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Abstract

Dark matter makes up around a quarter of the total energy density in
the universe, but its identity remains elusive. Current ways of studying dark
matter have centered around its macroscopic properties, such as density dis-
tribution and large scale structure formation. The halo model of large scale
structure is an important tool that cosmologists use to study the phenomeno-
logical behaviour and nonlinear evolution of structure in the universe. How-
ever, it is well known that there is no simple way to impose conservation laws
in the halo model. This can severely impair the predictions on large scales for
observables such as weak lensing or the kinematic Sunyaev-Zel’dovich effect,
which should satisfy mass and momentum conservation, respectively. For ex-
ample, the standard halo model overpredicts weak lensing power spectrum by
> 8% on scales > 20 degrees. To address this problem, we present an Amended
Halo Model, explicitly separating the linear perturbations from compensated
halo profiles. This is guaranteed to respect conservation laws, as well as linear
theory predictions on large scales. We also provide a simple fitting function
for the compensated halo profiles, and discuss the modified predictions for 1-
halo and 2-halo terms, as well as other cosmological observations such as weak
lensing power spectrum.

Similar to previous and recent works centered around the halo model, this
work is physically motivated and matches simulation data to a greater degree
of accuracy than the standard halo model currently does. We compare our
results to previous work, and argue that the amended halo model provides a
more efficient and accurate framework to capture physical effects that happen
in the process of large scale cosmological structure formation.
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1 Introduction

1.1 Dark Matter and Cosmology

Cosmology is a topic that has been extensively studied in the past few
decades. With new developments in technology and a resulting increase in
cosmological data, we gain more and more information that will help us un-
derstand the evolution and composition of our universe. One of the key unan-
swered questions remaining is the mysterious nature of dark matter.

Dark matter makes up around 25% of the total energy of our universe
[6], but we currently have no way of observing it directly. We know about
the existence of dark matter through its gravitational effects and that it must
have had a significant role to play in cosmic evolution; it has been commonly
theorized that without dark matter, large galaxies like the Milky Way could
not have formed [12, 28]. However, what dark matter is made of, what kinds
of structure it has formed throughout the universe, and how exactly it has
affected galactic evolution remain active areas of research.

Since we are unable to observe dark matter in other ways than through
its gravity, inferences about dark matter have so far been solely based on its
gravitational effects [28]. Dark matter’s gravity bends the path of light as
it travels past, and attracts baryonic matter to clump together inside dense
dark matter regions. By observing the path of distant sources’ light bending
around invisible structures, and the evolution of large scale baryonic structures
probed by cosmic microwave background (CMB), galaxies, and stars, we now
have evidence of not only dark matter’s existence, but also clues to infer some
of its properties [28].

The earliest known evidence for dark matter dates back to the 1930’s,
with Fritz Zwicky’s observation of galactic velocities in the Coma cluster of
galaxies [28]. He noticed that the dispersion among the line of sight velocities
of galaxies in the cluster was much larger than what the luminous matter
- such as stars and gas - in the cluster could gravitationally hold together,
and concluded that an additional unseen source of matter must be present.
Without this unseen matter and its subsequent gravity, galaxies would fly off
from the cluster [28]. Further evidence for this unseen matter was discovered
in the 1960’s by Vera Rubin. She measured the rotation curves of spiral
galaxies, also concluding that the velocities were too high to be gravitationally
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held together by the luminous matter that was observed in the galaxies. The
unseen matter that Zwicky observed in the 1930’s then had further evidence to
substantiate its existence, becoming what we now call dark matter. Today, the
most compelling evidence for its existence comes from recent measurements of
the CMB (e.g., [2]). These measurements showed that the ratio of odd to even
acoustic peaks in the CMB anisotropy power spectrum require the density to
be dominated by a cold dark matter at the time of recombination, 380,000 years
after the big bang. This matches the unseen matter characteristics that Zwicky
and Rubin have observed around clusters and galaxies, almost completely
confirming its existence [2, 28].

Currently, the best way we have of detecting dark matter is through weak
lensing. By observing how light from distant sources get distorted by dark
matter’s gravity on the path to crossing Earth, we can make inferences about
the abundance of dark matter and approximately where in the universe it
resides. However, this method can only probe dark matter’s gravitational ef-
fect. Consequently, an alternate observation method that has been to search
for the byproducts of dark matter annihilation/decay astrophysical observa-
tions (should it have strong enough coupling to the standard model of particle
physics) [8]. For example, in [9] it is hypothesized that ultra high energy extra-
galactic cosmic rays are the result of dark matter particle annihilation. How-
ever, high energy astrophysical processes such as blazars or magnetars/pulsars
are also capable of producing these cosmic rays [40] and are thus a more con-
ventional explanation for them. As this example demonstrates, the best way of
studying dark matter in the universe currently is still through its gravitational
effect.

From recent and ongoing weak lensing observations, we can infer dark mat-
ter to be cold and collisionless - its particles have negligible self-interactions
and interactions with any Standard Model particle that we know so far [5, 6].
Their “darkness” - or lack of observational evidence for interactions with pho-
tons - is what makes the second point likely, since interactions with standard
model particles often result in some form of photon production. These dark
matter properties have led to the proposed dark matter candidates that are
discussed in Section 1.2 [5, 6].

In addition to constraining dark matter particle candidates, we can make
inferences about the type of structures dark matter particles would form based
on their cold, collisionless properties, since any structure formation would be
solely due to gravitational effects. Dark matter particles are theorized to
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clump together gravitationally to form virialized structures known as halos
[12]. Halos typically have virial radii of scale around 1021 − 1022m, or 0.1-
1 Mpc, and masses of 1010 − 1015 solar masses. Their densities are thought
to follow a smooth distribution - popular models so far include the Navarro-
Frenk-White (NFW) profile [22] and Einasto profile [15], which parameterize
halo density as a function of halo radius. They will also both be discussed
in more detail in later sections. These structures’ subsequent physical effects
- or lack thereof - on observable baryonic structures also support the current
consensus about dark matter’s weakness of interaction with ordinary matter.

1.2 Current Hypothesized Candidates of Dark Matter

The true composition of dark matter remains a question, but we can set
some constraints for potential candidates based on observational evidence.
Any dark matter candidate proposals must at least satisfy the following criteria
[5]:

1. The abundance of this particle must match the observed abundance of
dark matter today, based on its gravitational effects and observed CMB
temperature fluctuations;

2. This particle candidate must have been non-relativistic during the epoch
of matter-radiation equality to form the currently observed galactic struc-
tures - particles with masses below a few keV are likely ruled out [5] due
to their large free streaming length which washes out structure on small
scales;

3. The dark matter candidate should have very weak electromagnetic inter-
actions [5], as they are highly constrained by astrophysical observations;

4. Dark matter particles should be cosmologically stable, i.e. have a lifetime
longer than the age of the universe [5] in order to not have decayed.

