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Abstract

In this paper we present a polynomial time algorithm for the 4-COLORING PROBLEM and
the 4-PRECOLORING EXTENSION problem restricted to the class of graphs with no induced six-
vertex path, thus proving a conjecture of Huang. Combined with previously known results
this completes the classification of the complexity of the 4-coloring problem for graphs with a
connected forbidden induced subgraph.
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1 Introduction

All graphs in this paper are finite and simple. We use [k]| to denote the set {1,...,k}. Let G be
a graph. A k-coloring of G is a function f : V(G) — [k]. A k-coloring is proper if for every edge
w € E(G), f(u) # f(v), and G is k-colorable if G has a proper k-coloring. The k-COLORING
PROBLEM is the problem of deciding, given a graph G, if G is k-colorable. This problem is well-
known to be N P-hard for all & > 3.

A function L : V(G) — 2I¥ that assigns a subset of [k] to each vertex of a graph G is a k-list
assignment for G. For a k-list assignment L, a function f : V(G) — [k] is an L-coloring if f is a
k-coloring of G and f(v) € L(v) for all v € V(G). A graph G is L-colorable if G has a proper L-
coloring. We denote by X°(L) the set of all vertices v of G with |L(v)| = 1. The k-LIST COLORING
PROBLEM is the problem of deciding, given a graph G and a k-list assignment L, if G is L-colorable.
Since this generalizes the k-coloring problem, it is also N P-hard for all k& > 3.

A Ek-precoloring (G, X, f) of a graph G is a function f: X — [k] for a set X C V(G) such that
f is a proper k-coloring of G|X. Equivalently, a k-precoloring is a k-list assignment L in which
|L(v)| € {1,k} for all v € V(G). A k-precoloring extension for (G, X, f) is a proper k-coloring g of
G such that g|x = f|x, and the k~~-PRECOLORING EXTENSION PROBLEM is the problem of deciding,
given a graph G and a k-precoloring (G, X, f), if (G, X, f) has a k-precoloring extension.

We denote by P; the path with ¢ vertices. Given a path P, its interior is the set of vertices
that have degree two in P. We denote the interior of P by P*. A P, in a graph G is a sequence

v1 — ... — v of pairwise distinct vertices where for 4,5 € [t], v; is adjacent to v; if and only if
li — j| = 1. We denote by V(P) the set {v1,...,v}, and if a,b € V(P), say a = v; and b = v; and
i < j, then @ — P — b is the path v; — v;41 — ... —vj. A graph is P;-free if there is no P; in G.

Throughout the paper by “polynomial time” or “polynomial size” we mean running time, or size,
that is polynomial in |V(G)]|.

Since the k-COLORING PROBLEM and the k-PRECOLORING EXTENSION PROBLEM are N P-hard
for k > 3, their restrictions to graphs with a forbidden induced subgraph have been extensively
studied; see [2}[6] for a survey of known results. In particular, the following is known (given a graph
H, we say that a graph G is H-free if no induced subgraph of G is isomorphic to H):

Theorem 1 ([0]). Let H be a (fixred) graph, and let k > 2. If the k-COLORING PROBLEM can
be solved in polynomial time when restricted to the class of H-free graphs, then every connected
component of H is a path.

Thus if we assume that H is connected, then the question of determining the complexity of k-
coloring H-free graph is reduced to studying the complexity of coloring graphs with certain induced
paths excluded, and a significant body of work has been produced on this topic. Below we list a
few such results.

Theorem 2 ([I]). The 3-COLORING PROBLEM can be solved in polynomial time for the class of
P;-free graphs.

Theorem 3 ([4]). The k-COLORING PROBLEM can be solved in polynomial time for the class of
Ps-free graphs.

Theorem 4 ([5]). The 4-COLORING PROBLEM is N P-complete for the class of P;-free graphs.

Theorem 5 ([5]). For all k > 5, the k-COLORING PROBLEM is N P-complete for the class of Ps-free
graphs.



The only cases for which the complexity of k-coloring P;-free graphs is not known are k = 4,
t=6,and k=3,t> 8.
The main result of this paper is the following;:

Theorem 6. The 4-PRECOLORING EXTENSION PROBLEM can be solved in polynomial time for the
class of Pgs-free graphs.

In contrast, the 4-LIST COLORING PROBLEM restricted to Ps-free graphs is N P-hard as proved
by Golovach, Paulusma, and Song [6]. As an immediate corollary of Theorem |§|, we obtain that
the 4-COLORING PROBLEM for Ps-free graphs is also solvable in polynomial time. This proves a
conjecture of Huang [5], thus resolving the former open case above, and completes the classification
of the complexity of the 4-COLORING PROBLEM for graphs with a connected forbidden induced
subgraph.

1.1 Preliminary and Sketch of the Proof

We start with some notations. Let G be a graph. For X C V(G) we denote by G|X the subgraph
induced by G on X, and by G \ X the graph G|(V(G) \ X). If X = {z}, we write G \ x to mean
G \ {z}. For disjoint subsets A, B C V(G) we say that A is complete to B if every vertex of A is
adjacent to every vertex of B, and that A is anticomplete to B if every vertex of A is non-adjacent
to every vertex of B. If A = {a} we write a is complete (or anticomplete) to B to mean {a} that
is complete (or anticomplete) to B. If a ¢ B is not complete and not anticomplete to B, we say
that a is mized on B. Finally, if H is an induced subgraph of G and a € V(G) \ V(H), we say that
a is complete to, anticomplete to, or mized on H if a is complete to, anticomplete to, or mixed on
V(H), respectively. For v € V(G) we write Ng(v) (or N(v) when there is no danger of confusion)
to mean the set of vertices of G that are adjacent to v. Observe that since G is simple, v & N (v).
For A C V(Q), an attachment of A is a vertex of V(G) \ A complete to A. For B C V(G) \ A we
denote by B(A) the set of attachments of A in B. If F = G|A, we sometimes write B(F') to mean
B(V(F)).
Given a list assignment L for G, we say that the pair (G, L) is colorable if G is L-colorable. For
X C V(G), we write (G| X, L) to mean the list coloring problem where we restrict the domain of the
list assignment L to X. Let X C V(G) be such that |L(z)| = 1 for every z € X, and let Y C V(G).
We say that a list assignment M is obtained from L by updating Y from X if M(v) = L(v) for
every v ¢ Y, and M(v) = L(v) \ U en@nx{L(@)} for every v € Y. If Y = V(G), we say that
M is obtained from L by updating from X. If M is obtained from L by updating from X°(L), we
say that M is obtained from L by updating. Let L = Lo, and for ¢ > 1 let L; be obtained from
L;_1 by updating. If L; = L;_1, we say that L; is obtained from L by updating exhaustively. Since
0< > vevie) ILiw] < Xpevie [Li-1(v)] < 4|V(G)] for all j < i, it follows that i < 4[V(G)| and
thus L; can be computed from L in polynomial time.
An excellent starred precoloring of a graph G is a six-tuple P = (G, S, X0, X, Y™, f) such that
A) f:SUXp— {1,2,3,4} is a proper coloring of G|(S U Xp);
B) V(G)=SUXoUXUY™

(A)

(B)

(C) G|S is connected and no vertex in V(G) \ S is complete to S;

(D) every vertex in X has neighbors of at least two different colors (with respect to f) in S;
)

(E) no vertex in X is mixed on a component of G|Y*; and



(F) for every component of G|Y™*, there is a vertex in S U Xy U X complete to it.

We call S the seed of P. We define two list assignments associated with P. First, define Lp(v) =
{f(v)} for every v € SU Xy, and let Lp(v) = {1,2,3,4}\ (f(N(v)NS)) for v € SUXy. Second, Mp
is the list assignment obtained as follows. First, define M; to be the list assignment for G|(X U X))
obtained from Lp|{X U Xy} by updating exhaustively; let X1 = {z € X U Xy : |Mi(x1)| = 1}.
Now define Mp(v) = Lp(v) if v € X U Xo, and Mp(v) = My (v) if v € X U Xp. Let XO(P) =
XO(Mp). Then SU Xy C X°(P). A precoloring extension of P is a proper 4-coloring ¢ of G' such
that c(v) = f(v) for every v € S U Xo; it follows that Mp(v) = {c(v)} for every v € X°(P).
It will often be convenient to assume that Xo = X°(P) \ S, and this assumption can be made
without loss of generality. Note that in this case, Mp(v) = Lp(v) for all v € X. A subset @ of
X is orthogonal if there exist a,b € {1,2,3,4} such that for every ¢ € @Q either Mp(q) = {a,b}
or Mp(q) = {1,2,3,4} \ {a,b}. We say that P is orthogonal if N(y) N X is orthogonal for every
yeyYr

For an excellent starred precoloring P and a collection excellent starred £ of precolorings, we
say that £ is an equivalent collection for P (or that P is equivalent to L) if P has a precoloring
extension if and only if at least one of the precolorings in £ has a precoloring extension, and a
precoloring extension of P can be constructed from a precoloring extension of a member of £ in
polynomial time.

We break the proof of Theorem [f] into two independent parts. In one part, we reduce the
4-PRECOLORING EXTENSION PROBLEM for Fs-free graphs to determining if an excellent starred
precolorings of a Ps-free graph has a precoloring extension, and finding one if it exists. In fact,
we restrict the problem further, by ensuring that there is a universal bound (that works for all
4-precolorings of all Ps-free graphs) on the size of the seed of the excellent starred precolorings that
we need to consider. More precisely, we prove:

Theorem 7. There exists an integer C > 0 and a polynomial-time algorithm with the following
specifications.

Input: A j-precoloring (G, Xo, f) of a Ps-free graph G.

Output: A collection L of excellent starred precolorings of G such that

1. If for every P’ € L we can in polynomial time either find a precoloring extension of P’, or
determine that none ezists, then we can construct a 4-precoloring extension of (G, Xo, f) in
polynomial time, or determine that none exists:

2. L] < V(G| and
3. for every (G',S", X, X', Y*, f) € L,
o |5 <C;
e X)CS'UX(;
e G’ is an induced subgraph of G; and
o f'|Xo = fXo.
The proof of Theorem [7|is hard and technical, so we outline the idea here and leave the detailed
proof to the appendix. It consists of several steps. At each step we replace the problem that we

are trying to solve by a polynomially sized collection of simpler problems, where by “simpler” we
mean “closer to being an excellent starred precoloring”. The strategy at every step is to “guess”



(by exhaustively enumerating) a bounded number of vertices that have certain key properties, and
their colors, add these vertices to the seed, and show that the resulting precoloring is better than
the one we started with. The other part of the proof of Theorem [f] is an algorithm that tests
in polynomial time if an excellent starred precoloring (where the size of the seed is fixed) has a
precoloring extension. The goal of the present paper is to solve this problem. We prove:

Theorem 8. For every positive integer C there exists a polynomial-time algorithm with the follow-
ing specifications.

Input: An excellent starred precoloring P = (G, S, Xo, X, Y™, f) of a Ps-free graph G with |S| < C.

Output: A precoloring extension of P or a determination that none exists.

Clearly, Theorem [7]and Theorem [§] together imply Theorem [6] The proof of Theorem [§] consists
of several steps. At each step we replace the problem that we are trying to solve by a polynomially
sized collection of simpler problems, and the problems created in the last step can be encoded
via 2-SAT. Here is an outline of the proof. First we show that an excellent starred precoloring
P of a Ps-free graph G can be replaced by a polynomially sized collection L of excellent starred
precolorings of G that have an additional property (to which we refer as “being orthogonal”) and
P has a precoloring extension if and only if some member of £ does. Thus in order to prove
Theorem [8] it is enough to be able to test if an orthogonal excellent starred precoloring of a Ps-free
graph has a precoloring extension. Our next step is an algorithm whose input is an orthogonal
excellent starred precoloring P of a Pg-free graph G, and whose output is a “companion triple” for
P. A companion triple consists of a graph H that may not be Ps-free, but certain parts of it are, a
list assignment L for H, and a correspondence function h that establishes the connection between
H and P. Moreover, in order to test if P has a precoloring extension, it is enough to test if (H, L)
is colorable.

The next step of the algorithm is replacing (H, L) by a polynomially sized collection M of list
assignments for H, such that (H, L) is colorable if and only if there exists L' € £ such that (H, L’)
is colorable, and in addition for every L' € L the pair (H,L') is “insulated”. Being insulated
means that H is the union of four induced subgraphs Hi, ..., Hy, and in order to test if (H,L’) is
colorable, it is enough to test if (H;, L’) is colorable for each i € {1,2,3,4}. The final step of the
algorithm is converting the problem of coloring each (H;, L’) into a 2-SAT problem, and solving it
in polynomial time. Moreover, at each step of the proof, if a coloring exists, then we can find it,
and convert in polynomial time into a precoloring extension of P.

This paper is organized as follows. In Section 2] we produce a collection £ of orthogonal excellent
starred precolorings. In Section [3| we construct a companion triple for an orthogonal precoloring.
In Section {4] we start with a precoloring and its companion triple, and construct a collection M of
lists L’ such that every pair (H, L) is insulated. Finally, in Section [5| we describe the reduction to
2-SAT. Section [f] contains the proof of Theorem [§ and of Theorem [6] In the appendix, we give a
detailed proof of Theorem [7}

2  From Excellent to Orthogonal

Let P = (G, S, X0, X, Y™, f) be an excellent starred precoloring. For v € X U Y™, the type of v
is the set N(v) N'S. Thus the number of possible types for a given precoloring is at most 2151,
In this section we will prove several lemmas that allow us to replace a given precoloring by an
equivalent polynomially sized collection of “nicer” precolorings, with the additional property that



the size of the seed of each of the new precolorings is bounded by a function of the size of the seed
of the precoloring we started with. Keeping the size of the seed bounded allows us to maintain the
property that the number of different types of vertices of X U Y™ is bounded, and therefore, from
the point of view of running time, we can always consider each type separately.

For T C S we denote by Lp(T) the set {1,2,3,4} \ U,ep{f(v)}. Thus if v is of type T', then
Lp(v) =Lp(T). For T C S and U C X UY™ we denote by U(T') the set of vertices of U of type T

A subset @) of X is orthogonal if there exist a,b € {1,2,3,4} such that for every ¢ € @ either
Mp(q) ={a,b} or Mp(q) ={1,2,3,4}\{a, b}. Wesay that P is orthogonal if N(y)NX is orthogonal
for every y € Y*.

The goal of this section is to prove that for every excellent starred precoloring P of a Ps-free
graph G, there is a an equivalent collection £(P) of orthogonal excellent starred precolorings of G.
We start with a few technical lemmas.

Lemma 1. Let P = (G, S, Xo, X, Y™, f) be an excellent starred precoloring of a Pgs-free graph G.
Leti,j € {1,2,3,4} and k € {1,2,3,4} \ {4,j}. Let T;,T; be types such that Lp(T;) = {i,k} and
Lp(Ty) = {j,k}, and let z;, 2} € X(T;) and xj,2} € X(T}). Suppose that y;,y; € Y™ are such that
i, € Mp(y;) N Mp(y;), where possibly y; = y;. Suppose further that the only possible edge among
Ti, T, T, T 08 275, and y; s adjacent to x; and not to x;, and y; is adjacent to x’; and not to x;.
Then there does not exist y € Y* with i,j € Mp(y) and such that y is complete to {z;,z;} and
anticomplete to {x;, z}}.

Proof. Suppose such y exists. Since no vertex of X is mixed on a component of G|Y™, it follows
that y is anticomplete to {y;,y;}. Since z;,2; € X and i,k € Lp(T;), it follows that there exists
sj € T; with Lp(s;) = {j}. Similarly, there exists s; € T'j with Lp(s;) = {i}. Since i € Lp(T;) and
J € Lp(Tj), it follows that s; is anticomplete to {x;, 2;} and s; is anticomplete to {xj,x;}
Since i,j € Mp(yi) "Mp(y;) N Mp(y) it follows that {s;, s;} is anticomplete to {y;,y;,y}. Since
T, —Sj— T — Yy —Tj— S — x; (possibly shortcutting through x;z;) is not a Ps in G, it follows that
s; is adjacent to s;. If y; is non-adjacent to a:;., and y; is non-adjacent to z}, then y; # y;, and since
P is excellent, y; is non-adjacent to y;, and so y; — x} — sj — 8; — :1:; —y; is a P, a contradiction, so
sj —x; —y is a Ps, a contradiction.

we may assume that y; is adjacent to ;. But now z; —y; — x{ —
This proves Lemma O

Lemma 2. Let P = (G, S, X0, X, Y™, f) be an excellent starred precoloring of a Ps-free graph G.
Let {i,7,k, 1} = {1,2,3,4}. Let T;,T; be types such that Lp(T;) = {i,k} and Lp(Tj) = {j,k},
and let x;,x; € X(T;) and xj,2% € X(Tj). Let yj,y: € Y* with i,1 € Mp(y;) N Mp(y}), and let
yg, yg € Y* with j,1 € Mp(yg) N Mp(yg), where possibly yt = y} and y{ = yg Assume that

e some component C; of G|Y™* contains both y;,yi,

e some component Cj of G|Y™* contains both y;ay;;

for every t € {i,j} there is a path M in Cy from y} to yi with I € Mp(u) for everyu € V(M);

the only possible edge among x;, x;, xj, ¥’ is T;xj;
° yf,yf are adjacent to x; and not to x;;
° y?, y; are adjacent to :L‘; and not to x;.

Then there do not exist y',y’ € Y* with i,1 € Mp(y*), j,1 € Mp(y’) and such that



e some component C of G|Y* contains both y* and y’, and
e | € Mp(u) for every u € V(C), and
o {y',y7} is complete to {x;,x;} and anticomplete to {x}, z';}.

Proof. Suppose such 4,17 exist. Since P is an excellent starred precoloring, no vertex of X is mixed
on a component of G|Y*, and therefore V(C) is anticomplete to V(C;) U V(Cj). Since z;,z, € X
and i,k € Lp(T;), it follows that there exists s; € T; with Lp(s;) = {j}. Similarly, there exists
s; € Tj with Lp(s;) = {i}. Since ¢ € Lp(T;) and j € Lp(T}), it follows that s; is anticomplete to
{zi,7;} and s; is anticomplete to {z;,2’}. Since i € Mp(y") N Mp(yi) N Mp(y;»), it follows that s;
is anticomplete to {y*, !, y;}, and similarly s; is anticomplete to {y7, yf , y;}

First we prove that s; is adjacent to sj. Suppose not. Since z} — s; — x; — x; — 8§ — x; is
not a P in G, it follows that z; is non-adjacent to x;. But now xh — sj —x; —y —x; — 8 or

/ y ] . . . . . . .
T = 8 — T — Yy’ —s; —x;isa Fsin G, a contradiction. This proves that s; is adjacent to s;.

If y/ is adjacent to a’;, then z; — yf — a2l —sj—x; —y’ is a Pg, a contradiction. Therefore s
non-adjacent to y!, and therefore x; is anticomplete to C;. Similarly, « is anticomplete to C;. In
particular it follows that C; # C;.

Since Lp(Tj) = {i,k} there exists s; € S with Lp(s;) = {I} such that s; is complete to
X(Tj). Since | € Mp(y) for every y € {yf,yf-,y;,y;,yi,yj}, it follows that s; is anticomplete to
{viyl, y;-, Y7, v,y }. Recall that x;, ¥ € X(T;), and so no vertex of S is mixed on {x;, z;}. Similarly

no vertex of S is mixed on {x;, l‘;} If s is anticomplete to {z;, z}}, then one of y/ — 2} —s; — s, —
/
J

/
. j .
Since y! — a} — s; — 8; — xl — yj is not a P, it follows that either s; is adjacent to y!, or s; is

T yj, x,—sj—x;—y —x;— 8, xh—sj—x —x; — s —a; is a Ps, so s; is complete to {z;, 2} }.

adjacent to yj We may assume that s; is adjacent to Y.
Let M be a path in C; from y] to y! with [ € Mp(u) for every u € V(M). Since s; is adjacent
to y! and not to y], there is exist adjacent a,b € V(M) such that s; is adjacent to a and not to

b. Since | € Mp(u) for every u € V(M), it follows that s; is anticomplete to {a,b}. But now if

s; is non-adjacent to s;, then b —a — s; — x; — 5 — x; is a Pg, and if s; is adjacent to s;, then

b—a—s;—s — x; — yj is a Pg; in both cases a contradiction. This proves Lemma ]

Let P = (G,S, Xy, X,Y*, f) be an excellent starred precoloring of a Ps-free graph G. Let
S"C X, and let Xj C XUY™ Let f': SUXoUS"UX{ — {1,2,3,4} be such that f'|(SU X) =
fI(SUXp) and (G, SUXoUS"UX(, f') is a 4-precoloring of G. Let X" be the set of vertices x of
X \ X{/ such that = as a neighbor z € S” with f/(z) € Mp(z). Let

§'=S5us”
X)=XoUX"UX{
X' =X\ (X"US"UXy)
Y =Y*\ Xj.

We say that P’ = (G, S, X{), X', Y*'| f') is obtained from P by moving S” to the seed with colors
(8", and moving X{| to Xo with colors f'(X{/). Sometimes we say that “we move S” to S with
colors f'(S"), and X{ to Xy with colors f'(X{)”.

In the next lemma we show that this operation creates another excellent starred precoloring.



Lemma 3. Let P = (G, S, X0, X, Y™, f) be an excellent starred precoloring of a Ps-free graph
G. Let 8" C X and X[l C X UY™*, and let ', X}, X", Y*'| f' be as above. Then either P' =
(G, S, X}, X', Y* | f') is an excellent starred precoloring.

Proof. We need to check the following conditions:
1. f:S"U X} — {1,2,3,4} is a proper coloring of G|(S" U X{));
2. V(@) =S UXjuXxX' uy*,
3. G|S’ is connected and no vertex in V(G) \ S’ is complete to S’;
4. every vertex in X’ has neighbors of at least two different colors (with respect to f’) in S’;
5. no vertex in X’ is mixed on a component of G|Y*'; and
6. for every component of G|Y*'| there is a vertex in S’ U X{j U X’ complete to it.
Next we check the conditions.
1. holds by the definition of P’.
2. holds since S’ U X, UX'UY* =SUXoUX UY™

3. G|S’ is connected since G|S is connected, and every z € S” has a neighbor in S. Moreover,
since no vertex of V(G)\ S is complete to S, it follows that no vertex of V/(G)\ S’ is complete
to S’

4. follows from the fact that X’ C X.
5. follows from the fact that Y* C Y* and X’ C X.
6. follows from the fact that Y* C Y* and SU X, C 5" U X{.
O

Let P = (G, S, X0, X,Y™, f) be an excellent starred precoloring. Let i, € {1,2,3,4}. Write
Xij = {x € X such that Mp(z) = {i,j}}. For y € Y* let Cp(y) (or C(y) when there is no danger
of confusion) denote the vertex set of the component of G|Y™* that contains y.

Let P = (G, S, X, X, Y™, f) be an excellent starred precoloring, and let {3, j, k,l} = {1,2,3,4}.
We say that P is kl-clean if there does not exist y € Y* with the following properties:

e i,7 € Mp(y), and
e there is u € C(y) with kK € Mp(u), and
e y has both a neighbor in X;;, and a neighbor in Xj;.

We say that P is clean if it is kl-clean for every k,l € {1,2,3,4}.
We say that P is kl-tidy if there do not exist vertices y;,y; € Y™ such that

L IS MP(yl)v .] S MP(y])7 and
e C(y;) = C(y;), and

e there is a path M from y; to y; in C such that [ € Mp(u) for every u € V(M), and

7



o there is u € V(C') with k € Mp(u), and
e y; has a neighbor in X}; and a neighbor in Xj;

Observe that since no vertex of X is mixed on an a component of G|Y™, it follows that N (y;) N Xy,
is precisely the set of vertices of Xj; that are complete to C'(y;), and an analogous statement holds
for Xj;. We say that P is tidy if it is ki-tidy for every k,1 € {1,2,3,4}.

We say that P is kl-orderly if for every y in Y* with {i,j} C Mp(y), N(y) N X;x is complete to
N(y) N X,i. We say that P is orderly if it is kl-orderly for every k,l € {1,2,3,4}

Finally, we say that P is kl-spotless if no vertex y in Y* with {7, j} C Mp(y) has both a neighbor
in X, and a neighbor in Xj;,. We say that P is spotless if it is kl-spotless for every k,l € {1,2, 3,4}

Our goal is to replace an excellent starred precoloring by an equivalent collection of spotless
precolorings. First we prove a lemma that allows us to replace an excellent starred precoloring with
an equivalent collection of clean precolorings.

Lemma 4. There is a function q : N — N such that the following holds. Let G be a Ps-free graph,
and let P = (G, S, Xo, X, Y™, f) be an excellent starred precoloring of G. Then there is an algorithm
with running time O(|V (G)|2USD) that outputs a collection L of excellent starred precolorings of G
such that:

L] < [V(G)[205D;

S| < q(|S]) for every P' € L;
| y

every P’ € L is kl-clean for every (k,l) for which P is kl-clean;
e cvery P’ € L is 14-clean;
e L is an equivalent collection for P.

Proof. Without loss of generality we may assume that Xo = X°(P)\ S. Thus Lp(z) = Mp(x)
for every z € X. We may assume that P is not 14-clean for otherwise we may set £ = {P}. Let
Y be the set of vertices of Y* with 2,3 € Mp(y) and such that some u € C(y) has 1 € Mp(u).
Let T4,...,T, be the subsets of S with Lp(Ts) = {1,2} and Tp41,..., T, the subsets of S with
Lp(Ts) = {1,3}. Let Q be the collection of all m-tuples

((S1,@1),(52,Q2), - - -, (Sm, Qm))
where for every r € {1,...,m}
e S, C X(T}) and |S,| € {0,1},
o if S, =0, then Q, =0
e S, ={x,} then Q, = {y} where y € Y N N(x,).

For Q € Q construct a precoloring Py as follows. Let » € {1,...,m}. We may assume that
r<p.

e Assume first that S, = {z,}. Then @, = {y,}. Move {z,} to the seed with color 1, and for
every y € Y such that N(y) N X (7,) C N(y,) N X(T,) \ {z,}, move N(y) N X(T,) to Xy with
the unique color of Lp (7)) \ {1}.



e Next assume that S, = (). Now for every y € Y move N(y) N X (7,) to Xy with the unique
color of Lp(T;)\ {1}.

In the notation of Lemma if the precoloring of G|(X{;US’) thus obtained is not proper, remove @
form Q. Therefore we may assume that the precoloring is proper. Repeatedly applying Lemma [3]
we deduce that Py is an excellent starred precoloring. Observe that Y*' = Y*. Since X’ C X and
Y* =Y*, it follows that if P is kl-clean, then so is Fg.

Now we show that Pg is 14-clean. Let Y be the set of vertices y of Y* such that 2,3 € Mp, (y)
and some vertex u € C(y) has 1 € Mp,(u). Observe that Y’ C Y. It is enough to check that
no vertex of Y’ has both a neighbor in X/, and a neighbor in X/,. Suppose this is false, and
suppose that y € Y’ has a neighbor 22 € X{, and a neighbor z3 € X{;. Then x5 € Xj2 and
z3 € X13. We may assume that zo € X(77) and 23 € X (Tp41). Since z2,23 & XO(PQ), it follows
that both S1 # 0 and Sp11 # 0, and therefore Q1 # 0 and Qp41 # 0. Write St = {24}, Q1 = {2},
Spr1 = {x3} and Qpy1 = {y3}. Since some u € C(y) has 1 € Mp,(u), and since xy, x5 are not
mixed on C(y), it follows that y is anticomplete to {z},x4}. Again since zo & X"(Pg), it follows
that N(y) N X(T1) € N(y2) N X(11), and so we may assume that zo € N(y2). Similarly, we may
assume that x3 ¢ N(y3). But now the vertices g, z, x3, 2%, y2,y3,y contradict Lemma This
proves that Pg is 14-clean.

Since S’ = S U, S, and since m < 2191, it follows that [S'| < |S|+m < |S] + 2/5].

Let L= {Py : Q € Q}. Then |£| < |[V(G)]*™ < |V(G)\2|S‘+l. We show that £ is an equivalent
collection for P. Since every P’ € L is obtained from P by precoloring some vertices and updating,
it is clear that if ¢ is a precoloring extension of a member of £, then c is a precoloring extension of
P. To see the converse, let ¢ be a precoloring extension of P. For every ¢ € {1,...,m} define S;
and @; as follows. If no vertex of Y has a neighbor z € X (T;) with ¢(z) =1, set S; = Q; = 0. If
some vertex of Y has neighbor € X(T;) with ¢(x) = 1, let y be a vertex with this property and
in addition with N(y) N X(7;) minimal; let = € X(T;) N N(y) with ¢(z) = 1; and set Q; = {y}
and S; = {x}. Let Q@ = ((S1,Q1),- .., (Sm,Qm)). We claim that c is a precoloring extension of Py.
Write Py = (G, 5", X(, X', Y, f'). We need to show that c(v) = f’(v) for every v € S’ U X{. Since
¢ is a precoloring extension of P, it follows that c¢(v) = f(v) = f'(v) for every v € S U Xj. Since
S'\S =", Ss and c(v) = f'(v) =1 for every v € |Ji-, Ss, we deduce that c(v) = f'(v) for every
v € S'. Finally let v € X\ Xo. It follows that v € X, f’(v) is the unique color of Mp(v) \ {1},
and there are three possibilities.

1. 1 € Mp(v) and v has a neighbor in (J.-, Ss, or

2. there is i € {1,...,m} with S; = {z;} and Q; = {y;}, and there is y € Y* such that
N(y) N X(Ti) € (N(yi) N X(T3)) \ {i}, and v € N(y) N X(T;), or

3. thereis i € {1,...,m} with S; = Q; = 0, and there is y € Y* such that v € N(y) N X(T;).
We show that in all these cases c¢(v) = f/(v).
1. Let z € |JJ-; Ss. Then ¢(z) = 1, and so ¢(v) # 1, and thus c(v) = f'(v).

)
2. By the choice of y; and since N(y) N X (T;) C (N(y;) N X(T;)) \ {z;}, it follows that c(u) # 1
for every u € N(y) N X(T;), and therefore c(v) = f/(v).

3. Since S; = 0, it follows that for every y' € Y* and for every u € N(y') N X(T;) we have that
c(u) # 1, and again c(v) = f'(v).

This proves that c is a precoloring extension of Pp, and completes the proof of Lemma @ O
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Repeatedly applying Lemma [] and using symmetry, we deduce the following:

Lemma 5. There is a function q : N — N such that the following holds. Let G be a Pgs-free graph.
Let P = (G, S, Xo, X, Y™, f) be an excellent starred precoloring of G. Then there is an algorithm
with running time O(|V (G)|9USD) that outputs a collection L of excellent starred precolorings of G
such that:

o ] < V(@[S

o |S'| < q(|S]) for every P' € L;

e cvery P’ € L is clean;

e L is an equivalent collection for P.

