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Abstract

The existence and smoothness of center manifolds and a reduction principle are proven for impulsive
delay differential equations. Several intermediate results of theoretical interest are developed, including
a variation of constants formula for linear equations in the phase space of right-continuous regulated
functions, linear variational equation and smoothness of the nonautonomous process, and a Floquet
theorem for periodic systems. Three examples are provided to illustrate the results.

1 Introduction

Center manifold theory has a rich history as one of the fundamental tools in the study of nonlinear dynamical
systems. Broadly speaking, the application of the theory to a given dynamical system near its nonhyperbolic
states permits a reduction of dimension that is locally characteristic of the behaviour of the fully nonlinear
system.

The dynamics of infinite-dimensional systems has been a great source of motivation in the development of
techniques in functional analysis. For instance, (strongly continuous) semigroups of operators are often used
as the building blocks of center manifolds (and, indeed, other invariant manifolds) for infinite-dimensional
dynamical systems. The body of literature on this topic is vast; for a brief exposure one may consult the
works of Chicone [5], Chow and Lu [6], DaPrato and Lunardi [§], Krizstin [22], Veltz and Fogeras [29], as
well as the textbooks [9] [13].

In recent years, there has been a surge of interest in the dynamics of impulsive differential equations with
time delays, especially in neural networks, mathematical biology and ecology, as such systems frequently
involve memory effects (discrete or distributed delays), and bursting or discontinuous controls (impulses).
While large-scale emergent behaviour such as synchronization in neural networks can be introduced through
pinning algorithms, there is little available in terms of low-dimensional analysis techniques to study the
emergence of classical bifucation patterns. Indeed, analysis of specific nonlinear impulsive systems with
delays appears to be mostly confined to more static notions such as well-posedness, permanence, existence of
global attractors and binary stability-instability analysis of equilibrium points, with a look toward bifurcation
toward permanence of a compact region of the phase space — see [111 25] [30], [31] for some recent applications
to biological systems. Most dynamic bifurcation analysis at present seems restricted to numerical studies.
For instance, in [32], the largest Lyapunov exponent is used to numerically investigate bifurcations to chaotic
attractors in a three-species food chain model with distributed delay and impulsive control.

In this paper, we establish the theoretical existence, smoothness and reduction principle of center mani-
folds for a fairly broad class of impulsive delay differential equations, thereby introducing a classical method
of analysis to this growing field of study. It should be mentioned that in the literature, one typically refers
to nonautonomous invariant manifolds (of which the center manifold is included) as invariant fiber bundles.
These are appropriate generalization of invariant manifolds to explicitly time-varying systems that can be
visualized as time-varying manifolds [I]. However, to avoid unnecessary verbiage and to draw a distinction
between them and linear invariant fibre bundles, we will continue to refer to them as center manifolds.

The structure of the paper is as follows. In Section [2] we provide an imprecise statement of our main
result and elaborate on several of its corollaries — namely, the existence of local center manifolds for fully
nonautonomous delay differential equations and finite-dimensional impulsive systems. We also outline our
method of proof. Section [3| provides background material on impulsive delay differential equations and some
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of the function spaces that will be needed, as definitions specific to our results. Section [4] is devoted to
the development of a variation-of-constants formula for linear nonhomogeneous impulsive delay differental
equations that is interesting in its own right, but will be needed extensively after. The existence of Lipschitz
continuous center fiber bundles (local and global) is proven in Section |5} A reduction principle (attractivity
properties and restricted dynamics equtions) is established in SectionA detour is taken to study periodic
linear systems in Section [7} before establishing the smoothness of the center manifold in Section [§ where
we also prove that a periodic system necessarily generates a periodic center manifold. Some examples are
provided in Section [9}

2 Statement of results and methodology

This section will be devoted to an informal statement of the results of this paper, together with a broad
overview of the proofs. We will ultimately be interested in semilinear impulsive delay differential equations
of the form

=AMz, + f(t,x), t# 7%k W

Ax - kat* + gk)(xt*% t = Tk,
where A(t) : RCR — R™ and B(k) : RCR — R™ are for each ¢ € R and k € Z, bounded linear operators
acting on the Banach space RCR of uniformly bounded functions ¢ : [-r,0] — R™ that are continuous from
the right and have limits on the left, with » > 0 finite. Also, f: RXx RCR — R™ and g : Z x RCR — R™ are
sufficiently smooth and vanishing with vanishing first derivatives at the origin 0 € RCR, and {7y : k € Z} is
a sequence of impulse times. We do not require global Lipschitzian conditions on the vector field f or jump
functional g.

2.1 Statement of the result

Rather imprecisely, the main result of our paper is as follows.

Theorem. Under “reasonable assumptions”, there exists a Lipschitz function C : RCR. — RCR, with
domain consisting of a time-varying subset RCR. C RCR, with the property that every sufficiently small
solution of with limited two-sided exponential growth is contained within the graph of C: the local center
manifold. Moreover, in the absence of unstable components in the linear part of , the local center manifold
attracts nearby solutions. Under certain conditions, the function C : RCR. — RCR is smooth.

The reasonable assumptions of the theorem include, in particular, a splitting of the phase space RCR
into a time-varying internal direct sum RCR(t) & RCR.(t) ® RCR.(t) of three closed subspaces, which
behave like time-varying stable, center and unstable subspaces associated to the linear system

y=Ab)yt, t# @)
Ay = Brys-, t=T.

More precisely, this splitting is a decomposition of RCR as an internal direct sum of three mutually orthogonal
closed stable, center and unstable fibre bundles over RCR with base space R (equivalently, nonautonomous
sets RCR; C R x RCR). In addition, the evolution family U(t,s) : RCR — RCR associated to the linear
system must satisfy certain invertibility and exponential boundedness conditions when restricted to each
factor of the decomposition, defined through the projection operators P; : RCR — RCR; onto the stable,
center, and unstable fibre bundles. We will later say that the linear part is spectrally separated if these
conditions are satisfied.

While presented somewhat abstractly, the spectral conditions are satisfied in several important special
cases. For instance, they are satisfied when is periodic, as proven in Section 7, The center manifold is
also smooth in this case.



2.2 Corollary: center manifolds for finite-dimensional impulsive systems and
systems with memoryless linear part

Our theorem stated imprecisely in Section [2.1] immediately grants existence and smoothness of local center
manifolds or invariant fiber bundles under similar reasonable assumptions for ordinary impulsive differential
equations in Euclidean space,

&= f(t,z), t#m
Az = gip(z), t=Tk.

It should be noted that there are numerous examples of center manifold theory for difference equations
being applied to study periodic systems of impulsive ordinary differential equations — see [7] for a survey of
this method. Despite this, it appears yet to be proven in the literature that such systems possess C*-smooth
invariant center fiber bundles in general. One result [4] is applicable for impulsive differential equations in
Banach spaces, but only holds for small nonlinearities and grants C' smoothness. We thus prove prove C*
smoothness in Euclidean space.

Another useful corollary is the existence and smoothness of the center manifold for impulsive delay
systems when the linear part is memoryless. That is, systems of the form

z=At)x + f(t,xs), t# Tk
Ax = Byr + gi(xg-), t=T%,

where the nonlinearities vanish and have vanishing derivatives at zero. In this case, the verification of spectral
separation can be done on the finite-dimensional linear part, instead of in the whole infinite-dimensional phase
space. This greatly simplifies calculations.

2.3 Methodology

At its core, our approach to prove the existence and smoothness of local center manifolds is an adaptation of
the Lyapunov-Perron method used to prove the existence of center manifolds for various classes of functional
differential equations without impulses. This programme is carried out successfully in [9] 22| [I8] [19], for
example.

The Lyapunov-Perron method makes use of a variation-of-constants formula to reinterpret solutions
of the differential equation in question as mild solutions of a semilinear integral equation. In the fully
nonautonomous context, this method was used by Chicone [5] to prove a nonautonomous center manifold
theorem by first appealing to the evolution semigroup. The evolution semigroup allows one to effectively
translate the problem into an autonomous setting by enlarging the phase space. Semigroup theory then
provides the requisite variation of constants formula.

To contrast to the approach of Chicone, we work directly with the evolution family associated to
and prove a variation of constants formula that is reminiscent of a classical formula derived by Jack Hale
for functional differential equations [I2]. In the aforementioned reference, Hale proves that solutions of the
inhomogeneous delay differential equation & = Az + h(t) satisfy the formal variation of constants formula

5 =Tt =)o+ [ Tt~ wxah(n)dn

where T'(t) : X — X is the strongly continuous semigroup associated to the autonomous system &(t) = Az,
the phase space is X = C([—r,0],R"), and xo : [-r,0] = R™*" is defined by x((0) = I and xo(#) = 0 for
6 < 0. Strictly speaking, the formula is ill-defined because xoh() is not in the domain of T'(t — p).

The inconsistencies in Hale’s variation of constants formula can be resolved in several ways, including
adjoint semigroup theory and integrated semigroup theory [I4]. We opt for an arguably more elementary
approach, which is similar to the construction used in [3, 24]. Namely, we work with the phase space RCR of
right-continuous regulated functions at the outset and prove that the nonhomogeneous impulsive functional
differential equation

= Aw+h(t), £,

3
Azx = Bra- +r(k), t=1 ®)



satisfies a forward global existence and uniqueness of solutions property, and that its associated homogeneous
equation generates an evolution family U(¢, s) : RCR — RCR that is sufficiently regular to define and prove
the variation of constants formula

t
xy = U(t, 8)xs —|—/ U(t, 1) xoh(p)dp + Z (t, Ti)xor (%),

s<T; <t

where the integral is interpreted in the Pettis (weak) sense. The correctness of this formula is proven in
Section [l

It is interesting to note that the evolution family U (¢, s) generally fails to be strongly continuous, further
necessitating the interpretation of the integral in the weak sense. Indeed, the integrand is not even Bochner
measurable, which makes investigations into strong integrability quite difficult.

The weak integral behaves well with respect to composition of bounded linear operators, and as such
commutes with the projection operators P; onto the stable, center, and unstable fibre bundles associated to
the linearization. This fact is later used to construct, for each s € R, a bounded linear operator

Ke:(h,g) = KI(f,9)

mapping inhomogeneities (h, r) satisfying bounded exponential growth conditions onto the unique bounded-
growth solutions of the inhomogeneous equation whose components in the center fibre bundle vanish at
time s.

The rest of the proof of existence follows loosely the approach taken in, for instance [9, 22, 18] [19]. albeit
with some modifications. Namely, one cuts off the nonlinearities f and g away from the origin separately in
the center and hyperbolic directions and constructs a nonlinear fixed-point equation for each s € R,

u="U(,8)p+ Ko Rs(u),

where ¢ € RCR.(s) is a component in the center bundle in the appropriate fiber and Ry is the Nemitsky
operator associated to the external direct sum of the nonlinearities f and g following the cutoff procedure.
The fixed point us = us(p) of this equation is then used to define the global center manifold at time s.
The fibre bundle defined by “gluing” these manifolds together along the real line defines the all-time global
center manifold, and a suitable restriction generates the invariant center manifold. The proof of invariance
and attraction is similar in spirit to the autonomous delay differential equations case.

To obtain smoothness, the nonlinearities must be smoothed in a way that makes the Nemitsky operator
smooth in the part of the phase space in which the center manifold resides. As the center manifold is time-
varying, the infinite-dimensionality of the space in which it resides makes the smooth renorming of the space
a nontrivial problem to solve. To resolve this, we specialize to linearizations whose evolution families satisfy
a particular decomposability condition that is formally analogous to a Floquet decomposition on the center
fiber bundle. Then, we prove the smoothness of the center manifold by appealing to methods of contractions
on scales of Banach spaces; see [28, 27, 0] for background on these techniques.

2.4 Notation

The following notation is common to the manuscript. For a subset Z C R, the symbol yz will always denote
the identity-valued indicator function:

- {1 022

with I the identity on R™. The domain of xz will be either stated or implied. The cardinality of a set X
will be denoted #S. If V is a normed vector space, the set of bounded linear maps on V will be denoted
L(V), and if V1, ...,V are all normed spaces, then the set of bounded p-linear maps from Vi x --- x V,, into
V will be denoted L£P(V4 x --- x V,,, V). For a function f: T x X — Y with 7 C R and Banach spaces X,Y,
D¥f(t,z) € LF(X x --- x X, X) denotes the kth Fréchet derivative of f in its second variable at the point
(t,x) e T x X.



3 Background material

In this section we will collect necessary results on the linear inhomogeneous impulsive retarded functional
differential equation

& = L(t)x: + h(t), t# Tk (4)
Ax = Bpxy- + 1, t =Ty, (5)

with the impulse condition Ax(t) = z(t) — x(t™), where z;- (0) = z(t + 0) for —r < 6 < 0 and z;- (0) =
limg_,o- xz(t+6), and r > 0 is finite. We will be working exclusively with spaces of right-continuous regulated
functions; denote

RCR(I,X) = {f I > X :Vtel, lir?+ f(s) = f(t) and lintai f(s) exists},

where X C R™ and I CR. When X and I are closed,
RCRy(I,X):={f € RCR(I, X) : ||f]| < oo}

is a Banach space with the norm ||f|| = sup,¢;|f(z)]. One may consult [I7] for background on regu-
lated functions. We will write RCR := RCR([—r,0],R™) when there is no ambiguity, and note that since
RCRy([—r,0],R™) = RCR(]—r, 0], R™), we may identify RCR with its associated Banach space. The follow-
ing assumptions will be needed throughout.

H.1 The representation

0

L(t)p = [ [don(t,0)]6(0)

-r

holds, where the integral is taken in the Lebesgue-Stieltjes sense, the function 1 : R x [—r, 0] — R™*"
is jointly measurable and is of bounded variation and right-continuous on [—r, 0] for each t € R, and
such that |L(t)¢| < £(t)||¢|| for some ¢ : R — R locally integrable.

H.2 The sequence 7 is monotonically increasing with |7x| — 0o as |k| — oo, and the representation

0

Bro= [ [dov(0)](0)

-Tr

holds for k € Z for functions v, : [—r, 0] — R™*™ of bounded variation and right-continuous, such that
| Br| < b(k).

Remark 3.0.1. Hypothesis H.1-H.2 could in principle be weakened. However, insofar as applied impulsive
differential equations are concerned, hypothesis H.1 is sufficient. Indeed, H.1 includes the case of discrete
time-varying delays: the linear delay differential equation

m

=) Ap(t)a(t —ri(t)

k=1

with Ty, continuous, is associated to a linear operator satisfying condition H.1 withn(t,0) = > Ap(t)H_,, +)(0),
where H,(0) =1 if 0 > z and zero otherwise. It also obviously includes a large class of distributed delays.

In what follows, we will introduce several properties of regulated functions that will be needed throughout
the paper, in addition to impulsive integral inequalities and some definitions.



3.1 Properties of regulated functions

We will require some elementary properties of regulated functions. The first result will be useful in proving
boundedness of evolution families associated to linear, homogeneous impulsive equations. We have not seen
the following elementary result in the literature, so it will be proven here for completeness.

Lemma 3.1.1. Let r > 0 be finite and let ¢ € RCR([a,b],R™) for some b > a+ r. With ¢, : [-r,0] — R"
defined in the usual way, t — ||d¢|| is an element of RCR([a + r,b], R).

Proof. Let t € [a+ r,b] be fixed. We will only prove right-continuity, since the proof of the existence of left
limits is similar. It suffices to prove that for any decreasing sequence s, | 0, we have ||¢sts, || = ||dt]]- Let
€ > 0 be given. By right-continuity of ¢, for all € > 0, there exists § > 0 such that, if 0 < p < §, then
|p(t + ) — #(t)| < e. Therefore,

[0e4sull = sup |t + )| < sup ot + p)| < max{||g]l, sup |6t +p)l}
ue[fr,o] /,LE[*T,S,J ;,LE[O,STL]

< max{||||, [#(£)] + €} < [|oel] + ¢,

provided s, < §. On the other hand, since ¢ is bounded, there exists some sequence x,, € [—r, 0] such that
|oe(zn)] — ||de]|- By passing to a subsequence, we may assume x,, — & € [—7,0]. If £ > —r, then we have

lprrsall = sup ot + p)| = |o(2)] = ||l

#€[7T+STL!O]
provided s,, < —&, while if & = —r, we notice that the sequence z], =t + —r + s, converges to t + Z, so that
for all € > 0, there exists N3 > 0 such that for n > N,
Peds, || = [6(E + sn) = [|d4]] — €.

Therefore, if we let sy, < § and sy, < —&, then by setting N = max{Ny, No, N3}, it follows by the above
three inequalities that for n > N,

—€ < |[@tas, |l — |2l < e

We conclude ||@its, || converges to ||¢]]. O

We will eventually need spaces of function f : I — X that are differentiable from the right and whose
right-hand derivatives are elements of RCR(I, X). Specifically, denote the right-hand derivative by

S — i LD = SO

e—0Tt €

and introduce the space
RCRYI,X)={f € RCR(I,X) : d" f € RCR(I,R")}.

This space is clearly complete with respect to the norm || f||1 = || f||+||d" f|| when restricted to the subspace
consisting of functions that are || - |||;-bounded.
The next result concerns a dense subspace of RCR. The proof is available in [17]

Lemma 3.1.2. Let I be compact. For all f € RCR(I,X), there exists a sequence of step functions fy, : I —
X such that ||fn — f]| = 0.

