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Abstract

Traditionally, wireless networks communicate over the conventional microwave band
(sub-6 GHz) as it supports reliable communication over a large geographic area. The ever
increasing demand for bandwidth to support the rising number of consumers and services,
however, is fast depleting the available microwave spectrum. As such, complementing the
microwave spectrum with additional bandwidth from the millimeter-wave (mm-wave) band

has been envisioned as a promising solution to this problem.

Since transmissions in the mm-wave band are typically achieved with highly directional
steerable antenna arrays to counter the severe path-loss in mm-wave frequencies, the result-
ing mm-wave links are typically rendered highly directional, which can often be modeled as
directional point-to-point links. However, mm-wave transmissions are inherently unreliable
compared to those in the microwave band. Hence, communicating simultaneously over both
bands in an integrated mm-wave/microwave dual-band setup is emerging as a promising
new technology. In this dual-band setting, high-rate data traffic can be carried by relatively
unreliable high-bandwidth mm-wave links, while control signals and moderate-bandwidth

traffic can be communicated over the relatively reliable microwave band.

In this thesis, we first study two dual-band multi-user networks that model two im-
portant aspects of wireless communication: inter-user interference and relay-cooperation.
The broad goal of this study is to characterize information-theoretical performance limits of
such networks, which can then be used to obtain insights on the optimal encoding/decoding

strategy, effective resource allocation schemes, etc.

In the first part of this thesis, we study a two-transmitter two-receiver dual-band Gaus-
sian interference channel (IC) operating over an integrated mm-wave/microwave dual-band.
This channel models a setting where a pair of single-transmitter single-receiver links com-
municate simultaneously, and thus mutually interfere. Here, transmissions in the underly-
ing microwave band are modeled as a two-user conventional Gaussian IC (GIC). In contrast,
a transmitter in the mm-wave band is assumed to be capable of communicating to either
the desired destination or the interfered destination via a point-to-point direct-link or a
cross-link, respectively. The dual-band IC is first classified into 3 classes according to the
interference level in the underlying microwave GIC, and then sufficient channel conditions
are obtained under which the capacity region of the 3 classes are characterized. For cases
in which the sufficient conditions do not necessarily hold, approrimate capacity results are

obtained that characterizes the capacity region to within 1/2 bit per channel use per user.
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The performance of the dual-band IC is likely to be impacted significantly by the point-
to-point nature and large bandwidth of the mm-wave links, and specifically by whether
the mm-wave spectrum is used as direct-links or cross-links. Transmitting in either the
direct-links only or the cross-links only is not optimal for all channel conditions, and there
exists a non-trivial trade-off between the two modes. To understand the impact of this
trade-off on the performance of the dual-band IC, we study the power allocation scheme
over the mm-wave direct and cross-links that maximizes the sum-rate of the channel. The
resulting power allocation strategy is characterized in closed form, which possesses rich

properties and reveals useful insights into the trade-offs in such networks.

In the second part of this thesis, we study a fading Gaussian multiple-access relay
channel (MARC) over an integrated mm-wave/microwave dual-band, where two sources
communicate to a destination with the help of a relay. In the dual-band MARC, trans-
mission in the underlying microwave band is modeled as a conventional Gaussian MARC.
However, similar to that in the dual-band IC, a mm-wave transmitter in this channel is
modeled as being able to communicate to either the destination or the relay by creating a
direct-link or a relay-link, respectively. For dual-band MARC, we characterize an achiev-
able region and a set of rate upper bounds, and then obtain sufficient channel conditions

under which its capacity region is characterized.

Similar to the dual-band IC, the performance of the dual-band MARC will likely be sig-
nificantly affected by whether the mm-wave band is used as direct-links or relay-links, and
a non-trivial trade-off between the two modes exists in this case as well. To understand this
trade-off, we study the transmission power allocation scheme over the mm-wave direct and
relay-links that maximizes the sum-rate of the dual-band MARC. The resulting power allo-
cation scheme, characterized in closed form, is observed to have rich structural properties,

which reveal insights into the trade-offs in relay cooperation in dual-band networks.

While dual-band communication is a promising technology, currently the bulk of the
connectivity is still supported by the microwave band. However, the problem of interference
mitigation for conventional microwave bands is still open even for the basic case of a two-
user IC. Motivated by this, in the third part of the thesis, we study the performance limits
of the multiple-access interference channel (MAIC) which models the interference during
cellular uplink over the conventional single band. Focusing on the weak interference case,
which provides a more realistic model of the inter-cell interference, we characterize an
achievable strategy and 3 novel upper bounds on the sum-rate in the partially symmetric

case, thereby providing improved sum-rate upper and lower bounds in these cases.
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Chapter 1
Introduction

In the last decade, advances in wireless communication technology have played a pivotal
role in improving and expanding public connectivity around the globe [1]. In particular,
the 4th generation of cellular networks (i.e., 4G) have been responsible for dramatically
improving user quality of service as measured by data-rate, the range of connectivity,
reliability [2, 3], etc. In addition to improving user connectivity in general, the higher
speeds available in 4G have also facilitated the introduction and growth of an array of
Internet-based applications such as high definition (HD) video streaming, interactive online
gaming, virtual reality experience [4,5], etc., resulting in explosive growth of mobile traffic.
For instance, the average smartphone is expected to generate 11 GB of traffic per month

by 2022, more than a 4.5-fold increase over the 2017 average of 2 GB per month [6].

Since the available bandwidth for wireless communication is limited, this bandwidth
is typically shared among many devices that transmit simultaneously over this shared
medium. In cellular communication settings, this leads to the paradigm of multi-user
communication where multiple users communicate over a shared frequency band simul-
taneously. One of the major bottlenecks to the performance of such multi-user networks
is inter-user interference: due to the nature of the shared medium, transmissions from a
transmitter are typically received by all neighboring receivers, thereby deteriorating the
overall performance of the network. The optimal strategy for mitigating interference is
unknown in general, and highly non-trivial even for basic cases [7]. For example, simply
increasing the transmission powers of all devices will not reduce the effect of interference
as the power of interference then also increases proportionally. Therefore, interference

management schemes have been at the forefront of research [8-11].



1.1 Multi-User Communication in Conventional Net-

works

1.1.1 Interference in Conventional Networks

In incumbent cellular communication settings, users communicate to the base station (BS)
over the shared microwave band (i.e., sub-6 GHz band). Due to the nature of the microwave
band, when a user in a cell communicates to its designated BS, it inadvertently interferes
with the reception at the BSs in neighboring cells. This leads to performance loss in general

if interference is not mitigated properly.

The classic two-user interference channel (IC) is a useful model of the interference-
limited cellular communication between two single-transmitter and single-receiver links.
Here, each user transmitting to its designated BS in the uplink phase is modeled as a
point-to-point link, and the IC then models the interference between two such point-to-

point links operating in two neighboring cells that interfere mutually.

Although the IC considers a basic two-cell setup, the capacity region or the optimal
strategies for the channel are still unknown in general. In fact, the optimal transmission
strategy, which has been identified for a few specific cases, depends on the relative interfer-
ence power received at each BS, or equivalently on the relative strength of the interfering
links (denoted as cross channels) as compared to the desired links. More precisely, de-
pending on the strength of the cross channels, the Gaussian IC can be classified into three
cases: the GIC with strong interference, where both cross channels are stronger than the
direct channels, the GIC with weak interference, where both cross channels are weaker than
the direct channels, and the GIC with mized interference, where one of the cross channels
is stronger, while the other is weaker. In the Gaussian IC with strong interference, the
capacity region is known, and in this regime the optimal strategy is to decode the messages

of the intended users as well as the interfering users at each BS.

In many practical cellular settings, such as those where the power of transmissions
from the desired users in the current cell is larger than the power of interference from users
located far away in the neighboring cell, interference is appropriately modeled by the weak
Gaussian IC. Therefore, finding optimal strategies for this case may reveal important prac-
tical insights. However, in contrast to strong interference, in the weak interference regime

the strategy of decoding interference is suboptimal, and in fact, treating the interfering



signal as noise provides optimal sum-rate when the cross channels are sufficiently weak.
The Han-Kobayashi (HK) strategy [7] for the two-user IC allows for partially decoding
the interference, and the resulting region was shown to achieve within a 1/2 bit/channel
use gap of the capacity region of the Gaussian IC with real channel coefficients. Hence,
even in the basic set-up of the two-user IC, the problem of interference mitigation is yet to
be solved completely. Moreover, advanced encoding-decoding strategies that achieve the
capacity of the IC approximately (i.e., within a constant gap) such as the HK scheme are

quite complex.

Moreover, in the IC only one transmitter-receiver pair communicates in each cell,
whereas in typical cellular settings, multiple transmitter-receiver pairs communicate si-
multaneously. For example, during cellular uplink, multiple users communicate to the BS
simultaneously, thus forming a multiple-access channel (MAC). During the uplink phase,
when two such MACs operating in two neighboring cells mutually interfere, the resulting
channel is known as the multiple-access interference channel (MAIC) [12]. The MAIC
thus models a more realistic setting of cellular communication, however only a few results
on its performance are known, especially in the weak interference regime. Lack of opti-
mal strategies for the MAIC and similar interference-limited channels, necessitates further

study aiming at the development of new techniques for inter-cell interference mitigation.

1.1.2 Cooperation in Conventional Networks

In addition to interference, multipath fading in wireless communication also leads to per-
formance degradation in cellular networks [13-15]. Relay cooperation [16,17] serves as an
effective technology to counter the ill-effects of multipath fading. The basic setup of relay
cooperation is modeled by the relay channel introduced in [16], where the transmission
from a single source (e.g., user) to a single destination (e.g., base station) is aided by a
single relay. More specifically, the relay receives the transmission from the user, and then
reinforces the user signal at the destination by transmitting either a compressed/quantized
or a re-encoded version of the same signal. Although the relay channel in [16] models a
basic setup, its capacity region is unknown in general, whereas the decode-and-forward

relaying scheme was shown to achieve within 1/2 bit of the capacity region [17].

While the relay channel models a cellular setting where the relay cooperates with only
a single user, typically multiple users communicate to the base station in the uplink. The

multiple-access relay channel (MARC) models such a realistic setup where a single relay



helps the transmission of multiple users [18,19]. However, similar to the relay channel, the
capacity region of the MARC is also unknown in general. Hence, it is crucial to investigate
optimal strategies for the MARC, which may lead to useful relaying techniques in practical

cellular networks.

1.2 5G and the Millimeter Wave Communication

While 4G [20] ushered in an era of vastly improved mobile communication compared to
3G, as the number of subscribers and demand for high data-rate applications has rapidly
increased in recent years, due in part to the limited amount of bandwidth available in
the microwave band, 4G is expected to become unable to deliver the required quality of
service in the future [21]. In fact, with the introduction of new technologies such as the
Internet-of-things (IoT) and machine-to-machine communication [22], which are expected
to increase the number of connected devices exponentially in the future, 4G is expected to

suffer from a serious problem of spectrum-scarcity.

To address this imminent problem, the fifth generation of cellular networks (i.e., 5G)
was recently proposed that aims to improve user quality-of-experience, and meet market
demands. While the broad goals of 5G include increasing the cell capacity and user data
rates dramatically, as well as reducing latency and energy expenditure [22], among others,
scarcity of spectrum in the microwave band poses a serious impediment to realizing such

goals. To address this problem, many new disruptive technologies are being investigated.

One of the most promising solution to the problem of spectrum crunch in the sub-6 GHz
microwave band is to integrate and provide cellular access over frequencies above 6 GHz,
more specifically in the spectrum from 27 GHz to 80 GHz. While the spectrum from the 30
GHz to the 300 GHz band is formally referred to as the millimeter wave (mm-wave) band,
with a slight abuse of notation, the 27-80 GHz band is also referred to as the mm-wave

band, where most current research effort on 5G is concentrated [22,23].

1.2.1 Transmission in the Millimeter Wave Band

Omnidirectional transmission in the mm-wave band, similar to those in the conventional
microwave band, suffers from heavy attenuation due to its smaller wavelength and in-

creased atmospheric and molecular absorption at such higher carrier frequencies [24, 25].



Such propagation losses can be overcome by beamforming with co-phased directional an-
tennas arrays [26] deployed at the transmitters and the receivers, which typically produce
unidirectional mm-wave links. In addition, high absorption in this band makes scattering
sparse [26,27], thus rendering the mm-wave links point-to-point. Hence, such mm-wave
links are often modeled as point-to-point additive white Gaussian noise (AWGN) links in
a multitude of studies ranging from studies on the network layer [28-30,30-36] to those on
the physical layer [37-40].

While conventional microwave transmission is able to diffract around large object such
as buildings, mm-wave links fail to do so owing to their highly directional nature and rel-
atively smaller wavelength. As a result, mm-wave transmissions suffer from blockage due
to urban features [29,41-43], and even human movements [44,45], thus leading to inter-
mittent connectivity. Moreover, measurement campaigns on mm-wave cellular networks
(e.g., in the 28 GHz band in Brooklyn and Manhattan [41,46], in the 38 GHz band in
Austin [47-49], in the 28 GHz and 73 GHz bands in New York City [50], etc.) reveal that
such networks provide connectivity within only ~ 200 m distance from the base station,

and a significant number of users beyond this range are typically in outage due to blocking.

1.2.2 The Integrated Millimeter-Wave /Microwave Dual-Band

While the mm-wave band offers plenty of bandwidth resources, transmissions in this band
suffer from heavy attenuation, absorption and blocking, thus leading to unreliable con-
nections. However, instead of transmitting over the unreliable mm-wave links only, com-
municating simultaneously over multiple radio bands including the mm-wave band and
the conventional microwave band (called sub-6 GHz band) can compensate for this short-
coming [51-54]. NTT-Docomo proposed a heterogeneous network architecture in 2014,
called the Phantom cell [55], where the macro-cells and small-cells operate over over the

conventional microwave band and the mm-wave band, respectively [56-58].

Transmissions in the conventional microwave band complement those in the mm-wave
band. More specifically, in contrast to mm-wave links, which provide high speed intermit-
tent connectivity to a relatively small region, conventional networks support medium data
rates and provides reliable cellular coverage over a much larger geographical area. As such,
simultaneously (jointly) transmitting over an integrated mm-wave/microwave dual-band
can provide high speed, reliable communication. In this setting, high speed data would

be communicated via the high-bandwidth and somewhat unreliable mm-wave links, while



transmissions in the conventional microwave band would provide more reliable coverage

and carry medium rate traffic and control signals [26,41,59-61].

Such integrated mm-wave/microwave dual-band networks have been subject to much
investigation recently. For example, studies from the network layer perspective focus on
how to improve metrics such as the number of connected users and throughput, etc., by us-
ing the high-bandwidth, highly directional mm-wave links along with incumbent microwave
networks [26,55,59-66]. Unlike the microwave band, where inter-user interference are typi-
cally managed by interference-avoidance schemes such as scheduling, the directional nature
of mm-links are particularly useful in simplifying the design of interference management
schemes [63,64]. Moreover, recent works from the physical layer perspective [23,66-70]
also indicate favorable results in such a dual-band setting. In fact, commercial production
of dual-band modems such as those in Qualcomm [71] and Intel [67] illustrate the poten-
tial of such networks. Hence, simultaneous transmission in the microwave and mm-wave

dual-bands is an attractive technology for future cellular access.

In Chapter 2, a more detailed survey of integrated mm-wave/microwave dual-band

networks is presented.

1.2.3 Interference in Dual-Band Networks

In integrated mm-wave /microwave dual-band networks, while the transmissions in the mm-
wave band are point-to-point in nature, transmissions in the conventional microwave band
cause interference to unwanted destinations receiving in the same band. More specifically,
many proposed mm-wave network architectures rely on communicating via narrow and
directed beams produced by phased antenna arrays [55,57], thereby reducing interference
to unwanted receivers. However, in a dual-band setting, the underlying microwave trans-
missions will still suffer from the same interference problem as in conventional networks.
Therefore, it is necessary to characterize effective interference management strategies for

such dual-band networks.

1.3 Motivation and Overview of Contribution

While mm-wave band communication is emerging as one of the most promising technologies
in 5G, mm-wave communication needs to be complemented by transmissions in the con-

ventional microwave band to offset the unreliable nature of mm-wave transmissions. Such



dual-band networks have been studied from the network and wireless communication per-
spectives, however few studies have been reported on information-theoretic limits of such
networks, and especially for multi-user networks over such a dual-band. Such studies are
crucial in identifying the limits of achievable rates, simplified encoding schemes, effective
resource allocation and interference management strategies, etc., for practical dual-band
networks. Hence, in this thesis, we study interference mitigation and cooperation strategies

for multi-user networks operating over an integrated mm-wave/microwave dual-band.

Transmissions in the mm-wave band, produced by phased-antenna arrays, are highly di-
rectional, and are typically modeled as point-to-point AWGN links. Moreover, such point-
to-point mm-wave beams can be digitally steered towards a specific receiver as needed.
Therefore, a transmitter in the mm-wave band can be modeled as being able to trans-
mit towards an intended receiver and cause negligible to no interference to unwanted re-

ceivers [30,72], while being able to switch to another receiver as needed.

It is worth noting that phased-antenna arrays for mm-wave beamforming are already
available in practice, e.g., the AWA-0142 by Anokiwave [73], a 256-element reconfigurable
phased-antenna array operating in the 24.25-27.5 GHz band. Moreover, in contrast to a
co-phased antenna array where all antenna elements are used together to beamform to one
particular receiver, in hybrid antenna array systems, the set of available antenna elements
can be reconfigured into multiple smaller and independent antenna arrays, each of which
can then be digitally controlled to produce a separate beam to carry independent signals to
multiple receivers [72-75]. Hence, if a hybrid antenna array is used, a mm-wave transmitter

is able to communicate independent information to multiple receivers in parallel.

Compared to the mm-wave band, in the microwave band transmitters and receivers
are assumed to use a single antenna. Moreover, due to the nature of this band, a receiver

receives the transmissions from both desired and undesired transmitters.

In Chapter 2, we first present a detailed survey on the integrated mm-wave /microwave
dual-band, and then introduce multi-user information theoretic terminologies and state of

the art on the channels studied in the thesis.

In Chapter 3, we first study the performance of a two-transmitter two-receiver dual-
band interference channel (IC), where two sources communicate to their respective des-
tinations over the integrated mm-wave/microwave dual-band, while interfering mutually.
We characterize the performance limits of this channel by first classifying the channel de-

pending on whether the underlying Gaussian IC in the microwave band has strong, weak,



or mixed interference, and then deriving capacity or approximate capacity results for the

different variations of the channel.

The throughput of the dual-band IC will likely be affected significantly by the point-
to-point mm-wave links [60]. For example, the mm-wave links can be used to either convey
fresh information to the intended receiver, or forward interference information to the non-
designated receiver. Neither of the two modes is optimal for all channel conditions, and
thus there exists a non-trivial trade-off between the two modes. Hence, to characterize
the optimal performance of the dual-band IC over the parameters in the mm-wave band,
in Chapter 3, we also study the power allocation scheme over the mm-wave band that
maximizes the sum-rate of the channel. We derive the optimal power allocation strategy
in closed form, which possesses rich properties and reveals useful insights into the trade-offs

in such networks.

In Chapter 4, we study the performance of the two-user dual-band fading Gaussian
multiple-access relay channel (MARC), where two sources communicate to a destination
with the help of a relay over the integrated mm-wave/microwave dual-band. Relay aided
communication already plays a key role in microwave networks, and it will likely play a vital
role in dual-band networks as well, especially to offset impairments arising from blockage
and fading in the mm-wave band [37,40,64,76]. For example, the dual-band MARC models
uplink scenarios in 5G such as the fixed wireless access [77], which is expected to overhaul

last mile connectivity by replacing wired connections to end users with directional mm-wave

links.

For the conventional MARC that operates over the microwave band, if the MARC
is subject to Rayleigh and phase fading, its capacity is known in closed form for the
case where the source-relay channel gains are stronger than the source-destination channel
gains [77]. For the dual-band MARC, we consider the case where these strong source-relay
conditions do not necessarily hold in the underlying microwave band, and then derive
channel conditions over both bands under which its capacity is characterized in closed

form.

Similar to the dual-band IC, each source in the MARC can utilize the point-to-point
mm-wave links to transmit to either the destination or the relay, depending on which
the performance (e.g., sum-rate) of the dual-band MARC is affected significantly. In
fact, there exist a non-trivial trade-off between transmitting solely to the relay and the
destination. To understand this trade-off, we study the transmission power allocation

scheme over the mm-wave band that maximizes the sum-rate of the MARC. The resulting



power allocation scheme is then characterized in closed form, which is shown to have rich
structural properties and reveal interesting insights into the trade-offs in relay cooperation

in dual-band networks.

While stand-alone mm-wave and dual-band networks are still in their infancy, the in-
cumbent microwave networks still provide the bulk of the connectivity. In fact, most
research initiatives into high speed mm-wave networks are motivated by the need to sup-
port high bandwidth demands in locations with high user density such as urban centers,
university campuses, etc. In contrast, for low data-rate demanding areas such as rural re-
gions, it may be advantageous to continue using the already available microwave networks
which provide reliable, long-range connectivity with moderate speed. Therefore, incumbent
microwave networks are still indispensable, especially since commercial mm-wave networks
are currently being rolled out only in a handful of urban regions [78], and more time is
needed for experimentation and full-scale deployment. However, as already discussed, con-
ventional microwave networks suffer from inter-user interference and the optimal strategies

for most interference-networks are unknown in general.

Therefore, in Chapter 5, we study the multiple-access interference channel (MAIC)
operating over the conventional microwave band only, which models the uplink cellular
interference in conventional networks. Here, a pair of two-user multiple access channels
operating in two neighboring cells mutually interfere. The capacity of the MAIC is un-
known in general. In particular, for the MAIC with weak interference, which provides a
model of the inter-cell interference in practice, existing achievable strategies are subop-
timal. Hence, for this model, we first characterize an achievable strategy that provides
better performance by allowing for partial interference decoding. Then, focusing on the
sum-rate of the MAIC for the partially symmetric case, we derive 3 novel sum-rate upper
bounds. Numerical examples illustrate that one of the upper bounds is quite close to the
achievable sum-rate for a significant range of cross channel gains, which thus provides im-
proved sum-rate upper and lower bounds in this range. Moreover, we characterize a set
of rate bounds that serves as an outer to the capacity region of the MAIC irrespective of

whether the MAIC has strong or weak interference.

Finally, in Chapter 6, conclusions are drawn and potential future works are outlined.



1.3.1 Organization of the Thesis

The thesis contains chapters that are organized as follows:

e Chapter 1 provides a brief introduction to conventional networks and integrated
mm-wave,/microwave dual-band networks, and briefly outlines the motivation for the

thesis and contribution of the thesis.

e Chapter 2 provides background on existing works on the dual-band networks, and
present a brief summary of information-theoretic terminologies for related multi-user

channels. We also identify specific research objectives.

e Chapter 3 presents the capacity and approximate capacity results as well as the

study of a resource allocation strategy for the dual-band interference channel.

e Chapter 4 presents the capacity results and the the study of a resource allocation

strategy for the dual-band multiple-access relay channel.

e Chapter 5 presents the results on the multiple-access interference channel over the

conventional band.

e Chapter 6 provides conclusions derived from the thesis, where several potential

future studies are also outlined.
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Chapter 2

Literature Survey

2.1 Integrated Millimeter-Wave/Microwave Dual-Band
Networks

Explosive growth in the number of connected devices and the ever increasing demand for
high-bandwidth applications in the future has motivated the use of the mm-wave band for
cellular communication. As discussed in Chapter 1, transmissions in the mm-wave band
are relatively unreliable due to their susceptibility to blockage. Hence, the paradigm of
using the mm-wave band along with the conventional microwave band in an integrated

dual-band setup has emerged as a promising technology in 5G.

In this chapter, we first discuss the current state of the art on integrated mm-wave /microwave
dual-band communication, and then introduce the basics and state of the art of relevant

multi-user information theoretic models.

2.1.1 Characteristics of Millimeter Wave Transmission

Transmissions in the mm-wave band suffer from heavy attenuation due to increased prop-
agation losses including losses from rain, atmospheric and molecular absorption [24,25,29].
Such losses can be overcome by deploying beamforming at the transmitters and the re-
ceivers with co-phased-antennas arrays [26,73]. Such antenna-arrays are already commer-
cially available, e.g., the AWA-0142 by Anokiwave [73], which is a 256-element reconfig-
urable co-phased antenna-array operating in the 24.25-27.5 GHz band.
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Communicating with directional antenna-arrays causes the mm-wave links to become
highly directional. In addition, atmospheric and oxygen absorption in this band makes
scattering sparse [26,27], thus effectively producing point-to-point links in the mm-wave
band. For example, transmitting with circularly polarized directional antenna-arrays and
receiving through narrow beamwidth antennas, multipath reflections in the 60 GHz band
can be suppressed to a great extent [34,35,79]. Such sparsity, coupled with narrow-beam

directed communication, explains the directed nature mm-wave communication.

Numerous studies on mm-wave networks have focused on characterizing schemes that
utilize the directed nature of mm-wave transmissions to obtain high network throughput.
For instance, communicating with narrow-beam directional antennas in the 60 GHz mm-
wave band is shown to produce highly directional links in indoor network settings [33-35]
as well as outdoor network settings [30,36]. Such links typically have a strong line-of-sight
(LoS) component, whereas the non-LoS components are found intermittently at best, if any,
and only appear in highly cluttered environments with powers an order of magnitude less
than that of the LoS component. As such, the study in [30] motivated a “pseudo-wired”
abstraction of directional mm-wave links, based on which a cross-layer multihop MAC
protocol was proposed to counter blockage in an outdoor network. In [63], a hybrid mm-
wave and 4G microwave protocol was proposed to communicate over a mm-wave/microwave
dual-band. This protocol was specifically designed with the aim of utilizing the directional
mm-wave links to reduce inter-user interference and achieve high data throughput in a
device-to-device communication setting. Similar works such as those in [80-82] also use
the directed nature of mm-wave links to design network layer protocols that provide high

throughput in stand-alone mm-wave networks.

While transmissions in the microwave band are able to combat blockage by diffracting
around large objects such as buildings, transmissions in the mm-wave band are typically
unable to do so due to the small wavelength and directed nature of such links, resulting
in increased absorption and blockage [29,41,42]. For example, building materials such
as bricks can attenuate mm-wave transmissions by as much as 80 dB [43]. Even the
human body can attenuate mm-wave transmissions by 20-30 dB [44], and nominal indoor
human movement can block mm-wave transmissions for about 1% to 2% of time in realistic
settings [45]. Moreover, since the carrier frequency in the mm-wave band is much higher
compared to that in the microwave band, the Doppler effect [83] increases considerably.
Thus the mm-wave channel typically changes in a few hundred micro seconds, making it

difficult to estimate the channel in a timely manner. This, coupled with blockage, can

12



result in intermittent connectivity of mm-wave links.

In a nutshell, the mm-wave links are able to support high data rates due to their large

bandwidth but can be unreliable.

2.1.2 Millimeter Wave Networks and their Limitations

Early studies on mm-wave networks mostly focused on investigating the propagation char-
acteristics of indoor stand-alone mm-wave networks. In particular, the transmission char-
acteristics of the 60 GHz band was studied for specific target applications such as HDTV
and UHDV streaming [84], WiGiG, Wireless HD and ECMA 387 [1], etc. Studies on
indoor cellular connectivity reveal that transmitting via omnidirectional antennas offers
more resilience against blockage via multipath propagation, but its coverage range is quite
small [85]. This range is considerably extended by communicating with a directional
antenna-array which creates a strong directional line-of-sight (LoS) link [33]. A similar
study in [34] with a directive antenna with a 3-dB beamwidth of ~ 10° was also shown
to produce directional mm-wave links. Similar directional mm-wave links were the used
to improve performance via new multihop MAC protocols [86], or through macroscopic
diversity [35,87], etc.

Since preliminary studies on mm-wave propagation provided favorable results in indoor
environments, similar studies for outdoor networks were also conducted. For instance, it
was shown in [36] that similar to indoor settings, communicating with directional antennas
in the 60 GHz band typically results in strong LoS links in many cases. Similar results were
found in the study in [30] where mm-wave links were typically directional and misaligned
beams and lack of coordination were the primary bottleneck to network performance.
Moreover, studies in [80-82] from the network layer perspective also concluded that beam-
forming with directed antenna-arrays is instrumental in reducing inter-user interference in

the mm-wave band to a great extent compared to the microwave band.

Since mm-wave communication has shown promising results in a few outdoor settings,
the next set of studies naturally focused on understanding whether cellular communication
over the mm-wave band is viable. The studies in [41,46] conducted in the 28 GHz band
in Brooklyn and Manhattan reveal that while both LoS and non-LoS paths exist, non-
LoS paths suffer from significantly heavier attenuation than LoS paths (as expected), and
beyond 200 m a significant number of users (e.g., 57 % in Brooklyn) were in outage. A
similar study in [88] in Manhattan found that unlike in [41,46], the non-LoS multi-path
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components, possibly created due to very dense urban features, were quite strong and
helped reduce blockage. However, reliable connections were mostly limited to only 78 m,
compared to 200 m in [41,46]. A related study on the 38 GHz band in Austin [47-49]
found propagation characteristics that are qualitatively similar to those found in earlier
studies in [41,46]. Such studies, along with a more detailed study in [50] indicate that
stand-alone mm-wave cellular networks are expected to provide an order of magnitude
more cell-capacity than existing 4G networks. However, the effective size of mm-wave cells
will likely be limited to ~200 m.

The Need for Integrated Millimeter-Wave/Microwave Dual-Band Networks

In cellular settings, the relatively smaller range of mm-wave coverage may be useful in
reducing interference between neighboring cells, thus increasing frequency reuse. However,
smaller cell sizes need to be compensated with much denser cell deployments which in-
creases the overall network capacity significantly. While dense mm-wave cell deployment
would be expensive, the increased capacity from such dense cell deployment can potentially
be utilized in an efficient manner in high bandwidth-demanding regions such as urban city
centers, university campuses, tourist spots, major transport hubs, etc. However, in areas
with moderate to low bandwidth demand such as suburban or rural regions, capacity of

such dense mm-wave networks will likely be severely under utilized.

Moreover, due to relatively smaller size of mm-wave cells, mobile users or vehicles in
transit will need to undergo frequent hand-overs between adjacent cells. Furthermore,
as discussed earlier, mm-wave channels are harder to estimate reliably as they change
significantly in a few hundred micro-seconds due to increased Doppler effect. Therefore,
such frequent hand-overs and channel estimation will interrupt connectivity, and increase
channel estimation overhead significantly. In addition, blockage continues to be a significant

bottleneck to mm-wave connectivity, especially in dense urban settings.

As such, while stand-alone mm-wave cellular networks may provide a drastic increase
in network throughput due to their vast bandwidth, such networks may suffer from unre-
liability, along with other issues such as network underutilization, and increased mobility
management overhead. These issues suggest that stand-alone mm-wave cellular systems
are unlikely to provide uniform and reliable coverage with robust high capacity links to
users across different types of deployments. Hence, it has been envisioned [61,89] that mm-

wave cells will coexist with microwave bands in an integrated dual-band setup, which may
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serve as an effective solution to the bandwidth-scarcity problem in the short-to-medium

term future.

Dual-band connectivity has thus emerged as one of the most promising technologies
for 5G cellular access in recent times, beginning with the introduction of the Phantom cell
architecture by NTT-Docomo in 3GPP Release 12 [55] in 2014, through the introduction of
the dual connectivity (EN-DC) configuration in the recent 3GPP Release 15 [90] in 2019.
The key idea is to integrate additional spectrum from the mm-wave band while continuing
to use the incumbent microwave spectrum in the sub-6 GHz band. Transmissions over the
mm-wave band are expected to handle high-throughput data sessions, while transmissions
in the conventional microwave band are likely to carry control signals, and provide con-
nectivity of moderate speed data when the mm-wave network connectivity is disrupted or
unavailable [56-58].

It is interesting to note that the transmission characteristics in the mm-wave band
are complementary to those in the microwave band. To combat the propagation loss in
higher mm-wave frequencies, mm-wave links need to be used with directional antenna-
arrays. This renders mm-wave links highly directional, and as discussed earlier, such
links are prone to blockage and mobility management issues, thereby limiting cellular
coverage severely [29,41,42]. In contrast, conventional communication in the microwave
band provides extended coverage and far less blockage [29,63,91]. Such complementary
characteristics of the two bands thus call for an integrated dual-band access scheme where

users can fall back on the conventional microwave cell when mm-wave coverage is lost
[41,60].

Dual-Band Networks from the Network Layer Perspective

In [62], a joint mm-wave and microwave network with time division multiplexing-based
MAC structure was studied as a prospective candidate for 5G. Here, important control
functions and moderate bandwidth traffic are communicated over the existing and reliable
microwave network, whereas the high capacity mm-wave links are used to offload traffic

from the macro cells and provide better services for high bandwidth demanding traffic.

Unlike the microwave band, where inter-user interference is typically managed by
interference-avoidance schemes, e.g., scheduling, the directional nature of mm-links are
particularly useful in simplifying design. For instance, in the related work in [63] an optimal

resource allocation problem for a cellular network over the integrated mm-wave /microwave

15



dual-band is studied. The proposed technique, which utilizes the directional nature of the
mm-wave links, is shown to vastly improve performance metrics such as the number of

supported users and the link connection probability, etc.

Similarly in [60], several variations of the heterogeneous network over the existing mi-
crowave band and the mm-wave band were studied, with the objective of achieving high-
capacity access and backhaul. In this setting, control traffic is carried by microwave links,
while high speed services are supported by mm-wave links, leading to a high-throughput
and reliable system. Studies such as [64,92] also provide similar results, while that in [32]

focuses on minimizing the energy consumption of such networks.

Recently, [38] studied the role of spatial re-use in enhancing resource management
of a multi-hop heterogeneous network operating over an integrated mm-wave/microwave
dual-band, where directed antenna-arrays are used to create the mm-wave links. In this
work, solutions were proposed that improve the throughput and latency performance of
the network. In a similar work in [93], a heterogeneous network with directional point-
to-point mm-wave links and conventional microwave links are considered for device-to-
device communication, and a resource allocation study is then shown to achieve significant

improvement over stand-alone mm-wave transmission schemes.

In a related work in [64], a heterogeneous network was considered over two mm-wave
bands, the 60 GHz band and the 70/80 GHz band. Due to its relatively higher absorption
and blockage, the 60 GHz band was used to create short-distance point-to-point links, while
the 70/80 GHz band was used to establish relatively longer-range links. A novel paradigm
was then introduced that leverages the point-to-point links in the 60 GHz and the more
reliable links of the 70-80 GHz bands to achieve significant throughput enhancement over

the conventional networks.

Dual-Band Networks from the Physical Layer Perspective

Recent works have also focused on the physical layer performance metrics of integrated mm-
wave/microwave dual-band networks. In [70], a cellular network over such a dual-band is
studied where mm-wave small cells have been densely deployed with conventional sub-6
GHz microwave cells. The study of opportunistic uplink and downlink user-association in
this network reveals that, while directional beamforming in the mm-wave band improves
the user association overall, users are more likely to connect to sub-6 GHz cells in the uplink,

thereby indicating the efficacy of a dual-band connectivity. Similar works in [23,94] also
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conclude that simultaneous transmission over the integrated mm-wave/microwave dual-
band is one of the most promising solutions that addresses the problem of unreliability in
mm-wave transmission. In these works, scheduling algorithms were proposed that utilizes
side information from both bands in the network to provide optimized quality of service.
In related works [68,69], the channel information in the sub-6 GHz band is shown to be

useful in estimating the mm-wave channels in such dual-band networks.

In a related work in [95], the authors studied the performance of traffic hot-spots
that operate over an integrated mm-wave/microwave dual-band. They conclude that this
dual-band network outperforms both the conventional microwave only network and the
stand-alone mm-wave network in terms the coverage probability. They also show that
there exists a non-trivial trade-off between the deployment parameters of the mm-wave

and the microwave base stations that achieves the optimal performance.

More importantly, developments on dual-band communication such as those in [66,67,
71] have demonstrated the immense potential of such networks in practice. For example,
the authors in [66] designed a queue-based strategy that transmits from a single transmitter
to a single receiver simultaneously over the dual 3 GHz microwave and 30 GHz mm-
wave bands. Successful practical experiments conducted in this dual-band setup favorably
indicate the feasibility and the effectiveness of dual-band transmission schemes. In addition,
Intel [67] and Qualcomm [71] have announced the production of a dual-band modem that
supports both sub-6 GHz and 28 GHz bands.

Finally, recent works in [37,39,40] are a few of the most relevant works on mm-wave
networks from the physical layer perspective. Here fundamental information-theoretic per-
formance limits of a class of stand-alone mm-wave Gaussian relay networks are established.
In these works, the authors focused on Gaussian 1-2-1 networks, where a single transmitter
communicates with a single receiver with the help of a set of half-duplex relays. In partic-
ular, while [37,39] focuses on establishing approximate capacity results for such channels,
thereby characterizing good achievable strategies for the network, [40] focuses on secure
communication over the channel. It is worth noting that mm-wave transmissions in this
network are also modeled as point-to-point additive white Gaussian noise channels, an as-
sumption that aligns well with those in many studies from the network and physical layer

perspectives and from practical measurement campaigns.

17



Connection to the Thesis

The preceding discussions show that while transmitting over the mm-wave spectrum is a
promising technology for next generation wireless networks, stand-alone mm-wave networks
inherently suffer from unreliability of mm-wave links. Therefore, communicating over an
integrated mm-wave/microwave dual-band, which complements the transmissions in the
high-bandwidth, unreliable mm-wave links with transmissions in the moderate-bandwidth,
reliable microwave links, provides an attractive solution for the near-to-medium term fu-
ture. Hence, networks over such an integrated dual-band have been subject to much

investigation recently from the physical and network layer perspective, as discussed above.

However, very few studies, if any, focus on characterizing the information-theoretic
performance limits of such dual-band networks. Such studies, especially for multi-user net-
works, are instrumental in finding practical achievable performance limits, good encoding-
decoding strategies, effective resource allocation schemes, etc. While the works in [37,39,40]
characterize information-theoretic performance limits of a specific stand-alone mm-wave

channel, they consider neither dual-band networks nor the aspect of inter-cell interference.

In this thesis, we make progress in this front by studying two multi-user channels over
the integrated mm-wave /microwave dual-band that analyze the aspects of interference and

relay-cooperation.

2.2 Multi-User Information Theoretic Models

In the pioneering work in [96], Shannon first considered the problem of communicating
from a single source to a single destination in a point-to-point channel under a probabilistic
framework. It was shown that data can be reliably transmitted over the channel if the data
rate is less than the so-called capacity of the channel (C), thus providing a fundamental

limit on data rates.

Specifically, a discrete memoryless channel (DMC) is defined by the tuple (X, Y, py|x (y|z)),
where X' and ) are the finite, discrete alphabets, and input x € X produces output y € Y

according to the channel transition probability py|x(y|x).

The fundamental result in [96] shows that an input message with rate R can be reliably
transmitted over the DMC if

R < C:=maxI(X;Y),
pPx
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Figure 2.1: The point-to-point additive white Gaussian noise (AWGN) channel.

where [(X;Y), the so-called mutual information between random variables X and Y, is
defined as
I(X;Y) =Y > px(z)pyix(ylz) log pY;—Ezl)I),
zeX yey
where X and Y are from finite discrete alphabets X and ), and they are distributed as
X ~px(z) and Y ~ py(y) := > cr Pyix(y|7")px(2'). The input distribution p% that

maximizes I(X;Y) is called the capacity achieving or optimal input distribution.

The point-to-point Additive White Gaussian Noise (AWGN) channel, depicted in Fig-
ure 2.1, is a continuous-alphabet counterpart of the DMC and a popular model that effec-
tively captures noisy wireless communication. The system model of the standard AWGN
is given by

}/z:Xz—i_Zl; izl,...,n,
where X; and Y; are the real input and output symbols at i*" channel, ie., X;,Y; € R,
and Z; are additive white Gaussian noise samples which are identically and independently
distributed (i.i.d.) as Z; ~ N(0, N). In real-world transmissions, the inputs must satisfy

a transmit power budget P in that over a block of n symbols, input X" must satisfy
P L EX < P

The capacity of the AWGN channel is given by

1 P
C’—§log <1+N) , (2.1)

where the so-called signal-to-noise ratio is denoted by SNR := %, and the optimal distri-
bution is X ~ N(0, P).

Multiple-Access Channel

While the AWGN channel models single-user communication between a single transmitter-
receiver pair, it is common to have multi-user communication in cellular settings, where

multiple transmitter-receiver pairs communicate with each other over a shared medium.
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Figure 2.2: The two-user discrete memoryless multiple-access channel (DM-MAC).

One of the most widely studied multi-user channel is the multiple-access channel (MAC)
where two or more sources simultaneously communicate to a single destination, which then

attempts to estimate the messages from all sources.

The two-user discrete memoryless MAC [97, Chapter 4], denoted DM-MAC, is depicted

in Figure 2.2 and defined as follows:

Definition 2.1 (The DM-MAC). The DM-MAC is defined by the tuple (X1, Xs, Y,
Py ix.,x. (Y|T1, 22)) where Xy and X are two finite, discrete input alphabets, Y is a finite,

discrete output alphabet, and py|x, x,(y|T1,z2) is the channel transition law.

Here, X7 and X, are input alphabets for the two sources S; and So, while ) is the output
alphabet at the destination D, as depicted in Figure 2.2. Since the channel is memoryless,

the channel probability mass function (pmf) after n channel uses decomposes as

n
p(y" |2, 25,) = T p(yilzii, z2:).
i=1
We now introduce information theoretic terminologies for the MAC which generalizes
to other multi-user channels as well. The problem of communicating over the DM-MAC is

formalized by defining a code and an achievable rate pair [97, Chapter 4] as given below.

Definition 2.2 (Code for the DM-MAC). A (2" 2772 n) code for the DM-MAC consists
of (i) two independent, uniformly distributed message sets My = {1,2,... 2%} k=12,
one for each of the sources Sy and So; (i) two encoders ¢ : My — X € Xk = 1,2,
one for each of Sy and Sy; and (iii) a decoder for the destination D ¢ : Y™ — My x M.

To communicate messages M; and Ms, they are encoded into codewords X7'(M;) =
¢1(My) and XJ(Ms) = ¢o(Ms), and transmitted over the channel. The destination re-
ceives a superimposed signal Y from which it decodes both messages. The probability of

decoding error at the destination is given by

Bl =Prlp(Y") # (M, My)],
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Figure 2.3: An example of the capacity region of the DM-MAC (neglecting Q).

where (M7, My) € My x My are uniformly distributed.

The objective here is to design encoding/decoding strategies such that both messages
can be decoded with vanishing error probability (P!") as n — oco. These results are typically

described in terms of achievable rates and capacity of the channel.

Definition 2.3 (Achievable rate pair and Capacity region for the DM-MAC). A rate pair
(Ry, Ry) is said to be achievable for the DM-MAC! if there exists a sequence of (2", 2772 p)
codes such that P — 0, as n — oo. The capacity region of the DM-MAC is defined as the

closure of the set of all nonnegative achievable rate pairs.

The capacity region of a multi-user channel provides a fundamental rate limit for the
sources beyond which its message cannot be reliably decoded. Characterizing the capac-
ity region of a channel typically involves two steps: (a) a converse part, which follows
from Fano’s inequality and specifies rate constraints (outer bounds) that is valid for ar-
bitrarily correlated codewords; (b) an achievable part, which entails identifying a specific

encoding/decoding strategy and codeword distribution that achieves the outer bounds.

For the DM-MAC, the capacity region is given by the set of all non-negative (Ry, R»)
that satisfy

< (X1 Y[X5,Q)
< I(X9;Y[X1,Q)
Ry + Ry < I(X1, X2;Y|Q), (2.2)
for some joint distribution (X, X5, Q) ~ p(q)p(z1|q)p(x2|q), where @ € Q is the time-

sharing variable with cardinality |Q| < 4. In Figure 2.3, an example of the capacity region
of the DM-MAC is provided (neglecting the time sharing variable Q).
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Figure 2.4: The two-user discrete memoryless interference channel (DM-IC).

The terminologies and the results for two-user DM-MAC naturally generalize to the
K-user DM-MAC [97].

Similar to the DMC case, the DM-MAC has a counterpart that models the wireless
multi-user access: the Gaussian MAC [97, Chapter 4.6]. In the two-user Gaussian MAC, the
sources communicate their messages via real codewords X7 and X7 that must satisfy block
power constraints P, and P,. Notably, similar to the AWGN channel, the capacity region
of the Gaussian MAC is achieved by using independent codewords X' ~ N(0, By), k = 1,2,

i.i.d., and without time-sharing.

2.2.1 Interference Channel

The interference channel (IC) is a fundamental model for multi-user interference-limited
communication, where two or more source-destination pairs communicate over a shared
wireless medium, and thus mutually interfere. Unlike the MAC, where the destination
attempts to decode both desired messages, a destination in the IC is interested in its
desired message only. Since interference is not useful for the destination and difficult to
mitigate, it can drastically reduce the source-destination rate or network throughput if

interference is not mitigated judiciously [97, Chapter 6].

The two-user discrete memoryless interference channel (DM-IC) [97, Chapter 6], de-
picted in Figure 2.4, is a fundamental model which provides insight into the functioning of
the general interference-limited networks. The DM-IC consists of two source-destination
pairs where source S; communicates with destination D; and source Sy communicates with

destination Dy while interfering mutually.

Definition 2.4 (The DM-IC ). The DM-IC is defined by the tuple (X1, Xo, Y1, Vo,
Dyive| X1, Xa (U1, Y| 21, 2)) where X1 and Xy are two finite, discrete input alphabet sets, Yy
and Yy are two finite, discrete output alphabet sets and py, v, x,.x,(Y1,Y2|T1,x2) is the

channel transition law.
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The transmission from the two sources are uncoordinated, and thus the transmitted
messages are assumed to be independent. Since the channel is discrete memoryless, the

n-letter channel pmf decomposes as

p(yrs ya o), 25) = Hp(ylz'a?/m@u,ﬂﬁm). (2.3)
i=1

The problem of reliably communicating over the IC is formalized by defining a code and

an achievable rate pair as follows:

Definition 2.5 (Code for the DM-IC). A (2"% 2"%2 n) code for the 2-DM-IC' consists of
(i) two independent, uniformly distributed message sets My, = {1,2,...,2"%} |k =1,2,
one each for sources Sy and Sy; (i) two encoders, ¢ : My — X', k = 1,2, one each for
Sy and Sy; and (iii) two decoders for destinations Dy and Do, ¢y : Vi — My, k = 1,2.

To communicate messages M; € M; and My € M, from S; and Ss, they are encoded
into codeword X7'(M;) and X3(Ms) for transmission. Due to mutual interference, both
codewords superimpose at each destination, and each destination attempts to estimate its

designated message only. The decoding probability of error for the code is defined as
Pl ="Prpi(Y]") # My U a(Yy") # Mo,
where the average is taken over uniform distribution of (M, My) € My x M.

Definition 2.6 (Achievable rate for the DM-IC). A rate pair (Ry, Rs) is said to be achiev-
able for the DM-IC'if there exists a sequence of (2" 2"%2 n) codes such that P* — 0, as

n — 00.

The capacity region of the DM-IC is defined as the closure of the set of all nonnegative
achievable rate pairs. Unlike the DM-MAC, the closed form expression of capacity region

of the DM-IC is unknown in general except for the strong interference case.

Definition 2.7 (Strong interference for the DM-IC). The DM-IC is said to have strong
interference [98] if

I(X1: Y[ X)) < I(X1;Ya|Xo),  I(XpYa|Xy) < I(Xo;Y1|Xh) (2.4)
for all input distribution p(z1,x2) on X1 and Xy with p(x1,x2) = p(x1)p(xs).

The capacity region of the DM-IC under strong interference is given by the set of all
nonnegative (R, Rs) that satisfy

Ry <I(X1;Y1]X5,Q)
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Figure 2.5: The two-user Gaussian interference channel (GIC).

Ry < I(X2; Y2 X1, Q)
Ry + Ry <min (I(Xy, X9;Y1,Q), [(X1, X5;Y5,Q)),

for some (X7, Xs, Q) ~ p(q)p(x1]|q)p(x2|q), where Q € Q is the time-sharing variable.

Compared to the DM-MAC, where the destination attempts to decode both messages,
each destination in a DM-IC only decodes its own message. However, under strong inter-
ference, decoding both the desired user as well as the interfering user at each destination
as in a DM-MAC is optimal. Therefore, in a strong DM-IC, each destination can de-
ploy the DM-MAC decoder without additional rate penalty. Since, the sources effectively
form a MAC at each of the destinations, the overall rate region is obtained by taking the

intersection of these two MAC rate regions.

Note that the optimal encoding strategy for DM-ICs without strong interference, espe-

cially those with weak interference where the inequalities in (2.4) is reversed, is unknown.

Two User Gaussian Interference Channel

The two-user real Gaussian interference channel (denoted GIC) can be regarded as a
wireless counterpart of a DM-IC, where the transmitted signals are continuous and are
corrupted by AWGN at the receivers. The GIC thus effectively captures the interference-
limited multi-user communication in wireless medium. Unlike the single-user AWGN chan-
nel, where increasing the user transmit power is helpful in improving the user rate, in the
GIC increasing the transmit powers does not necessarily improve the performance as the
resulting power in interference also increases proportionally [10]. Fortunately, interfer-
ence often has useful structure that can be exploited to find strategies leading to superior
throughput [10].
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Without loss of generality, the GIC can be described by its standard form [99] as
depicted in Figure 2.5: the channel outputs at destination D; and destination D, at time
t are given by

Yie=Xi+anXos + 2y, (2.5)
Yo =a1 X1+ Xoy + 2oy, t=1,...,n, (2.6)
where the input symbols X;; € R and the output symbols Y, € R are real-valued,
Zrt ~ N(0,1), are i.i.d., AWGN samples, and ay, € R is the cross channel coefficients

from source Sy, to Dy, k # ¢ € {1,2}. Similar to the AWGN channel, the input codewords
X} must satisfy a transmit power budget: + 3" E[X? ] < Pp k =1,2.

The terminologies for the GIC such as the definitions of a (2", 2"%2 n) code, the
average probability of error and the achievable rates follows from those for the DM-IC

after imposing the transmit power constraints, and hence are not repeated here.

Capacity Results for the Gaussian IC

Similar to the two-user DM-IC, the capacity region of GIC is not known in general except
for certain regimes of channel parameters. In particular, the GIC is classified according to
the relative strength of the power of interfering signal compared to the power of desired
signals, which can be equivalently described by regimes of cross channel gains a3, and
a2, [100] as follows. As such, the capacity region of the GIC has been characterized in
closed form for the wvery strong interference and the strong interference regimes, while in

the weak interference regime only few results exist.

Definition 2.8 (Very strong interference for the GIC [99]). The GIC is said to have very

strong interference if

aly > 14+ Py, a3 >1+ Py

In this case, the capacity region is given by the set of (Ry, Rs) € Ri such that
Ry < C(P),
Ry < C(P),

where C(z) := § logy(1 + z).

In this case, each source encodes its message into codewords X' ~ N (0, Py), k = 1,2,

i.i.d., whereas each destinations deploys successive interference decoding: a destination first
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decodes the interference by treating its desired signal as noise, removes the interference
from the received signal, and then decodes the desired message from the resulting “inter-
ference free channel”. The very strong interference condition ensures that such a successive

decoding does not incur any rate penalty.

Definition 2.9 (Strong interference for the GIC [101]). The GIC is said to have strong

interference if

The capacity region of the strong GIC is given by the set of (R, R2) € R% such that
Ry < C(P)
Ry < C(P)
Ry + Ry < min (C(Py + a3, P2), C(P2+afyPr)) .
Similar to the very strong case, the capacity region is obtained by transmitting codewords

X7~ N(0, Py), i.id., for k = 1,2. In contrast, the destinations now deploy simultaneous

unique decoding to decode both signals in a MAC decoding fashion.

Definition 2.10 (Mixed interference for the GIC [102]). The GIC is said to have mized

interference if
: 2 2 2 2
either ajy, >1, a3 <1, or ajy, <1, a3 > 1

While the capacity region for this case is not known entirely, the sum capacity for the
mixed IC with a?, > 1, a2, <1 is given by [102]

. P1 a%2P1
sum:CP Cl ——— s Cl| —=—— .
¢ <2)+mm( (1+@§1P2) <1+P2

For the case with a}, > 1, a3; < 1, the sum-capacity is achieved by transmitting i.i.d.
Gaussian codewords, and then decoding the interference at D; (where interference is strong)
and treating the interference as noise at Dy (where the interference is weak). The sum

capacity for second set of condition is found by interchanging the roles of D; and Ds.

Definition 2.11 (Weak interference for the GIC [102]). The GIC is said to have weak

interference if

al, <1, a3 <1.

Similar to the mixed GIC, the capacity region for the weak GIC is not fully known.

However, the sum-capacity is known for the so-called noisy interference regime [11,102,103],
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where
|as1(1 4 ai,P)| + |aiz(1 + a3, P2)| < 1

holds. For the noisy interference regime, the sum-capacity is given by

P P,
Csum:C T . 2 | —F—= s
(1+aglp2)+ (1+a%2P1)

which is achieved by transmitting inputs X* ~ N(0, P;), i.i.d., for & = 1,2, and treating

interference as noise at both destinations.

Approximate Capacity Results for the Gaussian I1C

Since the capacity region of the GIC is unknown in the weak interference regime except
for the sum-capacity result for the noisy interference regime, a considerable effort has been
directed at characterizing the so-called approximate capacity results, also called constant
gap results, for this regime. Constant gap results typically entail characterizing an achiev-
able rate region and an outer bound to the capacity region of the channel such that the
difference between the two differ only by a small constant that is independent of all channel

parameters, i.e., channel gains and transmit powers.

Definition 2.12 (Constant gap for the GIC). An achievable region is said to be within
0 bit/channel use of the capacity region if for a rate pair (Ry, Ry) on the boundary of the
achievable region, the rate pair (Ry + 9, Ry + 0) is outside the outer bound to the capacity

region, where & € Ry is a constant and not a function of channel parameters a3y, a3,, Pr, Py.

Intuitively, an achievable scheme with a constant gap of § achieves an achievable rate
region from which the capacity region is at most ¢ bits away per dimension (user). As
such, if § is reasonably small, this rate gap is effectively negligible as compared to the
rates achieved with moderate transmit powers. Hence, research efforts are typically geared
towards determining a “good” achievable scheme and a “good” outer bound such that they

differ only by a small constant.

The HK scheme [7] is the most versatile achievable scheme for the GIC, and provides
the best known achievable rates that contains all other known schemes such as the joint
decoding (optimal in the strong interference regime), or treating interference as noise (op-
timal in the noisy interference regime), etc., as special cases. In this scheme, each input
message is allowed to be divided into multiple independent parts, each regarded as a vir-

tual user, that are superimposed in a layer-by-layer fashion to generate a single codeword
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for transmission. As such, the total transmit power budget is divided into the transmit
power of those virtual users, also known as power-splitting. The decoder then decodes all
virtual users from its desired user with a range of possibilities: it may choose to decode a
set of desired virtual users in one of the many possible orders, whereas for the interfering
virtual users, it may choose to decode only a subset of them depending on the strength of
the received interference power. In addition, the power-splitting operation can be varied

to achieve a wide range of achievable regions.

Such wersatility of approaches in the HK scheme results in a significant complezity.
In fact, the HK achievable region, found by taking union of rate regions over all possible
parameters such as the power-splitting, the distribution of codewords used, the number of
virtual users, etc., has not yet been characterized in closed form. This motivates the need
to simplify the HK scheme such as those in [10,100]. The scheme of [10] is of particular

interest as it achieves the capacity of the weak GIC within § = % bits/channel use per user.