Next we show that a clean precoloring can be replaced with an equivalent collection of precol-
orings that are both clean and tidy.

Lemma 6. There is a function q : N — N such that the following holds. Let G be a Ps-free graph.
Let P = (G, S, Xo, X, Y™, f) be a clean excellent starred precoloring of G. Then there is an algorithm
with running time O(|V (G)|2USD) that outputs a collection L of excellent starred precolorings of G
such that:

o L] < V(G)|IED;

|S"| < q(|S|) for every P' € L;

e cvery P’ € L is clean;

e cvery P’ € L is kl-tidy for every k,l for which P is kl-tidy;
o cvery P’ € L is 14-tidy;

e L is an equivalent collection for P.

Proof. Without loss of generality we may assume that X = X°(P)\ S, and thus Lp(z) = Mp(x)
for every x € X. We may assume that P is not 14-tidy for otherwise we may set £ = {P}. Let YV
be the set of all pairs (y2,y3) with y2,ys3 € Y* such that

® 2€ Mp(y2), 3 € Mp(ys3),

e yo,y3 are in the same component C' of G|Y™*,

e there is a path M from ys to y3 in C such that 4 € Mp(u) for every u € V(M ), and
e for some u € V(C), 1 € Mp(u),

Let T1,...,T, be the subsets of S with Lp(Ts) = {1,2} and let T,11,..., T, be the subsets of
S with Lp(Ts) = {1,3}. Let Q be the collection of all m-tuples

((Sla Ql)’ (SZa Q2)’ ) (Sn% Qm))

where for r € {1,...,m}

e S. C X(T,) and |S,| € {0,1},
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e if S, =0, then Q, =0
o S, ={x,} then Q, = {(v5, y5)} where (y5,y%) € Y and =, is complete to {y5,v5}.

For Q € Q construct a precoloring Py = (GQ,SQ,X(?,XQ,YQ,]‘Q) as follows. Let r €
{1,...,m}; for r =1,...,m, we proceed as follows.

e Assume first that S, = {x,}. Then Q, = {(y5,v5)}. Move x, to the seed with color 1, and for
every (y2,ys) € ¥ such that N(ys) 1 X(T,) € N(y5) N (X(T,) \ {zr}), move N(ya) 1 X(T;)
to Xo with the unique color of Lp(T}) \ {1}.

e Next assume that S, = (). Now for every y € Y move N(y) N X (7T,) to Xy with the unique
color of Lp(T}) \ {1}.

In the notation of Lemma if the precoloring of G|(X{;US’) thus obtained is not proper, remove @
form Q. Therefore we may assume that the precoloring is proper. Repeatedly applying Lemma [3]
we deduce that P is an excellent starred precoloring. Observe that Y@ = Y*, M Po(y) € Mp(y)
for every y € Y, and Mp,(z) = Mp(z) for every x € X9\ XO(Pg). It follows that Py is clean,
and that if P is kl-tidy, then so is Pp.

Now we show that Pp is 14-tidy. Suppose that there exist y2,y3 € Y@ that violate the definition
of being 14-tidy. Let zo € XlQ2 and x3 € X% be adjacent to s, say, and therefore complete to
{ya,y3}. We may assume that x5 € X(T1) and x3 € X(T,41). Since x2, 73 € X°(Pg), it follows that
both S1 # () and Sp11 # 0, and therefore Q1 # 0 and Q11 # 0. Write S1 = {xh}, Q1 = {(v3,%3)},
Sp+1 = {24} and Qpr1 = {13, 3}

Since there is a vertex u in the component of G|Y? containing ys,ys with 1 € M po(u), and
since no vertex of X is mixed on a component of Y*, it follows that {y2,y3} is anticomplete to
{fy, x4}, Since z2 & X°(Py), it follows that N(y2) N X(T1) € N(y3) N (X(T1) \ {z4}), and so we
may assume that zo ¢ N(y3). Similarly, we may assume that x3 ¢ N(y3). But now, since no vertex
of X is mixed on a component of Y*, we deduce that the vertices xo, 25, z3, 25, v3, Y3, yg, yg’, Y2, Y3
contradict Lemma [2l This proves that Pp is 14-tidy.

Since S = SUU", S;, and since m < 2151 it follows that | S| < |S|+m < |S| + 215

Let £L={Pgy : Q€ Q}. Then |£]| < |[V(G)]P™ < \V(G)\?’XZ‘Sl. We show that £ is an equivalent
collection for P. Since every P’ € L is obtained from P by precoloring some vertices and updating,
it is clear that every precoloring extension of a member of L is a precoloring extension of P. To
see the converse, suppose that P has a precoloring extension c. For every ¢ € {1,...,m} define S;
and @Q; as follows. If there does not exist (y3,y3) € Y such that some x € X (T;) with c¢(z) = 1 is
complete to {y3,y3}, set S; = Q; = ). If such a pair exists, let (y3,y3) be a pair with this property
and subject to that with the set N(y32) N X (7;) minimal; let + € X (T;) be complete to {y2,v3}
and with ¢(x) = 1; and set Q; = {(y3,93)} and S; = {x}. Let Q = ((S1,Q1),---,(Sm,Qm)). We
claim that c is a precoloring extension of Pgy. Write Py = (G, S, X}, X', Y’, f'). We need to show
that c(v) = f/(v) for every v € S’ U X{,. Since ¢ is a precoloring extension of P, it follows that
c(v) = f(v) = f'(v) for every v € SU X. Since S\ S = J-, Ss and ¢(v) = f'(v) =1 for every
v e Ui, Ss, we deduce that ¢(v) = f'(v) for every v € S’. Finally let v € X\ Xo. Then v € X,
f/(v) is the unique color of Mp(v) \ {1}, and there are three possibilities.

1. 1 € Mp(v) and v has a neighbor in (J,-, Ss, or

2. thereis i € {1,...,m} with S; = {z;} and Q; = {(y?,v})}, and there exists (y2,y3) € Y such
N(y2) N X(T;) € X(T3) N (N (y7) \ {wi}), or
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3. there is i € {1,...,m} with S; = @; = 0, and there exists (ya,y3) € Y such that v €
X(T;) N N(y2).

We show that in all these cases ¢(v) = f/(v).
1. Let z € |JJ-; Ss. Then ¢(z) = 1, and so ¢(v) # 1, and thus c(v) = f'(v).

2. By the choice of y2,y3 and since N(y2) N X(T;) C (N(y?) N X(T3)) \ {xi}), it follows that
c(u) # 1 for every u € N(y2) N X(T;), and therefore c(v) = f'(v).

3. Since S; = 0, it follows that for every (y2,y3) € Y and for every u € N(y2) N X (7T;) we have
c(u) # 1, and again c(v) = f(v).

This proves that c is an extension of Pp, and completes the proof of Lemma @ O
Repeatedly applying Lemma [6] and using symmetry, we deduce the following:

Lemma 7. There is a function ¢ : N — N such that the following holds. Let G be a Ps-free graph.
Let P = (G, S, Xo, X, Y™, f) be a clean excellent starred precoloring of G. Then there is an algorithm
with running time O(|V(G)|2USD) that outputs a collection L of excellent starred precolorings of G
such that:

o L] < |V(G)alsh;

o |S'| < q(|S]) for every P' € L;

e cvery P’ € L is clean and tidy;

e L is an equivalent collection for P.

Our next goal is to show that a clean and tidy precoloring can be replaced with an equivalent
collection of orderly precolorings.

Lemma 8. There is a function q : N — N such that the following holds. Let G be a Ps-free graph.
Let P = (G, S, X0, X, Y™, f) be a clean, tidy starred precoloring of G. Then there is an algorithm
with running time O(|V (G)|9USD) that outputs a collection L of excellent starred precolorings of G
such that:

o L] <|V(G)[105D;

S| < q(|S]) for every P’ € L;
|

every P’ € L is clean and tidy;

every P' € L is kl-orderly for every (k,l) for which P is kl-orderly;
o cvery P’ € L is 14-orderly;
e P is equivalent to L.

Proof. Without loss of generality we may assume that Xq = X°(P), and so Lp(z) = Mp(z) for
every © € X. We may assume that P is not 14-orderly for otherwise we may set £L = {P}. Let
Y = {y € Y* such that {2,3} € Mp(y)}. Let T3,...,T), be the types with L(Ts) = {1,2} and
Tp+1,- -, Ty the types with L(T,) = {1,3}. Let Q be the collection of all p(m — p)-tuples of pairs
(S:,Q ) withi e {1,...,p} and j € {p+1,...,m}, where
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e 5;,Q; CY;

o ISi,1Qs] € 0,1}

o if N(S;)NX(T;) =0, then S; = 0;

o if N(Q;) N X (T;) =0, then Q; = 0.

For @) € Q construct a precoloring Py as follows. Let i € {1,...,p} and j € {p+1,...,m}.

e Assume first that S; = {y;} Q; = {y;}. If there is an edge between N(y;) N X (7;) and
N(y;) N X(T}), remove @ from Q. Now suppose that N(y;) N X(T;) is anticomplete to
N(y]) NX(Tj). Move T' = (N(y;) N X (T;)) U(N(y;) N X(T})) into Xy with color 1. For every
y € Y complete to T" and both with a neighbor in X (7;) \ 7" and a neighbor in X (7}) \ T,
proceed as follows: if 4 € Mp(y), move y to Xy with color 4; if 4 & Mp(y), remove @ from
Q.

e Next assume that exactly one of S;,Q; is non-empty. By symmetry we may assume that
Si = {yi} and Q; = 0. Move T' = N(y;) N X(T;) into Xy with color 1. For every y € YV
complete to T and both with a neighbor in X (7;) \ 7" and a neighbor in X (7}), proceed as
follows: if 4 € Mp(y), move y to Xy with color 4; if 4 &€ Mp(y), remove @ from Q.

e Finally assume that S; = Q; = . For every y € Y with both a neighbor in X(7;) and a
neighbor in X (7}), proceed as follows: if 4 € Mp(y), move y to Xy with color 4; if 4 & Mp(y),
remove @ from O.

Let Q € Q, and let Py = (G, S, X}, X', Y* | f/). Since X’ C X, Y’ C Y* and Mp,(v) € Mp(v) for
every v, it follows that Py is excellent, clean, tidy, and that for k,1 € {1,2,3,4}, if P is ki-orderly,
then Pg is kl-orderly.

Next we show that Py is 14-orderly. Suppose that some y € Y has a neighbor in zp € X7,
and a neighbor in x3 € X{3 such that xo is non-adjacent to x3. Then x9 € Xi2 and x3 € Xi3.
We may assume that z2 € X (T1) and 23 € X (Tp41). Since zo2, 23 ¢ X°(Pgp), it follows that both
S1# 0 and Qpr1 # 0. Let S1 = {y2} and Qp41 = {y3}. Since z9,z3 ¢ XO(PQ) it follows that ys is
non-adjacent to zo, and y3 is non-adjacent to z3. Since y & X O(PQ), we may assume by symmetry
that there is 2, € N(y2) N X (T1) such that y is non-adjacent to x5. Let zf € N(y3) N X (Tpt1).
Since z2, 23,y & X°(Pg), it follows that {x}, x4} is anticomplete to {x9,z3}. By the construction
of @, 24 is non-adjacent to x%. By Lemma [l| y is adjacent to z%. Since Lp(T1) = {1,2}, there is
s3 € S complete to X (71). Since 3 € Mp,(y) N Lp(y2) N Lp(ys) N Lp(zz) N L(x3), it follows that s3
is anticomplete to {y, y2,ys, x3, 25 }. Similarly, since Lp(T,+1) = {1, 3}, there is so € S complete to
X (Tpy1)- Since 2 € Mp,(y) N Lp(y2) N Lp(ys) N Lp(w2) N Lp(ry), it follows that so is anticomplete
to {y, y2,y3, x2,xh}. Since yo — ah — s3 — x2 —y — t is not a Py for ¢ € {3, x4}, it follows that yo
is complete to {z3,z4}. Since y3 — a5 — y — x9 — s3 — f, is not a Py, it follows that ys is adjacent
to at least one of xg,x}. Since the path zo —y — 23 — y2 — 2%, cannot be extended to a Py via ys,
follows that y3 is complete to {za, zh}. But now sg — x5 —y — g — y3 — @ is a Ps, a contradiction.
This proves that Pg is 14-orderly.

Observe that S’ = S, and so |S’| = |S|. Observe also that also that p(m — p) (%) and since
m < 251 it follows that p(m — p) < 2215172, Let £L = {Py : Q € Q}. Now |£] < |V(G)[?>"P) <

2|5|—1
V(G

We show that £ is an equivalent collection for P. Since every P’ € L is obtained from P by

precoloring some vertices and updating, it is clear that if ¢ is a precoloring extension of a member
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of L, then c is a precoloring extension of P. To see the converse, suppose that P has a precoloring
extension c. For every i € {1,...,p} and j € {p+1,...,m} define S; and Q; as follows. If every
vertex of Y has a neighbor x € X (T;) with ¢(x) # 1, set S; = 0, and if every vertex of Y has a
neighbor = € X (Tj) with c¢(z) # 1, set Q; = (). If some vertex of ¥ has no neighbor z € X (T;)
with ¢(z) # 1, let y; be a vertex with this property and in addition with N(y) N X (7;) maximal;
set S; = {y;}. If some vertex of Y has no neighbor z € X (T}) with c(x) # 1, let y; be a vertex with
this property and in addition with N(y) N X (7;) maximal; set Q; = {y;}. We claim that ¢ is a
precoloring extension of Py. Write Py = (G, S, X, X', Y, f'). We need to show that c(v) = f/(v)
for every v € S U X{j. Since ¢ is a precoloring extension of P, and since S = 5, it follows that
c(v) = f(v) = f'(v) for every v € S’ U Xy. Let v € X\ Xo. It follows that either

1. Si={yih Q; = {y;}, and v € X and v € (N(ys) N X(T3)) U (N(y;) N X(T))) and f/(v) = 1,

or

2. Si ={ui}, Q; ={yj}, v €Y, vis complete to (N(y;) N X (T;)) U (N(y;) N X(T})), v has both
a neighbor in X (7;) \ N(y;) and a neighbor in X (7}) \ N(y;), and f'(v) =4, or

3. (possibly with the roles of ¢ and j exchanged) S; = {y;}, @; = 0, and v € X and v €
N(y:) N X(T;), and f'(v) = 1, or

4. (possibly with the roles of i and j exchanged) S; = {y;}, Q; = 0, v € Y, v is complete to
N(y;)NX(T;), v has both a neighbor in X (7;) \ N(y;) and a neighbor in X (Tj), and f’(v) = 4,
or

5. S; =Q; =0, v €Y, v has both a neighbor in X (7;) and a neighbor in X (Tj), and f'(v) = 4.
We show that in all these cases c¢(v) = f'(v).

1. By the choice of y;,y;, c(u) = 1 for every u € (N(y;) N X(T3)) U (N(y;) N X(T})), and so
(v) = 1'(0).
2. It follows from the maximality of y;, y; that v has both a neighbor o € X (T;) with c(x2) = 2

and a neighbor 3 € X (Tj) with ¢(x3) = 3. Since P is clean, it follows that 1 & Mp(v), and
therefore c(v) = 4.

3. By the choice of y;, c¢(u) =1 for every u € N(y;) N X(T;), and so c(v) = f'(v).

4. Tt follows from the maximality of y; that v has a neighbor x9 € X (T;) with ¢(z2) = 2. Since
Q; = 0, v has a neighbor z3 € X(7};) with ¢(z3) = 3. Since P is clean, it follows that
1 ¢ Mp(v), and so ¢(v) = 4.

5. Since S; = Q; = 0, it follows that v has both a neighbor o € X (T;) with ¢(z2) = 2, and
a neighbor z3 € X(T}) with ¢(x3) = 3. Since P is clean, it follows that 1 ¢ Mp(v), and so
c(v) = 4.

This proves that c is an extension of Fp, and completes the proof of Lemma O
Repeatedly applying Lemma [§] and using symmetry, we deduce the following:

Lemma 9. There is a function q : N — N such that the following holds. Let G be a Ps-free graph.
Let P = (G,S, X0, X, Y*, f) be a clean and tidy excellent starred precoloring of G. Then there
is an algorithm with running time O(|V (G)|1U5)) that outputs a collection L of excellent starred
precolorings of G such that:
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o L] <|V(G)[0sD;

o |S'| < q(|S]) for every P' € L;

e cvery P’ € L is clean, tidy and orderly;
e P is equivalent to L.

Next we show that a clear, tidy and orderly excellent starred precoloring can be replaced by an
equivalent collection of spotless precolorings.

Lemma 10. There is a function q : N — N such that the following holds. Let G be a Pg-free
graph. Let P = (G, S, X9, X, Y™, f) be a clean, tidy and orderly excellent starred precoloring of G.
Then there is an algorithm with running time O(|V (G)|9USD) that outputs a collection L of excellent
starred precolorings of G such that:

o 2] < V(G)|ID;

|S"| < q(|S|) for every P' € L;

e cvery P’ € L is clean, tidy and orderly;

o cvery P’ € L is kl-spotless for every (k,l) for which P is kl-spotless;
e cvery P’ € L is 14-spotless;

e P is equivalent to L.

Proof. The proof follows closely the proof of Lemma [8] deviating from it only when we show that
every P' € L is 14-spotless. Without loss of generality we may assume that Xo = X°(P), and
so Lp(x) = Mp(z) for every x € X. We may assume that P is not 14-spotless for otherwise we
may set £L = {P}. Let Y = {y € Y* such that {2,3} C Mp(y)}. Let T1,...,T, be the types
with L(Ts) = {1,2} and Tpy1,..., T the types with L(Ts) = {1,3}. Let Q be the collection of
all p(m — p)-tuples (P;,Q;) with i € {1,...,p} and j € {p+1,...,m}, where S;,Q; C Y and
P, 1Qil € {0,1}.
For Q € Q construct a precoloring Py as follows. Let i € {1,...,p} and j € {p+1,...,m}.

e Assume first that S; = {y;} Q; = {y;}. If there is an edge between N(y;) N X(T;) and
N(y;) N X(T}), remove @ from Q. Now suppose that N(y;) N X(T;) is anticomplete to
N(y;)NX(T;). Move T' = (N (y;) N X(T3)) U (N(y;) N X(T})) into X with color 1. For every
y € Y complete to T and both with a neighbor in X(7;) \ 7" and a neighbor in X (7j) \ 7,
proceed as follows: if 4 € Mp(y), move y to Xy with color 4; if 4 & Mp(y), remove @ from

Q.

e Next assume that exactly one of S;,Q); is non-empty. By symmetry we may assume that
Si = {yi} and Q; = 0. Move T' = N(y;) N X(T;) into X, with color 1. For every y € YV’
complete to 7" and both with a neighbor in X (7;) \ T" and a neighbor in X (7}), proceed as
follows. If 4 € Mp(y), move y to Xy with color 4; if 4 € Mp(y), remove @ from Q.

e Finally assume that S; = S; = (. For every y € Y with both a neighbor in X(7;) and a
neighbor in X (7}), proceed as follows: if 4 € Mp(y), move y to Xo with color 4; if 4 ¢ Mp(y),
remove @ from Q.
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Let Q € Q, and let Py = (G, S, X{, X0, Y*, f'). If f'is not a proper coloring of G|(S" U X}),
remove @ from Q. Since X' C X, Y’ C Y™ and Mp,(v) € Mp(v) for every v, it follows that Py
is excellent, clean, tidy and orderly, and that for k,1 € {1,2,3,4}, if P is ki-spotless, then Py is
kl-spotless.

Next we show that P is 14-spotless. Suppose that some y € Y has a neighbor in z3 € X7,
and a neighbor in z3 € X{5. Then z9 € X2 and x3 € X13. We may assume that xo € X (77) and
x3 € X(Tp41). Since x9, 23 € XO(Pg), it follows that both S; # ) and Qp+1 # 0. Let S1 = {ya}
and Qp+1 = {y3}. Since x9,z3 ¢ XO(PQ), it follows that ys is non-adjacent to x5, and y3 is non-
adjacent to x3. Since y & X%(Pg), we may assume by symmetry that there is x5 € N(y2) N X (T1)
such that y is non-adjacent to x. Let 2% € N(y3) N X (Tp11). Since z2, 23 ¢ X°(Pyp), it follows that
{xh, 24} is anticomplete to {2, z3}. By the construction of @, zf, is non-adjacent to 5. Now, since
G is orderly, y is non-adjacent to z%, contrary to Lemma (1| This proves that Py is 14-spotless.

Observe that S = S’, and so |S| = |S’|. Observe also that also that p(m —p) < (%)2, and since
m < 281 it follows that p(m — p) < 2215172, Let £ = {Py : Q € Q}. Now |£] < |[V(G)[?"P) <

V(G
The remainder of the proof follows word for word the proof of Lemma [8) and we omit it. This
proves that Pg has a precoloring extension, and completes the proof of Lemma O

Observe that if an excellent starred precoloring is spotless, then it is clean and orderly. Repeat-
edly applying Lemma [10| and using symmetry, we deduce the following;:

Lemma 11. There is a function q : N — N such that the following holds. Let G be a Pg-free
graph. Let P = (G, S, X9, X, Y™, f) be a clean, tidy and orderly excellent starred precoloring of G.
Then there is an algorithm with running time O(|V (G)|9USD) that outputs a collection L of excellent
starred precolorings of G such that:

o L] < |V(G)ash;

e |S'| < q(|S]) for every P’ € L;

e cvery P’ € L is tidy and spotless;
e P is equivalent to L.

We now summarize what we have proved so far. Let P = (G, S, Xo, X, Y™, f) be an excellent
starred precoloring of a Ps-free graph G. We say that y € Y™* is wholesome if |Mp(y)| > 3. A
component of G|Y™* if wholesome if it contains a wholesome vertex. We say that P is near-orthogonal
if for every wholesome y € Y* either

e y has orthogonal neighbors in X, or
e there exist {i,7,k,l} = {1,2,3,4} such that
— N(y) NX C Xy Uij, and

— For every uw € C(y), |[Mp(u) Nn{i,j}| <1, and

— if there is v; € C(y) with i € Mp(v;) and v; € C(y) with j € Mp(v;), then for some
u € C(y), | ¢ Mp(u).

Lemma 12. There is a function q : N — N such that the following holds. Let P = (G, S, Xo, X, Y™, f)
be an excellent starred precoloring of a Ps-free graph G. Then there is an algorithm with running
time O(|V(G)|2USD) that outputs a collection L of excellent starred precolorings of G such that:

16



L] < [V(G)[a05D;

1S < q(|S|) for every P' € L;

every P’ € L 1is near-orthogonal;
e P is equivalent to L.

Proof. Let L1 be the collection of precolorings obtained by applying Lemmal[5]to P. Let L2 be the
union of the collections of precolorings obtained by applying Lemma [7| to each member of £;. Let
L3 be the union of the collections of precolorings obtained by applying Lemma [J] to each member
of L5. Let £ be the union of the collections of precolorings obtained by applying Lemma[I1] to each
member of £3. Then L satisfies the first, second and fourth bullet in the statement of Lemma [I2]
and every P’ € L is tidy and spotless. Let P’ € £, write P’ = (S, X, X", Y’, f’). Suppose that
P’ is not near-orthogonal. Let y € Y’, and assume that the neighbors of y are not orthogonal. We
show that y satisfies the conditions in the definition of near-orthogonal. We may assume that y has
a neighbor in X/, and a neighbor in X{4. Since P’ is spotless, it follows that for every u € C(y),
|[Mp(u) N {2,3}] < 1. Since y is wholesome, we may assume that Mp(y) = {1,2,4}. Since P’ is
spotless, it follows that N(y) N X’ C X{, U X{3. Since P’ is tidy and 1 € Mp(y), it follows that
if there is vo € C(y) with 2 € Mp(vz) and vz € C(y) with 3 € Mp(v3), then for some u € C(y)
4 ¢ Mp(u). This proves that y satisfies the conditions in the definition of near orthogonal, and
completes the proof of Lemma O

Let P = (G, S, X0, X, Y™, f) be an excellent starred precoloring. Let {i, 7, k,l} = {1,2,3,4}, let
T? be a type of X with Lp(T%) = {i,k} and let T7 be a type of X with Lp(T7) = {j,k}. A type
A extension with respect to (T, T7) is a precoloring extension ¢ of P such that there exists y € Y*
with k,i € Mp(y) and such that y has a neighbor z; € X(T") and a neighbor z; € X (1) with
c(z;) = c(xj) = k. o ‘ '

Let T(P) be the set of all pairs (7%,77) of types of X with |Lp(77) N Lp(T7)| = 1. We say
that P is smooth if P has a precoloring extension ¢ such that for every (7% T7) € T(P), c is not of
type A with respect to (T%,T7). A precoloring extension of P is good if it is not of type A for any
T € T(P).

We say that an excellent starred precoloring P’ = (G, S, X}, X', Y*'| f') is a refinement of P if
for every type T" of X', there is a type T of X such that X'(T") C X(T).

Lemma 13. There is a function q : N — N such that the following holds. Let P = (G, S, Xo, X, Y™, f)
be a near-orthogonal excellent starred precoloring of a Ps-free graph G. There is an algorithm with
running time O(|V(G)|9U5) that outputs a collection L of near-orthogonal excellent starred precol-
orings of G such that:

o L] < [V(G)|H5D;

o |S'| < q(|S]) for every P' € L;

e a precoloring extension of a member of L is also a precoloring extension of P;
e if P has a precoloring extension, then some P’ € L is smooth.

Proof. Let T(P) = {(T1,T}),..., (T, T{)}. Let Q be the collection of ¢-tuples of triples Qr, v =
(YT,;,T-/7 ATin_/, BTZ',T-’) such that

[ J |YTi7T{| = ‘ATiniI‘ = ’BTZ,7TZ_/| S 1
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o A, v C X(T5).

e By, C X(T}).

o Yr,p CY* and if Yy, v = {y}, then Lp(T;) € Mp(y).
e Y7, 1/ is complete to ATi,T{ U Br, 11

. ATinil is anticomplete to By, 7.

For Q = (Qr, T! )(TI,T’)ET( p) € Q, we construct a precoloring Py by moving Ar, 1/ UBr, 77 to the seed
with the unique color of Lp(T;) N Lp(T)) for all (T3,T}) € T(P). Let Py = (G S’ XO,X’ Y’ ).
Since X' € X and Y’ C Y*, and Mp/(v) C Mp(v) for every v € V(G), it follows that Py is excellent,
near-orthogonal and for every type 7" of X', there is a type T of X such that X'(T") C X(T).

Let £L = {PYU{Py : Q € Q}. Observe that there are at most 2/ types, and therefore
t < 2251 Now |S'| < |S| + 2t < |S| + 221 and |£] < |[V(G)]? < |[V(G)3*2*"°.

Since every member of L is obtained from P by precoloring some vertices and updating, it
follows that every precoloring extension of a member of L is also a precoloring extension of P.

Now we prove the last assertion of Lemma Suppose that P has a precoloring extension.
We need to show that some P’ € £ is smooth. Let ¢ be a precoloring extension of P. For every
(T;,T!) € T(P) such that ¢ is of type A with respect to (7;,7}), proceed as follows. We may
assume that Lp(T;) = {1,2} and Lp(T)) = {1,3}. Let y € Y* with 1,2 € Mp(y), z2 € X(T3)
and xg € X(T]) such that y is adjacent to 9, z3 and c(x2) = c(xz) = 1, and subject to the
existence of such x9, x3, choose y with the set {z € N(y) N X (T]) such that c(x) = 1} minimal. Let
Qr, 7 = ({y}, {w2}, {z3}). For every (T, T}) € T(P) such that c is not of type A with respect to
(T3, 13), set Qr, v = (0,0,0). Let Q = (Qr, 17)(1;,17)eP; then Pg € L.

We claim that ¢ is a precoloring extension of Py that is not of type A for any (7, 7)) € T(Pg).
Write Py = (G, S", X, X', Y', f'). Let {i,5,k,1} = {1,2,3,4}. Suppose that T* is a type of X’ with
Lp,(T") = {i,k} and T7 is a type of X' with Lp,(T7) = {j, k}, and such that (T",77) € T(Pg),
and y' € Y’ with i,k € Mp,(y) has neighbor 2} € X'(T") and z; € X'(T7) with ¢(z}) = c(}) = k.
Let (T%,T49) € T(P) be such that X'(T%) C X(T") and X'(T7) C X(T9). Since i,k € Mp(y),

it follows that ¢ is of type A for (T% T7), and therefore |V, TJ| Az, TJ] = |B TZ TJ| = 1. Let
Yi 5 = {y} Az T = {z;} and B i i = {x;}. Since k € MpQ( ') it follows that y' is anticomplete

to {z;,z;}. By the choice of y, it follows that y’ has a neighbor 2’ € X(T9)\ N(y) with c(2') = k,
and so we may assume that m; is non-adjacent to y. Since Lp(T}) = {j, k} there exists s; € S with
f(si) = i such that s; is complete to {z;,2}}. Since i € Lp(a;z) NLp(y') N Lp(y), it follows that s;

is anticomplete to {x;,y', y}. Since ¢(z;) = c(z}) = c(x;) = c(z}), it follows that {z;, 7}, x;,2}} is a
stable set. But now x; —y — z; — s; — x; —y'isaPsin G, a contradlctlon This proves that c is a
good precoloring extension of Py, and completes the proof of Lemma O

We are finally ready to construct orthogonal precolorings.

Lemma 14. There is a function q : N — N such that the following holds. Let P = (G, S, Xo, X, Y™, f)
be a near-orthogonal excellent precoloring of a Ps-free graph G. There exist an induced subgraph G’
of G and an orthogonal excellent starred precoloring P' = (G, S, X, X".Y', ") of G', such that

e S=49,

e if P is smooth, then P’ has a precoloring extension, and
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e if ¢ is a precoloring extension of P', then a precoloring extension of P can be constructed from
¢ in polynomial time.

Moreover, P’ can be constructed in time O(|V (G)|905D).

Proof. We may assume that P is not orthogonal. We say that a component C of G|Y™* is troublesome
if C'is wholesome, and the set of attachments of C' in X are not orthogonal. Let W be the union
of the vertex sets of the component of G|Y* that are not wholesome.