We will need a characterization of the continuous dual of the space RCR, denoted RCR™*. A result from
Tvrdy [26] provides such for the dual of the space of regulated left-continuous scalar-valued functions, and
for our purposes the obvious modification that is needed is the following.

Lemma 3.1.3. F € RCR™ if and only if there exists ¢ € R™ and p : [-r,0] = R™ of bounded variation such
that

0

ﬂ@=¢ﬂ®+/pwwmh (6)

-r

where the integral is a Perron-Stieltjes integral.



We will need a few convergence and boundedness results for Perron-Stieltjes integrals involving right-
continuous regulated functions and functions of bounded variation. Symmetric arguments to those appearing
in [26] obviously yield the following results; see Theorem 2.8 and Corollary 2.10 therein.

Lemma 3.1.4. Let f : [a,b] — R™ be of bounded variation and g € RCR([a,b],R™). The integral
f; f*(t)dg(t) exists in the Perron-Stieltjes sense, and

b
/ F#®)dg(t)] < (If (@) + £ ()] + varg f)llgl], (7)

where var® f denotes the total variation of f on the interval |a,b].

Lemma 3.1.5. Let h,, € RCR([a,b],R™) and h € RCR([a,b], R™) be such that ||k, — h|| = 0 as n — 0.
For any f : [a,b] = R™ of bounded variation, the Perron-Stieltjes integrals fab f*(t)dh(t) and ff FH()dh,(t)
exist and

b
ti [ (dha() = [ 5@ (8)

3.2 Integral inequalities

We next provide two inequalities. The first is an impulsive Gronwall-Bellman inequality for regulated
functions. The result is similar to Lemma 2.3 of [2], and the proof is omitted. The second one concerns an
elementary estimation of sums of continuous functions at impulses, when the sequence of impulses satisfies
a separation condition.

Lemma 3.2.1. Suppose x € RCR([s, a],R) satisfies the inequality
t
o) <C+ [ (o) + hdu+ 3 (o) + 90 9)
S s<T; <t

for some monnegative integrable function p, integrable and bounded h, monnegative constants b;, g; and c,
and all t € [s,a]. Fort > s, define

t
z(t, s) = exp (/ p(u)du) IT @+v).
s s<T; <t

Then, > z(t, p) is integrable and the following inequality is satisfied.

t

o0 < Co(t.0) + [ 2(wb(du+ 3ty (10)

S s<T; <t

Lemma 3.2.2. Let f : R — R be continuous and suppose {1} satifies Tjp41 — 1 > &.

1. If f is increasing, then ZS<7'1'§75 flm) < %fSHé flp)dp.

) . t
2. If f is decreasing, then 3 . _, f(1;) < %fsfg flp)du.

Proof. Let {70,...,7n} = {7 : K € Z} N (s,¢]. If f is increasing, then

N 1 N 1 N 1 t+€
Yoo FE) =D fE) =Y fmE< Y flro+i)s < ¢ / F(p)dp.
s<ri<t i=0 8 i=0 ¢ i=0 §Js
The decreasing case is similar. O



3.3 Evolution families, nonautonomous sets and processes

Definition 3.3.1. Let X be a Banach space. An evolution family on X is a collection of bounded linear
operators {U(t, s)}i>ser on X that satisfy U(t,s) = U(t,v)U(v,s) for allt >v > s and U(t,t) = Ix.

Nonlinear variants of evolution families are more appropriately defined in terms of nonautonomous sets,
which are a specific type of fiber bundle. This is because insofar as evolution families may serve to define
solutions to linear Cauchy problems, the interval of existence of a nonlinear Cauchy problems will typically
depend on the initial data. The following definition is borrowed from Kloeden and Rasmussen [21], with
slightly different notation.

Definition 3.3.2. If X is a Banach space, a subset M C R x X is a nonautonomous set over X. For each
t € R, the set
M(t) ={z: (t,z) € M}

18 called the t-fiber of M.

Definition 3.3.3. A process on X is a pair (S, M) where M is a nonautonomous set over R x X and
S M — X, whose action we denote by S(t,(s,x)) = S(¢,s)x, and satisfies the following.

o {t} x X C M(t) and S(t,t) = Ix for allt € R.
o S(t,s)x = S(t,v)S(v, s)x whenever (s,z) € M(v) and (v, S(v, s)x) € M(t).

Note that the above definition is different, for example, than the one for process appearing in [21], where
processes are defined first as (partial) mappings, independent of nonautonomous sets. The reason for our
distinction here is that we want to make precise the notion that a process S(t, s) need not be defined on the
entire Banach space X for every pair of time arguments, the way evolution families U (¢, s) are.

Definition 3.3.4. If M is a nonautonomous set over X and Y is another Banach space, we will say
a function f : M — Y has a given regularity property (eg. continuous, Lipschitz continuous, smooth) if
flt,) : My = Y has the same regularity property. That is, reqularity is defined fibrewise.

Definition 3.3.5. Let U(t,s) : X — X be a family of bounded linear operators defining a forward process on
a Banach space X — that is, U(t,s) = U(t,v)U(v,s) for allt > v >s and U(t,t) = Ix. We say that U is
spectrally separated if there exists a triple (Ps, P., P,) of bounded projection-valued functions P; : R — L(X)
with Ps + P, + P, = I such that the following hold.

1. There ezists a constant N such that sup,cg (|| Ps(t)|| + || Pe(t)|] + || Pu(®)]]) = N < o0.
2. The projectors are mutually orthogonal; P;(t)P;(t) =0 for i # j.
3. U(t,s)Pi(s) = Pi(t)U(t,s) for allt > s and i € {s,c,u}.

4. Define U;(t,s) as the restriction of U(t,s) to X;(s) = R(Pi(s)). The operators U.(t,s) : X.(s)
Xc(t) and Uy(t,s) : Xu(s) = Xu(t) are invertible and we denote U.(s,t) = U.(t,s)"! and U,(s,t)
Uu(t,s)71 for s <t.

4

5. The operators U, and U, define all-time processes on the family of Banach spaces X.(-) and X,(-).
Specifically, the following holds for all t,s,v € R.

Uc(t,s) = Uc(t,v)Uc(v, s), Uu(t,s) = Uy(t,v)Uy(v, s).

6. There exist real numbers a < 0 < b such that for all € > 0, there exists K > 1 such that

|Uu(t, 5)| < Keb(=2), t<s (11)
|Ue(t, s)|| < Ke =, t,seR (12)
U (¢, )] < Ke® =), t>s. (13)



The above definition is a time-varying version of the spectral decomposition hypotheses associated to the
center manifold theorem for autonomous delay differential equations appearing in [9)].

Definition 3.3.6. Let U(t,s) : X — X be spectrally separated. The nonautonomous sets
X, ={(t,z): te R,z e X;(t)}

fori € {s,c,u} are termed respectively the stable, center, and unstable bundles associated to Ul(t, s).

3.4 Existence and uniqueness of solutions for the linear equation

In order to eventually prove the existence of the center manifold in Section 5| we will need to first verify
existence, uniqueness and continuability of solutions.

Lemma 3.4.1. Let h € RCR(R,R™) and let hypotheses H.1-H.2 hold. For all ¢ € RCR and s € R, there
exists a unique function © € RCR([s — r,00),R™) satisfying xs = ¢ and the integral equation

The above lemma follows by hypotheses H.1-2, the Banach fixed-point theorem, Lemma [3.2.1] and typical
continuation methods. It could also be proven by identifying the equation with a generalized ordinary
differential equation, as in [I0]. Under stronger assumptions, one may look at the proof of Theorem
for local existence and uniqueness. Note here that h may be unbounded on the real line; however, since it is
regulated it is bounded on every compact set [17].

Consider now the homogeneous equation

i = L(t)ay, t# T (15)
Ax = Bk(Et—7 t = Tg. (].6)

Definition 3.4.1. Let hypotheses H.1-H.2 hold. For a given (s,¢) € R X RCR, let t — x(t;s,¢) denote
the unique solution of 7 satisfying xs(-; s, 0) = ¢. The function U(t,s) : RCR — RCR defined by
U(t,s)p = x:(-,8,0) fort > s is the evolution family associated to the homogeneous equation 7.

Lemma 3.4.2. The evolution family satisfies the following properties.
1) For s <t, U(t,s) : RCR — RCR is a bounded linear operator. In particular,

U5, 8)]] < exp < / amdu) T (1+50). (17)

s<1; <t

2) For s <wv<t,U(t,s)=U(t,v)U(v,s).
3) For all 0 € [—r,0], s <t+6 and ¢ € RCR, U(t,s)p(0) =U(t+6,s)p(0).
4) For all 7, > s, one has U(1,s) = (I + XOBk)U(Tk—75)

5) Let C(t,s) denote the evolution family on RCR associated to the “continuous” equation & = L(t)x;.
The following factorization holds:

] {7 }rez € {{s}, 0} (18)

Cl(t,s), [s,
t>71, > 8

U(t,s) = _
9= Gl (4 3080 o Uiy )

!Note here that the left limit is the uniform one-point limit. Namely, U(r, ,s)¢(0) = U(ry,s)$(8) for § < 0, while
Ul(ry, 5 5)p(0) = U(ri, 5)8(07).




Proof. Property 2) and 3) are immediate consequences of the uniqueness assertion of Lemma and the
definition of the evolution family. For property 1), we obtain linearity by noticing that ¢ — x(¢; s, ¢) is linear
in ¢ for each t > s and, consequently, ¢ — x¢(+; s, @) is is also linear. To obtain boundedness, we notice that
by virtue of the integral equation , U(t,s)o(0) satisfies

t+60
U98O < el + [ ILUoldut Y BUGE 99

s<1; <t+06

§||¢>H+/ U (s s)elldp+ Y b(@)[U (77, 5)¢.

s<T; <t
Since the upper bounds are independent of 6, denoting X (t) = U(t, s)¢, we obtain
t
IX@I < lloll +/ CNIX lldp+ Y b@IX(0)I-
S s<T; <t
By Lemma [3.1.1] ¢ — || X (¢)] is an element of RCR([s — r,00),R). Invoking Lemma we obtain the

desired boundedness of the evolution family and property 1) is proven. Finally, since

Ul 0(0) = 60) + [ L@Unsyodu+ 3 BUG )6

s<T; <Tk

=U(r, ,5)0(0) + BpU(1, ,9)¢

and U(7, ,s)p(8) = U(k,s)p(8) for 6 < 0, we readily obtain property 4). The verification of property 5)
follows by existence and uniqueness of solutions and property 4). O

4 The variation of constants formula

Existence, uniqueness and continuability of solutions of the linear inhomogeneous equation 7 has been
granted by Lemma [3.4.1] From this result we directly obtain a decomposition of solutions.

Lemma 4.0.1. Let h € RCR(R,R™) and let H.1-H.2 hold. Denote t — x(t;s,¢;h,r) the solution of
the linear inhomogeneous equation 7 for inhomogeneities h = h(t) and r = 1y, satisfying the initial
condition xs(; s, ¢; h,r) = ¢. The following decomposition is valid:

z(t; s, 93 h, 1) = x(t; 5, 0;0,0) + 2(t; 5,05 h, 0) + 2(t; 5,05 0,7) (19)

With this decomposition, we will now proceed with the derivation of the variation of constants formula.
We prove a pointwise formula in Section before lifting the formula into the space RCR in Section

4.1 Pointwise variation of constants formula

The following lemmas prove representations of the inhomogeneous impulsive term x;(-;s,0;0,7) and the
inhomogeneous continuous term x4(; s, 0; h, 0).

Lemma 4.1.1. Under hypotheses H.1-H.2, one has

x¢(+;8,0;0,7) = Z U(t, 7i)xoTi (20)

s<T; <t

Proof. Denote z(t) = xz(t;s,0;0,r). Clearly, for ¢t € [s,min{7; : 7; > s}, one has z; = 0. Assume without
loss of generality that 7o = min{r; : 7, > s}. Then z,, = xoro due to (14). From Lemma and
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we have x; = U(t, 79)xo7o for all t € [19,71), so we conclude that holds for all ¢ € [s,71). Supposing by

induction that z; = Zs<n§t U(t,;)xor for all t € [s,71) for some k > 1, we have

Ty, =T~ + Xo BT~ + XoTk

=U(Tk, Th—1)%re 1 + XoTk
=U(Tks Tk=1) D g<ri<rp_, U(Th—1,Ti)X0Ts + XoTk

= Zs<n§7—k U(ta Ti)XOri~

Equality then holds for ¢ € [rg, Tx+1) by applying Lemma The result follows by induction. O

Lemma 4.1.2. Let h € RCR(R,R™). Under hypotheses H.1-H.2, one has

t
(55,0:0,0) = [ Ut ) oh(0)(0)ds (21)
S
where the integral is defined for each 6 as the integral of the function p— U(t, p)[xoh(1)](0) in R™.

Proof. The proof of this lemma is adapted from the proof of Theorem 16.3 of [12]. Let us denote x(¢; s)h =
x(t;8,0; h,0). First, we note that operator z(¢, s) : RCR([s, t],R™) — R™ is linear (a consequence of Lemma
for each fixed s < ¢, and that it admits an extension to a linear operator Z(t, s) : £i°¢([s, ], R") — R".
We do not prove this claim, since the proof is essentially identical to how one would prove Lemma[3.4.1] For
w € [s,t] and denoting &; = [Z(-, s)h]; for brevity, we see that

w40 w—+0
F(6)] < / \L(w) 7l + / )l dp

t
< W+ [ tlida,

which implies the uniform inequality ||x¢|| < |h|1 + fst (w)||Z||dp. Applying Lemma yields ||Z:]| <
ell1|hly, where | - |; denotes the £i[s,t] norm. Thus, |Z(t,s)h| = |#:(0)] < el/l1|h|;, so & is bounded. By
classical results of functional analysis, there exists an integrable, essentially bounded n x n matrix function
> V(t, s, p) such that

F(t, s)h = / VL, s, 0)h()dp. (22)

First we show that V (¢, s, ) is independent of s. Let a € [s,t] and let k € L4([s,t],R™) be such that
k=0 on [s,a]. Then Z(¢, s)k = x(t, o)k and x(t, p)k = 0 for p € [s,a]. Thus,

[ Ws) = Vitunbind =0

for all k € £4([e,t],R™). Thus, V(t,s,u) = V(¢,, ) almost everywhere on [a,t]. Since « is arbitrary, we
have that V (¢, s, 1) is independent of s.

Define V(t,s) = V(t,s,-) for any t > s and V(¢,s) = 0 for s < ¢t. Let us denote Z(t) = Z(¢,s)h and
V.- (0,s) = V(7 + 0,s) when § < 0 and V_-(0,s) = V(7;,5). From the integral equation and the

7
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representation , we have
t
/V(t,u)h(u)du
’ t t
:/ L+ 3 B,-;;T;+/ h(u)dp

s<T; <t S

t
// [don(p, O)E (1 + O)dpn + > / [doi(0))2 - (0) + /h(ﬂ)d/i

s<T; <t

= /: /Or[den(ﬂ,@)] /:*9 V(p+0,v)h(v)dvdp + Z / [dovi(0)] /jw v, (0, v)h(v)dv + /: h(u)dp

_/t /Or[den(u,e)] /M V(i +0,v)h(v)dvdu + Z / [doy(0)] /T va(a,y)h(,,)der/sth(ﬂ)du

S

///_waa (e 000N + 3 / [ nonv omwan s [ o

s<T; <t

0
=/ / /_ [don(v, )]V (v + 0, m)h(p)dv + x<foo,n1(u)/ [dm(H)]VTi(97u)h(u)+h(u)] dp

-

t 0
-/ / [ tont 0V 0,00+ 3w [ [dmk(9)]VTi(97u)+f] ()
s w o J—r _r

s<T; <t

:/ 1+/ L()Vy (- wdv + Y Bivﬂ__(-,u)] h(p)dyu.

s<1;<t

Since the above holds for all h € £1([s,t],R™), we have that the fundamental matriz V (t,s) satisfies

t
[ LuVosidas 3 BV, (o), 12
S s<T; <t ’
0 t < s.

Vit,s) = (23)

almost everywhere. By uniqueness of solutions (Lemma it follows that V (¢, $)¢ = U(t, s)[x0&](0) for
all £ € R™. Since Z(t, s) is an extension of x(t, s) to the larger space £1([s,t],R™), representation holds
for h € RCR([s,t],R™). Thus, for all t > s,

x¢(0;5,0;h,0) = z(t + 6, s)h

which is what was claimed by equation . O

With Lemma [4.0.1] through Lemma [£.1.2] at hand, we arrive at the variation of constants formula.

12



Lemma 4.1.3. Let h € RCR(R,R™). Under hypotheses H.1-H.2, one has the variation of constants formula

t
xt(9;sy¢;h,r)=U(t78)¢(9)+/ U(t, 1) xoh(m)])(O)dp + D Ut 7)[xor:] (0)- (24)
$ s<Ti<t
4.2 Variation of constants formula in the space RCR

The goal of this section will be to reinterpret the variation of constants formula in such a way that the
integral appearing therein may be thought of as a weak integral in the space RCR. Specifically, we will show
that the integral may be regarded as a Gelfand-Pettis integral. This form has several advantages, the most
important being it will allow us to later commute bounded projection operators with the integral sign. We
recall the following definition, which appears in [23].

