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Abstract

In this thesis, we concern ourselves with asking questions about the basic structure
of group C*-algebras C§(G), crossed products A x G and A x, G, and groupoid C*-
algebras C*(G) and C% (G). Specifically, we are concerned with two main topics. One is
the simplicity of these algebras, and we either extend work that was already done in the
case of group C*-algebras and crossed products, or characterize simplicity altogether in
the case of groupoid C*-algebras. The other is the structure of traces on these algebras,

in particular in the case of crossed products.

In the third chapter, we give complete descriptions of the tracial states on both the
universal and reduced crossed products A x G and A x, G of a C*-dynamical system
consisting of a unital C*-algebra A and a discrete group G. In particular, we also answer
the question of when the tracial states on the crossed products are in canonical bijection
with the G-invariant tracial states on A. This generalizes the unique trace property for
discrete groups. The analysis simplifies greatly in various cases, for example when the
conjugacy classes of the original group G are all finite, and in other cases gives previously
known results, for example when the original C*-algebra A is commutative. We also obtain
results and examples in the case of abelian groups that contradict existing results in the
literature of Bédos and Thomsen. Specifically, we give a finite-dimensional counterexample,
and provide a correction to the result of Thomsen.

The fourth chapter is a short note on results in the von Neumann crossed product
case that were never submitted for publication, and the author suspects might potentially
be folklore, but cannot actually find anywhere. We extend the results on C*-crossed
products from the third chapter to the case of von Neumann crossed products M xG. In
particular, we obtain results that characterize when a G-invariant normal tracial state on
M has a unique normal tracial extension to the crossed product. As a consequence, we
also characterize when such crossed products are finite factors (i.e. either of type 113, or
isomorphic to M,,).

In the fifth chapter, we consider the notion of a plump subgroup that was recently
introduced by Amrutam. This is a relativized version of Powers’ averaging property, and it
is known that Powers’ averaging property for G is equivalent to C*-simplicity, i.e. simplicity
of C{(G). With this in mind, we introduce a relativized notion of C*-simplicity, and show
that for normal subgroups N < G it is equivalent to plumpness, along with several other
characterizations.

For the sixth chapter, we prove a generalized version of Powers’ averaging property that
characterizes simplicity of reduced crossed products C(X) x, G, where G is a countable



discrete group, and X is a compact Hausdorff space which G acts on minimally by home-
omorphisms. As a consequence, we generalize results of Hartman and Kalantar on unique
stationarity to the state space of C'(X)x,G and to Kawabe’s generalized space of amenable
subgroups Sub, (X, G). This further lets us generalize a result of the first named author
and Kalantar on simplicity of intermediate C*-algebras. We prove that if C(Y) C C(X) is
an inclusion of unital commutative G-C*-algebras with X minimal and C(Y') x, G simple,
then any intermediate C*-algebra A satisfying C(Y) xy G C A C C(X) x, G is simple.

For the seventh chapter, we characterise, in several complementary ways, étale groupoids
with locally compact Hausdorff space of units whose essential groupoid C*-algebra has the
ideal intersection property, assuming that the groupoid is either Hausdorff or o-compact.
This leads directly to a characterisation of the simplicity of this C*-algebra which, for
Hausdorff groupoids, agrees with the reduced groupoid C*-algebra. Specifically, we prove
that the ideal intersection property is equivalent to the absence of essentially confined
amenable sections of isotropy groups. For groupoids with compact space of units we more-
over show that this is equivalent to the uniqueness of equivariant pseudo-expectations. A
key technical idea underlying our results is a new notion of groupoid action on C*-algebras
including the essential groupoid C*-algebra itself. For minimal groupoids, we further ob-
tain a relative version of Powers averaging property. Examples arise from suitable group
representations into simple groupoid C*-algebras. This is illustrated by the example of the
quasi-regular representation of Thompson’s group T with respect to Thompson’s group F,
which satisfies the relative Powers averaging property in the Cuntz algebra Os.
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Chapter 1

Introduction

This thesis is largely a collection of papers that the author wrote over his PhD program,
either singly-authored or coauthored. Each chapter, with the exception of Chapter 4,
corresponds to an individual paper that is either already published, or posted on arXiv.
Information on these papers and any coauthors can be found in both the Statement of
Contributions section and the Acknowledgements section. While each chapter comes with
its own introduction and motivation, we provide a brief, somewhat more unified overview
here as well.

We will concern ourselves with C*-algebras and von Neumann algebras, in particular
those arising out of some kind of construction involving groups or groupoids, such as
reduced group C*-algebras C}(G), crossed products A x, G, and groupoid C*-algebras
C*(G) and C*(G). Most basic facts about these constructions, and C*-algebras in general,
can either be found in Chapter 2, or in one of the chapter-specific preliminary sections.

The first couple of chapters are concerned with the question of describing the tracial
states on many of these algebras. This is often of interest, as for example, tracial data
shows up in the Elliot invariant in classification theory. In the case of commutative crossed
products and groupoid C*-algebras, the problem is essentially solved in the case of uni-
versal groupoid C*-algebras C*(G) by Neshveyev in | | (and consequently in universal
commutative crossed products C'(X) x (), and results can at least be obtained on reduced
commutative crossed products C(X) x, G by a result of Bryder and Kennedy | ,
Theorem 5.2] reducing things to the amenable radical of G.

In Chapter 3, we focus on noncommutative crossed products AxG and Ax G, obtaining
complete descriptions of tracial extensions of G-invariant traces on A. In particular, we
also attempt to answer the question of when a G-invariant trace on A has a unique tracial



extension to each of the crossed products, with respect to various assumptions on G. It
was already known that some form of proper outerness of the action is usually sufficient,
but we provide weaker conditions that turn out to be true if and only if conditions in
many cases. We also give counterexamples to results of Bédos | , Proposition 11] and
Thomsen | , Theorem 4.3] in the case of G being abelian, providing corrections to
Thomsen’s result (with an analogous correction likely holding for Bédos’ result, but not
being explicitly worked out). We also work out the cases when G is an FC-group, and
when G' = Z. Interestingly enough, this last case thankfully turns out to agree with the
original result of Thomsen, and it is often a case that people are interested in.

Chapter 4 is a short unpublished note that takes inspiration from the results of Chap-
ter 3, but this time works in the case of von Neumann crossed products M xG. We answer
the question of when G-invariant normal tracial states on M have unique normal tracial
extension to the entire crossed product, and as a result, also deduce exactly when the
crossed product is a finite factor. I suspect that some of the results in this chapter might
already be folklore among the von Neumann algebra community, but I cannot actually find
them anywhere.

Moving away from traces, another basic question about the various C*-algebraic con-
structions mentioned earlier that gathered much interest over time is that of figuring out
when these are simple. While this is an older question, with one of the first major results
being the result of Powers in | | that C5(F2) is simple, the first true if and only if
results only started arising over the last few years, due to Breuillard, Kalantar, Kennedy,
and Ozawa over several papers. A brief history of their results, along with a short proof,
can be found in Appendix A.

One of the results that arose out of this, and we will draw our attention to, was Kennedy
and Haagerup independently demonstrating in | | and | |, respectively, that C*-
simplicity of G is equivalent to an averaging property originally considered by Powers to
show that Fy is C*-simple. In short, Powers’ averaging property can be formulated as
follows: given any a € C5(G), we have that

T(a) econv{g-a | g € G},

where 7, is the canonical trace on C§(G).

Subsequent results of a similar flavour that arose afterwards was some work done by
Amrutam in | |. In particular, he was interested in characterizing a property of
subgroups H < G which he called plump, which is a relativized version of Powers’ averaging
property, as it allowed him to easily describe in certain cases C*-subalgebras lying between



C¥(G) and Ax )G, as long as the kernel of the action of G on A contains a plump subgroup.
We say that H < G is plump if for any a € C{(G), we have

Tx(a) econv{h-a | he H}.

In Chapter 5, we give complete characterizations for plumpness for normal subgroups N<G,
as the interest originally arose out of studying kernels anyways. In particular, we also show
that it is equivalent to a relativized notion of C*-simplicity, along with other relativized
characterizations inspired from the existing C*-simplicity results.

Chapter 6 also takes inspiration from Powers’ averaging property, but in a different
direction. The simplicity of commutative crossed products C(X) x, G was already char-
acterized by Kawabe in [ |, but an equivalent version of Powers’ averaging property
was lacking. This is what is done in this chapter. Namely, we show that C'(X) x, G is
simple if and only if the action of G on X is minimal and

E(a) e C(X)—conv{g-a | g € G},

where we now make use of C'(X)-convex combinations. From here, we proceed to generalize
results of Hartman and Kalantar | | on unique stationarity of states on either the
reduced group C*-algebra C5(G) and the space of subgroups C'(Sub,(G)), except this time
to the crossed product C'(X) %, G, and to Kawabe’s space of amenable stabilizer subgroups
C(Sub,(X, G)). We also generalize results of Amrutam and Kalantar [ ] on simplicity
of intermediate C*-algebras C5(G) € A C C(X) %, G in the case of C*-simple groups G,
but this time in the case of intermediate C*-algebras between arbitrary simple commutative
crossed products.

Going back to the question of characterizing when such algebras are simple, the next
logical step after commutative crossed products is the case of étale groupoids. It is worth
noting that groupoid C*-algebras provide quite a large class of C*-algebras, as it is the
combined result of several authors that every classifiable C*-algebra is the reduced twisted
groupoid C*-algebra of a Hausdorff étale groupoid. While the case of commutative crossed
products was solved without much difficulty in | | for universal crossed products
C(X) x G, and generalized from reduced group C*-algebras C}(G) to reduced crossed
products C'(X) x, G in | ] without too much hassle either, the case of groupoid C*-
algebras proved to be much harder. A generalization of Archbold and Spielberg’s result for
C(X) x G would only arrive for the universal groupoid C*-algebra C*(G) twenty years later
in | |, and partial results in the reduced case very recently by Borys in | | and
[ ]. Our main contribution in Chapter 7 was making Borys’ results a true if and only
if, but also obtaining far more general results that don’t assume the groupoid is minimal,
has compact unit space, or is even Hausdorff. Generalizations of the generalized Powers’
averaging property mentioned earlier for crossed products C'(X) x, G are also obtained.
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Chapter 2

General preliminaries

Each individual chapter has chapter-specific preliminaries. However, there are some com-
mon facts that the reader should be aware of, and will often be used without reference.
A good reference for completely positive maps and related topics is | ], and a good
reference for group C*-algebras, amenability, and many other things is [ ] and | .
It is assumed that the reader is at least familiar with basic facts about C*-algebras. The
C*-algebras that we work with will always be unital unless otherwise specified, and likewise
the groups will always be discrete.

2.1 Completely positive maps

First, we recall the basics of unital and completely positive maps. Given a C*-algebra
A, consider the matrix algebra M, (A). By faithfully representing A C B(H), we can
view M, (A) C B(H™). This gives us a norm structure on M, (A) that makes it a C*-
algebra as well. The norm structure is unique and hence does not depend on the choice of
representation A C B(H).

A linear map ¢ : A — B between C*-algebras is called positive if whenever a € A with
a > 0, we have ¢(a) > 0. Such maps will automatically satisfy ¢(a*) = ¢(a)* for all a € A.
We may also consider the linear map ¢™ : M, (A) — M, (B) given by

0" ([ay]) = [¢(ayy)]

The map ¢ is called completely positive if ™ is positive for each n € N. It is known that
if amap ¢ : A — B is unital and completely positive, then it is also completely contractive
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as well, in the sense that each ¢ is contractive. A map ¢ : A — B is called a complete
order embedding if given any x € M, (A), we have 2 > 0 if and only if ¢ (z) > 0. Every
unital injective *~homomorphism is automatically a complete order embedding.

In the category of unital C*-algebras, together with unital and completely positive
maps as morphisms, we automatically have that isomorphisms in this category exactly
coincide with *-isomorphisms. That is, if ¢ : A — B and ¢ : B — A are unital and
completely positive maps with the property that 1) o ¢ = ids and ¢ o ¢ = idg, then they
are automatically *-isomorphisms. In particular, if ¢ : A — B is a unital, surjective,
complete order embedding, then it is automatically a *-isomorphism.

Given any unital and completely positive map ¢ : A — B, we canonically have a left
ideal and a right ideal associated to it by:

Ly={a€ A | ¢(a"a) = 0}
and

Ry={a€A | ¢(aa”) =0},
respectively.

Every unital and completely positive map also has a multiplicative domain given by

mult(¢) = {a € A | §(a"a) = ¢(a)*¢(a) and d(aa’) = d(a)p(a)’} .

As it turns out, this is in fact a unital C*-subalgebra of A, and moreover, given any a € A
and b € mult(¢), we have that

¢(ab) = ¢(a)p(b) and ¢(ba) = ¢(b)¢(a)

2.2 Amenability

The standard definition of amenability is as follows. A discrete group G is called amenable
if there is a left-invariant state on ¢*°(G), where we are considering the left-translation
action given by (s- f)(t) = f(s7't).

There is a more geometric interpretation of amenability. Consider a compact convex
subset K of a locally convex Hausdorff vector space V. An example that will show up very
often is the state space of a unital C*-algebra. We say that a map ¢ : K — K is affine if
it respects convex combinations, i.e.

¢lak + (1 — a)l) = ag(k) + (1 — a)o(l).

5



A discrete group G is amenable if and only if any action on a compact convex set K by
affine homeomorphisms has a fixed point, i.e. a point k£ € K such that s-k = k for all

sed.

Amenability is preserved under taking subgroups H < . Moreover, given a group GG
and a normal subgroup N, we have that G is amenable if and only if both N and G/N
are. It is also preserved under taking direct limits.

The two most basic examples of amenable groups are all finite groups and all abelian
groups. The most basic example of a nonamenable group is FF,, the free group on n
generators, for n > 2.

2.3 Group C*-algebras and crossed products

Before we begin, recall that, given an inclusion A C B of unital C*-algebra, a conditional
expectation F : B — A is a unital and completely positive map such that F|4 = id4.

Given a discrete group G, we may consider the left-regular representation on *(G),
the Hilbert space with orthonormal basis {ds | s € G}. The group G acts on this space
by unitaries A, which permute the basis vectors around by left translation as follows:
As0r = 0g. It is easy to check that A = A1 and A\ = Ay. This representation
A G — U(l*(G)) extends to a *-representation of the group ring A : C[G] — B(¢*(G)),
which is in fact injective on the group ring. From here, we may define the reduced group
C*-algebra as follows:

C1(G) =spanll )\, | se @} =@
It is easy to see that every element a € C5(G) has a unique associated Fourier series
a ~ Y ,cquN (convergence is irrelevant), which corresponds to a matrix in B((*(G))
whose (7, s)-entry is a,s-1. Thus, we get a faithful trace 7, : C5(G) — C that sends an
element a ~ Y, ay A to a.. In other words, 7\(a) = (ade | . ).

The reduced group C*-algebras play quite nicely with respect to subgroups. Given a
subgroup H < G, we canonically have an inclusion C§(H) C C}(G), and a conditional
expectation Ey : C5(G) — C5(H) sending A to itself if s € H, and zero otherwise.

There is also a universal group C*-algebra C*(G), which is the norm-completion of C[G]
under the norm given by

lla|| = sup{||7(a)|| | #: G — U(H) representation}

6



for every a € C[G] (we are using the fact that every representation 7 : G — U(H) extends
to a *-representation 7 : C[G] — B({*(G@))). This C*-algebra has the property that given
any representation m : G — U(H), there is an extension 7 : C*(G) — B(H) with the
property that 7(us) = m(s) for all s € G. Observe that, as a consequence of applying
this to the left-regular representation on £%(G), we have that C[G] canonically embeds into

C*(G) as well.

Amenability of groups is characterized by these two group C*-algebras. Namely, a
discrete group G is amenable if and only if the canonical *~homomorphism 7 : C*(G) —
C3(Q) is given by m(us) = A is in fact a *isomorphism. This is also equivalent to
the trivial representation of G on C (sending each group element to 1) extending to a
*-homomorphism 1¢ : C5(G) — C.

Crossed products are a similar story. Consider a unital C*-algebra A, and a discrete
group G acting on A by *-automorphisms. We say that a unital C*-algebra B is a C*-
crossed product of A and G if:

e A C B as a unital C*-subalgebra.
e (G C B as unitaries us.
e The action of G on A is inner inside of B, in the sense that usau} = s - a.

e B is generated as a C*-algebra by A and G.

Observe that we canonically have that if B is a crossed product of A and G, then

B= {Zatut

finite

II-1
t e G, a; € A} .

Multiplying two elements aus and bu; occurs as follows:
ausbuy = ausbuiusy = a(s - b)ug.
It will sometimes be useful to consider the algebraic crossed product

AlG] = {Z auy

finite

tEG,atEA},

where the above is formal finite sums. Given any C*-crossed product B, there is always
canonically a *-homomorphism 7 : A|[G] — B such that 7 is the identity on A and G, and
has dense range.



There are again two canonical C*-crossed products of A and GG. The first is the reduced
crossed product A X, G. To construct this, we first faithfully represent A C B(H), and
then consider the Hilbert space H ® £?(G), and a *-homomorphism 7 : A — B(H ® (*(G))
and representation \ : G — U(H ® (*(G)) given by:

m(a)(h®d,) = ((t™" - a)h) @ &

and
)\S(h ® 5t) — h ® 5815'

The reduced crossed product A x, G is the C*-algebra generated by m(A) and A(G), or
equivalently, the norm closure of the representation of A[G] induced by 7 and A. This
norm completion of A[G] is independent of the choice of faithful representation A C B(H)
from earlier. It is also the case that we canonically have an embedding A[G] C A x, G.

We also again get matrix representations and Fourier series. Every element x € A x, G
has a unique associated Fourier series x ~ ), . a;\; (convergence is irrelevant), which in
turn corresponds to the matrix in B(H ® (*(G)) whose (r, s)-entry is r~a, 1.

Observe that, using the matrix representations from earlier, the projection to the (e, e)-
corner gives us a faithful conditional expectation £ : A x, G — A, which maps = ~
> tec AtAt tO ae. Moreover, equipping the C*-algebra A x, G with the conjugation action
s+ x = AsxAL, the expectation is G-equivariant. Finally, the expectation can actually
uniquely determine the reduced crossed product, as we will see later.

There is a universal crossed product A x G constructed as follows. Given any repre-
sentation 7 : A — B(H), and any representation o : G — U(H), with the property that
(s -a) = o(s)m(a)o(s)*, we say that (m,0) are a covariant pair. These correspond to
*-representations p : A[G] — B(H) satistying p|4 = 7 and p|g = 0. The universal crossed
product A x G is given by the norm completion of A[G] under the norm

|z|| = sup {preo(z) | 7: A— B(H),0: G — U(H),with (7,0) a covariant pair} .

It has the property that whenever (7, 0) are a covariant pair for A and G on the Hilbert
space H, there is a *-homomorphism p : A x G — B(H) with the property that p|4 = 7
and p|lc = 0. Again, A[G| canonically embeds into the universal crossed product.

It is worth noting that by letting A = C in the above constructions, we have that
A xyG = C5(G) and A x G = C*(G). Furthermore, given a subgroup H < G and an
H-C*-subalgebra B C A, we canonically have B xy H C A x, G. For the universal crossed
products, we still obtain a *-homomorphism, but we might no longer obtain an embedding.



Going back to amenability of groups, we have that if G is amenable, then the reduced
and universal crossed products coincide. More specifically, the canonical *-homomorphism
m: AXG — Ax)G satisfying m|4 = id4 and w(us) = A is in fact a *-isomorphism. For a
fixed A, the converse is not true, but it is now clearly true if A is allowed to vary over all
C*-algebras (just let A = C).

A convenient fact that I have not seen anywhere, but is probably well-known, is the
following: the reduced crossed product A x, G is characterized as the unique (semi)norm
completion of A[G] such that the map E : A[G] — A given by E (> a;\;) = a. extends to a
faithful conditional expectation on the completion. In other words, the norm is big enough
so that the map is continuous, but small enough so that the map is faithful. Observe that
by letting A = C, a similar statement can be made about the reduced group C*-algebra.

To see this, assume that A x,, G is some arbitrary norm completion of A[G| with E :
A %, G — A being the canonical conditional expectation on A[G]. Consider the canonical
*_homomorphism 7 : AXG — Ax,G, and consider the composition E = Eorr: AxG — A.
Observe that this map is G-equivariant with respect to the conjugation action on A x G.
We claim that the left ideal

I:{xeANG ’ E(m*x)zO}

in fact is equal to ker w. To see this, assume x € I. Then

0= B(a*z) = E(r(a"x)) = E(x(x)'n(x)),

*

and by faithfulness, we have 7(z)*m(xz) = 0, i.e. w(z) = 0. Conversely, if we start with

x € ker 7, then

E(x*x) = E(n(z*x)) = E(n(x)*nm(x)) = 0,

ie. x € I. Thus, I = kern. It follows that there is an isomorphism
AxG)/I=Ax, G

that canonically maps the image of A[G] in one to the image of A[G] in the other. However,
by density of A[G], the map E:AxG— A does not depend on the choice of completion
A X, G, and therefore the ideal I does not either. Thus, any two completions of the
aforementioned form are also isomorphic in the same way, or in other words, there is only
one possible completion.

The von Neumann algebra constructions are similar. For groups, L(G) is obtained by
taking a completion of C[G] in B(¢*(G)) under your favourite topology that is not the norm
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topology (weak operator, weak™®, strong operator, etc... will all give the same result), and
the trace 7, is now a faithful normal trace. For M <G, it is again a closure of M[G] under
an appropriate topology in B(H ® (*(G®)) for a faithful normal representation M C B(H),
and we obtain a faithful normal conditional expectation E : M xG — M. The universal
equivalents are not usually studied, as they are usually far too massive. For example, the
universal group von Neumann algebra would be C*(G)**

10



Chapter 3

Characterizing traces on crossed
products of noncommutative
C*-algebras

3.1 Introduction and statement of main results

Understanding the tracial states on a C*-algebra is often of interest, for example in clas-
sification theory. In this paper, we concern ourselves with both the reduced and universal
crossed products arising from C*-dynamical systems consisting of a unital C*-algebra A and
a discrete group G. Given any G-invariant tracial state on A, we give complete descriptions
of the tracial extensions to the crossed products. We also translate our characterization
into an equivalent condition for when the tracial extension is unique. Finally, in various
special cases, we simplify this condition on uniqueness of tracial extension.

To establish notation, A will always denote a unital C*-algebra, and G a discrete group
acting on A by *-automorphisms. In addition, the term “automorphism” will always mean
*_automorphism. The reduced crossed product of this action will be denoted by A xy G,
and the universal crossed product by A x G. The unitary corresponding to ¢t € G in
A x G will be denoted by A;, and in A x G will simply be denoted by ¢. Furthermore,
T(A) will denote the set of all tracial states on A, and T (A) the set of tracial states that
are invariant under the action of G. Finally, “trace” will only be used to refer to tracial
states.

A key idea in our paper takes inspiration from one of the techniques used by Kennedy
and Schafhauser in | ]. In their paper, they study the intersection property of reduced

11



crossed products, i.e. the property that every nonzero ideal of A x, G has nonzero in-
tersection with A. A key point in their paper is that what they call pseudoexpectations,
introduced in | , Section 6], can be used to characterize the intersection property.
These are G-equivariant, unital, completely positive maps ¢ : A X\ G — Ig(A) with ¢|4
being the identity map, where I5(A) is the G-injective envelope of A. It is worth noting
that this notion of pseudoexpectation is based on the original, different notion of pseu-
doexpectation introduced by Pitts in | |, and studied by both Pitts and Zarikian in
subsequent papers.

We adapt the notion of pseudoexpectations used by Kennedy and Schafhauser to one
that can instead be used to characterize tracial extensions of 7 € Tg(A) to both the
universal and reduced crossed products. It has been previously recognized (for example in
[ , Section 2]) that the dynamics of G on m(A)”, where 7 : A — B(H,) is the GNS
representation of 7, plays an important role in determining the tracial extensions to the
crossed products. See the review we give in Section 3.2.1 for why we have an action of G
on this von Neumann algebra, along with other basic properties. This seems to suggest
that w(A)” is the appropriate object to consider in place of the G-injective envelope I(A).

As we will make use of the amenable radical of G when dealing with the reduced crossed
product, the notion of pseudoexpectation that we introduce works relative to any normal
subgroup of G. Note that, given a normal subgroup N <G, we canonically have an action
of G on A x N satisfying s - (at) = (s-a)(sts™!) for s € G and t € N, by the universal
property of A x N.

We also note ahead of time that we will not use the term “pseudoexpectation”, which as
mentioned above refers to maps whose codomain is some kind of injective envelope. Instead,
for our purposes, we will adopt the term “weak expectation”, which instead typically refers
to maps whose codomain is an enveloping von Neumann algebra. For example, the usual
notion of a weak expectation of a unital inclusion of C*-algebras A C B is a unital and
completely positive map F' : B — A** extending the canonical inclusion ¢ : A < A**.
In our case, we replace the universal enveloping von Neumann algebra A** with the von
Neumann algebra 7(A)” generated under the GNS representation 7 : A — B(H,) of our
fixed trace 7 € T(A). Note that the canonical map 7 : A — 7(A)” is not necessarily
faithful, contrary to the case of A**, I(A), or I5(A).

Definition 3.1.1. Let 7 € T (A), let m : A — B(H,) be the GNS representation of (A, 7),
let M = 7(A)”, and let N <G be a normal subgroup. A map F': A x N — M is called
a weak expectation for (A, 7,G, N) if it is unital, completely positive, G-equivariant, and
satisfies |4 = m. If N = G, then we call such a map a weak expectation for (A4, 1, G).

12



Theorem 3.1.2. Let 7 € T(A), let m: A — B(H,) be the GNS representation of (A,T),
let M = 7(A)", and let Tp; denote the corresponding faithful normal trace on M. Then the
following sets are in natural bijection with each other:

1. The set of all weak expectations F': A x G — M for (A, 7,QG).
2. The set of all {x;},.. € M satisfying:

(a) x.=1.

(b) xvy = (t-y)xy for ally € M andt € G.

(c) s+ xy = xys1 forall s,t € G.

(d) The matric [vg—1]ster s positive for all finite F C G.

3. {ceT(AxG) | ola=T1}.

The natural map from (1) to (2) is given by letting x; = F(t), and the natural map from
(2) to (3) is given by defining a trace o € T(A x G) by o(at) = Tp(7(a)zy).

For the case of the reduced crossed product, we replace almost all instances of GG with
the amenable radical R,(G), which is the largest amenable normal subgroup of G. This was
originally introduced by Day in | , Section 4, Lemma 1]. The main idea making the
case of the reduced crossed product tractable is that, by a result of Bryder and Kennedy
[ , Theorem 5.2], any trace on A x, G concentrates on A x) R,(G), in the sense that
it vanishes on a\; whenever t ¢ R,(G). However, A x) R,(G) = Ax R,(G) by amenability
of R,(G), and so we may apply the results we obtained in the case of universal crossed
products.

Theorem 3.1.3. Let 7 € T(A), let m: A — B(H,) be the GNS representation of (A, 1),
let M = 7(A)", and let Tp; denote the corresponding faithful normal trace on M. Then the
following sets are in natural bijection with each other:

1. The set of all weak expectations F': A X R,(G) — M for (A, 7,G, R.(G)).
2. The set of all {xi}ycp () © M salisfying:

(a) xo=1.
(b) xy = (t-y)ze for ally € M and t € R,(G).
(c) s 1 =xgys1 foralls € G andt € Ry(G).
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(d) The matric [Tgy—1]sier is positive for all finite F C R, (G).

3. {o €eT(Ax,G) | ola=71}.

The natural map from (1) to (2) is given by letting x; = F(X\;), and the natural map from
(2) to (3) is given by defining a trace 0 € T(Ax)\G) by o(a);) = Ty (7(a)xy) fort € R.(G),
and o(als) =0 fort ¢ R.(G).

Traces on A x G and A x, G are easiest to understand when they correspond exactly
to G-invariant traces on A. Let F: A X, G — A denote the canonical expectation. There
is also a canonical expectation from A x G to A given by composing E with the canonical
*-homomorphism from A x G to A x, G.

Remark 3.1.4. Any trace 0 € T(Ax,G) satisfies 0|4 € Tz(A). Conversely, any 7 € T (A)
gives rise to a trace on A x, GG by composing with the canonical expectation. That is,
7o E € T(A %) G). Analogous results hold for the universal crossed product.

Keeping the above in mind, we generalize the notion of the unique trace property
for discrete groups. Recall that G is said to have the unique trace property if the only
trace on the reduced group C*-algebra C;(G) C B((*(G)) is the canonical one, given by
7a(a) = (ad.|d.). This was shown in | , Corollary 4.3] to be equivalent to G
having trivial amenable radical.

Definition 3.1.5. Given any o € T'(A x, G), we will say that ¢ is canonical if it is of the
form o = 7o E for some 7 € Tz(A), or equivalently, if ¢ = oo E. Canonical traces on AxG
are defined analogously. Given 7 € Tz(A), we will say that it has unique tracial extension
to Ax,G (or Ax Q) if the only 0 € T(A %\ G) (respectively, T(A x G)) satisfying o|4 = 7
is the canonical one.

Before proceeding further, we note that setting A = C in both of the above theorems
indeed gives back previously known results.

Remark 3.1.6. Setting A = C in Theorem 3.1.2 gives back the well-known result that
traces on the universal group C*-algebra C*((G) correspond to positive definite functions
f : G — C that are constant on conjugacy classes and satisfy f(e) = 1. In addition, setting
A = C in Theorem 3.1.3 gives back the fact that the unique trace property for the reduced
group C*-algebra C5(G) is equivalent to having R,(G) = {e}, as in set (2), we may always
let z;, =1 for t € R,(G).
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In the above theorems in set (2), condition (b) in particular highlights a link with
proper outerness of the action (see the review in Section 3.2.2 for definitions). Thus, we
obtain an immediate corollary which is perhaps a slight generalization of some previously
known results (see | , Proposition 9], for example).

Corollary 3.1.7. Let 7 € Tg(A), let m: A — B(H,) be the GNS representation of (A, 1),
and let M = w(A)". If the action of R,(G) on M is properly outer, then T has unique
tracial extension to A x G. If the action of G on M is properly outer, then T has unique
tracial extension to A x G.

Another key idea in our paper is developed in Section 3.3, where we convert the con-
ditions in set (2) in Theorems 3.1.2 and 3.1.3 into conditions on what we call a partial
almost inner action, with an optional property which we call positively compatible. This is
similar to the notion of a partial group representation—see, for example, the book of Exel
[ |—together with its applications in the work done by Kennedy and Schafhauser in
[ |. We adapt the notion of a properly outer action (for single automorphisms), giving
us what we call a jointly almost properly outer action. This condition is again sufficient,
and in some special cases necessary, for 7 € T;(A) to have unique tracial extension. All of
the definitions required for this theorem and its corollaries can be found in Definitions 3.3.1
and 3.3.3.

Theorem 3.1.8. Let 7 € T(A), let m: A — B(H.) be the GNS representation of (A,T),
and let M = m(A)".

1. The trace T has unique tracial extension to the reduced crossed product A X\ G if
and only if the action of G on M 1s not partially almost inner relative to the normal
subgroup R,(G) with respect to some nontrivial positively compatible {(py, ut)}teRa(G).
In particular, it is sufficient for the action to be jointly almost properly outer relative

to R.(G).

2. The trace T has unique tracial extension to the universal crossed product A x G if
and only if the action of G on M is not partially almost inner with respect to some
nontrivial positively compatible {(p¢,ws)},e;- In particular, it is sufficient for the
action to be jointly almost properly outer.

The rest of our results are simplifications of the above theorem in certain special cases.
Recall that the FC center of a group G is the set of all elements of G with finite conjugacy
classes. An FC group is a group in which every conjugacy class is finite, i.e. one that is
equal to its FC center. It is known that FC groups are amenable, and so in particular this
next result applies to such groups.
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Corollary 3.1.9. Assume G is a group with the property that the amenable radical R,(G)
and the FC center coincide. Let 7 € Tg(A), let m: A — B(H.) denote the GNS repre-
sentation, and let M = w(A)”. Then T has unique tracial extension to A X, G if and only
if the action of G on M 1is jointly almost properly outer relative to the normal subgroup

R.(G).

The conditions of the above theorem simplify even further in the case of groups whose
amenable radical is equal to the center. In particular, the following corollary applies to
abelian groups.

Corollary 3.1.10. Assume G is a group with the property that R,(G) = Z(G). Let
T € Tg(A), let m: A — B(H,) denote the GNS representation, and let M = w(A)". Then
T has unique tracial extension to A X\ G if and only if for any t € R,(G) \ {e}, there does
not exist a central projection p # 0 in M and w € U(Mp) with the properties that:

1. s-p=pands-u=u forall s € G.
2. t acts by Adu on Mp.

In the case of abelian groups, various results of Bédos and Thomsen on finite factoriality
of von Neumann crossed products | , Proposition 11], and unique tracial extension
for C*-crossed products | , Theorem 4.3], respectively, already exist in the literature,
but they are incorrect. This is investigated in Section 3.5.1, where a finite-dimensional
counterexample is given. Corollary 3.1.10 serves as a correction to the result of Thomsen.
Interestingly enough, even though Section 3.5.2 gives a counterexample in the case of finite
cyclic groups, Thomsen’s result still holds in the case of integer actions.

Theorem 3.1.11. Assume a € Aut(A), and consider the corresponding action of Z on A.
Let 7 € Ty(A), let m : A — B(H,) denote the GNS representation, and let M = 7w(A)".
Then T has unique tracial extension to A X Z if and only if the action of Z on M 1is
properly outer.

Another case in which the characterization simplifies is in the case of crossed products of
commutative C*-algebras. The case of the universal crossed product is already known—see
[ , Theorem 2.7]. Essential freeness and its relation to proper outerness are reviewed
in Section 3.2.2.

Corollary 3.1.12. Assume G acts on a compact Hausdorff space X by homeomorphisms,
and p is a G-invariant Radon probability measure on X. Then p has unique tracial ez-
tension to C(X) xx G if and only if the action of R.(G) on (X, u) is essentially free. For
the universal crossed product C(X) x G, p has unique tracial extension if and only if the
action of G on (X, p) is essentially free.
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3.2 Preliminaries

3.2.1 Tracial GNS representations

Throughout this paper, we will make heavy use of passing from a tracial C*-algebra to the
von Neumann algebra it generates under the GNS representation. Here, we establish the
basic facts that we will use. This first proposition is well-known—see, for example, | ,
Chapter V, Proposition 3.19].

Proposition 3.2.1. Assume A is a unital C*-algebra, and 7 € T(A). Let 7 : A — B(H,)
denote the GNS representation and let M = w(A)”. Then there is a faithful normal trace
v on M satisfying Tyyom = 7.

Observe that the above proposition makes no assumptions on 7 € T'(A) being faithful—
it is always the case that 7, € T(M) is faithful. In addition, 75, is uniquely determined
by normality.

It is also a basic fact of von Neumann algebras that we do not need to worry about
normality when dealing with *-isomorphisms. The following can be found, for example, in
[ , Chapter III, Corollary 3.10].

Proposition 3.2.2. Assume m : M — N is a *~isomorphism of von Neumann algebras.
Then 7 is automatically normal and has normal inverse.

It is well-known that any trace-preserving group action on a C*-algebra will extend to
the GNS von Neumann algebra. First, we note the following result, the proof of which is
straightforward and left as an exercise to the reader.

Lemma 3.2.3. Assume A and B are unital C*-algebras, 7 € T(A) and o € T(B), and p :
A — B is a *~isomorphism satisfying cop =71. Let m, : A — B(H,) and 7, : B — B(H,)
denote the GNS representations, let M = 7.(A)" and N = w,(B)", and let 7oy € T(M)
and Ty € T(N) the corresponding faithful normal traces. There is a unique *-isomorphism
p: M — N that satisfies pom, = 7, 0 p. In addition, on o p = Tpy.

Proposition 3.2.4. Assume A is a unital C*-algebra and 7 € T(A). Let m: A — B(H;)
denote the GNS representation, let M = w(A)”, and let Tp; denote the corresponding faithful
normal trace on M. Letting oy : A — A denote the action of t € G on A, there are *-
automorphisms o : M — M satisfying a;om = woay, and each oy is uniquely determined.
In addition, t — a; defines a valid group action, and with respect to this action, we have
that Ty € T(M), and w: A — M is G-equivariant.
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Proof. Existence and uniqueness of oy : M — M satisfying a; o m = 7 o a; immediately
follows from Lemma 3.2.3. It remains to check that ¢ — a; indeed gives a group homo-
morphism:

as(a(m(a))) = asm(on(a)) = m(as(ai(a))) = m(as(a)).
Our earlier remark on the uniqueness of these *-automorphisms tells us that o, o a; = a.
Finally, the fact that 75, o @y = ) tells us 7yy € T(M), and the fact that oy om =m0 oy
tells us m : A — M is G-equivariant. [

GNS representations also behave nicely with respect to trace-preserving inclusions of
C*-algebras. The following lemma is likely already known—we offer a proof here for
convenience.

Proposition 3.2.5. Assume A C B is a unital embedding of C*-algebras, and T € T'(B).
Let m: A — B(L*(A,7)) and 0 : B — B(L*(B,T)) be the GNS representations of (A, T|a)
and (B, 1), respectively, let M = w(A)" and N = o(B)", and let 7y € T(M) and 75 €
T(N) be the corresponding faithful normal traces. Then we have an embedding v : M — N
with the properties that «(M) is a von Neumann subalgebra of N, v : M — (M) is a
normal *-isomorphism with normal inverse, Lom = o, and Ty 0L = Ty;.

Proof. Observe that we canonically have L?(A,7) C L*(B, 1), and let F': B(L*(B, 1)) —
B(L*(A, 7)) denote the compression map. Given that L*(A,7) is o(A)-invariant, we have
that F'(o(a)) = m(a) for all a« € A. By normality, we have F(c(A)") C w(A)".

We claim that F|,ay : 0(A)” = 7(A)" is injective. Observe that 7p; o F' and 7y agree
on o(A), and so by normality, on o(A)”. But 7y is faithful, and this forces F' to be faithful
on o(A)".

Surjectivity of F|,ay : 0(A)” — m(A)" is also easy enough to deduce—the unit ball
of o(A)" is weak*-compact, and hence by normality it maps to a weak*-closed subset of
m(A)”. In addition, the unit ball of o(A) maps to a norm-dense subset of the unit ball of
m(A) (this is true for any quotient map of C*-algebras). These two facts, combined with
Kaplansky density, tell us that the image of the unit ball of o(A)” is the entire unit ball
of m(A)". Linearity takes care of the rest.

In summary, we have shown that Fl,ay : 0(A)” — 7(A)" is a *-isomorphism. We
claim that ¢ == (F|,ay)~! : 7(A)” — 0(A)” is the embedding we are looking for. By
construction, we have ((m(a)) to o(a). From here, we see that

(U7 (a))) = v (0(a)) = 7(a) = Ti(7(a)),

and so by normality, 7y o ¢ and 7, agree on all of M. [ |
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3.2.2 Properly outer automorphisms

It has long been recognized that proper outerness of an action of G on a C*-algebra or a
von Neumann algebra leads to nice structure theory for the corresponding crossed product,
particularly in the von Neumann algebra case—see, for example, | , Theorem 3.3].
This is a generalization of essential freeness for measure spaces. To establish notation,
given a set X and a map o : X — X, we denote the set of fixed points {x € X | a(z) =z}
by Fix(«).

