this was not directly observable, buoyancy corrections to the experimental data could
be made only with reference to theoretical equations of state, making verification of those
equations using such data impossible [68]. Recently, novel methods for the observation of
such volumetric changes have made independent buoyancy corrections, and thus accurate
experimental solubility data, possible [47, 68, 73, 80]. It has therefore only recently been
possible to experimentally verify the SL-EOS for polymer-solvent mixtures.

Through comparison with independent experimental solubility and swelling data, it has
become apparent that the SL-EOS produces unsatisfactory predictions at high pressures
[47, 68, 73–75, 80]. Due to the importance of the high-pressure regime for the manufacture
of micro- and nano- cellular foams as well as the use of more environmentally friendly
blowing agents, this failure has led to the abandonment of the theory, in some applications,
in favour of alternatives that offer better agreement at the cost of greater complexity and
greater demands on computing power [47, 67, 69–71, 76, 79, 90, 134, 139]. In some cases,
such as the Simha-Somcynsky equation of state [56, 113], the better agreement may be
simply due to additional unphysical free parameters, such as the equation governing the
solidlike and gaslike contributions to free volume. In other cases, such as with perturbed-
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chain self-associating fluid theory (PC-SAFT) [38, 39], the greatly increased complexity of
the theory and resulting greater demand on computing power is not justified, since much
of the increased information content is not used in industrial process control. On the other
hand, the quality of the SL-EOS predictions does not necessarily indicate the failure of the
fundamental theory assertions.

The failure of the SL-EOS could be attributed to several possible sources. For example
it could be the result of poor quality parameters. It has been noted in the literature that
the degree of success the pure fluid parameters exhibit in predicting pure fluid properties
has a great effect on the success of the subsequent multicomponent mixture predictions
[5]. Conventional wisdom has been that no single set of parameters is capable of good
agreement with experiment over a large range of pressures and temperatures. At the same
time no consensus exists on how best to perform parameter estimation, with a multitude
of procedures employed to varying degrees of success. The combination of these factors has
led to large numbers of competing parameters for the same materials, without agreement on
appropriate thermodynamic ranges or fitting practices [4, 12, 20, 34, 36, 45, 58, 63, 87, 95,
135, 138]. Many of these parameters make poor predictions outside of the thermodynamic
range from which they were estimated.

The failure could also be attributed to the use of the theory outside of its known limit-
ations. In statistical mechanics, systems of many interacting particles rarely yield to exact
solution [50, 119]. In the pursuit of physical predictions, it is often necessary to apply
simplifying assumptions to produce more tractable mathematics [50, 64, 119]. Often as a
consequence, these assumptions impose limitations on the resulting theory. Agreement of
the theoretical predictions with experiment can be affected by such assumptions, particu-
larly if predictions are made outside of these limits. In the case of the SL-EOS, low solvent
density assumptions appropriate for gaseous blowing agents may begin to break down at
high pressure, particularly in the supercritical regime [107]. The application of the mean
field statistics makes application of the theory near second-order phase transitions, such
as the critical point, problematic.

Failure of the theory could also be the result of concealed inconsistencies. Phase de-
pendence of the reference energies and reference chemical potentials based on the Sanchez-
Lacombe equation of state for fluid mixtures has been shown by Neau [88] to cause in-
consistent phase equilibrium calculations. Despite an attempt by Neau to correct the
issue with the aid of fugacity coefficients, the inconsistency runs deeper than currently
appreciated and cannot be corrected.

On the other hand, success of the SL-EOS affects more than the homogeneous systems
originally considered. In 1981, Hong and Noolandi [53] created a version of Self-Consistent
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Field Theory (SCFT) for inhomogeneous mixtures that similarly features a fluid of incom-
pressible segments and holes. The theory has been applied to polymeric foams in order
to calculate interfacial tension and cell densities [60–62, 91, 116]. The authors observed
that the Hong-Noolandi Self-Consistent Field Theory (HN-SCFT) reduces to the SL-EOS
in the homogeneous limit [53], implying that validation of the SL-EOS is a required pre-
requisite for the application of HN-SCFT [53, 117]. Significantly, since HN-SCFT was
derived through a functional integral construction, it serves as proof that the SL-EOS can
be decoupled from the lattice.

1.2 Objectives and scope

Since the SL-EOS is the homogeneous limit of HN-SCFT, failure of the SL-EOS to apply
to the homogeneous mixtures considered in the polymeric foaming process would cast
doubt upon the ability of HN-SCFT to successfully describe the inhomogeneous mixtures
that comprise polymeric foams. Therefore, the primary purpose of the present work is to
determine if the SL-EOS for polymeric mixtures, in its original form or a variant thereof,
is capable of successful application to the homogeneous mixtures considered in foaming.
To this end, the present work sets three aims.

The first aim is to investigate whether the unsatisfactory predictions of the SL-EOS are
the result of the essential elements of the model, or rather could be caused by a sub-optimal
implementation or unsuitable ancillary assumptions. Investigation of the implementation
is to be accomplished through the examination of pure fluid and mixture parameter estim-
ation procedures and careful tracking of simplifying assumptions. Investigation of ancillary
assumptions is to be accomplished through the examination of mixing rules and the noted
thermodynamic inconsistencies.

The second aim is to determine if an alternative formulation of the theory allows for
the calculation of phase equilibria for the polymer-solvent systems typically considered in
polymer foaming. Specifically, to determine if a variant of the theory can be contrived to
predict solubility and swelling information for saturated polymer-solvent mixtures.

The third aim is to determine whether a thermodynamic consistency verification is
warranted for semi-empirical theories that include features without a physical basis.

To achieve these aims, the present work undertakes to derive the Sanchez-Lacombe
equation of state using off-lattice statistical thermodynamics methods. Such a deriva-
tion allows for the severance of the SL-EOS from possible lattice artefacts as well as the
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application of modern statistical mechanical methods. This is done for the purpose of ap-
plying the theory to polymer-solvent mixtures relevant to polymer foaming, in the hopes
of making accurate phase equilibrium calculations for such systems. Success of the theory
is indicated by correct prediction of PVT behaviour in pure fluids, including first-order
phase transitions, as well as solubility and swelling in saturated polymer-solvent mixtures.

1.3 Outline

The goal of Chapter 2 is to lay the foundations for the present work. A brief description of
polymer foaming is given, followed by a brief outlining of the principles of thermodynamic
mixtures. Next, descriptions are given of the statistical mechanics techniques used to
derive physical properties from molecular considerations. Finally, the theoretical context
and details of the SL-EOS are described.

Chapter 3 derives the present theory. This is first done for pure fluids, beginning with
a description of the model followed by derivation of thermodynamic quantities. Next, the
procedure is repeated for multicomponent fluids, first with the expansion of the model
to mixtures, similarly followed by a derivation of thermodynamic quantities. This leads
directly to an investigation of mixing rules and the thermodynamic inconsistencies of the
SL-EOS. Finally, a variant of the theory is proposed applicable to saturated polymer-
solvent mixtures.

The purpose of Chapters 4 and 5 is the validation of the present theory and the inter-
pretation of observed phenomena. First, a new parameter estimation procedure is proposed
for pure fluids based on observations from the literature, with new parameters calculated
for several materials. Next, the present theory is applied to mixtures, with solubility and
swelling calculated for binary and ternary polymer-solvent and polymer-co-solvent systems
followed by a preliminary investigation into the temperature dependence of solubility. Fi-
nally, a procedure for validating semi-empirical theories is outlined.

Readers approaching this work with a knowledge of statistical thermodynamics that are
more interested in theoretical considerations may want to focus their attention on a subset
of sections. Section 2.5.3 outlines the on-lattice version of the Sanchez-Lacombe equation
of state, while Sections 3.2 and 3.4 outline the off-lattice molecular treatment for pure
fluids and mixtures, respectively. Discussion of the significance of holes has its foundation
in free volume theory found in Section 2.5.2, with the mechanics of their treatment found
in Section 3.3.1 and possible physical interpretation discussed in Section 5.2. A discussion
of the SL inconsistencies is begun in Section 2.5.4, with the deeper significance found in
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Section 3.7. Considerations applicable to general semi-empirical statistical thermodynamic
theories are found in Sections 2.4.3 and 3.7.

Readers approaching from an engineering perspective may similarly want to focus on an
alternate set of sections. The applicability of the present work to polymer foaming process
control is introduced in Section 2.2 with a discussion of the thermodynamics of foaming.
The advantages of the Sanchez-Lacombe theory over other theories for this purpose are
outlined in Section 2.5.6. The correlation of the theory to quantities relevant for foam
processing is discussed in Sections 4.1.6 and 5.1.2. Just as importantly, the limitations of
the theory and areas to exercise caution are discussed in Section 2.5.3. The methodology
for determination of parameters from experimental data is discussed in Sections 3.9, 4.1.5,
5.1.2 and the methodology for calculating phase equilibria and mixture composition is
found in Section 3.10.
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Chapter 2

Background

2.1 Introduction

While the thermodynamic study of fluids and solutions date to the 19
th

century, by the
1930’s it had become clear that the existing theories that applied to low molecular weight
fluids did not sufficiently explain the properties of the then newly-discovered macromolec-
ules [57]. The solution theories of the time were not able to satisfactorily explain the
smaller than expected vapour depression, smaller than expected boiling point elevation,
lower than expected osmotic pressures, and much higher than expected viscosities [57].
Moreover, it was found that the greater the molecular weight of the polymer, the larger
the deviation from ideal solution theory [57].

Theories describing the properties of polymeric fluids and mixtures belong to a field of
study known as statistical thermodynamics, which is a marriage of the earlier theories of
thermodynamics, the study of heat and energy, with statistical mechanics, the derivation
of material properties from molecular considerations [119]. Without the benefit underlying
molecular theory, thermodynamical considerations only allow for relationships between
the different properties of a material [119]. In the statistical thermodynamics paradigm,
it is typical to derive a thermodynamic property from statistical mechanics, then use
thermodynamic principles to calculate all other thermodynamic properties [119]. It is
reasonable to assume that following such a procedure relies on agreement between the two
theories.

In order to properly discuss the larger space into which this work fits, this section is
divided into four parts. The first part is a discussion of polymeric foams. This section out-
lines the systems to which the present work applies. The second part is a discussion of the
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thermodynamic principles and quantities of interest for polymeric fluids and mixtures. The
principles discussed in this section are of particular importance to the present work, since
they play a central role in the verification methodology of the statistical thermodynamical
theories to follow. The third part is an explanation of the statistical mechanical method-
ology used to derive thermodynamic properties from molecular considerations. Together,
the first, second, and third parts establish a context for the theories in the literature.
The fourth part is a description and comparison of the existing theories in the literature,
including the Sanchez-Lacombe equation of state.

2.2 Polymeric foams

Foams are defined to be materials that feature gaseous voids, referred to as cells, dispersed
in a solid medium. Applications of polymeric foams are extensive, ranging from packaging
and insulation to aircraft components and medical materials [67]. Polymer foam materials
are known for their physical, mechanical and thermal properties, which are a function of
their polymer matrices, cellular structures, and gas compositions [67]. The fluids intro-
duced into polymeric materials for the purpose of creating the gaseous voids are known in
the foaming industry as blowing agents.

The primary methods for the introduction of blowing agents into polymer melts is
through chemical reaction and physical mixing [67]. The present work focuses on the latter
method. Physical Blowing Agent (PBA) foaming makes up roughly 38% of the polymer
foaming market as of 2006, and offers advantages over Chemical Blowing Agent (CBA)
foaming in terms of speed and continuous processing [67]. Since blowing agent molecules
are much smaller than those of polymer molecules, blowing agents are often referred to
in theoretical considerations as solvents. Solvents in the context of polymeric mixtures
are molecules that are much smaller that the polymers with which they are mixed. The
present work will often refer to blowing agents as solvents.

Polymeric foams are created from saturated polymer-solvent mixtures by forcing the
system into an unstable configuration then locking the resulting structure into place. This
is done in four steps over three phases as follows [67]:

1. (Implementation phase) A polymer and blowing agent mixture of pre-determined
proportions is brought from low pressure and temperature to high pressure and tem-
perature.
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Implementation Phase Liberation Phase Liberation Phase Continued

Solvent Solvent Solvent Air

Low T

Low P

High T

High P

High T

Low P

Low T

Low P

(a) (b) (c) (d)

Polymer Polymer + Solvent

Figure 2.1 An illustration of the foaming process considered in the present work. In the implement-
ation phase, a polymer sample (a) is brought to high pressure and high temperature in a solvent
environment (b). The solvent diffuses into the polymer matrix until saturation is reached. In the
liberation phase the pressure is rapidly decreased, driving the mixture into a supersaturated config-
uration and allowing for the nucleation and growth of gaseous solvent bubbles (c). The temperature
is decreased before the bubbles are allowed to consolidate (d). In the evacuation phase (not shown),
the solvent in the bubbles diffuses into the environment, leaving air-filled bubbles behind.

2. (Liberation phase) The mixture is driven into an unstable configuration by decreasing
the pressure from high to low, providing conditions necessary for nucleation and
growth of blowing agent bubbles.

3. (Liberation phase continued) The temperature is decreased to below the melting or
glass transition to solidify the structure before the blowing agent bubbles are able to
consolidate or condense.

4. (Evacuation phase) The blowing agent is allowed to diffuse from the foam into the
environment.

An illustration of the foaming process can be found in figure 2.1.

The present work deals with the implementation phase only. Polymeric foaming re-
quires knowledge of of the Pressure-Volume-Temperature properties (PVT properties),
also known as equation of state properties, for the design and implementation of such ma-
terials. Knowledge of the phase equilibrium behaviour of polymer-blowing-agent mixtures,
referred to in the present work as polymer-solvent mixtures, is also requisite.
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2.3 Thermodynamics of pure fluids and mixtures

2.3.1 General thermodynamic principles

The way in which a thermodynamic system behaves and interacts is governed by the laws
and principles of thermodynamics. A system can interact with its surroundings, depending
on the manner in which they are either coupled or isolated. The most common system
interactions are work done on/by the system, heat exchanges with surroundings, and/or
mass exchanges with surroundings. Consideration of these interactions determines if a
system is open, closed, isolated, etc. In the thermodynamic study of materials, a system
is said to be described by a set of macroscopic properties which are referred to as state
variables. Further, the state of a system can be characterized using an extensive quantity
known as a thermodynamic potential, such as the internal energy U , the Helmholtz free
energy F , the Gibbs free energy G, the grand potential ΦG, etc. Potentials can be used to
calculate the flow of heat and work into and out of the system, with the choice of potential
depending on how the system is expected to evolve. In the same vein, potentials can be
used to calculate the relationship between the state variables in an equilibrium state.

For a thermodynamic system characterized by internal energy U and containing a set
of r thermodynamic coordinates, let the extensive variables of state be denoted Yi and the
intensive variables be denoted Xi where i � 1, ..., r. Let Yi and Xi be conjugate variables,
so that

Xi � �∂U
∂Yi



rYjjix

.

One of the central principles of thermodynamics is that the thermodynamic potentials
are derivable from the internal energy U via Legendre transformation [64], so that the k

th

potential is defined

ψk � U �
k

=
l�1

XlYl, (2.1)

or equivalently

ψk �
r

=
j�k�1

XjYj, (2.2)

where k $ r. The thermodynamic potentials are therefore first-power homogeneous func-
tions of the extensive variables, meaning that ψk�rλYix� � λ

1
ψk�rYix�. While equations

2.1 and 2.2 are general, the common thermodynamic potentials that are used in this work
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are defined in table 2.1. Here entropy S, volume V , and particle numbers rnix are ex-
tensive state variables and temperature T , pressure P , and chemical potentials rµix are
the respective conjugate intensive state variables. Each potential is associated with a set
of natural variables, which are determined from the fundamental thermodynamic relation
in combination with Legendre transformation. While the thermodynamic potentials are
first-power homogeneous functions of the extensive variables, this does not imply that these
same variables form the set of natural variables for the thermodynamic potential. In some
cases, one or more of these extensive variables is a function of the natural variables. The
complete set of natural variables for a given thermodynamic potential are referred to in
the present work as a set of thermodynamic coordinates.

Thermodynamic
potential

Equation
Natural
variables

Helmholtz free energy F � U � TS � �PV �<i µini T , V , rnix
Gibbs free energy G � U � PV � TS � <i µini T , P , rnix
Grand potential ΦG � U � TS �<i µini � �PV T , V , rµix

Table 2.1 Common thermodynamic potentials and their natural variables.

An equation of state establishes a relationship between the thermodynamic coordinates
when the system is at equilibrium, taking the form of an intensive state variable as a
function of extensive state variables [64]. In other words, the general form of an equation
of state is

Xi � Xi�rYix�.
In general, equations of state are derived from partial derivatives of the thermodynamic
potentials. Since the thermodynamic potentials are first-power homogeneous equations of
the extensive variables, this implies that the equations of state are zeroth-power homo-
geneous equations of the extensive variables, meaning that Xi�rλYix� � λ

0
Xi�rYix� [10].

Once again, the set of extensive variables does not need to coincide with the set of natural
variables, with one or more of the extensive variables being a function of the natural vari-
ables in such cases. For example, the present work makes use of the mechanical equation
of state

P � P �S, V, rnix�,
where the set rnix refers to the number of particles in a multicomponent system. If the
equation of state is derived from the Gibbs free energy in table 2.1, with natural variables T ,
P , and rnix, then the extensive variables S and V will be functions of the natural variables.
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In effect, the equation of state defines a surface in the thermodynamic coordinate space.
The system can only be considered in equilibrium if the current state lies on the surface.
Knowledge of all the equations of state of a system constitutes complete knowledge of its
thermodynamic properties [10]. It is of critical importance to note that the equilibrium
surface of a given system does not depend on which thermodynamic potential is used to
derive it [120–122]. This point is discussed further in Section 2.4.3. The nature of, and
relationships between, the state variables, thermodynamic potentials, and equations of
state, form the set of thermodynamic principles often referred to in the present work.

2.3.2 Common fluid properties

The properties of polymeric fluids can be derived from the thermodynamic potentials. The
common properties of interest for fluids include liquid-vapour equilibria, critical phenom-
ena, and PVT behaviour. The material properties that are most easily observable tend
to be the second derivatives of the thermodynamic potentials, known as thermodynamic
response functions [99]. The response functions are so called because they describe the way
in which a thermodynamic system changes in response to small variations in the variables
of state. A list of the most common response functions and their definitions can be found
in table 2.2.

2.3.3 Thermodynamic considerations for mixtures

In the thermodynamic study of mixtures, it is not strictly necessary to describe the prop-
erties of the system as a whole, but rather it suffices for some applications to describe the
properties of the system only with reference to the pure fluids [119]. Such quantities are
known as quantities of mixing. In examining the quantities of mixing, however, it is not
possible to gain information about the properties of the individual pure fluids [25]. The
purpose of this section is to show that the thermodynamic properties of mixing obey the
same thermodynamic principles described in Section 2.3.1, albeit with the properties of
mixing substituted for the properties of the fluid.

In general, quantities of mixing can be derived for any extensive parameter [64]. Let Y
be any extensive parameter of the mixture. The quantity of mixing of ∆Ymix is defined

∆Ymix � Y �=
i

Yi,pure, (2.3)

where Yi,pure is the corresponding parameter in the i
th

pure fluid under identical external
conditions.
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Property Relationship Description

Thermal
expansivity

αV �
1

V
�∂V
∂T

�
P
�

1

V

∂
2
G

∂P∂T

Establishes a relationship
between the heat added to
the system and the change
in temperature when
pressure is held constant.

Adiabatic
compressibility

βS � �
1

V
�∂V
∂P

�
S
� �

1

V

∂
2
F

∂P 2

Describes the rate of
change of the volume in
response to changes in
pressure when no heat or
matter is exchanged with
surroundings.

Isothermal
compressibility

βT � �
1

V
�∂V
∂P

�
T
� �

1

V

∂
2
G

∂P 2

Describes the rate of
change of the volume in
response to changes in
pressure when temperature
is held constant.

Isochoric heat
capacity

CV � T � ∂S
∂T

�
V
� �T ∂

2
F

∂T 2

Establishes a relationship
between the heat added to
the system and the change
in temperature when
volume is held constant.

Isobaric heat
capacity

CP � T � ∂S
∂T

�
P
� �T ∂

2
F

∂T 2

Establishes a relationship
between the heat added to
the system and the change
in temperature when
pressure is held constant.

Table 2.2 A list of commonly used thermodynamic response functions, which tend to be material
properties most accessible to observation.
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In mixtures, it is sometimes practical to deal with intensive mean molar quantities
rather than extensive properties. The mean molar quantity corresponding to Y is defined

Ȳ �
Y

<i ni
,

which is an intensive quantity. The partial molar quantity associated with Y is defined

Ȳi � �∂Y
∂ni



T,P,rnjjix

.

It can be shown that [64]

Y �=
i

Ȳini.

Finally, the molar fraction can be defined

xi �
ni
<i ni

.

Using these definitions, it is possible to show that [64]

∆Ȳmix � Ȳ �=
i

xiȲi,pure �=
i

xi �Ȳi � Ȳi,pure� . (2.4)

Using the definitions of equations 2.3 and 2.4 the free energy of mixing is defined

∆Ḡmix � Ḡ �=
i

xiḠi,pure,

where Ḡ represents the mean molar free energy of the mixture and Ḡi,pure represents the

molar free energy of the i
th

pure fluid. The free energy of mixing can further be divided
into an enthalpy of mixing and an entropy of mixing. The relation between these terms is

∆Gmix � ∆Hmix � T∆Smix �=
i

ni∆µi,

where ∆Hmix is the enthalpy of mixing and ∆Smix is the entropy of mixing [64].
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Ideal mixtures

An ideal mixture is one in which the components of the mixture behave as though they are
in their individual states [64]. Such mixtures are defined by their zero enthalpy of mixing
as well as their characteristic entropy of mixing.

The free energy of such a mixture is derivable from thermodynamic principles in com-
bination with the ideal gas equation of state PV � nkBT [64]. The entropy of mixing is
calculated to be

∆S̄mix,ideal � �kB=
i

xi lnxi, (2.5)

where i is the index over species. The molar fraction can be related to the pressure P by
Raoult’s law and Dalton’s law to be

xi �
Pi
P
,

where Pi is the vapour pressure of component i [64]. It can further be shown [64] that the
enthalpy of mixing is

∆H̄mix,ideal � 0.

This zero enthalpy of mixing is the direct result of the fact that there are no interactions
between particles [64].

Mixture classification

Real mixtures are often characterized by their degree of deviation from the ideal mixture
[64]. Such quantities are often referred to as excess quantities, and are defined

Wi,excess � Wi �Wi,ideal,

where Wi is any thermodynamic quantity. This practice dates to a time when the ideal
mixture was thought to be one to which all mixtures should conform [119]. The deviation
from the ideal is related to the character of interactions between the particles [119].

A regular mixture is one in which the system exhibits interactions between particles, but
the interactions are assumed not to be strong enough to affect the entropic considerations
[64]. This results in a system that has a non-zero enthalpy of mixing, but an entropy
of mixing identical to that of an ideal mixture. Regular solutions themselves represent
a type of idealized solution, as many real solutions are likely to exhibit non-zero excess
enthalpy and entropy under experimental observation [119]. A complete list of the mixture
classifications based only on excess enthalpy and entropy is found in table 2.3.
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∆Hmix,excess � 0 ∆Hmix,excess j 0

∆Smix,excess � 0 Ideal mixture Regular mixture

∆Smix,excess j 0 Athermal mixture General mixture

Table 2.3 The classification of mixtures with reference to the ideal mixture, where the ideal entropy
of mixing is given by equation 2.5 [119].

2.3.4 Common mixture properties

The common mixture properties of interest are heat and volume change upon mixing,
multicomponent phase equilibria for saturated mixtures, stability considerations for ho-
mogeneous mixtures, and upper critical solution temperature (UCST) or lower critical
solution temperature (LCST).

Consideration of solubility and swelling in saturated mixtures are especially important
for polymer foaming. Solubility is defined as the total mass fraction of blowing agent that
can be dissolved into the polymer matrix at saturation. Swelling is defined as the ratio of
the volume of saturated polymer-blowing-agent mixture to the volume of the pure polymer.
A list of common mixture properties and their definitions are found in table 2.4.