5. Any self-interactions dark matter particles are constrained by observa-
tions such as cluster collisions, e.g. the Bullet cluster [5].
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Historically, the Weakly Interacting Massive Particle - or WIMP - has
been the most popular candidate for dark matter [5]. WIMPs are by design
non-relativistic, non-interacting, and electromagnetically neutral, automati-
cally satisfying requirements 2, 3, and 5. Their cross-sections are assumed to
be within the scale of weak interactions, making WIMPs dominated by the
weak force. The time of “freeze-out” in the early universe - when WIMPs
decoupled from leptons and baryons to scatter across the universe - is when
weak interaction processes would have set the dark matter mean (comoving)
density to match its current observed value. This also occurs at the scale
where many Beyond Standard Model theories of particle physics predict new
particles, in order to address the Higgs hierarchy problem. This coincidence
of scales, often referred to as the WIMP miracle, made WIMPS very popu-
lar [5]. This additionally satisfies candidate requirements 1 and 4, since the
abundance matches the observed cosmological dark matter density and parti-
cles governed by the weak force are generally stable and have little interaction
following their freeze-out (neutrinos are an example). However, decades of
laboratory searches to find WIMPs have not yet been successful in finding
them, leading to a current fade in their popularity [5].

As a result of the WIMP popularity decline, alternate models of hypothet-
ical non-baryonic particles have been proposed as candidates for dark matter.
The one that is gaining the most popularity at the present is the axion [16].
Axions have recently been proposed as alternate candidates, due to many
of the underlying assumptions required for WIMPs to be unconfirmed (such
as new Beyond Standard Model physics) and their subsequent observation
predictions unobserved. Axions are also by definition non-relativistic, non-
interacting, and electromagnetically neutral, automatically satisfying criteria
2, 3, 4, and 5 [5, 6, 16]. They can also be integrated into the Standard Model
of particle physics (not to be confused with the Standard Halo Model, which
will be elaborated on later) as easily as WIMPs, due to them explaining a
lack of observed strong CP violation [16, 6]. In the Standard Model, strong
interaction forces break the combined symmetries of charge and parity (CP
symmetry), resulting in the hypothetical existence of a light neutral particle
that is the axion [6]. These axions can be created in the early universe and be
abundant enough to match current observations [16], satisfying requirement
1. There are also less assumptions to be made about the Standard Model
to explain their existence over WIMPs and their size can explain the lack of
direct detection so far - these are reasons why researchers are leaning more
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and more towards dark matter being axions over WIMPs.

Another candidate gaining popularity at the moment is the massive right-
handed neutrino [10], proposed to exist as an extension to the standard model.
Symmetrically, it would be the mirror image of the left-handed light neutrino
we know to exist, and would have the abundance, electromagnetic neutrality,
and stability for dark matter [10]. These right handed neutrinos have no
coupling to matter or each other and are non-relativistic, satisfying all the
requirements above and making this another viable dark matter candidate.

Other candidates for dark matter include primordial black holes, which are
black holes created in the beginning of the universe shortly after the Big Bang
[11]. These black holes would be electromagnetically neutral and theoretically
have masses ranging from 1016 - 1033kg, although recent observational efforts
have constrained this mass range to be from 1019 - 1024kg [23]. This constraint
ensures that these black holes not have yet completely evaporated via Hawking
radiation [11] - satisfying requirement 1 and 3, - but are also not large enough to
violate current observational limits. Since primordial black holes are predicted
to exist independently of dark matter predictions and have little interaction
with baryonic matter (satisfying requirements 2, 4, and 5 ), it makes sense
for them to be a dark matter candidate. Alternate models of gravity, which
postulate that general relativity works differently on large scales rather than
an existence of additional matter, are also an exotic proposed explanation for
the gravitational effect thought to be produced by “dark matter”, albeit not
a very popular model.

For the purpose of this research project, we assume dark matter to be made
of non-relativistic particles that approximately evolve based on Newtonian
gravity. It is not of high importance to be stringent on which candidate we
choose, as long as it is cold (non-thermal), collisionless, has negligible self-
interactions or interactions with baryonic matter, and starts with standard
adiabatic ΛCDM (see below) initial conditions. Their differences in mass and
standard model particle behaviours can be ignored on the large scales that we
are using to characterize dark matter density and structure.
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1.3 Cosmological Density Distribution and Large Scale
Structure

Currently, the most widely used model in cosmology is the Λ Cold Dark
Matter (ΛCDM) model. As the name suggests, dark matter here has the
cold and collisionless properties mentioned above, making it ideal background
model for this project. In ΛCDM cosmology, all matter was initially smoothly
distributed in the universe, with some small fluctuations very similar to a
Gaussian random field [12]. These fluctuations would perturb the matter field
slightly and eventually lead to matter becoming slightly more dense in some
areas than in others. The denser regions would then gravitationally attract
more and more matter to the area. This growth would in turn result in larger
fluctuations within the matter field, causing them to no longer remain Gaus-
sian. Consequently, matter became non-linearly distributed and denser regions
became more dense, forming halo structures, while less dense regions lost more
and more matter, becoming what we know today as voids. Early attempts have
been made to use perturbation theory to model how dark matter and galaxies
began clustering, but it was found that these theories broke down in the highly
nonlinear regime [12] when matter density fluctuations became very large and
were no longer Gaussian (although see [18] and [31] for a more recent approach
using Zel’dovich approximations, as well as [27] which incorporates the effec-
tive field theory into the halo model using perturbative effects). Therefore,
a new model is needed to predict matter distribution at late times, in the
nonlinear regime.

Once in the nonlinear regime, the matter regions can be modelled using
their overdensities, which trace how the density in a local area compares to
the average linear density. The overdensity is defined mathematically by the
expression,

δ(~r) =
ρ(~r)

ρ̄
− 1, (1)

where ρ̄ is the average matter density of the universe and ρ(~r) is the matter
density at position ~r. The regions with a high positive overdensity would then
collapse to form virialized spherical structures known as halos. The point of
collapse depends on the mass of the halo and the overdensity value at the
point of collapse, which is often denoted ∆ in papers and generally varies from
200-1600 times the average background density ρ̄, depending on the model of
collapse used.
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An interesting route to quantify cosmic matter distribution is to model the
statistical properties of objects formed from matter (e.g., galaxies or CDM
haloes) in the universe. This is often done by using correlation functions,
such as the 1-point correction function, which describes the number density of
objects, and the 2-point correlation function, which describes number density
as well as objects’ correlations with each other. Both these functions are used
in the formulation of the standard halo model, which is summarized below.

1.3.1 Standard Halo Model

Most of the dark matter inferred to exist throughout the universe today is
thought to be within virialized halo structures. There exists commonly agreed
upon models for how exactly dark matter is distributed within halos (see
1.3.2 as well as [12], [15] and [22]), while a large scale description is typically
described by the standard halo model (SHM).

The SHM is the most commonly used way to describe dark matter density
throughout the universe. It is modelled analytically by the power spectrum,
which is the Fourier transform of the 2-point correlation function in real space
- Fourier space helps simplify some calculations that would otherwise be very
complicated (turns a convolution integral to a multiplication between two func-
tions). There are two key components to SHM - the density of dark matter
inside halos - described by the 1-halo term, and the distribution of dark matter
halos themselves, described by the 2-halo term. Far outside halos, dark matter
is very sparsely distributed, with a density almost close to 0 (vacuum). The
standard halo model encompasses both the densities inside and outside ha-
los, by describing density using the power spectrum, or the density in Fourier
space. This power spectrum has a 1-halo term in the following form,

P1−halo(k) =
1

ρ̄2

∫
dMn(M)M2|u(k|M)|2, (2)

which describes how matter correlates with each other inside halos, and a
2-halo term,

P2−halo(k) =

[
1

ρ̄

∫
dMMn(M)b(M)u(k|M)

]2

, (3)

which describes how halos themselves distributed throughout space correlate
with each other. The SHM’s full analytical form is,

P (k)standard = P1−halo + P2−haloPL(k), (4)
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where PL(k) is the linear power spectrum, which describes how matter was
initially distributed in the early universe, when density was approximately
uniform. Furthermore, in Eqn. (2)-(3), n(M) is the halo mass function [39],
b(M) is the bias function [38, 39], and PL(k) is the linear matter power spec-
trum (for more details refer to Appendix A).

