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Abstract—Many physical systems are modeled by nonlin-
ear parabolic differential equations, such as the Kuramoto-
Sivashinsky (KS) equation. In this paper, the existence of a
concurrent optimal controller and actuator design is established
for semilinear systems. Optimality equations are provided. The
results are shown to apply to optimal controller/actuator design
for the Kuramoto-Sivashinsky equation and also nonlinear dif-
fusion.

I. INTRODUCTION

The best actuator design can improve performance and
significantly reduce the cost of the control in distributed
parameter systems; see for example [1]. The optimal actuator
design problem of linear systems has been reviewed in various
contexts, see [2], [3]. For linear partial differential equations
(PDEs), the existence of an optimal actuator location has been
proven in the literature. In [4], it is proven that an optimal
actuator location exists for a linear system with quadratic cost
function if the input operator is compact and continuously
depends on actuator locations. Further conditions on operators
and cost functions are needed to guarantee the convergence in
numerical schemes [4]. Similar results have been obtained for
Hy and H, controller design objectives [5], [6].

Nonlinearities can have a significant effect on dynamics,
and such systems cannot be accurately modelled by linear
differential equations. Control of systems modelled by non-
linear partial differential equations (PDE’s) has been studied
for a number of applications, including wastewater treatment
systems [7], steel cooling plants [8], oil extraction through
a reservoir [9], solidification models in metallic alloys [10],
thermistors [11], Schlogl model [12], [13], FitzZHugh—-Nagumo
system [13], micro-beam model [14], static elastoplasticity
[15], type-II superconductivity [16], Fokker-Planck equation
[17], Schrodinger equation with bilinear control [18], Cahn-
Hilliard-Navier-Stokes system [19], wine fermentation process
[20], time-dependent Kohn-Sham model [21], elastic crane-
trolley-load system [22], and railway track model [23]. A
review of PDE-constrained optimization theory can be found
in the books [24], [25], [26]. State-constrained optimal control
of PDEs has also been studied. In [27], the authors investigated
the structure of Lagrange multipliers for state constrained
optimal control problem of linear elliptic PDEs. Research on
optimal control of PDEs, such as [28], [29], has focused on
partial differential equations with certain structures. Optimal
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control of differential equations in abstract spaces has rarely
been discussed [30]. This paper extends previous results to ab-
stract differential equations without an assumption of stability.

Few studies have discussed optimal control for general
classes of nonlinear distributed parameter systems; and even
less have looked into actuator design problem of such systems.
Using a finite dimensional approximation of the original
partial differential equation model, optimal actuator location
has been addressed for some applications. Antoniades and
Christofides [31] investigated the optimal actuator and sensor
location problem for a transport-reaction process using a
finite-dimensional model. Similarly, Lou and Christofides [32]
studied the optimal actuator and sensor location of Kuramoto-
Sivashinsky equation using a finite-dimensional approxima-
tion. Other research concerned with optimal actuator location
for nonlinear distributed parameter systems can be found in
[33], [34], [35]. To our knowledge, there are no theoretical
results on optimal actuator design of nonlinear distributed
parameter systems.

The results of this paper apply to the Kuramoto-Sivashinsky
(KS) equation. This equation was derived by Kuramoto to
model angular phase turbulence in reaction—diffusion systems
[36], and by Sivashinsky for modeling plane flame propagation
[37]. It also models film layer flow on an inclined plane [38],
directional solidification of dilute binary alloys [39], growth
and saturation of the potential of dissipative trapped-ion [40],
and terrace edge evolution during step-flow growth [41]. From
system theoretic perspective, Christofides and Armaou studied
the global stabilization of KS equation using distributed output
feedback control [42]. Lou and Christofides investigated the
optimal actuator/sensor placement for control of KS equation
by approximating the model with a finite dimensional sys-
tem [32]. Gomes et al. also studied the actuator placement
problem for KS equation using numerical algorithms [43].
The feedback control as well as optimal actuator arrangement
of multidimensional KS equation has been studied in [44].
Controllability of KS equation has also been studied [45], [46].
Optimal control of KS equation using maximum principle was
studied in [47]. Optimal control of KS equation with point-
wise state and mixed control-state constraints was studied in
[48]. Liu and Krstic studied boundary control of KS equation
in [49]. Al Jamal and Morris studied the relationship between
stability and stabilization of linearized and nonlinear KS
equation [50].

The paper is organized as follows. Section 2 is a short
section containing notation and definitions. Section 3 discusses
the existence of an optimal input together with an optimal
actuator design to nonlinear parabolic systems. In section 4,



the worst initial condition is discussed. In section 5 and 6,
Kuramoto-Sivashinsky equation and nonlinear heat equation
are discussed, respectively.

II. NOTATION AND DEFINITIONS

Let X be a reflexive Banach space. The notation X; — Xo
means that the space X is densely and continuously embedded
in Xs. Also, letting I C R to be a possibly unbounded interval,
the Banach space C*(I;X) consists of all Holder continuous
X-valued functions with exponent s equipped with norm

Jo(t) = w(s)]|

TR (D

HwHCS(I;X) = ||93||C(I;x) + sup

t,sel

The Banach space ¢*(I,X) is the space of little-Holder con-

tinuous functions with exponent s defined as all x € C*(I;X)
such that

[2(t) — z(s)|l

lim sup = s

—0. )
6—0 t,sel,|t—s|<d

Also, W™P(I;X) is the space of all strongly measurable
functions « : I — X for which ||z (t)||y is in WP (I, R). For
simplicity of notation, when [ is an interval, the correspond-
ing space will be indicated without the braces; for example
C([0, 7]; X) will be indicated by C(0, T; X).

Let A be the generator of an analytic semigroup e“* on X.
For every p € [1,00] and v € (0,1), the interpolation space
D 4(a,p) is defined as the set of all zy € X such that the
function

t—ou(t) = Htl_"_l/pAetAon 3)

belongs to L”(0, 1) [51, Section 2.2.1]. The norm on this space
is

120l p s (a,py = lI®0ll + 10l o (0,1) -

The Banach space W(0,7) is the set of all x(-) €
WLP(0,7;X) N LP(0,7; D(A)) with norm [52, Section I1.2]

12N,y = 1%l Lo 0,r%) T IAZ ]| Lo (0,75x) -

Definition 1. The operator A : D(A) — X is said to have
maximal LP regularity if for every f € LP(0,7;X), 1 <p <
oo, the equation

@(t) = Az(t) + f(b),

x(0) = o,
admits a unique solution in W(0,T) that satisfies (4) almost
everywhere on [0, T].

t>0, )

Every generator of an analytic semigroup on a Hilbert space
has maximal LP regularity [53, Theorem 4.1].