Definition 4.2.1. Let X be a Banach space and (S, %, u) a measure space. We say that f : S — X is Pettis
integrable if there exists a set function Iy : ¥ — X such that

eIy (E) = /Esﬂ*fdu

for all o* € X* and E € 3. I; is the indefinite Pettis integral of f, and I;(E) the Pettis integral of f on E.

By abuse of notation, we will often write I7(E) = [ g fdp when there is no ambiguity. For our purposes,
the following proposition will be of primary usefulness. Its proof is elementary and can be found in numerous
textbooks on functional analysis and integration.

Proposition 4.2.1. The pettis integral posesses the following properties.
o [If f is Pettis integrable, then its indefinite Pettis integral is unique.
o IfT:X — X is bounded, then T (fE fd,u) = fE (Tf) du whenever one of the integrals exists.
o If W(ANB) =0, then [, g fdu= [, fdu+ [g fdpu.

o || 5 fdull < [ 11 f]ldp

Lemma 4.2.1. Let h € RCR(R,R"™) and let H.1-H.2 hold. The function U(t,)[xoh(-)] : [s,t] = RCR is
Pettis integrable for allt > s and

[ / U(t,u>[xOh<u>]du] ©)= [ Ut mixoh(l0)dg (25)

Proof. By Lemma and the uniqueness assertion of Proposition |4.2.1} if we can show for all p : [—7,0] —
R™ of bounded variation the equality

[ v [ vemrorwion] = [ voadvemommio]]

-r £ -r

holds, then Lemma will be proven. Note that the above is equivalent to

/ ") I Vit buuhu)dn| = [ t | Cr@afvies 0] | e (26)

—r —r

We prove the lemma first when A is a step function. In this case, a consequence of equation is that
0+ V(t+6,p)h(p) and g — V(t+0, p)h(p) are piecewise continuous, while Lemma[3.4.1] and Lemma[4.1.2]
imply 6 — [ : V(t+6, u)h(u)dp is also piecewise continuous, all with at most finitely many discontinuities on
any given bounded set. Consegently, both integrals in can be regarded as a Lebesgue-Stieltjes integrals,
with Fubini’s theorem granting the desired equality.
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When h € RCR(R,R") is an arbitrary right-continuous regulated function, we approximate its restriction
to the inverval [s,t] by a convergent sequence of step functions h,, by Lemma Equation is then
satisfied with h replaced with h,,. Define the functions

t 0
1(0) = [ Vit 0w () Ko = [ @[V + 6,0h(0)].
t 0
16) = [ Vie+0.mh(ndn K = [ ' @)a[v(e+0.mhin].
so that f_OT p*(0)d f K, (pu)dp. By Lemma and elementary integral estimates, J,, — J uni-
formly. The cond1t10ns of Lemma 3 1.5 are satisfied, and we have the limit

0 0
/ P (0)d.0) = | 5 (0)dI(0).

-T -T

Conversely, for each p € [s,t], Lemma applied to the difference K, () — K(p) yields, together with

Lemma [3:4.2]
[Kn) — K@) < (p(O)] + [p(—r)| + var?, ) ( / Cexp ( / té(u)du) dy) o — Bl

Thus, K,, - K unlformly, and the bounded convergence theorem implies f K, (uw)dp — fst K(u)dp. There-
fore, equation (26| holds, and the lemma is proven. O

With Lemma [£.1.3]and Lemma [4£:2.T] at hand, we obtain the variation of constants formula for the linear
inhomogeneous equation f in the Banach space RCR.

Theorem 4.2.1. Let H.1-H.2 hold, and let h € RCR(R,R"™). The unique solution t — x4(-; s, ¢; h,r) € RCR
of the linear inhomogeneous impulsive system 1) with initial condition x4(-; s, ¢; h,T) = ¢, satisfies the
variation-of-constants formula

zi(s5s,03h,m) = U(t, s) ¢+/ U(t, ) xoh(w)ldu+ Y U(t7)xordl, (27)
s<t; <t
where the integral is interpreted in the Pettis sense and may be evaluated pointwise using ,

As a simple corollary, we can express any solution ¢ — z; defined on [s,00) as the solution of an integral
equation.

Corollary 4.2.1.1. Let H.1-H.2 hold, and let h € RCR(R,R™). Any solution t — z; € RCR of the linear
inhomogeneous impulsive system f defined on the interval [s,00) satisfies for allt > s the equation

2y = Ul(t,s)w, +/ U(t, 1) [xoh(p)]dp + Z (t, i) [xoril- (28)

s<T; <t

5 Existence of Lipschitz continuous center manifolds

This section will be devoted to the existence of center manifolds, a reduction principle, and the derivation
of abstract impulsive differential equations restricted to the center manifold.

5.1 Preliminary definitions and mild solutions of an abstract integral equation

At this stage it is appropriate to introduce several exponentially weighted Banach spaces that will be needed
to construct the center manifolds. First, denote PC(R,R™) the set of functions f : R — R”™ that are
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continuous everywhere except for at times ¢ € {7 : k € Z} where they are continuous from the right and
have limits on the left.

PC" ={¢:R— RCR: ¢(t) = fi, f € PC(R,R"), [|¢]],, = 3g§e*"'t‘\|¢<t>\| < oo}
B"(R,RCR) = {f : R = RCR : ||f|], = supe || f(1)]| < 00}
teR
PC"(R,R") = {f € PC(R,R") : ||fl|,, = igﬂge’"“'llf(t)l\ < oo}

B! (Z,R") = {f:Z—>R":||f|l, = iuge*"'fkwm < oo}
S

Also, if M C R x RCR is a nonautonomous set over RCR, we define the space PC"(R, M) of piecewise-
continuous functions taking values in M by

PCUR, M) = {f € PC" : f(t) € M(t)}.

If X" is one of the above spaces, then the normed space X"* = (X7, || - ||,,,s) with norm
1F|ly, = { e " IF@], - dom(F) =R
1 = supyeg e | F(k)]|, dom(F) = Z,

is complete.
Our attention shifts now to the semilinear system

&= L(t)v: + f(t,21), t# Tk (29)
Ax = Brzi— + gr(zi-), t =7y, (30)

for nonlinearities f : R x RCR — R™ and g; : RCR — R™. Additional assumptions on the nonlinearities,
evolution family and sequence of impulses may include the following.

H.3 For each ¢ € RCR([a — r, 5], R™), the function ¢ — f(¢, ¢¢) is an element of RCR([«, 8], R™).

H.4 The evolution family U(t,s) : RCR — RCR associated to the homogeneous equation f is
spectrally separated.

H.5 ¢ — (t,¢) and ¢ — gi(¢) are C™ for some m > 1 for each t € R and k € Z, and there exists § > 0
such that for each j = 0,...,m, there exists ¢; : R — R* locally bounded and a positive sequence
{d;(k) : k € Z} such that

1D7f(t,¢) = DT f(t, )] < 5 (D)llo — ¥,
107 91(¢) = D g ()] < ds(K)l|o — ]].

for ¢,¢ € Bs(0) C RCR. Also, there exists ¢ > 0 such that ||D7 f(t,¢)|| < gcj(t) and ||D7gx(9)]| <
qd;(k) for ¢ € Bs(0).

H.6 f(t,0) = gx(0) =0 and Df(t,0) = Dgy(0) for all t € R and k € Z.
H.7 There exists a constant £ > 0 such that 7,41 — 7, > £ for all k € Z.

Definition 5.1.1. A mild solution of the semilinear equation (29)~(30) is a function z : [s,T] — RCR such
that for all s <t < T, the function x(t) = x; satisfies the integral equation

x(t)=U(t78)x(8)+/ Ut w)xof (mx(u)ldu+ Y Ut mi)[xog(ri 2(r)); (31)

s<T; <t

and x(t)(0) = x(t+60)(0) whenver 0 € [—r.0] satisfies t+6 € [s,T], where U is the evolution family associated
to the homogeneous equation |) and the integral is interpreted in the Pettis sense.
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Remark 5.1.1. The right-hand side of equation 18 well-posed under conditions H.1-H.3 in the sense
that it defines for s <t < T, a nonlinear operator from RCR([s — r,t],R™) into RCR. Note also that for a
function x : [s,T] — RCR, we denote x(1; )(8) = z(r; )(0) for 8 <0 and z(r; )(0) = =(7;)(07).

Ifz:[s—r,T)— R"is a classical solution — that is, x is differentiable from the right, continuous except at
impulse times 7, continuous from the right on [s — r, 7| and its derivative satisfies the differential equation
(29)—(30) — then ¢ +— z; is a mild solution. This can be seen by defining the inhomogeneities h(t) = f(t, z)
and r, = gk(:ka—), solving the equivalent linear equation f with these inhomogeneities and intial
condition (s,zs) € R x RCR in the mild sense, and applying Corollary For this reason, we will work
with equation exclusively from now on.

Additionally, one should note that the assumption H.5 implies that the nonlinearities are uniformly locally
Lipschitz continuous. Together with the other assumptions, this implies the local existence and uniqueness
of mild solutions through a given (s,¢) € R x RCR. Namely, we have the following lemma, which may be
seen as a local, nonlinear version of (3.4.1)).

Lemma 5.1.1. Under assumptions H.1-H.5, for all (s,¢) € R x D, there exists a unique mild solution
(59 : [s,5 + a) = RCR of (3] . ) for some o = afs,d) > 0, satisfying x(s) = ¢. Also, if one defines the

nonautonomous set
M= U U U & x{syx{s},

PERCR sER te[s,s+a)
then S : M — RCR with S(t,s)r = x(59)(t) is a process on RCR.

Combining the discussion following Definition with Lemma it follows that S(t, s) satisfies the
following abstract integral equation wherever it is defined.

S(t.)0 = Ut )0+ [ Ultwxof (u St s)o)dn+ Y Ultmxos(r 6,909 (32

s<T; <t

Of use later will be a result concerning the smoothness of the process S : M — RCR. This result is interesting
in its own right and will be useful later in proving the periodicity of center manifolds; see Theorem [8.3.1

Theorem 5.1.1. Under hypotheses H.1-H.6, the process S : M — RCR is C*T1. Also, S'(t,s) = DS(t, s)¢
satisfies for t > s the abstract integral equation

$/(t:5) = Ult,9) + [ Ultn)xoD (S )9)S (e s)da+ 3 Ult,m)xaDo(ri, S 5)8)S (77 ).

s<T; <t

(33)

Proof. We will prove only that S is C'!, the proof of higher-order smoothness being an essentially identical
albeit notationally cumbersome extension thereof. Let s € R be fixed. Let ¢ € RCR be given. For given
v > 0, denote by B, () the closed ball centered at ¢ with radius v in RCR.

Introduce for given €, d, v > 0 the normed vector space (Xe 5,.,]|-||), where X, 5, consists of the functions
¢:[s—r,s+ € x Bs(yp) = B,(¢) such that x — ¢(¢, ) is continuous for each ¢, ¢(t, z)(0) = ¢(t + 0,2)(0)
whenever 6 € [—r,0] and [t + 0,t] C [s — 7,5+ €], and |¢|| < oo for the norm given by

19llesn = sup  lo(t,2)[-
te[s—r,s+e]
llz—v[|<o

It can be easily verified that (X s,,|| - ||) is a Banach space. With £(RCR) the bounded linear operators
on RCR, introduce also the space (X s,]|| - ||) consisting of functions ® : [s — 7, s+ €] Xx RCR — L(RCR)
such that = — ®(t, x) is continuous for each t, (¢, z)h(0) = ®(t + 0, 2)h(0) for all h € RCR, and ||P|| < oo,
where the norm is ||®(t, x)[| = sup =1 [|2(t, 2)h|c,5,0- Clearly, (Xcs,| - ) is complete.
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Define a pair of nonlinear operators

Al : Xe,é,l/ — Xe,&,m

Ai(@)(t: 2) = X(s—r,0) (D) 2(t = 8) + X[s,544 (1) [U(t s)z / U(t, s)xof (1 ¢, ))dpe

=+ Z U 4 Tl)Xog(T’Lvd)( vx))

s<T; <t

A2 : XE’(; X Xe’g — Xe’g

A2(¢a (b)(t? l‘)h = X[s—mr,s) (t)IRCRh + X[s,s+¢] (t) |:U(t7 S)h + / U(ta M)XODf(Ma (b(/,&, x))(b(:u’ 33)hdu+

+ > U(t.w)xoDy(ri,6(r;,2)))®(r x)h| , h € RCR.

s<T; <t

By choosing € and § small enough, A; can be shown to be a uniform contraction. Indeed, if we denote
K = SUP||,_y||<2s ||Z|], the mean-value theorem grants the estimate

1A1(¢) = A(Y)[ < % sup /||Utu|\01 Ydp+ Y (U7 dG) | ¢ =l

t€ls,s+e€) s<Ti<t

= kL[| =l

We can always obtain a uniform contraction by taking e small enough. Also, note that t — A1(d)(¢,z) €
RCR, z — A1(¢,z) is continuous and A;i(¢)(t,z)(0) = A1(¢)(¢t + 0,2)(0). To ensure the appropriate
boundedness, if we denote & = sup||,_y| <5 ko(z), the estimate

181(0) =9l <l =¥l + 7 sup /IIUtuHcO Y+ Y Ut 7))l do(d)

telsste] \ /s s<mi<t

=0+ &M,

implies it is sufficient to choose €,d,v > 0 small enough so that 6 + KM, < v. This can always be done
because M, — 0 as ¢ — 0 due to H.5 and Lemma |3.4.2

The continuity of ¢ — Ay (¢, @) for fixed ® € X, 5 follows by the estimate

s+e
[[A2(0, @) — Az (7, @)|| < (/ U (s + & wller (W[ (¢(n, ©) =~ )

|dp

+ Y UG +en)lld@)e(r,z) =y ) | 12

s<T;<s+e

Also, for each ¢ € Bs(1) it is readily verified that ||Az(¢, @) — As(é,T)|] < kL||® — T||, which by previous
choices of €, d,v > 0 indicates that ® — Ay(¢p, P) is a uniform contraction.

We are ready to prove the statement of the theorem. Denote by (z,,z!,) the iterates of the map A :
Xesy X Xesy — Xeosy X Xes, defined by A(z,2') = (A1(z), A2(z,2’)) and initialized at (zg,z() with
xo(t,x) = x and x{(t,x) = Ircr. The fiber contraction theorem [I6] implies convergence (z,, z,) — (z, ).
Note also that Dzg = xf,. If we suppose Dx,, = z,, for some n > 0, then for ¢ > s, Lemmaimplies that
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for each 6 € [—r, 0],

Dt 0)8) = D [V 5)22(5,0)(0) + [ Ut o (sl ) @ + 5 Vim0
=D U(t,s)xn(s / Vt+9 N)f(ﬂ>33n+1( ¢) dp + Z V(t+90, 7—1) (T’Hx’ﬂ+1( T; 7¢))

= U(t, )z, (s, 0)(0) +/ V(t+0, 1) Df(p, xalp, @)y (1, d)dp
+ Z V(t+0,7:)Dg(ri,xn(7; . 8))2 (1,7, 9)

s<Ti<t
= Aay(zn, 20,) (¢, §)(0)
= 11 (t,9)(0),
while for ¢ < s, it is easily checked that Dx,,1(t,¢) = x,,,(t,$). This proves that Dx,11(6) = z;,,,(0)

pointwise in 6. To prove the result uniformly, we note that the difference quotient can be written for t>s
as

1
W(fl;n+1(t, ¢+ h) — Tny1(t, @) — ), 1 (t, O)h)

=/ U(t,u)xOanH(f(u,mn(u,¢+h))—f(u,xn(u,cb)) D f(pt, 2 (pt, ) D (11, ) 1) dps

+ 30 Um0 (9l malr 64+ 1) =gl m(ry . 6) = Dg(riza(r ) Daa(ry

s<T; <t

Since x,, is differentiable by the induction hypothesis, the integrand and summand converge uniformly to
zero as h — 0. Thus, z, is differentiable and Dz, = x;lH, so by induction Dz, = z], for each n.
Also, by construction, z/, is continuous for each n and, being the uniform limit of continuous functions,
7' = lim,,_, =’ is continuous. By the fundamental theorem of calculus,

2+ h) = 2(6) =2 (Oh _ . wa(d+h) = 2(9) = Drn(9)h
A e Inl

. 1 /

1
/ ||f11||[ 2'(¢+ (A= 1h) = 2/ ()] hdX — 0

as h — 0. By definition, z is differentiable and Dz = x’.

If we define y(t)¢p = z(t,¢) for the fixed point = : [s — r,s + €] x Bs(¢)) — B,(¢), then y satisfies
y(t)p = S(t,s)¢ for (t,¢) € [s,s + €] X Bs(¢p). This can be seen by comparing the fixed point equation
y(t) = A1(y)(t, ) with the abstract integral equation (32). We conclude that S is C! (fibrewise). The
correctness of equation follows by comparing to the fixed point equation associated to As. O

5.2 Bounded solutions of the inhomogeneous linear equation
In this section we will identify a pseudoinverse for n-bounded solutions of the inhomogeneous linear equation
t
x(t) = U(t, s)x(s) —|—/ U(t, ) [xoF (p)]dp + Z (t, 7:)[x0Gil, —00 < s <t < o0. (34)
S s<T; <t

As defined in Definition we recall now that RCR.(t) = R(P.(t)), where P. is the projection onto the
center bundle of the linear part of 7.

