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Small-polaron variable-range hopping in quasi-two- 
dimensional materials: application to 

PrBa2Cu3-,Ga,07-y 
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London, Ontario, Canada N6A 3K7 
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ABSTRACT 
We have developed a theory for variable-range hopping (VRH) due to small 

polarons in quasi-two-dimensional systems at  high temperatures. We included the 
effects of temperature, electric fields, magnetic fields and scattering in the 
derivation of the conductivity. We found that the conductivity for quasi-two- 
dimensional systems depends on these factors differently from three- 
dimensional systems. We applied the theory to explain the resistivity data of 
PrBa2Cu3p,Ga,07-l, at high temperatures ( T  > 150K). To explain the low- 
temperature data ( T  < 150 K), we used the pure electron VRH mechanisms. 
Good agreement between theory and experiment was found. 

9 1. INTRODUCTION 
Since the discovery of high-temperature superconductivity. there has been con- 

siderable interest in the transport properties of the 123 compound PrBa2Cu30,_,, 
(PBCO) (Kabasawa et a/. 1992, 1993, Xu and Guan 1993, Triberis et al. 1994, Singh 
et al. 1994a,b, van Ancum et al. 1995a,b. Singh and Thompsoii 1996, Thompson 
and Singh 1997). It is very similar to the popular YBa2Cu30,p,, superconductor but 
remains non-superconducting at all temperatures. This makes it very useful in super- 
conducting junction technologies such as superconductor-normal metal-supercon- 
ductor junctions. Also, the unique non-superconducting property of PBCO among 
the 123 oxide compounds lends insight into the nature of high-temperature conduc- 
tivity. For these reasons, a thorough understanding of the transport properties of 
PBCO is essential for both technological and scientific reasons. 

Recently Xu and Guan (1993) measured the resistivity of a PBCO polycrystalline 
ceramic material doped with Ga. They replaced Cu2+ by Ga3+ in PBCO samples and 
found a compound which is denoted as PrBa2Ca3p,yGa,07pJ, (PBCGO). The Ga 
concentration .Y was varied from 0.0 to 0.6. They found that the resistivity of 
PBCGO increases with increase in the doping parameter x. The resistivity is very 
sensitive to the Ga concentration at low temperatures ( T  < 150 K) and is less sensi- 
tive to doping at  high temperatures (T > 150 K).  At constant temperature the resis- 
tivity increases monotonically with increasing doping of Ga. This is in contrast with 
conventional doped semiconductors whose resistivity decreases with increase in the 
impurity concentration. They considered the PBCGO compound as a compensated 
semiconductor and tried to fit their low-temperature data by using the Mott type 
(Mott and Davis 1971) of variable-range hopping (VRH) mechanism. According to 
Mott, the logarithm of resistivity has a T-1/4 power law. On the other hand, they 
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64 R. B. Thompson and M. Singh 

tried to fit their high-temperature data by using the nearest-neighbour hopping 
mechanism which gives a T-'  power law for the resistivity. They had problems 
fitting their experiments with these mechanisms especially at high temperatures. 
They suggested that the conduction of carriers in these compounds at  high tempera- 
tures may be due to band conduction, next-neighbour hopping or a more compli- 
cated form of VRH. 

Triberis et al. (1994) have tried to explain the experimental data of Xu and Guan 
by using their three-dimensional small-polaron hopping model. They assumed that 
small polarons are formed in the PBCGO compounds owing to strong electron- 
phonon interactions. The polarons hop from one localized state to another by emit- 
ting and absorbing phonons. They derived an expression for the resistivity using 
percolation arguments. They found that at low temperatures the logarithm of con- 
ductivity has a T-'I4 power law dependence whereas the logarithm of conductivity 
has a T-'I5 power law for high temperatures. Their low-temperature expression of 
conductivity has the same form as the Mott expression for electron hopping. They 
tried to fit the high-temperature data by using the T-215 power law and the low- 
temperature data by the T-'I4 power law. They concluded that polaron hopping IS  

responsible for both the low- and the high-temperature resistivity. Since polarons 
and electrons have the same power-law dependence for the resistivity at low tem- 
peratures, it is difficult to say that polaron hopping is responsible for the resistivity in 
PBCO materials at those temperatures. 