Definition 3.2.6. Assume X is a compact Hausdorff space, o : X — X a homeomorphism,
and p an a-invariant Radon probability measure on X. We say that « is essentially free on
(X, ) if p(Fix(a)) = 0. If G is a group acting on X by p-invariant homeomorphisms «y, we
say that the action is essentially free on (X, ) if each o is essentially free for t € G\ {e}.

Kallman introduced in | , Definition 1.3] a notion of freely acting automorphisms
for general von Neumann algebras, as opposed to just L>®(X, u):

Definition 3.2.7. Let M be a von Neumann algebra and a € Aut(M). We say that « is
freely acting if whenever zy = a(y)z for all y € M, we have x = 0.

General automorphisms on von Neumann algebras enjoy a very nice decomposition
theory into an inner part and a freely acting part—see | , Theorem 1.11}, along with
its proof.

Theorem 3.2.8. Let M be a von Neumann algebra and oo € Aut(M). There is a largest
a-invariant central projection p € M with the property that o|uy, is inner. In addition,
a|a—p) s freely acting. Finally, the decomposition o = a; @ g and M = My @ Ms, with
a; € Aut(M;) and the property that oy is inner and oy is freely acting, is unique.

Proper outerness is an equivalent formulation of freeness (nowadays, the terms are often
used interchangeably), and is usually defined as follows:

Definition 3.2.9. Let M be a von Neumann algebra and o € Aut(M). We say that
a is properly outer if there is no nonzero a-invariant central projection p € M with the
property that ay, is inner. If G is a group acting on M by *-automorphisms oy, we say
that the action is properly outer if each oy is properly outer for t € G'\ {e}.

We will not make use of this following definition, but it is worth noting that we call a
group action « : G — Aut(M) inner if there is a group homomorphism g : G — U(M)
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with the property that a(t) = AdS(t). It is important to keep in mind that this is not
equivalent to having each «(t) be inner—indeed, it is not hard to check that the example
in Section 3.5.1 is in fact a finite-dimensional example of this phenomenon. In addition,
we call the action outer if each a(t), t € G \ {e}, is outer. Observe that if M is a factor,
then outer and properly outer are equivalent.

This next result is well-known, and highlights the fact that proper outerness truly does
generalize the notion of essential freeness. The proof is slightly nontrivial and hard to find
in the literature, and so we include it here.

Proposition 3.2.10. Assume X is a compact Hausdorff space, a : X — X a homeo-
morphism, and p an a-invariant Radon probability measure. Then « is essentially free on
(X, 1) if and only if the corresponding automorphism on L™ (X, u) is properly outer.

Proof. If a were not essentially free on (X, 1), then p = lpiy) is a nonzero a-invariant
central projection in L*(X, ), and the action on (L (X, p))p is trivial.

Conversely, assume such a projection p € L>®(X, ) exists, and let F = suppp. Re-
placing E by U,eza™(E), we may assume without loss of generality that F is a-invariant.
We claim that YV := E \ Fix(«) is a null set. Given y € Y, we may choose an open neigh-
borhood U, with the property that a(U,) N U, = 0. Observe that U, NY is a null set by
our assumption that o acts trivially on L>(FE, u). Now, u is inner regular on all sets (it is
outer regular, and we may take complements), and so given any € > 0, we may choose a
compact set K CY with u(Y \ K) < . By compactness, K admits a finite subcover from
{Uy},cy and using the fact that every U, N K is a null set, we deduce that K is a null
set. Consequently, so is Y. Thus, without loss of generality, we have £ C Fix(«), and so
the action of o on (X, i) is not essentially free. [

Although we will not make use of this fact, it is worth keeping in mind that “central” is
often omitted from Theorem 3.2.8 and Definition 3.2.9. Tt is a result of Borchers, | ,
Lemma 5.7], that if e is any projection in M, not necessarily central, and o € Aut(M)
satisfies a(e) = e and is inner on eMe, then it is inner on Mp, where p is the central cover
of e.

3.3 Almost inner actions

This section builds on what was reviewed in Section 3.2.2. As previously mentioned, we
aim to convert the conditions in Theorems 3.1.2 and 3.1.3, set (2), into conditions on inner
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actions on corners of the von Neumann algebra M, which are often much easier to check in
practice. This will be done by taking the polar decomposition of the elements x;, and this
is the motivation behind the definitions that follow. Observe that condition (b) in these
theorems is precisely the identity used in the definition of freely acting automorphisms.
Condition (d), however, has no obvious nice resulting condition on the unitaries that we
obtain, and so we do not include any analogous condition in our definition of partially
almost inner below. Instead, we include it as a separate property which we call positively
compatible.

Definition 3.3.1. Assume M is a von Neumann algebra, N < G is normal, and G acts
on M by *-automorphisms. We say that the action is partially almost inner relative to N
with respect to {(ps, ue)},ey if:

1. Given any t € N, p; is a central projection in M satisfying ¢ - p; = p;, u; is a unitary in
Mp;, and moreover, t acts on Mp; by Adu,.

2. po=1and u, = 1.
3. pr =p—1 and uf = w1 for all £t € N.

4. s py = pste—1 and s - uy = ugs—1 for all s € G and t € N.

If p, =0 for all t € N\ {e}, we call {(pt,us)},cy trivial, and nontrivial otherwise. If there
exists a choice of {(p,us)},cy with p; = 1 for all ¢ € N, then we say that the action is
almost inner relative to N. If, in addition, N = G, then we simply call the action almost
inner. We say that the action is jointly almost properly outer relative to N if the only
{(pe, ue) b, With respect to which it is partially almost inner is the trivial one. We will
simply call the action jointly almost properly outer if it is jointly properly outer relative to

G.

Remark 3.3.2. Consider the above definition in the case of N = G. It is worth noting
that if p, = 1 for all t € G, then the map ¢ — wu; is not necessarily an inner action of
G on M, i.e. we are not guaranteed that ug = usu;. This is the motivation behind the
term almost. In addition, the usual definition of a properly outer (or just outer) action
a: G — Aut(M) is that each individual «(t), t # e, is properly outer (respectively, outer).
The term jointly highlights the fact that we require compatibility conditions between each
of the individual «a(t).

Definition 3.3.3. Let {(p;, u¢)},cn be as in Definition 3.3.1. We say that {(p;, u;)},cy are
positively compatible if there exist elements {y;},., € M such that:
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l.yy€ Z(M) and y, > 0 for all t € N.

2. The projection onto Tany; is p; for all t € N.
3. Yo = 1.

4. yy =y for allt € N.

5. -1y = Yge— for all s € G and t € N.

6. Given any finite F C N, the matrix [ug-1yg-1]ster is positive.

It is worth noting that positive compatibility is not a redundant condition, as the
following example shows:

Example 3.3.4. It is known that it is possible to construct an infinite group G with only
two conjugacy classes, using HNN extensions. A proof can be found in the original paper
by Higman, Neumann, and Neumann—see | , Theorem III]|. Let A =C, let p, = 1
for all t € G, and let vy = —1 for t # e. It is clear that the trivial action is almost
inner with respect to {(p,w)},c. However, we claim that {(p;, u)},o; is not positively
compatible. To this end, assume otherwise and let {y,},. be as in Definition 3.3.3, and
observe that y, are all some positive constant v > 0 for ¢ # e. Now letting F C G be any
finite subset with |F| = n, we have that the matrix

L=y -
: . e
-y ... =y 1

is positive. Letting [—7] denote the n x n matrix with all entries being —v, the above
matrix is equal to (1 + )l 4 [—7], and basic linear algebra tells us that the eigenvalues of
this matrix are (14 ) — ny and 1 + . In particular, (14 ) — ny < 0 if n is sufficiently
large, contradicting the positivity of the above matrix.

Proposition 3.3.5. Assume M is a von Neumann algebra, N < G is normal, G acts on
M by *-automorphisms, and {x.},. € M is such that:

1. xpy = (t-y)xy for ally € M andt € N.

2. z.=1.
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3. x; =x4-1 andt € N.

4. 8 Xy = Tgs— foralls € G andt € N.
Given t € N, consider the polar decomposition of x;, i.e. let u; be the unique partial
isometry such that both x, = u; |xs| and u}uy is the projection onto 7an ||, and furthermore
denote this projection by p,. Then the action is partially almost inner relative to N with

respect to {(ps, ue) byen- Moreover, if for every finite F C N, we have that the matriz
[Ts-1]s0ex is positive, then {(py, ur)},ey 15 positively compatible with respect to {|x¢|},c -

Conversely, if the action is partially almost inner relative to N with respect to
{(pe;ue) }yens then xp = wy satisfy the above conditions. If, in addition, {(ps,u)},cy 15
positively compatible with respect to {y:},cn, then x; = uy satisfy the above conditions,
and also satisfy the property that for any finite F C N, the matriz [xg—1]ser is positive.

Proof. This proof is somewhat similar to the proof of | , Theorem 1.1]. For conve-
nience, we recreate the necessary parts here. Assume {z},_, is such a collection. Observe
that for w € U(M), we have

wrriraw = x; (t-w)* (t - w)r, = x)xy,

which shows xjz; € Z(M). Thus, we have that |z;| and p; € W*(|x|) also lie in the center.
Given z; is fixed by t, so is p;. In addition,

vy = (- x))xy = xjay,
i.e. x; is normal. Now, the equality
tanz, = (ker 27)* = (ker |2}|)* = Tan |=}| = Tan ||
tells us that w,u; = ufu,, i.e. u; is a unitary in Mp,. Furthermore, we note that
wy [y = w ey = 2y = (- y)we = (L y)ug |2

which shows that ¢ acts by Adwu; on Mp,. This gives us property (1) of partial almost
inner actions. Furthermore, it is clear that we have both u, = 1 and p, = 1 (property (2)).

Given that |z;-1| = |z}| = ||, we have p;-1 = p;. Now observe that

|z = | uf = ) = v = - w1 | = ug-r |y
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Given that u; and w;—1 share the same initial projection p;, it follows from uniqueness of
polar decomposition that u; = u;~1. This is property (3).

Finally, given s € G and t € N, we see that
Usts—1 ’xsts—1| = Tsts—1 = STt = (3 : ut)(s ’ |xt‘) = (5 : ut) |xsts—1| .

We wish to conclude that uy,-1 and s-wu; have the same initial projection. By the crossed
product construction, we may assume without loss of generality that M C B(H), where G
acts on H by unitaries A, and t-y = Ay, for all y € M. This gives us that (s-u)*(s-u;) =
As(uiug) A% is the projection onto

As(Tanm |z;]) = tan(\s |z¢|) = tan(As |z¢| \;) = 1an [vgs—1] .

Thus, ugs—1 and s - u; share the same initial projection pgs—1. Uniqueness of polar decom-
position tells us that they are therefore equal, which also gives us that s-p; = pge-1. This
is property (4).

If [xg-1]s1er is positive for all finite F C N, then it follows immediately from the defi-
nition and from the work that was done above that {(p;, u¢)},., are positively compatible
with respect to {|z¢|},c -

The converse given for converting {(p;,u)},cn back into elements z; satisfying the
given properties follows from the definitions and is straightforward to verify. [ |

The intersection property for noncommutative reduced crossed products is studied in
[ ]. Their results show that if the action G ~ Iz(A), where I5(A) denotes the G-
injective envelope of A, is properly outer, then A X, G has the intersection property.
Moreover, if the action G ~ I(A), where I(A) denotes the usual injective envelope of A,
has a property they call vanishing obstruction, then the converse to this result holds. Here,
we show that a very mild adaptation of the intersection property is enough to guarantee
that a partial almost inner action is positively compatible.

Proposition 3.3.6. Assume M is a von Neumann algebra, N <G is normal, G acts on
M by *-automorphisms, and the action is partially almost inner relative to N with respect
to {(p, ut)}teN. If, in addition, we have that psp; < ps and usuy = ugpsp: for all s,t € N,
then {(py, w)},en 18 positively compatible with respect to {p;},c -

Proof. Let {s1,...,s,} be a finite subset of N. We wish to show that the matrix [u, 1]
L]
is positive. Let Z(M) = C(X), and consider the sets suppp, .1 C X. We may choose
vog
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finitely many disjoint sets Ey, C X such that Ly E, = X, and for any ¢, j, and k, we have
E) Csuppp, -1 or ExNsuppp, ,-1 = 0. These sets can be chosen to be finite intersections
L] vy

of sets of the form suppp, .-+ and their complements, making each Ej, clopen. We will
i5;

prove that [u, .—11p,] > 0 for every k.
5

To this end, fix k, and define a relation on {1,...,n} by i ~ j if and only if E, C
suppp, ,~1. This is in fact an equivalence relation—it is clear that this is reflexive and
v2g

symmetric. Transitivity follows from the fact that Py, s Ps,ys7 < Ps,y st Thus, if we
assume without loss of generality that {si,...,s,} are ordered such that the equivalence
classes are of the form {m,m+1,...,m+(}, then [usis;1 1g,] becomes a block diagonal
matrix, where each block of the diagonal is of the form [usz,sjq 1g,Jij=m,...m+i1, and Ej C
SUPP P -1 for every element in this submatrix. Hence, to prove our original matrix is
positive, we may assume without loss of generality that Fj C supp Pyt for all ¢ and j.
This matrix is positive, as

*

uslsl_llEk uslsl_llEk
= [usisj_l 1Ek]

usnsfllEk usnsfllEk

3.4 Proof of main results

As before, A denotes a unital C*-algebra and G a discrete group acting on A by *-
automorphisms. Throughout this section, we will fix an invariant trace 7 € Tg(A), denote
by m: A — B(H,) the GNS representation, let M = w(A)”, and let 73y be the correspond-

ing faithful normal trace on M.

This first lemma is likely already known, and we give a quick proof for convenience.
We will denote A[G] = {D 4.0 @tw:}, i.e. the set of finitely-supported functions from G
to A, together with the usual *-algebraic operations obtained by viewing this as a subset
of A x G. A function ¢ : A[G] — C is said to be positive definite if for any f € A[G], we

have ¢(f*f) > 0.

Lemma 3.4.1. Assume ¢ : A[G] — C is a positive definite function satisfying ¢(1) = 1.
Then ¢ extends to a state on A x G.
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Proof. This proof is essentially a modified GNS construction. Define a sesquilinear form
on A[G]| by ( f1| f2) = &(f5 f1), and observe that this is positive, as ¢ is positive definite.
Letting N = {f € A[G] | (f|f) =0}, we have that the completion of A[G]/N with re-
spect to the corresponding quotient inner product becomes a Hilbert space, which we will
denote by H.

It is clear that we have a unitary representation u : G — U(H) given by u(s)f = wf
for f € A[G]|. We also have a *-representation p : A — B(H) given by p(a)f = af, as

(afaf)=o(f"a"af) < |lall* 6(f"f),
where this last equality holds due to the fact that

o(f*(lal* = a*a) f) = o(f*(llall* — a*a)*(Ja]|* = a*a)*/f) = 0.

(It is a subtle but important point that ||a|® — a*a still admits a positive square root in
A[G]. This is not necessarily true anymore if we replace a with an arbitrary element of
A[G]). Moreover, p and u form a covariant pair. By the universal property of A x G, we
obtain a *-homomorphism p : A x G — B(H) given by p(as) = p(a)u(s). Consequently,
we obtain a positive functional o € (A x G)* given by o(at) = ( p(at)w. | we ) = ¢(awy). It
is clear that, in addition, o(1) = 1. |

Proposition 3.4.2. Assume {z;},., € M satisfy the assumptions of Theorem 3.1.2, set
(2). Then there is a trace o € T(A x G) satisfying o(at) = tpr(7(a)xy).

Proof. In light of Lemma 3.4.1, to show that we at least obtain a state 0 € S(A x G)
with the above property, it suffices to show that the function o : A[G] — C given by
o(aw;) = Tpr(w(a)z,) is positive definite. To this end, assume f = >"" | a,w,, € A[G]. We
have that

o) =3 ol agw,)

=33 ol @,
=33 (s ) ) - wa )a,)
~ (Z >t m(a) e (55 w(asm)
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Observe, however, that

-1 * -1

S1 W(a&) xsl_lsl s xsl_lsn 81 7T<CL51)
s, mas,) | (@, T, | s (as,)
n n
= Z Z(‘%Tl ’ ﬂ-(asz)*)xsi_lsj (Sj ! W(GS])%
i=1 j=1

guaranteeing that o is positive definite. It remains to show that the extension to A x G is
still a trace:

o((as)(bt)) = o((als - b))st)
a)(s - m(b))zs)

e (m(a)(s - (b))
(s71 - 7(a))m(b)ay)
(s 7(a)))
(@))wes)
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Remark 3.4.3. The first half of the proof of Proposition 3.4.2 does not use the fact that
7 (and hence 7)) is a trace. Thus, if we assume that 7 is only a G-invariant state, we
still obtain a state 0 € S(A x G) given by o(at) = Ty (7(a)z;), except o is of course not
necessarily a trace anymore.

Lemma 3.4.4. Assume 01,09 € T(A x G) are two states satisfying o1(at) = Tar(m(a)zs)

and o9(at) = Tar(m(a)y:) for some {x},cq s {ihieq © M. If 01 = 09, then x; =y, for all
ted.

Proof. Assume otherwise, and fix some ¢ € G with x; # y;. Letting (a)) C A be a net with
the property that (7(ay)) is weak™-convergent to (z; — y;)*, we see that

(01 = 02)(ant) = Tar(m(ax) (e — ) = Tar (e — ye) " (20 — y)-

This limit value is nonzero, as 7y is faithful. Thus, there is some A such that o;(a)t) and
oq(ayt) differ. |
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Proof of Theorem 3.1.2. Starting with any weak expectation F': A x G — M for (A, 7, G)
and letting z; = F(t), we note that A lies in the multiplicative domain of F—see, for
example, | , Proposition 1.5.7], for a review of multiplicative domain. Thus, F'(at) =
7(a)x;, and so the map between sets (1) and (2) is necessarily injective. It remains to show
that z; indeed satisfy all of the aforementioned properties. We have that x. = 1 follows
from F being unital, and s - x; = x4 follows from F' being G-equivariant. Now, given
any a € A and t € GG, observe that

ym(a) = F(ta) = F((t-a)t) = (t-7(a))z.

Given that w(A) is weak*-dense in M, taking limits allows us to conclude that x,y = (t-y)z,
holds for all y € M. Finally, given sq,...,s, C GG, we note that

*
S1 S1 fl?slsl—l e iL‘SlS;1

Fn) : : —
sl |sn A

Complete positivity of F' says that [z, 1] is therefore positive.
L]

Now, starting with any {:},., € M as in (2), Proposition 3.4.2 tells us that o(at) =
Tan(m(a)x;) indeed defines a valid trace. Moreover, this map from (2) to (3) is injective by
Lemma 3.4.4.

Finally, we can show the maps from sets (1) to (2) and (2) to (3) are bijective by showing
that their composition is surjective. That is, we need to show that for any o € T(A x G)
satisfying o|4 = 7, there exist some weak expectation F': A x G — M for (A, 1,G) such
that o = Twm © F.

To this end, fix such a o, let p : AxG — B(H,) be the GNS representation of (AxG, o),
let N = p(Ax@G)", and let o denote the corresponding faithful normal trace on N. Given
that (A,7) C (A x G, 0) is a trace-preserving embedding, this canonically gives a trace-
preserving embedding (M, 75;) C (N, oy) sending m(a) to o(a) by Proposition 3.2.5. There
is a unique normal conditional expectation F’ : N — M satisfying oy = 7y o F'—see, for
example, | , Lemma 1.5.11]. We let F' = F’ o p, and show that this is the map we are
looking for. Observe that

T (F(at)) = T (F'(plat))) = on(p(at)) = o(at),

i.e. Tpy o F = 0. The only non-trivial fact remaining is to show that F' is G-equivariant.
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Given that 7); and o are G-invariant, we have

mu(m(a)(s™h - F(sts™))) = my(n(s - a)F(sts™))
=o((s-a)sts™)
= o(at)
= u(m(a) F(1)),

and so we may apply Lemma 3.4.4 to conclude that s7! - F(sts™') = F(t), i.e. s- F(t) =
F(sts™). This is enough to guarantee G-equivariance on the entire domain, as

F(s-(at)) = F((s-a)sts ") =n(s-a)F(sts™") = s- (m(a)F(t)) = s - F(at).
[

Proof of Theorem 3.1.3. The proof that the given map from set (1) to set (2) is well-defined
and injective is analogous to what was done in the proof of Theorem 3.1.2.

To go from (2) to (3), we first note that A x)\ R,(G) = A x R,(G) by amenability of
R,(G), and so there is a trace o' € T(A x, R,(Q)) satisfying o'(a);) = Tar(m(a)zs) by
Theorem 3.1.2. Composing with the canonical conditional expectation Er,q) : A X\ G —
A %\ R,(G), which maps a); to itself if ¢ € R,(G) and zero otherwise, gives us a state
o =0 oFEr € S(A xxG). It remains to check that this is indeed still a trace on
A %\ G. Note that for s,t € G, we have st € R,(G) if and only if ts € R,(G) by normality
of R,(G). Hence, if st ¢ R,(G), then

o(arsbAy) = o(a(s - b)) =0 =0 (b(t - a)\is) = a(bAials).
The case of st € R,(G) is identical to what was done in the proof of Proposition 3.4.2.

Finally, we again wish to show that the composition of the maps from (1) to (2) and
(2) to (3) is surjective, i.e. given 0 € T(A x, G) with o|4 = 7, there exists some weak
expectation F' : A X R,(G) — M for (A, 7,G, R,(G)) satisfying 0 = 7a 0 F o Eg,(c).
(This last composition makes sense, as A x R,(G) = A X R,(G) by amenability). Letting
p: AXG — Ax,G be the canonical *-homomorphism, we note that cop € T(AxG), and
so there is some weak expectation F': A x G — M for (A, 1,G) satisfying oo p = 1py 0 F”
by Theorem 3.1.2. Observe that we canonically have A x R,(G) C A x G—this is because
the following composition of canonical maps yields the identity map:

AXR(G) 5 AXG = AX\G— Axy\R(G) =A% R,(G)

We claim that F' := F'|4.r,(c) is the map we are looking for. This follows from [ ,
Theorem 5.2], which says that o = 0 o Eg, ). [ |
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Proof of Corollary 3.1.7. This follows immediately from Theorems 3.1.2 and 3.1.3, and the
fact that properly outer and freely acting are equivalent (see the review in Section 3.2.2).
|

Proof of Theorem 3.1.8. This follows immediately from Theorems 3.1.2 and 3.1.3, together
with the correspondence given in Proposition 3.3.5. [

Proof of Corollary 3.1.9. If the action is jointly almost properly outer relative to R,(G),
then Theorem 3.1.8 tells us that 7 has unique tracial extension. Conversely, assume
the action is partially almost inner relative to R,(G) with respect to some nontrivial
{(pe, ut) }re g, () Pick to # e such that py, # 0, and let C' denote the conjugacy class of Zo
in G. Now define

1 ift=e 1 ift=e 1 ift=e
v=1Ru fteCuUC™ q=Sp ifteCUCT ,y={ ggp fteCUC
0 otherwise 0 otherwise 0 otherwise

Observe that [vg-1ya—1]sec = 14+ Y ccuo-1 ﬁut ® A; is in fact a positive element in
M @min C3(G), as Y cono-1 ﬁut ® At is a self-adjoint element of norm at most 1, and

so the action is partially almost inner relative to R,(G) with respect to the nontrivial and
positively compatible set {(q;,v;)},¢ Ra(c)- BY Theorem 3.1.8, we are done. [ |

Proof of Corollary 3.1.10. If T does not have unique tracial extension, then Corollary 3.1.9
says that the action is partially almost inner relative to R,(G) with respect to some non-
trivial {(pe, ue) }yep, (). Choosing t € Rq(G) \ {e} with p; # 0 gives us what we want.

Conversely, assume that we do have such at € R,(G)\{e},p # 0in M, and v € U(Mp).
If t # t7!, then letting p, = p1 = p, u, = u, w1 = u*, and p,,us = 0 for s # e, t,t7*
gives us a nontrivial {(ps, ut)}ep, (@) and so T cannot have unique tracial extension by
Corollary 3.1.9.

The case of t = t~! requires just a bit more work. Letting w = u?, observe that
Adw = id, and so w € (Z(Mp))®, which is a commutative von Neumann algebra. Even
in the non-separable setting, every such algebra is isomorphic to L>(Y, v) for some locally
compact Y and positive Radon measure v on Y—see, for example, | , Chapter III,
Theorem 1.18]. (This is the space of all measurable, locally essentially bounded functions
from Y to C, modulo agreeing locally almost everywhere). Thus, we may choose a unitary
v € (Z(Mp))¥ with the property that v = w*. Now letting p; = p, u; = uv, and p,, us = 0
for s # e,t, we obtain a nontrivial {(p:, u¢)},cp, ) as before, and again 7 cannot have
unique tracial extension by Corollary 3.1.9. [ |
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The following results describe how the spectrum of a commutative von Neumann al-
gebra breaks up with respect to a periodic automorphism, and are needed for the proof
of Theorem 3.1.11. Recall that an extremally disconnected topological space is one where
the closure of any open set is open, and that the spectrum of a commutative von Neu-
mann algebra is always extremally disconnected—see, for example, | , Chapter III,
Theorem 1.18]. In terms of notation, d|n will denote “d divides n”.

Lemma 3.4.5. Assume X is an extremally disconnected compact Hausdorff space, and
a: X — X is a homeomorphism satisfying o™ = id for some n € N. Then X breaks up as
X = UgnXg, where each X is clopen, a-invariant, and has the property that every r € Xy
has orbit of size d.

Proof. Letting Yy = Fix(a?) for d|n, we know that Y is clopen by Frolik’s theorem—see
[ , Theorem 3.1]. This is the set of all points whose orbit size divides d. From here,
we can let Xg =Y\ (Upn Yin). [ |
m<d

Lemma 3.4.6. Assume X s an extremally disconnected compact Hausdorff space, and
a: X — X is a homeomorphism with the property that every orbit is finite and of the
same size n € N. Then there is a clopen transversal of the orbits, i.e. there is some clopen
E C X with the property that X = U}—ja*(E).

Proof. We claim that there is at least one nonempty open subset U C X with the property
that all of U, a(U),...,a" 1 (U) are pairwise disjoint. To see this, choose any x € X, and
let Uy, k=0,...,n — 1, be pairwise disjoint open sets satisfying p*(z) € Uy. Now letting

U=Unp ' (U)N--Np " V(U,-),

we have that U, p(U),...,p" 1 (U) are all pairwise disjoint.

Given an ascending chain (Uy) of such open sets, the union UU), is still such a set, and
so by Zorn’s lemma, there is a maximal open set U with this property. We claim that it is
in fact clopen. This follows from the following fact: if V, W C X are open and VNW = (),
then VNW =0, and as W is open, we have VN W = 0.

Finally, we claim that our maximal set U is in fact the set we are looking for, i.e. X =
Up—3ak(U). Assume otherwise, and consider the smaller space X \ U}—ja*(U) (a clopen,
a-invariant subset of X ). Obtaining as before a nonempty open subset V' C X \ LfZa*(U)
with the property that V,a(V),...,a" (V) are all pairwise disjoint, the set U UV again

satisfies this property, contradicting maximality of U. [ |
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Proof of Theorem 3.1.11. First, if the action of Z on M is properly outer, then 7 has
unique tracial extension by Corollary 3.1.7. Conversely, assume the action of Z on M is
not properly outer, and let n > 1 be such that o™ is not properly outer on M. Let p
be the largest a"-invariant central projection such that o[, is inner, and fix a unitary
u € U(Mp) implementing this action. Observe that for any x € Ma(p), we have

a(w)ra(u)* = alua (z)u*) = aada 'z = ™.
In other words, a™ is inner on Ma(p). By assumption, a(p) < p. But then

p=a"(p)<a"Hp) < <alp) <p.

This shows p is in fact a-invariant. In general, even though the choice of unitary v € U(Mp)
satisfying a” = Ad u is not unique, we still cannot guarantee that there is some choice that
also satisfies a(u) = u—see | , Proposition 1.6] for an example of this phenomenon
on the separable hyperfinite I[; factor. However, we will show that it is always possible to
choose an a-invariant unitary implementing the action of o™ . From here, Corollary 3.1.10
will apply, giving us the fact that 7 cannot have unique tracial extension.

To simplify notation, we can assume without loss of generality that p = 1. Observe
that our previous computations above show that Ad a(u) = Adu, and so a(u) = wwv for
some v € Z(M). Moreover, the fact that o™ = Adu tells us that

n—l(

u=a"(u) =a" (uw) = - = walv)...a" (v),

or in other words,
va(v)...a" H(v) = 1.

Now let Z(M) = C(X). We know that « induces a homeomorphism on X, which we
will denote by ax. Given that a™ is inner, we know that oy is the identity map. By
Lemma 3.4.5, we have X = L, X4, where X, is the set of all x € X with the size of the
ax-orbit being exactly d, and furthermore each X is clopen and ax-invariant.

We will show for every d|n that there is some central unitary wy € M1y, with the
property that a(u"w;) = u"w,. Again to simplify notation, we may assume without loss
of generality that X = X for a single d|n. Applying Lemma 3.4.6, there exists a clopen
transversal £ C X of the orbits of ay. Let ¢ = 1y, and observe that ¢,...,a% 1(q) are
pairwise orthogonal projections that sum to 1. Keeping this in mind, we may decompose
v as follows: let v, = a®(v)g € Mq for k=0,...,d — 1, so that

v=1p+ -+ a v ).

32



Now define w as follows:
w=q+a)+ @) + -+ a0l ),
and note that
a(w)" = (o .. vjg)" +alg) +a®(0f) - aT O L vg,)
so that
wa(w)" = (v ... vg_y)" + a(vf) + a?(vy) + -+ ' (vg).

We claim that we in fact have wa(w)* = v™. Our earlier equality v...a" *(v) = 1 gives
us (vg...v4-1)"% =1, and so we obtain the equality (v7...v%7 |)* = vy

In summary, we have obtained a central unitary w with the property that a(w) =
(v")*w. Keeping in mind that o = Adu” = Ad(u"w), and also that
a(u"w) = a(u)"a(w) = u"v" (vV")*w = u"w,

we may apply Corollary 3.1.10 to conclude that 7 cannot have unique tracial extension to
A X A 7. [ |

Proof of Corollary 3.1.12. The proofs for the universal crossed product and reduced crossed
product are almost identical. Hence, we only prove the reduced case.

First, assume that the action of R,(G) on (X, u) is essentially free. This is equivalent
to the action of R,(G) on L*>°(X, i) being properly outer. By Corollary 3.1.7, u has unique
tracial extension.

Now assume that the action of R,(G) on (X, p) is not essentially free, and let p; = u; =
Lpixe)- It is straightforward to check that the action of G on L*®(X, p1) is partially almost
inner relative to R,(G) with respect to the (nontrivial by assumption) {(ps, ut)},cr, (o)
Furthermore, it is clear that the additional assumptions of Proposition 3.3.6 are satisfied,
and so {(pt,ut)}teRa(G) is also positively compatible. Again by Theorem 3.1.8, p cannot
have unique tracial extension. [ |

3.5 Examples

3.5.1 A finite-dimensional (counter)example

Here, we give an action of Zy X Zy on M such that the action of each t € Zy X Zs is inner,
but the crossed product is isomorphic to My. Observe that, letting 7 be the unique (hence,
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automatically invariant) trace on Ms, and 7 : My — B(H,) be the GNS representation,
we canonically have m(M)"” = My. In particular, the action of Zy X Zy on mw(Ms)” is not
properly outer, but the only invariant trace on M, extends to a unique trace on the crossed
product. Of course, one could also view the crossed product as a von Neumann crossed
product, and from this perspective it is a finite factor of type I.

This contradicts [ , Theorem 4.3], which claims that if G is countable and abelian
and A is unital and separable, then four various conditions are equivalent. In particular,
condition (1), which states that T'(A x, G) and T(A) are in canonical bijection, is equiv-
alent to condition (4), which states that for any 7 € 0.(T¢(A)), letting 7 : A — B(H,) be
the GNS representation, the action of G on m(A)” is properly outer. The example in this
section contradicts (1) = (4). The converse, along with the equivalence between (1),
(2), and (3), still appear to be correct.

Similarly, this example also contradicts the precursor result | , Proposition 11],
which again gives an equivalence between three conditions. It, in particular, claims that
if G is abelian and acts on a finite factor N, then condition (a) stating the von Neumann
crossed product NxG is a finite factor is equivalent to condition (c) stating the action is
properly outer. Again, (a) = (c) is false, but the converse, along with (a) <= (b),
still appear to be correct.

We first present a proof of the following example using purely elementary techniques,
and afterwards show how our results apply.

Example 3.5.1. Consider G = Zy X Zy = (u) x (v), acting on A = M, where the action
a: G — Aut(M,) is given by a,, = AdU and a, = AdV, where

1 0 01
R ]
Then this is a well-defined action, and the crossed product isomorphic to My, and is hence
simple and has unique trace.

Proof using elementary techniques. It is easy to check that oy and «; are commuting auto-
morphisms, both of order 2, and so we obtain a group homomorphism «a : G — Aut(M,).
Given that the crossed product is 16-dimensional, it suffices to show that it has trivial
center in order to prove it is isomorphic to Mj.

To this end, assume that ) as\; € Z(A x5 G). Then given any t € G, we have

)\t (Z as/\s> = Z(t : as))\ts = Z(t . as>/\sta

S S s
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while
(Z as)\s> N = ZasAst.

This shows each a, is invariant under the action of each t € G. In other words, a, commutes
with each of the matrices I, U, V, and UV. But these matrices are easily seen to span
M, and so as € Z(Ms) = C.

Now letting b € M, be arbitrary, we have

b (Z m) =Y (b)),

S S

while

(Z as)\s> b= (as(s-b)A.

S

If s € G is such that as # 0, then b = s - b for all b. Writing oy, = Ad W, this tells us
W e Z(Msy)=C,s0s=e. |

Proof using Corollary 3.1.10. As the crossed product is 16-dimensional, it suffices to prove
that it has unique trace. Note that M, has a unique trace, and the double commutant under
its GNS representation is again M. Assume there is a nontrivial element ¢ € Zy X Zy \ {e},
a nontrivial central projection p € M, and a unitary w € (My)p with the properties that

1. s:p=pand s-w=w for all s € Zy X Zs.

2. t acts by Adw on (Ms)p.
Clearly, we must have p = 1. Also, as Z(M,) = C, if there is one unitary w € M,
implementing the action of ¢ and satisfying s - w = w for all s € Zy X Z,, then all
unitaries implementing this inner action necessarily satisfy this invariance property. But

UV =-VU,andsov-U=-U,u-V ==V, and v- (UV) = =UV. Thus, the above

situation cannot occur, and so by Corollary 3.1.10, we are done. |

3.5.2 A finite cyclic group (counter)example

This section aims to give another counterexample to results cited in Section 3.5.1, but in
the case of G being a finite cyclic group instead, and also show how our results apply.
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Before proceeding further, we first recall the notion of separably inheritable in the sense
of Blackadar | , Definition 11.8.5.1]. We say that a property (P) is separably inheritable
if the following two hold:

1. Whenever A is a C*-algebra satisfying (P), and B C A is a separable C*-subalgebra,
then there is an intermediate C*-algebra C' with B C C' C A with C separable and
satisfying (P).

2. Whenever A; < Ay — ... is an inductive system of separable C*-algebras, each
satisfying (P), with injective connecting maps, then the direct limit ligAn also
satisfies (P).

It is remarked that, in the unital category, the property of having a unique trace is sep-
arably inheritable | , 11.8.5.5].  The following lemma shows that this works in the
unital equivariant category as well, and will allow us to construct a counterexample in the
separable setting.

Lemma 3.5.2. Let G be a countable discrete group, and consider the category of unital
G-C*-algebras.

1. If A is a C*-algebra in this category with a unique trace, and B is any separable C*-
subalgebra (not necessarily unital or G-invariant), then there is a unital G-invariant
C*-subalgebra C' C A with C' separable and having a unique trace, and also containing

B.

2. Whenever Ay — Ay < ... is an inductive system of separable C*-algebras in this
category, each with a unique trace, with injective connecting maps, then the direct
limit ligAn also has a unique trace.

Proof. The fact that the inductive limit property works is clear. Hence, we prove the
intermediate C*-algebra property. Let A and B be as above. We claim that there is
always a unital G-invariant intermediate C*-subalgebra B satisfying B C B C A. To see
this, let (b,) € B be a norm-dense sequence, and let

B:=C"(1,{gb, | n€N,g€G}).
From here, we may construct a sequence of subalgebras of A satisfying

A1§Z1§A2§22§---7
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where A; = B, an is defined as before in relation to A,, and A,,; has a unique trace.

Then it is clear that
C = U A, = U A,

neN neN

will satisfy the properties we want. [ |

Example 3.5.3. There is a separable C*-algebra A and an automorphism « € Aut(A) of
order 4 such that the following is true: A has a unique trace 7, and if we let 7 : A — B(H,)
be the GNS representation of (A4, 7) and M = m(A)", then:

1. M is the separable hyperfinite I1; factor.

2. The corresponding action of Z, on M is not (properly) outer. In fact, the action of
2 € Z4 on A is inner (and hence also inner on M).

3. The C*-crossed product A x, Z4 has a unique trace.

4. The von Neumann crossed product M xZ, is a 11, factor.

Proof. Let R be the separable hyperfinite I1; factor. It was shown in | , Propo-
sition 1.6] that for any p € N and any p-th root of unity 7, there is an automorphism
sy € Aut(R) with the properties that p E C)ghe smallest positive integer with (s))? being
inner, (s))? = AdU,, where writing R = ®,_; M,,, we have

UW = .. ® <®$zoz2]) )
fyP

and moreover, s)(U,) = yU,. Observe that, as Z(R) = C, then s)(W) = W for any
unitary W € R satisfying (s7)? = AdW. For our purposes, we will let p = 2 and v = —1,
and fix an outer automorphism a € Aut(R) with o = Adu and a(u) = —u. Observe that
u = U, as defined above guarantees u? = 1, and so o* = id.

Consider the Z, action on R induced by «, and observe that by weak*-separability of
R, we have that u € R is contained in a norm-separable, weak*-dense C*-subalgebra. By
Lemma 3.5.2, there is a Z4-invariant, norm-separable, weak*-dense unital C*-subalgebra
A C R containing v and having a unique trace (denote the unique trace on both R and A
by 7). We claim that this is the C*-algebra we are looking for.
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First, we verify that if 7 : A — B(H,) is the GNS representation, then we get
7(A)” = R. Denote the GNS Hilbert spaces of (A,7) and (R, 7) by L*(A,7) and L*(R, T),
respectively, and note that L?(A,7) C L*(R,7). As A is SOT-dense in R C B(L*(R, 1)),
then if x € R with (a)) € A SOT-convergent to x, it is easy to see that (a,) is also
||-|;-convergent to z. It follows that L*(A4,7) = L*(R,7), and so 7(A)” = R.