In this scheme, each message is divided into only two independent parts, a common
and a private part, and the total power budget P is split into two fized parts, Py and Py,

for the common and the private parts, that depend on the cross channel gains as follows

—, a3 P>1, (#ke{1,2}
Pkp = (e

P,  otherwise, and
Py. = P, — Pyy. (2.7)

Moreover, only i.i.d., Gaussian codewords are used for encoding, and time-sharing is
not used. Finally, each destination decodes the intended private and common messages
uniquely, the interfering common message non-uniquely, and treats the interfering private
message as noise. These simplifications result in an achievable region in closed form, given

by the set of rate tuples (Ry, Ro) € R that satisfy [7, Lemma 2]

Ry <
Ry <

(X5 Y1 [W2)

I(Xy; Ys|Wh)

Ry + Ry < I(Xo, W13 Y5) + I(X1; Y1 W, Wa)

Ry + Ry < I(Xy, Wo; Y1) + I(Xy; Yo Wy, W)

Ry + Ry < I(Xy, Wo; Vi [Wh) + I( X, Wi Ya|Wa)

Ry + 2Ry < I(Xo, Wi Ya) + I(Xy; Ya | Wy, W) 4 I(Xy, Wa; Y1 |W))

2R + Ry < I(Xy, Wo; Y1) + I(X1; Vi [Wy, Wa) + 1(Xa, Wi; Ya|Wh), (2.8)

IA

IN
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where the I(.;.) terms are computed with distributions Wy ~ N(0, Py.), i.i.d., U, ~
N(0, Pyp), ii.d., with X := Wy + Uy ~ N(0, Fy), and Y}, are defined by (2.5)-(2.6) with
Xy ~ N(0, By k= 1,2,

To evaluate how close the achievable region in (2.8) is to the capacity, closed form
outer bounds are needed, which are difficult to derive in the weak interference regime in
general. To that end, considerable progress has been made in [10, 11] where genie-signal
atded techniques were used to characterize useful closed form outer bounds. Specifically,
the closed form outer bound derived in [10] is of interest, as the achievable region in (2.8)

was shown to differ from these outer bounds only by at most 1/2 bit/channel use per user.

The Parallel Gaussian IC

The traditional two-user IC models the interference between two source-destination pairs
that communicate over a frequency-flat channel: in frequency-flat channels, the attenuation
of a signal is assumed to be constant (i.e., flat) over the entire bandwidth of the channel.
In contrast, in many wireless channels, the signal attenuation exhibits different character-
istics in different ranges of frequencies. Such channel are referred to as frequency-selective
channels. A common approach to analyze frequency-selective channels is to divide the
entire bandwidth of the channel into a number of sub-channels such that each sub-channel
behaves as a frequency-flat channel [104, Chapter 11]. Such a set of sub-channels can be
realized via frequency-band separation, and thus these sub-channels do not interfere with

one another, and hence are referred to as parallel channels.

The parallel Gaussian IC (PGIC) models two-user interference-limited communica-
tion over a frequency selective channel [105,106]. In contrast to the GIC over a single
frequency-flat channel, communication in the PGIC is over a set of parallel channels that
do not interfere with each other. As such, the PGIC can be regarded as a set of Gaussian
ICs that operate over several orthogonal parallel channels (sub-channels): a conventional
(single-band) GIC operates in each sub-channel without interfering with those in other
sub-channels [105].

Similar to the conventional GIC, the capacity region of the PGIC is known only when
the GIC in each sub-channel has strong interference [107], while its sum-capacity is known
for the case with noisy interference in each band [106]. Specifically, the capacity region in
the strong interference case is achieved by encoding jointly over all sub-channels (as opposed

to encoding separately in each sub-channel), and decoding messages from both transmitters
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from the signals received from all sub-channels. Hence, while it may apparently seem
reasonable to perform encoding/decoding separately over each sub-channel of a PGIC,

such separate strategy is suboptimal in general [108,109].

The ergodic fading GIC (EF-GIC) [110] models the effect of fading in wireless interference-
limited communication. In contrast to the GIC with fixed gains, in the EF-GIC the channel
gains are subject to fading that vary according to some fading distribution, e.g., Rayleigh
fading. The achievable rates for the EF-GIC is found by taking expectation of the rates
over the fading distribution: this expectation can be interpreted as taking a weighted sum
of rates achievable for each realization of channel gains (fading state), with the weights
denoting the probability of occurrence of that fading state. Hence, the EF-GIC can be re-
garded as a PGIC as follows: each fading state of an EF-GIC corresponds to a sub-channel
in a PGIC, and the achievable rates for the EF-IC is found by a weighted average of the
rates achievable in each sub-channel of the PGIC, where the weights are the probability
of realization of the fading state. As such, the capacity of the ergodic fading GIC was
characterized in all cases for which the capacity of the PGIC is known [110].

Resource Allocation for the Interference Channel

The overall performance of multi-user channels are typically characterized by optimizing
a specific design-metric. Such metrics include the sum-rate, aimed at maximizing the to-
tal throughput of all users, the worst-user rate, aimed at providing a fair rate to users,
etc. For interference channels in particular, resource allocation techniques that maxi-
mize the sum-rate have revealed insights into how resource should be allotted to increase
the throughput of practical microwave networks [105,111,112]. In [105], the GIC over a
frequency selective channel, modeled as the PGIC, is studied. For this model, the sub-
optimal resource allocation scheme of iterative waterfilling was proposed, which was shown
to provide close-to-optimum performance while possessing a distributed coding and power
allocation structure, which are attractive in practice. Similar studies on optimal resource
allocation have also been conducted from a game-theoretic perspective such as that for
the frequency selective GIC in [111], and the GIC with quality-of-service and RF energy
harvesting constraints in [112], which reveal useful insights that improve the performance

in the corresponding settings.
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Figure 2.6: The Gaussian multiple-access interference channel (GMAIC) as defined in [12].

Connection to the Thesis

In Chapter 3, we study the two-user interference channel over the integrated mm-wave /microwave
dual-band. We characterize fundamental performance limits of the dual-band IC in the
form of capacity results and approximate capacity results for different variations of the
channel. We then study the problem of resource allocation over the mm-wave links of the
channel that optimizes the sum-rate of the dual-band IC, which reveals useful practical

insights.

2.2.2 The Multiple Access Interference Channel

In cellular communication settings, the two-user IC models the interference between two
point-to-point links that operates in two neighboring cells. Each such link can model
the communication from a single source (e.g., user) to a single destination (e.g., the base
station). However, as opposed to only a single transmitter-receiver pair, typically multi-
ple terminals communicate within a cell. For example, during the cellular uplink phase,
multiple users communicate to a single base station (BS) in the cell, which is effectively
modeled as a multi-access channel (MAC). When two such MACs, operating in two neigh-
boring cells, transmit over the same shared microwave band and mutually interfere, and

the resulting channel is modeled as the multiple-access interference channel (MAIC) [12].

The MAIC can thus be regarded as a generalization of the two-user 1C, as it models
a more practical interference phenomena in cellular networks. Hence similar to the two-
user IC, understanding how to address the interference problem in the MAIC is crucial in

characterizing useful strategies for practical cellular networks.
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In [12], the Gaussian MAIC (GMAIC), depicted in Figure 2.6, was studied where each
interfering MAC is modeled as a Gaussian MAC. The authors in [12] classified the GMAIC
based on the strength of interference in the cross channels, i.e., the channel from a source
to the interfered destination located in the other cell. In particular, the GMAIC is said
to have strong interference if the gains in the cross channels are larger than that of the
respective direct channels, while it is said to have weak interference if the cross channel
gains are smaller. Such a characterization serves as a natural extension of the strong and

weak interference cases for the GIC [100].

The capacity of the GMAIC was then determined for a subset of the strong interfer-
ence case in [12], where jointly decoding the interfering messages along with the intended
messages as in a 4-user MAC is the optimal decoding strategy, if the channel gains satisfy
a certain set of conditions in addition to the strong interference conditions. In contrast, for
the weak interference regime, the capacity and the optimal achievable strategy is unknown
in general. However, some progress were made in [12]: a sum-rate upper bound was derived
for the weak interference regime, and then it was compared to the sum-rate achieved via
the simple strategy of treating interference as noise (TIN). Empirical examples show that
the gap between these two bounds are small when the cross channel gains are very small
(close to zero). However, as either the transmit powers increase, or the cross channel gains
increase within the weak interference regime, this gap increases consistently. This behavior
calls for more sophisticated upper bounds and achievable strategies that perform well over

a wide range of channel parameters.

In [113], another upper bound on the sum-capacity was derived via an interference-
alignment approach. They also proposed an achievable scheme for the GMAIC based
on lattice codes, and showed that the resulting sum-rate is within a constant gap to the
sum-capacity. It should be noted that while [113] considers the same system model of the
GMAIC as in [12], the model for channel gains, the definition of weak interference, and

the upper bounding approaches are all different from those in [12].

First, in contrast to the channel gain of [12], which can model any real number, the
notation adopted for channel gains in [113] is only able to model gains larger than 1.
Second, while the definition of strong and weak interference in [12] can be regarded as
a natural extension of the same for the GIC as in [100], which simply depends on the
relative magnitude of the cross and direct channel gains and not on transmit powers, the
weak interference in [113] is defined by a more complex relation involving both channel

gains and transmit powers. Such a definition is motivated by the use of the specific outer
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bounding technique in [113], and does not naturally extend from the same in the GIC.

Finally, the sum-capacity upper bound presented in [113, Theorem 7] is shown to be
valid for a subset of channel gains. However, since the bound was derived using an existence
result in number theory, it was only shown to exist but the exact subset of channel gains for
which this bound holds was not specified. Moreover, the constant gap between this upper
bound and the achievable sum-rate is presented as a function of some unknown constants
that have not been characterized. Therefore, the bound is not expressed in closed form,

nor is the exact value of the constant gap completely expressed.

Connection to the Thesis

The preceding discussion reveals that only a few results exist on the Gaussian MAIC. Par-
ticularly, in the weak interference regime, the upper bound of [12] becomes loose compared
to the achievable sum-rate, while that in [113] is not characterized in closed form, as noted

above.

In Chapter 5, we study the Gaussian MAIC over the conventional microwave band
and characterize new performance bounds. The channel model and information-theoretic
terminologies for the GMAIC are presented in Chapter 5, and hence are not repeated here.
Note that since the notation for the GMAIC in [12] naturally extends from the same for
the GIC, these notations are adopted in Chapter 5.

2.2.3 Relay Cooperation

Wireless channels are inherently unreliable due to obstacles, multipath channel fading, and
power loss due to wave propagation over wireless medium. Relay cooperation is one of the
most effective techniques to combat the ill-effects of wireless channels and boost the service
range of cellular communication. The basic setup of relay cooperation, introduced as the
relay channel in [16], is a widely studied topic which models the communication from a

single source to a single destination aided by a single relay node.

The discrete memoryless relay channel (DM-RC) [16], depicted in Figure 2.7, and a

code for such a channel are defined as follows:

Definition 2.13 (The DM-RC). The DM-RC is defined by the tuple (X1, X, Vo, Vs,

DY, vs| X1, Xa (Y2, Ys| 21, 2)), where Xy and Xy are two finite, discrete input alphabets, Vo and
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Figure 2.7: The discrete memoryless relay channel (DM-RC).

Vs are two finite, discrete output alphabets, and py, vy x, x, (Y2, Y3|T1,x2) is the channel

transition law.

Definition 2.14 (A code for the DM-RC). A (2"% n) code for the DM-RC consists of (i)
an uniformly distributed message set M := {1,2, ... 2"}: (ii) and encoder for the source
¢: M — XP; (iii) a causal relay encoder ¢g : Vi ' — Xy for each i € {1,2,...,n}; and
(iv) a decoder for the destination i : Y§ — M.

In essence, source S transmits a message M € M via codeword X™(M), and due to
the nature of conventional microwave band, this transmission is received by both relay R
and destination D. After channel use ¢ € {1,2,...,n}, the relay encodes the information
received in all previous time slots, i.e., Yy !, causally into a codeword symbol X27i(Y2"_1),
and transmits it, thereby making the signal from the source and the relay correlated. The
transmission from the source and the relay then superimpose at the destination, which

then attempts to decode message M from its received signal.

While the relay channel has been subject to much investigation [16,17,114], its capacity
region is still unknown in general. In [16], an upper bound to the rate was found using
the cutset technique, and two important relaying schemes were introduced, the decode-
and-forward (DF) scheme and the quantize-and-forward (QF) scheme. In DF relaying, the
relay decodes the signal transmitted from the source, re-encodes it, and then transmits it to
the destination. Due to such positive reinforcement of the transmitted signal, the overall
transmission rate due to DF relaying improves if the quality of the source-relay link is
good. Specifically, if the relay is located closer to the source, i.e., the resulting source-relay
link is strong, the source message can be decoded at the relay without imposing additional

constraint, thereby producing net gain in rate at the destination.

On the other hand, if the source-relay link is of bad quality, fully decoding the source

signal at the relay imposes additional rate constraint, and hence DF relaying is not as useful
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Figure 2.8: The Gaussian relay channel (GRC).

as in the former case. In such cases, quantize-and-forward (QF) relaying performs better,
where the relay just compresses the received signal and forwards it to the destination,

instead of trying to decode it fully.

The Gaussian relay channel (GRC) [16], depicted in Figure 2.8, is a wireless counterpart
of the DM-RC. The channel output of the GRC at the i-th time-step are defined as

Yr = airX1i + Zri,
Yp = aipXii + arpXri + Zpi, t=1,...,n,

where a1r, a1p and agp are channel gains between the nodes as depicted in Figure 2.8, and
Zri ~N(0,1), and Zp; ~ N(0,1) are independent noise samples.

Similar to the DM-RC, the capacity of the GRC is also unknown except for the special
case of the degraded relay channel [16], where the signal received at the destination is
assumed to be a degraded (i.e., noisier) version of the signal received at the relay. For
degraded relay channels, capacity was shown to be achieved by the DF relaying scheme

that uses correlated source and relay codewords.

Since the capacity of the relay channel is still unknown, considerable efforts have been
directed towards characterizing approximate capacity results similar to the GIC. For the
classic GRC, the DF relaying scheme was shown to achieve to within 1/2 bit of the capacity
[17]. Similarly, in [114] it was shown that the compress-and-forward scheme achieves to
within 1/2 bit of the capacity, whereas the simpler strategy of amplify-and-forward achieves

within 1 bit of the capacity.

It is worth noting that typically a good achievable strategy for the relay channel will
require the signals transmitted by the source and the relay to be correlated, and a part

of the difficulty in obtaining capacity results lies in finding optimal distributions for the
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codewords and optimal correlations between the source and relay codewords.

Multipath Fading and the Relay Channel

Relaying plays an important role in combating one of the most serious impediments in
wireless communication: multipath fading. It is a small-scale propagation effect that arises
when the transmitted signal reaches the receiver via multiple different propagation paths,
each with distinct propagation delays, amplitudes, and phase shifts. Such indirect paths are
formed, for example, by the reflection of the transmitted signal from surrounding obstacles
such as buildings, cars or other urban features. When these multipath components combine
at the receiver destructively, the receiver power is reduced to small levels, thereby causing

fading that leads to failure of reliable communication [115-118].

Since relaying helps against multipath fading, fading relay channels have been subject
to much investigation with the aim of characterizing optimal cooperation strategy and
performance limits of such networks [13-15,119]. Two such fading models, namely Rayleigh
and phase fading, have been studied in detail, as they are able to effectively model a
number of communication impairments. For instance, Rayleigh fading effectively models
the phenomena of multipath fading [120], whereas phase fading models the effects of phase

uncertainties and synchronization errors in carrier oscillators [121].

In [77] the Gaussian relay channel subject to phase and Rayleigh fading was studied
under the practical assumption of availability of channel state information (CSI) at the
receiver. The capacity of this faded GRC was then characterized for the case when the
source-relay links were stronger than the source-destination links in terms of data rate,
or in other words, when the relay is closer to the source than the destination. Note that
unlike [16], where the capacity of the GRC was derived under a degradedness assumption,
the capacity result for the fading GRC in [77] does not need such an assumption. More
specifically, due to the availability of CSI at receiver and the presence of phase or Rayleigh
fading, uncorrelated source and relay signals were found to be optimal, resulting in a closed

form capacity result.

Multiple Access Relay Channel

The multiple-access relay channel (MARC) is a natural generalization of the single source

single destination relay channel of [16]. Instead of a single source, in the MARC multiple
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Figure 2.9: The Gaussian multiple-access relay channel (MARC).

sources communicate with a single destination as in a multiple access channel, while a
single relay aids the communication of all users. Similar to the Gaussian relay channel,
the Gaussian MARC models the MARC in wireless settings, and thus it has been studied
extensively [18,19,122-124]. In Figure 2.9, the Gaussian MARC (G-MARC) with two

sources is depicted.

Similar to the relay channel, the capacity of the G-MARC is also unknown in general,
however some progress have been made in characterizing its performance limits. In [18],
outer bounds to the capacity region of the G-MARC were characterized based on the
cutset bounding technique, while an achievable rate region was derived after extending the
DF relaying strategy of [16]. Similar to the degraded Gaussian relay channel in [16], the
sum-capacity of the degraded G-MARC was characterized in [19].

Since the relay in the G-MARC is beneficial in combating the adverse effects of wireless
fading as in the GRC, fading G-MARCs have been subject to investigation recently. In
[124], the G-MARC subject to phase fading was studied, where conditions for joint source-
channel communication over this channel were obtained. Moreover, similar to the fading
GRC, the capacity region of the phase and Rayleigh faded G-MARC was also characterized
under the assumption that the CSI is available at the receivers [77,122,123]. These results
show that when the near conditions hold in the G-MARC, i.e., when the relay is located
near the sources in the sense of [77, Theorem 9], its capacity region can be characterized

in closed form.

Resource Allocation for the Multiple Access Relay Channel

Similar to other multi-user channels, such as those for the interference channels in [105,

111,112], the overall performance of the MARC is typically characterized by optimizing a
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design-specific goal such as those in [123,125-127]. For instance, the sum-rate serves as an
effective metric for the total throughput of the network, while the worst-user rate can serve
as a fair user-rate in the channel. In [123], the optimal resource allocation for the ergodic
fading orthogonal G-MARC was studied, where the relay is half-duplex and transmits and
receives on orthogonal channels. Then, under the assumption of availability of CSI at all
nodes, the optimal power allocations were derived that achieves the maximum sum-rate.
In [127], a similar study was conducted on the G-MARC in an OFDMA framework, where
several power and sub-carrier allocations were proposed, which were then shown to achieve

close to optimal rates.

Connection to the Thesis

In Chapter 4, we study the dual-band fading Gaussian MARC, which operates over the
integrated mm-wave/microwave dual-band. We consider a general ergodic fading, which
specializes to phase and Rayleigh fading, and thus is consistent with similar works on
the G-MARC in [77,122,123]. We characterize the fundamental performance limits of
this dual-band MARC in terms of achievable rates and capacity results. We then study
a resource allocation problem over the mm-wave links of this channel with the aim of
optimizing the achievable sum-rate. The resulting power allocation scheme is shown to

reveal useful insights for such dual-band networks.
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Chapter 3

The Dual-Band Interference Channel

In this chapter!, we study the performance of a two-source two-destination dual-band
interference channel, denoted the dual-band IC. Here, a source communicates to its re-
spective destination simultaneously over the microwave and the mm-wave bands. In the
microwave band of this channel, the source-destination pairs mutually interfere, and thus

form a conventional single-band Gaussian interference channel (GIC) [101].

The mm-wave channels, however, are operated as highly directional point-to-point links
created by beamforming with co-phased antenna arrays [30]. Hence, a source in this band
is well-modeled as being able to choose whether to transmit towards its desired destination
only, the other destination only, or time-share between the two destinations. This raises
the question of to which destination a source in the mm-wave band should transmit. In this
dual-band IC, the transmitters in the mm-wave band can transmit in one of the following
configurations: (a) the first source (S1) to the first destination (D;), and the second source
(S2) to the second destination (Ds); (b) Sy to Dg, and Sy to Dy; (c) both Sy and Sy to D;
or (d) both S; and S; to D;.

In this work, we focus on the first two cases. Therefore, the transmitters in the mm-
wave band can either transmit (a) from S; to Dy, and from Sy to Da, via the S;-D; and
So-Dy direct-links, (b) from Sy to Dg, and from Sy to Dy, via the S1-Dy and So-Dy cross-
links, or (c) divide the spectrum between the direct- and cross-modes via time/frequency
division. The channel resulting from the first mode, where the sources transmit only in
the direct-links, is denoted by the Direct-Link IC (DLIC), whereas the same for the second

mode, where the sources transmit only in the cross-links, is denoted by the Cross-Link IC

!The results of this chapter (except for Section 3.3) have been published in [65] and [128].

39



(CLIC). Finally, in the third mode the sources share the spectrum between the two model,
and hence the resulting channel is denoted by the Direct-and-Cross-Link IC (DCLIC).

In this chapter, we study the capacity of the DCLIC, the CLIC and several of its
variations. Importantly, we first show that the capacity region of the DCLIC can be
decomposed into the capacity region of the underlying CLIC and the set of direct-links.
As such, the capacity of the DCLIC can then be established if the capacity of the underlying
CLIC is characterized, and thus we focus solely on the CLIC thereon.

We observe that capacity of the CLIC depends largely on whether the destinations
posses strong or weak interference in the microwave band. Based on this, we classify the
CLIC in the following classes: (i) the strong CLIC, where both destinations have strong
interference, (ii) the mixed CLIC where only one destination has strong interference while
the other has weak interference, and (iii) the weak CLIC, where both destinations have weak
interference. We then characterize sufficient channel conditions under which the capacity
regions for the three classes of CLICs are established. Moreover, if these particular sufficient
channel conditions do not hold, the capacity region of the CLICs, especially those of the
the weak and mixed CLICs, are unknown. Therefore, we then characterize approximate

capacity regions for them.

An important special case of the conventional microwave GIC is the Z-interference
channel (ZIC) where one of the destinations do not suffer from interference, i.e., the mi-
crowave cross-link between from one source to this destination does not exist and taken to
be zero [100]. We consider the dual-band counterpart of the ZIC, denoted Z-CLIC: here
the underlying microwave GIC is a ZIC, and depending on whether both or one mm-wave
cross-link(s) are present, we identify three kinds of Z-CLICs: Z-CLICs of type-0, type-1,
and type-2, as detailed in the next section. We then characterize capacity and approximate

capacity results for such channels.

For multi-user channels, it is common to characterize optimal resource allocation aimed
at a specific design-metric, such as the sum-rate aimed at maximizing the total throughput,
or the worst-user rate aimed at providing fair rates to all users, etc., which can serve as an
effective tool for allocating resources in practice. For example, in the case of the interference
channel, resource allocation schemes that maximize the sum-rate have been investigated
thoroughly [105,111,112].

The DCLIC models a basic multiuser network over the microwave and mm-wave dual-

band, and a similar resource allocation study will shed light on important trade-offs in
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such networks. For example, in the dual-band IC the point-to-point mm-wave links can
be used to either convey desirable user-information to the designated receiver, or forward
interference information to the non-designated receiver. Neither of these two modes of
transmission for the mm-wave links provides the optimal performance for all channel con-
ditions, and thus there exists a non-trivial trade-off between the two modes of use for the
mm-wave links. Since the mm-wave links will significantly affect the performance of the
dual-band IC due to their point-to-point nature and relatively higher bandwidth, it is useful
to understand how to optimize the performance of the DCLIC over the parameters in the
mm-wave band. We therefore study the power allocation scheme over the four mm-wave
links that maximizes the sum-rate of the channel. The optimal power allocation scheme,

derived in closed form, possesses rich properties and reveals useful insights.

The contributions of this chapter are summarized as follows:

Capacity Results (presented in Section 3.2)

e Decomposition of the capacity of the DCLIC: We show that the capacity region of
the DCLIC can be decomposed into the capacity region of the underlying CLIC and
the two direct-links in the mm-wave band. As such, the direct-links improve the rates
of individual users, whereas the cross-links play a non-trivial role in characterizing
the capacity of the CLIC.

e Strong CLIC: The capacity of the strong CLIC is characterized, and the strong
interference condition in the microwave band is shown to be sufficient to characterize

the capacity.

e Weak CLIC: We characterize combined weak-very strong channel conditions over the
cross-channel gains in the microwave and the mm-wave bands, under which its capac-
ity is established. This condition shows that even if the GIC in the microwave band
has weak interference, the mm-wave cross-links with adequately strong interference
are able to drive the combined interference to a very strong regime, thus producing

the capacity result.

e Mixed CLIC: We characterize the capacity of the mixed CLIC under a set of channel
conditions. This condition, which holds over channel gains of the microwave and mm-
wave links, can be interpreted as being able to drive the mixed interference regime

to a strong one, thus characterizing the capacity.
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e Z-CLIC: We identify three kinds of Z-CLICs, denoted as type-0, type-1, and type-2,
depending on the presence of mm-wave cross-links. We first show that the capacity
of the Z-CLIC of type-0 is the same as that of the Z-CLIC of type-1.

Then the capacity of the Z-CLIC of type-1 is characterized under two sets of channel
conditions, which can interpreted as being combined strong and very strong interfer-

ence conditions over both bands.

Finally, the capacity of the Z-CLIC of type-2 was shown to be the same as that of
the Z-IC: the Z-1C is an one-sided IC operating in the microwave band only, and its

capacity results are well known in literature.

Approximate Capacity Results (presented in Section 3.3)

e Weak CLIC: We obtain a constant gap result which characterizes the capacity of
the weak CLIC within 1/2 bit/channel use per user for the entire weak interference

regime.

e Mixed CLIC: We characterize the capacity region of the mixed CLIC within 1/2

bit/channel use per user which is valid for the entire regime of the mixed interference.

e Z-CLIC of type-1: For this model, we derive a constant gap result valid for the entire

regime that characterizes its capacity within 1/2 bit/channel use per user.

Resource Allocation for the DCLIC (presented in Section 3.4)

We derive the optimal power allocation scheme over the mm-wave direct-links and cross-
links of the DCLIC that maximizes the sum-rate of channel. For notational convenience,
this optimal power allocation scheme for the the DCLIC is denoted by the IC-OPA. We
observe that depending on the value of the power budget (P) and certain channel condi-
tions, power is either allocated to a only specific subset of the 4 links, or is shared between
all links. This behavior is equivalent to partitioning the entire range of the power budget P
into several link-gain regimes (LGR), such that in each LGR, the IC-OPA allocates power
to the links in distinct modes. We characterize all such LGRs which reveal useful insights.

Specifically, we observe the following:

e The IC-OPA allocates the power budget among (P) the direct- and cross-links fol-

lowing two properties: a waterfilling-like property and a saturation property.
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When P is sufficiently small, the IC-OPA assigns power to only a subset of the links;
the power in the allocated links increase piece-wise linearly as P increases, while the

power in the remaining links are zero.

Due to the saturation property, the IC-OPA imposes a maximum limit on the cross-
link powers. When P exceeds a certain saturation threshold (Psy:), the cross-link
powers reach their peak value, and all additional increments to P are added only to
the direct-links that do not have such limits.

If the underlying GIC in the microwave band has very strong interference, the IC-

OPA assigns the power budget entirely to the direct-links.

If the channel parameters satisfy one of the following criteria, then transmitting only
in the direct-links is approximately optimal, in the sense that the difference between
the sum-rates resulting from allocating to only direct-links and that from allocating
optimally in all links is negligibly small: (a) the transmit powers in the underlying

GIC in the microwave band is small; (b) the mm-wave cross-link gains are large.

When the mm-wave bandwidth is large, the optimal power allocation for the symmet-
ric case simplifies as follows: (a) if the direct-links are stronger than the cross-links,
allocating the budget P entirely to the direct-links is optimal for all P > 0; (b)
alternatively, if the cross-links are stronger, for P smaller than the saturation thresh-
old, allocating P entirely to the cross-links is optimal, while for P larger than the
threshold, the cross-links are saturated, and all increments of P are allotted to the

direct-links.

The rest of the chapter is organized as follows: We define the system models in Sec-

tion 3.1. We present all capacity results in Section 3.2. In Section 3.3, all constant gap

results are presented. The resource allocation problem for the DCLIC is presented in

Section 3.4. Finally, a summary of results is provided in Section 3.5.

3.1 System Model

We now define the system models of all the channels studied in this chapter. First, we define
the discrete memoryless (DM) DCLIC, depicted in Figure 3.1, from which the Gaussian
DCLIC is defined. We thus establish the notations needed to define the other models.
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In the dual-band IC, the number of channel uses in the microwave band and the mm-
wave band will likely be different as the mm-wave band has more bandwidth than the
microwave band. We model this bandwidth difference with a bandwidth mismatch factor
(BMF) « between the first (microwave) band and the second (mm-wave) band: during n
accesses of the first band, the second band is accessed n(n) := |an| times in total, where

| x| denotes the largest integer no larger than z.

Note that a transmitter in the mm-wave band is assumed to be capable of creating
either a direct-link or a cross-link by beamforming to the relevant destination via a co-
phased antenna-array. Since the two links must be time-shared, the total BMF of « for
the mm-wave band needs to be divided into two parts, «; for the cross-links and «s for
the direct-links, with @ = a7 + . More specifically, during n accesses of the first band,
the second band is accessed ni(n) := |ayn] times as cross-links, and ny(n) := [agn| times
as direct-links. For notational convenience, throughput this chapter we denote n;(n) and

ns(n) by ny and ny respectively.

In an alternative setting where a mm-wave transmitter uses a hybrid antenna array
instead of a single co-phased antenna arrays, in principle, available antenna elements in
the hybrid antenna array can be reconfigured into two smaller and independent antenna
arrays, and then be used to communicate to both destinations simultaneously [72-74], as
discussed in Section 1.3. Hence, the direct- and cross-links from a mm-wave transmitter
can then be realized simultaneously without any time-sharing, and in essence, both the
direct- and cross-links are able to utilize the full BMF «a. This setting can be regarded as
a special case of the setting considered in this chapter by doubling the BMF « and then
allocating equal bandwidths for the direct- and cross-links, i.e., ;1 = ao, with a suitable

reduction in the path-loss to account for the reduced array gain.

The discrete memoryless DCLIC

Definition 3.1 (The DM-DCLIC). The DM-DCLIC is defined by the tuple

(X, X, X)2_1, (D, Ve, Ve)i_1,p(.), where Xy, and Yy are finite, discrete input and output
alphabets of the interference channel in the first band, X), and Yy, are finite, discrete input
and output alphabets for the Sy to Dy, direct-links in the second band, k € {1,2}, X, and
YV are finite, discrete input and output alphabets for the Sy to D, cross-link in the second

band, k # € € {1,2}, and p(.) is the channel transition law that decomposes as follows
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Figure 3.1: System model of the discrete memoryless DCLIC. It consists of an underlying

DM-IC in the microwave band and the set of direct- and cross-links in the mm-wave band.
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We now define a code and an achievable rate pair for the DM-DCLIC.

Definition 3.2 (A code for the DM-DCLIC). A (2%t 2"%2 pn ) ) code for the DCLIC
to consist of (i) two independent, uniformly distributed message sets My, := {1,2,..., 2"}
k = 1,2, one each for sources Sy and Sq; (i) two encoders ¢y : My — X' X 22,31 Xé\?,?Q, k=
1,2, one each for Sy and So; and (iii) two decoders )y : Y % :)Ailz” X VP — My, k=1,2,

one each for destinations Dy and Do, with ny < agn, and oy = lim, oo ng/n, k =1,2.

As depicted in Figure 3.1, S; and S, communicate messages M; € My and M, € M,
by encoding them into codewords ¢g(My) = (X7(My), X" (My), X2 (Mj)), k = 1,2, for
Then, (X7(M;), XZ(M,)) are transmitted through the first band which
forms a DMIC. Sender S; forwards the “interference information” to Dy by transmitting
X (M) via the S3-Dy cross-link in the second band, whereas X5?(M,) is sent through

the Sy-D; cross-link for interference forwarding from S,. Finally, S; sends X}2(M;) to D,

transmission.

via the S1-D; direct-link in the second band to communicates the “desired information”,

while Sy does the same via the S,-Dy direct-link.

The decoders estimate the input messages from the received signals. As such, the
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decoding probability of error for the code is defined as
Pe(n) =Pr wl(y'ln’?'lm’}_/lnz) 7£ M, U 7702(}/2717}}2711’?2712) 7é M, )
where the average is taken over uniform distribution of (M, My) € My x M.

Definition 3.3 (Achievable rate for the DMIC). A rate pair (Ry, Re) is said to be achiev-
able for the DM-DCLIC if there exists a sequence of (2" 272 n «ay ay) codes such that

)

n1 < nag,ng < nag, and Pe(" — 0, as n,nq,ny — 00.

Finally, the capacity region of the DM-DCLIC is defined as the closure of the set of all

achievable rate tuples.

Note that in the special case of BMF a7 = as = 1, i.e., where the microwave IC,
the cross-links and the direct-links all have the same bandwidth, the DM-DCLIC can be
modeled as an equivalent discrete memoryless interference channel where the users can com-
municate with an augmented alphabet. More specifically, this equivalent channel consists
of 3 parallel sub-channels such that the transmissions in the 3 sub-channels are modeled as
a conventional DMIC, a set of cross-links only, and a set of direct-links only, respectively.
Since the BMF is 1, the codeword lengths for all sub-channels are the same. Thus the
users can use an augmented alphabet (e.g., the Cartesian product of the 3 alphabets for

the 3 sub-channels) to communicate over this equivalent channel.

However, for the general case of a; # 1, as # 1, modeling the DM-DCLIC as a single
equivalent channel as described above is not possible. When a4, as > 1 the DM-DCLIC
can instead be modeled as a state-dependent interference channel where (a) in the first
state, the channel consists of the single equivalent interference channel with 3 parallel sub-
channels described in the paragraph above, (b) in the second state, only the cross-links
are present, and (c) in the third state only the direct-links are present. The general BMF
a1, 9 > 1 can then be realized by using 3 states of the channel appropriate number of

times.

The Gaussian Models

We now define the Gaussian counterpart of the discrete memoryless DCLIC, and few of
its variations studied here. In this chapter, we will focus on these Gaussian models, and
thus reference to a channel model should be assumed to be a reference to the Gaussian

model by default, unless otherwise specified. For example, by the DCLIC we refer to the
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Figure 3.2: System model of the Gaussian DCLIC. It consists of an underlying GIC in the

microwave band and the set of direct-links and cross-links in the mm-wave band.

Gaussian DCLIC, and the discrete memoryless DCLIC is specifically referred to as the
DM-DCLIC.

The Gaussian DCLIC

The Gaussian DCLIC (denoted the DCLIC), depicted in Figure 3.2, consists of a GIC in
the underlying microwave band and the set of direct- and cross-links in the mm-wave band.
The GIC in the first band is modeled as in [101], where the signals received at D; and Do
at the i*" channel use are given by
Yii = Xui + a1 Xo; + Zus, (3.1)
Yoy = Xoj + a2 X1i + Zos, i=1,...,n. (3.2)
Here, Xy, Yii € R, agy € R are cross-channel coefficients from Sy to Dy, k # ¢ € {1,2} (a%k

are normalized to 1 as in [101]), and Z; ~ N(0, 1), i.i.d., are noise samples. In addition,

the codewords now satisfy the average power constraint, % S Xt < P k=1,2.

The cross-links in the second band are point-to-point, and are modeled as

}Af2i = 012X1i + 221'7 (3.3)
Yu:Cme-i-Zu; t=1,...,n, (3.4)

where )A(kl,fsz € R, ¢xr € R are coefficients of the Si-D, cross-links, k& # ¢ € {1,2},
and Zy ~ N (0, 1), ii.d., are noise samples. The codewords satisfy the average power
constraint, n% Yo X 2 < ﬁk, k = 1,2. The direct-links are similarly modeled as

Yy = di Xy; + Zu;, (3.5)
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Figure 3.3: System model of the Gaussian DLIC. It consists of an underlying GIC in the

microwave band and only the set of direct-links in the mm-wave band.

Yoi = doXoi + Zoi, £=1,...,n9, (3.6)

where Xy, Vi, € R, di, € R are the direct-link coefficients, Z;, ~ N(0,1), i.i.d., are noise

samples, and codewords satisfy the average power constraint, n% Yo X3 < PB,k=1,2.

A (2781 2nf2 oy ) code and an achievable rate pair for the DCLIC are defined
from those of the DM-DCLIC given in Def. 3.1 and Def. 3.2, respectively, by choosing all
codeword alphabets to be R and imposing average power constraints on the codewords
X,?,X,?l and X2,k = 1,2, as defined above.

Note that for the special case of BMF a1 = apy = 1, i.e., where the microwave IC, the
cross-links and the direct-links all have the same bandwidth, the DCLIC can be considered
a special case of the parallel Gaussian IC [110] and the vector/MIMO gaussian IC [129].

The Gaussian DLIC

The Gaussian DLIC (denoted the DLIC) is defined from the DCLIC by taking X} = Y, =
0,k = 1,2, i.e., by deleting the two cross-links. The DLIC is depicted in Figure 3.3.
Hence, the DLIC is defined by (3.1)—(3.2) and (3.5)—(3.6). The definition of a code and
an achievable pair of the DLIC follow from those of the DCLIC after setting XAk = )>k =
(), k = 1,2, hence not repeated here.
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Figure 3.4: System model of the Gaussian CLIC. It consists of an underlying GIC in the

microwave band and only the set of cross-links in the mm-wave band.

The Gaussian CLIC

The Gaussian CLIC (denoted the CLIC), depicted in Figure 3.4, is defined from the DCLIC
by taking X, = Vi, =0,k = 1,2, i.e., by deleting the two direct-links. Hence, the CLIC is
defined by (3.1)—(3.4). The definition of a code and an achievable pair of the CLIC follows
from those of the DCLIC, hence not repeated.

For ease of exposition, the CLIC is classified into 3 classes based on the interference of

the underlying GIC with cross-channel gains a?, and a3,. A CLIC is said to be a

1. strong CLIC, if a?, > 1 and a3, > 1, i.e., the underlying GIC is strong;
2. weak CLIC, if a2, < 1 and a3, < 1, i.e., the underlying GIC is weak;

3. mized CLIC, if a?, < 1 and a3, > 1, i.e., the underlying GIC is mixed.

Note that the mixed CLIC can also be defined under the alternative condition a2, > 1 and
a3, < 1, i.e., the role of the strong and weak destinations are exchanged. The results for
the latter mixed CLIC can be trivially obtained from those for the former mixed CLIC,

and hence not repeated.

The Gaussian Z-CLIC

The Z-interference channel (ZIC) is an important subclass of the conventional GIC, where
only one of the two destinations is affected by interference, while the other operates in
an interference-free manner. For example, if Dy in the GIC is unaffected by interference
from Sp, the resulting ZIC can be regarded as a special case of the GIC after taking the

corresponding cross-channel gain a5 = 0 and keeping all other links intact.
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Figure 3.5: (a) System model of the Gaussian Z-CLIC of type-0. In the underlying mi-

crowave ZIC, we have a;o = 0, but both mm-wave cross-links are present.

In this chapter, we consider the dual-band counterpart of the ZIC, denoted the Z-CLIC,
where the underlying microwave GIC is a ZIC with a;2 = 0 and as; # 0. In addition to the
microwave ZIC, the Z-CLIC also consists of two mm-wave cross-links, and based on which
of the cross-links are present, the Z-CLIC can be classified into 3 cases: (i) Z-CLIC of
type-0, depicted in Figure 3.5a, where both mm-wave cross-links are present; (ii) Z-CLIC
of type-1, depicted in Figure 3.5b, where the mm-wave S;-Dy cross-link is removed, i.e.,
c12 = 0; and (iii) Z-CLIC of type-2, depicted in Figure 3.5¢, where the mm-wave S,-D;

cross-link is removed, i.e., co; = 0.

Note that while the Z-CLIC and the ZIC considered in this chapter has a1 = 0 and
as; # 0 in the underlying GIC, the alternate version of the Z-CLIC and the ZIC can be
obtained by taking a2 # 0 and ag; = 0. However, the capacity results for this alternative
setting follows trivially from those presented here by exchanging the roles of the sources

and the destinations, and hence are not repeated.

Note that while the results included in this chapter are for the dual-band interference
channel with real channel coefficients, these results can be extended to the case with

complex channel coefficients following similar techniques.
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3.2 Capacity Results

3.2.1 Decomposition of the Capacity of the DCLIC

Recall that in the DCLIC with BMFs a7 and s, for n channel uses in the first band, the
second band is used n; = |yn| times as cross-links and ny = |agn| times as direct-links.
We show below that the capacity of the DCLIC can be decomposed into the capacity of the
underlying CLIC, complemented by the direct-links that are used to transmit individual

user information to their respective receivers.

In the following theorem, we present this decomposition result.

Theorem 3.1. The capacity region of the DCLIC with BMFs oy and oo is given by the
set of all non-negative rate tuples (Ry, Rs) that satisfy the decomposition

Rl S 1+ OégC(d%Pl)

R2 S To + OéQC(dgpg) y (37)

where (r1,72) is an achievable rate tuple in the underlying CLIC with BMF «;.
Proof. The proof is relegated to Appendix B.1. [ |

Theorem 3.1 shows that an achievable rate pair in the DCLIC can be equivalently rep-
resented by a rate pair achievable in the underlying CLIC with BMF a7, complemented by
the capacity of the direct-links, (OézC(d%Pl) , agC(dgpg)), as depicted in Figure 3.6. Hence,
the capacity of the DCLIC can be characterized from that of the underlying CLIC. Hence,
hereon we focus on the CLIC instead of the DCLIC. In addition, this decomposition result
shows that it is optimal to deploy the encoding/decoding for the direct-links separately
from those of the CLIC. This clearly simplifies the encoding/decoding operation for the

channel.

Decomposition of the Capacity of the DLIC

Before delving into the CLIC, we first consider the DLIC, depicted in Figure 3.3, which
consists of an underlying GIC in the microwave band, and the two direct-links in the

mm-wave band.

Similar to the DCLIC, the DLIC also admits a capacity decomposition as follows:
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Figure 3.6: Decomposition of the Capacity of the DCLIC.

Lemma 3.1. The capacity region of the DLIC with BMF «y is given by the set of all

non-negative rate tuples (Ry, Ry) that satisfy the decomposition
Rl <r + OézC(d%pﬁ
R2 S T2 + OéQC(d%PQ) s (38)

where (r1,73) s an achievable rate tuple in the underlying GIC in the microwave band.

The proof of this lemma follows that of Theorem 3.1, and hence is omitted. Similar to
the result for the DCLIC, this result shows that a rate pair in the DLIC can be achieved
by a rate pair achievable in the underlying microwave GIC, and then complemented by the
direct-links. Therefore, the capacity of the DLIC can be found easily for cases in which a
capacity result exists for the conventional GIC. For example, the capacity of the DLIC can
be characterized when the underlying GIC has strong interference [100], whereas only sum-
capacity results for the DLIC can be characterized if the underlying GIC has mixed [100]

or noisy interference [108].

3.2.2 The Strong CLIC

Hereon, we focus entirely on the CLIC and its variants. In the strong CLIC, where the

underlying GIC in the first band has strong interference (i.e., a3, > 1 and a3, > 1), the
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capacity region is given below.

Lemma 3.2 (The strong interference case for the CLIC). The capacity region of the strong
CLIC with BMF «y is given by the set of all non-negative rate tuples (Ry, Ry) that satisfy

Ry <C(P), (3.9)
Ry < C(P), (3.10)
Ri+ Ry < C(Py + a3 ) + alc(c§1ﬁ2> , (3.11)
Ri+ Ry < C(Py+ a2, Py) + alc(c§2151) . (3.12)

The proof of Lemma 3.2 follows from the proof for the strong interference case in [110]
in a straightforward manner. Hence, we omit the proof and discuss only the key idea. In
the strong CLIC, the GIC in the first band has strong interference. Additionally, in the
second band, the cross-link gains are positive while the direct-link gains are zero, which
results in a GIC with strong interference. Hence, the strong CLIC is a parallel GIC with
strong interference in both bands, for which the capacity results is found in [110]. As
such, the outer bound to the capacity region is characterized in a single-letter form under
the sufficient condition af, > 1 and a3, > 1. For the achievability part, each message is
encoded jointly over both bands using Gaussian codewords, and each destination decodes

messages from both transmitters in a multi-access channel fashion.

Since the capacity of the strong CLIC with BMF «; is characterized in closed form in
Lemma 3.2, the capacity of the DCLIC with an underlying strong CLIC, which follows

from Theorem 3.1, is also found in closed form as below
Ry < C(P) + anC(d7 ) (3.13)
Ry < C(P) + auC(d3 %) (3.14)
R+ Ry < C(Py+ a3y By) + anC (4, Py) + aaC(d3Py) + 0zC(d3P) (3.15)
Ry+ Ry < C(Py+ a%,Py) + alC((ﬁQJf’l) + asC(d2Py) + axC(d2Py) . (3.16)

While this result is trivial, expression of the rate region of the DCLIC will prove useful in
Section 3.4.

3.2.3 The Weak CLIC

As defined in Section 3.1, in the weak CLIC, the underlying GIC has weak interference, i.e.,

a?, < 1 and a3, < 1. Hence, unlike the strong CLIC, where having strong cross-channel
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gains in the underlying microwave band was sufficient to characterize the capacity, in the
weak case additional conditions on the channel parameters of both bands are needed to

characterize the capacity.

We say that the weak CLIC satisfies the combined weak-very strong interference condi-
tion, if the channel conditions in (3.17)-(3.18) hold. For such CLICs, we have the following

capacity result

Theorem 3.2 (The combined weak-very strong interference case for the CLIC). If the
channel parameters of the CLIC with BMF o satisfy a3, < 1 and a3, < 1, as well as the

conditions
(14+P)(1+Py) < (14 P +d,P)(1+E,P)™ (3.17)
(14+P)(1+Py) < (14 P, +d2,P)(1+ 2, Py)™, (3.18)

then the capacity of the CLIC is given by the set of non-negative tuples (Ry, Ry) that satisfy

Ry < C(P) (3.19)
Ry < C(R). (3.20)

Proof. The proof, which follows along the lines of the proof for the ergodic very strong
interference result in [110], is relegated to Appendix B.2. [

In this case, the capacity is obtained by first decoding the interfering message, removing
its effect from the receives signal, and then decoding the desired message. Here, although
the GIC in the first band is weak, under conditions (3.17)-(3.18), the cross-links in the
second band are sufficiently strong in the sense that the combined interference forwarded
through the cross-channels in both bands are enough to drive the CLIC to a very strong
interference regime. Once the CLIC has very strong interference, it is optimal to first
decode the interfering message by treating the desired user as noise, and then decode the

desired message interference free.

Note that for the special case of BMF a; = as = 1, i.e., where the microwave IC, the
cross-links and the direct-links all have the same bandwidth, the capacity results for the
strong CLIC and the weak CLIC can be recovered from the strong and the very strong
interference cases of the parallel Gaussian IC [110] and the vector/MIMO gaussian IC [129].

To illustrate the relationship between the channel parameters that satisfy the combined

weak-very strong interference condition (3.17)-(3.18), we consider a symmetric weak CLIC
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Figure 3.7: (a) The plot of %, against a® for a; € {0.5,1,2}. (b) The plot of ¢2; against

a1.min for ¢ € {0.5,1,2}. (c) Partitioning of the set of channel gains (a?, ¢?) of a symmetric

CLIC based on whether its capacity region has been characterized.

where the cross-channel gains as well as the transmit powers of the two sources are the

same: in the microwave band, we have a? := a3, = a3, and P := P, = P, and in the
mm-wave band, we have ¢® := ¢, = ¢, and P := P, = P,. For such a CLIC, the two

conditions (3.17) and (3.18) coincide. For ease of exposition, we define

o (14-P)?

) 1 (1+ P)2\ V™ log <1+a2P>

cin == | | ——% —1], QY min = —————, (3.21)
l+a*P log(1 4 2P)

min p
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where 2 .» Tepresents the minimum ¢? required to satisfy (3.17), whereas a1 min denotes the

minimum a; required for (3.17) to hold.

2

We now show the interplay between a?, ¢2;, and ay min for P = P=11In Figure 3.7a, we

plot ¢2.. against a® € (0, 1) for a; € {0.5,1,2}, and note that ¢2,, reduces monotonically

as a? or oy increases. This follows since, if a? increases then the first band forwards more

interference, and if a;; increases, then the pre-log factor of the cross-link capacity increases.
2

In either case, smaller ¢ is required to satisfy (3.17). Similarly in Figure 3.7b, we plot

a1min against a®> € (0,1) for ¢* € {0.5,1,2}, and note that ajmp reduces as either a?
or ¢? increases. Finally, in Figure 3.7c, we depict the set of cross-channel gains (a?, ¢?)
of a symmetric CLIC with P = P=1a =2, and partition it depending on whether
the capacity has been characterized in each subset. We note that while the capacity is
known for the strong interference regime (i.e., a*> > 1) and the combined weak-very strong
interference regime (i.e., where (3.17) holds), the capacity for the remaining subset, where

a’? <1 and ¢® < ¢2, hold, has not been characterized yet.

3.2.4 The Mixed CLIC
In the mixed CLIC, the underlying GIC has mixed interference, i.e., a?, < 1 and a3, > 1.

For the mixed CLIC, we derive a capacity result as presented below.

Theorem 3.3. If the channel gains of the mized CLIC with BMF oy satisfy a3, < 1,

a3, > 1 and the following conditions

(14 P) < (1 +aP)(1 4 E,P)™ (3.22)
(14 P+ a2, P)(1+ A& P < (1+ Py+ad%,P)(1+ ,P)™, (3.23)

its capacity is given by the set of non-negative rate tuples (Ry, R2) that satisfy

Ry < C(P)
Ry < C(P)
Ri+ Ry < C(Pi+aP) + a1c<c§1152) . (3.24)
Proof. The proof is relegated to Appendix B.3. |

In the mixed CLIC, the underlying GIC has a3, > 1 and a?, < 1, i.e., Dy has strong
interference while Dy has weak interference. Hence, it is optimal for D; to decode both

the intended and the interfering messages, whereas the same strategy may be sub-optimal

56



at Dy due to the reception of weak interference as compared to D;. Now, if the channel
conditions (3.22)-(3.23) hold, sufficient interference is forwarded jointly through the S;-Do
cross-link and the weak microwave link that pushes D, to the strong interference regime

and enables it to decode both messages without incurring rate loss.

Note that a similar capacity result can be characterized for the mixed CLIC where

a2, > 1 and a3, < 1 by changing the roles of the sources and destinations.

3.2.5 The Z-CLIC

In the Z-CLIC, the underlying microwave GIC is a ZIC with a5 = 0. As presented in
Section 3.1, the Z-CLIC can be classified into three cases: the Z-CLIC of type-0, where
both mm-wave cross-links are present, the Z-CLIC of type-1, where only So-D; cross-link
is present, and the Z-CLIC of type-2, where only S;-Ds cross-link is present, as depicted
in Figure 3.5a - Figure 3.5c¢.

The following lemma shows that the capacity of the Z-CLIC of type-0 is the same as
that of type-1.

Lemma 3.3. The capacity of the Z-CLIC of type-0 is the same as that of the Z-CLIC of
type-1.

Proof. The proof is relegated to Appendix B.4. [ |

In essence, Dy in the Z-CLIC is not interfered by Sy, ie., YJ* L 372"1. Therefore, the
mm-wave S;-Dg cross-link does not provide additional help to Dy in decoding its intended
message. Hence, removing this cross-link does not result in the reduction of rate achievable
at Do. Removing this cross-link from the Z-CLIC of type-0 then produces the Z-CLIC of

type-1 where the capacity region of the latter is the same as that for the former.

Therefore, hereon we focus on the Z-CLIC of type-1.

Capacity of the Z-CLIC of Type-1: For the Z-CLIC of type-1, we consider three cases:
the combined very strong interference, the strong interference, and the weak interference.
We characterize the capacity in the first two cases, while establishing a constant gap result

for the third case in the next subsection.
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Lemma 3.4 (Combined weak-very strong interference for the Z-CLIC of type-1). If the
Z-CLIC of type-1 satisfies

(1+P)1+P) < (1+ P +a P)(1+ 3 P)™, (3.25)
its capacity region is given by the set of all non-negative tuples (Ry, Rs) that satisfy

R, < C(P)
Ry < C(P).

The proof is similar to that of Theorem 3.2, and hence is not repeated. Note that in the
Z-CLIC of type-1, we have a;2 = 0 and ¢ = 0, i.e., destination Dy operates interference
free, while D, still receives interference from source So. However, if (3.25) holds, then first
decoding the interference at D; by treating the desired signal as noise, and then decoding
the desired signal after removing the effect of interference, does not incur a rate penalty,

which produces the rectangular rate region in Lemma 3.4.

Next, we consider two cases where the very strong interference condition in (3.25) does
not hold, and thus sequential decoding as in Lemma 3.4 is not optimal anymore. First, we

present the capacity region for the strong case where a3, > 1.
Lemma 3.5 (Strong Interference for the Z-CLIC of type-1). If the Z-CLIC of type-1
satisfies a3, > 1 and
(1+ P)(1+P) > (1+ Py + a2, Po)(1 + 3, Py)™, (3.26)

its capacity region is given by the set of all non-negative tuples (Ry, Ry) that satisfy

Ry < C(P)

Ry < C(P)

Rl + R2 < C(P1 + a%lpz) + 061C<C§1p2) .

The proof is similar to that of Lemma 3.2, and hence is omitted. Similar to the case
of Lemma 3.4, in the Z-CLIC of type-1, destination Dy is interference free, while D; is
interfered by source S,. In contrast, now condition (3.26) holds, and hence sequential
interference decoding at D, is sub-optimal. Instead, since D; has strong interference, both

the desired and the interfering message is jointly decoded at Dy as in multi-access channel,

which is optimal.

Capacity of the Z-CLIC of Type-2: For the sake of completeness, we also consider
the Z-CLIC of type-2, and show that its capacity is the same as that of the underlying ZIC
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without any mm-wave link.

Lemma 3.6. The capacity of the Z-CLIC of type-1 is the same as that of the conventional
ZI1C with 19 = 0.

Proof. The proof follows along the lines of Lemma 3.3, and hence not repeated. [ |

For a Z-CLIC of type-2 where a1 = 0 and ¢y = 0, due to a;o = 0 destination D,
operates interference free in the underlying GIC. Hence, the S;-Dy mm-wave cross-link
does not provide any additional information, and thus can be removed without changing
the capacity. This is equivalent to taking c;o = 0, which results in the conventional ZIC

with a2 = 0 for which the capacity is known [100].

Note that for the capacity results for the alternate version of the Z-CLIC, where ay; = 0,
can be obtained from the results of the current Z-CLIC by just changing the source and

destination indexes appropriately.

3.3 Approximate Capacity Results

While the capacity region of the strong CLIC has been characterized in closed form, for
the weak CLIC, mixed CLIC and the Z-CLIC, the capacity region were obtained only
under certain channel conditions. Hence, we now derive approximate capacity results (i.e.,

constant gap results) for these channels that are valid for their entire regimes of definition.

As presented in Definition 2.12, a constant gap result characterizes an outer bound to
the capacity region and an achievable rate region for the channel such that the gap between
the two is a positive constant that does not depend on the channel parameters. Deriving
constant gaps, therefore, typically entails characterizing a “good” achievable strategy and
a “good” capacity outer bound such that they differ by only a constant. Hence, the original
capacity region, which is sandwiched between the two bounds, is closely approximated by
the achievable region, thus revealing an encoding/decoding scheme that is “approximately

optimal”.

3.3.1 The Weak CLIC

For the weak CLIC, the capacity region is unknown for the range of channel parameters

that do not satisfy (3.17)-(3.18). In this case, we first derive an outer bound to the capacity
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region with the help of a set of genie-signals, and then an achievable region that is within

a constant gap from the outer bounds.