2.4 Principles of statistical mechanics

2.4.1 Foundation

Thermodynamics allows for connections between the material properties, but does not
allow the calculation of these properties independently of the others [119]. The relations
provided by thermodynamics are entirely independent of any consideration of the material,
and therefore cannot be expected to provide insight into molecular or atomic considerations
[119]. Statistical mechanics, on the other hand, concerns itself with the derivation of
material properties from particular, atomic, or molecular considerations [119]. Its original
purpose was to derive these properties at equilibrium, although it has since expanded
beyond its original scope [119].

Statistical thermodynamical theories begin with assertions about the structure, proper-
ties, forces, etc. of the constituent particles of a system [119]. These assertions are referred
to as a model of the constituent particles of the system. Generally, these assertions are
simplified in order to allow for more manageable treatment, making statistical mechanics
a study of idealized systems [119].
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Property Definition Description

Mean molar
heat of
mixing

∆H̄mix � H̄ �<i xiH̄pure,i

The difference in the
enthalpy of the mixture
and the sum of the
enthalpies of the pure
components.

Volume
change upon
mixing

∆Vmix � V �<i Vpure,i

The difference in volume of
the mixture and the sum of
the pure components.

Solubility χBA �
<BA
i niMi

<BA
i niMi�<

P
j njMj

The total mass fraction of
blowing agent that can be
dissolved into a polymer
matrix at saturation.

Swelling SW �
V �T,P,teq�
V �T,P,tini�

�
ρ
polymer

ρmix�1�mBA�

The ratio of the saturated
polymer-blowing-agent
mixture volume to the
volume of the pure
polymer.

Table 2.4 A list of common mixture properties and their definitions.

The purpose of statistical mechanics is manifold. One purpose is to gain insight into
the nature of the particles of a system of interest through comparison with experimentally
obtained properties [119]. Assertions are made about the constituent particles of a system
using a model, then statistical mechanical principles are applied to calculate material prop-
erties. Agreement with corresponding experimental properties is then used to justify the
assertions or, if they disagree, to refine the model [119]. The process is then repeated, pro-
ducing information about the physical system with each iteration [119]. Another important
purpose is to relate a particular property of a physical system to a particular property of
the constituent particles [119]. By constructing a model with this property and an equi-
valent model without, comparison of the material properties through statistical mechanics
can be used as evidence [119].

While thermodynamics describes the state of a system using the averaged thermody-
namic properties, as described in Section 2.3.1, statistical mechanics describes states with
much more detail [119]. For statistical mechanics, it is necessary to begin with a description
of the spatial coordinates, internal coordinates, velocities, etc. of each of the constituent
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particles of the system. For this reason, thermodynamic states are sometimes referred to
as macrostates, while such statistical mechanical microscopic states are referred to as mi-
crostates. While quantum mechanics contains bounds on the accuracy of such microstate
information, these bounds disappear in the classical limit [119].

Connecting thermodynamic properties to the microscopic description is done through
statistical averaging of microscopically described properties using Boltzmann thermody-
namic probabilities. At its core, statistical mechanics asserts that, at temperature T , the
probability of a system being in a given microstate that has total energy E is proportional

to e
�E©kBT , the Boltzmann factor [119]. The average value of a quantity Z is found using

the relation

�Z� � <i Zie
�Ei©kBT

<i e
�Ei©kBT

, (2.6)

where the sum is over all microstates and Zi is the value of the property in microstate i.
The sum in the denominator is of particular importance. It is a sum of the Boltzmann
factor over all states, known as the partition function. The partition function is defined to
be

Q �=
i

e
Ei©kBT , (2.7)

where Ei is the total energy of state i, and kB is Boltzmann’s constant. It can be shown
that the averaged energy �E� is equal to the thermodynamic energy U [119]. It can also he
shown that the Helmholtz free energy is related to the partition function by the equation

F � �kBT lnQ. (2.8)

While averaged thermodynamic properties can be determined for each quantity using equa-
tion 2.6, it is more typical in statistical thermodynamical theories to calculate only a
thermodynamic function such as the Helmholtz free energy in equation 2.8. All other ma-
terial properties are then calculated from the resulting thermodynamic function using the
principles of thermodynamics [119].

Since the thermodynamic properties are the result of averaged statistical mechanical
properties, then the probability that the system can be found away from those values,
known as thermal fluctuations, merits discussion. The probability of finding the system at
a fixed deviation from its thermodynamic average decreases with the number of particles
[119]. Generally, for systems with particles on the order of 1 cm

3
of liquid, the probability of

finding the system deviating observably from the average is negligible [119]. In other words,
the thermodynamic probability of the averaged state is overwhelming for macroscopic
systems, except under certain conditions, which are discussed further in Section 2.4.2.
This observation leads to convenient simplifying assumptions.
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2.4.2 Simplifying assumptions

In general, statistical mechanical equations for systems of interacting particles do not yield
easily to exact analytical solution, even for heavily idealized models [119]. This necessitates
the use of numerical methods, simplifying assumptions, or often both. Numerical methods,
such as Monte-Carlo methods, do allow for the calculation of properties of complex models
with fewer simplifying assumptions, but at a cost of greater numerical complexity [18].

Independent energy assumption

It is sometimes possible to split the total energy of a system into the sum of independent
parts [98, 119]. Such decompositions can be used to produce simplifying assumptions.
For example, let the total energy be divided into independent translational and internal
energies:

E � Etranslational � Einternal.

It follows that the partition function will then be similarly divided, with

Q �=
i

e
��Etranslational�Einternal�©kBT

� Qconfigurational �Qinternal,

and finally
F � Fconfigurational � Finternal.

The partition function associated with the translational degrees of freedom is known as the
configurational partition function, and is commonly the only one considered in statistical
mechanics of mixtures [119]. If it is assumed that the internal degrees of freedom of the
particles are not affected by their environment, then it can be assumed that the internal
energy of the molecules is the same in all configurations [119]. The permissibility of splitting
the energy into independent terms is not something statistical mechanics can determine
a priori. Rather, it can only be decided a posteriori through comparison of calculated
properties and observed properties [119]. It has been proposed that only the external, or
configurational, modes contribute to the PVT properties of polymeric liquids and mixtures
[100].

Mean field assumption

As mentioned previously, for systems with large numbers of particles, the system becomes
overwhelmingly likely to be found in its thermodynamic averaged state. This is because
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the most probable state contributes the largest term to the partition function [84]. For
extremely large systems of particles, the replacement of the logarithm of the sum over
states with the logarithm of the largest term is an acceptable approximation [119, 140].
Such approximations are known as mean field approximations.

In general terms, mean field theories reduce many-body problems to one-body prob-
lems by reducing interactions to an averaged effect on a single considered particle [18].
Such an approach neglects the effects of fluctuations [18], which is justifiable in many situ-
ations. Taking this approach also has the effect of neglecting correlations [13]. Mean field
assumptions, therefore, are justifiable in situations where fluctuations are not important
and correlations are very short-ranged. On the other hand, these approximations break
down when correlation lengths increase, such as near critical points [6, 13, 18, 92].

2.4.3 Ensemble equivalence

It is often argued from a thermodynamic standpoint that the potentials derived from the
microcanonical and canonical ensembles always yield the same predictions for equilibrium
properties [122]. This is indeed true if the thermodynamic potentials in table 2.1 are
assumed to obey the Legendre transformations outlined in Section 2.3.1 [121]. These
arguments tend to be related to one originally put forward by Gibbs in which the canonical
ensemble becomes identical to the microcanonical ensemble as the system volume tends to
infinity, thus implying that the ensembles produce the same equilibrium predictions in the
thermodynamic limit [122].

While exotic statistical mechanical systems lacking ensemble equivalence in the thermo-
dynamic limit have been studied by Touchette [121], these systems are beyond the scope of
the present work. Such systems do not obey the Legendre transformations between ther-
modynamic potentials, in violation of the principles of thermodynamics. Given the use of
these same principles to calculate all quantities of interest in the present work, disagree-
ment with these fundamental relations is considered impermissible. It is here required that
the theory exhibit equivalence in the thermodynamic limit in all ensembles, for example
the microcanonical, canonical, and grand-canonical ensembles.
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2.5 Statistical thermophysics of polymeric mixtures

2.5.1 Flory-Huggins theory

The problem of describing polymer-solvent mixtures in the case of large polymer-solvent
molecular size disparity was considered independently by several scientists, including P.
J. Flory [26], M. L. Huggins [54], and others [57]. The theory takes into consideration
properties of the mixture relative to the pure fluids, hence the Gibbs free energy calculated
corresponds to the free energy of mixing, rather than the free energy of the fluid.

The Flory-Huggins (FH) theory describes a binary mixture of polymer and solvent
species of very different size. The model behind the theory begins with a lattice populated
by segments of each species, with solvent molecules occupying a single lattice position and
polymer molecules occupying several [50]. The volume of a single lattice site is determined
by the solvent species, which in turn affects the level of coarse-graining of the polymer
chains. Segments of a polymer molecule occupy sites in a “random walk” [50]. The
model asserts that interactions are restricted to nearest-neighbour. Letting the subscript
1 represent the solvent and 2 the polymer, interaction energies are fixed to be ε11 between
solvent segments, ε22 between polymer segments, and ε12 between segments of polymer and
solvent. The relative interaction energy is defined to be ε � ε11 � ε22 � 2ε12.

Importantly, the statistical arguments produced from the model assume random mix-
ing, after the Bragg-Williams approximation [50]. In the Bragg-Williams approximation, it
is assumed that the molecules are randomly distributed over the lattice [50]. The random
mixing assumption ignores correlations, and belongs to the family of mean-field assump-
tions discussed in Section 2.4.2.

The model of the system can be used to generate a free energy of mixing [50]. The
expression for the mean molar Gibbs free energy of mixing is given by

∆Ḡmix

kBT
� φ1 lnφ1 �

φ2

α2
lnφ2 � χ12φ1φ2,

where φ1 and φ2 correspond to the volume fractions occupied by solvent and polymer,
respectively, and α2 corresponds to the ratio of the volume of a polymer to the volume
of a solvent [64]. The interaction parameter is related to the relative segment interaction
energies by

χ12 �
zε

kBT
,
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which is known as the “mixing parameter” [50]. It should be noted that, in the special
case that ε11 � ε22 � 2ε12, the mixing parameter vanishes and the theory reduces to the
ideal mixture discussed in Section 2.3.3.

Despite the appearance of entropic terms similar to those of the ideal mixture as well
as an additional apparently enthalpic term, the classification of the mixture depends on
the nature of the mixing parameter χ12. Normally, the interaction parameter ε is taken
to be temperature-independent, implying that it does not contain entropic considerations
and is purely enthalpic in nature. In such a case, the Flory-Huggins model yields a theory
of the regular mixture type. In practice, while the Flory derivation originally assumed the
segment interactions led purely to a heat of mixing, there is no a priori justification for
that assumption [27]. On the contrary, there may be a contribution to entropy from effects
of interaction on the orientation of the components [27]. In this case, the relative binary
interaction may contain an entropic component. This would mean it would be possible for
the interaction energy to be broken into an enthalpic and an entropic component of the
form

ε � εH � TεS.

In general, therefore, the mixing parameter takes the form of a free energy, with the most
general interpretation taking both the enthalpic and entropic portions to be functions of
composition. Given this interpretation, FH would not be considered a theory of the regular
mixture type, but rather a general mixture.

The Flory-Huggins theory has been used with some success to calculate quantities of
mixing in a qualitative or semiquantitative way [50]. Quantities that can be derived from
the theory include heats of mixing, stability of mixtures, as well as upper- and lower-
critical solutions temperatures.

Because of its consideration only of quantities relative to the pure components, it is
unable to provide insight into the pure fluids. Indeed, the theory yields a uniformly zero
free energy if the molar fraction of either component is taken to be one. Since the lattice is
by nature incompressible, the volume and particle number are not independent thermody-
namic variables, meaning that the model does not allow for Pressure-Volume (PV) effects
[50]. This means that FH does not include a capacity to describe volume changes upon
mixing, an important consideration in the polymer foaming industry [67].

2.5.2 Free volume theory

Unlike solids, fluids feature molecules that can migrate thermally over macroscopic dis-
tances [33]. This migration is often attributed to interstitial space between molecules, al-
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lowing them to move freely [33]. The measure of this space is known as “free volume”. No
such consideration is included in a molecular theory of classical particles in a close-packed
configuration, such as the Flory-Huggins theory. A model incorporating free volume is said
by Fujita to feature a hole volume assumption [33]. In keeping with the language of the
present work, it is referred to here as a hole volume assertion and is expressed as follows:

� (Hole volume assertion) There exists interstitial space in the liquid not occupied by
the cores of constituent molecules.

This assertion is common to all free volume theories, such as the Fujita [32], Vrentas-
Duda [130–132], and Fox-Flory [30] theories, which differ only in their treatment of this
volume [33]. Free volume theories allow for the calculation of diffusion equations in liquids
[32, 33, 130, 131] as well as provide a quantitative treatment of glass transitions [14, 30, 123].

2.5.3 Sanchez-Lacombe theory

Molecular theory of solutions

The Sanchez-Lacombe (SL) theory is a molecular theory of solutions that expands on the
earlier Flory-Huggins lattice-fluid theory by incorporating free volume. Free volume is
assumed to be entirely the result of lattice vacancies, as opposed to being incorporated
into lattice cells as in the Flory-Orwoll-Vrij (FOV) theory [28, 29, 100]. Importantly, the
inclusion of free volume allows the inclusion of PV considerations in the lattice fluid model.
The theory is applicable to general liquid and vapour solutions, and predicts a first-order
phase transition, volume changes upon mixing, as well as the complete phase behaviour
of both pure fluids and fluid mixtures [103]. The details of the theory are outlined in two
separate papers: a paper describing the pure fluid case [104] and a paper expanding the
theory to multicomponent fluids [66]. Due to inherent differences in the pure fluid and
multicomponent fluid theories, it is helpful to parallel the original presentation by Sanchez
and Lacombe, first outlining the model for pure fluids, then expanding the pure fluid model
to include multiple species. This is done to highlight the difficulties of such an expansion.

In the SL pure fluid construction [104], the system is modelled by a lattice with co-
ordination z and per-site volume v

�

. The system is composed of n molecules each divided
into r segments occupying a site on the lattice, as well as n0 lattice vacancies known as
“holes”. The molecules are assumed to be linear or branched, with each interior segment
having z � 2 nonbonded nearest neighbours and 2 bonded neighbours. Chain ends have
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z � 1 nonbonded neighbours and 1 bonded neighbour. The model asserts that the close-
packed volume of a molecule, given by rv

�

, is independent of pressure and temperature. It
should be noted that while the statistics are derived under the assumption that molecules
have either linear or branched structures, this requirement is eventually relaxed, with the
molecules treated simply as groupings of segments. Since the volume of a lattice site is v

�

,
and holes are assumed to be vacant lattice sites, then it follows that the volume of a hole
is v

�

. Interactions are restricted to nearest-neighbour, nonbonded segments and given a
termperature-independent interaction energy ε. Bonded segment-segment, segment-hole,
and hole-hole pairs do not interact. Molecular interactions are characterized by rε

�

, where
ε
�

� zε©2 is the energy required to create a lattice vacancy. A pure fluid is completely
characterized by the molecular model parameters ε

�

, v
�

, and r or equivalently the ther-
modynamic scaling parameters T

�

, P
�

, and ρ
�

. The molecular and thermodynamic para-
meters are related by T

�

� ε
�©kB, P

�

� ε
�©v�, and ρ

�

� M©rv� (or V
�

� nrv
�

), where
M is the molecular weight of the molecule.

An essential feature of the model merits comment before discussion of multicomponent
fluids begins. While not explicitly stated, it is implicit in the derivation of the pure fluid
SL-EOS that the volume v

�

is independent of temperature and pressure. This it also
implied from the treatment of v

�

as a parameter that characterizes the pure fluid, with the
parameter treated as constant in table I of the pure fluid paper [104]. Therefore changes
in free volume due to changes in temperature and pressure correspond only to changes in
the number of holes.

Mixing rules

Scaling the pure fluid to a multicomponent fluid is for the most part straightforward, as
most model assertions are readily scaled to multiple species [104]. The most obvious dif-
ficulty is the population of a mixture lattice with elements of pure component lattices of
different characteristic volumes. This issue is a direct result of the hole volume in the pure
fluid being constant and characteristic of that fluid. The multicomponent fluid charac-
teristic volume should adopt the hole volumes of each of the disparate pure component
values in each of the pure fluid limits in order for the theory to be internally consistent. To
this end, the characteristic volume is taken to be an average, with all parameters defined
per lattice site requiring translation from the pure fluid into the mixture. The fluid is
assumed to be composed of molecules of species i, each with a number of molecules ni.
Holes are once again associated with the subscript 0. For clarity, is assumed that the setrnix � rni ¶ i j 0x is the set of the number of molecules of each species in the system,
excluding the number of holes n0.
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The set of rules for translation into the mixture is referred to in the SL paper [66]
as “combining rules”, but referred to in the much of the literature as “mixing rules”.
Some mixing rules are derived, but others are arbitrary in nature [66, 105]. For the sake of
generality, derived mixing rules are expressed here explicitly where possible, while arbitrary
mixing rules are only outlined.

The characteristic lattice volume v
�

in the mixture is taken to be some average of those
of the pure components [66]. It is stated that this is, in general, some function of the
characteristic volumes of the pure components and the composition of the mixture [66],
implying the characteristic volume has the form of a function

v
�

� v
��rv�i x, rnix�,

where v
�

i is the lattice characteristic volume in the pure component i. This mixing rule will
be referred to as the volumetric mixing rule. As stated in the description of the model, the
close-packed volume r

0
i v

�

i is preserved for each pure component, where the superscript 0
denotes a value for the pure fluid. It follows from this assertion and the volumetric mixing
rule that the number of lattice sites occupied by a molecule of species i in the mixture is
given by

ri � r
0
i �v�iv�
 .

In lattice terms, this is tantamount to changes in composition leading to changes in the
level of coarse-graining of the polymer molecules. Due to the self-similar nature of polymer
molecules, changes in the level of coarse-graining should have no effect on the physical
results provided that the segment size is large on the lengthscale of a monomer and small on
the lengthscale of the polymer itself [102]. While not typically considered in the literature,
this should be taken into account when studying mixtures of polymers, especially those
of very diverse size and characteristic volume. Table 2.5 gives a selection of volumetric
mixing rules found in the literature.

The definition of the averaged characteristic energy ε
�

, not originally considered a
mixing rule in the original publication [66], was later enforced in order for the cohesive
energy density to be consistent between pure and multicomponent fluids [105]. This mixing
rule, which will be referred to as the energetic mixing rule, is therefore derived depending
on the specific form of the volumetric mixing rule. This dependence on the volumetric
mixing rule is a result of the characteristic energy being defined as the interaction energy
per segment of volume v

�

, the segment size being subject to mixing rules. In general, the
characteristic energy will be a function of the pure fluid interactions ε

�

ii, the pair interactions
ε
�

ij where i j j, as well as the composition rnix. Dependence on the set of characteristic
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Source Volumetric mixing rule Justification

Sanchez and
Lacombe [104]

v
�

� <ψiv
�

ii

Result of constraining the
total number of pair
interactions in the mixture
to be equal to the sum of
those of the component in
their pure states. Creates
surface area effect.

Poser and
Sanchez [96]

v
�

� <ψiv
�

ii �<<j$j ψiψjv
�

ij

Linear mixing rule with
quadratic correction.
Models hole volume as
expansion of unknown
function of composition.
Keeps first- and second-
order terms.

Table 2.5 A selection of volumetric mixing rules proposed in the literature as well as their sources
and justifications. Here, ψi represents the occupied segment fraction.

volumes of the pure fluids rv�i x is only indirectly through the definitions of the pure fluid
interactions. In general, the energetic mixing rule has the form

ε
�

� ε
��rε�iix, rε�ijx, rnix�.

It should be noted that the definition of this characteristic energy differs here from that
used later on in Chapter 3 due to differences in their respective definitions.

Sanchez-Lacombe Equation of State

Derivation of the SL-EOS relies on lattice statistics, outlined by Guggenheim [41, 43, 44],
in order to calculate the configurational partition function of the canonical system under a
mean field random mixture assumption. The Guggenheim approach assumes “that when
two sites are not occupied by the same molecule the probabilities of being occupied or
vacant are independent for the two sites” [44]. In standard form, the Gibbs free energy
and equation of state are then calculated from the configurational partition function. It
should be noted that the expression for the number of accessible states is applicable only
to linear and branched r-mers, with cyclic r-mers requiring a different formula [66].
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The SL-EOS takes the form of the equation

P̃ � ρ̃
2
� T̃ �ln�1 � ρ̃� � �1 �

1
r
 ρ̃� � 0, (2.9)

where the reduced variables of state are defined in terms of the characteristic thermody-
namic parameters P̃ � P©P �

, T̃ � T©T �

, and ρ̃ � ρ©ρ� � V
�©V . The theory gains a

corresponding states principle in the limit r ��.

Determination of parameters

The pure fluid is fully characterized by a set of three parameters, as described previously,
as well as the molecular weight. The three parameters can either be the set of molecular
parameters r, v

�

, and ε
�

, or equivalently by the set of thermodynamic parameters P
�

, T
�

,
and ρ

�

(or V
�

) [104]. These parameters are obtained from comparison with experimental
observation, typically PVT data [104]. Sanchez and Lacombe provide a method of determ-
ining these molecular parameters with the use of readily available vapour-pressure data
for gases [104]. For polymers, where such data is not possible due to the large size of the
molecules, the data can be calculated from PVT data.

Mixtures are fully characterized by the set of pair interaction parameters rε�ijx where
i j j. These parameters are obtained from comparison with experimental mixture data,
typically from thermodynamic data obtained from binary mixtures of each pair [66].

Success of the SL theory

For pure fluids, the SL theory predicts the first-order liquid-vapour phase transition for
many fluids from the triple point to the near the critical point, PVT data in the single-phase
liquid and vapour regions as well as in the supercritical regime [104]. It yields successful
predictions for thermodynamic response functions such as isothermal compressibility and
thermal expansivity. It also also agrees well with predecessors, such as the VdW fluid,
arriving at the same result for the second virial coefficient [104].

In mixtures, SL theory has successfully been applied to binary as well as ternary fluid
mixtures at low pressures. It has been applied with some success to predict spinodal
curves, binodal curves, lower critical solution temperature and/or upper critical solution
temperature for many fluids [66, 105].
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Limitations of the SL theory

The assumptions made in order to achieve an analytical expression for the partition func-
tion give rise to several limitations that merit being made explicit. Limitations also arise
from the simplicity of the molecular treatment.

It is well known that mean-field theories break down near second-order phase trans-
itions. As such, the SL theory is not expected to yield accurate results near the critical
point, due to the importance of correlations in that regime. Indeed, in their determination
of molecular parameters using vapour-pressure data, SL deliberately choose not to include
experimentally obtained data within 15 � 20

`

C of the critical point [66].

Since SL theory does not contain consideration of internal molecular degrees of free-
dom, it should not be expected to produce accurate predictions of thermodynamic quant-
ities dependent on them [104]. For example, SL theory does not accurately describe heat
capacities. In fact, refinements to the theory that include consideration of a flexibility
parameter δ are deliberately ignored by SL, due to the fact that such considerations do
not contribute to the PVT properties predicted by the theory [66].

2.5.4 Neau correction

In her 2002 paper, Neau [88] found that the previously used methods for calculating phase
equilibria were thermodynamically inconsistent. Wherever characteristic lattice volumes
differ, such as under mixing rules, the chemical potentials generated from the configura-
tional partition function can not then be used to perform equilibrium calculations due to
differing reference values [88].

If it is assumed that the the equations of state calculated from the configurational par-
tition function match those calculated from the canonical partition function, then it follows
that phase equilibria can be calculated using fugacities rather than chemical potentials [88].
Fugacities are defined as effective partial pressures, providing an alternative to chemical
potentials for the purpose of calculating phase equilibria [42, 64]. Fugacity coefficients can
be derived from the equation of state by integration, using the ideal gas as reference [88].