III. NONLINEAR PARABOLIC SYSTEMS

Let x(t) and u(t) be the state and input taking values
in reflexive Banach spaces X and U, respectively. Also, let
r denote the actuator design parameter that takes value in
a compact set K,q of a topological space K. Consider the
following initial value problem (IVP):

{d:(t) = Aw(t) + F(z(t) + Brju(t), t>0, o

x(0) = xo.

The linear operator A : D(A) — X is assumed to have
maximal L? regularity. In particular, if A is associated with a
sesquilinear form that is bounded and coercive with respect to
V — X, it generates an analytic semigroup on X [54, Lemma
36.5 and Theorem 36.6].

The nonlinear operator F(-) maps a reflexive Banach space
V to X where D4(1/p,p) — V — X. The operator F(-) is
locally Lipschitz continuous; that is, for every bounded set D
in V, there is a positive number L such that

||]:($2> — ]:(131>||X < Lr ||$2 — :BlHV, Vi, x2 € D. (6)
When there is no ambiguity, the norm on X will not be
explicitly indicated.

For each 7 € K, the input operator B(r) is a linear bounded

operator that maps the input space U into the state space X
and it is continuous with respect to 7 :

lim [[B(r,) ~ B(ro)]| =0. ™

Tn

where the convergence r,, — ¢ is with respect to the topology
on K.
For any positive numbers Ry and R, define the sets

Brro,ru)(R1) = {u e L?(0,7;U) : ||u||p < Rl}, (8)
By(Rz) = {zo € V: [[@olly < Ra}. )

Definition 2. [52, Definition 3.1.i](strict solution) The func-
tion x(-) is said to be a strict solution of (5) if ©(0) = x,
x € W(0,7), and x(t) satisfies (5) for almost every t € [0, T].
Lemma 3. /55, Proposition 2.2 and Corollary 2.3] Let 1o > T
and p € (1,00) be given. If A has maximal L? regularity, then

there exists a constant c, independent of T such that for all
7€ (0,70] and v € WP (0,7;X) N LP(0,7; D(A)),

||1}||L2(O,T;X) + ||Av||L2(O,T;X)
< My, (I + Al 0,riy + 0O 41/ )
Furthermore, if v(0) =0,

[@llcqo rspats o < Mo (19]20,r0) + 140l 120,00 ) -
Theorem 4. For every pair Ry > 0, Ry > 0, there is T >
0 and 6 > 0 such that the IVP (5) admits a unique strict
solution x € W(0,7), ||@lly o, < 0 for all (u,r,x0) €
Brro,7u)(R1) X Kaq X By(Ry).

Proof. The proof of this theorem follows the same line as that
of [55, Theorem 2.1] with some modifications. Let w solve
the linear equation

{u’:(t) = Aw(t) + F(zo) + B(r)u(t),

w(0) = xp.

rer

Define for an arbitrary number p > 0 the set

Ypr= {v € W(0,7) : v(0) = mo, [[v —wllyq, < p}'

(11)
Because w(-) € W(0,7), w(-) € C(0,7;V). Define
¢(7; R1, R2) = [|lw—o||¢( vy Where here xo indicates

the constant function in C(0, 7;V) that equals x,. Note that
lim ¢(7; Ry, R2) = 0. (12)
T—=0



According to Lemma 3, there is a constant M independent
of 7 such that

v —=xollco,rvy) < Mp+ (15 R1, Re), Vv € X, 7. (13)

Consider the mapping v : W(0,7) — W(0,7), x(-) — v(-)
defined by

{ﬁ(t) = Av(t) + F(z(t)) + B(r)u(t), t € (0, 7],

14
v(0) = xo. (14

It will now be shown that for some numbers p and 7 the
mapping 7 defines a contraction on X, and hence has a
unique fixed point.

Consider the linear equation

b(t) —w(t) = A(v(t) — w(t)) + F(z(t)), t € (0,7],
(v —w)(0) =0,

Use Lemma 3 together with Lipschitz continuity of F, let
L be the Lipschitz constant of F over the ball B(xq, Mp+
¢(7; R1, R2)). Tt follows that

[v —wlly,- < M| F(x(t)) - F(zo)ll,
< MLgTv ||’”-C - mOHC(O,T;V)

< M?Lyr#(Mp+ ¢(; R1,Ry)).  (15)

Furthermore, for any x,xs € X, -, define v = (1) and
vy = y(x2), then Lemma 3 yields

o2 = o1 lyo.ry < M |1 F(@2) — Fla)],
< MLpr |22 — 21l o0 r0)
< MPLprv 2o — 21|y, - (16)
Choose p and 7 so that
M2Lrrv <1,
M?Lzr7(Mp + ¢(7; R1, Ra)) < p.

The Contraction Mapping Theorem ensures that the mapping
v has a unique fixed point in X, . This fixed point is the

unique solution x to (5). Also, from the definition (11), every
x in X, ; satisfies

1Zllwo,r) < llwllwo,n + o (17)

Let Ly be the Lipschitz constant of JF over the ball
B(0, ||zo||). Proposition 2.2 in [55] yields

w0,y < M(lzolly + | F(zo) + B(r)u(t)]],)
1
< M(|lzolly + 77 Lr [lzolly + I1B(r)] 2oy lw®)]l,)
< M(Ry + 77 LrRy + Ry max |[Br)l| )
reKaq ’

4
Defining

1
0=M(Ry+77LrRs+ Ry rrél%i ”B(T)HL(X,U))v

yields the required upper-bound on ||:13||W(0 ) O

Definition 5. Let x(t) be the strict solution to (5). The
mapping S(w,r,x0) : Brro,rv)(R1) X Kaa X By(Ra) —
W(0,7), (u(t),r,xo) — x(t), is called the solution map.

An embedding D(A) — X where D(A) is compact in
X ensures that the space W1P(0,7;X) N LP(0,7, D(A)) is
compactly embedded in ¢*(0,7;V), 0 < s < 1 [56, Theorem
5.2]. Since ¢*(0,7; V) — C(0,7;V), it follows that the space
Whp(0,7;X) N LP(0,7, D(A)) is compactly embedded in
C(0,7;V).