We construct a set Z, starting with Z = (). For every troublesome component C, proceed as
follows. We may assume that C' has attachments in X2 and in Xi3. Since P is near-orthogonal,
and C' is wholesome, we may assume that C' contains a vertex z with Mp(z) = {1,2,4}.

o If there is y € V(C) with Mp(y) = {1, 3}, move N(y) N X2 to Xp with color 2.

e Suppose that there is no y as in the first bullet. If |V/(C)| > 2, or V(C) = {2} and z has a
neighbor v in Xy with f(v) = {4}, move N(z) N X;3 to Xy with color 3.

e If none of the first two conditions hold, add V(C') to Z. Observe that in this case V(C) = {y},
y has no neighbors in Z \ {y}. Moreover, since P is near-orthogonal, V' (C) is anticomplete to
X\ (X12 U X13), and so for every u € N(y), 4 ¢ Lp(u). In this case we call 4 the free color
of y.

Let P" = (G, 5", X{, X", Y", f") be the precoloring we obtained after we applied the procedure
above to all troublesome components. Let G' = G\ Z, and let P/ = (G', 5", X[, X', Y, f') where
Y =Y'"\WUZ and X’ = X" UW. Since no vertex of W is wholesome, It follows from the
definition of Mp that every vertex of W has neighbors of at least two different colors in S’ (with
respect to f’). Since W is anticomplete to Y/, X'\ W C X and Y’ C Y*, we deduce that P’ is
excellent and orthogonal. It follows from the construction of Z that every precoloring extension of
P’ can be extended to a precoloring extension of P by giving each member of Z its free color.

It remains to show that if P is smooth, then P’ has a precoloring extension. Suppose that P
is smooth, and let ¢ be a good precoloring extension of P. We claim that ¢|V(G’) is a precoloring
extension of P’. We need to show that c(v) = f'(v) for every v € S’ U X{,. Since S = 5’, and
f(v) = f'(v) for every v € Xy, it is enough to show that c(v) = f'(v) for every v € X{,\ Xo. Thus
we may assume that there is a troublesome component C' of G|Y* that has an attachment in X7,
and an attachment in X3, and v € X(C). Since P is near-orthogonal, we may assume that C
contains a vertex y with Mp(y) = {1,2,4}, and v € X192 U X;3. There are two possibilities.

1. There is y € V(C) with Mp(y) = {1,3}, v € N(y) N X12 and f'(v) = 2, but ¢(v) = 1. We
show that this is impossible. Since ¢ is a good coloring, it follows that c¢(u) = 3 for every
u € N(y) N Xy3, contrary to the fact that ¢ is a coloring of G.

2. There is no y as in the first case, and either |[V(C)| > 2, or V(C') = {2z} and z has a neighbor
u in Xo with f(u) = {4}, and v € X33 N N(z), f'(v) = 3 but ¢(v) = 1. We show that this
too is impossible. It follows that there is a vertex 3y’ € V(C) with ¢(y) # 4. Choose such
y' with 4 ¢ Mp(y') if possible. Since P is excellent, ¢’ is adjacent to v. Since ¢ is a good
coloring, it follows that c¢(u) = 2 for every u € X192 N(y'). This implies that ¢(y’) = 3. Since
P is near-orthogonal and 3 € Mp(y/'), it follows that 2 ¢ Mp(y'). Since Mp(y') # {1, 3}, it
follows that 4 € L(y'). Since 1,2 € Mp(y) and 3 € Mp(y'), and since P is near-orthogonal,
it follows that there is z € V(C) such that 4 € Mp(z). Since ¢(v) =1 and ¢(u) = 2 for every
attachment of V(C') in X9, it follows that ¢(z) = 3, contrary to the choice of /.
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Thus ¢(v) = f'(v) for every v € S’ U X|), and so ¢|V(G’) is a precoloring extension of P’. This
completes the proof of Lemma O

We can now prove the main result of this section.

Theorem 9. There is a function q : N — N such that the following holds. Let P = (G, S, Xo, X, Y™, f)
be an excellent starred precoloring of a Pg-free graph G with |S| < C. Then there is an algorithm
with running time O(|V (G)|915)) that outputs a collection L of orthogonal excellent starred precol-
orings of induced subgraphs of G such that:

o L] < [V(G)|5D;
o |S'| < q(|S]) for every P' € L, and
e P has a precoloring extension, if and only if some P’ € L has a precoloring extension;

e given a precoloring extension of a member of L, a precoloring extension of P can be constructed
in polynomial time.

Proof. By Lemma [I2] there exist a function ¢; : N — N and a polynomial-time algorithm that
outputs a collection £ of excellent starred precolorings of G' such that:

o [L1] < [V(G)[0sD;

o |5 < qi(|S]) for every P’ € L;

e cvery P’ € L; is near-orthogonal; and
e P is equivalent to L.

Let P' € £1. Write P = (G, S(P"), Xo(P'), X (P"),Y*(P'), fpr). By Lemma [L3] there exist a
function g2 : N — N and a polynomial-time algorithm that outputs a collection £(P’) of near-
orthogonal excellent starred precolorings of G such that:

o [L(P)] < [V(G)05D;

o |5 < qa|S(P"))) for every P’ € L;

e if P’ has a precoloring extension, then some P” € L(P') is smooth; and

e a precoloring extension of a member of £(P’) is also a precoloring extension of P’.

Let EQ = UP’EE E(P,)
Clearly L2 has the following properties:

L] < |V(G)|nr(a2(ISD);

1’| < q1(q2(|S(P)])) for every P’ € Lo;

if P has a precoloring extension, then some P” € L(P') is smooth; and

e given a precoloring extension of a member of Ly, one can construct in polynomial time a
precoloring extension of P.
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Let P" € Lo. Write P = (G,S(P"),Xo(P;), X' (P),Y*(P"), fpr). By Lemma there
exists an induced subgraph G’ of G and an orthogonal excellent starred precoloring Orth(P") =
(G, 8", X, X", Y', f') of G', such that

o S(P"y=5"
e if P” is smooth, then Orth(P") has a precoloring extension; and

e if ¢ is a precoloring extension of Orth(P”), then a precoloring extension of P”, and therefore
of P, can be constructed from ¢ in polynomial time.

Moreover, Orth(P") can be constructed in polynomial time.
Let £ ={Orth(P") : P" € L3}. Now L has the following properties.

o L] < |V(G)|nr(e=(1SD),
e |5 < qi(q2(]S])) for every P’ € L; and

e if ¢ is a precoloring extension of P’ € £, then a precoloring extension of P can be constructed
from c¢ in polynomial time.

e cvery P’ € L is orthogonal.

To complete the proof of the Theorem [9] we need to show that if P has a precoloring extension, then
some P’ € L has a precoloring extension. So assume that P has a precoloring extension. Since £
is equivalent to P, it follows that some P; € £1 has a precoloring extension. This implies that some
P, € L(P1) C Ly is smooth. But now Orth(P) has a precoloring extension, and Orth(FPs) € L.
This completes the proof of Theorem [9] O

3 Companion triples

In view of Theorem [9] we now focus on testing for the existence of a precoloring extension for an
orthogonal excellent starred precoloring.

Let G be a Ps-free graph, and let P = (G, S, Xo, X, Y™, f) be an orthogonal excellent starred
precoloring of G. We may assume that Xq = X°(P). Let C(P) be the set of components of G|Y*,
and let C' € C(P). It follows that X \ X(C) is anticomplete to V(C), and we may assume (using
symmetry) that X(C) C X12U X34. We now define the precoloring obtained from P by contracting
the ij-neighbors of C, or, in short, by neighbor contraction. We may assume that {i,j} = {1,2}.
Suppose that X120 N X(C) # 0, and let 212 € X712 N X(C). Let G be the graph define as follows:

V(G) =G\ (X12N X(C)) U {12}
G\ {z12} = G\ (X12n X(C))
N..

c)= |J Nel@)nV(@)
xeXlgﬂX(C)

Moreover, let B

X=X \ (Xlg N X(C)) U {1‘12}.

Then P = (é, X0, X, Y™, f) is an orthogonal excellent starred precoloring of G. We say that P is
obtained from P by contracting the 12-neighbors of C, or, in short, obtained from P by neighbor
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contraction. We call x12 the image of X1 N X (C), and define z12(C) = z12. Observe that z12 € X
(this fact simplifies notation later), and that Mp(v) = Mp(v) for every v € V(G).
Fori,j € {1,2,3,4} and t € XoU S let G;;(t) = G|(X;; UY*U{t}). While graph G may not be

Ps-free, the following weaker statement holds:

Lemma 15. Let P be an excellent orthogonal precoloring of a Ps-free graph G. Let C € C(P) and
assume that X (C)N X1z is non-empty. Let P = (G, Xo, X, Y™, f) be obtained from P by contracting
the 12-neighbors of C'. Then G;;(t) is Ps-free for everyi,j € {1,2,3,4} andt € SU Xj.

Proof. Tf {i, j} # {1,2}, then G;;(t) is an induced subgraph of G, and therefore it is Ps-free. So we
may assume that {7, j} = {1,2}. Suppose that Q = q1 —...—gg is a Ps in Gy;(t). Since Gy;(t) \ z12
is an induced subgraph of G, it follows that z12 € V(Q). If the neighbors of xj2 in @ have a
common neighbor n € X (C) N X9, then G|((V(Q) \ {z12}) U{n}) is a Fs in G, a contradiction. It
follows that x12 has two neighbors in @, say a,b, each of a,b has a neighbor in X2 N X(C), and
no vertex of X(C) N X2 is complete to {a,b}. Since V(C) is complete to X (C), it follows that
a,b ¢ V(C), and so a,b € (X12\ X(C)) U (Y*\ V(C)) U{t}. Let Q be a shortest path from a
to b with Q" C X(C) U V(C). Since V(Q) \ {a,b,t} is anticomplete to V(C), and V(Q) \ {a, b}
is anticomplete to X (C') N X2, it follows that V(Q') is anticomplete to V(Q) \ ({z12} U {a,b,t}).
Moreover, if t # a, b, then t is anticomplete to Q" \ V(C). If follows that if t & V(Q) \ {a, b, 712} or
t is anticomplete to V(Q') NV (C) then ¢ —Q —a— Q' —b— Q — g is a path of length at least six
in G, a contradiction; so t € V(Q) \ {a, b, 12}, and ¢ has a neighbor in V(Q') NV (C). Since V(C)
is complete to X (C), it follows that |V (C)NV(Q')| =1, and |Q"*| = 3. Let V(Q') NV (C) = {¢'}.
We may assume that b has a neighbor ¢ € V(Q) \ {z12}, and if a = ¢; and b = ¢, then i < j. Since
a—Q —b—cisnota Psin G, it follows that t =c. But now ¢ —a — Q' —qg—t —Q — qg is a P
in GG, a contradiction. This proves Lemma ]

Let P = (G, S, Xo, X, Y™, f) be an orthogonal excellent starred precoloring. Let H be a graph,
and let L be a 4-list assignment for H. Recall that X°(L) is the set of vertices of H with |L(z¢)| = 1.
Let M be the list assignment obtained from Mp by updating Y* from Xy. We say that (H, L, h)
is a near-companion triple for P with correspondence h if there is an orthogonal excellent starred
precoloring P = (é, S, Xo, X, Y* f ) obtained from P by a sequence of neighbor contractions, and
the following hold:

o V(H)=XUZ;

e h:Z — C(P);

o for every z € Z, N(z) = X(V(h(z)));

e H|(ZU Xij) is Pg-free for all 4, j;

e 7 is a stable set;

e for every z € X, L(z) C Mp(z) = M(z);

e for every z € Z such that L(z) # 0, if ¢ € {1,2,3,4} and q & L(z), then some vertex V (h(z))
has a neighbor v € S U Xo U X°(L) with f(u) = ¢; and

e for every z € Z and every ¢ € L(z), there is v € V(h(z)) with ¢ € M(v), and no vertex
u € SU X with f(u) = ¢ is complete to V(h(z)).

For z € Z, we call h(z) the image of z.
If (H, L, h) is a near-companion triple for P, and in addition
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e P has a precoloring extension if and only if (H, L) is colorable, and a coloring of (H, L) can
be converted to a precoloring extension of P in polynomial time.

we say that (H, L, h) is a companion triple for P.

Fori,j € {1,2,3,4} and t € SUX, let H;;(t) be the graph obtained from H|(X;;UZ) by adding
the vertex ¢ and making ¢ adjacent to the vertices of Nx(t) N f(ij. The following is a key property
of near-companion triples.

Lemma 16. Let G be a Ps-free graph, let P = (G,S, X0, X, Y™, f) be an orthogonal excellent
starred precoloring of G, and let (H,L,h) be a near-companion triple for P. Let M be the list
assignment obtained from Mp by updating Y* from Xy. Assume that L(v) # 0 for everyv € V(H).
Leti,j €{1,2,3,4} andt € XoUS, and let Q be a Ps in H;;(t). Thent € V(Q), and there exists
q € V(Q)\ N(t) such that f(t) & M(q).

Proof. Since H|(X;;UZ) is Ps-free, it follows that t € V(Q). Suppose that for every ¢ € V(Q)\N(t),
f(t) € L(q). Let z € V(Q) N Z. Since t is anticomplete to Z, it follows that f(¢) € L(z) By the
definition of a near-companion triple, there is a vertex ¢(z) € V(h(z)) such that f(t) € M(q(z)).
Since M is obtained from Mp by updating Y* from X, it follows that ¢ is non-adjacent to ¢(z).
Now replacing z with ¢(2) for every z € V(Q)NZ, we get a Pg in Gy;(t) that contradicts Lemma
This proves Lemma O

The following is the main result of this section.

Theorem 10. Let G be a Ps-free graph and let P = (G, S, Xo, X, Y™, f) be an orthogonal excellent
starred precoloring of G. Then there is a polynomial time algorithm that outputs a companion triple
for P.

Proof. We may assume that Xq = X°(P). Let M be the list assignment obtained from Mp by
updating Y* from Xy. Write C = C(P). For @ C {1,2,3,4} and C € C, we say that a coloring ¢
of (C, M) is a Q-coloring if ¢(v) € Q for every v € V(C). Given @ C {1,2,3,4}, we say that @
is good for C if (C, M) admits a proper Q-coloring, and bad for C otherwise. By Theorem [2] for
every @ with |Q| < 3, we can test in polynomial time if @ is good for C. Let Q(C) be the set of
all inclusion-wise maximal bad subsets of {1,2,3,4}. Observe that if @) is bad, then all its subsets
are bad.
Here is another useful property of Q(C).

Let Q € Q(C), and leti € Q be such that nou € SUXy with f(u) =1 has a nezghbar

(1)
m V(C). Then for every j € {1,2,3, 4 , we hcwe 1
Suppose (no% Let Q’f {g/ ]U{ g{} Let ¢ e\aQ proper @’ cg0>1£g of 5:2} It ollows from the

definition of M that i € M( ) for every y € V(C'). Recolor every vertex u € V(C’) with c(u) = j
with color i. This gives a proper Q-coloring of (C, M), a contradiction. This proves .

First we describe a sequence of neighbor contractions to produce P as in the definition of a
companion triple. Let C' € C with [V(C)| > 1. Let {i,j,k,l} = {1,2,3,4} and let X(C) C
Xij U Xg. We may assume (without loss of generality) that X (C') C X2 U X34, If X(C) meets
both X715 and Xs4, contract the 1,2-neighbors of C', and the 3,4-neighbors of C'; observe that in
this case X(C) = {12(C), z34(C)}. If X(C) meets exactly one of Xio, X34, say X(C) C X9,
and {3,4} is bad for C, contract the 12-neighbors of C. Repeat this for every Q € Q(C); let

= (G, S, Xy, X,Y*, f) be the resulting precoloring. Observe that X C X.

P has a precoloring extension if and only if P has a precoloring extension, and a
(2) precoloring extension of P can be converted into a precoloring extension of P in
polynomial time.
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Since |C(P)| < |[V(G)], it is enough to show that the property of having a precoloring extension,
and the algorithmic property, do not change when we perform one step of the construction above.

Let us say that we start with P, = (G1, .S, Xo, X1, Y™, f) and finish with P; = (Ga, S, Xo, X2, Y™, f).
We claim that in all cases, each of the sets that is being contracted (that is, replaced by its image)
is monochromatic in every precoloring extension of P.

Let C € C(P) with |V(C)| > 1, such that P, is obtained from P; by contracting neighbors of
C. Let {i,5,k,1} = {1,2,3,4} and let X;(C) C X;; U Xj;. If X(C) meets both X;; and Xj;, then
since |V(C)| > 1, each of the sets X1(C)NX;;, X;(C)N X}, is monochromatic in every precoloring
extension of P, as required. So we may assume that X;(C) C X;;. Now X;(C) is monochromatic
in every precoloring extension of P; because the set {k,l} is bad for C. This proves the claim.

Now suppose that a set A was contracted to produce its image a. If P; has a precoloring
extension, we can give a the unique color that appears in A, thus constructing an extension of Ps.
On the other hand, if P, has a precoloring extension, then every vertex of A can be colored with
the color of a. This proves .

Next we define L : X — 214 Start with L(z) = Mp(x) for every z € X. Again let C' € C with
V(O)| > 1, let {i,5,k,1} = {1,2,3,4}, and let X(C) C X;; U Xp;. For every Q € Q(C) such that
Q = {1,2,3,4} \ {i}, update L by removing i from L(z) for every z € X;; N X(C).

Next assume that X (C) meets both X;;, Xy , the sets {i, k}, {i,} are good for C, and the sets
{j,k},{4,1} are bad for C. Update L by removing i from L(z;;(C)).

Finally, assume that X (C) meets both X;;, X}, , the set {i,k} is good for C, and the sets
{i,1},{J,k},{j,1} are bad for C. Update L by removing i from L(z;;(C)) and by removing k from
L(zu(C).

Now the following holds.

Let {1,2,3,4} = {i,j,k,1} and let C € C such that X(C) C X;; U Xy.
1. If{1,2,3,4}\ {i} € Q(C), theni ¢ Uzef((c) L(x).

3) 2. If X(C) meets both Xi; and Xy and {i,k},{i,1} are both good for C, and
{4, k},{4,1} are both bad for C, then i & L(z;;(C)) U L(zk(C)).

3. IfX(C) meets both X;; and Xy and {i, k} is good for C, and {i,1},{j,k},{j,1}
are bad for C, then i,k & L(x;;(C)) U L(zy(C)).

Next we show that:

4) If ¢ is a precoloring extension of P, then c¢(x) € L(x) for every z € X.

This is clear for x such that L(xz) = M(z), so let x € X be such that L(z) # M(xz). Then
there exists C' € C with |V(C)| > 1, and {i, j,k,1} = {1,2,3,4} with X(C) C X;; U X}, such that
z € X(C). Suppose that ¢(x) € M(z) \ L(z). Observe that ¢[V(C) is a coloring of (C, M). There
are three possible situations in which ¢(x) could have been removed from M (x) to produce L(x).

e {1,2,3,4}\ {i} is bad for C, and = € X;j;, and c(x) = i. In this case, since (C, M) is not
{1,2,3,4} \ {i}-colorable, it follows that some v € V(C) has c(v) = i, but V(C) is complete
to X(C), a contradiction.

e X(C) meets both X;; and Xy, the sets {3, k}, {4,1} are good for C, the sets {j,k}, {j,1} are
bad for C, z = 2;;(C), and ¢(z) = i. Since X(C) N Xy # 0, it follows that c(u) € {k,1} for
some u € X(C). Since the sets {j, k},{j,1} are bad for C and |V(C)| > 1, it follows that
c(v) =i for some v € V(C), but z;;(C) is complete to V(C), a contradiction.
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e X(C) meets both X;; and Xy, the set {i, k} is good for C, the sets {i,1},{j, k}, {4, 1} are bad
for C, and either = z;;(C) and ¢(z) = i, or = x3;(C) and ¢(x) = I. Since X (C') meets both
X;j and X, and |V(C)| > 1, it follows that [¢(V(C))N {7, 5} =1, and |¢(V(C))N{k,I}| = 1.
Since {j,k},{j,l} are bad for C, it follows that for some v € V(C) has v(c) = i, and so
c(zi;(C)) # 4. Since {i,1} is bad for C, it follows that ¢(V(C)) = {4, k}, and so ¢(z) # k, in

both cases a contradiction.

This proves .

Finally, for every C € C, we construct the set h=1(C) and define L(v) for every v € h=(C).

If [V(C)| =1, say C = {y}, let h~1(C) = {y}, and let L(y) = M(y).

Now assume |V (C)| > 1. We may assume that X(C) C X2 U X34.

If all subsets of {1,2,3,4} of size three are bad, then set h~1C = {z} and L(z) = . From now
on we assume that there is a good subset for C' of size at most three.

If X(C) C X1 or X(C) C Xa4, set h~1(C) = 0.

So we may assume that X (C) meets both X15 and Xz4. If all sets of size two, except {1,2}
and {3,4} are bad for C, set h~'C = {z} and L(z) = 0. Next let Q € Q(C) with |Q| = 2; write
{i,7,k,1} ={1,2,3,4}, and say Q = {i,j}. We say that Q is friendly if there exist u;,u; € SU X,
both with neighbors in C', and with f(u;) = ¢ and f(u;) = j. For every friendly set @, let v(C, Q) be
a new vertex, and let h=1(C) consist of all such vertices v(C, Q). Set L(v(C,Q)) = {1,2,3,4} \ Q.

Let Z = Joee b H(C). Finally, define the correspondence function h by setting h(z) = C for
every z € h1(C) and C € C.

Now we define H. We set V(H) = X U Z, and pq € E(H) if and only if either

e p,g € X and pq € E(G), or

e there exists C' € C such that p € h~1(C) and ¢ € X(C).

The triple (H, L, h) that we have constructed satisfies the following.
e X CV(H); write Z =V(H)\ X.

e N(z) = X(V(h(z))) for every z € Z.

e 7 is a stable set.

For every x € X, L(x) € Mp(z) = M(x).

h:Z—C(P).

If 2 € Z with L(z) # 0, and ¢ € {1,2,3,4} \ L(z), then some vertex V(h(z)) has a neighbor
u € SU Xy with f(u) = ¢q. (This is in fact stronger than what is required in the definition of
a companion triple; we will relax this condition later.)

To complete the proof of Theorem it remains to show the following

1. For every z € Z and every q € L(z), there is v € V(h(z)) with ¢ € M(v), and no vertex
u € SU Xy with f(u) = ¢ is complete to V(h(z)).

2. for every i,j € {1,2,3,4}, H|(X;; U Z) is Ps-free.

3. P has a precoloring extension if and only if (H, L) is colorable, and a proper coloring of (H, L)
can be converted to a precoloring extension of P in polynomial time.
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We prove the first statement first. Let z € Z and ¢ € L(z), and suppose that for every
v € V(h(z2)) ¢ € M(v), or some vertex u € S U Xy with f(u) = ¢ is complete to V(h(z)). It
follows that |V(h(Z))| > 1. Since z € Z, it follows that there exists a set {i,j} € Q(h(Z)) and
L(z) = {1,2,3,4} \ {4,7}. But now it follows that {q,i,7} is also bad for h(Z), contrary to the
maximality of {4, j}. This proves the first statement.

Next we prove the second statement. By Lemma C~}|(X~” UY™) is Ps-free for every i,j €
{1,2,3,4}. Suppose Q is a Ps in H. Let C € C(P). Since no vertex of V(H) \ h~!(C) is mixed on
h=1(C), it follows that |V (Q)Nh~1(C)| < 1. Moreover, X;;(h~1(C)) = X;;(C). Let G’ be obtained
from G by replacing each C' € C by a single vertex of C, choosing this vertex to be in V(Q) if
possible. Then G’ is an induced subgraph of G, and @ is a Ps in G’, a contradiction. This proves
the second statement.

Finally we prove the last statement. Let C; = {C € C : [V(C)| =1}, and let Y = g, V(O).
Then Y C Z.

Suppose first that P has a precoloring extension. By , there exists a precoloring extension
of P; denote it by ¢. By , ¢/(X UY) is a coloring of (H|(X UY),L). It remains to show that
¢ can be extended to Z\ Y. Let z € Z, and let h(z) = C. Then there is a friendly set {i,j} € Q
such that z = v(C, Q). Since Z is a stable set, in order to show that ¢ can be extended to Z \ Y,
it is enough to show that

L(z) € e(X(C)).
Since L(v(C,Q)) = {1,2,3,4} \ @, it is enough to show that

{1,2,3,4}\ ¢(X(C)) Z Q.
But the latter statement is true because
c(V(C)) €{1,2,3,4}\ ¢(X(C))

and ¢(V(C)) is a good set, and therefore ¢(V(C)) € Q. This proves that if P has a precoloring
extension, then (H, L) is colorable.

Now let ¢ be a proper coloring of (H, L). By it is enough to show that P has a precoloring
extension. We define a precoloring extension & of P. Set &(v) = f(v) for every v € S U X;, and
&(x) = c(x) for every x € XUY. Tt follows from the definition of L that ¢ is a precoloring extension
of (G\ (Y*\Y),S, X0, X,Y).

Let C € C with |V(C)| > 2. We extend ¢ to C. We will show that for every @ € Q(C),
{1,2,3,4} \ ¢(X(C)) € Q. Consequently T = {1,2,3,4} \ ¢(X(C)) is good for C. Since some
vertex of S U Xy U X is complete to V(C), it follows that |T| < 3. Therefore we can define
¢:V(C)—{1,2,3,4} to be a proper T-coloring of (C, M), which can be done in polynomial time
by Theorem

_So suppose that there is Q € Q(C) such that {1,2,3,4}\ ¢(X(C)) € Q. Then {1,2,3,4}\Q C
«(X(C)). By @1), Q| <3. ~

We may assume that X(C) C X2 U X34. Suppose first that X (C') meets both X9 and Xaq,
and so X (C) = {z12(C), 234(C)}. Then |¢(X(C))| = 2, and so |Q| # 1. Therefore may assume that
|Q| = 2. If Q is friendly, then ¢(v(C,Q)) € @, and so {1,2,3,4}\ Q  ¢(X(C)), so we may assume
that @ is not friendly. By symmetry, we may assume that Q € {{1,2},{1,3}}. If Q@ = {1,2},
then since L(z12(C)) C {1,2}, it follows that {1,2,3,4}\ Q € ¢(X(C)), so we may assume that
Q= {17 3}

Suppose first that for every ¢ € @, there is no vertex u € S U Xy with ¢(u) = ¢ and such that
u has a neighbor in V(C). Now implies that every set of size two is bad for C. Therefore
h=Y(C) = {2} and L(z) = 0, contrary to the fact that c is a proper coloring of (H,L).
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We may assume from symmetry that
e there is a vertex u € S U Xy with ¢(u) = 1 and such that u has a neighbor in V(C).
e there is no vertex v € S U Xo with ¢(u) = 3 and such that u has a neighbor in V(C).

Now by all the sets sets {1,2},{1,3},{1,4} are bad. If the only good set is {3,4}, then
L(z) = 0, contrary to the fact that c is a coloring of (H, L). Therefore, at least one of {2,3},{2,4}
is good, and 1 2) and 3) imply that 2 ¢ L(u) for every u € X(C), contrary to the fact that
2€{1,2,3,4}\ Q C ¢(X). This proves that not both X(C) N X;; and X(C) N X}; are non-empty.

We may assume that X (C) € Xj2. Then ¢(X(C)) C {1,2}, and so 3,4 € Q. Since |Q| < 3, we
have Q = {3,4}. It follows from the construction of G that |X(C)| < 1, contrary to the fact that
{1,2,3,41\Q € Uyex(c){c(w)}. This completes the proof of the second statement, and Theorem
follows. O

4 Insulating cutsets

Our next goal is to transform companion triples further, restricting them in such a way that we
can test colorability.

Let H be a graph and let L be a 4-list assignment for H. We say that D C V(H) is a chromatic
cutset in Hif V(H) = AUBUD, A# (), and a € A is adjacent to b € B only if L(a) N L(b) = 0.
For i,5 € {1,2,3,4} let D;; = {d € D : L(d) C {i,j}}. The set A is called the far side of the
chromatic cutset. We say that a chromatic cutset D is 12-insulating if D = D192 U D34 and for every
{p,q} € {{1,2},{3,4}} and every component D of H|D,, the following conditions hold.

e D is bipartite; let (D1, D2) be the bipartition.
e |L(d)| = |L(d")] for every d,d’ € Dy U Ds.
e There exists a € A with a neighbor in D and with L(a) N {p,q} #0.

e Suppose that |L(d)| = 2 for every d € V(D). Write {i,5} = {p,q} and let {s,t} ={1,2}. If
a € A has a neighbor in d € D, and i € L(a), and b € B has a neighbor in D, then

(a
— if b has a neighbor in Dy, then j ¢ L(b), and
— if b has a neighbor in Dy, then i ¢ L(b).

Insulating cutsets are useful for the following reason. We say that a component D of H |Dpq is

complez if |L(d)| = 2 for every d € V(D).

Theorem 11. Let D be a 12-insulating chromatic cutset in (H,L), and let A, B be as in the
definition of an insulating cutset. Let D’ be the union of the vertex sets of complex components of
H|D12 and of H|Ds4, and let D" = D\ D'. If (H|(BUD"),L) and (H \ B, L) are both colorable,
then (H, L) is colorable. Moreover, given proper colorings of (H|(B U D"),L) and (H \ B,L), a
proper coloring of (H, L) can be found in polynomial time.

Proof. Let ¢1 be a proper coloring of (H|(BUD"), L) and let ¢y be a proper coloring of (H \ B, L).

A conflict in c1, ¢y is a pair of adjacent vertices u, v such that ¢;(u) = ca(v). Since ¢y, co are
both proper colorings and D is a chromatic cutset, and |L(d)| = 1 for every d € D", we deduce that
every conflict involves one vertex of D’ and one vertex of B. Below we describe a polynomial-time
procedure that modifies ¢y to reduce the number of conflicts (with ¢; fixed).
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Let u € D' and v € B be a conflict. Then uwv € E(H) and ¢;(u) = ca(v). Let D be the
component of G| D containing u. Then V(D) C D’ and D is bipartite; let (D1, D2) be the bipartition
of D. We may assume that v € D;. We may also assume that L(d) = {1,2} for every d € V(D),
and that ¢1(u) = ca(v) = 2. Since L(d) = {1,2} for every d € V(D), it follows that for every
i € {1,2} and d € D;, we have ca(d) = i. Let c3 be obtained from ¢y by setting c3(d) = 1 for every
d € Dy; c3(d) = 2 for every d € Dq; and c3(d) = ca(d) for every w € (AU D) \ (D1 U D3). (This
modification can be done in linear time).

First we show that c3 is a proper coloring of (H \ B, L). Since L(d) = {1,2} for every d € V (D),
c3(v) € L(v) for every v € AUD. Suppose there exist adjacent zy € DU A such that cs(x) = c3(y).
Since D is a component of H |D, we may assume that x € D1 U Dy and y € A. Suppose first that
x € Di. Then c3(y) = c3(z) = 2, and so 2 € L(y) and y has a neighbor in D;. But v € B has a
neighbor in Dy and 1 € L(v), which is a contradiction. Thus we may assume that © € Dy. Then
c3(y) = cs(x) =1, and so 1 € L(y) and y has a neighbor in D,. But v € B has a neighbor in Dy,
and 1 € L(b), again a contradiction. This proves that c3 is a proper coloring of (H \ B, L).