On large scales, the standard halo model provides a good estimate of dark
matter distribution. However, in certain regions the standard model is not
a good fit, and it has some physical issues as well, both of which will be
elaborated in the Section 1.4.

1.3.2 Density Profiles Inside Halos

One of the most commonly used models for describing dark matter density
inside halos in real space is the Navarro-Frenk-White (NFW) profile. This was
an empirical density distribution of halos found in the 1990’s by Julio Navarro,
Carlos Frenk, and Simon White (thus aptly named NFW) modelling large scale
simulation data [22]. The spherically-averaged profile for dark matter density
as a function of radius inside halos is as follows,

ρ(r) =
ρcritδc

(r/rs)(r/rs + 1)2
(5)

and

δc =
∆

3

c3

ln(1 + c)− c/(c+ 1)
(6)

where the concentration parameter c=rvirial/rs and ∆ is the overdensity value
at the time of collapse. Putting Eqn. (5) and (6) together, we can obtain the
halo density in a more general form,

δNFW(r) ≡
ρ(r)

ρ̄
=

Ωmδc

(r/rs)(1 + r/rs)2
, (7)

where ρ(r) is the density of the halo region, ρ̄ = 3ΩmH2

8πG
is the mean density

of the universe, r is the radius from the halo centre, δc is defined in Eqn. (6)
above, and rs is a fitting parameter found from simulations known as the scale
radius [22].

This density profile was found by Navarro, Frenk, and White performing
and analyzing ΛCDM simulations. Testing dark matter density inside halos
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to see if they fit the NFW profile is a good check to see if our model and
simulation results are reliable, since NFW is widely used - the main reason
being that NFW is largely independent of cosmology and scale.

Another profile that is commonly looked at is the Einasto profile. This
profile (sometimes called ”Einasto’s r1/n model” [15]) is a special case of de
Vaucouleurs’ model of spherical density, and states that

ρ(r) ∝ e−Ar
α

, (8)

where α is a parameter describing the degree of curvature of the profile (this
depends on the model used), A is a parameter given as,

A = − 2

αrα−2

, (9)

and r−2 is the radius at which the logarithmic slope of the density is -2 [15].
Einasto provides a good fit closer to the centre of halos, as r approaches 0.
Elsewhere, NFW is generally provides good density predictions.

These profiles do a good job of describing dark matter density inside halos,
but not outside halos, or even at the transition region/boundary between halos
and open space. While on large scales dark matter is sparsely distributed
throughout space, coming up with a model that both describes halo density
as well as the dark matter density inside and outside halos is actually very
complicated, so we once again turn to the standard halo model in Fourier
space.

1.4 Issues with Current Models

While the standard halo model gives a description of universal dark matter
density distribution, it does not come without problems. One issue is that the
standard halo model becomes inaccurate in the transition regions around the
halo virial radius out to the boundary between the halo region and void regions.
This is due to a lack of a connection mechanism in the standard halo model, as
the analytic transition from 1-halo term dominance to 2-halo term dominance
is characterized by a sharp cutoff at the virial radius (see Figure 1 for a visual
summary).

Furthermore, conservation laws, such as mass and momentum, are not
taken into consideration in this model, resulting in unphysical behaviour. A
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Figure 1: The standard halo model and amended halo model power spectra, as well as their
1-halo and 2-halo terms. The grey shaded region near the middle is where the transition
region - where the standard halo model doesn’t match simulation power - occurs at.
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result of this lack of conservation leads to matter overdensity levelling off to a
constant value even as the wavenumber k approaches 0 (as volume approaches
infinity, essentially going to all of space), which does not match the linear
power spectrum. This is shown in Figure 2, where the standard halo model’s
power spectrum starts approaching a constant value at very small k’s, while it
should be approaching the linear power spectrum (which is ∝ k), as a result
of mass conservation.

10 5 10 4 10 3 10 2 10 1 100 101 102
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10 3

10 2
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100

101
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P(
k)

 (M
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Figure 2: The standard halo model vs linear power spectrum. It can be seen in the red
shaded region where the standard halo model overpredicts power at small k’s. While the
power should approach the linear power spectrum, it is starting to level off to a constant.
This is due to the unphysical behaviour resulting from a lack of mass conservation in the
model.

This unphysical picture of the standard halo model at small k’s is the main
motivation for this project. To provide a more accurate model for future lens-
ing projects, we aim to modify the current halo model in a way that replicates
its success on large scales, but also describes the dark matter distribution well
in transition regions as well as enforce mass conservation and consequently,
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momentum conservation.

1.5 Previous Attempts at Fixing the Halo Model

The standard halo model’s problems with accuracy at small scales, and
lack of enforcing physical conservation laws have been recognized in previous
literature. Seljak and Vlah [31] noticed that while the standard halo model
did not work well with standard perturbation theory, it was still necessary
to try to incorporate perturbation theory into the model because without it,
there would be no covariance matrix convergence unless simulations go up to
scales of around 1000Gpc3 or larger [31]. Since this would take too long and is
too expensive to run, a reliable perturbation theory is needed to extrapolate
the standard halo model to larger scales [31]. To fix this, Seljak and Vlah
proposed to apply Zel’dovich approximations with 1 loop perturbation to the
halo model on larger scales, where the 2-halo term dominates, and provide
a compensation with a Padé series ansatz on smaller scales where the 1-halo
term dominates [31]. As a result, the halo power spectrum becomes

P (k) = PZel + PBB, (10)

where PZel is the power term from the Zel’dovich approximations and PBB is
the broadband power term using the Padé series ansatz. The broadband term
can be written as

PBB = A0F (K)

(
1 +

∑nmax−1
m=1 (kRm)2

1 +
∑nmax−1

m=1 (kRnh)2

)
, (11)

where F(k) is a fitting parameter that vanishes as k goes to 0 and depends on
a fitting parameter R, and A0 is of the form

A0 =
1

ρ2

∫
M2dn(M). (12)

Their model satisfied mass conservation laws as well as applied perturba-
tion theory more successfully to the halo model. However, it is unclear what
the cosmology dependence for this model is, as it is unspecified what cosmolog-
ical parameters were used in this model. The k range fitted was also less than
1Mpc/h, so it is unclear how this model would perform for simulations with
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larger box sizes and the resulting larger k ranges. The model is also rather
mathematically complicated and has parameters with little physical meaning,
indicating further work could still be done with correcting the standard halo
model’s issues.

Another model that set out to fix the mass conservation problem was pub-
lished by Schmidt in 2015 [29], who suggested using halo stochastic covariance
- referred to as shot noise - as compensation for the halo model. Schmidt’s
model has also been extrapolated to higher order statistics beyond the power
spectrum, such as bispectrums, trispectrum, and matter velocity fields. How-
ever, his model is still inaccurate in the transition regions near the halo virial
radius, which is mentioned in the paper as well [29].