By normality, the unique extension of a|4 € Aut(A) to 7(A)” = R is again a. By
construction, the corresponding action of Z4 on R is not (properly) outer, as a? is inner
(and is in fact inner on A by construction).

We wish to apply Corollary 3.1.10 to conclude that the crossed product A x, Z4 has
a unique trace. This follows from our previous computations—the only nontrivial n € Z4
that admits a nontrivial central projection p € R with the properties that a(p) = p and o
is inner on Rp is n = 2 (together with p = 1). However, as we saw earlier, it is impossible
to choose a unitary w satisfying both a? = Adw and a(w) = w. This gives us that 7 has
unique tracial extension to the crossed product A X Zj.

From here, we can conclude that the von Neumann crossed product RxZ, is still a
11, factor. We know it admits at least one faithful normal trace, namely 7 o E, where
E : RxZ4 — R is the canonical expectation. Given any other normal trace, it necessarily
agrees with 7o E on A X Z4, and by normality and weak*-density therefore agrees with
7o FE on all of RxZ,. [ |

3.5.3 Various crossed products with reduced group C*-algebras

Let C5(G) denote the reduced group C*-algebra, L(G) the group von Neumann algebra,
and 7 € T(L(G)) the canonical trace. We will, furthermore, denote by Char(G) the set of
all group homomorphisms from G to the circle group T. We say that Char(G) separates
the points of G if for any s # t in G, there is some y € Char(G) such that x(s) # x(t).
Equivalently, for any ¢ # e, there is some character y € Char(G) with x(¢) # 1. This
definition generalizes to any H < G and K < Char(G).

The following facts are likely well-known. In particular, this first proposition is proven
in greater generality in | , Theorem 5.2]. We provide quick proofs of them for conve-
nience.

Proposition 3.5.4. Every x € Char(G) induces an automorphism a,, on C5(G) and L(G)
given by mapping A to x(t)A(t). If G is ICC, then o, is (properly) outer on L(G) for every
x # L.
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Proof. Viewing C5(G) C L(G) C B(f*(G)), we may define a unitary U, € U((*(Q))
mapping &; to x(t)d;. From here, we see that

U U0 = U (X (£)8:) = X(£) Uy st = x ()X (5t)05t = X(8) A5y,
i.e. U AU = x(s)As. It follows that o, := Ad U, induces the automorphism we want on
C3(G) and L(G).

Now assume that G is ICC and that x € Char(G) satisfies o, = Ad u for some u € L(G).
Write u ~ ), ay Ay, and observe that

udsu™ = x(8)As
= uds = x(8)Asu

— Z Qlps = Z X(8)ayug
¢ ¢

— Z Og1Up = Z X(8)ag-15uy
¢ ¢

= -1 = X(8) -1y
= Olgps—1 = X(S)Oét

It follows from square-summability of (o) that ay = 0 for ¢ # e. Hence, a, = id, so

Lemma 3.5.5. For any groups G and H, we have R,(G x H) = R,(G) x R.(H).

Proof. Let mg : GXxH — G and gy : GXH — H denote the canonical projections. Observe
that m¢(R.(G x H)) is an amenable normal subgroup of G, and hence wg(R.(G x H)) C
R,(G). Similarly, 7y (R,(G x H)) C R,(H), and so R,(G x H) C R,(G) x R,(H). But
R,(G) x R,(H) is an amenable normal subgroup of G x H, and so we get equality. |

It is easy to check that for any ¢ € G and x € Char(G), we have that Ad \; and «,
commute. Thus, for any H < G and K < Char(G), we have an action of H x K on C}(G).
This action of course cannot be properly outer on L(G) if H # {e}. However, as this next
example shows, 7, can still have unique tracial extension to the corresponding reduced
crossed product.

Example 3.5.6. Assume G is ICC, and let H < G and K < Char(G). Then 7, has unique
tracial extension to C{(G) %, (H x K) if and only if K separates the points of R,(H).
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Proof. We know that the GNS representation of (C}(G), 7y) is the canonical representation
7: C;(G) = B(f*(G)), and so 7(C5(G))" = L(G).

First, assume that K separates the points of R,(H ), and assume the action is partially
almost inner relative to Rq(H) x K with respect to {(pex, tty)}( yen, =i (nOte that
R,(H x K) = R,(H) x K by Lemma 3.5.5). Observe that by Proposition 3.5.4, in order
for pt, # 0, it must be the case that x = 1, as the action of ¢ € H is always inner. Assume
pte = 1 for some nontrivial t € H \ {e}. Then u;, = y\;, for some v € T. By assumption,
there is some y € K with the property that x(¢) # 1, and so

X (V) = X ()N # YA

This contradicts the definition of being partially almost inner, and therefore the set
{(Peos ) } e yyema(ryx i 18 trivial. By Theorem 3.1.8, 7, must have unique tracial ex-
tension.

Now assume K does not separate the points of R,(H), and let
N:={he R,(H) | x(h)=1forall x € K} # {e}.

Observe that this is still an amenable normal subgroup of H. Now, we will define a partial
almost inner action as follows. Given (¢, x) € R.(H) x K, let

1 ifte Nand y =1 A ifte Nand y =1
= and  uy, = )
Prx 0 otherwise bx 0 otherwise

It is straightforward to check that the action of H x K on C}(G) is indeed partially almost
inner relative to R, (H) x K with respect to {(pex, tt,)} ¢ \)en, ()i~ Moreover, this is
positively compatible by Proposition 3.3.6. Thus, by Theorem 3.1.8, 7, cannot have unique
tracial extension. [}

It is worth noting that the above example is not vacuous. For example, we could let

G = F, with canonical generators a and b, H = (a), and K any subgroup that contains a
character mapping a to €™, where 6 is an irrational number.
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Chapter 4

A note on traces on von Neumann
crossed products

4.1 Introduction and statement of main results

This is a short note, meant to take the results in Chapter 3, which dealt with C*-crossed
products, and generalize them to von Neumann crossed products. I suspect that many
of the results in this short note might be folklore, but I cannot find them anywhere, and
hence still find it worthwhile to write up a note on them.

Throughout this note, M will denote a von Neumann algebra, and G a discrete group
acting on M by *-automorphisms. The von Neumann crossed product will be denoted by
MxG@G. In Chapter 3, which is essentially just [ ], we gave complete descriptions of the
tracial states on both the universal and reduced crossed products of a unital C*-algebra A
and a discrete group G acting on A by *-automorphisms. We denote these crossed products
by Ax G and A x), G, respectively. The proof in both cases relies heavily on universality of
the crossed product one way or another (in the reduced case, universality of A x ) R,(G) is
used, where R,(G) denotes the amenable radical of G). While it appears unlikely that an
analogous description of normal tracial states on a von Neumann crossed product M xG
holds, due to the lack of any universal property, it is still possible to use the results in
the C*-algebraic case to characterize when a G-invariant normal tracial state on M has
unique normal tracial extension to the crossed product. Recall that there always exists at
least one such extension, given by composing with the canonical conditional expectation
E:MxG— M.
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This result makes use of the FC-center of G, denoted FC(G), which is the set of all
elements of G with a finite conjugacy class. It is known that F'C(G) is always amenable,
which we prove for convenience in Section 4.2. Moreover, we denote the centralizer of an
element t € G by Cg(t). Finally, we also make use of an action being jointly almost properly
outer, which was a property weaker than proper outerness introduced in Section 3.3. We
briefly recall the necessary concepts in Section 4.2.

Theorem 4.1.1. Assume 7 is a G-invariant normal tracial state on M, and let p, denote
the support projection of 7. The following are equivalent:

1. 7 has unique normal tracial extension to M xXG.

2. The action of G on Mp, is jointly almost properly outer relative to the normal sub-
group FC(G), in the sense of Definition 4.2.2.

3. There is no t € FC(G) \ {e}, nonzero t-invariant central projection q € M with
q < pr, and unitary uw € Mq such that:

(a) t acts by Adu on Mgq.
(b) s-q=q and s-u=u for all s € Cg(t). Optionally, we may additionally require
that s -p=1p and s -u = u* for any s € G with the property that sts~! =t

Given that it is well known that a tracial von Neumann algebra (that is, one admitting
a faithful normal tracial state) is a factor if and only if it has a unique normal tracial state,
it is possible to convert the above equivalence into one that characterizes exactly when
MXG is a finite factor. It is already well-known that if M admits a G-invariant normal
tracial state, and the action of G on M is properly outer in the sense of Definition 4.2.1,
then MXG is a factor if and only if the action of G on Z(M) is ergodic, i.e. Z(M)% = C.

Corollary 4.1.2. The von Neumann crossed product M xG is a finite factor if and only
if the following conditions hold:

1. M admits a G-invariant normal tracial state.
2. Z(M)% = C. That is, G acts ergodically on Z(M).

3. There is no t € FC(Q) \ {e}, nonzero t-invariant central projection ¢ € M, and
unitary uw € Mq satisfying:

(a) t acts by Adu on Mgq.

(b) s-q=q and s-u=u for all s € Cg(t). Optionally, we may additionally require
that s -p=1p and s -u = u* for any s € G with the property that sts~! =t
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4.2 Preliminaries

It is well-known that freeness or proper outerness of the action of G on a von Neumann
algebra M leads to nice structure theory of the crossed product M xG. We briefly recall
the notion here:

Definition 4.2.1. An automorphism « on a von Neumann algebra M is said to be properly
outer if there is no nonzero a-invariant central projection p € M with the property that
a|pp is inner. A group action by *-automorphisms G ~ M is called properly outer if the
action of every t € G \ {e} is properly outer.

A weaker notion which adds compatibility conditions between the individual group
elements was introduced in Section 3.3, and used for studying tracial states on crossed
products of C*-algebras. See the discussion presented there for more details, along with
an explanation of the naming convention.

Definition 4.2.2. Assume G acts on a von Neumann algebra M by *-automorphisms,
and N <G is a normal subgroup. We say that the action is partially almost inner relative
to N and with respect to {(ps, us) },c if:

1. p; is a t-invariant central projection in M, u, is a unitary in Mp;, and t acts by Ad u,
on Mp;.

2. pe=1and u, = 1.
3. pr = pp—1 and uy = ug-1.

4. s p; = psge—1 and s - up = ugs—1 for allt € N and s € G.

The set {(ps, u¢)},en above is called trivial if p, = 0 for all £ € N\ {e}, and nontrivial
otherwise. The action is called jointly almost properly outer relative to N if the only such
{(pe; ue) },c v is the trivial one.

Finally, given the difficulty I had in finding a paper written in English showing that
the FC-center FC(G) of a group G is always amenable, a short proof is included here.

Proposition 4.2.3. The FC-center FC(G) of a group G is always amenable.
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Proof. Clearly, this is equivalent to showing that if every element of GG has finite conjugacy
class, then (G is amenable. Given that amenability is preserved under taking direct limits,
and G is the direct limit of its finitely-generated subgroups, we may assume without loss
of generality that G is finitely-generated as well.

To this end, let G = (hy,...,h,). Consider the action of G on itself by conjugation.
The orbit-stabilizer theorem tells us that because the orbit of an element h; is finite, the
stabilizer C(h;) is finite-index. But because hy, ..., h, generate G, we have that

Z(G) = Ca(hy) N--- N Cg(hn),

and so the center Z(G) is finite-index as well. Given that Z(G) is abelian, hence amenable,
this forces G to be amenable. [

4.3 Proof of main results

As before, M will denote a von Neumann algebra, GG a discrete group acting on M by
*_automorphisms, and the von Neumann crossed product by M xG.

Lemma 4.3.1. Every normal G-invariant state o € S(MXG) concentrates on MxFC(G),
in the sense that o(yA\) = 0 whenever t ¢ FC(G). In particular, this applies to normal
tracial states.

Proof. Consider an element y\; € MxG, where t ¢ FC(G), and assume that o(y\;) =
a # 0. Consider a sequence of subsets F,, C G with the property that |F},| = n, and sts™!
are distinct for s € F},. Letting

1 1
n = W Z s+ (yAe) = Z E(S “Y)Asts 1

SGFn SGFn

any weak*-cluster point of (a,) necessarily converges to zero, as the Fourier series coeffi-
cients converge (in norm) to zero. This, however, is a problem, as o(a,) = o # 0, and so
the normality of o is violated. [ |

Remark 4.3.2. The above result is, in a sense, analogous to | , Theorem 5.2], which
says that tracial states on a reduced C*-crossed product A x )G concentrate on A, R,(G),
where R,(G) denotes the amenable radical of G.

44



Before we begin the proof of Theorem 4.1.1, we again note that we will make heavy
use of the results in Chapter 3 that deal with the case of C*-crossed products. To apply
these results, we first make two observations. The first is that norm-separability of the
C*-algebra is not a requirement for any of the main results in Chapter 3 to hold. (It is
worth noting that, even if it were, it would still be possible in the case of separable M to
modify the following proof to work with a norm-separable, weak*-dense C*-subalgebra).
The second observation is that, given a normal tracial state 7 on M with support projection
pr, letting m: M — B(H) be the GNS representation, we have that w(M)” is canonically
isomorphic to Mp,.

Proof of Theorem 4.1.1. To show (2) = (1), assume that 7 has a nontrivial normal
tracial extension o to M X@G. Letting p, be the support projection of 7, we have by Theo-
rem 3.1.3 that the restriction to the C*-crossed product o|as«,¢ corresponds to coefficients
{@:}e Rro(c) € Mpr (satisfying a list of properties which will not be repeated here), and o
is given by

o(yr) = T((ypr)xe)

for t € R,(G), and zero otherwise. Observe that by Lemma 4.3.1, these coefficients z; are
in fact zero if t ¢ FC(G), as we have

0=o(x;\) = 7(xf2y),

and 7 is faithful on Mp,. Moreover, we have that these values determine ¢ on the von
Neumann crossed product by normality, and so at least one of the coefficients z; is nonzero
for some t € FC(G) \ {e}. By Proposition 3.3.5, taking polar decomposition shows that
the action on Mp, cannot be jointly almost properly outer relative to F'C(G).

Now we show (3) = (2). Assume the action were not jointly almost properly outer
relative to F'C(G), and let {(pt, wt)}icpoo) Pe as in Definition 4.2.2 with py, # 0 for some
fixed tg € FC(G) \ {e}. Then it is clear that t = ¢y, ¢ = py,, and u = uy, violate the
requirements of (3), including the optional one.

Finally, to show (1) = (3), assume t, ¢, and u are as in (3), not assuming the
additional optional assumption, and let C be the conjugacy class of t. Define x4-1 == s-u,
and observe that this is well-defined on the conjugacy class of t. It is also not hard to
check that s - x, = x4 for all s € G and r € C, and that moreover, x,y = (r - y)x, for
all y € Mp,. From here, we let

z = Zx;k At

reC
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which is a non-scalar central element of MXG. Thus, either $(z + z*) or 5-(z — z%) is
also non-scalar, and now self-adjoint. Adding a sufficiently large positive scalar, we obtain
an element w € Z(MxG) with the property that w is non-scalar, positive, supported on
{e}uCUC™, and all Fourier coefficients in w = Y, w,\, except w, lie in Mp,. This can
be rescaled to guarantee that w, = 1. From here, we define a non-trivial normal tracial
extension as follows. Let E : M XG — M be the canonical conditional expectation, and

observe that 7o E is a tracial state, and define
o(a) = (10 E)(wa).

It is not hard to check that o is a normal tracial state on M xG, and it is nontrivial, as
letting w = ) w, A, and choosing some r # e with w, # 0, we have

o(Arwy) = 7(w,wy) > 0,

by faithfulness of 7 on Mp.,. |

Proof of Corollary 4.1.2. First, assume that the crossed product M xG is a finite factor.
Let 0 € T(MXG@G) be the unique normal tracial state, and let 7 = o|p. It is clear that
7 is G-invariant. Furthermore, as Z(M)¢ C Z(MxG), we also have that Z(M)¢ = C.
Finally, by faithfulness of 7, its support projection is 1, and so by Theorem 4.1.1, we get
the last condition that we require.

Conversely, assume that all of the stated conditions hold. First, we claim that from
Z(M)% = C, we can only have at most one G-invariant normal tracial state on M. To
see this, assume 77 and 75 are two distinct such states. Recall that the Dixmier averaging
property for von Neumann algebras says that for any x € M, we have

conv {uzu® | we UM)}NZ(M) # 0.

Thus, if 7 and 7 are different on some x € M, it follows that they are necessarily different
on Z(M) as well. Fix any weak™-dense C*-subalgebra C(X) C Z(M) (or just let them
be equal). It is a consequence of Proposition 3.2.5 that Z(M) = L*(X, 7). Given that
Ty is also a normal trace on this algebra, it necessarily corresponds to some function in

f e LY (X, ) satisfying
/FdTQZ/Fdel

for all ' € L*>(X, 7). Given that both 7, and 75 are G-invariant, it follows that f is also
G-invariant. But then if we choose a concrete representative from the almost-everywhere
equivalence class of f, and consider the set

{reX | flz) <n}
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for any n € N, this set is necessarily almost-everywhere nonempty for a large enough
n, and corresponds to some G-invariant projection p € L*(X, 7). Thus, p = 1, and
f € L>®(X,n) in fact, thus being constant by G-invariance. It follows that 7 = 7.

Observe that the unique G-invariant normal tracial state 7 € T (M) has support pro-
jection p, lying in Z(M)¢ = C, and hence p, = 1. It follows from Theorem 4.1.1 that
the only normal tracial extension to MG is 7 o E. Given that this is a composition of
faithful maps, this just says that M <G has a unique normal faithful tracial state, which
is equivalent to being a finite factor. [ |

4.4 A subnote on the non-tracial and twisted cases

The following example is meant to highlight the fact that if we do not require our von
Neumann algebra M to admit a normal G-invariant tracial state, even if we have the
remaining conditions of Corollary 4.1.2, we still cannot expect the crossed product M xG
to be a factor. Recall that it is known that it is possible to construct infinite groups with
exactly two conjugacy classes. See | , Theorem II1].

Example 4.4.1. Let GG be an infinite group with only two conjugacy classes. It is clear
that G is ICC, i.e. FCO(G) = {e}. Let M = (>=(G \ {e}), equipped with the action of
(s- f)(t) = f(s7s). It is clear that Z(M)“ = C. We claim, however, that MG is not a
factor.

Observe that, in general, >, 2, A, € M xG lies in the center if and only if sz, = 24,1
(commutes with \,) and z;y = (¢! - y)z; (commutes with y € M). We claim that there is
an element with Fourier series given by z; = §, if t # e, and x. = 0. Observe that these
Fourier coefficients, if they define a valid element of the crossed product, indeed satisfy the
required invariance conditions.

To show that they define a valid element, we will work in a concrete representation
of the crossed product. Consider the Hilbert spaces H = ¢*(G \ {e}). Any Fourier series
>, T corresponds to an operator on ¢*(G, H) whose entries are elements of ((G \ {e}),
and whose (r, s)-entry given by =1 - x,,1 = x,-1,. For our particular choice of x; from
earlier, note that if 71 # 7y, then the (ry, s) and (72, s) entries, assuming they are nonzero,
are d5-1,, 7 0s-1,,. A similar result holds for s; # s, for the (r, s1) and (r, s2) entries. Thus,
viewing (*(G, H) = *(G x (G \ {e})), every row and every column of the corresponding
matrix has at most a single nonzero entry, namely 1. From here, it is not hard to convince
yourself that such a matrix is indeed a bounded linear operator on /(G x (G \ {e})) of
norm at most 1. The same goes for the matrix corresponding to any sum . x4\, for
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F C G finite. Thus, the net consisting of such finite sums, and indexed by finite sums
ordered under inclusion, has the element ), x;\; as a weak™-cluster point, and this finishes
the example.

Going back to the tracial case for a second, one can suddenly ask about the case of
twisted crossed products. After some scrap work, and some helpful feedback from Erik
Bédos, 1 strongly suspect it is possible to show that if M x,G is a twisted von Neumann
crossed product corresponding to an action of G on M and a 2-cocycle 0 : G x G — U(M),
then the exact same results should hold with some small modification to the invariance
conditions presented. Namely, the following should hold true:

Conjecture 4.4.2. Assume Mx,G is a twisted von Neumann crossed product with 2-
cocycle 0 : G x G — U(M). Then Theorem 4.1.1 (1) <= (3), and Corollary 4.1.2 still
hold if one replaces the condition “s-u = u for all s € Cq(t)” with “s-u = o(s,t)o(t,s)*u
for all s € Cg(t)” (ignoring the optional condition presented afterwards).

This can be seen as generalizing the work done by Kleppner in | |, where he shows
in the case of M = C that the twisted group von Neumann algebra W*(G, o) is a factor if
and only if whenever we have an element ¢ € G satisfying o(s,t) = o(t, s) for all s € Cg ()
(in this case, t is said to be o-regular), we necessarily have that ¢ has infinite conjugacy
class. Specifically, this follows from | , Lemma 3] and | , Lemma 4], which say
that the o-regular elements are indeed closed under conjugation, and the dimension of the
center of the algebra corresponds to the number of o-regular finite conjugacy classes.

Rigorously proving the above conjecture would likely involve doing similar work to what
was done in the non-twisted case, except with lots of o(+,-) floating around.
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Chapter 5

Relative C*-simplicity and
characterizations for normal
subgroups

5.1 Introduction and statement of main results

Throughout this paper, unless specified otherwise, G denotes a discrete group, H a sub-
group of G, N a normal subgroup of G, and A a C*-algebra equipped with an action of
G by *-automorphisms. The reduced group C*-algebra of G is denoted by C}(G), the
canonical trace on C5(G) by 7y, and the reduced crossed product of A and G by A x, G.
All topological G-spaces will be assumed to be compact and Hausdorff.

A recent result of Amrutam | , Theorem 1.1} gives a sufficient condition for all
intermediate C*-subalgebras B satistying C5(G) € B C Ax,G to be of the form A; x,G for
some G-C*-subalgebra A; C A. Namely, he introduces the notion of a plump subgroup, and
proves that the above intermediate subalgebra property holds if G has the approximation
property (AP), and the kernel of the action G ~ A contains a plump subgroup of G. For
convenience, we recall the definition here:

Definition 5.1.1. A subgroup H < G is plump if for any € > 0 and any finite ' C G\ {e},
there are sq,...,s, € H such that

% D A AL

j=1
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However, the following remark shows that, for | , Theorem 1.1], it suffices to
consider only normal subgroups:

Remark 5.1.2. Assume H < K < G, and H is plump in G. Then it is clear that K is
also plump in G. In particular, the kernel of the action G ~ A contains a plump subgroup
of G if and only if the kernel itself is plump.

Sufficient characterizations of plumpness are given in | , Section 3|. Recall that,
if NV is a normal subgroup of G, then the action of N on its Furstenberg boundary dp N
extends uniquely to an action of G - see the review given in Section 5.2.1. It is shown that
if N is C*-simple and has trivial centralizer in GG, then G acts freely on 9N, which in turn
implies N is plump in G | , Corollary 3.2]. One of the results we will show is that
the converses to these statements also hold:

Theorem 5.1.3. Assume N <G is normal. The following are equivalent:
1. N s plump in G.
The action G ~ Op N s free.

There exists some G-minimal, N -strongly proximal, G-topologically free space.

N is C*-simple and Cg(N) = {e}.

SN

G is C*-simple and Cg(N) = {e}.

Setting N = @ in the above theorem gives back various equivalences between C*-
simplicity and other characterizations. For a review of these characterizations, together
with necessary definitions, see the review in Section 5.2.2.

Remark 5.1.4. Plumpness is a relativized version of Powers’ averaging property, and so
setting N = G in Theorem 5.1.3, we get back that G is C*-simple if and only if it satisfies
Powers’ averaging property. In fact, if G contains any (not necessarily normal) plump
subgroup H, then we see that both H and G satisfy Powers’ averaging property, and so
both are C*-simple. Similarly, one also obtains the various dynamical characterizations of
C*-simplicity by setting N = G.

From here, it is natural to ask if plumpness is equivalent to some generalized notion
of C*-simplicity. To answer this question, we introduce the notion of relative simplicity of

C*-algebras, and using this, relative C*-simplicity for groups.
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Definition 5.1.5. Assume A is a unital C*-algebra, and B C A is a unital sub-C*-algebra.
We say that B is relatively simple in A if any unital completely positive map ¢ : A — B(H)
which is a *~homomorphism on B is faithful on A. Given H < G, we say that H is relatively
C*-simple in G if C5(H) is relatively simple in C}(G).

Theorem 5.1.6. Assume N <G is normal. The following are equivalent:

1. N is plump in G.
2. N is relatively C*-simple in G.
3. CX(N) is relatively simple in C(OpN) ) G.
4. C(OrpN) xx N is relatively simple in C(OpN) %) G.
Remark 5.1.7. For consistency, we will use the term relatively C*-simple in place of plump

throughout the rest of this paper when it comes to normal subgroups.

We may also ask what other characterizations of C*-simplicity generalize to an equiv-
alent characterization of relative C*-simplicity. Kennedy’s intrinsic characterization is one
such result. For a review of this, along with a review of the Chabauty topology on the space
of subgroups Sub(G), again see the review in Section 5.2.2. Note that instead of using the
former term residually normal, all instances were updated to the current terminology of
confined.

Definition 5.1.8. Assume H < G. An H-uniformly recurrent subgroup of G is a (non-
empty) closed H-minimal subset of Sub(G). It is called amenable if one (equivalently
all) of its elements are amenable. It is called nontrivial if it is not {{e}}. A subgroup
K < @G is called H-confined if the closed H-orbit of K in Sub(G) does not contain the
trivial subgroup {e}. Algebraically, K < G is H-confined if and only if there exists a finite
F C G\ {e} such that FNsKs™! % for any s € H.

Theorem 5.1.9. Assume N <G is normal. The following are equivalent:

1. N is relatively C*-simple in G.
2. There is no amenable N -confined subgroup of G.

3. There is no nontrivial amenable N -uniformly recurrent subgroup of G.
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5.2 Preliminaries

5.2.1 Boundary theory

Boundary theory was originally developed by Furstenberg in | |, and played an im-
portant role in | | and | |, which study C*-simplicity of discrete groups. For
convenience, we recall all of the basic facts that we will use here. To establish notation, G
will always denote a discrete group.

Definition 5.2.1. Let X be a compact Hausdorff space, and assume that G acts by
homeomorphisms on X. The action is minimal if X has no nontrivial closed G-invariant
subsets. The action is strongly proximal if for any Borel Radon probability measure u €
P(X), the weak*-closed G-orbit of p contains a Dirac mass d,. A boundary is a minimal
and strongly proximal compact Hausdorff space.

The appropriate notion of morphism between boundaries is a G-equivariant, continuous
map.

Proposition 5.2.2. Morphisms between boundaries are unique, assuming they exist.

Proof. This follows almost immediately from | , Proposition 4.2]. |

Proposition 5.2.3. There is a universal boundary OrG, in the sense that every other
boundary is the image of OpG under some morphism. This universal boundary is also
unique up to isomorphism.

The universal boundary drG given above is nowadays called the Furstenberg boundary,
and a proof of its existence can be found in | , Proposition 4.6].

Recall that an eztremally disconnected space is one where the closure of any open set
is open. The following is a well-known theorem of Frolik, and can be found in | ,
Theorem 3.1].

Theorem 5.2.4. The fized point set of any homeomorphism of an extremally disconnected
space is clopen.

Corollary 5.2.5. The fized point set of any homeomorphism of OrG is clopen.

Proof. Tt is known that the Furstenberg boundary of a discrete group is always extremally
disconnected - see | , Remark 3.16] or | , Proposition 2.4]. |
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A well-known relativization fact that will come in extremely useful is the following:

Proposition 5.2.6. Assume N <G is normal. The action of N on Op N extends uniquely
to an action of G.

A proof of this fact can be found in | , Lemma 20]. Note that, by uniqueness,
there is no ambiguity when referring to the action of G on drN.

5.2.2 C*-simplicity

Again, G will always denote a discrete group. The group G is called C*-simple if its
reduced group C*-algebra C5(G) is simple. Here, we collect the various characterizations
of C*-simplicity that we will make use of throughout this paper.

The Furstenberg boundary drG (see the review in Section 5.2.1) played a central role in
the original characterizations of C*-simplicity. Recall that an action G ~ X is said to be
free if the fixed point sets Fix(¢) are empty for ¢ # e. If X is a topological space, a weaker
notion is topologically free, where the fixed point sets Fix(¢) have empty interior for ¢ # e.
The following theorem is collectively proven in | , Theorem 3.1] (Theorem 5.2.7,
(1) < (iit) < (iv)) and | , Theorem 6.2] (Theorem 5.2.7, (i) <= (ii), along
with other equivalences).

Theorem 5.2.7. The following are equivalent:

1. G is C*-simple.
2. C(0rQ) ) G is simple.
3. The action of G on OpG 1is free.

4. The action of G on some boundary is topologically free.

It is now known that C*-simplicity is equivalent to an averaging property originally
considered by Powers. The definition we present here is easily seen to be equivalent to the
definition presented in | , Definition 6.2].

Definition 5.2.8. A discrete group G is said to satisfy Powers’ averaging property if for
any € > 0 and any finite F' C G\ {e}, there are s1,..., S, € G such that

% D A AL
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The equivalence between C*-simplicity and Powers’ averaging property was indepen-
dently proven in | , Theorem 6.3] and | , Theorem 4.5].

Theorem 5.2.9. The following are equivalent:

1. G is C*-simple.

2. G has Powers’ averaging property.

Finally, there is an intrinsic characterization of C*-simplicity by Kennedy. Recall that
we may view the space of subgroups of G, i.e. Sub(G), as a closed (hence compact) subset
of 2¢. The corresponding topology on Sub(G) is known as the Chabauty topology, and
the space of amenable subgroups Sub,(G) is again a closed (hence compact) subset of this
space. More information can be found in | , Section 4]. The following definitions can
be found at the start of | , Section 4] and in | , Definition 5.1].

Definition 5.2.10. A uniformly recurrent subgroup of G is a nonempty closed minimal
subset of Sub(G). It is called amenable if one (equivalently all) of its elements are amenable,
and nontrivial if it is not {{e}}. A subgroup K < G is called confined (formerly called
residually normal, but we have updated all occurrences of the term) if the closed orbit in
Sub(G) does not contain the trivial subgroup {e}. Algebraically, K < G is confined if and
only if there exists a finite F' C G\ {e} such that F N sKs™! # ) for any s € G.

The following equivalence is proven in | , Theorem 4.1] and | , Theorem 5.3]:

Theorem 5.2.11. The following are equivalent:

1. G is C*-simple.
2. G has no nontrivial amenable uniformly recurrent subgroup.
3. G has no amenable confined subgroup.

Remark 5.2.12. It is worth noting that countability of G is not a requirement for any of
the characterizations of C*-simplicity listed here. We will use some of these equivalences
to prove our results, which in turn will be used for some examples, some of which involve
uncountable groups.
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5.3 Proof of main results

We first prove Theorem 5.1.3, most of which is already proven in | |. First, we dualize
the definition of plumpness to pass from the C*-algebra C5(G) to its state space:

Lemma 5.3.1. Assume H < G. Then H is plump in G if and only if for any ¢ €
S(C5(@Q)), the closed convex hull convH ¢ contains the canonical trace Ty.

Proof. The proof is analogous to the proof given in | , Theorem 4.5]. [ |

Lemma 5.3.2. Assume N<G is normal. Then any G-minimal, N -strongly proximal space
X s also N-minimal.

Proof. Given that N-minimal components are always disjoint, it follows from strong prox-
imality that there can only be exactly one N-minimal component in X - call it M.
Further, we note that any translate tM (where ¢t € @) is still N-invariant. Indeed,
NtM = tNM = tM, and so M C tM by uniqueness. Using this, we also obtain
tM C t(t7*M) = M, and so M is G-invariant. But X is assumed to be G-minimal,
and so M = X, i.e. X is N-minimal. [

Lemma 5.3.3. Assume that N and X are as in Lemma 5.5.2, and ¢ : OpN — X is a
G-equivariant continuous map. If, in addition, X is G-topologically free, then the action
of G on OpN s free.

Proof. Assume otherwise, so that there is some ¢ € G with U := Fixy, n(t) nonempty. It is
known that U is necessarily clopen (see Corollary 5.2.5). We know that 0p N = s;UU---U
spU for some s; € N, by minimality and compactness. Thus, X = s;0(U)U- - -Us,¢(U), and
so ¢(U) being closed implies it has non-empty interior. But ¢(U) C Fixx(t), contradicting
topological freeness. This shows that the action of G on 9rN is free. |

Remark 5.3.4. This argument is analogous to the proof of | , Lemma 3.2], which
claims that maps m : Y — X between minimal G-spaces map closed sets of nonempty
interior to closed sets of nonempty interior. However, without the additional assumption
that U is clopen (hence ¢(U) is closed), one cannot conclude that ¢(U) has interior just
from having X = s1¢6(U)U---Us,¢(U). Consider, for example, [0, 1] = ([0, 1]NQ)U([0, 1]N
QE). Hence, the above lemma also serves as a slight correction to the proof of | ,
Theorem 3.1, (2) <= (3)], which uses | , Lemma 3.2] as a prerequisite.
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Remark 5.3.5. Before beginning the proof of Theorem 5.1.3, the author would like to
thank Sven Raum for giving a much cleaner proof of (iii) = (i), which is the argument
presented here. The original proof can be found in Section 5.4.

Proof of Theorem 5.1.3. The implications (iv) = (i1) = (i) are given in | ,
Theorem 3.1, Corollary 3.2]. Further, (iv) <= (v) follows easily from | , Theo-
rem 1.4]. It is clear that (i7) = (di7) holds, as Or N is such a space.

To show that (iii) = (ui) holds, assume X is such a space. By Lemma 5.3.2, we
have that X is in fact N-minimal, and therefore an N-boundary. Hence, we obtain an
N-equivariant continuous map ¢ : OpN — X. We claim it is G-equivariant. Letting s € NV
and t € G, and slightly abusing notation by directly viewing these as automorphisms on
OrN and X, we have that

(togot ) (sy) = (tog)(t  stt™ y) =t st(p(t 'y)) = s((topot ') (y)).

As morphisms between boundaries (in this case, N-equivariant continuous maps) are nec-
essarily unique, we have that t o ¢ ot~! = ¢, or in other words, ¢ is G-equivariant. By
Lemma 5.3.3, we have that the action of G on drN is free.

It remains to show (i) = (iv). To this end, we note that N is C*-simple by
Remark 5.1.4. Assume it is not the case that Cg(N) = {e}, and choose a nontrivial
amenable subgroup K < Cg(N). We know that the canonical character 1y : K —
C extends to a *-homomorphism 15 : C5(K) — C, and that there is also a canonical
conditional expectation Fx : C3(G) — C;(K) mapping A to itself if ¢ € K, and zero
otherwise. It is easy to check that the composition 1x o Ex : C5(G) — C is an N-fixed
state, which contradicts Lemma 5.3.1. [

We now aim to prove Theorem 5.1.6. Some easy observations about relative simplicity
as defined in Definition 5.1.5 are in place.

Proposition 5.3.6. Let A, B, and C denote unital C*-algebras.

1. A is relatively simple in itself if and only if it is simple.
2. If AC B C C with A relatively simple in C, then B is simple.

3. If A C B C C with A relatively simple in C, then A is relatively simple in B and B
is relatively simple in C.
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Proof. First, to prove (iii), let ¢ : B — B(#) be a unital completely positive map which is
a *-homomorphism on A. This extends to a unital completely positive map 5 :C — B(H),
which is faithful by assumption, and so ¢ is faithful, showing A is relatively simple in B.
It is clear that B is relatively simple in C' almost by definition. Claim () follows from the
fact that for *-homomorphisms, faithfulness and injectivity are equivalent. Finally, (i7)
follows by applying (iii) to get that A is relatively simple in B, then applying (iii) again
to the containment A C B C B to conclude that B is relatively simple in itself, and finally
applying (7). [ |

We also make use of the following lemma:

Lemma 5.3.7. Assume H < G. Then H is plump in G if and only if the only H-
equivariant unital completely positive map ¢ : C5(G) — C(OrH) is the canonical trace
TX-

Proof. Observe that Lemma 5.3.1 tells us that, because 7, is H-invariant, H is plump if
and only if there are no nontrivial H-irreducible closed convex subsets of S(C5(G)). As the

closure of the extreme points of any such subset is an H-boundary | , Theorem I11.2.3],
this is equivalent to there being no nontrivial H-boundaries in S(C5(G)). From here, the
proof is analogous to that of | , Proposition 3.1]. [ |

Proof of Theorem 5.1.6. (i) = (iii) This argument is adapted from part of the proof of
(2) = (1) in] , Theorem 3.1]. Assume ¢ : C(OpN) X\ G — B(H) is unital and
completely positive, and also a *-homomorphism on C5(N). We may equip B(H) with
an N-action given by s-T = ¢(As)Tp(As)* for s € N and T' € B(H). Further, ¢ is N-
equivariant with respect to this action on B(H), as C5 (V) lies in the multiplicative domain
of ¢. We also have that, by injectivity, there is an N-equivariant unital completely positive
map ¢ : B(H) — C(0pN). We note that ) o ¢ : C(OrN) x\ G — C(JpN) restricts to the
canonical trace on C}(G) by Lemma 5.3.7. Furthermore, ¥ o ¢ is the identity on C(0pN)
by rigidity, and so C'(0pN) lies in the multiplicative domain of this map. Combining these
two observations yields that 1 o ¢ is the canonical expectation, which is faithful, and so ¢
is faithful.

(14i) = (i) This follows from Proposition 5.3.6.

(1) = (i) Assume (i) does not hold. We know that N must be C*-simple by
Proposition 5.3.6, and so looking back at Theorem 5.1.3, it must be the case that Cg(N) #
{e}. Choose any nontrivial amenable subgroup K of C¢(N), and note that NNK = {e}, as
N has trivial center (C*-simplicity implies trivial amenable radical). Thus, NK = N x K,
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and so C{(NK) = C;(N)® C;(K). Letting Ay : C;(N) — B({*(N)) denote the extension
of the left-regular representation of N to C5(N), and 1x : C}(K) — C the extension of
the trivial character, we have that Ay ® 1xc : C5(N) ® C;(K) — B(¢*(N)) is a non-faithful
*-homomorphism. Thus, any unital completely positive extension ¢ : C5(G) — B(¢*(N))
will be non-faithful, yet be a *-homomorphism on C(N).

(14i) = (4v) This follows from Proposition 5.3.6.

(tv) = (i) This implication will be quite similar to (1) = (). Assume that (i)
doesn’t hold, and observe that by Proposition 5.3.6, C'(0rN) x\ N is simple, which is known
to imply that N is C*-simple (see Theorem 5.2.7). Again, Cs(N) # {e}, and choosing
any nontrivial amenable subgroup K < Cg(N), we have NK =2 N x K. Further, K acts
trivially on dp N by | , Lemma 5.3], and so C(0pN) X, (NK) = (C(0pN) XA N)®
C(K). Letting 7 : C(OpN) xx N — B(#) be any (necessarily faithful) representation,
and 1g : C5(K) — C be the extension of the trivial character, we have that 7 ® 1k :
(C(OpN)x\N)®C5(K) — B(#H) is a non-faithful *-homomorphism. Any unital completely
positive extension to C5(G) will contradict the assumption of (iv). |

Proof of Theorem 5.1.9. (ii) = (i) Assume (7) does not hold. Applying Theorem 5.1.3,
we either have that N is not C*-simple, or Cg(N) # {e}. If N is not C*-simple, then
by Kennedy’s intrinsic characterization of C*-simplicity (see Theorem 5.2.11), N has a
nontrivial amenable N-confined subgroup. If, on the other hand, Cs(N) # {e}, then any
nontrivial amenable subgroup of C(N) is N-confined.