Note that Mott derived his VRH conductivity formula for three-dimensional 
systems. Therefore, when Xu and Guan used the Mott expression to explain their 
data. they automatically assumed that the electron conduction in their PBCGO 
compound is three dimensional in nature. Triberis et al. have also derived their 
expression of conductivity for three-dimensional systems. Recently, Kabasawa et 
rrl. (1992, 1993) and others (van Ancum el a/. 1995 a,b) have measured the tempera- 
ture-, electric-field- and magnetic-field-dependent conductivity of PBCO com- 
pounds. Their data suggests that the conduction in these compounds is due to 
VRH, and that PBCO compounds behave as quasi-two-dimensional (QTD) systems 
rather than three-dimensional systems (Singh et a/. 1994a,b, 1996, Singh and 
Thompson 1996). Hence, the three-dimensional theories of Mott and Triberis et 
ul. may not be suitable for explaining the experimental data of Xu and Guan. 

Triberis et a/ .  (1994) have derived the expressions for three-dimensional con- 
ductivity due to small-polaron hopping using the percolation model in a series of 
papers. Similar three-dimensional polaron VRH conducivity calculations based on 
the percolation model have also been used by other workers to interpret the 
behaviour of the high-temperature conductivity of different amorphous materials 
(Meaudre et al. 1983, Triberis 1986, Mohan and Rao 1993, Ruscher et ul. 1988, 
Selvaraj and Rao 1988, Brahma and Chakrovorty 1990, Brahma rt (11. 1991), 
doped single crystals and Pr-Re-Ba-Cu-0 compounds (Triberis ef a/. 1992). 
The aim of the present paper is to develop a theory of VRH due to small 
polarons for QTD systems at  high temperatures. We have used the niethod of 
Singh et a/. (1994a,b, 1996, Singh and Thompson 1996) to derive an expression 
for the conductivity. According to this method, we considered that polaron loca- 
lized states are randomly distributed in the energy and spatial coordinates. The 
polarons hop from one localized state to another with the help of the absorption 
and emissions of phonons. The mobility and the hopping range are calculated as 
functions of energy with respect to the Fermi level. The conductivity is then 
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calculated from the mobility by integrating over energy. The small-polaron energy 
consists of a site-dependent local electron energy e, and a site-dependent electron- 
phonon interaction binding energy A,. Triberis et ul. have neglected the contribu- 
tion of energy e, in their calculations whereas we have included its effect in our 
calculations. We have also included the effect of electric fields, magnetic fields 
and scattering in the derivation of the conductivity. Triberis considered the three- 
dimensional electric field dependence in a previous work (Triberis 1987, 1988). 

We found that the logarithm of the conductivity has a T-"' power law depen- 
dence, which is different from that of the three-dimensional case. In the presence of 
an electric field, we found that the logarithm of conductivity has a (1 - p2)3'8 
dependence for p < 1, where p = qF/2crkBT. Here, F is the electric field, q is the 
charge of a carrier, Q is the inverse of the localization length and kB is Boltzmann's 
constant. For weak magnetic fields, without scattering, we found an H' dependence 
for the logarithm of the conductivity, where Hi s  the magnetic field. For strong fields, 
again without scattering, we found an H1I3 dependence. We also found a more 
complicated magnetic field expression in the presence of scattering. 

We applied the present theory to explain the high-temperature experimental data 
of Xu and Guan. To explain the low-temperature data of Xu and Guan, we used the 
QTD theory of Thompson and Singh (1997, 1998) which is based on the pure 
electron VRH mechanism. The recent experimental data on PBCO (Kabasawa et 
(11. 1992, 1993, van Ancum et al. 1995 a,b) also show that pure electron VRH theory 
is sufficient to explain the experimental data at low temperatures ( T  < 150K). We 
found good agreement between theory and experiment at low and high temperatures. 
We found that the density of states varies from Do = 5.5 x loJ4 J-I  m-' to 
Do = 6.4 x lo3' J-I m-2  as the doping concentration changes from I = 0.05 to 
x = 0.4. Similarly, the concentration of polaron localized sites changes from 
NO = 2.3 x 10l6 m-' to No = 2.0 x 10l3 m-' when the doping concentration changes 
from s = 0.05 to x = 0.4. 