Most recently, the work by Philcox et al. [27] uses effective field theory
(EFT) to make corrections to the standard halo model. Their model rests on
2 key assumptions: the position of dark matter halos are a function of the un-
derlying nonlinear density field smoothed on an unknown scale R and the long
wavelength density field can be described by EFT at the 1-loop order (first
integral over momentum in perturbation theory expansion) [27]. Since EFT
arises from smoothed fluid equations, it works well in describing a smoothed
nonlinear density field, and is a good empirical fit to the halo number density
[27], a key ingredient in large scale halo models. EFT can incorporate phys-
ical effects, such as density fluctuations at the quasi-nonlinear and nonlinear
regimes, into the halo model as perturbative terms. While this work also uses
a Padé ansatz with perturbation theory to achieve a more accurate result for
the halo model on all scales, it differs from Seljak and Vlah (2015) [31] in that
the power spectrum doesn’t require a complex compensation function with
many parameters. This model only has two parameters that are fitted empir-
ically - the scale R in its first assumption and some effective sound speed to
incorporate small scale physics [27]. Instead of assuming the 2-halo term in
the halo model as being proportional to the linear power spectrum - as the
standard halo model and our amended model below do - Philcox et al. (2020)
modifies the 2-halo term to be proportional to a power term arising from EFT
[27]. It is also different from the model presented in this thesis because it
uses perturbation theory to predict halo statistics that can be extrapolated
to higher orders, then compares the result to simulations, whereas we have
calibrated the compensation term in the halo model to match simulations.
However, we have been able to fit the power spectrum on a wider range of
scales, as Philcox et al. (2020) only goes up to k ≤1.0 h/Mpc, while we fit to
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a range of 0.001h/Mpc ≤ k ≤30.0h/Mpc. At the time of this paper’s release,
the EFT and semi-analytic model does not address the un-physical behaviour
due to a lack of conservation mechanism in the halo model either.

Currently, a commonly used numerical package that predicts the nonlinear
power spectrum on a wide range of scales and redshifts is HALOFIT ([26],
[35]). HALOFIT does a good job of numerically estimating the simulated
nonlinear power spectrum for many cosmologies, but it largely works for the
mass power spectrum and cannot be extended easily to other models (such as
halo-matter cross spectrum, halo-halo spectrum), nor is the model based on
an obvious physical framework.

In our work below, we attempt to address the mass conservation problem
by fitting a compensated halo profile to a larger range of wavenumber k’s,
as well as model the transition region between halo and vacuum. We were
able to find a semi-analytic empirical model for the power spectrum that fits
simulation data well on scales 0.001≤k≤30.0 that also takes into account mass
conservation. We have not yet attempted to extrapolate this model to higher
order statistics such as the bispectrum and trispectrum.
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2 Amended Halo Model

2.1 Main Motivation

As mentioned in the introduction above, the nature and composition of
dark matter has been a long-standing problem in cosmology. All observational
evidence for the existence of dark matter so far has been purely gravitational,
and it is based upon these observations that we currently infer dark matter’s
nature and properties. Due to these observations, it is currently hypothesized
that dark matter particles do not have any other detectable signatures aside
from gravity. As a result, they also do not interact with standard model
particles or photons, other than through their gravitational pull, which is the
key underlying assumption we use here in this model (i.e. all thermal effects
can be ignored).

The most commonly used analytic framework for the formation of dark
matter structure in cosmology has been the SHM, where dark matter particles
clump together to form (nearly-) spherical virialized structures known as halos.
Dark matter particle properties, along with the cosmological initial conditions,
determine the properties of SHM, which describes how halos are formed and
what their internal structures are like (e.g., [30, 12]). In spite of its success in
describing the statistics of nonlinear structures on small scales (e.g., [33]), the
SHM is not dynamical, and thus has no way to guarantee conservation laws,
such as for mass or momentum. This leads to unphysical behaviour, such as
significant deviations from linear theory predictions at small wavenumbers,
k → 0, due to a significant contribution from the 1-halo term that shouldn’t
be present on these scales, e.g., [12, 14]. This 1-halo term mainly describes
how dark matter densities inside halo structures correlate with each other,
and hence why they are dominant on small scales while approaching 0 at large
scales.

Even though at first this may sound like an academic question, current and
upcoming wide-field surveys of weak lensing, the kinematic Sunyaev-Zel’dovich
effect, and pre-reionization 21-cm intensity will be probing total mass, momen-
tum, and hydrogen mass on large scales [34]. Thus, they will be sensitive to
theoretical deficiencies such as violation of conservation laws that the SHM
entails. For example, the current SHM does not match the simulated power
well in the region around the halo radius (in the transition regions, see Fig-
ure 4 where the green curve deviates from the simulation data). As a result,
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we need to make amendments to the current halo model in order to obtain a
more accurate picture of cosmic structures on all scales. This project aims to
provide a simple and user-friendly prescription to implement this amendment,
what we will call the Amended Halo Model. Our result can be visually sum-
marized in Figure 3 in Section 2.3, which compares our amended halo model
predictions for the matter power spectrum to the standard halo model which
overpredicts power on large scales.

2.2 Review and Connection to Standard Halo Model

The most important ingredient of the SHM is that all cosmological halos
approximately follow a parametrized universal density profile. The earliest
proposal for this density profile was the NFW profile [22], although more
precise extensions have been considered more recently [15, 36, 17]. The NFW
profile is one of the most widely used profiles to date, and was developed
through N-body simulations of dark matter particles [22]. By using the data
from these large scale simulations, they came up with a formula that describes
the spherically averaged density of dark matter within halo structures. This
density was fitted by Eqn. (7) above.

The NFW profile provides a good fit for dark matter density inside the
virialized halo region; however, significantly outside this region (i.e. on large
scales), where r & rvir, there does not exist a clear consensus on a universal
dark matter density profile (but see [36] for one proposal). It should also be
mentioned here that we need dark matter models, such as SHM and AHM,
beyond the NFW profile, because the NFW profile is limited in what it can
describe.

In the SHM, the matter overdensity is written as a sum over halos:

δ(x) =
∑
j

δj(x− xj), (13)

or in Fourier space as:

δk =
∑
j

δjk exp(ik · xj), (14)

where x and xj are position coordinates in real space and k is the wavenumber
vector in Fourier space.
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For individual halo profiles in SHM, we often use the Fourier transform of
a mean profile (assuming its universality):

δjk '
M j

ρ̄
u(k|M j) ≡

∫
d3x exp(ik · x)δjmean(|x||M j). (15)

Here, M j is not the total mass of the j-th halo, which is not well defined to
begin with, but rather the mass on a fixed scale. We opt to use M200c as the
mass within the radius where the mean halo density is 200×ρ̄/Ωm, where Ωm

is the cosmological constant for matter.

Note that Eqn. (15) ignores the (possibly correlated) variations in profiles
of halos with the same M j, which is a fundamental limitation of the SHM,
and halo models in general. We shall come back to this issue, and our quick
fix for it, below.

For the NFW profile (7), u(k|M) has the analytical form:

u(k|M) =
4πρsr

3
s

M

{
sin(krs)

(
Si[(1 + c)krs]− Si(krs)

)
+ cos(krs)

(
Ci[(1 + c)krs]− Ci(krs)

)
− sin(ckrs)

(1 + c)krs

}
, (16)

where Si and Ci are the sine and cosine integral functions respectively [12].
We find the concentration parameter c using the Eqn. (56)-(57) of Okoli &
Afshordi (2015) [24]. We then use this c to then find the scale radius from
NFW.