Outer Bounds to the Capacity Region

We derive the outer bound first. Note that in the weak interference regime, the destinations
do not have sufficient interference information, which makes it hard to computable the
single-letter rate upper bounds. This difficulty can be alleviated by providing a destination
with the interfering message, but it leads to loose outer-bounds that fails to effectively
capture the rates achievable in this regime. We strike a balance between the two approaches
by providing genie-signals along with the interfering signals that produces computable rate

upper bounds which effectively captures the achievable rates.

For the two destinations in the CLIC defined by (3.1)-(3.4), we define the following
genie-signals in the microwave band
Sh' = amXu -+ ZQZ', (327)
Soi = anXo; + Z1;, i=1,...,n, (3.28)
and the following genie-signals in the mm-wave band
S1i = c1aXvi + Zoi, (3.29)
SQ@' = CQlXQi + Zli7 1= 1, oo, N, (330)
Signals (ST, 5'{“) is provided to destination D, which can be regarded as a noisy version of
its intended codewords that reinforces the desired signal. Similarly, (S¥, g;“) is provided
to destination to Dy. Also, from (3.1)-(3.4), it is apparent that (Y7",Y;™)|(X7, X™) has
the same distribution as (S, S3'), while (Y3*, Y71 )|(XZ, X2') has the same distribution as
(ST, 51")-
For notational convenience, we define the following parameters
SNR1 = Pl, |NR1 = aglpg,
SNRy := P, INRy :=al,P, (3.31)
where SNR;, can be interpreted as the ratio of power of the desired signal from S; to Dy
and noise power (i.e., 1 here), and INRy, represents the ratio of power of interference signal

from S, to Dy, and noise power, k # ¢ € {1,2}. We now present the following outer bound

to the capacity region.
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Theorem 3.4 (An outer bound to the capacity region of the weak CLIC). The capacity
region of the weak CLIC with BMF oy is contained within the set of non-negative rate pairs
(R1, Ry) that satisfy

R; < C(SNRy) (3.32)
Ry < C(SNRy) (3.33)
SNR,
< — .
Ri+ Ry < C(SNR1)+C(1+|NR2> + Cho (3.34)
SNR;
< — :
Ri+ Ry < C(SNR2)+C(1+|NR1) +Cxy (3.35)

SNR;,

NR
Ri+Ry,<C |NR2+L +C INR1+
T+ INR,

1+ INR, ) + Cho + Cyy (336)

SNR1
(1+ INR)(1 + INRy)

SNR,
) < C(INR NR
Ry + Ry < C(INR; + S 2)+C<(1+INR (1+ INRy)

+ C(SNRy) + Ch5 + Cy1 (3.38)
where Chy := 041C(C%2p1> and Cy 1= a1C<C%1P2), with C(z) = $log(1 + z).

Proof. We present the key steps of the proof here while details are relegated to Ap-
pendix B.5. Following the outer bounding techniques in [10], each bound is derived by
providing an appropriate additional signal, either a genie-signal defined in (3.27)-(3.30) or
the full interference signal, to one or both receivers such that the resulting negative entropy
terms either cancel out or can be bounded by applying the worst additive noise (WAN)
technique [130]. The remaining positive entropy terms are then single-letterized by using

Gaussian codewords as in [131, Lemma 1]. |

Achievable Region

Unlike the strong interference case where decoding the interfering message along with the
desired message, or the very strong case where decoding the interfering message and then
the desired message in a sequential manner, in the weak interference regime, decoding the
interference in its entirety is not optimal in general. Moreover, treating the interference as
noise is also not optimal unless the interference is very weak. Therefore, we need a flexible
framework that fills the gap between the two approaches of addressing the interference

problem.

The Han-Kobayashi (HK) scheme [7] provides such a flexible framework, and achieves
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the best known rates for the conventional IC [98]. In this scheme, the message from each
source is first partitioned into a public and a private part, and both parts superimpose
to generate a single codeword for transmission. In particular, each public message is first
encoded into a “cloud center” which carries “coarse information”, upon which a private
message is superimposed to create a “satellite codeword” carrying the full information.
The total transmission power is divided into those for the public and private parts. Such
partitioning enables a destination to decode only a part (e.g., the public part) of the
interference only, and relieves it from the constraint of either fully decoding the interference

or treating it entirely as noise.

Note that in the HK scheme, the distribution of the codewords and the power-splitting
between the public and private parts can be varied to adapt to channel conditions. More-
over, all such variations can be time-shared to produce an overall rate region which makes
it prohibitively complex to compute the HK region in closed form as the time-sharing vari-
able can have large cardinality. The need for an easily computable region motivated the
simplified HK scheme of [10] for the conventional GIC, where only Gaussian codewords
and a fixed power-splitting were used without time-sharing. The resulting rate region was
able to achieve within 1/2 bit/channel use of the capacity for the real GIC.

In the following Lemma, we present a computable achievable rate region for the CLIC

based on a scheme adapted from [10].

Lemma 3.7 (An achievable region for the CLIC based on message splitting). For the
CLIC with BMF «y defined in (3.1)-(3.4) with transmit powers Pl,Pg,pl and Py, let P*
be the set vectors p := (Py1, Pw1, Pu2, Py, ]51, ]52) = 0 such that

P*={p: Pui+ Pw1= P, P2+ Pyzr= P} (3.39)

For i.i.d. random variables Wy, ~ N'(0, Pyi), Xi, ~ N(0, Py) and Uy ~ N(0, Pyy,), k = 1,2,
define the Xy := Wy + Uy, such that Yy is the resulting outputs in (3.1)-(3.2), and Yy be the
resulting outputs in (3.3)-(3.4). Let R(p) be the set of non-negative rate tuples (Ry, R2)
that satisfy

Ry < I(Xy; Y1 |Wh)

Ry < I(Xa; Y2|Wh)
Ry + Ry < I(Xy; Y1 [Wh, Wa) + I(Xo, Wi Ya) + Chz
Ry 4 Ry < I(Xo; Yo| Wy, Wa) + (X1, Wy Y1) + Coy
Ry + Ry < I( Xy, Wo; Y1|[W1) + I( Xy, W1; Yo |[Wa) + Cha + Coy
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Ry + 2Ry < I(Xo, W13 Ya) + I(Xo; Yo|[Wy, Wa) + I( Xy, Wo; Y1 |[Wh) + Cra + Coy
2Ry + Ry < I(Xq, Wo; Y1) + I(Xq; Ya|[Wi, Wa) + I(Xo, We; Ya|Ws) + Cra + Coy

where Cig = ozll(f(l; 372) and Cy; = Oélj(Xg; 371) Then, an achievable region for the CLIC
is given by R = Upep-R(P).

Proof. The proof of this lemma follows from extending the Han-Kobayashi encoding scheme
for the conventional IC in [7] to the CLIC. The details are relegated to Appendix B.6. W

Constant Gap Result

The achievable region in Theorem 3.7 is still not computable as a union still needs to
be taken over all possible power-splits p € P*. Hence, to characterize a closed form, we
now restrict the power-splits for the two sources (Py1, Py1) and (Pya, Py2) to a specific
form that depends on the SNR and INR values of the two destinations defined in (3.31) as
in [10]. In particular, the private message power Pyy and public message power Py, for
source So, defined as a function of INRy, is given by
Py — 1/a%, if INRy >1 Py — Py —1/a3; if INR; > 1 (3.40)
P, if INR; < 1, 0 if INR; < 1.
Similarly, the private message power Py; and public message power Py for source Sy,
defined as a function of INRs, is given by
Py — 1/a%, ifINRy; > 1 Py — P —1/a?, ifINRy>1 (3.41)
P if INRy < 1. 0 if INRy < 1.
The resulting region in Lemma 3.7 can thus be parameterized by (INRy, INRs) and denoted
by R(INRy, INRy). It turns out that R(INRy, INRs) provides a closed form achievable region
that it is within a constant gap to the capacity region of the weak CLIC.

Theorem 3.5 (The constant gap result for the weak CLIC). The achievable region, denoted
by R(INRy,INRs) and found by restricting the region of Lemma 3.7 to the private-public
message powers defined in (3.40)-(3.41), is within & = 3 bit/channel use per user of the
capacity region of the weak CLIC with BMF .

Proof. The proof borrows the techniques of the constant gap results for the weak GIC in
[10], and is detailed in Appendix B.7. In essence, the set of (INRy, INRy) is first partitioned

into four sets depending on the values of (INRy,INRy), and the private-public message
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Figure 3.8: An example of the constant gap result for the CLIC. The gap between the

achievable region and the outer bound region is within 1/2 bit/channel use per dimension.

powers are then adapted according to (3.40)-(3.41). This results in closed form expressions
for the inner bound R(INRy, INR2) and outer bound in Theorem 3.4, which are then shown

to be within a distance of § = % bit per user. |

Finally, we illustrate an example of the constant gap result for the CLIC in Figure 3.8
with parameters SNR; = SNRy, = 10, INR; = INRy = 2, and Ci5 = (5 = 0.1. Here, while
all seven constraints are active in the achievable region, only six constraints are active
in the outer bound region, nevertheless, the gap between the two regions is within 1/2

bit/channel use in each dimension.

3.3.2 The Mixed CLIC

Recall that the capacity of the mixed CLIC was characterized only under conditions (3.22)-
(3.23), beyond which the capacity is unknown. Hence, this motivates the study of a
constant gap results for the mixed CLIC.
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Outer Bound to the Capacity Region

First, we characterize an outer bound to the capacity region of the mixed CLIC.

Theorem 3.6 (An outer bound to the capacity region of the mixed CLIC). The capacity
region of the mived CLIC with BMF oy that satisfies a3, > 1 and a?, < 1 is contained
within the set of non-negative rate pairs (Ry, Ry) that satisfy

R; < C(SNRy) (3.42)
Ry < C(SNRy) (3.43)
SNR,
< T —— .
R1+R2_C(SNR1)+C<1+INR2) + 1o (3.44)
Ry + Ry < C(SNR; + INR;) + Coy (3.45)
SNR; SNR,
< - -2
Ry + 2Ry < C(SNR3 + INRy) + C(INR1 + T INRQ) + C(1 " INRI) + Cia + Oy
(3.46)
where Cy = ozlf(Xl; Yg) = a;C(c2,P1) and Cyy = Oél[(XQ; Yl) = a,C(c3, ).
Proof. The proof is relegated to Appendix B.S. [ |

Achievable Region

We characterize a closed form achievable region for the mixed CLIC by adapting the region
in Lemma 3.7 to the following private-public message power split: the transmission power
from source Sy is split according to (3.41) depending on INRy, whereas the total transmission
power from source S, is allotted entirely to the common message, i.e., Pys = P and
Pyo = 0, irrespective of the value of INR;. For notational convenience, we denote the
resulting achievable region by R(INRy, %) where * in place of INR; denotes the insensitivity

of the scheme to INR; values.

Intuitively, since strong interference from S, to Dy holds (i.e., a3; > 1), decoding the
message M, entirely at Dy does not incur any rate loss, and hence all of P, is allocated to
the common message. In contrast, we have weak interference from S; to Dy (i.e., al, < 1),

where message splitting as in the weak CLIC proves to be beneficial.
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Constant Gap Result

We now have the following constant gap result which shows that the achievable region

R(INRy, %) is within 1/2 bit of the capacity region.

Theorem 3.7 (The constant gap result for the mixed CLIC). For the mized CLIC with
BMF oy that satisfies a3, > 1 and a3, < 1, the achievable region R(INRy, ) is within
d = 1/2 bit/channel use of the capacity region.

Proof. Similar to the weak CLIC, we first partition the range of INRy into two sets INRy > 1
and INRy < 1. Then for each set, we simplify the achievable region R(INRg, ) and show it
to be within § = 1/2 bit of the outer bound in Theorem 3.6. The details are relegated to
Appendix B.9. |

Note that for the alternative mixed CLIC, where the destinations with strong and weak
interference are exchanged (i.e., a3; < 1 and a?, > 1), a similar constant gap result can be

obtained from Theorem 3.7 by exchanging the roles of the sources and destinations.

3.3.3 The Z-CLIC

Finally, consider the Z-CLIC and recall that its capacity was characterized for cases with
very strong interference condition (3.25) or strong interference condition a3, > 1. If neither
of these two conditions hold, neither successive interfering decoding nor joint decoding of
interference at destination Dy is optimal. As such, based on the HK region in Lemma 3.7,
we characterize an achievable region which is then shown to be within constant gap of the

outer bound.

Theorem 3.8 (The constant gap result for the weak Z-CLIC of type-1). For the weak Z-
CLIC of type-1 with BMF « that satisfies a3, < 1, the achievable region is within § = 1/2

bit/channel use of the capacity region.

Proof. The proof is similar to that of Theorem 3.7 and is relegated to Appendix B.10. W

3.4 Resource Allocation in the DCLIC

The mm-wave links will significantly impact the performance of the DCLIC due to the

point-to-point nature of mm-wave transmissions and relatively larger bandwidth, and thus
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it is important to quantify the impact of the mm-wave band on resource allocation in
the DCLIC. As such, we take the sum-rate to be the figure of performance of the DCLIC,
which captures the total throughput of the network, and study the optimal power allocation
scheme over the mm-wave direct- and cross-links that maximizes the sum-rate. For this
study, we solely focus on the strong DCLIC, as the capacity region for this case, given in

(3.13)-(3.16), is known without any condition on the mm-wave link channel parameters.

Recall that the normalized bandwidth («) of the second band is shared between the
direct-links (as) and the cross-links (o). We denote the fraction of a alloted to the
direct-links by 3 := as/a and the same for the cross-links by 3 := 1 — 8 = a;/a, where
B, € (0,1). Thus, 3 provides a trade-off between the bandwidths in the direct- and

cross-links.

We formulate the problem for a class of DCLICs that satisfies the following assumptions:

e [Al] the DCLIC has strong interference but not very strong interference, i.e.,

1<a?, <1+ P and1<ad <1+ Py
e [A2] the DCLIC satisfies the symmetry condition Py + a2, P, = P + a3, Py;
e [A3] 3> 0and > 0 are fixed a priori;

e [A4] the transmit power in the direct-links (pg) and cross-link (g) from source S

are constrained by the total power budget P, i.e., Bpr + Bqe = P,k = 1,2.

In [Al], we assume that the DCLIC has strong interference, as the power allocation
for the very strong interference is trivial as shown in Section 3.4.5. For ease of exposition,
we assume in [A2] that the underlying GIC receives equal power in both its receivers: this
symmetry condition helps to ease the exposition while preserving the defining structures
of the optimal power allocation scheme which is then extended to the asymmetric case in
Section 3.4.4. Note that the class of DCLICs that satisfies [A2] contains as a special case
the DCLIC where the underlying microwave GIC has symmetric cross-channel gains and

power constraints.

In [A3], 5 is assumed to be fixed a priori and known. This models practical constraints
in many wireless networks where dynamically allocating the bandwidth may not be feasible
or straightforward [123]. In [A4], we assume that the total power budget P in both sources
are the same. This causes no loss of generality as the relative difference between the power
budgets of the two sources, if any, can be absorbed into the gains of mm-wave the direct-

and cross-links without altering the treatment of the problem.

67



3.4.1 Problem Formulation and Solution

For a fixed power allocation (pi, g1, p2, ¢2) in the mm-wave channels, the achievable sum-
rate for the DCLIC is given by the minimum of rates ¥;, s and X»: >; and X5 are the
sum-rates achievable at destinations D; and Do, given by (3.15) and (3.16), respectively,
while ¥ is the interference-free sum-rate, given by the sum of individual rates in (3.13) and

(3.14). For convenience, the three sum-rate expressions are presented below

= A+ %ﬁ log (14 ¢3,¢2) + %ﬁ (log (14 dip1) +log (1 + d3p)), (3.47)
S = Aat Dlog (14 @) + %2 (log (1+ dip) +log (1 +Bp) (349
Y=A+ % (log (14 dip1) +log (1 + d3p2)) (3.49)
where
Ay:%bg@+Pk+ﬁJ@
Ay = Jlog (1+ P+ al,P)
A %log (1+P)(1+ Py (3.50)

are defined for notational convenience. Note that under assumptions [Al] and [A2], we
have A; = Ay < A.

For a power allocation vector (p1, q1, p2, ¢2), a necessary and sufficient condition for R to
be an achievable sum-rate of the DCLIC is R < min{X¥;, ¥, >}. Hence, the optimization

problem that maximizes R over the transmit powers (pi, ¢1, p2, ¢2) is as follows

[P1] maximize R (3.51)
subject to: R < ¥ (3.52)

R <%, (3.53)

R<Y (3.54)

Bp1+ B = P (3.55)

Bp2 + Bga = P (3.56)

(P1, @1, P2, q2, R) = 0. (3.57)
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Solution of Problem [P1]

The solution of problem [P1] has been relegated to Appendix B.11. Specifically, note that
[P1] is a convex optimization problem: its objective function R is linear, the equality
constraints (3.55) and (3.56) are affine, and the inequality constraints (3.52)-(3.54) are
convex and differentiable. Moreover, [P1] satisfies the Slater constraint qualification con-
dition [132, Chapter 5.2.3]. Hence, [P1] can be solved using the Karush-Kuhn-Tucker
(KKT) conditions [132, Chapter 5.5.3], as detailed in Appendix B.11.

Constraint Qualification for Problem [P]]

In Appendix B.12, it was shown that problem [P1] satisfies the Mangasarian-Fromovitz

constraint qualification.

3.4.2 Optimal Power Allocation and Link Gain Regimes

To gain insights into the optimal power allocation scheme (IC-OPA), we characterize the
solution of problem [P1] in closed form. As revealed shortly, link transmission powers are
allocated in different modes that depend on certain conditions on the channel parameters
and the power budget P. Such conditions lead to partitioning the set of all channel
parameters and P into a few mutually exclusive link-gain regimes (LGR): in each LGR, the
IC-OPA allocates the link transmission powers in different modes. Such a characterization

turns out to be beneficial in deriving practical insights.

The LGRs are obtained while solving the convex problem [P1] using KKT conditions:
we solve for the optimal primal variables (i.e., the optimal link transmit powers) and the
optimal dual variables (i.e., the optimal Lagrange multipliers or OLM). For convenience,
we first partition the set of OLMs associated with the inequality constraints (3.52), (3.53)
and (3.54) into a few subsets depending on whether the OLMs are positive or zero, i.e.,
whether the associated constraint is tight or not (detailed in Appendix B.11). As such,

each resulting subset of OLMs are mutually exclusive.

Then, for each such subset of OLMs, we characterize the optimal link transmit powers
in closed form. Since the conditions that define these subsets of OLMs are still expressed

in terms of the OLMs, we then express these conditions explicitly in terms of channel
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Table 3.1: Definition of LGRs and optimal link powers for problem [P1] in terms of channel
parameters a = (dy, ds, €12, Co1,7, P). Table 3.2 provides the threshold powers in terms of
(dy,da, c12,C21,7), and 7y is defined in (3.58).

Definition of LGR Optimal Power Allocation
_ P
Adgd:={a:0< P <Py} p1=E, q =0,
P
P2 = 7, q2 =0,
B
. = = P
Aced :=1{a:0 < P <min(Py,Py)} p1 =0, Q= E’
P2, —¢ 2, P
P2 = ( 21 P 12)7 QQ:%T7
By 5 B
- - _ P-3 F(P
Acded := {a : max(P1,P2) < P <P3} p1= ﬁ(h, Q= (2 )7
B €12
p2=P_Bq2 q2=iQ1
/8 b c%l )
5 5 P By-1) v—1
Scdyed := {a@ : max(P3,Py) < P pPL=— — ;@ ;
coca = {a s max(Py,P) < P} ;-
pQ_E_B(v—l) =1t
B 5031 ’ C%l ’

parameters (dy, da, ¢12, Co1), power budget P, and a parameter v, defined as
B ((1 +P)(1+ PQ))W
v 1 + Pl + (131P2 ’

which models the effect of microwave band channel parameters.

(3.58)

As a result, the set of (di,ds, c12, c21,7, P)-tuples is now partitioned into a few sub-
sets (i.e., LGRs), each corresponding to one and only one subset of OLMs. Moreover,
the defining condition of each LGR is further simplified by expressing these condition as
upper and lower bounds threshold powers on the power budget P that are functions of
(di,ds, c12,001,77). Hence, for a given set of (di,ds, c12,¢21,7y), this procedure results in
partitioning the range of power budget P > 0 into a few intervals, each corresponding to
an LGR and defined by the associated threshold powers.
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LGRs in the Case with ¢3;, > ¢i,:  Without loss of generality, we study here the optimal
power allocation for the case with ¢, > c2,. In Table 3.1, the LGRs and the corresponding
optimal powers are defined, where threshold powers Pq,Ps,P3 and P4 are expressed in
Table 3.2 below, with g[p(x)] denoting the non-negative square-root of polynomial p(x),

and
F(P) := m <E1 By~ /(B — Bs)? + 4B2E1E2> 1, with

— C2
b= (54 55).

— C2
E, = (P031 + B+ ﬁdigl) : (3.59)
Note that in this case, only 4 LGRs are needed to characterize the IC-OPA, Aq4, Accd,

Acd,cda and Scd,cd- 3

As discussed in detail shortly, the IC-OPA follows two distinct properties, the Waterfilling-
like property and the saturation property: the LGRs associated with the Waterfilling-like
property are denoted by A, while LGR Scq,cq is associated with the saturation property.
We relegate the details of the derivation to Appendix B.11.

Also note that while we study the IC-OPA for the case with ¢, > c¢i,, the IC-OPA
under 3, < ¢}, can be readily obtained from Table 3.1 by swapping the indexes 1 <> 2,

while the case with %, = %, is studied in Section 3.4.4.

Notation for the LGRs: The notation of the LGRs can be interpreted as follows. For
LGR Ay, with x,y € {d, c,cd}, entries x and y denote the transmission status in the direct-
and cross-links from source S; and S, respectively: for a given source, entry d,c and cd
denotes that power is allocated to the direct-link only, the cross-link only, and in both links,
respectively. For example, in LGR A¢ 4 the total power budget for source S; is allocated
to the S1-Dy cross-links only, the budget for source Sy is shared between both the cross-

and direct-link originating from S,.

Since the LGRs are defined from mutually exclusive sets of OLMs as discussed above,
they are inherently mutually exclusive. For example, given a set of channel parameters
a = (dy,ds,c12,C01,7, P), due to the mutual exclusiveness of the LGRs, the threshold
powers Py of Aqgq and P, of Accq have the following relation: if P, > 0, then P, < 0, and
conversely, if Py < 0, then P, > 0. In particular, if P; > 0, there exists P > 0 such that

0<P<L |51, i.e., transmitting as in Aqg 4 is optimal for this range of P. In addition, since
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Table 3.2: Definition of the threshold powers for LGRs defined in Table 3.1 with v defined
in (3.58).

P, = 0 _ d% + d% — 1}
VO, 2d2/B) T B (1 + xd2/B)

_ [ _d? 1

Py:=o0 |(1+ Eyx/B) (= + —1}
( 2 )<C%2 z(c3) — 1)/ B+ C%I/C@)

= [ By By ]

P3 =0 — — 4 — — — 1
| xc2, + B+ B3, /d3 — By wc3, + B+ Bely/dr — By

_ By —1

B, — ﬁ(72 )
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P, >0 = P, < 0, one condition of Aced, 0 <P < P,, is not satisfied by any P > 0, and
hence transmitting as in A¢ 4 is not optimal for any P > 0. In this case, the direct-links
can be interpreted as being stronger than cross-links. Similarly, the complementary case,
where P, > 0 = P; < 0, can be interpreted as the cross-links being stronger than the

direct-links.

3.4.3 Properties of the Optimal Power Allocation

It is well known that optimal power allocation in parallel Gaussian AWGN channels,
where a source communicates to a single destination via parallel point-to-point links (sub-
channels), follows the Waterfilling (WF') property: if the power budget is sufficiently small,
it is allocated entirely to the “strongest” sub-channel, and, as the power budget is increased,
power is allocated to the other sub-channels, in addition to the strongest one [97, Chap-
ter 3.4.3]. In the ensuing discussion, it becomes clear that the IC-OPA has two distinct
properties: a WF-like property, due to which it assigns power to the cross- and direct-links
following a WF-like allocation, and a saturation property, due to which there exists a peak

power constraint on the cross-links, while no such limit exists for the direct-links.

These two properties are effectively captured by a certain saturation threshold Pgy on
the total power budget P such that the IC-OPA allocates power in the links as follows:

e For P < Pg,: if P is sufficiently small, for each source, the IC-OPA allocates the
power budget either entirely in the strongest of the direct- and cross-links (e.g., only

in both direct-links as in A4 4), or in the strongest link of one source and both links
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of the other source (as in Acqq); as P increases further within P < Peat, power is

eventually allocated to all four links in a WF fashion as in Ay .

e For P > P, the transmit powers allocated to both cross-links are saturated in the
sense that as P increases further, the power in the cross-links remain unchanged, and

all such increments in P are allocated only to the direct-links.

The Waterfilling-like Property

As already mentioned, condition P, >0in Aqg 4 implies that the direct-links are “stronger”
than the cross-links in that, for sufficiently small P, allocating P only to the direct-links
results in a larger sum-rate than that achieved from allocating power to any other subset
of links. Thus, when P < Py, following its WF-like property, IC-OPA allocates P entirely
to the direct-links, i.e., p1 = py = %, and ¢; = ¢2 = 0. In Aqq, the direct-link powers thus

increase linearly with P, while the cross-link powers are zero.

On the other hand, condition Py > 0 in Ac cq implies that the cross-links are “stronger”
than the direct-links in that, for sufficiently small P, the sum-rate achieved by allocating
P to three links as in A4 is larger than that achieved in Aqq4. This power allocation
remains optimal for P < P,, and the powers in two cross-links and the direct-link from S,
increase linearly with P. Moreover, condition P < P, ensures that power in the cross-links

are not saturated.

Note that when the direct-links are stronger as in A 4, allocating P entirely to the both
direct-links results in the optimal sum-rate R = Y5 = ;. In contrast, when cross-links
are stronger, due to the assumption c3; > ¢2,, transmitting only in two cross-links results
in a sub-optimal sum-rate R = ¥y < ;. In this case, the sum-rate is limited to R = 3,
and allocating full power to the So-D; cross-link is not necessary as the larger rate > is
not realized. Hence, the IC-OPA allocates power to both cross-links as well as a direct-link
by sharing P between the cross- and direct-links from source S, to produce the optimal

sum-rate R = Yy = >4.

As P is increased, the marginal benefits of transmitting in a particular subset of links
(e.g., only direct-links in Ag 4, or cross- and direct-links as in Acq) begins to diminish.
Hence, for max (P, Py) < P < P, the IC-OPA allocates power to all links in a WF fashion

as in A - This also achieves the maximum sum-rate R = ¥y = 3.
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The Saturation Property

While the IC-OPA follows the WF property for P < Pg:, once P > Pg, it follows the
saturation property: both cross-link powers are simultaneously constrained at ¢; = 1?_21
and g, = %11, and as P increases further, the cross-link powers remain unchanged and all
additional increments in P are allocated only to the direct-links, as in LGR Sy cq. The
cross-links are thus said to be saturated in that allocating more cross-link powers does
not improve the sum-rate. Such limits on the cross-link powers is unlike the WF-only

allocation in [97].

The cross-links become saturated due to the objective of maximizing min(X;, 3o, X).
The analysis of the KK'T conditions reveals that for small enough P, it is optimal to allocate
powers that achieve only >y = s < 3, while having a gap between >; = Y5 and ¥, as has
been achieved in LGRs Aqq, Accd, and Acqcq. Note that the link powers in LGRs A )
increase piece-wise linearly as P increases: the increases in p; and py results in an equal
increase of 1, Y5 and X, whereas an increase in ¢; only increases Y, while an increase in ¢,
only increases >;. Therefore, as P increases, the gap between ¥; = ¥5 and X reduces, and
at P = Pg;, the IC-OPA achieves ¥; = ¥, = ¥, with the corresponding cross-link powers
reaching their saturation levels. However, as P increases beyond Ps,., if any more power
is allocated to either ¢ or g9, a suboptimal sum-rate R = ¥ < min{¥;, ¥,} will result.
Therefore, it is optimal to maintain ¢; and ¢, at their saturation levels, and to divert all

additional increments of P to the direct-links that lead to sum-rate R = > = 3; = 3.

3.4.4 Evolution of Link Gain Regimes with the Power Budget

In the preceding section, we observed that for a given power budget P and a set of channel
parameters, one of the four LGRs is active in the sense that the IC-OPA allocates the link
powers according to the active LGR. As the budget P increases, the active LGR changes
from one to another, thereby producing a sequence of active LGRs, denoted by LGR path.

As already mentioned, given a set of parameters a = (dy, da, ¢12, ¢21, 7y, P), we have:

e if P; > 0, then direct-links are said to be stronger than the cross-links in the sense
that for the range 0 < P < Py, transmitting as in LGR Ag4 is sum-rate optimal,

whereas there exists no P > 0 for which transmitting as in A 4 is optimal;
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Figure 3.9: A pictorial representation of the four LGRs in the context of the Waterfilling
and saturation properties. Here, allocation of power to a link is depicted via the presence
of “water-level” in the link, while an absence of water-level denotes that power is not

allocated to a link. Saturation levels of the cross-links are also depicted.

e conversely, if P, > 0, cross-links are stronger than the direct-links in the sense that
for the range 0 < P < min(P,, P,), transmitting as in LGR Ac 4 is sum-rate optimal,

whereas there exists no P > 0 for which transmitting as in Agg4 is optimal;

e moreover, if 0 < Py < P4 < Py, the cross-links are said to be much stronger in the
sense that the IC-OPA continues transmitting as in A4 until saturation, beyond

which it transmits as in Seqcq skipping Acd cd-

LGR-paths for the IC-OPA

We now characterize all LGR paths for the IC-OPA: according to whether the cross-links
are weaker, stronger, or much stronger than the direct-links, the IC-OPA follows paths
[S1], [S2], and [S3], respectively. The conditions of the paths, and the intervals in which
each LGR in the path is active, are given in Table 3.3, and an example is depicted in
Figure 3.9. Note that the saturation threshold P on P beyond which the cross-links
saturate, depends on the specific LGR path followed as specified below.
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Table 3.3: LGR paths for the IC-OPA. Table 3.2 provides the threshold powers in terms of
link gains and 7. Each path originates from one of two initial LGRs Agg4 and A4, and they
terminate at the final LGR Scq,cq-

LGR Path Condition Interval of P in each LGR respectively
[Sl] .Ad7d — Acd,cd — Scd,cd |51 > 0 [0, |51), [lsl, |53), [|53, OO)
[SQ]: Ac,cd — Acd,cd — Scd,cd |52 >0 [0, min(pg, |54)), [min(pg, |54), max(?’g, |54)),

[max(P3,Py4), o)

[83]: Ac,cd — Scd,cd 0< |53 < |54 < |52 [0, |54), [|54, OO)

e If P, > 0, the IC-OPA follows path [S1]. Since the direct-links are now stronger, the
IC-OPA allocates P entirely to the direct-links as in A4 4 for P < P,. However, as P
increases, the additional benefit from transmitting only in the direct-links decreases.
Hence, when P > Py, the IC-OPA begins transmitting in both cross- and direct-links
as in Acg g following its WFE-like property, which remains optimal for all P; < P < Pj.
Finally, when P > P, the saturation property comes into effect due to which the
cross-links become saturated, and thus the IC-OPA follows the allocation in Seq cd.
Note that, in this case, the saturation threshold for P is Pg: = Ps.

e On the other hand, the IC-OPA follows path [S2] if P, > 0 but 0 < P3 < P, < P,
is not satisfied, i.e., the cross-links are stronger but not much stronger than the
direct-links. Hence, for all P < min{P3, P4}, the IC-OPA now transmits in both
the cross-links and the Sy-Do direct-link as in Ac 4 following its WF-like property.
Similar to path [S1], as P increases, the benefit of transmitting only in this subset
of links diminishes, and thus P > min{P,, P4}, the IC-OPA transmits in all links as
in Acgcq- Finally, when P > max{pg, |54}, the cross-links become saturated, and the

IC-OPA follows the allocation in Seqq thereon. in this case, the saturation threshold
for P is Psye = max(Ps, Py).

Note that, whenever P, > 0, the IC-OPA follows path [S2] irrespective of how Py, Ps,
and P, compare, except in two cases: (a) 0 < Py < P4 < Py, in which case the IC-
OPA follows path [S3], described next, and (b) 0 < P4 < P3 < Py, which is infeasible

as they violate the mutual exclusiveness of A¢ g and Scqcd-
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e Finally, when 0 < P53 < P4 < Py, the IC-OPA follows path [S3]. In this case, the cross-
links are much stronger than the direct-links, and thus similar to [S2], for 0 < P < Py
the IC-OPA allocates power to both cross-links and a direct-link as in A 4. However,
as P increases, due to having much stronger cross-links, as much power is allocated
to the cross-links as possible until they become saturated at P > P, and then the
IC-OPA begins assigning power to all channels as in Seq 4. Hence, compared to [S2],

Acdca is skipped. Note that in this case, the saturation threshold is P... = P,.

Numerical Examples

We illustrate the characteristics of the IC-OPA with numerical examples of paths [S1] and
[S2] for the following parameters, a2, = a3, = 1.5, P = P, = 5,a = 2, 3 = 0.5. Note that
in each plot, an analytical expression (of power or sum-rate), which is given by marker-line,
is observed to match its counterpart computed numerically using the CVX program [133],

given by solid line.

First, we illustrate an example of [S1] by choosing d? = 2,d5 = 3,¢2, = 1,¢3, = 1.5,
such that the direct-links are stronger than the cross-links in the sense that P; = 0.619 and
P, = —0.75 ¢ R,. In Figure 3.10a, we plot the optimal powers against the power budget
P, and by labeling the power allocations according to LGRs, we verify that the IC-OPA
indeed follows path [S1]: (i) when 0 < P < P; = 0.619, the IC-OPA allocates P entirely to
the direct-links as in Ag 4, and thus p; and p, increase with P, and ¢; = g2 = 0; (ii) when
P, < P < Py = 2.73, power is allocated to all links as in Acdcd, and thus ¢; and ¢ also
increase with P; (iii) finally, when P > P3, the IC-OPA follows Scd,cd Where the cross-links

become saturated simultaneously, and all increments of P are added to p; and ps.

We depict the resulting constraints X1, 29, and X in Figure 3.10b. First, note that the
IC-OPA preserves R = ¥; = X, for all P. However, there exists a gap between »; = >
and ¥ in Ay g and Ay cq. Specifically, in Ay 4, the gap remains constant (A— A;); in A cd,
it reduces gradually as the IC-OPA transmits in the cross-links, and, in Scq 4, it becomes

zero as the IC-OPA achieves R = ¥, = ¥y = X, as expected.

Next, we illustrate an example of [S2] with the channel gains d? = 0.5,d% = 1,¢}, =
1.5,¢2, = 3, such that the cross-links are stronger than the direct-links in the sense that
P, = 0.22 and P; = —0.21 ¢ R,. In Figure 3.11a, we verify that the IC-OPA indeed
follows path [S2] by plotting the powers against P and labeling them with LGRs: (i) when
P < Py =0.22, the IC-OPA follows the allocation in Ac cd, and thus ps, ¢; and go increase
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Figure 3.10: Example of path [S1] Agq — Acd.cd = Scd,cd: (a) The optimum power allocation.

(b) The resulting sum-rate constraints.
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(b) The resulting sum-rate constraints.
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with P, whereas p; = 0; (ii) when Py < P < P3 = 0.97, the IC-OPA allocates power to
all links as in A g, and thus p; now increases with P as well; (iii) finally, when P > Pj,
the IC-OPA follows Scq 4, and thus the cross-links become saturated simultaneously, as

expected in [S2].

In Figure 3.11b, we plot the sum-rate constraints, and note that the IC-OPA achieves
R = 31 = Y5 in all the sets. In addition, the gap between ¥; = 3 and X is gradually
offset as the IC-OPA transmits in the cross-links in S¢ and Acq 4, and it finally becomes

zero in Seq o4, as expected.

The example of [S3] (i.e., S — Scdca) is similar to [S2] with A4 skipped, as hence

omitted.

The Optimal Power Allocation for the Asymmetric DCLIC

The optimal power allocation scheme for the asymmetric case, where condition A; = A,

in (3.50) does not necessarily hold, is presented in Appendix B.13.

The Optimal Power Allocation for the Completely Symmetric DCLIC

For more intuition, we now adapt the optimal power allocation scheme to the completely

symmetric DCLIC, where the underlying microwave GIC is symmetric, i.e.,
a’ =al,=a3, and P =P, (3.60)

and the mm-wave cross- and direct-links are also symmetric, i.e.,

P i=c},=c3, and d*:=dj=ds. (3.61)
Note that the resulting v now simples to
/aB
. (1+P)*
= — > 1. 3.62
7 (1+P1+a2P1 (3.62)

Due to symmetry, considering only symmetric power allocation of the form (p, ¢, p, q)
is sufficient, and does not cause loss of generality. Moreover, for any feasible (symmetric)
power allocation, we have ¥; = 3, rendering the constraint R < ¥, in (3.53) redundant.
Hence, the sum-rate optimization problem now is given by problem [P1] after deleting
constraints (3.53) and (3.56). The resulting problem is solved in the same manner as [P1],

and hence the details are omitted.
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Table 3.4: Definition of LGRs and optimal link powers for the completely symmetric DCLIC in

terms of channel parameters a = (d, ¢,7, P), with the threshold powers defined in (3.63) and ¥
in (3.62).

Definition of LGR Optimal Power Allocation

. - P

Agg:={a: P <P} p:E, qg=0,

. o P

Acc :={a: P <min(P2,P4)} p=0, p= E

P 5 5 5 _ 2 BB _ 1 B 28
Acd cd i ={a:max(Pq,P2) <P <P3} p—1+ <P+c2_2d2>’ q—1+/8<P 22
< . P B(A-1 5 —1

Scded := {a : max(P3, Py) < P} P=5- B(;CQ ), 1= 3

In Table 3.4, the 4 LGRs needed to characterize the optimal power allocation for this
case are defined along with the optimal transmission powers in terms of parameters a =

(d,c,?, P), where the threshold powers are given by

Py _ﬁ(cz d2)’

- .1 2

=@ E)

s _(+87 8 8

B c? a2 c?’

B, — —WC; D} (3.63)

The 4 LGRs in Table 3.4, fld,d, flc,c, Acd,cda and Scd@d, can be regarded as counterparts of
the four LGRs Ag 4, Ac.cd, Acd.cd and Scgcq defined in Table 3.1.

As expected, the optimal power allocation scheme (IC-OPA) in this case also follows the
Waterfilling-like (WF-like) and the saturation properties as in Section 3.4.3. Moreover, the
IC-OPA follows one of the three LGR paths, presented in Table 3.5, but due to symmetry,
the channel conditions for the LGR paths can now be more clearly interpreted as detailed

below:

o If ¢* < 2d? (i.e., the cross-links are weaker than the direct-links): the IC-OPA follows
path [S1]. In this case, the IC-OPA first follows the WF property: for P < P,, it
transmits only in the direct-links as in Ad,d; and then for P; < P < |53, it transmits in

all four links as in Ay 4. Thus, in Aqg 4 and Acq g, the link powers increase piece-wise
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Table 3.5: LGR paths for the completely symmetric DCLIC with the threshold powers defined
in (3.63). Each path originates from one of two initial LGRs fld7d and chd, and they terminate
at the final LGR Scd,cd.

LGR Path Condition Interval of P in each LGR respectively

S1): Agg — Acded = Seded €2 < 2d2 [0, P1), [P1,P3), [P3,00)
S2]: Acc = Acded = Seded 2d% < 2 < 245 [0,P3), [Pz, min(P3,Py,)), [min(Ps3, Py), c0)

S3]: Acc — Sed.ed > 2d% [0,P4), ,[P4,00)

linearly with P. Finally, for P > P, saturation sets in, and the cross-link powers are

saturated while all increments of P are allotted only to the direct-links as in S~Cd,cd.

o If 2d* < ¢? < 2d*4 (i.e., the cross-links are stronger than the direct-links): the IC-
OPA now follows path [S2]. Similar to path [S1] above, due to the WF property, the
IC-OPA transmits only in the cross-links as in ,Zlgc when P < |52, and then transmits
in all four links as in flcd,cd for Py < P < min{lsg, |54}. When P > min{lsg, |54},

finally saturation occurs as in Scq cq-

o If ¢ > 2d*y (i.e., the cross-links are much stronger than the direct-links): in this
case, the IC-OPA follows path [S3]. Similar to [S2] above, for P < P4, the IC-OPA
transmit in the cross-links as in AC’C. Since the cross-links are much stronger, it
continues to transmit only in the cross-links until they become saturated at P = Py,

and beyond that it follows Scd,cd. Hence, compared to [S2], LGR jlcd,cd is skipped.

In Figure 3.12, we consider a completely symmetric DCLIC with parameters a? =

1.5, P =5,a = 2,6 = 0.5, and illustrate an example of how the set of cross- and direct-
link gains (i.e., the set of (c?,d?)) can be partitioned depending on whether the set of

cross-links or direct-links are stronger.

The Optimal Power Allocation in the Large Millimeter-Wave Bandwidth Regime

It is interesting to study how the optimal power allocation behaves as the mm-wave band-
width becomes large. For this study, we consider the completely symmetric DCLIC for

which the optimal allocation is given in Table 3.4.
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Figure 3.12: Example of the partition of the set of (c?,d?) of a completely symmetric DCLIC

based on whether the cross-links are much stronger, stronger, or weaker than the direct-links.

Recall that the direct- and cross-links in the DCLIC are modeled as point-to-point
AWGN channels with a bandwidth-mismatch factor (BMF) of a. For example, consider
the S;-D; direct-link with transmit power p, link gain dy, and noise variance N, for which
the achievable rate is given by a—f log (1 + %) as in (3.47). In the previous settings, since
the mm-wave bandwidth (BW) was considered to be a fixed constant, the BMF « and the

noise variance N were also taken to be constant, e.g., N was taken to be N =1 in (3.6).

When the mm-wave BW increases, the noise variance N as well as the BMF « increases
proportionally, which can be modeled by defining N := Nyw and «a := aqw for some
Ny, ag,w > 0. Then, the large BW regime is modeled by having w — oo. For the S;-D;
direct-link described above, the achievable rate is now given by

agwf3 dgp agwf3 2 D
| 1+— | = ——1 1+ d— 3.64

2
with the identification o = apw and d? = i—o, which capture the effect of varying BW.

For the other direct-link and two cross-links, after similarly capturing the effect of varying
BW, the resulting link gains and BMF are given by
d? 2
] 2 _ 0

a=oow, d* , = (3.65)

w w

We now examine the effect of large BW, i.e., w — oo, on the optimal power allocation of

Table 3.4. First, parameter 7, defined in (3.62), simplifies as follows

o (1+ P1)2 1/apBw
TT\TE P, +a?2P,
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— Fl/w

— e% log, I"
1
~1+ —log, I, forlarge w, (3.66)
w
_ (axny Yoo - v |
where I' = ( 55 rorp > 1. As a result, accounting for the link gains in (3.65), for

large w, threshold power P, simplifies to

. B .
P4=§(7—1)
Bw 1 B
~ —(1+ —1 -1 =5%51 T . .
0(2)( + —log, ) 2 lose >0 (3.67)

Similarly, the other threshold powers simplify to

~ 2 1 - B/1 2
Pi—wi(Z-7) Pl (-3)
& dZ 2 \d2 &

~ 2 1 1
Py~ wp (—2 ) +%Blogef.

&0 - d_(Q) 0
As presented in Table 3.4, the optimal power allocation in the symmetric case is described
by 4 LGRs, Ad@,./zlgc,jlcd,cd, and Scd,cd. Simple algebraic manipulations reveal that as
w — 00, LGR flcd,cd approaches the empty set. This leaves only 3 LGRs, and thus the

optimal power allocation for large BW, where w — oo, simplifies as follows:

e if 2d2 > ¢, the power budget P is entirely allocated to the direct-links for all P > 0.

o if 242 < ¢, when P < P, ~ C% log, I, the budget P is entirely allocated to the cross-
0 _

links; instead, when P > P, = C% log, I', the cross-links are saturated with power
0

q~ c% log, I', and all additional increments of P are allotted to the direct-links only.
0

In the large BW regime, allocating power in both direct and cross-links in Waterfilling-like
fashion as in LGR .Zlcd’cd is suboptimal. In this regime, when transmitting in either the set
of direct-links or the set of cross-links, due to w — oo, the marginal return from allocating
additional power to the same set of links remains constant, as opposed to reducing as in
the regime with finite w. Thus, as P increases, it is beneficial to continue transmitting in
the same set of links, and it is suboptimal to allocate a fraction P to the other type of
link as in Acd@d. For example, when 2d2 > ¢2, i.e., when budget P is allocated entirely
to the direct-links, and thus p = P, the achievable rate in the S;-D; direct-link in (3.64)
simplifies to the following, as w — oo

Ozowﬁlog (1+d%]\f;) . Ozo;UBd(Q)P?\)[geQ _ %
WIiNg wNy 0

P.
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Therefore, the marginal return from allocating additional increments of P to the direct-
links is constant, and thus for all P > 0, it is optimal to transmit in the direct-links only
as in ftd,d. Alternatively, when 2d2 < c2, the achievable rates for the cross-links behave
similarly as w — oo, and thus transmitting only in the cross-links is optimal for P smaller
than the saturation threshold. However, for P larger than the threshold, the cross-links

become saturated, and all additional increments of P are alloted to the direct-links, as in

Scd,cd-

3.4.5 Special Cases and Further Insights

In the following, we present a discussion on some useful insights obtained from the optimal
power allocation. Unless otherwise specified, we refer to the power allocation scheme for
the original problem [P1], which is described by 4 LGRs in Table 3.1.

The case with very strong interference in the GIC: Recall that the DCLIC consists
of an underlying GIC in the microwave band, and the mm-wave cross- and direct-links.
In the optimal power allocation for the DCLIC with strong underlying GIC presented in
Table 3.1, we observed that, if the mm-wave direct-links are stronger than the mm-wave
cross-links, then for sufficiently small power budget P, it is optimal to allocate P entirely
to the direct-links only (the Waterfilling-like property). However, as P increases such
allocation becomes sub-optimal, and sharing the power budget should among all other

links are optimal.

In contrast, if the underlying GIC has very strong interference, i.e., a?, > 1+ P, and
a3, > 1+ P,, it is optimal to allocate P entirely to the direct-links for all values of P,
irrespective of whether the direct-links are stronger or weaker than the cross-links. Under
very strong interference, any feasible power allocation results in ¥ < min{¥;, ¥}, and
therefore, the sum-rate is maximized by maximizing 3, which is achieved by allocating all

of P to the direct-links.

The case with small/large transmit powers in the GIC: If the transmit powers in
the underlying GIC with the strong CLIC are small, i.e., P, =~ 0, P, =~ 0, then allocating
P entirely to the direct-links as in Aq4g4 is approximately optimal for all values of P, in
the sense that the difference between the sum-rates achieved with the allocation in A4 4

and that achieved with the optimal scheme is small. This behavior can be attributed to
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the fact that the GIC with strong interference (i.e., a?, > 1,a3; > 1) and small transmit
powers (i.e., P, ~ 0, P, ~ 0) mimics the very strong interference regime (i.e., a%, > 1+ Py,
a3, > 1+ P,), where allocating P entirely to the direct-links as in Agq4 is optimal for all
P.

On the other hand, if the transmit powers in the GIC are large, i.e., P;, P, > 1, then
it is optimal to allocate power in all links as in A4 4 for all but a relatively short range
of P with small values. From Table 3.1, recall that the IC-OPA transmits in a subset of
all links such as only direct-links in Ag4 or two cross- and a direct-link in Ac 4 when P
is sufficiently small, and beyond that it transmits in all links as in Acqq. Recall that in
Acdcd, the sum-rate is R = ¥; = ¥y < X, and as P increases the gap between ¥; and
¥ decreases and gradually reduces to zero at P = P, as saturation sets in. However, if
Py, P, > 1, this gap is large, and a large P is needed to reach saturation. Therefore, for

all moderate values of P, allocation in A4 4 remain optimal.

The case with small/large mm-wave cross-link gains: If the mm-wave cross-link
gains are large, allocating P entirely to the direct-links as in Aq 4 is approximately optimal
for all P, in the sense described in the point immediately above. With large ¢, and c3,,
the powers needed to saturate the cross-links, namely ¢; = % and ¢qo = %, is very
small. Thus, the resulting optimal allocation scheme allots a very small fraction of P to
the cross-links to saturate them, and redirects the remaining of P (almost all of P) to the

direct-links, and this allocation closely resembles that in Ag 4.

The case with limiting values of §: Note that § € (0,1). When  ~ 1, the DCLIC
can be approximated by the DLIC, and thus allocating P entirely to only the direct-links
is approximately optimal. In this case, as P increases, the sum-rate continues to increase

with P since the direct-link rate continue to increase.

On the other hand, when g ~ 0, the DCLIC can be approximated by the CLIC where
allocating P entirely to the cross-links is approximately optimal. However, in this case, as
P increases, and reaches the saturation threshold, the sum-rate saturates to >. With in
the cross-links already saturated, and no direct-links (i.e., 8 ~ 0) additional increments of

P does not result in the increase of the sum-rate anymore.
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3.5 Summary

In this chapter, we studied the performance of a two-user interference channel over the
integrated mm-wave/microwave dual-band, where the mm-wave links from a source to its
designated and the non-designated destinations are modeled as AWGN direct-link and
cross-link respectively. We first showed that the capacity region of a DCLIC can be de-
composed into the capacity region of the underlying CLIC and that of the direct-links, and
hence the direct-links can be operated independently of the CLIC without compromising
optimal rates. Next, we characterized the capacity region of the CLIC with strong un-
derlying GIC, and then obtained sufficient channel conditions under which the capacity
region of the CLIC with weak and mixed underlying GIC is characterized. Then, for the
weak and mixed CLICs, an approximate capacity result was obtained that characterized

the capacity region to within 1/2 bits per channel use per user.

We then characterized the optimal power allocation over the mm-wave direct-links and
cross-links that maximizes the sum-rate of the DCLIC. The optimal power allocation
scheme, which was characterized in closed form, allocates power to the links in differ-
ent modes based on whether certain conditions on the link gains and budget P hold (i.e.,
based on which link gain regime is active). In particular, the optimal allocation has a
Waterfilling-like property due to which, when the power budget P is small, it assigns the
budget entirely to either both direct-links, or both cross-links and at most one direct-link.
As the budget P is increased, the optimal allocation eventually assigns power to all links.
As the power budget is increased further, due to the saturation property, a maximum limit
is imposed on the power of the cross-links, while the power allocated to the direct-links
increase linearly with the budget P. Moreover, in the large mm-wave bandwidth regime,
if the direct-links are stronger than the cross-links, budget P should be allocated entirely
to the direct-links for all P > 0. In contrast, if the cross-links are stronger, P should be
allocated entirely to the cross-links until they saturate, and then all subsequent increments
of P should be allotted to the direct-links only.
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Chapter 4

The Dual-Band Multiple Access
Relay Channel

In this chapter!, we study the performance of a two-source single-relay dual-band multiple-
access relay channel (MARC), denoted the dual-band MARC. As discussed in Section 2.2.3,
relay cooperation plays a key role in improving the performance of microwave networks
[18,77], and will likely play a vital role in the dual-band networks as well, especially to

offset mm-wave link impairments such as blockage and limited range [37, 40,64, 76].

In the immediate future, the dual-band MARC can model uplink scenarios such as the
fized wireless access [77] which is expected to replace last-mile wired connections to end
users with high speed wireless connection in 5G. Since dual-band communication typically
requires a more complex hardware than microwave-only communication, in the immediate
future, while base stations and fixed access-points are likely to be equipped with hardware
capable of communicating over a dual-band, a substantial fraction of end user devices (e.g.,
mobile handsets) may be capable of conventional microwave-only communication. In this
setting, the base station can provide high data-rate connectivity to fixed access-points due
to the additional spectrum in the mm-wave band, while the fixed access points, likely to
be located outside a building, can then provide high data-rate access to end users, e.g.,
users inside the building. In this setting, the dual-band MARC can model relay-assisted

uplink from two such fixed access-points located in nearby buildings.

In the near to medium future, when mobile handsets are also equipped with dual-band

communication capable hardware, the dual-band MARC can model relay-aided cellular

!The results of this chapter (except for Section 4.3) have been published in [134].
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uplink from mobile users to the base station [67,71,90].

In the dual-band MARC studied in this chapter, two sources (S; and Sy) communicate to
a destination (D) with the help of a relay (R) over an integrated mm-wave /microwave dual-
band. In the underlying microwave band, transmissions from both sources are superimposed
at the relay and at the destination as in a conventional MARC, denoted c-MARC, which

operates over the microwave band only [77].

In contrast, transmissions in the mm-wave band are produced by using highly direc-
tional co-phased antenna arrays [30], and thus the resulting mm-wave links are modeled as
AWGN links as in the dual-band IC in Chapter 2. Moreover, as discussed in Section 1.3, if
hybrid antenna array systems are used for mm-wave communication, the set of available an-
tenna elements can be reconfigured into multiple smaller and independent antenna arrays,
each of which can then be digitally controlled to produce a separate beam to communicate
to a specific receiver [72-74]. Hence, using hybrid antenna arrays, a mm-wave transmitter

is able to communicate independent information to multiple receivers in parallel.

In the dual-band MARC, a mm-wave transmitter is assumed to deploy a hybrid antenna
array, and thus it is able to create two parallel non-interfering links to communicate with
both the relay and the destination simultaneously [72,74,135]. Similarly, a mm-wave
receiver is modeled as being able to simultaneously receive transmissions from multiple mm-

wave transmitters via separate mm-wave links with negligible inter-link interference [136].

It is therefore natural to ask whether a source in the mm-wave band should transmit to
the relay, the destination, or both simultaneously. Depending on whether each of the two
sources transmits to only the relay, only the destination, both, or none, 16 different models
of the dual-band MARC are possible. The general model that includes all microwave and
mm-wave links is referred to as the destination-and-relay-linked MARC (DR-MARC).

In the DR-MARC, sources S; and S, simultaneously communicate to the destination
D via the mm-wave S;-D and So-D direct-links, as well as the relay R via the mm-wave
S1-R and Su-R relay-links. All other models with varying mm-wave link connectivity can
be obtained from the DR-MARC by setting the relevant transmit powers and link gains to
zero, and hence they are not defined explicitly. However, one specific model, where only
the mm-wave S1-R and S,-R relay-links are active in the mm-wave band, is an important
variant, and hence is referred to as the relay-linked MARC (R-MARC). Clearly, the R-
MARC can be obtained from the DR-MARC by setting the transmit powers in both S;-D

and So-D mm-wave direct-links to zero.
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Note that in addition to the 4 mm-wave links, the dual-band MARC also consists of
an underlying conventional MARC (c-MARC) in the microwave band [77]. When such
an individual c-MARC is subject to phase and Rayleigh fading, the capacity of the near
c-MARC is characterized in closed form [77, Theorem 9], as detailed in Section 2.2.3. As
such, for consistency, we assume that the underlying microwave c-MARC of the dual-band
MARC is subject to a general ergodic fading where the phase of the fading coefficients
are i.i.d. uniform in [0,27), similar to phase and Rayleigh fading. This general fading
contains phase and Rayleigh fading as special cases, and thus can model a wide range of
channel impairments. For instance, phase fading models the effect of oscillator phase noise
in high-speed time-invariant communications [121], the effect of phase-change due to slight
transmitter-receiver misalignment in links with a strong LoS component [124], etc., while

Rayleigh fading models the effect of rich scattering [120].

First, we consider the DR-MARC where all 4 mm-wave links are present, i.e., the
sources simultaneously transmit in both the mm-wave relay-links and direct-links. We
show that its capacity can be decomposed into the capacity of the underlying R-MARC

and the two mm-wave direct-links. Hence, thereon we focus on the R-MARC.