Theorem 6. If the embedding D(A) — X is compact
then the solution map is weakly continuous with respect to

(u(t),r,xo) € LP(0,7;U) x K x V.

Proof. The weak continuity of the solution map with respect
to u(t) is shown in [30, Lemma 2.12]. Weak continuity with
respect to (u(t),r,xg) follows from a similar proof. Choose
any weakly convergent sequences {u,(t)} C LP(0,7;U),
{z§} < V, and {r,} C K. Since sets Bpr,u)(R1)
and By(R2) are bounded, closed, convex subsets of Banach
spaces LP(0,7;U) and V, respectively; these sets are weakly
closed [26, Theorem 2.11]. This implies that there are u® €
Brr(o,7v)(R1) and zg € By(R3) such that

u, — u’ in Bryorv)(R), (18)
IL‘g — xq in Bv(R2> (19)

Since the set K, 4 is a compact subset of K
r, — 7° In Kyg. 20)

It will be shown that B,., u.,(t) converges weakly to By.ou(t)
in LP(0,7;X). For every z € L9(0,7;X), 1/g=1—1/p,

I:= <Z7 B"‘nun - B"'OU‘O)L‘I (0,7;X"),LP(0,7;X)
=(z, By, up — B'f“’un>L<1(0;r;X*),LP(O,T;X) 2
+ <Z, Brow, — B"‘ou0>Lq(0,'r;X*),LP(O,T;X) :

Taking the adjoint and norm yield
T<1Bn, = Brlegusn | IOl (0]

# [ Brox(t)wn(t) = w @) ]
0
Use Holder inequality and let v(t) = B 2(t), it follows that

I <|B,, - BT“’”L(U,X) ”un”Lp(o,T;U) ”Z”Lq(o,ﬂx)

+ (un —u® V) 1o0,7,0), 90,7507 |-

The convergence of the first term follows from (7). The second
term converges to zero because u, — wu° in LP(0,7;U).
Combining these yields

By un — Brou® in LP(0,7; X). 22)
Using Theorem 4, the corresponding solution ,,(t)

is a bounded sequence in the reflexive Banach space

LP(0,7; D(A)) N WP(0, 7;X). Thus, there is a subsequence

of x,(t) such that

—  in W(0,7). (23)

Ty,



This in turn implies that the sequence x,,(t) strongly converges
to x(t) in C(0,7;V). This together with Lipschitz continuity
of F(-) yields

F(xn, (t) = F(x(t)) in LP(0,7;X). (24)

This strong convergence also yields weak convergence in the
same space, that is

F(@n, (1) = F(z(t)) (25)

Now apply (18), (22), (23), and (25) to the IVP (5); take the
limit; notice that a solution to the IVP is unique; it follows that
x = S(u,r,xp). Deleting elements {x,, ()} from {x,(t)}
and repeating the previous processing, knowing that a weak
limit is unique, it follow that x,(t) — =(¢) in W(0,7). O

in LP(0, 7; X).

IV. OPTIMAL ACTUATOR DESIGN

Consider a cost function J(x,u,r) W(0,7) X
L?(0,7;U)xK — R that is bounded below and weakly lower-
semicontinuous with respect to x, u, and 7. For a fixed initial
condition g € By(R3), consider the following optimization
problem over the admissible input set U,4 and actuator design
set K,q

min  J(xz,u,r)
st.  x=S8(u,r xg), P)
(u,r) € Upqg X Kgug.

The set U,4 will be assumed a convex and closed set contained
in the interior of Brs(o,;u)(R1).

Theorem 7. For every xo € By(R2), there exists a control
input u® € U,q together with an actuator design r° € Kyq
that solve the optimization problem (P).

Proof. The proof of this theorem follows from standard anal-
ysis; see for example, [24, Theorem 1.45] and [57, Theorem
4.1] for a similar argument. Define

(20) = inf  J(S(u,r, @), u,r). (26
](330) (u,r)EgladXKad ( (’LL " SEQ) u ’I") ( )

and let (w,,7,) be the minimizing sequence:
Hm J(S(Wn, Tr, o), Un, Tr) = J(20). 27

n—oo

The set U,y is closed and convex in the reflexive Banach
space LP(0,7;U), so it is weakly closed. This implies that
there is a subsequence of wu,,, denote it by the same symbol,
that converges weakly to some elements ©° in U,4. Because
of compactness of K4, there is also a subsequence of r,,
denote it by the same symbol, that strongly converges to
r°. Theorem 4 and Theorem 6 state that the solution map
is bounded and weakly continuous in each variable. Thus,
the corresponding state x, = S(uy,T,;xo) also weakly
converges to £° = S(u®, 7°%; xo) in W(0, 7). The cost function
is weakly lower semi-continuous with respect to each =z,
u, and », this ensures that (°,u°, r°) minimizes the cost
function. Therefore, (u°,r°) is a solution to the optimization
problem (P). ]

Definition 8. [24, Definition 1.29] The operator G : X — Y
is said to be Gdteaux differentiable at x € X in the direction

p € X, if there is a linear bounded operator G, such that for
all real €

lim |Gz + ep) — G() — Gyplly =0, (@8)

The optimality conditions are derived next after assuming
that the problem has certain properties. Consider the assump-
tions:

Al. The spaces X and U are Hilbert spaces and p = 2. The
space K is a Banach space.

A2. Leta : VxV — C be a sesquilinear form (see [58,
Chapter 4]), where V — X, and let there be positive
numbers « and § such that

Vei,x0 €V,
Ve V.

la(z1, z2)| < a |zl |22y »
Re a(z, z) > Bz,

The operator A has an extension to A € L(V,V’)
described by
</lv,w> Yo,w eV,

a(v,w), (29)

AR
where V' denotes the dual of V with respect to pivot
space X.

A3. The cost function J(x,u,r) is continuously Fréchet

differentiable with respect to each variable.

The nonlinear operator F(-) is Gateaux differentiable.

Indicate the Gateaux derivative of F(-) at x in the

direction p by F. p. Furthermore, the mapping « — F_,

is bounded; that is, bounded sets in V are mapped to

bounded sets in £(V,X).