We can now discuss the simplest application of the halo model. Given a
choice of halo profile u(k|M), the matter power spectrum in SHM is given
by Eqn. (4). As we discussed in Section 2, there is no simple mechanism in
SHM to enforce conservation laws on large quasilinear scales. It is arbitrary
to split the density into multiple halos for small k’s, or on large distances
that involve several halos. However, requiring δk → δL,k for small k’s (i.e.
approximately linear evolution on large scales) will also require a fine-tuned
cancellation between the diagonal and off-diagonal parts of the covariance
matrix of δjk, for 1-halo and 2-halo terms. For example, this would not be
satisfied by the choice of a universal profile, such as Eqn. (15) in NFW,
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because NFW does not model dark matter density well beyond the halo virial
radius.

While such a constraint is hard to impose in SHM (but see Section 1.5 for a
summary of other attempts), in the next section, we develop an amended halo
model that automatically satisfies this constraint as k → 0, and yet replicates
the success of SHM at large k’s.

2.3 Amending the Halo Model

Here, we propose a small improvement to the halo model that automatically
satisfies mass conservation. To do this, we change Eqn. (13)-(14) to separate
the linear overdensity from (now compensated) halo profiles:

δ(x) = δL(x) +
∑
j

δj(x− xj) (17)

and thus
δk = δL,k +

∑
j

δjk exp(ik · xj). (18)

We also modify halo profiles u(k|m) to become

uAHM(k|M)→ f(krvir)ũNFW(k|M), (19)

where f(x) is a dimensionless fitting function we find using simulation data.
Now, requiring that f(x) → 0 as x → 0 ensures that individual halo profiles
are compensated, i.e. have zero integral:

∫
d3x δj(x) = lim

k→0
δjk =

M j

ρ̄
uAHM(0|M j) = 0. (20)

Furthermore, ũNFW is defined to be the same as uNFW for large k’s, but
without the sharp cutoff at r200c. In other words, we replace the sharp real-
space cutoff at virial radius in AHM, with a gentle Fourier space cutoff f(x),
that smoothly interpolates between overdense and underdense regions. As
such, we let c → ∞ (and thus r200c → ∞) only within the curly brackets in
Eqn. (16) (not changing the prefactor):
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ũNFW(k|M) ' 4πρsr
3
s

M

{
sin(krs)

(π
2
− Si(krs)

)
− cos(krs)Ci(krs)

}
, (21)

Now, the power spectrum becomes

PAHM(k) =
1

ρ̄2

∫
dMn(M)M2|uAHM(k|M)|2

+

[
1 +

1

ρ̄

∫
dMMn(M)b(M)uAHM(k|M)

]2

PL(k). (22)

This new power spectrum will automatically approach linear power when
k → 0, as ũAHM(k|M) → 0, but will recover SHM on large k’s with small
corrections. In the next section, we find that this amended model gives a
better fit at small k’s than the standard halo model does, based on data
from N-body simulations. This amended model also yields fits on the same
level of accuracy as the widely used numerical HALOFIT package [26, 35],
and it is based on a more solid physical picture of structure formation (has a
more physical background framework, since it is modelled with enforced mass
conservation).
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Figure 3: Comparison of predictions for nonlinear matter power spectrum, using Amended
Halo Model (introduced here), HALOFIT [35], and the standard halo model [12]. The data
points are from Takahashi et al. simulations [35]. It can be seen that the standard halo
model power starts to approach a constant value at small k’s instead of the linear power
spectrum, which is unphysical, as the standard model does not conserve mass. In our
amended model, the power starts going to 0 as k→0, similar to linear theory predictions,
which is what we should expect.

2.4 Method and Simulations

In order to compare with the HALOFIT model used in the Code for
Anisotropies in the Microwave Background (CAMB) package 1[19], the data
used to investigate this amended halo model was obtained through N-body
simulations of dark matter evolution, using Gaussian ΛCDM linear initial con-
ditions. The simulation data are primarily from Takahashi et al. (2012) [35],
using Nishimichi’s simulations. We studied the matter power spectra at z = 0
for different cosmologies, summarized in Table 1.

1https://camb.info/
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Ωb Ωm h σ8 ns

WMAP1 0.044 0.290 0.72 0.90 0.99
WMAP3 0.041 0.238 0.732 0.76 0.958
WMAP5 0.046 0.279 0.701 0.817 0.96
WMAP7 0.046 0.290 0.70 0.81 0.97

Table 1: Cosmology parameters used in Takahashi et al.’s simulations [35].

The simulations had box sizes of 320, 800, and 2000 Mpc/h and a particle
number of 10243, starting at redshift z = 99 and ending at z = 0.

2.5 Results and Discussion

We apply Eqn. (17)-(22) to the power spectra obtained by Takahashi et
al.’s simulation data [35] (used to calibrate the HALOFIT model) and attempt
to parametrize the cutoff function f(x) in Eqn. (19) that can fit the data with
an error ≤ 5%.

Furthermore, we require f(x) ∝ x2 for x � 1, while it approaches 1 for
x � 1. The former ensures that the (spherically) averaged halo profile is
analytic in k and compensated, i.e. the leading term in δk should be k · k in
the Taylor expansion. The latter ensures that we recover the SHM with NFW
profiles on small scales/large k’s.

We find that the following parametrization for f(x) satisfies these require-
ments:

f(x) =
ax2 + bx3 + dx4

1 + cx3 + dx4
, (23)

where the best-fit parameter values for a, b, c, and d are listed in Table 2. The
fits are found by minimizing the root-mean-squared of relative errors, defined
as:

Error ≡ 2

√√√√〈[P (k)sim
i − P (k)model

i

P (k)sim
i

]2
〉
i

, (24)

where the average is over the simulated data points in k-space. Meanwhile,
P (k)sim

i is the power spectrum from simulation data, and P (k)model
i is the
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a b c d

WMAP1 0.018 10.5 10.7 3.03
WMAP3 1.94 20.2 21.6 0.0034
WMAP5 0.453 18.5 19.0 0.0055
WMAP7 0.577 18.4 18.9 0.0286
Average 0.747 16.9 17.55 0.767
Stn Dev. 0.72 3.76 14.10 1.3

Table 2: Table: Fitting parameters for (23) for the different WMAP cosmologies from [35],
with the average and standard deviation for each parameter listed in the last two rows.

theoretical power spectrum from either Eqn. (4) or Eqn. (21), depending on
whether we are finding the error for the SHM or the AHM.

The first parameter a also has the physical significance of being related
to the second moment of the compensated halo profile, i.e. Taylor expanding
Eqn. (15) in k, we can see that:

a = − ρ̄

6M jr2
s

∫
d3x|x|2δjAHM(|x||M), (25)

where δjAHM is the same δj from Eqn. (20) above.

Since the compensated halo profile is overdense in the middle, and under-
dense in the outskirts, we expect the 2nd moment to be negative, and thus
a > 0, as seen in our best fits in Table 2.