Clearly u, v is not a conflict in ¢q, c3. We show that no new conflict was created. Suppose that
there is a new conflict, namely there exist adjacent v’ € D’ and v' € B such that ¢;(v') = e3(u’),
but ¢;(v') # co(u’). Then ' € V(D). If ' € Dy, then both v and v’ have neighbors in D;, and
1€ L(v), and 2 € L(v'); if u’ € Dy, then v has a neighbor in D; and v’ has a neighbor in Ds, and
1 € L(v') N L(v); and in both cases we get a contradiction. Thus the number of conflicts in ¢, c3
was reduced.

Now applying this procedure at most |V (G)|* times we obtained a proper coloring ¢} of (H|(BU
D"), L) and a proper coloring ¢, of (H \ B, L) such that there is no conflict in ¢/, ¢,. Now define
c(v) = (v) if v e BUD" and ¢(v) = ¢4(v) if v € V(H) \ B; then c is a proper coloring of (H, L).
This proves Theorem O

| 2

Let G be a Ps-free graph, let P = (G, S, Xo, X, Y™, f) be an orthogonal excellent starred pre-
coloring of G, and let (H,L,h) be a companion triple for P. Let {i,j,k,l} = {1,2,3,4}. Let
749 ={2€Z : N(z)NX C X;j UXy}. It follows from the definition of a companion triple that
7 = ZF and that Z = Ui,j€{17273?4} Z9. Next we prove a lemma that will allow us to replace a
companion triple for P with a polynomially sized collection of near-companion triples for P, each
of which has a useful insulating cutset. We will apply this lemma several times, and so we need to
be able to apply it to near-companion triples for P, as well as to companion triples.

Lemma 17. There is function q : N — N such that the following holds. Let G be a Ps-free graph,
let P = (G, S, X, X,Y™*, f) be an orthogonal excellent starred precoloring of G, and let (H, L,h) be
a near-companion, triple for P. Then there is an algorithm with running time O(|V (G)|2USD) that
outputs a collection L of 4-list assignments for H such that

o [£] < [V(G)|H5D;
e if L' € L and c is a proper coloring of (H,L'), then c is a proper coloring of (H,L); and
e if (H,L) is colorable, then there exists L' € L such that (H, L) is colorable.
Moreover, for every L' € L,
o ['(v) C L(v) for every v € V(H);
e (H,L' h) is a near companion triple for P;
e if for some i,j € {1,2,3,4} (H,L) has an ij-insulating cutset D' with far side Z, then D’

is an ij-insulating cutset with far side Z9 in (H,L' h); and
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o (H,L') has a 12-insulating cutset D C X with far side Z'2.

Proof. Let P = (é, S, Xo, X, Y*, f ) be as in the definition of a near-companion triple. Assume that
Z'2 £ (). If one of the graphs é[Xlg and G|X34 is not bipartite, set £ = (). From now on we assume
that G|X12 and G| X34 are bipartite. We may assume that Xo = X°(P). Let T1,.. ., T, be types
of X with |Lp(T})| = 2 and such that |Lp(T;) N {1,2}| = 1. Tt follows that |Lp(T;) N {3,4}| = 1.
Let Q be the set of all 2m-tuples @ = (Q1,...,Qm, P1, ..., Pp) such that

e |Qi| <1,Q; CX(T}), and if Q; = {q}, then L(g) N {1,2} # 0.
o |P| <1, P,C X(T;), and if P; = {p}, then L(p) N {3,4} # 0.

For z € X\ (X12UX34) and z € Z'2 we say that z is a 12-grandchild of x if there is a component
C of X5 such that both 2 and z have neighbors in V(C); a 34-grandchild is defined similarly. Let
G12(x) be the set of 12-grandchildren of x; define G34(x) similarly.

We define a 4-list assignment Lb for H. Start with L’Q = L. For every i € {1,...,m}, proceed
as follows. If [Q;] = 1, say @Q; = {q;}, set L{;(g;) to be the unique element of L(g;) N {1,2}. For
every © € X(T;) such that Gia(q;) C G(z) and Gia(x) \ Gi2(g;) # 0, update L (x) by removing
from it the unique element of L(z) N {1,2}. Next assume that @; = (. In this case, for every
z € X(T;) \ {¢;,p;} such that 2 has a grandchild, update Li(z) by removing from it the unique
element of L(z) N {1,2}.

If |B| = 1, say P, = {p;}, set Ly(p;) to be the unique element of L(p;) N {3,4}. For every
x € X(T;) such that Gs4(p;) C G(z) and Gi2(x)\G1a(p;) # 0, update L (z) by removing from it the
unique element of L(x)N{3,4}. Next assume that P, = (). In this case, for every x € X (T;)\{pi, ¢}
such that some component of H ]X34 contains both a neighbor of  and a neighbor of a vertex in
Z'2 update L (z) by removing from it the unique element of L(z) N {3,4}.

If some vertex z € X \ X5 has neighbors on both sides of the bipartition of a component of
H|(X12), set L(z) = L(2) \ {1,2}. If some vertex z € X \ X34 has neighbors on both sides of the
bipartition of a component of H|(X34), set L(z) = L(2) \ {3,4}. Finally, set Li(v) = L(v) for
every other v € V(H) not yet specified. Now let Ly be obtained from L’Q by updating exhaustively
from |2, (P U Q).

We need to check the following statements.

1. Lo(v) € L(v) for every v € V(H).
2. (H,Lq,h) is a near-companion triple of P.

3. If for some i,j € {1,2,3,4} (H, L) has an ij-insulating cutset D’ with far side Z%, then D’
is an ij-insulating cutset with far side Z% in (H, Lg).

4. (H,Lg) has a 12-insulating cutset with far side Z12.

Clearly Lg(v) C L(v) for every v € V(H), and consequently it is routine to check that the
third statement holds, and that in order to prove the second statement it is sufficient to prove the
following:

Set f(z) = Lo(x) for every x € X°(Lg). Then for every z € Z with L(z) # 0 and
(5) q € {1,2,3,4} such that ¢ ¢ Lg(z), there is a vertex in h(z) that has a neighbor
u € SUXgUXO(Lg) with f(u) = q.
We now prove this statement. Let z € Z and ¢ € {1,2,3,4} such that ¢ ¢ Lg(z). We need
to show that there is a vertex in h(z) that has a neighbor u € S U Xo U X°(L') with f(u) = ¢.
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If ¢ & L(z), the claim follows from the fact that (H, L,h) is a near-companion triple for P, so we
may assume that ¢ € L(z), and therefore 2 has a neighbor u in X%(Lg) with f(u) = ¢. Since Z is
stable, it follows that u € X, and therefore, by the definition of a companion triple, u is complete
to V(h(z)). This proves (F).

Finally, we prove that (H, Lg) has a 12-insulating cutset with far side Z12. Let D!,..., D!
be the components of H \Xlg that contain a vertex z such that = has a neighbor z in Z'? with
Lo(z) N Lg(z) # 0. Let F', ..., F* be defined similarly for X3y Let D = X%Lo)ulUi_, V(D) U
U;“.”:l V(F;). We claim that D is the required cutset. Clearly D is a chromatic cutset, setting the
far side to be Z'? and B = V(H)\ (AUD), and the first two bullets of the definition of an insulating
cutset are satisfied. Let D € {Dy,..., D} (the argument is symmetric for F, ..., Fy). We need to
check the following properties.

e D is bipartite.
This follows from the fact that G|X,; = H|X;; is bipartite. Let (Dy, Do) be the bipartition
of D.

o |L(d)| = |L(d)| for every d,d € D1 U Ds.
Since L(d) C {1,2} for every d € V(D), and since we have updated exhaustively, it follows
that if V(D) meets X°(Lg), then V(D) C X%(Lg).

e There exists a € A with a neighbor in D and with L(a) N {1,2} # 0.
This follows immediately from the definition of D.

e Suppose that |L(d)| = 2 for every d € V(D). We need to check that for {i, 5y = {1,2}, if
a € A has a neighbor in d € Dy and i € Lg(a), and b € B has a neighbor in D, then

— if b has a neighbor in Dy, then j & Lg(b), and
— if b has a neighbor in Do, then i & Lg(b).

We now check the condition of the last bullet. Let a € A have a neighbor d € D; and 1 € Lg(a).
Suppose b € B has a neighbor in Dy U D2, and violates the conditions above. It follows from the
definition of Z'2 and B that b € X and |Lo(b)] = 2. We may assume that b € T1(X). Since
|Lo(b)| = 2, we deduce that Lo(b) = L(b) = Mp(b) = Lp(T1). Since b exists, Q1 # 0. Since
|L(d)| = 2 for every d € V(D), it follows that g; is anticomplete to Dy U Dy. Since b ¢ X°(Lg),
there is a component Dy of H|X;2 such that ¢ has a neighbor dy € V(D) and b is anticomplete
to V(Dy). Let {i} = Lg(b) N {1,2}, and let {1,2}\ {i} = {j}. Then j & Lg(b) = Mp(b), and so
j € Lp(Ty). Consequently, there is s € S with f(s) = j, such that s is complete to X (71). Since
V(D)UV(Dg) C X2, it follows that s is anticomplete to V(D) U V (Dy).

Suppose first that V(D) # {d}. Since b is not complete to D;U Dy (because Lg(b)N{1,2} # (),
there is an edge dids of f), such that b is adjacent to do and not to d1. Now dy —ds —b—s—q1 — dp
isa P in élg(s), contrary to Lemma

This proves that V(D) = {d}, and so b is adjacent to d, i = 2 and j = 1. Therefore Lp(T7) N
{1,2} = {2}, and so Lgo(q1) = c(q1) = 2. Since dy € Xy, it follows that Lg(dg) = 1. Since
1 € Lg(a) and Lg is obtained by exhaustive updating, we deduce that a is non-adjacent to dp.
But now since 1 € Lg(a) and f(s) =1, we deduce that a —d — b — s — o — do is a path in Hya(s)
contradicting Lemma This proves that (H, L) has a 12-insulating cutset with far side Z'2.

Let £={Lg; Q € Q}. Then |£| < |(V(G)[*™. Since m < 251, it follows that |£| < [V (G)[>"".
Since Lg(v) € L(v) for every v € V(H), it follows that every coloring of (H,L’) is a coloring of
(H,L).
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Now suppose that (H, L) is colorable, and let ¢ be a coloring. We show that some L' € L is
colorable. Let i € {1,...,m}. For a vertex u € X(T}) define val(u) = |Gio(u)|. If some vertex u of
X (T;) with a 12-grandchild has c(u) € L(u) N {1,2}, let ¢; be such a vertex with val(g;) maximum
and set Q; = {¢;}. If no such u exists, let Q; = 0.

Define Py, ..., P, similarly replacing Xlg with X34. Let

Q=(Q1,...,Qm, Pr,..., Py).

We show that c(v) € Lg(v) for every v € V(H), and so (H, Lq) is colorable. Since L is obtained
from Ly, by updating, it is enough to prove that c(v) € Lg(v). Suppose not. There are two
possibilities (possibly replacing 12 with 34).

1. v e X(T}), Qi # 0, G12(g;) is a proper subset of Gi2(v), and ¢(v) € {1,2};
2. v e X(Ty), Qi =0, Gi2(v) # 0, and ¢(v) € {1,2}.
We show that in both cases we get a contradiction.
1. In this case val(v) > v(g;), contrary to the choice of g;.
2. The existence of v contradicts the fact that Q; = (.
This proves that (H, L) is colorable and completes the proof of Theorem . ]

Let P = (G, S, X0, X,Y™, f) be an orthogonal excellent starred precoloring of a Ps-free graph
G. We say that a near-companion triple (H, L, h) is insulated if for every i € {2,3,4} such that
Z' is non-empty, (H, L) has a li-insulating cutset D C X with far side Z'. We can now prove
the main result of this section.

Theorem 12. There is function q : N — N such that the following holds. Let G be a Ps-free graph,
let P = (G,S, X, X,Y*, f) be an orthogonal excellent starred precoloring of G, and let (H,L,h)
be a near-companion triple for P. There is an algorithm with running time O(|V(G)|219)) that
outputs a collection L of 4-list assignments for H such that

o L] < |V(G)lIsh.
e If L' € L and c is a proper coloring of (H,L'), then ¢ is a proper coloring of (H,L).
e If (H,L) is colorable, there exists L' € L such that (H,L’) is colorable.
Moreover, for every L' € L.
e L'(v) C L(v) for everyv € V(H).
e (H,L' h) is insulated.

Proof. Let L9 be as in Lemma By symmetry, we can apply Lemma with 12 replaced by
13 to (H, L', h) for every L' € Lo; let L3 be the union of all the collections of lists thus obtained.
Again by symmetry, we can apply Lemmawith 12 replaced by 14 to (H, L', h) for every L' € Ls;
let £4 be the union of all the collections of lists thus obtained. Now L4 is the required collection of
lists. O
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5 Divide and Conquer

The main result of this section is the last piece of machinery that we need to solve the 4-precoloring-
extension problem.
We need the following two facts.

Theorem 13. [3] There is a polynomial time algorithm that tests, for graph H and a list assignment
L with |L(v)| < 2 for every v € V(H), if (H,L) is colorable, and finds a proper coloring if one
exists.

Theorem 14. [7] The 2-SAT problem can be solved in polynomial time.
We prove:

Lemma 18. Let G be a Ps-free graph and let P = (G, S, Xo, X, Y™, f) be an orthogonal excellent
starred precoloring of G. Let (H,L',h) be a companion triple for P, where V(H) = X U Z, as in
the definition of a companion triple. Assume that D C X isa 12-insulating chromatic cutset in
(H,L') with far side Z'2. There is a polynomial time algorithm that test if (H|(Z*2 U D),L’) is
colorable, and finds a proper coloring if one exists.

Proof. We may assume that Xo = X°(P). Let P = (G, S, X0, X,Y™, f) be as in the definition
of a companion triple, where V(H) = X U Z. By Theorem (13| we can test in polynomial time if
H|(D N X1, L") and H|(D N X34, L') is colorable. If one of these pairs is not colorable, stop and
output that (H|(Z'2U D), L) is not colorable. So we may assume both the pairs are colorable, and
in particular every component of H|(D N X12) and H|(D N X34) is bipartite.

We modify L’ without changing the colorability property. First, let L” be obtained from L’ by
updating exhaustively from X°(L’). Next if v € V(H) \ X12 has a neighbor on both sides of the
bipartition of a component of H |X' 12, we remove both 1 and 2 from L”(v), and the same for Xs4; call
the resulting list assignment L. (We have already done a similar modification while constructing
list assignments Lq in the proof of Lemma but there we only modified lists of vertices in X, so
this step is not redundant.) Set f(u) = L(u) for every u € X°(L). Clearly:

(6) Ifv € V(H) is adjacent to x € X°(L), then L(v) N L(x) = 0.
Next we prove:

Let {p,q} € {{1,2},{3,4}} and let z € Z'? with |L(z) N {p,q}| = 1. Let L(z) N
(7) {p,q} = {i} and {p,q} \ L(z) = {j}. Then there exists y € V(h(z)) and u €
SUXoUXOL) such that f(u) =j and uy € E(G).
To prove (7)) let z € Z with L(z)N{1,2} = {1} (the other cases are symmetric). Since 1 € L(z),
it follows that z does not have neighbors on both sides of the bipartition of a component of H |X' 12,
and therefore L(z) = L"(z). If 2 ¢ L'(z), then such u exists from the definition of a near-companion
triple, so we may assume 2 € L'(z). This implies that there is u € X°(L) such that u is adjacent to
z, and f(u) = 2. Since Z is stable, it follows that v € X UXoU S, and so u is complete to V (h(z)),
and follows.

We define an instance I of the 2-SAT problem. The variables are the vertices of Z'2, and the
clauses are as follows:

1. For every 21,20 € Z'2, if L(z;) N {1,2} = {i} for i = 1,2 and 21, 22 have neighbors on the
same side of the bipartition of some component of H|(D N Xi2), add the clause (—z; V —22).
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2. For every z1,20 € Z'2, if L(z1) N {1,2} = L(z2) N {1,2} € {{1},{2}} for i = 1,2 and 21, 2
have neighbors on opposite sides of the bipartition of some component of H|(D N Xi3), add
the clause (—z1 V —z2).

3. For every z3,2z4 € Z'%, if L(z) N {3,4} = {i} for i = 3,4 and 23, z4 have neighbors on the
same side of the bipartition of some component of H|(D N X34), add the clause (z3 V 24).

4. For every z3,2z4 € Z'2, if L(z3) N {3,4} = L(z4) N {3,4} € {{3},{4}} for i = 3,4 and 23, 24
have neighbors on opposite sides of the bipartition of some component of H|(D N X34), add
the clause (23 V 24).

5. If 2 € Z'2 and L(z) C {1,2}, add the clause (2 V z).
6. If z € Z and L(z) C {3,4}, add the clause (—z V —z2).

By Theorem [14] we can test in polynomial time if [ is satisfiable.

We claim that I is satisfiable if and only if (H|(Z'2U D), L) is colorable, and a proper coloring
of (H|(Z'2 U D), L) can be constructed in polynomial time from a satisfying assignment for I.

Suppose first that (H|(Z'2U D), L) is colorable, and let ¢ be a proper coloring. For z € Z'2, set
2 =TRUE if ¢(z) € {1,2} and z = FALSE if ¢(z) € {3,4}. It is easy to check that every clause
is satisfied.

Now suppose that I is satisfiable, and let g be a satisfying assignment. Let A’ be the set
of vertices z € Z'2 with g(z) = TRUE, and let B = Z'2\ A'. Let A = A’ U (D N X;3) and
B=B'U(DNX3,). Forve Alet La(v) = L'(v)N{1,2}, and for v € B let Lp(v) = L'(v)N{3,4}.
In order to show that (H|(Z'2 U D), L) is colorable and find a proper coloring, it is enough to
prove that (H|A, L) and (H|B, Lp) are colorable, and find their proper colorings. We show that
(H|A, L4) is colorable; the argument for (H|B, Lg) is symmetric.

Since for every z € Z12 with L(z) C {3,4} (—z V —z2) is a clause (of type 6) in I, it follows that
L(z)n{1,2} # O forevery z € A. Let Ay ={v e A : La(v)={1}}, Aa={ve A : La(v)={2}),
and A3 = A\ (A1 U Ay) Let F be a graph defined as follows. V(F) = (As U {a1,a2}), where
F\{ai,a2} = H|A3, ajas € E(F), and for i = 1,2 v € A3 is adjacent to a; if and only if v has a
neighbor in A; in H.

We claim that (H|A, L4) is colorable if and only if F' is bipartite; and if F' is bipartite, then a
proper coloring of (H|A, L 4) can be constructed in polynomial time. Suppose F' is bipartite and let
(F1, F») be the bipartition. We may assume a; € F;. Let i € {1,2}. For every v € (F; U 4;) \ {a;},
we have that i € Ly (v), and so we can set ¢(v) = ¢. This proves that (H|A, L) is colorable, and
constructs a proper coloring. Next assume that (H|A, L) is colorable. For ¢ = 1,2, let F] be the
set of vertices of A colored i. Then A; C F/, and setting F; = (F} \ A;) U{a;}, we get that (F, F3)
is a bipartition of F. This proves the claim.

Finally we show that F is bipartite. Recall that the pair (H|(D N Xi2), L) is colorable, and
therefore H|(D N X12) is bipartite. Since L(v) C L(v) for every v € As, and La(v) N {1,2} # 0
for every v € A, it follows that no vertex of A N Z' has a neighbor on two opposite sides of a
bipartition of a component of H|(D N X15). Since Z'2 is stable, this implies that the graph H|A is
bipartite.

Suppose that F' is not bipartite. Then there is an odd cycle C in F, and so V(C)N{a,as} # 0.
In H this implies that there is a path T'=t; — ... — t; with {ta,...,tx—1} C As, such that either

e k is even, and for some i € {1,2} t1,t, € A;, or

e kisodd, t1 € A1, and t; € As.
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Since T is a path in H|(Z U Xlg), it follows that k < 5. If t; € X1 N D, then t; € XO(L), and so
by @, ty € A1 U Ay, a contradiction. This proves that ¢; € Z'2, and similarly ¢, € Z12.

Suppose first that k is even. Since Z'? is stable, it follows that k # 2, and so k = 4. Since
t1,ts € Z2 and since Z12 is stable, it follows that to,t3 € X12. But now (—t1 V —ty) is a clause (of
type 2) in I, and yet g(t1) = g(t4) = TRUE, a contradiction.

This proves that k is odd. If k = 3 then, since Z'? is stable, to € Xlg, and so (—t1 V —t3) is a
clause (of type 1) in I, and yet g(t1) = g(t3) = TRUE, a contradiction. This proves that k = 5.
Since Z'2 is stable, it follows that to, 4 € Xq9. If 3 € X1o, then (—t1 V —ts) is a clause (of type 1)
in I, contrary to the fact that both g(t;) = g(t5) = TRUE, a contradiction. Therefore t3 € Z12.
We may assume that t; € A;. By @ there exist u € S U XoU X°(L) and y; € V(h(t1)) such
that f(u) = 2 and uy; € E(G). Since to € X, it follows that ty is complete to V(h(t1)), and in
particular ¢ is adjacent to y;. Since Xog = XY(P), it follows that u is anticomplete to {ts,t4}. Let
i € {3,5}. By the definition of a companion triple, since 2 € L(t;), there exists y; € V(h(t;)) such
that u is non-adjacent to y; in G. Now since no vertex of X is mixed on a component to G Y™,
it follows that uw —y1 —to —y3 — t4 — y5 is a Py in Glg( ), contrary to Lemma This proves
Lemma [I8 O

6 The complete algorithm

First we prove Theorem |8] which we restate.

Theorem 15. For every integer C' there exists a polynomial-time algorithm with the following
specifications.

Input: An excellent starred precoloring P = (G, S, Xo, X, Y™, f) of a Ps-free graph G with |S| < C.

Output: A precoloring extension of P or a determination that none exists.

Proof. By Theorem [9] we can construct in polynomial time a collection £ of orthogonal excellent
starred precolorings of G, such that in order to determine if P has a precoloring extension (and
find one if it exists), it is enough to check if each element of £ has a precoloring extension, and find
one if it exists. Thus let P; € £. By Theorem [10] we can construct in polynomial time a companion
triple (H, L, h) for P;, and it is enough to check if (H, L, h) is colorable.

Now proceed as follows. If L(v) = @ for some v € V(H), stop and output “no precoloring
extension”. So we may assume L(v) # () for every v € V(H). Let £ be a collection of lists as in
Theorem If £ =0, stop and output “no precoloring extension”, so we may assume that £ # ().
Let L' € £; then (H, L', h) is insulated. For every i let D’ be and insulating li-cutset with far side
Z'Y% andlet DY = {d € D; : |L'(d)| = 2}. Let H; = H|(D*UZ'Y), and let H, = H\U?ZQ(D"IUZ”).
Observe that V(H;) C X. By Lemma we can check if each of the pairs (H;, L") with i € {2, 3,4}
is colorable, and by Theorem we can check if (Hy, L') is colorable and find a proper coloring
if one exists. If one of these pairs is not colorable, stop and output “no precoloring extension”.
So we may assume that (H;, L') is colorable for every i € {1,...,4}. Observe that D? is an
insulating 12-cutset in (H|(V(H1) UV (Hs)), L') with far side Z'2, D3 is an insulating 13-cutset in
(H|(V(Hy) UV (Hy) UV (Hs)), L") with far side Z'3, and D* is an insulating 14-cutset in (H, L')
with far side Z'4. Now three applications of Theorem show that (H, L) is colorable, and produce
a proper coloring. This proves O

We can now prove the main result of the series, the following.
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Theorem 16. There exists a polynomial-time algorithm with the following specifications.

Input: A j-precoloring (G, Xo, f) of a Ps-free graph G.

Output: A precoloring extension of (G, Xo, f) or a determination that none ezists.

Proof. Let L be as in Theorem [7] Then £ can be constructed in polynomial time, and it is enough
to check if each element of £ has a precoloring extension, and find one if it exists. Now apply the

algorithm of Theorem [15| to every element of L. O
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Appendix: Finding an Excellent Precoloring

A Establishing the Axioms on Y|

Given a Ps-free graph G and a precoloring (G, A, f), our goal is to construct a polynomial number
of seeded precolorings P = (G, S, Xo, X, Yy, Y, f) satisfying the following axioms, and such that if
we can decide for each of them if it has a precoloring extension, then we can decide if (G, 4, f) has
a 4-precoloring extension, and construct one if it exists.

(i) G\ X is connected.

S is connected and no vertex in V(G) \ S is complete to S.
Yo = V(G)\ (N(S) U Xo U S).

No vertex V(G) \ (Yo U Xp) is mixed on an edge of Yj.

If |Lg¢(v)] =1 and v € S, then v € Xo; if [Lgf(v)| = 2, then v € X; if [Lg ¢(v)| = 3, then
veY;and if |Lgs(v)| =4, then v € Yp.

(vi) Thereisa color ¢ € {1,2,3,4} such for every vertex y € Y with a neighbor in Yy, f(N(y)NS) =
{c}. Welet L =1{1,2,3,4} \ {c}.

(vii) With L as in , we let Y} be the subset of Y7, of vertices that are in connected components
of G|(YpUY7.) containing a vertex of Y. Then no vertex of Y\ Y} has a neighbor in Yy U Y},
and no vertex in X is mixed on an edge of Yo U Y}

(viii) With Y}* as in (vii), for every component C of G|(Yo UY}), there is a vertex v in X complete
to C.

We start with a useful lemma.

Lemma 19. Let G be a graph and let X C V(Q) be connected. If v € V(G) \ X is mized on X,
the there is an edge xy of X such that v is adjacent to x and not to y.

Proof. Since v is mixed on X, both the sets N(v) N X and X \ N(v) are non-empty. Now since X
is connected, there exist z € N(v) N X and y € X \ N(v) such that = is adjacent to y, as required.
This proves Lemma ]

Now we establish the first axiom.

Lemma 20. Given a 4-precoloring (G, Xo, f) of a Ps-free graph G, there is an algorithm with
running time O(|V (G)|?) that outputs a collection L of seeded precolorings such that:

o L] < V(G);

e cvery P’ € L is of the form P' = (G|(V(C) U Xy), 0, Xo,0,V(C),0, f) for a component C of
G\ Xo;

o cvery P’ € L satisfies

e (G, Xy, f) has a 4-precoloring extension if and only if each of the seeded precolorings P’ € L
has a precoloring extension; and
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e given a precoloring extension for each of the seeded precolorings P’ € L, we can compute a
4-precoloring extension for (G, Xy, f) in polynomial time.

Proof. For each connected component C of G \ Xy, the algorithm outputs the seeded precoloring
(G(V(CYUXy),0, X0,0,V(C),0, f). Since the coloring is fixed on Xy, it follows that (G, Xy, f) has
a 4-precoloring extension if and only if the 4-precoloring on Xy can be extended to every connected
component C of G\ Xy. This implies the statement of the lemma. O

The next lemma is used to arrange the following axioms, which we restate:

S is connected and no vertex in V(G) \ S is complete to S.

Yo = V(G)\ (N(S) UXp US).

Lemma 21. There is a constant C' such that the following holds. Let P = (G, 0, Xo,0, Yy, D, f) be
a seeded precoloring of a Pg-free graph G with P satisfying . Then there is an algorithm with
running time O(|V(G)|) that outputs an equivalent collection L for P such that

o L] <V(G);

e cvery P’ € L is a normal subcase of G;

o cvery P = (G, S, X\, X", Y], Y', f') € L with seed S’ satisfies |S'| < C; and
o cvery P’ € L satisfies (), and ().

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring
extension for P in polynomial time.

Proof. If |V(G) \ Xo| < 5, we enumerate all possible colorings. Now let v € V(G) \ Xp, and let
S" = {v}. While there is a vertex w in V(G) \ S’ complete to S’, we add w to S’. Let S denote
the set S” when this procedure terminates. If either |S| > 5 or (G|(S U Xp), 0, Xo, S, 0,0, f) has no
precoloring extension, then we output that P has no precoloring extension. Otherwise, we construct
L as follows. For every proper coloring f’ of G|S such that fU f’ is a proper coloring of G|(SUXj),
we add

P'=(G,S, X0\ S,N(S)\ X0, V(G) \ (XoUSUN(S)),0, fU f)

to L. Since |S| < 4, it follows that the first three bullets hold, and holds for P’ by the definition
of P'. Since X is unchanged, it follows that holds. Since S is a maximal clique, we have that
holds for P’. This concludes the proof. ]

The next four lemmas are technical tools that we use several times in the course of the proof.
They are used to show that if we start with a seeded precoloring that has certain properties, and
then move to its normal subcase, then these properties are preserved (or at least can be restored
with a simple modification).

For a seeded precoloring P = (G, S, X0, X, Y0, Y, f), a type is a subset of S. For v € V(G) \
(S U Xp), the type of v, denoted by Tp(v) = Ts(v), is N(v) NS. For a type T and a set A, we let
AT)={ve A:Tp(v)=T}.

Lemma 22. Let P = (G, S, X0, X, Yy, Y, f) be a seeded precoloring of a Ps-free graph G satisfying
and (i), and let Let T,T" C S with |f(T)| = |f(T")] = 1 and such that f(T) # f(T"). Let
Y,y € N(Yy) such that T(y) =T and T(y') =T'. Let z,2' € Yy be such that yz and y'2’ are edges,
and suppose that z is non-adjacent to 2’ and that vy is non-adjacent to 1y'. Then either yz' or y'z is
an edge.
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Proof. Suppose both the pairs 2’ and y'z are non-adjacent. Since P satisfies and , it follows
that G|S is connected and both y, 3’ have neighbors in S. Let @ be a shortest path from y to 3/
with interior in S. Since |f(T)| = |f(T') =1 and f(T) # f(T"), it follows that TNT" = (), and so
|Q*| > 1. But now z —y — Q — ¢y — 2’ is a path of length at least six in G, a contradiction. This
proves Lemma [22] O

Lemma 23. Let P = (G, S, X0, X, Y0,Y, f) be a seeded precoloring of a Ps-free graph satisfying
(), and ([iv]), and let P' = (G, 5", X, X', Yy,Y', f') be a normal subcase of P satisfying ().
Then no v € Yy \ (S"UYY) has both a neighbor in S" and a neighbor in Y.