AS5. The control operator 3(r) is Giteaux differentiable with
respect to  from K4 to £(U, X). Indicate the Giteaux
derivative of B(r) at r° in the direction r by Bl.r.
Furthermore, the mapping r° — B.., is bounded; that
is, bounded sets in K are mapped to bounded sets in
LK, L(U, X)).

Using these assumptions, the Géateaux derivative of the
solution map with respect to a trajectory (t) = S(u(t),r, xo)
is calculated. The resulting map is a time-varying linear IVP.
Let g € LP(0, 7; X), consider the time-varying system

h(t) = (A -+ Fl ) )h(t) + g(t),
h(0) = 0.

A4.

(30)

Lemma 9. [59, Corollary 5.2] Let assumptions Al and A2
hold. For any 7 > 0, let P(-) : [0,7] — L(V,X) be such
that P(-)x is weakly measurable for all x € V, and there
exists an integrable function h : [0,7] — [0,00) such that
POl 2w x) < R(t) for all t € [0, 7]. Then for every xo € V
and g € L*(0,7;X), there exists a unique T in W(0,T) such

that
{dz(t) = (A+P(1)(t) +g(1),

z(0) = xo. @b

Moreover; there exists a constant ¢ > 0 independent of xy and
g(t) such that

2 2 2
1@ l0) < € (IlglZe0ra +l2oll7) . 32



Since W(0, 7) is embedded in C(0, ;V), the state x(t) is
bounded in V for all ¢ € [0, 7]. This together with Gateaux
differentiablity of F(-) ensures that there is a positive number
M~ such that

< Mr. (33)

sup H

te[0,7] L(V,X)

Thus, replacing the operator P(t) with }';(t) and noting that

POz x) < Mz,

shows that the conditions of Lemma 9 hold. Thus, there is a
positive number ¢ independent of g such that

(34)

IPllweo.r) < cllgllzzo.r:x) - 35)
Proposition 10. Under assumptions AI-A5, the solution map
S(u(t), r;xo) is Gateaux differentiable with respect to each
u(t) and r in Ugg X Kyq. Let 2(t) = S(u(t), r, xp).

a. The Gateaux derivative of S(u(t),r;x) at v in the
direction T is the mapping S.. : K — L?(0,7; D(A)) N
W2(0,7;X), 7 — 2z(t), where z(t) is the strict
solution to

{awz(A+f&mzm+wafmu» G6)

z(0) =0.

b. The Gateaux derivative of S(u(t),r; :Bo) at u(t)
the direction u(t) is the mapping S., : L*(0,7;U) —
L?(0,7; D(A)) N W2(0,7;X), ’&() h(t), where
h(t) is the strict solution to

{<><A+f@9<>+wwmm -
h(0) = 0.

Proof. a) Let ¢ be sufficiently small such that r 4 e € K 4.
Define x.(t) = S(u(t), r + €7, xo), this state solves

{:ize(t) = Az (1) + F(z(t) + B(r + e7)uf(t),
z.(0) = .

(38)
Similarly, x(t) = S(u(t),r,xo) solves (53) with ¢ = 0.
Define er(t) and ep as

t>0,

ex(t) =+ (Fl@(t) — Flae(t) ~ Fagy (wlt) ~ (1))

™

(39a)
es = % (B(r + er) — B(r)) — BLr. (39b)
The state e(t) = (x(t) — x.(t))/e — z(t) satisfies
e(t) = (A+ Fype(t) + ex(t) + epul(t), t >0,
e(0) =0.
(40)
Assumption A4 and A5 ensure that as € — 0
lex(t)[| =0, Vte[0,7], (41a)
lesll gz — 0- (41b)

It will be shown that lim._.¢ |||y ,, = 0. First, consider
x(t) — x(t), which satisfies

A(x(t) — z(t)) + F(x(t))
+ (B(r) — B(r + er)) u(t),
z(0) —xz.(0)= 0.

Lemma 3 implies that there is a number ¢, depending only
on 7 such that for all ¢ € [0, 7]

le(t) -z,
< s (& = @ell o) + MA@

B(t) — @ (t) = — F(z(t))

(42)

220 - 43)

Also, use [55, Proposition 2.2], there is a number d. depending
only on 7 such that for all ¢ € [0, 7]

|z — i’e”L?(o,t;x) + [ Az — me)Hm(o,t;x) (44)
<d, || - — Alx — m5)||L2(07t;X) .
Combine (43) and (44) to obtain
||$(t) - $€(t)||v < CTdT ||f($) - f(xE)‘ILQ(O,t;X) (45)

+erd, |(B(r) -

Theorem 4 implies that the states x(t) and x.(¢t) belong to
some bounded set in W (0, 7) and so in C(0,7,V).Let D C V
be a bounded set that contains the trajectories x(t) and x.(t).
Let Lz be the Lipschitz constant of F(-) on D. Since the set
K ,q is compact and B(r) satisfies assumption A5, the number
Ly defined as

B(r +er)) u||L2(0,t;X) :

Lp = Sg(p ”B;-H[:(]K,C(IU,X))' (46)

rcKaq

is finite. This together with [60, Theorem 12.1.1 and Corollary
3] yields

1B(r) — B

Use these to obtain the inequality

(T'E)”L(U,m <Lg|r- TeHK < Lge. 47)

t
lo(t) ~ (0% < 22213 [ [zl ~alo)Fds @9)
0
+ 2072'd72'L2862 HuHi2(0,T;U)
Applying Gronwall’s lemma yields
|2 (t) = @ () < V2er " erd, Lise |[ull 2o 0

Define

- (49)

(t ||/: (V,X)-

Assumption A4 ensures that M £ is finite. Take the norm of
the right side of (39a) in X. It follows that

25272
lex ()] < (Lr + Mree)V2e 57 crd L ||ull 2o, .0 -

This and (41a) together with the Bounded Convergence The-
orem ensure that

. i 2 5,
tim [ fex(6)]*at =0,

Statements (51) and (41b), and Lemma 9 can be applied to
conclude

(D

lij% HeHw(o,T) = 0. (52)



This shows that S(u,r,xg) is Gateaux differentiable at r in
the direction 7 with derivative z(t) = S,.7.

b) This part is proven in [30, Theorem 3.4] assuming that
O0; + A is invertible. However, the result is still true without
assuming the invertibility of 0; + .A. Let € be sufficiently small
such that u+ett € Uyq. Define z(t) = S(u(t)+en(t), r, o),
this state solves