Note that the R-MARC consists of an underlying c-MARC and two mm-wave relay-
links. As detailed in Section 2.2.3, the capacity of near c-MARCs was characterized in
closed form in [77, Theorem 9], where the relay is near the sources in the sense that the
source-to-relay achievable rates are larger than the source-to-destination achievable rates.
Similar to the near c-MARCs, we focus on the class of jointly-near R-MARCs that satisfy
certain sufficient channel conditions over both bands (precisely defined in Section 4.2.4),
under which the capacity of R-MARCs are characterized in closed form. The jointly-near
conditions are more general than the near conditions in [77, Theorem 9] in the sense that
when the R-MARC satisfies the jointly-near conditions, the underlying c-MARC need not

necessarily satisfy its near conditions.

Moreover, the DR-MARC is a basic building block for future dual-band multiuser
networks that captures the effect of relay-cooperation. Since, its performance will be
significantly affected by the mm-wave links due to their point-to-point nature and relatively
larger bandwidths [23,60,128], it is useful to understand how allocating the mm-wave band
resources optimizes the performance, similar to that for the dual-band IC in Section 3.4 and
other multiuser networks [13,37,128]. Therefore, to quantify the impact of the mm-wave
spectrum on the performance of the DR-MARC, we study the power allocation strategy

for the mm-wave direct-links and relay-links (subject to a power budget) that maximizes
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the achievable sum-rate of the DR-MARC.

The contributions of this chapter are summarized as follows:

Capacity Results (presented in Section 4.2 and Section 4.3)

e We show that the capacity region of the DR-MARC can be decomposed into the
capacity region of the underlying R-MARC and the two mm-wave direct-links. This
shows that operating the R-MARC independently of the direct-links is optimal, which
simplifies the encoding/decoding operation. Hence, the direct-links are able to im-
prove the rates of individual users, while the relay-links play a non-trivial role in
characterizing the capacity of the R-MARC.

e We then characterize an achievable region for the R-MARC based on a block-Markov

encoding scheme, which performs joint encoding over both bands.

e For the R-MARC, we obtain a set of sufficient channel conditions, denoted the jointly-
near conditions, under which the capacity of the R-MARC is characterized by the
aforementioned achievable scheme. These jointly-near conditions show that even
when the microwave source-relay channels are not strong enough, if the mm-wave
source-relay links are sufficiently strong, then a closed form capacity result is char-

acterized.

e We also extend these results to the K-user version of the DR-MARC and the R-
MARC, where K > 2.

Resource Allocation in the DR-MARC (presented in Section 4.4)

We characterize the optimal power allocation scheme over the mm-wave direct-links
and relay-links of the DR-MARC that maximizes the sum-rate achievable on the chan-
nel with the aforementioned achievable scheme, where the two mm-wave links from each
source are subject to a total power budget P. For notational convenience, this optimal
power allocation scheme for the DR-MARC is denoted the MARC-OPA. For intuition, we
partition the entire range of the power budget P into several link gain regimes (LGR) such
that that the MARC-OPA allocates link powers in different modes in each LGR. We obtain

all such LGRs and modes of power allocation which reveal useful insights.
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We observe that for a class of DR-MARCSs, where the jointly-near condition in the un-
derlying R-MARC is satisfied by the source-relay microwave channel gains only, allocating
the entire budget P to the direct-links is optimal for all P > 0.

In contrast, for DR-MARCs where the jointly-near condition in the underlying R-
MARC cannot be satisfied by the microwave channel gains only, and hence must be satisfied
jointly by both bands, the optimal power allocation (the MARC-OPA) has the following

properties:

e when P is smaller than a certain saturation threshold (Pgy), for the direct and
relay-links of each source, the MARC-OPA allocates powers following a Waterfilling
(WF) approach. Specifically, for sufficiently small P, the MARC-OPA allocates P
entirely to the strongest of the direct-link and the relay-link of each source, and as
P increases, it eventually allocates power to the remaining links. Thus, for P < Pg,,

each link-power either increases piecewise linearly with P, or remains zero.

e when P > Py, saturation occurs where the power in both relay-links are constrained
to satisfy a certain saturation condition. As P increases beyond Pg,, the relay-link

powers vary with P as follows: there exists a final threshold Pg, > Ps,:, such that

1. if one relay-link is significantly stronger than the other (in a sense to be defined
later), then for all P > Pg,, power in the stronger relay-link remains fixed at a

constant level, while power in the weaker relay-link remains zero.

2. in contrast, if one relay-link is only stronger but not significantly stronger than
the other (in a sense to be defined later), for all P > Pg,, power in the stronger
and the weaker relay-links monotonically increase and decrease respectively, and

they approach positive constant levels as P grows.

However, as opposed to the relay-links, as P increases beyond Pg,, the direct-link

powers grow unbounded with P.

e when the mm-wave bandwidth is large, the optimal power allocation for the symmet-
ric case simplifies as follows: (a) if the direct-links are stronger than the relay-links,
allocating P entirely to the direct-links is optimal for all P > 0; (b) alternatively, if
the relay-links are stronger, for P smaller than the saturation threshold, P should
be allocated entirely to the relay-links, whereas for P larger than the threshold,
the relay-links become saturated, and all increments of P should be allotted to the

direct-links.
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The rest of the chapter is organized as follows: The system model is presented in
Section 4.1. The capacity results and some numerical examples are presented in Section 4.2.
The capacity results are then extended to the K-user case in Section 4.3. In Section 4.4, the
optimal resource allocation problem is presented in along with some discussion on insights
derived from the optimal power allocation. Finally, a summary of results is provided in

Section 4.5.

4.1 System Model

In Figure 4.1a, a cellular uplink scenario is depicted where two users (sources) communicate
to a base station (destination) with the help of a relay. This two-user relay-assisted uplink
is modeled by a Gaussian DR-MARC, denoted hereon by DR-MARC and depicted in
Figure 4.1b.

Recall that a bandwidth mismatch factor (BMF) o may exist between the microwave
and the mm-wave bands. Hence, for n uses of the microwave channels, the mm-wave links
are used ni(n) := |an| times, where |x| denotes the largest integer no larger than x.
Moreover, since in the mm-wave band the sources are able to communicate to both the
destination and the relay simultaneously via the mm-wave direct- and relay-links, for n uses
of the microwave channels, both the mm-wave relay-links and direct-links are assumed to

be used ni(n) = |an] times.

Channel Model

We now define the channel model of the DR-MARC. In the microwave (first) band, the
outputs at destination D and relay R at the i-th use of the channel are given by [77]
Ypi = HipiX1i+ HopiX2i + HrpiXri + Zpyi (4.1)
Yri = HiriX1; + Hor;i Xo; + Zr, t=1,...,n, (4.2)
where Hyp,; € C are channel fading coefficients from source Sy, to destination D, Hyr; € C
are the same from source S to relay R, k € {1,2}, and Hgp,; € C are the same from R to

D. The input symbols X,,,; € C are block power constrained, + > | E[| X% < Py, m €
{1,2,R}. Also, the noise RVs are Zg; ~ CN(0,1), i.i.d., and Zp,; ~ CN(0,1), i.i.d.

The outputs of the mm-wave S1-R and So-R relay-links from sources S; and S, to relay
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(a)

Figure 4.1: (a) Example of the DR-MARC in cellular uplink: sources S; and Sy commu-
nicate to the base station with the help of a relay. (b) System model of the Gaussian

DR-MARC: solid lines denote microwave links while dashed lines denote mm-wave links.

R are modeled as
Yire = HlR,éXl,é + Ziry, (4.3)
Yore = P[QR,ZXZZ + Zoros, (=1,...,n, (4.4)
respectively, where H, kR, are the fading coefficients of the mm-wave Sj-R relay-links. Here,

the input symbols ij € C are block power constrained, nil oy E[|ng|2] < P, and the
noise RVs are Zyry ~ CN(0,1),k € {1,2}, i.i.d.

Similarly, the outputs of the mm-wave S;-D and So-D direct-links from sources S; and

S, to destination D are modeled as
YlD,e = HID,ZXLZ + Z1D,e7 (4.5)
Yope = Hop e Xoy + Zap s, (=1,...,n, (4.6)
while the outputs of the mm-wave R-D link is modeled as
Yro,e = HroeXre + Zroy, (=1,...,n, (4.7)

where H, kD, and H rD,¢ are the fading coefficients of the mm-wave S;-D direct-links and the
mm-wave R-D link, respectively. The input symbols X, , € C are block power constrained,
32 B[ X ?] < Py, while the noise RVs are Zp e ~ CN(0,1),m € {1,2,R}, i.i.d,

In the DR-MARC, to communicate a message M; from source S;, it is encoded into
three codewords, X7(My), X' (M) and X[ (M), of lengths n,n; and ny respectively.

Then, X}'(My) is transmitted towards D by using the microwave channel n times. Due to
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the nature of this band, X7'(M;) and X7 (M,) superimpose at D and at R as in the c-MARC
[77], described by (4.1)-(4.2). Meanwhile, in the mm-wave band, codeword X7 (M) is
transmitted to R through the S;-R relay-link, while codeword X;"*(Mj) is transmitted
to D via the Si-D direct-link, simultaneously by using both links n; times. The relay
aids in communication by creating codewords X2 and XZ' from its received signals, and

transmitting them to D via the microwave and mm-wave bands respectively.

We formally define the encoding/decoding procedure shortly.

Fading Model and Channel State Information

We assume that the DR-MARC is subject to an ergodic fading process where the fading
coefficients across channel uses are i.i.d., such that the phase of the fading coefficients
are i.i.d., random variables in [0,27), while the magnitude of the fading coefficients are
ii.d., non-negative random variables. Specifically, the channel fading coefficients H,,,;; in
(4.1)-(4.2) for the first band are defined as

Hopti =/ Gmt,iejGMt’iy (4.8)

where the magnitude of fading coefficients are G,,;; € R4, ii.d., and the phase of the
fading coefficients ©,,,;; are uniformly distributed in [0,27), i.e., Oy ,; ~ U[0,27), 1.i.d.,
with j:=+/—1, m € {1,2,R},t € {R,D}, m # t. Moreover, the channel fading coefficients

H,ni 0 in the second band are defined as

Hoypr g = \) Gt 0679, (4.9)

where the magnitude of fading coefficients are G,y € R, i.i.d., and the phase of the
fading coefficients ©,,;, € [0,27) are i.i.d., m € {1,2,R},t € {R,D},m # t.

Note that unlike phase ©,,,; in the microwave band which is uniformly distributed in
[0,27), phase ©,,;, € [0,27) in the mm-wave band can be distributed according to any
appropriate distribution. Moreover. the magnitude of fading coefficients G,,;,; and émt’g
depend on the distance d,,; between transmitter node m and receiver node t, as well as
pathloss exponent [ (for the first band) and S, (for the second band). This general fading

specializes to cases where both bands are under phase or Rayleigh fading as follows:

e it specializes to phase fading by taking fading magnitudes G,,;; and Gmt! to be
constants that depend on the geometry of the network and path-loss coefficients, as

well as taking mm-wave fading phases to be uniform, i.e., ©,,;, ~ U[0,27), i.i.d.;
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e it specializes to Rayleigh fading by taking fading magnitudes G,,:; ~ exp(imt), and
Gmt,e ~ exp(fime), 1.1.d., in which exp(u) is an exponential distribution with mean g,
and i, and ji,,; are constants that depend on the network-geometry and path-loss

coefficients, as well as taking mm-wave fading phases to be ©,,;, ~ U0, 27), i.i.d..

We also assume the following on the availability of channel state information (CSI) at
the receiver: (i) the long term parameters, i.e., the distances between transmitters and
receivers, and the pathloss exponents, are known at all nodes; (ii) the instantaneous CSI,
i.e., the phase and magnitude of the fading coefficients, are not available to any transmitter;
and (iii) each receiver knows the instantaneous CSI on its incoming channels only, but has
no CSI on other channels. These assumptions model practical scenarios where CSI feedback

to a transmitter is unavailable, while a receiver can reliably estimate the CSI [13,137].

Channel Code

We now define a code and an achievable rate pair for the DR-MARC. Note that given a
BMF «, for n uses of the microwave band, the mm-wave band is used ny(n) := |an] times,

while for n1 uses in the mm-wave band, the microwave band is used n(n;) := [n/a/| times.

Definition 4.1 (A code for the DR-MARC). A (2"%, 2" n «) code for the DR-MARC
consists of (i) two independent, uniformly distributed message sets My = {1,..., 2%} k €
{1,2}, one for each source Sy and Sy; (ii) two encoders ¢y and ¢ such that ¢ : My —
C" x Cm x €™M k€ {1,2}, one each for Sy and Sy; (iii) a set of causal relay encoding
functions, {f;}_, and {f;}p"\", such that

ari = filys ' {hlea@:}éZ Y m(z Y }k 1), and
_ n(—1) n(f—1)
TR = fé(yR ) {yiRla hiRla h }kzl)a (4-10)

with TR, Tre € C; and (iv) a decoder v at D such that ¢ : C" x C*™) x C3n x C¥m) —
My x My, with ny(n) := |an| and n(ny) = [n/a].

Here, the relay helps by computing codewords {xRi}? , and {Zr g}?l(n) causally by
applying relay-encoding functions {f;}1, and {f,},* ) on its past received signals and CSI
in both bands as in (4.10), and then transmitting them to destination D. The destination
then estimates the input messages from the received signals. The decoding probability of

error at D for the code is defined as
P = Pr [0 (Y3 AYrb, Hios Hib bmeqrary) # (M, Ma)]
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Figure 4.2: The R-MARC. Compared to the DR-MARC in Figure 4.1b, in the R-MARC

the mm-wave direct-links are not present.

where the average is taken over uniform distribution of (M, My) € My x M.

Definition 4.2 (Achievable rate for the DR-MARC). A rate tuple (R, Rs) is said to be
achievable if there exists a sequence of (2% 2"%2 n «) codes such that ny = |na and

Pe(") — 0, as n — oo.

The capacity region of the DR-MARC is defined as the closure of the set of all achievable

rate tuples.

System Model for the R-MARC

The R-MARC, depicted in Figure 4.2, consists of an underlying c-MARC in the first band,
and the mm-wave S;- R and So- R relay-links and the R-D link in the second band. Hence,
the system model of the R-MARC is defined by (4.1)-(4.2) in the first band, and (4.3)-(4.4)
and (4.7) in the second band.

A (2B 22 ) code and achievable rate pair for the R-MARC are defined from
those of the DR-MARC in Def. 4.1 and Def. 4.2 after removing the mm-wave S;-D and S»-
D direct-links, i.e., setting XkD,l = YkDJ = HkD’l = (), k = 1,2, and modifying the encoding

and decoding functions accordingly.

System Model for the K-User MARCs

In the K-user DR-MARC, K distinct users Sy,...,Sx communicate to the destination D
over the integrated mm-wave/microwave dual-band with the help of a single relay R. In

the first band, the channel outputs at D and R at the i-th channel use are respectively
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given by
Ypi = HipiX1; + Hop X+ ...+ Hxpi Xk + HrpiXRri + Zp,i
Yri = Hiri X1 + HoriXoi + ... + HxkriXki + ZRris i=1,...,n,
where the channel fading coefficients H,,;; € C, the input signals X,,; € C that have

average power constraints P,,, m # t,m € {1,2,..., K,R},t € {R,D}, and the noise RVs
Zr; ~CN(0,1) and Zp; ~ CN(0,1), are all defined in the same manner as in (4.1)-(4.2).

Similarly, in the second band, the outputs of the Si-R relay-links at the relay R are
modeled as
YkR,e:HkR,eXk,e+ZkR,é, ke{l,2,...,K}, (=1,...,ng,

while the outputs of the S;-D direct-links and the R-D link at the destination D are modeled
respectively as

YmD,Z:[_{mD,me,Z—i_ZmD,Za me {1727-"7K}7 (= 17"'7”17

Yo = Hro o Xre + Zrp s C=1,...,n,
where the fading coefficients (}_IkR,g, Hip, ﬁRD,g), the input signals XW €Cand X,,,€C

that have average power constraints P,, and Py, and the noise RVs are defined similarly to
(4.3)-(4.7).

We also assume that the fading model and the assumption on the CSI of the K-User
MARCs are the same as those for the two-user case detailed in Section 4.1. The other
terminologies such as the code and the achievable region for the K-user DR-MARC are
defined in a similar manner to those for the DR-MARC in Def. 4.1 and Def. 4.2, and hence

not repeated.

Finally, the K-user R-MARC is defined from the K-user DR-MARC by removing the
mm-wave Sp-D direct-links, £ = 1,..., K. Moreover, a code and achievable rates for the
K-user R-MARC is defined in a similar fashion as for the R-MARC.

4.2 Capacity Results

4.2.1 Decomposition of the Capacity of the DR-MARC

We show that the capacity of the DR-MARC with BMF « can be decomposed into the
capacity region of the underlying R-MARC and the capacity of the mm-wave direct-links.
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The decomposition result is presented below.

Theorem 4.1. The capacity of the DR-MARC with BMF « is given by the set of all rate
tuples (Ry, Ry) € R2 that satisfy

R, <71+ aE[C(GipP)),
RQ S To + @E[C(GQDPQ)], (411)

where (r1,r3) € R is an achievable rate tuple in the underlying R-MARC, and the expec-

tations are taken over channel gains Gip and Gap, with C(z) = log,(1 + ).
Proof. The proof is relegated to Appendix C.1. [

This result shows that any achievable rate pair (R;, Ry) in the DR-MARC can be
obtained by achieving (r1,72) in the underlying R-MARC, and then supplementing it with
the capacity of the direct-links. Hence, operating the direct-links independently of the
R-MARC remains optimal, which simplifies the encoding/decoding strategy. Since the
capacity region of the DR-MARC can thus be determined from that of the underlying R-
MARC, it is sufficient to focus on the R-MARC, which is considered next. While separating
the operation of the mm-wave direct-links from the underlying R-MARC is optimal as noted
in Theorem 4.1, in the R-MARC separating the operation of the mm-wave relay-links from
the underlying c-MARC is suboptimal in general.

4.2.2 Achievable Region for the R-MARC

We first characterize an achievable rate region for the R-MARC.

Theorem 4.2. An achievable region of the R-MARC with BMF « is given by the set of
all rate tuples (Ry, Ry) € R3 that satisfy

R <E C (GlRPl)] +aF [C (Gmﬁl)] , (4.12)
Ry <E [E(GarPy)| +aE € (GrP) ], (4.13)
Ri+ Ry, <E C (GirP: + GQRPZ)} +aE [c": (élR 1)} +aE [(": (GQRE)} . (4.14)
R <E c (GioP, + GRDPR)] +aE [C (Gro ‘R)} , (4.15)
Ry <E c (Gap Py + GRDPR)] +aE [C (Gro *R)} , (4.16)
Ry + Ry < E |C(GipPi + Gap Py + GroPr)| + o |C (GroFr) | (4.17)
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where the expectations are taken over the channel gains Gy and Gy, m € {1,2,R},t €

{R,D},m #t, and C(z) = log,(1 + ).

Proof. The achievable region is obtained by performing a block Markov encoding scheme
[122] as follows: (a) the source messages are partitioned into multiple blocks that are
encoded and transmitted by the sources; (b) the relay deploys forward decoding to decode
the source messages in the current block, and then re-encodes them for transmission in the
next block; (c) the destination uses backward decoding to estimate the source messages in

the reverse order of transmission. The details are relegated to Appendix C.2. [

We emphasize that instead of sending independent messages through the microwave
¢-MARC and the mm-wave relay-links, the same message is jointly encoded into two code-
words, one for the microwave c-MARC and the other for the mm-wave relay-link, which are
then transmitted jointly over the two bands. Also bounds (4.15)-(4.17) can be interpreted
as an achievable region for the multi-access channel (MAC) from the two sources to the
destination aided by the relay, while bounds (4.12)-(4.14) can be regarded as the same for
the MAC from the sources to the relay.

4.2.3 Capacity Region Outer Bounds for the R-MARC

We now characterize a set of upper bounds on the rates of the R-MARC.

Theorem 4.3 (Upper bounds on the rates of the R-MARC). The capacity region of the
R-MARC with BMF « is contained within the set of rate tuples (Ry, Ry) € R3 that satisfy

Rl < E :C (Glel + GRDPR)] + aE [C (GRDPR):| , (418)
R, <E c (GapPs + GRDPR)] +aE [c": (GRDPR)} , (4.19)
Ri+ Ry <E|C(GioPi + GopPo + GRDPR)] +aF [C (GRDPR)] , (4.20)

with the expectations taken over gains G, G, m #t,m € {1,2,R},t € {R,D}.

Proof. The derivation of the outer-bounds follow from a cut-set bounding technique (see
[138, Chapter 14.10]), and are relegated to Appendix C.3. [ |

The key steps in the proof of is in steps (j) of (C.5): the cross-correlation coefficients
between the source and relay codeword symbols are set to zero. Since instantaneous CSI
are not available to the transmitters, and the phase of the fading coefficients are distributed

as U0, 27), i.i.d., setting this cross-correlation coefficients to zero proves optimal.
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4.2.4 Capacity of a class of R-MARCs

We now characterize a set of sufficient channel conditions, denoted the jointly-near condi-

tions, under which the capacity of the R-MARC is established.

Theorem 4.4 (Capacity region of the jointly-near R-MARC). If the R-MARC with BMF

« satisfies

E [C (Gio P + GRDPR): taE C (GRDPR): <E {C (GlRPl)] taE [C (Gmﬁl)] (4.21)

E[€(GuoPs + GroFr)| + E [C (Grolk)| <E[C(GorP)| +aE [T (Garly)| (422)

IN

2 i -
C ((ZGY]{;DP].C + GRDPR> + alE C (GRDPR)

B [C(Gunt + Ganr)] + 0 [€ (Gon2)] + B € (G| (420

its capacity region is given by the set of rate tuples (Ry, Ro) € R that satisfy (4.18)-(4.20),
where the expectations are over gains Gy, G, m #t,m € {1,2,R},t € {R,D}.

Proof. The proof follows from Theorem 4.1 and Theorem 4.2 in a straightforward manner.
First, Theorem 4.2 provides upper bounds on rates R;, Ry and Ry + Ry given in (4.18),
(4.19), and (4.20), respectively. Next, under conditions (4.21)-(4.23), the rates achievable
for the sources at the relay, given by (4.12)-(4.14), is larger than the rates achievable at
the destination aided by the relay, given by (4.15)-(4.17). Thus, the achievable rates for
the R-MARC are given by (4.15)-(4.17), which matches the upper bounds in Theorem 4.2,

thus characterizing the capacity region. |

The Jointly-Near Conditions: From the discussion in Section 2.2.3, one may recall
that the capacity of an individual c-MARC operating solely in the microwave band (i.e.,
where mm-wave links do not exist) is known under the near conditions in [77, Theorem 9:
the relay is near the sources in the sense that the source-relay achievable rates are larger
than the source-destination achievable rates. Similar conditions for the R-MARC, under
which its capacity region is characterized in closed form, are given by (4.21)-(4.23). In
relation to the near conditions for the individual c-MARC, conditions (4.21)-(4.23) for the
R-MARC are denoted the jointly-near conditions, as the achievable scheme of Theorem 4.1
now performs joint encoding over the two bands of the R-MARC.

Intuitively, under (4.21)-(4.23) the relay achieves better rates than the destination, and

thus can decode both messages without becoming a bottleneck to the achievable rates.
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More specifically, under (4.21), the rate achievable from source S; to relay (on the r.h.s) is
larger than the rate achievable from source Sy to destination (on the l.h.s); (4.22) provides
similar conditions for the rate of source S, while (4.22) provides similar conditions for the

sum-rate.

Note that due to joint encoding over both bands, the source-relay-links over the mi-
crowave and mm-wave bands together characterize the jointly-near conditions in (4.21)-
(4.23). If the underlying c-MARC in the R-MARC has strong enough microwave source-
relay channel gains to satisfy the jointly-near conditions by themselves, then the mm-wave
relay-links are not needed to characterize the closed form capacity result. In the com-
plementary setting, however, the benefits of joint encoding becomes clear. Due to joint
encoding over both bands, the rates achieved at the relay are augmented by the rate of the
mm-wave relay-links,; i.e., aE [C <@1RP1>] and o [C (@2R]52>] Therefore, even when
the microwave source-relay channel gains are not strong enough to satisfy the jointly-
near conditions by themselves, if the mm-wave relay-links are sufficiently strong, then the
jointly-near conditions may hold jointly over both the bands, thereby providing a closed
form capacity result for the R-MARC.

Phase and Rayleigh Fading Cases: Note that the decomposition result for the DR-
MARC in Theorem 4.1, the achievable region and outer bound results for the R-MARC in
Theorem 4.2 and Theorem 4.3, as well as the capacity result in Theorem 4.4 all specialize
directly to phase and Rayleigh fading cases. Specifically, for phase fading the microwave
channel gains G,,; and mm-wave channel gains G,,; are taken to be constants that depend
on the geometry of the network and path-loss coefficients, and thus the expectations in
the theorems are not needed. Moreover, for Rayleigh fading the expectations are over
Gt ~ &xp(fimt), and G ~ exp(fimt), ii.d., where the means ji,,; and fi,,,; are constants

that depend on the network-geometry and path-loss coefficients.

4.2.5 Numerical Examples

We illustrate the impact of mm-wave spectrum on the capacity of the R-MARC by consid-
ering a two-dimensional topology as in Figure 4.3a. Here R and D are located on the x-axis
at (0,0) and (0,dgp), and S; and Sy are located symmetrically at (—dsg cos ¢, £dsg sin ¢),
with ¢ being the angle between a source and R and dsp = (d2z + d2; + 2dsrdgrp cos ¢)'/?2

the resulting source-destination distance.
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Figure 4.3: (a) A 2-D geometry of the DR-MARC. The relay and the destination are
located on the x-axis, and the sources are located symmetrically on either side of the
x-axis at a distance dsp from the destination, and at a distance dsg from the relay. The
relay-destination distanced is dgp. (b) The achievable sum-rate matches the sum-rate outer
bound if dsg < d&g for both cases of dgrp.

For ease of exposition, (a) we take the underlying microwave band in the R-MARC
to be under phase fading with constant fading magnitudes G,.; = 1/ df,;t that depends

on the inter-node distance d,,; and path-loss coefficient §; in a manner similar to [77],
B2

mt

fo is the path-loss coefficient for the mm-wave band, m € {1,2,R},t € {D,R},m #
t. Therefore, expectations in conditions (4.21)-(4.23) and Theorem 4.2 are not needed,

and (b) we similarly take constant mm-wave fading magnitudes G, := 1/d.% where

and observations can be directly interpreted in terms of inter-node distances and pathloss
coefficients. Moreover, all power constraints in the R-MARC are set to 10 and pathloss
coefficients are taken to be 51 = 2, 5, = 4.

In the first example, we illustrate the interdependencies between the jointly-near con-
ditions in (4.21)-(4.23), the channel parameters dsg, dsp, drp, ¢ and BMF « in the setting
of Figure 4.3a, and the achievable rates in Theorem 4.2. For simplicity, we focus on the
achievable sum-rate (denoted the ASR), given by the minimum of r.h.s. of (4.14) and
(4.17), and the sum-rate outer bound (denoted the OB), given by the r.h.s. of (4.17).
As such note that under (4.23), the OB matches the ASR. For ease of exposition, we fix
drp, ¢ and BMF a. Hence, condition (4.23) is now equivalent to dsg < dég(drp, ¢, a) for
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some threshold source-destination distance dég(drp, ¢, ). It is thus expected that for all
dsg < dig(drp, ¢, @), the ASR and the OB will match, while for dsg > dg(drp, ¢, @), the
ASR will be strictly less than the OB.

In Figure 4.3b, we verify this for a fixed ¢ = 7/4 and o = 2 and the two cases
drp € {1,0.5} by plotting the ASR and the OB as functions of dsg € (0,2.5]. We observe
that the ASR matches the OB if dsg < d&g with dgg ~ 1.41 for drp = 1, and diz ~ 0.91
for dgp = 0.5, otherwise the ASR is strictly smaller, as expected. Moreover, as dgp reduces
from 1 to 0.5, for condition (4.23) to hold, dig also reduces from dig ~ 1.41 to ~ 0.91.

In the next example, we illustrate the impact of the higher mm-wave bandwidth on the
performance of the R-MARC. Specifically, in Figure 4.4, we depict the source locations
relative to the relay and the destination in the setting of Figure 4.3a, for which the scheme
of Theorem 4.2 achieves the capacity region of the R-MARC, i.e., source locations for which
all of conditions (4.21)-(4.23) are satisfied. As such, we fix dgp = 1, vary ¢ € (0,7) and
dsr € (0,2) to vary the location of the sources, and then plot the resulting regions. To
capture the impact of BMF «, we overlay the region for the case without mm-wave links

(i.e., @« = 0) on those with mm-wave links for o € {2,4, 10}, as well as o« — oc.

First, for the case without mm-wave links (i.e., & = 0), conditions (4.21)-(4.23) hold
only when sources are within the innermost black region in Figure 4.4. It should be noted
that for each ¢, the resulting threshold distance dég(¢) is at the boundary of this region,
and as ¢ increases from ¢ = 0 to ¢ = m, diz(¢) decreases monotonically from ~ 1.2
to ~ 0.47. We thus observe that conditions (4.21)-(4.23) hold for much larger threshold
distance dfg when sources are located far away from destination (i.e., ¢ ~ 0), and d&g

reduces considerably when sources are closer to the destination (i.e., ¢ ~ 7).

We note that the above trends continue to hold when mm-wave links are used (i.e.,
a > 0), however, the resulting region (union of the inner black and outer gray regions)
now extends much closer to the destination. For example, for the region with a = 2, dgg
reduces to only &~ 0.96 near the destination, compared to ~ 0.47 with o = 0. Moreover,
while the resulting region grows with «, the growth saturates for higher values of «, with

a = 10 producing almost the same region as that for a — oo.
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Figure 4.4: The source locations for which the scheme of Theorem 4.2 achieves the capacity

of the R-MARC (i.e., the locations at coordinates (z, +y) in the shaded regions).

4.3 Extension to the K-user Case

We now extend the achievability and capacity results for the two-user MARCs to the K-
user MARCs where K > 2 sources communicate to a destination with the help of a relay.
The system model and other terminologies of the K-user DR-MARC and K-user R-MARC
are defined in Section 4.1. We also assume that the K-user MARCs follows the same fading

model and the same assumptions on the channel state information (CSI) as in Section 4.1.

Extension of Theorem 4.1

Theorem 4.5 (Decomposition result for the K-user DR-MARC). The capacity of the K -
user DR-MARC with BMF « is given by the set of all rate tuples (Ry, ..., Rx) € RY that
satisfy

Ry <rp+aB[C(Grob)], ke fl,... K}, (4.24)

where (r1,...,Tx) € ]Rf is an achievable rate tuple in the underlying K-user R-MARC,

and the expectations are taken over channel gains Ghp, . .., Ggp, with C(z) = log(1 + z).

Proof Sketch. The proof of this result follows directly from the proof of Theorem 4.1 pre-
sented in Appendix C.1. More specifically, the technique used to upper bound rate R; can
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be applied to each of rates Rs,..., Rk. [

Extension of Theorem 4.2

Theorem 4.6 (Achievable region for the K-user R-MARC). An achievable region of the
K-user R-MARC with BMF « is given by the set of all rate tuples (Ry,. .., Ry) € RE that
satisfy

S R <E|Y C(GrP)| +a) E [C (GkRﬁkﬂ , (4.25)
kesS :k’ES kesS

S Ry <E | C(GioPi + GroPr) | + o [C (GRDPR)} , (4.26)
keS LkeS

forall S C{1,2,...,K}, S #0, where expectations are over channel gains Gy and Gy,
m#t,me{l,...,K,R},t € {R,D}.

Proof Sketch. The achievable region is obtained by performing block Markov encoding, and
deploying backward decoding for the destination and forward decoding for the relay. The
procedure follows that of the proof of Theorem 4.2 and naturally generalize to K users.
Note that forward decoding at the relay results in rates (4.25), while backward decoding
at the destination results in (4.26). [

Extension of Theorem 4.3

Theorem 4.7 (Outer bounds to the capacity region of the K-user R-MARC). The ca-
pacity region of the R-MARC with BMF « is contained within the set of all rate tuples
(R1,...,Rk) € R that satisfy

ZRk < E Z&(GkDPk‘l’GRDPR)
kesS keS

+aE [c": (GRDpR)} : (4.27)

for all S C {1,2,...,K}, S # 0, where expectations are over channel gains Gpp,m €
{1, c. ,K, R} and GRD-

Proof Sketch. The proof of this theorem follows from that of Theorem 4.3 in a straight-
forward manner by taking all subsets U C {1,2,..., K}, U # (), and hence is not repeated.
Specifically, the crucial step of (j) of (C.5), where setting the cross-correlation between

source and relay codeword symbols to zero is optimal, extends to the K-user case. [
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Extension of Theorem 4.4

Theorem 4.8 (Capacity region of a class of K-user R-MARCS). If the channel parameters
of the K-user R-MARC with BMF « satisfies

E Z C (G Py + GroFR)

keS

+aE € (GroFx)|

<E|) C(GwrP)

kesS

+aY E [C (GkRPk)] , (4.28)

kesS

forall S C{1,2,...,K}, S # 0, where the expectations are over channel gains Gy, G,
m#t,mée{l,..., K,R},t € {R,D}, then its capacity region is given by the set of all rate
tuples (Ry,. .., Ri) € RE that satisfy (4.27).

Proof Sketch. It is evident that under conditions (4.28), the achievable rate region in The-
orem 4.6 simplifies to that given by (4.26), which then matches the outer bound region in

Theorem 4.7, and thus the capacity region is characterized. |

4.4 The Resource Allocation in the DR-MARC

The performance of the DR-MARC can be significantly affected by the mm-wave links
due to their point-to-point nature and relatively larger bandwidths. To understand the
impact of mm-wave spectrum on the performance of the DR-MARC, we study how the
sum-rate achievable on the DR-MARC (with the scheme of Theorem 4.2) is maximized by
optimally allocating power to the mm-wave direct-links and relay-links. We observe that
the resulting scheme allocates power to the mm-wave links in different modes depending
on whether certain channel conditions hold. This characterization reveals insights into the
nature of the optimal scheme, and can serve as an effective resource allocation strategy for

such dual-band networks in practice.

From Section 4.2 recall that the fading magnitudes of the mm-wave links are taken to be
non-negative i.i.d., random variables. In this section for ease of exposition, we assume that
these fading magnitudes are constants that depend on the network-geometry and path-loss
parameter. This modified fading is an appropriate model for mm-wave links such as those
in [30], as it can be viewed as a special case of the general fading model of [117] when the
diffuse component associated with the non-LoS propagation is not present. Furthermore,

this simplification reveals useful insights into the optimal power allocation, while keeping

107



the analysis tractable. In contrast, the microwave band is assumed to be under the same

general fading as in Section 4.2.

We limit this study to the two-user DR-MARC only, where the problem of optimal
power allocation is posed on the four mm-wave links (two direct-links and two relay-links)
as such a study with an arbitrary number of users (say K) will involve 2K number of

mm-wave links and will soon become intractable.

For notational convenience, we have the following:

e the mm-wave S;-D and S,-D direct-links are referred to as DL; and DL, respectively,

while the mm-wave S1-R and S5-R relay-links are referred to as RL; and RLs.

e as discussed above, under the simplified fading model for the mm-wave links, the
gain of the direct-link DL;, Gyp, and the gain of the relay-link RLj, Gr, are network-
geometry dependent constants. For notational simplicity, the gain of DL, is denoted
by d, := Gp, while the gain of RL;, is denoted by 7 := G, k € {1,2}.

We formulate the problem for the DR-MARCs under the following assumptions:

e [Al] the transmit power in DL; (i.e., px) and RLy (i.e., gx) from source Sy are con-

strained by the total power budget P, ie., pr +q =P, k=1,2.

e [A2] The BMF « > 0 is fixed a priori and known.

Note that assuming the same power budget for the two sources as in [A1] does not incur any
loss in generality, as any difference between two different power budgets can be absorbed
into the link gains without altering the treatment of the problem. In [A2], BMF « > 0 is

assumed to be fixed a priori and known.

4.4.1 Problem Formulation and Solution

For a fixed power allocation (p1,q1,p2,¢2), R is an achievable sum-rate of the DR-MARC
iff
R < min{Xg, Xp}, (4.29)

where Xgr and ¥p denote the sum-rates achievable at the relay and destination, given by
2

YRi=0r+ Z log (1 + rxqx) + log (1 + dipr) , (4.30)
k=1
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2
Yp:=o0p+a Z log (1 + dipx) » (4.31)
k=1

with
0p ‘— E[C(Glel + GQDPQ =+ GRDPR)] + &C(GRDPR), and
OR = E[C(GlRpl + GQRPQ)] (432)

that are defined in Theorem 4.2.

Note that rates g and ¥p are obtained as follows. First, from the decomposition
result in Theorem 4.1 it follows that for given direct-link powers p; and ps, the sum-rate
of the DR-MARC is given by the sum of the sum-rate of the underlying R-MARC and
the rates of the two direct-links, i.e., alog(l + dip;) and alog(1 + daps). Now, for given
relay-link powers ¢; and ¢o, the sum-rate of the R-MARC is given by the minimum of r.h.s.
of (4.14) and (4.17). It then follows that ¥ is given by the sum of the r.h.s. of (4.14) and
a2 log(1 + dypy) as expressed in (4.30), while ¥p is given by the sum of the r.h.s. of
(4.17) and o 377, log(1 + dypi) as given in (4.31).

The problem of maximizing R over the transmit powers (p1, g1, pe, g2) is then

[P2]  mazimize R (4.33)
subject to R < X, (4.34)

R < b, (4.35)

pr+aq =P, (4.36)

p2+q =P, (4.37)

(p1,q1, P2, @2, R) = 0. (4.38)

Solution of Problem [P2]

The details of the solution of problem [P2] has been relegated to Appendix C.4. Specifically,
note that [P2] is a convex optimization problem: its objective function R is linear, the
equality constraints (4.36)-(4.37) are affine, and the inequality constraints (4.34)-(4.35)
are convex and differentiable. Moreover, [P2] satisfies the Slater constraint qualification
condition [132, Chapter 5.2.3]. Hence, [P2] can be solved using the Karush-Kuhn-Tucker
(KKT) conditions [132, Chapter 5.5.3], as detailed in Appendix C.4.
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Constraint Qualification for Problem [P2]

In Appendix C.5, problem [P2] is shown to satisfy the Mangasarian-Fromovitz constraint

qualification.

4.4.2 Link Gain Regimes and Optimal Power Allocation

To gain insights, we derive the optimal power allocation in closed form, and describe it
in terms of link-gain regimes (LGR): LGRs are partitions of the set of all tuples of link
gains and power budget P, which are found while solving the KKT conditions for [P2].
Specifically, we derive the KKT conditions and solve for the optimal primal variables (i.e.,
link transmission powers) and the optimal Lagrange multipliers (OLM). To simplify the
procedure, we consider the set of tuples of OLMs associated with inequality constraints in
(4.34), (4.35) and (4.38), and partition this set into a few subsets based on whether the
OLMs in the set are positive or zero, i.e., whether the associated primal constraints are
tight or not (detailed in Appendix C.4).

For each resulting partition of the set of OLM tuples, we first derive the expression for
the optimal powers in closed form. However, the conditions that define these partitions
are still characterized in terms of the OLMs. Therefore, to express the optimal power
allocation explicitly in terms of link gains (rq,7q,d;,ds) and power budget P, we express
the conditions that partition the set of the OLM tuples in terms of link gains, P, and a

parameter v, defined as
v = 2(eo~oR)/e (4.39)

which models the effect of microwave band parameters, with op and or defined in (4.32).
As a result, the set of all (11,79, d, da, 7, P)-tuples are partitioned into a few subsets, each
called an LGR and correspond to one and only one subset of OLM tuples. The conditions
for each LGR is then simplified and expressed as upper and lower bounds (threshold powers)
on power budget P where the threshold powers depend on (1,79, d;, ds,y). This results in
an equivalent partitioning of the range of the power budget, P > 0, into a few intervals,
each describing an LGR.

For the optimum sum-rate problem, we specifically consider the two cases op < og and
0p > OR, as the optimum power allocation for the two cases differ significantly. Moreover,
when interpreting the optimum power allocation scheme, we need to often compare Xp

and Yg. Substituting the expressions of ¥p and g in (4.30) and (4.31), this comparison
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is equivalent to that between op and og + a(log(l +7r1q1) +1og(1 +7"2q2)), i.e., comparison
between (1 +71q;)(1 4 rags) and 2(?2=7"R)/®_ For convenience, we thus define v = 2(70=or)/a
in (4.39). Moreover, cases op < og and op > ogr are now equivalent to cases v < 1 and

v > 1.

Case 7 < 1t

When v < 1, the set of all (rq,rq,d1,ds, 7, P)-tuples turn out to belong to a single LGR
where the allocation (p1, q1, p2, g2) = (P, 0, P,0) is optimal for all P > 0.

First, note that for any feasible allocation (p1, g1, p2, ¢2), rates 3p and Xg in (4.30)-(4.31)
are expressed as Yp = op + « Ezzl log (1 + dipy) and ¥g = or + « Ei:l log (1 + dgpr) +
a2 log (14 rqx). Since in this case v < 1, we have op < o from (4.39). In addition,
since for any feasible allocation ¢, > 0, we have ¥p < Yg. Therefore, for any feasible
allocation (p1, q1, p2, ¢2), the sum-rate is R = Xp. However, Yp is a function of p;, py only,
and thus for a given power budget P, allocating p; = p» = P and ¢; = ¢» = 0 maximizes

Yp (i-e., the achievable sum-rate R = ¥p) for all values of channel parameters and P.

Case v > 1:

In contrast to the previous case, for the case with v > 1, the optimal power allocation (the
MARC-OPA) has much richer structure. As discussed in detail shortly, the MARC-OPA
follows two distinct properties, the Waterfilling-like property and the saturation property.
In this case, the set of all channel parameter-tuples ¢ := (71,9, dy, ds, 7, P) are partitioned
into 14 LGRs: 9 LGRs are associated with the Waterfilling-like property, and the remaining
5 LGRs are associated with the saturation property.

In Table 4.1, the definition of LGRs associated with the Waterfilling-like property
(denoted by A ) and the optimal link powers in these LGRs are presented, whereas
the same for the LGRs associated with the saturation property (denoted by S ) are
presented in Table 4.2. Note that for the LGRs in Table 4.2, the relay-link gains are

denoted by r := (r1,72), and the set of all r are partitioned into 4 subsets

Rs1:={r:r >yr}, Ri:={r:yry >ri >nry},

Rso :={r :ry >~yr}, Ro :={r:yri >ry>nr}. (4.40)
Finally, the threshold powers for the LGRs in Table 4.1 and 4.2 are defined in Table 4.3,

with [f(z)] denoting the non-negative root of polynomial f(x).
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Table 4.1: For the case with v > 1, definition of LGRs and optimal link powers associated
with the Waterfilling-like property of the MARC-OPA is given in terms of channel parameters
c = (r1,7r2,d1,da,7, P). Table 4.3 provides the threshold powers in terms of (ry,72,d;, da,7).

Definition of LGR

Optimal Power Allocation

Aga:={c:0< p1 =P, @ =0,
P < min(Pd7d, Isd,d)} p2 = P, ©=0
Agr:={c:0< p1=P, @ =0,
P < min(P} 4, Pag,Pa,)} p2 =0, @="r
Arg:={c:0< p1 =0, q1 = P,
-P S min(P:j’da |Sd,d7 Pr,d)} p2 = P7 q2 o O
Arpi={c:0< p1 =0, q1 = P,
P < min(P} 4, Py 4, Prr)} p2 =0, g =P

Ardg := {c: max(Pgq, Py 4) <

P < min(Pyg,Praq)}

1 1 1
= —|P+———
b1 2< +7”1 d1>’

P

p2 =

Agrd = {c: max(lf’d’d, FA’;Ld) < p1 = P, g1 =0,
1 1 1 1 1 1
P < min(Pg, P - (Pt ——— (P =+
< min(Pq,4,Pg,d)} p2 =3 < + TQ d2> , @=g ( p + dz)
Ar g = {c: max(lsd’d, If’&d) < p1 =0, q1 = P,
1 1 1 1 1 1
P < min(P, ,P - (Pt ——— (P =+ —
> mln( d,d’ r,rd)} b2 2 < + T d2> ; q2 2 ( To + d2>
1 1 1 1 1 1
={c: Pyq4, P! =—(P+——— =—(P——+ —
Arg,r = {c: max(Pgq, Py 4) < PL=3 < + o d1> , "=y ( o + d1> ;
pP< miH(FA’&d, Pra,r)} p2 =0, @ =P
N 1 1 1 1 1 1
={c: Pqdq,P =—|P+——-— =-|\P-—+
Ardrd := {c: max(Pq 4, P44, pL= < + - d1> , 0= ( - + d1> ,
- 1 1 1 1 1 1
P PL)<P<P - (P+——— = (P- =+
d,d d,d) > rd,rd} p2 9 ( + o d2) ) q2 9 < o d2> )

Notation for the LGRs: For the LGRs in Table 4.1, which are associated with the
Waterfilling-like property, A, ,,z,y € {d,r,rd},  and y denote the transmission status in

the mm-wave links of sources S; and S, respectively as follows: for each source, subscript d,
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Table 4.2: For the case with v > 1, definition of LGRs and optimal link powers associated

with the Saturation property of the MARC-OPA is given in terms of channel parameters ¢ =

(ri,79,d1,d2,v, P). Table 4.3 provides the threshold powers in terms of (r1,r2,d1,d2, ).

Definition of LGR

Optimal Power Allocation

Srrd i={c: max (P, Pr ) <

P < min(Pr,rda Pr,d)}

Srdyr := {c: max (P, Prg,) <

P < min(Prd,ra Pd,r)}

Srd,d = {C re RSL

max(Py 4, Prad, Prada) < P}
Uf{c:r e (R1UR2URs2),
max (P4, Prad) < P < Prgd}
Sdrd :={c:7T € Rgo,
max(Pg,, Pq,rd, Pd,ra) < P}
U{c:r € (R1UR2URgs1),
max(Pqgr,Pyr) < P < Isd,rd}
Srard :={c:r € (R1UR2),
max(lsrdd, |5d7rd7 |Srd,r, |5r,rd, Prdrd) < P}
U{c:r € Rsi,
maX(F’de, Isrd,r, |5r,rd, Prard) < P < ﬁ)rd,d}

U{c: 7 € Rgsa,
max(lsrd,d; ISrd,ra ISr,rda Prd,rd) <P < ISd,rd}

p1:0, Q1:P,
1 0% 1
— P S B
b2 q2, q2 ro 1+ Pry T
1 ¥ 1
—pP_ E— i
p1 qi1, q1 1+ Pro "
p2 =0, g =P
-1 -1
plzp_ryrl ) Q1:7’I"1 )
p2 = P, g2 =0
p1:P’ Q1:0a
-1 -1
pzzp—fy ; QZ:’Y
T2 T2
p1=P—q,

. 1 (7(137«1 +rpdyt 1))1/2 1
1= —

Pro +rady + 1 o

p2 =P — qo,

1 (’Y(PT2+T2d21+1))1/2 1
Pri + Tldl_l +1

1 T’

q2 =

T2 T2

r and rd denotes that the MARC-OPA transmits in the direct-link only, the relay-link only
and both the direct- and relay-links originating from the source, respectively. For example,
in LGR A,q4 the MARC-OPA transmits in both the direct- and relay-links of source Sy,
while it transmits only in the direct-link of source S;. The LGRs &) in Table 4.2, which

are associated with the saturation property, can be similarly interpreted. Moreover, the

threshold powers P, Is(.,,), P’(.’.), If”() and |5(,7,) follow the same notation as the LGRs,
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Table 4.3: Definition of the threshold powers in LGRs defined in Table 4.1 and Table 4.2.

Pd,d = 7’1_1 — dl_l, Pé,d = _Pd,d7
Isdyd = 7‘51 — d;l, Isii,d = —|Sd7d,
Prd = (v — 1)7"1_1, Pa,r = (v — 1)7"2_1,

Per:=o[(1+zr1)(1+ zre) — 9],
Prag = (2y = 1)ri ' —dit, Para = (2y = ry ' —dy ',
Prrd i= o[(1 +rady ' + 2re) (1 + 211) — 27], Pray := o[(1 +ridyt +2ry) (1 + 2r2) — 2],
Prdrd == o[(1 + Tldfl + ary)
)

(1 + T2d2_1 + xry) — 4’)’],

f)r,rd = Q[(l + TQ/dQ + x?”g)(l + le)Q f)rd,r = Q[(l + T1/d1 + $’I”1)(1 + .ITQ)Q
—y(1+7r1/dy + zr))], —y(1 +r2/dy + x12)],
_ v —1+yredyt —rd;t = v —1+rdyt —rady!
Prad = ) Pdrd == :
L — T2 To — Y1

while the following relationships hold: PI(.,-) = —P(,), and |S/() = IS(W). Finally, threshold
powers IS( y are used for LGRs &y only, while all other threshold powers are used for

.y

both type of LGRs A ) and S ).

LGRs are Mutually Exclusive: Note that all LGRs in Table 4.1 and Table 4.2 are
mutually exclusive in that, for a given tuple of channel parameters ¢ = (11,79, dy, d2, 7y, P),
the condition for one and only one LGR holds. For example, suppose a tuple ¢ € Aqgg,
hence it satisfies min(Pq 4, Isd,d) > P > 0. From Table 4.3, since P} 4 := —Pyq 4, ﬁ’g,d = —Isdvd
the condition (Pyg,Pqgq) = 0 for Agg requires (Py.q; |f>g7d) =< 0, which implies that A,, =
Arg = Agr = Arva = Ay = 0. Next, if ¢ € Agq, then ¢ € Aqq as condition Pyy < P
for A.44 violates condition Pqgq > P for Aqq4. Similarly, if ¢ € Aqgq, then ¢ € Aqg,q and
c & Awgrd. Also, when ¢ € Aqq, ¢ € Sq4q as condition Py < P for S,qq violates Pyg4 > P
for Aq4q4 since Pqqg4 < Pyg4; similarly when ¢ € Agq, ¢ € Sq,a. We can also show that for
c € Agq, we have ¢ € 5,14, ¢ € Suar and ¢ € Syqrq via simple algebraic manipulations.
Therefore, if ¢ € Aq4g4, ¢ does not belong to any other LGR. Similarly any other LGR-pair

can be shown to be mutually exclusive.
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4.4.3 Properties of the Optimal Power Allocation

We observe that the MARC-OPA has two underlying properties: a Waterfilling-like prop-
erty and a saturation property. First, there exists a certain saturation threshold Psy such
that for power budget P < P, the MARC-OPA allocates powers as follows:

o if P is sufficiently small such that P satisfies the condition of one of the 4 LGRs
Agd, Ard, Aa, or A, ,, then for each source the MARC-OPA transmits only in the

strongest of the relay-link and direct-link originating from that source.

e as P increases, for at least one source, the MARC-OPA transmits in both the relay-
link and direct-link originating from that source, thereby transmitting in 3 of the 4
mm-wave links. As P increases further, depending on the relative magnitudes of the
link gains, the MARC-OPA may eventually transmit all 4 links. Thus, for P < Pg,,

all link powers are either zero, or increase piecewise linearly with P.

The Waterfilling-like Property

This property of the MARC-OPA resembles the Waterfilling (WF) [138, Chapter 10.4]
property for parallel AWGN channels, and thus it is referred to as the WF-like property.
All LGRs with power allocations satisfying this property are denoted by LGRs A, ,, 2,y €
{d,r,rd}. Specifically, depending on the gains of the direct-links (DL; and DL;) and the
gains of the relay-links (RL; and RLy), the MARC-OPA transmits in one of the following
sets of links: (i) DLy and DL, if dy > 7y, do > 79, (ii) RLy and RLy if 7 > dy, o > dy, (iii)
DL; and RL, if dy > 7y, 1o > dy, and (iv) DLy and RL; if dy > r9, 71 > d;. Note that the
corresponding LGRs are Agq4, A, Aq, and A, 4.

Since the marginal return from transmitting only in the strongest link of each source
diminishes as P increases, for sufficiently large P (that is still below Pg,) the MARC-
OPA transmits in one additional link. The chosen link, however, depends on the relative
magnitude of the link gains, and provides the maximum increase in the sum-rate among

all inactive links.

For example, consider a given (ry, 79, dy, d2, P)-tuple such that for P < min(Pgq 4, |5d7d),
the MARC-OPA transmits in links DL; and DLy only, i.e., as in Agq4. Now, if Pyq < |5d7d
holds, and P increases to Pyq < P < min(lf’d,d, Pra.d), then the MARC-OPA transmits in
the relay-link RL;, in addition to the two direct-links, following the allocation in LGR A,q4 4.

115



Note that through LGRs Ag4 and A,q 4, the powers p; and ¢; increase piecewise linearly
with P, while po = P increasing linearly with P and ¢» = 0, as per the WF-like property.

Based on the intuition for LGR A,44 above, the other LGRs that follow the WF-like
property, i.e., Add, Ard and A, can be explained as well. Specifically, the intuition
behind LGR Ay 4 follows by swapping the roles of the sources compared to A4 4, whereas
the intuition behind A, 4 and A,q, follow from Ay ,4 and A4 4 respectively by exchanging
the roles of the relay-links as well as the direct-links. Finally, in A, the MARC-OPA

transmits in all 4 links following a Waterfilling allocation.

The Saturation Property

While for P < Pg, the MARC-OPA follows the WF-like property, for P > Pg,, the
MARC-OPA limits the relay-link powers such that the saturation condition holds, which

is expressed as

(T+71q1)(1 + 12g2) = 1. (4.41)

Thus, as P increases beyond Pg,;, ¢1 and ¢ can no longer both increase with P. In contrast,
the direct-link powers p, = P — g, increase unbounded with P. This property is referred

to as the saturation property and is clearly unlike WF-like property.

The 5 LGRs satisfying this property are denoted by S ) in Table 4.2. Given a set
of parameters (rq,79,d1,ds,7), as P increases, saturation first occurs in one of LGRs
S(.,), called the saturation LGR. The specific saturation LGR depends on the given set of
parameters (11, 2, d1, da, ), or equivalently on how the resulting threshold powers compare.
In either case, the saturation threshold Pg,; is given by the lower bound on P in the
respective LGRs &y in Table 4.2. For example, if the saturation LGR is &; .4, then

Psat - maX<Pr,r7 Pr,rd)'

While saturation may occur in one of the 5 possible LGRs & ) in Table 4.2 that depend
on the given set of parameters (rq, r9, d1, ds, ), the general intuition behind all 5 saturation
cases are the same. We explain below the intuition behind the saturation phenomena by
observing how the so-called sum-rate-gap, defined below in (4.42), behaves as the power
budget P increases from P = 0 to the saturation threshold Pg,;. Recall that the objective
of the MARC-OPA is to maximize R = min{X¥g, Xp}. For a given P > 0 and a feasible

power allocation (p1,q1,p2, g2), we define the sum-rate-gap as follows

AR(}% d1, D2, QQ) i=2Xp—XR=0p —OR — (& (108; (1 + 7’1(11) + log (1 =+ 7”2(12)) ) (442)
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where ¥g and Xp are expressed in (4.30)-(4.31). Clearly, AR is not a function of py, but
it is a decreasing function of g;. Also, since the sum-rate is R = min{¥g, ¥p}, so long as
AR > 0, only R =Yg < ¥p is achieved.