The resulting mean relative errors for different simulations are summarized
in Figure 4. Table 3 compares the relative errors with those of HALOFIT, as-
suming that we use the best-fit parameters from Table 2 for each simulation.
We see that, while we achieve smaller errors compared to HALOFIT, we also
have more parameters per simulation (4/sim for this work, versus 35/ 16 sims
in [35]). If we fix all parameters to their average over 4 simulations, effectively
having 1 parameter per simulation, Table 4 shows that we generally get larger
errors than HALOFIT. Therefore, as a fitting function, AHM using Eqn. (23)
has a comparable performance to HALOFIT, since it is based on a more phys-
ical underlying framework. We also see that both the AHM and HALOFIT
do far better than the SHM in fitting the simulated data.

We can also use the Akaike Information Criterion (AIC) to compare HALOFIT
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Standard HALOFIT Amended

WMAP1 0.23 0.053 0.037
WMAP3 0.29 0.042 0.033
WMAP5 0.25 0.034 0.029
WMAP7 0.25 0.037 0.029

Table 3: Mean relative errors for the SHM, HALOFIT, and the AHM for the different
WMAP cosmologies in Figure 4, using each cosmology’s individually optimized parameters
(Table 1).

Standard HALOFIT Amended

WMAP1 0.23 0.053 0.11
WMAP3 0.29 0.042 0.08
WMAP5 0.25 0.034 0.031
WMAP7 0.25 0.037 0.029

Table 4: Errors for the SHM, HALOFIT, and the AHM if we use the average parameters
for all the different WMAP cosmologies, instead of their individually optimized ones.

and AHM. The AIC is given as

AIC = 2κ− 2 ln(L̂) (26)

where κ is the number of parameters a model uses, and L̂ = exp(−χ2
min/2)

is its maximum likelihood. The average AIC for our amended model for the
individually fitted parameters is around 17,000, while for the mean parameters
the amended AIC is around 70,000. The average AIC for Takahashi et al.’s
model is around 19,300 - a lot better than the AHM using mean parameters
but slightly worse than AHM’s individually fitted parameters. However, this
comparison should be taken with a grain of salt as we are using the parameters
found to minimize the relative error, not the χ2, to compute AIC.

To get a more physical picture, we can look at the dark matter density
that we obtain from Eqn. (21) by using an inverse Fourier transform. On
smaller scales, inside the halos (at distances smaller than the halo’s r200c), we
should roughly recover the NFW density profile. However, outside the virial
radius of a halo, we should expect the amended “compensated” profile density
to become negative in order to satisfy mass conservation. From Figure 5, we
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Figure 4: Comparison of Takahashi et. al’s simulation data [35] with the standard halo
model (SHM), amended halo model (AHM), and HALOFIT. The panels below each P (k)
plot show the ratios of model to simulated spectra.
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Figure 5: The best-fit compensated density profiles for the amended model, in different
cosmologies, compared to the NFW profile. The light blue curve at the top represents the
NFW density profile, while the red, green, black, and blue curves are the densities obtained
from our amended model for the WMAP1, WMAP3, WMAP5, and WMAP7 cosmologies
respectively. The vertical lines are for the splashback radius from More, Diemer, and Kratsov
[13, 21], which is close to where density starts decreasing rapidly in our model as well.

see that our density profile matches NFW up to the mean r200c ∼ 6 × rs,
which is roughly what we would expect from theory given that the average
concentration c is around 6-7. However, it crosses zero and becomes negative
at roughly 2×r200c, although the exact value appears to depend on cosmology.
The AHM results and comparison with simulations are summarized in Figure
4 and Tables 3-4.

From Figure 4, it can be seen that the deviation from simulation data
(from [35]) resulting from our amended model is significantly smaller than the
deviation from the standard halo model, indicating that this new modified
power spectrum is a better fit for dark matter density in general. When k is
a large enough number - k ≥ 5 h/Mpc - the amended model, the standard
halo model, and the numerical HALOFIT all produce similar results, as we
should expect given that HALOFIT and the amended model are supposed to
replicate SHM on large k’s. However, as seen in Figure 4, AHM and HALOFIT
are significantly more accurate than SHM on intermediate, scales with k ∼ 1
h/Mpc. Physically, this indicates that the current halo model profile does
require some compensation to fit the data, similar to what we proposed in Eqn.
(17)-(18). This new halo model also conserves mass and fits the simulated dark
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matter density better than previous models did, resulting in a new physical
model for dark matter clustering on large scales.

Another advantage of the AHM is that, unlike the SHM, it has little sen-
sitivity to including small halos. The reason is that in the SHM, it is assumed
that all the mass is included in halos, and therefore convergence of integrals
over halo mass requires including relatively small halos. However, in the AHM
the halos are compensated (i.e. have zero mass), and thus small halos do not
contribute to large scale observables.

2.6 CMB Power Spectra: Amended Model Lensing Pre-
dictions

We provide an example of how mass non-conservation can impact obser-
vational predictions. In this section we study the weak lensing of CMB maps,
that is being measured with unprecedented precision using current and future
experiments [4, 32, 25]. To see what power AHM would predict, and show
that SHM overpredicts the actual lensing power, we calculate the weak lens-
ing power that should be observed from the CMB [4, 2] using AHM and the
extended Limber approximation [20] (also see Appendix B).

This lensing power, as can be seen from Figure 6, matches the measure-
ments from 2018 Planck results [4] fairly well. The standard model seems to
overpredict the power (see Figures 6 and 7), especially at small L’s, as a re-
sult of the large 1-halo contribution to power spectrum at high redshifts. We
believe this is primarily because of a lack of mechanism for mass conservation
in the SHM. At larger L’s in Figure 6, it can be seen that the SHM also does
not predict lensing power as well as AHM and HALOFIT, likely due to this
being in the transition region where SHM is not very accurate to begin with.
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Figure 6: Predictions for CMB gravitational lensing power spectra for our AHM, the
SHM, and linear power (while the linear power spectrum/light blue curve is obtained from
HALOFIT, this is the initial power spectrum from a high redshift, and not the same one
as the nonlinear HALOFIT which is the solid orange curve). The cosmology used here is
WMAP7 since it has the closest parameters to the 2018 Planck cosmological parameters
[3]. For comparison, we show the measurement of CMB power spectrum from Planck 2018
(plotted as the grey errorbars) [4]. It can be seen that the SHM generally overpredicts
power compared HALOFIT and AHM, on larger L’s, where L is inverse angular distance
(unitless). This corresponds to the transition region in real space, where SHM does not do
a good job of predicting the power, and where AHM and HALOFIT work better.
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Figure 7: Ratio of the predicted lensing power of the SHM, the AHM, and linear model
to each other. It can be seen that the largest discrepancy SHM shows is at L . 20 and 120
. L. From Table 1 of [4], if we average the uncertainties, we see that at small L’s (≤40),
the error should be around 10%, so the SHM errors become too large at L . 10. For large
L’s, at 250 . L, the errors become larger than 20% which is larger than the error predicted
for CMB lensing. This shows a significant discrepancy between SHM and AHM, and that
SHM would not predict the right observed CMB power at large and small L’s.
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3 Beyond Mass Density Power Spectrum

3.1 Motivation

So far, we have fitted the AHM to Takahashi et al.’s simulation data [35] to
model dark matter density on large scales, in the form of the power spectrum.
Now, we want to test this model more thoroughly to see whether it is compat-
ible with other observables, and if it can be used to make predictions about
power spectra beyond that of dark matter mass density. To do this, we used
simulation data from another source, the Illustris-TNG simulations [1]. We
compare the simulation data from TNG100-3-Dark, which uses Planck 2015
cosmology [2], with AHM to see how accurately AHM models the mass power
spectrum. Furthermore, we compare the data to the halo power spectrum and
the cross correlated power spectrum, which was not done previously.