18
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Lemma 5.2.1. Let n € (0, min{—a,b}) and let H.1, H.2 and H.4 hold. Then,
RCR:(v) ={p € RCR : Jx € PC", x(t) =U(t, s)x(s), z(v) = p}. (35)

Proof. It ¢ € RCR.(v), then P.(v)¢ = ¢ and the function z(t) = U(t,v)P.(v)p = U.(t,v)p is defined for
all t € R, satisfies z(t) = U(t, s)x(s), z(v) = ¢, x(t)(0) = z(t + 6)(0), and by chosing € < 7, there exists
K > 0 such that

ez (t)]] < Kellem Il |o]| < Kel|| ).

Finally, as x(t) = [U(¢, s)z(s)(0)]; for all t € R, we conclude = € PC".

Conversely, suppose ¢ € RCR admits some x € PC" such that z(t) = U(¢,s)z(s) and z(v) = ¢. Let
||z||, = K. We will show that Ps(v)¢ = P,(v)¢ =0, so that p = Ip = (P.(v) + Ps(v) + P,(v))p = P.(v)e,
from which we will conclude ¢ € RCR.(v).

By spectral separation, we have for all p < v,

e~ Py(v)|| = e P U (v, p) Po(p)z(p)]|
< el K| Py ()] [z (o)
< KKe® =P P,(p)]],

which implies || Ps(v)p|| < KKe®™||Ps(p)|| exp(n|p| — ap). Since n < —a and p — || Ps(p)|| is bounded, taking
the limit as p — —oo we obtain || Ps(v)pl||| < 0. Similarly, for p > v, we have

6*77|P|||Pu(1/)g0|| = 6*77‘/7|‘|Uu(1/’ ,D)Pu(P)ﬂf(P)H
< e MR PPy (p)]] - [|2(p)]
< KKe"™=[|P,(p)]l,

which implies ||P,(v)p|| < KKe||P,(p)|| exp(n|p| — bp). Since n <b and p ~ ||P,(p)|| is bounded, taking
the limit p — oo we obtain ||P,(v)¢|| < 0. Therefore, Ps(v)¢ = P,(v)p = 0, and we conclude that
P.(v)o = ¢ and ¢ € RCR.(v). O

Lemma 5.2.2. Let conditions H.1, H.2 and H.j be satisfied. Let h € RCR(R,R™). The integrals

[ v nrGnekldn, [ U 0P oh(0)d

Proof. The nontrivial cases are where t < s and ¢ < v. For the former, defining H(u) = xoh(p) we have the
string of equalities

Ut )Ps) [ Ul () = U0,9) [ Ul P H )

- /ts Ue(t, 1) Pe () H (p)dp

=/ U(t, p)Pe(p)H (p)dpe

= —/ U(t, p) Pe(p) H(p)dp.

The first integral on the left exists due to Lemma and Proposition The subsequent equalities
follow by Proposition and the definition of spectral separation. The case t < v for the other integral is
proven similarly.

O
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Define the (formal) family of linear operators K7 : PC"(R,R") ® B (Z,R") — B"(R,RCR) by the
equation

KU(F.G)( /Utu MW(@L/)UHO(HMNM@+/ U(t, 1) Pa (1) X0 F (1) dp

—l—ZU (t, 7)) Pe(7:) [x0Gi)dm — ZU (t, 1) Pu (1) [x0G:]dT; —|—ZU (t, 1) Ps(7)[x0G:)dTi,

—00
(36)
indexed by s € R, where the external direct sum PC"*(R,R™) ® B:*(Z,R") is identified as a Banach space
with norm |[(f, 9)||n.s = ||fln,s + ||9lln,s, and the summations are defined as follows:

Z F(r), a<b

ZF(Ti)de’ = a<TZ§b
- ZF(Ti)dTZ‘, b<a.

Lemma 5.2.3. Let H.1, H.2, H.J and H.7 hold, and let n € (0, min{—a, b}).

1. The function K7 : PC"*(R,R") & B}*(Z,R") — B"*(R, RCR) with n € (0,min{—a,b}) and defined
by formula is linear and bounded. In particular, the norm satisfies

1 e(n—s)&) 1 < Qe(n—a)f) 1 < 2e(b+m)¢ )]
Kl <C 1+ + 1+ + 1+ 37
e S A= e )T G B7

for some constants C' and € independent of s.

2. K7 has range in PC"* and v = K1(F,G) is the unique solution of in PC™* satisfying P.(s)v(s) =
0.

3. The expression K.(F,G)(t) = (I — P.(t))K°(F,G)(t) uniquely defines, independent of s, a bounded
linear map

K.:PC°(R,R") & B? (Z,R™) — PC°.

Proof. Let ¢ < min{min{—a,b} — n,n}. To show that K7 is well-defined, we start by mentioning that all
improper integrals and inifnite sums appearing on the right-hand side of . can be interpreted as limits of
well-defined finite integrals and sums, due to Lemma [4.2.1] Lemma [5.2.2] and Proposition [ For brevity,
write

€160 = (27 < R 2 + (1 - ),

where each term corresponds to the one in (36) in order of appearance.
We start by proving the convergence of the improper integrals. Denote

10) = [ Ut PulxoF ()ldn
and let v " co. We have, for m > n and n sufficiently large so that v,, > 0,
0m) = 1)l < [ KNP G0 dg
< [ RN
= KN||F]e [ e

Un

KNHFHT] bt ( —vp(b—n) _ e*Um(b*ﬂ)>

b—mn
< KNHFHTZ bt —vn(b 'r])
> 7[) n
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Therefore, I(v;,) € RCR is Cauchy, and thus converges; namely, it converges to the improper integral K*¥'(¢).
One can similarly prove that K*%(¢) converges. For the infinite sums, we employ similar estimates; if we
denote S = >, [|Uu(t, 7:)[x0Gil|| and assume without loss of generality that 7o = 0, a fairly crude
estimate (that we will later improve) yields

S < Z KNeb(t_”)em”'HGHn

t<t; <00
= Z KNHG||nebte\n|(b+17)+ Z KNHGHnebte_(b_")”
_‘t|<7'7,§0 0< 1 <00
t| 1
< bt L [t|(b+n) o, _ + .
= e (Ee T eamme ) Gl

Thus, K*“%(t) converges uniformly. One can show by similar means that K*¥ (¢) and K*¢(t) both converge.
Therefore, K!(F,G)(t) € RCR exists. We can now unambigiously state that K7 is clearly linear.

Our next task is to prove that ||K7(F,G)]||y,s < Q|(F,G)|ly,s for constant @ satisfying the estimate
of equation ([37). We will prove the bounds only for ||[K™“F||, s, [[K*||ys, [[KT||;,s and [|[K%|[, s; the
others follow by similar calculations. For ¢ < s, we we have

e () < et [ RN () dp
t
< et=s) g N {/ eb(t_”)e"“‘_s|||F||,77Sdu+/ 6b(t_“)6"“_S|||F||n,sdu]
t S

KNy s [/s M=) gn(s—h) g 4 /OO eb(t—u)en(u—S)du]
t

S

—(b+mt _ —(b+m)s —(b—m)s
_ N [t O e OO
b+n b—n

1

< KN||F| nsp

The above inequality is also satisfied for ¢ > 0, and we conclude [|[K“F||, s < KN(b—n)"Y|(F,G)||s,s-
Next, for t < s,

e Ml KwC (1)) | < et Z KNet=m)|q,)

t<T; <00

< M=) KN Z eb(tffi)enlfifSIHGHw+ Z ePt=m)enimi=sl||q|

7,8
t<T;<s s<T; <00
< M NGl | [ ettments=gy - [ et gntn=s) gy,
- e L )ie s—¢
< glt=9) KNHGHn,s [eb“ﬂ]s e~ (b+m(t=8) _ o—(b+n) L (s e—(b—n)(s—f)}
- 3 b+mn b—mn
2KN||Glns — orme
£(b—mn) ’

where we have made use of Lemma to estimate the sums. The same conclusion is valid for ¢t > s, and
it follows that ||[K*¢||, s < 2K Ne(*+ME(£(b — 1)) Y |(F, G)||.s- Next, for ¢ < s,

M= KSC (@1)]| < "D KNGl Z e€(Ti=t) gn(s—Ti)
t<T;<s
t
< en(t—s) KN|€G||U75 / ee(/t—t)en(s—/t)d'u
s—&
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— en(t—s) KNHG”T%S (ee(s—f—t)eng _ e—n(t—s))
é(n —¢)

e(n—e)¢

- 6(77—6)

This estimate continues to hold for all ¢,s € R. To compare to the integral term, for s < ¢ we have

e Ml K F (1))

IA

t
e 1) KNI F s / e<lt=m) gnln=s) g,

S

— e*n(H)KNHFHmS 1 (6n(tfs) _ ee(tfs))
n—e€

_ KN|Fl.
n—e€
and this estimate persists for all ¢, s € R. Similar estimates for the other integrals and sums appearing in
ultimately result in the bound appearing in . This proves part 1.
To prove part 2, denote v = K7(F,G). It is clear from the definition of v, the orthoginality of the

projection operators and Proposition that P.(s)v(s) = 0. Also, for all —oo < z < t < oo, denoting
F = xoF and G; = xoG, we have

t t
+ [ U Fdu + 37 U, 7)Cdr

t
+ Z U(t,7:)P.(7;)Gdr; — Z U(t, 1) Pu(7:)Gidri + Z U(t, 1) Py(7:)GydT;

t

— [ Ut P F (- / U 1) P F ()it + / UL, ) P () F ()

— 00

¢
+ ZU (t, ;) Pe(13)Gydr; — ZU (t,7:) Pu(1;)Gydr; —|—ZU (t, ;) Ps(1:) Gid;

=o(t),

so that ¢ — v(t) solves the integral equation . This also demonstrates that v € PC". To show that
it is the only solution in PC” satisfying P.(s)v(s) = 0, suppose there is another r € PC" that satisfies
P.(s)r(s) = 0. Then the function w := v — r is an element of PC" that satisfies w(t) = U(¢, z)w(z) for
—00 < z < t < co. By Lemma [5.2.1] we have w(s) € RCR.(s). But since Ps(s)w(s) = 0 and P.(s) is the
identity on RCR.(s), we obtain w(s) = 0. Therefore, w(t) = U(t,s)0 = U.(t,s)0 = 0 for all t € R, and we
conclude v = r, proving the uniqueness assertion.

For assertion 3, we compute first

K. (F.G)(t) = / U(t, 1) Pa(1) xoF (1 / U 1) a0 F ()

— 00

o0

ZUt 7i) Ps (1) [x0Gi]dT; — Z (t, 7:) Pu(7)[x0Gi]d;.

t

Routine estimation using inequalities (11))-(13)) together with Lemma produces the bound

K.(F,G KN L Y ma

* 9 < - 7 T ) )

(R 00l < KN (54§ - S+ 52 IR0l

and as the bound is independent of ¢, s, the result is proven. O
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5.3 Modifications of the nonlinearities

Let £ : Ry — R be a C* bump function satisfying
i) E(yy=1for0<y <1,
i) 0<¢(y) <lforl<y<2,
iii) &(y) =0 for y > 2.

We modify the nonlinearities of 7 in the center and hyperbolic directions separately. For § > 0, we
let

Fute) = 16,2 (U020 (W00 + Pt )
Gt ) = oo (L2220 ) (W) - Pl )

The proof of the following lemma and corollary will be omitted. They can be proven by emulating the proof
of [Lemma 6.1 ,[I8]] and taking into account the uniform boundedness of the projectors P;; see property 1

of Definition B.3.51

Lemma 5.3.1. Let f(t,-) and gi(-) be uniformly (int € R and k € Z) Lipschitz continuous on the ball
Brer(6,0) in RCR with mutual Lipschitz constant L(6), and let f(t,0) = gx(0) = 0. The functions

Fs :R x RCR — R", Gs:Z x RCR — R"

are globally, uniformly (in t € R and k € Z) Lipschitz continuous with mutual Lipschitz constant Ls that
satisfies Ls — 0 as § — 0

Corollary 5.3.0.1. The substitution operator
Rs : PC"* — B"*(R,R") @ BL*(Z,R"™)

defined by Rs(z)(t, k) = (F5(t, 2(t)), Gs(k, 2(y))) is globally Lipschitz continuous with Lipschilz constant Ls

that satisfies Ls — 0 as 6 — 0. Moreover, the Lipschitz constant is independent of 1, s.

Corollary 5.3.0.2. ||(Fs5(t,z),Gs(k,x))|| < 4dLs for all x € RCR and (t,k) € R x Z.

5.4 The center manifold
Let € < n € (0,min{—a,b}) and define a mapping G, : PC"* x RCR.(s) — PC™® by

Gs(u, 0) = U(-, s)p + KI(Rs(u))- (40)
Note that by Lemma [5.2.3] and Corollary [5.3.0.1] the operator is well-defined, K7 is bounded and Rs is
globally Lipschitz continuous for each § > 0, provided H.1-H.7 hold. Choose § small enough so that

=~ 1
LsllK2l < 5. (41)

Notice that § can be chosen so that can be satisfied independent of s, due to Lemma If ||o]| <
r/(2K) then Gs(-,¢) leaves B(r,0) C PC™* invariant. Moreover, Gs(-,¢) is Lipschitz continuous with
Lipschitz constant % One may notice that r is arbitrary. We can now prove the following;:

Theorem 5.4.1. Let conditions H.1-H.7 hold. If § is chosen as in , then there exists a globally Lipschitz
continuous mapping v’ : RCR.(s) — PC"* such that us = u’(p) is the unique solution in PC"® of the
equation us = Gs(us, @).
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Proof. The discussion preceding the statement of Theorem indicates that G4(-,) is a contraction
mapping on B(r,0) C PC™® for every r > ||p||2K. Since the latter is a closed subspace of the Banach
space PC™?, the contraction mapping principle implies the existence of the function u¥. To show that it is
a Lipschitz continuous, we note

lug (@) = us(@)ln,s = [1Gs(u5(9), ) = Gs(ui (), ),

1
< Kllp =9l + lluz(e) = us(@)lln.s-

Therefore, u} is Lipschitz continuous with Lipschitz constant 2K. O

Definition 5.4.1 (Lipschitz center manifold). The center manifold, W. C R x RCR, is the nonautonomous
set whose t-fibers fort € R are given by

We(t) = Im{C(t, )}, (42)
where C : RCR. — RCR is the (fiberwise) Lipschitz map defined by C(t, ) = uy(¢)(t).

The construction above implies the center manifold is fiberwise Lipschitz. We can prove a stronger result,
namely that the Lipschitz constant can be chosen independent of the given fiber.

Corollary 5.4.1.1. There exists a constant L > 0 such that ||C(t,¢) — C(t,¢)|| < L||¢ — || for all t € R
and ¢, € RCR.(t).

Proof. Denote u® = us(¢) and u¥ = us(v)). A preliminary estimation appealing to the fixed-point equation
yields
IC(t, d) — C(t, D) < |l — oI + ||(K} (Rsu®) = K (Rsu?)) (1)]]-

By Corollary [5.3.0.2 each of Rsu® and Rsu? are uniformly bounded, so Lemma implies the existence
of a constant ¢ > 0 such that

(K7 (Rsu?) — K (Rsu?))(t)]] < ¢f|(Rsu® — Rsu?)(1)]|
< csup H(R(;ud’ - Rguw)(s)He*”lt*Sl
seR
< CE,;Hud’ - uw| it
< cLs2K||¢ — |,

and in the last line we used the Lipschitz constant from Theorem Combining this result with the
previous estimate for ||C(¢, ¢) — C(t,v)|| yields the uniform Lipschitz constant. O

Recall that by Lemma there is a process (S, M) on RCR such that ¢ — S(t, s)¢ is the unique mild
solution of through the initial conditon (s, ¢) defined on an interval [s, s + ). With this in mind, the
center manifold is locally positively invariant with respect to S.

Theorem 5.4.2 (Center manifold: invariance and inclusion of bounded orbits). Let conditions H.1-H.7
hold. The center manifold W, enjoys the following properties.

1. W, is locally positively invariant: if (s, ¢) € We and ||S(t, s)d|| < & fort € [s,T], then (t,S(t,s)p) € W,
forte s, T).

2. If (8, ¢) € We, then S(ta 3)¢ = u:(Pc(t)S(t’ 3)¢)(t) = C(ta Pc(t)S(ta 8)¢)
3. If x : R — RCR is a mild solution of satisfying ||z||, < 9, then (t,x(t)) € W, for allt € R.

4. Rx {0} C W, and C(t,0) =0 for allt € R.
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Proof. Let (s,¢) € W, and denote x(t) = S(t,s)¢, with ||z|| < J. Since (s, ¢)
RCR.(s) such that ¢ = u*(¢)(s). Define & = u’(p). Then, it follows that ¢
Pe(s)¢ + KI(R(2))(s), and

2(t) = U(t, s)p + K (Rs(2))(t)

e W, 57 there exists ¢ €

=U(t,s)p + U(tvs)Kg(Ra(i’))(S)Jr/ U(t, m)xoRs(p, (u))dp+ Y Ut 7)x0Gs (i, (7))

s<T; <t
t
= U(t, )i (s) + / Ut m)xoRs (i #(w)dp + S Ut m)xoGlis (7))
s s<T; <t

for all ¢ € [s,T]. But since ||z(t)|| < é on [s,T], uniqueness of mild solutions (Lemma with Theorem

4.2.1)) implies that x = &|[5 77.