We can now explain saturation by observing how AR changes as P increases from
P = 0. First, note that at P = 0, the resulting allocation is py = ¢, = 0, and therefore the
resulting rates are Xp = op and Xg = og, with og and op defined in (4.32). Since in the
current case we have v > 1, which implies op > og from (4.39), we have the sum-rate-gap

AR = op —og > 0. Hence, at P =0 only R = Xg < Xp is achieved.

Next, recall that as P increases from P = 0, due to the Waterfilling-like property, link
powers pi and ¢, increase piecewise linearly with P. Since AR is not a function of py,
if pr increases with P, AR remains unaffected. In contrast, if g, increases with P, AR
generally reduces from AR|p_y = op — og > 0. More specifically, except for LGR Aq 4,
for all other LGRs in Table 4.1, as P increases, either ¢; or ¢, or both increase with P,
and thus in all these LGRs AR monotonically decreases with P. As such, when P is
sufficiently increased, ¢; and ¢y are alloted enough power to reduce AR to AR = 0. This
is achieved at P = Py, the so-called saturation threshold, and the resulting condition
AR =0 <= (14 riq1)(1 + reqz) = 7, is called the saturation condition given in (4.41).

In terms of rates, now the sum-rate R = YXg = Yp is achieved.

If P is increased beyond Pg,, it turns out to be optimal to constrain ¢; and ¢, such
that AR = 0 continues to hold. Therefore, as P is increased beyond P, all additional
increase in P needs to be allocated to the direct links, i.e., p, = P — qi. As such, for all
P > Pg,:, the sum-rate R = Yg = Yp is achieved.

Optimal Powers in Saturation LGRs: As noted earlier, for a given set of parameter
(r1,72,dy1,dy,7y) saturation can first occurs in one of 5 LGRs &( ), depending on which
the optimal powers vary differently with P. Specifically, in S, ., as P increases, ¢ = P
increases linearly with P, and thus p; = P — ¢; = 0. However, due to saturation, since
q1 = P we have g = (y35,7 —1)/r2, which decreases non-linearly with P. The same trend
is found in the complementary LGR Sy, after the role of the two sources are swapped
compared to Sy 4. In Syq44, as P increases, if 1 > 1y (resp. r1 < 13), ¢1 and g (resp. ¢ and
¢1) monotonically increase and decrease non-linearly with P, while both p; and p, increase
non-linearly. Finally, in S,44, as P increases, ¢; = =1 and ¢, = 0 remain fixed, and all

T1

additional increments of P are allotted to the direct-links, whereas in the complementary

LGR 8414, the same trend is followed with the roles of the sources exchanged.
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Saturation LGR and Final LGR: For a given set of parameters (1,72, dy, ds,y) as P
increases, while saturation first occurs in one of LGRs & ) for P > P, associated with
that LGR, as P increases further, one or more other LGRs Sy may become optimal where

that for all P > Pg,, a specific LGR &) remain optimal, denoted the final LGR.

saturation continues to hold. More specifically, there exists a threshold Pg, > Pg, such

To describe this more precisely, recall that in (4.40), we partitioned the relay-link
gains r := (rq,73) into subsets Rgy := {r : r1 > yro}, Ry := {r : yry > r1 > 1o},
Ry = {r :vyry > 1y > 1}, and Rge := {r : ro > vr;}. Intuitively, in Rgo, relay-link
RL, is significantly stronger than RLy (i.e., ro > vry) while in Rs, it is only stronger (i.e.,
ro > r1) but not significantly stronger (i.e., ro < 7ry). The intuitions for Rg; and Ry

follow similarly. We observe that for a given set of parameters (rq,r, dy, da, ), if

oer c Riorr € Ry: Pgp = max(lsrdﬁd,lsdyrd,ISrd,r,ISr,rd, Prd,rd), and the final LGR is
Srd,rd-

e 7 € Rgi: Psin = maX(Prvd, Prd7d7 Prd,d)a and the final LGR is Srd,d-
o r € Rgo: P = maX(Pd,r, Pde, ISd,rd)a and the final LGR is Sde.

Naturally, for some link gain tuples, the saturation and the final LGRs are the same, and

thus Pfin = Psat-

4.4.4 Evolution of Link Gain Regimes with the Power Budget

In Table 4.1 and Table 4.2, the LGRs are defined as partitions of the set of the power
budget P. Since the threshold powers in Table 4.3 are functions of link gains, for a given
(r1,72,dy, ds,y)-tuple and P, it is easy to determine which LGR is active (i.e., the condition
of which LGR holds). It is evident that, as P increases, the active LGR may change as
well, and thus the MARC-OPA follows a set of active LGRs, called a LGR-path, which

reveals useful insights on the optimal power allocation.

Recall that for a given (r1, 79, dy, ds, 7)-tuple, saturation can occur in either of 5 LGRs,
Strd, Srdrs Srdrd; Srd.d and Sy g, Which leads to a vast number of LGR-paths and makes it
difficult to interpret insights. Hence, to simplify the exposition, we now assume the gains
of the direct-links to be the same, i.e., d := d; = dy. Although this causes some loss of
generality, the resulting LGR-paths are simplified. For example, under this assumption,
for r € Ry, LGRs Arg = Argd = Arvd = Srrd = Srdd = Sdrd = 0, and thus saturation can
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now occur only in either Sy, or Syqrd. Nonetheless, the paths for the case with d; # ds

can be similarly characterized.

In this section, we discuss the paths for » € Ry and r € Rgy only, as the paths for
r € R1 and r € Rg; can be derived from those for » € Ry and r € Rgs, respectively, by
exchanging the roles of relay-links RLy and RL; as well as those of direct-links DLy and DL;.

Case r € R

In this case, we have 7 LGR-paths denoted [S1],...,[S7] which are presented in Table 4.4
along with their underlying conditions, and the interval of P for each LGR in the path.

Note that the conditions in Table 4.4 are mutually exclusive for » € Ry. Moreover, for
ease of exposition, we have omitted the boundary cases in which one or more inequalities
in the condition of an LGR~path hold with equality. In such boundary cases, one or more
LGRs in the LGR-path becomes empty. The LGR-path is then simplified by omitting
the empty LGRs, and the simplified LGR-path may turn out to be the same as some
other LGR-path. For example, consider paths [S2] and [S3] in Table 4.4. If the channel
parameters are such that the two threshold powers P, and P} 4 are equal, i.e., P, = Py 4,
then simple algebraic manipulation reveals that LGR A,q 4 is empty. The simplified path,
obtained by omitting this empty LGR from [S2], turns out to be the same as path [S3].

Initial LGR: While paths [S1], [S2], [S3] originate from the initial LGR A, ,, path [S4]
originates from Agg4, and paths [S5],[S6], [S7] from Ag4,. The initial LGRs vary based
on how the direct-link gain d compares to the relay-link gains r; and r,. For example, if
d>ro>r < 0< |5d7d < Pg4gq (i.e., each DLy is stronger than its corresponding RLy),
for sufficiently small P, following the WF-like property the MARC-OPA transmits only in
the direct-links as in LGR Aq 4, and thus Ag 4 serves as the initial LGR.

On the other hand, if ro > 7y >d <= 0 <Py, < Isftd (i.e., each RLy, is stronger than
its corresponding DLy, ), for sufficiently small P, following the WF-like property the MARC-
OPA transmits only in the relay-links as in A, ,. Furthermore, depending on how threshold
powers Py 4, |5:j7d and P, , compare, the MARC-OPA follows one of the paths [S1], [S2], [S3],
as given in Table 4.4. Similarly, for the case of 75 > d > 1 <= Pgyq > 0, Isfj’d > 0, the
MARC-OPA transmits in the two stronger links RLy and DL; as in A4,. Then, based on

A~

how threshold powers Py 4, Py 4 and Py, compare, one of paths [S5], [S6], [ST7] is followed.
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Table 4.4: LGR paths for » € Ry. Table 4.3 provides the threshold powers in terms of
link gains and 7. Each path originates from one of three initial LGRs A,,, Aqq or Aq,,
and terminate at the final LGR Syq,q. If for certain values of link gains and v, one or more
LGRs in the path becomes empty, the path is simplified by omitting the empty LGRs.

LGR path Condition Interval of P in each LGR
(S1]: Ay — Aga, — 0<Phy<Phig<Pu  [0,Phy), [Phy Py,

Ard,rd — Srd,rd [|5£j’w I:)rd,rd) ) [Prd,rda OO)
[52] . Ar,r — Ard,r — 0 < Pij’d < Pr,r < Isétd [Oa PZj,d) ’ [Pg,dv Prd,r) )

Srd,r — Srd,rd [Prd,ra ISrd,r) ) [ﬁrd,n OO)

[S3] : Ar,r — Srd,r — Srd,rd 0< Pr,r < P&d < Isij,d [07 Pr,r) ’ [Pr,ra ISrd,r) ) [ﬁrd,noo)

[S4]) : Adga — Adyd — 0 < Pgq < Pyg [0,Pga) , [Pad,Pad)
Ardrd — Srd,rd [Pd.d, Prdrd) 5 [Prd;rd, 00)
[55] : Ad,r — Ard,r — 0< Pd,d < ﬁé,d < Prd,r [07 Pd,d) ) [Pd,d7 ﬁéj’d)
Ard,rd — Srd,rd “S:j’da I:)rd,rd) ) [Prd,rda OO)
(S6] : Ad, — Aray — 0<Pga <Prar<Pliy [0,Pgq), [Paa;Prar)
Srd,r — Srd,rd [Prd,ra ISrd,r) , [ﬁrd,ry OO)
[S7] : Ady = Adra — 0<P)y<Pag [0,P4q) s [Py g Paa) s
Ardrd — Srd,rd [Pd.d, Prdrd) 5 [Prd;rd, 00)

Saturation Cases: In this case, saturation first occurs in either LGR Syq 4 or LGR Syq

as follows.

Saturation occurs in Syq .4 if the condition of one of the paths [S1], [S4], [S5] or [S7] is
met. Here, Psyt = Prq 4, and as P increases for all P > Pq 4, g2 increases monotonically
and ¢; decreases monotonically, and they approach constants g — g := % — i > 0,
as P — oo. Intuitively, since in Sy ,q4, condition (1 + r1¢1)(1 4 72¢2) = ~ must hold, as
P increases, ¢; and ¢y both cannot increase. Moreover, since in the case with r € R,
relay-link RL, is stronger than RL;, as P increases, the MARC-OPA achieves the best rate

by increasing g and decreasing q;. However, since RLy is not significantly stronger than
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RL,, instead of only in RLy, the MARC-OPA should transmit in both relay-links for all

P > P4rq. Thus, ¢; and g2 both remain non-zero and approach constant levels as P — oo.

On the other hand, saturation first occurs in LGR S, if the condition of one of
the paths [S2],[S3] or [S6] holds. Here, Py = max(Pyy, Pr,), and S, is active for
only max(Pyqg,,Py,) < P < IsrdJ. When S,q, is active, for source Sy, the MARC-OPA
allocates (p2,q2) = (0, P). In contrast, for source Sy, the MARC-OPA allocates (p1,q1) =

(P — %;ﬁ(l +33r2 — 1)). Clearly, as P increases in this range, go = P increases and
= %( - JDTQ — 1) decreases, and hence the MARC-OPA follows the same trend as in Sy vq

discussed above.

Final LGR: For P > Pg, = max(P,q 4, Pra,), all paths terminate at the final LGR Sq q.

LGR-paths: We first discuss path [S2] in some detail, and interpret its underlying con-
dition 0 < P(’id <P, < Isijd as follows:

e In this case, each RLj is stronger than its corresponding DL,k = 1,2. In terms of
channel gains, this is equivalent to 1 > 7, > d <= 0 < Py, < ISde. Hence, for
P € [0,Py4), following the WF-like property the MARC-OPA allocates P entirely to
RL; and RL; as in A, ,, where ¢; = ¢ = P increase with P, while p; = p; = 0.

e As P increases, the return from transmitting only in the relay-links decreases. Due
to condition 0 < Py, < P,,, for the range of P € [Pg’d, Prar), the MARC-OPA
achieves the best rate by transmitting in both DL; and RL; as in LGR A,4,. Hence,
for P € [Py 4, Pra,r), following the WF-like property the MARC-OPA allocates power

as in Ay, where p1, ¢; and ¢o increase with P, and py = 0.

e Due to condition 0 < P,, < Isfid, as P is increased further to P = Pgt = Py,
saturation first occurs in LGR 8.4, as it becomes active. In this LGR, the MARC-
OPA allocates py = P — q1,q1 = ~ —L— — L and p, = 0,¢, = P, which remains

H 1+Pro ry’?

optimal for the range of P € [Prq, Pray).

e Finally, for P > Iidm LGR &4,rq4 becomes active.

Path [S1] is similar to [S2] as the first two LGRs and the final LGR are the same. The
only difference between the two is that condition 0 < FA’g’d < P, in [S1] is opposite to that
in [S2], and due to this LGR S,q4, in [S2] is swapped with LGR A4 in [S1]. Hence in
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[S1], as P increases, instead of saturation, the MARC-OPA continues to allocate power
according to LGR A,q 4 following the WF-like property. Finally, as P is increased further,

saturation occurs in LGR S,q r4, which remains active for P > Pg,e = Pig rq-

Path [S3] is similar to [S2] except that LGR A4, is now skipped. The difference
between the two paths is that as opposed that in [S2], we now have condition P,, <
ngd < FA’iLd. Hence, as P is increased, A,q, is skipped and instead Syq, becomes active at

P = Pyt = P, where saturation occurs first. Finally, for P > F_>,d7,, LGR 84,4 is active.

Path [S4] is complementary to [S1] in that each DLj is now stronger than its corre-
sponding RL;, k = 1,2. In terms of link gains, this is equivalent to d > ry > 1r; < 0 <
|f>d7d < Pgd. As a result, compared to the first two LGRs A,, and A, in [S1], the first
two in [S4] are Aqgq and Aqg 4, while the remaining two LGRs are the same as in [S1].
Similar to [S1], in [S4] for sufficiently small P, the MARC-OPA allocates power following
the WEF-like property as LGRs Aqq4, A4 and A ,g become active, and then saturation
occurs in LGR Syq,q for P > Py = Prya. The details are similar to those of [S1], and

hence are omitted.

Finally, for the case of r9 > d > r1, where DL, is stronger than RL; and DL, is weaker than
RLy, the MARC-OPA follows [S5],[S6] and [S7] in a manner similar to that of [S1], [S2]
and [S4] respectively. While the exact thresholds of P and specific LGRs in a path vary
depending on a given set of channel parameters (r1,dy, 72, ds, ), overall the the MARC-
OPA allocates the link-powers in accordance to its WF-like and saturation properties. The

details are omitted to avoid repetition.

Case r € Rgo:

In this case, we have 10 paths, denoted [T3],...,[T7] and [N1],..., [N5] and given in Table
4.5. Note that paths [T'3],...,[T'7] are the counterparts of paths [S3],...,[S7] in Table 4.4
with Sq,4 appended as the final LGR, and thus are denoted in this manner. Also, paths
[S1] and [S2] do not have any counterparts here, and thus [T'1] and [T2] are not defined.
Moreover, paths [N1],...,[IN5] are valid exclusively for r € Rgs.

Similar to the case with r € R, the conditions in Table 4.5 are mutually exclusive
for r € Rge. Moreover, similar to those for the case with 7 € Ry, we have omitted the
boundary cases in which one or more inequalities in the condition of an LGR-~path hold
with equality. In such boundary cases one or more LGRs become empty, and the simplified
LGR-path is then obtained by omitting the empty LGRs.
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Table 4.5: LGR paths for » € Rgo. Table 4.3 provides the threshold powers in terms of
link gains and «. Each path originates from one of three different LGRs A, ,, Aqq or Aq,,
and they terminate at the final LGR Sq4 .. If for certain values of link gains and v, some
LGR in the path becomes empty, the path is simplified by omitting the empty LGRs.

LGR path

Condition

Interval of P in each LGR

[T?)] . Ar7r — SI’d,I’ —

Srd,rd — Sd rd

[N].] . Ar7r — Srd’r —
Sd,rd

[T4] : -Ad,d — Ad,rd —
Ard,rd - Srd,rd —
Sd,rd

[NQ] : Ad,d — -Ad,rd —
Sd,rd

[T5] : Adr — Ay —
Ard,rd — Srd,rd —
Sd,rd

[T6] : AdJ — Ard,r —
Srd,r — Srd,rd —
Sd,rd

[T7): Agr — Adrd —
Ard,rd — Srd,rd —
Sd,rd

[NB] : Ad,r — Ard,r —

'Srd,r — Sd,rd

[N4] : -Ad,r — -Ad,rd —
Sd,rd

[N5] : Ad,r — Sd,rd

/ D/
0<Prr<Pgq <Py
and ISrd,r < Pd7r

/ D/
0 <Prr<Pygq<Pyq
and ISrd,r > Pd,r

0< |Sd,d < Pd,d < Pd,rd

0< Isd,d < Pde < Pd,d

0< Pd,d < P;I,d
< I:)rd,r < Pd,r

0 < Pd7d < Prd7|r < Péyd < Pd7r,
or 0 < Pd,d < ﬁrd,r
< Pd,r < P::I,d

0< |Sé’d < Pd,d < der, or
0 < ﬁé,d < Pd,l’
< Pg4 <Pgrd

0 <Pgd <Pq,
< Prd,r < P::I,d

0 < P:jyd < Pd,l’
< Pg,rd < Pygd

0 < Py, < min(Py 4, Pd.4)

[O) Pr,r), [Pr,n ISrd,r)’
[Prd.rs Pdrd), [Pd.rds 00)

[07 Pr,r); [Pr,n Pd,r)7
[Pd,h OO)

[0,Pg.a), [Pa.ds Paa),
[Pd.d, Prard)s [Prd.rds Perd)s

[Pd.rd, 00)

[0,Pg.a), [Pa.ds Pard),

[Pd.rd, 20)

[0) Pd,d)? [Pd,d7 ﬁ)é,d%
[Pé,d’ Prd,l‘d)7 [Prd,rdy ISd,rd),

[Isd,rda OO)

[0,P4.d), [PddsPrdyr);
[Prd,h ISrdJ)v [Isrd,ra ISd,rd)’

[Pd.rd, 20)

[07 IS:Ld)’ [FA)Zj,w Pd,d)a
[Pdd, Prard), [Prd.rds Pdrd),

[Pd.rd, 20)

[0,P44), [Pdd,Prdr),
[Prd,r, Pd,r)a [Pd,ra OO)

[07 Isij7d)> [ﬁé’m Pd,rd);

[Pd.rd, 20)

[07 Pd,r)a [Pd,ra OO)
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Initial LGR: While [T3] and [N1] originate from the initial LGR A,,, [T4] and [N2]
originate from LGR Agq4, and [T'5],...[N5] originate from LGR Aqg,. The initial LGRs
vary depending on how d compares to r; and ry as in the case of » € Ry, hence is not

repeated here.

Saturation Cases: Saturation first occurs in one of LGRS Sigrd, Sdard and Sy

Saturation first occurs in S,q,q if the condition of one of the paths [T4], [T5] or [T'7] is
met. Here, Pg; = max(lsrd,r, Prdrd). Unlike in case r € Ry, LGR S ,q4 is now active only
for the finite range of P, i.e., max(lsrdm Prr) < P < ISde. Intuitively, when r € Rgs,
relay-link RL; is significantly stronger than RL; (i.e., 7o > 7r1). Hence, transmitting in both
relay-links as in Syqrq is optimal only for a finite range of P. In fact, for all P sufficiently

large, transmitting only in the significantly stronger link RLy turns out to be optimal.

Saturation first occurs in Syq, if the condition of one of the paths [1'3],[N1],[16] or
[N3] hold. Here, Pgyy = max(P,q,,P,,), and S, is active for the range max(Pq4,, P,,) <

P <min(P,q,,P4,).

Finally, saturation first occurs in Sy,4 when the condition of one of the paths [N2], [N4]
or [N5] hold. Here, for all P > Py, = max(Pq,, P4 4, Para), LGR Sy,q is active. Note that
in Sqr4, as P increases, ¢z = %l > 0 and ¢; = 0 are fixed, and all additional increments of
P are allotted to the direct-links only. Intuitively, since RLy is significantly stronger than

RLy, for all P > Pg,, the best rate is achieved by transmitting only in RL,.
Final LGR: For P > Ps, = max(lf’d,rd, Pd.rd, Pda,), all paths terminate at final LGR Sy 4.

LGR-paths: Since paths [T'3],...,[T7] can be interpreted similarly to paths [S3], ..., [S7],
they are not detailed here. Hence, we only discuss paths [N1],. .., [IN5] briefly.

Path [N1] is similar to [T3] with Syg.4 skipped. In contrast to [17'3], we now have
Par < F—)rd,ra and hence the allocation of &4 .q is suboptimal. Therefore, as P increases and
P > Py, LGR 8,4 is skipped, and the MARC-OPA allocates the link powers according
to Syrq for all P > Py,.

Path [N2] is similar to [T4] with A.y,4 and S, skipped. The conditions for [N2]
simplifies to 79 > r1(27 — 1). Due to this, RLy is so much stronger than RL; that, for all
P > 0, the best rate is achieved by transmitting solely in RL, and not transmitting in RL;
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Figure 4.5: Path [S5] with (r1,72,d,v) = (1,2.9,1.3,3). For P < Pg = 0.62, all link
powers follow the WEF-like property. At P = P, saturation occurs in LGR 84,4 and it

remains active for all P > Pg;.

at all. Thus, compared to [T'4] where non-zero power is allocated to RL; in LGRs A

and Syq 4, these LGRs are now suboptimal and need to be skipped here.

Likewise, [N3] is similar to [T'6] with S,q.q skipped, [N4] to [T'7] with A4, and Sy rd
skipped, and [N5] to [N4] with A4, skipped. The conditions for these paths can be

interpreted in a manner similar to those discussed above, and hence are not detailed.

Numerical Examples: We now illustrate examples of paths [S5] and [T'5] in Figure 4.5
and Figure 4.6 respectively by plotting the optimal link powers against budget P for
parameters (11,72, d,7y) as noted in the respective figures. In each example, the analytical
expression of powers (marker-line) indeed match their numerically computed counterparts
(solid line) using the CVX package [133]. We also verify that the MARC-OPA follows the

respective paths by labeling the active LGRs in the relevant intervals.

In Figure 4.5, we verify path [S5] where Pgy = Pin = Pragr = 0.62. Here, LGR A4,
is first active for 0 < P < P44, where p; = ¢o = P, while ¢ = ps = 0. Then, for
Peaga < P < Isdﬁd, LGR A4, becomes active where, in addition to p; and ¢a, ¢; increases

with P as well. As P increases, for ISZLd < P < Pgt, LGR Ayg 4 is active where all 4 powers
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Figure 4.6: Path [T'5] with (r1,72,d,v)=(1,4,1.52,3). For P <Pg;=0.49, all link powers
follow the WF-like property. Saturation first occurs at P = Pg,x and LGR 84,4 becomes
active. For P > Pg, = 1.34, LGR 84 4 is active where ¢ = 1/2 and ¢; = 0 remain fixed.

increase with P. Finally, for P > P, saturation occurs in S,q,4 Where ¢, increases and ¢,
decreases towards limits go = 0.67 and ¢; = 0.02 (not shown in Figure 4.5), while p; and

p2 grow unbounded with P.
We similarly verify [T5] in Figure 4.6 and omit the details since in [T5], the first 4 LGRs

are the same as those of [S5] in Figure 4.5. Nevertheless, for [7'5] while saturation occurs
at Psat = Prara = 0.49 in Sy 4, unlike in [S5], the final LGR is Sy ,q where g2 =0.5,¢; =0
are fixed for all P > Pg, = 1.34.

4.4.5 Optimal Power Allocation for the Symmetric Case

For the symmetric case with d = dy = dy and r = r; = ry, considering a symmetric
power allocation of the form (p, g, p, q) is sufficient. The optimal power allocation scheme
(the MARC-OPA) for this case is presented in Table 4.6. Due to symmetry, only 3 LGRs
Aqgd, Arr and A,q g are sufficient to describe the Waterfilling-like property, while only one
LGR S,4,4 is needed to describe the saturation property.

Moreover, in this case only 3 LGR-paths, [S1], [S2] and [S3], are valid which are

presented in Table 4.7 along with the underlying conditions on channel gains and the
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Table 4.6: For the symmetric case with v > 1 definition of LGRs and optimal link powers are

given in terms of channel parameters ¢ = (r,d, v, P), where v is defined in (4.39).

Definition of LGR Optimal Power Allocation
Ad,d::{c:OSPS%—é} p=DP, g=20
Arvr::{c:OSPSmin(é—%,”l/j_l)} p=0, g=P
1 1 1 1 1 1
L 111 _ 1 _ .
Ard,rd-—{c~max(;—gag—;)< P—2<P+—d>a Q—2(P— d)
2 1/2_1 1
Pl
1/2 _ 1/2 _
1/2_ 1/2_ 1 1
Srd,rd::{c:max(’yrlaz’yr 1—%)§P p:P_’y r ) q:7 r

intervals of the LGRs. In particular, we observe the following

if d > r (i.e., direct-links are stronger than relay-links), path [S3] is followed. Since

direct-links are stronger, for P € [0,% — é), the MARC-OPA transmits only in the

direct-links as in Aqgg4. Then, for P € [% O s }1), all 4 links are allocated

271/2_1 1
r d’

power in a WF-fashion as in A, 4. Finally, for all P > Py, = saturation

. 1/2_ .
occurs in Syy 4, Where ¢ = le remains fixed.

if d < r < dy'/? (i.e., relay-links are stronger but not significantly stronger than
direct-links), path [S1] is followed. Since relay-links are stronger, for P € [0, 2 -1,
the MARC-OPA now transmits only in the relay-links as in A, ,. Then, as P increases,
LGRs A4 and Sq,.q are followed as above for path [S* 3.

if > dy'/? (relay-links are significantly stronger), path [S2] is followed. When
P € |0, 71/2_1), the MARC-OPA transmits only in relay-links as in A, until they

T

71/2_1

saturate, and then for P > P, = , the relay-links saturate and Syq,q becomes

active.

The Optimal Power Allocation in the Large Millimeter-Wave Bandwidth Regime

It is interesting to study how the optimal power allocation for the symmetric case behaves

as the mm-wave bandwidth becomes large. Recall that the direct- and relay-links in the

127



Table 4.7: LGR paths for the symmetric case. Each path originates from one of two initial
LGRs A,, or Aqgq4, and terminate at the final LGR Sy4 1q-

LGR path Condition Interval of P in each LGR

~ 1/2_ 1/2_
[Sl] :Ar,r_>~’4rd,rd _>Srd,rd d<r§d71/2 [Oaé_%) ) [é_l M_é) ) [M_$7OO)

[5'2] tAre = Srd rd r > dyl/? [0, 7=—), [*——,0)

~ 1/2_ 1/2_
(53] : Adg — Ardrd = Srapd d 27 01— -5 —-1, [B—-10

DR-MARC are modeled as point-to-point AWGN channels with a bandwidth-mismatch
factor (BMF) of . For example, consider the S1-D; direct-link with transmit power p, link
gain dé/ 2, and noise variance NN, for which the achievable rate is given by a log (1 + %) as
in (4.30). In the previous settings, since the mm-wave bandwidth (BW) was considered to
be a fixed constant, the BMF « and the noise variance N were also taken to be constant,

e.g., N was taken to be N =1 in (4.7).

When the mm-wave BW increases, the noise variance N as well as the BMF « increases
proportionally, which can be modeled by defining N := Nyw and a := «aqw for some
Ny, ag,w > 0. Then, the large BW regime is modeled by having w — co. For the S;-D;

direct-link described above, the achievable rate is now given by

dop _ p
apw log <1 + wN()) = apwlog (1 + dﬁ) , (4.43)

with the identification & = ayw and d = ‘fu—o, which capture the effect of varying BW. For
the other direct-link, two relay-links, and the relay-destination link in the mm-wave band
after similarly capturing the effect of varying BW, the resulting link gains and BMF are
given by

do o g Groo

a=oqw, d=—, r=—, Ggrp=
w

- (4.44)

We now examine the effect of large BW, i.e., w — oo, on the optimal power allocation
of Table 4.6. First, from the definition of op and og in (4.32), parameter v'/2 in (4.39)
simplifies as follows

12 _ 2(6D2_UR)

«@

N
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— 9E[C(G1pP1+Gop Pa+GroFR)-E[C(G1rPL+Gar P)]) /200 o(log(1+GroFr))/2
Wosle (14 GroPr)'”
(:b) 96/aow <1 n GRD,O pR) 12
w
(é) eaoiwlogg (1 n GRD,O pR> 2
w

d ) g _
(z) (1 + —log, 2> (1 + Croo PR)
QW 2w

e 1
L1 LT+ o(1/w) (4.45)
w

where (a) follows from defining § := 1/2(E[C(Gip Py + Gap P> + GroFR)] — E[C(G1rP) +
GarDP,)]), (b) follows from expressing BMF « and link gains as in (4.44), (c¢) follows
log, 2 E}

““ =~ 14+ —*log, 2, and

agw

L N1/2 -
(1 + %P@ ~ (1 + %P’R)7 for large w, and finally in (e), the quadratic term

) )
. ——log, 2 £
from expressing 2°/90% as e=ow %<7 (d) follows from e=ov

is presented as o(1/w) such that % —0,as w — oo, and I' = (51(;%2 + @PR).

As a result, accounting for the link gains in (4.44) and the parameter v'/2 in (4.45), for

large w, i.e., w — oo, the threshold power 71/:_1 in Table 4.6 simplifies to

Y2P-1 1+T/w—-1
r o/ W

_ I (4.46)

7"0‘

Similarly, the other threshold powers in Table 4.6 simplify to

27921 1 (1 1 L2r
T d - To do To ‘

As presented in Table 4.6, the optimal power allocation in the symmetric case is described
by 4 LGRs, A44, Arr, Ardrd, and Sqrq. Simple algebraic manipulations reveal that as
w — 00, LGR A4 ,4 approaches the empty set. This leaves only 3 LGRs, and thus the

optimal power allocation for large BW, where w — oo, simplifies as follows:
e if dy > ry, the power budget P is entirely allocated to the direct-links for all P > 0.
o if dy < rg, when P < @ ~ %, the budget P is entirely allocated to the relay-
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links; instead, when P > %, the relay-links are saturated with power ¢ ~ %, and all

additional increments of P are allotted to the direct-links only.

In the large BW regime, allocating power in both direct and relay-links in Waterfilling-
like fashion as in LGR Aq.q is suboptimal. In this regime, when transmitting in either
the set of direct-links or the set of relay-links, due to w — oo, the marginal return from
allocating additional power to the same set of links remains constant, as opposed to reducing
as in the regime with finite w. Thus, as P increases, it is beneficial to continue transmitting
in the same set of links, and it is suboptimal to allocate a fraction P to the other type
of link as in A,4.q. For example, when dy > 7y, i.e., when budget P is allocated entirely
to the direct-links, and thus p = P, the achievable rate in the S;-D; direct-link in (4.43)

simplifies to the following, as w — oo

QoW do P aow doPlog, 2 aodp log, 2
—1 1 — £ = —< P 4.47
o 8 ( * wNO) 2 wNy 2Ny (4.47)

Therefore, the marginal return from allocating additional increments of P to the direct-

links is constant, and thus for all P > 0, it is optimal to transmit in the direct-links only
as in Agqg4. Alternatively, when dy < 79, the achievable rates for the relay-links behave
similarly as w — oo, and thus transmitting only in the relay-links is optimal for P smaller
than the saturation threshold. However, for P larger than the threshold, the relay-links
become saturated, and all additional increments of P are alloted to the direct-links, as in

Srde-

Optimum power allocation in a 2-D topology

We now illustrate how the mode of optimal link powers varies as the source locations vary.
For this, we consider the 2-D topology of Figure 4.3a, where R and D are located on the
x-axis at (0,0) and (0, drp), while the sources are located at (—dsg cos ¢, £dsg sin ¢) with ¢
being the angle between the sources and the relay. Due to symmetric source placement, the
resulting link gains are symmetric, i.e., d = d; = dy and r = r; = ry, which simplifies the
power allocation. Moreover, similar to the Section 4.2.5, the microwave band is assumed
to be under phase fading, whereas the mm-wave fading gains are taken to be constant.
More specifically, from node s to ¢, the microwave fading gains are G = 1/ dsﬁtl, while the
mm-wave relay-link gains are r = 1/ dgﬁz and the mm-wave direct-link gains are d =1/ d'g,g,

where d(_ ) is the inter-node distance and (31, 3; are path-loss coefficients in the two bands.

For illustration, we take the following parameters P, = 10,k € {1,2,R}, Px = 1,
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y position

X position

Figure 4.7: For the 2-D network topology of the DR-MARC in Figure 4.3a, the source
locations are at coordinates (z,=+y). The source locations are partitioned into several

regions, for each of which the optimal transmission mode for the mm-wave links are labeled.

B = 2,6y = 4, a = 2, while the power budget is P = 10. We then plot the source
locations in Figure 4.7 by varying ¢ € (0,7) and dsg € (0,4) for fixed dgrp = 1 unit, and
partition this space based on which mode of mm-wave transmission is optimal. First, in
region Ly, sources are much closer to the relay than the destination in that og > op (i.e.,
v < 1), with or, op and v defined in (4.30), (4.31) and (4.39). Therefore, for sources

located in Ly, it is optimal to transmit only in the direct-links for all P > 0.

All regions except Ly, correspond to the case of v > 1, and depending on the budget
P and source locations (i.e., the resulting direct-link and relay-link gains), the optimal
transmission mode in different regions vary. For example, the sources in the region labeled
A, . are not as close to the relay as in L; but are sufficiently close to the relay such that
0<P< dgzD —d€§ holds. Hence, for these source locations, allocating the budget P entirely
to the relay-links is optimal. On the other hand, the sources in the region labeled Aq 4 are
sufficiently close to the destination in that 0 < P < d'g§ — dé’)fD holds. Hence, it is optimal
to allocate the budget P entirely to the direct-links. As opposed to these two regions, the
sources in the region labeled A,q 4 are at an intermediate distance from the relay and the
destination in that P < (2y'/2 — 1)d€2R — dg,g holds. Here, transmitting in all 4 links as in
Avd.ra is optimal. Finally, sources in the region S,q,q are such that P > (2¢1/2 — 1)d'§2R —dé%
hold. Here, saturation occurs, and allocating power as in Sq 4 is optimal. Clearly, for fixed

dsgr, dsp and v, as P increases, the region labeled Sy4.q grows.
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4.5 Summary

In this chapter, we studied the performance of the fading MARC over the integrated mm-
wave/microwave dual-band, where the mm-wave links to the relay and to the destination
are modeled as non-interfering AWGN links. We showed that the capacity of the DR-
MARC can be decomposed into the capacity of the underlying R-MARC and the two mm-
wave direct-links, hence the direct-links can be operated independently of the R-MARC
without compromising optimal rates. Next, we characterized an achievable region for the
R-MARC, which is then shown to achieve the capacity region of the R-MARC under a set
of sufficient channel conditions, denote the jointly-near conditions. This shows that even
when the sources are not near in the underlying microwave c-MARC, for sufficiently strong
source-relay mm-wave links, they become jointly near over both bands such that capacity

is characterized in closed form.

Next, we studied the optimal power allocation over the mm-wave links that maximizes
the achievable sum-rate of the DR-MARC for the case where the fading gains of the mm-
wave links are geometry dependent constants. The resulting scheme allocates power in
different modes depending on the power budget P and the link gains (i.e., according to the
active link gain regime), and all such modes were characterized. When the budget P is
sufficiently small, it is entirely allocated only to the strongest of the relay- and direct-links,
and as P increases but remains below the saturation threshold, power is allocated to other
links as in Waterfilling solution. However, for P above the so-called saturation threshold,
if one relay-link is stronger but not significantly stronger than the other, power in the two
links respectively increases and decreases with P and approach non-zero levels as P — oo.
Otherwise, power in the significantly stronger relay-link is fixed at a constant while that

in the other is zero.

Moreover, in the large mm-wave bandwidth regime, if the direct-links are stronger
than relay-links, budget P should be allocated entirely to the direct-links for all P > 0.
Alternatively, if the relay-links are stronger, P should be allocated entirely to the relay-
links until they saturate, and then all subsequent increments of P should be allocated to

the direct-links only.

These results illustrate the benefits of relay-cooperation and the impact of point-to-
point mm-wave links on the performance of the dual-band MARC, and thus they can be

useful in practical resource allocation in dual-band uplink scenarios.
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Chapter 5

The Multiple Access Interference
Channel

Inter-user interference, caused by transmission of other users in a shared medium, is a
common source of performance bottleneck in wireless communication. In cellular commu-
nication settings, such interference is typically caused by base stations and users in neigh-
boring cells that operate at the same carrier frequency. Since interference is a common
impairment in wireless networks, means to mitigate interference has been widely studied

in the literature [10, 12,100,139, 140].

In this chapter!, we study the multiple-access interference channel (MAIC) operating
solely in the microwave band. The MAIC models the interference-limited communication
between a pair of two-user multiple-access channels that operate in two neighboring cells
over the same shared band, and thus mutually interfere. In typical cellular communication,
multiple transmitters communicate to a single receiver simultaneously. For example, in
the cellular uplink, multiple users transmit to the base station and form a multiple-access
channel (MAC). Hence, the MAIC models communication when two such MACs mutually

interfere, and thus provides a more realistic model of cellular interference.

The performance of the MAIC is limited due to the presence of noise as well as inter-
ference. While increasing the transmit power of all users helps to safeguard transmissions
against noise, the power in the resulting inter-user interference also increases proportion-
ally. This increased interference can then constitute a possible major bottleneck to the

performance. Hence, understanding how interference should be handled by, e.g., decoding

!The results of this chapter (except for Section 5.4) have been published in [140].
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it, treating it as noise or some other scheme, is immensely helpful in characterizing useful

strategies for the MAIC.

Similar to the two-user interference channel (IC), the capacity of the Gaussian MAIC
(GMAIC) is known only in a few specific regimes [12,113,141]. For example, if the interfer-
ence is strong, jointly decoding the two interfering messages along with the two intended
messages as in a four-user Gaussian MAC proves optimal for certain subsets of the strong

interference regime [12].

In contrast, the MAIC with weak interference models a more practical setting of cellular
interference such as the following: when the users in a cell interferes with the base station
of another cell, since the interfering users are located at a farther distance than the desired
users, the resulting power in the interference is typically smaller than the power in the
desired signals. While the weak MAIC effectively models such settings, neither jointly

decoding interference nor treating interference as noise (TIN) is optimal in this regime.

Since characterizing the capacity region of the MAIC is highly non-trivial in general,
recent studies have focused on characterizing the sum-rate performance of the GMAIC.
In [12, eq.(13)], a sum-rate upper bound was characterized for the GMAIC which performs
well for very small values of the cross-channel gains. However, numerical studies show that
as the cross-channel gains increases within the weak interference regime, the gap between
the upper bound and the TIN achievable sum-rate increase consistently and becomes large.
Moreover, the sum-rate of the GMAIC has also been studied in [113]. However, as discussed
in Section 2.2.2, the channel model, the exact definition of weak interference, and the upper
bounding approach are all different from those in [12]. While a constant gap result for the
sum-rate has been proposed in the study of [113], this gap has only been shown to exist,
and neither the exact numerical value of the gap, nor the exact set of channel gains for

which this gap holds, has been characterized.

In this chapter, we study the performance limits of the GMAIC, and focus primarily
on the weak MAIC which is of more practical interest. Note that the usual terminologies
of the MAIC such as the channel model and the definition of weak and strong interference
regimes in [12] can be regarded as natural extensions of the same for the IC [100], and

hence the notations for this chapter are adopted from [12].

First, we characterize an achievable region for the MAIC based on the Han-Kobayashi
encoding (HK) scheme for the IC [7]. We then focus on the sum-rate, and characterize

several genie-signal aided sum-rate upper bounds and an outer bound to the capacity region
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of the channel.

The contributions of this chapter are summarized as follows:

e Achievable rate region for the discrete memoryless (DM) MAIC: In Section 5.2, we
provide an achievable region for the DM-MAIC based on the HK strategy, where each
transmitter splits its message into a private and a common part, and each receiver is

allowed to decode the common part of the interfering message non-uniquely.

e Achievable rate region for the Gaussian MAIC: for the GMAIC, directly adapting
the achievable scheme from the DM-MAIC results in a non-computable region due
to a possible large cardinality of the time-sharing variable ). We characterize a
computable region by limiting @ € Q = {1,2} and adapting the operation at the

transmitters depending on the state of ().

e Sum-rate upper bounds for the partially symmetric GMAIC: Focusing on the partially
symmetric case (to be defined in the next section), we derive three novel upper
bounds on the sum-rate of the weak GMAIC by providing different genie-signals
to the receivers. We also simplify the first upper bound to a closed form for the
completely symmetric case where all cross-channel gains are the same. Numerical
examples demonstrate that for a wide range of cross-channel gains, the achievable
sum-rate and one of the sum-rate upper bounds differ only by a small numerical gap,

thus providing good approximations to the sum-capacity in these cases.

e For the general GMAIC without any symmetry, we characterize a sum-rate upper
bound for the weak interference case. We then characterize a set of outer bounds to

the capacity region of the GMAIC that is valid for any interference regime.

The rest of the chapter is organized as follows: The system model is defined in Sec-
tion 5.1. The achievable region is characterized in Section 5.2. In Section 5.3, the sum-rate
upper bounds for the partially symmetric GMAIC are characterized, and numerical exam-
ples are presented. In Section 5.4, the capacity region outer bound is derived, and finally,

a summary is provided in Section 5.5.

5.1 System Model

The MAIC consists of two interfering 2-user MACs as depicted in Figure 5.1. In the first

MAC, sources S; and Sy send independent messages M; and M, to destination Dy, while in
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Figure 5.1: A depiction of the MAIC where the multiple-access channel from sources S; and

Ss to Dy and the multiple-access channel from sources S3 and S4 to Dy mutually interfere.

the second MAC, sources Sz and S; communicate their independent messages M3 and M,
to destination Dy. However, due to the nature of the shared medium, transmissions from
all sources superimpose at both destinations, and thus cause mutual interference between
the two MACs.

First, we consider the discrete memoryless MAIC as depicted in Figure 5.2.

Definition 5.1 (The DM-MAIC). The DM-MAIC is defined by the tuple ((X)i_y, Vi, Vo,
DY, Ya| X1, Xa, X5, X4 (Y1, Y2|T1, T2, T3, 24)) where Xy, k € {1,2,3,4} are finite, discrete input al-
phabets, YV, 0 € {1,2} are finite, discrete output alphabets, and the channel transition law

is defined as py, yvy|x1,X2,x5,x4 (Y1, Y2|T1, T2, T3, 74).

The transmission from the sources are uncoordinated, and hence the transmitted mes-
sages are assumed to be independent. Since the channel is discrete memoryless, the channel

probability mass function (pmf) after n channel uses factors as

n

pi vyl o, o 2f) = [ o vailwns, w2, s, 240). (5.1)

i=1
Definition 5.2 (Code for the DM-MAIC). A (2nf1 2nfR2 9nks onfa ny code for the DM-
MAIC consists of (i) four uniformly distributed message sets, My = {1,...,2"%} one
for each source Si,k € {1,2,3,4}; (ii) an encoder for each source ¢y, : My — X' k €
{1,2,3,4}; and (iii) two decoders 11 and 1y for destinations Dy and Dy such that ¢ :
Vi = My x My and ¢y : Vi — M3z x My.

The probability of decoding error for the DM-MAIC is defined as
P =Py (") # (My, My) U ha(Yy") # (Ms, My)],

where all messages are independent of each other and distributed uniformly.
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Figure 5.2: The discrete memoryless MAIC (DM-MAIC).

Definition 5.3 (Achievable rate for the DM-MAIC). A rate tuple (Ry, Ra, R3, Ry) is said
to be achievable for the DM-MAIC if there exists a sequence of (2nF 2nf2 gnlis onka p)

codes such that P™ — 0, as n — oo.

Moreover, the capacity region of the MAIC, denoted by Cmaic, is defined as the closure

of the set of all achievable rate tuples. Finally, the sum-capacity is defined as

Cs := max Ri + Ry + Rs + Ry. (52)
(R1,R2,R3,R4)ECmalC

The Gaussian MAIC

In this work, we mostly focus on the real Gaussian MAIC (GMAIC), depicted in Figure 5.3,
where the channel coefficients are real-valued, fixed and known throughout the network [12].

The channel outputs at D; and D, at the ¢-th channel use are given by

Yii=X1,+ Xoi+hsXs; +haXy;, + 714,

Yoi=mXi;+heXo; +Xs; + Xy + 2o, i=1,...,n (5.3)
where hs and hy are the cross-channel coefficients from S; and S, to Dy, whereas h; and hs
are the cross-channel coefficients from S; and S, to Dy. The direct-channel coefficients from
the sources to their designated destinations in the individual MACs, e.g., the coefficient
for the channel from S; to Dy, are assumed to be 1. The input codewords X' € R" are
assumed to be block power constrained, i.e., %Z?:l E[X,fl] < P,k €{1,2,3,4}. Finally,
the noise samples are Z;; ~ N (0,1), i.i.d., and Zy; ~ N (0, 1), i.i.d.

We focus mostly on the GMAIC with weak interference, where the magnitude of the

cross-channel coefficients are smaller than that of the direct-channels, i.e.,

h; <1, ke{l,23 4} (5.4)
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Figure 5.3: The Gaussian MAIC (GMAIC) as defined in [12].

A (2nfa gnfz onfs onki py code and an achievable rate pair for the GMAIC are defined
from those of the DM-MAIC given in Def. 5.2 and Def. 5.3, respectively, by choosing all
codeword alphabets to be R and imposing average power constraints on the codewords

Xk e{1,2,3,4}. Hence they are not repeated here.

Note that while the results included in this chapter are for the MAIC with real channel
coefficients, these results can be extended to the case with compler channel coefficients

following similar techniques.

Moreover, the MAIC can be considered a special case of the k x m-user X channel
[142,143] after restricting k¥ and m to k = 4,m = 2, and eliminating all messages from
the first and second sources to the second destination and all messages from the third
and fourth sources to the first destination. However, we have used a different achievable
strategy as compared to those in [142,143] for the X channel. Moreover, the outer bounding
techniques for the X channel in [142,143] provide loose bounds for the MAIC in general,

and thus we proposed novel genie-aided bounds that provide better results.

5.2 Achievable Region for the MAIC

First, we derive an achievable region for the DM-MAIC based on the HK scheme [7] for
the IC. We then adapt it to the GMAIC.
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5.2.1 An Achievable Region for the DM-MAIC

Let P be the set of joint pmfs p on the random variables (Q, Uy, X3, Us, Xo, Us, X3, Uy, X4)

that factor as
4

p = po(@) [ [ pu..xuio(us, zilq). (5.5)
k=1

We thus have the following achievable region for the DM-MAIC.
Theorem 5.1 (An achievable Region for the DM-MAIC). The region A := Upep (R1(p) N Ra(p))
is achievable for the DM-MAIC, where the union is over all p € P that factors as (5.5),

and for a given p,

Ri(p) :== {(R1, Ra, R3, Ry) = 0 | 3(R19, Rao, R3o, Rao) = O, (5.6)
such that
Ryp < Ry, (5.7)
Rao < Ry, (5.8)
R3y < Rs, (5.9)
Ry < Ry (5.10)
Ry — Rao < I[(X1;Y1|Uq, X, Us, Uy, Q) (5.11)
Ry — Ry < I(X2; Y1|Up, X1,Us, Uy, Q) (5.12)
Ry + Ry — Rao — Reo < (X1, Xo; Y1[Us, U, Us, Us, Q) (5.13)
Ry — Rao + Rz < I(X1, Us; Y1|Ua, X5, Us, Q) (5.14)
Ry — Ryo + Rao < 1(Xo, Us; Y1|Us, X1, Uy, Q) (5.15)
Ry + Ry — Rao — Ryo + Rao < 1(Xy, Xy, Us; Y1|Us, Uy, Uy, Q) (5.16)
Ry = Rao + Rao < (X1, Us; Y1|Us, X2, Us, Q) (5.17)
Ry — Ryo + Rao < I( X2, Uy; Y1|Us, X1, Us, Q) (5.18)
Ry + Ry — Rao — Ryo + Ryo < I( Xy, X, Uy; Y1|Uy, Uy, Us, Q) (5.19)
Ry — Rao + Rao + Rao < I(X1, Us, Uy; Y1|Uy, X2, Q) (5.20)
Ry — Ryo + Rao + Ryo < 1(Xo,Us, Uy; Y1|Up, X1, Q) (5.21)
Ry + Ry — Rao — Ryo + Rao + Rao < I(X1, Xo, Us, Uy; Y1|U,, Uy, Q) }, (5.22)

for all a € {0,1} and b € {0,2}, with Ry := 0 and Uy := 0, and I(.) terms computed
with the given distribution p € P. Region Ro(p) is defined by the region found by swapping
indexes 1 <> 3, 2 <> 4 and signal Yo <> Y1 in Ri(p).
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Proof. The proof is relegated to Appendix D.1. [ |

While the proof is relegated to Appendix D.1, we briefly outline the key points here.
First, the time-sharing variable @) is used to time-share between different achievable strate-
gies. For example, each realization of ) may correspond to a different distribution of the
associated random variables satisfying (5.5), each resulting in a specific achievable region,
and the overall achievable region is then obtained by averaging over all such rate regions.
However, irrespective of a specific instance of (), the same encoding and decoding strategies
are deployed. Hence, for brevity we omit the time sharing variable and explain the basic

principles behind the encoding and decoding strategies.

The achievable region is derived using arguments similar to that for the Han-Kobayashi
scheme in [7] for the IC. More specifically, here source S, k € {1,2, 3,4} partitions its mes-
sages M, (with rate Ry) into a common message My (with rate Ryg) and a private message
My, (with rate Ry — Ryo > 0). It then performs superposition encoding to superimpose

both partitions of the message into a single codeword X' (M, My,) for transmission.

Destination D; then uniquely decodes both the private and common messages from its
designated sources Sy and Sy, i.e., (M, Mip, Mac, Ms,), and non-uniquely decodes only the
2 common messages (Msc, My.) from the non-designated sources Sz and S, while treating
the private messages (Ms,, Myp,) as noise. The decoding scheme follows from generalizing
the scheme for the IC in [7]. The resulting rate region for destination Dy is given by R(p)

for some common message rates 0 < Ry < Ri, k € {1,2,3,4}.

Note that the first 4 inequalities (5.7)-(5.10) on the common message rates are appli-
cable to both destinations D; and D, whereas the remaining inequalities correspond to
the rate constraints for non-unique decoding at destination D;. Moreover, each set of 3
constraints, (5.11)-(5.13), (5.14)-(5.16), (5.17)-(5.19), and (5.20)-(5.22), succinctly repre-
sents a set of 8 constraints that are expressed concisely using binary variables a € {0, 1}
and b € {0),2}. For example, the set of 3 constraints (5.11)-(5.13) actually represents 8

constraints when accounted for all combinations of a, b.

The decoding procedure for destination Dy follows from that for D; after exchanging
the roles of the two sets of sources as well as that of the two destinations. Hence, the rate
constraints for Dy can be found from that for D; by changing the respective variables as
indicated in the theorem. Finally, the achievable region for a given distribution p satisfying

(5.5) is obtained by taking the intersection Rq(p) N Ro(p) for the two destinations, while

140



the overall achievable region is obtained by taking the union over all such distribution

Uper (R1(p) N Ra(p)).

5.2.2 Achievable Region for the Gaussian MAIC

Note that the rates in Theorem 5.1 need to be computed by taking expectation over a
time-sharing variable (), and thus many different distributions for the input codewords
can potentially be considered, one for each realization of (). Moreover, when the message-
splitting operation is deployed in the Gaussian MAIC, it amounts to the total transmit
power at the source being split between the private and public messages. Hence, for each
realization of @), a different power-split can be considered. Since the cardinality of () can
potentially be large, it results in a large number of choices for the encoding strategy, and
hence the exact characterization of the rates in Theorem 5.1 becomes computationally hard
for the Gaussian MAIC.

Therefore, we provide a computable region for the GMAIC by restricting the cardinality

of @, the input distribution and the power splitting at the sources as follows:

e only i.i.d. Gaussian codewords are considered for the inputs.
e () is restricted to be binary, i.e., Q € @ ={0,1}, with P[Q =0] =P[Q =1] =
e for () = 0, the encoding operation is modified as follows:

— sources Sz and Sy do not deploy message splitting: they transmit only common
messages (i.e., My = My, My, = 0, = 3,4), which are then encoded into
codewords U} ~ N (0, F,), i.i.d., £ = 3,4.

— sources Sy and Sy perform message splitting: for a fixed power splitting Py, :=
apPy and Py = (1 — o) Py, with 0 < o < 1,k = 1,2, they encode their
private messages into codewords V;* ~ N(0, Py ), i.i.d., and common messages

into codewords U}* ~ N (0, Py ), i.i.d., and transmit the superimposed codeword
X =0+V" k=12

e conversely, for () = 1 the roles of S; and Sy are swapped with those of S3 and Sy.

e the decoding operations at destinations D; and Dy are unchanged.
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The resulting region is computable where each I(.) term is now computed with Gaussian
signals with appropriate powers that depend on @ € {0,1}. For example, in constraint
(5.14), ie., Ry — Rao + R3o < I(X1,Us; Y1|Uy, X2, Uy, @), with a € {0,1}, the I(.) term

evaluates t](j) . 2D p_p 2

1 1= Lac + 343 1 1 — Lac + 31 3,c
—log(1 ’ —log(1 7 -
g los(1+ 1 )3 loe(Lt e e,
and the second terms correspond to @) = 0 and ) = 1, respectively.

), where Py := 0 and the first

Since the achievable region for the GMAIC is obtained from that in Theorem 5.1

following the restrictions listed above, it is not repeated here.

5.3 Partially Symmetric MAIC: Sum-rate Upper Bounds

We first consider the partially-symmetric GMAIC where the cross-channel gains for sources

S; and Sy are the same, i.e.,
2 2
hl - hQ,
as well the cross-channel gains for sources S3 and S, are also the same, i.e.,
2 2
h3 = h4.
We then characterize three upper bounds for the sum-rate of the partially-symmetric

GMAIC based on genie-signal aided upper bounding techniques.

5.3.1 A Genie-aided Sum-rate Upper Bound

In the weak case, both cross-channels are weak, i.e.,

hi=h3<1, hi=hij<l.
We provide two types of side-information (genie-signals) to the receivers and characterize
the bounds based on the worst additive noise technique [144]. First, consider the genie-
signals ST and S¥ intended for destinations D; and Da:

ST = hi (X7 + X3) + NT,

Sy = hg(X35 + X7) + N7, (5.23)
where N ~ N(0,0%,) is independent of (Xy,...,X,) and correlated with Z, which is
defined in (5.3), such that E(NyZ;) = pn,on,, with |py,| < 1, and 03, < 1, k = 1,2.

These signals provide a noisy version of the intended signals to the receivers.
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Next, we consider genie-signals Uj* and Uj intended for receivers D; and D, given by
Ul = ha(Xg + XJ) + W7,

Uy = hi (X + X3) + Wy, (5.24)

where Wy ~ N (0, 0, ) is independent of (X1, ..., Xy) and correlated with Zj, which is

defined in (5.3), such that E(ZyWy) = pw,ow,, with |pw,| < 1, and a?,vk <1,k=1,2. As

opposed to (5.23), (5.24) provide a noisy version of the interfering signals to the receivers.

We denote the set of parameters involved in (5.23)-(5.24) as

C = (UNlaUN270W170W27pN17pN27pW17pW2) (525)
such that oy, ,ow, € [0,1] and pn,, pw, € [-1,1],k = 1,2.
For notational convenience, we also tabulate the variance (0(2_)) of a few relevant Gaus-

sian random variables appearing in the expression of the upper bound as follows

O’I%Q‘ZQ*WQ = O-IQ/VQ(]‘ - p%/VQ)/<1 _'_ 0-12/1/2 - 2IOW20W2)
U%Q—WQ =1+ 0‘2/[/2 - 2pW20_W2
021—]\71//11 =1+ J1\712/]112 - 2pN10N1/h1

2 2
O-Zl‘Nl = 1_pN1
We now have the following sum-rate upper bound.