(1) == (i1) This is analogous to | , Remark 4.2]. For convenience, we give
the modified argument here. Assume (ii) doesn’t hold, and K is a nontrivial amenable
N-confined subgroup of G. Amenability tells us that there is some K-invariant measure
€ P(OrpN). Strong proximality tells us that there is a net (s)) € N with syu — ¢, for
some z € dpN. Dropping to a subnet, we may assume that (s)K s;l) is also convergent
to some L, and L # {e} by assumption. Chopping off the start of our net, we may in
addition assume that there is some [ € L\ {e} with [ € s,Ks)" for all A, i.e. [ = sykysy’
for some k) € K. From here, we note that

lS,\,u — léx = 5133,

while we also have
Isyp = sxkxpe = syp — 0.
This shows [z = x, and so GG cannot act freely on OpN.

(ii) <= (i7) If K is any nontrivial amenable N-confined subgroup of G, then
any N-minimal subset of the closed N-orbit of K is an N-uniformly recurrent subgroup.
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Conversely, any element of an N-uniformly recurrent subgroup is N-confined by definition.
[ |

We conclude this section with some remarks.

Remark 5.3.8. Countability of N or G is not a requirement for any of the above proofs,
nor is it required for any of the C*-simplicity analogues of the above characterizations
obtained by setting N = G (see Remark 5.2.12), some of which were applied here.

Remark 5.3.9. Some of the characterizations we have given are closed under taking
supergroups. Namely, if H < G is any (not necessarily normal) subgroup that satisfies any
of Theorem 5.1.3 (4i7) or (v), Theorem 5.1.6 (i7), or Theorem 5.1.9 (i7) or (iii), then so
does any subgroup of G containing H. In particular, any normal subgroup of G containing
H is relatively C*-simple.

5.4 The universal G-minimal, H-strongly proximal space

This section was originally dedicated to proving (i7i) = (ii) in Theorem 5.1.3, until a
much cleaner proof was suggested by Sven Raum - see Remark 5.3.5. The existence of a
type of relative Furstenberg boundary with respect to arbitrary (not necessarily normal)
subgroups might still be interesting, and for this reason this section is still kept.

Proposition 5.4.1. Assume H is a (not necessarily normal) subgroup of G. There is a
universal G-minimal, H-strongly proximal G-space B(G, H), in the sense that any other
such space X is a G-equivariant continuous image of B(G,H). Further, this space is
unique up to G-equivariant homeomorphism.

Proof. The proof is quite similar to the topological proof of the existence of the Furstenberg
boundary, a very brief sketch of which is given in | , Proposition 4.6]. We fill in the
details and modify the argument appropriately here.

Let {Xq},c4 denote the set of all up-to-isomorphism G-minimal, H-strongly proximal
spaces, where isomorphism refers to G-equivariant homeomorphism. Note that these can
indeed be put into a set, as all of these spaces are necessarily the continuous image of G
by minimality, so there is a limit on the cardinality of these spaces.

We claim that the space X =[], X, is still H-strongly proximal. To see this, given
any measure pu € P(X), we note that for any «a € A, there is a net (hy) € H with (hyu)
converging to a Dirac mass when restricted to C'(X,). From here, it is easy to see that this
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can be done on finitely many oy, ..., o, € A. Now for each finite F C A, letting up € Hpu
be a Dirac mass when restricted to each C(X,) for a € F, we note that any cluster point
of the net (ur) (indexed over finite subsets of A, ordered under inclusion) is necessarily a
Dirac mass on the entire space X.

Let B(G, H) be a G-minimal subset of X. It is clear that this space is still H-strongly
proximal. We will also show that it is universal. Given any X,, consider the coordinate
projection map 7, : X — X,. We see that 7. |p.m) : B(G, H) = X, is still surjective, as
the image of this map is closed and G-invariant, and X, is G-minimal.

Finally, this space is unique up to isomorphism. Indeed, if B’ is another universal space,
then there are G-equivariant continuous maps ¢ : B(G,H) — B' and ¢, : B’ — B(G, H).
But their compositions ¢y 0 ¢y : B(G, H) — B(G, H) and ¢ 0 ¢y : B’ — B’ are necessarily
the respective identity maps between these spaces, as these spaces are both G-boundaries,
and, assuming they exist, morphisms between G-boundaries are unique. [ |

Remark 5.4.2. A different notion of relative Furstenberg boundary is presented in | 1,
and so we avoid using the term Furstenberg boundary and notation 0(G, H) to describe the
universal object from Proposition 5.4.1. Our notation B(G, H) is derived from Fursten-
berg’s notation B(G) for the Furstenberg boundary of G, given in | , Proposition 4.6].

Corollary 5.4.3. If N <G is normal, the universal G-minimal, N -strongly prozimal space
18 8FN

Proof. Letting B(G, N) denote the universal such space, there is a G-equivariant contin-
uous surjection ¢ : B(G, N) — 0 N. However, Lemma 5.3.2 tells us that B(G, N) is in
fact an N-boundary, and so there is an N-equivariant continuous surjection ¢y : Op N —
B(G,N). The composition ¢; o ¢y : OpN — OpN is N-equivariant, and thus necessarily
the identity map. This shows ¢, is injective, hence bijective. Thus, ¢, is also bijective,
and therefore the isomorphism we are looking for. [ |

It is worth emphasizing a subtle point - Lemma 5.3.2 tells us that any G-minimal,
N-strongly proximal space is the N-equivariant image of dpN. However, Corollary 5.4.3
gives us a G-equivariant map.

Proof of Theorem 5.1.3, (iii) = (ii). Assume X is G-minimal, N-strongly proximal,

and G-topologically free. By Corollary 5.4.3, there is a G-equivariant continuous map
¢ : 0pN — X. By Lemma 5.3.3, the action of G on drN is free. [ |
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5.5 Examples

It is worth noting that the characterization of being C*-simple and having trivial central-
izer, originally given as a sufficient condition in | , Corollary 3.2], is perhaps the
“nicest” characterization of relative C*-simplicity. As such, some of the examples below
will still be proven with this result, as opposed to our new results.

5.5.1 Free products

Given that the canonical example of a C*-simple group is Fy, the free group on two gen-
erators, it is worthwhile to use this as an easy example. We will re-prove the following
special case of | , Example 3.8] using one of our new results.

Example 5.5.1. Let Fy = (a, b) denote the free group on two generators. Then the normal
closure of a is relatively C*-simple in 5.

Proof. The Nielsen-Schreier theorem tells us that any subgroup of a free group is free.
Thus, the only nontrivial amenable subgroups of F, are the cyclic subgroups. Given
any such subgroup (z), assume first that the reduced word of x starts with b or b~L.
Then the reduced word length of a"xa™" is eventually strictly increasing, showing that
(a"xa™") — {e} in the Chabauty topology. This is also true if the reduced word of x ends
with b or b~1. Finally, if both the start and end of z lie in {a,a™'}, then the reduced
word length of (bab™1)"z(bab=')~" is strictly increasing, and so ((bab™1)"z(bab=')™") is
Chabauty-convergent to {e}. By Theorem 5.1.9, we are done. [ |

We will also generalize | , Example 3.8] to free products as follows:

Theorem 5.5.2. Assume G = H x K, where H and K are nontrivial, and they are also
not both Zy. Then any nontrivial normal subgroup of G is relatively C*-simple.

Proof. 1t is known that any such group is C*-simple | ]. Hence, any normal subgroup
N a G is C*-simple as well by | , Theorem 1.4]. It remains to show that any
nontrivial normal subgroup has trivial centralizer. Assume otherwise, so that there exists
some normal subgroup N # {e} with Cg(N) # {e}, and pick nontrivial elements z € N
and y € Cg(N). C*-simplicity of N tells us that N has trivial center, i.e. NNCg(N) = {e},
and so (z,y) = (x) x (y). But the Kurosh subgroup theorem tells us that

(x) x (y) = Fyx % H siH;s; ! x Hthjtj’l

il jeJ
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for some subset X C G and subgroups H; < H, K; < K. There are two cases when
such a subgroup is abelian. The first case is if X is a singleton, and I and J are empty.
This is impossible, as (z) X (y) is not isomorphic to Z. The second case is if, without
loss of generality, (z) x (y) is some conjugate s;H;s; "', where H; < H. Equivalently,
(s7tws;) x (s;ys;) is a subgroup of H. But both N and C(N) are normal subgroups of
G, and so this says that there are some nontrivial s € N and t € C (V) that both lie in
H. However, if we choose any nontrivial » € K, then ¢ cannot commute with rsr=' € N,
a contradiction. |

5.5.2 Direct products

Taking direct sums and direct products of existing examples can provide some easy new
examples:

Lemma 5.5.3. Let (G;) be a family of C*-simple groups. Then both ®G; and [[G; are
C*-simple.

Proof. We know that each G; acts freely on its Furstenberg boundary 0pG; (see Theo-
rem 5.2.7). From here, it is not hard to check that [[ OrG; is a free boundary action for
both @&G; and [[ G;, and so both of these groups are C*-simple by the same theorem. W

Theorem 5.5.4. Let (G;) be a family of groups with relatively C*-simple normal subgroups
N; <4 G;. The direct sum @®N; is relatively C*-simple in the direct product || G;.

Proof. Observe that @N; is normal in [[G;, and the commutator of this subgroup is
[1Cq,(N;). By Theorem 5.1.3, this commutator is trivial, and so applying this theorem
again together with Lemma 5.5.3, @N; is relatively C*-simple in [ G;. [

Remark 5.5.5. This shows that there exists an uncountable group with a countable
relatively C*-simple normal subgroup, for example @penF2<] [, o F2. From the C*-algebras
perspective, there is a non-separable C*-algebra with a separable relatively simple sub-C*-
algebra.

5.5.3 Wreath products

Recall that the (unrestricted) wreath product G H is ([[; G) x H, where H acts by
left-translation on [ [, G.
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Theorem 5.5.6. Assume N is a relatively C*-simple subgroup of some group G # {e},
and let H be any arbitrary group. Then the direct sum ®yN is relatively C*-simple in
GUlH.

Proof. Note that ©gx N is normal in G H. It is easy to check that the canonical action of
[15; G on [, 0rN, together with the action of H on [[, 0pN by left-translation, extend
to an action of all of Gt H. It is also not hard to see that @&y N acts strongly proximally
and G ! H acts minimally on this space.

It remains to show that the action of G H is still topologically free. To this end, first
consider any nontrivial element of the form ((gn),e) € Gt H. Its fixed point set is given
by [1, Fix(gn), which is empty by Theorem 5.1.3 and the assumption that at least one
gn # €. Now given any element ((gn), ho) € G U H with hy # e, we note that

((gn); ho)(wn) = (gnp; 1),

and so (z},) lies in the fixed point set of this element if and only if Gty = Th for all h.
In particular, setting h = hqy gives us gp,Te = xp,. If Fix((gn), ho) were to have interior,
then it would contain a basic open subset of the form [[, Uy, where U, C X is open, and
all but finitely many U, = X. Given that N is C*-simple and N # {e} (as N is relatively
C*-simple in G # {e} by assumption) we know that 0rN has no isolated points [ )
Proposition 3.15], and so no Uy, is a singleton. But given that x,, is entirely determined
by the value z. takes, this cannot be the case. We conclude that Fix((gs), ho) has empty
interior, and so by Theorem 5.1.3, we are done. [

Remark 5.5.7. The sufficient condition for plumpness given in | , Lemma 3.5] as-
sumes the group is countable and has countable fixed point sets. The proof of Theo-
rem 5.5.6, however, gives a natural class of topologically free boundary actions admit-
ting uncountably many fixed points. Here, we see that H < G H fixes the diagonal of
[1;0rN, and OrN is uncountable as it is a nontrivial compact Hausdorff space with no
isolated points. One could also replace O N by any G-minimal, N-strongly proximal, G-
topologically free space X, and so any element ((g;),e) € G H admits the fixed point set
[1 Fix(gn), which is uncountable if, for example, Fix(g;) are nonempty for all h, and at
least one g5, = e. Finally, while wreath products G H are often uncountable (for example,
if G # {e} and H is infinite), the same observations hold for the restricted wreath product
(®uG) x H as well, which is countable if G and H are countable.
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5.5.4 Groups with trivial center and only cyclic amenable sub-
groups

It is sometimes the case that the only amenable subgroups of a given group are the cyclic
subgroups. For example, this property is true of the free groups by the Nielsen-Schreier
theorem. Our aim is to show the following:

Theorem 5.5.8. Assume G is such that any amenable subgroup is cyclic, Z(G) = {e},
and in addition, no two elements have finite coprime order. Then any nontrivial normal
subgroup of G is relatively C*-simple.

Remark 5.5.9. It is worth noting that this last requirement that G should have no two
elements of finite coprime order is true for a large class of groups, including torsion-free
groups and p-groups.

Whether or not G has trivial center is surprisingly sufficient in determining whether G
is C*-simple or not. In the case of countable groups, | , Theorem 6.12] tells us it
suffices to prove that R,(G) C Z(G). The argument we present here avoids countability,
but requires a bit of a detour into theory on the Furstenberg boundary.

Lemma 5.5.10. Let G denote any discrete group, and let x € OpG be arbitrary. Letting
G, denote the point-stabilizer of x, if s € G, is nontrivial, and yq,...,y, € OrG, then
Gy, N---NGy, always contains some conjugate of s.

Proof. This is a special case of | , Lemma 3.7] obtained by setting U = Fix(s)
(necessarily clopen - see Corollary 5.2.5), e = £, and u = (4, +- - - 46y, ). Our end result
is that there is some r € G with ry; € Fix(s) for all ¢, or in other words, r~'sr € G, for
all 1. |

Proposition 5.5.11. Assume G has the property that any amenable subgroup is cyclic.
Then G is C*-simple if and only if Z(G) = {e}.

Proof. As the center is always an amenable normal subgroup, any C*-simple group G
must have trivial center. Conversely, assume G has trivial center. We will first show that
G has trivial amenable radical. Given any t € G, we have that ((t) R,(G))/R.(G) =
(t) /({t) N R,(G)), which is amenable, and so by extension, (t) R,(G) is amenable, thus
cyclic. This shows t commutes with every element of R,(G). Since t was arbitrary, R,(G) C

Z(G) = {e}.
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Now we wish to show that none of the point-stabilizers G, for x € drG can be nontriv-
ial. Assume otherwise. Recall that G, is always amenable - see, for example | ,
Proposition 2.7]. This tells us that G, = (s) for some z € 0rG and s # e. If G, were
finite, it follow from (5 oGy = Ru(G) = {e} that there are yi,...,y, € IrG with
G, NGy, N---NG,, = {e}. This contradicts Lemma 5.5.10. If G, is infinite cyclic, this
tells us that there is some y € OpG with G, # G,. Without loss of generality, G, Z G,
and so G, N G, = (s") for some |n| > 2. Again, Lemma 5.5.10 gives us that there is
some r € G with rsr™' = s™ for some |m| > 2. It is easy to show that, inductively,
rhsrk = s and so ¥ (s) r~* converges to {e} in the Chabauty topology. This can
never happen if G, # {e}, as {G.},c5,¢ 15 an amenable uniformly recurrent subgroup -
see | , Remark 4.3]. |

Proof of Theorem 5.5.8. By Proposition 5.5.11, any such group is C*-simple. Assume N
is a nontrivial normal subgroup, and Cg(N) # {e}. We know that G being C*-simple
implies N is C*-simple by | , Theorem 1.4], and so Z(N) = NN Cg(N) is trivial.
Thus, if we choose nontrivial x € N and y € Cg(N), then (z,y) = (z) x (y). Such a group
is both amenable and non-cyclic, contradicting our assumption. Hence, any nontrivial
normal subgroup has trivial centralizer, and so by Theorem 5.1.3, we are done. [ |

Recall that the free Burnside group B(m,n) is the universal group on m generators
satisfying 2" = e for all elements x in the group. The Burnside problem, which was one
of the largest open problems in group theory, asked whether such groups are always finite.
The answer, as it turns out, is no, and in addition, some of these groups are C*-simple -
see | , Corollary 6.14]. In particular, they remark that for any m > 2 and n odd
and sufficiently large, any non-cyclic subgroup contains a copy of the non-amenable group
B(2,n). Hence, we obtain the following:

Example 5.5.12. Assume m > 2 and n is prime and sufficiently large. Then any non-
trivial normal subgroup of B(m,n) is relatively C*-simple.

5.5.5 A remark on Thompson’s group F

Thompson’s group F' was the original candidate counterexample for the now-disproven
Day-von Neumann conjecture, which stated that a group is non-amenable if and only if it
contains a copy of Fy, the free group on two generators. A good introduction to this, and
related groups, can be found in | ]. It is known that F' does not contain a copy of Fa,
but whether or not it is amenable is still a large open question in group theory. However,
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it is known that F' is non-amenable if and only if it is C*-simple - see | , Theorem 1.6].
Hence, with a bit of extra work, we obtain the following equivalence:

Theorem 5.5.13. Thompson’s group F' is non-amenable if and only if its derived subgroup
[F, F] is relatively C*-simple in F.

Proof. Relative simplicity of [F, F'] in F would imply that both [F, F] and F are C*-simple,
in particular non-amenable. It remains to prove the converse.

Assume F' is non-amenable, hence C*-simple. It is known that every proper quotient of
F is abelian [ , Theorem 4.3], or equivalently, [F, F| C N for any normal subgroup
N < F with N # {e}. In particular, we must have that Cp([F, F|) = {e}, otherwise [F| F]|
would be abelian (and thus F’ would be amenable). By Theorem 5.1.3, we are done. W

This shows, for example, that to prove amenability of F', it would suffice to construct a
non-faithful unital completely positive map ¢ : C;(F) — B(H) that is a *-homomorphism
on C3([F, F)).
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Chapter 6

A generalized Powers averaging
property for commutative crossed
products

6.1 Introduction

The notion of Powers’ averaging property for discrete groups has played an important role
in recent years in questions about simplicity related to reduced group C*-algebras and
reduced crossed products. In this paper, we introduce a generalized version of Powers’
averaging property for reduced crossed products of the form C(X) x, G, and prove that
it is equivalent to simplicity of the crossed product. We then derive various consequences.

First, we recall the notion of Powers’ averaging property, along with a brief history
of recent applications. Let G be a countable discrete group, and let P(G) denote the
set of probability measures on . For convenience, we will denote the finitely supported
probability measures on G by P¢(G). Recall that we canonically have an action of P(G)
on any G-C*-algebra A as follows: given u € P(G) and a € A, we let

pa = ug)(g-a).

geG
The group G is said to be C*-simple if its reduced group C*-algebra C5(G) is simple.

It was shown independently in | , Theorem 6.3] and [ , Theorem 4.5] that C*-
simplicity is equivalent to an averaging property originally considered by Powers, which
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can most conveniently be stated as follows: G is said to have Powers’ averaging property
if for any a € C5(G), we have

\(a) € {pa | pe Pi(G)}.

Here, 7, denotes the canonical trace on C5(G), and we are canonically viewing C C C5(G).
The set P¢(G) above can be replaced by P(G) instead. It is also clear that it suffices to
check only the a € C5(G) satisfying 7)(a) = 0, as it is always possible to “normalize” an
arbitrary a € C5(G) by considering a — 7y(a).

It was later shown by Hartman and Kalantar in the proof of | , Theorem 5.1]
that averaging with respect to all of Pr(G) is not necessary, and that if G is countable,
then Powers’ averaging property for C5(G) is equivalent to the existence of a single measure
p € P(G) (not guaranteed to have finite support) satisfying p"a — 7\ (a) for all a € C}(G).

A generalization of Powers’ averaging property to reduced (twisted) crossed products
of unital C*-algebras and C*-simple groups was given by | , Section 3]. They showed
that the same averaging property holds for elements a € A x, G satisfying E(a) = 0, where
E: A x, G — A denotes the canonical conditional expectation, i.e.

0€{pa | ne PrG)}.

The ideas mentioned above were used by the first named author and Kalantar in | ]
to show that if G is C*-simple and the action of G on a compact Hausdorfl space X is
minimal, then not only is the reduced crossed product C'(X) x, G simple, but so is any
intermediate C*-algebra lying between C5(G) and C(X) x, G.

Of course, if G is not C*-simple, then A x, G can never have Powers’ averaging prop-
erty, but it is still possible for the crossed product to be simple. An easy example is
C(T) x5 Z, where Z acts on the circle T by an irrational rotation. For this reason, we
introduce a generalized version of Powers’ averaging which does turn out to be equivalent
to simplicity in the end. Let X be a compact Hausdorff space equipped with an action of
G by homeomorphisms.

We define in Section 6.2, and in particular in Definition 6.2.3, the spaces P(G,C(X))
and P;(G,C(X)) of what we call generalized (G,C(X))-probability measures. Given an
inclusion of unital G-C*-algebras C'(X) C A, the space P(G,C(X)) canonically admits a
left action on A, and a right action on the state space S(A). With this, we are able to
conveniently generalize Powers’ averaging property to crossed products as follows:

Definition 6.1.1. Let G be a countable discrete group acting on a compact Hausdorff
space X by homeomorphisms, and let E : C(X) xy G — C(X) denote the canonical
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conditional expectation. We say that C'(X) x, G has the generalized Powers’ averaging
property if for every a € C(X) x, G with E(a) = 0, we have

0 {ua | we P(G.CX)].

One might define other generalized analogues of Powers’ averaging property, for example
requiring that E(a) lie in the above set given any a € C'(X) x, G not necessarily satisfying
E(a) = 0. It is not immediately obvious, however, that this is equivalent with the version
in Definition 6.1.1, as considering a — E(a) for an arbitrary a € C(X) x, G just tells us
that for any € > 0, there is a u € P¢(G, C(X)) with the property that ||pua — pE(a)|| < e.
However, unlike in the case where C(X) = C, we do not have that uE(a) = E(a) in general.
Hence, our first main result is perhaps a bit surprising:

Theorem 6.1.2. Let G be a countable discrete group acting on a compact Hausdorff space
X by homeomorphisms, and assume that the action is minimal. LetE : C(X)x,G — C(X)
denote the canonical conditional expectation. The following are equivalent:

1. C(X) %) G is simple.
(

C(X) % G has the generalized Powers’ averaging property.

Lo

. E(a) € {pua | pe Pi(G,C(X))} foralla e C(X) ) G.

4. v(E(a)) € {pa | p e Pi(G,C(X))} foralla e C(X) x\G and v € P(X).

Next we generalize Hartman and Kalantar’s results. It is worth noting that they operate
under a slightly different action of P(G) on any G-C*-algebra, with a convolution product
given by

pra= pu(g)(g " -a)

geG

for any ¢ € P(G), and a left action of P(G) on S(A) given by
prd =Y nulg)g- o)
geG

However, this is only a minor technicality to keep in mind, and it is easy to rephrase their
results (which we do) in terms of the actions we use in our paper.

As previously mentioned, they show that Powers” averaging property for C}(G) is equiv-
alent to the existence of a measure p € P(G) with the property that u"a — 7)\(a) for any
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a € Ci(G) | , Theorem 5.1]. As a consequence, the only state ¢ € S(C5(G)) that
is p-stationary (that is, satisfying ¢p = ¢) is the canonical trace 7y, and this is in fact a
characterization of C*-simplicity of G | , Theorem 5.2]. Similar result holds in the
crossed product setting:

Theorem 6.1.3. Let G be a countable discrete group acting on a compact Hausdorff space
X by homeomorphisms, and assume that the action is minimal. LetE : C(X)x,\G — C(X)
denote the canonical conditional expectation. If C(X) x) G is simple, then there is a
generalized measure p € P(G,C(X)) with the property that p*a — 0 whenever E(a) = 0.
Optionally, we may also require that p have full support.

Corollary 6.1.4. Let G be a countable discrete group acting on a compact Hausdorff space
X by homeomorphisms, and assume that the action is minimal. LetE : C(X)x,G — C(X)
denote the canonical conditional expectation. Then the crossed product C(X)x,\G is simple
if and only if there is some p € P(G,C(X)) with full support and with the property that
any p-stationary state on C'(X) X\ G is of the form voE for some p-stationary v € P(X).

It is worth noting in Corollary 6.1.4 that, given a generalized measure p € P(G,C(X)),
there is no guarantee that there be a unique u-stationary measure v € P(X). If one could
strengthen the averaging in Theorem 6.1.2 (4) to work with a single measure, for example
if there were some v € P(X) and p € P(G,C(X)) such that p"a — v(E(a)) for any
a € C(X) %, G, then it would be possible to obtain uniqueness of v as well. However, we
were unable to prove such a result.

Our first application of Powers’ averaging property is a natural generalization of the
main result in | ].

Theorem 6.1.5. Let G be a countable discrete group, and assume that C(Y) C C(X) is
an equivariant inclusion of commutative unital G-C*-algebras. Assume moreover that the
action of G on X is minimal. If C(Y') x\ G is simple, then every intermediate C*-algebra
A satisfying C(Y) x\ G C A C C(X) x\ G is simple.

One other result of Hartman and Kalantar that we generalize is the following. Denote
the space of amenable subgroups of G by Sub,(G). This is naturally a compact Hausdorff
space if we equip it with the Chabauty topology, which is the topology induced by viewing
this canonically as a subset of 2¢ (the power set of G), and it also carries a G-action
by homeomorphisms given by conjugation. It has been known for a few years that the
dynamics on this space characterizes C*-simplicity, with | , Theorem 4.1] essentially
stating that G is C*-simple if and only if {{e}} is the unique minimal component in
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Sub,(G), and | , Corollary 5.7] stating that C*-simplicity is equivalent to unique
stationarity of dy, with respect to some p € P(G).

The dynamical analogue for crossed products C'(X) x, G (where X is minimal) is a
result of Kawabe | , Theorem 6.1]. Consider the space

Sub,(X,G) ={(z,H) | x € X,H < G,, and H amenable},

where GG, denotes the stabilizer subgroup of x. This is again a compact Hausdorff space
with G-action given by s - (z, H) = (sz,sHs '), and Kawabe’s result amounts to saying
that C(X) %, G is simple if and only if the only minimal component in Sub, (X, G) is
X x {{e}}. This hints that there should also be a “unique stationarity result” involving
measures supported on this minimal component.

Corollary 6.1.6. Let G be a countable discrete group acting on a compact Hausdorff space
X by homeomorphisms, and assume that the action is minimal. Let Sub,(X,G) denote
Kawabe’s generalized space of amenable subgroups, and view C(X) C C(Sub,(X,G)) as
dual to the canonical projection Sub, (X, G) — X mapping (z, H) to x. The crossed product
C(X) xx G is simple if and only if there is some pu € P(G,C(X)) with the property that
any p-stationary measure in P(Sub,(X, Q)) is supported on X x {{e}}.

6.2 The space of generalized probability measures

To establish notation, G will denote a countable discrete group, and X will denote a
compact Hausdorff space which G acts on by homeomorphisms. All C*-algebras and
morphisms are assumed to be unital.

We define the notion of a generalized probability measure. As motivation, consider the
case of a G-C*-algebra A. Given a fixed a € A, any probability measure u € P(G) provides
a convenient way of representing a convex combination of the elements {g-a | g € G}.
Namely, we may define pa := deG w(g)g - a.

With this in mind, we want a space of generalized probability measures which represents
C(X)-conver combinations. For convenience, we first review this notion here:

Definition 6.2.1. Assume C'(X) C A is an inclusion of unital C*-algebras, and let K C A.
We say that K is C(X)-convez if, given finitely many fi,..., f, € C(X) with " | f2 =1,
and any ay,...,a, € K, we have "', fia;fi € K. Such a sum is called a C(X)-convex
combination of ay, ..., a,.
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Remark 6.2.2. The usual notion of C'(X)-convex combinations is slightly more general,
and deals with sums of the form Y " | fFa;f;, where >."  f#fi = 1 and f; is no longer
assumed to be positive. For our purposes, we will stick with the definition given in Def-
inition 6.2.1, as working with positive f; is in particular necessary for Lemma 6.4.1 later
on.

If C(X) € A is an inclusion of unital G-C*-algebras, and a € A, we want our
notion of generalized probability measures to represent C'(X)-convex combinations of

{g-a | geG}.
Definition 6.2.3. Consider a formal sum

p=>_Y fisf;

se€G i€l

(where all I, are disjoint), with the properties f; > 0, fi # 0, and > o> .., f? = 1.
Equivalenty, we may also combine the above double-sum into a single sum

= Z fisifi
iel

if we allow repetition among the group elements s;. We say that p is a generalized
(G,C(X))-probability measure, and denote the set of all such generalized measures by
P(G,C(X)). The set of all finite-sum generalized measures is denoted by Py(G,C(X)).
Given a unital G-C*-algebra A containing an equivariant copy of C'(X), and any pu =
Y icr Jisifi € P(G,C(X)), we have a unital and completely positive map on A given by

pa ="y fi(si-a)f.
i€l
Moreover, this induces a right action on the state space S(A), given by (¢u)(a) = ¢(pa).

Remark 6.2.4. We note a couple of things. First, observe that for a fixed s € GG, it is in
general not possible to simplify an expression of the form fsf; + fosfs as a single hsh for
some h € C(X). This is a consequence of noncommutativity. If C'(X) C A and we were
to consider the action of this element on some a € A, this becomes

fi(s-a)fi + fa(s - a)fo,

which in general is not equal to any h(s-a)h for any h € C'(X). Because of this, repetition
of group elements is allowed, and this is also reasoning behind the choice of terminology
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and notation, namely “finite-sum” and P(G, C(X)), as opposed to “compactly supported”
and P.(G,C(X)). Given a generalized probability measure = )., fisi fi, it is possible
to have infinitely many elements ¢ € I with s; all being equal. In other words, it is possible
to have an infinite sum (which doesn’t necessarily simplify to a finite sum) that is still
“compactly supported” on G.

The rest of this section is dedicated to proving various technicalities and basic properties
of the space P(G,C(X)). First, the following is an easy exercise in functional analysis:

Lemma 6.2.5. Assume X is a Banach space, and ), , x; is an infinite unordered sum.
Then this sum converges if and only if for all € > 0, there exists a finite set F© C I such

that for all finite sets J C I\ F', we have HZJEJ xj‘ <e.

From this, we obtain two important results:

Corollary 6.2.6. Any = )., fisifi in P(G,C(X)) has the property that I is countable.
In particular, P(G,C(X)) is indeed a set.

Proof. Consider thesum Y-, ; f2 =1ande = £ (n € N) in Lemma 6.2.5. Then necessarily,
only finitely many f? can have norm at least % Hence, at most countably many f; can be
nonzero. |

Corollary 6.2.7. Assume C(X) C A is an inclusion of G-C*-algebras, = _,; fisifi €
P(G,C(X)), and a € A. Then the sum given by >, fi(si-a)f; is convergent, or in other
words, the value pa s well-defined. Moreover, the map a — pa s unital and completely
positive.

Proof. We first prove this for positive a. Let ¢ > 0, and let ' C I be such that for all
finite J C I\ F', we have sze] f7|| <e. Then

< [lall <ellal.

2

jeJ

> fils;-a)f;

jeJ

To see that general values of a work, let up = . fisif; for finite F C I. Writing a as
a finite linear combination of four positive elements Zizl crag, we have that each of the
nets (uray)pr converges for each k. In particular, the net
4
HFra = Z CrhF Qg
k=1

73



must therefore also be convergent. The fact that a — pa is completely positive follows
from the fact that a — pra is completely positive for each finite F C 1. [ |

Similar to how P(G) is a convex semigroup, we have that the spaces P;(G,C(X)) and
P(G,C(X)) also form semigroups, and moreover satisfy an appropriate notion of C'(X)-
convexity.

Proposition 6.2.8. The space Pf(G,C'(X)) is C(X)-convex, in the sense that given
ﬁmtely many {g;} C(X) with 37,97 = 1 and any {uitic; € Pr(G,C(X)) with
Zlelj fisifi /nd all index sets I; disjoint for distinct values of j), we have that

Z 9iH;95 = Z Z gitisifig;
jeJ jeJ i€l

also lies in Pr(G,C(X)). The same is true for P(G,C(X)), except that J can be infinite.

Proof. We prove the case of P(G,C(X)), as the case of Pr(G,C(X)) is almost the same
except without needing to worry about convergence. Observe that, given any finite subsets
F C Jand F; C I; for j € F, we have

22 G =2 ) 1<) g 1<t
JEF i€k} jeFr 1€F} jeF

Moreover, given € > 0, if we choose F C J finite with )7, ;g7 > 1 — ¢ and finite F; C I
for j € F with 37, f?>1—¢, then

ZZ%JCQ Z%Zf2>zga (1—e) = (1-2)

JEF i€F} JEF IS JjeEF
: 202
This proves that ZjeJ Zielj gff=1 u

It is perhaps worthwhile to do an example of a C'(X)-convex combination.

Example 6.2.9. Consider X = [0, 1], let G be some group acting on X, let s and ¢ be
distinct group elements, and consider the following set of generalized probability measures
and coefficients:

p = Vrsyr+vV1—atv1l —x
=V1—zsV1—a2+ otz

g1

S-Sl

g2
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We have that

1 1 1

which cannot be simplified further (see Remark 6.2.4), and is left as-is, with group elements
being repeated in the expression.

Remark 6.2.10. Given an inclusion of G-C*-algebras C(X) C A, a € A, finitely many
{9} e, € OX) with 3", ;97 = 1, and {p;},., € Py(G,C(X)), we have that

<Z gjujgj) (a) = Z gii(a)g;.

jeJ jeJ
Consequently,
{na | pe Pr(G,C(X))}
is C(X)-convex as well. In fact, it is the smallest G-invariant, C'(X)-convex subset of A
containing a.

Now we define a semigroup structure on P¢(G,C(X)) and P(G,C(X)).

Proposition 6.2.11. The space P(G,C(X)) is a semigroup under the following multipli-
cation: given =73 . ; fisifi andv =73, ;g;t;g;, let
pv = Y (filsig)) (sity) ((si9) f:)-
i€l jeJ

Moreover, Pr(G,C(X)) is a subsemigroup of P(G,C(X)).

Proof. Observe that, given any finite subsets F; C I and F; C J, we have

Z Z(ff(%‘%)f = Z fisi (Z 9J2> < Z fisi1 < 1.

i€Fr jeFy i€FT JEF; i€FT

Moreover, any finite subset of I x J is contained in a set of the form F; x F;. Finally, given
e > 0, if one chooses Fy and F to be such that -, f7 > 1—cand 3" g7 > 1 —¢,
then we have

Z Z(fi(sigj))z = Z fisi <Z g?) > Z fisi(1—g) > (1—¢)%

1€FT jJEF 1€FT JjEFy i€FT
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This proves that >, ;> (fi(sig;))* = 1, and so this multiplication on P(G,C(X)) is
well-defined. Associativity is tedious but not hard to check. The fact that Pr(G, C(X)) is
a subsemigroup is clear. [

Remark 6.2.12. The multiplication on P(G,C(X)) is defined in such a way so that if
C(X) C A is an inclusion of unital G-C*-algebras, p1, us € P(G,C(X)), and a € A, then

(tp2)(a) = pr(pea).

In other words, we canonically have a left semigroup action of P(G,C(X)) on A, and
consequently a right semigroup action on S(A).

Let C(X) C A be an inclusion of unital G-C*-algebras, and let u € P(G,C(X)) be a
generalized measure. We say that a state ¢ € S(A) is p-stationary if ¢p = ¢, and denote
the set of all p-stationary states on A by S, (A). Observe that this definition makes sense
even for C*-subalgebras that don’t necessarily contain C'(X), but are at least p-invariant.
It is not hard to see that p-stationary states always exist and can be extended to a larger
C*-algebra. The proof is a mere modification of | , Proposition 4.2]. We include it
for the sake of completeness.

Proposition 6.2.13. Suppose that C(X) C A is an inclusion of unital G-C*-algebras, u €
P(G,C(X)), and B C A is a p-invariant unital C*-subalgebra. Then every p-stationary
state T € S,(B) can be extended to a p-stationary state n € S,(A). In particular, S,(A)
is always nonempty.

Proof. Let K = {( € S(A) | (|g =7}, a compact convex set. For any u € P(G,C(X)),
the map @, : K — K defined by ®,(¢) = (p is an affine continuous map. It is well-known
that ®, has a fixed point, say 1. Then, n € S,(A) and n|p = 7. To see that S,(A) is
nonempty, let B = C. [

We wish to define an appropriate notion of full support for measures in P(G, C(X)).
For this, the following observation will come in useful.

x; 18 an infinite unordered sum
x; also converges.

Lemma 6.2.14. Assume X is a Banach space, and ),
that converges in norm. Then given any J C I, the sum Z]EJ
Proof. We know by Lemma 6.2.5 that given any € > 0, there is a finite subset F' C I such
that for any finite subset £ C I\ F', we have szeE xZ” < e. But then, letting ' = F'NJ,

‘ZjeE’ Lj

< €. [ |

it is clear that for any finite set £/ C J \ F’, we also have
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Definition 6.2.15. We say that a generalized measure p € P(G, C(X)) has full support

if, writing
H= Z Z fis fis
seG i€l
we have that for each s € G, there is some § > 0 such that ., f7? > d. Equivalently (by
compactness of X), given any s € G and x € X, we can find i € I, such that f;(x) > 0.

6.3 Proof of generalized Powers averaging

In this section, we prove Theorem 6.1.2. To give a brief overview, we first recall how this
is proven in the case of the usual reduced group C*-algebra.

Both in | | and | |, which independently prove C*-simplicity is equivalent
to Powers’ averaging property, the key tool used was the dynamical characterization of
C*-simplicity of G in terms of its action on the Furstenberg boundary drG (see [ ,
Theorem 1.5] or | , Theorem 1.1]). The Furstenberg boundary of a group was
originally developed by Furstenberg | | (see also | ]) as a topological object, but
it can also be realized as the G-injective envelope of the complex numbers C (see | ,
Definition 3.1, Theorem 3.11]). Briefly, we recall the topological characterization below:

Definition 6.3.1. Let X be a G-space. A measure v € P(X) is called contractible if

{6, | T€ X} C @W*. A G-boundary is a G-space X with the additional property that
every measure v € P(X) is contractible.

It is worth noting that, from the perspective of convexity, being a G-boundary is the
same as saying that P(X) is irreducible as a compact convex G-space.

Theorem 6.3.2. There is a universal G-boundary OpG (known as the Furstenberg bound-
ary of G ) with the property that every G-boundary X is the image of OpG under a surjective,
G-equivariant map.

It is shown in | ] that C*-simplicity of G is equivalent to {7,} being the unique
G-boundary in S(C5(G)). A similar result can consequently be achieved in the entire dual
space of C5(G), and a Hahn-Banach separation argument yields that this is equivalent to
Powers’ averaging property.