The foundation of this approach is that the partition function calculated from the
lattice statistics is not the canonical partition function Q, but the configurational partition
function Qconf [88]. If consideration of the incompressibility of the lattice is temporarily
put aside, these two partition function are generally related by the equation

Qconf�T, V, n0, rnix� � Q�T, V, n0, rnix�
Qint�T, n0, rnix� ,
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where Qint corresponds to the internal degrees of freedom of the canonical partition func-
tion. The Neau correction requires that

�∂Qint�T, n0, rnix�
∂V



T,rnix

� 0.

While this argument is sound for a typical canonical ensemble, special consideration
must be made for incompressible systems that include holes. Incompressibility is a con-
straint on the system, establishing a relationship between the total volume and the number
of mers given by V � �n0 �<i rini�v� [66]. On the surface, incompressibility seems to be
at odds with the typical canonical ensemble assumption that volume and particle number
are independent. Since the set rnix and the volume V are assumed to be independent
variables in the canonical ensemble, incompressibility implies that the number of holes is
a function of the total volume, or n0�V �. This means that in reality, Q � Q�T, V, rnix�
and Qconf � Qconf�T, V, rnix�. As a consequence of the volume dependence of the number
of holes, it must be that

�∂Qint�T, n0�V �, rnix�
∂V



T,rnix

j 0.

This result implies that the equation of state derived from the canonical partition function
will be different from that derived from the configurational partition function. It therefore
follows that the fugacities cannot be used to calculate phase equilibria, as postulated by
Neau.

2.5.5 Hong-Noolandi construction

In 1981, Hong and Noolandi put forward a statistical mechanical theory describing in-
homogeneous mixtures of polymers and small molecules [52]. The theory is based on the
earlier works of Edwards [24] and others, dealing with the statistical mechanics of poly-
mers featuring excluded volume [24, 31, 48, 49]. In the work of Edwards [24], the polymer
molecule is modelled as a freely-jointed chain, with links of a fixed length l and excluded
volume v. The Hong-Noolandi (HN) theory expands on these earlier models to incorporate
solvent molecules, treated as single-segment “polymer” molecules [52].

HN theory uses a functional integral over density functions to calculate the partition
function, under the constraint that there is no volume change locally under mixing [52].
The theory applies self-consistent field theory (SCFT) to derive their results, allowing
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for the calculation of structures and interfacial properties for many polymer and solvent
systems [52].

It was noted in the original publication that in the limit of homogeneous density, the
theory reduced to that of Flory-Huggins due to the similarity in molecular treatment [52].
In short, the excluded segment volume and freely-jointed chain treatment, combined with
the disallowed volume change upon mixing, parallels the incompressible lattice “random
walk” segment treatment of FH.

In a second publication, Hong and Noolandi expand upon their earlier theory, adding
a solvent species representing vacancies [53]. It was noted in this second construction that
the theory produced an equation of state identical to that of SL in a homogeneous limit
[53]. While it had earlier been observed that the Flory entropy of mixing is derivable
without reference to lattice statistics [57], this result helped to prove that the SL-EOS was
similarly derivable without a lattice construction [106].

2.5.6 Alternative theories

A comprehensive discussion of theories for polymer fluids and mixtures would be a prohib-
itively large task. Rather, the present work considers alternative theories to be only those
that provide treatment of a comparable set of material properties derived from theories in
line with the original motivation outlined in Chapter 1. As even the task of describing these
theories comprehensively would be much too great, only a selection of the equation of state
theories are presented here. Many of the statistical mechanical theories for polymeric fluids
found in the literature can be broadly organized into families based on their treatment of
molecular considerations [40, 100]. Within the family of lattice fluid theories, cell theories
such as the Flory-Orwoll-Vrij (FOV) equation of state [28, 29] and cell-hole theories such
as the Simha-Somcynsky (SS) equation of state [56, 113] offer alternative treatments of
free volume. Outside of the lattice fluid family, cubic theories such as the Peng-Robinson
(PR) equation of state [94] and perturbation theories such as the perturbed-chain self-
associating fluid theory (PC-SAFT) [38, 39] generate equations of state that are simpler
and more complex than SL, respectively.

Flory-Orwoll-Vrij theory

In the Flory-Orwoll-Vrij theory, as with all cell theories, molecular segments are assumed
to occupy discrete spaces within a close-packed structure [28, 29, 100]. Like the SL theory,
FOV imposes structure on the fluid, taking the form of volume elements in a simple square
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lattice. In contrast with SL, however, the earlier FOV theory does not contain lattice va-
cancies. Rather, free volume is treated via vacant space within each cell [28, 98]. Segments
are assumed to occupy the centre of their cell, ignoring fluctuations in line with other mean
field theories. In comparison with SL theory, the FOV model has been found to perform
much more poorly over a large pressure range. This is attributable to the imposition of
the solid-like lattice on the fluid, which tends to underestimate entropy [113].

Simha-Somcynsky theory

The Simha-Somcynsky theory is a hybrid of the earlier cell model treatment and SL theory
[56, 113, 137]. Like the cell theories that preceded it, each segment is assumed to occupy a
cell that also contains vacant space [113]. The free volume is split, however, between contri-
butions from each cell (“solidlike”) as well as cell vacancies (“gaslike”) [113]. The cells are
assumed to be arranged in a hexagonal close-packed configuration with a Lennard-Jones
6-12 potential characterizing the interactions between segments. Unlike SL theory, the SS
theory considers nonnearest neighbour interactions [100]. Each pure fluid is characterized
by four parameters: a chain length parameter s, a parameter characteristic of the external
degrees of freedom per chain c, a parameter characterizing the maximum attractive energy
ε
�

, and a characteristic repulsion volume v
�

, although an additional constraint exists re-
lating s and c [56]. For chain-like molecules, 3c©�s � 3� � 1 and for spherical molecules
c � s � 1 [56]. The relationship dictating the relative contributions to free volume from
gaslike and solidlike modes takes the form of an arbitrary equation, with variants chosen
by comparison of theory with experiment [113]. In order to extend the pure fluid theory to
a multicomponent mixture, SS applies mixing rules, with each of the parameters becoming
a compositional average of those of the pure components [56].

The equation of state is derived from the configurational partition function using a
random mixture mean field assumption [56]. Since the equation of state is a function not
only of the reduced variables of state, but also a “structure function” y, material properties
are found by simultaneously solving the equation of state as well as an additional equation
minimizing the partition function as a function of occupied sites [56, 100, 113].

The SS-EOS performs extremely well in comparison to many other lattice-based theories
[100]. This improved performance comes at a price of greatly increased complexity. In
comparison with SL theory, the divided free volume and nonnearest neighbour interactions
introduces much greater complexity to the molecular model. In addition, rather than
merely satisfying the equation of state, equilibrium calculations should simultaneously
satisfy the equation of state and structure function conditions. In practice, this requires
the use of nonlinear optimization techniques. One could also argue that the arbitrary
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division of the free volume, tuned through comparison with experiment, constitutes an
additional degree of freedom.

Peng-Robinson equation

The Peng-Robinson equation of state belongs to the cubic equation of state family of
theories. The theory is based on expanding the earlier van der Waals equation of state
to describe multicomponent fluids, and as such eschews statistical mechanical methods by
assuming a priori knowledge of the form of the equation of state [94]. At a microscopic level,
the theory treats molecules as interacting hard spheres [94]. Each pure fluid is characterized
by two parameters: one characterizing the intermolecular attraction force having units
of energy and the other characterizing the the size of the hard-spheres having units of
volume [94]. In general, the hard-sphere parameter is taken to be a constant, whereas
the interaction parameter is taken to be a function of temperature [94]. Since parameter
estimation procedures for cubic equations of state typically require knowledge of critical
parameters, the usual parameter estimation procedures require modification for polymeric
fluids [40]. The pure fluid equation of state is expanded to allow for multicomponent
mixtures using mixing rules on both parameters [94].

Compared to SL theory, the PR approach offers much greater simplicity, albeit at a
cost of accuracy due to the more simplistic treatment of polymer molecules [40]. The PR-
EOS allows for the calculation of PVT properties and phase-equilibria in both pure fluids
and multicomponent fluid mixtures, especially for vapour pressures and densities [40, 94].
On the other hand, predictions of liquid densities, while better than the preceding cubic
equations of state, have limited accuracy for large molecules [94].

Perturbed-chain self-associating fluid theory

The perturbed-chain self-associating fluid theory differs from the lattice-based theories in
terms of statistical mechanical method and molecular model sophistication. Perturbation
theories are based upon the expansion of the Helmholtz free energy in terms of inverse
temperature about that of a reference system [38]. In PC-SAFT, the fluid is composed
of spheres subject to a modified square-well interaction [39]. Pure fluids are fully char-
acterized by four parameters: a segment diameter σ, an attractive interaction parameter
ε, the number of segments per chain m, and a hard-core repulsion length s1, although an
additional constraint typically sets s1©σ � 0.12. In the modified square-well, the potential
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is a step-wise function of the radial distance of the form [39]:

u�r� �
~����������������

� r $ �σ � s1�
3ε �σ � s1� & r $ σ
�ε σ & r $ λσ

0 r ' λσ

The reference fluid is taken to be a fluid of hard-sphere chains [38, 39]. The central
model feature that reflects real molecular behaviour is the soft repulsion exhibited when
r $ σ [39]. The equation of state is derived from the Helmholtz free energy, which is in turn
derived from the hard-chain free energy calculated in earlier works [39]. The derivation is
not discussed here in detail as it is beyond the scope of the present work. Just as with
the cubic and lattice theories, mixing rules are used to extend the pure fluid theory to a
multicomponent fluid, although a rigorous expansion is in principle possible [39].

In addition to the pure fluid parameters, a set of model parameters are required to make
predictions of material properties. PC-SAFT contains 24 model parameters in addition
to the three parameters required for each pure component [39]. These model parameters
are determined from comparison with experimental pure fluid data, and are taken to be
universal [39].

The SAFT theories tend to outperform SL theory predictions in all thermodynamic
ranges [40]. PC-SAFT, however, requires the simultaneous satisfaction of a large set of
nonlinear equations in order to make predictions, which in turn requires the use of nonlinear
optimization techniques that must be performed numerically at great computational cost.
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Chapter 3

Theory

3.1 Introduction

In statistical thermodynamics, averaged system properties, known as thermodynamic prop-
erties, are calculated using Hamiltonian mechanics and combinatorics derived from a mo-
lecular model. In general, modern statistical thermodynamical theories arrive at conclu-
sions about materials by first developing a model for the constituent particles based on
theories about the nature of molecules, then using statistical mechanics to derive one of
the thermodynamic functions, then using thermodynamic principles to further derive the
other properties [119].

Use of thermodynamics in the procedures of statistical thermodynamics implies that
the resulting theories should agree with the older and independently derived principles and
laws of thermodynamics within its domain of applicability.

The statistical considerations require knowledge of the states accessible to the system.
In order to facilitate the enumeration of states in the statistical mechanical construction,
it is necessary to make some assumptions about the structure of the system, generally as
one of the aspects of the molecular model. This requirement is inherently more difficult to
satisfy in models of amorphous fluids than it is in models of crystalline solids. Models in
the lattice fluid family, as the name implies, satisfy the requirement by imposing a regular
structure on the amorphous fluid. Such an assumption comes at a price, as modelling an
amorphous fluid with a lattice will as a rule tend to underestimate the number of possible
configurations [82].

Success of the model is indicated, although not proven, by agreement between calculated
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and observed properties [119]. Violation of the principles or laws of thermodynamics implies
falsification of the theory.

It is useful to split the discussion of the model into a pure fluid portion and a mul-
ticomponent fluid portion, as Sanchez and Lacombe had done in their original publications
[66, 104, 105]. The primary reason for this division is that, while the two theories are not
in and of themselves incompatible, the application of mixing rules to the multicomponent
theory heralds a departure from the pure fluid theory’s treatment of free volume, the signi-
ficance of which has not fully been appreciated. This is evidenced by the fact that mixing
rules introduce thermodynamic inconsistencies to the mixture theory that are not present
in the pure fluid theory. A more detailed discussion of the model differences is found in
Section 3.4 and a discussion of mixing rules is found in Section 3.7.

The chapter begins with the pure fluid and mixture theories treated as distinct, re-
conciling them only in due course. Next, contact is made with the Sanchez-Lacombe
equation of state by identifying analogous model parameters, followed by a discussion of
the problematic mixing rules and their alternatives. In the absence of mixing rules, spe-
cial considerations are taken to translate the constituent pure fluid parameters into the
multicomponent fluid theory, followed by the outlining of parameter estimation proced-
ures. Finally, the chapter is concluded with procedures for calculating the composition of
saturated fluid mixtures necessary for polymer foaming applications.

3.2 Description of the pure fluid model

The fundamental assertions of the pure fluid theory are reduced to elementary statements
and presented here in an order convenient for discussion. Comparison with the lattice-
centric language in the SL paper is found in Appendix A. The model assertions are:

1. (Segment excluded volume) The fluid is composed of polymer molecules each divided
into N equal segments of volume v that cannot overlap.

2. (Preserved close-packed volume) The volume occupied by a polymer molecule is con-
stant, given by the product of the quantities Nv, and is a characteristic of a given
polymer species.

3. (Short-ranged segment interaction) Interactions are limited to those between polymer
segments only. The strength of the interactions are assumed to be temperature- and
pressure- independent. Interactions are short-ranged, so that they become negligible
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beyond a segment size. Such interactions are a characteristic of a given polymer
species.

4. (Free volume partition) The fluid contains free volume not occupied by molecular
segments. The free is volume partitioned into equal segments, each having a volume
of v0. These segments are referred to as “holes”.

5. (Hole character) Holes are treated as a distinct chemical species rather than simple
vacant space. The species contains translational degrees of freedom only.

6. (Incompressibility) The system of polymer molecules and holes is assumed to fill all
space, so that if a given location is not occupied by a polymer segment, it is occupied
by a hole.

7. (Constant hole volume) The volume of a hole v0 is constant and a characteristic of
a given polymer species. Changes in free volume correspond solely to changes in the
number of holes.

It is worth mentioning that these assertions do not address several details that may
typically be included when modelling polymers. These should not be viewed as oversights,
but rather deliberate omissions made in accordance with the motivations impelling the
theory (see Section 1.1). For example, no mention is made of the structure of the polymer
molecules. Indeed, Sanchez and Lacombe include rudimentary considerations of polymer
structure, symmetry, and flexibility into their model [104]. However, the internal degrees
of freedom, as formulated in their construction, did not contribute to the ultimate results
[66, 104], likely due to the consideration of only the configurational portion of the partition
function via lattice statistics. Rotational, vibrational, and other internal degrees of freedom
are not considered in their construction at all, leaving only translational degrees of freedom
for each chemical species. Since the aim of this current work is to yield an off-lattice
construction of the model, producing a theory of equivalent simplicity, such degrees of
freedom are similarly ignored here.

As will be discussed in greater detail later on, it is assumed that the model need not
be limited to polymer macromolecules. Small molecules can be represented by trivially
setting N � 1. Further, in the homogeneous limit, small molecules and oligomers of equal
size produce identical results in terms of translational entropy. It should also be noted that
in the homogeneous limit, the requirement that segments do not overlap is relaxed, with
the segment excluded volume assertion enforced only in an ensemble averaged manner.

The SL theory for pure fluids was conceived to describe PVT behaviour in the single
phase region and to describe first-order liquid-vapour phase transitions from the triple point
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to the critical point [104]. It is just as important to note its limitations as its purpose, in
order to avoid misinterpretation of results. The limitations of the theory can be broadly
categorized into two distinct sources: limitations due to details not considered in the model
and limitations due to approximations for mathematical tractability.

Keeping track of the simplifying assumptions made in the pursuit of desired properties
can be of great importance. For example, Sanchez and Rodgers described a method for
determining the solubility of solvent in a polymer-solvent mixture by invoking the use of
Henry’s law [107]. To that end, they required that the mass fraction of solvent absorbed
into the polymer be small, which is true for the coexistence of a gaseous solvent phase
and mixture phase at low pressure. Such an assumption may break down in the case of a
supercritical solvent phase at high pressure, necessitating the abandonment of the resulting
equations in favour of other avenues. For this reason, all assumptions used in this work
are clearly marked and tracked. For the purpose of clarity, all assertions that together
form the essential components of the model are labelled “assertions”. All assertions that
do not form essential components of the theory, but whose purpose is primarily for the
tractability of the mathematics, are labelled as “assumptions” and marked at the points
in the derivations where they are used.

As an example of the former, the original SL model does not contain effective consid-
eration of internal degrees of freedom. As such, it is expected to be deficient in predicting
thermodynamic quantities that are dominated by these considerations, such as heat capa-
city [104].

As an example of the latter, the mean-field approximation applied to the partition
function introduces the assumption that correlations are unimportant and can be ignored.
This assumption limits the theory to conditions where correlations are unimportant despite
the fact that this is not inherent to the molecular model.

3.3 Statistical thermodynamics of pure fluids

3.3.1 Partition function based on the canonical ensemble

The thermodynamic properties of the system are derived from the model assertions by
generating a partition function. Several mathematical expressions for important quantities
are created to describe the microscopic state of the fluid. Based on both the segment
excluded volume and free volume partition assertions, it is possible to define an expression
for both a number density and a volume density for the segments of the polymer species and
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the holes, denoted 0. Let it be assumed that there are n polymer molecules and n0 holes in
the system. If the set of positions of the centres of holes is defined as rr0x � rr0,j ¶ j " n0x,
then it is possible to define a number density and a volume density function as

ρ̂0�r� � n0

=
j�1

δ�r � r0,j�
and

ϕ̂0�r� � v0ρ̂0�r�, (3.1)

respectively, where δ is the Dirac delta function, v0 is the volume occupied by a hole and
r0,j is the position of the centre of hole j.

Similarly, if the set of the centres of the segments of the polymer species is defined asrrx � rrj ¶ j " nNx, then let a number density and volume density be defined

ρ̂�r� � nN

=
j�1

δ�r � rj�
and

ϕ̂�r� � vρ̂�r�, (3.2)

where n represents the number of molecules, N represents the number of segments per
molecule, and v represents the volume occupied by a segment. It follows from the free
volume partition assertion that N0 � 1 for the holes.

Each polymer molecule being composed of N segments, it is also possible to define the
geometric centre of each molecule by summing the positions of the segments. Since the
segments are identical, this also corresponds to the centre of mass of each molecule. Let
the set of the centres of mass of the molecules be defined rrcmx � rrcm

j ¶ j " nx. Each
polymer molecule may also be associated with a momentum, defined as the momentum of
the centre of mass. Let the set of molecular momenta be defined rpcmx � rpcm

j ¶ j " nx.

The partition function of a classical continuous system takes the form of an integral
over phase space for each independent particle. Therefore, making use of equations 2.7,
3.1, and 3.2, the canonical partition function of a classical continuous system with two
species of indistinguishable particles is given by the expression

Q �
1

n!n0!h3nh3n0
E drrcmxdrr0xdrpcmxdrp0xe�H�rrcmx,rr0x,rpcmx,rp0x�©kBT ,

where H is the Hamiltonian of the system, T is the temperature, and kB is Boltzmann’s
constant. The integral is over the phase space of each molecule and hole in the system.
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While the holes represent free volume, the hole character assertion that holes behave
as segments of a second species has consequences on the form of the partition function. In
particular, while each hole is associated with a position, it is not associated with a mass
and therefore does not carry a physically real momentum. Nevertheless, their treatment
as a second species implies that, just as the molecular segments, holes contribute to both
the positional and momentum portions of the phase integral. This contribution is complic-
ated by the incompressibility assertion, due to the dependence of hole number on canonical
volume. The exact nature of the momentum portion of the integral is fortunately not
required for the present derivation. It is, however, assumed that its contribution to the
energy is independent of the translational portion and can therefore be factored from the
configurational partition function, after Prigogine [98]. This behaves functionally as a nor-
malization factor in order for the partition function to remain dimensionless, as interpreted
by Hong and Noolandi [53].

In order to facilitate the derivations to follow, the Hamiltonian’s kinetic and potential
components are assumed to be independent, as discussed in Section 2.4.2. In addition,
the kinetic contributions for the molecules are assumed to be independent, taking the
form of a thermal de Broglie wavelength the exact form of which is not important to
the present derivation. The potential term is a function only of the set of positions of
the molecules. The short-ranged segment interaction assertion further implies that the
potential is a function of only the positions of the polymer species segments since the holes
do not interact. Absorbing the kinetic components of the partition function into factors
associated with each species, the partition function reduces to the expression

Q �
1

n!n0!Λ3nΛ
3n0

0

E drrcmxdrr0xe�V �rrcmx�©kBT , (3.3)

where Λ is the thermal de Broglie wavelength of a single polymer molecule, Λ0 is the
previously mentioned normalization factor associated with holes, and V represents the
potential term of the Hamiltonian.

The interaction potential between the centres of mass of molecules V �rrcmx� is replaced
with an equivalent interaction between segments U�rrx�. In general, the interaction po-
tential term is very difficult to calculate based on the short-ranged segment interaction
assertion as it is a sum of the interactions between each particle and an external field
(one-body problem), each pair of particles (two-body problem), each combination of three
particles (three-body problem), etc. This type of problem is generally referred to as a
many-body problem and is beyond the scope of this work. In the absence of an external
field, the interaction potential of systems of molecules tends to be dominated by the pair-
wise interactions [119]. As a necessary simplifying assumption, all interactions other than
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the pairwise interactions are ignored.

Assumption 1 (Two-body interactions) The interaction potential is dominated
by two-body interactions. Higher order interactions can be ignored.

The exact nature of the pair interaction potential is deliberately left ambiguous in the
molecular model. While it could be conceivable that anisotropic segment-segment poten-
tials exist somewhere in nature, they are here assumed to be isotropic in keeping with the
original SL theory.

Assumption 2 (Isotropic interaction) Interaction potentials are spherically sym-
metric.

The interaction potential thus simplifies to

U�rrx� �

nN

=
i�1

i�1

=
j�1

u �·ri � rj·� �O�3 body and higher�
�

1

2

nN

=
i�1

nN

=
j�1

u �·ri � rj·�
�

1

2
E dr dr

¬

ρ̂�r�u �»»»»»r � r
¬»»»»»� ρ̂�r¬�

�
1

2v2
E dr dr

¬

ϕ̂�r�u �»»»»»r � r
¬»»»»»� ϕ̂�r¬�,

where u�r� is a scalar function describing the interaction potential between two segments
separated by a distance r, the exact nature of which does not need to be specified. It
should be noted that approximating the potential in this way has the effect of introducing
an unphysical self-interaction term into the potential function U�rrx�. Since the addi-
tional term is linear in n, however, this approximation has no effect on the derivations to
follow. Applying this approximation to equation 3.3, the partition function of the system
is expressed as

Q �
1

n!n0!Λ3nΛ
3n0

0

E drrcmxdrr0x exp
����

1

2v2
E dr dr

¬

ϕ̂�r�u �
»»»»»r � r

¬»»»»»�
kBT

ϕ̂�r¬�
�� . (3.4)

A second assumption, referred to as the random mixture approximation, is here applied
to the system. The random mixture approximation imposes the constraint that the volume
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fraction of each species is everywhere equal to its spatial average [40]. Integral to this
approximation, as the name implies, is the implicit assumption that the system is free
to sample all possible positional configurations with equal probability. As a consequence,
local volume fraction and density fluctuations are ignored, as are explicit considerations of
correlations. Since this approximation has the effect of replacing the many-body problem
with an averaged effect, it falls into the category of mean-field approximations, and is
akin to the Bragg-Williams approximation for lattice fluids [50]. It is worth noting that
a mean field assumption does not equate to a homogeneous mixture. While the random
mixture approximation functions as a mean field approximation, alternative mean field
approximations that allow for inhomogeneous mixtures are possible. Such approximations
are, however, beyond the scope of the present work.

Assumption 3 (Random mixture) The composition of the mixture is everywhere
equal to its spatial average.