Let v € [s,T] and define z : R - RCR by z =& — U(-,v) P.(v)Z(v). One can easily verify that

t
z(t) = U(t, v)z(v) +/ U(t, WU (t, m)xoRs (i, 2(1))dp+ > Ut 7:)x0Gs(i, &(7;))

v v<T; <t

for all ¢t € [v,00) and that P.(v)z(v) = 0. By Lemma z = K} (Rs(2))|j,00), 50 that we may write
T =U(,0)Pe(v)2(v) + KJ(R5(2)) = uy (Pe(v)2(v)).

Therefore, &(v) = u)(P.(v)&(v))(v), and since z(v) = &(v), this proves that (v,z(v)) € W, and, through
essentially the same proof, that

z(v) = uy(Pe(v)z(v))(v) = C(v, 2(v))(v).
The proofs of the other two assertions of the theorem follow by similar arguments, and are omitted. O

The modification of the nonlinearity R; results in the function u} that defines the center manifold having
a uniformly small hyperbolic part. Namely, we have the following lemma.
Lemma 5.4.1. Define P. : PC" — PC"(R,RCR.) by P.o(t) = P.(t)o(t). If 6 > 0 is sufficiently small, then
(I = Po)uillo < 6.
Proof. Recall that u? satisfies the fixed-point equation u* = U(-, s)¢ +K7(Rs(u?)). Thus, with P, = I — P,
Phu = Ph o KN(Rs(uk)

(1))
because U(t, s) is an isomorphism of RCR.(s) onto RCR.(t) and ¢ € RCR.(s). By Corollary we
have for all ¢t € R that ||Rs(uf(t))|| < 40Ls, which implies Rg(uj) € B°(R,R") & B? (Z,R™). We obtain the
claimed result by applying the second conclusion of Lemma 3| and taking ¢ sufficiently small, recalling
from Corollary that Ls — 0 as § — 0. O

6 Reduction principle

The results of this section concern the dynamics on and near the center manifold. Section [6.1] pertains to
the dynamical behaviour of the solutions of the impulsive functional differential equation 1) on its
center manifold. The dynamics near the center manifold are elucidated in Section

6.1 Invariance equations for center bundle components of orbits in W,

On the center manifold, components of mild solutions on the center bundle are decoupled, as stated in the
following lemma. To begin, let S5 denote the forward process associated to the nonlinear integral equation
be a mild solution of the integral equation

y(t) = U(t, 5) / Ut 1) [x0Fs (vl + 3 Ut 7)[xoGalir y(r))]-

s<T; <t
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Note that the above is the smoothed version of . The proof of the following follows by direct calculation
and the second orbit property of the center manifold, as stated in Theorem

Lemma 6.1.1 (Dynamics on the center manifold: integral equation). Lety : R — RCR satisfy y(t) € W,(t)
with y(t) = Ss(t,s)y(s). Consider the projection of y onto the center bundle: w(t) = P.(t)y(t). The
projection satisfies the integral equation

w(t):U(tys)w(S)Jr/ U (¢, 1) Pe(p) X0 F5 (1 C (s w(p))dp + Y Ut 73) Pe(m) x0Gis (i, C(miy w(m))))

s<T; <t

(43)

When a solution on the center manifold is defined by a classical solution, we can show that its projection
satisfies a particular impulsive differential equation. This identification carries over to solutions that merely

have enough smoothness to ensure that their right-hand derivatives exist and are elements of the space
RCR(R,R™).

Theorem 6.1.1 (Dynamics on the center manifold: abstract impulsive differential equation). Let y €
RCR'(R,R™) satisfy y. € We(t) with y, = Ss(t,s)ys. Consider the projection w(t) = Pu(t)y; and define the

linear operators L(t) : RCR* — RCR and By, : RCR*((—r,0],R"™) — L>=((—7,0],R™) by
coo={ {00 020 mew-{ 2 o 020 (a4)
Then w: R — RCR' satisfies, pointwise, the abstract impulsive differential equation
d¥w(t) = L(H)w(t) + Pe(t)xoFs(t, C(t, w(t))), t# Tk (45)
Aw(ty) = Brw(ty, ) + Po(1) x0Gs (k, C(T1, w(Ty,))), t =g, (46)

where Aw(i)(0) := lim,_, g+ [w(1)(0) — w(T — €)(0)] is the non-uniform pointwise jump at time 7y, defined
for 8 € (—r,0].

Proof. For brevity, denote F'(u) = F5(u,C(u , (,u))), F(u) =xoF (1), F(u) = Pe(p)xoF (1) and analogously
for Gs. We begin by noting that equation (43) allows us to write finite difference we( ) =w(t+e)—w(t) as

t t+e
we(t) = [U(t+e,8) — Ut, $)w(s) + (Ut + e, £) — T) / Ut ) F(w)du + U(t + e, t)P.(1) /t Ut 1) F () dp

+(Ut+et)—1) > Utm)GE) +Ut+et) > Utm)G(i)
s<T; <t t<t;<t+e

(47)
First, we show that d*U(t, s)¢ = L(t)U(t, s)¢ pointwise for ¢ € RCR. For 6§ = 0, we have

t+e
LUt + e.5)6(0) — U(t.)p(0)) = * / L(u)U (s 5) b,

€ €

which converges to L(t)U(t,s)¢ as e — 0F. For # < 0 and € > 0 sufficiently small,
LUt + e, 9)6(0) — Ult, )8(0)) = 2(6(t + ¢+ 0 —5) — bt + 0 — 5)) —> d*b(t + 0 — 5) = d*U(t, 5)(6).

€ €

Therefore, dTU(t,s)¢ = L(¢)U(t, s)¢ pointwise, as claimed. Since U(t,t) = I, this also proves the pointwise
convergence

%(U(t Fet)— Do — L(1)o.

Next, we show that

1 t+e .
EU(t+67t)Pc(t)/t U(t, w)F(pn)dp — P(t)F(t) = F(t) (48)



pointwise as e — 0". We do this by first proving that the sequence x,, := U (t+¢y,t)P. ft+6" Ut, u)F(p)dp
is pointwise Cauchy for each sequence ¢, — 07. Assuming without loss of generahty that €n 18 strlctly de-
creasing, we have for all n > m,

t+en
S [1U<t Fet) — Ut + em,w] P.(1) / Ut 1) x0F (u)dp

€n €m

1 t+en
+ LU+ et / Ut 1) Po(js) X0 F (1)

€m t+em
Both integrals can be made arbitrarily small in norm by taking n,m > N and N large enough. Since
1 cU(t+e¢,t) is pointwise convergent as e —, we obtain that the sequence x,, is pointwise Cauchy, and is hence

pomtvvlse convergent. Direct calculatlon of the limit in the pointwise sense yields (48] . Combining all of the
above results with equation (47]) gives the pointwise equality

dtw(t) = LU (t, s)w(s) + [I(t)/ U(t,)F(u)dp + F(t) + L(t) Z U(t,7:)G(i) = L(t)w(t) + F(t),
which is equivalent to .

To obtain the difference equation (46)), we similarly identify w,(7x)(6) := w(7x)(0) — w(ri, — €)(6) with
the decomposition

we(r) = [U (71, 8) = U(m — €, $)lw / Ut B+ [ " W w) ~ Ul — 6 P (u)du
+ > Ul m)G() + [U(Tk,n) Uty — €,73)]G(4)

Using Lemma and Lemma the above is seen to converge pointwise as € — 01, with limit
Tk
Aw(my) = ByU (7o, s)w(s) + Bk/ Ulry ) F(dp+ G + By S Ulry ,m)G(i) = Byw(ry ) + G(k),
S S<T; <Tk

which is equivalent to the difference equation ([46). O

6.2 Attractivity of the center manifold

The final result of this section concerns the attractivity properties of the center manifold. In particular, we
obtain the usual conclusion that in the absence of an unstable bundle, the center manifold is (nonuniformly)
attracting.

Theorem 6.2.1 (Attraction of the center manifold). For v > 0 and S € R, there exist positive constants C
and 0 such that

1. If u and v are mild solutions of on the interval I = [s —T,s] for T >0 and s < S satisfying

o (1= PLG)ulG) = (T = PuG))o(j) for cither j = s or j = s — T;
o [[u(®)]] <6 and |[v(t)|| < forallt €I,

then, || Ps(s)[u(s) — v(s)]|| < C||Ps(s — T)[u(s — T) — v(s — T)]||el*TT.
2. If u and v are mild solutions on the interval I = [s,s +T| for T >0 and s > S satisfying

o (1= Pu(i)u(j) = (I - Pu(i))o(j) for either j=s or j = s+ T
o [[u(®)]] <6 and |[v(t)|| <6 forallt €I,

then, ||Py(s)[u(s) — v(s)]|| < C||Pu(s + T)[u(s + T) — v(s + T)]||e~®=)T.
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Proof. We begin by proving the first assertion, and will prove only the case where (I —Ps(s))(u(s)—v(s)) = 0,
as the other case is similar. Let L = L(§) be the Lipschitz constant of the nonlinearity Rs, and denote

2 (t) = ||Ps (&) (u = 0) ()], 2 (8) = |I(I = Ps(8)) (u = 0)()]]-

Let t € I. Routine integral estimation with the spectral separation assumptions result in the estimate
2z (s)e™ < Kz_( / KNLe“ M (2, (1) + 2 (u ))d,u+zs:KNLe“(t’“)(z (7)) + zi(7;,))dmi. (49)
t
Also, the spectral separation guarantee that the expression
(I = Ps(t))u(t) = U(t, s)[Pe(s) + Pu(s)lu(s) + /: U(t, ) [Pe(p) + Pu(p)]xo Fs (1, ulp))dps
+ZU (t, 7)[Pe(1s) + Pu(7:)]x0Gs (i, u(r;))dr;

is well-defined even when ¢ < s, and similarly for v. Using the fact that (I — Ps(s))(u — v)(s) = 0, we get
the estimate

) </ KNL ) (2 (1) + 24 () dps + / KENL" T (o (77) + 24 (7)) )drs.

Some routine changes of variables and Lemma then imply

2, (t) < KNL V b= KL=, (4 du+Ze(b KL)(t=73) 5, (r; )dn].
t

Substituting the above into results in the somewhat bulky expression

Z_(s)e < Kz_ / KN Le®t=H) ,(,u)du—i—ZKNLe“(t_T’i)z,(T[)dTZ—

_|_/S(KNL)2 l/s a(t—p)+(b-—KNL)(u—m) , dTI"‘Z@a(t m)+O-KNL)(p—7s) , (Ti)dTi] dp
t Iz

+ ES:(KNL)2

/3 e0(t=Ti)+(b—KNL)(Ti—p) , (p)dp + Z ea(t=Ti)+(b—KNL)(Ti=T%) , (Tk)di‘| dr;.
m

Ti

Applying Fubini’s Theorem and estimating sums via Lemma yields

Z_(s)e™ < Kz_(t) + / (KNL+ r)e ™Mz (uydp+ > (KNL+ k)2 (7,7 )dm;,
t t

(KNL)2 ) e(b—a—KNL)§
“b_a_KNL ( ¢ )

where £ is the constant appearing in assumption H.7. Note that k = k() is positive provided ¢ is chosen
small enough. More changes of variables and use of Lemma [3.2.1] eventually lead us to the inequality

Z_(s)e *CTVKe™ " < z_(t) exp (e ™ (KNL+r)(t—s)),
which upon substituting t = s — T" and rearranging grants
z(s) < Ke *-exp((a+e *(KNL+k&)T)z_(s—T).
Choosing C' = Ke~%° and 6 small enough so that e (K NL(8) +x(5)) < v results in the desired inequality.

An analogous argument proves the second assertion of the theorem. The proof is omitted. O
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7 Linear theory for periodic systems

Insofar as impulsive systems are concerned, the simplest class of linearization one can encounter is one that
is periodic. In this section, we therefore study the linear system l) satisfying conditions H.1, H.2
under the periodic constraints

L(f + T) = L(t), Bk+q = By, Thiq = Tk + T, (50)

for some T > 0 and ¢ € N. Ultimately, we will prove that the evolution family associated to the such
a periodic system is spectrally separated, thereby proving that under suitable regularity conditions on the
nonlinearities, the semilinear system f posesses a center manifold provided the linear part is periodic.

7.1 The monodromy operator and compactness

We must discuss the interrelation between the period T and the range r of the delay. If » < T, it will be
convenient to reinterpret the periodic system [f—i—} as having the phase space RCR([-T, 0], R™).
This can always be done, since each of L(t) and By, extend in an obvious, trivial way to RCR([—T,0],R™). In
the opposite case, where r > T we let j € N satisfy » < 57 and extend the phase space to RCR([—3jT, 0], R™).
In both cases, the following proposition is true.

Proposition 7.1.1. There exists j € N minimal such that v < jT, and the evolution family U(t,s) on
RCR associated to the periodic system [7 +] extends uniquely to an evolution family U(t,s) on
RCR([—4T,0],R™) satisfying the identity

U(t,s)$(0) = U(t, s)y(6)
for all $ € RCR([—4jT,0],R") and 6 € [—r,0], where ¥ = ¢|[_,q. In particular, U(t,s) = 7, U(t, s)me
where the linear maps 7 : RCR — RCR([—jT,0,R"™) and 7_, : RCR([—jT,0,R™) — RCR are

[ ¢(8), 6¢€][-r0], -
T p(0) = { 0, 0 c [—jT, 7“) T = ¢|[—r,0]'

Following the above proposition, we denote RCR; = RCR([—jT,0],R™). For each t € R, define the
operators V; : RCR; — RCR; and V; : RCR — RCR by

Vi=U(t+jT,t), Vi=U(t+jT,t).
Lemma 7.1.1. V, is compact for each t € R.

Proof. Let PCg denote the set of functions f : [—57,0] — R™ that are continuous except at points s € S,
where they are right-continuous and posess limits on the left. For all £ € N, the identity ‘Nﬁk =U(t+ kT,t)
holds. This follows by existence and uniqueness (Lemma of solutions. Moreover, if ¢ € RCR;, then
V6 is continuous except at times 6, € [—jT,0] such that t + jT + 6, € {r, : k € Z}. At such times,
Vi¢ is continuous from the right and has limits on the left. Let © = {f;,...,60x} denote the set of all
such discontinuity points; note that N = jg is indeed finite. Therefore, if B C RCR; is bounded, then
Y := V;(B) C PCg, the latter of which is complete with respect to the supremum norm.

By [2], a subset of Y C PClg is precompact if and only if it is uniformly bounded and quasiequicontinuous
— that is, for all € > 0, there exists 6 > 0 such that if ¢1,t9 € [0k_1,0k) N [—4T,0] satisfy [t1 — t2] <
§, then |[z(t1) — z(t2)|| < € for all z € Y. Uniform boundedness follows by equation (I7). To obtain
quasiequicontinuity, let t; > ¢, and ¢ = 0 without loss of generality. We note that for all V,z € Y,

|Viz(tr) — Viz(t2)|| = |UGT + t1, 5T + t2)U(JT + t2,0)2(0) — U (T + t2,0)z(0)|
=lIxo o [U(JT + t1,jT + t2) — IJU(JT + t2,0)x||

T +to o Jjqa
< / O(p)dp <efd fmdn TT (1 + b(k))) C
J k=1

T+t

JT+t2
=K U(p)dp,
JT+t1
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where ||z|| < C for all z € B, and the inequality on the third line follows by Lemma and the integral form

of solutions provided by equation (14). Choosing § so that [ jTTJ:rttQ ((p)dp < €/ K for |t; — ta| < & whenever

t1,ty € [—4T,0] we obtain the required quasiequicontinuity of Y. Therefore, Y = V;(B) is precompact, so V,
is compact. O

Lemma 7.1.2. V; is compact for each t € R.

Proof. By Proposition we have V; = 7_,Vim._. The boundedness of each of 7. and 7. together with
the compactness of V; grants the compactness of V;. O

The compactness of the monodromy operator V; provides us with several useful results from the spectral
theory of compact operators; see the monograph [20] for details.

Theorem 7.1.1. Lett € R and let oy denote the spectrum of Wy := (Vi)c, the complezification of V.
1. If X € o, is nonzero, then A and X are eigenvalues of W;.

2. The generalized eigenspace My C RCR¢ associated to the eigenvalue A € oy is finite-dimensional and
invariant under Wy.

3. The Riesz projection
1 -1
Pyi(A) = Gy /(EI —Wy)—dg

~
is a projection onto My ;.

4. If A C oy, then

Py =Y Res,x(2 — W)™
AEA

is a projection onto

Myy =P My
AEA

5. The projections Py commute with Wy and if Ay and Ay are disjoint, then Py, 1P, + = 0.
6. oy is bounded and 0 € oy is the only accumulation point.

Proof. The first five assertions are consequences of the spectral theory of compact operators, as is the fact
that 0 € oy (since RCRc¢ is infinite-dimensional). Suppose then that o; were not bounded. Then there would
exist A, € o with |\,| — oo and an associated sequence of unit-norm eigenvectors z, € RCR¢. Then,
[|Wi (20 + T0)|| = 2|A| — o0, but

[[Wi(zn + T0)|| = [[Ve(2Re(zn)) || < 2[|U(E + 5T, 1)
and the latter is bounded by Lemma This completes the proof. O

We also have the following theorem concerning eigenvalues of distinct monodromy operators and their
generalized eigenspaces, whose proof follows entirely verbatim the proof of [Theorem 3.3 [9]].