There is a generalized notion of boundaries introduced in | , Section 7|, which is
used for dealing with noncommutative crossed products A x, G. However, this notion is
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more technical, as it involves working with matrix convex sets and matrix state spaces. It
is possible to develop a similar notion, but using only usual convex sets instead of matrix
convex ones, and use this in the case of commutative crossed products C(X)x,G. However,
[ |, which deals with proving equivalences of simplicity of such crossed products, does
not develop such a theory of generalized boundaries. Instead, the generalized notion of
boundary necessary here is developed in [ , Section 3], albeit from the perspective of
compact sets and their measures rather than from convex sets.

From Naghavi’s results, we use (part of) | , Theorem 3.2] and the discussion
following it, which we quickly paraphrase as follows:

Theorem 6.3.3. For a countable discrete group G, let X be a minimal G-space, and let
C(X) C C(Y) be an inclusion of unital G-C*-algebras. The following are equivalent:

1. C(Y) is a G-essential extension of C(X).

2. Given any measure v € P(Y') with the property that the restriction v|c(x) € P(X) is
contractible, we have that v is also contractible.

In particular, the above is true for the G-injective envelope C(Y) = I5(C(X)), which is a
mazimal G-essential extension of C(X).

Definition 6.3.4. Assume G is a countable discrete group, X is a minimal G-space, and
C(X) C C(Y) is an inclusion of unital G-C*-algebras. We say that Y is a (G, X)-boundary
if C(Y) satisfies any of the equivalent conditions above. Furthermore, we let 0p(G, X)
denote the Gelfand spectrum of the G-injective envelope of C(X), ie. I(C(X)) =
C(0r(G, X)). It can be shown that 0p(G, X) is universal among all (G, X )-boundaries.

We also recall the result | , Theorem 3.4] of Kawabe characterizing the ideal
intersection property for C'(X) x, G in the special case of minimal dynamical systems (in
which case, simplicity and the intersection property coincide).

Theorem 6.3.5. For a countable discrete group G, let X be a minimal G-space, and let
Or(G, X) be the Gelfand spectrum of the G-injective envelope of C'(X). Then the following
are equivalent:

1. The crossed product C(0p(G, X)) X\ G is simple.
2. The crossed product C(X) x, G is simple.
3. The action of G on 0r(G, X) is free.
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With the above, we are ready to tackle proving our generalized version of Powers’
averaging property. The following lemma shows that, although measures on minimal spaces
need not be contractible in general, they have the weaker property that arbitrary measures
can still be pushed to Dirac masses using P(G, C(X)).

Lemma 6.3.6. Assume X is a minimal G-space, and fix any v € X. There is a net
(1) € Pr(G,C(X)) with the property that for any v € P(X), we have vy 5

Proof. Fix an open neighbourhood V' of x. Observe that, given any y € X, we have that
Gy is dense in X by minimality. In particular, there exists some s € GG with the property
that sy € V, or equivalently, y € s~!'V. It follows that the sets sV form an open cover
of X, and so there is some finite subcover s;V, ... s,V. Now let Fy,..., F, € C(X) be a

partition of unity subordinate to this open cover, let f; = El/ 2, and let

my = Z fisifi
i=1

It is not hard to see that, given any v € P(X), vuy is a measure with support contained
in V. It follows that the net (vuy), indexed by open neighbourhoods of x ordered under
reverse inclusion, converges weak™ to 0. [ |

This allows us to push arbitrary measures towards the trivial boundary in S(C(X) x,\G)
in the case of simple crossed products.

Proposition 6.3.7. Let X be a minimal G-space, and assume that the crossed product
C(X) xx G is simple. Then given any state ¢ € S(C(X) x\ G), we have that

w*

{voE | ve P(X)} S{op | pe PG, C(X))} .

Proof. For convenience, denote the latter set above by K. By G-invariance, convexity, and
weak*-closure, it suffices to prove that K contains 0, o E for any single point x € X.

To this end, let I¢(C(X)) = C(0r(G, X)) be the G-injective envelope of C'(X). Extend
the state ¢ to a state ¢ on C(Ip(G, X)) x5 G. By Lemma 6.3.6, we can find a net
(1n) C Py(G,C(X)) with the property that $|C(X);L,\ — 9, for some x € X. Dropping to
a subnet if necessary, we have that ¢uy — ¥ € S(C(9p(G, X)) x5 G) with the property
that 1|c(x) = 0,. Observe that ¢|c(x)x, ¢ € K.

Minimality tells us that | (x) is contractible, and so 9|c(9,(c,x)) is contractible as well
by Theorem 6.3.3. This tells us that there is a net (g;) with ¥|c,(c,x)9: — J, for some

79



y € Op(G, X). Again dropping to a subnet yields a state n € S(C(9r(G, X)) x\ G) with
the property that n|c(a,(c,x)) = 0y. Observe once more that n|c(x)x,¢ € K.

We claim that n]c(x)x,¢ is the state we are looking for. Simplicity of C'(X) x) G
implies that the action of G on Jr(G, X) is free by Theorem 6.3.5. From here, the rest
is a common argument. We know that C(0r(G, X)) lies in the multiplicative domain of
n. Thus, it suffices to show that n(\;) = 0 for ¢ # e, as this will imply that for any
f € C(0r(G, X)), we have

n(fA) = fy)n(h) = 0.
Now let f € C(0r(G, X)) be such that f(y) =1 and f(ty) = 0. This is possible because
ty # y. We have

Fme) =n(fA) =0\t £)) = n(\) f(ty).
This forces n(A\;) = 0, as desired. |

The fact that arbitrary functionals on a C*-algebra are a finite linear combination of

*

states gives us a similar result on the entire dual space (C(X) x, G)*.

Proposition 6.3.8. Let X be a minimal G-space, and assume that the crossed product is
simple. Then given any w € (C(X) %) G)*, we have

*

w

{wpoE [ ve P(X)} C{wn | pe PG, C(X))}

Proof. Again, for convenience, denote this latter set by K. Write w = 2?21 ci®i, a linear
combination of four states. By Proposition 6.3.7, we can find a net (uy) C Pr(G,C(X))
with the property that ¢ u), — 14 o E. Dropping to a subnet if necessary, we may also
assume that (¢;u,) are all convergent to some ¢} for i > 2. In particular, (wp,) converges
to some w’ € K with the property that o' = cjv; o E + Z?:Q c;¢.. Noting that the set
{voE | v e P(X)} is weak™*-closed and closed under the right action of P(G,C(X)),
repeating this averaging trick three more times nets us (no pun intended) that there is
some element in K of the form 7 o E satisfying n(1) = w(1).

Writing n = Z?Zl ds); as a linear combination of four states on C'(X), fixing x € X,
and letting (4;) be as in Lemma 6.3.6, we have that (n o E)u; = (nu;) o E converges to
w(1)d, o E, which must lie in K. Minimality of X and G-invariance, weak*-closure, and
convexity of K yield that every w(1)r o E lies in K as well. |

30



From here, it is an application of the Hahn-Banach separation argument that gives us
the strong generalized Powers’ averaging property. Conversely, lack of nontrivial ideals
can be directly deduced even from just being able to average elements a € C(X) x) G
satisfying E(a) = 0.

Proof of Theorem 6.1.2. (1) = (4) Given that the extreme points of P(X) are the Dirac
masses J,, it suffices to prove the following: if a € C(X) x, G and = € X, then

E(a)(z) € {na | pe Pr(G,C(X))}.

Assume otherwise, so that there is some a € C(X) x, G and z € X for which this doesn’t
hold. Then there is some functional w € (C(X) %, G)* and a € R with the property that

Rew(E(a)(z)) < a < Rew(pna) Vi e Pr(G,C(X)).

However, given that w(E(a)(x)) = w(1)E(a)(x), and by Proposition 6.3.8, w(pa) can be
made arbitrarily close to w(1)(d, o E)(a), this cannot happen.

(4) = (3) Our aim is to show that we may approximate E(a) by C(X)-convex
combinations of E(a)(x), where x € X. Let a € C(X) x, G, and let ¢ > 0. Given any
x € X, by continuity of E(a) € C(X), there is some open neighbourhood U, of z for which
|E(a)(z) — E(a)(y)| < € for all y € U,. By compactness, there is some finite subcover
Ugyy-.., Uy, of X. Let F; be a partition of unity subordinate to the open cover, and let
fi= El/Z. Observe that, given any x € X, we have

Z fiw)(E(a)(x:) fi(x) — E(a)(z)

Thus, we have |37, fiE(a)(x;)fi — E(a)|| < e. By Remark 6.2.10, we have that E(a) €
{pa | p € Pi(G,C(X))}, as this set is closed under C'(X)-convex combinations.
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(3) = (2) This direction is clear.

(2) = (1) Let I be any nontrivial ideal of C(X) x, G, and let a be any nonzero
element of I. Replacing a by a*a, we may assume without loss of generality that a is
a nonzero positive element. Faithfulness of the canonical expectation tells us that E(a)
is also a nonzero positive element, and so there is some ¢ > 0 and open subset U C X
with the property that E(a)(x) > ¢ for all z € U. Using the same trick as in the proof
of Lemma 6.3.6, minimality of X gives us that X = ;U U --- U s,U for finitely many
s; € G. Hence, replacing a by sja + - - - + sp,a, we may assume without loss of generality
that E(a) > . If we choose u € P(G,C(X)) so that ||u(a — E(a))|| < §, then as this value
is in particular self-adjoint, we have that p(a —E(a)) > —5. Consequently,

pa = p(E() + pla —E(a) 2 = — 5 = -

In particular, pa € I is invertible, which gives us that I is the entire crossed product

C(X) ><]>\G. |

6.4 Unique stationarity and applications

This section generalizes the various results in | | on equivalence between C*-simplicity
and unique stationarity of the canonical trace in C§(G), along with its consequences.

It is worth noting that one cannot expect simplicity of C'(X) x, G to be equivalent
to unique stationarity of an element of S(C(X) x, G), even with respect to a generalized
measure 1 € P(G,C(X)). This is because of the fact that there may not exist a uniquely
stationary state on C'(X), and any p-stationary state on C'(X) will extend to one on the
whole crossed product. The natural fix is to instead expect that the p-stationary states
on C(X) x, G all be of the form v o E, where v ranges over the p-stationary measures
v € P(X). It is also worth noting that one cannot expect to work with the usual notion of
measure p € P(G), as this would again imply unique stationarity of 7, € S(C5(G)). How-
ever, this is equivalent to C*-simplicity of G | , Theorem 5.2], which is by no means
necessary for the crossed product C'(X) x) G to be simple - take, for example, C(T) x, Z,
where Z acts on the circle T by an irrational rotation.

We begin with the observation that averaging elements in the reduced group C*-algebra
C3(G), even with respect to a generalized measure u € P(G,C(X)), is enough to average
elements in the crossed product C(X) x, G.
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Lemma 6.4.1. Let X be a minimal G-space, and let p € P(G,C(X)). Then given any
te G and f € C(X), we have

G < (LFIH e

Proof. 1t is well-known that the crossed product £°(G) x, G (the uniform Roe algebra),
can canonically be viewed as a C*-subalgebra of B(¢*(G)). Fixing zy € X gives us a unital
G-equivariant injective *-homomorphism ¢ : C(X) < (*(G), given by ¢(f)(t) = f(txo).
This lets us view C'(X) x, G as a C*-subalgebra of B({*(G)) as well.

Write p = Y,; gisigi. Given € € £*(G) and r € G, we have

(((fA))E) (Zgz sif)(sits; 92) sitsy 15) (r)

iel
= z:gZ rx0) f (57 ra0)gi (sit L sy trwg)E(sit T s ).
el
Now letting |¢| € £%(G) be given by |¢| (r) = |£(r)|, we note that |[|¢]|| = ||€]|. Moreover,
we have
2
I(CADENE =D 1 gilrao) f(s; rao)gi(sit ™ sy rag)€(sit s ')
reG | i€l
2
<A (Zgz‘(WO)gi(Sit_ frag) |E(sit ! _17’)‘)
reG \iel
= L7111 Cede) €117
It follows that [|u(f )|l < [IfI]sAdll u

It is also an easy remark that Powers’ averaging property can be made to work with
finitely many elements at once.

Lemma 6.4.2. Assume C(X) xx G has Powers’ averaging property. Then given any
a,...,a, € C(X) %y G satisfying E(a;) = 0, and € > 0, there is some u € P(G,C(X))
with the property that ||pa;|| < e foralli=1,...,n

Proof. Let py € P(G,C(X)) be such that ||puiai|| < e. Choosing uxr1 € P(G,C(X))
inductively by letting g1 be such that ||pgs1(pk - - - pnags1)|| < €, we see that g = g, . . . g
is the generalized measure we are looking for.
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Proof of Theorem 6.1.3. First, we claim that there is such a measure that works for all
elements a € C5(G) C C(X) x, G satistying 7\(a) = 0. This is a near-verbatim repeat of
the proof of | , Theorem 5.1]. We repeat the construction of p here, along with the
appropriate modifications.

Nk
k 1 1
i-127) < g and

let (a;) be any dense sequence in the unit ball of ker 7, C C}(G). Let u; € P(G,C(X)) be
anything. Using Lemma 6.4.2, we may inductively build g for [ > 2 so that

Let (ny) be an increasing sequence of positive integers satisfying <Z

1
s, - as| < 5;

9l

forall 1 < s,ky,.... k- <land 0 <r <mn. Here, by r = 0, we mean that gy, ... px, as
becomes fya,. A tedious computation then shows that p=>",°, %,ul will satisfy p"a — 0
for any a € ker 7.

To force u to have full support, observe that if (s,),en is an enumeration of G, then

the measure
o0

1 1
V= Z Wsnﬁ S P(G,C(X))
n=1
has full support. Then fixing any [ and letting o > 0 be sufficiently small, we may replace
w by av + (1 — o)y and still satisfy the required approximation properties above. Thus,
without loss of generality, some p; has full support, and hence so does pu.

Now, to see that u"a — 0 whenever a € C(X) %, G satisfies E(a) = 0, we first prove
this for elements ag = fi\y, + -+ + ful,, where t; # e. Note that by Lemma 6.4.1, we
have

— 0.

i aoll < Y llpCfide)ll < DAl A
i=1 =1

Now given an arbitrary a with E(a) = 0, and € > 0, we may choose ay as before with
|la — ag|] < e. Choosing N such that, given n > N, we have ||u"ao|| < €, we also have

lall < ln"aoll + 1" (@ = ao)|| < &+ &= 2.
|

Remark 6.4.3. In the above proof, if we instead wanted to directly construct a generalized
measure u € P(G,C(X)) with the property that p"a — 0 for all a € C(X) x, G with
E(a) = 0, as opposed to a € C;(G) with 7\(a) = 0, we would have required separability of
ker E C C'(X) x, G, which requires separability of C'(X) (metrizability of X). Proceeding
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with ker 7, C C5(G) first and then lifting the averaging to the entire crossed product avoids
this extra assumption. There are natural examples of spaces on which G acts that are not
metrizable. For example, if G is not amenable, then the Furstenberg boundary 0rG is such
a space | , Corollary 3.17].

For a minimal G-space X, it is well known that if u € P(G) has full support, then any
p-stationary state on C'(X) is faithful. A similar result holds for generalized probability
measures (with the definition of full support given in Definition 6.2.15).

Lemma 6.4.4. Let X be a minimal G-space. Let p € P(G,C(X)) be a generalized proba-
bility measure with full support. Then every p-stationary state on C(X) is faithful.

Proof. Let f € C(X) be such that f > 0 and f # 0. Let p = > > .o, fisfi be a
generalized probability measure with full support. Since f is nonzero, there exists xg € X
such that f(z¢) > 0. It follows from X being minimal that, for every = € X, there exists
s, € G such that f(s;'z) > 0. Moreover, since u has full support, there exists i, € I,
such that f;(z) > 0. Therefore,

p()(@) =D fi@) f(s™' o) filw) > fi (@) f(s; ) fi () > 0.

seqG i€l

By compactness of X, it follows that there exists a § > 0 such that u(f) > ¢. Consequently,
for any p-stationary state 7 on C'(X), we see that

T(f) = m(u(f)) = 0.

Hence, 7 is faithful. [ |

Proof of Corollary 6.1.4. Let X be a minimal G-space. Suppose that C'(X) x, G is simple.
Let u € P(G,C(X)) be the generalized measure obtained from Theorem 6.1.3 and let 7
be a p-stationary state on C'(X) x, G. Then, for any a € C(X) x, G with E(a) = 0, we
have that

7(a) = 7(p"a) — 7(0) =0,

and so for general a € C'(X) x, G, we have
7(a) = 7(E(a)) + 7(a — E(a)) = 7(E(a)).

In other words, 7 = 7|¢(x) o E.
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On the other hand, suppose that there exists a generalized probability measure p €
P(G,C(X)) with full support along with the property that every p-stationary state on
C(X) %, G is of the form v o E for some p-stationary v € P(X). By faithfulness of E
and Lemma 6.4.4, every p-stationary state on C(X) x, G is faithful. This is enough to
guarantee that the C'(X) x, G is simple - the proof is similar to | , Proposition 4.9].

Assume that there was a nontrivial ideal I C C(X) x, G. Observe that the quotient
map 7 : C(X) x, G — (C(X) x\ G)/I is nonfaithful, as nontrivial ideals always contain
nonzero positive elements. Moreover, the quotient (C(X) x, G)/I is canonically a G-C*-
algebra, with t € G acting by Adw()\), and the quotient map 7 is G-equivariant. In
particular, we still canonically have C'(X) C (C(X) x, G)/I (under the quotient map )
by minimality of X, and so there is at least one p-stationary state ¢ € S,((C(X) x\G)/I)
by Proposition 6.2.13. The composition ¢ o is a p-stationary state on C'(X) %, G that is
not faithful, contradicting our earlier conclusion. [ |

One should notice that G-simplicity doesn’t necessarily pass to sub-algebras and there-
fore, simplicity for invariant sub-algebras of simple crossed products shouldn’t be expected
to hold in general. Consider, for example, any simple C*-algebra A, any C*-simple group
G acting on A trivially, and any abelian C*-subalgebra B C A. However, given an in-
clusion of unital G-C*-algebras C'(Y) C C(X) (via a factor map 7 : X — Y'), since any
G-invariant C*-subalgebra A, C(Y) C A C C(X) is of the form C(Z) where Z is an equiv-
ariant factor of X, and minimality passes to factors, it follows from the characterization
of Kawabe | , Theorem 6.1] that C'(Z) x, G is simple. We follow arguments similar
to the proof of | , Theorem 1.3] to deal with general intermediate C*-subalgebras
between C(Y) x, G and C'(X) %, G, not necessarily of the above form.

Proof of Theorem 6.1.5. By Theorem 6.1.3, there exists a generalized measure p €
P(G,C(Y)) with full support and the property that u"a — 0 whenever a € C(Y) x, G is
such that E(a) = 0. Observe that we canonically have P(G,C(Y)) C P(G,C(X)). Since
X is minimal and p has full support, it follows from Lemma 6.4.4 that every u-stationary
state v on C'(X) is faithful, and since E is also faithful, it follows that every p-stationary
state on C'(X) %, G of the form v oE is faithful. We claim that the proof is complete once
we establish that every p-stationary state 7 on C(X) %, G is of the form v o E.

Indeed, if this is the case, let A be any intermediate C*-algebra of the form C'(Y)x,G C
A C C(X) %, G. Suppose that [ is a proper closed two-sided ideal of A. Then the action
of G on A induces an action of G on A/I (as I is necessarily G-invariant). Moreover, by
minimality of Y, we also canonically have C(Y') C A/I. By Proposition 6.2.13, there exists
a p-stationary state ¢ on A/I. Upon composing ¢ with the canonical quotient map A —
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A/I, we obtain a p-stationary state ¢ on A which vanishes on /. Using Proposition 6.2.13
again, extend ¢ to a p-stationary state 7 on C'(X) X, G. By our assumption, 7 being of
the form v o E, is faithful. But 7|; = 0, which cannot occur if I is nontrivial.

We return to the question of showing that every p-stationary state on C'(X) %, G is
indeed of the form voRE for some p-stationary v € P(X). We claim that p"a — 0 whenever
a € C(X) x) G (not just C(Y) x, G) satisfies E(a) = 0. To see this, first let f € C(X)
and t # e. Lemma 6.4.1 tells us that

™ PN < (LI Al = 0.

It follows that for finite linear combinations ag = fiAy, + -+ fu ), where f; € C(X) and
t; # e, we have p"ag — 0 as well. Finally, let a € C'(X) x, G with E(a) =0, € > 0, and
ag as before with the additional property that ||a — ag|| < €. Then given N € N such that
|p"a|| < e for any n > N, we have

I all < [l aoll + (1" (@ = ao)l| < & + & = 2.

It follows that p"a — 0. The proof of Corollary 6.1.4 shows that any p-stationary state on
C(X) x) G is of the form we want. |

With Theorem 6.1.3 in hand, we generalize Hartman and Kalantar’s result on C*-
simplicity being equivalent to unique stationarity of the action of G on the space of
amenable subgroups Sub,(G). Recall that Kawabe | , Theorem 5.2] introduced the
G-space Sub, (X, G) of pairs (z, H), where x € X and H is an amenable subgroup of the
stabilizer group G,. Observe that the canonical projection Sub,(X,G) — X induces an
inclusion C'(X) C C(Sub, (X, G)).

Proof of Corollary 6.1.6. There is a G-equivariant, unital and completely positive map
0:C(X)x\G — C(Sub,(X,G)) given by 0(fA)(x, H) = f(z)1g(t). A similar map can be
found used in the proof of | , Theorem 5.2], but a proof of the existence of such a map
is not given. We briefly argue existence here. Given any (x, H) € Sub,(X, G), it is not hard
to show that there is a state ¢ € S(C(X) x,G) given by ¢(fA) = f(x)1g(t). This gives us
a continuous map from Sub, (X, G) to S(C(X)x\G), and 0 : C(X) x\G — C(Sub,(X,G))
is dual to this map.

Choose a generalized measure p € P(G,C(X)) as in Corollary 6.1.4. Now given a
p-stationary n in P(Sub, (X, G)), we have that no 6 : C(X) x, G — C is necessarily of the
form v o E. In particular, we note that for ¢ # e,

n({(z, H)|t € H}) = n(0(\)) = 0.
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Countability of G gives us that {J,_. {(z, H)[t € H} is also a null set, or in other words,
its complement X x {{e}} has measure 1.

Conversely, assume that the crossed product C'(X) %, G is not simple. Then by | ,
Theorem 6.1], there must exist a closed G-invariant subset of Z C Sub, (X, G) that does
not intersect X x {{e}}. Observe that we still canonically have C'(X) C C(Z) by mini-
mality of X. Thus, for any u € P(G,C(X)), if we choose any p-stationary state on C'(Z)
(such a state always exists by Proposition 6.2.13), composing with the canonical quotient
C(Sub,(X,G)) — C(Z) gives us a p-stationary state on C(Sub,(X,G)) with support
disjoint from X x {{e}}. |
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Chapter 7

The ideal intersection property for
essential groupoid C*-algebras

7.1 Introduction

Groupoids provide a framework encompassing both groups and topological spaces, and
provide an abstraction of the notion of a quotient space in these settings, much like stacks
in algebraic geometry. They naturally arise as transformation groupoids encoding the
topological dynamical structure of discrete groups, and as transversal groupoids of folia-
tions in differential geometry. Groupoids arising from these and many other examples are
étale, which is a notion suitably abstracting the topological properties of groupoids aris-
ing from actions of discrete groups. Renault | ] and Connes | |, by introducing
various C*-algebraic completions of an appropriate convolution algebra, discovered that
étale groupoids give rise to an extraordinarily rich class of operator algebras. On the other
hand, since the structure of these algebras encodes much of the structure of the underlying
groupoid, they are capable of serving as a proxy for the study of structures relevant to
other areas of mathematics, such as semigroup C*-algebras | | and Bost-Connes
systems for arbitrary number fields | |. Furthermore, étale groupoids also naturally
arise from within the theory of operator algebras, where they encode important structural
features through the notion of Cartan subalgebras | , ].

Groupoids appearing in applications are frequently étale or, after choosing a transversal,
Morita equivalent to an étale groupoid. However, they may be non-Hausdorff, and there is
no way to remedy this fact. Nevertheless, even in the non-Hausdorff case, the unit space of
an étale groupoid is typically locally compact and Hausdorff. Therefore, understanding the
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structural properties of the C*-algebras associated to étale groupoids with locally compact
Hausdorff unit spaces is an important challenge at the intersection of operator algebras and
many other areas of mathematics. We meet this challenge in the present article in four ways.
First, we provide a complete characterisation of étale Hausdorff groupoids whose reduced
groupoid C*-algebra is simple. Second, for non-Hausdorff groupoids satisfying the mild
countability assumption of o-compactness, we characterise the simplicity of their essential
groupoid C*-algebra. It has recently become clear that this C*-algebra, which agrees
with the reduced groupoid C*-algebra in the Hausdorff setting, is the correct replacement
for the reduced groupoid C*-algebra in the non-Hausdorff setting, when searching for an
algebraic-dynamical description of the ideal space of a groupoid C*-algebra. It comes as
a surprise that a careful development of the necessary techniques and notions leads to a
clean characterisation of C*-simplicity also in the non-Hausdorff case. Third, we obtain
appropriate analogues in the setting of groupoids of the averaging results considered by
Powers and many others for reduced group C*-algebras. This allows us to strengthen
previously known results on C*-irreducibility of inclusions arising from groupoids of germs.
Fourth, behind these results lies the development of a novel category of groupoid C*-
dynamical systems, including a theory of boundaries for groupoids that culminates in a
dynamical construction of the Furstenberg boundary of a groupoid.

The first main result of this article completely solves the problem of characterising the
simplicity of reduced groupoid C*-algebras of étale Hausdorff groupoids, and the simplicity
of essential groupoid C*-algebras of o-compact étale groupoids.

Theorem 7.1.1 (See Theorem 7.7.13). Let G be an étale groupoid with locally compact
Hausdorff space of units. Assume that G is Hausdorff, G is o-compact or G has a compact
space of units. Then the essential groupoid C*-algebra C*,(G) is simple if and only if G is
manimal and has no essentially confined amenable sections of isotropy groups.

Let us explain the notation we use and put our results into the context of previ-
ous work. Theorem 7.1.1 generalises the breakthrough results characterising C*-simple
discrete groups | , , , |, and completes a sequence of partial
results obtained for dynamical systems | , ] and special classes of groupoids
[ , , , , , , |. The notion of confined sections of
isotropy groups emerged from work on group rings | ] and C*-simple groups | ]
and was subsequently generalised to dynamical systems [ | and Hausdorff groupoids
[ ]. In this setting, a section of isotropy groups is confined if, roughly speaking, it can-
not be approximately conjugated into the groupoid’s unit space. The terminology stems
from the special case of groups, where a confined subgroup is separated in a strong sense
from the trivial subgroup. For non-Hausdorff groupoids, it is necessary to consider a more
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general notion of essential confinedness, taking into account the closure of the unit space.
Definition 7.7.1 captures this notion rigorously.

While the essential groupoid C*-algebras of a Hausdorff groupoid is identified with its
reduced groupoid C*-algebra, for non-Hausdorff groupoids, it is necessary to adapt the
construction of the reduced groupoid C*-algebra, if one aims to relate the ideal struc-
ture of a groupoid C*-algebra to the algebraic and dynamical structure of the groupoid.
The need to consider a modification of the reduced groupoid C*-algebra became apparent
beginning with work of Khoshkam-Skandalis | |, followed by instructive examples of
Exel [ ], and work of Exel-Pitts [ ] and Clark-Exel-Pardo-Sims-Starling [ ]
and Kwasniewski-Meyer [ |. The essential groupoid C*-algebra is the quotient of the
reduced groupoid C*-algebra by an ideal of singular elements | , . This
explains the need for some kind of countability assumption, such as o-compactness, in
order to control the singular elements in a suitable way. By adopting this perspective,
[ , ] obtained a characterisation of certain amenable groupoids whose essen-
tial groupoid C*-algebra is simple. In particular [ | showed that topologically free
groupoids have simple essential groupoid C*-algebras.

Let us now explain the technical core of the present work. In the context of groupoid
C*-algebras, the problem of proving simplicity is subdivided by considering the ideal inter-
section property | , ] and the study of orbits. The inclusion Co(G¥) C C%(G)
has the ideal intersection property if every nonzero ideal of C% (G) has nonzero intersec-

tion with Co(G(®). We abuse terminology slightly and refer to C,(G) having the ideal
intersection property. This C*-algebra is simple if and only if it has the ideal intersection
property and G is minimal. While it is straightforward to determine the minimality of a
groupoid, it has been a major open problem to characterise the ideal intersection property

for essential groupoid C*-algebras.

Existing work on simplicity and the ideal intersection property for groupoid C*-algebras
has generally proceeded in two different directions. First, for amenable groupoids, the re-
duced and the full groupoid C*-algebras agree, making characterisations of simplicity more
accessible, as is also visible from our main results, where the amenability condition on sec-
tions of isotropy groups is automatically satisfied. From an operator algebraic perspective
this is reflected in the abundance of *-homomorphisms defined on the full groupoid C*-
algebra. Previous work on amenable groupoids includes the work of Archbold-Spielberg
on transformation groups associated with actions of abelian groups | |, the work of
Kumjian-Pask | | and Robertson-Sims [ | characterising simplicity of groupoid
C*-algebras arising from higher-rank graphs, and finally the work of Brown-Clark-Farthing-
Sims | ] resulting in a complete characterisation of étale Hausdorff groupoids with
simple full groupoid C*-algebra. As explained above, characterisations of the simplic-
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ity of essential groupoid C*-algebras of amenable non-Hausdorff groupoids can be deduced
from recent work by Clark-Exel-Pardo-Sims-Starling | | and by Kwasniewski-Meyer

(KA1,

Second, a completely different approach to simplicity and the ideal intersection property
for groupoid C*-algebras emerged from the breakthrough results about C*-simple discrete
groups obtained by Kalantar-Kennedy | | and Breuillard-Kalantar-Kennedy-Ozawa
[ ]. The crucial insight of | | was that the simplicity of reduced group C*-
algebras has to be coupled to and understood through the group’s action on its Furstenberg
boundary. Combined with Le Boudec’s work | ], along with further characterisations
obtained by Kennedy | | and Haagerup | |, this resolved the long-standing prob-
lem of characterising discrete groups whose reduced group C*-algebra is simple, as reported
in the Séminaire Bourbaki | ).

The success of these methods in understanding the C*-simplicity of groups triggered
subsequent work on simplicity and the ideal intersection property for reduced crossed
product C*-algebras associated with dynamical systems of discrete groups [ ,

, ]. In all of this work, the C*-algebra being acted on is unital, which in the
setting of a dynamical system translates to the assumption that the underlying topological
space is compact. The next advance in this direction was obtained by Borys | , ],
who introduced an analogue of the Furstenberg boundary for étale Hausdorff groupoids
with compact unit space that enabled him to prove the ideal intersection property for
groupoids with no confined amenable sections of isotropy groups. This necessary con-
dition was a partial analogue of results obtained by Kennedy | | for groups and by
Kawabe | | for topological dynamical systems. The most recent advance was achieved
by Kalantar-Scarparo | ], who utilised the Alexandrov one-point compactification to
extend results of Kawabe to group actions on locally compact spaces.

Our proof of Theorem 7.1.1 begins with the study of the ideal intersection property.
We first treat in Theorem 7.7.2 groupoids with compact space of units, and subsequently
obtain a result for groupoids with locally compact space of units in Section 7.7.2. For
groupoids that do not necessarily arise from a group action, a one-point compactification
of the unit space leads to the notion of Alexandrov groupoid G*, which allows us to obtain
the following theorem from the corresponding result for groupoids with compact space of
units.

Theorem 7.1.2 (See Theorems 7.7.2 and 7.7.10). Let G be an étale groupoid with locally
compact Hausdorff space of units. Assume that G is Hausdorff, that G* is o-compact, or
that G is minimal and has a compact space of units. Then Ck (G) has the ideal intersection
property if and only if G has no essentially confined amenable sections of isotropy groups.
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Further, Gt is o-compact if G is o-compact.

In Corollary 7.7.12, we combine work of Bonicke-Li | | with our results to obtain a
characterisation of étale Hausdorff groupoids whose reduced groupoid C*-algebra has the
ideal separation property, that is its ideals can be completely described in terms of the
groupoid’s dynamics.

Following the paradigm established by | , |, an important intermediate
step in establishing our elementary characterisation of the ideal intersection property is
the control of equivariant ucp maps defined on the essential groupoid C*-algebras of G by
means of a suitable boundary, which implicitly requires a G-action on the groupoid C*-
algebra. However, the lack of such an action has been recognised as a major obstruction to
extending the previous-mentioned work on groups and dynamical systems to the present
setting. In particular, the C*-algebra C’(G) is not a G-C*-algebra in the sense of | 1,
which is also the definition employed in | , ], and requires a G-C*-algebra to be
fibered over the unit space of the groupoid. Therefore, an important step in developing
the results of the present article is the introduction of a new notion of groupoid action
on C*-algebras. For this, we replace elements of the groupoid with elements from the
pseudogroups of open bisections [ |. Groupoid C*-algebras are then defined in terms
of families of hereditary C*-subalgebras with *-isomorphisms associated to open bisections
of the groupoid. See Section 7.3 for details.

*.(G) is naturally a G-C*-algebra.
The following result is an important first step towards Theorem 7.1.2.

With respect to the above definition, we prove that C*

Theorem 7.1.3 (See Proposition 7.4.7 and Theorem 7.4.9). Let G be a étale groupoid
with compact Hausdorff unit space. Then (*°(G) is an injective object in the category of
G-C*-algebras. Further, there is a unique injective envelope of C(G)) in the category of
G-C*-algebras, which is commutative.

The spectrum of the G-injective envelope of C(G() is, by definition, the Hamana
boundary dyG of G. Expressed using this terminology, Borys actually constructed the
Hamana boundary of an étale Hausdorff groupoid with compact space of units, considered
within the category of classical G-C*-algebras from | |. We show in Theorem 7.4.9
that, in the setting considered by Borys, his construction of the Hamana boundary agrees
with our construction of the Hamana boundary in the larger category of G-C*-algebras.
We also develop a dynamical approach to boundary theory for an étale groupoid G with
compact Hausdorff unit space and construct the Furstenberg boundary 0rG of G within this
framework. Specifically, we consider the category of G-flows, which are compact Hausdorff
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spaces equipped with a G-action. We single out the G-boundaries, which are the G-flows
that are both minimal and strongly proximal in an appropriate sense. The Furstenberg
boundary 0rG is the universal G-boundary, meaning that every G-boundary is the image of
OrG under a morphism of G-flows. Using the universal properties satisfied by the Hamana
boundary and the Furstenberg boundary, we establish in Theorem 7.4.19 that they coincide.
This identification is an important ingredient in the study of Powers averaging property,
leading to Theorem 7.1.5 below.

Having developed a boundary theory for groupoids and, specifically, having constructed
the Hamana boundary, we are able to introduce an equivariant analogue of Pitts’ pseudo-
expectations | |, in particular obtaining a natural G-pseudo-expectation CZ (G) —
C(0rG) in Section 7.5.1. This provides a new perspective on work of Kwasniewski-Meyer
on local conditional expectations | | in terms of C*-simplicity theory. We are able
to prove the following characterisation of the ideal intersection property, which is the
foundation for all of our subsequent results.

Theorem 7.1.4 (See Theorem 7.6.1). Let G be an étale groupoid with compact Hausdor(f
space of units and denote by OpG the Furstenberg boundary of G. Assume that G is Haus-
dorff, that G is minimal or G is o-compact. Then the following statements are equivalent.

o (C*

ess

(G) has the ideal intersection property.

o O (G X OpG) has the ideal intersection property.

€ess

e There is a unique G-pseudo expectation Cr (G) — C(0rG).

Let us mention Remark 7.6.9, which shows that the intersection property for C*(G x
O0r@) implies that G is Hausdorff. Hence, for non-Hausdorff groupoids, there is no possible
variant of Theorem 7.1.4 that solely relies on the reduced groupoid C*-algebra.

Research on C*-simplicity began with an averaging argument devised by Powers | ],
based on the Dixmier averaging theorem for von Neumann algebras. Following the work on
C*-simplicity in | , ], it was subsequently shown independently by Haagerup
[ | and Kennedy | ] that Powers’ averaging property characterises C*-simplicity.
That is, G is a C*-simple group if and only if the norm-closed convex hull of the set
of G-conjugates of an element of the reduced group C*-algebra contains the trace of the
element.

This is not only of aesthetic value, but is the basis for transferring simplicity results
to related operator algebras, as happened for example with Hecke C*-algebras in | ,
| and in Phillips’ work on LP-simplicity | ].
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Very recently, the correct analogue of Powers averaging for crossed product C*-algebras
associated with group actions on compact spaces was developed in | |, using the con-
cept of a generalised probability measure. We introduce a suitable notion of generalised
probability measure along with a suitable variant of the Powers averaging property for
étale groupoids in Section 7.8. We then obtain a corresponding characterisation of simple
essential C*-algebras generalising the results in | ], as well as the results about relative
versions of Powers averaging property in | , , ].

An inclusion A C B of unital C*-algebras was termed C*-irreducible in | ] if
every intermediate C*-algebra is simple. Such inclusions are an important ingredient in
an emerging C*-algebraic analogue of Jones’ subfactor theory | |. In particular, C*-
irreducible inclusions arising from group C*-algebras, crossed products and groupoids of
germs have recently received a great deal of interest | , , , ]. The
relative Powers averaging property implies C*-irreducibility of the associated inclusion of
C*-algebras.

Theorem 7.1.5 (See Theorem 7.8.14). Let G be a minimal étale groupoid with compact
Hausdorff space of units. Then the following statements are equivalent.

o Cr.(G) is simple

o Cr (G) satisfies the relative Powers averaging property with respect to any covering
and contracting semigroup of generalised probability measures.

e A C Cr.(G) is C*irreducible for every C*-subalgebra A C CX(G) supporting a
covering and contracting semigroup of generalised probability measures.

Applying Theorem 7.1.5 to suitable subgroups of the topological full group, we obtain
many examples of groups of unitaries satisfying the relative Powers averaging property. We
remark that in view of the degeneration phenomena described in | |, it is important
to allow for the consideration of proper subgroups of the topological full group.

Corollary 7.1.6 (See Corollary 7.9.1). Let G be an étale groupoid with compact Hausdorff
space of units. Assume that there is a subgroup of the topological full group G < F(G) that
covers G and such that G ~ G is a G-boundary. Denote by 7 : G — C*(G) the unitary
representation of G in the essential groupoid C*-algebra of G. If C: (G) is simple, then
Cr.(G) satisfies Powers averaging property relative to n(G).

Considering groupoids of germs, simplicity of the associated essential groupoid C*-
algebra can be guaranteed thanks to topological freeness. Applied to this situation, our
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Theorem 7.1.6 yields the following result, extending work of Kalantar-Scarparo |

]-

Theorem 7.1.7 (See Theorem 7.9.2). Let G be a countable discrete group and G ~ X a
boundary action. Denote by G its groupoid of germs and by m : G — C%(G) the associ-

ated unitary representation. Then m(G) C Ci (G) satisfies the relative Powers averaging
property.