Taking the spatial average of the volume density function given by equations 3.1 and 3.2,
the average volume density of the polymers is calculated to be

φ �
1

V
E dr ϕ̂�r� � v

V

nN

=
j�1

δ�r � rj� � nNv

V
(3.5)

and the average volume density of the holes is calculated to be

φ0 �
1

V
E dr ϕ̂0�r� � v0

V

n0

=
j�1

δ�r � r0,j� � n0v0

V
. (3.6)

Under the random mixing approximation, the partition function in equation 3.4 simplifies
to

Q �
1

n!n0!Λ3nΛ
3n0

0

exp
����

φ
2

2v2
E dr dr

¬
u �»»»»»r � r

¬»»»»»�
kBT


��E drrcmxdrr0x. (3.7)

Taking advantage of the spherical symmetry of the potential u�r�, a change of coordin-
ates r

¬

� r � r
¬¬

allows the double integral to be rephrased as

E drdr
¬

u �»»»»»r � r
¬»»»»»� � V E dr u �¶r¶� .
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In order to yield dimensionless quantities, it is necessary to define a reference volume.
The only requirement of this reference volume is that it be independent of all thermody-
namic variables. Since, according the the constant hole volume assertion, the volume of a
hole meets this requirement, it is convenient to define this reference volume to be v0.

Let the interaction parameter ε be defined so that

ε �
N

2

2α2v0

E dr u�¶r¶�, (3.8)

where

α �
Nv
v0

(3.9)

represents the volume ratio of a molecule to the hole volume. This interaction parameter
represents the energy of exchange of a polymer molecule with holes.

Substituting equations 3.8 and 3.9 into equation 3.7, the expression for the partition
function of the system becomes

Q �
V
n
V
n0

n!n0!Λ3nΛ
3n0

0

exp �� V ε

kBTv0
φ

2
 , (3.10)

The incompressibility assertion places a constraint on the number density and volume
fractions of each species. Taking into account the relative sizes of the polymer segments
and the holes, this requires that the sum of the number density of the scaled polymer
segments and holes must be the equal number density of the space as if it were entirely
populated with close-packed holes. This constraint on the number fractions is expressed

ρ̂�r� � vv0
	 � ρ̂0�r� � 1

v0
.

Substituting equations 3.5 and 3.6, the constraint on the volume fractions is thus

ϕ̂�r� � ϕ̂0�r� � 1

or, under the random mixture assumption,

φ � φ0 � 1. (3.11)
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3.3.2 Helmholtz free energy

The Helmholtz free energy is the thermodynamic potential associated with the canonical
ensemble. As discussed in Section 2.3, it has T , V , and n as natural variables. The
incompressibility assertion places a special constraint on the thermodynamic variables. As
a consequence, V , n, and n0 are not independent variables, which is a feature unique to such
hole theories. The Helmholtz free energy is used to derive all thermodynamic properties
of the system. The Helmholtz free energy is related to the canonical partition function by
the relation

F � �kBT lnQ.

Plugging in the equation 3.10 expression for canonical the partition function and applying
Stirling’s approximation, the expression for the free energy is

F

kBT
�

V ε

kBTv0
φ

2
� ln � V

n
V
n0

n!n0!Λ3nΛ
3n0

0

�
�

V ε

kBTv0
φ

2
� ln � V

Λ3
�n � ln � V

Λ3
0

�n0

� ln�n!� � ln�n0!�
�

V ε

kBTv0
φ

2
� n ln � V

nΛ3
� � n0 ln � V

n0Λ3
0

� � n � n0.

It is worth stating that the application of Stirling’s approximation assumes that the system
is composed of many particles of each species, despite the fact that the approximation is
accurate even for relatively small numbers on the order of � 10.

Assumption 4 (Many particle) The system is composed of many molecules of
each species.

Making use of the definition of the volume fractions of each species outlined in equations
3.5 and 3.6 allows for the free energy, rephrased as

F

kBT
�

V ε

kBTv0
φ

2
�
nV Nv

V Nv
ln �nNvΛ

3

V Nv
� � n0V v0

V v0
ln �n0v0Λ

3
0

V v0
� � nV Nv

V Nv
�
n0V v0

V v0
,

to be expressed as

F

kBT
�

V ε

kBTv0
φ

2
�
V φ

Nv
lnφ �

V φ0

v0
lnφ0 �

V φ

Nv
�
V φ0

v0
�
V φ

Nv
ln � Λ

3

Nv
� � V φ0

v0
ln �Λ

3
0

v0
� .
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Multiplying though by v0
V

produces an intensive and dimensionless free energy. Terms linear
φ and φ0 as well as constants do not contribute to the thermodynamics and are ignored.
The kinetic terms Λ and Λ0 require more consideration. For the polymer molecules, the
thermal de Broglie wavelength Λ is a function of only temperature and mass [50]. Given
that the mass of each molecule is assumed to be invariant, this term will then be equal in
all phases that exist at the same temperature. Ignoring this term is only justified in phase
equilibrium calculations that feature thermal equilibrium.

Assumption 5 (Thermal equilibrium) Phases are in thermal equilibrium.

The term Λ0, as mentioned, functions as a normalization factor as a consequence of the
hole character assertion. While the factor does not have a clear physical meaning, it is
reasonable given the hole character assertion that it should be treated as analogous to
the thermal de Broglie wavelength. Such a treatment would imply that Λ0 is similarly
independent of volume. With these simplifications, the reduced Helmholtz free energy is
expressed

f̃ �
v0F

kBTV
�

ε

kBT
φ

2
�
φ
α lnφ � φ0 lnφ0 � φ0 �ln �Λ

3
0

v0
� � 1� . (3.12)

The role of the normalization factor is best illustrated by deriving the equation of state by
applying the relation P � �∂F©∂V �T,n to equation 3.12. The observation that limφ0�1 P j

0 implies that the result is not physical, as the absolute pressure should tend to zero in
such a limit. The condition that the residual pressure vanish in the dilute limit leads to
the normalization factor Λ0 � v0e, as suggested by Hong and Noolandi [53]. This leads to
a reduced free energy given by

f̃ �
v0F

kBTV
�

ε

kBT
φ

2
�
φ
α lnφ � φ0 lnφ0. (3.13)

3.3.3 Chemical potential

Chemical potential is the thermodynamic generalized force associated with particle num-
ber. It is an important quantity to consider in the calculation of diffusive equilibrium. By
definition, the chemical potential of the polymer molecules is

µ � �∂F
∂n



T,V

.
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Using the chain rule to relate this expression to the density,

µ � �∂F
∂n



T,V

� �∂F
∂φ



T,V

�∂φ
∂n



T,V

,

becomes, in combination with equation 3.5,

µ �
Nv

V
�∂F
∂φ



T,V

�
kBTNv
v0

�∂f̃
∂φ

�
T,V

.

Through the substitution of equation 3.13, the chemical potential of the species s in the
pure fluid is expressed

µ̃ �
v0µ

kBTNv
�

2ε

kBT
φ �

1
α�1 � lnφ� � lnφ0 � 1. (3.14)

3.3.4 Equation of state

As mentioned in Section 2.3.1, equations of state define an equilibrium surface in the space
of the thermodynamic coordinates. The equation of state for the pure fluid is calculated
by taking the partial derivative of the Helmholtz free energy with respect to volume. The
equation of state P � P �T, V, n� is obtained from

P � �∂F
∂V



T,n

.

In terms of reduced quantities and with the use of equation 3.5, a more convenient form
of the relation becomes

v0P

kBT
� f̃ � V � ∂f̃

∂V
�
T,n

� f̃ � φ�∂f̃
∂φ

�
T,n

.

Applying the relation to equation 3.5 finally yields the equation of state

v0P

kBT
� � �1 �

1
α
φ � lnφ0 �

ε

kBT
φ

2
. (3.15)
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3.3.5 Critical point

The critical point marks the intersection of the spinodal and binodal curves on the equilib-
rium surface, as well as marks the boundary of the supercritical region. The critical point
is defined as the state that simultaneously satisfies the equations

�∂P
∂V



T,n

� 0

and

�∂2
P

∂V 2
�
T,n

� 0.

As a notational convenience, the thermodynamic coordinates held fixed for a partial de-
rivative are only explicitly stated once per equation, with the same implied for all other
derivatives in the same line. Using the chain rule as well as equation 3.5 yields the relation

�∂P
∂V



T,n

� �∂P
∂φ


 � ∂φ
∂V


 � �nNv
V 2

�∂P
∂φ


 � � φ
V

�∂P
∂φ


 .
Taking the partial derivative with respect to volume gives the relation

�∂2
P

∂V 2
�
T,n

�
∂

∂V
�∂P
∂φ

∂φ

∂V

 � ∂

2
P

∂φ2
� ∂φ
∂V


2

�
∂P

∂φ

∂
2
φ

∂V 2
,

which yields the relation

�∂2
P

∂V 2
�
T,n

�
φ

2

V 2
�∂2

P

∂φ2
� � φ

V 2
�∂P
∂φ


 .
Substitution of the equation of state into the relations yields

v0V

kBT
�∂P
∂V



T,n

� �
2ε

kBT
φ

2
� �1 �

1
α
φ � φ

1 � φ

and
v0V

2

kBT
�∂2

P

∂V 2
�
T,n

�
4ε

kBT
φ

2
�

φ

1 � φ
�1 �

φ

1 � φ

 � �1 �

1
α
φ.
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Therefore, the critical point is uniquely determined by the simultaneous solution to the
equations

�
2ε

kBT
φ

2
� �1 �

1
α
φ � φ

1 � φ
� 0 (3.16)

and
4ε

kBT
φ

2
�

φ

1 � φ
�1 �

φ

1 � φ

 � �1 �

1
α
φ � 0. (3.17)

3.3.6 Response functions

As a rule, the second derivatives of the thermodynamic potentials, known as the response
functions, form the bulk of the experimentally measurable properties of a fluid. The pur-
pose of this section is to derive the response functions from the molecular theory using
the Helmholtz free energy. The most common response functions and their definitions are
listed in table 2.2. In this section, the thermal expansivity αV , the isothermal compressib-
ility βT , the isochoric heat capacity CV , and the isobaric heat capacity CP are calculated
from the Helmholtz and Gibbs free energies.

By definition, the thermal expansivity is given by the expression

αV �
1

V
�∂V
∂T



P,n

�
1

V
�∂T
∂V


�1

P,n

�
1

V
�∂T
∂φ


�1

P,n

�∂V
∂φ



P,n

.

In order to proceed, it is necessary to make explicit assumptions about the nature of the
interaction parameter ε. The following derivation assumes that the interaction parameter
contains no entropic component, in line with the original SL derivation.

Assumption 6 (Enthalpic interaction parameter) Interactions lead purely to
a heat of mixing.

It is worth noting that modifications to the SL theory exist that add a temperature depend-
ence to the interaction parameter ε in order to capture the empirically observed weakening
of molecular interactions with temperature [55, 78]. These modifications, however, con-
stitute distinct theories and would require separate consideration in a future work. For
the equation of state calculated in equation 3.15, implicit differentiation gives a thermal
expansivity

αV �
1

φ
� v0P

kBT
2
�

εφ
2

kBT
2
� � 1

α �
φ

1 � φ
�

2ε

kBT
φ��1

. (3.18)
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Isothermal compressibility is defined by

βT �
1

V
�∂V
∂P



T,n

�
1

V
�∂P
∂V


�1

T,n

�
1

V
�∂P
∂φ


�1

T,n

�∂V
∂φ



T,n

.

For the equation of state 3.15, the above relationship yields the isothermal compressibility

βT �
v0

kBTφ
� 1
α �

φ

1 � φ
�

2ε

kBT
φ��1

. (3.19)

The isochoric and isobaric heat capacities are defined as

CV � T �∂S
∂T



V,n

and

CP � T �∂S
∂T



P,n

,

respectively, where S is the extensive thermodynamic quantity known as entropy. The
entropy is related to the Helmholtz free energy through the partial derivative

S � �∂F
∂T



V,n

.

Using the more convenient reduced expression for the free energy, the entropy can be found
through the relation

v0S

kBV
� f̃ � T � ∂f̃

∂T
�
V,n

.

Further differentiation produces the relation

v0CV
kBV

�
v0T

kBV
�∂S
∂T



V,n

� 2T � ∂f̃
∂T

�
V,n

� T
2 � ∂2

f̃

∂T 2
�
V,n

Finally, substituting the reduced Helmholtz free energy of equation 3.13 leads to the iso-
choric heat capacity of zero with

v0CV
kBV

� 0.
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The isobaric heat capacity is more naturally calculated from the Gibbs free energy,
which can in turn be calculated from the Helmholtz free energy through Legendre trans-
formation. The transformation from one potential to the other is achieved through G �

F � PV . The Gibbs free energy is found to be

g̃ �
G

kBTαn
�

ε

kBT
φ �

1
α lnφ � φ lnφ0 �

v0P

kBTφ
(3.20)

For the purpose of verification, the entropy calculated from the Gibbs free energy is found
to match that calculated from the Helmholtz free energy. The isobaric heat capacity is
related to the reduced Gibbs free energy by the equation

CP
kBαn

� 2T � ∂g̃
∂T



P,n

� T
2 � ∂2

g̃

∂T 2
�
P,n

Substitution of the Gibbs free energy of equation 3.20 into the relation similarly leads to
a zero isobaric heat capacity where

CP
kBαn

� 0.

This zero isochoric and isobaric heat capacity result is not surprising given both quant-
ities’ dependence on internal degrees of freedom. Since the molecular theory was designed
in a way that lacks this feature, the heat capacities should not be expected to yield accur-
ate predictions. Indeed, in their pure fluid paper, Sanchez and Lacombe similarly come to
this conclusion [104].

3.4 Description of the multicomponent fluid model

Many of the molecular model assertions presented in Section 3.2 readily lend themselves
to expansion to multicomponent mixtures. In some cases, however, multiple modes of
expansion may exist. For this reason, it is worth making the changes explicit. Each model
assertion expands as follows:

1. The segment excluded volume assertion expands to include i species of molecules.
Each molecule of a given species is composed of Ni segments of volume vi. In practice,
different species need not have the same number of segments per molecule or segment
volume.
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2. The preserved close-packed volume assertion does not require modification. The close-
packed volume occupied by a molecule characterizes a given species.

3. The short-ranged segment interaction assertion expands to include both intraspecies
and interspecies interactions. Intramolecular interactions characterize a given species.
Intermolecular interactions characterize a given binary mixture.

4. The free volume partition assertion does not require modification.

5. The hole character assertion is unaffected by the expansion.

6. The incompressibility assertion expands easily to include many species.

Two of the model assertions, the free volume partition and constant hole volume, are
problematic when taken together. If the free volume is divided into equal segments of
volume v0 that are constant and characteristic of a given polymer species, then it cannot
limit to different values for each of the pure fluids. In their multicomponent mixture paper,
Sanchez and Lacombe chose to replace the assertion with a variant as mentioned in Section
2.5.3. In the off-lattice construction, this is equivalent to replacing the constant hole volume
with:

7a (Mixing rule) The volume of a hole v0 is a function only of the hole volumes of the
constituents and the composition of the mixture.

In mathematical form, mixing rules are equivalent to the hole volume becoming a function
of the form

v0 � v0�rv�i�0 x, rni ¶ ¾ i " Sx�, (3.21)

where v
�i�
0 refers to the volume of a hole in the pure fluid phase of species i and S refers

to the number of species in the mixture, excluding holes. Table 2.5 lists common mixing
rules from the literature. These mixing rules are arbitrary [105].

In the thermodynamic derivations to follow, it is found that the application of mixing
rules create artefacts that lead to a theory inconsistent with the principles of statistical
mechanics and thermodynamics. The present work instead chooses to expand the constant
hole volume assertion with one that is more in line with the spirit of the pure fluid model.
The assertion is taken to be:

7b (Constant hole volume) The volume of a hole v0 is constant and a characteristic of
a given saturated mixture. Changes in free volume correspond solely to changes in
the number of holes.
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Validation of this assertion and a physical interpretation of holes is discussed in Chapter
5.

3.5 Statistical thermodynamics of multicomponent flu-

ids

3.5.1 Partition function based on the canonical ensemble

The fluid model presented in Section 3.2 is now expanded to multiple species of particles.
Let the system be composed of S species i. Each i species polymer molecule is composed
of Ni segments. Let ni be the number of polymer molecules of species i. For clarity, sums
and products over all species with the superscript “0” include holes and those without
the superscript “0” exclude holes. Sums with the superscript niNi are sums over all the
segments of species i.

Just as in Section 3.3.1, functions describing the number and volume density of each
species should be defined. Let rrix � rri,j ¶ j " niNix be the set of polymer segment
positions of species i and rrcm

i x � rrcm
i,j ¶ j " nix be the molecular centre of mass positions.

The number and volume density of each species is given by

ρ̂i�r� � niNi

=
j

δ�r � ri,j�
and

ϕ̂i�r� � viρ̂i�r�, (3.22)

respectively. Taking the spatial average of the volume density function in equation 3.22 as
per the random mixture assumption leads to the expression

φi �
niNivi
V

. (3.23)

The number and volume density definitions for the holes remain unchanged.

The partition function of a system of many species of indistinguishable particles is given
by

Q �
1

40

i ni!Λ
3ni
i

E
0

5
i

drrixe�U�rrix�©kBT .

51



The expression for the interaction potential is once again simplified using the two-
body interactions and isotropic interaction assumptions. The total interaction potential is
therefore simplified to

U�rr1x, ..., rrSx� �
1

2
=
i

=
j

niNi

=
k

njNj

=
l

u
¬

ij �·ri,k � rj,l·�
�

1

2
=
i

=
j

E dr dr
¬

ρ̂i�r�u¬ij �»»»»»r � r
¬»»»»»� ρ̂j�r¬�

� =
i

=
j

1

2vivj
E dr dr

¬

ϕ̂i�r�u¬ij �»»»»»r � r
¬»»»»»� ϕ̂j�r¬�,

where u
¬

ij�r� is a scalar function describing the interaction potential between a segment of
species i and a segment of species j separated by a distance r. Each of the interactions is
symmetric and thus obeys

u
¬

ij�r� � u¬ji�r� ¾ r.

Assumption 7 (Symmetric interaction) All intermolecular interactions are sym-
metric.

Applying the random mixture assumption, the partition function becomes

Q �
D 40

i drrix
40

i ni!Λ
3ni
i

5
i

5
j

exp
����

φiφj
2vivj

E drdr
¬
u
¬

ij �»»»»»r � r
¬»»»»»�

kBT


�� .
Each of the potentials u

¬

ij can be simplified using

E drdr
¬

u
¬

ij �»»»»»r � r
¬»»»»»� � V E dr u

¬

ij �¶r¶� .
Taking into account the relative sizes of the polymer segments and holes, the incom-

pressibility assertion is expressed as the constraint

0

=
i

φi � 1 (3.24)
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In many theories, including the original lattice-based SL theory, many important quant-
ities are ratios as a matter of necessity. This is especially true in a lattice construction,
where the quantities of importance to the statistics are relative volumes, rather than ab-
solute volumes. It is not surprising then that lattice fluid models, by necessity, fix the
reference volume to that of a single lattice site. Indeed, as the SL lattice statistics assumed
that lattice sites were either occupied or unoccupied, the volume of a hole and the volume
of a lattice site were linked, but not inextricably so.

The present off-lattice construction allows more flexible consideration of reference volumes.
Let the reference volume vr be defined as an arbitrary reference volume. The only require-
ment of this volume is that it be independent of all thermodynamic variables. This is done
as a matter of convenience for the derivations to follow.

Assumption 8 (Constant reference volume) The reference volume is independ-
ent of all thermodynamic variables.

The pure fluid theory of Section 3.3 uses the volume of a hole as a reference volume. The
constant hole volume assertion made this an appropriate choice. It is clear, though, that
the mixing rule assertion and equation 3.21 disqualify the use of hole volume as a reference
volume, except in the case that the hole volume is constant.

For the derivations that follow, all of the quantities derived that make use of a refer-
ence volume appear twice: once with the reference volume vr and again with the reference
volume v0. This is done for several reasons. The first is to explicitly illustrate that the
theory containing mixing rules creates artefacts in the theory. The second is to simul-
taneously create a multicomponent mixture theory without mixing rules, using the hole
volumes as reference volumes. The third is that, in the absence of mixing rules, some para-
meters defined in the pure fluid require translation into the mixture theory, which would
be confusing if defined only in terms of disparate reference volumes.

Let the interaction parameters be defined

εij,r �
NiNj

2αi,rαj,rvr
E dr uij,r�¶r¶� (3.25)

or, if the hole volume satisfies the reference volume condition

εij �
NiNj

2αiαjv0
E dr u

¬

ij�¶r¶�, (3.26)

where

αi,r �
Nivi
vr

(3.27)
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represents the ratio of the close-packed molecule volume of molecule i relative to the ref-
erence volume and

αi �
Nivi
v0

(3.28)

represents the ratio with respect to the hole volume. The prime superscript is defined in
order to differentiate the interaction potential function defined here from that of the pure
fluid in Section 3.3.1. The relationship between the parameters of multicomponent fluids
and their respective pure fluids is discussed further in Section 3.8.

Comparison of their definitions reveals that the interaction parameters obey the relation
εij,r � εij©α0,r. Since α0,r is assumed to be position-independent, the two interaction

functions uij,r and u
¬

ij are related by

uij,r�r� � α0,ru
¬

ij�r� ¾ r.

Using definitions in equations 3.25 and 3.27, the expression for the partition function then
becomes

Q �
40

i V
ni

40

i ni!Λ
3ni
i

5
i

5
j

exp �� V εij,r
kBTvr

φiφj
 . (3.29)

3.5.2 Helmholtz free energy

As in Section 3.3.2, the relation F � �kBT lnQ applied to equation 3.29 is used to calculate
the Helmholtz free energy. The complete expression of the free energy is therefore

F

kBT
�=

i

=
j

V εij,r
kBTvr

φiφj �=
i

V φi
Nivi

lnφi �=
i

V φi
Nivi

�
V φ0

v0
lnφ0 �

V φ0

v0

�=
i

V φi
Nivi

ln � Λ
3
i

nivi
� � V φ0

v0
ln �Λ

3
0

v0
� .

Several terms in the free energy do not contribute to the thermodynamics and are ignored.
The results are not affected by terms that are constant or linear in ni, which are dropped.
In addition, the thermal equilibrium assumption allows the thermal de Broglie wavelengths
Λi to be similarly dropped. Terms linear in n0 cannot be ignored due to its dependence onrnix and V from the incompressibility constraint. As discussed in Section 3.3.2, requiring
limφ0�1 P � 0 implies the normalization factor Λ

3
0 � v0e, as proposed by Hong and Noolandi

[53].
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Multiplying through by vr
V

creates an intensive, dimensionless expression. The free
energy is therefore expressed

f̃ �
vrF

kBTV
�=

i

=
j

εij,r
kBT

φiφj �=
i

φi
αi,r

lnφi �
φ0

α0,r
lnφ0. (3.30)

If the hole volume v0 is used as reference volume through equations 3.26 and 3.28, with
the normalization factor set to Λ

3
0 � v0e, then the free energy reduces to the expression

f̃ �
v0F

kBTV
�=

i

=
j

εij
kBT

φiφj �=
i

φi
αi

lnφi � φ0 lnφ0. (3.31)

3.5.3 Chemical potential

The chemical potential of species i in the multicomponent mixture can be calculated using
the definition

µi � �∂F
∂ni



T,V,rnjjix

,

which yields the equation

µi �
kBTNivi

vr
� ∂f̃
∂φi

�
T,V,rnjjix

.

Applying this definition to the Helmholtz free energy produces the chemical potential

µ̃i �
vrµi

kBTNivi
� 2=

j

εij,r
kBT

φj �
1
αi,r

�lnφi � 1� � 1
α0,r

lnφ0 �
1
α0,r

� µ̃0,i, (3.32)

where

µ̃0,i �
vrµ0,i

kBTNivi
� �

φ0

α0,rv0
�∂v0

∂φi


T,V,rnjjix

. (3.33)

If the hole volume v0 is constant then the chemical potential simplifies to the expression

µ̃i �
v0µi

kBTNivi
� 2=

j

εij
kBT

φj �
1
αi

�lnφi � 1� � lnφ0 � 1. (3.34)
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3.5.4 Equation of state

Based on the canonical ensemble

The pressure P is derived from the Helmholtz free energy using the relation

P � � �∂F
∂V



T,rnix

.