Theorem 5.2 (Sum-rate upper bound for the partially symmetric weak GMAIC). For a

set of parameters c in (5.25), consider the following conditions:

[Al] O-%l—Nl/hl —_ ]‘7 (530)
[AQ] J%Q*WQ S 0-%1‘]\[1/}2'37 (5 31)
[A3] oy, < a%MZQ_WQ, ox, <1, (5.32)
[A4] o3, < 03‘,2‘Z2_W2, o, < 1. (5.33)

If ¢ satisfies either the three conditions [Al], [A2] and [A3], or the three conditions [A1], [A2]
and [A4], the sum-capacity of the partially symmetric weak GMAIC is upper bounded by

P+ P+ h?))(P?, +Py)+1- (h (Pr+P2)+pn, oy )?

h2(P1+P2)+02
CS S Zlog 2 (pn 1(N1/h12))2 i
2 N 179Ny
h3(Ps+ Py) + 1 — WP
P
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1
—= log(hg) + —log

N llog h(P + P,) 4 0%, 1 (hf(Pl + P) + ag%)

4 h%<P1+P2)+O-I2/VQ|Z2—W2 4 4 h%(Pl—FPQ)—i—l

2 (R} (P1+Pa)+ow, pwy )>

1 hi(Pr+ Bo) + Py 4+ P+ 1 - lh?(P1+Pz)+cr€v2 2 2

+ Z log 1_p2 0.2 (,DW —ow. )2 _Z log (O'N10-227W2)
P + P4 + Nq . Wo 2 2
. 3 h3 W (Pi+P)+o%,
PS

1 1

+ 7 log (1+ P+ P+ hi(Ps+ Py)) + 708 (14+ P+ Pi+hi(P+PR)). (5.34)
Proof. We relegate the proof to Appendix D.2. [ |

While the details are relegated to Appendix D.2; the key idea of the proof is given
here: we provide side-information ST to destination D; and UJ to destination Dy, and then
single-letterize the resulting multi-letter entropy terms by applying the (conditional) worst
additive noise (WAN) technique [130, 144].

The effectiveness of this bound is illustrated with some numerical examples in Sec-
tion 5.3.3. Note that a complementary upper bound can also be found by providing U7 to
D; and 5% to Dy. The resulting bound is obtained from that in Theorem 5.2 by exchanging
indexes 1 <> 3 and 2 + 4. Additionally, another bound can be obtained by providing only
the noisy interfering signals U7* and U3 to D; and Ds, however, this bound turns out to be

quite loose compared to that in Theorem 5.2, and hence is omitted.

The Completely Symmetric Case: Simplification of the Bound in Theorem 5.2

Note that the upper bound in (5.34) is valid for all channel parameters that satisfy the
constraints of Theorem 5.2, and therefore, to characterize the tightest upper bound, (5.34)
needs to be minimized over all choices of these parameters. This problem, however, is non-
convex and thus difficult to solve. Hence, we simplify bound (5.34) to a closed form for
the completely-symmetric weak GMAIC where all cross-channel gains as well as all power

constraints are the same, i.e.,

h*:=hi <1, and P:=P, ke{l,2,3,4}. (5.35)

We now have the following upper bound on the sum-rate of the completely symmetric
weak GMAIC.
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Theorem 5.3. The sum-capacity of the completely symmetric weak GMAIC is upper
bounded by the minimum of (5.36) and (5.37) below:

1+2P>
Al

1 4ht
-1 h 5.36
+40g012v1(4h2—(7]2v1), where (5.36)

1
Cs < 5 log <2|h|P +

4h*(1—h?), if h* <3,

2

O-Nl - )
1, otherwise,

1+2P) 1 4h? + 1

—1
AR

1
Os < - log (2yhyP + (5.37)

2
Proof. Bound (5.36) is obtained by taking conditions [A1], [A2] and the first condition in
[A3], ie., UIQ,VQ < 0‘2,[,2| Zo—w,» With equality, and then minimizing the remaining terms over
o3, < 1. First, taking [A1] with equality results in 1y = 1 in (5.34), and thus log () = 0.
This also results in o, = 2pn, h. Similarly, taking [A2] with equality simplifies 3 in (5.34)
to u3 = 1, and thus log(us) = 0.

Next, taking the first condition in [A3] 012,[/2 < 0‘2/[,2| Z,—w, With equality gives 012/[/2 = p%VQ,
and this results in the numerator of uy and denominator of ps in (5.34) having the same
value which cancel each other. Moreover, from (5.27), (5.29), and equality in [Al] and

[A2], we solve for py,, which gives us pw, = h™'(h? + 0%, /4h* — 1)V/2.

The remaining terms in (5.34) then simplify to

1 1 1 2h%P + 03 1 4ht
Cs < min =1 (1 2P 2h2p)——1 h?) 4~ 1 (—Nl) -
ssmingle (PTal plosl) + qlos(mp ) F 1108 e =0
Ny N1 N1
(5.38)
subject to  4h*(1 — h®) < 0%, < min(1,4h%). (5.39)

In the constraint (5.39), the first upper bound o3, < 1 follows directly as defined in (5.25),
whereas the other upper bound o3, < 4h? follows from the upper bound p3, < 1 in (5.25)
since oy, = 2pn,h. Moreover, the lower bound 4h*(1 — h*) < 03, follows from the lower
bound p3,, > 0 in (5.25) after substituting pw, via pw, = h™'(h* + 0%, /4h* — 1)V/2.

Note that only the last 2 terms in (5.38) depend on 0']2\[1, and thus the problem reduces
to that of minimizing these two terms subject to (5.39). This problem is non-convex as
2h2P+012V

P
on, (ie., o3, €[0,1]), we have v(on,) < 0, we simplify the problem by taking v(oy,) = 0.

the term ~y(on,) := log( ) in (5.38) is non-convex. However, since for all valid

Thus, the problem reduces to

minimize  — log oy, (4h* — o%,) (5.40)
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subject to  4h*(1 — h®) < 0%, < min(1,4h%). (5.41)

This problem is convex, and hence is solved using KKT conditions (see Appendix D.3 for

the details). The optimum solution is given in closed form by

. faa—ny, Rz <y
O—Nl -

1, otherwise,

and, when this solution is applied to (5.36), it yields a closed form upper bound to the

sum-rate.

Next, the bound in (5.37) is found by taking conditions [A1], [A2] and both conditions
in [A4] with equality. Specifically, taking [A1] with equality results in log(u;) = 0in (5.34),
and taking [A2] with equality results in log(u3) = 0 in (5.34), as in the previous case. Then,
taking the first and the second condition in [A4] with equality results in log(us) = 0 and
log(p4) = 0 in (5.34) respectively. Moreover, taking [A2] and [A4] with equality results in

the following closed form solution of variables py, = j,’?—jr} and 012\,1 = %. Substituting
the expressions for py, and o3, the remaining terms simplify to (5.37). |

5.3.2 Additional Genie-aided Sum-rate Upper Bounds

The sum-rate upper bound in Theorem 5.2 is generally better than existing bounds in the
weak interference regime such as that in [12] when the values of the cross-channel gains
are moderate (i.e., cross-channel gains not close to either 0 or 1). However, when the
cross-channel gains are close to 1, the following sum-rate upper bound outperforms that
of Theorem 5.2.

Theorem 5.4. The sum-capacity of the partially symmetric GMAIC with h? < 1 is upper
bounded by
Ri+ R < Slog(14Pl), Ry+ Ry < —log (1+L> (5.42)
2 2 P +1/h3
for some P|, Py > 0 that satisfy
P+ Py
h?
Conversely, an upper bound for the partially symmetric GMAIC with h3 < 1 is found by

P+ P =P + P+

(5.43)

swapping indezes 1 <> 3 and 2 <> 4.

Proof. The proof is given in the Appendix D.4. |
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We prove this result by transforming the GMAIC into a degraded 4-user broadcast
channel (BC) in a step-by-step manner as detailed in Appendix D.4, which follows a similar
approach for the IC in [139]. Intuitively, compared to the GMAIC where the individual
power constraint of each source needs to be satisfied, in the degraded BC the powers of
all sources can be shared. Since power-sharing does not reduce the sum-rate, the resulting

sum-rate upper bound for the degraded BC provides an upper bound to the sum-rate of
the GMAIC as well.

Note that instead of channel parameters (P, ... FP,), the above bound is expressed in
terms variables (Pj, Pj) that satisfy (5.43). Hence, the best upper bound can be found
by optimizing (5.42) subject to (5.43). However, the problem is non-convex, and hence
difficult to solve. Therefore, to characterize a closed form of this bound, we choose the
particular operating point on the (P], Pj)-plane where the two rate bounds in (5.42) are
the same, i.e., Ry + Ry = R3 + R4 holds. Solving for P}, P;, and substituting them, the

following closed form bound is obtained
1 1\? P+ PN\
Cs < log 1——2+<(1+—2) +4(P1+P2+¥>) ~1. (5.44)
hi hi hi

Also note that unlike Theorem 5.2, where both cross-channels are weak, the bound in
Theorem 5.4 is valid when at least one of the cross-channel gains is weak, e.g., for (5.44)

to hold, channel gain h? < 1.

We now provide another upper bound on the sum-rate, which is valid irrespective of

whether any of the cross links is weak or strong.

Theorem 5.5. The sum-capacity of the partially symmetric GMAIC is upper bounded by

1 1+ P+ P+ h(P+PR)(1+ P+ P)
Cs < S log —
2 1+ min(hi, 1)(P + P»)

A second upper bound is found by swapping indexes 1 <+ 3 and 2 < 4.

Proof. The proof is given in the Appendix D.5 [

We outline the key steps here. We provide destination D, a single genie-signal, and aim
to upper bound the resulting terms as in Theorem 5.2. In contrast to Theorem 5.2, where
two different genie-signals, a noisy version of the intended signals and a noisy version of
the interfering signals, are provided, in this case a single genie-signal is provided which

can be considered a noisy version of both the intended and the interfering signals. This
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approach is similar to that of [139] for the IC. Under some conditions on the parameters
of the genie-signal, destination D, is then shown to be able to decode all messages as in a
4-user MAC, thus providing a sum-rate upper bound. Finally, the obtained upper bound

is minimized over the parameters of the genie-signal to characterize a tighter bound.

While the bound in Theorem 5.5 is valid in both the weak and strong interference
regime, for the weak interference regime, the bound in Theorem 5.5 is outperformed by
that in Theorem 5.4.

Lemma 5.1. If h? < 1, the bound in Theorem 5.4 is tighter than that in Theorem 5.5.

Proof. Suppose that h? < 1. We can choose P, = P,+P, and Py = & 3;3P 2 and the resulting
1
bound in (5.42) simplifies to that of Theorem 5.5. Therefore, the bound in Theorem 5.5 is

a special case of that in Theorem 5.4, and is generally looser. [ |

For the case with h2 < 1, the counterparts of bounds in Theorem 5.4 and Theorem 5.5
are obtained by swapping the indexes 1 <+ 3 and 2 <+ 4. Then, following the principle of
Lemma 5.1, the bound resulting from Theorem 5.4 can be shown to be tighter than that

from Theorem 5.5.

5.3.3 Numerical Examples

We now present some numerical examples to demonstrate the effectiveness of the sum-
rate upper bounds derived in the previous section. In Figure 5.4, we present numerical
examples of the upper bounds in Theorem 5.2 through Theorem 5.4, and for comparison
we also include the upper bound in [12, equation (13)]. For simplicity of exposition, we
provide the examples for the completely symmetric case where all cross-channel gains are
the same h? = h? as well as all transmit powers are the same P = Py, k € {1,...,4}.
More specifically, we plot these bounds against cross-channel gain h% € (0,1) in the weak

interference regime with transmit power P = 100.

Note that the bound in Theorem 5.2 is subject to certain constraints on the parameters
involved, and not available in closed form. Hence, we plot the numerically optimized version
of this bound. Also recall that the bound of Theorem 5.3 was obtained by simplifying the
bound of Theorem 5.2 for the completely symmetric case. Moreover, for the bound in

Theorem 5.4, the closed form version provided in (5.44) is plotted.

We observe the following in Figure 5.4 :
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Figure 5.4: Sum-rate upper bounds for the completely symmetric weak GMAIC. The
following sum-rate upper bounds are plotted against cross-channel gain h? € (0,1) with
transmit power P = 100: Theorem 5.2, its simplified version in Theorem 5.3, the closed
form of Theorem 5.4 in (5.44), Theorem 5.5, and [12, equation (13)].

e Bound in [12] (square markers): this is the tightest bound for small 22| i.e., h? < 0.09
approximately. However, as h? increases beyond h? ~ 0.09, the gap between this

bound and other bounds increases consistently in h? € (0,1).

e Theorem 5.2 (solid line): this bound is the tightest one for a wide range of h? i.e.,
0.09 < h? < 0.83 (approx.).

e Theorem 5.3 (solid star markers): even though this bound is the simplified version
of the bound in Theorem 5.2, for this example, the former almost overlaps with the

latter, and thus provides a tight bound.

e Theorem 5.4 (triangle markers): for a wide range of h?, i.e., h? < 0.83 (approx.),
this bound is outperformed by Theorem 5.2. However, for large values of h?, i.e.,

1 > h? > 0.83, it provides the tightest bound.

e Theorem 5.4 (circle markers): for the entire range of weak channel gains, i.e., 0 <
h? < 1, this bound is outperformed by that in Theorem 5.4. In addition, for large
values of h?,i.e., 1 > h? > 0.84, it outperforms Theorem 5.2.
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Figure 5.5: Achievable sum-rates for the completely symmetric weak GMAIC: the sum-
rates from the scheme of Theorem 5.1, the TIN scheme, the TDM scheme. The bounds

are plotted against cross-channel gain h? € (0, 1) with transmit power P = 100.

We now compare three achievable sum-rates, the sum-rate resulting from the scheme
in Theorem 5.1, the sum-rate achieved by treating interference as noise (Rtn), and the

sum-rate achieved by time-division multiplexing with power control (Rtpm), as specified

below.
Note that the rate region in Theorem 5.1 is expressed in terms of rates (Ry,..., R4) as
well as common rates (Rjg, ..., Ry). Hence, we characterize the maximum sum-rate by

first applying Fourier Motzkin elimination [100] to eliminate the common rates, and then

finding the optimum private-common power splitting via a numerical grid search.

In the TIN scheme, the two interfering messages are treated entirely as noise at each

receiver, and the resulting sum-rate is

Rrin og( + 1+2h2P>

Note that TIN can be regarded as a special case of the scheme in Theorem 5.1 if the time-
sharing variable is restricted to only () = 0, and all sources transmit only private messages,

while both destinations treat the interfering messages as noise.

In the TDM with power control, for a fraction % of the total transmission time, the

sources in the first MAC transmit with double their average power limit, i.e., 2P, while the

sources in the second MAC remain silent. For the remaining % of the total transmission
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Figure 5.6: Comparison of sum-rate upper bounds of Theorem 5.2 and (5.44) with achiev-
able sum-rates of Theorem 5.1 and TDM for the completely symmetric weak GMAIC. The

bounds are plotted against cross-channel gain h? € (0,1) with transmit power P = 100.

time, the roles of the two MACs are swapped. Since each source transmit for only % of the
total transmission time with power 2P, the average power constraint of P still holds. The

resulting sum-rate is given by

1
RTDM = 5 log(l + 4P>

In Figure 5.5, we plot these three achievable sum-rates for the completely symmetric

GMAIC against h? € (0,1) in the weak interference regime for P = 100, and observe that

e TIN: the TIN sum-rate performs well only for very small h? i.e., h? < 0.05 (approx.),

and beyond that it performs poorly compared to the two other bounds.

e The scheme of Theorem 5.1: except for small values of h?, i.e., h? < 0.11 (ap-
prox.), this sum-rate provides the best performance among the three, however, its

performance almost overlap with the TDM bound for large enough h2, i.e., h? > 0.6
(approx.).

e TDM: this sum-rate does not depend on h%, and hence remains constant. Moreover,
its performance becomes close to that of the scheme of Theorem 5.1 for large enough
h? ie., h? > 0.6 (approx.).
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Finally, in Figure 5.6, we compare the two most relevant sum-rate upper bounds, i.e.,
the bound in Theorem 5.2 (optimized numerically as in Figure 5.4) and the bound in (5.44)
derived from Theorem 5.4, with two most relevant achievable sum-rates, i.e., the sum-rate
of Theorem 5.1 (optimized numerically as in Figure 5.5) and the TDM sum-rate. The
sum-rates are plotted for the completely symmetric GMAIC against h? € (0,1) for the

weak interference regime with P = 100, from which we observe that

e the achievable rate of Theorem 5.1 is quite close to the sum-rate upper bound in
Theorem 5.2. For example, for h? > 0.16, the achievable rate is within 97% of the
upper bound.

e the simple scheme of TDM is also quite close to the sum-rate upper bound in The-
orem 5.2. For example, for h? > 0.16, the TDM rate is within 94% of the upper
bound.

We thus observe that for the case of Figure 5.6, the sum-capacity of the symmetric weak
GMAIC is closely approximated by the upper bound in Theorem 5.2 and the lower bound

in Theorem 5.1 for a wide range of cross-channel gains.

5.4 QOuter Bounds for the General Gaussian MAIC

In this section, we characterize a sum-rate upper bound and an outer bound to the capacity
region of the GMAIC in the general case, where the channel gains are arbitrary and do
not need to satisfy either the partially symmetric or the completely symmetric channel
conditions of Section 5.3. Since symmetry conditions on the channel gain do not hold

anymore, new upper bounding techniques are needed.

5.4.1 A Sum-rate Upper Bound

First, we present the following sum-rate upper bound, which is derived based on providing

specific subsets of interfering signals to each receiver.

Theorem 5.6 (A sum-rate upper bound for the general MAIC). Let Q, := {1,2}, Qs :=
{3,4}, and Xq, := {Xm}tmea,, Xa, = {Xm}meq,. The sum-capacity of the GMAIC is
then upper bounded by

1 .
Cs < len( U(X3, Xs), U(X35,Xq), U(Xy, Xo), U(Xy, Xq) ),
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where, for £ € Q1 and k € s, we have
U(Xk, Xo) == I(Xa,, Xoy\e; Y1|Xk) + (X, Xao; Ya| X)
+ I(Xa\e; Y1|1Xq,, Xo) — 1( X\ Ya| Xa,, X0)
+ I(Xay\k; Y2| Xay, Xi) — I (X Y1 Xay, Xi)
+ min (L (Xe, Xi; Y1 | Xane Xagw) + 1(Xe; Yo | Xagvks Xoy) — T(Xe; Y1 Xope, Xay ),
I( Xy, Xi; Ya| Xapve, Xogw) + 1(Xe; V1| Xa,, Xape) — 1(Xe; V2| Xa,, X)) S

in which X; ~ N(0,P),i € {1,2,3,4}, are independent of each other, and (Y1,Ys) are
obtained from (5.3).

Proof. The proof is relegated to Appendix D.6. [

While the proof is relegated to Appendix D.6, we provide the key idea here. Referring
to Theorem 5.6, we take ¢ = 2, k = 3, and provide destination D, the interfering signal X}
and destination Dy the interfering signal X;'. The resulting terms can then be expressed
as either of the two types of terms which are upper bounded as follows: (a) positive
multi-letter entropy terms, which are upper bounded by taking X; ~ N (0, P), i.i.d., as
in [131, Lemma 1], or (b) the difference of two multi-letter entropy terms, which are upper
bounded by applying the worst additive noise technique [130], for which X; ~ N(0, P;),
i.i.d., proves optimal. The bounds for all other cases of £ € 2; and k£ € ()5 are obtained

similarly.

5.4.2 An Outer Bound to the Capacity Region

We now present an outer bound to the capacity region of the GMAIC. The outer bounding
technique is based on a similar result on a related model, the MAC-IC-MAC channel [145]
depicted in Figure 5.7. In contrast to the GMAIC where all users in one MAC interferes
with the receiver of the other MAC, in the MAC-IC-MAC only one user from each MAC
interferes with the receiver of the other MAC. Hence, in the the MAC-IC-MAC the two
non-interfering users communicate with their desired receivers in a point-to-point fashion,
while the two interfering users form a two-user IC as depicted in Figure 5.7. It can be noted
that the MAC-IC-MAC can be obtained from the GMAIC by removing the interfering links
from S, to Dy and Sy to Dy.

We now have the following outer bound result for the GMAIC.
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Figure 5.7: The GMAIC and the Gaussian MAC-IC-MAC of [145].

Theorem 5.7 (An outer bound to the capacity region of the general GMAIC). The
capacity region of the GMAIC is contained within the set of non-negative rate tuples

(R1, Ra, R3, Ry) that satisfy the following bounds

ZRk S C(Z Pk> ) Q1 G2{1’2}\(2):{{1},{2},{1,2}}

ke kel
Y R < C(Z Pk) o Qe 2B\ 0= ({3}, {4}, {3,4}}
keQo ke
Py )
> R+ Y Ri< C(Th%+ > B +C(h2P2+ Zpk)
kel keQo kel1\{2} keQo

1€ {2p u2t2hE = ({23, {1,2}}

kZQRk—i-kZFRk c(1+h2P3+ > KB +C(h§P3+ZPk>
S5 el

kels\{3} ke

Ty € {3} U2BNE = ({3}, {3,4}}

ZRkJrZRk_C

+ hiPs + Z Py

h2P2
kel'1\{2}

kel2\{3}

DoRit Y Rt ) Ri<Cls

kel ke kel

TTwE > h +c(h§P3+ZPk)

keT'1\{2} ke

+C< h2p+h§P2+ Z P,
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P
+C| —Ss thR+ Y B

1+ hgpg keT'2\{3}
P.
DR+ D Ret Y B<Clo ot >, B +c(hgp2+ Zpk)
kel keQs keTs RIKERE kel,\{3} ke
P
+C|l —55 +hP+ Y P (5.45)
L+hyby ker1\{2}
Proof. The proof is relegated to Appendix D.7. [ |

The key idea is that in general, removing one or more interfering links from the GMAIC
results in a channel whose capacity region is no less than the capacity region of the GMAIC.
Intuitively, having less interference via eliminating interfering links may facilitate decoding
of the intended signals with no lesser (and possibly larger) rates. Since the MAC-IC-MAC
is obtained by eliminating two interfering links from the GMAIC, capacity region of the
MAC-IC-MAC naturally serves as an outer bound to the capacity region of the GMAIC.
While the capacity region of the MAC-IC-MAC is unknown in general, an outer bound
to its capacity region has been characterized in [145, Theorem 7]. This outer bound for
the MAC-IC-MAC, therefore, also serves as an outer bound to the capacity region of the
GMAIC, which is presented in Theorem 5.7.

5.5 Summary

In this chapter, we studied the performance limits of the Gaussian MAIC (GMAIC).
The GMAIC models the interference-limited communication between a pair of two-user
multiple-access channels that operate solely over the shared conventional single band in
two neighboring cells, and thus mutually interfere. For the GMAIC, we first characterized
an achievable region based on the Han-Kobayashi strategy, where each transmitter splits
its message into a private and a common part, and each decoder is allowed to non-uniquely
decode the common interfering message. Numerical examples for the symmetric case il-
lustrates that for a significant range of channel gains, the sum-rate resulting from the
proposed achievable strategy outperforms that of traditional schemes such as the scheme

of treating interference as noise.
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Then, focusing on the weak interference case, which is a more relevant model for practi-
cal cellular interference, we characterized 3 novel genie-signal aided sum-rate upper bounds
for the partially symmetric case, and one sum-rate upper bound for the case without any
symmetry. Numerical examples for the symmetric case shows that the proposed sum-rate
upper bounds outperform the existing one for a broad range of channel gains. They also
show that for a wide range of channel gains, the achievable sum-rate and one of the upper
bounds differ only by a small numerical gap, thus providing good approximations to the

sum-capacity in these cases.
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Chapter 6

Concluding Remarks

6.1 Summary of Contributions and Conclusions

Complementing the transmissions in the conventional microwave band with transmissions
in the mm-wave spectrum has emerged as an attractive solution to the problem of spectrum
scarcity in 5G. Therefore, in this thesis, we studied the performance of two multi-user
networks over an integrated mm-wave/microwave dual-band. In this work, transmissions
in the mm-wave band, which are established by beamforming via digitally steerable co-
phased antenna arrays, are modeled as point-to-point AWGN links that can be steered
towards a desired receiver with negligible to no interference to neighboring nodes. In
contrast, due to the nature of the conventional microwave band, transmissions in this band

interfere with the reception at neighboring nodes.

We studied two multi-user channels in such a dual-band setting that model two impor-
tant aspects of wireless communication: inter-user interference and relay cooperation. In
particular, we studied the two-user dual-band interference channel, and the two-user dual-
band multiple-access relay channel with the overall goal of characterizing the fundamental
limits of their performance. Moreover, since the performance of the two dual-band net-
works are significantly affected by the point-to-point mm-wave links, we then studied the
problem of optimal resource allocation over the mm-wave links of these networks. In addi-
tion, motivated by the fact that the optimal performance of interference-limited networks
over the conventional single band is still an open problem, we studied the multiple-access
interference channel over a single band with the aim of characterizing its performance

limits and optimal encoding/decoding strategies.
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The following are the major contributions of the thesis:

In Chapter 3, we studied the performance limits of two significant variations of the
dual-band two-user interference channel: (a) the direct-and-cross-link IC (DCLIC), which
consists of an Gaussian interference channel (GIC) in the underlying microwave band as
well as two direct-links and two cross-links in the mm-wave band; and (b) the cross-link

IC (CLIC), which consists os the microwave GIC and the two mm-wave relay-links.

The major findings from this study are as follows:

1. First, we showed that the capacity region of the DCLIC can be decomposed into
the capacity region of the underlying CLIC and the capacity of the two mm-wave
direct-links. This illustrates that it is optimal to operate the mm-wave direct-links
independently from the CLIC, which simplifies the encoding/decoding procedure. As
such, the mm-wave direct-links can be used to improve the data-rates of individual
users, whereas the mm-wave cross-links play a non-trivial role in characterizing the

capacity of the CLIC.

2. Due to the decomposition result, the capacity region of the DCLIC can be charac-
terized from the capacity region of the CLIC. Hence, we next focus on the CLIC.

Depending on whether the underlying GIC of the CLIC has strong, weak, or mixed
interference, we classified the CLIC into the strong CLIC, the weak CLIC, and the
mixed CLIC. We then characterized sufficient channel conditions under which the
capacity region of these 3 classes of the CLIC is obtained in closed form. More

specifically, we observed the following;:

(a) For the strong CLIC, the capacity region was characterized in closed form for
the entire regime. In this case, the strategy of jointly decoding the intended

messages and the interfering messages is optimal.

(b) For the weak CLIC, we characterized the capacity under the combined weak-very
strong conditions. This condition shows that even if the GIC in the microwave
band has weak interference, adequately strong mm-wave cross-links are able
to forward enough interference information to drive the overall interference to
the very strong regime, where the capacity region is characterized by successive

interference cancellation.

(c) For the mixed CLIC, the capacity region was characterized under a set of suffi-

cient conditions, which can be interpreted as being able to drive the CLIC from

158



the mixed to the strong interference regime. Under this condition, the strategy

of jointly decoding both the intended and the interfering messages is optimal.

3. For the weak and mixed CLICs that do not necessarily satisfy the sufficient condi-
tions in items (b)-(c) above, we characterized an approzimate capacity result. More
specifically, an achievable strategy is characterized where a message is allowed to be
partitioned into a private part and a public part, while a receiver is able to decode
only the interfering public message non-uniquely. Then, by adapting the power al-
located to the private and public parts according to the level of interference in the
underlying GIC, a closed form achievable region was obtained. This achievable region
was then shown to be within 1/2 bit/channel use per user for the entire regimes of
the weak or mixed CLICs.

4. Next, we studied the problem of optimal power allocation (OPA) over the mm-
wave direct- and cross-links that maximizes the sum-rate of the DCLIC under a
total power budget P for each source. The resulting scheme was shown to allocate
power to the mm-wave links in distinct modes depending on the power budget P
and channel parameters. The OPA was derived in closed form and its characteristics
were described using the link-gain regimes which reveal useful insights. In particular,
depending on the value of P, the OPA was shown to allocate power to the mm-wave
links following either a Waterfilling-like property or a saturation property. More

specifically, we observed the following:

e For sufficiently small P, the OPA assigns power to only a subset of the links that
depends on the relative strength os the links. Then, as P increases but remains
below a saturation threshold, the OPA allocates power to all 4 links. In this
regime of P, the OPA follows a Waterfilling-like strategy, and thus the power in
the allocated links increase piece-wise linearly, while that in the remaining links

are zero.

e When P is increased beyond the saturation threshold, saturation occurs, which
imposes a mazimum limit on the power in the cross-links. Hence, as P increases
further, the cross-link powers remain limited to a peak value, and all additional

increments to P are allocated only to the direct-links.

We also observed that when the mm-wave bandwidth is large, the optimal power

allocation for the symmetric case simplifies as follows: (a) if the direct-links are
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stronger than the cross-links, allocating the budget P entirely to the direct-links is
optimal for all P > 0; (b) on the other hand, if the cross-links are stronger, all P
smaller than the saturation threshold should be allocated entirely to the cross-links,
whereas for P larger than the threshold, the cross-links become saturated, and hence
all increments of P should be allotted to the direct-links.

In Chapter 4, we studied the dual-band two-user fading multiple-access relay chan-
nel, and more specifically, the performance limits of the two important variants of the
channel: (a) the direct-and-relay-link MARC (DR-MARC), which consists of a conven-
tional Gaussian MARC in the underlying microwave band as well as two direct-links and
two relay-links in the mm-wave band; and (b) the relay-link MARC (R-MARC), which

consists of an underlying Gaussian MARC and only the two mm-wave relay-links.

We obtain the following findings from this study:

1. First, we showed that the capacity region of the DR-MARC can be decomposed
into the capacity region of the underlying R-MARC and the capacity of the two
mm-wave direct links. Hence, similar to the dual-band interference channel, it is
optimal to operate the mm-wave direct links independently from the R-MARC, which
simplifies the encoding/decoding operation. While the direct-links can be used to

improve individual user-rates, the relay-links play a significant role in the performance
characterization of the R-MARC.

2. Due to this decomposition, the capacity of the DR-MARC can be readily determined
from the capacity of the R-MARC. Hence, we focused on the R-MARC next:

e We characterized an achievable region for the R-MARC based on a block-Markov
encoding scheme that performs encoding jointly over both bands, where the relay

operates in the decode-and-forward mode.

o We obtained sufficient channel conditions, denoted the jointly-near conditions,
under which the capacity of the R-MARC is characterized by the aforemen-
tioned achievable scheme. This condition show that even when the underlying
microwave source-relay channels are not strong enough, if the mm-wave relay-
links are sufficiently strong, then adequate information can be sent to the relay
such that the relay is not a bottleneck to achievable rates. As a result, under

these conditions the capacity region of the R-MARC was derived in closed form.
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Moreover, the achievability and capacity results were then shown to generalize to the
K-user version of the DR-MARC and the R-MARC, where K > 2.

. We then studied the problem of the optimal power allocation (OA) over the mm-wave
direct and relay-links of the DR-MARC with the goal of maximizing its sum-rate
achievable with the aforementioned achievable scheme, where the links are subject to
a total power budget P for each source. The resulting scheme was shown to allocate
the link powers in different modes based on the value of P and channel parameters.
All such modes were characterized in closed form, and the OA was then described

using the link gain regimes, which reveals useful insights.

For example, for a class of DR-MARCs where the jointly-near condition in the un-
derlying R-MARC is satisfied by the source-relay microwave channel gains only, it is

optimal to allocate the budget P entirely to the direct-links for all values of P > 0.

In contrast, for DR-MARCs where the jointly-near condition needs to be satisfied
jointly by the channel gains of both the microwave and mm-wave source-relay links,
the MARC-OPA has a richer structure. Depending on the value of P, the MARC-
OPA was shown to follow either a Waterfilling-like or a saturation property. In

particular, we observed that

e when P is smaller than a certain saturation threshold, the MARC-OPA follows
the Waterfilling-like strategy. Hence, for sufficiently small P, the MARC-OPA
allocates P entirely to the strongest of the direct and relay-links of each source.
As P increases further but remains below the saturation threshold, the MARC-
OPA eventually allocates power to all the two remaining links. Thus, in this
regime, each link-power either increases piecewise linearly with P, or remains

Zero.

e for P larger than the saturation threshold, the relay-link powers are constrained
to satisfy a certain saturation condition, and thus the power in both relay-
links cannot increase with P. As P increases further, if a relay link is only
stronger than the other relay-link, then the power of both relay-links vary with
P monotonically and approach positive constant levels, whereas if the relay
link is significantly stronger, its power remains constant, and the power in the
weaker relay-link remains at zero. In contrast to the relay-links, as P increases,

the direct-link powers grow unbounded.
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Moreover, when the mm-wave bandwidth becomes large, the optimal power allocation
scheme for the symmetric case simplifies as follows: (a) if the direct-links are stronger
than the relay-links, the budget P should be allocated entirely to the direct-links for
all P > 0; (b) in contrast, when the relay-links are stronger, if P is smaller than the
saturation threshold, then P should be allocated entirely to the relay-links, whereas
for P larger than the threshold, the relay-links saturate, and thus all increments of
P should then be allotted to the direct-links.

Finally, in Chapter 5, we studied the performance limits of the Gaussian multiple-access
interference channel (MAIC) over a conventional single band, where a pair of two-user
multiple access channels mutually interfere while communicating over a shared medium.
More specifically, we studied the weak Gaussian MAIC, which is a more relevant model in
practice, and focused on the sum-rate performance of the channel, from which the following

findings are obtained:

1. We characterized an achievable region for the Gaussian MAIC where each transmit-
ter is allowed to partition its message into a private and a common part, and each
receiver is allowed to decode the common interfering message non-uniquely. A com-
putable achievable region was then obtained by limiting the time-sharing variable @)
to be binary and adapting the transmitters’ operation accordingly. Numerical ex-
amples showed that this scheme outperforms conventional achievable schemes over a

significant range of channel gains for the weak Gaussian MAIC.

2. We then considered the partially symmetric weak Gaussian MAIC, and derived three
upper bounds on the sum-rate by providing different genie signals to the receivers.
Numerical examples were then used to illustrate effectiveness of these bounds. By
comparing the upper bounds with the achievable sum-rates for the completely sym-
metric case, it was found that for a wide range of cross channel gains, one of the
upper bounds was close to the sum-rate achievable with the aforementioned scheme,

thereby providing improved lower and upper bounds on the sum-rate of the weak
Gaussian MAIC.

3. Finally, we derived a sum-rate upper bound for the general weak Gaussian MAIC,
and characterized a set of outer bounds to the capacity region that is valid for any

interference regime of the Gaussian MAIC.
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6.2 Directions for Future Work

In the following, we list a few potential future directions we plan to pursue. While a few
of these are extensions or generalizations of the work presented in this thesis, for the other

problems new approaches are needed.

Resource Allocation for Dual-Band Channels with Alternative Objectives

Recall that in Chapter 3 and Chapter 4, we studied two problems of mm-wave resource
allocation with the goal of maximizing the sum-rate of the respective channels. The sum-
rate was considered as it captures the aggregate performance of all users, an important
figure of merit for multi-user networks. However, such a resource allocation may greedily

assign more rate to users with stronger channels, while starving users with weaker channels.

In many settings, it may be desirable or necessary to provide a fair rate to all users, and
hence optimizing the max-min rate [146,147] or the proportional-fair rate [148-150] may be
more relevant in such cases. Hence, as an alternative to the sum-rate objective in the thesis,
the resource allocation problems for the dual-band channels can be investigated with either
the max-min rate or the proportional-fair rate objective functions. Such problems are of
interest for wireless settings with fairness quality-of-service constraints, and the resulting
power allocation schemes may lead to useful practical insights. While the exact nature of
these optimal power allocation schemes will be revealed only after thorough analysis, we
believe that characteristics of these power allocation schemes will still be governed by the

Waterfilling and the saturations properties in some form.

Extension to Other Dual-Band Multi-User Channels

In this thesis, we studied multi-user channels that model inter-user interference and relay
cooperation, two important aspects in wireless communication. In particular, the dual-
band IC and the dual-band MARC models the two aspects in a mm-wave and microwave
dual-band setting. As networks become denser, interference mitigation using relays will
play a key role in improving the user performance, which can be effectively captured by
the interference-relay channel (IRC), which is a more general model compared to the IC
or the MARC.

In the basic model of the dual-band fading IRC, two sources communicate to their

respective destinations over both bands with the help of a relay in the presence of fading. In
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the dual-band IRC, the transmissions in the underlying microwave band mutually interfere
at each destination, which can be captured by the conventional Gaussian IRC, while the

transmissions in the mm-wave band can be modeled as point-to-point steerable links.

While it is apparent that characterizing the performance limits of the IRC may reveal
useful practical insights, the capacity region of the single band fading IRC or the optimal
encoding/decoding and relaying strategies are unknown in general except for a few specific
cases [122,124]. Part of the difficulty in obtaining closed form capacity results lies in finding
optimal source-relay codeword correlation in the presence of interference. Moreover, while
conventional techniques from the literature on the Gaussian IC can be applied, it provides
capacity for only a narrow set of channel parameters. Hence, new techniques are needed

to characterize the performance limits of single band and dual-band IRC.

Full duplex communication, which has the potential of doubling the spectral efficiency
for communication by communicating simultaneously in both directions, has been subject
to much investigation [151], and is now gradually becoming viable in practice [152]. In the
related two-way relay channel (TWRC) [153], two terminals communicate simultaneously
in both directions with the help of one relay. The dual-band TWRC and its multi-terminal
extension can effectively model a scenario of relay-assisted full-duplex communication be-
tween many pairs of interacting terminals over an integrated mm-wave/microwave dual-
band. In such a dual-band TWRC, transmissions in the underlying microwave band can
be modeled as a Gaussian TWRC, while those in the mm-wave band can be modeled as
point-to-point links. It is worth noting that similar to the relay channel, the capacity of the
Gaussian TWRC is also unknown in general, and hence novel techniques may be needed

to characterize the capacity of single and dual-band TWRC.

The dual-band IRC and the dual-band TWRC are two basic models that incorporate
relay-cooperation, interference mitigation, and full-duplex communication in a dual-band
setting, all of which are important aspects in current wireless communication practices.
Therefore, studying the performance limits of these channels is an important and interesting
further step towards characterizing practical insights that are applicable to a wide range

of wireless settings.

Optimal Encoding/Decoding Strategies for Single Band Channels

While the primary focus of the thesis was on dual-band channels, interference mitigation

in conventional networks is still an important open problem. Hence, in Chapter 5 we
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studied the multiple-access interference channel (MAIC) over the microwave band where
two multiple-access channels mutually interfere. While our work provides improved bounds
on the sum-rate performance of the MAIC, its capacity region is still unknown in general.
Since the MAIC presents a more general setting compared to the two-user IC, optimal or
approximately optimal encoding/decoding strategies for the MAIC are expected to provide
valuable insights into effective interference mitigation strategies for practical microwave
cellular networks. Therefore, characterizing capacity or approximate capacity results for
the MAIC is another potentially important future work which may require revisiting the

approaches for outer bounds and achievable strategy.
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Appendix B

Appendices for Chapter 3

B.1 Proof of Theorem 3.1

Outer bound: We derive the bounds on R; and Ry as follows. If source S; transmits the
message My, k = 1,2, we have from Fano’s inequality
nRy = H(M)
= I(My; Y Y\ YY) + H(M Y], YY)
< I(X T XYY 1) ey
SO, XY V) + TR Y VX, X
+ (X2 Y YT V) + TXT, X5 V2 X0 Y V™) + ney
S XYV + X VYY) + e,
= (X7, XY V) + Z B(YielVY ™ YY) = h(Yall VL XY VM) e,
=1

(¢) . N 2 _ _ _
< I(XP, XPS YY) 4 h(di X + Zu) — W(Zae) + e,
=1

(d) - N o =

< O, XY ) + maC(d2 P + e, (B.1)
where (a) follows from the chain rule; (b) follows since the second term of (a) is zero due
to the Markov chain (MC) X™-e- (X7, X™)--(Y,Y{™), and the fourth term of (a) is
zero due to the MC (Y}, Y™, X7, X" )-e- X2 e-Y;"2; (c) follows since unconditioning does
not reduce entropy, and also from the memoryless Gaussian model of the direct-links; and

(d) follows since X1, ~ N(0, P,), i.i.d., maximizes the mutual information. Bounding R,
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similarly, and since ny < agn, we have
Ry <1+ aC(di Py)
RQ S T2 + OégC(d%Pg),

where (r1,79) is an achievable rate pair in the underlying CLIC with BMF a4, which is
defined as the set of all non-negative (r,r2) that satisfy
]. g ) ]_ A~ A
ry:= sup —[(X7, X5 YY), ri= sup —I(X5, X3 Y Y)M)
xp Xy xp. %51 "

for product distribution p(z}, 27" )p(x}, z5') and ny < ajn.

Achievability: We will code over ¢ blocks of symbols together. We choose (n,nq,ns),
and define Uy, := (X7, X™), k = 1,2, where p(Uy, Uy) = p(U;)p(Us), and define Uy, :=
X? k = 1,2. Suppose source S, transmits My € My, k = 1,2. Thus, to encode My
over t blocks for the underlying CLIC, we generate 2% ii.d. sequences Ut (M), one
for each M, € My, where UL(My) are distributed according to p(u}) = [,_, p(u,) =
H2:1p(xz,€(ef1)n HiZ’l(ifl)m H),k = 1,2. Similarly, for the two direct-links, we generate
2t fk iid. sequences UL (My), distributed as [}, p(Zxe), where Zpe ~ N(0, By), for k =
1,2,and £ =1,...,ns.

Thus, to transmit My, k = 1,2, U} (M;) and UL (Ms) are transmitted through the CLIC,
and Ut (M) and U,(M,) are transmitted through the two direct-links in the second band.
Upon receiving the sequences (Ykm,?knlt) and Y"*", destination Dy employs joint typical
decoding to estimate the transmitted message as in [97, Chapter 4.3]. The probability of

decoding error vanishes with ¢t — oo, if
1 . - _
Ry < —I(XI, XY, Vi) + “2C(d2B,), k=1,2, (B.2)
n n

which matches the upper bound on R; and Rs, as n; < ain,ns < asn, and n — oo.
Finally, the capacity region of the CLIC with BMF «; is defined as the closure of the
union of all sets of achievable rate pairs (R, Rs) that satisfy (B.2), where the union is
taken over all product distributions, p(z, 21" )p(z4, £5'), and for all positive integers n, ny,

such that n < ayn.
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B.2 Proof of Theorem 3.2

Outer bound: We derive the bound on R; first. Assuming that source S; transmits

message M, we have
an = H(Ml)
= I(My; Y, Y]") + HOM YY)

& 10X, XY ) + e,
< I(XT X YP Y8 XE X)) + ne,
O rxr, X ye, v XD, X0 + ne,y

1
T(XMX?’Y"IXS‘,XM)+I(XIL,X?,Y”1!X X5 YT + ey

C

=

(
I(X1 Y XS) + ney

—
I/\L‘L

Z I(X1i; Y| X2:) + ne,
=1

n
n

= — Z I( X35 Y1 | Xoi) + ney

n <
=1

(i) n[(le Y71|X27 Q) + ne,

(9 1 1
< n— —1 1+ Py n
_nn;QOg( + Py;) + ne

n

(h)
< nC(Py) + nep, (B.3)

where the first term in (a) follows from Markov chain (MC) M;-e- (X7, X)-e- (Y, Y™),
while the second term follows from Fano’s inequality; (b) follows from (X7, X™) 1L (X3, X5);
() follows from the chain rule; (d) follows from the first term in (¢) due to MCs X} -o- X' - Y7
and (X" XM)-e- (X7, X2)-e-Y*, and since the second term in (c) is zero due to MC
(X7, X X2 Y- XM oY (e) follows since unconditioning does not reduce entropy,
and also from the memoryless Gaussian model; and (f) follows by defining random vari-
ables X; := Xjg and Xy := Xy with E[X?] =: Py; and E[X3] = Py,i € {1,...,n},
where Q ~ U[1,...,n], £ 3" Py < P, 23" | Py < Py, and Yy is the resulting output

at Dy; (g) follows from the fact that Gaussian inputs maximize differential entropy; (h)

follows by applying Jensen’s inequality to the concave log function.

We similarly bound Ry by Ry < C(P).
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Achievability: Fix block lengths n and n; such that n; < nay. Sender S encodes
message Mj, € M, into two codewords, X7*(My) and X (M) that are intended for the
microwave and the mm-wave bands, respectively, and generated according to distributions
XP(My) ~ N(P), iid., and X (M) ~ N(P,), i.id., k = 1,2. Of the generated code-
words, X7 (M;) and XJ(Ms) are transmitted through the GIC in the microwave band,
while XT*(M;) and X (M) are transmitted through the S;-D, cross-link and the Sy-D;
cross-link, respectively. Destination D, first estimates the interfering message M, from the
signals observed over both bands while treating the intended message M; as noise as in a
point-to-point channel. Similarity, destination Dy estimates M; while treating M, as noise.
Using standard random coding arguments [97, Chapter 6], the probability of decoding er-
ror can be shown to become arbitrarily small at D; and Dy, as n — oo, if the following

conditions are satisfied, respectively

Ry < § 10g 1+ rpl + CY1§ log (1 + 021P2> =:!To1, (B4)
1 2P 1 .
Ry < 3 log <1 + fﬁ P:) + oz1§log (1 + cfQP1> = Ti9. (B.5)

Once the interfering message has been decoded, each destination removes the interference

and estimates the intended signal interference-free, which results in the rates at D; and D,

1
R1 S 5 10g(]_ + Pl) =T (BG)

1
R2 S 5 log (1 + PQ) =:T29. (B?)

Note that r1; in (B.6) provides the maximum rate from S; to D;. Now, under condition
(3.17), we have ri; < 19, i.e., decoding M; at Dy does not incur any rate loss. Similarly,
under condition (3.18), we have o < 791, i.e., decoding M, at Dy does not incur any rate
loss as well. Hence, under conditions (3.17)-(3.18), the rates (B.6)-(B.7) are achievable,

which matches the rate outer bounds.

B.3 Proof of Theorem 3.3

Outer bound: The outer bounds on R; and Ry can be derived as in (B.3), hence, we
derive the outer bound on the sum rate. Assuming that message M) was transmitted from
source S, k = 1,2, we have
n(R1 + RQ) = TLRQ + TLRl

= H(Ms) + H(M)
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INE

I(My; Y3, Y3™) + T(My; Y, V™) 4 ne,,

INE

[(X5, X5 Y5, Y3 ) + TG X7 Y V™) + ey

INZ

I(Xg, X3 Yy Yy X7 X0 + DX X7 Y + LG X5 YY) + ey

—
IS8
=

I(X3 Y[ XD) + h(Y!) — h(Y|XT) + ROV YY) — ROYT Y, XT, X)) + ney,

—
INe

INS

I(XFYPIXT) + h(Y) — h(YP X)) 4+ R(Y!™) — R(Y{™ [ X5 + ne,

—~
)
=

[(X7, X35 Y/") + I(X3 Y)") + ne,

(h) . A

< nl(Xiq, Xoc; Yia) + nil(Xog; Yia) + ne,

=nC(Py +aj,P») + nlC(c%2P2> + ney, (B.8)

where (a) follows from Fano’s inequality; (b) follows from Mj-e- (X7, X)) -e-(Y;, Y™, k =
1,2; (c) follows by providing (X', X™) to Ds; (d) follows from the fact that (X7, XT) L
(X7, X;”), then expressing mutual information in terms of differential entropies and apply-
ing Y;"-e-X7"-e- X to the third term; (e) follows from unconditioning steps k(Y™ |[Y7) <
A(YT™) and —h(Y [V, X7, XY < —h(Y|YR, X7, XM X0); (f) follows from having
a2, > 1 which results in I(X3; Y| X7) < I(X%;Y"|XT), and also due to the Markov chain
VMo XM o (X7, X™,Y{") which results in —h(Y{" Y7, X7, XM XM) = —h(Y™M|XM);
(g) follows by consuming the first three terms in (f) into one; and (h) follows from max-
imizing the mutual information terms by using X7 ~ N(0,P), XJ ~ N(0, P;), and
X7 ~N(0, ), iid., as in [131, Lemma 1] and following similar steps to (e)-(h) of (B.3).

Achievability: We use an achievability scheme that is similar to that is Appendix B.2.
Specifically, the encoding proceeds in exactly the same manner as in Appendix B.2, whereas
the decoding scheme is different: instead of sequential decoding, at each destination both
the desired and the interfering messages are uniquely decoded as in a multi-access channel.

Standard random coding arguments show that the following rates achievable at Dy
Ry < C(a%,P) + alc(cgﬁl)
Ry < C(P)
Ri+ Ry < C(Py+ a2, P1) + alc(c§2151> , (B.9)
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whereas at the achievable rates at D; are given below

Ry < C(P)

Ry < C(a3,P) + alC(c§1]52>

Ry+ Ry < C(Pi+aP) + a1c<c§1152) . (B.10)

Since a3, > 1, comparing the two bounds on Ry in (B.9) and (B.10), we have Ry <
C(P) < C(a2, P) + 041C<C%1]52>. Next, condition (3.22) requires that C(P;) < C(a2,P;) +
ayC <c§2p1> , from which we have Ry < C(P;). Finally, condition (3.23) requires C(P; + a3, P)+
a,C (0311%) < C(Py + a2, P)+a; C (c%Qf’l) , and thus comparing the two bounds on R;+ R,
we have Ry + Ry < C(Py + a3, P) + ole(c%le).

B.4 Proof of Lemma 3.3

We bound rates R; and R, for the Z-CLIC of type-0 as follows. Since the signals received
as D; of both these channels are the same, the transmission rate of S; remains unchanged,

and thus the bound on R; are the same for both channels.
We bound rate Ry for the Z-CLIC of type-0 as
nRy = H(My)
= I(Ma; Y3, Y5") + H (M| Y5, Y3)
= I(Ma; Y5") + 1(Ma; V3" [Y3') + H(Mo|Y5', ¥3")
= 1(My;Y3") + H(Mo]Y3") (B.11)

where the last step follows from having I(Ma; Y3 |Yy") = 0, and from H(M,|Yy, Y3") =
H(M,|Yy) as (Wa,Yy) 1L Y. Finally, note that the constraint on R, in (B.11) is the
same as that in the Z-CLIC of type-1.

B.5 Proof of Theorem 3.4

The bounds on the individual rates Ry and Rj in (3.32) and (3.33) are found by following
the same steps as in (3.19)-(3.20) that are detailed in Appendix B.2.

The sum-rate bound in (3.34) is derived by providing interfering signals (X2, XJ) to
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D, that completely cancels interference from source S, as follows

n(Ry + Ry) = H(My) + H(M>)

—
S
N

< I(My; YY) + T(My; Y3, Y3") + ey
(b) N . . .
< T(XT, X5 Y9, Y + (XS, X3 Y, Ya) + ey,
() N N A . .
S [<X{17 XI“? Sfln7 }/1”17)(;7 X;Zl> + I<X£L7 X;Ll7 }/2717 }/in) + nGn
G rxp, XY VX, X 4+ (Y V) — h(Y, YV Xy, X50) + ney,
= I(XT; Y| X3) + h(Yy) + h(Y3" [Y5") — h(Y3'| Xy, X3%)
- h(f/2m |}/2n7 X5L7 X;“) + ey
e) . . . N
< T(XT5Y|X5) + h(Y) + h(Ya™) — h(Y3'| X3) — h(Y3" Yy, X5, Xgt, X77) + ne,
0

h(Y3) = h(Z7) + h(Y3") = h(Z5*) + h(Y'|X3) — h(Y3'|X3) + ne,
(9)

. . 1+ P
S nh(Yv?G) - nh’<22) + n1h<}/26') - nlh(ZQ) + TllOg (HT}) + ne,
1241

. 1+ P
=nC(Py +aj,Pr) + nlC(cfQPl) + nlog # + ne, (B.12)

where (a) follows from Fano’s inequality; (b) follows from My -e- (X7, X™)-e-(Y;*, V™), k =
1,2; (c) follows by providing (X%, X2 to Dy; (d) follows since (X7, X™) L (X7, XI):;
(e) follows from unconditioning steps h(Y;|Y7) < h(Yy") and —h(YJ" Yy, X5, XM <
BT, X, X3 XI5 (f) follows since A(V[YZ, Xg, X3, X) = h(VHXD) =
h(Z5*) due to the Markov chain Y3 - X -~ (X2, X2 YJ); (g) follows from upper bound-
ing h(YJ") < nh(Yag) using X; ~ N(0, P,) and X, ~ N(0, P5), and h(Y]") < nyh(Yaq)
using X; ~ N(0, P,) as in [131, Lemma 1], and upper bounding h(Y;"|X3) — h(Yy'|X3) =

MXT + Z7) — h(a1eXT + Z7) < nlog (12%1}1) by applying the WAN technique.

The bound in (3.35) is derived by exchanging the roles of S;4+Ss and D;14+Ds, and then
following the steps in (B.12).

The sum-rate bound in (3.36) is derived as follows:

H(Rl + RQ) = H(Wl) + H(WQ)
= I(Wy; Y, V) + T(Wa; Y3, Y5
(a) . N N N
< TXT, XTH YY) + 1(XS, X5 Y5, Y5M)

(b) N N N R A N
< I<X?7X?1;Yln>ylm>s?as?l) + [(X§7Xgl;}/'2",}/'2"1,sg’,§gl)
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G 1(Xp, XS ST + I(XT, X YL YISy, 5
+I(X5, X3Sy, S50) + T(X5, X3, Y5, V3|S5, S5
< (s, 51 — h(Sy, S XYL X
+ h(YP, YU ST, ST — (Y Y XY, X, ST, S1)
+ h(Sy, 55%) — h(Sy, S5t | X3, X3)
+h(YS, Y5 Sy, S5) — h(Yy, Y | Xy, X5, Sy S5
D W@ X} + 2, cn X + Z30) — h(Z3, 23"
+h(Y, YT ST, SPY) — hlan X5 + 27, en X3 + Z7)
+ h(apn X5 + 20, cn X300 + Z0) — h(Z7, Z™M)
+ (Y, Y S, 800) — h(apn X + 25, c1o X 4+ Z01)
< RIS — h(ZD) + BT — W)
+h(Y]'|S3) — h(Z5) + h(Y3"|S5*) — h(Z3")
2 h(Yia|Sie) — nh(Zy) + nih(Vie) — mh(Z)
+ nh(Yag|Sae) — nh(Zy) + nih(Yag) — nih(Zs)

(h) N 2 Py n 2 Py
= —1 1 P+ — —1 1 P+ —
2 Og( +a/12 1+ 1—'—@%1P2) + 2 Og( +a21 2+ 1+a%2pl)

+ 5 log(L+ ¢y Pt) + S log(1 4¢3, 1)
where (a) follows from (Y;?, ;" )-e- (X}, X) oWy, for k = 1,2; (b) follows since providing
genie-signals (S?, S™) to Dy and (S%, 531) to Dy does not reduce the mutual information;
(c) follows from expanding the I(.) terms using chain rule; (d) follows from expressing
express mutual informations in terms of differential entropies; (e) follows from expressing
the variables via their respective definitions, for example, the third term follows as
h(Y{", Y7 XT, X7, ST, 87)

= D(XT + an X5 + Z0, e X5 + Z | X XM ao X7+ 25, co X0 + Z00)

= h(an Xy + Z7, en X3 + Z7 X7 X, 28, 23

= h(an XP 4+ Z0, e X0 + ZM)
(f) follows by first noticing that the first and the eighth terms, and the fourth and the
fifth terms in (e) cancel each other, and then unconditioning terms h(Yy, V|S7, S™)
and h(Y, YJ[Sy, S21); (g) follows by single letterizing the positive entropy terms in (f):
(i) h(Y™[SP) = h(Y;™), which is then single letterized h(Y,™) < nih(Yig) by using
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XM~ N(0, Py, iid., for k # € € {1,2}; (ii) h(Y}"|S}) is single letterized h(Y;*|SP) <
nh(Yig|Sig) following [131, Lemma 1], by choosing inputs X7 ~ AN(0, P;), i.i.d., and
X7~ N(0, Pp), i.i.d., where Yi¢ and Sjg are the resulting output variables; finally, (h)

follows from computing the (conditional) entropy terms in (g) which is straightforward.