Let us explain the terminology in the statement of the previous theorem, referring to
Section 7.9 for more details. An action of a discrete group G ~ X is a boundary action
if X is compact and the action is minimal and strongly proximal. These actions were
introduced by Furstenberg | ] and further developed by Glasner | ], and are of
fundamental importance in topological dynamics. Given an action of a discrete group
G ~ X, its groupoid of germs is the quotient groupoid G x X/Iso(G x X)°, dividing out
the interior of its isotropy from the associated transformation groupoid.

Recall that Thompson’s group F' consists of the piecewise linear transformations of [0, 1]
with slopes and breakpoints in Z[%] The amenability of F is a major open problem in group
theory. It is a subgroup of Thompson’s group T, which consists of the piecewise PSLQ(Z[%])
transformations of S' with breakpoints in e2miZl3] The quasi-regular representation of T
with respect to F has received a great deal of attention since Haagerup-Olesen and Le
Boudec-Matte Bon considered it within the context of the amenability of F | : ].
The amenability of F is equivalent to the statement that this quasi-regular representation
is weakly contained in the regular representation of T. This fact motivated Kalantar-
Scarparo to establish the simplicity of the C*-algebra generated by this representation in
[ ]. Thanks to Theorem 7.1.7, we obtain a significant strengthening of their result.

Example 7.1.8 (See Example 7.9.8). Denote by K the totally disconnected cover of S,
doubling dyadic integer points. Let G be the groupoid of germs of the action T ~ K and
m: T — C¥(G) the associated unitary representation. Then 7(T) C C*(G) satisfies the
relative Powers averaging property.

Since it is known that C*(G) = O, in the setting of Examples 7.1.8, the above result
shows that if F' is amenable, then there is a unitary representation of T into the Cuntz
algebra O, that enjoys the relative Powers averaging property. Many more examples of
unitary representations satisfying the relative Powers averaging property can be obtained
from groups of homeomorphisms of the circle, as we explain in Remark 7.9.7.
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Organisation of the article

This article has 9 sections. After this introduction, Section 7.2 describes preliminary
results and fixes notation concerning groupoids and inverse semigroups. In Section 7.3, we
introduce our new notion of groupoid C*-algebras. In Section 7.4, we prove Theorem 7.1.3
and develop the dynamical approach to boundary theory for étale groupoids and prove
the identification of the Furstenberg and the Hamana boundary. In Section 7.5, we study
essential groupoid C*-algebra of groupoids with compact space of units from the point of
view of the Furstenberg boundary and show that there is a natural inclusion of C*-algebras
Cx.(G) C Cr (G x OpG) if G is either minimal or o-compact. In Section 7.6 we prove
some fundamental characterisations of the ideal intersection property for groupoids with
compact space of units, eventually leading to Theorem 7.1.4. In Section 7.7, we introduce
the notion of essentially confined sections of isotropy groups, as well as the Alexandrov
groupoid, leading to a proof of Theorem 7.1.2. Theorem 7.1.1 is a special case of this.
In Section 7.8, we single out the appropriate notion of relative Powers averaging property
for essential groupoid C*-algebras and prove Theorem 7.1.5 as well as Corollary 7.1.6. In
Section 7.9, we apply the previous results and prove Theorem 7.1.7. We also describe
Example 7.1.8.

7.2 Preliminaries

7.2.1 Groupoids and their C*-algebras

For basics on étale groupoids and their C*-algebras, we refer the reader to Renault’s book
[ | and Sims’ lecture notes | ]-

A groupoid is a small category whose morphisms are invertible. We denote by r and s
the range and source map of a groupoid and we adopt the convention that ¢ - h is defined
if r(h) = s(g). We denote by G = {gg™" | g € G} C G the set of units of a groupoid
G and by Iso(G) = {g € G |s(g) =r(g)} its isotropy bundle. For z,y € G, we denote
by G, = s7!(x) and G* = r~!(z) the fibres of range and source map. We also write
Gr = G, N G* for the isotropy group at x.

A topological groupoid is a groupoid equipped with a topology such that multiplication
and inversion become continuous and the range and source maps are open. An étale
groupoid is a topological groupoid whose range and source maps are local homeomorphisms.
Every étale groupoid G has a basis of its topology consisting of open bisections, that is open
subsets U C G such that s|y and r|y are homeomorphisms onto their image. A topological

97



groupoid G is effective if it satisfies Iso(G)° = G(©), that is the interior of its isotropy bundle
equals its space of units. We will need the following proposition, which generalises | ,
Proposition 4.2.19] to arbitrary étale groupoids with extremally disconnect space of units.

Proposition 7.2.1. Let G be an étale groupoid with extremally disconnected, locally com-
pact space of units. Then the isotropy bundle of G is clopen.

Proof. 1t follows from continuity of range and source map that Iso(G) is closed. Let g €
Iso(G) and let U be a compact open bisection containing g. Since range and source map are
continuous and open, U defines a partial homeomorphism ¢ : s(U) — r(U) between clopen

subsets of G®. So | , Proposition 2.11] (see also | , Proof of Theorem 1]) implies
that Fix(¢) C G is clopen. Now (s|y)"(Fix(¢)) € U C G is an open neighbourhood of
g inside Iso(G). So Iso(G) is open. [

Given a topological groupoid G, a G-space is a topological space with a surjection
p: X — G and a continuous action map G x »X — X satisfying the natural associativity
condition. Here

G x, X ={(g9,2) €G x X [s(g9) =p(z)}

denotes the fibre product with respect to s and p. A G-space p : X — GO is called
irreducible, if every closed G-invariant subset A C X satisfying p(A4) = G® must equal X.

Given a G-space X, one defines the transformation groupoid G x X as the topological
space G (X, X equipped with the range and source maps s(g,z) = z and r(g,r) = gz,
respectively, and the multiplication (g, x)(h,y) = (gh,y).

A subgroupoid H C Iso(G) is normal if ghg™' € H holds for all h € H and all g €
Gi(ny- Assuming that H C Iso(G) is an open normal subgroupoid of an étale groupoid, a
straightforward verification shows that the quotient space G/H carries a natural structure
of an étale groupoid too. It does not need to be Hausdorff.

The next definition of groupoid C*-algebras for not-necessarily Hausdorff groupoids
goes back to Connes’ work on foliations | ]. We also refer to the article of Khoshkam-
Skandalis for the construction of the regular representation for non-Hausdorff groupoids

[[K502].

Definition 7.2.2. Let G be an étale groupoid with locally compact Hausdorff space of
units. Denote by C(G) the linear span inside ¢>°(G) of all subspaces C.(U), where U C
G runs through open bisections. For z € G, denote by A, : C(G) — B((*(G,)) the
convolution representation satisfying A\, (f)d, = Zhegr(g) f(h)ong. We adapt the following
notation:
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e The maximal groupoid C*-algebra C*(G) is the universal enveloping C*-algebra of

C(G).

e The reduced groupoid C*-algebra C(G) is the C*-completion of C(G) with respect
to the family of *-representations (\;),cg-

e The universal enveloping von Neumann algebra of the maximal groupoid C*-algebra

is denoted by W*(G) = C*(G)**.
To each element a € C}(G) we associate the function
9 = a(g) = (Ag)(a)ds(g), I) -

If f eC(G), then f = f holds. We remark that unless G is Hausdorff, there are always
non-continuous functions in C(G) and a fortiori elements a € C¥(G) such that a is non-
continuous.

While the correct definition of the maximal and reduced groupoid C*-algebra for non-
Hausdorff groupoids was already clarified in the 1980’s by Connes, it is only much more
recently that a clear picture of the essential groupoid C*-algebra has emerged. After work of
Khoshkam-Skandalis | |, Exel | |, Exel-Pitts | | and Clark-Exel-Pardo-Sims-
Starling | ], the abstract framework of local conditional expectations described in
[ | allowed to define the essential crossed product of semigroup actions on Fell bundles
of bimodules. Even in the setup of groupoid C*-algebras, removing any action from the
picture, the work of Kwasniewski-Meyer provided the first complete and systematic account
on this problem (see | , End of Section 4]). It slightly differs from the treatment given
in | | in as far as the reference to functions with meager strict support allows for
a more systematic framework than considering functions whose strict support has empty
interior.

For a locally compact Hausdorff space X denote by B>(X) the algebra of all bounded
Borel functions on X and by M>(X) its ideal of functions with meager support. We
denote by Dix(X) = B>®(X)/M®>(X) the Dixmier algebra of X. Then by a result of
Gonshor, Dix(X) is isomorphic with the local multiplier algebra M,.(Co(X)) of Co(X)
and the injective envelope of Cy(X) in the category of C*-algebras with *-homomorphisms
as morphisms | |. Recall that M,.(Co(X)) = limg Cy(U), where U runs through dense
open subsets of X.

Let G be an étale groupoid with locally compact Hausdorff space of units. The local
conditional expectation Eeq : C*(G) — Mioe(Co(G)) defined by Kwasniewski-Meyer is
characterised by the formula E..q(f) = flv for every f € C(G), where U C G© is a
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dense open subset on which f is continuous. Thanks to | , Proposition 4.3], it can be
identified with the continuous extension of the natural map C(G) — Dix(G®) induced by
restriction.

There is a representation of C*(G) into the adjointable operators on a Hilbert-Dix(G®)-
module associated with E,.q by the KSGNS-construction | , Theorem 5.6].

Definition 7.2.3. Let G be an étale groupoid with locally compact Hausdorff space of
units. The essential groupoid C*-algebra of G is the image C¥(G) of C*(G) in the Hilbert-
Dix(G(®)-module associated with E,eq.

By construction, the essential groupoid C*-algebra comes with a generalised conditional
expectation Ee 1 C% (G) — Dix(G®)), which is faithful by | , Theorem 4.11]. We

follow Kwasniewski-Meyer’s development and call the kernel of the map C*(G) — CX.(G)
its ideal of singular elements and denote it by Jgne. By faithfulness of Ee, we have

Jsing = {a € C7(9) | Erea(a’a) = 0}

For groupoids covered by countably many open bisections, | , Proposition 7.18] shows
that Jgne consists exactly of those elements such that s(supp a) C G is meager, thereby
connecting to the treatment in | ]. For general groupoids the following description of
elements vanishing under the local conditional expectation, extracted from [ , Section
4], is useful. We give a proof for the reader’s convenience.

Proposition 7.2.4. Let G be an étale groupoid with locally compact Hausdorff space of
units. Assume that a € ker(E.q). Then there is a dense subset U C GO such that
aly = 0.

Proof. Let a € ker(E,eq) and let (ay,)nen be a sequence in C(G) converging to a in C(G).
Then also a,, = @, — @ in || - ||s. For every n € N there is a dense open subset U,, C G
such that a,|y, is continuous and E,eq(an) = anlu, € Cp(U,) € Mie(Co(G)). Since
Eieda(an) = Erea(a) = 0, it follows that |la,|v, ||l — 0. Let U = (), U,, which is a
comeager subset of G Since G is locally compact, we infer that U C G is dense. We
also have a|y = lima, |y = 0. |

We will need the following observation made in | , Lemma 7.15], which follows

directly from the fact that for every open bisection U, the intersection U N (GO \ G©) is
meager.
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Proposition 7.2.5. Let G be an étale groupoid with locally compact Hausdorff space of
units. Assume that G is covered by countably many open bisections. Then the set

{eG G0, ={z}} G

1s dense.

We say that an inclusion of C*-algebras A C B has the ideal intersection property
if zero is the only ideal I < B satisfying I N A = 0. We will in particular consider the
intersection property for Cy(G) C C*(G) and Co(G®¥) C C*(G). In these cases we will
write that C¥(G) and CX(G), respectively, have the ideal intersection property.

ess

We will need several times the fact that if N/ C Iso(G) is a normal open subgroupoid

whose isotropy groups are amenable, then the quotient map G — G/N extends to a

quotient map C*(G) — C*(G/N'). While this seems to be a folklore result, we are not

aware of any written account. We therefore provide a full proof for the convenience of the
reader.

Proposition 7.2.6. Let G be an étale groupoid with locally compact Hausdorff space. Let
N C Iso(G) be a normal open subgroupoid with amenable isotropy groups and denote by
p:G — G/N be the quotient map. Then there is a unique *-homomorphism 7 : CH(G) —
C*(G/N) which restricts to the natural *~isomorphism p. : C.(U) — C.(p(U)) on every
open bisection U C G.

Proof. Write H = G/N for the quotient and observe that the quotient map p : G — H
restricts to a homeomorphism on every open bisection of G. So there is a well-defined *-
homomorphism 7, : C(G) — C(H). Let us show that m,, extends to a *~homomorphism
T CHG) — C*H). Fix z € HO =2 GO and we will show that A o 7, extends to
C*(G), where A\I* denotes the left-regular representation A\t : C*(H) — B((*(H,)). Since
the group N? is amenable, we can find a Fglner net (F;); in there and consider the states

}: ()04, 04) 2 (G -

geF;

ST

Passing to a subnet, we may assume that ¢; — ¢ € (C*(G))* in the weak-*-topology. Then
an elementary computation shows that for all open bisections U C G and all f € C.(U)
we have

) flg) iHUNNT ={g},
SO(f)_{o FUNNT =0
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So ¢leg) = (A o Taig(+)ds, 05). For a,b € C(G) we find that
(A © Taig(a”a) (A © Taig(b)d2), AT © Taig (0)ds) = (b*a*ab)
< [lall: ) (D)
Ge(@) 1A © Tang (0)a 1
Since Ta(C(G)) = C(H) and C(H) acts cyclically on ¢*(H,), this shows that ||\ o

Tag(@)|| < |lalloxg). So A o ma extends to Cf(G). Since z € G was arbitrary, this
proves that m,), extends to a *~homomorphism m.eq : C;(G) — Cr(H). [ ]

= [lal

7.2.2 Inverse semigroups and pseudogroups of open bisections

We refer the reader to Lawson’s book | | for a comprehensive introduction to inverse
semigroups. Recall that an inverse semigroup is a semigroup S such that for every s € S
there is a unique s* € S such that ss*s = s and s*ss* = s*. The following notion of

pseudogroups goes back to Resende | | and Lawson-Lenz | -

Definition 7.2.7. Let S be an inverse semigroup. Elements s,t € S are compatible if s*t
and t*s are idempotent. Given a family of compatible elements (s;); in S its join is the
minimal element s € S such that s; < s for all ©. We say that S has infinite compatible
joins if every if any compatible family in S admits a join. A pseudogroup is an inverse
semigroup with infinite compatible joins in which multiplication distributes over arbitrary
joins.

Example 7.2.8 (Proposition 2.1 of | |). Let G be an étale groupoid with compact
Hausdorff space of units. Then the semigroup of open bisections I'(G) is a pseudogroup
when equipped with the multiplication U -V = {gh | g € U,h € V,s(g) = r(h)}. Then
U*={g'|ge U} follows.

Notation 7.2.9. In this article, we will refer to open bisections of an étale groupoid
G either as subsets, usually denoted by U,V C G or alternatively as elements of the
pseudogroup of G, usually denoted by 7 € I'(G). Both kinds of notation make sense in
different contexts. We denote by suppy = v*y = s(y) the support and by im~y = yy* =
r(7y) the image of v € I'(G).

7.3 A new notion of groupoid C*-algebras

In this section we introduce a new notion of groupoid C*-algebras that will allow us to
apply methods from the toolbox of C*-simplicity developed over the past years. The key
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point is that the reduced groupoid C*-algebra C*(G), as well as the essential groupoid
C*-algebra CZ(G), become G-C*-algebras, which is not the case for existing notions of
groupoid C*-algebras used in | , ].

The next example frames the action of a groupoid on its base space in a way that is
compatible with the perspective of operator algebras and pseudogroups. It will serve as a

building block for the subsequent definition of groupoid C*-algebras.

Example 7.3.1. Let G be an étale groupoid with locally compact Hausdorff space of
units G, Every open bisection v € I'(G) defines a partial homeomorphism 1, = |, o
(s],)~* : suppy — im~. Dually, we obtain a *-homomorphism a., : Co(suppy) — Co(im~)
by the assignment a,(f) = fo, = foyr 1 Associativity of the multiplication in
I'(G) implies that .,,, = 1,, o 1,, on Vs (suppyr N im Y2) and @, © (yy = Qyyy, OL
Co(1; (suppy1 Nim2)).

Let us also introduce the following notation for hereditary C*-subalgebras.

Notation 7.3.2. Let X be compact Hausdorff space, A a unital C*-algebra and C(X) C A
a unital inclusion of C*-algebras. For an open subset U C X we denote by

Ay = Co(U)AC(U)
the hereditary C*-subalgebra of A associated with U.

We are now ready to formulate our definition of groupoid C*-algebras. In Proposi-
tion 7.3.11 we will compare this new definition with the classical definition of G-C*-bundles
introduced by Renault | ], showing that our definition is a suitable generalisation. We
will only require this definition for groupoids with compact space of units, fitting the needs
of Sections 7.4 and 7.6.

Definition 7.3.3. Let G be an étale groupoid with compact Hausdorff space of units. A
unital G-C*-algebra is a unital C*-algebra A with an injective unital *-homomorphism
1:C(GY) — A and a family of *-isomorphisms ay ¢ Asuppy — Aim~ indexed by v € I'(G)
such that

e for all y € I'(G) and all f € Cy(supp~y) we have ¢(f o 9,+) = a0 t(f), and

e for all 71,7, € I'(G) the following diagram commutes.

QAy172
Awwg (suppm1) i A%l (im~2)
Qry

Asupp y1Mim ~y2
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When working with a unital G-C*-algebra A, we will frequently identify C(G®) with
its image in A under ¢ and suppress the explicit map .

Remark 7.3.4. In the setting of Fell bundles over semigroups as used in | ], it is pos-
sible to replace actions of the pseudogroup of bisections by actions of wide subsemigroups
[ , Definition 2.1 and Proposition 2.2]. The analogue of this fact for G-C*-algebras as
introduced here does not hold, since this notion is genuinely noncommutative. An example
can be found by considering the discrete groupoid G = {0, 1} x Z with unit space {0, 1}. Its
group of global bisections can be identified with Z & Z. We identify bisections supported
on 0 and 1, respectively, with {(}} x Z and Z x {0}. Then the pseudogroup of bisections
can be described as

ING)=ZaoZ)u ({0} xZ)u(Z x {0})u.

The subsemigroup S = ({0} x Z) U (Z x {0}) U B C I'(G) is wide in the sense of | :
Definition 2.1]. Consider the non-central, diagonal, unitary matrix diag(1l, —1) and the
embedding as diagonal matrices C(G(®) =2 C? C My(C). The action of T'(G) on My(C)
for which the global bisection (1,1) acts by conjugation with diag(1l,—1) is non-trivial.
However, its restriction to S is trivial.

In Proposition 7.3.6 we will see that for sufficiently large subsemigroups S C I'(G), there
is a well-behaved correspondence between G-C*-algebras and their obvious generalisations
to S-C*-algebras.

A key role in the theory of C*-simplicity is played by unital completely positive maps.
Let us fix the corresponding notion of G-ucp maps and define the category of unital G-C*-
algebras considered in subsequent sections.

Definition 7.3.5. Let G be an étale groupoid with compact Hausdorff space of units.

e A G-ucp map between unital G-C*-algebras (A, 4, @) and (B, tp, ) is a unital com-
pletely positive map ¢ : A — B such that ¢ o014 = ¢t holds and the diagram

@
. A

ASUPP ol im~y

l@suppw l‘ﬁhmw
B

Bsuppv i Bimv

commutes for every v € I'(G), where ¢|y : Ay — By is the restriction of .
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e The category of unital G-C*-algebras has as its objects unital G-C*-algebras and as
morphisms G-ucp maps.

e For unital G-C*-algebras A and B, a G-ucp map ¢ : A — B is an embedding if it is
a complete order embedding.

In Remark 7.3.4, we saw that there are wide subsemigroups S C I'(G) that do not
contain enough elements to remember a G-C*-algebra. However, for sufficiently large
semigroups it is desirable to know that there is a well-behaved correspondence. The prime
examples should be the Boolean inverse semigroup of all compact open bisections of an
ample groupoid | , ] and the Boolean inverse semigroup of all locally regular
open bisections. Modifying Definition 7.3.3, one obtains the notion of a unital S-C*-algebra
A, which is equipped with a unital embedding C'(G”)) — A and a compatible family of
*-isomorphism a; @ Agupps —> Aims, $ € S.

Proposition 7.3.6. Let G be an étale groupoid with compact Hausdorff space of units.
Let S C T'(G) be a subsemigroup such that for all all v € T(G) and all compact subsets
K C supp~y there is some open set K C U C supp~y and an element s € S such that
sly = v|u. Denote by G-C*-alg the category of unital G-C*-algebras and by S-C*-alg the
category unital S-C*-algebras. Then the forgetful functor from G-C*-alg to S-C*-alg is an
isomorphism of categories.

Proof. We will show that every S-C*-algebra carries a unique compatible structure of a
G-C*-algebra. Let (A, o) be a unital S-C*-algebra, let v € I'(G) and a € Aqypp~ be positive.
There is an ascending sequence of positive functions f,, € C.(supp~y) such that f,af, — a.
Since supp f,, is compact for all n, there are open subsets supp f, € U, C supp~y and
elements s,, € S satisfying s,|v, = 7|v,. Note that in particular s,|y,, = Sm|v,, holds for
all m < n. So if m < n satisty || foaf, — fmafm| < €, then we find that

as,, (fmafm) — as, (faafu)ll < llas, (fmafn) — as, (fmafm)|| +c=¢.

Consequently (o, (frafn))n is a Cauchy sequence in Agypp,. We then define a,(a) =
lim, g, (fraf,). Straightforward calculations show that this defines a I'(G)-action on A
and it is clear that it is the unique such action that extends the action of S. [

The main motivation to pass to the greater generality of Definition 7.3.3 is the fact that
the maximal groupoid C*-algebra C*(G) becomes a G-C*-algebra in a natural way. Indeed,
our approach to G-C*-algebras via a pseudogroup action allows for a straightforward def-
inition of inner actions, which we will now present. We need the following preparatory
lemma.
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Lemma 7.3.7. Let G be an étale groupoid with a compact Hausdorff space of units. Denote
by S the inverse semigroup of partial isometries in the universal enveloping von Neumann
algebra W*(G). There is a semigroup homomorphism I'(G) — S : v +— w., such that for all
~v € T'(G) the following statements hold.

1. The net (f)o<s<i, in Cc(y) € C(G) converges to u, in the weak-*-topology.

*

2. We have u Uy

* _
lim and UL Uy = Lsupp -

3. If g € C.(suppv), then we have u,g = g o m,-, where m, : h — ~vh denotes left
multiplication with .

Proof. Fix v € I'(G) and consider the subspace C.(v) C C*(G). For every g € C.(v), the
convolution product satisfies g * g* € C(G®). So the C*-identity implies that there is
an isometric isomorphism of Banach spaces Cy(y) = C.(v) € C*(G). Thus, we obtain an
isometric embedding

B>*(v) C Co(y)™ C C*(G)™ =W*(G),

where B%°(y) denotes the space of bounded Borel functions on . The net (f)o<f<i, is
monotone and converges pointwise to the indicator function 1., in 8(-y). By the monotone
convergence theorem, it also converges in the weak-*-topology. Since Cy(7y)** is weak-*-
closed in W*(G), the net (f)o<y<1, converges also in W*(G). We denote its limit by u..

Next take g € C.(V) for some open bisection V' satisfying s(V') C suppy. Then for
every 0 < f <1, in C.(7), we have

fg(y=tz) forycyandytzecV,
fegle) =TI .
0 otherwise.

Considering the map B>*(vy) — B>(yV) : f — f * g, the definition of the convolution
product shows continuity with respect to the topology of pointwise convergence in B> ()
and B>°(yV). This implies that u,g = g(7*-) = g o m,~ holds.

Let us now show that v — u, is a semigroup homomorphism. We have

Uy U~y = LM w = lim oM~y = U
~1 Uy 0<J<1,, wf ogfglwf 0% Y12

where the convergence claimed by the last equality holds because of the first part of this
proof. It similarly follows that

* : *
u, = lim = U~
7 OSfSIWf T
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and

N . )
uu. = lim wu.f= lim omqx = liy~ -
T o< f<i +f 0<F<T fom, e

Combining the previous statements, we also find that
WUy = uv*ufy* = Limy+ = Loupp~ -

We can now conclude that there is a natural structure of a G-C*-algebra on the maximal
groupoid C*-algebra of an étale groupoid with compact unit space. Applied to the quotient
maps C*(G) — C*(G) and C*(G) — CX(G) it also exhibits natural G-C*-algebra structures
on the reduced and the essential groupoid C*-algebra, respectively.

Proposition 7.3.8. Let G be an étale groupoid with compact Hausdorff space of units.
Consider the standard embedding C(G») C C*(G). Then there is a unique structure
(ay)yer() of a unital G-C*-algebra on C*(G) satisfying

a(f) = focy

for all v € T'(G), all open bisections U C G satisfying s(U),r(U) C suppy and all f €
C.(U). Here ¢y : h — yhy* denotes conjugation with .

Further, if T : C*(G) — A is a unital *-homomorphism that is injective on C(G),
there is the structure of a unital G-C*-algebra on A so that © is G-equivariant. If 7 is
surjective, this structure is unique.

Proof. Consider the partial isometries u,, v € I'(G) provided by Lemma 7.3.7. It follows
from this lemma that the inclusion C'(G®) C C*(G) and the maps Adu, : W*(G)supp~ —
W*(G)im~ turn the enveloping von Neumann algebra into a G-C*-algebra in such a way
that the formula Adwu,(f) = f oc,~ holds for all v € I'(G), all open bisections U C G
satisfying s(U),r(U) C supp~y and all f € C.(U). In order to show that C*(G) is a
unital G-algebra satisfying the conditions of the proposition, it suffices to fix v € I'(G)
and show that Adu, maps C*(G)suppy to C*(G). To this end, recall that C*(G)suppy =
Co(suppy)C*(G)Co(supp ). Invoking item 3 of Lemma 7.3.7 we thus find that

Uy O™ (G ) supp sy = 1, Ce(supp ) C*(G) Ce(supp v)u,
C C(9)C*(G)C(G)
=C*(G).
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Note that this is the unique G-C*-algebra structure on C*(G) satisfying the conditions of
the proposition, since

span  Cc(U) = Co(supp 7)C(G)Co(suppy) € C*(G)supp~
s(U)Csuppy
is dense.

Assume now that 7 : C*(G) — A is a unital *-homomorphism that is injective on
C(G©). We identify C(G) with a C*-subalgebra of A, that is Tlogoy = id. Fory € I'(G),
we start by defining a contractive *-homomorphism

By.c 1 span C(supp ) AC.(supp v) — span C,(im y) AC,(im~) .

Let a =Y 7" | f1.i0;f2; € spanC.(supp v)AC.(supp~y). Put K = (J;_, supp f1; Usupp fa;.
Then K C supp+y is compact, so that there is some function g € C.(supp~y) satisfying
0 < g <1andg|lg =1 Observe that u,g € C(G). We claim that the expression
7(uyg)am(uy,g)* does not depend on the choice of g. Indeed, if h € C.(supp~) is another
function satisfying 0 < h < 1 and h|x = 1, then

n

m(uygh)am(u,gh)* = Z m(uygh) f1i0; f2,m(hgu-)
=1

= Z T (wy fri) @i (foiuy+)

i=1
= m(uyg)ar(uyg)” .
Also observe that

(uyg aT uyg ZOW flz Uy ;T (Uw*)aw(fzi)

So we can put 3,.(a) = m(u,g)am(u,g)*. Since B, is contractive it extends to a *-
homomorphism 3, : Aguppy — Aim~-

If y1,72 € T'(G) satisfy im~, Nsuppy; # 0, we want to show that (., = (5, ©
672|Asupp7m. To this end let K C supp~172 be a compact subset, let go € C.(suppy172)
satisfy 0 < go < 1 and go|x = 1 and let g1 € C.(im~, Nsuppy) satisfy gil,, ) = 1.
Then Lemma 7.3.7 implies that

u'ylfluvzf2 = u’Ylu’YQOé'Y;(fl)fQ = u’y172047§(f1)f2-
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Since . (f1) f2|x =1, this implies

571%6 = ﬁ%c o 572,C|Span Ce(suppy172)ACc(supp7172)

By continuity the desired equality follows.

Assume now that 7 : C*(G) — A is surjective *-homomorphism and let £, : Asuppy —
Aiyn define some G-action on A making 7 equivariant. Fix v € I'(G) and a € Agupp~- By
approximation, we may assume that a = w(f)aon(f) for some f € Cy(supp~y) and ag € A.
Let by € C*(G) be a preimage of ag and put b = fbyf. Then w(b) = a and thus

Ay(a) = By(m(b)) = m(Aduy (b)) = m(uy)mw(b)7(u]) = Ad 7(uy)(a) .

This shows uniqueness of the G-C*-algebra structure on A. [ |

Next we will show that the classical notion of G-C*-algebras introduced in | ] is
in a precise sense subsumed by our notion. Recall that given a compact Hausdorff space
X, a unital C'(X)-algebra is a unital C*-algebra A with a unital inclusion C(X) — Z(A)
into the centre of A. Given such algebra, the evaluation maps ev, : C'(X) — C extend to
quotient maps A — A, onto the fibres of a C*-bundle.

Definition 7.3.9. Let G be an étale groupoid with compact Hausdorff space of units. A
unital G-C*-bundle is a unital C(G®)-algebra A with an associative and continuous map
a: G X |_|I€g<o) A, — |_|x€g<0) A, such that a, = id for all x € G© and Qg 0 = Qg
whenever s(g) = r(h).

A G-ucp map between unital G-C*-bundles (A, ) and (B, 3) is a unital C(G®)-modular
unital completely positive map ¢ : A — B satisfying ¢,(g) 0 ay = B4 0 gy for all g € G.

Let us make the following ad-hoc definition.

Notation 7.3.10. Let A be a C*-algebra. Writing groupoid actions implicitly, we call a
structure of a G-C*-bundle on A and the structure of a G-C*-algebra on A compatible, if
they define the same inclusion C(G(?)) C A and the equality

(Ya)x(g) = 9as(y)
is satisfied for every v € I'(G), every g € v and every a € Agupp~-

Proposition 7.3.11. Let G be an étale groupoid with compact Hausdorff space of units.
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o If A is a unital G-C*-bundle, then there is a unique compatible structure of a unital
G-C*-algebra on A.

o If A is a unital G-C*-algebra such that C(G)) C A is central, then there is a unique
compatible structure of a unital G-C*-bundle on A.

e If A and B are unital G-C*-algebras such that C(G©) is central in A and B and
v : A — B is a unital completely positive map, then o is G-equivariant in the sense
of G-C*-algebras if and only if it is G-equivariant in the sense of G-C*-bundles.

Proof. Let A be a unital G-C*-bundle. Let v € T'(G) be an open bisection, fi,fy €
Co(suppy) and a € A. Then fiaf; € Agupp~ and

suppy = G x| | Au: @ ((s1) (@), (frafa)se)
2€G(0)

extends by zero to a continuous section of G X | | g0 Ae. Its image under the action
of G defines a continuous section in | |, g0 A, whose support lies in im~. We denote
this element by a.(fiafs) € Aim, € A. The map fiafo — o, (fiafz) is bounded on
Co(supp v)ACy(suppy) and thus extends to a bounded map Aguppy — Aim~- It is straight-
forward to check that this defines a compatible structure of a unital G-C*-algebra on A.

Vice versa, assume that (A, ) is a unital G-C*-algebra such that C'(G(®) C A is central.
Let g € G and agy) € Agy). Let a € A be a lift of ayg) and v € T'(G) an open bisection
containing g. Let f1, fo € C.(supp~y) such that 0 < fi, fo <1 and fi(s(g)) =1 = fa(s(g)).
Then

av(flf2af2fl)|r(g) = fl(V*r(g))2a7(f2af2)r(g) = av(f2af2)r(9) .

This shows well-definedness of a map G X | |,cg0) Az = | |0 Ae satisfying the compat-
ibility condition of Notation 7.3.10. A straightforward calculation shows that this defines
a groupoid action, and it remains to check continuity. We denote by p the map from
the bundle | | ;) A, to its base space. Let (g,asq) € G X | ],cq0 Az and take a basic
neighbourhood of gagg), given by

N, Ue)={be || A |p(b) €U and [[b— byl <}
2€G(0)

for be A, U C G open and £ > 0. Without loss of generality, we may reduce the size of
U in order to assume that there is an open bisection v € I'(G) that contains g and satisfies
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U C im~. Further, replacing b by~f5f for some f € Cy(im~) satistying f|z = 1, we may
assume that b € Ay, .. Put @ = v*b. Then by construction N(a, U, €) maps into N (b, U, ¢),
proving continuity of the action at (g, as(g))-

A straightforward calculation shows the notions of G-equivariance for ucp maps agree.
[ |

7.4 Boundary theory for étale groupoids

Boundary theory for discrete groups has played an important role in the analysis of the
algebraic structure of the reduced C*-algebra of the group. A key result established in
[ ], is that the Furstenberg boundary and the Hamana boundary of a discrete group
coincide, that is the C*-algebra of continuous functions on the Furstenberg boundary is
the unique essential and injective object in the category of C*-dynamical systems. In this
section, we will construct the Hamana boundary and the Furstenberg boundary of any
étale groupoid G with compact Hausdorff unit space and identify the two.

A Hamana boundary of an étale Hausdorff groupoid G with compact unit space was
constructed by Borys in | , ] and directly termed Furstenberg boundary. In
this section, we denote the object he constructed by dgG. He constructed C(0pG) as the
injective envelope of C(G(®) in the category of concrete G-operator systems, which agrees
with the injective envelope in the category of G-C*-bundles.

We will construct the Hamana boundary 0y G of G, for groupoids that are not necessarily
Hausdorff. The Hamana boundary is the spectrum of the injective envelope of C(G©)
in the category of unital G-C*-algebras as introduced in Section 7.3. This terminology
highlights that the identification with the Furstenberg boundary is an a posteriori result
and honours Hamana’s development of the theory of injective envelopes | , ].
Our proof of the existence of injective envelopes in the category of unital G-C*-algebras
builds on Sinclair’s proof from | | of the existence of injective envelopes in the category
of operator systems. The key technical device utilised in his proof is the existence of
idempotents in compact right topological semigroups. Utilising the convexity of the specific
semigroup under consideration allows us to further deduce the rigidity and essentiality of
the Hamana boundary.

We also develop a dynamical approach to boundary theory for an étale groupoid G
with compact Hausdorff unit space and construct the Furstenberg boundary 0rG of G
within this framework. Specifically, consider the category of G-flows, which are compact
Hausdorff spaces equipped with a G-action. We single out the G-boundaries, which are
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the G-flows that are both minimal and strongly proximal in a sense made precise in Defi-
nition 7.4.11. The Furstenberg boundary 0rG is the universal G-boundary, meaning that
every G-boundary is the image of 0rG under a morphism of G-flows.

Once we have established the existence and uniqueness of the Furstenberg boundary
0rG, we will prove that it coincides with the Hamana boundary 0yG. Moreover, we will
prove that if G is Hausdorff, then 0rG also coincides with the boundary dgG constructed
by Borys.

Both perspectives on the Furstenberg boundary developed here are of critical impor-
tance to our results. We will utilise the operator algebraic approach to the Furstenberg
boundary throughout this paper, and in particular when we introduce pseudo-expectations
in Section 7.6. We will utilise the dynamical approach to the Furstenberg boundary when
we consider Powers averaging property in Section 7.8.

7.4.1 Groupoid actions on states and probability measures

Let G be an étale groupoid with compact Hausdorff unit space and let A be a unital G-C*-
algebra. Let ¢, : S(A) — P(G?) denote the restriction map, where S(A) denotes the state
space of A equipped with the weak* topology and P(G®) denotes the space of probability
measures on G0 equipped with the weak* topology. Although the G-C*-algebra structure
on A does not necessarily induce a G-space structure on S(A), it does induce a G-space
structure on a canonical closed subspace of S(A).

Definition 7.4.1. Let G be an étale groupoid with compact Hausdorff unit space. For a
unital G-C*-algebra A, we denote by Sgw)(A) C S(A) the closed subspace defined by

Sgo (A) = {p € S(A) | t.p = 8, for some x € GV}
The next lemma shows how the G-C*-algebras structure on A induces a G-space struc-
ture on Sg) (A).

Lemma 7.4.2. Let G be an étale groupoid with compact Hausdorff space of units. Let
(A, a) be a unital G-C*-algebra, let ¢ € S(A) be such that ¢|ogoy = evy for some z € G
and let g € G,. Let vy be an open bisection of G containing g and let f € C.(im~) be a
positive function satisfying f(r(g)) = 1. The formula

gp(a) = p(ay(faf))

defines a state on A satisfying (ggp)l(;(gw)) = eVy(g). It does not depend on the choice of ~y
and f.
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Proof. Since the intersection of any pair of open bisections containing ¢ is another open
bisection containing g, it suffices to observe that for any pair of functions f,h € C.(im~)
satisfying 0 < f,h <1 and f(r(g)) = h(r(g)) = 1, the equality

play(hfafh)) = evi(ay-(h) (o (faf)) = h(r(9))*¢(ay-(faf)) = p(ar-(faf))
holds. It is clear that (g¢)|c(g)) = evy(g), showing in particular that gy is a state. [

Let us consider the special case of commutative G-C*-algebras separately. We observe
that there is a correspondence between commutative unital G-C*-algebras C(X) and G-
spaces p : X — G This leads to the following reformulation of Definition 7.4.1.

Definition 7.4.3. Let G be an étale groupoid with compact Hausdorff unit space. For a
compact G-space p : Z — G we define

Pow(Z) ={v € P(Z) | pv = 6, for some z € GO} .

Remark 7.4.4. It is clear that Py (Z) is closed in the relative weak™® topology, because
GO C P(G?) is weak-*-closed. The G-space structure on Z induces a canonical G-space
structure on Pgw)(Z). Namely, for v € Pgo)(Z) and g € G with dyy) = p.v, we observe
that supp(v) C p~'(p.v) C Z and we can define the probability measure gv € P(Z) by

/Zfd(gl/) = /1( . f(gz)dv(z) for f e C(Z2).

This is the dual of the action of G on Sgw) (C(Z)) described by Lemma 7.4.2.

7.4.2 The Hamana boundary

Let G be an étale groupoid with compact Hausdorff unit space. In this section we will prove
the existence of injective envelopes in the category of unital G-C*-algebras, as defined in
Definition 7.4.6. We will begin by establishing the injectivity of the unital G-C*-algebra
(G).

We first observe that ¢>*(G) is a G-C*-algebra. Since GO ig compact, the canonical
embedding of C(G() into £>°(G) given by f + f or is a unital *-homomorphism. Recall
from Notation 7.3.2 that for an open subset U C G we write (*(G)y = C’O(U)ﬁoo(g)”'H
for the hereditary C*-subalgebra associated with U. Observing that C(G() C ¢=(G) is
unital, it is straightforward to see that

*

— - W

(G € {f € 0(9) [ supp(f) S (U)} = =(G)v
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For an open bisection v € I'(G), the partial homeomorphism of v on G defines a *-

), t
isomorphism vy : £2°(G)supp(y) = £°°(G )im(y) satisfying

=7 e

The next result characterises G-C*-algebra morphisms into (>(G).