Proof. Suppose such v exists. Let y € Yy be a neighbor of v. Since P’ is a normal subcase of P,
P’ satisfies ({i). Since v has both a neighbor in Yy and a neighbor in S’, and since P’ satisfies (i),
it follows that v € X’ UY’ U X{. Since v € ), it follows that v is anticomplete to S. Therefore v
has a neighbor in §"\ S € X UY UYjy. Since P’ satisfies (i), there is a path @ from v to a vertex
s of S with @* C S’. Then V(Q) \ {v} is anticomplete to Y. Let R be the maximal subpath of
v—@Q — s, with v € V(R), such that V(R) C Y. Then s ¢ V(R), and there is a unique vertex
t € V(Q)\ V(R) with a neighbor in V(R). Since t € N(Y}), it follows that ¢ ¢ S U Yy, and so
t € XUY. But ¢ is mixed on V(R) U {y} C Yp, contrary to the fact that P satisfies (iv]. This
proves Lemma

O

Lemma 24. There is a constant C such that the following holds. Let P = (G, S, X0, X,Yy,Y, f) be a
seeded precoloring of a Ps-free graph G with P satisfying (), and let P' = (G', 8", X}, X', Y§,Y', ')
be a normal subcase of P satisfying and . Then there is an algorithm with running time
O(IV(G)|®) that outputs an equivalent collection L for P', such that |£| < 1, and if L = {P"},
then

e there is Z C Yy such that P" = (G'\ Z,5', X\, Yy \ Z,Y', f) and P" is a normal subcase of
P';

o P" satisfies () —(iv);
o if P’ satisfies (v]), then P satisfies ().

Moreover, given a precoloring extension of P”, we can compute a precoloring extension for P in
polynomial time.

Proof. Since P’ is a normal subcase of P, it follows that P’ satisfies (ii). We may assume that P’
does not satisfy (i), for otherwise we can set £ = {P'}. Now let C' be a connected component of
G'\ X[y with "NV (C) = 0. It follows that V(C) C Yy and C' is a component of G|Y{.

Let x € N(V(C)) N (X{ \ Xo). Since P satisfies (), such a vertex = exists. By Lemma
z € X UY. Since P’ satisfies (iv]), it follows from Lemma [19] that z is complete to V(C). Let
f'(z) = c. Then in every precoloring extension d of P’ we have d(v) # ¢ for every v € V(C).

Let A= {v € X}, : f'(v) # c}. By Theorem 2]and since G is Ps-free, we can decide in polynomial
time if (G'|(V(C)U A), A, f'| 4) has a precoloring extension with colors in {1,2,3,4} \ {c}. If not,
then P’ has no precoloring extension, and we set £ = 0. If (G'|(V(C)UA), A, f'| 4) has a precoloring
extension using only colors in {1,2,3,4} \ {c}, then P’ has a precoloring extension if and only if
(G'\V(C),8, X5, X", Y\ V(C),Y', f") does.

We repeat this process a polynomial number of times until G’ \ X{ is connected, and output
the resulting seeded precoloring P” = (G”, 8", X{, X', Y{',Y', f') satisfying (i). Since Y’ C Y{, and
the other sets of P” remain the same as in P’, it follows that the P” satisfies (ii)—(iv), and if P’
satisfies ([v), then so does P”. This proves Lemma O
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Lemma 25. Let P = (G, S, X0, X, Y0,Y, f) be a seeded precoloring of a Ps-free graph satisfying
(i), and (v), and let P' = (G',S', X{, X', Y], Y', f') be a normal subcase of P satisfying (§i).
Then P’ satisfies . Moreover, if P satisfies , then P’ satisfies .

Proof. Since P’ is a normal subcase of P, P’ satisfies (ii). First we show that P’ satisfies (iv).
Suppose not, then there exists v € V(G) \ X{, mixed on an edge zy of Y, say v is adjacent to y and
not to z. It follows that v € X’ UY”, and since P satisfies , v € Yy. Therefore v has a neighbor
in S/, contrary to Lemma This proves that P’ satisfies (iv]).

Next assume that P satisfies . We show that P’ satisfies . Let L as in applied to P.
Suppose there exists y € N(Y{) with Lp(y) # L and |Lp/(y)| = 3. Since P satisfies (vi), it follows
that y € ) \ Yy, and y has a neighbor s € S’, contrary to Lemma This proves that P’ satisfies
.

This completes the proof of Lemma

The next lemma is another technical tool, used to establish axioms and .

Lemma 26. There is a function q : N — N such that the following holds. Let P = (G, S, X9, X, Y0,Y, f)
be a seeded precoloring of a Pg-free graph G with P satisfying , and . Let L C [4] with
|L| = 3, let ¢4 be the unique element of [4]\ L. Let R C Yo U Yy, such that Yo C R. Assume further
that if t € (X UY)\ R has a neighbor in R, then for every z € R, Lp(t) # Lp(z), and that there

is no path t —zy — z9 — z3 with t € (X UY)\ R and z1, 22,23 € R. Then there is an algorithm with
running time O(|V(G)|2USD) that outputs an equivalent collection L for P such that

o L] <|V(G)105D;

e cvery P’ € L is a normal subcase of P;

every P' = (G', 5", X, X', Yy, Y', f') € L with seed S satisfies |S'| < q(]S|);

every P € L satisfies and ().
no vertex of (X" UY')\ R is mized on an edge of (Y UY{) N R.

Moreover, for every P’ € L, given a precoloring extension of P', we can compute a precoloring
extension of P in polynomial time.

Proof. If G contains a K5, then P has no precoloring extension; we output £ = () and stop. Thus
from now on we assume that G has no clique of size five. Let Y = R and let Z° = (X UY) \ R.
Let 77 be the set of types of vertices in Z°, and set j = 4.

Let Q; be the set of | 77 |-tuples (ST) perss1, where each ST C ZITH(T) and S77 is constructed
as follows (starting with ST = (}):

o If R =Yy or ¢y € f(T) proceed as follows. While there is a vertex z € ZJH(T) complete
to S7T and such that there is clique {ay,...,a;} C Yo/ with N(2) N {a1,...,a;} = {a1},
choose such z with N(z) N R maximal and add it to S77,

e If R#Ypand cs ¢ f(T), while there is z € Z/TY(T) complete to S»7 such that there is clique
{a1,...,a;} C Yo/ with N(2) N {a1,...,a;} = {a1}, add z to S7T. Let Xo(z) be the set of
all 2/ € ZJTY(T) such that

— 2’ is complete to 7T\ {2}
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— there is a clique {by,...,b;} C Yo/t such that N(2') N {by,...,b;} = {b1}, and
— N(Z') N R is a proper subset of N(z) N R.

When no such vertex z exists, let Xg’T = U.cgim Xo(2). Define f'(2') = ¢4 for every 2’ € Xg’T
(observe that since ¢4 & f(T), it follows that ¢4 € Lp(2')).

Since G has no clique of size five, it follows that [S/»T| < 4 for all T. Let Q € Qj; write
Q = (89 ) gerin. Let § = S92 = Jpersin ST, Let Y§ = V9 = Y\ N(99), X§ = X39 =
Uperin XPT. 279 = 29Q = (Z7+1\ X)) U (Y™ \ Y{) and let T7 be the set of types of Z7 (in P).
If j > 2, decrease j by 1 and repeat the construction above, to obtain a new set Q;_1; repeat this
for each Q € Q;.

Suppose j = 2. Then @ was constructed by fixing Q4 € Q4, constructing Qs (with Q4 fixed),
fixing Q3 € Qs, constructing Qs (with Q3 fixed), and finally fixing Q € Q2. Write Q2 = Q. For
consistency of notation we write Q5 = ), Z5 = Z>%5 and Yy = 3/(]5’Q5. Let S’ =S U U?:Q S3Q5 . If
R# Yy, let X§ = Xo U, XJ¥: if R = Yy, let X} = X.

For every function f':S"\ S — {1,2,3,4} such that f U f’ is a proper coloring of G|(S5" U X})),
let

Ppo=(G, 8, X, 2> N X, Y2, 229Ny, fu f).

Let £ be the set of all Py as above. Observe that S’ is obtained from S by adding a clique of
size at most four for each type in 77 at each of the three steps (j = 4,3,2), and since |T7| < 2lSl
for every j, it follows that |S U S'| < [S] 4+ 12 x 2151, Since |S"\ S| < 12 x 2181 it follows that
L] < @V,

In the remainder of the proof we show that every Pg y € L satisfies the required properties.

(8) SuU Uizj Sk is connected for every j € {2,...,4}. In particular S' is connected.

Since for every j, we have that S99 C Zi+1 it follows that every vertex of $7%i has a neighbor
in S UUp_jpq 5P, and (§) follows.

9) Let j € {2,...,5}. Therezsnopathz—a—b—cwztthZJQﬂ andachYjQ]

Suppose for a contradlctlon that there exist j and z violating @ we may assume z is chosen
with j maximum. By assumption j # 5 and z € Yoj Qi \YOJJrl Qit1 It follows that z has a neighbor
2/ € §99 and that z is anticomplete to S U Ui:jﬂ Sk@r - Since 2/ € 8§99 C 7ZitL4 it follows
that 2’ has a neighbor s € S U Ui:j_H Sk@k. But now s — 2 —z—a—b—cisa P in G, a
contradiction. This proves @D

Let 7 € {2,...,4}. No wertex z € Z»9 has exactly one neighbor in a clique
{al, e ,aj} - )/bJ’Qj.

Suppose for a contradiction that there exist j and z violating (1 , we may assume that z is
chosen with j maximum. Write Q; = (S91). Let {ay,...,a;} C Y]’ 7 be a clique with N(z) N
{al, NN ,aj} = {al}.

Suppose first that z € R. Let k be maximum such that z € Z¥% . Then z ¢ Z*¥+1.@k+1 and
thus z € YkH’Qk“, z has a neighbor 2/ € S%@ and z is anticomplete to S U U? ket 1 ShQu Tt

follows that 2’ € Zk+1.@+1. But now 2’ — 2 — a; — a; is a path with z,a;,a; € YkH Q1
to @D This proves that z € R.

It follows that z € Z/+1.Qi+1 N (X UY), and in particular z has a neighbor in S. Let T = Tp(z2).
It follows that ST £ (); let 2/ € S?T be the first vertex that was added to S77 that is non-adjacent

(10)

contrary
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to z (such a vertex exists by the definition of S#T). Then Lp(z) = Lp(2'). Since 2/ € S99,
it follows that 2’ is anticomplete to ij’Qj . Since a; € YOJ Qi C YOJ H’Qj“, it follows that z has
a neighbor in YOJH’QJ'Jr1 non-adjacent to 2/, and hence (by the choice of 2’ if Yy = R, and since
z & Xo(Z') if Yo # R), it follows that 2’ has a neighbor o’ € Y0j+1 that is non-adjacent to z.

Suppose first that o’ is complete to {a1, ..., a;}. Since G contains no clique of size five, it follows
that j < 4. But now N(z') N{d’,a1,...,a;} = {a’}, contrary to the maximality of j.

Suppose next that @’ is mixed on {a,...,a;}. Let  be a neighbor and y be a non-neighbor of
a’ in {a1,...,a;}. Then 2’ —a’ — 2 — y is a path, which contradicts an assumption of the theorem.

It follows that o’ is anticomplete to {a1,...,a;}. Since z,7z" ¢ R and have neighbors in R, it
follows that there is a vertex ¢t € T that is anticomplete to R (this is immediate if R = Yj, and
follows from the fact that Lp(z) # L if R # Yp). Now ¢/ — 2 —t —z—a1 —a; is a Ps in G, a
contradiction. This proves .

By Py ¢ satisfied , and by construction holds. Now from ([10)) with j = 2 we deduce
that no vertex of (X' UY”)\ R is mixed on an edge of (Y'UYJ)NR.

It remains to show that £ is equivalent to P. Clearly for every P’ € L, a precoloring extension
of P’ is also a precoloring extension of P.

Let d be a precoloring extension of P. We show that some P’ € £ has a precoloring extension.
Let j € {2,3,4}; define ST and f’ as follows (starting with S37 = (}):

o If R =Y or cs € f(T) proceed as follows. While there is a vertex z € ZItY(T) complete
to ST and such that there is clique {a1,...,a;} C Yo/ ™' with N(z) N {ay,...,a;} = {a1},
choose such z is such that N(z) N R maximal and add it to S¥7; set f/(z) = d(z).

o If R # Yy and ¢4 ¢ f(T), while there is z € ZI+HU(T) complete to S/7 such that there is
clique {a1,...,a;} C Yo/ with N(2) N {a1,...,a;} = {a1}, choose such z with d(z) # c4
and subject to that with N(z) N R maximal; add z to S%7 and set f/(z) = d(z). Let Xo(2)
be the set of all 2’ € Z7T1(T) such that

— 7' is complete to S3T\ {2},

— there is a clique {by,...,b;} C Yo’™! such that N(2') N {by,...,b;} = {b1}, and

— N(2') N R is a proper subset of N(z)N R.
It follows from the choice of z that d(z) = ¢4 for every 2’ € Xo(z). When no such vertex z
exists, let X(j)"T = U,egir Xo(2); thus d(2') = ¢4 for every 2 e X)". Define f'ir(2') = cq for
every 2/ € X" then f'jr(z) = d(z) for every z € x3T.

Let Q; = (S7T) and let f';=Ur fjr Tt follows that Py, q, = (G,S", X5, X', Yy, Y', fU f')

satisfies d(v) = fa(v) for every v € S’ U X{), and thus d is is a precoloring extension of Py, 4,, as
required. This proves Lemma, ]

The next lemma is used to arrange the following axiom, which we restate:
No vertex V(G) \ (Yo U Xp) is mixed on an edge of Yjp.

Lemma 27. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X, Y0,Y, f)
be a seeded precoloring of a Ps-free graph G with P satisfying , and . Then there is an
algorithm with running time O(|V (G)|2USD) that outputs an equivalent collection L for P such that

o L] <|V(G)105D;
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e cvery P’ € L is a normal subcase of P;
o cvery P = (G, S", X\, X", Y3, Y, ') € L with seed S’ satisfies |S’| < q(|S]); and
o cvery P’ € L satisfies (), (i), and (iv)).

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time.

Proof. Let S = (. Let Z = X UY. Since P satisfies , it follows that every vertex of Z has
a neighbor in S. While there is a vertex z € Z complete to S° and a path z —a — b — ¢ with
a,b,c € Yy, we add z to S°. If |S?| > 5, then G contains a K5 and thus it has no precoloring
extension; set £ = () and stop. Thus we may assume that [S°| < 4. Let Y7 = Yp \ N(S®) and let
75 = ZU(Yp\Yy). Since S is connected, and since every vertex of S° has a neighbor in S, it
follows that S U S% is connected.

(11) There is no path z —a — b — c with z € Z° and a,b,c € Y.

Suppose for a contradiction that such a path exists, and suppose first that z € Z. By the choice
of S, it follows that there exists a vertex 2/ € Z N S° non-adjacent to z. Since SU S is connected,
there exists a path @ connecting z and 2’ with interior in S U S°. Since P satisfies and by the
construction of S°, it follows that Q* is anticomplete to {a,b,c}. But now 2/ —Q —z —a—b—c is
a path of length at least six in GG, a contradiction.

It follows that z € N(S°)\ Z, and thus z € Yp\Yy. Let s’ € S°NN(z). Then s’ is anticomplete to
{a,b,c}. Moreover, s’ € Z, and so s’ has a neighbor s € S. Since P satisfies , s is anticomplete
to Yy, and so s is anticomplete to {z,a,b,c}. But now s — s — 2 —a—-b—cisa P in G, a
contradiction. This proves .

For every f’:S® — [4] such that fU f’ is a proper coloring of G|(S U S%), let Py = (G,S U
5%, X0, Z°,Yy,0, f U f'). Then Py is a normal subcase of P that satisfies (i)- ().

Let My be the collection of seeded precolorings obtained by applying Lemma [26] to PJQ with
R =Y}, and let M be the union of all such M. By every P" € M satisfies (ii)—(iv).

Finally let £ be obtained from M by applying Lemma [24] to every member of M. Then every
P’ € L satisfies 7, as required. This proves Lemma O

The purpose of Lemma [28|is to organize vertices according to their lists (which, in turn, arise
from the colors of their neighbors in the seed) to satisfy the following axiom:

If |Ls¢(v)] =1and v € S, then v € Xo; if |[Lg ¢(v)| = 2, then v € X if |Lg ¢(v)| = 3, then
v e Y;and if |Lgf(v)| =4, then v € Yj.

Moreover, we will construct new seeded precolorings in controlled ways from seeded precolorings
satisfying , , , and , to arrange that these axioms as well as still hold for the new

instances.

Lemma 28. There is a constant C' such that the following holds. Let P = (G, S, X0, X,Y0,Y, f)
be a seeded precoloring of a Pg-free graph G with P satisfying , , and , and let
P = (G5, Xy, X" Yy, Y, f) be a normal subcase of P. Then there is an algorithm with running
time O(|V(G)|€) that outputs an equivalent collection L for { P} of seeded precoloring with |£| <1,
such that if L= {P"} then

e P" is a normal subcase of P’, and
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o P" satisfies , , , and .
o If P’ (vi), then P" satisfies ([vi).
o If P satisfies (vii), then P" satisfies ([vii).

Moreover, given a precoloring extension of P”, we can compute a precoloring extension for P in
polynomial time.

Proof. Since P’ is a normal subcase of P, it follows that P’ satisfies . By moving vertices between
Yj and X' UY’, we may assume that P’ satisfies (fii). By Lemma [25| P’ satisfies (fiv)).

Let Z; ={v e V(G)\ (S"UX{) : |[Lp/(v)| =1i}. If Zy # (), then P’ has no precoloring extension,
and we output this and £ = () and stop. Thus, we may assume that Zg = 0. Let [ : Z; — {1,2,3,4}
with f”(v) = ¢ if Lpr(v) = {c}. Since P’ satisfies ({il), it follows that Y = Z4, and so the seeded
precoloring P = (G, 9, XU 21,29, Z4, Z3, f U f”) satisfies (iv). For the same reason, if P’
satisfies , then so does P, and if P’ satisfies , then so does P. Let P” be obtained from
the precolormg P asin Lemma It follows that P” satlsﬁes (- ., and P is a normal subcase
of P'. Clearly if P satisfies ( (vi), then so does P”, and if P satisfies , then so does P”. This
proves Lemma [28] O

In the next lemma we establish , which we restate:

There is a color ¢ € {1,2,3,4} such for every vertex y € Y with a neighbor in Yy, f(N(y)NS) =
{c}. Welet L ={1,2,3,4} \ {c}.

Lemma 29. There is a function ¢ : N — N such that the following holds. Let P = (G, S, Xy, X, Y0,Y, f)
be a seeded precoloring of a Ps-free graph G with P satisfying , , , and . Then
there is an algorithm with running time O(|V (G)|9USD) that outputs an equivalent collection L for

P such that

o [£] < [V(G)|HI5D;
e cvery P' € L is a normal subcase of P;
o cvery P = (G, 5", X, X", Yy, Y, [') € L with seed S’ satisfies |S’| < q(|S]); and

e cvery P’ € L satisfies , , , , and .

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time.

Proof. A seeded precoloring P = (G, S, Xy, X,Y),Y, f) is acceptable if for every precoloring ex-
tension ¢ of P and for every non-adjacent y,y’ € Y N N(Yp) with Lp(y) # Lp(y'), we have
{e(y),c(y)} € Lp(y) N Lp(y).

First we construct a collection M of seeded precolorings that is an equivalent collection for
P, and such that every member of M is acceptable. We proceed as follows. Let 7 be the set
of all pairs (T,7") with T,7" C S and |f(T)| = |f(T")] = 1 and f(T) # f(T'). Write T =
{1, T7),.... (T3, T) }. Let Q be the set of all t-tuples Q@ = (Qr, 17, - - -, Qr, 17) such that Qr, 1 =
(PTi,Ti’a MTZ',TZU NTZ‘,T{) where

o |Pr,r|=|Mp, 1| < |Npp| <1

[ PT-L',T! g Y(E) and NTZ'7T-/ Q Y(j—;/)
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L] MTinil - }/0
° MT“TZ( is complete to PTi,T{ U NTi,Ti’-
 Pr, 7 is anticomplete to Ny, 7.

Let V(Qz, 1) = Pr, 70 U My, 70 U Nr, 77 and let S(Q) = U§:1 V(Qz, 1) Let (T;,T!) € T. Define
Z(T;,T}) as follows.

o If |Pr, | = [Mp, 17| = |Np, 7| = 0, then Z(T;, T;) = Y/(T";) N N (Yp).
o If ‘PTivTil‘ = |MTL’7T{’ =0 and |NT1_7TZ_/‘ = ]_, then Z(T‘Zaj—;/) = (Y(Tll) N N(YO)) \N(NTZ,TZ/)
o If |Pr,7y| = Mz, 17| = N1, 17| = 1, then Z(T3, T}) = 0.

Let Z(Q) = U(Ti,Ti’)eT Z(T;,T!). A function f’ is said to be Q-admissible if f': S(Q)U Z(Q) —
{1,...,4} and for every i € {1,...,t} it satisfies:

o f'(Prr), f'(Nrry) € 4\ (f(T3) U f(T))).

o If Z(T;,T}) C Y(I7), then f'(Z(T},T7)) = f(T0).
o If Z(T;,T!) C Y(T}), then f/(Z(T3,T!)) = f(T)).

e The coloring f U f" of G|(SUS(Q)U XoU Z(Q)) is proper.

For every @Q-admissible function f’ with domain S(Q) U Z(Q), let

Po.p = (G, SUS(Q), XoUZ(Q), X, Yo\(S(Q)UN(S(Q))), (Y\(S(Q)UZ(Q)))U(N(S(Q))Yo), fUf).

Then Pg s is a normal subcase of P.

Since every vertex in XUY has a neighbor in S, it follows that Pg s satisfies ; by construction
holds. By Lemma Py jr satisfies . Let M be the union of the collections obtained by
applying Lemma where the union is taken over all Q, f’ as above. Then every member of M
satisfies f.

We show that there is a function ¢; : N — N such that |S U S(Q)| < ¢i(|S]) and M| <
[V(G)|20SD. Since there are at most 2!5! types, it follows that ¢t < 225, Now, since for every
(T3, T]) € T we have that |V (Qr,1/)| < 3, it follows that for every @ € Q we have [S(Q)| < 3 x 2,

and so |S U S(Q)| < |8] + 3 x 22151 and |Q] < [V(G)[P*?™'. Finally, for every Q, there are
at most 415(@) = 43¢ possible precoloring of S(Q), since every precoloring of S(Q) extends to an

.. . . . |S| 3><22\S|
admissible function in a unique way, and we deduce that M| < 43t x|Q| < 43*2”% x|V (@)| <
(4|V(G)|)3X22‘S‘ as required.

Let P' € M with P' = (G,S", X}, X', Y{,Y', f"). If y € Y’ has a neighbor z € Y,
(12) th ey
eny )
Suppose that y € Y. Then y € Yy NY” and there exist s € S”\ S such that y is adjacent to s,

contrary to Lemma This proves .

Next we show that every precoloring in M is acceptable. Let P’ = (G, 5", X(, X', Yy, Y', f') €
M, and suppose there exist non-adjacent y,y’ € N(Yy) NY’ with Lp/(y) # Lp(y') and such
that there exists a precoloring extension ¢ with ¢(y),c(y’) € Lp/(y) N Lp/(y'). Let z € N(y)NYy
and 2/ € N(y) NY]. Then 2,2’ € Yy, and so by Lemma |23 y,y/ € Y, Lp(y) = Lp/(y) and
Lp(y') = Lp/(y'). Let T = T(y) and 7" = T(y’) (in P). Then TNT" = (. By Lemma
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we may assume that z = 2. Since Y NY(T) and Y' N Y (T") are both non-empty, it follows
that |[V(Qrr/)| > 1. Let Prp = {p}, Mprr = {m} and Ny = {n}. Since z € Y{, it follows
that z is anticomplete to V(Qr1v). Since P’ satisfies (v), f'(p), f'(n) € Lp(y) N Lp(y') and
|Lp:(y)| = |Lp:(y')| = 3, it follows that {y,y’,p,n} is a stable set. By symmetry, we may assume
that f’(m) € Lpi(y), and hence y is not adjacent to m. Let s € T\T’; then z —y—s—p—m—n
is a P in (G, a contradiction. This proves that every seeded precoloring in M is acceptable.

Next we show that M is equivalent to P. Clearly every precoloring extension of a member
of M is a precoloring extension of P. For the converse, let ¢ be a precoloring extension of P.
For every pair of types (T,7") € T for which there exist non-adjacent y € Y (T') N N(Yp) and
y € Y(T") N N(Yp), such that c(y),c(y’) € f(T)U f(T"), choose such a pair y,y" and let z be a
common neighbor of 3,3 in Yy (such z exists by Lemma 22)); set Prp = {y}, My = {z} and
Ny = {y/}, and define f'(y) = c(y), f'(y/) = c(y’) and f'(z) = c(2). Let Z(T;, T?) = b.

Now let (T, T") € T be such that no such y, ¢ exist. Suppose that there exists y € Y/(T")NN(Yp)
with c(y) # f(T), let Nrp = {y}, Prov = Mrp = 0, and let f'(y) = c(y). Let Z(T;,T)) =
(Y(T)NN(Yy)) \ N(y), and set f'(v) = f(T") for every v € Z(T;,T}). Since (T,T") does not have
the property described in the previous paragraph, it follows that ¢((Y/(T)NN (Yy))\ N(y)) = f(T"),
and so c(v) = f'(v) for every v € Z(T;,T}). Finally, suppose that c¢(Y(T") N N(Yp)) = f(T).
Then set Prg» = My = Npgp = 0 and Z(T;,T)) = Y(T') N N(Yp). Define f'(v) = f(T) for
every v € Z(T;,T]). Let @ consist of all the triples Q77 = (Prgv, My, Np7v) as above. Let
S@Q) =Ugrer V(Qrr), and Z(Q) = U per Z2(T5, T7). Let

Po.p = (G, SUS(Q), XoUZ(Q), X, Yo\(S(Q)UN(S(Q))), (Y\(S(Q)UZ(Q)))U(N(S(Q))Yo), fUf).

Then c is a precoloring extension of Pg /. Moreover, Pg ; was one of the seeded precoloring we
considered in the process of constructing M, and so M contains the seeded precoloring obtained
from Py ¢ by applying Lemma It follows that M is an equivalent collection for P.

Let P! = (G, S, X}, X', Yy,Y', f') € M be an acceptable seeded precoloring. For ¢ € {1,2, 3,4}
and a precoloring extension d of P’, we say that is ¢ is active for L and d if there exists a vertex
veY' NN(Yy) with Lp/(v) = L and d(v) =

Define £;(P’) as follows. For every function g : Y/ N N(Yy) — [4] such that

e g(v) € Lp/(v) for every v € Y N N(Y]),
o |g(Y/NN(Yy)| =1 for every L € ([g]), and
e f'Ug is a proper coloring of G|(S"U XU (Y N N(Yy))),
let
P/ =(G,5" XoU (Y N N(Yp)), X', Y5, Y\ N(Yp), f Ug).

It is easy to check that P” satisfies (i) —(vi). Let P, be obtained from P, by applying Lemma 28 l
Then Pé satisfies . Let L1(P') be the collectlons of all such P’

Next we construct £2(P/ ). For every L € ([ ]) for every yi,1ye € Y LN N(Y"y), and for every
c1,¢2 € L, define a function g as follows. Let g(y;) = ¢;. For every L' € ([g]) \ L, let Z(L') be
the set of vertices v € Y/, such that v has a non-neighbor n € {y1,y2} with g(n) € L'. For every
v € Z(L), let g(v) be the unique element of L'\ L. Finally, let Z = UL/e([‘;]) Z(L).

If U g is a proper coloring of G|(S U Xy U {y1,y2}), let

\L
Pg,y17y27017c2 - <G7S U {ylayQ}aXO U Z7 X7Yb \ N({yhyQ})vY\ (Z U {yl:y?})7f/ U g)
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It is easy to check that Py . satisfies {)—(vi). Let Pl o uscr.co PEObtained from P
by applying Lemma Let Lo(P') be the collection of all Pi,yhyz, c1.co constructed this way; then
every member of Ly satisfies —.

We claim that L(P") = £1(P')UL2(P’) is an equivalent collection for { P’}. Clearly a precoloring
extension of an element of £(P’) is a precoloring extension of P. Now let ¢ be a precoloring extension
of P. If for every L € ([g]) there is at most one active color for L and ¢, then ¢ is a precoloring
extension of a member of £1(P), so we may assume that there is Ly € ([g]) such that at least two
colors are active for L and c¢. We may assume that L = {1,2,3} and the colors 1,2 are active. Let
y; € Y'r, with ¢(y) = i. We claim that ¢ is a precoloring extension of P£o7y1 w12 Let L€ ([g]) \ Lo.
Since P’ is acceptable, for every v € Y/ that has a non-neighbor n € {yi1,y2} with ¢(n) € L', we
have that c¢(v) € L'\ Lo. It follows that ¢(v) = g(v), and the claim holds. This proves that L(P’)
is an equivalent collection for {P'}.

Finally, setting

L= J ),

PeM

Lemma [29] follows. This completes the proof. O
The next lemma is used to arrange the following axiom, which we restate:

With L as in , we let Y} be the subset of Y7, of vertices that are in connected components
of G|(YoUY7) containing a vertex of ¥y. Then no vertex of Y \ Y} has a neighbor in Yy UY},
and no vertex of X is mixed on Yy U Y}

Lemma 30. There is a function q : N — N such that the following holds. Let P = (G, S, X9, X, Y0,Y, f)
be a seeded precoloring of a Ps-free graph G with P satisfying , , , , and . Then

there is an algorithm with running time O(|V (G)|90S)) that outputs an equivalent collection L for
P such that

L] < [V(G)[205D;

every P’ € L is a normal subcase of P;

for every P' = (G', 8", X3, X", Y, Y', f') € £, [S'] < q(|S]);
o cvery P’ € L satisfies (i), (), @), @), (). and ([vil);

Moreover, for every P’ € L, given a precoloring extension of P', we can compute a precoloring
extension for P in polynomial time.

Proof. We may assume that G contains no Kjs, for otherwise, P does not have a precoloring
extension and we output £ = () and stop.