3.2 Derivation of Cross Power Spectrum from Mass and
Halo Spectra

Dark matter halos are related to mass by:

δk = δL,k +
∑
j

M j

ρ̄
uAHM(k,M j) exp(ik · xj)

'
[
1 +

1

ρ̄

∫
dMMn(M)b(M)uAHM(k,M)

]
δL(k), (27)

and

δhalo
k =

1

n̄halo

∑
j

exp(ik · xj) '
δL(k)

n̄halo

∫
dMn(M)b(M), (28)

on large scales.

Now, from our splitting of linear and nonlinear terms for AHM:

〈δkδ∗k′〉 = (2π)3δ3(k− k′)P (k). (29)
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Also, ∫
d3x exp(i(k− k′) · x) = (2π)3δ3(k− k′). (30)

We revised the matter power spectrum in AHM to be of the form in Eqn.
(22) :

Pm(k) =
1

V
〈|δ2

k|〉 =
1

ρ̄2

∫
dMn(M)M2|uAHM(k|M)|2

+

[
1 +

1

ρ̄

∫
dMMn(M)b(M)uAHM(k|M)

]2

PL(k). (31)

Note that theoretically, if the simulation data contains all the halos:

n̄halo =

∫
dMn(M), (32)

where n̄halo is the average halo density over all space. However, since generally
we cannot resolve all halos, Eqn. (32) usually becomes n̄halo <

∫
dMn(M)

instead.

In addition to the mass power spectrum, we now also look at the halo
auto-power spectrum in AHM:

Phalo(k) =
1

n̄halo

+

[
1

n̄halo

∫
sim. halos

dMn(M)b(M)

]2

PL(k), (33)

which predicts how dark matter halos are distributed throughout space.

We also look at the matter-halo cross-power spectrum in AHM, which
predicts the correlation between mass density distribution and halo density
distribution. This takes the form:

Pm×halo(k) =
1

ρ̄n̄halo

∫
sim. halos

dMn(M)MuAHM(k|M)+[
1

n̄halo

∫
sim. halos

dMn(M)b(M)

] [
1 +

1

ρ̄

∫
dMn(M)Mb(M)uAHM(k|M)

]
PL(k),

(34)
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with wavenumber k spacing:

k =
2π
3
√
V

√
i2 + j2 + l2, (35)

where V is the simulation box volume and i, j, and l run over the dimensions
of the grid size of the simulation.

Eqn. (31)-(34) are what we hope to match the simulation data from
Illustris-TNG to in the sections below.

3.3 Simulation Data and Preliminary Results

To check the simulation data for reliability, we first take a preliminary look
at the halo power spectrum which does not depend on our amended model.
We did this by Fourier transforming the halo density from the simulations and
matching this density to the k spacing in Eqn. (35). The preliminary results
can be seen in Figure 8, which shows the scatter points as matching fairly
well with the theoretical model, also showing that we can proceed with the
simulation’s mass power spectrum and cross power spectrum. Further agreeing
with this is Figure 9, which shows the the halo power spectrum deviations
mostly fall within the error range of the simulation data. This error range
is the variance of the data points for each wavenumber k, as the power is
calculated as an average of several data points within each k-bin. There are
a couple of outlier points that go outside the error range, but due to the
resolution of the data, that is a reasonable occurrence.

Now, the mass power spectrum from AHM, SHM, and HALOFIT are used
to match the Illustris-TNG data. The preliminary results are shown in Figures
10 and 11. It can be seen that at small k’s, there are a couple of points that go
significantly above what the theoretical models would predict - however, we
expect around 67% of our predictions to fall within the allowed error range -
which the data approximately does.
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Figure 8: The simulation data of halos compared with the theoretical power in Eqn. (33).
The scatter points are from the simulation, with the vertical lines being the errors as the
sample variance, and the solid line is the theoretical power.
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Figure 9: The difference of the log of predicted ( Eqn. 33) and the simulated halo spectrum
from Illustris.
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Figure 10: The simulation data of dark matter mass distribution compared with the
theoretical power from AHM (Eqn. 22), SHM (Eqn. 4), and HALOFIT (CAMB). The
scatter points are from the simulation, with the vertical lines being the errors as the sample
variance, and the solid line is the theoretical power.
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Figure 11: The difference between logs of the predicted (Eqn. 22)) and the simulated
mass power spectrum from Illustris. AHM and HALOFIT seem to underestimate the power
as k ≥ 2.0 - this is likely to due the parameters in the fitting function Eqn. (23) not being
optimized for this particular cosmology in TNG-3 Dark. This may also be due to the fact
that the data is noisy, and the errors may be underestimated.

We now take a first look at the cross-correlated power spectrum, to see how
well matter density distribution follows halo distribution. The preliminary
results are shown in Figure 12. It can be seen that at around k ≤12, the
cross-correlated power starts to overestimate the simulation data, showing that
matter density and halo density do not correlate with each other much. From
Figure 12, it can be seen that the 2-halo term is suppressed at large k′s, which
would require a modification term to the AHM in Eqn. 34. The modification
to the power spectrum to include this effect and its physical explanation is
still currently a work in progress.
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Figure 12: The ratio between Eqn. (34) and the simulation data from Illustris-TNG.
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4 Conclusions and Future Prospects

Here, we introduced the AHM of structure formation, which fixes the
problem of problem of mass non-conservation in the SHM using a simple and
user-friendly framework. The compensated halo profiles in the AHM provide
predictions for the matter power spectrum in Eqn. (22) that fit N-body sim-
ulation data as well as the parametrized HALOFIT model used in CAMB,
and better than the standard halo model for mid to small values of k (k ≤
5 h/Mpc). This leads to an accurate and physical halo model that conserves
mass, and fits simulations and theoretical expectations, on both small and
large scales.

While the current model introduces the AHM, several future steps can be
anticipated:

1. Subhalo structure could in theory be added to the AHM, by adding
a subhalo compensation term that is smaller and less significant than
our current compensation term (since subhalo effects are smaller). A
preliminary comparison of the current AHM (without subhalo terms) to
simulation data containing subhalos [1] does show that AHM still models
the data fairly well even without a subhalo term.

2. Since our halos are compensated, the lowest order multipole moment is
a dipole. While the mean dipole would vanish for an average profile, it
could have a scatter that contributes to the matter power spectrum on
large quasilinear scales. It would be interesting to hunt for this dipole
signal in simulations or weak lensing observations.

3. More generally, should (co-)variance of halo profiles be included in the
AHM framework, and if so, how?

4. Can we use match-filter methods to directly measure mean compensated
halo profiles from N-body simulations?

5. The AHM framework can be further fine-tuned and/or tested using larger
boxes, as well as neutrino and/or baryonic effects.