It follows that the relation can be rephrased as

vrP

kBT
� �f̃ � V � ∂f̃

∂V
�
T,rnix

.

Making use of the fact that f̃�rφi�V �x�, the partial derivative with respect to volume
becomes

� ∂f̃
∂V

�
T,rnix

�=
i

� ∂f̃
∂φi

� �∂φi
∂V


 � �φi
V
=
i

� ∂f̃
∂φi

� .
The above identities reduce the pressure equation to

vrP

kBT
� �f̃ � φi=

i

� ∂f̃
∂φi

�
T,rnix

.

Substituting the free energy leads to the equation of state

vrP

kBT
�=

i

=
j

εij,r
kBT

φiφj �=
i

� 1
α0,r

�
1
αi,r


φi � 1
α0,r

lnφ0. (3.35)

Based on the grand canonical ensemble

The grand canonical ensemble is described by the grand potential ΦG. The Helmholtz free
energy is related to the grand potential by the Legendre transformation

ΦG � F �=
i

niµi

which, through the substitution of equation 3.5, produces

ΦG � F �=
i

V φi
Nivi

µi.
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Multiplying through by vr
kBTV

to achieve an intensive, dimensionless free energy, the trans-

formation is phrased as
vrΦG

kBTV
� f̃ �=

i

φiµ̃i.

Making use of the property ΦG � �PV , the equation of state is found through the substi-
tution of equations 3.30, 3.32 and 3.33 to become

vrP

kBT
� �f̃ �=

i

φiµ̃i
���� �f̃ �=i φi �

∂f̃

∂φi
�
T,V,rnjjix


�� .
The equation of state derived from the grand canonical ensemble finally becomes

vrP

kBT
�=

i

=
j

εij,r
kBT

φiφj �=
i

� 1
α0,r

�
1
αi,r


φi � 1
α0,r

lnφ0 �
φ0

α0,rv0
lnφ0=

i

φi
∂v0

∂φi
. (3.36)

Implications

Through equations 3.35 and 3.36, it is clear that the equations of state derived from the
canonical and grand canonical ensembles do not match. This problem can be viewed in
two ways: from a statistical mechanical point of view and from a thermodynamic point of
view. Ensemble equivalence in statistical mechanics holds that, in the limit of the many
particle assumption, thermodynamic quantities derived from the same molecular model
using different ensembles, in this case canonical and grand canonical, should be identical
under identical thermodynamic conditions. In thermodynamics, the equilibrium surface of
a system should not depend on which thermodynamic potential, in this case the Helmholtz
or grand potential, is employed to describe it, as discussed in Section 2.3.1.

Since disagreement with either statistical mechanics or thermodynamics principles im-
plies the falsification of the theory as mentioned in Section 3.1, this implies that the
statistical thermodynamical model is only valid under the condition

φ0

v0
lnφ0=

i

φi
∂v0

∂φi
� 0. (3.37)

This condition is further examined in Section 3.7.
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3.6 Contact with the SL-EOS

3.6.1 Pure fluids

Despite differences in their underlying assertions necessitated by the differences between
on-lattice and off-lattice constructions, the SL model and the present construction pro-
duce equivalent statistical thermodynamic theories. This can be shown by examining the
relationships between the quantities in both models.

In the original SL theory, the reduced density ρ̃ was defined as the ratio of the density
of the system to a maximal close-packed density [104]. This is akin to a ratio of the volume
occupied by polymer species to the total volume of the system, an equivalence also noted
in SL [104]. This observation establishes an equivalence between the reduced density ρ̃ and
the volume fraction φ, defining

ρ̃ �
ρ

ρ�
� φ,

where the characteristic density is given by

ρ
�

�
M

Nv
. (3.38)

Further, the number of lattice sites occupied by a molecule r is equivalent to the relative
volume of a molecule with respect to a hole, thus defining

r � α.

The interaction parameter ε is defined similarly to that of the SL theory ε
�

. Contact is
made through the equation

1

T̃
�
T
�

T
� �

ε

kBT
,

which implies that

T
�

� �
ε

kB
. (3.39)

Finally, the pressure scaling parameter is related to the temperature scaling parameter
through the usual definition

P
�

�
kBT

�

v0
� �

ε
v0
, (3.40)

used by SL [104].
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Substituting these relations into the equation of state defined by equation 3.15, one
arrives at the equation

P̃ � ρ̃
2
� T̃ �ln�1 � ρ̃� � �1 �

1
r
 ρ̃� � 0,

which matches the SL-EOS in equation 2.9 [104].

3.6.2 Multicomponent fluids

Making contact with the multicomponent SL-EOS requires the assumption that the hole
volume v0 be taken as reference volume, even if mixing rules are considered.

Just as in the pure fluid, the reduced density is defined to be the ratio of the total
density to the close-packed fluid density, or the occupied volume to the total volume. This
establishes the reduced density ρ̃ to be the sum of the reduced densities of the constituents,
or

ρ̃ �=
i

φi.

In their 1978 paper, Sanchez and Lacombe established an interaction mixing rule in order
to maintain a consistent energy density between pure fluids and the mixture [105]. This
was done through a weighted average of pressure parameters P

�

. Using a similar argument,
the SL temperature and pressure parameters can be related to the interaction parameters
εij by defining

ε
�

�

<i<j εijφiφj

�<i φi�2
.

Similarly, the mixture average number of lattice sites occupied by a molecule, r, should be
related to the volume fractions αi through the same weighted average employed by Sanchez
and Lacombe [66, 105] using the definition

1
r �
<i

φi
αi

<i φi
.

Substituting these definitions into the multicomponent equation of state given by equa-
tion 3.35 also produces the SL-EOS given by equation 2.9.
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3.7 Mixing rules and thermodynamic inconsistency

Determining the success of a statistical thermodynamical model is a difficult matter, one
that is beyond the scope of this work. On the other hand, determining if a theory is
unsuccessful need not be as difficult, but requires discussion of expectations. In other
words, a thermophysical model should meet certain criteria in order to be considered
viable.

Chief among the requirements of a model is that the assertions should not lead to a
contradiction with the set of physical laws. In the hierarchy of inconsistencies, such contra-
dictions are considered most severe. For example, the model should not be incompatible
with conservation of energy, regardless of its success in agreement with experimental ob-
servations.

Next, the model should not lead to a contradiction with firmly established theories,
unless the aim is specifically to supplant or invalidate them. Such an exception is sim-
ilarly beyond the scope of this work. For example, it is required that a statistical ther-
modynamical model be compatible with the fundamental thermodynamic relation. This
is particularly true since such theories make use of the principles of thermodynamics to
calculate physical properties. Indeed, the present theory makes use of the principles of
thermodynamics presented in Section 2.3.1 in order to determine material properties and
phase equilibria. As a consequence, contradiction with these same principles is impermiss-
ible. The implications of Section 3.5.4 are therefore examined with the goal of imposing
these thermodynamic principles.

A necessary caveat is that a theory is only expected to meet the criteria of relevance
within the bounds of its limitations. For example, if a model is developed to describe
only systems where interactions are of prime importance, then it need not be compatible
with the ideal gas since this regime is outside of the bounds within which the model was
designed to operate.

In order for the theory to be internally consistent, the multicomponent fluid theory
should not contradict the pure fluid theory. This requirement puts a constraint on the
mixing rules. Since the pure fluid theory, through the constant hole volume assertion,
requires that the volume of a hole is constant, then the same should be true of the pure
fluid limits of the multicomponent fluid. This is expressed as the set of conditions

v0�rni ¶ ni � 0 ¾ i j jx� � v�j�0 .

Combining these conditions, equation 3.23 and the observation that Ni, vi and V are finite
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and non-zero, implies that

v0�rφi ¶ φi � 0 ¾ i j jx� � v�j�0 . (3.41)

These requirements form the boundary conditions of the differential equation 3.37

φ0

v0
lnφ0=

i

φi
∂v0

∂φi
� 0.

Since the hole volume is assumed to be finite, there are three situations that satisfy
this equation.

� (Flory-Huggins limit) The equation is satisfied in the limit φ0 � 0. This limit is
useful if compressibility of the polymeric fluid is not a key issue [40].

� (Constant hole volume) The equation is satisfied when ∂v0
∂φi

� 0 ¾ i. In other words,

when the volume of a hole is constant with respect to composition. This situation
will be discussed in further detail in Chapter 5.

� (Mixing rule condition) The equation is satisfied when the mixing rule satisfies the
first-order homogeneous partial differential equation <i φi

∂v0
∂φi

� 0 with the set of

boundary conditions v0�rφi ¶ φi � 0 ¾ i j jx� � v�j�0 .

In the mixing rule condition case, it is more useful to examine the Cauchy problem
than it is to calculate the solution. For clarity, this work will focus only on the binary
mixture, with the knowledge that the analysis readily scales to larger mixtures. For the
binary mixture, the differential equation becomes

φ1

∂v0

∂φ1
� φ2

∂v0

∂φ2
� 0. (3.42)

Re-parametrizing so that v0�φ1, φ2� � v0�φ1�t�, φ2�t��, the derivative with respect to t
becomes by definition

dv0

dt
�
∂v0

∂φ1

dφ1

dt
�
∂v0

∂φ2

dφ2

dt
� 0. (3.43)

Comparison of equations 3.42 and 3.43 implies that

dφ1

dt
� φ1
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Figure 3.1 The characteristic curves of the first-order homogeneous differential equation given by
equation 3.42. The boundary conditions, defined along the φ1 (red, dashed) and φ2 (blue, dotted)
axes. Since the characteristics each have two boundary conditions specified at the origin (orange,

circle), the boundary value problem is overdetermined except in the trivial case that v
�1�
0 � v

�2�
0 .

and
dφ2

dt
� φ2.

These equations are in turn used to plot the characteristic curves of the differential equa-
tion, illustrated by figure 3.1. The figure shows the characteristic curves of the differential
equation originate from the same point.

The boundary conditions given by equation 3.41 are shown in figure 3.1, and correspond

to the lines of constant hole volume along the φ1 and φ2 axes of v
�1�
0 and v

�2�
0 , respectively.

Since all characteristic curves originate from the point �φ1, φ2� � �0, 0� and the boundary
conditions overlap at that point, the boundary value problem is thus overdetermined,
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except in the trivial case that v
�1�
0 � v

�2�
0 .

Since there are no meaningful solutions to the mixing rule condition, it is concluded
that mixing rules on the hole volume contradict the thermodynamic principles outlined
in Section 2.3.1. This implies that, in order to be thermodynamically consistent, the SL
theory for multicomponent mixtures should be used in either the Flory-Huggins limit or
with a constant hole volume. Since many polymer fluid mixtures feature compressibility,
with volume changes upon mixing of particular interest to polymer foaming, a constant
hole volume in the mixture is assumed.

While a constant hole volume allows for a thermodynamically consistent theory, it does
not allow for an internally consistent theory since a constant hole volume in the mixture
precludes the ability of the mixture theory to limit correctly to describe the pure fluids in
each of the pure fluid limits.

It is possible, however, that there exist cases that do not require the theory to limit
correctly. In the case of saturated polymer-solvent mixtures, one could use a constant hole
volume along the line of saturation. Indeed, limiting cases along the line of saturation are
not required. Following the saturation curve towards the pure solvent limit would imply
the unphysical circumstance of polymer vapour within a solvent liquid, while following the
saturation curve towards the pure polymer result in the solidification of the polymer before
all solvent is excluded. The constant hole volume assumption, like many of the statist-
ical mechanical approximations discussed in Section 2.4.2, requires a posteriori validation
through comparison to experiment.

Nevertheless, some inconsistency is inevitable since comparison of any two phases with
different hole volumes cannot be performed consistently due to the presence of the hole
volume in the chemical potentials, first reported by Neau [88]. One would hope that, given
sufficiently similar hole volumes in the phases being compared, the effects of this incon-
sistency would be minimal. This can only be determined through a posteriori comparison
of hole volumes in each phase.

3.8 Relationship between pure fluid and multicom-

ponent fluid parameters

In the SL theory, both intermolecular interactions and segment volumes are subject to
mixing rules. For reference, the SL lattice-based mixing rules are described in Appendix
A. In the absence of mixing rules, it is necessary to ensure the cohesiveness of the energy
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density, as Sanchez and Lacombe do [105]. In other words, it is necessary to ensure that the
energy density of the system does not change depending on how the system is partitioned.
Given that the hole volume is used as reference volume, this is an important consideration.

To this end, a requirement is added that the change in energy on the exchange of a
polymer molecule with holes must be independent of the size of the hole. In the derivations
to follow, the superscript �p� refers to the value of the quantity in the pure fluid and the
superscript �m� refers to the value of the quantity in the mixture. This leads to the
requirement that

ε
�p�
ii � ε

�m�
ii ,

where ε
�p�
ii refers to ε of pure component i. This implies that all pure interactions parameters

remain consistent in the mixture. It follows that

E dr uii�¶r¶� � v
�m�
0

v
�p�
0

E dr u
¬

ii�¶r¶�,
where the function uii refers to the function u of pure component i. Since the volume of a
hole is independent of position, the relationship between the potentials becomes

uii�r� � v
�m�
0

v
�p�
0

u
¬

ii�r� ¾ r.

A further consequence of this transformation is that if v
�p�
r � v

�m�
r , then

u
�p�
ii,r�r� � u�m�

ii,r �r� ¾ r,

or rather ε
�p�
ii,r � ε

�m�
ii,r as expected.

It is also necessary to translate the volume ratio α in equation 3.9 into the mixture.
From the preserved close-packed volume assertion, Nv in the pure fluid is equal to Nivi in
the mixture. From equations 3.9 and 3.28, this can be used to establish the relationship

α
�m�
i �

v
�p�
0

v
�m�
0

α
�p�
i , (3.44)

where α
�p�
i refers to α of pure component i.
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3.9 Parameter estimation

In order to make predictions about the fluid properties, the theory requires the input of
experimental data to estimate the molecular or characteristic parameters. In order to
estimate these parameters, it is necessary to define a scalar objective function as well as
an algorithm for optimizing the objective function [35, 83, 126].

The objective function is a scalar quantity that acts as a measure of the goodness of fit
between experimental data and corresponding values predicted by the theory. The experi-
mental data can take the form of thermodynamic properties or functions of thermodynamic
properties.

Since the theory defines an equilibrium surface in the thermodynamic coordinate space,
it is important to define which thermodynamic variables in the set of coordinates are de-
pendent and independent quantities. The number of independent thermodynamic variables
in phase equilibrium calculations can be determined using the Gibbs phase rule [64]. In
the present work, however, additional constraints on the system due to the typically fixed
composition of the solvent-rich phase reduce the number of independent thermodynamic
variables. The number of independent variables is given by the equation

f � S � 2 � γ � δ, (3.45)

where S is the number of species in the mixture and γ is the number of phases in co-
existence, and δ is the number of additional constraints on the system. The number of
dependent variables is given by the equation d � γ � δ. The Gibbs phase rule is recovered
when no additional constraints on the system exist, or δ � 0. In saturated polymer-solvent
mixtures, additional constraints often take the form of a set of fixed molar ratios in a
given phase. For pure fluids, two cases are considered: fluids in a single phase and fluids
in a liquid-vapour coexistence phase. In a single phase system, composed of a single spe-
cies with no additional constraints, the phase rule given by equation 3.45 indicates that
there are f � 2 independent variables and 1 dependent variable. In a two-phase system,
composed of a single species with no additional constraints, there are f � 1 independent
and 2 dependent variables. For multicomponent fluids, the present work considers satur-
ated polymer-solvent mixtures in two cases: binary polymer-solvent mixtures and ternary
polymer-co-solvent mixtures. In a binary mixture, composed of two species in two phases
with no additional constraints, the phase rule indicates that there are f � 2 independent
variables and 2 dependent variables. In a ternary mixture, composed of three species in
two phases with an additional constraint imposed by a fixed molar ratio in the solvent-rich
phase, the phase rule indicates that there are f � 2 independent and 3 dependent variables.
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Let the thermodynamic variables be divided into independent rIjx and dependent rDjx
variables. The objective function should take the form

OFn�rσjx, rD0
jx� �=

k

=
i

wk

»»»»»»»»»
D

0
k�rIjxi� �Dk�rσjx, rIjxi�

D0
k�rIjxi�

»»»»»»»»»
n

,

where the superscript “0” indicates experimentally measured quantities and rσix represents
the set of parameters to be estimated. The factor wk represents an optional weighting
function to adjust the relative importance of each data point to the sum. Setting wk � 1
gives the same relative importance to each data point. The weighting function is discussed
further in Section 4.1.2. This view suggests that in order to provide the best possible fit
over the entire equilibrium surface, the objective function should include data obtained for
a variety of points over a span of all independent variables in order to reduce ambiguity
of parameters. Ambiguity caused by a limited data set is illustrated through a simple
contrived example in Appendix B.

Rather than being thermodynamic variables, the observables are generally functions of
the thermodynamic variables. The observables should then have the form

Ak � Ak�rIjx; rDj�Ij�x�.
This implies that in general, the objective function should have the form

OFn�rσjx, rA0
jx� �=

k

=
i

wk

»»»»»»»»»
A

0
k�rIjxi� � Ak�rσjx, rIjxi�

A0
k�rIjxi�

»»»»»»»»»
n

. (3.46)

The choice of power n of the objective function is related to the importance placed on
outlying data. Typically, a value n � 2 is chosen, which allows for a least-squares fitting
approach. In this case, the objective function is referred to as the sum of squares (SSQ),
where SSQA � OF2�rσjx, rA0

jx�.
For the pure fluid systems, the thermodynamic coordinates are P , T , and ρ, with

the same quantities forming the measurable properties. The set of parameters rσix is
either taken to be the set of characteristic parameters rP �

, T
�

, ρ
�x or the set of molecular

parameters rε, v0, αx. With T , and ρ chosen as independent variables, P then becomes the
dependent variable on the equilibrium surface. The objective function used to estimate
pure fluid parameters is

SSQP �

sp

=
i

wP �P 0
i �T, ρ� � P �P �

, T
�

, ρ
�

, T, ρ�
P 0
i �T, ρ� �

2

�

coex

=
i

wP �P 0
i �T � � P �P �

, T
�

, ρ
�

, T �
P 0
i �T � �

2

,

(3.47)
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where “sp” refers to the single-phase region and “coex” refers to the coexistence curve
on the equilibrium surface. Often in the literature, T , and P are chosen as independent
variables, which is associated with the objective function

SSQρ �

sp

=
i

wρ �ρ0
i �T, P � � ρ�P �

, T
�

, ρ
�

, T, P �
ρ0
i �T, P � �

2

�

vap

=
i

wρ �ρ0
i �T � � ρ�P �

, T
�

, ρ
�

, T �
ρ0
i �T � �

2

�

liq

=
i

wρ �ρ0
i �T � � ρ�P �

, T
�

, ρ
�

, T �
ρ0
i �T � �

2

, (3.48)

where “vap” indicates vapour and “liq” indicates liquid.

For multicomponent systems, it is assumed in the present work that the composition
of the solvent-rich is fully constrained and that the system is in a two-phase solvent-
rich-polymer-rich equilibrium. This configuration is further discussed in Section 3.10. The
thermodynamic coordinates are P , T , and rµi ¶ i " Sx. The set of parameters rσix is taken
to be the the set rrεijx, v0x corresponding to the set of binary interaction parameters rεijx
and the mixture hole volume v0. The pure fluid parameters in the mixture are generally
constrained to be equal to those of the constituent pure fluids, estimated from pure fluid
experimental data, although this is discussed further in Section 5.1.4. With variables P
and T chosen to be independent variables, then rµi ¶ i " Sx are dependent variables at
equilibrium. For such mixtures, the common observable property is total solvent solubility,
leading to the objective function

SSQχ �=
i

�χ0
i �P, T � � χi�rεijx, v0, P, T �

χ0
i �P, T � .�

2

. (3.49)

Once an objective function is chosen, it only remains to apply an optimization algorithm
in order to determine parameters that best fit the data. There exist diverse methods
to perform this optimization [1, 77]. A variation on the Newton method known as the
Levenberg-Marquardt algorithm is used in the present work [83].

3.10 Saturated fluid mixtures

3.10.1 Equilibrium condition

Saturation is defined as the state in which a maximal concentration of one species or set
of species has been achieved in a polymer mixture. Typically in polymer foaming, such
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calculations are performed on polymer-solvent mixtures. Calculation of the composition
of such mixtures is equivalent to determination of the composition of a polymer-solvent
mixture under the constraint that it is in coexistence with one or more solvent-rich phases.
This is tantamount to assuming that these solvent-rich phases are in thermal, mechanical,
and diffusive equilibrium with the mixture phase. Thus, let an initially pure polymer phase
having Q species of polymers and known composition be denoted �p�. Let C solvent rich
phases, denoted �c�, of known composition be composed of R species of solvents. Let the
solvent-rich phases be in coexistence with a polymer-solvent mixture phase �m�, composed
of all R solvents as well as all Q species of polymers for a total number of species S � Q�R.
It is assumed that, due to the large size of their molecules, that the solvent-rich phases
will contain no polymer molecules at equilibrium.

Assumption 9 (Large polymer) Polymer molecules do not diffuse into solvent-
rich phases due to their large size, therefore solvent-rich phases contain no polymer
at equilibrium.

Equilibrium is then defined as the set conditions

P
�c�
� P

�m�
, (3.50)

T
�c�
� T

�m�
, (3.51)

and rµ�c�
i � µ

�m�
i ¾ i " Rx (3.52)

for all c " C.

In the polymer-solvent systems to which the theory is applied in Chapter 5, the sys-
tem is defined using two-phase coexistence. A solvent-rich phase of fixed composition is
assumed to be in thermal, mechanical, and diffusive equilibrium with a polymer-solvent
mixture phase defined through equations 3.50, 3.51, and 3.52, respectively. The proced-
ure is outlined for a system containing only one polymer species, but is easily expanded
assuming the initial composition of the polymer system is known.

Composition can be uniquely determined by calculating the set of volume fractions φi in
the mixture phase. The temperature and pressure of the system are treated as independent
variables. Since the volume fractions of all species are unknown in both solvent-rich and
mixture phases, this means that there are a total of 2R�1 unknowns. These are determined
by simultaneously solving the set or R equations 3.52, the equation of state in equation
3.31 for both phases, as well as the constraints on the composition of the solvent-rich phase.
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3.10.2 Solvent solubility

Once the composition of the mixture phase is established, the solubility of the ith species
in a multi-species mixture is calculated using the definition

χi �
niMi

<j njMj

,

where ni is once again the number of molecules of species i and Mi is the molecular weight of
species i. This quantity therefore represents the mass fraction of species i in the saturated
mixture. Since expressions derived in the previous sections are given in terms of volume
fraction rather than number fraction, it is useful to derive this relation in terms of φi
instead. Using equation 3.5, the solubility becomes

χi �
MiφiV ©vi

<jMjφjV ©Njvj
,

which, combined with equation 3.28, finally reduces to the general equation

χi �
Miφi©αi
<jMjφj©αj . (3.53)

For mixtures with multiple solvent species, the solubility is defined as the total mass of
solvent present in the polymer solvent mixture. The solubility is therefore defined as the
sum of the solubilities of the individual solvent species, given by the equation

χs �
solvents

=
i

χi. (3.54)

3.10.3 Volume swelling

In a saturated polymer mixture, the swelling ratio is defined as the ratio of the volume of
the saturated mixture �m� to the volume of the polymer-rich phase �p� when the number

of molecules of each polymer species nk � n
�p�
k � n

�m�
k , is held constant between the two

phases. In practice, this ratio is expressed as

SW �
V �T, P, teq�
V �T, P, tini� �

V �T, P, teq�
msamplev�T, P � ,
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where V �T, P, teq� is defined as the volume of the saturated mixture at equilibrium at a
given temperature T , pressure P and equilibrium time teq, and V �T, P, tini� is the volume of
the polymer-rich sample. To simplify the notation, let the set rkx denote the indices of only
the polymer species, the set rjx the indices of only the solvent species, and rix � rjx< rkx
the set of all species in the mixture. The sums over these indices is assumed to be the sum
over their respective sets. Therefore, the swelling ratio is given by the expression

SW �
n
�m�
0 v

�m�
0 �<i n

�m�
i Nivi

n
�p�
0 v

�p�
0 �<k n

�p�
k Nkvk

,

where care is taken to note that the number and volume of holes as well as the number
of solvent molecules are in general not consistent between the mixture and the pure fluid
phases, denoted with �m� and �p�, respectively. It is also worth noting that the number of
molecules of species k in the initial and final systems is identical, but for all other species
the number of molecules is not consistent. Once again, since the expressions derived in
previous sections are derived with respect to the volume fractions φi, it is useful to express
the swelling in the same way. Dividing numerator and denominator by the sum of the
volume of polymer in both phases, the swelling expression becomes

SW �

1 �
n
�m�
0 v

�m�
0

<k nkNkvk
�
<j n

�m�
j Njvj

<k nkNkvk

1 �
n
�p�
0 v

�p�
0

<k nkNkvk

.