@ (t) = Amc(t) + F(ac(t) + B(r)(u(t) + eu(t)),
z.(0) = xo.
(53)
Let e(t) = (x(t) — x.(t))/e — h(t). Following the same steps
as in part (a) yields

tim [lel}0,) = 0. (54)

This means that S(u, 7, o) is Giteaux differentiable at u in
the direction @ with derivative h(t) = (S, @)(¢). O

Assumption Al implies that the dual of each of X and U
will be identified with the space itself. For each u, the operator
(Brou)* : X — K* is defined by

<(B’:‘°u)*p7 T>K*7K = <p7 (B;‘Or)u’> ’ V(u,p,r) S U X X X K

Theorem 11. Suppose assumptions AI-A5 hold, and writing
the derivatives J,,, J.,, and J|. by elements j, € W(0,7)*,
Ju € L*(0,7;U) and j, € K*, respectively. For any initial
condition oy € X, let the pair (u°,1°) € Uyg X Kuq be
a local minimizer of the optimization problem (P) with the
optimal trajectory x° = S(u®;r°,xq) and let p°(t) indicate
the strict solution in W(0,7)* of the final value problem
PO(t) = —(A" + Fro() )P°(t) = Jao (1), p°(7) = 0. (55)
Then (u®,r°) satisfy

<ju" + B* (ro)pov u— uO>L2(0,T;IU) > 0:
<j,,‘o + / (BLou®(t))*p°(t) dt,r — r">
0

for all u € Uyg and r € Kq.

> 0.
K* K

Proof. Let
Gu,r)=J(S(u,r,xp),u, 7).

The Gateaux derivative of G(u, r) with respect to u has been
obtained in the proof of [30, Proposition 4.13]. Using the chain
rule to take the Géateaux derivative of G(u,r) at u® in the
direction u yields

Glott = J ot + J,0SLyo . (57)

Identify the functionals G,,. : L*(0,7;U) — R and J. :
L?(0,7;U) — R with elements of L?(0, 7, U). That is

(58)
(59)

Guot = (Gue, 71>L2(0,T;IU) )
J’I/_L"ij' = <ju0> /1]>L2(0,T;U) .

Also, identifying the functional JZ. : L?(0,7;X) — R with
an element of W(0,7)* = L?(0,7; D(A*)) N W2(0, 7; X)
yields

JoSuot = (Jaos Syot) 120 ) - (60)

t >0,

*

The adjoint operator S.% can be obtained as follows. Use (55)
in the following inner product and let h(t) = S.,.a

(Jao, SLO£">L2(O,T;X)
_ /0 ’ (=57(t) = (A" + Fpo I0°(0), (1) ) di.
Taking the adjoint and integration by parts yield
(Jaos Suo®) 12(0.7.x)

_ /OT <p°(t), h(t) — (A+ J—',;o(t))h(t)> dt
- / " (p°(t), Blrya(t)) di
- / "B ()p (), (1)) d.

This implies
SyoJwe = B (r)p°(t).

Combine (58), (59), (60) and use (61), equation (57) is written
using the functionals as

(61)

(Gu, ﬂ>L2(o,T;U) = (Jue + B*(r°)p°, ﬁ>L2(o,T;U) . (62)

Applying [24, Theorem 1.46] and letting & = u — u? for all
u € U,q yields
(Jue +B*(r)p®,u — u°) 12 (g ) = 0. (63)

Using the chain rule to take the Gateaux derivative of
G(u,r) at r° in the direction 7 yields
GroT = JLoF + JboShot. (64)

Write the functionals G, : K — R and J.. : K — R as
elements of g,. and j,. in K*, respectively, and take the
adjoint of S,... It follows that

gro = S::;]wo (t) + j,,-o. (65)

An explicit representation of the adjoint operator S.% will
be derived. Consider the inner product

<j:c°a81/~0";>L2(07‘r;X) :/0 <jw°(t)787/,07:> dt.

Write z(t) = S,..7. Substitute for jzo(¢) from (55) into this
integral. Perform integration by parts to obtain

[ <_po(t) - AT+ f¥°<t>*)P°(t),Z(t)> dt
— /OT <po(t),z'(t) —(A+ f:’co(t))z(t)> dt

- / " p0(t), (Bl iyul(t)) di

:</T(B;ou"(t))*p0(t)dt,f> : (66)
0 K* K
Thus,

Sl G (t) = / (BLow®(t)'p°(dt.  (67)



As a result, the Géteaux derivative of G(u,r) at r° in the
direction 7 is

gho = [ (Brw®) POt + e
0

The optimality conditions now follow by substituting the
Géteaux derivatives g... in [24, Theorem 1.46]. O

(68)

Corollary 12. Let the cost J(x,u,r) be

J(z,u,r) = /OT (Qu(t), x(t)) + (Ru(t), u(t))y dt, (69)

where Q is a positive semi-definite, self-adjoint bounded
linear operator on X, and R is a coercive, self-adjoint linear
bounded operator on U. If the minimizer (u°,7°) is in the
interior of Ugq X Kaq, then the following set of equations

characterizes (x°,p°,u°, r°):

z(t) = Ax°(t) + F(x°(t)) + B(r°)u(t), x°(0) = xo,
Po(t) = —(A" + Fro))p°(t) — Qu°(t),  p°(7) =0,
u’(t) = =R~ 1B’*( 2)p°(t),

Jo (Brow?(t))*p°(t) dt = 0.

Proof. 1f the optimizer (u°, 7°) is in the interior of Uygq X K4,
then the optimality conditions of Theorem 11 hold if and only
if
Juo + B (r°)p° =0,
ot [ Brow®) e de =0
0

: L2(0,7;X) — R and J..(t)

(70)
(71)

The derivatives J..(t)
L?(0,7;U) — R are

Toolt = (Q2%, &) 11010, (72)
Juot = (RU®, @) 20 1y) - (73)

Identify these functionals with elements j,. = Q°(¢t) and
Jue = Ru°(t), and notice that j,.. = 0. Substituting the
derivatives in (70) and (71) yields the optimality condi-
tions. O

For all ; and x5 in D(A) and ¢ € (0,7), let II(¢) be the
solution to the differential Riccati equation

% <$2,H(t)331> = — <582, H(t).ASC1> — <.A(I)2,H(t)$81>
—(Qms, 1) + <H(t)B(r)R’1B*(r)H(t)m2, cc1> ,
II(r) = 0.
(74)
It is well-known, [61, Chapter 6] and [62, Chapter 1], that
if the system is linear then the adjoint trajectory state p°(t)
satisfies

p°(t) = T(t)z°(?).