5 2. VARIABLE-RANGE HOPPING DUE TO POLARONS 
To include small polarons in a model of hopping conductivity, one must include the 

electron-phonon interaction. Holstein (1959 a,b) presented such a model which con- 
sists of a system of n identical diatomic molecules of natural frequency wo whose 
orientations and centres of gravity are fixed, but whose internuclear separations may 
vary. This model has been called the molecular crystal model. This model was 
expanded by Triberis and Friedman (198 l), and they found that the energies of loca- 
lized polaronic states in the presence of the electron-phonon interaction are given as 
E, = el - A,, where el is the site-dependent local electronic energy and A, is the binding 
energy due to the site-dependent electron-phonon interaction. The energy A, is mea- 
sured with respect to el. In the absence of electron-phonon interactions, El = e,. 

According to Emin (1975) Triberis and Friedman (1981) and Triberis et ul. 
(1994), the polaron transition rate from site i to site j in the high-temperature regime, 
kBT > Iiw, is written as 
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66 R. B. Thompson and M. Singh 

The first expression above corresponds to the absorption of phonons whereas the 
second corresponds to the emission of phonons. In these expressions, R, is the 
spatial distance between the sites i a n d j  in QTD space and yo is a constant factor. 
In the rest of paper we shall express energies and spatial coordinates in reduced 
coordinates, where E = (e, - 2X,)/zBT, w f e,j2kBT, E = (A, + X,)/2kBT, 
X = X,/2kgT and x 3 2cuR,. 

To calculate the conductivity, we have used the method given by Singh et af. 
(1994a,b, 1996) and Singh and Thompson (1996). We assume that the localized 
polaron states are randomly distributed in the two-dimensional coordinate space 
x, and in the two-dimensional energy coordinates E and w. This four-dimensional 
space is called the hopping space. The distance between the initial site and the final 
site in the hopping space is denoted by the range R .  Polarons hop from one site to 
another through the emission and absorption of phonons in this space. In the 
reduced coordinates, equation (1) can be written as 

rij = 7 0  exp ( -R)  
E R = x - - + w - - E  
2 

First we have to calculate the number N of states available for hopping in the 
hopping space; the expressions of mobility and conductivity are obtained using the 
value of N .  The expression for N given by Singh et al. (1994 a,b 1996) and Singh and 
Thompson (1996) is for a three-dimensional hopping space (i.e. two spatial and one 
energy coordinates) but, in the present case, our hopping space is four dimensional. 
Therefore the expression of Singh et al. for N is modified and is written as 

where f(E,/kBT) = 1/[1 + exp (Ej/kBT)] =f(2w - 26 + 2X) is the Fermi distribu- 
tion, No is the two-dimensional spatial concentration of polaron sites and D(w) is 
a two dimensional density of states (DOS). 

We shall assume that the DOS is constant: D(w) = Do. Energies are measured 
from the Fermi level, which is taken to be at zero. The integration limits in the above 
expression are obtained from equation (2) by fixing the value of R. For a given value 
of x and t, the upper limit of w is w,,, = ( R  + E )  - x + ~ / 2 .  The lower limit of w can 
be taken as t - X if one assumes thatf(2w - 2~ + 2X) = 1 for a negative argument of 
the Fermi distribution and f(2w - 2 t  + 2X) = 0 for a positive argument. Similarly 
equation (2) gives the maximum value of t as a function of x when w = E - A. The 
minimum value o f t  is A. The spatial coordinate in the hopping space has the mini- 
mum value x = 0. The maximum value of x is obtained from equation (2) by putting 
A .  - 0 and w = t - A. After some mathematical manipulation, the value for N finally 
arrived at is J T  

4 

N =  ( $ ) ' ( R + E + ~ )  , (4) 

where Tp = (2Nocu2/D~k~~)1 '2 .  Here, the subscript p stands for polaron. 
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8 3. ELECTRIC FIELDS 
In the presence of an electric field, the energy difference E, - E, changes to 

EJ - t, +qFR,cos 0 (Singh et 01. 1994a,b, 1996, Singh and Thompson 1996). 
Here, 0 is the angle between the electric field F and the hopping direction R,,. 
Therefore the equation for the range in the presence of an electric field is 

( 5 )  
E 

R = x( 1 + p cos 0) - - + w - E .  2 
For a fixed value of R in the hopping space, the expression for N becomes 

for < 1. Note that, if we put p = 0, equation (6) reduces to equation (4). Therefore, 
we shall use equation (6) to calculate the expression for the conductivity; to get the 
non-electric field results, we put /3 = 0 in our formulations. 