With L as in and Y} as in (vii), let Y* = (XU (Y \ Y})) N N(YoUY}). By the definition of
Y}, it follows that Lp(y) # L for every y € Y*, and if y € Y*NY, then y is anticomplete to Y. Let
T ={T1,..., T} be the set of types of vertices in Y*. Let L = {c1, c2,c3} and {cs} = {1,2,3,4}\ L.
Let Q consist of all t-tuples @ = ((Sty, Rny), - - -, (S7, R7,)) such that

 |Rr| <[Sn| <1

e St is complete to Ry,.
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Let V(Q) = U, (S,URT,). For every Q € Q and for every f': V(Q) — L with f'(v) € Lp(v)\{cs}
for all v € V(Q), we proceed as follows. Let Y .p be the set of all vertices v in Y* such that

Srwy = 0. Let YQ o be the set of all vertices v in Y such that Spq,) # 0, Ry w) = () and
v is complete to Sp(,). Let Yo = Y 0.5 Y Y o Let f'(v) = ca for every v € Yg p Since

V(Q) C Y, it follows that G[(SUV(Q)) is connected. Suppose that f U f’ is a proper coloring of
GI(SUXoUV(Q)UYy, ). Let £ be obtained from the normal subcase

(G.SUV(Q),XoUYqp, X\ (Yo UV(Q)), Yo, Y \ (Yo, UV(Q)),fU [ Ug)

of P by applying Lemma Suppose that £' = {Pg pr}. Write Py ¢ = (G, S, X, X', Yy, Y, f').
Then Pg s satisfies Furthermore, Pg s has a precoloring extension if and only if P has a
precoloring extension d such that d(v) = f/(v) for every v € V(Q), and d(v) = ¢4 for every v € Y*
such that either

b ST(U) = wa or
® Srw) # 0, Ry = 0, and v is complete to Sp(y).

Moreover, |V(Q)| < 2|7 < 2ISI+1,

Let £ be the set of all seeded precolorings Py ¢ as above (ranging over all Q € Q). Then £, is an
equivalent collection for P, and |£1] < (3|V(G))2"™". Let P € £, with P! = (G, &, X}, X', Y], Y, f).
Since P’ satisfies ([vi), let L be as in and let Y’ be as in ([vii).

(13) There is no path z —a — b — c with z € (X’ UY")\ Y’} and a,b,c € Y] UY].

Suppose that such a path z — a — b — ¢ exists. First we show that z € X UY. Suppose not,
then z € ¥j and z has a neighbor s’ € S"\ S. Since P satisfies (vi), it follows that s’ € X. Since
{z,a,b,c} CYyUYy, and since P satisfies (), we deduce that there exists s € T(s') with f(s) € L
Consequently, s is anticomplete to {z,a,b,c}. But now s —s' —z2—a—b—cis a P in G, a
contradiction. This proves that z € X UY.

Since Lg,y(2) # L, there exists t € T(z) with f(t) € L. Since z ¢ X, it follows that Sy, # 0,
and either

® Ry, #0, or
® Ry = (), and z is not complete to S7(2)-

Let Sp(.) = {s}. Since f'(s) € L, it follows that s is anticomplete to {a,b,c}. If z is non-adjacent
to s, then s—t—z—a—b—cis a P, a contradiction. It follows that z is adjacent to s, and
therefore Rp(,) # 0; say Rp(.) = {r}. Since s is adjacent to r, it follows that f’(z) # f'(r). Since
z & Xp, and since holds, it follows that z is non-adjacent to r. Since f’(r) € L, it follows that
r is anticomplete to {a,b,c}. But now r —s —z—a — b —cis a Ps in G, a contradiction. This

proves .

In view of (13), let L2(P’) be the collection of precolorings obtained from P’ by applying
Lemma 26 with R = Y] UY"%. Let P € L5(P'); write P = (G, 8", X!/, X", YY", f"). Then P"
satisfies and and no vertex of (X”UY”)\ R is mixed on (Y”UY{') N R. By Lemmal[25, P”
satisfies and .

Let Eg(P”) be obtained by applymg Lemma, to P”, and let P € £3(P”) Write P =
(~é 5’ 0, X YO,Y f). By Lemma [28] P satisfies ({)-(vi). Since P” satisfies , S = 5" and
Yo = Y{'. Define Y} as in (vii), then YL* = RNY. Since no vertex of (X" U Y”) \ R is mixed on
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U N R, it follows that no vertex o XUY Y is mixed on Uy , and since P satisfies
Y"UYy)NR, it foll ws th f(XUY)\Y/ d on Yy UY}, and P fi
(vi)), we deduce that P satisfies . Now setting

c=) U )

PieLy ProeLo(Pr)
Lemma [30Q] follows. O

We are now ready to prove the final lemma of this section, used to prove the following axiom,
which we restate:

With Y} as in (vii), for every component C of G|(Yy UY}), there is a vertex v in X complete
to C.

Lemma 31. There is a constant ¢ such that the following holds. Let P = (G, S, Xo, X, Y0, Y, f) be
a seeded precoloring of a Pg-free graph G satisfying , , , , , , and . Let L be
as in and let Y} as in (vil). There is an algorithm with running time O(|V(G)|°) that outputs
an equivalent collection L of seeded precolorings, such that |L| < 1, and if L = {P'}, then

o there is Z C Yo UY] such that P' = (G\ Z,5,X0, X, Yo\ Z,Y \ Z, f), and
o P’ satisfies (f))—(viii).

Proof. We may assume that P does not satisfy for otherwise we set £ = {P}. A component
C of G|(YoUY7}) is deficient if no vertex of X is complete to V(C). Let C be a deficient component.
It follows from that X is anticomplete to V(C'). Let A =V (C)NYy, B=V(C)\ A. For every
vertex v € AUB, let L(v) = {1,2,3,4} \ (f(N(v) N (SUXp))). It follows that L(v) C L for v € B.
Moreover, by (i), it follows that B # 0. Let L = {¢1,c2,c3} and let {ca} = {1,2,3,4} \ L.

For every component D of G|A, we proceed as follows.

Let P(D) be the set of lists L* C {1,2,3,4} with |L*| < 3 such that D can be colored with
list assignment L'(xz) = L(xz) N L* for x € V(D). Since G is Ps-free, it follows from Theorem
that P(D) can be computed in polynomial time. Since C' is connected, it follows from that
some vertex of B is complete to D. Consequently, in any precoloring extension of P, at most three
colors appear in D, and at least one color of L does not appear in D. Therefore, if P(D) = 0,
or if L C L' for every L' € P(D), then P has no precoloring extension we set £ = () and stop.
Let P*(D) be the set of L' C {1,2,3,4} such that L' ¢ P(D), but for every proper superset
L" C {1,2,3,4} of L' with |L"| < 3, we have that L” € P(D). Let d € V(D). We now replace D
by a stable set R(D) = {d(L*)}1» of copies of d, one for each L* € P*(D) with ¢4 € L*, and set
L'(d(L*)) ={1,2,3,4}\ L*. Then L'(d(L*)) C L. Let C’ denote the graph obtained by this process
(repeated for every component of C|Yp) from C. Let L'(v) = L(v) for every v € V(C) \ Yp. Since
(' is obtained from an induced subgraph of G by replacing vertices with stable sets, it follows that
C' is Ps-free.

We claim that C' has a proper L-coloring if and only if C’ has a proper L’-coloring. Suppose
that C has a proper L-coloring c. We need to show that c|y )y, can be extended to each R(D).
We can consider each D separately.

Let D be a component of C|Yy. Let L* = ¢(D). Let L™ = ¢(N(D)). We claim that for
every r € R(D), L'(r) \ L*™* # 0. Suppose L'(r) C L**. Then {1,2,3,4} \ L'(r) € P*(D), but
L* C {1,2,3,4} \ L™ C {1,2,3,4} \ L'(r), a contradiction. This proves that for every r € R(D),
there exists d(r) € L'(r) \ L**, and setting ¢(r) = d(r) we obtain a coloring of C".

Next suppose that C’ has a proper L'-coloring c. Let L* = {1,2,3,4}\ ¢(N(D)). If L* € P(D),
then we color D with an L-coloring using only those colors in L*; this is possible by the definition
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of P(D). Thus we may assume that L* ¢ P(D). Since L(z) C L for all z € N(D) C B, it follows
that ¢4 € L*. From the definition of P*(D), it follows that some superset L** of L* is in P*(D).
Then L'(d'(L*) ={1,2,3,4} \ L** C {1,2,3,4} \ L* = ¢(N(D)). However, ¢(d') € L'(d'), and thus
c(d) € ¢(N(D)) = ¢(N(d)), contrary to the fact that ¢ is a proper coloring. This proves that C' has
a proper L-coloring if and only if C’ has a proper L’-coloring.

We have so far proved the following;:

e (' has a proper L'-coloring if and only if C has a proper L-coloring;
o (' is Ps-free; and
e for every z € V(C”), we have that L'(z) C L.

By Theorem [2| we can decide in polynomial time if C’ has a proper L’-coloring, and thus if
C has a proper L-coloring. If not, then P has no precoloring extension; we set £ = () and stop.
If C has a proper L-coloring, then (G \ V(C), S, Xo, X, Yy \ V(C),Y \ V(C), f) has a precoloring
extension if and only if P does.

By repeatedly applying this algorithm to every deficient component C of G|(YyUY}"), and setting
Z =JV(C) where the union is taken over all such components, we set P’ = (G \ Z, S, Xo, X, Yo \
Z,Y \ Z, f) and output £ = {P'}. Then P’ satisfies ({)-(viil), and Lemma [31] follows. O

We call a seeded precoloring good if it satisfies , , , , , , , and .
By applying Lemmas and [31], each to every seeded precoloring in the output
of the previous one, we finally derive the main theorem of Section [A]

Theorem 17. There is a constant C' such that the following holds. Let G be a Pg-free graph, and
let (G, A, f) be a 4-precoloring of G. Then there exists a polynomial-time algorithm that computes
a collection L of seeded precolorings such that

o L is equivalent for P.

o for every (G',S", X, X', Yy, Y', f') € L, G’ is an induced subgraph of G, A C X[ U S’ and
flla=fla.

e cvery P € L is good
e cvery seeded precoloring in L has a seed of size at most C;
o L] <[V(@)°.

By Theorem [I7}, to solve the 4-precoloring extension problem in polynomial time, it is sufficient
to solve the precoloring extension problem for good seeded precolorings of Ps-free graphs (with seed
size bounded by a constant) in polynomial time.

B Establishing the Axioms on Y

In the previous section, we arranged that components of G|(Yy UY') containing a vertex of Yy are
well-behaved. In this section, we deal with components of G|(Yp UY') that do not contain a vertex
of Yj.

Let P be a starred precoloring. We say that a collection L of starred precolorings is an equivalent
collection for P if P has a precoloring extension if and only if at least one of the starred precolorings
in £ does.

The following are the axioms we want to establish for starred precolorings.
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(I) Every vertex y in Y satisfies |[Lp(y)| = 3.

(IT) Let L1, Ly C {1,2,3,4} with |L1| = |L2| = 3 and Ly # La. Then there is no path a —b — ¢
with Lp(a) = L1, Lp(b) = Lp(c) = Lo with a,b,c €Y.

(IIT) Let Ly, Lo, Ly C {1,2,3,4} with |Ly| = |Lo| = |L3| = 3 and Ly # L # L3 # Ly. Then there
is no path a — b — ¢ with Lp(a) = Ly, Lp(b) = Lo, Lp(c) = Ls with a,b,c € Y.

(IV) Let Ly C {1,2,3,4} with |L1| = 3. Then there is no path a —b— ¢ with Lp(b) = Lp(c) = L
and a € X, b,ceY.

(V) Let Ly, Ly C {1,2,3,4} with |L;| = |L2| = 3. Then there is no path a — b — ¢ with Lp(b) =
Ll,Lp(C) = Ly and a € X with LP(CL) % LiN L.

(VI) For every component C of G|Y, for which there is a vertex of X is mixed on C, there exist
Ly, Ly C{1,2,3,4} with |L1| = |La| = 3 such that C contains a vertex x; with Lp(z;) = L;
for i = 1,2, every vertex z in C satisfies Lp(z) € {L1, L2}, and every € X mixed on C'
satisfies Lp(z) = L1 N Lo.

(VII) For every component C' of G|Y such that some vertex of X is mixed on C, and for L, Ly as
in , Lp(v) = L1 N Ly for every vertex v € X with a neighbor in C'.

(VIIT) Y = 0.
We begin by showing that starred precolorings exist, and we establish axiom .

Lemma 32. Let P be a good seeded precoloring of a Ps-free graph G. Then
P =(G,S, X0, X, Y\ Y/, YUYy, f)

(with Y} as in ) 1s a starred precoloring satisfying and P’ has a precoloring extension if
and only if P does, and every precoloring extension of P' is a precoloring extension of P.

Proof. This is easily verified by checking the definition of a starred precoloring. O
Our next goal is to establish axiom , which we restate.

Let Ly, Ly C {1,2,3,4} with |L1| = |Ls| = 3 and L; # L. Then there is no path a — b — ¢
with Lp(a) = L, Lp(b) = LP(C) = L9 with a,b,c €Y.

This lemma will also be useful for proving .

Lemma 33. There is a function q : N — N such that the following holds. Let Ly C {1,2,3,4}
with |Li| = 3, and let P = (G, S, X0, X, Y, Y™, f) be a starred precoloring of a Pg-free graph G
with P satisfying (). Then there is an algorithm with running time OV (G)|9USDY that outputs
an equivalent collection L for P such that

. I2] < V(@[S
e cvery P’ € L is a starred precoloring of G;
o cvery P € L with seed S' satisfies |S’| < q(|S]);

o cvery P = (G,5, X, X', Y, Y* [') € L satisfies andY' CY;
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e if there is no path a —b — ¢ with Lp(a) # L}, Lp(b) = Lp(c) = L} with a,b,c € Y for some
L} with |LY| = 3, then there is no path a —b— ¢ with Lp/(a) # Ly, Lp/(b) = Lpi(c) = L} with
a,b,ceY’;

e if P satisfies (), and if there is no path a—b—c with Lp(a) # L}, Lp(b) = Lp(c) = L} with
a,b,c € X UY for some L} with |L}| = 3, then there is no path a — b — ¢ with Lp/(a) # L},
Lp/(b) = Lpi(c) = LY with a,b,c € X' UY’; and

e there is no path a — b — ¢ with Lp/(a) # L1, Lp:/(b) = Lp/(c) = L1 with a,b,c € X' UY".

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time, if one exists.

Proof. Let L1 C {1,2,3,4} with |L1]| = 3, and let P = (G, S, Xo, X,Y,Y™, f) be a starred precolor-
ing of a Ps-free graph G with P satisfying (I). We check in polynomial time if G contains a Kj5. If
so, then P does not have a precoloring extension and we output £ = () as an equivalent collection.
Therefore, for the remainder of the proof we may assume that G contains no Ks.

Let L=10. Let Y1 = {y €Y : Lp(y) = L1}. Let T = {Tl,.. , T} be the set of types T C S
with f(T) #{1,2,3,4} \ L1 and |f(T)| < 2, and if P satisfies (II), | f(T)| = 2. Let Q be the set of
all r-tuples of quadruples ((Q1, Ric1,d1),...,(Qr, Rr,cr,dy)) such that for every ¢ € {1,...,r},

e ci,d; € Ly;

e 1>|Q;| > |R;| and Q; U R; is a clique; and

e QiUR;, C(XUY)(T;).

For every Q = ((Q1,R1,c1,d1),...,(Qr, Rr,cr,dy)) € Q, we proceed as follows. Let S'@ =
Q1URIU---UQ,UR,, and let f’: S" — L; be such that f'(¢;) = ¢; for all 7 for which Q; = {¢;},
and f'(r;) = d; for all ¢ for which R; = {r;}. Let

ve= {J xuv)m,
:Q; =0
and let g9 : Y@ — {1,2,3,4} \ L1 be the constant function. Let

Z9=|J (XuY)(T)NN(@Q)),
i:R;=0,Q; #0

and let ¢/@ : Z9 — {1,2,3, 4} \ L1 be the constant function.
For i € {1,...,r}, let X; and ng be defined as follows. If |f(T})] = 1, we let X; = X(T}) N
N(Q)NN(R,). I |f(T)] = 2, we let X, = X(T,) N N(Qy). We let ¢"9(%;) = {1,2,3,4}\ (f/(T,) U
Q) U f(Ry)). Let X=X, U---UX,. i i i
Then, if fUf Ug?UgQU g”Q is a proper coloring of G|(SU S P UX,UY? U ZQ U X9), we
add the starred precoloring
P9 =(G,5US"7,
XoUXQuUYQuU Z@9,
X\ (XPuYQuzlus9),
Y\ (XYUuyQuzQusY),
Y fUfug?ug?ug’?)
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to L.

This starred precoloring satisfies . Every precoloring extension of P'@ is a precoloring exten-
sion of P. Moreover, suppose that c is a precoloring extension of P. Let Q = ((Q1, Ric1,d1), ..., (Qr, Ry, cr,d;))
be defined as follows:

e For every type T; € T such that c((X UY)(T;)) C {1,2,3,4} \ L1, we let Q; = R; = () and
¢;, d; € L1 arbitrary.

e For every type T; € T such that there exist z,y € (X UY)(T;) with ¢(z),c(y) € Ly and
2y € B(G), we let Q; = {x}, R = {y} and c; = c(x), d; = c(y).

e For every type T; € T such that do not there exist x,y as above, but there is a vertex
€ (X UY)(T;) with ¢(v) € L;, we let Q; = {v},R; = 0,¢; = ¢(v),d; = d(v).

Note that if |Q1UR | <2, then every vertex v in (X UY)(7;) complete to Q;UR; satisfies c¢(v) ¢ L1,
and so g and ¢/ agree with ¢ on Y and Z, respectively. It follows that P'© € £ and ¢ is a precoloring
extension of P’?. Consequently, that £ is an equivalent collection for P.
We now prove that every P'? € £ satisfies the claims of the lemma. Let Q = ((Q1, Ric1,d1), ..., (Qr, Ry, ¢, d,))
with P'Q € £, and write P’ = P'? € Lwith P’ = (G, S", X}, X', Y',Y*, ). Let Y]/ = {y € Y': Lp/(y) = L1}

If there is no path a — b — ¢ with Lp(a) # L}, Lp(b) = Lp(c) = L} with a,b,c € Y
for some Ly with |L}| = 3, then there is no path a — b — ¢ with Lpi(a) # L},
Lp/(b) = Lpi(c) = L} with a,b,c € Y'; and if P satisfies , and if there is no path
a—b—c with Lp(a) # L}, Lp(b) = Lp(c) = L} with a,b,c € XUY for some L} with
|L}| = 3, then there is no path a — b — ¢ with Lpi(a) # Ly, Lp/(b) = Lp:/(c) = L}

with a,b,c € X' UY".
Suppose not and let @ — b — ¢ be such a path. Since b,c € Y/ C Y, it follows that Lp(b) =

Lp(c) = L}. By the assumption of (14)), it follows that Lp(a) # Lp/(a), and so a € Y N X'. This
implies that |Lp/(a)| = 2. Since a € Y7, it follows that the first statement of is proved.

Therefore, we may assume that holds for P. Since P satisfies , it follows that Lp(a) = L.
Moreover, there is a vertex s € 8"\ S with f(s) € L} and as € E(G). Since b € Y’ it follows that
s —a — b is a path. But since P satisfies , it follows that S’ \ S C X by construction, and so
s € X. But then the path s — a — b contradicts the assumption of . This implies .

(14)

(15) There is no path z —a —b—c¢ wztth (X'UY)\Y{ and a,b,c € Y].

Suppose not; and let z —a — b —c as in . It follows that z € X UY and a,b,c € Y;. Let
T, =N(z)NS € T. Since z ¢ X, it follows that 2z ¢ XQUY®QU ZQ. Therefore, Q; U R; contains
a vertex y non-adjacent to z. Since ¢;,d; € Ly, it follows that y is anticomplete to {z,a,b,c}. Let
s € T; with f(s) € Lq; then s is a common neighbor of y and z. It follows that s is not adjacent to
a,b,c. But then y —s—z2—a—b—cis a Fs in G, a contradiction. This proves .

Let £5 = L. We repeat the following procedure for j = 4, 3,2. Forevery P’ = (G, S, X[, X", Y',Y*, f') €
L1, we proceed as follows. We let L;(P') = (0. Let Y{ = {y €Y' :Lp(y) =L1}. Let Y
be the set of vertices y in (X’ UY”’) \ Y{ such that there is a clique {ai,...,a;} C Y/ and

N(y) N{ai,...,a;} = {a1}. Let T = {Tf,...,Tﬂ;} be the set of all types T' C S’ such that

f(T) #{1,2,3,4} \ Ly and |f(T)| < 2, and if P’ satisfies (), | f(T)| = 2. Let Q(P’) be the set of
all rj-tuples of quadruples ((Q1, Rici,d1), ..., (Qr, Ry, ¢, dy)) such that for every i € {1,...,7;},

° Ci,di € Lq;

e 1>1|Q;| > |R;i| and Q; U R; is a clique; and
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¢ Q;UR, C(XUY)(T).

For every Q = ((Q1, Ric1,d1),...,(Qr, Rr,cr,dy)) € Q, we proceed as follows. Let S'¢ =
QIURU---UQ,UR,, and let g% : S’ — L such that g% (¢g;) = ¢; for all i such that Q; = {g;},
and ¢@(r;) = d; for all i such that R; = {r;}.

Fori e {1,...,r;}, welet Z; be the set of vertices z € (X UY)(T;) such that one of the following
holds:

e Qi=0;
e Q; ={qi}, and N(¢;)NY{ C N(z)NYy;

=

e Qi ={q}, Ri={ri}, zis adjacent to ¢; and N(r;) N Yy C N(z)NYY;

=

Welet Z9=Z1U---UZ, and ¢'?: Z9 — {1,2,3,4} \ L1. Let

X9=  |J (Xuy)(m)nN(s)),
1Ry =0,Q;#0

and let ¢"¢ : X9 — {1,2,3,4} \ L; be the constant function. Let

P9 =(G,8'uUsS? X)uZz9U X9,
X'\ (SPuzPuU X9,
Y\ (SPUZPUX9), Y,
Fug?ug?ug).

If f/'Ug®Ug'? U g"? is proper coloring of G|(S'USY U Z9 U X?), then we add P'@ to L;(P’).

It follows that for every Q@ € Q(P'), every precoloring extension of P'? is a precoloring
extension of P’. Moreover, suppose that c is a precoloring extension of P’. We define Q =
((Q1, Ric1,d1), ..., (Qp, Ry, crydy)) as follows:

e For every type T; € T such that ¢((X UY)(T;)) N Ly =0, we let @Q; = R; =0 and ¢;,d; € Ly
arbitrary.

e For every type T; € T such that ¢((X UY)(T;)) N Ly # 0, we let v a vertex v € (X UY)(T;)
with ¢(v) € Ly with N(v) NY; maximal. We let Q; = {v},¢; = ¢(v). If there is a vertex w in
N(v) N (X UY)(T;) with ¢(w) € Ly, then we choose such a vertex with N(w) N'Y; maximal
and let R; = {w},d; = ¢(w); otherwise we let R; = () and d; € L; arbitrary.

The second bullet implies that c¢(x) € Ly for every = € (X UY)(T;) such that Q; = {¢;} and
N(g:)NY{ € N(v)NY/. Similarly, ¢(z) &€ L for every x € (X UY)(T;) N N(Q;) such that R; = {r;}

=

and N(r;) NY{ C N(v)NY{. It follows that Q € Q(P"), P'? € L;(P'), and c is a precoloring
extension of P'Y. Thus £;(P’) is an equivalent collection for P’. By construction, P'@ satisfies
for every Q € Q(P’).
Now let
L= J L)
Pl

Since L1 is an equivalent collection for P and since £; is the union of equivalent collections for
every P’ € Lj1, it follows that £; is an equivalent collection for P.
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Let P € Lit1. Let Q = ((Q1, Ric1,d1), ..., (Qp, Ry cpydy)) € Q(P,), and let P'Q = (G, S”, Xg, X" YY", Y*, f”)
L;j(P"). Let Y/" ={y € Y" : Lpo(y) = L1}. From the previous step (j + 1) of our argument, we
may assume that and hold for j + 1 for P’ and Y{. This is true when j = 4 as well, since
G contains no K.

(16) There is no 1)61;?/33 z € (X"UY")\Y with N(z) N {a1,...,a;} ={a1} for a clique
at,...,ai; C

Suppo{self’or a c{){ltradlcmon that z is such a vertex. Write P/ = (G, S, X(, X', Y',Y*, f'). Let
Y/ = {yeY':Lp(y) =L} for i = 1,2. Suppose first that z € Y{. Then z has a neighbor
s e 8"\ 8. It follows that f”(s) € Ly and s ¢ Y. Consequently, s is anticomplete to {ai,...,a;}.
But then the path s — 2 — a; — a; contradicts the fact that holds for P’.

It follows that z € (X’ UY’)\ Y{ and {a1,...,a;} CY{. Let i such that S’ N(z) = T;. Since
z & X{, it follows Q; # 0; say Q; = {¢;}. If z is non-adjacent to g;, let s = ¢;. Otherwise, it follows
that R; = {r;}, say; let s = r;. In both cases, it follows that s is non-adjacent to z.

Since a1, ...,a; ¢ X", it follows that s is non-adjacent to ay, ..., a;. The definition of Z; implies
that N(s)NYy ¢ N(z)NYy. Since a; € (N(z) \ N(s)) NY{, we deduce that there exists a vertex
y € (N(z)\ N(s)) NY].

Let ' € T; with f(s') € Ly. Then, s is non-adjacent to ai,...,a;. Bt y—s—s' —z—a1 —qj
is not a Ps in G, and thus y has a neighbor in {a1,...,a;}. But y is not complete to {a1,...,a;},
since P’ satisfies for j + 1. It follows that y is mixed on {a1,...,q;}, and thus by Lemma
there is a path y —a — b with a,b € {a1,...,a;}. But then s —y —a — b is a path, contrary to the
fact that P’ satisfies . This concludes the proof of .

(17) There is no path z —a —b— ¢ with z € (X" UY")\ Y] and a,b,c € Y{".

Suppose not; and let z —a — b — ¢ be such a path. Since Y{" C Y/, the fact that P’ satisfies
implies that z ¢ X’ UY”, and thus z € Y{. Thus z has a neighbor s € S”\ S’ with f(s) € L;. It
follows that s € X’ UY’, and thus s — 2 — a — b is a path, contrary to the fact that holds for

P’. This proves (17).

If there is no path a —b— ¢ with Lp/(a) # Ly, Lp/(b) = Lp/(c) = L} with a,b,c € Y’
for some L} with |L}| = 3, then there is no path a — b — ¢ with Lpn(a) # L},
Lpi(b) = Lpi(c) = L with a,b,c € Y"; and if P' satisfies (1), and if there is no
path a—b—c with Lp/(a) # L}, Lp/(b) = Lpi(¢) = L} with a,b,c € XUY for some L)
with |LY| = 3, then there is no path a—b—c with Lp/(a) # Ly, Lpr(b) = Lpn(c) = L}

with a,b,c € X" UY".
Suppose not; and let a — b — ¢ be such a path. Since b,c € Y C Y, it follows that Lps (b) =

Lpi(c) = Lj. By the assumption of (18), it follows that Lp/(a) # Lpu( ), and so a € Y/ N X",
This implies that |Lpr(a)] = 2. Since a ¢ Y, it follows that the first statement of is proved.

Therefore, we may assume that holds for P’. Since P’ satisfies (II), it follows that Lp(a) =
L. Moreover, there is a vertex s € S”\ S" with f'(s) € L) and as € E(G). Since b € Y”, it follows
that s —a — b is a path. But since P’ satisfies (II)), it follows that S” \ S’ C X’ by construction,
and so s € X’. But then the path s — a — b contradicts the assumption of . This implies .

(18)

It follows that and holds for P'? for every P’ € Lj11 and Q € Q(P'). Moreover,
by construction, £; is an equivalent collection for P. If j > 2, we repeat the procedure for j — 1;
otherwise, we stop.
At termination we have constructed an equivalent collection Lo for P and every P’ = (G, 5", X, X', Y'Y, f') €
Lo satisfies (|I) and . ) for j = 2, and thus the last bullet of the lemma. The third-to-last and
second-to- last bullets of the lemma follow from and ( . Thus, Lo satisfies the properties of
the lemma, and hence, the lemma is proved. O
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Lemma 34. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™, f)
be a starred precoloring of a Pg-free graph G with P satisfying . Then there is an algorithm with
running time O(|V (G)|9USD) that outputs an equivalent collection L for P such that

o L] < |V(G)alsh;
e cvery P’ € L is a starred precoloring of G;
o cvery P’ € L with seed S’ satisfies |S’| < ¢(|S]); and

e cvery P’ € L satisfies and ().

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time, if one exists.

Proof. Let £ = {P}. We repeat the following for every pair Li, Lo of distinct lists of size three
contained in {1,2,3,4}. We apply Lemma [33| to every starred precoloring P’ € L, and replace £
by the union of the equivalent collections produced by Lemma Then we move to the next pair
of lists. O

The next lemma, is a simple tool that we will use to establish further axioms.

Lemma 35. Let G be a Ps-free graph with u,v € V(G) such that V(G) = {u,v} U N(u) U N(v),
w & E(G), N(u)N N(v) =0, and N(u), N(v) stable. Then there is a partition Ay, A1, ..., A of
N(u) and a partition By, By, ..., By of N(v) with k > 0 such that

o Agy is complete to N(v);
e By is complete to N(u); and

o fori=1,...,k, A;, Bi # 0 and A; is complete to N(v)\ B; and B; is complete to N(u) \ A;,
and A; is anticomplete to B;.

Proof. Let G,u,v as in the lemma. The result holds if N(u) =0 or N(v) = 0; thus we may assume
that both sets are non-empty. Let a € N(u),b € N(v). If ab € E(G), we let Ag = {a}, By = {b};
otherwise, we let Ay = {a},B; = {b}. Now let Ay, A1,..., A, By, B1,...,B be chosen such
that their union is maximal subject to satisfying the conditions of the lemma. If their union is
V(G) \ {u,v}, then there is nothing to show; thus we may assume that there is a vertex « ¢ {u, v}
not contained in their union. Without loss of generality, we may assume that = € N (v).

If z is complete to A = AgUA1U---UAg, we can add x to By, contrary to the maximality of our
choice of sets. Suppose first that x is complete to AjU---UAg. Let Ag1q = Ag\N(z). Then Ap4q is
non-empty, since x has a non-neighbor in A. But then Ao\ Ag+1, A1, ..., Ak, Ag+1, Bo, B, . .., Bg, {z}
satisfies the conditions of the lemma and has strictly larger union; a contradiction.

It follows that = has a non-neighbor in A\ Ap; without loss of generality we may assume that
there is y € A; non-adjacent to . Let w € Bj. Suppose that x has a neighbor z € A;. Then
w—v—x—2z—u—yisa Psin G, a contradiction. It follows that x has no neighbor in A;. If z is
complete to A\ A, we can add x to By and enlarge the structure, a contradiction; hence = has a
non-neighbor z in A\ A;. It follows that z is adjacent to w. But then z —v —w —z —u—yis a
Py in G, a contradiction. This concludes the proof of the lemma. O

The purpose of the following lemmas is to establish the following axiom, which we restate:
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Let Ly, Lo, Ly C {1,2,3,4} with |Ly| = |La| = |L3| = 3 and Ly # Ly # L3 # L1. Then there
is no path a — b — ¢ with Lp(a) = L1, Lp(b) = Lo, Lp(¢) = L3 with a,b,c €Y.