Theorem 7.1.2. Let t,s € R be given with t > s and let A € C\ {0}.
e A€oy if and only if A € oy
o The restriction of Uc(t,s) to M s is a topological isomorphism onto My ;.

Due to the uniqueness of the eigenvalues across all of the monodromy operators, the following definition
is appropriate.

Definition 7.1.1. The Floquet multipliers of the evolution family U(t, s) are the eigenvalues 0 # X € oo of
the mondodromy operator Wy. The Floquet spectrum of the evolution family U(t, s) is denoted o(U) := oyg.

30



The projections of Theorem take values in the complexified spaces My ; C RCRc. To obtain real
projections, it suffices to ensure that all conjugate multipliers are included in the set A.

Corollary 7.1.2.1. Let 0 ¢ A C o(U). If A = A, the projection Py, : RCRc — RCRc is the complezifica-
tion of a projection operator on RCR.

By definition of complexification, if z € RCRc¢ is real (that is, z = £ + 40 for some £ € RCR), then Py 1z
is also real. By abuse of notation, we will identify the complexification of said operator with itself whenever
no confusion should arise. That is, we say that

Pry: RCR — RCR

is also a projection, and is identified with its complexification.

7.2 Spectral separation of U(t, s)
Define the time-varying projectors
P,(t) = Pa_, P.(t) = Pa_y4, Pi(t) =1 — Py,(t) — P.(t) (51)

where A, = {A € o(U) : [A\] > 1} and A, = {A € o(U) : [A\| = 1}. Since these sets are self-conjugate (ie.
A = A), the first two operators above define, by Corollary |7.1.2.1} projections on RCR. The third one is a
complementary projector.

Lemma 7.2.1. The projectors P;(t) fori € {s,c,u} are jT-periodic.

Proof. Since P,(t) is the projector through the spectral subset A, associated to the complexified operator
Uc(t + jT,t), it follows that P,(t + kjT) is the projector through the same subset, associated to Uc =
Uc(t+jT+ kjT,t+ kjT), for all k € Z. By uniqueness of solutions and the periodicity condition, the latter
is equal to Uc(t + jT,t), from which it follows that P,(t) = P,(t + kjT), and mutis mutandis for the other
projectors. O

Lemma 7.2.2. R(Ps(t)) = Nyea.un, N(Prt)-

Proof. Denote P., = P.+ P, and A, = A.UA,, so that R(Ps(t)) = N (Peyu(t)). If 2 € Nxea, N (Pat), then
Py, (t)x = Z)\GAM P, ;x = 0, which shows that Nxea,, N(Pa,) € R(Ps(t)). To obtain the second inclusion,
let € RCR¢ be such that z € N(P.,(t)). For all A € A, we have

Puaz=P,+ Y PP =Py Pa(t)z=0,
pEA\{A}

where the second equality is due to Theorem and the conclusion is because z € N (P (t)). O
Lemma 7.2.3. The restriction of Wy to the subspace R(Ps(t)) is compact, and o(Wy) C B1(0).

Proof. With the same notation as in the previous proof, since the generalized eigenspaces My, + are invariant
under W;, the same is true for the (closed) complement, R(P,(t)). Denote W; the restriction of W to said
complement. Suppose by way of contradiction £ € is a (generalized) eigenvector of W, with eigenvalue \ with
|A| > 1. Then (W; — A)*¢€ = (W; — )€ = 0, so £ is in fact a (generalized) eigenvector of W; with eigenvalue
A and |A| > 1. Consequently, £ € R(P.,(t)), which is a contradiction since R(Ps(t)) N R(Peu(t)) = {0}. O

Theorem 7.2.1. The evolution family U(t,s) : RCR — RCR associated to the periodic system [7
,/ is spectrally separated, with projectors (Ps, P., P,) defined as in equation , Also, RCR. and
RCR, are finite-dimensional.

Proof. We prove the theorem by verifying properties 1-5 of Definition [3.3.5] explicitly.
1. Since P; + P, + P, = I, we have the estimate ||Ps|| < 1+ ||P,|| + || Pe||- Thus, to prove property 1, it
suffices to prove that || P, (¢)|| and || P.(t)|| are uniformly bounded. We will prove only uniform boundedness
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of P.(t), since the argument is identical for P,(t). Also, by periodicity (Lemma [7.2.1)), it suffices to prove
uniform boundedness on [0, jT7.

Assume for the moment that property 6 is satisfied (it will be proven later, independently of property 1).
Suppose by way of contradiction that there exists x,, € RCR and a (without loss of generality) increasing,
convergent sequence t, € [0,j7] with ||z,|| = 1 such that ||P.(t,)z,|| = n. Define y, = Uec(tn,to) '2n.
Then, we have

n = ||Pe(tn)xn|| = [|Pe(tn)Uc(tn, to)ynll = [[Uc(tn, to) Pe(to)ynl| < CHUC(tnvtO)_l” (52)

for some constant C' > 0; see Lemma [3.4.2]

We will now prove that U.(t,,to) ! is uniformly bounded above; that is, there exists a constant D > 0
such that [|U.(tn,to) || < D for all n > 0. This will provide a contradiction to the inequality n <
Cl|Ue(tn,to) 7| in (52)). Clearly, Ue(tn,to) " being uniformly bounded above is equivalent to Uy (t,, to) being
uniformly bounded below; that is, there exists £ > 0 such that ||U.(t,, to)z|| > E||z|| for all x € R(P.(to)).

Suppose U, (ty,to) is not uniformly bounded below; that is, there exists v, € R(P:(to)) with ||y,|| =1
such that ||U.(ts,to)yn|| — 0. Since R(P.(tg)) is finite-dimensional, we may pass to a subsequence (also
denoted y,,) that is convergent by the Bolzano-Weierstrass theorem. Let y,, — y and ¢, — t. We have

[|U:(t, to)yl| < [Ue(t,to)y — Ue(t, to)ynll + 1|Uc(t, to)yn — Uc(tn, to)ynl| + [[Uc(tn, to)ynll-

As n — oo, the first and third normed terms converge to zero. As for the term in the middle, we know that
Uc(tn,t0)yn — 0 uniformly and, by passing to yet another subsequence (since U.(t, to) has finite-dimensional
range) again denoted y,, we may assume that U.(t,to)y, also converges uniformly. Consequently, the term
in the middle converges uniformly, and as such we may compute its limit pointwise. By Lemma [3-4.1] we
have

t+0
Ut t0) g — Un(tns to)yn(0)]] < / (de+ ) | C
2 tnt+0<Ti<t+0

for n large enough, where ||Uc(s,to)|| < C for all s € [to,t] exists due to Lemma [3.4.2] Therefore, the
pointwise (and uniform) limit is zero, and we conclude U.(¢,to)y = 0, which is a contradiction because
U.(t, to) is an isomorphism by Theorem and ||y|| = 1.

2. This follows by property 5 of Theorem [7.1.1

3. By following [[9], XIII — Theorem 3.3], we can show that P(t)U (t+jT, s+kjT) = U(t+4T, s+kjT)P(s)
for some k € N chosen so that s+ (k—1)jT <t < s+ kjT, for each of the projectors P € {P,, P, Ps}. This
implies P(¢)U(t,s + qjT) = U(t, s+ qjT)P(s) for ¢ = k — 1. Thus,

PU(t,s) = P(H)U(t,s + qjT)U(s + ¢jT, s)

(t,s +qiT)P(s)U(s+ jT,s)?
(t,s +qjT)P(s)*U(s + jT, s)?
(
(

t,s +qiT)U(s + jT,5)1P(s)

U
=U
U
Ul(t,s)P(s),

where we have used the fact that P(s) is a projector and commutes with U(s + 57, s).
4. This follows from Theorem [7.1.2)
5. When t > v > s, the identity U.(t, s) = U.(t,v)U.(v, s) holds by properties of the evolution family U.
When t > s > v, we find I = U.(¢,v) U, (t, s)U.(s,v), which implies
UC(U,S) = Uc(vat)Uc(ta 5)' (53)
Also,

Ud(t,s) = U(t,0)Ue(t,v) " U(t, 5) = Up(t,v)[Us(v, t)Ue(t, 8)] = Ue(t,v)Uec(v, 5). (54)
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Equation implies U.(t, s) = Ue(t,v)Uc(v, s) for v > s > ¢, while (54)) grants it fort > s >v. Ifv > ¢ > s,
then

Uslt, s) = Ua(t, 0)Ue(t,v) " UL, 5) = Ue(t, v)Us(v, )UL(t, 8) = Ue(t, v)Us(v, 5).

If s >t > v, then
U.(t,s) = Uc(s,t)f1 = [UC(S,U)U(’U,t)C]71 = U(t,v)U.(v,s).

Similarly, the desired equality holds if s > v > t. We have proven that U.(t,s) = U.(t,v)U.(v,s) for all
t,v,s € R. The proof is identical for U,.

6. This section is split into two parts, where we prove the estimates for U, and Uy separately. The proof
for U, is similar to the center (U,) case, and is omitted.

Center part: U.. Let € > 0 be given. Recall that U.(t, s) is the restriction of U(¢,s) to R(P.(s)), so by
Lemma and periodicity, there exists K > 0 such that, for any s € R, we have ||U.(t, s)|| < K provided
t € [s,s+ jT). As Uc(s+ jT,s) is compact and all of its eigenvalues satisfy |A| = 1, Gelfand’s (spectral
radius) formula implies there exists an integer k¥ > 0 such that ||U.(s + 5T, s)¥|| < 1+ €jT. If we let m;
be the greatest integer such that s + mikjT < t and m; € {0,...,k — 1} the greatest integer such that
s+ mikjT + mjjT < t, then a trivial modification of the proof of [[9], XIII — Theorem 2.4] results in

1U(t, 8[| < K||Ue(s + 5T, 8)¥||™ < K(1+ ¢jT) 77 < Ket=9),

The proof is similar when ¢ < s, and we obtain ||U.(t,s)|| < Kelt=5l.

Stable part: Us. Let t > s. As in the proof for the center part, we have ||Us(¢,s)|| < K provided
t € [s, s+ jT). Otherwise, since U,(s+;T, s) is compact by Lemma[7.2.3]and its spectrum is contained within
the complex unit ball, there exists k > 0 such that ||Us(s + jT,s)*|| < (14 ajT) for some a < 0. The rest of
the proof follows by the same reasoning as the proof for the center part, and we obtain ||U(t, s)|| < Ke**~*)
as required.

Finally, RCR. and RCR, are finite-dimensional because Theorem guarantees that the invariant
subspaces Mp_+ and My, + are finite-dimensional provided A, and A, are finite each finite sets — which
they are because the eigenvalues of W; can only accumulate at zero. The analogous result for RCR.(t) and

RCR,(t) follows by Corollary O

7.3 Floquet decomposition for U.(t,s)

Of use in subsequent sections is the fact that, when restricted to the nonautonomous set RCR., the evolution
family U (t, s) is essentially determined by the flow of a finite-dimensional ordinary differential equation. The
following theorem makes this concrete; see [Theorem 4.5, [9]] for the analogous result for delay differential
equations.

Theorem 7.3.1. Denote RCRE(t) the complexification of RCR.(t). There exists Q € L(RCRE(0)) and
o : R — L(RCRE(0), RCRE) with the following properties.

e « is jT-periodic, a(t) : RCRE(0) — RCRE(t) is invertible, and there exists § > 1 such that for all
¢ € RCR:(0),

B7HIgll < sup [la(t)¢l| < Bll4ll.
teR

o U.(t,0)¢ = a(t)e!@ for all p € RCR..

Proof. Define Q@ = logU.(5T,0), where we choose the logarithm to be branch that avoids the (finite set
of nonzero) eigenvalues of U.(jT,0). Defining a(t) = U(t,0)e *?, one may verify (compare to Proposition
4.4 and Theorem 4.5 of [9]) that « is periodic and U.(t,0) satisfies the claimed decomposition. Uniform
boundedness of a above and below follows by its periodicity and boundedness of U.(t,0) on [—jT, jT]; see
the proof of Theorem a(t) is clearly invertible. O
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8 Smoothness of center manifolds

In Section[5], we proved the existence of invariant center manifolds associated to the abstract integral equation
(81). These invariant manifolds are images of a uniformly Lipschitz continuous function C' : RCR. — RCR.
In this secton, we will ultimately prove that this function is smooth. To accomplish this, we will need to
introduce an additional regularity assumption on the nonlinear parts of vector field and jump map.

H.8 The functions ¢; and sequences {d;(k) : k € Z} introduced in H.5 are bounded.

Note that H.8 is a purely nonautonomous property and is trivially satisfied if the vector field and jump
functions are autonomous. We will also assume that center part U.(¢,s) of the linear evolution family
associated to the linear part of the semilinear equation 7 satisfies the following decomposability
condition, which is can be seen as a nonautonomous Floquet decomposition.

H.9 Thereexists a : R = L(RCR.) and Q € L(RCR.(0)) such that a(t) : RCR.(0) — RCR.(t) is invertible
for all ¢ € R, there exists 3 > 1 such that 37|¢|| < sup,cg ||a(t)¢|| < B]|¢|| for all ¢ € RCR.(0), and
the decomposition U.(t,0) = a(t)et? is satisfied.

Remark 8.0.1. By Theorem|[7.5.1], a semilinear equation with linear part satisfying the periodic constraints
(50) automatically fulfills condition H.9.

From this point on, we will assume conditions H.1-H.9 are satisfied. The rest of this section will utilize
several techniques from the theory of contraction mappings on scales of Banach spaces. In particular, many
of the proofs that follow are adapted from [27] [0, 18], albeit adapted somewhat so as to manage the explicitly
nonautonomous and impulsive characteristics of the problem. In order to avoid unnecessary technical details,
some results will be stated without proof.

8.1 Modification of nonlinearities and fixed-point equation for the center man-
ifold

By H.9, let U.(t,0) = a(t)e'?. Define I': R — L(RCR, RCRE(0)) by
[(t) = a(t) " Pa(t).

Let A = sup,cg ||~ (t)|], so that in particular ||T'(¢)|| < AN.
We introduce a different modification of the nonlinearity than the one used in Section [5.3] For a smooth
cutoff function &, define the smoothed nonlinearities

IIT(t)¢|I> ¢ <|I(I - Pc(t))¢|>

Fs(t, 8) = £(t, 9)¢ (

ANS§ N§
5 _ [T (7))l I( = Pe(7i))9l|
Gath.0) = an(o¢ (o ) ¢ (1=l
where by a suitable renorming, we may assume without loss of generality that ||-|| is smooth on RCR.(0)\{0}.

This follows because RCR.(0) is finite dimensional.
The following lemma and corollary now follow from the properties of the Floquet-like decomposition
Ue(t,0) = a(t)e!@. For a proof, see similar results in [I8] T9].

Lemma 8.1.1. Let f(t,-) and gi(-) be uniformly (int € R and k € Z) Lipschitz continuous on the ball
Brer(0,0) in RCR with mutual Lipschitz constant L(9), and let f(t,0) = gx(0) = 0. The functions

Fs5:R x RCR — R™, Gs:7Z x RCR — R"

are globally, uniformly (int € R and k € Z) Lipschitz continuous with mutual Lipschitz constant Ls that
satisfies Ly — 0 as § — 0.
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Corollary 8.1.0.1. The substitution operator
Rs:PC" — B"(R,R") ® B! (Z,R")

defined by Rs(z)(t, k) = (Fs(t,x(t)), Gs(k, x(m3))) is globally Lipschitz continuous with Lipschitz constant Lg

that satisfies Ls — 0 as 6 — 0. Moreover, the Lipschitz constant is independent of 1, s.

We can repeat the construction of the Lipschitz center manifold of Section essentially verbatim.
Namely, we define a family of nonlinear maps GJ* : PC"* x RCR.(s) — PC™* by

Gy (u, ) = U, 8)p + K2 (Rs(u)) (55)

and obtain for 6 > 0 sufficiently small a unique fixed point @, s : RCR.(s) — PC™"* satisfying the equation
C;(; "*(y,s,*) = Uy,s. The fixed point may be used to define the center manifold in the same way as Definition
and it enjoys the same invariance properties as outlined in Theorem and the reduction principles
of Section [6} Importantly, we have the following extension of Lemma [5.4.1} whose proof is omitted.

Lemma 8.1.2. There exists d > 0 such that the fixed point @, s of satisfies ||(I — ﬁc)ﬁmsHo < 4§ for all
s € R, where the operator P, : PC" — PC"(R, RCR,) is defined as in Lemma|5.4.1,

From this point on, our attention shifts to proving the smoothness of @, s : RCR.(s) — PC™* as defined
by the fixed point of . We begin with some notation. Introduce

B, = {f :Z = RCR :[|flly = supe ™| il < oo},
€
the space of n-bounded RCR-valued sequences. Then, define X2° = U, ~oX7 . Let
V' ={uePC":||(I- P.)ullp < oo},

where ]30 is the projection operator from Lemma Equipped with the norm

[lullvne = [Peully,s + |I(1 = Pe)ullo,

the space V"% is complete, where the s-shifted definitions are as outlined at the beginning of Section [5.1].
Let § > 0 be chosen as in Lemma and define

Vi ={ueV":||(I - P.ullo < N6}

and define V'(t) € RCR by VJ'(t) = {u(t) : u € V§'}. Also, define the set Vi° = U,5oVy. Set B7 =
PC"(R,R™) © B}, (Z,R™) and B> = U,»oB". Finally, the bounded p-linear maps from X; x --- x X, to
Y for Banach spaces X; and Y will be denoted £P(X; x --- X,,Y). We may write simply £? if there is no
confusion.