Following the method of Singh et u1. and using the value of N given in equation 
(6), we can calculate the average nearest-neighbour range. This is found to be 

‘ I 2  2 318 x Rin = ($) ( 1 - p )  - E - 2  (7) 

Note that RE, is proportional to ( T/Tp)p’/2 for constant electric fields. 
The mobility is expressed in terms of RKn as (Singh et al. 1994a,b) 

(8) 
UpXf 

P(E) = ‘aF exp [ - X n  (&)I  7 

where up is the hopping attack frequency, taken to be a constant phonon frequency, 
and xf is the average forward hopping distance. The expression for xf given by Singh 
(1994a,b) is modified for the present case and is written as 

If = 

/;(s+R:’ +X/2) s+R:,,+t/? D(w)2  

dt / IdO/  

d t  /I d0 cos 0 / dw - [l -,f(2w - 2t + 2X)]x2 
-c€ NO I:;’-””” +X/2) E+R:,+E/? 

dw- D(w)2  [ l  -f(2w - 2t + 2X)]X 
-cc, NO 

After some mathematical manipulation, equation (9) reduces to 

From the mobility, we can calculate the conductivity as follows: 

(9) 

Equation ( 1  1) is a modified version of the conductivity expression found by Singh et 
al. (1994a,b). Putting equation (8) into equation ( l l ) ,  we get the following expres- 
sion for the conductivity: 
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68 R. B. Thompson and M. Singh 

for /3 < 1, where cp = q2k&vp/4No(.u2. Note that, in the present case, the logarithm 
of conductivity is proportional to ( T /  T p )  -'I2 whereas for three-dimensional systems, 
the logarithm of the conductivity obeys a ( T / T p ) - 2 / 5  power law (Triberis and 
Friedman 1981, Triberis et al. 1994). The above expression includes also the effect 
of an electric field. According to this equation, the logarithm of the conductivity 
obeys a (1 - /32)3'8 power law for < 1. 

5 4. MAGNETIC FIELDS 
In the previous section, we calculated the expression for the conductivity in the 

presence of an electric field. In this section we include the effect of magnetic fields on 
the conductivity. Recently, Thompson and Singh (1998) have developed a theory for 
the magnetoconductivity for strong magnetic fields (i.e. X << a- ' )  and weak mag- 
netic fields (i.e. X >> a-'), where X = (h/qH)'l2, a-' is the localization length in the 
absence of a magnetic field, q is the charge of a carrier and H is the magnetic field. 
For general magnetic fields, the analytical expression for the conductivity cannot be 
obtained (Thompson and Singh 1998). 

Thompson and Singh considered that, for QTD materials in the presence of a 
weak magnetic field (A  >> F'), one can replace the function exp (-2aR,,) appearing 
in the hopping probability by a function exp [-(2aR, + [(Ri)/(24aX4)])]. Note that 
the first term has the same form as in the absence of a magnetic field. The entire effect 
of the magnetic field is contained in the second term which is much smaller than the 
first. Making this replacement in the present problem, the expression for the range 
given in equation (5) becomes 

(13) 
t 

R = X( I + pcoso) + yX3 - -+ - &, 2 

where y = 1/96a4X4. 
With the help of equation (13), and following the method of the previous sections 

and of Thompson and Singh, we have derived expression for the hopping range and 
the conductivity. The hopping range is written as 

where T,, is the same as in 9 2. The expression for the magnetoconductivity for weak 
magnetic fields is written as 

for p < 1,  where cP is the same as in 5 3. Note that, if we consider only the magnetic 
field dependence, the logarithm of the conductivity is proportional to H 2  for weak 
magnetic fields. 

In the case of high magnetic fields (A << a-l)  for QTD materials, Thompson and 
Singh have replaced the function exp (-2aRii) appearing in the hopping probability 
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by a function exp (-Ri/4X2) to calculate the conductivity. Making this replacement 
in the present problem, the expression for the range given in equation ( 5 )  becomes 

(16) 
E 2 R = 7.x  + xpcose - -+ - &, 2 

where now y = 1/8X2a2. 
With the help of equation (1 6), the previous sections, and the work of Thompson 

and Singh (1998), we have derived the expressions for the hopping range and the 
conductivity. The hopping range is given as 

where Tp is still the same as in $2. The expression for the magnetoconductivity for 
strong magnetic fields is written as 

Equation (18) is valid for p < 1 to second order in p. Note that, if we consider only 
the magnetic field dependence, the logarithm of the conductivity for strong magnetic 
fields is proportional to H’I3 .  