The definition of equation 3.23 as well as the incompressibility constraint given by equation
3.24 allows the swelling ratio to be expressed as

SW �

1 � �1 �<i φ
�m�
i � ©<k φ

�m�
k �<j φ

�m�
j ©<k φ

�m�
k

1 � �1 �<k φ
�p�
k � ©<k φ

�p�
k

.

Incompressibility therefore implies that the swelling equation must reduce to

SW �
<k φ

�p�
k

<k φ
�m�
k

. (3.55)

It is equally possible to derive the above result by relating the swelling ratio to intensive
quantities rather than extensive ones. Using the density ρ rather than the volume V , the
swelling ratio becomes

SW �
ρ
�p�

ρ�m�<kmk

,
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where mk is the mass fraction of species k. Such a definition, when related once again to
the volume fractions φi identically yields equation 3.55.
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Chapter 4

Application to pure fluids

4.1 Pure fluid parameter estimation applied to CO2

It has been noted that correlation of pure fluid properties from pure component parameters
with experiment has a direct effect on the predictive power of the mixture theory [5, 45, 97].
For this reason, a discussion of the pure component theory and characteristic parameters
is warranted before moving on to considerations of polymeric mixtures.

The present work uses CO2 as prototype to discuss general parameter estimation pro-
cedures. There are several reasons for this choice. The low critical point makes CO2 a useful
material for supercritical fluid extraction [16, 114]. Its abundance and relatively low envir-
onmental impact make it desireable for use as a blowing agent [9, 17, 108, 109, 118, 138].
Following application to CO2, the pure fluid parameter estimation considerations are ap-
plied to further materials in Section 4.2.

4.1.1 Pure fluid parameters

Pure fluids in the present theory are fully characterized by a set of three parameters in
addition to the molecular weight M . These parameters can either take the form of the
molecular model quantities (ε, v0, and α), referred to in the present work as the set of
molecular parameters, or thermodynamic quantities (P

�

, T
�

, and ρ
�

), referred to in the
present work as the characteristic parameters. The molecular and characteristic parameters
are related through equations 3.38, 3.39, and 3.40.
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It is conventional wisdom in the literature that no constant set of SL parameters is
capable of describing the properties of a fluid over a large range of pressures and temperat-
ures. Instead, it is common practice to derive a set of parameters only for the temperature
and pressure range under consideration. Despite their importance, no universally accepted
practices for parameter estimation or universally accepted limits to the thermodynamic
ranges that can be represented by a constant set of parameters exists in the literature. As
a result, a great number parameter sets exist in the literature for CO2 alone, many apply-
ing to overlapping thermodynamic ranges [4, 12, 20, 34, 36, 45, 58, 63, 87, 95, 135, 138].
A selection of these literature parameters, as well as the pressure and temperature ranges
from which they were derived, is found in table 4.1.

4.1.2 Experimental PVT data

While a great variety of parameter estimation procedures have been proposed, including
several for CO2 alone, all are based on the comparison of theoretically derived properties
with the corresponding experimental observation, as discussed in Section 3.9. Whatever
fitting procedure is employed, it should be verified that only properties that are expected
to correlate with experiment are included in the estimation. This should be done with the
limitations discussed in Section 3.2 in mind. The observable properties to be used in fitting
are dictated in part by the nature of the material at hand. For example, liquid-vapour
equilibrium data is included for CO2, but is not available for polymeric materials due to
their low volatility [104]. A full list of the sources of experimental data for CO2 used in
the present work is found in table 4.1.

The quality of experimental data should be considered in parameter estimation pro-
cedures. This quality of information is typically included with experimental data through
the use of error estimations, typically given as bounds on the error. These error bounds
are used to appropriately weight the experimental data, entering the least-squares object-
ive functions through the weighting factors wk in equation 3.46. Many of the sources of
experimental data considered in the present work do not include error bounds. With the
absence of error bounds, there is then no basis for the weighting of experimental data.
Further, the experimental data used in the present work shows a high level of consistency
[114], further implying that no relative weighting is required.
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Figure 4.1 A comparison of (a) density-pressure isotherm, (b) density-temperature isobar, (c) sat-
urated liquid-vapour density-temperature curve, and (d) density-pressure curve obtained using the
Kilpatrick and Chang [58] parameters with the ones obtained experimentally. Lines represent pre-
dicted density while filled shapes represent experiment. Dashed lines are added to link experimental
data with the corresponding theoretical curve for clarity. The legends indicate the experimental
sources [127].
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Group Tc (K) Pc (MPa)

Kilpatrick [58] 309.7 8.66

Kiszka [63] 316.2 9.08

Pope [95] 305.0 8.89

Wang [135] 310.4 8.38

Hariharan [45] 303.9 8.73

Garg [36] 318.1 9.42

Xiong [138] 319.0 9.64

Doghieri [20] 320.1 8.85

Nalawade [87] 318.5 9.66

Funami [34] 316.8 8.69

Cao [12] 312.8 9.65

Arce [4] 313.7 9.09

This work 319.2 9.70

Table 4.2 List of CO2 critical temperatures and pressures predicted by the SL parameters of each
group. The experimentally measured critical point is 304.2K at 7.38MPa [3, 16].

4.1.3 Comparison of literature parameter sets

The variability of parameter sets in the literature is in part the result of different parameter
estimation practices. For example, Pottiger and Laurence [97] note that the fitting proced-
ure employed by Zoller [141] favours a fit to the zero-pressure isotherms at the expense of
agreement at high pressures. Kilpatrick and Chang [58] determine parameters from experi-
mental vapour-pressure data, consequently limiting the fit to the pressure and temperature
range between the triple-point and the critical point. In yet another approach, Hariharan
et al. [45] determine parameters from the critical temperature as well as the liquid dens-
ity, vapour density, and heat of vapourization at a single arbitrarily chosen point on the
coexistence curve. For Xiong and Kiran [138], while the fitting procedure employed is not
explicitly described, the source of the experimental data is stated to be PVT data over the
temperature and pressure range given in table 4.1. One of the most common methods for
parameter estimation is the use of nonlinear least-squares fitting, as discussed in Section
3.9.

Regardless of method, it is common practice to determine SL parameters only for the
thermodynamic range being considered for a given application. For this reason, many
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of the parameter sets in the literature for CO2 were determined from data in a limited
thermodynamic range. While this practice may not be detrimental in linear least-squares
fitting procedures, provided sufficient numbers of data points, nonlinear fitting requires
additional vigilance [125, 126]. In particular, great care should be taken when extrapol-
ating the results of nonlinear least squares fits, since features outside of the range from
which parameters were determined may be poorly described [125, 126]. Through the use
of Monte-Carlo techniques applied to chemical kinetic models, Vidaurre et al. [125] find
that uncertainty caused by incomplete data sets has a significant effect on the robustness
of the resulting parameters. A simplified contrived example of this nonlinear regression
pitfall is found in Appendix B. While the issue of limited data sets is not unique to this
group in particular, the parameter set of Kilpatrick and Chang [58], estimated from the
pressure range of 0.51 � 7.4 MPa and the temperature range from 216.6 � 304 K, is used
here for the purpose of illustration. Figure 4.1 compares theoretically predicted densities
(lines) with experimental density (points) for CO2 using the Kilpatrick and Chang set of
parameters. The density isotherms and isobars are shown in figures 4.1a and 4.1b, and
liquid-vapour coexistence curves are shown in figures 4.1c and 4.1d. Since the parameters
were determined from vapour-pressure data, it is not surprising that the predicted vapour-
liquid coexistence density curves of figures 4.1c and 4.1d agree well with experiment over
their entire range. More importantly, it is clear from the single-phase density curves of
figures 4.1a and 4.1b that density correlates well to experiment only within the considered
thermodynamic range, diverging from experiment when extrapolated.

Even though the SL theory has the capacity to predict the critical point of a fluid,
the use of the mean field random mixture assumption implies that one would not expect
accurate predictions, as discussed in Section 2.4.2. A list of critical temperatures Tc and
pressures Pc predicted from the literature parameter sets is found in table 4.2. In nearly
all cases, the theory predicts a critical point higher than the accepted experimentally de-
termined values 304.2 K and 7.38 MPa. The exceptions to this observation seem to be
the parameter sets proposed by Kilpatrick and Chang [58], Pope et al. [95], and Hariharan
et al. [45], which predict the critical temperature with greater accuracy. This is to be
expected for the Hariharan et al. parameters, as the critical temperature is used directly in
the parameter estimation procedure [45]. This can also be explained for the Kilpatrick and
Chang parameters, since the parameter estimation includes data near the critical point.
The case of Pope et al. is not as clear, however, since confusion exists over the exact nature
of the estimation procedure [45]. In all three cases, the parameters do not accurately pre-
dict the critical pressure, with the accurate estimation of the critical temperature coming
at the expense of good agreement with experiment elsewhere. It should be noted that
modifications to the SL-EOS do exist in the literature that allow for more accurate pre-
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diction of critical temperature [37, 65, 93]. These necessitate, however, the abandonment
of the connection between the parameters and the underlying molecular model.

4.1.4 Goodness of fit measure

A plot of the relative density deviation from experiment for each parameter set at 490
K is found in figure 4.2. Given that the nonlinear least-squares measure is minimized in
order to achieve a fit, it is then the natural choice to be the measure of agreement with
experimental data, known as “goodness of fit”. Given that temperature and pressure are
more easily controlled in a laboratory setting, and thus natural choices for independent
variables, SSQρ given by equation 3.48 has been a common choice for this measure. In
order to minimize computational effort, as discussed in Section 3.9, the SSQP measure of
equation 3.47 is instead used in the present work. Figure 4.3 shows both SSQρ and SSQP

for each parameter set over nearly the entire set of experimental data. Data within 15
K and 1.5 MPa of both the experimentally calculated and theoretically predicted critical
points are excluded, as discussed in Section 3.9.

Comparison of figure 4.3 with table 4.1 shows that two groups, Xiong and Kiran [138]
and Nalawade et al. [87], not only provide the best agreement with experiment as measured
by goodness of fit, but also arrive at a similar sets of parameters. This conclusion is further
indicated by the relative deviation shown in figure 4.2, which shows that these two groups
have among the lowest density deviation overall. Moreover, it is clear that while there
are minor differences between the two choices of goodness of fit measure, this conclusion
remains unchanged regardless of whether SSQρ or SSQP is chosen. This is taken to be
justification for the choice of SSQP for goodness of fit.

Scrutiny of figure 4.3 and table 4.1 seems to imply that there is a correlation between
the goodness of fit and the scope of the thermodynamic data used to obtain the parameters,
with better agreement for parameters calculated using larger ranges. The exception to this
observation is the parameter set found by Kilpatrick and Chang, which can be explained by
the proximity of much of their experimental data to the critical point. Since PVT data in
this region is not expected to correlate well to experiment, its inclusion is likely to worsen
the resulting fit [127].

4.1.5 Parameter estimation procedure

The observations and conclusions made in Section 4.1.4 are used in the present section to
propose a set of best practice parameter estimation procedures. These procedures are used
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Figure 4.4 A comparison of (a) density-pressure isotherm, (b) density-temperature isobar, (c) sat-
urated liquid-vapour density-temperature curve, and (d) density-pressure curve obtained using the
parameters calculated in this work with the ones obtained experimentally. Lines represent predicted
density while filled shapes represent experiment. The legends indicate the experimental sources [127].
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Group P
�

(MPa) T
�

(K) ρ
�

(g/cm
3
)

SSQP�10
�4�

Xiong [138] 420.0 340.9 1.392 6.083

Nalawade [87] 427.7 338.7 1.4055 6.101

This work 419.9 341.8 1.397 4.968

Table 4.3 Sanchez-Lacombe pure fluid parameters for carbon dioxide that fit the experimentally
determined thermodynamic data. Parameter choices that fit the entire range of data reasonably well
fall roughly within �8 MPa, �3 K, and �0.007 cm

3
/g of each other but, due to the non-linear nature

of the equation of state, not all parameter combinations that fall within these bounds will fit well.

to determine a set of parameters for CO2, which are then contemplated in line with the
literature parameters of the previous section.

Since parameters are estimated through comparison to experiment, it is necessary to
establish how these properties are to be chosen. Internal degrees of freedom are deliberately
not considered in the present theory, as discussed in Section 3.2. Therefore one would not
expect the theory to correlate well to any thermodynamic property that depends on these
degrees of freedom. More precisely, the present theory considers only the configurational
partition function in the calculation of thermodynamic properties, strongly implying that
only PVT and related experimental data should be included in the procedure. As previ-
ously discussed, inclusion of properties not well correlated may decrease the accuracy of
the resulting parameters. Experimental data in the present work is composed of PVT data
from the single-phase region of the equilibrium surface including the supercritical regime,
saturated vapour pressure data, as well as liquid and vapour density data at coexistence
taken from the literature [3, 22, 23, 36, 124, 138]. As previously discussed, the breakdown
of the random mixture assumption near the critical point implies that this region does
not correlate well to experiment. Data points over within 15 K and 1.5 MPa of both the
experimentally determined and theoretically predicted critical points are excluded from
consideration.

As previously discussed, particular care should be taken when estimating paramet-
ers using nonlinear regressions. Least square methods are famously sensitive to outliers,
particularly in fits with limited numbers of data points [112]. In addition, the results of
the optimization may also represent a local, rather than a global minimum [8, 125, 126],
meriting caution during interpretation. The parameters in the present work are regressed
from 556 data points over a temperature range of 216.58� 1800 K and a pressure range of
0.5 � 66.57 MPa. A nonlinear least-squares parameter estimation procedure is employed,
using a Levenberg-Marquardt algorithm to optimize the objective function given by equa-
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Figure 4.5 Thermal expansivity αV as a function of temperature for a selection of pressures using
(a) the characteristic parameters presented in this work, and (b) the characteristic parameters of
Kilpatrick and Chang [58]. Isothermal compressibillity βT as a function of pressure for a selection of
temperatures using (c) the characteristic parameters presented in this work, and (d) the characteristic
parameters of Kilpatrick and Chang. Symbols are experimental data from the sources indicated in
the legends, and the solid lines are calculated from the SL-EOS [127].
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tion 3.47.

This procedure results in the set of characteristic parameters P
�

� 419.9 MPa, T
�

�

341.8 K, ρ
�

� 1.397 g/cm
3
, agreeing closely those of Xiong and Kiran and Nalawade et al.,

with all parameter sets falling roughly within �8 MPa, �3 K, and �0.007 g/cm
3
. Table

4.3 compares the parameter sets that fit the data well, as well as their goodness of fit.
In order to provide further validation of the present procedure, it is prudent to verify the
correlation qualitatively. This helps to ensure that the resulting parameters are not the
result of a local minimum, should one exist. Figures 4.4 compares the single phase region
density curves (4.4a and 4.4b) and the liquid-vapour coexistence curves (4.4c and 4.4d)
with experiment. The theoretical density curves agree very well with experiment over
the entire temperature and pressure range, in contradiction of the conventional wisdom,
except near the critical point where the theory is expected to diverge from experiment.
The agreement of the present parameters with those of Xiong and Kiran and Nalawade
et al., the comparatively small goodness of fit measures of the same in table 4.3, as well as
the qualitative agreement with experiment in figure 4.4 are together taken as validation of
the presently considered parameter estimation procedure.

4.1.6 Correlation with experiment

Deiters and de Reuck prescribe a set of considerations that should be taken by authors
publishing a new equation of state [19]. Their remarks are motivated by the desire to
have new equations of state considered not just for the often narrow application for which
they where derived, but rather for all relevant applications [19]. To this end, Deiters
and de Reuck recommend that authors discuss the limits of applicability, the quantities
expected to correlate with experiment, the predictions that can be made, as well as other
considerations [19]. While not strictly a new equation of state, the present theory merits
such a discussion. To avoid excessive repetition, this section makes explicit only those
considerations that have not already been addressed.

It has already been mentioned that quantities directly related to PVT properties are
expected to correlate well with experiment. This implies that thermal expansivity αV
and isothermal compressibility βT are expected to be predicted by the theory with some
accuracy. Figure 4.5 compares the thermal expansivity and isothermal compressibility
predicted by the theory with experiment. The predictions made using the parameters of
the present work, figures 4.5a and 4.5c, agree with experiment better than those made
by Kilpatrick and Chang, figures 4.5b and 4.5d. The cause of the small overshoot and
bump generated by the present parameters in the thermal expansivity and isothermal
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Figure 4.6 Enthalpy of vapourization as a function of temperature using (a) the characteristic
parameters presented in this work, and (b) the characteristic parameters of Kilpatrick and Chang
[58]. Logarithm of vapour pressure as a function of inverse temperature using (c) the characteristic
parameters presented in this work, and (d) the characteristic parameters of Kilpatrick and Chang.
Symbols are experimental data from the sources indicated in the legends, and the solid lines are fits
using the SL-EOS [127].
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compressibility, respectively, is not presently clear [127]. Figure 4.6 shows the plots of
enthalpy of vapourization and the logarithm of vapour-pressure compared with experiment
[127]. In this case, the Kilpatrick and Chang parameters perform better than those of the
present work. This can be attributed to the proximity of the critical point, since these
quantities are only defined in the narrow temperature and pressure range between the triple
and critical points. The excellent performance of the Kilpatrick and Chang parameters on
the vapour pressure curve is not surprising since they were regressed using this property
over this range.

Since the model deliberately does not consider internal degrees of freedom, as previously
mentioned, thermodynamic properties related to these degrees of freedom would not be
expected to correlate well. This implies that both isochoric and isobaric heat capacities cV
and cP , as well as the Joule-Thomson inversion curve are not expected to be predicted by
the theory with any accuracy. In addition, while the majority of materials considered in the
present work correlate extremely well to experimental PVT data, there are some notable
exceptions. Both LDPE and N2 do not achieve the same level of success as the other pure
fluids. In both cases, the regressions produce quantitatively satisfactory correlations with
experiment, but fail to accurately reproduce the experimentally observed PVT curves. The
reason for the relatively poorer fits for these materials is not presently known.

Figure 4.7 shows the comparison of the second virial coefficient B predicted by the
theory with those determined experimentally. The curve calculated from the present para-
meters perform better than those of Kilpatrick and Chang overall. The present predictions
do, however, deviate as expected approaching the critical point.

4.2 Characteristic parameters of other fluids

Given its success for CO2, the parameter estimation procedure proposed in 4.1.5 is applied
to other fluids. Table 4.4 lists the characteristic parameters for dimethyl ether (DME), low-
density polyethylene (LDPE), nitrogen gas (N2), polylactide (PLA), linear polypropylene
(LPP), branched polypropylene (BPP), and polysterene (PS) as well as the sources of
experimental data.

Since many residual equation of state effects are absorbed into the hole volume, it is
not immediately clear a priori whether closely related polymer species can be represented
by a single parameter set, or rather if different sets of parameters are indicated. This
must be determined a posteriori by comparison with experiment. For example, linear and
branched polypropylene are composed of the same repeating chemical units, albeit with
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Figure 4.7 Second virial coefficient as a function of temperature using (a) the characteristic para-
meters presented in this work, and (b) the characteristic parameters of Kilpatrick and Chang [58].
Symbols are experimental results compiled by Angus et al. [3], and the solid lines are fits using the
SL expression for B [127].

different network properties. A comparison of experimentally derived PVT data [72] for the
two species shows slight differences in their equilibrium properties, as shown in figure 4.8.
Indeed, a single pure fluid parameter set for both fluids fails to yield satisfactory results.
Instead, two different parameter sets, one for LPP and one for BPP, were determined
independently from the pure fluid PVT data of each species, the molecular parameters of
which are found in table 4.5. A comparison of the interaction energies ε of the two species
shows remarkable agreement (� 1%). The close-packed specific volumes of the pure fluids
also agree very closely (� 3%). The difference in density behaviour observed in figures 4.8
may then be attributed to the differences in hole volume, which are much larger (� 14%).
The figure shows that the two parameter sets agree well with experiment.
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Figure 4.8 A comparison of experimental and theoretical density isotherms for (a) linear polypro-
pylene (LPP) and (b) branched polypropylene (BPP). Points are experimental data and lines are
fits based on the present theory as denoted by the legends. Points were obtained from an empirical
density equation derived from experiment [72].

Fluid
ε

(10
�21

J)

v0

(10
�24

cm
3
)

Nv/M

(cm
3
/g)

BPP 9.057 25.41 1.117

LPP 9.151 (1.03%) 28.94 (13.9%) 1.151 (3.04%)

Table 4.5 The independently derived pure fluid molecular parameters for both linear polypropylene
(LPP) and branched polypropylene (BPP) calculated by fitting the present theory to experimental
PVT data. The data was obtained from separate empirical equations derived from experimental data
of the two materials [72]. Percentages indicate the deviation of the LPP parameters from those of
BPP.
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Chapter 5

Application to saturated
polymer-solvent mixtures

5.1 Saturated binary polymer-solvent mixtures

The purpose of this section is to apply the polymeric mixture theory outlined in Section 3.5
to polymeric mixtures that include one or more solvent species. In keeping with the use of
the term in Chapters 2 and 3, a solvent molecule in a polymeric mixture is taken to be one
that is much smaller in size than the surrounding macromolecules. Mixtures of this type
are of particular importance to the polymer foaming industry, as discussed in Section 2.2.
The mixtures considered in this section are taken to be in two-phase coexistence, with a
solvent-rich phase containing no polymer in thermal, mechanical, and diffusive equilibrium
with a polymer-solvent mixture phase, as considered in Section 3.10.

5.1.1 Characteristic mixture parameters

The binary interactions rεijx where i j j are characteristic of the mixture, ideally being
derived from experimental data obtained from each binary i/j mixture. For convenience,
the present work characterizes binary interactions using a dimensionless parameter defined
as the ratio of the binary interaction energy to the geometric mean of the corresponding
pair of pure fluid interaction energies [128] given by the equation

ζij �
εij

�εiiεjj� 1
2

. (5.1)
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Figure 5.1 Solubility data for linear PP-CO2 mixtures at saturation at temperature (a) 453 K (b)
473 K and (c) 493 K. Points are experimental data and lines are various theoretical fits denoted by
the legends [128].
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Figure 5.2 Swelling data for linear PP-CO2 mixtures at saturation at temperature (a) 453 K (b)
473 K and (c) 493 K. Points are experimental data and lines are various theoretical fits denoted by
the legends [128].
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Mixtures are fully characterized by the set of pure fluid interactions rεiix and relative
volumes rαix, properly translated into the mixture as per Section 3.8, as well as the set of
binary interaction parameters rζijx and the mixture hole volume v0. It should be noted that
since the pure fluid hole volumes do not enter into the mixture theory, the full set of three
pure component characteristic parameters contains extraneous information. Therefore,
the pure components can equivalently contribute the sets rT �

i x and rρ�i x to the mixture,
with the redundant set of parameters rP �

i x being discarded. The mixture hole volume is
assumed to be constant and unique to each saturated mixture, as discussed in Section 3.7.

5.1.2 Experimental data and parameter estimation

In the polymer foaming industry, observable polymer-solvent mixture data often takes the
form of solubility, given by equation 3.53, and volume swelling, given by equation 3.55. For
a mixture containing multiple solvent species, the solubility is defined as the sum of the
individual solvent solubilities. In this way, the solubility of a mixture containing multiple
solvents is the total mass fraction of solvent in the saturated mixture. Mixture parameters
ζij and v0 are regressed from experimental solubility data using the least-squares measure
given by equation 3.49. Just as in the pure fluid case, a Levenberg-Marquardt algorithm
is used to determine the set of parameters that best fits the experimental observation [83].