Proposition 7.4.5. Let G be an étale groupoid with compact Hausdorff unit space. Let
(A, a) be a unital G-C*-algebra. There is a bijective correspondence between the following
objects:

1. G-ucp maps ¢ : A — £°(G).
2. Unital completely positive maps 1 : A — (°(G)) satisfying Y]y = ideg)-

3. Families of states {piy},cg0 on A satisfying ,ux‘c(g(o)) = 0.

For a map ¢ as in 1, the map ¢ is defined by ¥(f) = ¢(f)|g(o). For a map Y as in 2, the

family {11z} peqo is defined by setting ji, = 6,0 for each z € G, For a family {1z} peqo
as in 8, the map ¢ is defined by ¢(a)(g) = (gusg))(a) for a € A.

Proof. Tt is easy to verify the bijective correspondence between maps as in 2 and families
of states as in 3. We will prove the bijective correspondence between maps as in 1 and
families of states as in 3.

Denote by (8,)+er(g) the G-action on £°(G). Let {fiz},eg0 be a family of states on A
as in 3. Then defining ¢ A = 1°(G) by ¢(a)(g) = (gpsg))(a) for a € A yields a unital
completely positive map ¢ : A — £>°(G). Furthermore, ¢ is the identity on C(G®) since
for f € C(GY) and g € G,

O(f)(9) = (grs@))(f) = dee)(f) = (f o 1)(9)

In particular ¢(c(a)) € £2°(G)im~ for all a € Agypp~. To see that ¢ is G-equivariant, choose
v €I(G) and a € Agypp(y). We must show that ¢(a(a))(g) = By(¢(a))(g) for all g € im~y.

Suppose g € G satisfies r(g) € im~y. Choose n € I'(G) with ¢ € . Then r(g) €
im~ N im7, so in particular im~y Nimn # (. Choose f € C.(im~ N imn) such that
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f(r(g)) = 1. Then

oy (a))(9) = (gtis(9)) (4 (a))
= ps(g) (o (fory(a) f))
= fis(g) (Q(yep)= (e (facy<(f)))
= MS(v*g)(O‘(w*n)* (s (f)acy-(f)))
= (V"9 tis(r+9)) (@)
= ¢(a)(v"9)
= B,(¢(a))(9) -

Hence ¢ is equivariant. Moreover, it is clear that ¢ satisfies 8, o ¢ = p for all z € G,
Therefore, the map from families of states as in 3 to G-ucp maps as in 1 is injective.

It remains to show that the map is surjective. For this, let ¢ : A — ¢>°(G) be a G-ucp
map as in 1. Define a family of states {1z },cg0 on A by p, = d;0¢ and let ¢' : A — (>°(G)
be the corresponding G-ucp map constructed as above. For g € G, let v € T'(G) be an open
bisection with ¢ € v and let f € C.(im~) be a function satisfying f(r(g)) = 1. Then by
the equivariance of ¢, we have

¢'(a)(g9) = (9t1s(9))(a)
= HS(g)(O‘W* (faf))
= (0s(9) © D) (< (faf))
= 0s(g) (By+ 0 @(faf))
= ¢(faf)(s(g))
= o(faf)(g)-

Now using the fact that ¢ is a C'(G®)-bimodule map gives

o(faf)(g) = f(x(g))d(a)(9)f(r(g)) = ¢(a)(g).

Hence ¢'(a)(g) = ¢(a)(g) for all g € G, and we conclude that ¢’ = ¢. It follows that the
map from families of states as in 3 to G-ucp maps as in 1 is surjective. [

We now define injectivity in the category of unital G-C*-algebras. For unital G-C*-
algebras A and B, recall that a G-ucp map ¢ : A — B is an embedding if it is a complete
order embedding and note that if either of A or B is commutative, then ¢ is an embedding
if and only if it is isometric.
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Definition 7.4.6. Let G be an étale groupoid with compact Hausdorff unit space. We
say that a unital G-C*-algebra C' is injective in the category of unital G-C*-algebras if
whenever A and B are unital G-C*-algebras with an embedding ¢ : A — B and a G-ucp
map ¢ : A — C, there is a G-ucp map ¢ : B — C extending ¢, that is the following
diagram commutes.

B
11 4L

With the correspondence from Proposition 7.4.5, we are now able to prove the injectivity
of £>°(G) in the category of unital G-C*-algebras.

Proposition 7.4.7. Let G be an étale groupoid with compact Hausdorff unit space. The
C*-algebra (>°(G) is injective in the category of unital G-C*-algebras.

Proof. Let t : A — B be a unital G-C*-algebra embedding and let ¢ : A — (>°(G) be a
G-ucp map. Let ¢ : A — £>°(G®) be the corresponding unital completely positive map
satisfying 9| (gw) = idg(gw) as in Proposition 7.4.5. Since £>°(G®) is a commutative von
Neumann algebra, it is injective in the category of operator systems. Hence there is a unital
positive map 1& : B — (°(G©)) extending v, that is the following diagram commutes.

B

] \\\\ w
L S
Nt

A 2y (GO

Applying Proposition 7.4.5 again, we obtain a G-ucp map ¢: B — (°(G). Forac A,
we have ¢(a)lgo = ¥(a) = ¥(a) = ¢(a)|gw), so it follows from the correspondence in

Proposition 7.4.5 that ¢|4 = ¢. We conclude that ¢>°(G) is injective. [ |

Now that we have established the existence of a von Neumann algebra in the category
of unital G-C*-algebra, we will be able to establish the existence an injective envelope.

Definition 7.4.8. Let G be an étale groupoid with compact Hausdorff unit space and let
A C B be a G-ucp embedding of unital G-C*-algebras.

1. We say that B is a rigid extension of A if any G-ucp map ¢ : B — B with ¢|4 = ida
satisfies ¢ = idp.
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2. We say that B is an essential extension of A if whenever C' is a unital G-C*-algebra
and ¢ : B — C'is a G-ucp map such that the restriction ¢|4 is an embedding, then
¢ is an embedding.

3. A G-injective envelope of A is an injective unital G-C*-algebra C' with an essential
G-ucp embedding A — C.

The next result establishes the existence and uniqueness of the injective envelope of
C(G©) in the category of unital G-C*-algebras, along with its rigidity property. The
first part of the proof closely follows Sinclair’s proof from | | of the existence of the
injective envelope of an operator system using the existence of minimal idempotents in
compact right topological semigroups. By utilising the convexity of the semigroup under
consideration, we then deduce rigidity and essentiality. The proof will make use of basic
facts about compact right topological semigroups as presented for example in | .

Theorem 7.4.9. Let G be an étale groupoid with compact Hausdorff unit space. The G-
C*-algebra C(G®)) admits an injective envelope in the category of unital G-C*-algebras.
It is a rigid extension of C(G©)). It is also a commutative C*-algebra and unique up to
*_isomorphism.

Proof. By Proposition 7.4.7, the commutative von Neumann algebra ¢°°(G) is injective in
the category of unital G-C*-algebras. Let S denote the set of G-C*-ucp maps ¢ : (°(G) —
£2°(G) satisfying ¢|c gy = idg(go), equipped with the relative point-weak® topology.
Then S is a compact convex right topological semigroup under composition, meaning that
for fixed ¢ € S and a net (¢;) in S converging to ¢ € S, we have lim ¢; 0 1) = ¢ 0.

Since S is a compact right topological semigroup, it contains a minimal left ideal L C S.
Note that L is necessarily closed. We claim that L is also a left zero semigroup, in the
sense that ¢ oy = ¢ for all ¢,1 € L. To see this, fix ¢ € L and observe that S is a left
ideal of S contained in L, so the minimality of L implies L = St. In particular, since S is
convex, this implies that L is convex. The map L — L : ¢ +— ¢ o1 is thus a continuous
affine map, so it admits a fixed point. Hence Lo = {¢ € L : p o) = ¢} is a left ideal of S
contained in L. Applying the minimality of L again implies that Ly = L. Hence L is a left
zero semigroup. This implies that every element of L, and in particular 1, is idempotent.

Let A = im1). Since 1) is idempotent, A is a C*-algebra under the Choi-Effros product
defined by a o b = 1(ab). Since ¢*°(G) is commutative, A is commutative. Also, since
Yooy = idgg), it follows that C(GY) is a C*-subalgebra of A and belongs to the
multiplicative domain of 1. Thanks to G-equivariance of v, the G-C*-algebra structure on
07°(G) restricts to a G-C*-algebra structure on A. Furthermore, since A is the range of an
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idempotent G-ucp map from the injective G-C*-algebra ¢*°(G), it follows that A is injective
in the category of G-C*-algebras.

Before proving that A is actually the injective envelope of C(G(®), it will be convenient
to first prove that it is a rigid extension of C'(G®). To see this, let ¢ : A — A be a G-ucp
map. Let ¢ : A — £°°(G) denote the G-embedding as a subset. Then to¢po1 € S and even
togp=1o0¢or? € L. Since L is a left zero semigroup, 1) = 1 o 1 o ¢ o 1), which implies
that ¢ = 1id4. Hence A is a rigid extension of C(G(©).

To see that A is an essential extension of C'(G®), let C' be a unital G-C*-algebra and
let ¢ : A — C be a G-ucp map. Note that ¢[cgm) = idggm), so in particular ¢|c o)
is an embedding. By the injectivity of A, there is a G-ucp map n : C' — A satisfying
(10 ¢)|cgo) = idggw). Hence by the rigidity of A, we have no ¢ = ida, implying that ¢
is an embedding.

Finally, to see that A is unique, let D be an injective envelope of C(G®)) in the category
of unital G-C*-algebras. By the injectivity of D, there is a G-ucp map ¢ : A — D such
that @|cgo) is an embedding. So the essentiality of A implies that ¢ is an embedding.
Symmetrically, we obtain an embedding ¢ : D — A. The composition ¥ o ¢, must be the
identity map, since A is rigid, which implies that ¢ is surjective. Hence ¢ is an isometric
complete order isomorphism between C*-algebras, and therefore is a *-isomorphism. W

We are now able to define the Hamana boundary of G.

Definition 7.4.10. Let G be an étale groupoid with compact Hausdorff unit space. The
Hamana boundary dzG of G is the spectrum of the injective envelope of C(G®) in the
category of unital G-C*-algebras.

We observe that C(0yG) is also injective in the category of unital C*-algebras. In
particular, this implies that 0y G is extremally disconnected. We will make use of this fact
below.

7.4.3 The Furstenberg boundary

Let G be an étale groupoid with compact Hausdorff unit space. In this section we will con-
struct the Furstenberg boundary of G by developing an analogue for groupoids of Fursten-
berg and Glasner’s theory of topological dynamical boundaries for groups (see e.g. | D).

In the next definition, we make use of the notation G- A = {ga | s(g) = p(a)} for a
subset A C X of a G-space p: X — GO,
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Definition 7.4.11. Let G be an étale groupoid with compact Hausdorff space of units and
let p: Y — G© be a compact G-space.

e We will say that Y is irreducible if whenever Z C Y is a closed G-invariant subspace
satisfying p(Z) = G, then Z =Y.

o We will say that Y is strongly proximal if whenever (p,),cg is a family of probability
measures on Y satisfying p,u, = 0, for all x € GO, then

GOCpYNG-{u, | x€GO}).

e We will say that Y is a G-boundary if it is both irreducible and strongly proximal.

Remark 7.4.12. We will use the fact that a compact G-space p : ¥ — G is a G-
boundary if and only if for every family (us),cgo of probability measures p, € P(Y)

satisfying puji, = 0., we have Y C G- {u, | z € GO }.

The next proposition provides a characterisation of strong proximality in the minimal
setting that will be useful for the arguments in Section 7.8.

Proposition 7.4.13. Let G be a minimal étale groupoid with compact Hausdorff unit space.
Let p: Y — GO be an irreducible G-space. Then'Y is strongly proximal if and only if the
following condition holds: for every x € G and every probability measure pu € P(Y)
satisfying p.y = 0y, there is y € p~*(x) and a net (g;) in G, such that g;p — 9.

Proof. 1f Y satisfies the condition of the proposition, then it is clear that Y is strongly
proximal. For the converse, suppose that Y is strongly proximal and that u € P(Y)
satisfies p(p) = d,, for some 7o € G By the minimality of G,

p(G 1) =G pup=G2.

So we can find a family (p1;),cq0 in G - p satisfying p(u,) = d, for all z € G®. From the
strong proximality of Y, we infer that

p(Y NG 1) Dp(Y NG -{y | €GO}) =GO

which finishes the proof of the proposition. [ |
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In Furstenberg and Glasner’s theory of topological dynamical boundaries for groups,
the affine flow of probability measures on a compact flow plays an important role. In the
present setting, a complication arises from the fact that a G-flow Z does not necessarily
induce a G-flow structure on the entire space P(Z) of probability measures on Z. Instead,
it is necessary to work with the subspace Pg©) (Z) C P(Z) introduced in Section 7.4.1.

Proposition 7.4.14. Let G be an étale groupoid with compact Hausdorff unit space. Let
pz: Z — GO be a G-boundary and let py : Y — GO be any compact G-space.

1. The image of every G-map Y — Pgo)(Z) contains Z.

2. If Y is drreducible, then every G-map Y — Pgwo(Z) maps onto Z, and there is at
most one G-map Y — Z.

Proof. Let ¢ : Y — Pgw)(Z) be a G-map. Then (px).¢(y) = 0py () holds for all y € Y.

Since Z is a G-boundary, we have Z C G- ¢(Y) by Remark 7.4.12. Because ¢ is G-
equivariant and Y is compact, we infer that Z C ¢(Y).

Now assume in addition that that Y is irreducible. The subset ¢~1(Z) C Y satisfies
py(071(Z)) = G9, so by the irreducibility of Y, we have ¢~'(Z) = Y. Combined with
the previous paragraph, this implies that ¢(Y) = Z. If ¢ : Y — Z is another G-map,
then (¢ + 1) : Y — Py (Z) is also a G-map that, from above, must take values in Z. It
follows that ¢ = 1. |

The next theorem establishes the existence of a Furstenberg boundary in analogy with
the classical argument for groups.

Theorem 7.4.15. Let G be an étale groupoid with compact Hausdorff space of units. There
is a G-boundary OrG that is universal in the sense that for every G-boundary Y there is
a (necessarily surjective) G-map OpG — Y. Furthermore, OpG is the unique G-boundary
with this property up to isomorphism of G-spaces.

Proof. We will prove the existence of 0rG, whereupon uniqueness will follow from Proposi-
tion 7.4.14. First observe that by irreducibility, the density character of every G-boundary
does not exceed |G|. So there is a family of representatives for isomorphism classes of
G-boundaries ¢; : Y; — G, i € I. Consider the fibre product

Y = H(Yi,qi) = lim Y Xg0 Y5, Xgo -+ Xgo Vi,
T

i1, yin €1
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and note that Y is compact, being the projective limit of compact Hausdorff spaces. Let
p:Y =GO and p;, : Y = Y; denote the natural projections.

We now show that Y is strongly proximal. Let (u;),cgo be a family of probability
measures on Y satisfying p,p, = 6, for all z € G, For a finite subset F' C I, write
Yr = [[(Y;, @) and denote by pr : Y — Yr and qr : Yp — G the natural projections.
We will show by induction on the size of F' that

G Car(YrN G- (pr)-{n. | 2 € GOY).

The case |F| = 1 follows from the assumed strong proximality for all Y;. Fix a finite set
F C I and assume that the statement is proven for all strictly smaller sets than F'. Let
1 € F. Then by induction hypothesis, we have

GO C gppiy (Yeun NG - (priy)« it | # € GO

By the compactness of P(Y) this means that for every x € G© there is

Ve € G-{pe | x € GO} such that (pp\jiy)ite € Yrygy and p, = 6. By the strong
proximality of Y;, we find that

GO Ca(VinG - (p){v. | £ € GOY}).

Choose probability measures o,, # € G in G- {v, | + € GO} such that (p;).0, € Y; and
P«0, = 0. We observe that

(pF\{i})*az € (pF\{i})*(g ) {Vx | T e g(o)}) C YF\{i}
so that (pr).0, € Yp follows for all 2 € G(®. This finishes the induction.

In summary, we have found for every z € G(¥) a net of probability measures ( o ) FCI finite
in G- {u, | €GO} such that p.(,r) = 8, and (pr).(per) € Yr for all z € GO and all
finite subsets F C I. By compactness, there are probability measures v,, z € G on Y
satisfying p.(v,) = 0, and (pp).(ve) € Yr for all 2 € GO and all finite subsets F C 1.
Since cylinder sets generate the Y-algebra of Y, this implies that v, € Y for all z € G,
which finishes the proof of strong proximality.

Consider now the family of closed G-invariant subsets A C Y that satisfy p(A) = G(©.
This family is ordered by inclusion and by compactness satisfies the descending chain
condition. Hence it contains a minimal element, which necessarily will be an irreducible
G-space. Since it inherits strong proximality from Y, this proves the existence of 0rG. B

We are now able to define the Furstenberg boundary of G.

Definition 7.4.16. Let G be an étale groupoid with compact Hausdorff unit space. The
Furstenberg boundary 0rG of G is the G-boundary constructed in Theorem 7.4.15.
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7.4.4 Equivalence of boundaries

In this section we will prove that the Hamana boundary and the Furstenberg boundary
coincide.

Let us start by the following lemma, which leads to a characterisation of G-boundaries
in Proposition 7.4.18. Its proof is based on Milman’s partial converse to the Krein-Milman
theorem, which states that if Y is a closed subset of a compact convex set K with the
property that the closed convex hull of Y is equal to K, then Y contains all of the extreme
points of K.

Lemma 7.4.17. Let G be an étale groupoid with compact Hausdorff unit space. LetY be a
compact Hausdorff space identified with the closed subset of Dirac measures in P(Y). Let
(1i)ier be a family of probability measures on' Y. Then'Y C {ui}ielw if and only if the
map @,c;pi 2 C(Y) — £2°(1) is isometric.

Proof. Suppose that the map €, ., i : C(Y) — £>°(1) is isometric but that thereis y € Y

such that y ¢ {1t }ie; . Then letting K C P(Y) denote the closed convex hull of the set
{pi}ier, we infer that K is a proper subset of P(Y'). Hence by the Hahn-Banach separation
theorem there is positive f € C(Y') and o > 0 such that

sup i (f) < a < f(y),

iel
contradicting the fact that the map €, ; p; is isometric.

Conversely, suppose that Y C {; }ic IW . The map @, p; induces a continuous map

¢ : P(BI) — P(Y) satisfying ¢(0;) = u; for i € I. Hence gb(ﬁ])w* D Y. Since ¢(P(BI))
is compact and weak*-closed, the Krein-Milman theorem implies that ¢(P(8I)) = P(Y),
that is ¢ is surjective. It follows that the map @, ju; is isometric. [ |

Recall the bijective correspondence between commutative unital G-C*-algebras and
compact G-spaces from Section 7.4.1. The next result implies that this correspondence
restricts to a bijective correspondence between essential commutative unital G-C*-algebra
extensions of C(G(®) and G-boundaries.

Proposition 7.4.18. Let G be an étale groupoid with compact Hausdorff unit space. Let
C(Y) be a commutative unital G-C*-algebra. Then C(Y) is an essential extension of

C(G9) if and only if Y is a G-boundary.
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Proof. First recall from Remark 7.4.12 that Y is a G-boundary if and only if for any family
of probability measures (us),ego on Y with the property that ,ux\c(gm)) = ¢, for each
z € GO we have

Y C{gps) | g€ G} .

Suppose that Y is a G-boundary. Let B be a G-C*-algebra and let ¢ : C'(Y) — B be a G-ucp
map. We must show that ¢ is an embedding. Equivalently, since C'(Y') is commutative, we
must show that ¢ is isometric. By Proposition 7.4.7, we know that ¢°°(G) is an injective G-
C*-algebra. So there is a G-ucp map B — ¢*°(G). It suffices to show that the composition
Y o ¢ is isometric. Hence without loss of generality, we can assume that B = ¢>°(G). For
z € G9 let y, = 0, o ¢. Then by Proposition 7.4.7, we have ¢ = ®g€g Ghs(g)- It now
follows from Lemma 7.4.17 and the characterisation of G-boundaries from the beginning
of the proof that ¢ is isometric.

Conversely, suppose that C(Y) is an essential extension of C(G©). Let (t)ycq0
be a family of probability measures on Y satisfying p.pu, = 6, for all z € G©. By
Proposition 7.4.7, we obtain a G-ucp map ¢ = @geg Jlis(g)- By essentiality, ¢ is isometric.

Hence by Lemma 7.4.17, we have Y C {gusq) | g € G}, so by the characterisation of
G-boundaries from Remark 7.4.12, Y is a G-boundary. [ |

We now deduce the equality of the Hamana boundary 0y G and the Furstenberg bound-
ary Opg.

Theorem 7.4.19. Let G be an étale groupoid with compact Hausdorff unit space. The
Hamana boundary OgG and the Furstenberg boundary OrG are isomorphic as G-spaces.

Proof. We will prove that C(0yG) and C(0rG) are isomorphic as G-C*-algebras. The
result will then follow from the discussion in Section 7.4.1.

Theorem 7.4.9 and Proposition 7.4.18 imply that 0y G is a G-boundary. Hence by the
universal property of JrG there is a (necessarily surjective) G-map 7 : IrG — 0yG. This
map corresponds to a G-ucp embedding ¢ : C(0yG) — C(9rG). By the injectivity of
C(0yG), there is a G-ucp map ¢ : C(9rG) — C(9xG) such that the following diagram
commutes:

C(0rQ)

g
~A

C(0u9) 4, C(0u9)
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Applying Proposition 7.4.18 again, C'(0rG) is an essential extension of C'(G®), so ¢ must
be an embedding, forcing all of the maps in the above diagram to be *-isomorphisms. In
particular, ¢ is a *-isomorphism. [ |

Finally, in the Hausdorff setting, we deduce the equality of the Furstenberg boundary
as constructed in this section with the Furstenberg boundary constructed by Borys, which
we denote by dpG. Recall that C(05G) is the injective envelope of C'(G®) in the category
of concrete G-operator systems in the terminology of | , ]. In particular, it is
the injective envelope of C'(G®) in the category of G-C*-bundles.

Theorem 7.4.20. Suppose that G is an étale Hausdorff groupoid with compact space of
units. Then the Furstenberg boundary OrG and the boundary OpG constructed by Borys are
isomorphic as G-spaces.

Proof. We will prove that C'(0rG) and C(0pG) are isomorphic as G-C*-algebras. The
result will then follow from the discussion in Section 7.4.1.

Since C(0rG) is a commutative unital G-C*-algebra, Proposition 7.3.11 says that it
has a unique compatible structure of a unital G-C*-bundle. By Proposition 7.3.11 and
injectivity of C'(0gG) in this category, there is a G-ucp map ¢ : C(9rG) — C(0pG). Since
C(0pG) is a unital G-C*-algebras, there is also a G-ucp map ¢ : C(9pG) — C(90rG).

By the rigidity of C'(0rG), we infer that ¢ o ¢ is the identity map. Similarly, by the
rigidity of C'(0pG), we have that ¢ o 1 is the identity map. Hence ¢ and 1 are both
*_isomorphisms. [ |

7.5 [Essential groupoid C*-algebras

In this section, we develop some understanding of essential groupoid C*-algebras, which
will be necessary to adapt methods from the theory of C*-simplicity to non-Hausdorff
groupoids. While there is always an inclusion C¥(G) C C*(G x 0rG), it is & priori not
clear that there is a similar inclusion on the level of essential groupoid C*-algebras. In
Section 7.5.2, we will show that this is the case for minimal groupoids and o-compact
groupoids. For the proof of this fact, we reformulate the local conditional expectation of
Kwagsniewski-Meyer in terms of continuous extensions of functions on extremally discon-
nected spaces, such as the Furstenberg boundary 0rG. This will be done in Section 7.5.1.
Finally, the point of view developed here, naturally leads to the question whether the lo-
cal conditional expectation of the Furstenberg groupoid is actually related to a reduced
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groupoid C*-algebra, which appears in the background. This is indeed the case, as we
will show in Section 7.5.3, when introducing the Hausdorffification of a groupoid with ex-
tremally disconnected unit space. Also this concept will be useful in our further discussion
on the intersection property in Sections 7.6 and 7.7.

7.5.1 The local conditional expectation for groupoid C*-algebras
via continuous extensions on extremally disconnected spaces

In this section we describe an alternative point of view on the local conditional expecta-

tion introduced by of Kwasniwski-Meyer | |, by means of continuous extensions of
functions.
The next lemma is an adaption of | , Lemma 3.2] (see also | , Lemma 3.3])

to the setting of groupoid dynamical systems that are not necessarily minimal.

Lemma 7.5.1. Let G be an étale groupoid with compact Hausdorff space of units and
assume that G is minimal or o-compact. Let p : X — GO be a totally disconnected,
wrreducible, compact G-space. Then

e for every open subset U C X the projection p(U) C G has non-empty interior.

e for every dense subset D C G, the inverse image p~ (D) C X is dense.

Proof. Denote by 7 : Gix X — G the natural extension of p. Let U C X be an open subset.
Denote by ¢, the partial homeomorphism of X associated to an open bisection v of G x X
and 1, the partial homeomorphism of G ) associated with an open bisection of G.

If G is minimal, then G ~ X is minimal too. By compactness of X we find finitely many
compact open bisections (), of G x X such that (im ¢, ), covers X and for every n, we
have supp ¢, C U and there is an open bisection 3, of G such that v, C 7~!(8,). Since
each of the sets p(im ¢,, ) is closed and X is a Baire space, it follows that there is some n
such that p(im ., ) has non-empty interior. Then also 9. o p(im ¢,, ) = p(supp ¢, ) has
non-empty interior.

If G is o-compact, observe that 7 : G x X — G is proper, so that G x X is o-compact
and as such covered by countably many compact open bisections (7y )nen, €ach contained in
7 (B,) for a some open bisection 3, of G. Consider the open subset O = |,y ¢+, (U) C
X. Then X \ O C X is a proper closed G-invariant subset. Thus p(X \ O) C G is a
proper subset by irreducibility of X. Further, since X is compact and G(©) is Hausdorff,
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p(X\O) is also closed. It follows that p(O) has non-empty interior. Since it is the countable
union of the closed subsets (p(¢, (U)))nen and X is a Baire space, there is n € N such
that p(¢,,(U)) has non-empty interior. As before, one concludes that 1g: o p(¢,, (U)) =
p(U N supp ¢, ) has non-empty interior.

Let now D C G© be a dense subset. Given an open subset U C X, we know by
the first part that p(U) has non-empty interior and thus intersects D non-trivially. Thus
U Np~ (D) is non-empty either, which proves density of p~!(D) C X. [ |

Remark 7.5.2. A topological space X is extremally disconnected if and only if for every
open subset U C X and every continuous function f € C,(U) there is a continuous
function g € Cy(X) satisfying gl = f. We refer to | , Exercise 1.H.6, p.23], which
uses a suitable version of Urysohn’s extension theorem (see | , 1.17, p.18]). One may
choose ¢ to be supported in the clopen subset U C X.

Let us now describe our perspective on the local conditional expectation. We adopt
the original perspective of the local multiplier algebra as explained in Section 7.2.1. Recall
the terminology of [ , Section 3.1] that for an inclusion A C B of C*-algebras, a
generalised conditional expectation is given by another inclusion A C C' and a completely
positive, contractive map F : B — (' that restricts to the identity on A. In the next
proposition, the role of A is played by C(G).

Proposition 7.5.3. Let G be an étale groupoid with compact Hausdorff space of units and
assume that G is minimal or o-compact. Let p : X — GO be an extremally disconnected,
irreducible, compact G-space and denote by 7w : Gx X — G its natural extension. Then there
is a unique generalised conditional expectation F : C¥(G) — C(X) such that supp(F(f)) C

pHUNGO) and

F(f)|p—1(Umg(0>) =(fo 7T)|p—1(Umg<0>)

for all open bisections U C G and all f € Co(U). If Ereq : CH(G) — Mie(C(G))
denotes the local conditional expectation, then there is a unique G-equivariant embedding
Mioe(C(G@)) — C(X) such that the following diagram commutes

C*(G) —E— CO(X)

r
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Proof. Let U C G be an open bisection and f € C,(U). Write V = p~'(UNG®) C X and
denote by g € C(X) the unique continuous extension of (f o 7)|y; having support in V.
This defines a map F : @, C.(U) — C(X). Let f =", fi € C(G) for open bisections
Ui C G and f; € C.(U;). Write V; = p~1(U; N G) and observe that | Y. F(fi)(z)] =
|> i fiom(x)] <[> filler for all x € X \ |J,;0V;, where f; is considered as a Borel
function defined on all of G and having support in U;. So continuity of each F(f;) implies
that

| ZF(fi)H = sup{]| Zﬂﬁ-)(m)! |z € X}
= sup{] ZF(fi)@s)l |z e X'\ Uc‘?vz}
<[ f]

So F factors through C(G) and extends to a well-defined map C}(G) — C(X).

Given a dense open subset O C G and f € C,(O), Lemma 7.5.1 says that p~1(0) C X
is dense, so that there is a unique continuous extension of f o 7w to X, which defines an
element in C'(X). We thus obtain a well-defined map C,(0) — C(X). Varying O, these
embeddings define an injective *-homomorphism ¢ : My,.(C(G)) — C(X).

Given an open bisection U C G and f € C.(U), fix O = GO \ 9U. Then E,q(f) €
Cy(0) € Mioe(C(G™)) by definition. Further, 1(Ereq(f))(x) = F(f)(z) for all x € X \
p 1 (GYNoU). By Lemma 7.5.1 the latter set is dense in X and we can infer o(E,eq(f)) =
F(f) from continuity. |

cr

7.5.2 Inclusions of essential groupoid C*-algebras

Using the skyscraper groupoid as in | , Example 2.5], it was observed in | ,
Remark 4.8] that the essential groupoid construction is not functorial. The present section
demonstrates that in the situations arising from the study of C*-simplicity, we do see
a natural inclusion of essential groupoid C*-algebras arising from suitable surjections of
groupoids. We make use of the Dixmier algebra picture of the local conditional expectation,
as explained in Section 7.2.1.

Theorem 7.5.4. Let G and H be étale groupoids with compact Hausdorff space of units
and that H is minimal or o-compact. Assume that 7 : G — H is a fibrewise bijective,
proper surjection of groupoids. Then precomposition with m defines a *-homomorphism
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C(H) — C(G) giving rise to the following commuting diagram of inclusions.

CH) —— CI(H) —— Ciu(H)

| l l

C(G) —— CH9) — C(9)

Proof. Whenever U C H is an open bisection, then 771(U) C G is an open bisection, since
7 is fibrewise bijective. Since 7 is proper, precomposition with 7 defines a *-isomorphism
C.(U) = C.(r~Y(U)). This proves that m, : C(H) — C(G) is well-defined. It is injective,

since m is surjective.

For z € G, we have MNor, = )\f(x) as a straightforward calculation on the subspaces
C.(U) C C(H) for open bisections U C H shows. It follows that 7, extends continuously
to an embedding C*(H) — C*(G).

Write now X = spec(Dix(G()) and observe that X is an extremally disconnected G-
space. Denote its unit space projection by p : X — G©. Since 7 is fibrewise bijective,
X also becomes an H-space. For an element h € H and an element z € X satisfying
mop(z) =s(h), there is a unique g € 7 1(h) satisfying s(g) = p(z). Then hx = gz holds
by definition. Denote by EZ, : C*(G) — C(X) the local conditional expectation. Then

EY, om : C:(H) — C(X)

falls in the scope of PI"OpOSlthIl 7.5.3. Hence we find that EY o, = 1o E¥;, where we
denote by ¢ : Dix(H®) — C(X) the natural inclusion and by E¥, : C*(H) — Dix(H®)
the local conditional expectation of H.

ker(C':(H) — C(;kss( )) = {CL S C*( ) | Ered( i ) = 0}
= {a € C}(H) | Exy o mi(a’a) = 0}
=ker(C;(H) = C(9)) -

€ss

Remark 7.5.5. Our proof of Theorem 7.5.4 makes direct use of the definition of the
essential groupoid. It should be remarked that Lemma 7.5.1 applied to the map Gx X — G
also implies that preimages of meager sets remain meager. So functions with meager
support are pulled back to functions with meager support. Recall from Section 7.2.1 that for
a € C}(G), one defines a function on G by a(g) = (As(g)(a)ds(g), dg)- It follows from | )
Proposition 7.18] and its proof that for étale groupoids G, the kernel of C¥(G) — CZ.(G)
consists exactly of elements a € C*(G) such that a*a has meager support. This provides an
alternative approach to Theorem 7.5.4 for o-compact groupoids and minimal groupoids.
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Remark 7.5.6. Despite a long list of characterisations obtained in | , Proposition
7.18] an elementary description of singular elements has not yet been obtained. We observe
the following restriction on such elements, strengthening | , Lemma 7.15]. It follows
from Theorem 7.5.4 that an element a € C*(G) is singular if and only if it is singular in

CH(G x 0pG). Let D =s(GO\ GO and Dy = s(9xG \ 9rG). Then a o 7 is supported on

s71(Dy) by | , Proposition 7.18], so that a is supported in
sTH(D)N{geg|n(g) s (Do)} =57 (D) \7(G\s (Do)
In the terminology of | |, the preimage of s(g) under m must consists entirely of

dangerous points.

Remark 7.5.7. We currently do not know whether the assumption of minimality or o-
compactness is necessary in Theorem 7.5.4. It is a natural problem to either prove a result
or provide a counterexample in this generality.

continue here

7.5.3 Hausdorffification of groupoids with extremally disconnected
space of units

In this section we describe the essential groupoid C*-algebra of a non-Hausdorff groupoid
with an extremally disconnected space of units as the reduced groupoid C*-algebra of a
suitable Hausdorffification. In doing so, the main object we have in mind is of course the
Furstenberg groupoid G x 0pG.

Recall from Proposition 7.2.1 that the isotropy groupoid of an étale groupoid with an
extremally disconnected space of units is clopen. The analogue statement holds true for the
closure of its space of units, which will be the starting point of defining a Hausdorffification.

Lemma 7.5.8. Let G be an étale groupoid whose space of units is an extremally discon-
nected, locally compact Hausdorff space. Then G is extremally disconnected. In particular,
GO C G is a clopen normal subgroupoid.

Proof. Let O C G be an open subset and ¢ € O. Let U C G be an open bisection
containing g. Then U N O contains a net converging to g, so that g lies in the relative

——U . . L. .
closure U N O~ C U. Since U is an open bisection and as such homeomorphic to an open

subset of G it is extremally disconnected. So U N o C O is an open neighbourhood of
g- [
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Recall that quotients of étale groupoids by open normal subgroupoids remain étale. In
the setting of Lemma 7.5.8, the extended unit space is even clopen, so that we obtain a
Hausdorff quotient.

Definition 7.5.9. Let G be an étale groupoid whose space of units is an extremally dis-
connected, locally compact Hausdorff space. The extended unit space of G is GO C G. The
Hausdorffification of G is Guaws = G/G©).

Before we proceed to the next theorem, let us remark that if G is an étale groupoid
with extremally disconnected compact Hausdorff space of units, then Proposition 7.5.3 can
be applied to the trivial G-space G(¥. It follows that there is a conditional expectation
Cr(G) — C(GY).

Theorem 7.5.10. Let G be an étale groupoid whose space of units is an extremally dis-
connected, compact Hausdorff space and whose extended unit space has amenable isotropy
groups. Denote by p : G — Guaus the quotient map to its Hausdorffification.

*(G) — C*(Guaws) which restricts to the
natural *-isomorphism p, : Co(U) — Co(p(U)) for every open bisection U C G.

e There is a unique *-isomorphism w : C*

e Denote by E : C*(Graus) — C(G9) and Ees : C(G) — C(G©) the natural condi-

tional expectations. Then E o m = Ee.

Proof. By assumption every isotropy group of G(© is amenable, so that Proposition 7.2.6
implies that there is a *-homomorphism myeq : CF(G) — C(Gpaus) restricting to the natural
*-isomorphism p, : C.(U) — C.(p(U)) for every open bisection U C G. We will show
that m.eq factors through the essential groupoid C*-algebra of G to a *-homomorphism
7 Cr(G) = CF(Ghaus) satisfying E o1 = Eeg. Since E is faithful, it suffices to show that
E o 7yeq is the local conditional expectation of C*(G). To this end, we verify the conditions
of Proposition 7.5.3 for X = G . For every open bisection U C G and every f € C.(U)

the function satisfying

Eomea(f)(z)= Y f(g)

geG®,

is continuous, supported in U NGO and satisfies E o mea(f)|yngo = flungo. So Eo
Tred(f) = Fess(f) follows. -
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7.6 Fundamental characterisations of the ideal inter-
section property

In this section we establish characterisations of the ideal intersection property that will be
of fundamental importance for further reasoning both about the existence of essentially
confined amenable sections of the isotropy group in Section 7.7, and about Powers averaging
property in Section 7.8.

The characterisations we will consider here come in three different flavours. First,
the ideal intersection property of C(G®) C C* (G) is equivalent to the ideal intersection
property of C(0rG) C C¥ (G x 0rG), making it possible to exploit the extremal discon-
nectedness of the Furstenberg boundary. Second, on the level of G x 9rG, it is possible
to express the ideal intersection property as a simple statement about principality, which
must, however, take into account the possible non-Hausdorffness of the groupoid. This
is expressed in the definition of essentially principal groupoids in Definition 7.6.3. Third,
the ideal intersection property can be expressed in terms of a uniqueness statement for
G-pseudo expectations. It is this last characterisation that will be most frequently applied
in further results. Recall that, following Pitts | ], a G-pseudo expectation on C¥(G)
is a G-equivariant generalised conditional expectation with values in C(9rG).

Theorem 7.6.1. Let G be an étale groupoid with compact Hausdorff space of units. As-
sume that G is Hausdorff, that G is minimal or that G is o-compact. Then the following
statements are equivalent.

1. C(GO) C c

€ss

(G) has the ideal intersection property.
2. C(0pG) C C*

ess

(G X OrG) has the ideal intersection property.

3. Tso(G x 9xG) = 9,G 9.

4. There is a unique G-pseudo ezxpectation C: (G) — C(0rG).

€ess

Remark 7.6.2. It is worth commenting on the necessity of the assumption of minimality or
o-compactness for non-Hausdorff groupoids in Theorem 7.6.1. Most C*-simplicity results
for groups hold without any assumption on countability of the group, and this is also
reflected in the Hausdorff case for étale groupoids. However, the essential groupoid C*-
algebra, which replaces the reduced groupoid C*-algebra in the non-Hausdorff case, is by
its very definition governed by the interaction between open dense subsets of the groupoid.
As a consequence, it is not even clear that there is an inclusion of C(G) into C (G X IrG).
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Only under the additional assumption of Theorem 7.6.1 have we been able to prove the
existence of such an inclusion in Section 7.5.2. This inclusion is therefore vital for arguments
pertaining to the theory of C*-simplicity.

We will adopt the following terminology in the remainder of this article.