6. Similar to CMB lensing studied here, it would be interesting to see how
predictions for the kinematic Sunyaev-Zel’dovich effect and 21-cm in-
tensity mapping at high-z, that may be sensitive to momentum and
hydrogen mass conservation, might be impacted.
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7. Another potential application of the AHM is capturing environmental
dependence of halo properties through cross-terms such as :∑

j

〈δL(x′)δj(x− xj)〉, (36)

that contribute to 2-point correlation function (or the power spectrum).
This could be further generalized to other tracers, such as galaxies or
hot gas, by quantifying how profiles of individual halos may be different
for environments with different linear overdensities.

8. The AHM can be used to model 1-point probability distribution function
for conserved observables, such as weak lensing convergence, or kinetic
Sunayev-Zel’dovich effect (e.g., extending treatment introduced in [37]).

9. Momentum conservation here is a result of mass conservation, but ha-
los can have their own compensated momentum profiles, which is not
addressed here. Exploring how this momentum profile will fit into the
AHM can give further physical evidence and insights for the need of halo
model amendments.

10. So far, we have only looked at amending the power spectrum of the
standard halo model, but not at any higher order statistics of this model.
Can the AHM be extrapolated to find the bispectrum and trispectrum?

11. In Chapter 3, we introduced the cross-correlated power spectrum, and
found that the AHM didn’t predict well how dark matter halo density
correlated with mass density at large k′s. Modifying AHM in a way that
preserves its success in predicting mass density power but also models
cross-correlation power more accurately is a next step.

These points are all aspects of the AHM that can be further explored,
and with these we would have a better understanding of how to probe large
scale dark matter structures. Further fine-tuning can help make predictions
about the characteristics of dark matter itself, depending on how accurately
this model can predict dark matter structures.
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Appendix A Power Spectrum Derivation

The standard halo model power spectrum is given by Eq. (4) while the
amended model spectrum is given by Eq. (22). Both of these equations are
dependent on functions such as the bias, number density, and linear power
spectrum.

The linear power spectrum is a measure of the matter density at early
times, when matter was distributed fairly uniformly. It is most accurately
calculated using the numerical CAMB package in Python [26], but can also be
approximated by [7],

Plin(x) = 2πωN
kns

Hns+3
0

T (x)2, (37)

where ns is the spectral index, H0 is the Hubble constant, ωN is a normaliza-
tion constant, and T(x) is the Bardeen-Bond-Kaiser-Szalay (BBKS) transfer
function given by

T (x) =
ln(1 + 0.171x)

0.171x

(
1+0.284x+(1.18x)2+(0.399x)3+(0.490x)4

)−1/4
. (38)

The number density and bias functions from Eqn. (4), (22), and (34) are
from Tinker et al.’s papers [38, 39], and they can be seen quantitatively in
Figures 13 and 14. The number density is given by

dn

dM
= f(σ)

ρm
M

lnσ−1

dM
, (39)

where M is the halo mass range, σ is a function defined as

σ =

∫
P (k)linŴ (kR)k2dk, (40)

where P (k)lin is the linear power spectrum and Ŵ (kR) is the Fourier transform
of the real- space top-hat window function of a halo of radius R [38], given by

Ŵ (kR) =
3

k3R3
[sin(kR)− kR cos(kR)]. (41)

The function u(k|m) is the Fourier transform of the NFW profile in Eq.
(5), which is given mathematically by Eq. (16).
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f(σ) in Eq. (39) is a universal parametric function subject to changes in
redshift and cosmological parameters, and it is of the form

f(σ) = A

[(
σ

b

)−a
+ 1

]
e−

c
σ2 , (42)

where the values of A, a, b, and c are given in Table 2 of Tinker et al. [38].

The bias function from [39], which predicts where peaks in the overdense
regions are mostly likely to be found, is of the form

b(ν) = 1− Abias
νabias

νabias + δabiasc
+Bνbbias + Cνcbias , (43)

where the parameters Abias, abias, B, bbias, C and cbias are given by Table 2 in
[39].

Note that Abias, abias, bbias, and cbias here are different from the number
density parameters A, a, b, c above.

For the AHM, we used an overdensity of 200/Ωm, or approximately 680,
to find the corresponding fitting parameters for the bias and number density
functions. The results are summarized in Figure 13 and 14 below.
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Figure 13: The number density using the fitting function in [38] and the overdensity
mentioned above.
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Figure 14: The bias function using the fitting function in [39] and the overdensity men-
tioned above.
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Appendix B Limber Approximation

One relatively quick and simple way to estimate the power of CMB lensing
is by using the extended Limber approximation from LoVerde and Afshordi
(2008) [20]. This approximation calculates the angular power spectrum as a
series expansion in (l+ 1

2
)−1, with the underlying assumptions that the angular

separations are small and the power spectrum is isotropic [20]. Additionally,
we assume a flat metric, as it approximates the observable universe.

Mathematical Derivation

We first start with the gravitational potential :

φ(n̂) = −2

∫ r∗

0

Ψ[rn̂, η0 − r](−z)dr, (44)

where we use Poisson’s equation

∇2Ψ =
4πGρm

a
δm, (45)

with overdensity

δm =
ρm

ρ̄m
− 1. (46)

As following the notation used in the rest of this thesis, ρm is the matter density
at a certain location in the sky while ρ̄m is the approximated average matter
density of the universe (or in simulations, average density in the simulation
volume), given by

ρ̄m = Ωm0
3H2

0

8πG
, (47)

where H0 is the Hubble constant at redshift z=0 and Ωm0 is the matter density
paramter at z=0. Also in Eqn. (45) and (47), G is the gravitational constant,
6.647×10−11m3/kg · s2 in SI units, and a is the relation between scale factor
and redshift, a= 1

z+1
.

Then, applying the Limber approximation [20]:

k =
L+ 1

2

r
(48)
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with k ∼ 1/r we get,

[L(L+ 1)]2

2π
Cφφ
L = 4

[L(L+ 1)]2

2π

∫ r∗

0

(r∗ − r)2

r4r2
∗

Pψψdr, (49)

where Cφφ is the observed angular lensing power and the CMB lensing power
Pψψ is defined as

Pψψ =
(4πGρ̄m)2

k4a2
Pnonlinear(k), (50)

and

r =
c

H0

∫
dz√

Ωm0(1 + z)3 + 1− Ωm0

, (51)

r∗ is the radius at a redshift of z=1000. It should be noted here that there is no
one-to-one correspondence between inverse angular distance L and wavenum-
ber k, given that r can be the same for different coordinates (r =

√
x2 + y2 + z2,

degeneracy in r).

The constants in Eqn. (50) can be simplified using Eqn. (47) as

4πGρ̄m = 4πG

(
Ωm0

3H2
0

8πG

)
=

3

2
H2

0 Ωm0, (52)

and subsequently,

(4πGρ̄m)2 =
9

4
H4

0 Ω2
m0 (53)

As a result, Eqn. (49) becomes

[L(L+ 1)]2

2π
Cφφ
L =

4

2π

∫ r∗

0

(r∗ − r)2

r4r2
∗

9H4
0 Ω2

m0

4k4a2
Pnl(k)dr, (54)

which can then be simplified to,

[L(L+ 1)]2

2π
Cφφ
L =

9

2π
H4

0 Ω2
m0

∫ r∗

0

(1 + z)2
(r∗ − r)2

r2
∗

Pnl(k)dr (55)

from Eqn. (50), (51), and (53). The constant c
H0

is equal to 3000 Mpc/h in
the model that we used (AHM), and agrees within the range of Planck data
observations, as seen above in Fig. 6.
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