5.1.3 Binary LPP/CO2 and BPP/CO2 mixtures

Figures 5.1 - 5.4 compare the solubility and swelling predictions made by the present theory,
a 1-parameter SL theory, and a 2-parameter SL theory with experiment for saturated
LPP/CO2 and BPP/CO2 mixtures [128]. Experimental solubility and swelling data was
taken from Hasan et al. [47]. Parameters were regressed from experimental solubility data
only. Regressions using only swelling data as well as regressions compromising between fits
to solubility data and swelling data were performed, but were found to offer no improvement
in agreement with experiment. The 1-parameter SL theory refers to the SL-EOS with only
one mixture parameter found in the energetic mixing rule, with the volumetric mixing rule
taken to be the linear mixing rule outlined in the 1978 formulation found in table 2.5 [105].
The 2-parameter SL theory replaces the volumetric mixing rule with the one proposed by
Poser and Sanchez [96].

The mixture parameters are regressed using a constant set of parameters over all tem-
peratures and pressures. The resulting mixture parameters are found in table 5.1. The
solubility predictions made using the present theory, seen in figures 5.1 and 5.3 as a solid
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Figure 5.3 Solubility data for branched PP-CO2 mixtures at saturation at temperature (a) 453 K
(b) 473 K and (c) 493 K. Points are experimental data and lines are various theoretical fits denoted
by the legends [128].
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Figure 5.4 Swelling data for branched PP-CO2 mixtures at saturation at temperature (a) 453 K
(b) 473 K and (c) 493 K. Points are experimental data and lines are various theoretical fits denoted
by the legends [128].

94



Mixture ζ v0 (10
�24

cm
3
)

ζ2SL δ2SL ζ1SL

LPP/CO2 1.110 8.436 0.7244 0.1858 0.7571

BPP/CO2 1.091 8.646 0.7398 0.1728 0.7709

Table 5.1 Mixture parameters for the present method (ζ, v0), the two parameter SL-EOS (ζ2SL,δ2SL),
and one-parameter SL-EOS (ζ1SL).

line, agree with experiment much better at all temperatures than either the 1- or 2- para-
meter SL theory for both linear- and branched- PP, represented by the broken lines.

As discussed in Section 3.7, comparison of the hole volume in the mixture and the hole
volume in the solvent phase is needed to justify the inconsistent comparison of two phases
with different hole volumes. The volume of a hole in the pure CO2 fluid v

CO2

0 � 1.124�10
�23

cm
3

is relatively similar to the hole volume in the LPP/CO2 mixture v
mix
0 � 8.436 � 10

�24

cm
3
. The same is true for the BPP/CO2 mixture, with hole volume v

mix
0 � 8.646�10

�24
cm

3
.

This serves to justify the equilibrium calculation between the two phases for both mixtures.
The surprisingly good agreement of the present constant hole volume approach, coupled
with the unsatisfactory fits provided by the volumetric mixing-rule-based theories, would
suggest that the inconsistencies introduced by mixing rules are not similarly justifiable.

While solubility calculations rely only on equilibrium calculations performed between
the solvent-rich phase and the mixture phase, swelling calculations involve consideration
of three phases. Given that swelling calculations consider the pure polymer phase in
addition to those in diffusive equilibrium, one would expect the inconsistency issue to
be amplified for this property. Indeed, the comparison of predicted and experimental
swelling found in figures 5.2 and 5.4 show considerably less agreement for the present
theory, again represented by the solid line. The present theory with constant hole volume,
more importantly, fails to capture the slight concavity of the experimental swelling curve
[128]. Nevertheless, despite the consistent overestimate of the swelling, the present theory
provides better than order-of-magnitude quantitative predictions [128].

On the other hand, the volumetric mixing-rule-based theories, represented by the
broken lines, provide much less satisfactory predictions. Since these theories limit to the
correct hole volumes for the pure fluids, the poor performance is presumably then the result
of the inherent inconsistencies discussed in Section 3.7. Surprisingly, the 1-parameter SL
theory performs competitively with that of the 2-parameter SL theory, providing better
predictions in some cases. This would seem to imply that the correction to the linear
mixing rules proposed by Poser and Sanchez is not appropriate in this case [128].
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Mixture ζ v0 (10
�24

cm
3
) T

�

PP

LPP/CO2 1.039 (6%) 7.745 (8%) 470.4 (29%)

BPP/CO2 1.115 (2%) 7.719 (11%) 639.3 (3%)

Table 5.2 Mixture parameters for the present method (ζ, v0) assuming the parameter T
�

PP is also
unknown and is regressed from the mixture. Percentages in parenthesis indicate changes in values
with respect to tables 4.4 and 5.5 where T

�

PP was known from pure component data.

5.1.4 Regression of pure parameters from the mixture

It should be possible to regress pure fluid parameters from the mixture. The purpose of
this is twofold. Successful regression of a known set of pure fluid and mixture parameters
provides additional validation of the present theory. As well, successful regression indicates
that predictions could be made from a mixture for which the parameters of one of the pure
components is not known.

In Section 5.1.1, it is mentioned that only two of the three pure parameters translate
into mixture considerations in the present theory, since the volume of a hole in the pure
fluid does not appear in the mixture. While this observation is true for general materials,
special circumstances apply to large polymeric molecules. In polymer-solvent mixtures,
the relative polymer volume appears only in factors of the form �1 � 1

α
�, which approaches

unity for molecules of macromolecular size. This implies that, for polymeric materials in
such mixtures, only one pure component parameter is contributed to the mixture: only
the characteristic parameter T

�

or the molecular parameter εii.

Figure 5.5 shows the fit produced by a regression of T
�

PP , ζ, and v0 for both linear
and branched PP at a single temperature of 453 K. The plot shows excellent agreement of
the resulting fit with experiment. Table 5.2 shows the regressed parameters T

�

PP , ζ, and
v0 as well as their deviation with respect to the known values in the form of a percent.
While some of this deviation is due to the inclusion of fewer data points, most is due to
the removal of the additional constraint that the fit should agree with the pure fluid data
[128]. In spite of the large deviation in T

�

PP , oddly found to deviate 29% for linear PP and
3% for branched PP, successful predictions can be made with these parameters. Figure 5.5
shows the comparison of predicted to experimental data using the parameters regressed in
table 5.2 at 453 K, 473 K, and 493 K. The plots show excellent agreement with experiment
for both linear and branched PP.
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Figure 5.5 Solubility data for (a) linear and (b) branched PP-CO2 mixtures at saturation at tem-
peratures of 453 K, 473 K and 493 K as denoted by the legends. Points are experimental data and
lines are theoretical fits for parameters ζ, v0 and T

�

PP regressed at 453 K [128].

5.1.5 Binary PLA/CO2 and LDPE/CO2 mixtures

The same parameter estimation procedure as the one used for PP/CO2 mixtures is applied
to both PLA/CO2 and LDPE/CO2 saturated mixtures. The resulting fits are compared to
experimental solubility and swelling for PLA/CO2 in figures 5.6a and 5.6b and LDPE/CO2

in figures 5.6c and 5.6d, respectively. Experimental data is obtained from Mahmood et al.
[81] for PLA/CO2 and Hasan [46] for LDPE/CO2. As before, parameters are assumed to be
constant over all temperatures and pressures. Pure fluid characteristic parameters for both
PLA and LDPE are regressed from pure PVT data, with the parameters and the sources
of data found in table 4.4. While both figures show that the predicted solubility produces
good agreement with experiment, they encounter varied success in terms of swelling.

Despite good agreement overall, comparing figures 5.6a and 5.6c one notices a slight
difference in the quality of the two predictions. While both predictions fall within the
correct range, the PLA/CO2 solubility predictions produce a better fit to the overall trend
than those of LDPE/CO2 [129]. The difference in the quality of the fits is likely not at-
tributable to the difference in hole volumes between mixture and solvent. On the contrary,
the hole volume disparity is greater for PLA than it is for LDPE. If this disparity were
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Figure 5.6 A comparison of experimental and theoretical (a) solubility and (b) swelling for saturated
binary PLA/CO2 mixtures at various temperatures. A comparison of experimental and theoretical
(c) solubility and (d) swelling for saturated binary LDPE/CO2 mixtures at various temperatures.
Points are experimental data and lines are fits based on the present theory as denoted by the legends
[129].
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Figure 5.7 A comparison of experimental and theoretical density isotherms for (a) PLA, (b) LDPE,
and (b) PS. Points are experimental data and lines are fits based on the present theory as denoted
by the legends [129].
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Fluid v0 (10
�24

cm
3
)

CO2 11.24

PLA 14.24 (26.70%)

PLA/CO2 9.883 (12.07%)

LDPE 19.87 (76.78%)

LDPE/CO2 10.48 (8.30%)

Table 5.3 A comparison of the CO2 hole volume to those of pure PLA and LDPE as well as saturated
binary PLA/CO2 and PLA/CO2 mixtures.

solely responsible, one would expect a worse fit for linear and branched PP/CO2 mixtures,
which exhibit even larger differences. The hole volume disparity between pure polymer
and mixture is also greatest between PP and PP/CO2 for both linear and branched cases,
seeming to confirm the irrelevance of this disparity to solubility calculations for saturated
fluids, as postulated in Section 3.7.

A possible explanation is evident when cross referencing with figure 5.7, which compares
the pure fluid PVT predictions made by the present theory with experiment for both
PLA and LDPE. The sources of the experimental data are Sato et al. [111] for PLA and
Hasan [46], with the resulting parameters found in table 4.4. The figure shows much
better agreement for the PLA parameters than it does for the LDPE parameters. This
is consistent with the observations by Bashir et al. [5] that the quality of the predictive
power of the pure component parameters has a profound effect on the predictions made in
the mixture.

Figures 5.6b and 5.6d compare swelling prediction for PLA/CO2 and LDPE/CO2 mix-
tures. While showing expectedly poor results for swelling of PLA mixtures, these figures
seem to produce better than expected swelling for LDPE mixtures, despite the fact that
swelling is not considered in the parameter estimation procedure. This result is all the
more surprising since, as illustrated by table 5.3, the hole volume of PLA is much closer
to that of CO2 (� 27%) than that of LDPE (� 77%). Given the relative hole volume
disparities, one would expect the swelling predictions made by PLA to perform better.
This result remains so far unexplained [129].
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5.2 Interpretation of the function of holes

The good agreement of the present theory with experiment provides validation for the
constant hole volume assumption discussed in Section 3.7. It is possible to interpret this
surprising success in terms of correlations. The holes, while not physically real, are artifi-
cially adjusted take on some “residual” PVT effects not directly considered in the molecular
model. Specifically, the holes represent, in the molecular model, the spaces left behind in
the material as segments move, in line with the more dynamical interpretation of holes in
the free volume theories [33]. In this picture, if the segments were to move in correlated
ways, then the tuning of the hole volume may reflect this [128]. It is therefore conceivable
that, while the mean field assumption of the theory does not allow for physically real cor-
relations, the holes function akin to an averaged correlation, if only in a rudimentary way
[128]. This interpretation is consistent with the observations made about the pure fluid
parameters found in Section 4.2.

Of course, correlations are not independent of temperature and pressure, with correl-
ations increasing in importance in proximity to the critical point. Nonetheless, excluding
data to a sufficient distance from the critical point, one would hope that these correlations
could be represented by a single constant hole volume characteristic of a given pure fluid
or mixture [128].

This interpretation of the function of holes does not hold in all regimes. In the dilute
limit, where the system would be composed predominantly of holes, this interpretation is
not justified [128]. It should be noted, however, that the SL-EOS with mixing rules is
similarly not expected to hold in this regime: examination of the figure 3.1 shows that the
hole volume is expected to take on multiple values at this single point.

A list of the hole volumes characteristic of the pure fluids and mixtures considered in
the present work is found in table 5.4. Examination of the table reveals several possible
patterns. For the pure fluids, the hole volumes associated with macromolecules tend to
be larger than those of solvents [129]. In binary mixtures, the hole volume seems to be
dominated by that of the solvent. In ternary systems that contain two species of solvent,
the hole volume of the mixture appears to lie between those of the two solvents [129].
These observations could be used to greatly simplify the parameter estimation procedure
if the hole volumes of the constituent species are compared beforehand.

It is worth noting that these observed patterns are not strictly adhered to, appearing
to have their exceptions. Contrary to the observation that solvent hole volumes tend to
be smaller than those of polymers, the hole volume associated with the solvent DME is
larger than that of the polymer PLA and comparable to that of LDPE [129]. As well, it
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Fluid v0 (10
�24

cm
3
)

Pure fluid CO2 11.24

DME 19.80

LDPE 19.87

N2 8.021

PLA 14.24

BPP 25.41

LPP 28.94

PS 22.51

Binary mixture LDPE/CO2 10.48

PLA/CO2 9.883

BPP/CO2 8.646

LPP/CO2 8.436

PS/CO2 9.900

PS/N2 8.769

Ternary mixture PS/CO2+DME 16.74

PS/CO2+N2 8.628

Table 5.4 A list of the hole volumes characteristic of each of the pure, binary mixture, and ternary
mixture fluids.

is conceivable that for all mixtures, the hole volume of the mixture is dominated by the
smallest hole volume among those of the pure components, with the hole volume of the
ternary PS/CO2+DME mixture as an exception [129]. Analysis of a larger set of pure
fluids and mixtures would be needed to reduce the ambiguity in these patterns.

5.3 Temperature dependence of solubility

For the majority of polymer-solvent mixture studied to date, the solubility of the mixture
decreases with temperature if pressure is held fixed [79, 110]. It has been noted, however,
that for mixtures containing solvent molecules with a low critical point such as N2, this
temperature dependence is reversed [46]. As mentioned in Chapter 2, one of the purposes of
statistical mechanics is to relate such behaviours to molecular considerations. The present
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Figure 5.8 A comparison of experimental and theoretical solubility at various temperatures for
saturated (a) PS/CO2 and saturated (b) PS/N2 mixtures. Points are experimental data and lines
are fits based on the present theory as denoted by the legends [129].

section explores this possibility.

5.3.1 Binary PS/CO2 and PS/N2 mixtures

The reversed temperature dependence can be investigated using binary PS/CO2 and PS/N2

mixtures, since the critical temperature of CO2 (304.2 K) is much higher than that of N2

(126.2 K). Indeed, examination of figure 5.8 illustrates the reversed temperature depend-
ence of the solubility. As before, predicted solubilities are represented by solid lines, while
experimental data is represented by points. Experimental data is taken from Hasan [46].

The solubility of N2 is much lower than that of CO2, implying that CO2 has a much
greater affinity for PS. While the experimental solubility data for the PS/CO2 mixture
in figure 5.8a features a typical temperature dependence decreasing with temperature,
the PS/N2 in figure 5.8b features the reverse. Surprisingly, the theoretically predicted
solubilities reproduce this behaviour, implying that whatever molecular considerations are
responsible for this behaviour are included in the current model [129]. As such, it should
be possible to trace this behaviour back to the source molecular features.
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Binary
mixture

ζ v0 (10
�24

cm
3
)

P (MPa) T (K) Data source

LDPE/CO2 0.9680 10.48 7.0 � 21.0 383.0�463.0 46

PLA/CO2 1.046 9.883 6.9 � 20.7 453.0�473.0 79

BPP/CO2 1.091 8.646 7.0 � 31.4 453.0�493.0 46

LPP/CO2 1.110 8.436 7.0 � 31.4 453.0�493.0 46

PS/CO2 1.021 9.900 6.7 � 20.6 403.0�463.0 46

PS/N2 1.346 8.769 6.9 � 20.9 403.0�463.0 46

Table 5.5 A list of the binary mixture parameters for each pair of mixture components and their
corresponding sources of experimental data.

The temperature dependence of solubility as a function of a given parameter can be
investigated by numerically calculating the partial derivative of solubility with respect to
temperature in the neighbourhood of a thermodynamic state. The temperature dependence
of the solubility is therefore given by �∂χs

∂T
�. Figure 5.9 plots the temperature dependence

of solubility for a PS/N2 mixture near 10 MPa and 423 K as a function of the mixture
parameters ζ and v0 in the neighbourhood of their actual values. Figure 5.9b shows that the
temperature dependence does not change sign over the entire considered domain of v0. On
the contrary, figure 5.9b shows that as the strength of the binary interaction parameter is
increased, the temperature dependence changes sign from positive to negative at a critical
value. This result strongly suggests that the observed phenomenon is somehow related
to the relative strength of the binary interaction. Future consideration might be given to
calculating this temperature dependence exactly.

5.4 Saturated ternary polymer-co-solvent mixtures

5.4.1 System and experimental data

Ternary polymer-co-solvent mixtures involve the coexistence of a polymer-solvent mixture
with a solvent-rich phase composed to two distinct solvent species. Typically, the solvent-
rich phase contains a fixed composition. These mixtures have been of recent interest to
polymer foaming applications due to recent postulation that such systems may increase
the solubility of low-solubility solvents [80, 81]. Since these mixtures typically involve a
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Figure 5.9 Theoretically predicted partial derivatives of the solubility of a PS/N2 mixture near 10
MPa and 423 K calculated as a function of the mixture parameter (a) ζ and (b) v0.

solvent species of primary interest and a solvent species as used as plasticizer, these are
referred to as solvent and co-solvent, respectively.

As mentioned in Section 3.10, solubility in higher order mixtures refers to the total
mass fraction of solvent that can be dissolved into a saturated mixture. Referring to the
solubility of a given species is taken to mean the mass fraction of that species alone. The
solubility of such mixtures is then the sum of the solubilities of the individual solvents,
as given by equation 3.54. The definition of swelling, as given by equation 3.55 does not
require modification.

5.4.2 Ternary PS/CO2+DME

Figure 5.10 shows the results of fitting the present theory to a ternary PS/CO2+DME
mixture. Pure fluid parameters are regressed from pure PVT data, with parameters and
data sources found in table 4.4. Mixture parameters, which are regressed only from solu-
bility data, are assumed to be constant for all temperatures and pressures. Experimental
data was obtained from Mahmood et al. [80, 81]. Since extrapolation should be used with
caution for nonlinear fitting, the parameter estimation includes as much of the equilibrium
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Figure 5.10 A comparison of experimental and theoretical gas solubility for saturated ternary
PS/CO2+DME mixtures at various (a) temperatures and (b) solvent ratios. A plot of theoretical
CO2 solubility (c) at various solvent ratios. Points are experimental data and lines are fits based on
the present theory as denoted by the legends [129].
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Figure 5.11 A comparison of experimental and theoretical solubility for saturated PS/CO2+N2

mixtures at various temperatures for CO2:N2 solvent ratios of (a) 75:25, (b) 50:50, and (c) 25:75.
Points are experimental data and lines are fits based on the present theory as denoted by the legends
[129].
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surface as possible for a variety of solvent composition ratios, temperatures, and pressures.

In figure 5.10a, the predicted solubilities at a constant solvent:co-solvent ratio of 90:10
at 423 K, 463 K, and 483 K are compared with experiment. At all three temperatures,
the present theory exhibits excellent agreement with experiment. Figure 5.10b compares
theory with experiment at a fixed temperature of 423 K for CO2:DME ratios of 100:0, 90:10,
85:15, and 80:20. While the agreement is excellent for the 90:10, 85:15, and 80:20 ratios,
the 100:0 ratio appears to deviate from experiment, underestimating solubility significantly.
This is likely attributable to the incorrect limiting of the hole volume at that ratio to the
one regressed from the binary PS/CO2 mixture found in Section 5.3.1 [129]. Table 5.4
shows a disparity between the hole volume of the binary mixture (9.900 � 10

�24
cm

3
) and

that of the ternary mixture (1.562 � 10
�23

cm
3
). Since the theoretical predictions for the

ternary mixture agree with experiment quite well even at the high ratio of 90:10, this would
seem to indicate that there exists a fairly sharp transition between the two fluid characters
[129].

It has been deduced from other equations of state that the presence of DME in the
mixture increases the solubility of CO2 [81]. Due to present technical limitations, while
the total solubility of the solvents can be experimentally observed, it is not possible to
measure the solubility of the constituent solvents independently. Since it is not possible
to independently verify the predictions of individual solvent solubility with experiment,
verification is instead inferred from agreement with total solubility [81]. The solubility of
CO2 in the ternary mixture is plotted in figure 5.10c for CO2:DME ratios of 100:0, 90:10,
85:15, and 80:20. The trend shows decreasing solubility of CO2 as the concentration of
DME is increased. Figures 5.10a and 5.10c together seem to imply that the increase in
availability of DME induces the replacement of CO2 with a solvent with greater affinity
for PS [129].

5.5 Critical solvent ratio

5.5.1 Ternary PS/CO2+N2 mixtures

In section 5.3.1, the temperature dependence of solubility in saturated PS/N2 mixtures
was found to be the reverse of that in PS/CO2. In the present section, ternary mixtures
of PS/CO2+N2 are considered. Figures 5.11a, 5.11b, and 5.11c compare theoretically
predicted solvent solubilities at 403 K, 423 K, and 463 K to experiment for CO2:N2 ratios
of 75:25, 50:50, and 25:75, respectively. Experimental data is taken from Hasan [46].
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Together, the figures illustrate a trend of decreasing solubility with increasing concen-
tration of N2, as expected. It is apparent that as the concentration of N2 is increased, the
separation of solubility isotherms seems to decrease in tandem. Indeed, referring to figure
5.8b, it is evident that, as the ratio of CO2:N2 decreases towards 0:100, the temperature
dependence of solubility will eventually reverse. This seems to imply that there exists
a critical CO2:N2 ratio at which the temperature dependence of solubility would vanish,
with CO2 dominating the temperature dependence above this ratio and N2 dominating the
temperature dependence below [129]. Given the difficulty in calculating the temperature
derivatives of solubility analytically, it may be possible to calculate this critical ratio nu-
merically instead. This problem may merit future consideration, as it may imply that it
is possible to tailor the temperature-dependence of solubility by tuning the solvent ratios.
This may benefit applications such as those that require highly stable solubility even under
thermal fluctuation, for example.

5.6 Manipulation of the model

The present work outlines the SL molecular model for the purpose of making predictions
of phase equilibria for polymer-solvent mixtures relevant to polymer foaming, as discussed
in Section 1.2. It is conceivable, however, that the present theory could be expanded to
include additional model features to make predictions of other phenomena, provided that
the limitations of the resulting theory are correctly anticipated. For example, Condo et al.
[15] endeavour to expand the lattice-fluid to include additional molecular considerations
for the purpose of predicting glass transition phenomena. Indeed, one of the purposes
of statistical mechanics discussed in Section 2.4 is tracing physical phenomena to their
molecular sources through the manipulation of model features.

The present work provides a framework in Chapter 3 through which model features
could be manipulated. If such manipulation were to be undertaken, it is important to
verify the thermodynamic consistency of the theory with each change. As discussed in
Section 2.4.3, adherence to the first-power homogeneous form of thermodynamic potentials
is required in statistical thermodynamic theories that make use of the same to derive results.
Therefore, a consistency verification similar to the one performed in Sections 3.5.4 and 3.7
should be imposed on semi-empirical systems that include features that do not have a
physical basis, such as holes.

The following procedure is proposed, which is a direct expansion of the one performed
in Section 3.5.4. Once a thermodynamic potential is derived using statistical mechanical
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methods, the complete set of thermodynamic potentials should be calculated through Le-
gendre transformation, as outlined in Section 2.3.1. From each potential, the full set of
equations of state should be calculated and compared, with validation of the proposed
changes following from the consistency of the equations of state. This procedure may res-
ult in additional constraints on features of the theory that do not have a physical basis,
such as holes. It may also result in the discarding of the considered feature, such as mixing
rules.
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Chapter 6

Conclusions

The present work details an off-lattice derivation of the SL-EOS for pure fluids as well
as multicomponent mixtures. In doing so, a methodology for tracking assumptions and
ensuring the consistency of semi-empirical theories is established. In addition, a physical
interpretation of holes in the SL-EOS is proposed. These considerations allow for the
application of a variant of the SL-EOS to be applied to phase equilibrium calculations
for the saturated polymer-solvent mixtures relevant to polymer foaming. To this end, an
additional methodology for determining solubility and swelling in polymer-solvent mixtures
is outlined.