Lemma 36. There is a function q : N — N such that the following holds. Let Li,Ls, Ly C
{1,2,3,4} with |L1| == |L2’ == |L3| =3 and L1 75 L2 7& L3 75 Ll. Let P = (G, S, XQ,X,KY*,f) be a
starred precoloring of a Ps-free graph G with P satisfying and . Then there is an algorithm
with running time O(|V (G)|9USD) that outputs an equivalent collection L for P such that

o [£] < [V(G)|H5D;
e cvery P’ € L is a starred precoloring of G;
o cvery P € L with seed S" satisfies |S’| < q(|S]);

o cvery P’ € L satisfies and ;
e cvery P = (G,S', X\, X", Y'.Y* f') € L satisfies that there is no path a —b — ¢ — d with
Lp/(a) =L, Lp/(b) = Lp/(d) = Lo, Lp/(c) = L3 with a, b, C,d S Y/,' and

e if P satisfies the previous bullet for Ly, Lo, L3 and for Ls, Lo, L1, then every P' = (G, S", X, X', Y, Y*, ') €
L satisfies that there is no path a — b — ¢ with Lp/(a) = Ly, Lp/(b) = Lo, Lp/(c) = L3 with
a,b,ceY’.

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time.

Proof. We say that the conditions of the last bullet hold for P if P satisfies the second-to-last bullet
for Ll, L2, L3 and Lg, L2, Ll.

Let Y, ={y €Y :Lp(y)=L;} for i =1,2,3. Let T = {T1,...,T;} be the set of types T' C S
with f(T) = {1,2,3,4} \ L;. We let Q be the set of all r-tuples (Q1,...,Q,), where for each ¢,
Qi = (S}, 82, R}, R?,cl, 2. c3, ¢}) such that the following hold:

1771 L ) T

1. {c},c}} € {1,2,3,4}.
2. 1>157| > 87| = |R;| > | R
3. S} = () if and only if one of the following holds:

e there is a path a —b—c—d with a € Y1,b,d € Yo,c € Y3 and N(a) NS =T;; or

e the conditions of the last bullet hold for P and there is a path a —b—c with a € Y7,b €
Yo,c € Y3 and N(a)NS =T;.

4. S} U S? is a stable set, and S} U S? C Y(T;).

5. If S} = {s!}, then s! has a neighbor in Y>.

If S? = {s?}, then s? has a neighbor in Ya.

If 52 # 0, then {c},c?} = L1\ (La N L3) and ¢} € Ly, c? € Lo.
8. B C (N(S1)\ N(S2) N Ya.

0. R? C (N(S?)\ N(S1)) N Y,

10. R} U Rl2 is a stable set.
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11. {c}, ¢t} € Ly Ls.

Z7Z

We let S¢ = JI_, (S} US?) and T'¢ = J/_, (R} U R?). Define '@ : S'QUT'? — {1,2,3,4} by
setting f/Q(v) = ¢ if §7 = {v} for j = 1,2 and fQ(v) = 1 if R} = {v} for j = 1,2. Let S be
the set of v € (T"Q U ') such that f?(v) € Ly N L3. Let S be the set of v € (T"? U §'Q) such
that f'“(v) € Lo \ L3, and let S} be the set of v € ("9 U S'?) such that f?(v) € L3N Ly. Let

X = (N(S}) N (Y1 U Ya U Y3)) U (N(S) N (Y1 U Ye)) U (N(S5) N (Y1 UY2)) U (N(T'2) 1 (Y UYy)).

For i € {1,...,7}, we further define Z; = 0 if |S} U ) S?| < 2 or |R}| > 0, and Zi = (N(SH)\
N(5%))NYs 0therw1se We let Z9 = J/_, Zi. Let g9 : Z — Ly \ L3 be the constant function. For
ie{l,...,r}, weletY; =0 if [S]US?| < 2 or |RIUR}| # 1, and Y; = (N(S2)\(N(S}HUN(R})))NY3
otherw1se Welet YO = |JI_, V;. Let ¢’@ : Y — L3\ Ly be the constant function. Fori € {1,...,r},
we let W; = 0 if |S} U S?| 7& lorec € LiNLyN Ly, and W; = Y1(T;) \ S} otherwise. We let
We = JI_, W;. We define ¢ : W — L; by setting ¢"(W;\ N(S})) = {ct} and g"(W;NN(S}H)) =
L\ ({el} U (Lo N1 Lo).
Let P'? be the starred precoloring

(G, SUSCUT?, XoUIWPUYQPUZ?, XUX? Y\ (SPUTCUmPUXCUYPuUZ?), Y™, fUfCug?ug@ug®).
Since P satisfies (TI)), it follows that P’ satisfies aswell. Welet £L={P?:Q € Q,fUfPUg?uUg?uUg@isa

(19) L is an equivalent collectz’on for P.

Let L1 = {c 2 63} Loy = {c 2 64} and L3 = {c 3 64} Let Y7* denote the set of vertices
in Y} with a neighbor in Y. Every precoloring extension for P'? € £ is a precoloring extension for
P. Now suppose that P has a precoloring extension ¢ : V(G) — {1,2,3,4}. We define an r-tuple
(Q1,...,Q), where for each i, Q; = (S}, S?, R} R? cl,c2,c3,c¢t). Fori € {1,...,r}, we define
Qi = (S}, S2, R, R? ¢l 2. ¢3 04) as follows:

R R T A B A

e If neither bullet of is satisfied, we let Q; = (0,0,0,0,c!, ¢t et ch).

o If V' contains a vertex v with c(v) = ¢!, we let Q; = ({v},0,0,0,ct, ¢, ct,et).

i)
) If Y1 ;) contains a vertex v with ¢(v) = ¢ such that c(Y*(T;) \ N(v)) C {c*}, we let

(T;
(T;
= ({v},0,0,0,c% ct et et).
(T;
= (

o If Yl* ;) contains a Vertex v with ¢(v) = ¢® such that ¢(Y*(T;) \ N(v)) C {c*}, we let

{v},0,0,0,c3, ¢ty et ct).

e Let u,v € Y{*(T;) such that c(u) = ¢, c¢(v) = 3 and wv € E(G). Welet A = (N (u)\N(v))NYs
and B = (N(v) \ N(u)) NY3. We proceed as follows:
— Ifc(A) C Ly \ L3, we let Q; = ({u},{v},0,0,c%, ¢3¢, ch).
— If there is a vertex x € A such that ¢(x) € Ly N Ly and ¢(B \ N(x)) C L3 \ Lo, we let
= ({u}, {v},{z},0,¢% ¢ c(2), ).
— If there is x € A and y € B such that ¢(z),c(y) € Ly N L3 and zy ¢ E(G), we let
= ({u}, {v} {z} {y}. 2 &, c(a), c(y)).
It follows from the definitions of Y%, Z9 W< that c|(l~,QuZ~QUWQ) =990 U g% 50 Ug" 0. It

follows that Q € Q and ¢ is a precoloring extension of P’?. Thus £ is an equivalent collection for
P, which proves (|19).
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Let Q € Qand let P'? € £ with P'? = (G, S, X}, X', Y, Y* f),andlet Y/ = {y € Y': Lpi(y) = L}
for i = 1,2,3. We claim the following.

For everyi € {1,...,r} such that S} = {u},S? = {v}, we have that N(u)N(YgUYY)
(20) /
is anticomplete to N( )N (Y3 UYs )

From the properties of @, we know that f'(u) € Ly N Ly and f'(v) € L1 N Lg. Since u,v € ',
it follows that N(u) NYy = 0, since N(u) NYs C X9; similarly, N(v) NYy = 0. We let A =
(N(u) \ N(v))NYy and B = (N(v) \ N(u)) NYs. It follows that v is anticomplete to A and w is
anticomplete to B. Let aq,...,a; be the components of G|A, and let by,...,bs be the components
of G|B. Since P satisfies (I]), it follows that for every i € [t] and j € [s], V/(a;) is either complete
or anticomplete to V' (b;).

Let H be the graph with vertex set {u, v}U{aq,...,a;}U{b1,...bs}; where Ny (u) = {aq,...,at},
Ng(v) ={b1,...,bs}, the sets {a1,...,a;} and {b1,...,bs} are stable, and a; is adjacent to b; if and
only if V(a;) is complete to V(b;) in G Apply.to H u and v to obtain a partition Aj, A’l, o Al
of {a1,...,a;} and a partition By, B, ..., By, of {b1,...,b:}. Fori € [k], let A; = UajeAi V(a;) and
B; = UbjeBi V(bj).

It follows from the definition of H that in G,

e Ay is complete to B;
e B is complete to A; and

o for j=1,...,k, Aj, B; # () and A; is complete to B\ B; and B; is complete to A\ A;, and
Aj is anticomplete to B;.

If Rl =0, then A C Z9 and so ANY’ = ), and follows. Thus R} # (). Suppose that
= (). Then one of the following holds:

° R}QAO, andsong(Q; or
° R}QAJ' for some j > 0, andsoB\ngXQ andngfo.

It follows that N(v)NYy = (), and follows. Thus we may assume that R; # 0, then there exists
a j > 0 such that R} C A; and R? C B;, and so (A \ 4;) U (B\ B;) C X?, and again, holds.

(21) There is no path z —a—b—c with z € Y{, a,c € Yy and b € 3.

Suppose that z —a — b — ¢ is such a path. Let ¢ € {1,...,r} such that N(z) NS = T;. Since
z & X}, it follows that S} # 0. Write S} = {u}. Let s € T}; then f’(s) € Ly U L3, and therefore s
is anticomplete to {a, b, c}.

Suppose that S? = @. Then f’(u) € L N L3, and thus u is non-adjacent to z,a,b,c. Now
u—s—z—a—b—cisa Psin G, a contradiction. Thus it follows that S? = {v}, and 2 is
non-adjacent to u and v. By construction, it follows that f’(u) € Lo \ L3, and f'(v) € L3 \ L.
Since neither u —s—z—a—b—cnorv—s—z—a—b—cisa P in G, it follows that u,v each
have a neighbor in {a, b, c}. Since neighbors of u in Y are in X, it follows that u is non-adjacent
to a and ¢, and hence u is adjacent to b. Since neighbors of v in Y3 are in X9, it follows that v is
non-adjacent to b, and v is adjacent to a or c¢. This contradicts , and thus follows.

If the conditions of the last bullet hold for P, then there is no path z — a — b with

(22) zeY/,acY] andbeYy.
Suppose not, and let z — a — b be such a path. Let i € {1,...,r} such that N(z) NS =T;. Let

s € T;. Then f’( ) € Ly N Ls, since f'(s) & Ly, and hence s is anticornplete to a,b. Since z € X,
it follows that S} # ), say S} = {u}. Suppose first that S? = ). Since 2z ¢ X}, it follows that
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f'(u) € Ly N L, and thus u is non-adjacent to z,a,b. By construction, u has a neighbor y in Y3,
and since u is anticomplete to a, b, it follows that y # a,b. Since y —u — s — 2z —a — b is not a Fj
in G, it follows that y has a neighbor in {z,a,b}. Since P satisfies , it follows that u —y — a is
not a path and so y is not adjacent to a. Since P satisfies the second-to-last bullet for L1, Lo, L3,
it follows that v — y — b — a is not a path, and so u is not adjacent to b. But then u is adjacent
to z; and b — a — z — u is a path contrary to the second-to-last bullet for L3, Lo, L1. This is a
contradiction, and hence S? # 0, say S? = {u}.

By construction, it follows that f’(u) € La \ L3, and f'(v) € L3\ La. If one of u,v has no
neighbor in {a, b}, then we reach a contradiction as above. Since neighbors of v in Y5 are in X Q
it follows that w is adjacent to b, but not a. Since neighbors of v in Y3 are in X9, it follows that v
is adjacent to a, but not b. This contradicts , and proves .

We now replace every P’ € L by P” satisfying () by moving vertices with lists of size less than
three from Y’ to X’. It follows that P” still satisfies and (2I). This concludes the proof of the

lemma. O

Lemma 37. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™ f)
be a starred precoloring of a Ps-free graph G with P satisfying and . Then there is an algo-
rithm with running time O(|V(G)|2USD) that outputs an equivalent collection L for P such that

o [£] < V(G)[U8D;
e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S satisfies |S'| < ¢(|S]); and

o cvery P’ € L satisfies (), and ().

Moreover, for every P’ € L, given a precoloring extension of P', we can compute a precoloring
extension for P in polynomial time.

Proof. Let L = {P}. For every triple (L1, La, L3) of distinct lists of size three included in [4]
we repeat the following. Apply Lemma [36] to every member of L; replace £ by the union of the
collections thus obtained, and move to the next triple of lists. At the end of this process we have an
equivalent collection £ for P, in which every starred precoloring satisfies the second-to-last bullet
of Lemma for every (Li, Lo, L3).

Repeat the procedure described in the previous paragraph. Since the second-to-last bullet of
the conclusion of Lemma [36] holds for each starred precoloring we input this time, it follows that the
last bullet of Lemma holds for the output for every (Lj, Lo, L3). Thus holds; this concludes
the proof. O

Let P = (G, S, X0, X,Y, Y™, f) be a starred precoloring. For W C V(G) and L C [4], we say
that W meets L if Lp(w) = L for some w € W. We now have the following convenient property.

Lemma 38. Let P = (G, S, Xy, X,Y, Y™, f) be a starred precoloring of a Ps-free graph G satisfying
, and . Let Ly, Ly, L3, Ly be the subsets of [4] of size three. Let C be a component of G|Y
that meets at least three of the lists L1, Lo, L3, Ly. Fori € [4], let C; = {v € V(C) : Lp(v) = L;}.
Then for every i # j, C; is complete to C}.

Proof. Let P = p1 —...—p; be a path such that for some i # j p1 € C;, pi, € Cj, p1 is non-adjacent
to pg, and subject to that with k£ minimum. Since P satisfies , it follows that po & C;; say
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p2 € (). Since P satisfies and , it follows that ps € C;. Similarly, p4 &€ C;. By the
minimality of k, we deduce that & = 4. By applied to ps — p3 — p4, we deduce that [ = j.
Let C' be a component of C|(C; U C;) with p1,...,ps € V(C'). Since C is connected, and since
V(C) # C; U Cj, there exists ¢ € C; with I # , j such that ¢ has a neighbor in C’. Since P satisfies
and , it follows from Lemma that ¢ is complete to C’. But now p; — ¢ — ps contradicts
the fact that P satisfies . This proves Lemma O

Our next goal is to establish axiom (IV]), which we restate.

Let Ly C {1,2,3,4} with |L1| = 3. Then there is no path a — b — ¢ with Lp(b) = Lp(c) = L
anda € X, b,ceY.

Lemma 39. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™, f)
be a starred precoloring of a Pg-free graph G with P satisfying . Then there is an algorithm with
running time O(|V (G)|9USD) that outputs an equivalent collection L for P such that

o L] < [V(G)|H5D;
e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S" satisfies |S'| < q(|S]); and

e cvery P’ € L satisfies (), (1), and (V).

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time.

Proof. Let L = {P}. For every list L C {1,2, 3,4} of size three, apply Lemma [33| to every member
of L, replace £ by the union of the equivalent collections thus obtained, and move to the next list.
At the end of the process we obtained the required equivalent collection for {P}. O

We now begin to establish the following axiom, which we restate below.

Let Ly, Ly C {1,2,3,4} with |L;| = |Ls| = 3. Then there is no path a — b — ¢ with Lp(b) =
Ll,LP(C) = Lo and a € X with Lg = LP(CL) # L1 N Lo.

We define the following auxiliary statement:

(23) Let Ly, Ly C {1,2,3,4} with |L1| = |La| = 3. Then there is no path a —b —c — d

with Lp(b) = Lp(d) = Ll,LP(C) = LQ and a € X with L3 = Lp(a) 75 L1 N LQ.
Lemma 40. There is a function ¢ : N — N such that the following holds. Let Ly, Ly C {1,2,3,4}
with |L1’ = |L2’ = 3 and L 75 Lo, and let Ly C {1,2,3,4} with |L3| = 2 and L3 7& Ly N Lo.
Let P = (G, S, X0, X,Y, Y™, f) be a starred precoloring of a Ps-free graph G with P satisfying ,
([, and (V). Then there is an algorithm with running time OV (G)|4USDY that outputs an
equivalent collection L for P such that

o L] < [V(G)|H5D;
e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S’ satisfies |S’| < q(|S]);

e cvery P’ € L satisfies (), (), and ([IV);
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every P € L satisfies for every three lists L}, LY, L such that P satisfies for
Ly, L, Lk

if P satisfies for every three lists, then every P’ € L satisfies for every three lists
L, LY, LY such that P satisfies for L}, L}, Lk;
every P’ € L satisfies for Ly, Lo, L3.

if P satisfies for every three lists LY, L, L such that |L}| = |L,)| = 3, L} # L4, |L%| =
2, Ly # L) N L), then every P' = (G, S, X, X', Y',Y*, ') € L satisfies that there is no path
a—b—cwith Lp/(a) = L3, Lp:(b) = L1, Lp/(c) = Ly witha € X, b,ce Y'.

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time.

Proof. Let L=10. Let Y;={y €Y : Lp(y) = L;} for i = 1,2, and let X3 be the set of vertices v in
X with list Lz such that v starts a path v — b — ¢ —d (v — b — ¢ if the condition of the last bullet
holds for P) with v € X,b,d € Yi,c € Ya. Let Ly, L5 be the two three-element lists in {1,2,3,4}
that are not L1, Lo, and let Y; ={y € Y : Lp(y) = L;} for i = 4,5. We call a component C of G|Y’
bad if V(C)NY1 #0,V(C)NYs # 0 and V(C)NY; # 0 for some i € {4,5}.

Let T ={Th1,...,T,} be the set of types T' C S with f(T) = {1,2,3,4} \ Ls. We let Q be the
set of all r-tuples (Q1,...,Q,), where for each 1,

_ 1 2 1 2 3 4 1 2 1,1 1,2 2.1 2,2
Qi_(Sz’7SivRi’Ri7Ri’Rivci’CiaXi in 7Xi ,Xi ’fiacasei)

such that the following hold:

1.

2.

10.
11.
12.

13.

fi:STUSPURIURURUR UX UX P u X ux?? = {1,2,3,4).
A 1 A A T (A 1 T K K
fi(StUS?) C Ls.

1> [S}| > 1S7| > |R}| > |R?| > |R}| > |R{].

. S}u S? is a stable set and S} U S? C X3(T;).
. If S} =0, then X3(T;) = 0.
. IfSZZ 75@, then fl(SSUSZQ) = Lsgand L3N LiNLy =0.

For j = 1,2, if Sij = {S‘Z } and s{ is mixed on a bad component, then Cz-j is the vertex set of

a bad component on which s/ is mixed; otherwise, C{ = (.

For j,k =1,2, ]Xij’k <1, and |Xg’k\ = 1 if and only if Cl-j # (.

. Forj =1,2,if Cz-j = (), then there exist p # ¢ such that Xz-j’lﬂCijﬂYp # () and Xij’QﬂCijﬂYq # 0.

For j = 1,2,3,4, fi(R]) € L1 N Ly.
case; € {(Z)v (CL), (b)7 (C)v (d)7 (6)7 (f)}
case; € {0, (a), (b)} if and only if R} = () for all j € {1,2,3,4}.

case; € {(c), (d), (e)} if and only if R}, R} = () and R}, R? # 0.
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14. case; = (f) if and only if Rg # () for all j € {1,2,3,4}.
15. If S? = 0, then case; = 0.

16. If case; # 0, then let {u,v} = S! U S? such that v € S} if and only if f;(u) € Ly; then
Rj, R} € N(u) N (Y2 \ N(v)) and32 R C N(w)n (v \ N(u).

17. If case; = (c), R} is anticomplete to R?.
18. If case; € {(d), (e)}, R} is complete to R3.

19. If case; = (f), then R1 is complete to R2 and anticomplete to R4 and R3 is anticomplete to
Rf and anticomplete to R;l

We let

§9= |J (StUSIURUR UXMUXPUXPTUXE)U U (R U R?),
ie{l,...,r} i€{l,...,r},case; #(c)

and let f'9 = fiU---U f,.

For every i € {1,...,r}, we let ¥; = U; peq19 Up€{1245} X]kmcjmyp;é@(C NY,), and we let
hi(CINY,NY;) C fi(X]F). Let Z; = (CLUCH\Y;. Let Y@ = U;eqy g Yiand 29 = U,y 1y Zi
and hY = hyU---Uh,.

Let S| be the set of v € S’@ such that f'(v) € Ly N Ly; let S be the set of v € S’@ such that
f'(v) € L1 \ Ly, and let S} be the set of v € S'@ such that f/(v) € Ly \ L;. Let

X@ = (N(S]) N (Y1UY2)) U (N(S3) N (Y1) U (N(S3) N (Ya)).

 Let Wi = X3(Ty) if S} = {v},8? = 0 and f'(v) € Ly N Ly N L3, and W; = () otherwise. If
W; # 0, we let g/ : W; — Ls such that ¢"(y) = f'(v) is y if non-adjacent to v, and ¢”(y) is the
unique color in L3 \ ({f'(v)}) otherwise. Let W< = Uiett,...ry W; and let ¢"% = gi’Q U---Ugle.
Let V9 be the set of vertices v in X with list Lz such that S'@ contains a neighbor s of v, and
let W9 : V — L3 such that h'Q(v) € Lz \ (f'(s)).
Let U; be the set of all vertices 2 € X3(7T}) such that S} = {v} and such that f'(v) € LN Ly and
N(v)NY; € N(2)NYy, and let g; : Ui — L3\ (L1NLa). Let U? = |J, e{l }U and g9 = g U- - -Ug,.
Let U'; be the set of all vertices 2 € X3(T}) such that Sl ={u},S? = {v} such that zu ¢ E(G),
and N (v)NY; € N(z)NY7, and let ¢} : U; — {f'(u)}. Let 0 = Uie{l,...,r} U'; and g'9 = g{U- - -Ug...
Finally, we define T} as follows: If case; = (), then T; = (. Otherwise, let {u,v} = StU Sl-2 such
that f'(u) € Ly, and let A = N(u)N (Y2 \ N(v)) and B = N(v) N (Y1 \ N(u)). If case; =

(a) then T; = A;

(b) then T; = B;

(c) then T; = (AN N(R?)) U (BN N(R}));
(d) then T; = B\ N(R});

(e) then T; = A\ N(R?);

(f) then T; =
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We let T = Uieqt,.ry T; and let B9 : T9 — (L; \ Ly) U (Ls \ L) be the unique function such
that h"?(v) € Lp(v) for all v € T<.
The following statement could be proved using Lemma but we give a shorter proof here:

Let i such that {u,v} = S} US? and f(u) € Ly. Let R = R} UR? U R} U R}
(24) if case; # (¢) and R = O otherwise. Then (N(u) NYs) \ (N(v) UT; UN(R))) is
anticomplete to (N(v) NY1) \ (N(u) UT; U N(R))).

Let A’ = A\ (T;UN(R)), B' = B\ (T;UN(R)); then it suffices to prove that A’ is anticomplete
to B'. If case; = (a), (b), (d), (), this follows since A" or B’ is empty in each of these cases. In case
(f), we have that G|({u,v}UR) is a six-cycle. Since the graph arising from a six-cycle by adding a
vertex with exactly one neighbor in the cycle contains a P, it follows that A’, B’ = (). In case (c),
we let 2y’ be an edge from A’ to B, and we let x € Al,y € A?. Thenz —u—2'—y —v—yisa
Ps in G, a contradiction. Again it follows that A’ is anticomplete to B’, and follows.

Let P'? be the starred precoloring obtained from

(G,SU S
XoUYRUWRUTRUTRUT™ UuT?
(X\(WeuVeuT?uT?)uzouXe
Y\ (YU 29U X9 U T9)
Y5 fUFRURRURCURCUGRUG?Ug?)
by moving every vertex with a list of size at most two X, and every vertex with a list of size at
most one to Xy. Since P satisfies and , it follows that P'? satisfies and as well.

Moreover, P'? satisfies .
We let

r— {p/Q Qe Q fUfPUhPUR?UN?UG?UG? UG is a proper coloring} .

(25) L is an equivalent collection for P.
For every P'? € L, every precoloring extension of P'@ is a precoloring extension of P. Con-
versely, let ¢ be a precoloring extension of P, and define Q = (Q1,...,Q,), where for each 1,

Qi = (S}, 87, R}, R}, RY,RECLLCF X X2 XY X2, £ cases)
is defined as follows:
o If X3(T;) =0, then Q; = (0,0,0,0,0,0,0,0,0,0,0,0, f;,0), where f; is the empty function.

o If X3(7;) contains a vertex v with c¢(v) € L N Ly, we choose v with N(v) N'Y; maximal and
let Si1 = {v}, case = (). In this case, we let SZZ = 0.

e If X3(7;) contains no vertex v with ¢(v) € L1 N Lg, we let u € X3(T;) with N(u)NY; maximal,
and set S} = {u}. If there is a vertex v € X3(T}) with c¢(v) # c¢(u) and uwv € E(G), we choose
v with N(v) N'Y; maximal and set S? = {v}; otherwise we let S? = §.

o If S? = (), we let case; = ) and Rg ={ for j = 1,2,3,4. Otherwise, we let {u,v} = S} U S?
such that c¢(u) € L. Welet A= N(u)N(Y2\N(v)) and B = N(v)N(Y1\N(u)). Let ay, ..., as
be the components of G|A, and let by,...,bs be the components of G|B. Since P satisfies
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(L), it follows that for every i € [t] and j € [s]|, V (a;) is either complete or anticomplete to
V(b)-

Let H be the graph with vertex set {u,v} U {a1,...,a;} U {b1,...bs}; where Ny(u) =
{a1,...,a¢}, Ng(v) = {b1,...,bs}, the sets {ai,...,a;} and {by,...,bs} are stable, and a; is
adjacent to b; if and only if V(a;) is complete to V(b;) in G. Apply [35/to H, u and v to
obtain a partition Af, A7, ..., A} of {a1,...,a;} and a partition By, By, ..., B}, of {b1,...,b:}.
For i € [k‘], let A; = UajEAi V(aj) and B; = UbjeBi V(bj)

It follows from the definition of H that in G,

— Ap is complete to N (v);

— By is complete to N(u); and

—for j =1,...,k, Aj,B; # 0 and A; is complete to N(v) \ B; and Bj; is complete to
N(u) \ Aj, and A; is anticomplete to B;.

If Ag= By =0 and k = 1, then A is anticomplete to B, and we let case; = (). Otherwise, we

consider the following cases, setting case; =

(a) if ¢(A) C Lo\ Ly;

(b) if ¢(B) C Ly \ Lo;

(c) if there is an ¢ € {1,...,k} such that ¢(A\ 4;) C Ly \ L1, and ¢(B\ B;) C L1 \ Lo;
)

(d) if there exist x € A, y € B adjacent such that c(z),c(y) € La N Ly and ¢(B \ N(x)) C
Ll \ L27

(e) if there exist z € A, y € B adjacent such that c(z),c(y) € La N Ly and ¢(A\ N(y)) C
Lo\ Ly;

(f) if there exist z, 2’ € A,y,y € B, with z,y adjacent, 2’ non-adjacent to y, ¥’ non-adjacent
to z, and (consequently) =’ adjacent to ', and c(x), c¢(y), c(x'),c(y’) € La N L.
It is easy to verify that one of these cases occurs.

With the notation as above, if case; =

(a) then we let R{ = for j =1,2,3,4;

(b) then we let R{ =0 for j =1,2,3,4;

(c) then we let x € A;,y € B; and set R} = {z}, R? = {y}, R} = R} = 0);
(d) then we let R} = {z}, R? = {y}, R} = R} =0

(e) then we let R} = {z}, R? = {y}, R} = R} = 0

(f) then we let R} = {z}, R? = {y}, R} = {2/}, R} = {¢/}.

For 7 = 1,2, we proceed as follows. If Sg = () or the vertex v € Slj is not mixed on a bad
component, then we let Xij’1 = Xij’2 = C’ij = (). Otherwise, let v € Sij and let C' be a bad
component of G|Y on which v is mixed. We set Cij = V(C). By Lemma (38| applied to C, it
follows that for p # ¢, V/(C') NY, is complete to V(C) NY,. Since Y, NV(C) # 0 for at least
three different p € {1,2,4,5}, it follows that there exist p,q € {1,2,4,5} with p # ¢ such that
le(V(C) ﬂY)| =1and [¢(V(C)NYy)| = 1. Let X]’ CV(C)NY,, XZ]’ C V(C)NYy, such
that | X7 =1 for k = 1,2.
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We let f; = ¢ 11, w12 vl v22. 1t follows from the definition of that
fi ’SilquuR}UR%UR?UR;‘UXi UX,; “UX " UX; Q

Q € Q. Moreover, ¢ is a precoloring extension of P’ by the definition of @ and P’?. This proves

(25).

Let P’ € £ with P' = (G, S, X}, X', Y’ Y*, ') such that P’ = P'? for Q = (Q1,...,Q;), where
for each i,
Qi = (Szlu S?,R},R?,R?,R?,Cll, C@'27XZ‘171’XZ‘1’27XZ‘2717XZ‘2’25 fi,CCLSGi)-

Let Y/ ={y €Y' : Lp/(y) = L;} for i = 1,2. We claim the following.

(26) P’ satisfies (IV]).

Suppose not; and let © —a — b be a path with x € X’ and a,b € Y’ with Lp/(a) = Lp/(b) = L.
Since P satisfies and , it follows that x ¢ X, and so x € Y and Lp(x) = L. Moreover,
since z € X'\ X, it follows that x has a neighbor s € S"\ S with f’(s') € L. Since P satisfies
and ([V]), and since ¢ is adjacent to 2 but not a, it follows that s’ € Y and Lp(s’) = L. Since
s’ has a neighbor € Y with a neighbor a € Y”, it follows that ¢ Y9 U Z9. Since s ¢ X,
it follows that s’ ¢ S! U S2, and hence there exists i € {1,...,r} such that s’ € R! for some
j € {1,2,3,4}. Thus Lp(s') € {L1,La}. Let {u,v} = S} U S? such that s € N(u)\ N(v). It
follows that case; € {(d), (e), (f)}, and hence there is a vertex t' € R} UR?U R? U R} such that #' is
adjacent to s’ and v, but ¢’ is not adjacent to u, and Lp(t') € {L1, L2} \ {L}, and f'(t') € L1 N Ls.
But then ¢/ — s’ —x or t/ — 2 — a is a path (since a € Y’ it follows that a is not adjacent to t');
contrary to the fact that holds for P. This is a contradiction, and follows.