As a result, the optimal input and actuator design satisfy in

this case
u°(t) = —R~
Jo (Brou?(

(75)

18*(7'0)H(t):1c°(t),
))FIL(t)2° (¢) dt = 0.

V. WORST INITIAL CONDITION

In this section, sets U,q and K,; and numbers 7 and Rs
are the same sets and numbers as in the previous section.

The worst initial condition maximizes J(x,u,r) over all
choices of initial conditions in By (Rz) subject to IVP (5) for
a fixed input v € U,y and fixed actuator design r € Kq.
Formally, define G(-) : V — R as

g(.’Bo) = J(S('LL, r; mO)? u, T‘),
the worst initial condition over By(Rz) is the solution to
max  G(xg) 1)
st.  xg € By(R2).

Lemma 13. Forevery u € Uyq and v € K4, the optimization
problem (P1) admits a maximizer.

Proof. As in the proof of Theorem 7, define

ji= sup G(xo). (76)

xo€By(R2)
Extract a maximizing sequence xf in By(R2). The set
By(Rs) is closed and convex in the reflexive Banach space
V, it is therefore weakly closed. This implies that xf has a
subsequence that converges weakly to some element Z( in
By (R3). Also, according to Theorem 4 and Theorem 6, the
solution map is bounded and weakly continuous in xg. The
cost function is also convex and continuous in xg, so it is
weakly lower semi-continuous in xg. These imply that g
solves (P1). O

Proposition 14. Under assumptions Al-A4, the solution map
S(u(t), r; xo) is Gateaux differentiable with respect to xg €
By (Rs). Let x(t) = S(u(t), r, zo), the Gateaux derivative of
S(u(t), r; o) at xg in the interior of By(Rz) in the direction
&g is the mapping S, (u(t),r;:) : V.= W(0,7), To — q(t),
where q(t) is the strict solution to

{ q(t) = (A+ Fip))a(t),
(I(O):iﬂo-

Proof. Let the number € > 0 be small enough such that = +
€Xg € By(R3). Define . (t) := S(u(t), r, xo+eko), it solves
(t) = Az (t) + F(x(t)) + B(r)u(t),
wE(O) = X9 + 6@0.
Define ex(t) as
1
ex(t) = = (F(@(t) = F@c(t)) - Fop(@(t) — z(1)))

€

(77)

t
>0, (78)

Let e(t) = (x(t) — x(t))/e — q(t), it satisfies

e(t) = (A+ Fp)elt) + ex(t), (79)
0)=0
Assumption A4 ensures that as € — 0
llex()]| — 0, ¥telo,7]. (80)



The convergence in (80) is uniform; to show this, note that
x(t) — x(t) satisfies

{di(t) —x(t) = A(z(t) — (1)) + F(x(t)) — Flz(1)),
z(0) — 2.(0) = edo.

According to [55, Proposition 2.2], there is d, depending only
on 7 such that for all ¢ € [0, 7]
& =@l 2 (0,1) + MA@ — )| 20,430 81

< dT (”]:(.CB) - f(we)HL2(0,t;X) +e€ ||5:0||V

N—

Also, letting ¢, be the embedding constant of W(0,7) <
C(0,7;V), x — x. satisfies
I~ @l e < er (I8 = Fllzaoum

I A@ = 2l a0) - ()

Theorem 4 implies that the states x(¢) and x.(t) belong to
some bounded set D; so let Lx be the Lipschitz constant
F(+) on D. Combining this with inequalities (81) and (82)
yield

t
le(t) — @ (0)])3 <22d2 L% / la(s) — @.(s)]3 ds

+ 262 || 2|3 - (83)
Applying Gronwall’s lemma to this inequality yields
la(t) = we(t) [ < V2 ey (84)
Take the norm of ex(t) in X, use (84), define
Mz = sup{[|Fpp)ll vz : ¢ € 0,71}
It follows that
ler ()]l < (Lr + Mr)V2er 5 oy < oo
The Bounded Convergence Theorem now ensures that
lim OT lex(t)||5 dt = 0. (85)
Lemma 9 together with (85) gives
Y [ (86)

This shows that S(u, T, o) is Gateaux differentiable at xg in
the direction Ig. O

Theorem 15. Suppose assumptions Al-A4 hold, and identify
the derivative J,, by element j, € W(0,7)*. Let u € Ugg,
r € Kuq, and x = S(u,r;xq). Also, let p(t), the adjoint
trajectory state, satisfy

{pm = —(A+ FL)p(t) — Ju(t), t€[0,7),
p(r) =0.

If xo is a worst initial condition over By(R3), then, there is
a non-negative number [ such that

{mnm ~ Ry) =0,

(87)

p(0) + pao = 0. ®9

Proof. Define f(xg) := %(HwOH@ — R3). Rewrite (P1) as

{max G(xo) (89)
st f(xo) <0.

The constraint f(zg) < 0 satisfies Robinson’s regularity
condition [24, Section 1.7.3.2]. This allows one to apply [24,
Theorem 1.56]. Let A be a non-negative number, and define
the Lagrangian

L(xo, A) := G(o, A) + puf (o).