By construction of the modified nonlinearity Rs and the choice of § from Lemma the functions
u v+ Fs(t,u) and u — Gs(k,u) are C™ on Vi'(t) and V' () respectively, for all t € R and k € Z. We are
therefore free to define

(EsPu)(t) = DPF3(t,u(t)), (GP) (k) = DPCu(j,u(m),

for 1 < p < m, where DP denotes the pth Fréchet derivative with respect to the second variable. If we denote
" = PC" @ X7, , then for each u € V° we can define a p-linear map Rgp) (w) : TI*® X -+« x II*® — B> by
the equation

B ) (01,01), - (0, wp))(1,8) = (FP (@) (01(2), -, 0p(0), GP ulk) (wr (1), .y (1)) (56)

For p = 0, we define R((;O) = Ry to be equal to the substitution operator as defined in Corollary (8.1.0.1} From
here on, we assume conditions H.1-H.3, H.5-H.8 and H*4 are satisfied.

35



8.2 Smoothness of the modified nonlinearity

In this section we elaborate on various properties of the substitution operator Rs and its formal derivative
R((;p ) introduced in equation . First, we will need a result that states that condition H.5 holds also for
the modified nonlinearities when restricted to V.

Lemma 8.2.1. For j =1,...,m, there exist constants ¢;, cij,(j > 0 such that
|D7E5(t, ¢) — DI F5(t,9)|] < &1l — ¢, |D7E5(t,6)]] < g¢ ¢, € V5= (1)
|D?G5(k, ¢) — DIGs(k, )| < djllep — o], 1D G(k, $)|| < G ¢ p € V5 ().

Proof. We prove only the Lipschitzian property for D7 Fs, since the boundedness and corresponding results
for D’Gys are proven similarly. Denote

X(t, ¢) =g(||1;1(2§||> ¢ (II(I —]IVDE(t))qﬁII) _

When ¢, 9 € Vo (t), X is m-times continuously differentiable and its derivative is globally Lipschitz contin-
uous. Moreover, the Lipschitz constant can be chosen independent of ¢ because of the uniform boundedness
(property 1) of the projection operator P,(t) and the operator I'(¢). Let Lip% denote the Lipschitz constant
for D¥X(t,-). Then,

DI F5(t,¢) — DI Fs(t, ) = D7 [f(t,0) X (t,0) — f(t,9) X (¢, )]
= Y DNf(t,¢)DFNX(t,¢) — DN f(t, ) DFNX (1, 4))
N1,N2eP2(j)

= Y. D¥NM[f(t,.9) — ft,0)]IDFNX(t,¢) + DFN (2, ) DFN[X (8, 6) — X (1. 9)],

N1,N2€Ps(j5)

where P5(j) denotes the set of partitions of length two from the set {1,...,j} and #Y is the cardinality of
Y. Restricted to the ball Bys(0), the Lipschitz constants for D7 f(¢,-) and the boundedness estimates from
H.5 then imply the estimate

| DI F5(t, ) — D? Fs(t,9)|| < > (14 eun, LD | [lo — vl
N1,N2€P5(j)

As each of ¢; and d; are bounded, the Lipschitz constant admits an upper bound. Outside of Bys(0), X and
all of its derivatives are identically zero. O

Lemma 8.2.2. Let 1 < p <m, u; >0 fori=1,....,p, p = p1 + -+ pp and n > p. Then we have
R (u) € LP(IIM x -+ x TI*», B for all u € V{°, with

IR (@)l r < sup | F"u(t)]|e= =01 4 sup |G k) |~ 701!
teR k€EZ
= (18" ()l
Also, u R(p)(u) is continuous as a mapping ]:ng) (VY = LP(ITM x - x TIFe, BT) if n > p, for all o > 0.
Proof. 1t is easy to verify that R(p )( ) is p-linear. For boundedness,

IR (u)||co = sup IEPu(t) (i (), ..., vp@)le™ N+ sup || Gs(p)ulk)(wi (i), . ., wy(ri))|le” ™

keZ
IIUHM—1 [Jw|[z=1
< sup [[EPu@)|]- [lor@I] - [lop@ll]e=™ + sup (|G u®)|| - [[lwr ()] [Jwp ()] |] 1!
[l tHE]R*1 HjllGZ 1
vllg= A=

= sup || EP u(t)||e =M1 1 sup |G u(k)||le= (Il
teR kezZ
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The latter is finite by Lemma [8.2.1] whenever > p. In particular, the latter lemma implies that for all
¢ € V2, one has sup,cp ||D7 F5(t, ¢(t))|| < G¢;, and similar for Gj. This uniform boundedness can then be
used to prove the continuity of u — Rf;p ) (u) when n > u; the proof follows that of [Lemma 7.3 [I8]] and is
omitted here. O

The proof of the following lemmas are essentially identical to the proofs of [Corollary 7.5, Corollary 7.6,
Lemma 7.7 [18]] and are omitted here. The trivial modification stems from in our case, the nonlinearity
consists of two independent components defined by Fs and G, as well as the time dependence. This latter
complication is effectively resolved by Lemma [8.2.1

Lemma 8.2.3. Let 1y > ki > 0, 1 < p < k. Then, Rs : Vi'* — LP(IIM x --- x II"', B"”) is C* and
DPRs = RY.

Lemma 8.2.4. Let 1 <p<m, u; >0 fori=1,...,p, p=p1+ -+ pp and n > . Then, ]?gp) VY —
LP(IM x - x T, B") is C*~P provided n > p + (k — p)o.

Lemma 8.2.5. Let 1 <p <k, p; >0 fori=1,...,p, p=p1+ - pp andn > p+ o for some o > 0. Let
X : RCR.(s) = V& be C*. Then, Rf;p) 0 X : RCR.(s) = LP(IT* x --- x TI*», B") is C! and

D (BP0 X) @01, 05, 0) = RED(X(@) o, .. 1 X (9)0).

Theorem 8.2.1. Let J>™ : PC™* — PC™* denote the (continuous) embedding operator for m < na.
Let [7,7) C (0, min{—a, b}) be such that kij < 7. Then, for each p € {1,...,k} and n € (p7,7|, the mapping
J0 o @iy s RCR(s) — PC™* is of class C* provided § > 0 is sufficiently small.

Proof. The proof here follows the same lines as [Theorem 7.7, [9]]. To begin, we choose ¢ > 0 small enough
so that Lemma [8.1.2]is satisfied in addition to having Ls||K7|| < 1 for all n € [7,7]. By Lemma and
Corollary [.3.0.1] this can always be done in such a way that the inequality holds for all s € R.

We proceed by induction on k. For p =1 =k, we let n € (7,7] and show that Lemma applies with

Yo =V, Y = PChs, Y, = PC™*, A =RCR(s)
Flu) =G0 (u0),  fO(u) =KTo RV (),  fV(u, ) = Ko RS (u),

with embeddings J = J77 and Jy : Vi"* < PC™*. To check condition bl we must first verify the C*
smoothness of ) i o
VI X RCR() 3 (1, 9) — glu, ) = T (U(~, s)p+ Ko Rg(Jou)) :

The embedding operator J/7 is itself C', as is ¢ +— U(-, s)¢ and Jou — Rs(Jou), the latter due to Lemma
C"' smoothness of g then follows by continuity of the linear embedding Jy. Verification of the equalities
Dig(u, )¢ = JfD (Jou, p)Jo€ and J O (Jgu, )€ = fl(l)(Jou, ©)J¢ is straightforward. Condition b2 follows
by boundedness of the embedding operators and the the small Lipschitz constant for g 5_ ¥, For condition b3,
the fixed point is 5 s : RCRc(s) — PC™*, and we may factor it as Uj,s = Jo o ® with ® : RCR.(s) = V;”s
defined by ®(p) = 17.(¢); the latter is continuous by Theorem and the factorization is justfied by
Lemma[8.1.2} To check condition b4 we must verify that

Vi X RCRe(s) 3 (u,0) = folu, @) = G (Jou, o)

has a continuous partial derivative in its second variable — this is clear since fj is linear in ¢. Finally, condition
b5 requires us to verify that the map (u,¢) — J7 o K7 o I:Bgl)(Jou) is continuous from V;"* x RCR.(s)
into L(RCR.(s), PC™?), but this once again follows by the continuity of the embedding operators and the
smoothness of Rs from Lemma

The conditions of Lemma are satisfied, and we conclude that J"7 o Us,s 1s of class C 1 and that the

derivative D(J" o iz ) € L(RCR.(s), PC"*) is the unique solution w(!) of the equation

w = KT o B (@l())w™ + U(,s) = Fiw, ). (57)
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The mapping Fi : LIRCR.(s), PC"*)x RCR(s) = L(RCR.(s),PC"*) is a unlform contraction for n €
— indeed, F (-, ) is Lipschitz continuous with Lipschitz constant Ls-||[K7|| < %; this follows from Lemma

and is independent of s. Thus, @\” (¢) € LIRCR(s), PCT*) — L(RCR.(s ),PC"’S) for n > 1. Moreover7

il : RCR.(s) — PC™* is continuous if n € (7, 7).
Now, let 1 < p <k for k > 1 and suppose that for all ¢ € {1,...,p} and all n € (g7, 7], the mapping

T o iz o RCR(s) — PCT*

is of class C? with DY(J" o @) = JM o ﬂ%qi and u(q)( ) € LI(RCR.(s), PCI™*) for each ¢ € RCR.(s),
such that the mapping
T o0 al®) : RCR.(s) — LI(RCR.(s), PC™)
)

~(q

is continuous for n € (¢7,7]. Suppose additionally that @ Uy (¢) is the unique solution w®) of an equation

P = KT o R (i o(0))w® + H () 1= FP (0 ), (58)
with H' = U(, s) and H () for p > 2 is a finite sum of terms of the form

K2 o RS (7.6 (0) @0 (), -+ @l ()

with2<¢g<p,1<r;, <pfori=1,...,q,suchthat r; +---+r;, = p. Under such assumptions, the mapping

Fﬁ(p) : LP(RCR:(s), PC"*) x RCR(s) = LP(RCR.(s), PC™*®) is a uniform contraction for all n € [p7,7]; see
Lemma

Next, choose some 1 € ((p+1)7,7], 0 € (,n/(p+1)] and p € ((p+1)o,n). We will verify the conditions
of Lemma with the spaces and functions

= LP(RCR.(s), PCP7*), Y = LP(RCR.(s), PC**), Y = LP(RCR.(s), PC"?)
(¥), A =RCR.(s),

We begin with the verification of condition bl. We must check that
LP(RCR.(s), PCP7*) x RCRe(s) 3 (u, ) = T™ 0 Kl o R (g4 (9))u + T 0 HY) ()

is of class C', where now J™™M : LP(RCR.(s), PC""*) < LP(RCR.(s), PC"™*). The above mapping is C!
with respect to u € LP(RCR.(s), PCP?®) since it is linear in this variable. With respect to ¢ € RCR.(s),

we have that ¢ — JTKE o Rgl)(ﬁﬁ’s(go)) is C: this follows by Lemma with > (p + 1)o and the C!
smoothness of ¢ — J7 o iy () with o > 7. For the C'' smoothness of the portion ¢ — j”“H/g’})p(go), we

get differentiability from Lemma , we have that the derivative of ¢ — Hl(j;)p(go) is a sum of terms of the

form
~ ~ ~(r ~(7rq ~ ~ ~(r ~ (7 1 ~(7rq
K o RYMD (7,4 (0)) (@) (0), -, @l () + S KE 0 R (17,6 (9)) (@0 (9), ., 382 (0), . al e (),

)

and each u(J is understood as a map into PC’%*. Applying Lemma|8.2.2{with x> (p+1)o grants continuity

of DHJ;)p( ) and, subsequently, to J ”“DHL’;)p( ). The other embeddmg properties of condition bl are easily
checked. Condition b4 can be proven similarly.

The Lipschitz condition and boundedness of b2 follows by the choice of § > 0 at the beginning and the
uniform contractivity of H, described above. Condition b3 is proven by writing

T 0 Kt o R (i15,)(9)) = K2 0 BV (i15,4(¢))
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and applying Lemma together with the C' smoothness of Uj,s to obtain the continuity of ¢ —
R(l)(un s) € L(Y,Y1). This also proves the final condition b5 of Lemma and we conclude that
@) : RCRe(s) — LP(RCR.(s), PC™*) is of class C* with a0 = Dal) € LP+HD(RCR.(s), PC™™") given
by the unique solution w®*1 of the equation

1 1
wr D = K8 o R{Y (15 (9))w@ ) + HELY () (59)
where H}S’;Ull)(gp) = Kto Rgz)(dﬁ’s(ap))( i) (@),u%li( ) + DH/S/) (p). Similar arguments to the proof of
the case k = 1 show that the fixed point w(pH) is also contained in LP+D(RCR.(s), PCTPH):%) and the

proof is complete. O

Corollary 8.2.1.1. C : RCR. — RCR is C* and tangent at the origin to the center bundle RCR.. More
precisely, C(t,-) : RCR.(t) — RCR is C* and DC(t,0)¢ = ¢ for all p € RCR.(t).

Proof. Let 7, be as in the proof of Theorem [8.2.1} Define the evaluation map evy; : PC" — RCR by
eve(f) = f(¢). Since we can decompose the center manifold as

C(t, ¢) = evy(iie(8)) = eve( T (9)),

boundedness of the linear evaluation map on the space PC™* then implies the C* smoothness of C(t,-). To
obtain the tangent property, we remark that

DC(t,0)¢ = ev; ( (j o @ (0 )) qb) = ev; (1153(0)(]5) .

From equation and Theorem , we obtain 11(12 (0) =U(,t), from which it follows that DC(t,0)¢ = &,

n,
as claimed. O

As a secondary corollary, we can prove that each derivative of the center manifold is uniformly Lipschitz

continuous. The proof is similar to that of Corollary [5.4.1.1]if one takes into account the representation of

the derivatives ~f7p ; as solutions of the fixed-point equations , whose right-hand side is a contraction with

Lipschitz constant independent of s.

Corollary 8.2.1.2. For each p € {1,...,k}, there exists a constant L(p) > 0 such that the center manifold
satisfies || DPC(t,¢) — DPC(t,9)|| < L(p)||¢p — ¢|| for allt € R and ¢, € RCR.(t).

From Remark we readily obtain the smoothness of the center manifold in the case where the
semilinear equation is periodic. In particular, in such a situation many some of the assumptions H.1-H.9 are
satisfied automatically and can be ignored.

Corollary 8.2.1.3. Suppose the semilinear equation f satisfies the following conditions.

P.1 The equation is periodic with period T and ¢ impulses per period. That is, A(t + T) = A(t) and
f@+T,)= f(t) for allt € R, and Bxtc = Bi , Grte = gk and Tpye = 7 + T for all k € Z.

P.2 Conditions H.1-H.3 and H.5-H.6 are satisfied.
Then, the conclusions of Corollary|8.2.1.1| and Corollary hold.

Finally, when the impulsive differential equation has a linear part with no delay,the center manifold is
smooth.

Corollary 8.2.1.4. Consider the semilinear impulsive system
i=At)r + f(t, 1), t#7%
Az = Brx + grp(z-), t= 7k

If conditions H.1-H.8, H.5-H.8 are satisfied and, additionally, the linearization is spectrally separated when
considered as a finite-dimensional impulsive system with phase space R™, then this system posessses a C*
center manifold.
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Proof. Under the spectral separation assumption, there exist projectors Ps, P,., P, onto the center, stable and
unstable subspaces respectively of the linearization, considered as a finite-dimensional system. Let X (¢, s)
be its corresponding Cauchy matrix, and define the projectors on RCR.,

Pi(t)¢(0) = X (t +0,t)P;(t)p(0),
for i € {c,u}, and P; = I — P, — P,. It can be verified that, considered as an impulsive delay differential
equation with phase space RCR, the the linearization is spectrally separated, with P; the projectors onto
the invariant fiber bundles.
Let || X (t, s)Pe(s)|| < Kel*=#l by spectral separation. The evolution family restricted to the center fiber
bundle admits the representation

Uc(tv 8)¢(9) = X(t + 07 8)¢(0)7

so that we can write U.(t,0) = a(t)e®! with a(t) = X(t+-,0)e™¢* and Q = el. It follows that ||a(t)|| < K,
so H.9 is satisfied. The result follows by Corollary [8.2.1.1 O

8.3 A periodic center manifold

In this section we will prove that the center manifold is itself a periodic function, provided the conditions
P.1-P.2 of Corollary [8:2.1.3] are satisfied. We begin with a preparatory lemma.

Lemma 8.3.1. Define the operator Ns : RCR.(s) = RCR.(s) by

Ng(¢) = Pe(s)S(s + T, 5)C(s, ¢).