(27) If P satisfies for lists L}, LY, LY, then P’ satisfies for L, L, L.

Suppose not; and let z—a—b—c be a path such that Lp/(z) = L% with |L5| = 2 and L% # LiNL},
Lpi(a) = L} = Lpi(c), Lp/(b) = Lf. Since P satisfies (II), for L, LY, LY, and (II), it follows
that Lp(z) = L. Consequently, = has a neighbor s’ in S"\ S with f/(s) € L5. Since L% # L} N L5,
it follows that f/(s’) € L}. Thus 8 —x —a—b—cis a path. Suppose first that s’ € Y. It follows that
s’ ¢ S} U S?. Since s’ has a neighbor € Y with a neighbor a € Y7, it follows that = ¢ Y9 U Z€.
This implies that there exist ¢ € {1,...,r} and j € {1,2,3,4} such that s’ € Rz Since P satisfies
and (III), it follows that Lp(s’) = L. Let {u,v} = S} U S? such that u is adjacent to s’ and
v is not. It follows that case; € {(d), (e), (f)}, and hence there is a vertex ¢ € R} U R? U R} U R}
such that ¢’ is adjacent to s’ and v, but ¢’ is not adjacent to u, and f'(t') € L} = Lp(s’). Since
t'—s —x—a—b—cisnot a Ps in G, it follows that f'(¢') € L} N Lf,. Therefore, Lp(t') ¢ {L}, L}}.
Since P satisfies ([I)), it follows that ¢ is adjacent to z (since ¢ — s’ — z is not a path). Since
f(t") € LY, it follows that ¢’ is not adjacent to a. Now ¢’ —x — a is a path in G, contrary to the
fact that P satisfies ([II). Thus, s’ € X.

Suppose that Lp(s’) # Ly N L,. Then s’ has a neighbor s in S with f'(s) € L} N L,. Now
s—s' —x—a—b—cisa Ps in G, a contradiction. It follows that s" € X and Lp(s") = L} N L. Since
s’ € S} U S2, it follows that there is a path s’ —y — z with y € L1,z € Lo, and Lp(s') # L1 N La. Tt
follows that either Ly ¢ {L), L5} or Ly ¢ {L}, L5}. Since z—y—s'—x—a—b—cisnot a P; in G,
it follows that G|{z,y,z,a,b,c} is connected. Let w € {y, z} such that Lp(w) & {L}, L,}. Since P
satisfies , it follows that w is complete to x,a,b,c. But then z — w — ¢ is a path, contrary to
the fact that holds for P. This implies .

If P satisfies forlists LY, Ly, L, and P satisfies for all lists, then P’ satisfies

(28) (V) for L}, L}, LY.
1,23
Suppose not; and let © —a — b be a path such that Lp/(z) = L% with |L5| = 2 and L} # L) N L},

Lpi(a) = LY, Lpi(b) = L}. Since P satisfies (I, for L}, L}, L}, and (II), it follows that
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Lp(z) = Lj. Consequently, « has a neighbor " in S"\ S with f(s") € L),. Since L # L} N L5, it
follows that f/(s') € L}. Thus &' —2 —a — b is a path. Suppose first that s’ € X. Then there exist
ie{l,...,r} and j € {1,2} such that &' € S/. Tt follows that Lp( "y = L} N LY, since P satisfies
. 23)) for all lists. By construction, it follows that there is a path s’ — y —zwith y € L1,z € Lo, and

Lp(s') # L1N Ly. We choose such y, z € C] if C] # (. Since z —y— s —x —a—b is not a six-vertex
path in G, it follows that G| {z,y, z,a, b} is connected. Since Cij NY’ = () by construction, it follows
that C’Z-j = (), and so s’ is not mixed on a bad component. Since Ly N Ly # L} N L}, it follows
that either Ly ¢ {L}, L5} or Lo & {L},L5}. Let w € {y,z} such that Lp(w) ¢ {L},L5}. Then
G|{z,y,x,a,b} is contained in a component of G|Y containing vertices with lists L}, L}, and Lp(w),
hence a bad component. But since s’ — 2 — a — b is a path, s’ is mixed on this bad component, a
contradiction. It follows that s’ € Y.

Since P satisfies and ( ., it follows that Lp(s’) = L. Since s’ has a neighbor z € Y with
a neighbor a € Y7, it follows that s’ ¢ YQ U Z9. Thus, there ex1st ie{l,...,r}and j € {1,2,3,4}
such that ' € Rf By construction, it follows that Lp(s') € {Li, La}. Let {u,v} = S} U S? such
that u is adjacent to s’ and v is not. It follows that case; € {(d), (), (f)}, and hence there is a
vertex t' € R} U R? U R U R} such that ¢’ is adjacent to s’ and v, but ' is not adjacent to u, and
f/(t,) € LiNLo.

Suppose first that {L}, L5} = {L1, Lo}. Then f'(s'), f'(t') € Ly N L}. Let s € S be a common
neighbor of u,v with f’(s) € L1 N La. Since s —u — s’ — 2 —a — b is not a Fs in G, it follows that
u is adjacent to a. Since ' —v — s —u —a — b is not a Ps in G, it follows that v has a neighbor
in {u,a,b}. Since f'(v) € Ly, it follows that v is non-adjacent to a. Thus v is adjacent to b. Since
a,b & T9, it follows that case; = (f). By symmetry, we may assume that s € Rl,t' € R?. Let
7' € R}y € R}. Then 2',y are non-adjacent to a,b. But then 2/ —u —a—b—v —yis a Ps in G,
a contradiction. It follows that {L}, L} # {L1, L2}.

Consequently, Lp(t') & {L}, L}}. Since P satisfies ([II), it follows that ¢ — s’ — x is not a path,
and so t' is adjacent to x. Since f(t') € L}, it follows that ¢’ is not adjacent to a. Now ' —x —a
is a path, contrary to the fact that ( . ) holds for P. This proves ([28)).

(29) P’ satisfies for L1, Lo, Ls.

Suppose not; and let z—a—b—c be a path with Lp/(2) = L3, Lp/(a) = Lp/(c) = L1, Lp/(b) = La.
Suppose first that z € X. Let i such that 7; = N(2) N'S. Then S} # (. Let s’ € S} U S?, and
let s be a common neighbor of s and z in S with f(s) € Ly N Ly. Since 8 —s—z—a—b—c¢
is not a path, it follows that z,a,b,c contains a neighbor of s’ for every s’ € S} U SI-Q. But z is
anticomplete to Sil U SZ-Q, for otherwise, z € V9. If SZ-2 = (), then, since z ¢ X, it follows that
f(s') € Ly N Ly and so z is anticomplete to a,b, ¢, a contradiction. Therefore, SZ-Z # (). But then
SuS? = {u,v} with f'(u) € Ly \ L1, say. Since a,b,c € Y, it follows that u is adjacent to a or ¢,
and v is adjacent to b; and no other edges between u,v and a, b, ¢ exist. Now, Y’ contains an edge
between N (u) N (Y1 \ N(v)) and N(v) N (Y2 \ N(w)); but this contradicts (24).

Since P satisfies and ([II), it follows that Lp(z) = L. Then z has a neighbor s’ € 5"\ S
with f'(s') € L1 N La (for if f'(s') & Ly, then Lp/(z) = Ly N Ly # L3), and s’ — 2 —a—b—c is
a path. Suppose first that s’ € Y. Since P satisfies and , it follows that Lp(s’) = L;.
Moreover, by construction, s’ has a neighbor ¢ € S" with Lp(t') = Ly and f/(t') € L1 N Ly. But
thent' — s’ —2—a—b—cis a P in G, a contradiction. It follows that s’ € X.

Since s’ € X, it follows that L(s') = L3, and so s’ has a neighbor s € S with f(s) € L1 N Ls.
But then s — s’ — 2 —a — b — cis a Ps in G, a contradiction. This proves .

(30) If P satisfies for every three lists, then P’ satisfies for L1, Lo, Ls.
Suppose not; and let z — a — b be a path with Lp/(z) = L3, Lpr(a) = Ly, Lp/(b) = Lo.
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Suppose first that z € X. Let ¢ € {1,...,r} such that T; = N(z)NS. By construction, it follows
that S} # (. Let s’ € S} US?2, and let s be a common neighbor of s’ and z in S with f(s) € L1 N Lo.
Let ¢ be a neighbor of s’ in Y7; by construction, we may choose ¢ to be non-adjacent to z. Then
¢ #a,b (since b ¢ Y7). Since ¢ — s’ — s — 2 — a — b is not a path, it follows that either s’ or ¢ has a
neighbor in {a,b}. Since P satisfies , it follows that s’ — ¢ — a is not a path. Since P satisfies
for all lists, it follows that z —a —b— ¢ is not a path. Consequently, s’ has a neighbor in {a,b}.
It follows that f'(s’) € L1 N Ly. Therefore, S} US? = {u,v} and both u, v have a neighbor in {a, b}.
Since a, binY”, it follows that both a,b have a non-neighbor in {u,v}. This is a contradiction by
2.

Since z € Y and P satisfies and (), it follows that Lp(z) = L. Consequently, z has
a neighbor s in S"\ S with f'(s’) € La. Since Lg # Ly N Lo, it follows that f’(s’) € Li. Thus
s’ — 2 —a—bis a path. Since s’ has a neighbor z € Y with a neighbor a € Y’ it follows that
s ¢ }7@ U Z9. Suppose first that s’ € X. Then there exist i € {1,...,7} and j € {1,2} such that
s' € §]. Tt follows that Lp(s') = L1 N Lo since P satisfies for all lists. But S} C X3 and so
Lp(s") # L1 N Ly, a contradiction. It follows that s’ € Y.

Since P satisfies and (III), it follows that Lp(s') = L1, and there exist ¢ € {1,...,r} and
j € {1,2,3,4} such that s € R}. Moreover, S} US? = {u,v}. By symmetry, we may assume
that u is adjacent to s’ and v is not. It follows that case; € {(d), (), (f)}, and hence there is a
vertex ' € R} U R? U R} U R} such that t' is adjacent to s’ and v, but ¢ is not adjacent to w.
By construction, it follows that f'(s'), f(¢') € L1 N La. Let s € T; with f'(s) € L1 N Ly. Since
s—u—s8 —z—a—">bisnot a P in G, it follows that u is adjacent to a or to z. Note that if
uz € E(G), then z is adjacent to both s’ and u, both of which are in S” and f(s’,u) C L;. This
implies that z € X{. It follows that u is adjacent to a. Since t' —v —s—u —a —bis not a Fs in
G, it follows that v is adjacent to b. This contradicts and concludes the proof of .

The statement of the lemma follows; we have proved every claim in , , , and
(30D [

Lemma 41. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™, f)

be a starred precoloring of a Pg-free graph G with P satisfying , , and . Then there
is an algorithm with running time O(|V (G)|905)) that outputs an equivalent collection L for P such

that
o L] <|V(G)[0sD;
e cvery P’ € L is a starred precoloring of G;
o cvery P’ € L with seed S" satisfies |S'| < q(|S]); and

o cvery P’ € L satisfies (I, (II), (III), and (V).

Moreover, for every P’ € L, given a precoloring extension of P’, we can compute a precoloring
extension for P in polynomial time, if one exists.

Proof. Let L = {P}. For every triple (Lj, Lo, L3) of lists of size three, we repeat the following.
Apply Lemma [0] to every member of £, replace £ with the union of the equivalent collections thus
obtained, and move to the next triple. At the end of thus process holds for every P’ € L.
Now repeat the procedure of the previous paragraph. Since at this stage all inputs satisfy
for every triple of lists, it follows that holds for every starred precoloring of the output. O

We now observe that the next axiom, which we restate, holds.
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For every component C' of G|Y, for which there is a vertex of X is mixed on C, there exist
Li,Ly C {1,2,3,4} with |L1| = |L2| = 3 such that C contains a vertex x; with Lp(x;) = L;
for i = 1,2, every vertex z in C satisfies Lp(x) € {Li1, Lo}, and every z € X mixed on C
satisfies Lp(z) = L1 N L.

Lemma 42. Let P = (G, S, X0, X, Y, Y™, f) of a Ps-free graph G satisfying —, and let C' be
a component of G|Y such that some vertex x € X is mized on C. Then C meets exactly two lists
L1, Lo, and Lp(x) =Li1NLo.

Proof. Since P satisfies , Lemma (19| implies that C' meets more than one list. By Lemma
there exist a,b in C such that x — a — b is a path. By Lp(a) # Lp(b), and by Lp(z) =
Lp(a)N Lp(b). Let ¢ € V(C) be such that Lp(c) # Lp(a), Lp(b). By Lemma [3§| ¢ is complete to
{a,b}. But then z is mixed on one of {a,c}, {b, c}, contrary to (V|). This proves Lemma O

The following lemma establishes that:

(VII) For every component C' of G|Y such that some vertex of X is mixed on C, and for L;, Lo as
in (VI), Lp(v) = Ly N Ly for every vertex v € X with a neighbor in C.

Lemma 43. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™, f)
be a starred precoloring of a Pgs-free graph G with P satisfying , , , , and .

Then there is an algorithm with running time O(|V (G)|9USD) that outputs an equivalent collection
L for P such that

o [£] < [V(G)|H5D;
e cvery P’ € L is a starred precoloring of G;
o cvery P’ € L with seed S’ satisfies |S’| < q(|S]); and

e cvery P’ € L satisfies , , , , , and .

Moreover, for every P’ € L, given a precoloring extension of P', we can compute a precoloring
extension for P in polynomial time, if one exists.

Proof. Let R = {T1,...,T,} be the set of all T' C S with |f(T)| =2, let S = {s1,..., 55}, and let
T ={(Li,L}),..., (LY, L)} be the set of all pairs (L1, Ly) with |L1| = |Lo| = 3 and Ly # Ly. We
let Q be the set of all (rst + 1)-tuples Q@ = (Q1,1,1,.--,Qrs¢, '), where ¢ € [r],j € [s] and k € [t],
and for each 1, j, k the following statements hold:

o Qijr CX(T3) and |Qi | < 1;
o Qijx=0if 4\ f(T;) = LY N L§ or f(s;) € f(T);
o if Q; ;1 = {x}, then there is a component C' of G|Y such that

— s; has a neighbor in V(C);
— some vertex of X is mixed on C, and C meets L%, L% as in ;
— 2 has neighbors in V(C)

and z has the maximum number of such components C' among all vertices in X (T;);

o if Q; ;1 =0, then no vertex € X (T;) and component C' as above exist,
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o Let Q = Uieq1,..ijetin shrefi,... 1y @ik, then f':Q — {1,2,3,4) satisfies that f/ U f is a
proper coloring of G|(S'U Xo U Q).

For Q € Q, we construct a starred precoloring P9 from P as follows. We let Z9 be the
set of vertices z in X \ Q such that Q contains a neighbor z of z with f'(z) € Lp(z), and let
g% : Z9 — {1,2,3,4} be the unique function such that g@(z) € Lp(z) \ f/(N(2) N Q). We let X%
be the set of vertices z in Y such that Q contains a neighbor x of z with f'(z) € Lp(z2).

We let

PP =(G,SUQ,XoUZ?% (X\(Z2UQ))UX? Y\ X Y* fuf Ug9),

and let £ = {PQ :Q € Q,fUf'Ug? is a proper coloring}. It is easy to check that £ is an equiv-
alent collection for P.

Let Q € Q, and let PQ = (G', 5", X}, X', Y',Y*, f'). By construction, P? satisfies M. Since P
satisfies , , so does P?. Since P satisfies , it follows that P satisfies .

(31) P9 satisfies .

Suppose not; and let a —b— ¢ be a path with a € X', b, ¢ € Y’ such that Lpq(a) = L3, Lpe(b) =
Li,Lpqg(c) = Lo and Ly # Lo, L3 # L1 N Ly. Since P satisfies , it follows that @ € Y. Since
P satisfies and , it follows that Lp(a) = Lo, and there is a vertex = € Q, say z € Qi jk
such that z is adjacent to a and f’'(z) € Lp(a). Since ¢ € Y’ it follows that x is not adjacent to c.
Since z is mixed on a component of G|Y meeting L; and Lo, and since P satisfies , it follows
that Lp(x) = L1 N Ly. Thus x — a — b — ¢ is a path, and there is a component C' of G|Y such
that V(C) meets L¥, L5 and z has a neighbor in C' and L¥ N L% # Lp(x) = L1 N Ly. It follows
that a,b,c € V(C), and so V(C) is anticomplete to a,b,c. By symmetry, we may assume that
LY ¢ {11, Ls}. Let d € V(C) with Lp(d) = L¥. Since P satisfies and (IV), and since z has a
neighbor in C, it follows that z is complete to C' and thus adjacent to d. Since Lp(d) & {L1, L2},
it follows that there is a vertex s € S with f(s) € Ly N Ly and s adjacent to d. But then
c—b—a—x—d—sisa Psin G, a contradiction. This proves .

Now by Lemma P€ satisfies .
(32) P satisfies (VII)).

Suppose not. Let C' be a component of G’|Y” such that some vertex of X’ is mixed on C, and
with Ly, Ly as in (VI), and let v € X’ with N (v) N C # 0 such that Lpe(v) # L1 N Lo.

Since Lpe(v) # L1 N La, we may assume that [4] \ Ly C Lp(v). Let s € S with f(s) = [4] \ L1,
such that s has a neighbor in C. Since P9 satisfies , it follows that v is complete to C.

We claim that every x € X'NY is complete to C. Suppose that x € Y N X’ is mixed on C.
Since P? satisfies , it follows that Lpe(z) = L1 N Le. By symmetry, we may assume that
Lp(z) = Ly, and therefore  has a neighbor s in Q N X and f(s) = L1 \ Ly. But then s is mixed
on the component C' of G|Y containing V(C) U {z}, C meets L; and Lo, and Lp(s) # Li N Ly,
contrary to the fact that P satisfies . This proves the claim. Now since some vertex of X’ is
mixed on C, it follows that some vertex of X is mixed on C.

Next we claim that v € X. Suppose v € Y. Then there is a component C of G |Y" such that
V(C) U {v} C V(C). Since some x € X is mixed on C, and since P satisfies (VI), we deduce that
Lp(v) € {L1, Ly}. Consequently, v has a neighbor s in Q. Therefore ¢ € X. Since v is complete to
C, it follows that v has a neighbor n in C with Lp(n) = Lp(v). But then x is mixed on the edge
vn, contrary to the fact that P satisfies . This proves that v € X.
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By construction, @ contains an entry Q; ;) with 7; = T(v), s; = s and (L¥, L) = (L1, Ls),
and in view of the claims of the previous two paragraphs, @Q; ;r # 0. Write Q;;r = {z}. Let C’
be a component of G|Y meeting both L; and Lo, such that some vertex of X is mixed on C’, and
both s and 2z have a neighbor in C’. Since f’(z) € L1 U Lo, it follows that z is not complete to C.
Since Lp(z) # L1 N La, it follows from the fact that P satisfies that z is not mixed on either
of C,C’. Consequently, z is complete to C’, and z is anticomplete to C. Now by the maximality of
z we may assume that v is anticomplete to C’. Since [4] \ L1 C Lp(z) = Lp(v), it follows that s is
anticomplete to {z,v}.

Let a € V(C)N N(s) and o’ € V(C") N N(s). Since each of C,C’ meets Ly, we can also choose
be V(C)\N(s)and v/ € V(C")\ N(s). Lp(z) # L1 N Lo, there exists ¢t € T; with f(t) € L1 N La.
Then t is anticomplete to V(C) U V(C’). It t is non-adjacent to s, then s —a —v —t — 2 —ad’ is a
Ps in G, so t is adjacent to s. If a is non-adjacent to b, then b —v —a —s—ad' — 2z is a P, so a is
adjacent to b. But now b —a — s —t — z — d’ is a Py, a contradiction. Thus, follows.

This concludes the proof of the Lemma, O

We are now ready to prove the final axiom.

(VIII) Y = 0.
Lemma 44. There is a function q : N — N such that the following holds. Let P = (G, S, X0, X,Y, Y™, f)

be a starred precoloring of a Pg-free graph G with P satisfying . . . . . . m

Then there is an algorithm with running time O(|V (G)|2USD) that outputs collection L of starred
precolorings such that

e if we know for every P’ € L whether P’ has a precoloring extension or not, then we can decide
if P has a precoloring extension in polynomial time;

o L] < [V(G)|H5D;

e cvery P’ € L is a starred precoloring of G;

o cvery P’ € L with seed S" satisfies |S'| < q(|S]); and
e cvery P’ € L satisfies (VIII)).

Moreover, for every P' € L, given a precoloring extension of P', we can compute a precoloring
extension for P in polynomial time, if one exists.

Proof. Let P = (G, S, X0, X,Y,Y*, f). For every component C of G\ (S U Xp), Let Po be the
starred precoloring

(G|(V(C) U S U Xo), 8, Xo, X NV (C),Y N V(C),Y* N V(C), f).

Then Py satisfies f. Let Ly be the collection of all such starred precolorings Po. Clearly
P has a precoloring extension if and only if every member of Ly does, so from now on we focus on
constructing an equivalent collection for each Po separately. To simplify notation, from now we
will simply assume that G \ (Xo U S) is connected.

In the remainder of the proof we either find that P has no precoloring extension, output £ = ()
and stop, or construct two disjoint subsets U and W of Y, and a subset X, of X such that

e UUW =Y,
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No vertex of X is mixed on a component of G|W,

For every component C of G|W, some vertex of X U XU S is complete to C.

e There is a set F with |F| < 25 of colorings of G \f(o that contains every coloring of G \X'g that
extends to a precoloring extension of P, and F' can be computed in polynomial time.

P has a precoloring extension if and only if for some [’ € F

(G\U,8,XoUXo, X \ Xo, W.Y*, fUf)
has a precoloring extension.

Having constructed such U, W, X, and F, for each f' € F we set
Py = (G\U,S,X()UX(),X\X(),@,Y*UWfo’)

and output the collection £ = { Py} <, which has the desired properties.

Start with U = W = Xg = 0. Forv e Y, let M(v) = Lp(v)\ f(N(v)N(SUXp)). For L C [4], we
denote by My, the list assignment My, (v) = M (v) N L. To construct U, W and Xp, we first examine
each component of G|Y separately. Every time we enlarge U, we will “restart” the algorithm with
(G, S, X0, X, Y, Y™ f) replaced by (G \ U, S, Xo, X, Y \ U, Y*, f). Since we only do this when U
is enlarged, there will be at most |V (G)| such iterations, and so it is enough to ensure that each
iteration can be done in polynomial time.

Let C be a component of G|Y. If no vertex of X is mixed on C, and some vertex of SU XoU X
is complete to C, we add V(C) to W. So we may assume that either some vertex of X is mixed on
C, or no vertex of X is complete to C. Let C; = {v € V(C) : Lp(v) = [4]\ {¢}}. Since P satisfies
(M), it follows that V(C) = Ui, Ci,

Suppose first that C' meets exactly one list L. Since P satisfies , it follows that no vertex
of X is mixed on C, and so N(V(C)) C SU Xy. By Theorem |2, we can test in polynomial time if
(C, M) is colorable. If not, then P has no precoloring extension, we set £ = () and stop. If (C, M)
is colorable, then deleting V' (C') does not change the existence of a precoloring extension for P, and
we add V(C) to U.

Now suppose that C' meets at least three lists. By Lemma C; is complete to C; for every
i # j. Since P satisfies (VI)), it follows that no vertex of X is mixed on C, and so N(V(C)) C SUXj.
Since C; is non-empty for at least three values of i, it follows that in every proper coloring of C, at
most two colors appear in Cj, and for ¢ # j the sets of colors that appear in C; and C; are disjoint.
By Theorem for every L C [4] with |L] < 2 and for every i, we can test in polynomial time if
(C|Cs, Mp) is colorable. If there exist disjoint lists Lq,. .., Ly such that (G;, My,) is colorable for
all 7, then deleting V(C') does not change the existence of a precoloring extension for P, and we
add V(C) to U. If no such Lq,..., L; exist, then P has no precoloring extension, we set £ = () and
stop.

Thus we may assume that C meets exactly two lists, say V(C) = C3 U Cy. Let Aq,..., Ag
be the components of C|C3 and Ag4q,...,A; be the components of C|Cy. Since P satisfies ,
for every i € [k] and j € {k+1,...,t}, A; is either complete or anticomplete to A;, and since P
satisfies ([V]), for every i € [t] no vertex of X is mixed on A;. Since P satisfies (VII), if z € X
has a neighbor in C, then Lp(z) = {1,2}. By Theorem [2| for every A; and for every L C [4] with
|LN{1,2}] <1, we can test in polynomial time if (A;, M) is colorable. If (A;, My) is colorable,
we say that the set My N {1,2} works for A;. Suppose that () works for i. We may assume i = 1.
It follows that (A1, M) can be colored with color 3. Since N(V(A1)) € SU XoU Xy 9y UCy, it
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follows that deleting A; does not change the existence of a precoloring extension for P, and so we
add V(4;) to U. Thus we may assume that () does not work for any 1.

Since C' is connected and both Cs, Cy are non-empty, it follows that for every i there is j such
that A; is complete to A;, and so in every proper coloring of C', at most one of the colors 1, 2 appears
in each V(4;). Since () does not work for any i, it follows that in every precoloring extension of P,
exactly one of the colors 1,2 appears in each V(A4;), and both 1 and 2 appear in V(C). If some
z € X is complete to C, then x € Xy, 53, and so G has no precoloring extension; we set £ = (), and
stop. Thus we may assume that no vertex of X is complete to V(C).

Let X¢ be the set of vertices of X that are mixed on V/(C). Then X¢ C X(j 9y, and N(V(C)) C
SUXoUXe. Let Ac ={ay,...,a;}. Let Heo be the graph with vertex set X¢ U A¢, where

e a;a; € E(Hc) if and only if A; is complete to A,
e for x € X¢, za; € E(He) if and only if = is complete to A;, and

e Hel(Xe) = Gl(Xo).

Let Tc(a;) be the the union of all the sets that work for 7. Suppose first that X = (. Then
N(V(C)) € SU Xy. By Theorem [13| we can test in polynomial time if (H¢,T¢) is colorable. If
(He,Te) is not colorable, then P has no precoloring extension; we output £ = () and stop. Thus
we may assume that (Hg,T¢) is colorable. Since N(V(C)) C S U Xy, deleting V(C') does not
change the existence of a precoloring extension, and we add V(C') to U. Thus we may assume that
Xo #0.

Now let C*,...,C! be all the components of G|Y for which V(C?) = C4 U C} and X¢ # 0. Let
H be the graph with vertex set Ui’:l V(Hei) and such that uv € E(H) if and only if either

o w € E(H:i) for some i, or

e u,v € X and wv € E(G).

Let T'(v) = Te(v) if v € V(H)\ X, and let T'(v) = M (v) if v € V(H) N X. By Theorem [13] we can
test in polynomial time if (H,T') is colorable. If (H,T') is not colorable, then P has no precoloring
extension; we output £ = () and stop. Thus we may assume that (H,T) is colorable. Note that
T(v) C {1,2} for every v € V(H).

Next we will show H is connected, and therefore (H,T') has at most two proper colorings, and
we can compute the set of all proper colorings of (H,T') in polynomial time. Suppose that H is not
connected. Since each C? is connected, it follows that H|Aq: is connected for all i, and since for
every i, every vertex of X has a neighbor in A, it follows that H|V (H¢:) is connected for every
i. Let Dy, Dy be distinct components of H. Since G \ (S U Xp) is connected, there is exist p,q € []
such that V(Her) C Dy, V(Hea) C Do, and there is a path P =p; — ... —p,, in G\ (SU Xp) with
p1 € V(CPYU Xew, pm € V(C9) U X, and P* is disjoint from Uézl(V(C’i) U Xi). Since for every
i, N(V(C%) € SU XoU X, it follows that p; € Xow and p,,, € Xca, and P* is anticomplete to
V(CP)UV(C?). By Lemma there exist ap, b, € V(CP) such that p,, — a, — b, is a path, and
there exist aq, by € V(C?) such that p,, —aq — by is a path. But now b, —a, —p1 — P —py, —aq — by
is a path of length at least six in GG, a contradiction. This proves that H is connected.

Let XOM = V(H)N X, and let F3* be the set of all proper colorings of (G|X§’4,M) that
extend to a coloring of (H,T). Then |F3#| < 2, and we can compute F>* in polynomial time. Let
Ut = Uézl V(C?). Since for each i, N(C?) C XS»A U S U Xy, it follows that

P has a precoloring extension if and only if for some f € F34
(33) (G\U?*, S, XoU XPH X\ X3H Y\ U4 Y*, fUf)

has a precoloring extension.
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For every i,j € [4] with ¢ # j define UbJ, Fi and Xé’j similarly. Let Xy = UXé’j . Let F be
the set of all functions f’: Xo — [4] such that f’|XO¢,j € FJ. Then |F| < 26, Let U’ = JU%™.
If follows from that P has a precoloring extension if and only if

(G\U',S, XoUX, X\ Xo,Y\U,Y*, fU[)
has a precoloring extension for some f’ € F. Now we add U’ to U, and Lemma [44| follows. O
We are now ready to prove our the main result, which we restate:

Theorem 18. There exists an integer C > 0 and a polynomial-time algorithm with the following
specifications.

Input: A 4-precoloring (G, Xo, f) of a Ps-free graph G.

Output: A collection L of excellent starred precolorings of G such that
L|Ll < V(G)[,
2. for every (G',S", X{, X', 0,Y*, f') e L

. 820,
e Xy CS'UX|,
e G’ is an induced subgraph of G, and
o f'Ixo = flxo-

3. if we know for every P € L whether P has a precoloring extension, then we can decide in
polynomial time if (G, Xy, ) has a 4-precoloring extension; and

4. given a precoloring extension for every P € L such that P has a precoloring extension, we
can compute a 4-precoloring extension for (G, Xy, f) in polynomial time, if one exists.

Proof. Let (G, Xy, f) be a 4-precoloring of a Ps-free graph G. We apply Theorem |17 to (G, X, f)
to obtain a collection Ly of good seeded precolorings with the desired properties. Then we apply
Lemma |32| to each seeded precoloring in Ly to obtain a starred precoloring satisfying ; let £y
be the collection thus obtained. Next, starting with £;, apply Lemma [34] Lemma [37, Lemma [39]
Lemma Lemma Lemma [43] and Lemma [44] to each element in the output of the previous
one, to finally obtain a collection £. Then L is an equivalent collection for P, and every element

of £ satisfies (), (III), (LV]), (V]), (VI), (VL) and (VIL). Finally, (VIII) implies that each starred

precoloring in L is excellent, as claimed. ]
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