Q 5 .  SCATTERING 
Recently, we have shown that scattering plays an important role in understand- 

ing the magnetoconductivity of PBCO materials for electron VRH conduction 
(Thompson and Singh 1998). Therefore, in this section, we shall include the effect 
of scattering on the calculation of the polaron VRH conductivity. Shklovskii 
(1983a,b) has shown that, when the average hopping length much exceeds the 
mean distance between the impurities, the hopping carrier meets many other impu- 
rities and scattering takes place. He included the effect of scattering in the calculation 
of the hopping probability in the presence of a magnetic field. He found that in the 
presence of scattering the spatial function appearing in the hopping probability 
changes as follows; 

?R..  
exp ( -2aRii) + exp (- 7) 

112 -112 h = s(X”;12), x << (aN0  ) , 
where b is called the scattering length, which includes the effects of scattering and the 
magnetic field. In equation (19), L is a logarithmic factor, s and q’ are numerical 
factors, No is the two-dimensional concentration of donor sites, and X is the mag- 
netic length defined as A = (h/qH)1’2. Therefore, one can include the effect of scat- 
tering in the calculation of the polaron hopping probability by making the 
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70 R. B. Thompson and M. Singh 

replacement given in equation (19). The range given by equation (1) remains the 
same except the definition of x changes from 2aRV to 2RV/b.  

In this case, the expression for conductivity has a similar form as given in 
equation (12) which is written as 

where cp". T:. and OH have the following forms: 

Note that the magnetic field and scattering dependencies in the above expressions 
come through the parameter h. Equation (20) is valid only for temperatures, electric 
fields and magnetic fields for which OH < 1. 

6 6. RESULTS AND DISCUSSION 
Recent experimental and theoretical studies in PBCO (Kabasawa et 01. 1992, 

1993, Singh et al. 1994a,b, 1996, van Ancum et al. 1995 a,b, Singh and Thompson 
1996, Thompson and Singh 1997, 1998) indicate that this compound behaves as a 
QTD system rather than as a three-dimensional system. The electron conduction 
takes place mainly in the Cu02 planes. Therefore, we can apply our present theory to 
explain the high temperature ( T  > 150 K) data of Xu and Guan. In our calculations, 
we used only one fitting parameter, Tp. The theoretical and experimental data are 
presented in figure 1. One can see that there is a good agreement between theory and 
experiment for all concentrations. In our calculations we varied Tp with the concen- 

8 
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100. 
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: 
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160 180  200 2 2 0  2 4 0  2 6 0  2 8 0  300 
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Figure 1 .  Conductivity against temperature at high temperatures. Equation ( 12) used with 
/3 = 0 to fit the data of Xu and Guan (1993). 
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Figure 2. Conductivity against temperature at low temperatures. The solid curves are the 
theoretical predictions from Thompson and Singh (1997). 

tration. (There is a multiplicative constant involved in converting the three-dimen- 
sional resistivity units of the experiment to the two-dimensional units of the theory.) 

Recently, Singh and Thompson and others have established that the low-tem- 
perature conductivity data of PBCO can be explained using a QTD electron VRH 
mechanism. Therefore, we shall try to explain the low-temperature ( T  < 150 K) data 
of Xu and Guan by using the electron VRH theory for QTD systems given by 
Thompson and Singh (1997). Using this conductivity expression, we fitted the experi- 
mental data using one fitting parameter, To. The theoretical and experimental data 
are presented in figure 2 for all concentrations. Good agreement between theory and 
experiment is found. The same data were fitted by Triberis using the three-dimen- 
sional polaron VRH mechanism. Their formulation of conductivity due to polarons 
at  low temperatures has a T-'I4 power law which is the same as the Mott power law 
for localized electrons. Therefore fitting the data of Xu and Guan by this power law 
does not necessarily prove that polarons are responsible for hopping in PBCO 
materials at low temperatures. On the other hand our theory gives a T - ' / 3  power 
law and our theoretical fitting with these data is consistent with other work in the 
literature (Kabasawa et al. 1992, 1993, Singh et nl. 1994a,b, 1996, van Ancum et al. 
1995 a,b, Singh and Thompson 1996, Thompson and Singh 1997, 1998). 