Let £/, :V — R be the Gateaux derivative of £(x, \) at x.
Identify £/, with an element I, € V. Theorem 1.56 of [24]
ensures that the worst initial condition satisfies for all 5 € V
the conditions

(90)

f(xo) <0, (91a)

w0, (91b)

pf(xo) =0, 91c)
(g B0 — @)y > 0. (91d)

In the following, an explicit expression for [, will be
derived. First, the Gateaux derivative of f(xg) at @y along
:io is

f;oio = @07 930>V~ (92)

This implies that the functional f;, : V — R can be identified
with the element x,. The Gateaux derivative of G(xg) at x
along & is derived using the chain rule,

gzl,:oiio = J;S,;Oii'o. 93)

The functionals G, : V — R and J, : L?(0,7;X) — R
can be identified with some elements g, € V and j, €
L?(0, 7; X), respectively. Then, equality (93) implies that

The adjoint operator S will be derived. Let S, o = q(t).
Consider the inner-product

(oS0} gy = | alt)a(t)

_/OT<_p(t)_(A+f;(t))p(t),q(t)>dt. (95)

Using Proposition 14 and applying integration by parts yield

(94)

<jw>S;OjO>L2(O’T;X) = <p(0)7 q(O)>V - <p(7—)’ q(T)>V

+ /OT (p(1),d(t) ~ (A+ Fhp)alt) )y dt

= (p(0), Zo)y - (96)
It follows that S j = p(0), and so
gz, = P(0). ©7)
Combining (92) and (97) yield
lzo = P(0) + pxo. (98)
Substituting this in (91) yields
(p(0) + pxo, o — o)y >0, VX e V. (99)



Since £y € V is arbitrary, the inequality condition (99)
becomes an equality condition. This together with (91c) yields
(88). O

For linear systems with quadratic cost, the adjoint trajectory
state satisfies p°(t) = II(t)x°(t) where II(¢) solves (74).
Consequently, the optimality condition p°(0) + puxzg = 0
becomes

II(0)xy = —pxo. (100)

This implies that the worst initial condition is an eigenfunction
of the operator I1(0).

VI. KURAMOTO-SIVASHINSKY EQUATION

For every actuator location r € (0, 1), let the function b(-; )
be in C'*[0, 1]. Consider the controlled Kuramoto—Sivashinsky
equation with Dirichlet boundary conditions and initial condi-
tion wp(§) on & € [0, 1] and some number A

ow  O*w 0w ow

a+(97€4 /\8752+w87§ = b(&;m)ult), t>0,
w(0,t) = w(l,t) =0, t>0,
ow ow

a—f(o,t):a—f(l,t):(), t20,
w<§, O) = w0(5)7 5 € [07 1]

Define the state x(t) = w(-,t), the state space X =
L?(0,1). Let the state operator A : D(A)(C X) — X be

.Aw = 711)5555 — )\wgf,

D(A) = H*(0,1) N H3(0,1). (101)

Also, the control space is U := R. The actuator design space
is K := R. Define V := H}(0,1); the nonlinear operator
F(-) : V— X and the input operator B(-) : K — £(U, X) are
defined as

(102)
(103)

F(w) = —wwg,
B(r)u = b(&, r)u.

The state space representation of the model will then be (5).

The operator A : D(A) — X is a self-adjoint operator, is
bounded from below, and has compact resolvent. According
to Theorem [54, Theorem 32.1], A generates an analytic
semigroup on X. Since the operator A is analytic on a Hilbert
space, Theorem 4.1 in [53] ensures that this operator enjoys
maximal parabolic regularity. Also, by Rellich-Kondrachov
compact embedding theorem [63, Chapter 6], the space D(.A)
is compactly embedded in X. The operator A is also associated
with a form described in A2.

Lemma 16. The nonlinear operator F(-) is Gateaux differ-
entiable from V to X. The Gateaux derivative of F(-) at w in
the direction f is F f = —wfe — wef.

Proof. The operator F,, if exists, needs to satisfy

L (Fw+ef) - Fw)) - Fif

€

=0.
L2

lim
e—0

(104)

Substituting in (102), inside the limit becomes

= (wwe — (1w + ef)(we + efe)) — we — wef
L2

= llef fell .2 - (105)

Note that f € H}(0,1). Embedding Hi(0,1) < C]0,1]
means that f is a continuous function over [0, 1]. This implies
that f fe is in L?(0, 1), thus

lim €| f e 2 = 0. (106)

The lemma now follows from the uniqueness of Gateaux
derivative. O

Note that D 4(1/2,2) = HZ(0,1) < V (see [64, Corollary
4.10]). The operator F(-) : V — X is not however weakly
continuous, and does not satisfy assumption B1 of [57].

For all functions f and w in H}(0,1) and g in H'(0,1),
the adjoint of F, satisfies

1
VP 0) o = (Fhfog) e = /0 (—wfe — we f)gde. (107)

Performing integration by parts yields

1 1
/ (—wfe — we f)gdé = — / wge fde.
0

0
The operator F,," maps D(F,") = H*(0,1) to L*(0,1) as
follows

(108)

Fo'g = —wge. (109)
In addition,
1
B*(ryw = / b(&, r)w(&)dE, Yw eV, (110)
0
1
B s =u [ b, VeV, (11
0
Also, define
Kog:={relab:0<a<b<1}. (112)

Global stability of an uncontrolled KS equation has been
studied extensively, see e.g. [50], [49], [65], [66]. Theorem 2.1
of [49] proves that for A < 472, the uncontrolled KS equation
is globally exponentially stable. Proof of this theorem can
be modified to ensure that there is solution to the controlled
KS equation over [0, 7] for all initial conditions in V. The
following lemma ensures that for some parameters A there is
a solution to the KS equation for all initial conditions and
inputs over arbitrary time intervals.

Lemma 17. Let A < 472 and o(\) be the smallest eigenvalue
of —A. For all initial conditions wy € V and inputs u €
L2(0,7), the strict solution to the KS system satisfies

2 2 1 2 2
T < lw + ——||u nax b i)
H'UJ( )H = || 0” ()\) || HLQ(O,T) a 1 (€7T)

gefo,1

Proof. Theorem 4 ensures that there is a solution w € W(0, 7)
over [0, 7] to the KS system with initial condition wg € V and
input u € L?(0, 7). Consider the Lyapunov function

1
B(t) = /O w? (€, t) dE. (113)



Since w € W2(0, 7; X), the function E(t) is differentiable.
Taking the derivative of E(¢) and applying [49, Lemma 3.1]
yield

1
B() < ~20(VE(0) +2 | w(€Ob&ulds. (14

0
Apply Young’s inequality to the integral term, for every € > 0,

(—2o(A)+e)E(t)+1/0 V(& r)uP(t)de.  (115)

E(t) < -

Let € = o(A). Taking an integral over [0, 7] yields the desired
inequality in the lemma. O

Since the KS system satisfies assumptions A1-AS, Corol-
lary 12 can be applied to obtain the optimality conditions. The
cost function to be optimized is

o [

Letting p(t) = f(-,t), the optimizer (u®,r° w®, f°) with
initial condition wg(£) € Hg (0, 1) satisfies

t)dedt + /T u?(t)dt.  (116)

ow® | 9'w° | 0Pw® | 0w’ .
ot DT +)\8£2 +w € =b(&r°)u’(t), t>0
w?(0,t) = w°(1,t) =0, t>0
ow’ ow°
00 = S0 =0, >0
w®(&,0) = wo(§),
8f0 a4fo 82f0 Oafn _ o
T T —w o€ =-—w’(&,t), t>0
£e@0,t) = f°(1,t) =0, t>0
afe af" _
o)

/bé, (e ds, L0,
/ / r°) (€, 1) ddt = 0.