The present work was undertaken to achieve three primary aims. In satisfaction of the
first aim of determining whether the poor performance of the SL-EOS is due to fundamental
features or ancillary considerations, such performance is traced to several sources. One of
these sources is found to be sub-optimal implementation. Investigation of the parameter
estimation practices in the literature identifies a best practice procedure. The present
work challenges the accepted notion that a single set of parameters is incapable of agree-
ment with experiment over large thermodynamic ranges by identifying such parameters for
CO2. Employment of a nonlinear least-squares fit procedure over a large thermodynamic
range, excluding data in the neighbourhood of any critical points, is found to significantly
improve correlation to experiment. More generally, a methodology for carefully tracking
fundamental model assertions and simplifying assumptions is proposed to ensure that the
theory is not inappropriately applied to regimes where it is not expected to correlate to ex-
periment. An additional source for the poor performance is found to be a thermodynamic
inconsistency introduced by mixing rules. It is shown in the present work that no matter
their form, the introduction of mixing rules to a theory that includes holes and features
incompressibility leads to incompatibility with the principles of thermodynamics. Given
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the use of the same principles to derive material properties, this inconsistency is entirely
impermissible. It is found that this inconsistency cannot be corrected through the use of
fugacities, as was previously thought.

In satisfaction of its second aim of a successful variant of the SL-EOS for application to
polymer foaming, the present work contrives a variant of the theory that replaces the mixing
rules with a constant hole volume. This approach is found to provide an effective method
for calculating solubility in saturated polymer-solvent mixtures. As opposed to mixing
rule variants, the present theory is thermodynamically consistent in a given phase, lacking
instead internal consistency typically necessary for phase equilibrium calculation due to the
inability of the hole volume to limit correctly to the pure fluids. This inconsistency is found
to be permissible in solubility calculations, provided that the hole volumes describing the
solvent-rich phase and the mixture are not too dissimilar. Such a determination is made
a posteriori, with validation of this approach made through agreement with experiment.
This is found to be significantly better than both one- and two- parameter mixing rule
approaches, indicating that while the constant hole volume is justifiable in the considered
mixtures, the application of mixing rules is not. In light of its success, a physical significance
is proposed for holes. Holes are postulated to be manifestations of averaged molecular
correlations, otherwise ignored in such mean field theories. The success in calculating
solubility indicates that the theory can successfully be applied to the mixtures relevant to
polymer foaming.

It is important, on the other hand, to note the limitations and areas of caution. The
application of a mean field assumption means that properties calculated wherever correl-
ations are important to the results, for example the critical point or glass transition, are
not expected to be accurate. In addition, as a direct result of its original aims, the theory
does not presently allow for the calculation of quantities that are based on internal degrees
of freedom, such as heat capacities. As previously stated, the lack of internal consistency
means that phase equilibrium calculations are not possible if the hole volumes of different
phases are too different, the bounds of which are not presently known.

Of the quantities originally stated to be measures of success, the present theory falls shy
only of its goal of accurately predicting swelling. Despite better than order-of-magnitude
predictions of swelling, the predictions fail to reproduce the shape of the trends observed
in experiment. This is likely the result of consideration the polymer-rich phase in addition
to those necessary for the phase equilibrium calculation. While mixture hole volume tends
to be strongly influenced by the solvent phase, helping to ensure the success of phase
equilibrium calculations, the additional consideration of the polymer-rich phase includes
fluids with typically larger hole volume disparities. Nonetheless, excellent correlation of
the theory with PVT behaviour for pure fluids, first-order phase transitions, as well as
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solubility indicate that the theory is overall successful.

Finally, in order to satisfy its third aim, the present work proposes a methodology
for ensuring the fundamental thermodynamic consistency of a semi-empirical statistical
thermodynamic theory that contains features without physical basis by verifying that the
free energies obey the first-power homogeneous form of a thermodynamic potential. This
is done by applying the Legendre transformations to the free energy derived from the
molecular theory and verifying the consistency of the resulting equations of state. In the
paradigm of statistical mechanics, this is tantamount to imposing ensemble equivalence as
a constraint on the theory.

Given the successful satisfaction of its aims, much future work is warranted. A few paths
for future of investigation merit particular mention. The present theory takes the form of
a regular solution, with interactions leading purely to a heat of mixing. The constant hole
volume variant could be extended to allow for the inclusion of an entropic term in the inter-
actions. It is possible that such a modification may improve the correlation to experiment,
although care should be taken that the consistency requirement is fulfilled. In addition,
while only binary polymer-solvent and ternary polymer-co-solvent systems are considered
presently, the theory is readily scalable to other systems, including co-polymer-solvent and
higher-order mixtures. The present observation that the hole volumes of polymer-solvent
mixtures are dominated by the hole volume of the solvent species leads to hope for success-
ful application of the theory to these systems in spite of the additional complexity. Finally,
a more thorough investigation into the source of the atypical temperature dependence seen
in low critical point materials may prove useful. One might hope, should this phenomenon
be related to relative interaction strengths of the pure components, that it would allow
for the tailoring of temperature dependence in the solubility through tuning of the solvent
composition.

In spite of its shortcomings in terms of swelling prediction, the present theory is shown
to be a useful tool. In addition to its success in its original goals, the theory is found
to be capable of making accurate predictions for mixtures where one of the pure com-
ponents is not known by regressing both the unknown pure fluid parameters and mixture
parameters from experimental solubility data. While such a regression may not produce
accurate predictions of known pure component parameters, the resulting predictions of sol-
ubility provided excellent agreement with experiment. Such an approach could be applied
to exotic polymer-solvent mixtures. The present theory has also been shown capable of
tracing some unusual phenomena to their molecular sources. The reversed temperature
dependence of solubility observed in mixtures featuring a solvent with a low critical point
is attributed to the weaker polymer-solvent interactions exhibited by these fluids, although
not yet conclusively. The manipulation of the theory by incremental adjustment in this way
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indicates that the SL-EOS with constant hole volume has potential for new exploration.

Since applicability of the SL-EOS to successfully describe homogeneous mixtures is
requisite for the application of Hong-Noolandi Self-Consistent Field Theory to inhomogen-
eous systems, the success of the present theory gains a larger significance. The successful
application of the constant hole volume SL theory to saturated polymer-solvent mixtures
is indicative of the potential for the successful application of HN-SCFT to inhomogeneous
polymeric mixtures, such as polymeric foams.
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[9] C. Boyère, C. Jérôme, and A. Debuigne. Input of supercritical carbon dioxide to
polymer synthesis: An overview. Eur. Polym. J., 61:45–63, 2014.

115



[10] H. B. Callen. Thermodynamics and an Introduction to Thermostatistics. John Wiley
& Sons, New York, 1985.

[11] L. N. Canjar and F. S. Manning. Thermodynamic Properties and Reduced Correla-
tions for Gases. Gulf Publishing Company, Houston, 1967.

[12] G.-P. Cao, T. Liu, and G. W. Roberts. Predicting the effect of dissolved carbon
dioxide on the glass transition temperature of poly(acrylic acid). J. Appl. Polym.
Sci., 115(4):2136–2143, 2010.

[13] J. Cardy. Scaling and Renormalization in Statistical Physics. Cambridge University
Press, Cambridge, 1996.

[14] M. H. Cohen and D. Turnbull. Molecular transport in liquids and glasses. J. Chem.
Phys., 31(5):1164–1169, 1959.

[15] P. D. Condo, I. C. Sanchez, C. G. Panayiotou, and K. P. Johnston. Glass transition
behavior including retrograde vitrification of polymers with compressed fluid diluents.
Macromolecules, 25(23):6119–6127, 1992.

[16] A. I. Cooper. Polymer synthesis and processing using supercritical carbon dioxide.
J. Mater. Chem., 10(2):207–234, 2000.

[17] S. Costeux. CO2-blown nanocellular foams. J. Appl. Polym. Sci., 131(23):1–16, 2014.

[18] David. Introduction to Modern Statistical Mechanics. Oxford University Press, Ox-
ford, 1987.

[19] U. K. Deiters and K. M. de Reuck. Guidelines for publication of equations of state
- I. Pure fluids. Fluid Phase Equilib., 161:205–219, 1999.

[20] F. Doghieri and G. C. Sarti. Nonequilibrium lattice fluids: A predictive model for
the solubility in glassy polymers. Macromolecules, 29(24):7885–7896, 1996.

[21] X. X. Duan, Y. C. Li, and C. J. Gao. Constraining the lattice fluid dark energy from
SNe Ia, BAO and OHD. Sci. China: Phys., Mech. Astron., 56(6):1220–1226, 2013.

[22] W. Duschek, R. Kleinrahm, and W. Wagner. Measurement and correlation of the
(pressure, density, temperature) relation of carbon dioxide I. The homogeneous gas
and liquid regions in the temperature range from 217 k to 340 k at pressures up to
9 mpa. J. Chem. Thermodyn., 22(9):827–840, 1990.

116



[23] W. Duschek, R. Kleinrahm, and W. Wagner. Measurement and correlation of the
(pressure, density, temperature) relation of carbon dioxide II. Saturated-liquid and
saturated-vapour densities and the vapour pressure along the entire coexistence
curve. J. Chem. Thermodyn., 22(9):841–864, 1990.

[24] S. F. Edwards. The statistical mechanics of polymers with excluded volume. Proc.
Phys. Soc., 85(4):613–624, 1965.

[25] U. Eisele. Introduction to Polymer Physics. Springer-Verlag, Berlin, 1990.

[26] P. J. Flory. Thermodynamics of heterogeneous polymers and their solutions. J.
Chem. Phys., 12(11):425–438, 1944.

[27] P. J. Flory. Principles of Polymer Chemistry. Cornell University Press, Ithica, 1953.

[28] P. J. Flory, R. A. Orwoll, and A. Vrij. Statistical thermodynamics of chain molecule
liquids. I. An equation of state for normal paraffin hydrocarbons. J. Am. Chem. Soc.,
86(17):3507–3514, 1964.

[29] P. J. Flory, R. A. Orwoll, and A. Vrij. Statistical thermodynamics of chain molecule
liquids. II. Liquid mixtures of normal paraffin hydrocarbons. J. Am. Chem. Soc., 86
(17):3515–3520, 1964.

[30] T. G. Fox and P. J. Flory. Second-order transition temperatures and related proper-
ties of polystyrene. I. Influence of molecular weight. J. Appl. Phys., 21(6):581–591,
1950.

[31] K. F. Freed. Functional integrals and polymer statistics. In I. Prigogene and S. A.
Rice, editors, Advances in Chemical Physics, volume 22, chapter 1. John Wiley and
Sons, Inc., Hoboken, 1972.

[32] H. Fujita. Free diffusion in a two-component system in which there is a volume
change on mixing. J. Am. Chem. Soc., 83(13):2862–2865, 1961.

[33] H. Fujita. Notes on free volume theories. Polym. J., 23(12):1499–1506, 1991.

[34] E. Funami, K. Taki, and M. Ohshima. Density measurement of polymer/CO2 single-
phase solution at high temperature and pressure using a gravimetric method. J.
Appl. Polym. Sci., 105(5):3060–3068, 2007.

[35] P. Gans. Data Fitting in the Chemical Sciences. John Wiley & Sons, Chichester,
1992.

117



[36] A. Garg, E. Gulari, and C. W. Manke. Thermodynamics of polymer melts swollen
with supercritical gases. Macromolecules, 27(20):5643–5653, 1994.

[37] K. Gauter and A. Heidemann. A proposal for parametrizing the Sanchez-Lacombe
equation of state. Ind. Eng. Chem. Res., 39:1115–1117, 2000.

[38] J. Gross and G. Sadowski. Application of perturbation theory to a hard-chain refer-
ence fluid: an equation of state for square-well chains. Fluid Phase Equilib., 168(2):
183–199, 2000.

[39] J. Gross and G. Sadowski. Perturbed-Chain SAFT: An equation of state based on
a perturbation theory for chain molecules. Ind. Eng. Chem. Res., 40(4):1244–1260,
2001.

[40] Y. Guerrieri, K. V. Pontes, G. M. N. Costa, and M. Embiruçu. A survey of equations
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Appendix A

Comparison of on-lattice and
off-lattice assertions

The molecular theory assertions, as described by Sanchez and Lacombe, are here enumer-
ated. The order in which the assertions are presented does not reflect the original SL
presentation. Rather, the order has been changed in order to group structural, entropic,
and energetic considerations together, as well as to decouple the fundamental theory asser-
tions from simplifying assumptions. It should be noted that in these assertions, the term
“mer” refers to a polymer segment rather than a monomer. The model assertions for the
pure fluid are [66, 104, 105]

� (Lattice character) The fluid is assumed to be composed of a “system of N molecules
each of which occupies r sites (a r-mer [sic]) and N0 vacant lattice sites (holes). ...
The coordination number of the lattice is z.” [104]

� (Chain structure)“Each interior mer of a linear chain is surrounded by z � 2 nearest
nonbonded neighbours and two bonded neighbours; mers at the chain ends have z�1
nonbonded neighbours and one bonded neighbour.” [104]

� (Symmetry) “A r-mer is characterized by a symmetry number σ. For example, for a
linear r-mer it is equal to two if the chain ends are indistinguishable and to unity if
the chain ends are distinguishable.” (“... the exact value of σ is of inconsequential
importance.”) [104]

� (Flexibility)“A r-mer is also characterized by a “flexibility parameter”, δ. It is equal
to the number of ways in which the r-mer can be arranged on the lattice after one
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of its mers has been fixed on a lattice site. ... It will be assumed that the flexibility
parameter δ is independent of temperature and pressure.” [104]

� (Preserved close-packed volume) “It will be assumed that the close packed volume
rv

�

of a molecule is independent of temperature and pressure. The close packed
volume of a mer is v

�

; it is also the volume of a lattice site.” [104]

� (Hole volume)“The volume associated with an empty lattice site (a hole) is also equal
to v

�

; ...” [104]

� (Nearest neighbour interaction) “The energy of the lattice depends only on nearest-
neighbour interactions. ... The only nonzero pair interaction energy is the one
associated with nonbonded, mer-mer interactions; hole-hole, hole-mer, and bonded
mer-mer pairs are assigned a zero energy. ... The quantity rε

�

is the characteristic
interaction energy per molecule in the absence of holes; ε

�

is also the energy required
to create a lattice vacancy (hole).” [104]

� (Fluid characterization) “A pure fluid is completely characterized by three molecular
parameters: ε

�

, v
�

, and r, or equivalently, the scale factors T
�

, P
�

, and ρ
�

.” [104]

In order to combine molecules from different pure fluids, the lattice construction makes
it necessary to add additional “combining rules”. The combining rules allow for the pop-
ulation of a mixture lattice with molecules from two different pure fluid lattices. These
assertions about the way in which lattices are combined are generally known as mixing
rules. The mixing rule assertions are [66, 105]:

� (Volumetric mixing rule) “In general, v
�

is some unknown function of v
�

i and the com-
position of the mixture. ... The close-packed molecular volume of each component is
conserved.” [66]

� (Energetic mixing rule) “Characteristic pressures are pairwise additive in the close-
packed mixtures ... the characteristic pressure P

�

is closely related to the physical
property of cohesive energy density and our third (energetic mixing) rule insures
pairwise additivity of this property in the close-packed state.” [105]

Note that the first two original SL combining rules, alluded to in the energetic mixing rule
assertion, are not included in the list. The first two combining rules are used to impose
a specific mixing rule for the volumetric mixing rule, namely the linear mixing rule. SL
admit that such rules are often arbitrary [105]. Only the most general assertion is used
here.
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Assertion Justification

(Segment excluded volume) The
fluid is composed of polymer mo-
lecules, denoted species s, each di-
vided into Ns equal segments of
volume vs that cannot overlap.

Directly from the lattice character
assertion.

(Preserved close-packed volume)
The volume occupied by a polymer
molecule is constant, given by the
product of the quantities Nsvs, and
a characteristic of a given polymer
species.

From the preserved close-packed
volume and fluid characterization
assertions. If r and v

�

characterize
the fluid, then the molecular volume
rv

�

also characterizes the fluid.

(Short-ranged segment interaction)
Interactions are limited to those
between polymer segments only.
The strength of the interactions are
assumed to be temperature- and
pressure- independent. Interactions
are short-ranged, so that they be-
come negligible beyond a segment
size. Such interactions are a charac-
teristic of a given polymer species.

From the nearest-neighbour interac-
tion and fluid characterization as-
sertions. While not necessarily im-
plicit, if r and ε characterize the
fluid, then both should be invariant.
This is confirmed by their treatment
in the literature.

(Free volume partition) The fluid
contains free volume not occupied
by molecular segments. The free is
volume partitioned into equal seg-
ments of volume vh. These segments
are referred to as “holes”.

From the lattice character and hole
volume assertions. Whereas vacan-
cies may not be considered inde-
pendently of the segments in statist-
ical considerations, the holes in the
SL theory are treated as a set of in-
distinguishable particles in the num-
ber of configurations.

(Hole character) Holes are treated
as a distinct chemical species rather
than simple vacant space. The spe-
cies contains translational degrees of
freedom only.

While not explicitly present in the
SL theory assertions, holes are given
no internal degrees of freedom.
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Assertion Justification

(Incompressibility) The system of
polymer molecules and holes is as-
sumed to fill all space, so that if a
given location is not occupied by a
polymer segment, it is occupied by
a hole.

From the lattice character and hole
volume assertions. The assertions
have been rephrased to make clear
that holes are treated as indistin-
guishable particles in statistical con-
siderations.

(Constant hole volume) The volume
of a hole vh is constant and a char-
acteristic of a given polymer species.
Changes in free volume correspond
solely to changes in the number of
holes.

From the fluid characterization as-
sertion. While not necessarily impli-
cit, if v

�

characterizes a fluid, then
it should be invariant. This is con-
firmed by its treatment in the liter-
ature.
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Appendix B

Robustness of parameters
determined through nonlinear
parameter estimation

Caution is needed when extrapolating a model where parameters are determined through
nonlinear least squares parameter estimation. Although many other sources of uncertainly
affect nonlinear regression, Vidaurre et al. [125] find that uncertainty caused by incomplete
data sets has a significant effect on the robustness of the resulting parameters.

In order to illustrate the potential difficulties of nonlinear least squares parameter
estimation, a simple example is presented using a contrived model given by equation

y�x� � αe� 1
2
�x�µ
σ

�2
. (B.1)

The model is assigned the parameters α � 1.2, µ � 1.5, and σ � 0.9. Virtual data is
derived from the model by selecting evenly spaced points along the x-axis, with random
error simulated using pseudo-random deviation from the corresponding y points on the
curve given by equation B.1. The simulated random error is generated from a normal
probability distribution using a fixed standard deviation of σ � 0.02. In this way, the
present example endeavours to include random and limited range parameter estimation
errors, while deliberately excluding model error. In an attempt to isolate small sample size
error, each data set contains an equal number of n � 40 points. Regression is performed
using nonlinear least-squares parameter estimation with a Levenberg-Marquardt optimiz-
ation algorithm [83]. All regressions begin at the same initial choice of parameters given
by α � 2.5, µ � 3.0, and σ � 1.8.
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Figure B.1 Regressions performed using [(a), (b)] data over a limited range and (c) data over a
large range. Points represent data and solid lines represent regressions and dashed lines represent
the actual source model for the data, as indicated by the legends.
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Regression Data range α µ σ

Limited range (a) �1.5 to 0 129.3 (10 700%) 5.078 (239%) 1.466 (62.9%)

Limited range (b) 0.5 to 1.0 1.056 (12.0%) 1.214 (19.1%) 0.7129 (20.8%)

Large range (c) �2.0 to 1.7 1.186 (1.15%) 1.487 (0.868%) 0.8999 (0.0163%)

Table B.1 A comparison of the parameters regressed from data over a limited range and over a large
range as shown in figure B.1. Data points were obtained using a pseudo-random distribution about
the model given by equation B.1 using the parameters α � 1.2, µ � 1.5, and σ � 0.9. Deviation of
the regressed parameters from those of the source model are given in the form of a percent.

Figure B.1 compares the data sets obtained from the model and the resulting regres-
sions. Table B.1 compares the parameters regressed from each data set with those of the
source model. Figures B.1a and B.1b show the curves obtained by regression of the limited
range data are not consistent, with B.1b producing better agreement than B.1a. Table
B.1 reflects this observation, with the parameters for the regression in figure B.1b more
closely matching the actual parameters than those of the regression in figure B.1a. This
seems to suggest that the proximity of the data to important features of the model, in
this case the Gaussian peak, affects the quality of the regression and the robustness of the
parameters. Significantly, it is clear that while both figures B.1a and B.1b would produce
excellent correlation to the virtual data in the range from which the parameters are derived,
extrapolation would prove to be much less successful. On the other hand, the regression
in figure B.1c shows excellent agreement with the source model, with table B.1 showing
that the parameters regressed from the large range agree closely with those of the source
model. More significantly, it is clear that in contrast to the parameters regressed from the
limited range data sets, parameters regressed from the larger range allow for successful
extrapolation.

In the case of a theoretical model applied to experimentally obtained data, model error,
systematic error, and other factors are also present, further complicating regression. As
well, in contrast to the present simplified example, the important features of more complex
theories may not be known, complicating the strategic choice of range in order to obtain
the best possible parameters. Therefore, if one is ignorant of the complete set of features of
significance to a theoretical model, then the present example suggests that it is advisable to
perform a nonlinear least squares parameter estimation over as large a range as possible.

134



Glossary

binodal (also coexistence curve) the set of points on the equilibrium surface that mark
the coexistence of two phases.

blowing agent a substance used for the purpose of creating gaseous voids in the foaming
process.

chemical blowing agent a blowing agent that uses thermal decomposition to generate
gases.

coarse-graining the modelling of a system of discrete components by using fewer numbers
of larger components.

colligative properties solution properties that depend on the concentration of solute
but not on the identity of the solute.

configurational partition function the portion of the partition function dependent on
position, to the exclusion of momentum, rotation, vibration, etc.

critical point the point on the equilibrium surface at which the binodal and spinodal
curves intersect, marking the terminus of a first-order phase transition.

foam a substance composed of gaseous voids in a continuum of dense material.

goodness of fit a measure that characterizes the discrepancy between a model and ob-
served values.

mer a polymer segment in a molecular theory construction that may be equal or larger
than the size of a monomer, depending on the level of coarse-graining.
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microstate the set of spatial coordinates, internal coordinates, velocities, etc. that de-
scribe a system of particles at a given instant.

oligomer a molecule composed of relatively few molecular sub-units.

physical blowing agent a blowing agent that uses thermodynamic phase transition to
generate gases.

polymer a molecule composed of a large number of molecular sub-units.

solvent a substance composed of molecules much smaller than those of the polymer with
which it is mixed, as considered by Flory-Huggins solution and related theories.

spinodal the set of points on the equilibrium surface near a first-order phase transition
curves that mark the boundary between the metastable and unstable states.

state equation (also equation of state) an equation establishing a relationship between
the state variables at equilibrium.

state variable (also variable of state) one property of a set that define the current state
of a thermodynamic system.

statistical mechanics a branch of physics using probability theory to derive averaged
system properties from assertions about the structure and properties of its constituent
particles.

statistical thermodynamics the combined branch of physics aggregating statistical mech-
anics and thermodynamics.

thermal fluctuation the random deviation of a thermodynamic system from its equilib-
rium state.

thermodynamic coordinates a set of properties of a thermodynamic system that to-
gether represent a thermodynamic state (see state variable).

thermodynamic potential a scalar quantity characterizing the state of a thermody-
namic system.

thermodynamic response functions quantities derived from the second derivatives of
thermodynamic potentials.
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thermodynamic state (also macrostate) the set of thermodynamic state variables that
describe a system at a given instant.

thermodynamics a branch of physics dealing with the relationship between forms of
energy.

thermoplastic polymers in bulk material, polymer molecules are held together by inter-
polymer coiling and van der Waals forces that increase in mobility with temperature.

thermoset polymers in bulk material, polymers have a complex, connected network
structure with little mobility increase with temperature.
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