From the parameter To = r($3( 1 2cv2/Doksn) we can calculate the DOS. Taking 
the value of a-' = 8 nm from the work of Thompson and Singh (1997), we get Do as 
a function of Ga concentration. Here we have neglected the concentration depen- 
dence of 6'. The results are shown in figure 3 for doping concentrations from 
x = 0.05 to x = 0.4. One can see that the DOS decreases with increase in the Ga 
concentration. The magnitude of the DOS near x = 0 has the same order of magni- 
tude as reported in the literature (Kabasawa et al. 1992, 1993, Singh et al. 1994a,b, 
1996, van Ancum et a/. 1995 a,b, Singh and Thompson 1996, Thompson and Singh 
1997. 1998). Note that Do is very sensitive to the concentration. For example, 
Do = 5.5 x J-' m-' for x = 0.05 and Do = 6.4 x J-' m-2 for x = 0.4. 
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5. 10 34 r 

x GaDoping 

Do against Ga doping. The solid curve shows an exponential decrease. Figure 3. 

From the high-temperature data, we found the values of Tp as a function of the 
Ga doping concentration x. From the fitting parameters Tp = ( 2 N , a ' / D $ i ~ ) ~ ' ~  
and To = r($)3(12cu2/DokB.n) we can find the spatial concentration of localized 
polaron sites No. Assuming that the DOSs appearing in these two expressions are 
almost the same, we can say that No = T($)'144a2T~/~T02. Using the experimental 
values of Tp and To, we have calculated No as a function of x. The results are shown 
in figure 4. For values of x near zero, we get a concentration of localized states 
consistent with previous work (Kabasawa 1993, Thompson and Singh 1998). One 
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No against Ga doping. The solid curve shows an exponential decrease. Figure 4. 
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can see from the figure that, as the Ga concentration increases, the number of 
hopping sites generally decreases. In other words, the substitution of Cuf2 by 
Ga+3 results in the filling of holes and diminishes the number of sites between 
which the polarons hop. Note that No is more sensitive to concentration than Do. 
For example, when x changes from s = 0.05 to x = 0.4, No changes by a factor of 
1000 whereas Do changes by a factor of only 100. 

The sensitivity of the resistivity with the concentration can also be understood as 
follows. In our theory, the doping dependence of the resistivity comes through the 
doping dependence of the DOS Do(x)  and the concentration No(.x) of localized sites. 

In p % [ D ~ ( X ) / N ~ ( X ) ] ” ~  for high temperatures and In p = [Do(x)]  ’ for low tempera- 
tures. Note that, in the first expression, there are two quantities D o ( x )  and N o ( x )  
which vary with doping, whereas, in the second equation, only one quantity, D o ( x ) ,  
depends on the doping level. Since No is a factor of ten more sensitive to the doping 
level than is Do, the effect of D i ( x )  is largely cancelled by N O ( x )  at high temperatures, 
and the resistivity is less affected by the variation of the Ga concentration. On the 
other hand, at low temperatures there is no cancellation and the resistivity is very 
sensitive to the doping concentration. 

It is interesting to note that the temperature-dependent data of Xu and Guan can 
be fitted by two different mechanisms: both QTD and three-dimensional VRH hop- 
ping. Therefore, we propose electric- and magnetic-field-dependent conductivity 
measurements to clarify the above ambiguity. According to our theory the logarithm 

One can express the resistivity p in terms of D O(X),)  and No(.) as 

Figure 5.  High-temperature small-polaron VRH conductivity against electric field and 
magnetic field for the non-scattering case. 
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74 R. B. Thompson and M. Singh 

Figure 6. High-temperature sinall-polaron VRH conductivity against electric field and 
magnetic field for the scattering case. 

of conductivity varies with electric fields as (1 - p’)3i8 for high temperatures. It 
varies with weak and strong magnetic fields as H’ and H 1 / 3  respectively in the 
absence of scattering. With scattering, the conductivity varies in a more complicated 
fashion, depending on the applied magnetic field strength and the concentration No. 
Predictions based on our equations (15) and (20) can be found in figures 5 and 6 
which plot the high-temperature small-polaron VRH conductivity with electric and 
magnetic fields, for the non-scattering and scattering cases respectively. One can 
clearly see that the magnetic field affects the electric field dependence in the former 
case, unlike the latter. These figures can be compared with similar predictions made 
for the low-temperature electron VRH case, shown by Thompson and Singh (1998). 
Such a comparison shows that the effect of scattering on the electric field dependence 
is qualitatively the same for both the low and high temperature cases. 
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