This operator is well-defined and invertible in a neighbourhood of 0 € RCR.(s). Moreover, the neighbourhood
can be written U N RCR.(s) for some open neighbourhood U C RCR of 0 € RCR, independent of s.

Proof. To show that N is invertible in a neighbourhood of the origin we will use the inverse function theorem.
The Fréchet derivative of Ny at 0 is given by
Ns(0)¢ = Pe(s) o DS(s + jT,5)(0) o DC(s,0)¢

=P.(s+jT)oU(s+jT,s)¢

= Uc(s + jT, S)¢a
where we used Corollary [8.2.1.1]to calculate DC(s,0) and Theorem to calculate DS(s+ 5T, s)(0). Since
U(s+ 4T, s) is an isomorphism (Theorem [7.2.1]) of RCR.(s) with RCR.(s+ jT) = RCR.(s), we obtain the
claimed local invertibility.

To show that the neighbourhood may be written as claimed, we notice that DNg(x) is uniformly conver-
gent (in the variable s) as z — 0 to DN, (0). Indeed, we have the estimate

IDNs(2) — DN (0)|| < ||Ue(s + 4T, s)Pe(s)|| - [|DC(s, z) — DC(s,0)]],
and the Lipschitz property of Corollary m 8.2.1.2| together with uniform boundedness of the projector P.(s)

and center monodromy operator U.(s + jT, s) grants the uniform convergence as x — 0. As a consequence,
the implicit function may be defined on a neighbourhood that does not depend on s. O
Theorem 8.3.1. There exists 6 > 0 such that C(s + jT,¢$) = C(s, @) for all s € R whenever ||¢|] < 4.
Proof. By Lemma [8.3.1} there exists 6 > 0 such that if ||¢||] < §, we can write ¢ = N;(¢p) for some
1 € RCR.(s). By Theorem and the periodicity condition P.1,

Cls +11,) = Clo + . N.(0)
C(s+ 4T, P.(s+ jT)S(s + 4T, s)C(s,v))
S5+ 4T, 5)Cls: )
S(s,s = jT)C(s,¢)
C(s, Pe(s)S(s, s J )C(SW))
C( (s +
C(

s, P.(s)S
s, Ns(¥)) = C(s, ),



where the identity S(s+ jT,s) = S(s,s — jT) follows due to periodicity and uniqueness of solutions.

9 Examples

This section contains three examples illustrating our main results. The first, in Section [9.1} is an explicit
derivation of the dynamics on the center manifold for a class of scalar nonautonomous impulsive delay
differential equations. Section [9.2] considers a particular case of such a system: the delayed logistic equation
with linear impulsive harvesting. Finally, in Section [9.3] we consider an abstract mathematical model of
infectious disease with pulse vaccination, incubation period and temporary immunity.

9.1 Reduction principle for a scalar nonautonomous system

In this section we compute to leading order the reduced vector field on the center manifold associated to a
class of scalar impulsive delay differential equations. Our prototype system is of the form

& =alt)z+ f(t, ), t# T (60)
Ax:bkx+gk(9ct—), t=T. (61)
Here we do not assume any periodicity conditions, but we will assume that f(¢,-) and gg(-) are C? with

f(t,0) = gr(0) = 0 and Dy f(t,0) = D1gx(0) = 0, so that the linearization of the above system takes the
form of the finite-dimensional system

y = a(t)y, t# T, (62)
Ay = by, t=T1. (63)
Theorem 9.1.1. Let the nonlinearities f and g be C? in RCR and satisfy the conditions H.3, H.5, H.6

and H.8, and let the sequence of impulses satisfy H.7. Suppose by, > —1 for all k € Z and the linear term
a:R — R is locally integrable. Define the function x : R? — R by

k(t,s) = / a(p)dp + Zlog(l + b;)d;. (64)

and suppose v = limsup|,_,| oo |K(t, 8)| < 00. Then, system (60)-(61) has a one-dimensional C* center
mamnifold, the unstable subspace is trivial, and the dynamics restricted to the center manifold are given to
leading order by the scalar impulsive differential equation

s =a(t)z + f(t)22 + 0O(z%), t# Tk (65)
Az = bz + grz® + O0(2°), t =T, (66)
with quadratic coefficients £(t) = $D3 f(t,0)X(¢)* and g = $D?g(0)X(7;, )2, where X € PC is defined by

2
X(t)(0) = exp(r(t 4+ 0,t)) and the limit X (7, ) is the usual pointwise (at @ = 0) limit.
Proof. The condtion v < oo implies that 7, considered as a finite-dimensional impulsive system, is
spectrally separated with projector P. = I, with evolution family X (¢,s). By Corollary we obtain
the C? smoothness of the center manifold. By the proof of the aforementioned corollary, we have the
representation
Uc(tv 5)¢(9) = X(t +0, S)¢(O)’ Pc(t)¢ = X(t + t)¢(0)

for the evolution family in RCR., and the associated projector.

To compute the dynamics on the center manifold, we use Theorem keeping in mind RCR.(t) =
span{X (t + -, ¢)}. Equation (45)—(46) implies that the dynamics on the center manifold are given to leading
order by the impulsive partial differential equation

dtw(t) = At)w(t) + X (t + -, t)%xODgf(t, 0)w(t)* + O(w?)

Aw(rg) = Brw(ry, ) + X (7% + '7Tk)%X0D%gk(0)w(Tl;)2 +O(w?)
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with the linear differential- and difference operators

A)$(0) = x0(0)a(t)(0) + (1 = x0(6))Ded()(0), B (0) = xo(0)bxd(0) + (1 — x0(0))[#(0) — ¢(67)],

and the expansion being justified by Corollary Introducing coordinates w(t)(0) = X (t + 6,t)z(t) for
some z(t) € R, we remark that by setting 6 = 0 we obtain the identity z(¢) = w(¢)(0), from which it follows
that z € RCR'(R,R) satisfies the impulsive differential equation 1@) — this last may be obtained by
evaluating the above impulsive partial differential equation at § = 0 and exploiting the bilinearity of the
second differentials and the representation w(t) = X(¢)z(¢). O

9.2 Dynamics of a delayed logistic impulsive harvesting model

As an application of Theorem let us consider the delay logistic growth model for a single species,
subject to linear harvesting:

x'r(t):z:(lx(;((t;—)), t £ty
Az = —pa(ty ), t = tg.

Here, the functions r(t) and K (t) are taken to be positive. Assuming the sequence tj is T periodic with ¢
impulses per period and the intrinsic growth rate r(t) is also T periodic, the linearization at the origin for
the above system has a one-dimensional center fiber bundle whenever the harvesting effort p € (0, 1) satisfies

the equation
T
(1—p)°exp (/0 r(s)ds) =1 (67)

Much of the results of the aforementioned section apply if the parameter is taken as an additional state
variable, so that one may study bifurcaions near the critical parameter p where equation is satisfied.
We will not do this here, however, as such computational aspects and bifurcation theory are not in the scope
of this article.

When (]@ is satisfied, applying Theorem yields the dynamics on the center manifold described by
the impulsive differential equation

t
Z=r(t)z — ;(((tg) exp 7/ a(s)ds — Z log(1 —p) | 22+ O(2?), t# g
t—=7 t—T<tp <t
Az = —pz(t;) + O(z%), t = ty.

9.3 Dynamics near disease-free solutions in a susceptible-infected model with
pulse vaccination, incubation period and temporary immunity

Consider the following model of disease transmission

S = —g(t,1(t))S(t) + W(R,) t# by (68)
I=g(t,I(t—7))S(t—71)— hi(t), t#ty (69)
R =hI(t) — W(R,), t# (70)
AS = —pS(ty), t =1t (71)
AR = pS(t;), t=ty. (72)

S, I and R denote the susceptible, infected and immune/vaccinated cohorts, respectively. The function
g(t,I) is the per capita infection rate and 7 > 0 is the incubation period. Infected individuals clear their
infection at rate h and are then immune, before subsequently losing their immunity rate W(R;) for some
functional W : RCR([-r,0],R) — R. A proportion p € (0,1) of susceptible individuals are successfully
vaccinated at times ¢, and these individuals subsequently obtain temporarity immunity subject to waning
as if they had just cleared their infection. We make the following assumptions.
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SIR.1 The per capita infection rate g(t,-) is C* in its second variable, uniformly in ¢, periodic in its first
variable and satisfies ¢g(¢,0) = 0 and g(¢,1) > 0 for I > 0.

SIR.2 The waning rate W : RCR([—~7,0],R) — R is C* smooth, globally Lipschitz continuous, and satisfies
W(R) >0 for R > 0 and W(0) = 0.

SIR.3 The sequence of vaccination times ¢ is periodic with period T" and ¢ impulses per period.

The first step in our analysis will be to study the invariant disease-free subsapce — that is, the region of
phase space where I = 0 — and identify a one-parameter family of bounded (periodic) solutions. We will
then translate this family of solutions to the origin and obtain an impulsive delay differential equation that
posesses a C* center manifold on which all bounded solutions must reside.

On the infection-free subspace the dynamics are given by

S =W(R,) t # ty (73)
R=—-W(Ry), t# ty, (74)
AS = —pS(ty), t=t (75)
AR = pS(t,;), t=ts. (76)

Lemma 9.3.1. Equation (73| admits a one-parameter family of periodic solutions (SN, RN) satisfying
the equation SN + RN = N for N > 0. If the waning rate has a sufficiently small Lipschitz constant, there
is only one such family of periodic solutions and it is globally attractive.

Proof. Tt is easily verified that the positive orthant of 7is positively invariant and that the lines
S+ R = N are invariant for fixed N > 0. Taking N as a parameter, we may write

S=W(N—S,), t#t

(77)
AS = —pS(t;),  t=tx

From the above discussion, the closed convex set K = {¢ € RCR : 0 < ¢ < N} is positively invariant under
the process S(t,s) associated to . Without loss of generality, assume 7' > r. The monodromy operator
M : K — K with M¢ = S(T,0)¢ is therefore well-defined. M is continuous by Theorem and from
the Lipschitz assumption on the waning rate W, it is easy to verify that M (K) is uniformly bounded and
quasiequicontinuous; see the similar proof of Lemma Thus, M(K) is precompact [2], and the Schauder
fixed point theorem implies the existence of a fixed point X lying in K. Define Y = N — X € K. The
invariance of S+ R =N for and X being a fixed point of the monodromy operator allows us to
conclude that the solution ( hrough (X,Y) is a periodic solution satisfying SV + RN = N.

To obtain uniqueness for Wamng rates with small Lipschitz constants, we note that S(¢,0) satisfies the

integral equation

S(t0)6 — /0 U(t, s)W (N — S(s,0)9))ds,

where for t > 0, U(t,0)¢(0) = ¢(0) [ [y, <;(1 — p) satisfies an exponential estimate of the form [[U(,0)|| <
e~ for some ¢ > 0. If W has Lipschitz constant v, then denoting Z(t) = S(t,0)¢ — S(¢,0)% for given
¢, € RCR, we obtain the integral estimate

t
e Z(t)] < elg — | +/0 Ve[| Z(s)l|ds,
which together with the Gronwall inequality implies the Lipschitzian estimate

(e —e~T) || — |-

S(T,0)p — S(T,0 <
IS(T.006 = S0l < ==
The monodromy operator S(7,0) : RCR — RCR is a contraction when -y is small enough. Iterating from
0 < So € RCR, the fixed point is positive due to the positive invariance of the convex set K. A similar
construction to the above yields the unique positive periodic solution satisfying SN + RY = N. Global
attraction follows because S(T,0) is a contraction. O
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Next, we introduce the change of variables S = z; + SV and R = 2o + R" to translate the positive
disease-free periodic solution of Lemma to the origin. Doing so, writing the equation in an explicitly
semilinear form and denoting I = z3, we obtain

—029(t,0)x0 0 DW(R}Y) —g(t,0,2) + WN(t, )
Z(t) = a2g<t - O)X*T —hXxo 0 zt + g(t, -, Zt) , tFE
Az (t) = —pz1(ty,), t =t
Az3(t) = pzi(ty, ), t = tg,

where 2; = ((21)¢, (22)1, (23)1) € RCR([—r, 0], R?) and we introduce auxiliary functions

WHN(t,¢) = W(gps + RY) — W(RY) — DW(R)os
g(t,0,0) = g(t +0,02(0))91(0) — Oag(t + 0,0)$1(0).

Note that the origin (0,0,0) € RCR is now an equilibrium point. The dimension of the center manifold of
the semilinear system is equal to that of the center fiber bundle of its linear part. Since the latter is
finite-dimensional (by Theorem [7.2.1)), we obtain the following description of the the bounded solutions of
the original system due to Theorem and Corollary

Corollary 9.3.0.1. FEvery solution of the SIR model — with a uniformly small infected component
I < 1 and near-equilibrium disease-free components |S + R — N| < 1 for some constant N, is contained
within a finite-dimensional global center manifold, up to translation by a particular disease-free periodic orbit
of constant population size. The center manifold is C* and periodic.

Further analysis is necessary to determine the dimension of the center manifold or compute the dynamics
restricted to it. Such investigations are beyond the scope of this article, as they necessitate a method to
analytically compute the portion of the Floquet spectrum on the unit circle for linear periodic impulsive
systems with delays.

10 Conclusion

We proved (Theorem the existence of a Lipschitz continuous global center manifold for the impulsive
delay differential equation under the assumption of C'' smoothness of the nonlinear portion of vector
field and jump map, in addition to a spectral separation condition on the linearization and some technical
requirements concerning the uniform boundedness in time for the nonlinearities in a neighbourhood of zero.
The center manifold is defined through a function C : RCR. — RCR where RCR. is the center fibre bundle
associated to the linearization. Under the conditions of the theorem, the center manifold is in fact uniformly
Lipschitz continuous (Corollary7 in that the Lipschitz constant can be chosen independent of the fiber
RCR.(t). Under the same assumptions, we proved the a reduction principle in Section [} The invariance of
the center manifold was proven (Theorem , as was its attraction (Theorem @ . The reduced flow
and integral equations on the center manifold were also derived (Section .

In order to establish the existence of the center manifold, it was necessary to derive a variation of constants
formula (Theorem associated to the inhomogeneous linear equation ([#)—(5]). The integral equation
defining mild solutions of the nonlinear equation 7 was then defined in Section where it was proven
that the nomautonomous process associated to the aforementioned integral equation is smooth (Theorem
5.1.1)).

To prove the smoothness of the center manifold (Corollary and its tangency at the origin to the
center fiber bundle RCR., it was necessary to smooth the nonlinearities in a slightly different way. We also
imposed the additional assumption H.9 that the flow on the center fiber bundle of the linearization admitted
a decomposition as an exponential composed with a uniformly (in time) bounded linear operator. In this
case, each derivative of C is Lipschitz continuous, with Lipschitz constant independent (Corollary of
the fiber RCR.(t).

Many of the technical requirements needed for our proof of the existence and smoothness of center
manifolds are automatically satisfied when the linear part of the system in question is does not feature delays
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(Corollary [8.2.1.4)), although this class of models is fairly small. Since so many nonlinear models feature
periodicity, we made a concerted effort to develop enough of the Floquet theory for periodic linear impulsive
delay differential equations (Section [7]) to guarantee the existence and smoothness of center maoifolds under

the assumption that the linear part is periodic (Corollary|8.2.1.3)). In this case, we obtain the expected result
that the center manifold is itself a periodic function (Theorem [8.3.1)) provided the entire quasilinear system

is periodic.
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Appendix

This section contains a lemma on smoothness of compositions of mappings on scales of Banach spaces. The
lemma and several modifications thereof appear in [9, 27, 19] among others. To keep the article mostly
self-contained, we include it here.

Lemma 10.0.1 (Lemma 6.7 [9]). Let Yy,Y,Y1 be Banach spaces with continuous embeddings Jy : Yo — Y
and J :'Y — Y7 and let A be another Banach space. Consider the fized-point equation y = f(y,A) for
f:Y XA =Y. Suppose the following conditions hold.

b1) The function g : Yo x A — Y7 defined by (yo, \) — g(vo, ) = J f(Joyo, \) is of class C* and there exist
mappings

fO JYy x A — L(Y),
W JoYy x A = L(Y7)

such that Dig(yo, ¢ = JfM (Joyo, \)Jo€ for all (yo,\, &) € Yo x A x Yy and JfD (Joyo, Ny =
fl(l)(Joyo, N Jy for all (yo, A\, y) € Yo x AX Y.

b2) There exists k € [0,1) such that f(-,\) : Y — Y is Lipschitz continuous with Lipschitz constant k, and
each of fM(-,\) and fl(l)(-,)\) s uniformly bounded by k.

b3) Under the previous condition, the unique fized point ¥ : A — Y satisfying the equation WU(\) =
FT(N), A) itself satisfies U = Jy o ® for some continuous ® : A — Yj.

b4) fo:Yy x A=Y defined by (yo, ) — fo(yo, \) = f(Joyo, A) has a continuous partial derivative
Dof : Yo x A = L(A,Y)
b5) The mapping (y,\) — J o fO (Joy, \) from Yy x A into L(Y,Y1) is continuous.

Then, the mapping J o ¥ is of class C* and D(J o W)(\) = J o A(X) for all X\ € A, where A = A()) is the
unique solution of the fived point equation A = fO(T(N),\)A+ Dafo(®(N), N).
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