The worst initial condition over a unit ball satisfies
H <||w0||H3(o,1) - 1) =0,
f2(&,0) + pwo(§) = 0.

VII.

Consider the transfer of heat in a bounded, open, connected
set Q C R2. It is assumed that 2 has a Lipschitz boundary
separated into 992 = 'y UT; where T'o N Ty = () and Ty # 0.
Denote by v the unit outward normal vector field on 0€). The
class of nonlinear heat transfer models is, for actuator shape
re CHQ),

(117)

NONLINEAR DIFFUSION

Siet) =
Aw(g,t) + F(w(&, 1) +r(©ult), (& t) € 2x(0,7],
w(&,t) =0, (&,t) € To x [0, 7],
(&1) =0, (&1) €' x [0, 7],
(€,0) = wo(€) Eeq.

Defining K = L?(£2), a set of admissible actuator shapes is

Koa={r € C*(Q) : |rllca @ < 1}-

The set K4 is compact in K with respect to the norm topology
[63, Chapter 6].

Let X := L%(Q), U := R, and the state z(t) := w(-,t
operator A : D(A) — X is defined as

). The

Aw = Aw, (118a)

D(A) = {w € H*(Q) NH, dw _ 0 on rl}. (118b)

ov
The operator A self-adjoint, non-negative and has compact
resolvent. Thus, it generates an analytic semi-group on the
Hilbert space L?(Q2) [54, Theorem 32.1], and has maximal
LP regularity.

Define V = H, }0 (€2) and assume that the nonlinear operator
F(-) : V= X. The proof of the following lemma is the same
as that of [57, Lemma 7.1.1].

Lemma 18. Ler V = H}\ (). Assume that
1) F(Q) is twice continuously differentiable over R; denote
its derivatives by F'(¢) and F"(¢);
2) there are numbers ag > 0 and b > 1/2 such that
[F"(Q)] < ao(1+[¢[°).
Then F(+) is Gdteaux differentiable from V to X. The Gateaux
derivative of F(-) at w(§) in the direction f(§) is F'f =
F'(w)f.
It is straightforward to show that the operator F,, : V(C
X) — X is self-adjoint, i.e.,

(Fu'9: 1) = {9, Fuf)

Define U = R and the input operator B(r) € £(U,X) maps
u to 7(§)u. Also, for all f in X

(r)f = /Q r(€)F(€)de,

(BLu)*f = uf.

For every initial condition in V, a strict solution over [0, 7]
to the nonlinear heat equation is not guaranteed. The following
lemma states a condition under which there is a solution to
the diffusion equation for all initial conditions and inputs over
arbitrary time intervals.

Lemma 19. If the function F(() satisfies (F(() < 0 for all
¢ € R, then there is cq > 0 such that the strict solution to the
nonlinear heat equation satisfies

Vf,geV. (119)

(120)
(121)

4
2 2 2 2
Il I < flwoll™ + = llullzz o) Il -

Proof. Theorem 1 in [67] proves that the nonlinear equation
in one spatial dimension is input-to-state stable. This lemma
extends [67, Theorem 1] to two-spatial dimension. Using the
same idea of proof, consider the Lyapunov function

E(t) := /QwQ(g, t) dé. (122)



The function E(t) is differentiable since w € W12(0, 7;X).
Take the derivative of this function, substitute for w (&, t) from
the heat equation, and perform integration by parts as follows

E(t) =2 /Q w(&; 1) (Aw(&, 1) + F(w(E, 1) + r(€u(t)) dE
0
=2 [w(en (e nd -2 [ (Vue.n)* dg
r v Q

+2 [ () (Flu(E.0) +r(©ulr) d&. (123
Apply the boundary conditions. Use Poincaré inequality and
let cq be its constant. Also, use Young’s inequality for all
e>0

B#) < ~2(ca— ) B0 + 2@ 3. (24

Set € = cq/2. Taking the integral over [0, 7] of (124) then
yields the desired inequality. O

The nonlinear heat equation satisfies assumptions Al-AS,
and thus, Corollary 12 can be applied to obtain the optimality
conditions. The cost function to be optimized is

J(x,u,r) :/OT/sz(f,t)dgdt+/OTuQ(t)dt. (125)

Letting p(t) f(-,t), The optimizer (u°,r°,w®, f°) with
initial condition wo € Hp (€2) satisfies

o ()=

Aw’(&,t) + F(w?(&,1) +r?(§u’(t), (&1) € Qx (0,7],
w’(&,t) =0, (&,t) € To x [0, 7],
aaly(é"t):(L (é,t)eflx[o,r],
w?(&,0) = wo(€), e
aait(gvt) = _Afo(gvt)

— F'(w(&, ) f(&1) —w’(&,1), (&,t) € 2% (0,7],
fo(fvt) =0, (é.at) €Tlo x [057_]7
en=o €6 €T x 0,7,
fo(fvT):Ov fEQ,
wt) =~ [ r@rend ter)

Q

[ woreoa=o  ceo
0

The worst initial condition over a unit ball satisfies

12 ( Wo | - 1) =0,
lwolly, (o) 126
f(€,0) + pawo(§) = 0.
VIII. CONCLUSION
Optimal actuator design for quasi-linear infinite-

dimensional systems with a parabolic linear part was
considered in this paper. It was shown that the existence
of an optimal control together with an optimal actuator
design is guaranteed under natural assumptions. With
additional assumptions of differentiability, first-order
necessary optimality conditions were obtained. The theory

was illustrated by application to the Kuramoto-Sivashinsky
(KS) equation and nonlinear heat equations.

Current work is concerned with developing numerical meth-
ods for solution of the optimality equations. Extension of these
problems to situations where the input operator is not bounded
on the state space is also of interest.
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