Next, the bound in (3.37) is derived as follows

(a) . . .
S (M YY)+ T (Mo Y51, Yo' ) + T (Mo Y51, Y5 ) + ney

& (X7, XYV T, X3 Y V) 4 I(X3, X3V V) + e
2 Xy, XYy VST )

+ I(Xg, X35 Y Y X7 X)) + I(X5, X35 Y5, Vi) + ney
I, XSy ST + I(XT, XY Y ST S

T I(XPYSXT) + I(Xp, X35 Y, Y3 + ne,
© hawpX? + Z0 XM + 20 — h(Z7, Z0)

+R(YP,YST, ST = hlan Xy + Z7 en X5 + Z7)

+h(XY 4+ Z8) — h(Z5) + h(Ys, Ya) — hlawX] + Zy, c1a X7 + Z5) + ney,

() N N . .
< h(YS) + h(Y3") — h(Z5) — h(Z3*) + h(Y"|ST) + h(Y{"[ST") + ne,,
+ (X5 + Z5) — hlan Xy + Z7) — M(Z5) — h(ea X" + 21 an X5 + Z7, X37)

(2 nh(Yae) + nih(Yag) — nh(Zs) — nih(Zs) + nh(Yig|Si) + nih(Yig)
+nh(Xog + Z5) — nh(an Xog + Z1) — nh(Zs) — nih(Zy) + ne,
= nC(Py + a%Pr) +miC (cfzﬁl) +miC (031152)
+C <a§1P2 + H%%gﬂ) + nlog <11L+T£}’1> + ne, (B.13)
where (a) follows from Fano’s inequality; (b) follows from My -e- (X7, X™)-e-(Y;*, V™), k =
1,2; (¢) follows by providing signals (S, $™) to Dy and (X7, X) to Da; (d) follows from
(X7, XY 1L (X2, X2); (e) follows by expanding the mutual information terms into those
of differential entropy, and then using the definition of the variables involved; (f) follows
by first noticing that the first and the last terms in (e) cancel, and then unconditioning
(Y3, Y5 ) < (Y3 +h(Y5"), and A(Y", V7" |ST, S7") < A(Y{'[ST)+h(Y!™[ST); (g) follows
from first unconditioning —h(co X2 + Z™ lagy X2 + 27, X2) < —h(cpn X' 4 21 a9 X2 +

Zr Xm XM = —h(Z™), and then maximizing the remaining entropy terms with Gaus-

193



sian random variables as in step (g) of (B.12).

Finally, the bound in (3.38) is derived from (B.13) by exchanging the roles of S;<>S,
and D1<—>D2.

B.6 Proof of Lemma 3.7

Encoding: Fix the block lengths n and n; such that ny = |ayn|. For a given set of power
constraints Py, Py, P, and P, take P, and Py, and fix a power-splitting (Py1, Pw1, Py2, Pwz) =
0 such that vector p = (Py1, Pw1, Pua, Pwe, P, pg) e P~

The message M; € [1 : Q”Rl] from source S; is first divided into a public part My €
[1: 27f10] and a private part My, € [1 : 2"%11] such that Ry = Ry + R;;. The message
from source S, is similarly divided into public and private parts My, € [1 : 2"F] and
My € [1: 2“R21] such that Ry = Rog + Ro1. The public message Mg is then jointly
encoded into two codewords (W7'(My), X1 (M), where the codewords are generated
according to W} ~ N(0, Py1) and X ~ N(0,Py), i.id.  Similarly, message My is
jointly encoded into two codewords (Wi (Ma), X3 (M) for the two bands, where the
codewords are generated according to W' ~ N(0, Py) and X' ~ N(0, P,), iid. The
private messages M;; and My are encoded into two codewords Uj'(Mi;) and Uy (May),
generated according to U ~ N(0, Pyy) and Uy ~ N (0, Py2), i.1.d.

For transmission of message M; = (Mg, M;;), the private codeword U (M;;) is su-
perimposed on the cloud center W' (Mjg) to create a single codeword X7 (Mg, Miq) =
W (M) + U (Miq). Similarly, to transmit message My = (Mayg, Moy ), codewords Uy (Mo )
is superimposed on WJ'(Msyg) to create a single codeword X (Moo, Moy) = W3 (Mag) +
U3 (May).

Since in the mm-wave band, only cross-links only carry interference information, a

message splitting is not necessary.

Decoding: The decoder at destination D; uniquely decodes both desired public and
private messages (Mg, M;;) and non-uniquely decodes the interfering public message Moy
while treating the interfering private message Ms; as noise as in [7]. Using the standard
random coding arguments as in [97, Chapter 6.5.1], such decoding at D; is successful as

n,n; — 0o, if the public and private message rates satisfy the following constraints

Ry < I(Xq; Y |[Wh, W)
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Riy + Ry < I(Xy; Y1 [Wy)
Riy + Roo < I(Xy, Wo; Y1 [Wh) + (X2, W13 Y2) + O
Ri1 + Rig + Ry < I( X1, Wa; Ya) + Coy. (B.14)
Similarly, destination Dy uniquely decodes intended public and private messages (Mag, Ma1),
while non-uniquely decoding M;, and treating M, as noise, resulting in the following rate
constraints
Ry < I(Xy; Yo Wy, Wa)
Ro1 + Rop < I(Xy; Yo W)
Rot + Rig < I(Xo, W1 Ya|[Wa) + I( Xy, Wa; Y1) + Chp
Roy + Ry + Rig < I(Xp, W5 Y1) + Cha. (B.15)

The individual private and public message rates satisfy Ry = Rig + R11 and Ry =
Rog + Ro,. To present the achievable region in terms of only R; and Ry, we eliminate
the individual private and public message rates in (B.14) and (B.15) by applying Fourier-
Motzkin elimination as in [97, App. D], which results in the region R(p) in Theorem 3.7.
Finally, R(p) was obtained for a fixed power-splitting p € P*, hence the overall achievable

region is found by taking union over all such power-splits R = Upep+R(p).

B.7 Proof of Theorem 3.5

We partition the range of (INRy,INRy) into four sets: (i) Si™ = {(INRy,INRy) : INR; >
L,INRy > 1}, (ii) Sir = {(INRy,INRy) : INR; < 1,INRy > 1}, (iii) S = {(INRy, INRy) :
INR; > 1,INRy < 1}, and (iv) S = {(INRy,INRy) : INR; < 1,INRy < 1}. In each set,
depending on the values of (INRy,INRy), the private-public message powers are adapted
according to (3.40)-(3.41). This results in closed form expressions for the inner bound
R(INRy,INRs) and outer bound in Theorem 3.4, which are then shown to be within a

distance of § = % bit per user.

First consider Si™ where INR; > 1 and INRy > 1. Adapting R(INR;, INR;) according
to the powers in (3.40)-(3.41), achievable region R(Si") is given by

Ry < C(1+SNRy) — 1/2 (B.16)
Ry < C(1+SNRy) — 1/2 (B.17)
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1+ SNR
Ry+ R, < C(2INR2+SNR1—1)+C( TNSR 2) Cip—1 (B.18)
2
1+ SNR
Ry + Ry < C(2INR; + SNRy — 1) + ( TNSR 1>+ -1 (B.19)
1
Ry +Ro < C(INRy + 2NR0) (iR, + 29R2) 4 o, 4 0y —1 (B.20)
1 2 S 1 INR, 2 |NR1 12 + Co1 .

SNR;
INR,

( (B.21)
(

INR; +

SNR
Ry + 2R, < C(INR2+SNR2)+C( 2)

INR, > +O12+C'21—3/2

SNR,
INR;

INRs +

2Ry + Ry < C(INRy + SNR; )+C( SNRI) +C

INR, > + Cia+ Cy —3/2,

(B.22)

where (5 and Cs; are given in Lemma 3.7.

Now consider the achievable region in (B.16)-(B.22) and the outer bound in (3.32)-
(3.38): clearly, both are piece-wise linear, and only consist of straight lines with slopes
0,—1/2,—1, -2, and co. Our aim is to bound the difference between two bounds with the
same slope by a constant. As such, we define dg, to be the difference between the bounds
on Ry in (3.32) and (B.16), and similarly define variables 0g,, Or, +r,, 02r, +R,, a0d OR, +2R,

for the subsequent bounds.

Now, for the achievable region in (B.16)-(B.22) to be within 1/2 bit of the capacity
region, if (Ry, Rs) is an achievable rate tuple, then (R; 4+ 1/2, Ry + 1/2) must be outside
the outer bound region in (3.32)-(3.38). If (Ry, R2) is on the boundary of the achievable
region (B.16)-(B.22), it must be on one of the bounding straight lines. Hence, for (B.16)-
(B.22) to be within 1/2 bit of the capacity region, the following must be satisfied

Sp, < 1/2
Sp, < 1/2
ORy+Ry, <1
OR,+2R, < 3/2
Somiiny < 3/2. (B.23)

For dp,, we write

1 1
= 5log (1+SNR;) — 3 log (2 +SNRy) + =
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Similarly, dg, is bounded as dg, < 1/2. Next, denoting the three outer bounds on Ry + Ry
in (3.34)-(3.36) by a1, as, as, respectively, and the three inner bounds on the same in (B.18)-
(B.20) by by, b, bs, respectively, we have [10, eq.(62)]
6R1+R2 - min{al, ag, ag} — min{bl, bz, bg}
= max{a; — by, az — by, az — bz},

and thus g, +r, is bounded by the maximum of the three bounds ay — by, k = 1,2,3. In
particular, a; — by in (3.34) and (B.18) is bounded as follows

1 1 SNR
ap — b = §log(1+SNR1)+§log <1+TI\ER2> +C

1 1 1+ SNR
— 510g (2|NR2 + SNRl) — 510g (1 + Wj) - 012 +1
1 1+ SNR, INR,
Cog [t 2R L g, (2 )y

o8 <2INR2+SNR1> * g(1+INR2) *

2INR2 + SNR;

B 1
"2 2"
< 1log <—> +1 0

2 2INR; + SNR; 2
=1

1+ INR,
log [ NR2) |y
g(1+INR2)+

where the inequality is due to 1 < 2 < 2 INR,. The other two bounds are similarly found

to be ag — by < 1 and a3z — b3 < 1. Therefore, we have dg, 1, < 1.

Next, we bound dg, 12r, in (3.37) and (B.21)

OR, +2R, = %log (1 +INRy + SNRy) + élog (1 + i+ INRSE(Rlqu INRQ)) + %log (1 4+ SNRy)
_ %log (1 +INRy + SNRy) — %log (2 + ?BIRRIQ) — %log (1 + INR; + ?NNRR;) T ;
— %log <1 + INR; + %) — %log (1 + INR; + ?ITRT)
w3 (rrmm, ) 3 (2 ) + 3
< %log <1 + INR; + ?NNFI:21> — %log (1 + INR; + ?'N\IRR;)
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INR; 2 INR;

1 2INR NR 1 NR
+—log<$>——log(2+s 2>+§

2 2
3

2
where the inequality is due to 1 < 2 < 2 INR;. The bound on s, + g, is similarly found to

be 62R1+R2 < 3/2.

Hence, the constant gap result is proved for the set Si"". For the other three sets,

we proceed similarly, and verify that constant gap result with the same constant gap of

0 = 1/2 bit/channel use hold.

B.8 Proof of Theorem 3.6

The proof follows from steps similar to those of Theorem 3.7 and Theorem 3.3, except
the bound for R; 4+ 2R5 in (3.46), hence only an outline is provided. First, the individual
bounds in (3.42) and (3.43) are derived following the same steps as those for (3.32) and
(3.33). Second, since the weak interference condition a?, < 1 in the mixed CLIC is the
same as in the weak CLIC, the sum-rate bound in (3.44) is the same as in (3.34). Third,
due to the strong interference condition a3, > 1, the sum-rate bound in (3.45), which has
the same expression as the bound (3.24) of Theorem 3.3, follows from the same steps as
those for (3.24).

Next, the bound on R; + 2R, in (3.46) needs to be derived differently compared to that
in (3.37) as the the strong interference condition a3; > 1 in the mixed CLIC is opposite to
that in the weak CLIC. Assuming that source S transmits message My, k = 1,2, bound
(3.46) is derived as follows

n(Ri +2Ry) = H(My) + H(Mz) + H(Ms)

(a) . . .
S (M YY) + T (Mo Y51, Y5 ) + T (M Y51, Y5 ) + ney

(b) A . . . 5 .
< T(XT, X Y0 V) + T(XG, X Y5h, YU ) + (X, X5 Y50, Yo ) + ey

(c) . N A N N
S I(X{L7 X1n17 }/'171’}/’1”1’ S?’ SILl) + [(X§7 X;H? }/’2”4’ 1/'2711)

+ I(Xg, X5 Y Yy, XTL XTS5, 95) + ney,
D 1y, XSy, Sy 4+ L(XT, XYY YISy, S + I(Xy, X3 Yy, Vs

+ I(X;L7 Xgll’ S;’ SA';“ |X{L7 X{ll) + ](X5L7 Xé“’ }/271‘7 )A/in |X{L7 X{H’ SS’ 35’1) + nen
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© h(Sy, Sy —h(ST, SP XY, X 4 h(Y, Y8y, S
—_——

B1
h(ﬂ”>Y"1!5" ST XX +h(YS, Y5) — h(Y3', Y31 | X5, X5)
52 23;
+h(Sg7§gl‘X{l7X?l) _h(S;L’ggl|X{L’X{L17X§’X§1)

B1
+ h(YQn> )A/nl ’Xn Xlrn’ Sga 5*;01) - h(YQna }}—in ’X{la X?lu S;l? S’;l,X;, X;n) + ne,
< h(Y{'ST) + h(Y”1|S"1) hZY) — h(Z"l) + h(YJ") — h(Z7]) + ne,
+h(Y3) = h(Z7) + h(YS|XT, Sg) + h(Y3" | X7, 55%) — h(Z5) — h(Z5")
9 R(YPISE) — B(ZY) + hYT) = h(ZP) + h(Y3) — h(Z5) + ne,
h(Y;

+h(Y3") = h(Z5") + h(Y3' X7, S5) — h(Z5) + h(Z5") — h(Z3")

(2 n (h(Yig|Sic) — h(Z1) + h(Yae) — h(Zs) + h(Yae| Xic, Sog) — h(Z2)) + ne,

1 (W(Vag) = h(Z) + h(Vig) — h(Z)
=C(P+al,P1)+C <a§1P2 + QL) + C(QL) + ne, (B.24)
aj, P +1 az Py +1

where (a) follows from Fano’s inequality; (b) follows from M-~ (X7, X") - (Y;*, V™), k =
1,2; (¢) follows by providing (S7, ™) to Dy and (X7, X™, S%, S21) to Dy; (d) follows from
expanding the mutual information terms using chain rule and since (X7, X™) 1L (X7, XM);
(e) follows by expression mutual information via differential entropies; (f) follows by first
noticing that ; and [3, as well as Sy and [, cancel each other, and then applying un-
conditioning steps A(Y}", V7' S7, S11) < h(Y{"|S7) + h(Y{"[STY), h(YS,¥5") < h(Yy) +
h(Yy") and h(Y3, Y37 | X7, X7, S5, 85%) < h(YF|XT, 85) + h(Y3" | X[, S5%); (g) follows
since Y™ 1L S™ and h(YJ1| X, S5) = h(Z2) due to the Markov chain Y3" -~ X7 - S0
finally, (h) follows from maximizing (conditional) entropy by choosing i.i.d. Gaussian in-
puts [131, Lemma 1] through steps similar to steps (e)-(h) of (B.3).

Finally, note that compared to the seven outer bounds in Theorem 3.7 for the weak
CLIC, the mixed case has only five bounds. This is due to the fact that the two remaining
bounds, a bound on 2R + Ry and the third bound on R, + Ry, have the same expressions
as those in (3.36) and (3.38) but are redundant.
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B.9 Proof of Theorem 3.7

We partition the range of INRy into two sets INR; > 1 and INR; < 1, and then for each
set, we simplify the achievable region R(INRy, %) and show it to be within 6 = 1/2 bit of

the outer bound in Theorem 3.6.

First consider INRy > 1, for which R(INRy, %) is characterized by rates

Ry < C(SNRy) (B.25)
Ry < C(SNRy) — 1/2 (B.26)
SNR;
Ry + Ry < C(INRy + SNRy) + C INR +C1p—1/2 (B.27)
2
Ry + Ry < C(INRy + SNRy) + Cyy (B.28)
NR
R1 4+ 2Ry < C(INRy 4+ SNRy) + C(INRl + ?NRI) +Cra+Cy —1/2 (B.29)
2

Note that compared to seven inequalities for the weak CLIC, the achievable region for
th mixed CLIC is defined by only five inequalities as one constraint on R; + Ry and one
on 2Ry + Ry turn out to be redundant. Similar to (B.23) for the weak CLIC, for the
achievable region (B.25)-(B.29) to be within 1/2 bit of the outer bound (3.42)-(3.46), the

gap 0y between two respective bounds should satisfy
Sp, < 1/2
Sp, < 1/2
ORy+R, <1
OR +2R, < 3/2. (B.30)
First, it is clear from (3.42) and (B.25) that dgr, = 0, and also from (3.43) and (B.26), that

dr, = 1/2. Next, the difference between the bounds in (3.45) and (B.28) is g, +r, = 0,
while the same between the bounds in (3.45) and (B.28) is

SNR, )

1 1
OR,+Ro :§log (1 + SNRl) + élog (1 + TNRQ

1 1 SNR; 1
_ 5log(l + INRs + SNR3) — 5log (1 + INR2) + 3

1 (14 SNR;) INR,
(0]

lg( +

1
"2 °(INRy+SNRy) (1 +INRy) 2
<1
where the inequality follows from simple algebraic manipulations. Similarly, it can be
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shown that dg,12r, < 3/2 in a straightforward manner. Hence, the constant gap result is

proved for INRy > 1.

The proof for the other set INRy, < 1 follows similar steps, and hence not repeated.

B.10 Proof of Theorem 3.8

Proof. Outer Bound: For the Z-CLIC of type-1, the following set of tuples (Ri, R»)

provide an outer bound to the capacity region

R, < C(SNR;) (B.31)

R, < C(SNR,) (B.32)

Byt Ry < 2R 4 c(shRy) + ¢ (B.33)
1 2 1 + |NR1 2 21, .

where the individual rate bounds are the same as (3.32) and (3.33) and found as in (B.3),

and the sum-rate bound is the same as (3.35) and is found as in Appendix B.5.

Achievability: The achievable region is characterized as follows. Since a;o = 0, Dy is
interference-free, and hence S; does not deploy message splitting and communicates only
the private message by allocating Py = P; and Py; = 0. On the other hand, since
a3, # 0, S; deploys message splitting and adapts the private-common message powers
according to the interference level INR; following (3.40). The resulting achievable region
R (INRy,INR; = 0) is presented below for the two cases: INR; > 1, and INR; < 1.

If INR; > 1, then R (INRy, INRy = 0) is given by the set of tuples (R;, Ry) that satisfy

Ry < C(SNR;) —1/2 (B.34)
Ry < C(SNRy) (B.35)
SNR,
Ry + Ry < C(INR;y +SNR;) + C INR + Coy — 1/2, (B.36)
1
whereas for INR; < 1, R (INRy, INRy = 0) is given by
SNR;
< _ .
RI_C<1+INR1) (B.37)
Ry < C(SNRy) (B.38)
SNR;
< _ . .
Ri+ Ry < C<1+|NR1) +C(SNR2)+021 (B 39)
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Constant Gap: Now, for INR; < 1, it is clear from (B.32) and (B.38) that dg, = 0,
and from (B.33) and (B.39) that 0g,+r, = 0, while from (B.31) and (B.37) it follows
that g, < 1/2. Similarly, for INR; > 1, it is apparent that dg, = 0, and simple algebraic
manipulations of bounds in from (B.31) and (B.34) lead to dg, < 1/2, while those in (B.33)
and (B.36) lead to dg,+r, < 1. Thus, the constant gaps are obtained. [

B.11 Derivation of the Optimal Power Allocation in
Section 3.4.1

Convexity of Problem [P1]: We first show that [P1] is convex. Denote by x :=
(p1, q1,p2, @2, R) € R a feasible point, satisfying the constraints in [P1]. The objective of
[P1] is equivalent to minimizing — R, which is linear. In addition, the equality constraints
(3.55) and (3.56) are affine. Next, we note that the constraints (3.52)—(3.54) are convex.

To illustrate, we consider constraint (3.52) denoted

afik afk
g(x)=R—A; — % In(1+ cglqg) — i1

PR
(1 4 ) — 2D (1 + ),

2
with £ :=1/In2, and derive its Hessian

ak . dj ds B
Vigi(0) = W ding | 0o, P2 Pl
2 (1+dip1) (1 + d3p2) (1+c51g2)
where D = diag [a4,...,a,] is a diagonal matrix with elements ay,...,a,. Note that

V2g,(x) is positive semidefinite, and thus (3.52) is convex. Likewise, constraints (3.53)
and (3.54) are found to be convex. In addition, (3.55) and (3.56), and x > 0 imply that
the feasible set is compact for given P > 0. Hence, [P1] is a convex problem over a compact

set.

The KKT Conditions: Problem [P1] satisfies Slater’s condition [132, Chapter 5.2.3]: it
can be illustrated by considering the point X := (P — Be/B, €, P—Be/B, e, Al) which
is strictly feasible for sufficiently small € > 0. Therefore, [P1] can be solved using the KKT
conditions [132, Chapter 5.5.3]. Moreover, [P1] also satisfies the Mangasarian-Fromovitz

constraint qualification as illustrated in Appendix B.12.

We define the Lagrange multipliers {\;}5_,, corresponding to constraints (3.52)—(3.54),
{ui}2_,, corresponding to constraints (3.55) and (3.56), and {p;}>_,, corresponding to the
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non-negativity constraints, (p1, g1, p2, g2, R) = 0. The Lagrangian is then defined as
L=—R+MR—-31)+ MR-+ \R-X)
+ (5191 + Baqy — P) + 2 (ﬁPQ + Bagn — P) — p1P1 — p2q1 — P3P2 — pag2 — ps R,
where 31,3, and ¥ are defined in (3.47)—(3.49) with A; = A.

With a slight abuse of notation, we denote the optimal primal variable by (p1, q1, p2, g2, R),
and the optimal Lagrange multipliers by (A1, A2, As, i1, ti2, p1, P2, P3, P4, p5), wWhich satisfy
the KK'T conditions below

A+ Ao+ Ag =1, (B.40)
o5 (= . ). (B.41)

B )
ps=p (Mz OZ; 11 d2p2) (B.43)
ps=p (M2 - 7 1 _Cflc);(h) (B.44)
Bp1 + Bar = (B.45)
Bpn+ By = P (B.46)
R—-%, <0, (B.47)
R—3, <0, (B.48)
R-%<0, (B.49)
AM(R—3) =0, (B.50)
Ag(R — %) =0, (B-51)
As(R—1X) =0, (B.52)
pipr =0, (B.53)
p2q1 = 0, (B.54)
psp2 =0, (B.55)
paqz2 = 0, (B.56)
(P15 G1, P25 G2, Ry A1, A2y As, p1, p2, p3, p4) = 0. (B.57)

Note that since R > A; > 0, the associated multiplier p5 = 0. Next, in order to solve for
the optimal variables from the KKT conditions, we assume that A; = A, (assumptions

[A2]) and ¢%, < 3, and partition the set of optimal Lagrange multipliers.

203



Partitioning the Set of the Optimal Lagrange Multipliers: We now partition the
set of optimal Lagrange multipliers, i.e., the set of all (p, X), where p := (p1, pa2, p3, ps) = 0
and A := (A1, A2, Ag) = 0, into 18 subsets. First, the set of (p1, p2)-tuples are partitioned
into 3 subsets Z; := {(p1,p2) : p1 > 0,p2 = 0}, Zy := {(p1,p2) : p1 = 0,p2 > 0}, and
Zs := {(p1,p2) : pr = 0,p2 = 0}, since the other possible subset Z, := {(p1,p2) : p1 >
0,p2 > 0} is empty as (p1, p2) € Zy requires p; = ¢; = 0, which violates (B.45). Similarly,
the set of (ps, ps)-tuples are partitioned into 3 subsets J; := {(ps, ps) : p3 > 0,p4 = 0},
Tz :={(ps,ps) : p3 = 0,ps > 0}, and J5 := {(ps, pa) : p3 = 0, ps = O}.

Next, the set of A = 0 is partitioned into only 2 non-empty subsets £; := {A :
A1 > 0,0 > 0,A3 = 0}, and Lo == {X : Ay > 0,y > 0,A3 > 0}, since all other
subsets are empty as illustrated below. First, the remaining subsets of A are denoted
as L3 == {A A\ > 0,0 = 0,A3 >0}, L, :={X: X\ =0,\ > 0,03 > 0}, and
Ls:={A: )\ =0,X =0,\3 > 0}, whereas the subset Lg:={X: A\ =0, =0,\3 =0}
is empty as it violates (B.40).

Now, we examine below which p € Z,;NJ; and A € L, jointly satisfy the KK'T conditions

(i.e., compatible), or not (i.e., incompatible):

Bl. For any p € Z, N J;, k € {1,3},1 € {1,2,3}, we have XA & L3, L5. This follows
from a specific relation between py and \o: for any p € Z, N J, where py = 0,
and for any A ¢ L,, where Ay = 0, we have p; = 0 from (B.42), resulting in
p1 = —akd?/(2(1 + dip;)) < 0 from (B.41), which violates p; > 0 in (B.57). Since
po=0inall pe Z,NT, k€ {1,3},1 € {1,2,3}, and Ay = 0in all X &€ L3,, L5, these

pairs of p and A are incompatible.

B2. For any p € Z,, N 7, k € {1,2,3},1 € {1,3}, we have X &€ L4, L5. This follows from
the consequence of having p, = 0 in all p € Z, N 7, k € {1,2,3},1 € {1,3}, and
A =01in all X € Ly,, L5, as in [B1] above.

B3. For p € 71 N J5, we have X &€ L4, Ly, L,. This follows since for p € Z; N Jo, we
have p; > 0,py = 0, p3 = 0, p4 > 0, which requires p; = 0,¢, = P/B,p» = P/B,q, =
0, from (B.53)-(B.56), (B.45), and (B.46). This further implies ¥; < 33, which
contradicts the implications of A € L4, that requires ¥; > Y5, or of A € L1, Ly that

requires X; = 2.

B4. For p € To, N Jq, we have X & L3, L1, Lo, which follows along the lines of [B3] by
exchanging the roles of pi, p3, and 3; with those of po, ps, and ¥, respectively..
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B5. For p € 7, N J3, we have X &€ L3, L, Lo. Tt follows from the fact that p € Zo N T3
satisfies p; = 0, p2 > 0, p3 = 0, py = 0, which requires p; = P/5,q1 = 0,py > 0, g0 >
0, following (B.53)—(B.56), (B.45), and (B.46). This assertion results in ¥; > 3,
which contradicts the implications of A € L3, that requires 37 < Y5, or of A € L4, Lo
that requires ¥ = Y.

B6. For p € I3 N Jo, we have X & Ly,, Ly, Lo, which follows along the lines of [B5] by
exchanging the roles of py, p2, and 3; with those of p3, ps, and ¥, respectively.

B7. For p € ToNJs, we have A & L3, L4, L5, Lo. This follows from the fact that p € ZoNJs
satisfies py = 0,p3 > 0,p3 = 0,p4 > 0, which requires py = P/B,q1 = 0,py =
P/B,qy = 0, from (B.53)—(B.56), (B.45), and (B.46). This results in ¥; = ¥y < X,
which is consistent with the implication of A € £y only, and not with any other
subset of A.

B8. For pe Iy N J; or p € Z3N J1, we have A € L1, L,. This follows since in Z; N J;
or I3 N J1, p satisfies p3 > 0 and py = 0, which requires ¢o = P/3,p, = 0. However,
in £y or Lo, X satisfies A\;y > 0,y > 0, which requires ¥; = 35 that results in
Q= %qg = Z%—;P/B Under c3; > c,, the resulting ¢, = %P/B > P which violates

the total power constraint.

The assertions of [B1]-[B8| above are summarized succinctly in Table B.1 below where
the incompatibility between subsets Z,NJ; and L,, is indicated by x, whereas compatibility
between the two, which corresponds to a specific link-gain regime (LGR), is labeled with
the associated LGR.
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Table B.1: Compatibility of subsets Z, N J; and L,,.

LN L3 L4 Ls Ly Lo
NN X X X X X
1N T X X X X X

Il N j3 X X X -Ac,cd Scd,cd

IoNJ X X X X X
To N To X X X Ad d X
IoN T3 X X X X X
IsNN X X X X X
IsNJs X X X X X

3N T3 X X

X

Acd,cd Scd,cd

The Optimum Power Allocation: As illustrated in Table B.1, each LGR is associated
with one or more mutually exclusive subsets of optimal Lagrange multipliers as follows:
(1) Aceq corresponds to p € Zy N J3 and A € Ly; (il) Agq corresponds to p € Zo N T
and X € Ly; (iii) Scgeq corresponds to p € ZsN J3 UZ N J5 and A € Lo; and (iv) Acd cd
corresponds to p € Z3 N J3 and A € L;.

Next, we obtain the conditions of each LGR explicitly in terms of the channel param-
eters by characterizing the condition of the corresponding subsets of optimal Lagrange

multipliers. In addition, we characterize the optimal power allocation in each LGR as well.

Acca: Since p € Iy N Js, it satisfies p1 > 0,p2 = 0,p3 = 0,p4 = 0, which requires
1 :—O,q1 = P/j from (B.45), (B.53), and (B.54), and also ps > 0,qo > 0 from (B.46),
(B.55), and (B.56). In addition, A € £; implies ¥; = ¥ from (B.50) and (B.51), which,
from the expressions of ¥; and ¥, in (3.47) and (3.48) gives c2,¢o = 2, P/3. Thus, we
have g, = Pc2,/(c2,3), and therefore, p, = P(1 — ¢2,/c2,)/3 from (B.46). Note that
P > 0 and ¢, < c3; are sufficient for (gi,p2,q2) > 0, and any additional condition is
not required for this non-negativity. Next, A3 = 0 is equivalent to Y, < 3, resulting
in P < B(y—1)/c%, ie., P < P4 where v > 1 is defined in (3.58). Then, from p3 =
0,p4s = 0, and (B.43)-(B.44), we have \; = (1 + Pc2,/B)/(P(c%, — c%,)/B + c2,/d3). In
addition, from p, = 0 and (B.41), the condition for p; > 0 is Ay > d3(1 + Pc,)/c3,.
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Since A3 = 0, from (B.40) we must satisfy Ay + A; = 1, which subsequently gives d?(1 +
Pc,/B)/c3y + (14 Pty /B)/(P(c3, — ¢35) /B + c3y/d3) < 1, ie., P < Py as in Table 3.1.
Thus, the condition of Ac 4 is

[Cl] . P< |54, P < ISQ, <B58)
and the optimal transmit powers in A 4 are as given in the second row of Table 3.1.

@: Since p € Iy, N Jo, it satisfies p1 = 0,p2 > 0,p3 = 0,p4 > 0, which imply
p= P/B,¢t = 0,p, = P/B,qz = 0, following (B.53)-(B.56) and (B.45) and (B.46).
In addition, A € £; implies ¥; = ¥y < ¥ from (B.50)-(B.52), and assumption [Al] is
sufficient for this. Next, using p; = p3 = 0, and (B.41)—(B.44), the sufficient conditions for
p2 > 0 and p; > 0 are found to be Ay < d3/(c3,(1 4+ d3P/B)) and Ay < d3/(c3,(1 + d3P/f3)),
respectively. Since A3 = 0, and thus A; + Ay = 1 from (B.40), the bounds on A\; and A, are
combined, which gives d2/(c?,(1 + d2P/B3)) + d2/(c3,(1 + d2P/3)) > 1, i.e., P < Py as in
Table 3.1. Finally, P > 0 is sufficient for (p;, p2) = 0. Therefore, the condition of Ag 4 is

[C2]: P <Py, (B.59)
and the optimal transmit powers in Ag 4 are as given in the first row of Table 3.1.

Secd.cd: Since p € I3 N Js, it satisfies p = 0, which imply (p1, ¢1,p2,¢2) > 0, following

(B.53)-(B.56). In addition, XA € Ly implies ¥; = ¥ and ¥y = ¥ following (B.50)—(B.52),

which gives ¢; = VCT_l and ¢ = “éT_l, respectively, with v > 1. Thus, we also have p; =
_ 12 it
P/p — % and py = P/f — % from (B.45) and (B.46). Note that the condition for
12 _ 21 _
p1 > 0 is equivalent to P > B(y —1)/c3,, i.e., P > Py, which is also sufficient for py > 0

2 2
due to c3; > cf,.

Now, from p = 0 and (B.41)—(B.44), and using the expressions of (p1,qi,p2,q2) as
derived above, we find that \; = Bv/(Pc%, + Bc3,/d% — B(y — 1)),
and \y = B7/(Pc3, + Bc2y/d? — B(y — 1)). We also note that P > P, is sufficient to ensure
A1 > 0,9 > 0. Next, to ensure A3 > 0, \; and Ay must satisfy \; + Ay < 1, which gives
the condition P > Pj as in Scd,cd in Table 3.1. In addition, note that v > 1 is sufficient for
(q1,42) = 0.

Finally, the case with p € Z; N J3 only differ from that with Z3 N 73 in that now p; > 0,
and thus p; = 0. We note that P = P, is sufficient for p; = 0. We also note that the
other sufficient condition, which follows from the conditions on A\; and Ay as in Z3 N 73, is

expressed by evaluating gs3(P) < 1 derived above at P = P4. Therefore, the conditions of
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Scd,cd are given by
[C3]: P>Py, P>Ps (B.60)
whereas the optimal transmit powers are as given in the fourth row of Table 3.1.

Acd ca: Since p € T3N Js, it satisfies p = 0 that implies (p1, ¢1, pa2, ¢2) > 0, which follows
from (B.53)(B.56). Next, substituting p = 0 in (B.41)~(B.44), (B.45) and (B.46), we find
25 (B+B)y) = P+%+dﬁ%, and 25 (B+4)) = P+%+%. In addition, A € £; implies &; =
¥y, from which and from (3.47) and (3.48), we have Agpacly = Ap1c3;. In addition, since
A3 = 0 we also have A\; = 1 — \y. Combining these conditions, we get a quadratic equation
of Ay, AN2—BM\+C = 0, where A := B(Fy—Fs), B := E|— Ey+28E,, and C := SE,, with
Ey, E5 as defined in (3.59). One of its roots, /\él) = (B + VB2 — 4AC) /24, is infeasible as
it violates (B.40) and the non-negativity of A\, for A>0and A <0, respectively. Therefore,
the valid solution is Ay = (B — v/ B2 — 4AC)/2A. Next, from (B.42) and substituting A, in
%(ﬁ‘i‘ﬁ)\z) = P—l—%—i—d%, and with some algebraic simplification, we obtain ¢; = F(P)/c3,,
where F(P) is defined in (3.59). Finally, simple algebraic manipulations show that due to

the mutual exclusiveness of the LGRs, the condition of Ay 4 is
[04] maX(pl, |52) S P, P S Isg, (Bﬁl)

and the optimal transmit powers are as given in the third row of Table 3.1.

B.12 Constraint Qualification for Problem [P1]

The Mangasarian-Fromovitz Constraint Qualification

Consider an optimization problem [P’] over variable € R" as follows

[P'] minimize f(x) (B.62)
subject to: gi(x) <0, i=1,...,m, (B.63)
hi(x) =0, i=1,...,n, (B.64)

where f,g;,h; : R* — R are assumed to be continuously differentiable functions. For a

feasible point &* of problem [P’], the active set is defined as
Z(x*):={ie{l,...,m} : g;(x*) = 0}. (B.65)
The Mangasarian-Fromovitz constraint qualification conditions [155, Section 2.1.2], [154,

Section 4.3] holds at x* if
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e Vh;(x*) are linearly independent for i = 1,...,n, and

e there exists a direction vector t € R such that

1. Vhy(x")Tt =0, i=1,...,n, and
2. Vgi(z*)Tt <0, ieZ(x).

Constraints and Gradients in Problem [P1]

Note that in problem [P1] defined in (3.51)-(3.57), all equality and inequality constraints
are differentiable. Given a set of channel parameters (dy, do, ¢12, €21, 7, P), consider a feasible

point © = (p1, q1, P2, G2, R) for problem [P1].

For convenience, we denote the inequality constraints (3.52), (3.53) and (3.54) by
af a a
gi(x)=R— A — TB log (14 ¢3,¢0) — Tﬁ log (1+dip1) — 75 log (14 d3ps)
B A af 9 af : af 9
92(®) = R — Ay — —~log (1 + clyar) — =~ log (1 +dipr) — —-log (14 dops) ,

g3(®x)=R—A— %ﬁ log (1 + d%pl) — % log (1 + d%pg) ,

where A, Ay, Ay, o, 3, B are non-negative constants that do not depend on the feasible point

x. The gradients of these functions, Vgi(x), Vgz(x) and Vgs(x), are given by

afk  d? afk  d3 afr 2, g
Voi(@) = 2 1+dp 0, = 2 1+d%p, 2 1 > 1)
+aip + a3p2 + 142
afrk  d3 afk &, afrk  d3 g
VR =TTy T e it a2 1vdm )
+ dip + (i + djp2
afk  d? afk  d3 )T
V r) = T S T 9 s y T A 4 9 07 1 )
9:(®) ( 2 1+dip 2 1+ dps

where al denotes the transpose of vector a, and x = log, e > 0.

Next, the non-negativity constraints in (3.57) and their gradients are given as follows

ga(x) = —p1, Vga(z) = (~1,0,0,0,0)",
g95(x) = —q, Vgs(x) = (0,~1,0,0,0)",
g6(x) = —po, Vgs(x) = (0,0,-1,0,0),
91(x) = —@a, Vgi(x) = (0,0,0,-1,0)",
gs(x) = —R, Vgs(x) = (0,0,0,0, —1)"
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Finally, the equality constraints (3.55) and (3.56) are denoted as

hi(z) = Bpy + B — P, (B.66)

ha(x) = Bps + Bz — P, (B.67)
and their gradients are given as follows

Vhi(x) = (B,5,0,0,0)" (B.68)

Vhy(z) = (0,0,5,3,0) . (B.69)

Problem [P1] Satisfies the MFCQ

First, note that Vh;(x) and Vhy(x) in (B.68)-(B.69) are linearly independent. Next, for
notational convenience, the active set Z(x) at @ is denoted as

I(x) = Iy (x) UZy(x) UZs(x), where

Ti@) C{L2,3}\0, T(x) C{45}\(45), Ty(x) C {673\ (6,7  (B.70)
More specifically, Z;(x) is a subset of Z(x) corresponding to constraints {g;(x)}>_;, and
since at least one of the three constraints must be tight, Z;(x) # (. Zy(x) is a subset of

Z(x) corresponding to non-negative constraints {g;(x)}?_,, while Z3(x) is a subset of Z(x)

corresponding to non-negative constraints {g;(x)}"_.

The intuition into why Zy(x) # (4,5) and Z3(x) # (6,7) are given below:

e due to (3.55), if py = 0, then ¢; > 0. Hence g4(x) is tight = g5() is not tight,
e, 4 € Ih(x) = b & Iy(x). Similarly, if ¢; = 0, then due to (3.55), p1 > 0, and
hence 5 € Zh(x) = 4 & Iy(x). Moreover, if both p; > 0,¢; > 0, then Zy(x) = 0.
Therefore, depending on @, Zy(x) is either of = 0, {4}, or {5}}, but Zy(x) # (4,5).

e the rationale for Zs(x) C {6,7}\ (6,7) follows from those for Zy(x) explained above,
after replacing constraints 4 and 5 on variables p; and ¢; for Zy(x) with constraints

6 and 7 on variables py and ¢y for Z3(x) that satisfy (3.56).

Finally, constraint gg(a) is never tight, i.e., 8 € Z(x), since R is always R > 0 due the fact
that A, Al, As > 0.

It thus follows from (B.70) that 63 combinations of active sets are possible. As an

illustrative example, we first consider the following case and show that the MFCQ holds.
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Case with Active Set Z(x) = {1,2,3} U {4} U {6}: Clearly, in this case constrains
g1(x), go(x) and g3(x), and non-negativity constraints g,(x) and ge(x) are tight, along

with the equality constraints h;(x) and ho(x).

Consider a direction vector t = (1, ty,t3,t4,t5)7. First, to satisfy Vhy(z)'t = 0, and
Vhy(z)Tt = 0, vector ¢ needs to satisfy

Vhl(a:)Tt =0 = ty= —5/Bt1,
Vhe(z) 't =0 = t, = —3/Bts. (B.71)

For the MFCQ to hold, in addition to (B.71), Vgi(x)Tt < 0,k = 1,2,3,4,6, must also
hold. For Vg,(x)Tt < 0 and Vgg(x)Tt < 0 to hold, ¢ must satisfy

Vo(x)'t <0 < t; >0, and Vg(x)'t<0 < t3>0.

After substituting for ¢, and ¢, as in (B.71), for Vg, ()"t < 0 to hold, t must satisfy

aBk c2 d> aBr 2
Vg ()t <0 < t;+t A 2 )—t L <0. (B.72
91( ) 5 3\ B (1+C§1QQ 1+d%p2 ; 1\ 5 l—l—d%p11 ( )
o, =0

While t; > 0 and t3 > 0, t5 is free. For inequality (B.72) to hold, if s; > 0 finite, t5 < 0
needs to be taken to be a sufficiently large negative number, while if s; < 0, any t5 < 0 is

sufficient.

Similarly, substituting for ¢, and t; as in (B.71), for Vgo(x)Tt < 0 to hold, ¢ must

satisfy
afk c? d? aBr  d>
v Tt<0 <= t5+1t Lz ____1 — 2 <0. (B.73
() T (o ) 5 T ®
=is >0

As before, t; > 0,t3 > 0, and ¢5 is free. For inequality (B.73) to hold, if sy > 0 finite,
t5 < 0 needs to be taken to be a sufficiently large negative number, while if s, < 0, any

ts < 0 is sufficient.

Finally, for Vgs(z)Tt < 0 to hold, t must satisfy
afk  d3 i afk  d>
R 2 1+ d%pll 3\ 2 1+ d%pgj

>0 >0
Since t; > 0,t3 > 0, inequality (B.73) holds by taking any ¢5 < 0.

Vgg(:c)Tt <0 <= t; — 11

<0. (B.74)

Therefore, we have found t = (t1,to,t3,t4,t5)7, where t1,t3 > 0, t, = —(/Bt,,ty =
—/Bts, and t5 is the minimum of the two sufficiently large negative numbers found for
inequalities (B.72) and (B.73). Therefore, the problem satisfies the MFCQ for the active
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set Z(x) = {1,2,3} U {4} U {6}.

Other Active Sets: While the above analysis is for the specific active set Z(x) =
{1,2,3} U {4} U {6}, similar analysis holds for all other active sets. Since the analysis for

other active sets is tedious and repetitive, we omit their explicit derivation.

The Linear Independence Constraint Qualification

For problem [P’] in (B.62)-(B.64), if * is a feasible point, the linear independence con-
straint qualification (LICQ) [155, Section 2.1.2], [156] is said to hold if

o {Vhi(z*), i=1,...,n}, and {Vg(x*), ¢ € I(x*)} are linearly independent.

Problem [P1] Does Not Satisfy the LICQ in General

We observe that [P1] does not satisfy the LICQ in general. For a feasible point x for
problem [P1], the total number of constraints in an active set Z(x) defined in (B.70), may
potentially be as large as 5. In addition, there are two equality constraints as in (B.66)-
(B.67). Therefore, the total number of gradient vectors to be considered for LICQ can be
as large as 7. However, the feasible point @ has the dimension of 5, and thus no more than

5 vectors can be linearly independent. Thus [P1] does not satisfy the LICQ in general.

While LICQ is not guaranteed to hold for [P1] in general, it may hold for active sets
with cardinality 3 or less. However, there exists a large number of such active sets for [P1],
and verifying if LICQ holds for all such sets is tedious and repetitive. Therefore, instead of
treating the general case of problem [P1], we limit the analysis for the case in Section 3.4.2
as this specific case has been studied in detail in this chapter. In particular, we consider
the case where problem [P1] is subject to the assumptions [A1] through [A4] in Section 3.4

and condition ¢3; > ¢}, in Section 3.4.2.

As a result, the potential number of active sets for the problem now reduces to only four,
given by either Z(x) = {1,2,4,6}, Z(x) = {1,2,4}, Z(x) = {1,2,3}, or Z(x) = {1, 2},
depending on the appropriate feasible @, presented as valid LGRs in Table B.1 and detailed
in Section B.11.
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Active set Z(x) = {1,2,4,6}: LICQ does not hold, and the optimal Lagrange multipliers
are non-unique [156].

For active set Z(x) = {1,2,4,6}, when the two equality constraints are also included,
for LICQ to hold, 6 vectors {Vhi(x), Vha(x), Vgi(x), Vga(x), Vga(x), Vgs(x)} need to
be linearly independent. Since the feasible point has a dimension of 5, these vectors
are linearly dependent, and hence LIC() does not hold. Therefore, the optimal Lagrange

multipliers are non-unique [156].

Active set Z(x) = {1,2,4}: LICQ holds, and the optimal Lagrange multipliers are
unique.

For active set Z(x) = {1,2,4}, when the two equality constraints are included, for LICQ
to hold, 5 vectors {Vhy(x), Vha(x), Vgi(x), Vga(x), Vgs(x)} need to be linearly indepen-
dent. Simple algebraic manipulations show that these vectors are indeed linearly indepen-

dent. Hence, LICQ holds, and the optimal Lagrange multipliers are unique [156].
LICQ also holds for Z(x) = {1,2,3}, and Z(x) = {1,2} as well, but the details are

omitted to avoid repetition.

B.13 The Optimal Power Allocation for the Asym-
metric DCLIC

Recall that in Section 3.4.1, problem [P1] was formulated under assumptions [A2], i.e.,
Ay = Ay in (3.50), which provides symmetry in the underlying microwave IC, as well as
c2, < c2, in the mm-wave cross-links. We now characterize the optimal power allocation
scheme for the asymmetric DCLIC where the symmetry condition of [A2] does not nec-
essarily hold. More specifically, keeping c%, < ¢3, unchanged, we now formulate problem

[P1] under a more general assumption [A2G]

In this case, seven LGRs are needed to describe the optimal allocation scheme (IC-OPA).
The definition and the expressions of the optimal powers of the LGRs are found by solving
the problem [P1] under [A2G] in a manner similar to that for problem [P1] under [A2].

Hence, the explicit derivation is omitted, and only the resulting LGRs are discussed.

Of the seven LGRs, four LGRs denoted fld,d, flch, flcd,cd, and Scd@d are counterparts of
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Table B.2: The optimal link powers for the asymmetric DCLIC in terms of channel parameters
a = (dy,ds, c12, 21,71, 72,1, P), with F(P) defined in (B.76), and 71, v2 and n defined in (B.77).

LGR  Optimal Power Allocation

Ad g p1=]; =0, p2=];, 2=0 .
Accd p1=0, Q= E, p2 =P — ¢, qQ = Pay/8 2+ L-n
_ 8 _ 3
Sedcd plZE—M, Q1=%_1, P2_5—5(72_1)7 q2:72—1
’ 8 Beiy AC%Q B B Be3y 3
Acdcd plzp_BQI, (I1:F(P)7 p2_P—BQ27 (]2:1—1_7C%QQI*L
7 B cty B e, 3

the four LGRs Ag 4, Accds Acdcd; ad Seq g in Table 3.1, in the sense that the mode of link
power allocation in an LGR A(.,,) in the former set is similar to its counterpart A, ) in the
latter set as detailed below. In addition to these four LGRs, three “new” LGRs Aqd, /lcd,d
and S’Cdd are found: the mode of link power allocation in these LGRs are different than

those in any of the LGRs in Table 3.1, and hence designated “new”.

In Table B.2, the optimal power allocations for the first four LGRs are presented, where

F(P):= M(E1 +nEy — /(B — nE»)? + 4527]E1E2> -1, (B.76)

with E, By, defined in (3.59), and 7,72 and 7 are defined as follows

B ((1 +P)(1+ P2)>1/aﬂ
L Iy Sy ) !

(A P)A+ R\
72 ( 1+ P, + a2,P, > ’
(14 P a3 P\

B (1+P2+a§2P1) '
We omit the definitions of these LGRs for the sake of conciseness. These LGRs, i.e.,

(B.77)

Ad,d,Agcd,Acd,cd, and Scd,cd, are similar to their counterparts in Table 3.1 in that they
follow the same Waterfilling-like (WF-like) and saturation properties: (a) when the power
budget P is sufficiently small, the IC-OPA allocates power to only the direct-links (in
fld,d), or in both cross-links and one direct-link (in flcycd) depending on whether the direct-
or the cross-links are stronger in a sense similar to that for Agq and Acqq; (b) as P is
increased, the IC-OPA allocates power to all channels (in /lcd,cd) as in Agg cd; and (c) when

P is sufficiently large, both cross-links become saturated (in Scd,cd) as in Scd.cd-
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Table B.3: Definition of the “new” LGRs and optimal link powers for the asymmetric DCLIC
in terms of parameters a = (di, da, c12, ¢21, 71, Y2, 1, P), with 41,72 and 1 defined in (B.77), and
the threshold powers defined in (B.78).

LGR Optimal Power Allocation
; . 5 5 P
Aca = {a:0< P <min(Ps,Ps)} p1 =0, “=7
P 0
P2 =—, q2 =
B
flcd7d::{a:max(pg,|57)§P§F_’8} plzp+g_ﬁ2’ Q1:P+ﬁ2—g,
Cp  di di iy
P 0
P2 = —, q2 =
p
A - _ P Bn-1 -1
Scdd = {a:max(P5,Pg) < P <Pg}  p1=—— U 5 ), g =" 3>
B Bty C12
P 0
P2 = —, q2 =
p

Note that, if assumption [A2G] simplifies to [A2], we have = 1 and 7; = 7, and the
powers in Table B.2 simplify to those in Table 3.1.

Next, in Table B.3 we present definitions of the three “new” LGRs and the correspond-
ing optimal link powers, where the threshold power are defined as below, with o[f(P)]
denoting the non-negative square root of polynomial f(P)
~1 — 1
s

2 bl
C12

(& )
di  cy)’

— 1 1
=i (4 7)

5 . n—=8_ B
Gy dy’
d3 B
P LZ (L+ &PJB) | Pé,+ B + B/ — B
21 2 12 12/ @7 n

|552

(=)
I
ey

~ 1. (B.78)

The power allocation for the new LGRs can be interpreted following the WF-like and
saturation properties as follows. In flc,d, we have Pg > 0 <= d? < ¢2, (i.e., the cross-
link from source S; is stronger than the corresponding direct-link), and thus following the

WPF-like property, for sufficiently small P, the power budget is entirely allocated to the
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Figure B.1: An example of the optimum power allocation in the asymmetric case. The
IC-OPA follows path Ad,d — Acd,d — Scd,d — «Zlcd,cd — Scd,cd7 where Acd,d and Scd,d are

new.

cross-link, i.e., ¢ = P/B,p1 = 0. However, under assumptions [A2G] and ¢2, < c2,, it is
sub-optimal to allocate power to the other cross-link as such allocation results in >y < >4,
and does not increase min{¥y, ¥;} as much as possible, resulting in a suboptimal sum-
rate. Therefore, for source S, it is optimal to allocate P only to the direct-link, i.e.,
p2 = P/B,q2 = 0 as long as P < max(Ps, Pg). This results in the maximum increases of
the bottleneck rate > in this range of P.

As P increases, additional benefits from transmitting only in the cross-link from source
S; reduces. Hence, when P > max{Pg, P;}, it becomes optimal to allocate a fraction of
P to the direct-link as well following the WF-like property, resulting in the allocation in

flcd,d, and this allocation remains optimal for P < Ps.

Note that in /Alc,d and flcd,d, the power budget P is small enough such that the optimal
sum-rate is R = ¥y < ¥;. When P > max{Ps, P}, enough power has been allocated to
the cross-link of source S; to cause ¥y = ¥;. As P increases further, it becomes optimal to

maintain >y = ¥; by keeping this cross-link power fixed at ¢; = WT’ while all additional
Ci2
increments of P are allotted to the direct-link only. This allocation, described by Scgq,

remains optimal as long as P < Py, beyond which transmitting in all four links as in /lcd&d

in Table B.2 becomes optimal.
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In summary, it is apparent that while the optimal power allocation scheme for the
asymmetric DCLIC with [A2G] is more complex (with seven LGRs) than that of the case
with [A2] (with only four LGRs), it can nonetheless be satisfactorily explained by the
WF-like and saturation properties similar to those for the case with [A2]. Since the power
allocation does not reveal nay additional properties, for the clarity of exposition, we omit

any further discussion on this case.

Finally, in Figure B.1, we provide an example of the optimum power allocation in the
asymmetric case with parameters with a?, = 1.5,a%, =2, P, = P, =2, a =2,8=0.5,d? =
1,d5 = 0.5,¢2, = ¢3; = 0.5. In this example, the optimal power allocation follows path

Agd = Acdd = Scdd = Acded = Scd,ed, Where LGRs Aqq g and Seq g are new.
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Appendix C

Appendices for Chapter 4

C.1 Proof of Theorem 4.1

Outer Bound: Assume that source Sy transmits My, k € {1,2}. Since the destination
knows Hg and I_{gl where HD,i = {HmD,i}me{l,z,R},i =1,...,n, FID,E = {HmD!}me{L?,R}? t=
1,...,ny, by Fano’s inequality we have
an = H(Ml)
< I(XP, X XTSYE, Yes Yig, Hy, HY) + ne,

a

< I(XT X7 X7 Y, Yeg, Yis [ Hp, Hp') + ney

—~
Na

b ~ _ _
< I(XT, X7 YD, Yo | Hp, Hep)

—
=

+ Z h(G}/DQ,eejélD’eXLé + Z1p4|Gip e, ©1p4) — h(Z1py) + nén
=1
(c) N _ _ 1 -
< I(X7, X7 YE, Vs H, Hib) + > Ellog(1 + GipP1y)] + ne,
=1

@) 0 o [rn YVa D

< I(XT, X7 VS, Yep | HE, Hep) + mE[C(Gip )] + ney (C.1)
where (a) follows since (X7, X™, X™) 1L (Hp, H2"); (b) follows by first expanding (a) into
four I(.;.) terms using chain rule where two I(.;.) terms turn out to be zero due to Markov
chains (MC) X7* — (X7, X7, Hp, Hrbh) — (Yg, Yag), and (X7, X7, HE, Hyb, Ve, Yas) —
(X7, HiL) — Y4 the last two terms follow from the Gaussian model and applying chain

rule and unconditioning to one of the remaining /(.) terms; (c) follows from maximizing the
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first A(.) term in (b) by using X, , ~ CN(0, P, ;) where nil ook, Pry < Ppand expectations
are over Gp ¢ i.i.d., with C(z) = log(1+2); (d) follows by applying the Jensen’s inequality.

Bounding R, similarly, the following bounds
1 N _ _ Ny~ = =
Ry < —I(X5 X5 Y Yep | Hp, Hep) + glE[C(GkDPk)], ke{l,2} (C.2)
are found where expectations are over Gp. Taking n — oo such that n; /n — aand e, — 0,

then gives the bounds in Theorem 4.1, for some empirical probability mass function (pmf)

distributed as a

n

plat, &5, 2 )p(ay, 350, 75 [ [ p(ras yo.lrri, 2, 7r4)
i=1
n1
_ni1(i—1) 14 ni(i—1) _ n(l—1
HP Z‘Rz|yR ! {yké hle,h . }i=1)HP($R,€|yR {?Jle h ) hl l}k 1)
=1
Hp(?jRD,A«'fR,é) P 1,0) P(Y2p,6|T20) P(Y1re|Z1,0) P(Y2r e T20)- (C.3)

Finally, the outer bound to the capacity region of the underlying R-MARC is given by the
first 1(.;.) term in (C.2).

Achievability: We pick integers (n,n1) and a distribution that factors as (C.3), and
then code over t blocks of symbols together. Define Uy, := (X}, X,:}l) and Uy, := X}* where
Uy L Uy, and Uy, = X' ~ CN(0, B,) i.id., k = 1,2. To encode M, € M, we generate
2tnfk ji.d. sequences ul (M) and @ (M), distributed according to p(ut) = [T, p(urs) =
[T, p(zi i 1)n+175%2n(z 1y 1) and p(a) = [T, p(tr:), k = 1,2. To communicate M,
we transmit uf (My) and @l (My) through the underlying RL-MARC and the S;-D direct-
links respectively. The relay assists each (n,n;) block of symbols, by producing codewords
according to the relay-distribution in (C.3), and forwarding them. The destination then
decodes Mj, from the received signals, (Y, Yai!, V1Y), using the CSI (HE, H3'). Applying
standard random coding techniques as in [138, Chapter 8.7|, the rates

1 N _ _ -~ _ _
Ry < ~1(X}, X Y8, Vg | Hp, Hyp) + ~E[C(Gio P, ke {12} (C4)

are achievable. Finally, an achievable rate pair on the RL-MARC is given by the first term
in (C.4), and its capacity of the R-MARC is the closure of the union of sets of all achievable
rate pairs on the RL-MARC where the union is over all (n,n;) and pmfs factoring as in
(C.3) with ggps = Tpe = 0,k = 1,2.
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C.2 Proof of Theorem 4.2

The achievable region is obtained by performing block Markov encoding over B + 1 blocks
with i.i.d., circularly symmetric complex Gaussian (CSCG) codewords and backward de-
coding at destination following a scheme similar to that for the single-band fading MARC

as presented in [77]. As such, we present below only the notable details of the scheme.

Encoding: Encoding for block b € {1,...,B + 1} proceeds as follows: (i) the block
lengths (n, n), and the input distributions p,, (), pm(Z) and pg(z), m € {1,2,R}, k € {1,2}
are chosen; (ii) the message My, € My from Sy is encoded into codewords x}(Mj ;) and
3t (M), generated according to [[7; pe(@r:(Miyp)) and [[,2, pe(Zre(Myp)), k € {1,2},
and transmitted; (iii) assuming that the relay estimated (M1, M2,—1) in block b—1 cor-
rectly, they are encoded into codewords xg(Mp—1, Mop—1) and Zg' (M p—1, Map_1), gen-
erated according to [], pr(zri(Mip—1, Map—1)) and [, Pr(Zre(Mip—1, Map—1)), and
transmitted. The messages My o and My g, are known at the destination, k € {1,2} as
in [77,124].

Decoding at the Relay: Assume that the message pair (M1, Ma,—1) was correctly
decoded in block b — 1. The relay then uses the side information (M p—1, Maop—1)
and TR (M1, May 1) and the CSI at block b, i.e., {H%(b), H%(b)}2_,, and estimates
(M p, Msyp) from the signals received in block b as in [138, Chapter 14.3.1]. Such decod-
ing yields certain rate constraints on R, Ry and R; + Ry which are then maximized by
using i.i.d. CSCG codewords X, ~ CN(0, P,), X, ~ CN(0, Py),m € {1,2,3}, k € {1,2}.
Finally, the achievable rates are obtained by averaging the resulting rate constraints over
i.i.d. squared-magnitudes of fading coefficients Gir and Gigr (since rate constraints are
independent of the phases), as given in (4.12)-(4.14).

Decoding at the Destination: (Backward decoding) Assuming that (M i1, Mapi1)
were decoded correctly in block b + 1, the decoder estimates (M, Msp) from the sig-
nals received in blocks b and b + 1 as in [138, Chapter 14.3.1] by using the side infor-
mation =} (Myp+1) and 2" (Myp+1), k € {1,2}, and CSI in blocks b and b + 1, given by
{H"5(0), Has (004! m € {1,2,R}. The resulting rate constraints are maximized by the
same i.i.d. CSCG codewords as for the relay, and achievable rates are obtained by taking

expectation over i.i.d. Gyp and Ggp, as given by (4.15)-(4.17).
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C.3 Proof of Theorem 4.3

The outer-bounds are derived by applying the cut-set bounding technique such as those
in [138, Chapter 14.10].

For notational convenience, define U C {1,2} and U¢ := {1,2} \ U, such that My :=
{My,k € U}, and Xy := {X, k € U}. In the following, we characterize the upper bound
on Y,y Ry for an arbitrary U C {1,2}, from which the upper bounds on rates Ry, Ry,
and Ry + Ry are obtained by taking U = {1},U = {2}, and U = {1, 2}, respectively.

Assuming that source Sy, transmits the message My, k € {1,2}, we have

ny Ry =H(My)
kel
© H (My|Mye)

b n \n n yn n \n n gn
® (Muy; YZ, Y, Hp, Hib | Muye) + H (My|Yg, Vs, H, Hyb, Mye)

INZ

(My; Y3, Yas, HE, Hrb | Mye) + ne,

—
S

)

I
I (Muy; Y3 |Hg, Hg, Mye) + 1 (My; Yag Y5, HB, Hig, Mye) + ney
(é) Z h (YD,i|Y|§717 HS? HIQB’ MUca XUC,i)

=1

— h (YoulYp ', Hp, Hgh, My, Mye, Xui, Xue)
ny

+ Zh (YRDJ‘?ésl,YE?,HS,E%S,MUc)
=1

— h (YRD,I|Y|£517 YDn, Hg, ngllm Muc, Mu) -+ ney
(f) — . _
S Zh (YD,i‘YS_laHS>HFT{L|13aMUC>XUC,i)

i=1

—h (YD,i|YS_17H87H—glljaMUaMUC7XU,i7XUC,i7XR,i)
+ > h (YeoulVao' Y8, HB, Hip, Mue)

=1
—h (YRD,ZD_/éBl; YDna HS? ESE), MUC7 MUaXR,l) + ne,

(9) —
<Y h (Yol Xues, Ho) — h (Yol Xu s, Xri, Xue, Hp.i)

=1

ni
—+ Z h (YRD,Z|HRD,1> —h (ZRD,Z)

=1
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R Oup. ORo.
L Z h <Z G e Xyo; + G ¥ Xp s + Zp i [{Grmpais @mD,i}m€{1,2,R}>
=1 \keU

ni ~ 3 B B B B
—h(Zp,) + Z h (GlR/gej@RD’ZXR,l + Zrp,1|Gro,1, @RD,1> —h (ZRD,l)
=1

=1 keU

log <1+GRDPR,Z‘ +Z (GkDPk,i+2G]1€é)2G1R/§ Re{ej(ekD_gRD)E [Xk:iX;,i} }))]

+ ZE [lOg (1 + GRDPRJ)}

=1

() <

< ZE log <1 + Z GrpPri + GRDPR,i>
keU

=1

ni

+ ZE [log (1 + GRDPRJ)]

=1

. log (143" GioPo + GroFr) | +niE [log (1 + GroTx)] (C.5)
where (a) follows since messages are independent, i.e., My L Myc; (b) follows since the
channel-state information for the channels to the destination, i.e., HJ and HSE) where
Hp,; = {Hmpitmepi2ry,t = 1,...,n, is known at the destination, along with the re-
ceived signals Y, Yad; (c) follows from the Fano’s inequality; (d) follows from the chain
rule and noticing the fact that I(My; H5, His|Myc) = 0; (e) follows by expressing the
mutual information I(.;.) terms as the difference of two differential entropies h(.), and
then applying chain rule, while conditioning with Xy ,;(My) and Xye;(Mye) (determin-
istic functions of My and Mye) do not alter entropy; (f) follows since conditioning the
negative h(.) terms with Xg; and Xg; does not decrease entropy; in (g), the two pos-
itive h(.) terms follow from unconditioning, while the two negative h(.) terms follow
from the two Markov chains (YZ ", He", H2 My, Mye) — (Xui, Xves, Xri, Hpi) — Yo,
and (Yigh Y&, HE, ﬁglg\l,MU, Mye) = (Xry, Hrpy) — Yroy, respectively, imposed by the
memoryless system model, where a vector F™\V := {EF;}™, \ F}; (h) follows directly from
the fading Gaussian model; (i) follows by maximizing the first positive A(.) term of (h)
by choosing Xj.; ~ CN(0, Py;) [77], with Py; := E[|X,[*], k € {1,2, R}, where E[X},; X{ ]
denotes the cross-correlation between X}, ; and Xg; with the expectation taken over column
i of the codebook, and Re(.) denotes the real part; the other positive h(.) term in (h) is
similarly maximized by X k1~ CN (0, kal); the outer expectation for the first term is over
i.i.d. fading magnitudes and phases, while the same for the second term is over the i.i.d.
fading magnitudes only; (5) follows from [77, Theorem 8]: since in the first term of (i), © :=
Okp — Orp ~ U[0, 2), each summand of the form Eg  plog(1 4+ G + 2G/2BY/2Re{e1® p})
can be upper bounded as Eg ; glog(1l + G + 2G/2BY/2Re{ei9p}) < E4log(1 + G) when
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© ~ U[0,27), p € C; and (k) follows from applying Jensen’s inequality as in steps (c)-(d)
of (C.1).

Finally, dividing both sides of (C.5) by n, as n,n; — oo, we have
Ry <E[E(Y  GioPo+GroFy)| +aE|C (GroPr)|, UC {12}, (C.6)

from which individual bounds on Ry, Ry, and Ry + Ry are obtained by choosing U = {1},
U = {2}, and U = {1, 2}, respectively.

C.4 Solution of Problem [P2| in Section 4.4.1

Convexity of Problem: We first show that [P2] is convex. We denote a feasible point
by x := (p1,q1, P2, ¢2, R) € R’ and use the equivalent objective, minimize —R. Note that
the objective is linear, and the equality constraints in (4.36) are affine. Moreover, the
constraint in (4.34) is convex as its Hessian is a positive semidefinite matrix with

ak ( d? r? d3 3 O>

2 \(1+dip1)?" (L +7m1q)? (14 dop2)?” (1 +72g2)*

on its leading diagonal. Similarly, constraint (4.35) can also be shown to be convex. In

addition, (4.36) and (4.37), and x = 0 imply that the feasible set is compact for a given

P > 0. Hence, [P2] is a convex optimization problem over a compact set.

The KKT Conditions: Problem [P2] satisfies Slater’s condition [132, Chapter 5.2.3]:
it can be illustrated by considering the point x := (P—e, e, P—e, e, JR), which is strictly
feasible for sufficiently small ¢ > 0. Moreover, [P2] also satisfies the MFCQ as illustrated
in Section 4.4.1. Therefore, [P2] can be solved using KKT conditions [132, Chapter 5.5.3].

The Lagrangian function for [P2] is given by
£=—-R+M([R—2R)+A(R—3p) + > r_y tr(pr+ax — P) — p1p1 — poq1 — p3p2 — pagz — ps R,

where {\.}2_,, {1t }3_, and {p;}?_; are Lagrange multipliers corresponding to constraints
(4.34)-(4.35), (4.36), and (p1,q1,Dp2,q2, R) > O respectively, with ¥g and ¥p in (4.30)—
(4.31). With slight abuse of notation, we denote the optimal primal variables by (p1, q1, p2, ¢2, R),
and the optimal Lagrange multipliers (OLM) by (A1, A2, p1, p2, p3, p4) and (i1, p2), and they
satisfy the following KKT conditions

A+ g =1, (C.7)
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« d1 « )\17“1 (0] dg (8 )\17”2

01:M1—§m> P2:M1—§1+T1q1, 'OSZM_gszpz’ ﬂ4:/i2—§1+r2q2,

(C.8)
p+qa=PF pt+q=0~F (C.9)
R—%r<0, R—Yp <0, Mq(R—3%r) =0, \(R—2Xp)=0, (C.10)
pipr =0, p2q1 =0, p3pa =0, psg2 =0, (C.11)
(p1,q1, P2, g2, R) = 0, (A1, A2, p1, pa, p3s pa) = 0, (i, pi2) # 0. (C.12)

with ps = 0 since R > min(op,or) > 0.

Partitioning the Set of OLMs: We now partition the set of all (p, A)-tuples where p :=
(p1, P2, p3, pa) = 0 and X := (A1, Ag) = 0, into 18 subsets. First, the set of (p1, p2)-tuples is
partitioned into 3 subsets, Z; := {(p1, p2) : p1 > 0, p2 = 0}, Zy := {(p1, p2) : p1 = 0, p2 > 0},
and Z3 := {(p1, p2) : p1 = 0, p = 0}, since subset Z, := {(p1, p2) : p1 > 0, p2 > 0} violates
(C.9) by requiring p; = ¢ = 0. The set of (p3, ps)-tuples is similarly partitioned into 3
subsets J, k € {1,2,3}.

Finally, the set of A-tuples is partitioned into 2 subsets £; := {A: A\; = 1, Ay = 0} and
Lo :={A: A >0, > 0}, since subset L3 := {A : A\; =0, Ay = 1} violates the assumption
v > 1 in the MARC-OPA by requiring ¥p < Xg, and L4 := {A : Ay = 0,Xy = 0}
violates (4.34)—(4.35) by requiring R < min(Xp, Xgr). Thus, the set of (p, A)-tuples are
now partitioned into 18 subsets Z,, N 7, N L., k, L € {1,2,3},m € {1, 2}.

Note that a (p, A)-tuple now satisfies the KKT conditions as well as the condition of
the subset to which it belongs. When all conditions on (p,A) are expressed in terms of
(P,ry,19,d1,ds,7), each subset leads to an LGR as presented in Table C.1. However, only
14 LGRs are valid, since 3 are subsumed into an existing LGR (A(_,.) C A(,)), and Add is

invalid as it violates the assumption v > 1.

Power Allocation in LGRs: Next, we express the conditions on (p, A) in each LGR
in terms of P and threshold powers in Table 4.3. We also derive the expression of optimal

powers in this process.

LGR A, Here, p € ZyNJ;, and X € Ly. For p € 7y N Jq, we have p; > 0,p2 =
0,p3 > 0, ps = 0, which require p; = 0,¢q; = P,ps = 0,¢qo = P from (C.9), (C.11)-(C.12).
Now, A € £ requires ¥g < ¥p that results in P < P,, from (C.10). The conditions for
p1 > 0,p3 > 0 are derived by substituting p, = py = 0 in (C.8) and eliminating (1, j12).
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Table C.1: Set of (p, A)-tuples are partitioned into 18 subsets and the LGR corresponding

to each subset is provided.

)\6[,1 AE,CQ

peELiNA Ar e Ar,r CA,
peLnNdt  Agr Agr C Ag,r
peEI3NN Ard.r Srdr
peLing Ay Arg € Arg
peELNT  Add Ag 4 is invalid
peElzNT Add Srd.d
peELiNgy A Srird
pELNT3  Adu Sd,rd

)

pEIsnNJs Ard,rd Srd,rd

Hence, the conditions for A, , are given by

P<Pjy=di'—r!, P< IS(M =dy'—ryt, P<P,,. (C.13)

The conditions of the counterpart Am (with A€ Ly instead of A€ L) is valid only for
a set of measure zero at P=P,, but the optimum powers are the same as in A, ,, thus it

is subsumed in A,,.

LGR Ag4.q and Sgpq: In Ag g, p € Zo N J3 and X € Ly. For p € Z, N J3, we have
p1 = 0,po > 0,p3 = 0,p4 = 0, which require p; = P,¢1 = 0,p2s > 0,qo > 0 from
(C.9), (C.11)-(C.12). First, by substituting p3 = ps = 0,A\; = 1 in (C.8), we obtain
pr = 05(P+7ry' —dy') and gu = 0.5(P+dy* —7,"), and conditions (ps,q2) = 0 require
P> I%,d,P > |5d7d. The condition for ps > 0, found by substituting p; = 0,A\; =1 in
(C.8), requires P <Pyq4 =r;'—d;'. Finally, A € £, requires Xg < ¥p, ie., P < Pard =
(2y — 1)ry' — dy*'. Thus, the conditions for Ayg g are

min(Pd,d, Pd,rd) Z P Z max(lsdd, FA)é’d).

In S4ra, p € Iy N T3, which still requires p; = P,g3 = 0,p2 > 0,¢2 > 0. However,

now X € L, i.e., (A1, o) = 0, which requires g = Xp, resulting in g, = (y — 1)r; ', and

pp=P—(y—1ry".

P>Py,=(y—1ry" Since \j+A;=11in (C.7), (A, \2) = 0 is equivalent to 1> \; > 0.

Due to v > 1, we have ¢, > 0, but py > 0 additionally requires
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Solving for A; by substituting (ps, g2) above and p3=p,=0 in (C.8), the condition 1 >X; >0
requires P> Py 4. The condition for p, >0, found by substituting p; =0 in (C.8), requires
P> f’dﬁd if r€Rgo, and P< |5d,,d otherwise. Therefore, the conditions of Sy .4 are

P> maX(PdJ, Pd,rd; Isd,rd); if re RSQ, and HlaX(PdJ, Pd,rd) <P< §d7,d70therWiS€.

LGR A4, and Syayp: In Apgy, p € ZsNJy and A € Ly. For p € I3 N Jy, we have
pr = 0,p2 = 0,p3 > 0,p4 = 0, which require p; > 0,4 > 0,po = 0,¢o0 = P from
from (C.9), (C.11)-(C.12). First, by substituting py = p» = 0,A; = 1 in (C.8) we find
p1=05(P+r;'—d;Y) and ¢ = 0.5(P+d;' —rt), and (p1,q1) = O require P > P44 and
P > Py 4. The condition for p; > 0, found by substituting py = 0, \; = 1 in (C.8), requires
P < ﬁgvd. Also, XA € £, (i.e., ¥r < ¥p) requires P < Pq4,. Thus, the conditions for A,q4,

are given by

P> maX(Pd,d, Pé,d)? P < min(ﬁ&da Prd,r)‘

In Sy, p € Iy N Ji still requires p; > 0,4 > 0,p2 = 0,92 = P, but A € Ly now
requires Y g = Xp, from which we solve for A;. Then, using A\; and p; = p» = 0 in (C.8),
we find p1 = P — 7' (y/(1+ Pra) — 1) and g1 = 77" (7/(1 + Pry) — 1), and (p1,¢1) = 0O
require Py, > P > P,,. Conditions (C.7) and A € L, simplify to 1 > A\; > 0 which requires
P > P, while the condition for p3 > 0 requires P < Isrd’r. Thus, conditions for S,q, are

min(Pd,ra Prd,r) Z P Z maX(Pm, Prd,r)-

LGR Si4ra: Here, p € Z3N J5, ie.,, p = 0, and A € Lo: this require ¥g = Yp, from
which we solve for A;. Conditions (C.7) and A € Ly simplify to 1 > A; > 0 which
requires P > P ,q. Using the expression of A\; and p = 0 in (C.8), we find ¢ and ¢
as in the last and third to last rows of Table 4.1. From (C.9) we have p, = P—¢qy, and

pr > 0,k = 1,2, requires P > max (P, 4, Pra,). Finally, depending on the relay-link gains,
condition ¢qx > 0,k = 1, 2, simplify to either of the following three conditions

max(P,g 4, Py,d) < P, for r € Ry URy,
|5rd,d < P< F_)d,rd, for r € Rgo,
I5d,,d < P< I5,d,d, for r € Rs1,
as in Table 4.1.

The optimal powers and conditions for A4, Srdd, Arra and S, g are derived from
Adrd; Sdrd, Ardr and Syq, by exchanging the roles of the direct-links and relay-links, while

those for Agg4, Aqr, Arg and Ay ,q are derived through similar tedious algebraic manipu-
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lations. The details are omitted here.

C.5 MF Constraint Qualification for Problem [P2]

The Mangasarian-Fromovitz Constraint Qualification

Consider an optimization problem [P’] over variable € R" as follows

[P'] minimize f(x) (C.14)
subject to: gi(x) <0, i=1,...,m, (C.15)
hi(z) =0, i=1,...,n, (C.16)

where f,g;,h; : R* — R are assumed to be continuously differentiable functions. For a

feasible point &* of problem [P’], the active set is defined as
I(x*):={ie{1,...,m} : g;(x") = 0}. (C.17)

The Mangasarian-Fromovitz constraint qualification conditions [155, Section 2.1.2], [154,
Section 4.3] holds at x* if

e Vh;(x*) are linearly independent for i = 1,...,n, and

e there exists a direction vector t € R such that

1. Vhy(x")Tt =0, i=1,...,n, and
2. Vgi(x") Tt <0, ieZ(x).

Constraints and Gradients in Problem [P2]

Note that in problem [P2] defined in (4.33)-(4.38), all equality and inequality constraints
are differentiable. Given a set of channel parameters (dy, dy, 71,72,7, P), consider a feasible

point = (p1, q1, P2, G2, R) for problem [P2].
For convenience, we denote the inequality constraints (4.34) and (4.35) by

gi(x) = R—or —alog (1 +r1q1) — alog (1 + raqz) — alog (1 + dipy) — alog (1 + daps) ,
g2(x) = R —op — alog (1 + dip1) — alog (1 + dops) ,
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where og, op, o, 11,79, dy, dy are non-negative constants that do not depend on the feasible

point . The gradients of these functions, Vg;(x) and Vgy(x), are given by

Vou(x) = (- akdy - KT - akds - QKT9 1 r
1 -+ d1p1 1 -+ r1q1 1 —+ dng 1 + 242
akd akd T
V = _—17 07 _—27 ) 1 )
92() ( 1+dip 1+ dapo )

where a® denotes the transpose of vector a, and k = log, e > 0.

Next, the non-negativity constraints in (4.38) and their gradients are given as follows

g3(x) = —p1, Vgs(x) = (-1,0,0,0,0)",
gi(x) = —q1, Vgs(x) = (0, —~1,0,0,0)7,
95(x) = —po, Vgs(z) = (0,0,-1,0,0),
96(%) = =2, Vgs(x) = (0,0,0,-1,0)",
g7(x) = —R, Vg:(x) = (0,0,0,0, —1)".

Finally, the equality constraints (4.36) and (4.37) are denoted as
hi(x) =pi +q — P, (C.18)
hao(z) = p2 + ¢2 — P, (C.19)
and their gradients are given as follows
Vhi(z) = (1,1,0,0,0)" (C.20)
Vhy(x) = (0,0,1,1,0)7. (C.21)

[P2] Satisfies the MFCQ

First, note that Vhy(x) and Vhe(x) in (C.20)-(C.21) are linearly independent. Next, for
notational convenience, the active set Z(x) at x is denoted as

I(x) = Ti(x) UZy(x) UZs(x), where

Ti(z) C{1,2}\ 0, Ty(®) C {3,4}\ (3,4), Is(w) € {5,6}\ (5,6). (C.22)
More specifically, Z;(x) is a subset of Z(x) corresponding to constraints {g;(x)}2,, and
since at least one of the two constraints must be tight, Z;(x) # (). Zy(x) is a subset of

Z(x) corresponding to non-negative constraints {g;(x)}’_,, while Z3(x) is a subset of Z(x)

corresponding to non-negative constraints {g;(x)}%_..

The intuition into why Zy(x) # (3,4), and Zs(x) # (5,6) are given below:
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e due to (4.36), if p; = 0, then ¢; > 0. Hence g5(x) is tight = ga(x) is not tight,
ie, 3 € Ih(x) = 4 ¢ Iy(x). Similarly, if ¢ = 0, then p; > 0, and hence
4 € Th(x) = 3 & Iy(x). Moreover, if both p; > 0,¢q; > 0, then Zy(x) = 0.
Therefore, Zo(x) C {3,4} \ (3,4).

e the rationale for Zs(x) C {5,6} \ (5, 6) follows from those for Z,(x) explained above,
after replacing constraints 3 and 4 on variables p; and ¢; for Zy(2) with constraints
5 and 6 on variables py and gy for Zs(x) that satisfy (4.37).

Finally, constraint g;(x) is never tight, i.e., 7 € Z(x) as R is always R > 0 due to the fact
that OR,0p > 0.

It thus follows from (C.22) that 27 combinations of active sets are potentially possible.
As an illustrative example, we first consider the following case and show that the MFCQ
holds.

Case with Active Set Z(x) = {1,2} U{3} U{b}: Clearly, in this case constrains ¢;(x)
and go(x), and non-negativity constraints gs(a) and gs(x) are tight, along with the equality
constraints hi(x) and ho(x).

Consider a direction vector t = (t1,t,t3,t4,t5)7. First, to satisfy Vhy(z)'t = 0, and
Vhy(z)Tt = 0, vector ¢ needs to satisfy

Vhi(z)'t=0 = t, = —t,,

For the MFCQ to be satisfied, in addition to (C.23), Vgr(x)'t < 0,k = 1,2,3,5, must
hold as well. For Vgs(z)"t < 0 and Vgs(x)Tt < 0 to hold, t must satisfy

Vgs(x)'t <0 <= t; >0, and Vgs(x)'t<0 < t3>0.

Then, after substituting for ¢, and ¢, as in (C.23), for Vg, ()Tt < 0 to hold, ¢ must satisfy

QKT akdy QKT akdy
Vo ()Tt <0 < t;+1 - +t - <0
9(@) ’ 1(1+7‘1Q1 1+d1p1) 3<1+T2q2 1+d2p2)

N J/ N J/
~ N

=:81 =:89

(C.24)
While t; > 0 and t3 > 0, t5 is free. Hence, so long as (s1, s2) are finite, irrespective of
whether (s1, s2) satisfy either (a) s; > 0,55 > 0, (b) s1 > 0,52 < 0, (¢) s1 < 0,89 > 0, or
(d) s1 < 0,82 <0, inequality (C.24) can be satisfied by taking t5 to be a sufficiently large

negative number.
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Similarly, substituting for ¢, and ¢4 in (C.23), for Vgo(x)?t < 0 to hold, ¢ must satisfy

akdy akds
1+ dip: 1+ dap2
———— ———

>0 >0

Vg (e)'t<0 <= t5—t, <0. (C.25)

As before, t; > 0,t3 > 0, and t5 is free. Hence, taking any t5 < 0 is sufficient for inequality
(C.25) to hold.

Therefore, we have found ¢ = (t,1o,t3,t4,t5)7, where ti,t3 > 0, ty = —t1,t, = —t3,
and t5 is the minimum of the two sufficiently large negative numbers found for inequalities
(C.24) and (C.25). Therefore, the problem satisfies the MFCQ for the active set Z(x) =

{1,2} U {3} U {5}.

Other Active Sets: While the above analysis is for the specific active set Z(x) =
{1,2} U {3} U {5}, similar analysis holds for all other active sets. Since the analysis for

other active sets is tedious and repetitive, we omit their explicit derivation.

[P1] Does Not Satisfy the LICQ in General

For problem [P’] in (C.14)-(C.16), if &* is a feasible point, the linear independence con-
straint qualification (LICQ) [155, Section 2.1.2], [156] is said to hold if

o {Vhi(x*), i=1,...,n}, and {Vg(x*), ¢ € Z(x*)} are linearly independent.

We observe that [P2] does not satisfy the LICQ in general.

To verify, consider a feasible point @ for problem [P2], for which the active set has a
cardinality of 4, i.e., the active set is either Z(x) = {1,2} U {3} U {5}, Z(x) = {1,2} U
{4}y U {b}, Z(x) = {1,2} U {3} U {6}, or Z(x) = {1,2} U {4} U {6}. For these active sets,
when the two equality constraints in (C.18)-(C.19) are also included, the total number of
gradient vectors to be considered becomes 6. Since feasible point & has dimension 5, any
6 vectors cannot be linearly independent. Hence for these active sets [P2] does not satisfy

the LICQ, and thus the optimal Lagrange multipliers are non-unique [156].

For all other active sets, the cardinality is at most 3. Hence, including the two equality
constraints in (C.18)-(C.19), the number of gradient vectors to be considered for linear
independence is at most 5. For each such active set, we convert the problem of verifying

linear independence into that of determining the rank of a matrix associated with a system
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of linear equations. Then applying standard row reduction technique, we observe that the
vectors for all such active sets are linearly independent. As such, for these active sets,
problem [P2] satisfies the LICQ, and thus the optimal Lagrange multipliers are unique
[156]. The details are omitted.
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Appendix D

Appendices for Chapter 5

D.1 Proof of Theorem 5.1

Fix a distribution p € P, and let the time-sharing variable () be available to all sources
and destinations. Suppose that source Sp wants to communicate its message M at
rate Rj where the common message is M. with rate R,k € {1,2,3,4}. The en-
coding proceeds as follows. First, a time-sharing sequence ¢" is generated according to
q" ~ pon(q") =TI, po(q:). Source Sy then generates 2" codewords u} according to
uy ~ purien(uglg™) = [ 1= Puii@(Urilgi), and indexes them by the common message Mj, €
{1,...,2"%}  To employ superposition encoding, we take each u}(My.) as a cloud cen-
ter, and generate 2"(f»—fo) codewords 2 according to a} ~ pxpor.n (g lug (Mye), ¢") =
1T pxyve.0 (@i wki(Mic), ¢;), and index them by common-private message pair (Myc, My,) €
{1,...,2"M%k0} x {1,..., 2"(Bx=Rro)} = After the codebook for all sources are generated, they
are revealed to the destinations and kept fixed. To communicate message M, source Sg
sends 2} (Mpge, Myp).

The codewords from all sources are superimposed at both the destinations. Destination
D; employs joint typical decoding [7] to find the pair (Ml, M,) = (M, Mip), (Mac, May))
such that (q", (27 (Mye, Mip), ul(Mye))2_y, (u(Mee))i_y) € A™. for some (Msc, Myc). The
error events and the corresponding rate constraints are then derived by adapting the tech-
niques of [7] for 2-user IC to the 2-user MAIC, and the resulting rate region is given by
Ri(p) in Theorem 5.1. The decoding for Dy proceeds similarly with the roles of S; and
Sy swapped with those of S35 and S;. The decoding procedure and notations are quite

standard and similar to the two-user IC case detailed in [97, Chapter 6], and hence the
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details are omitted for brevity.

D.2 Proof of Theorem 5.2

We bound the sum-rate as follows

27105 = 2n(R1 + RQ) + 2n(R3 + R4)
= TL(Rl + RQ) + TL(Rl + RQ) + n(Rg —+ R4) + n(Rg + R4)

a

< L(XT, X5 V) + T(XT, X Y)) 4+ T(XE, XI5 Y9') + 1(XE, X053 Y5') + e,

—
N

b
< T(XT, X Y1) + T(XT, X Y0°, 5T) + T(XE, X0 Y9') + 1(Xg, XI5 Y5", US) + ney,

(D.1)

—~
=

where (a) follows from Fano’s inequality, and (b) follows by providing S} to one of the

terms for D; and U3 to one of the terms for Ds.
We now expand the terms in (D.1) as follows:

TXY, X3 07) = W) — hha(Xg + XT) + 27),
I(XT, X35 Y7", 87) = (XY, X35 Y°[ST) + 1(XT, X35 5T7)
= h(Y"[ST) 4+ h(ST) — h(Y{"[ST, XT', X3) — h(ST[XT, X3)
= h(X] + X3 + hs(XT + XT) + 27 h (XT + X3) + NT)
+ h(h (X7 + X3) + NT)
— h(X{' + X3 + hs(Xg + XJ) + Z7[XT, X5, NY') — h(NY)
= h(hy(X5 + XT) + V"|ST) + h( (X7 + X3) + NY')

=9 =3

— h(hs(X3 + X7') + Z7|Ny') —nh(Ny),

N

I(X3, X5 Y5') = h(Y5") — h(ha (XT J:rXSL) +Z3),
e
I(X3, X153 Y5", Uy) = I(X3, X0 Uy) + 1(X3, Xy Yo' |Uy)
@ R(XD + XD+ R (XD + XD) + Z0h (X2 + X2) + W)
— (XY + X7+ h(X] + X3) + Z3 X5, X7 b (X + X3 + W)

= h(Xg + X' + 25 = W |Uy) = h(Z3 — W3'|U3)
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O hxo 4 xr v UF) + B(ha (X7 + X3) + W3)

TV TV
=:qag =:a7y

— B (X7 + X3) + W3|Z5 — W) —nh(Zs — Wa), (D.2)

i

=:ag
where (a) follows since (X7, X7) L U, and thus I(X}, X};UY) = 0; and in (b) V" ~

2 .. n 2 .. . .
N(0, UZl—N1/h1>’ iid., and V3 ~ N(0,0%,_y,), i.i.d. are used for notational convenience.

We pair the negative and positive multi-letter h(.) terms as follows ae — vy, g — auy, i3 —
ag and a7 — ay, and single-letterize them by applying the WAN technique [144]. For

example, ap — a7 is bounded as

ay — oy = h(hs(X3 + X7) + V*|ST) — h(hs( X5 + X7) + Z7)

—~

a

< h(hs(Xg + X7) + VI"[S7) — hlhs(X5 + XY) + 27'(57)

b ~
< nh(hs(X3 + X5) + Vi[ST) — nh(hs(X5 + X1) + V1 + V1[ST)

N2

—
=

where (a) follows by conditioning the negative h(.) term by S}, which does not reduce
entropy, and (b) follows from the worst additive noise (WAN) result in [144, Lemma 2]|: if
0%1—N1/h1 < 0%, =1, (a) is maximized by choosing X; ~ N(0, P;), i.i.d., resulting in (b),
where SF := hy (X7 +X3)+ Ny, and V; ~ N(0,1 — 0%,y my) and independent of all other
variables. The resulting term is given by 1/2log(p;) in (5.34) and the condition as [Al] in
(5.31).

Similarly, ag — ay is bounded as
g — oy :h(X" + Xy + V' |UY) — h(hs(X5 + X)) + Z7'|NT)
D RXE+ XD+ VU — h(hs( X2 + XI) + Z0 NP, UR)
O nh(X3 4+ XI + Va|U3) — nh(X3 + X+ Vo + V3|U3) — nlog |hs
where (a) follows from conditioning, and (b) follows from the WAN result in [144, Lemma 2]:
under 0%, _y, < 0%y, /3, (a) is maximized by taking X; ~ N(0, ) ii.d., which results
in (b), where Uj := hy(X*+X3})+W,, and Vi ~ N(0, U%l‘Nl/hg—U%Q_WQ) and independent
of all other variables. The resulting term is given by 1/2log(us) — 1/2log(h3) in (5.34),
and the condition is given as [A2] in (5.31).
Similarly, a3 — s and a7 — a5 are single letterized if o}, < 0124,2| Zo-w, and opy, <
0%, = 1 hold respectively, given in (5.33). The resulting terms are given as 1/2log(ss)
and 1/2log(py) in (5.34). Moreover, the expression in (5.34) remain unchanged, if terms

a3, ag, a7, (i are alternatively combined as a3 — a; and oy — ag, which are single letterized
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under conditions U?Vl <1 and U%VQ < 0‘2,[,2| Zo—1, E1Ven in (5.32).

D.3 Solution of Problem (5.40) in Theorem 5.3

Replacing o3, by z for notational convenience, Problem (5.40) is expressed as
minimize  — log z(4h* — ) (D.3)
subject to  4h*(1 — h?) < z < min(1, 4h?). (D.4)

Simple inspection reveals the objective function to be convex, while the constraints are

simple, hence this a convex optimization problem which can be solved by using the approach
of KKT conditions [132].

For simpler treatment, we consider two mutually exclusive cases: h? > 1/4, and h? <
1/4. When h? > 1/4, the constraint in (5.40) simplifies to z < 1, while for h? < 1/4, the

same constraint simplifies to x < 4h2.
First, consider h? > 1/4, in which case the Lagrangian function for Problem (D.3) is
£y = —logz(4h® — x) + Ay (4h*(1 = h*) — ) 4+ Xo(z — 1) (D.5)

where A\; > 0 and Ay > 0 are Lagrange multipliers associated with the lower and upper
bounds in (D.3). The KKT condition are as follows
1

1

N4 = D.
x+4h2—x 1+X=0 (D.6)

M (4R*(1=n*) —z) =0, A\ >0, 4R*(1-h") <z (D.7)

We consider the 4 cases of (A1, \2), and solve for the optimal point z* along with the interval
of h? under which the optimal solution is valid: (i) for A\; > 0, Ay > 0, we have z* = 1, if
h?* = 1/2; (ii) for A\; = 0,y > 0, we have z* = 1, if h* > 1/2; (iii) for A\; > 0, Ay = 0, we
have z* = 4h?(1 — h?), if 1/4 < h? < 1/2; (iv) A\; = 0, Ay = 0 is invalid.

Considering h? < 1/4, through similar KKT condition analysis we have the following:
(i) for A\; > 0, Ay > 0, we have z* = 1, if h? = 1/2; (ii) for A; = 0, Ay > 0 is invalid; (iii) for
A1 > 0,0 = 0, we have z* = 4h%(1 — h?), if 0 < h? < 1/4; (iv) Ay = 0, Ay = 0 is invalid.

Accounting for the two cases, in summary, we have
¥ =4h*(1 - h?), ifh* < 1/2,
r* =1, if h? > 1/2.
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Figure D.1: Intermediate channels for the proof of Theorem 5.4.

D.4 Proof of Theorem 5.4

We prove this result by transforming the GMAIC into a degraded broadcast channel via
a few intermediate channels in a step-by-step manner. For intuition, in Figure D.1 we

depict this transformation process and the resulting intermediate channels, denoted as
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Channel-1 through Channel-5. Finally, we show that the sum-capacity of the GMAIC is
upper bounded by a sum-rate upper bound on the broadcast channel, which then provides

a sum-rate upper bound for the former.

Consider the MAIC where both destinations are impaired by interference, depicted by
Channel-1 in Figure D.1. First, the interfering links from sources Sz and S4 to destination
D; is removed, resulting in a MAIC with partial interference, depicted as Channel-2 in
Figure D.1. Equivalently, Channel-2 is found from Channel-1 by providing the interfering
signals (X%, X7) to Dy so that the effect of interference is completely canceled out. Since
the capacity of this genie-aided channel (i.e., Channel-2) is always as large as that of the
original channel (i.e., Channel-1), the sum-capacity of Channel-1 is upper bounded by that
of Channel-2. Note that for Channel-2 the output at D; is now given by

Y= (X7 4+ X))+ 27 (D.9)

Next, Channel-3 is constructed from Channel-2 by absorbing the effect of the cross-
channel gains h; from sources S; and S, to destination Dy into the transmit powers of
sources Sz and S, and noise variance at Do, as depicted in Figure D.1. Note that this
transformation on Channel-2 does not change its capacity region. To see that, first note
that in both channels the signals received at D; are the same as given in (D.9). Next,

scaling the output at Dy of Channel-2 by 1/h, we obtain
Y'/hy = (X7 + X5) + (X5 + X0) /I + Z5 [ 1, (D.10)
which is statistically the same as the output at Dy of Channel-3, given by
Yy = (X7 + X5) + (X5 + X7) + Z3, (D.11)
where the transmit power constraints are | E[X3,] < Py/h? and Y1 | E[X2,] < Py/h3,
while the noise is ZJ ~ N(0,1/h3), i.i.d.

Since scaling by a constant does not change mutual information, the capacity region of

Channel-2 and Channel-3, and in particular, the sum-capacities, are the same.

Note that Channel-3 can be equivalently represented as Channel-4, depicted in Fig-
ure D.1. It can be observed that in Channel-3, output }72" can be regarded as a degraded
version of output Y;*. To see this, note that h? < 1, i.e., 1/h3—1 > 0, and thus ZJ in (D.11)
can be decomposed as Z§ = ZP + AZy, where Z} ~ N(0,1) 1L AZy ~ N(0,1/h% —1).

As such, substituting Z;L in (D.11), one can observe that }72” is a degraded version of
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V= (X7 + X5) + 27, e,
Y=Y+ (X7 + X7) + AZY. (D.12)
Since the two received signals are statistically the same in Channel-3 and Channel-4, they

posses the same sum-capacity.

Finally, we transform Channel-4 into Channel-5 in Figure D.1, a degraded broadcast
channel, and show that the capacity region of these two channels are the same. First, the
channel output at destination Dy for Channel-4, i.e., YJ* = (X7 + XJ) + (X7 + X}) + Z +
AZy, is statistically the same as the channel output at Dy for Channel-5. In contrast, the

channel output at destination D; for Channel-4 is

Y= (X7 + X3+ 27, (D.13)
while the same for Channel-5 is
VP = (XT 4 XD) + (X§ + XI) + 27, (D.14)

Therefore, Y;" in Channel-4 is less noisy than }71” in Channel-5. Then, following [157,
Figure 6] it can be shown that the capacity region of Channel-5 is at most as large as that
of Channel-4.

We now show the other way, i.e., the capacity region of Channel-4 is at most as large as
that of Channel-5, or in other words, an achievable rate tuple for Channel-4 is also achiev-
able in Channel-5. Suppose that a rate tuple (R, Ry, R3, R4) is achievable in Channel-4,

and hence from Fano’s inequality we have
H(Wl, W2|{/1n) S netn, H(Wg, W4|Y/2n) S nea n, (D15)

where €; ,, €2,, — 0, asn — 0o0. We then need to show that the same rate tuple is achievable

in Channel-5, i.e.,
H(Wy, Wa Y7 < nbyp,  H(Ws, Wi|YP) < ndon, (D.16)
where 01 5,02, — 0, as n — oo.

Since YJ* in Channel-5 and Y3* in Channel-4 are statistically the same, we only need
to show that the implication for H (W7, W2|Y1”) < ndy,. Consider the following term that
can be expanded in two ways as follows

H(Wy, Wo, Ws, Wil V") = H(Ws, WalYT") + H(Wr, Wa|Ws, Wi, V")
= H(Wy, W, |Y]") + H(Ws, Wy W, Wa, Y{")
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We then have
H(Wy, Wa Y7 = H(Ws, Wy Y7 + H(Wy, Wa Wy, Wy, Y7¥) — H(Ws, Wy Wy, Wa, Y1)

(a) - A
< H(Ws, Wa|Y{") + H(Wy, Wa| W3, Wy, YT")

(b) 3
< neg, + H(Wy, Wa|Ws, Wy, Y{")

(
9 o, + H(Wy, Wa|Wa, Wy, X2, X0, V1)
(

— ey + H(Wy, Wo Wy, Wy, X2, X2 Y — (X5 + X7))

@ neéan + H(Wh W2’W3a W47 X:?? Xza {/171)

(e) ~
< neyn, + H(Wy, Wo|YT")

()
S néea n + N€in (Dl?)

where (a) follows since H(Ws, W,|Wy, Wa, Y) > 0; (b) follows by first noticing that Y7 is
less noisy than Yy, i.e., H(Ws, W,4|Y7*) < H(Ws, W,|Y3"), and then from the fact in (D.15)
that H(Ws, W,|Y3") < neg; () follows since for a given code, X and X7 are deterministic
functions of W3 and Wy; (d) follows since Y7* — (X% 4 X7)) is statistically the same as Y;*;

(e) follows from unconditioning; and (f) follows from (D.15).

Since €2, + €1, — 0, as n — oo, messages (Wy, Ws) can be decoded from }71” in
Channel-4. Therefore, Channel-4 has the same capacity region, and in particular, the same
sum-capacity as that of Channel-5. Note that Channel-5 is a degraded Gaussian broadcast
channel where the less noisy receiver has noise variance N; = 1 and power constraints P;
and P,, while the more noisy receiver has noise variance Ny = 1/h? and power constraints
P3/h3 and P,/h?. Standard converse technique for the degraded broadcast channel [139,

Prop. 3| shows that the rates of sources S; and So, and the rates of sources Sz and S, satisfy
1 1 P

Ri+Ry<-log(1+P)), Rs+Ry<-log|1+—-—2— D.18

1+ 2_20g(+ ok 3+ 4—20g(+P{+1/h§) ( )

for some P/, Py > 0 that satisfy P| + Py = Py + Po + (Ps + Py)/h3.

D.5 Proof of Theorem 5.5

Similar to that fo the IC in [139, Theorem 2|, we provide the following “general” genie-

signal

Yy = dy(X5 + X)) + do(X] + X3) + ds 23 + duZs (D.19)
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to destination Dy where dy, ds, d3,ds € R, and Z5 ~ N (0, 1), i.i.d., is defined in (5.3) while
Zy" ~ N(0,1), i.i.d., is independent of all other variables.

Since for an achievable scheme, destination Dy is able to decode (X7, X}) from its
received signal Y,", after receiving the genie-signal 172”, D, creates an approximation of Y},

i.e., the signal received at destination Dy, as follows
V' = oYy + BYS + (hs — (o + Be)) X3 + (hs — (o + Be)) X
=a(X3+ X+ X +MXS+2Z7)+ 6 (dl(X;} + X7) + do(XT + X3) + ds Z3 + d422">
+ (hs — (a + Bd1)) X5 + (hs — (a + Bd1)) X
= h3 X3 + hs X} + X{'(ahy + Bdy) + X3 (ahy + Bdy) + V", (D.20)
where o, f € R, V" := ZIa+fds)+BdsZy ~ N(0,02), 1.i.d., with 02 = (a+Bds)?+[2d2.
Now, taking « such that ahy + fdy = 1 in (D.20), results in
Y= hs X3 + hs X + X7+ X3+ V", with
0% = (hi' + B(ds — do/ln))* + B2 (D.21)

Adjusting parameters (3, ds, d3, dy) such that o2 < 1in (D.21) holds, the noise variance in
Y is less than that in Y, i.e., Y7 is less noisy than Y. In other words, given (W, W)
and (Y3, Yy"), Y{" can be constructed as in (D.20), which is less noisy than Y*, i.e.,

H(Wy, Wa Y3, Y3, Wy, Wy) < H(Wy, Wa|Y", Wy, Wy). (D.22)
We now upper bound the sum-rate as follows

nCs = TL(Rl + Rg) + TL(Rg + R4)

—
S
N

< T(Wh, Was Y) + T(Wa, Was Y3') + ne,
S (WbWZ;}/l 7W37W4) +[<W37W47}/2n) + ney
O T(Wy, W YW, Wa) + T(W, Was Y) + nen

= H(Wl, Wg) — H(Wl, W2|Y1n, Wg, W4) + ](Wg, W4; }/211) + ney,

Cc

< HWy, Wa) — H(Wy, Wa Yy, Yo', Wy, Wy) + T(Wa, Wy; Ya') + ne,

= I(Wy, Wo; Yy, Y3 |Wa, Wi) + T(Wa, Wi Y3") + ne,

—
~

,\
IN&

I(Xf,X;,YQ",YﬂXg,X")+I(X§,XZ7Y2”,Y")+nen
BV, Y3 — RV V3 X3, X7 + WY, Vi X7, X5) — h(Yy, V3 X7, X3, X7, X7)
MYETE) - WZE V)
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(© i
< nh(Yag, Yog) — nh(Zy, V)
= glog [(1+ P3+ Py+ hi(Pi+ P)) (d + d} + &} (P + Py) + d3(P1 + P))

— (dy(Ps + Py) + hady(Py + Po) + ds)?] — glog . (D.23)

where (a) follows from Fano’s inequality; (b) follows since (W5, Wa) L (W3, Wy); (c) follows
from (D.22); (d) follows from providing Y;* to the term for Ds; (e) follows by maximizing
the h(.) terms by choosing X} ~ N (0, Py), k € {1,2,3,4} as in [131, Lemma 1], and the

resulting received signals are given by Yae and Yag.

Hence, the sum-rate upper bound is given by the expression found by dividing the term
on the r.h.s. of (D.23) by n, which we denote by ¥(dy, da, d3, d4). The tightest upper bound
can then obtained by Cs < ming, 4, 45 4, 2(d1, d2, d3,ds) under constraint o < 1 in (D.21).

Note that having strict inequality in the constraint (D.21), i.e., 02 < 1 makes Y;" strict
less noisy than Y]*, which results in strict inequality in step-(c¢) of (D.23). Hence, the
tightest bound is obtained at equality o = 1, which leads to a quadratic equation in .

For 3 to be real, the discriminant of that equation must be non-negative, i.e.,

(dy — hyd3)? — d3(1 — h?) > 0. (D.24)

Now, we provide a step-by-step procedure to minimize ¥(dy, dg, ds, dy) in (D.23) under
constraint (D.24). Instead of optimizing »(dy,ds, ds, ds) jointly over (dy,ds,ds,dy), we

first optimize only over d;. We observe that ¥(dy, ds, ds, dy) is convex over dy, hence this

d3+dahi(P1+P2)

o . e
minimizer is obtained as d; = dj = T3Pt )

. Thus, the following upper bound is

obtained

min Z(dl,dg,dg,d4> S min minE(dl,dg,dg,d4) = min El(dg,d37d4),

d1,d2,ds3,dy da,ds,ds dy da,ds,ds

where X (dy, d3, dy) = ming, ¥(dy, d, ds, dy) = X(dy, d2, ds, dy)|a,=a

The problem now simplifies to obtaining ming, 4, 4, 21 (d2, ds, dy) under constraint (D.24),
which is unchanged as d; is not involved in the constraint. As such, we take dj =
—dyhy (P + P), which results in the modified constraint d3(1 + h$ (P, + P)) > d3(1 — h?).
Finally, we take dj = 1, and take the constraint with equality to obtain dj = %.

Hence, the following upper bound is obtained
min Xy (dy, ds, ds) < ¥i1(da, d3, da)|dy=ds,ds=d da=d3»
da,d3,ds
and the final expression of this bound is given in Theorem 5.5.

Note that taking dj = —dahi (P, + P») results in dj = 0, which is justified as follows.
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In (D.19), d; represents the weight of intended signals (X7, X7) for destination Ds. Since
for an achievable scheme, (X7, X7) is assumed to be decodable at Ds, there is no need to
additionally boost (X¥, X}) by having dj # 0, and thus dj = 0 is chosen.

D.6 Proof of Theorem 5.6

We take ¢ = 2,k = 3, and bound the sum-rate by U(X3, X5). Since all other bounds can
be similarly obtained, we only provide the proof for U(X3, X5) here.

Note that U(X3, X3) consists of the minimum of two terms, the first of which is bounded
as follows. From Fano’s inequality, we have
27”&(R1 + R2 + Rg + R4)
< XY, X V) + LOXT, X5 ') + (X, X0 Y5Y) + T(XE, XI5 VYY) + ney
(a) n o yn.yn n.ymn n.yn|yn
= I(X7, X35 V") + I(X55 YY) + (XT3 YT X))
+ (X, X YY) 4+ (X35 YY) + [(XG; Y5 X)) + ney

& IO, Xp VP XD) + T(X Y, XD XT) + TG Y, X, X7IXD)

FIXE X5 Y5, X5) + T(X3: Y3 X, X5, X3) + TOX: Y, X7 X51X7) + ne,
9T X3 YPIXE) + T(XG: YN, XY) + T(XS Y|, X, Xp)

I(XE X3 Y3IXE) + (X3 Y3 X7, Xy X5) + TX3: Y3 X, X5, X3) + ne,
= T(XT, X35 Y7 X5 + T(X: V3 X7, X5, X7)

I XY XR) + (X7 Y XG, X7 X3)

+I(X3: YPIXT, X)) + (X35 Y3 XY, X5, X + ne,

D nOPIXE) — h(Z5) + h(XY + Z5) — (X} + Z7)

+RYSIXE) — h(ZP) + h(XY + 27) — (X3 + Z5)
s A
RN, XT) — h(Z)+ (XE + Z3) — h(ha X3 + Z7) +ne,

(e)

< nh(YF|X3) — nh(Z2) + nh(X] + Z3) — nh(ha X} + Z7)
+nh(Y3X2) — nh(Z7) + nh(XT + ZF) — nh(n X3 + Z2)

nh(YY X7, XD) — nh(Z2) + nh(X5 + Z23) — nh(hs X5 + Z7) + ney
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D h(v71X3) = nh(Y|XT, X3, X3, X5) + nh(Y5 XD, X3, X3) — nh(Y7 X, X3, X3)

£ nR(YFIXE) — nh(Y3 X7, X3, X5, X0) + nh(Y7|X1, X5, X5) — nh(Y3 X}, X3, X;)
(V71X X)) — nh(Vy X, X5, X, X7) + nh(Vy X, X5, X7) — nh(VF| X, X5, X)
+ ne, (D.25)

where (a) follows from the chain rule; (b) follows from providing the first term in (a)
with X7, second term with (X7, X7), third term with (X7, X7), and in a complementary
manner, providing the fourth term with X7, the fifth term with (X7, X7, X}), and the
last term in (X7, X3); (c) follows since any Xp' 1L X7,k # j € {1,2,3,4}; (d) follows
from expressing mutual information in terms of differential entropies and rearranging;
(e) follows by upper bounding di,d; and ds by using X7 ~ N(0, B), k € {1,2,3,4} as
in [131, Lemma 1], whereas terms d», d, and dg are also upper bounded by using X}* ~
N(0, P,k € {1,2,3,4} and applying the worst additive noise result [130]; (f) follows
from re-writing the terms in (e) in the form that, when combined, gives the expressions in
Theorem 5.6.

This proves the first term inside the minimum of U(X3, X53). To prove the second term,
we change the information provided in step (b) of (D.25): instead of (X7, X7), we provide
(X7, X, X7) to the second term of (b), and instead of (X7, X7, X}), we provide (X', X})

to the fifth term of (b). The resulting terms are then obtained similarly to the above case.

D.7 Proof of Theorem 5.7

We denote the received signal at D; in the MAC-IC-MAC by 571”, which is statistically
the same as the received signal at D; in the GMAIC conditioned on X*, ie., Y* — hy X7}
Considering a code for the GMAIC as in Def. 5.2, we now show that rate Ry for the GMAIC
can be upper bounded by rate R; for the MAC-IC-MAC.

For the GMAIC, we have

an = H(Ml)

< H (M, | M)

b
O F(My; Y[ My, X7) + H(M, Y, My, XT)

© T(My; Y[ My, X7) + H(M, |V, My, X7)
(d) ~
< I(My; Y| My, X2) + H(M, |V7)
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= H(M,) — HOM Y, My, X)) + H(M, V)
© H(M,) — H(M|Y]") + H(M,|V}")

= I(My;Y{") + H(M; YY"

YR, (D.26

)
where (a) follows since M; 1L My; (b) follows since X} is deterministic function of My; (c)
follows from observing that Y;* has the same distribution as Y*| X in the second term; (d)
follows from unconditioning; (e) follows from the Markov chain M;-e-Y"-e-(My, X}); (f)
follows since the rate of message M in the MAC-IC-MAC is nRy = I(My; Y")+H (M |Y}").

Similarly, other rates Ry, Ry, R4 for the GMAIC can be upper bounded by their coun-
terparts in the MAC-IC-MAC, R», Rs, Ry. Thus, the capacity region of the GMAIC is
contained within the capacity region of the MAC-IC-MAC. Finally, [145, Theorem 7] states
that the capacity region of the MAC-IC-MAC is outer bounded by the region in (5.45),
which hence outer bounds the capacity region of the GMAIC.
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