Definition 7.6.3. Let G be an étale groupoid with locally compact Hausdorff space of
units. We will say that G is essentially principal if Iso(G) = GO Tt is essentially effective
if Iso(G)° C GO,

We remark that, by Proposition 7.2.1, an essentially effective groupoid with extremally
disconnected unit space is automatically essentially principal.

Let us begin with the following result, proving one implication of Theorem 7.6.1.

Proposition 7.6.4. Let G be an étale groupoid with extremally disconnected, compact
Hausdorff space of units. Further assume that all isotropy groups of G are amenable. If
C(G) C C* (G) has the ideal intersection property, then G is essentially principal.

ess

Proof. First assume that G is Hausdorff. Since the unit space of G is extremally dis-
connected, Proposition 7.2.1 says that the isotropy groupoid of G is clopen. So there is a
well-defined conditional expectation C(G) — C¥(Iso(G)). Further, consider the trivial rep-
resentation C*(Iso(G)) — C(G®)), which exists by Proposition 7.2.6 thanks to amenability
of isotropy groups. We denote by F : C*(G) — C(G®) the composition of these two
maps. Observe that F' is tracial and that C}(Iso(G)) lies in the multiplicative domain of
F. Denote by H the Hilbert-C(G®)-module obtained from separation-completion coming
with a map A : C¥(G) — H satisfying

(Aa), A(b)) = F(ab”)
for all a,b € C*(G). Denote by 7 the associated KSGNS-representation of C*(G) [ ],

which is faithful on C(G©). Since Cy(G®) C C#(G) has the ideal intersection property,
this implies that 7 is faithful on C}(G).

Let U C Iso(G) be an open bisection and f € C.(U). Write g = fo (s|y) ™ € C.(s(U)).
Then F(f —g) = 0. Combined with the fact that C}(Iso(G)) lies in the multiplicative
domain of F, this leads to the calculation

(Aa), 7(f = g)A(D))

F(a*(f — g)b)
F(ba*(f —g))
F(ba*)F(f — g)
0

Y
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for all a,b € C}(G). This shows that f — g is zero. Since f € C.(U) was arbitrary, this
shows that U = s(U) € G(©. Since Iso(G) is open by Proposition 7.2.1, this proves the
proposition for Hausdorff groupoids.

If G is a possibly non-Hausdorff groupoid satisfying the assumptions of the lemma,
we observe that C'(G®) C C* (G) = C/(Giaus) has the ideal intersection property. So

the Hausdorffification Gpaus introduced in Section 7.5.3 is principal. This implies that
Iso(G) = GO, |

In order to apply Proposition 7.6.4 to Furstenberg groupoids, we need to verify that
their isotropy groups are amenable. This was shown by Borys for Hausdorff groupoids.
We present a different proof, which is a suitable adaption of the standard argument for
groups.

Proposition 7.6.5. Let G be an étale groupoid with compact Hausdorff space of units and
let v € OpG. Then (G x 0rG)% is an amenable group.

Proof. Write H = G x 0rG for the Furstenberg groupoid and fix x € 9rG. Consider the
unital G-C*-algebra (>°(H). By G-injectivity, the inclusion C(0rG) C ¢>°(H) gives rise to a
G-ucp map (*(H) — C(0rG). Passing to the fibre at = of both C(9rG)-algebras, we obtain
an HZ-invariant state (*°(H*) — C. After choice of any HZ-equivariant map H* — HZ, we
obtain an HZ-equivariant *-homomorphism ¢*°(HZ%) — ¢>°(H*). The composition of these
maps gives an Hi-invariant state on ¢*°(#HZ%), which proves amenability of HZ. |

Proposition 7.6.6. Let G be an étale groupoid with compact Hausdorff space of units.
Assume that G 1s Hausdorff, that G is minimal or that G is o-compact. If G X OpG is
essentially principal then there is a unique G-pseudo expectation Cr(G) — C(OrG).

Proof. Existence of a G-pseudo expectation C¥ (G) — C(0rG) follows from Proposi-
tion 7.5.3 and the fact that the local conditional expectation E,q : C*(G) — Dix(G®)
factors through C*,(G). We will prove uniqueness. Let ¢ : C*.(G) — C(9rG) be a
G-pseudo expectation. Let us write H = G x drG throughout the rest of the proof.
If G is Hausdorff, then CZ (G) = C:(G) C Ci(H) = Ci,(H). If G is minimal or o-
compact, then by Theorem 7.5.4 there is an inclusion C}(G) C Ci (H). Applying G-
injectivity of C(0rG) we can extend ¢ to C¥ (#H). Theorem 7.5.10 provides the natural

identification CZ (H) = C*(Hpuaus), and we denote the resulting G-pseudo expectation by

Y C*(Hyaws) — C(0rG). By G-rigidity we find that 1) restricted to C(’HI({(EUS) = C(0r9)
is the identity. Consequently, C'(0rG) lies in the multiplicative domain of . Let now
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7 € Hpaus \ OrG be some open bisection and f € C.(y). Since H is essentially prin-
cipal, we have Iso(Hpaus) = OrG. So if f # 0, then for every non-empty open subset
Vo C supp¢(f) there is some nonempty open subset V' C V; such that vV NV = (). This
leads to

V(v =9(flv) =Ly f) = Lyy(f).

This is a contradiction, showing that () = 0. We showed that ¢ is the natural conditional
expectation of C}(Hpaus). So the composition
?: ClulG) = Cia(H) = CF (Hitans) = C(9rG)

equals the natural G-pseudo expectation by Theorem 7.5.10. |

Proposition 7.6.7. Let G be an étale groupoid with compact Hausdorff space of units.
Assume that there is a unique G-pseudo expectation Cr,(G) — C(0rG). Then C(G©) C
C*.(G) has the ideal intersection property.

ess

Proof. Let 7 : C*(G) — A be a surjective *-homomorphism that is faithful on C(G©®).

Proposition 7.3.8 shows that A carries a unital G-C*-algebra structure such that 7 is G-
equivariant. Then (7]ogoy) ™" : 7(C(G?)) = C(G©) extends to a G-ucp map ¢ : A —
C(0rG). The composition p o7 : C:(G) — C(0rG) is a G-pseudo expectation of G.
By assumption of the lemma, it must thus be the natural G-pseudo expectation, which is

faithful. So also m must be faithful. [ |

Proposition 7.6.8. Let G be an étale groupoid with a compact Hausdorff space of units.
Assume that G is Hausdorff, that G is minimal or that G is o-compact. If C(G) has the

ideal intersection property, then also C! (G x OrG) has the ideal intersection property.

Proof. We write H = G x 0rG throughout the proof. Let 7 : Ci (H) — A be a surjective

*-homomorphism that is faithful on C(9rG). Consider the inclusion C! (G) C Cr (H)
provided by Theorem 7.5.4 in case G is minimal or o-compact. If G is Hausdorff, then also H
is Hausdorff so that their essential groupoid C*-algebras are equal to their reduced groupoid
C*-algebras, and we also obtain the inclusion C* (G) C C* (H). Since C(GV) C C*(G)

€ess €ss

has the ideal intersection property, it follows that = is faithful on C’ (G). Denote by
Eess : CE.(G) — C(0rG) the natural G-pseudo expectation. We observe that A becomes

a unital G-C*-algebra by Proposition 7.3.8. So Ees 0 (7|cs_(g)) " : m(Ciig(G)) — C(OrG)
extends to a G-ucp map ¢ : A — C(0rG). Write ¢ = pon : Ci(H) — C(0rG). Then

G-rigidity implies that 1|c(,g) is the identity map. In particular, C'(0rG) lies in the
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multiplicative domain of . Since C¥_(H) = span C}(G)C(0rG) and 1)

ess ess Cr (G) — Eessa we
find that ¢ is the natural conditional expectation of C’ (). In particular ¢, and thus

€ess

also m, is faithful. [ |

Let us summarise how the principal result of this section follows.
Proof of Theorem 7.6.1. 1If C(G¥) C C%(G) has the ideal intersection property, then also
C(0rG) C Cr (G x 0rG) has it by Proposition 7.6.8 since G is assumed to be Hausdorff,
to be minimal or to be o-compact. Since all isotropy groups of G x 0rG are amenable
by Proposition 7.6.5, we can invoke Proposition 7.6.4 to infer that the ideal intersection
property for C(0rG) C CX (G x OpG) implies that G X OpG must be essentially principal.
In turn, Proposition 7.6.6 says that essential principality of G x 0rG implies that there is a
unique G-pseudo expectation C (G) — C(0rG), using another time the assumption that
G is Hausdorff, minimal or o-compact. Finally, Proposition 7.6.7 shows that uniqueness
of the G-pseudo expectation C’(G) — C(0rG) implies the ideal intersection property for

ess

C(GY) € CL(9). u

Remark 7.6.9. We made it clear that it is necessary to consider the essential groupoid
C*-algebra in order to obtain a relation between the ideal structure and the algebraic-
dynamical structure of a groupoid. This can be underpinned by the fact the ideal intersec-
tion property for C*(Gx JrG) implies that G is Hausdorff. Indeed, assume that C*(GXx 0rG)
has the ideal intersection property. Since the map C(Gx 0rG) — Cr (G x OrG) is injective
on C(0rG), it follows that the ideal of singular functions in C¥(G x JrG) is trivial. Since
0rG C G x 0pG is clopen by Lemma 7.5.8, this implies that G x 9pG is Hausdorff. Then

also G is Hausdorff, since the quotient map G x 0pG — G maps 0rG onto GO,

7.7 Essentially confined subgroupoids

An important point in our understanding of C*-simplicity of discrete groups has been the
characterisation in terms of confined subgroups from | |, since this provides criteria
that can be checked in terms of the group itself. Note that the terminology of “confined”
subgroups does not appear in | |, although it does appear in prior work on group
algebras of locally finite groups | .

In this section we obtain results about the ideal intersection property for groupoids.
The key achievement is Theorem 7.7.2, which establishes a characterisation in terms of
confined amenable sections of isotropy groups for groupoids with a compact Hausdorff
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space of units that satisfy a regularity property such as Hausdorffness, minimality or o-
compactness. Subsequently, we will be able to remove the compactness assumption on the
unit space by considering a notion of Alexandrov groupoid, whose unit space is the one-
point compactification of the unit space of the original groupoid. In this we way, we will
obtain complete results for Hausdorff groupoids and o-compact groupoids in Section 7.7.2.

Given an étale groupoid G with locally compact Hausdorff space of units, as in | ,
§ 4.2.4, p. 78], we define Sub(G) as the space of all subgroups of the isotropy groups
of G, viewed as a subspace of the space €(G) of all closed subsets of G equipped with
the Chabauty topology (see for instance | ]). We will denote elements of Sub(G) by
(x, H), where z € G and H is a subgroup of GZ. Observe that the first factor projection
Sub(G) — G together with the conjugation action of G turns Sub(G) into a G-space.

The next definition extends | , Definition 4.2.24] to the non-Hausdorff case.

Definition 7.7.1. Let G be an étale groupoid with locally compact Hausdorff space of
units. A section of isotropy subgroups is a collection {(x, H,) | x € G©} of isotropy
subgroups H, C G¥ for all z € GO Such a section is called amenable if all H, are
amenable. A section of isotropy subgroups A = {(z, H,) | z € G} is called essentially

confined if there exists € G such that H € GO for all (z, H) € G - A.

We recall that the terminology of confinedness, first arose in the study of groups, where
it qualifies subgroups that are isolated from the trivial group in a strong sense.

7.7.1 The ideal intersection property for groupoids with compact
space of units

Combining arguments similar to those used by Kawabe | | and Borys | ] with
the techniques developed in the present article yields the following characterisation of the
intersection property for étale groupoids with compact space of units, which is new in the
non-Hausdorff case and completes Borys’s sufficient criterion in the Hausdorff case.

Theorem 7.7.2. Let G be an étale groupoid with compact Hausdorff space of units. Assume
that G is Hausdorff, that G is minimal or that G is o-compact. Then C(g<0>) C Cr.(G)
has the intersection property if and only if G has no essentially confined amenable sections
of isotropy subgroups.

Remark 7.7.3. Previous work on crossed product C*-algebras and groupoid C*-algebras
obtained partial results that can be recovered from Theorem 7.7.2.
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Kawabe considered in | | crossed product C*-algebras C'(X) %, I' for a compact
Hausdorff space X and a discrete group I'. Note that C'(X)x,I' = C*(I'x X) is the groupoid
C*-algebra associated with the transformation groupoid I"' x X. Kawabe’s main result
[ , Theorem 1.6] characterised the ideal intersection property for C(X) C C(X) %, I'
by the following property: For every point x € X and every amenable subgroup A < T',,
there is a net (g;) in T such that (g;z) converges to x and (g;Ag; ') converges to {e} in the
Chabauty topology. We observe that Sub(X x I') = {(z,A) € X x Sub(I') | A < T} as
topological spaces. This shows how Kawabe’s result is generalised by our Theorem 7.7.2.

Borys considered in | , | étale Hausdorff groupoids with compact space of
units and proved that the absence of confined amenable sections in the isotropy is a suffi-
cient criterion for simplicity of C*(G). Since for any such Hausdorff groupoid, we have a
*-isomorphism C}(G) = C%,(G) and the notions of essentially confined sections of isotropy

groups agrees with the notion of confined sections of isotropy groups, our Theorem 7.7.2
recovers Borys sufficient criterion and shows its necessity.

Additionally, we will comment on Kwasniewski-Meyer’s result | , Theorem 7.29]
in Remark 7.7.15, since groupoids with locally compact space of units are considered in
this work.

We begin with the following observation, which is probably well known.

Lemma 7.7.4. Let G be an étale groupoid with locally compact Hausdorff space of units.
Sub(G) is closed in €(G).

Proof. Suppose that (z;, H;) € Sub(G) converges to C' in €(G). As explained in | ],
the subset C' consists precisely of the elements of g € G with the following property: For
every open subset U C G with g € U, we have H; \U # () eventually. First of all, we claim
that C' C G2 for some z € G, Indeed, take g, h € C with s(g) = x and s(h) = y. If z # v,
then we can find disjoint open subsets U and V of G(© containing  and v, respectively.
Then we must have H; Ns™(U) # () eventually, which implies x; € U eventually. Similarly,
x; € V eventually. This shows that x = y. The same argument, applied to the range map,
shows that C' C G¥. This also shows that we must have lim; z; = 2. It remains to show
that C is a subgroup of G¥. Take g € C' and an open subset V C G with ¢g7! € V. Then
g € V71 so that H; N V™! # () eventually. Applying the inverse map, we deduce that
H; NV # () eventually. Hence g~ € C. Now take g,h € C and an open subset W € G
with gh € W. By continuity of multiplication, we find open subsets U,V C G with g € U,
h € V such that UV C W. Then g,h € C implies H; N U # () and H; NV # () eventually.
Thus H; N UV # ) eventually. We conclude that gh € C. So C € Sub(G), as desired. W
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The next proposition establishes the reverse implication of Theorem 7.7.2. Portions of
the proof will closely follow the presentation in | | for Hausdorff groupoids. Neverthe-
less, we include a complete proof for the convenience of the reader.

Proposition 7.7.5. Let G be an étale groupoid with compact Hausdorff space of units.
Suppose that G is Hausdorff, G is minimal or G s covered by countably many bisections.
If G has no essentially confined amenable sections of isotropy subgroups, then G X OpG is
essentially principal.

Proof. The theorem is proven in | , Theorem 4.2.25] for the case of Hausdorff groupoids,
in which case CZ (G x 0pG) = CF(Gx 0rG) holds. So we need to consider the cases where G

is minimal and where G is covered by countably many bisections. Let 7 : G X 0pG — G be
the canonical projection and consider the set of isotropy subgroups A = {7 ((G x 9rG)}) |
y € 0pG}. The same argument as in | , Proof of Theorem 4.2.25], which does not use
the assumption that G is Hausdorff, shows that A is a closed invariant subspace of Sub(G).
So our assumption that G has no essentially confined amenable section of isotropy sub-

groups implies that for all z € G, there exists y € 7~!(x) such that 7((GxdrG)Y) C G©),.

Let us consider the case when G is minimal. Then we define
Z={y€pG | n((Gxdrg)") C GO}

and observe that 7(Z) = G and Z is G-invariant. If y € Z and g € (G x aFg)g, we
take an open bisection U C Iso(G x dpG) that contains g. Let (y;); be a net in s(U) N Z
converging to y. Then (s|y) " (y;) — ¢ and thus 7(g) = lim; 7((s|y)*(y;)) € GO. This
proves that y € Z. So Z is closed, which implies Z = 0rG by irreducibility. Equivalently,
7(Iso(G x 9rG)) C GO, Put A = Iso(G x 9rG) \ 0rG. We will conclude the proof in the
minimal case by assuming that A # () and deducing a contradiction. If A # (), we can find
an open bisection U C G such that UNw(A) #0. Then V =74 U)NAC G x IrG is a
non-empty open bisection. Since G is minimal, Lemma 7.5.1 says that s(7(V)) = 7(s(V))
contains a non-empty open subset. Since (V') C U is contained in an open bisection, this
implies that 0 # 7(V)° C w(A) € GO\ GO, This is the desired contradiction. Hence
G X Op@ is essentially principal.

Assume now that G is covered by countably many open bisections, we define
Z={y€orG|(Gx0rG)yCOrG,}.

As the extended unit space JrG is normal in G X 0rG, it follows that Z is G-invariant.
Moreover, the identity 9rG \ Z = s(Iso(G x 0rG) \ 9pG) implies that Z is closed. Hence
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7(Z) is a closed subset of G, We want to show that 7(Z) = G(® and to this end it will
suffice to prove that 7(Z) C G© is dense. Since G is covered by countably many open
bisections, Proposition 7.2.5 says that the set {z € G© | GO, = {z}} is dense in G©.
Now for all 2 in this set, there exists y € 7" (x) with 7((G x 9rG)Y) C GO, = {x}, that
is 7((G x OrG)Yy) = {x} and thus (G x JrG)¥ = {y}. This shows that 7(Z) is dense in
GO, Since 7(Z) is also closed, we conclude that 7(Z) = G /, as desired. Since JrG is
G-irreducible, it follows that Z = 0rG, that is Iso(G x 0rG) C 0rG. [ |

Let us now explain the proof of the forward implication of Theorem 7.7.2. The following
proof is an adaptation of Kawabe’s argument for dynamical systems of groups | ], as
presented in | , Proof of Theorem 3.3.6]. Note that this proposition is new even in
the Hausdorff case.

Proposition 7.7.6. Let G be an étale groupoid with compact Hausdorff space of units.
Assume that G is Hausdorff, that G is minimal or that G is o-compact. If there is a unique
G-pseudo-expectation Cr(G) — C(OrG), then G has no essentially confined amenable

sections of isotropy subgroups.

Proof. Let A = {(z, H,) | € G©} be an amenable section of isotropy subgroups and Y
its orbit closure, that is Y = G- A C Sub(G). Define 6 : C(G) — C(Y) as follows. Given
a€CHG) and (x,H) €Y, let O(a)(z, H) be the image of a under the composition

C1(G) —22s C2(GT) 2 C2(H) — C

where E, and Ep are the natural conditional expectations and yx is the character corre-
sponding to the trivial representation. It is clear from the construction that 6 is unital and
completely positive, once we showed that #(a) is continuous on Y. It suffices to prove this
for a € C.(U), where U C G is an open bisection. For such a, our construction yields

a(Ux)1lg(Uz) ifxzes(U)
0 otherwise.

0(a)(x, H) = {

Now let O = {g € U | a(g) # 0}, which is open, and let K C U be compact such that
O C K. The sets Op = {(z, H) € Sub(G) | HNO # 0} and O) = {(z, H) € Sub(G) |
HN K = (} are open in Sub(G). We have 0(a)|ynoo)c = 0, and (a)|yroy e is given as
the composition

(YNOK) —=s(K)—=C:(z,H)— x— a(Ux).
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It follows that both restrictions 6(a)|(ynog)e and 0(a)|ynoy ) are continuous. Moreover,
O C K implies that (Y NOp) N (Y NO)%) =, so that we obtain a decomposition into two
closed sets Y = (Y N Op)° U (Y NO)%)°. Since H(a) is continuous on both of these closed
subsets, it follows that 6(a) is continuous on Y.

Now we show that 6 is G-equivariant. Take an open bisection v, an open bisection U
with r(U),s(U) C s(y) and a € C.(U). Then a,(a) € C.(vU~*). For all (z,H) € Y, we
have §(c,(a))(z, H) =0 if ¢ s(yU~*) and (a) (¥« (x), v*Hy) = 0 if ¢y« (x) ¢ s(U). The
conditions x ¢ s(yU~*) = 1, 0s(U) and 1« (x) ¢ s(U) are equivalent. Using the fact that
Yo (x) = vy, for x € s(yU~*), we have

0(cy(a))(z, H) = oy (a) (7 Uy 2)1n (7Ury"x)
= a(Uy"zy)lg(yUy"z)
= a(Uy"zy) Ly, (Uy*z7)
= 0(a)(¢y(x), v H7).

The projection onto the first coordinate Y — G induces a G-equivariant embedding
C(G") — C(Y). Hence G-injectivity of C(0rG) provides us with a G-equivariant ucp
map ¢ : C(Y) — C(0rG). It follows that 0o 0 : C*(G) — C(0rG) is a G-ucp map with
(po0)|cgoy =id. We claim that ¢ o f factors as

C1(9) — €

€ess

(G) —L C(9rG),

or equivalently, that (¢ o 0)(Jsng) = 0. If G is Hausdorff, this is tautological. Otherwise,
given a € Jg,, we have E,q(a*a) = 0. So by Proposition 7.2.4, there is a dense subset
U C G such that a*a|y = 0. Since

aa(z) =) la(g)l

gegz

for all 2 € G, it follows that alg, = 0 for all z € U. Thus 0(a)|(z}xsungz) = 0. By C(G?)-
modularity, it follows that (¢ o 8)(a)|,-1(,) = 0 for all z € U, where 7 : 9pG — G is the
natural projection. By Lemma 7.5.1 the preimage of U in drG is dense. So (po6)(a) =0
follows. Hence, indeed, (¢ 0 8)(Jsing) = 0.

*(G) = C(0rG). By assumption,
there is only one such G-pseudo-expectation. It follows that Woq = Eom,, where E : C*(G x
0rG) — C(0rG) is the (unique) conditional expectation described in Proposition 7.5.3.
Thus p o =Eom,.

Now it follows that ¥ is a G-pseudo-expectation C*
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Now take y € OpG and set x = m(y). The composition ev, o ¢ defines a state on
C(Y), hence it corresponds to a probability measure 1, = ¢.(d,) on Y. The commutative

diagram
orG - > P(Y
P(GY)

shows that supp(u,) C {z} x Sub(G¥). Now assume, for the sake of contradiction, that
A is essentially confined. Then there exists € G(©) such that H ¢ GO, for all (x,H) €
Y = G- A. Choose y € 0pG with m(y) = z. We claim that p,({(z,H) €Y |ge€ H}) =0
for all g € GF with g ¢ W. Indeed, take an open subset U C Q\w with g € U. Choose
a € C,(U) satistying a(g) = 1. Then U NGO = () implies that 7~ (U) N 9xG = (). Hence
it follows that E(a o ) = 0. Now, using supp(u,) C {z} x Sub(G¥), we obtain

)

wy({(x, H) € Y | g € HY}) = /Y 1r(g)dpy (2, H)

_ /Ye(a)(a:, H)dpy(z, H)

= (evy 0 pof)(a)
= evy((Eom)(a))
= 0.

To finish the proof, let us observe that H ¢ G, for all (z, H) € Y implies that
({z} xsub(@))ny = |J {(=.H)|geH}
gEgg\ﬁz

The latter set is exhausted by compact subsets of the form {z} x Kp, where Kr = {H €
Sub(GZ) | FNH # 0} and F C G\ GO is finite. Since y, is supported on {z} x Sub(G?),
inner regularity implies that there is a finite subset ' C G\ GO, such that 0 < p,({z} x
Kr). We find that

0 < py({w} x Kp) <Y py({(, H) | g € H}) = 0.

geF

This is a contradiction. [ |
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Let us finish by proving the main theorem in this section.

Proof of Theorem 7.7.2. By Theorem 7.6.1, we know that the ideal intersection property
for C*(G) is equivalent to essential principality of G x 0rG and to the uniqueness of
a G-pseudo expectation Cr (G) — C(0rG). Also observe that every o-compact étale
groupoid is covered by countably many open bisections. So the present theorem follows
from Propositions 7.7.5 and 7.7.6. [ |

7.7.2 The Alexandrov groupoid

In this section we provide a full characterisation of the ideal intersection property for étale
groupoids with locally compact space of units which are either Hausdorff or o-compact. To
this end, we will combine Theorem 7.7.2 with the study of a suitable notion of Alexandrov
groupoid.

Recall that if X is a locally compact Hausdorff space, its Alexandrov or one-point com-
pactification is the compact Hausdorff space X+ = X LI{oco} whose topology is determined
by specifying that the inclusion X < X% is a homeomorphism onto its image and a neigh-
bourhood basis of oo is provided by the set {co} U (X \ K), where K C X runs through
compact subsets of X. In particular, X C X is dense if X is non-compact and oo is an
isolated point in X if X is compact.

The next definition provides a suitable notion of Alexandrov compactification for group-
oids whose unit space is not necessarily compact.

Definition 7.7.7. Let G be an étale groupoid with locally compact Hausdorff space of
units. Then the Alexandrov groupoid G* is the set GU(G®)* with the topology determined
by specifying that the inclusions G, (G®)* C G* are open, and the groupoid structure
extending the groupoid structure of G and making oo a unit.

We directly observe that G* is an étale groupoid whose unit space is, by construction,
the compact Hausdorff space (G©)*.

We identify the essential groupoid C*-algebra of the Alexandrov groupoid.
Proposition 7.7.8. Let G be an étale groupoid with locally compact Hausdorff space of

units. Then the inclusion C(G) C C(GT) extends to an inclusion Cr (G) < Cx: (GT) iso-
morphic with the unitisation C (G) < Ci (G)T.

€ess

142



Proof. Let us first observe that there is indeed an inclusion C(G) C C(G"), since G C G*
is open. It moreover defines a *-isomorphism C(G)" = C(G') mapping 1 € C(G)" to
Lgy+. Let us identify the essential C*-algebra norm on C(G) and C(G"). To this end,
we show that for all f € C(G) and hy,...,h, € C(G) there is f € C(G) such that

fxhi=fxh forallie {1,...,n}. For each i, we know that supp h; C G is compact.
So also K = |JI_, r(supp h;) € G© is compact. Let g € C.(G) be a function satisfying
0<g<landg|g =1 Put f=f-(gos)and observe that f € C(G). Then for z € G and

i€ {l,...,n}, we have

Frhi(x) =" fhi(z) =Y Fg()hi(z) = Y FW)hi(z) = f*hi(z).

=Yz r=Yz T=yYz

Denote by Ees : O (G) — Dix(G®) the local condition expectation and let f € C(G).
Recall that G© C (G©)* is dense if G is non-compact and oo is an isolated point
in (G®)* otherwise. Combining this with [ , Proposition 4.10] and the previous

paragraph, we find that for f € C.(G),

11122 6y = sup{|[E(g* = f* = f = g)| | g € C(G)}

= sup inf sup |g* * f* * f *x g|(x)
geC(G) USG(® dense open zeU

= sup inf sup |g" « [ [ gl(w)
geC(H) US(G(®)+ dense open zel/

= [If]

This shows that C(G) € C(G") extends to an inclusion C! (G) C C: (GT). The uni-
versal property of the unitisation provides an injective extension to a *-homomorphism

Cx.(G)T — C* (GT), which must also be surjective since it restricts to the *-isomorphism

C(G)T =C(GM). |

2
Ces(91)

Let us now translate the condition about the absence of essentially confined amenable
sections of isotropy.

Lemma 7.7.9. Let G be an étale groupoid with locally compact Hausdorff space of units.
Then G has no essentially confined amenable sections of isotropy groups if and only if G
has no essentially confined amenable sections of isotropy groups.

Proof. Assume that G has no essentially confined amenable sections of isotropy groups and
let (Az),eg be an amenable section of isotropy groups of G. Putting A, = {oo}, we obtain
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an amenable section of isotropy groups of G*. Put Y = G+ -{(z,A,) |z € (GO)+} C

Sub(GT). By assumption, for every x € (G(©)* there is (z, H) € Y such that H C GO,
Since oo is G invariant, this shows that (A;),cg is not essentially confined.

Assume that G has no essentially confined amenable sections of isotropy groups and
let (Ax)xe(gmm be an amenable section of isotropy groups of G', and then put Y =
G-{(x,A,) | € GO} C Sub(G). By assumption, for every x € G, there is (z, H) € Y
such that H C GO),. Since G = {oo}, this implies that (Az)zeg)+ is not confined. M

We are now able to combine the discussion in this section with our results from Sec-
tion 7.7.1. This completes the proof of Theorem 7.1.2.

Theorem 7.7.10. Let G be an étale groupoid with locally compact Hausdorff space of units.
Assume that G is Hausdorff or GT is o-compact. Then C*(G) has the ideal intersection
property if and only if G has no essentially confined amenable sections of isotropy groups.

Further, Gt is o-compact if G is o-compact.

Proof. Consider the Alexandrov groupoid G*. If G is Hausdorff, then G 0 CGis closed, so
that also (G7)© = G U {oc} C G+ is closed. So also G* is Hausdorff. If G is o-compact
and (K,), is a sequence of compact subsets exhausting G, then (K, U{oco}), exhausts G*.
So the Alexandrov groupoid is also o-compact.

Since C¥(G) C C*(G") is isomorphic with the inclusion C(G) C C%.(G)" by Propo-
sition 7.7.8, it follows that Co(G®) C C#(G) has the ideal intersection property if and
only if C((G)*) C C*(GT) has the ideal intersection property. We can now combine

Theorem 7.7.2 and Lemma 7.7.9 to conclude the proof. [ |

Remark 7.7.11. As stated in Theorem 7.7.10, the Alexandrov groupoid G* is always o-
compact if G is so. The converse holds if {z € G | G, = {z}} is o-compact, in particular
if G, # {x} holds for every z € G, Indeed, if (K,), is a sequence of compact subsets
exhausting G*, then the subsets C,, = K,, \ (G(©)* C G are compact and exhaust G\ G(©).
Then GO = {z € G | G, = {z}} U, 3(C,), showing that G is o-compact.

A significant strengthening of the ideal intersection property is the ideal separation
property. Given an étale Hausdorff groupoid with locally compact Hausdorff space of units,
the inclusion Cy(G®) C C*(G) separates ideals if and only if every ideal in C*(G) is induced

from Cy(G) (see [ , Theorem 3.10]). The following result provides a characterisation
of the ideal separation property of C*(G) in terms of the groupoid G itself, solving a problem
described in [ , Paragraph after the proof of Theorem 3.10]. Its formulation employs
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the notion of inner exactness. Recall that a locally compact étale Hausdorff groupoid G is
inner exact if and only if for every closed G-invariant subset X C G ©) the sequence

0= Cr(Glgonx) = Cr(G) = Cr(Glx) = 0.
18 exact.

Corollary 7.7.12. Let G be a locally compact étale Hausdorff groupoid. Then C}(G) has
the ideal separation property if and only if G is inner exact and for every G-invariant closed
subset X C GO the restricted groupoid G|x has no confined amenable sections of isotropy.

Proof. By | |, C*(G) has the ideal separation property if and only if G is inner exact
and has the residual ideal intersection property. The latter means by definition that G|x
has the ideal intersection property for every G-invariant closed subset X C G . So the
result follows directly from Theorem 7.1.2. |

Let us now give a prove of Theorem 7.1.1, combining the results of this section.

Theorem 7.7.13. Let G be an étale groupoid with locally compact Hausdorff space of units.
Assume that G is Hausdorff, G is o-compact or G has a compact space of units. Then the
essential groupoid C*-algebra CY(G) is simple if and only if G is minimal and has no
essentially confined amenable sections of isotropy groups.

Proof. In view of Theorems 7.7.2 and 7.7.10, we only have to show that G is minimal if
C*.(G) is simple. Assume that G is not minimal and let U C G(©) be a non-empty, proper,
open G-invariant subset of its unit space. Consider the ideal I = C* (G)Co(U)Cr(G)
generated by Cy(U) inside the essential groupoid C*-algebra. It is non-zero since U is non-
empty and it is proper since its preimage in C*(G) is the proper ideal C*(G)Co(U)C#(G).
So C’(G) is not simple. |

ess

Let us next compare our Theorem 7.7.10 with the work of Kwasniewski-Meyer | ]
and Kalantar-Scarparo | |. In order to do so, we need to introduce their notion of
topologically free groupoids, which is a strengthening of essentially effective groupoids as
introduced in Definition 7.6.3, as we will observe below.

Definition 7.7.14 (See | , Definition 2.20]). Let G be an étale groupoid with locally
compact Hausdorff space of units. Then G is topologically free, if for every bisection
UcCG\GO theset {x € G| GTNU # 0} has empty interior.
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Remark 7.7.15. In their recent work | , Theorem 6.3], Kalantar-Scarparo obtained
a characterisation of simplicity for crossed product C*-algebra. Their result is implied by
our Theorem 7.7.10 as applied to transformation groupoids arising from minimal group
actions.

Kwasniewski-Meyer [ , Theorem 7.29] characterised étale groupoids with locally
compact Hausdorff space of units for which the kernel of C*(G) — CX(G) is the unique
maximal ideal of C*(G) that intersects Co(G?) trivially. These are precisely the topologi-
cally free groupoids in the sense of Definition 7.7.14. In particular, the essential groupoid
C*-algebra of a topologically free groupoid is simple. Let us explain how simplicity of
Cr(G) can be proven by means of our Theorem 7.7.10, and we refer to Corollary 7.7.16 for
a related characterisation of simplicity. We assume that G is topologically free and observe
that the bisection U in Definition 7.7.14 may be assumed to be open and a subset of G\ G©).
Fix a compact subset C' C G with non-empty interior. Given a section of isotropy groups

(Az)zego (amenable or not), we will exhibit a net (2 )k in C' indexed by compact subsets

of GO such that A,, N K = . Compactness of the Chabauty space Sub(G), which is a
non-trivial fact for non-Hausdorff groupoids | ], then implies that (A, )x has a cluster

point, which is a subgroup of G, for some x € C. Let K C G\ G be a compact subset
and let Uy, ..., U, be open bisections of G covering K. Then {x € GO | U, U;NG® # 0}
has empty interior. In particular, there is x € C such that A,NK = (). We can put xx = x
and finish the argument, showing that (A, ), is not essentially confined.

As explained in the introduction, characterisations of simplicity and a suitable gen-
eralised ideal intersection property of groupoid C*-algebras were limited to the maxi-
mal groupoid C*-algebra, as in | , Theorem 5.1] and | , Theorem 7.29]. For
amenable groupoids, this leads to characterisations of simplicity of the essential groupoid
C*-algebra. The next corollary clarifies the relation of our Theorem 7.7.10 to such charac-
terisations for amenable groupoids.

Corollary 7.7.16. Let G be a o-compact étale groupoid with locally compact Hausdorff
space of units and amenable isotropy groups. Then CX (G) has the ideal intersection prop-
erty if and only if G is topologically free.

Proof. If G is topologically free, it follows from | , Theorem 7.29] (see also Re-
mark 7.7.15) that C%(G) has the ideal intersection property. Assume that G is not topo-

ess

logically free. Then there is a bisection U C G\ G(©) such that {x € G© | G*NU # ()} has
non-empty interior. We may assume that U is open and that U C Iso(G). Putting A, = GZ,
we obtain an amenable section of isotropy groups of G. We will show that it is confined. For

every g € G,, the equality gA,g~' = A,y holds, so that G - {A,}, = {A;},. Let us denote
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this set by Y. Since for all x € s(U), we have A, N U # 0, also every element (H,z) € Y
with z € s(U) satisfies HNU # (). So H € G, We can now apply Theorem 7.7.10 and
conclude that C’(G) does not have the ideal intersection property. |

€ss

7.8 Powers averaging for minimal groupoids

In this section, we generalise the work done in | ], and derive the Powers averag-
ing property for simple essential groupoid C*-algebras based on the notion of generalised
probability measures. We also prove the relative Powers averaging property for certain
semigroups of generalised probability measures, leading to natural C*-irreducible inclu-
sions into essential groupoid C*-algebras and applications to unitary representations in
Section 7.9.

7.8.1 Generalised probability measures

In | ], a notion of generalised probability measure on a compact space X was intro-
duced. It combines the action of a group G ~ X with the action of positive elements in
C(X) by elementary operators. This idea naturally fits with our approach to the ideal
intersection property for groupoid C*-algebras by means of the pseudogroup of open bi-
sections.

Definition 7.8.1. Let G be an étale groupoid with compact Hausdorff space of units. A
(finite) generalised G-probability measure on G is a finite formal sum of pairs Y ier(vis fi)
such that v; € I'(G) and f; € C.(supp(y;),R>) is a positive, continuous, compactly sup-
ported function on the support of v; satisfying >, fj 0 .+ = 150). We denote the set of
(finite) generalised G-probability measures on G by CPg(G®).

We point out that the concept of generalised probability measures allows for the repeti-
tion of bisections. Therefore, it is not necessarily true that the formal sum in the definition
can be indexed by a subset of I'(G).

Remark 7.8.2. In some situations it is preferable to think of a pair (v, f) as in Def-
inition 7.8.1 and being represented as (f o ¢,+,y). This is for example the case when
interpreting the unitality condition  ; f; 0 9.+ = 15 and later in Definition 7.8.5, where
covering semigroups of generalised probability measures are introduced.
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Generalised probability measures naturally act both on groupoid C*-algebras and on
their state spaces. To prove this, we will first exhibit their natural semigroup structure.

Proposition 7.8.3. Let G be an étale groupoid with compact Hausdorff space of units.
Given two generalised probability measures py = (1,4, f1,i) and p2 = 3 (V2,5, f25) from
CPs(GY), we define their product by the following formula.

g =Y (2, (friots,) fa) -
i

Then CPg(G®) becomes a semigroup with this product.

Proof. Once the product is well-defined, its associativity follows from associativity of the
product in I'(G) and the fact that T'(G) acts on C'(G®). Thus, we only have to prove that
pi1 i as defined above is again an element of CPg(G©).

First observe that for all ¢, j the product (fi;01%5,,)f2; is a continuous function whose
support lies in ¢ (suppy1; Nim~s ;) = supp v1,72,. Further,
(fl,i o @/)wg,j)fzj = (fl,i(fQ,j © 1/)7%_)) © wvg,j € C’C(supp 71,i72,j) .

Evaluating the following sum in the space of Borel functions on G, we find that

Z((fl,l © ¢’72,j>f2,j) © 1/}(71,1'72,]')* - Z fl,z‘ © w’Yii ) (Z f2,j o 1/}75,1') o w'ﬁ,i
B Z(fl’i © w'ﬁ,z‘) ’ 1im’71,i

Z?]

- ].g(O) .

This finishes the proof of the proposition. [

Generalised probability measures were introduced in | | to provide a notion of con-
tractibility of measures on spaces admitting a minimal group action. In order to generalise
this to groupoids in the context of C*-simplicity, we require suitable actions of CPg(G®)
on C(G®) and on C%(G).

€ess

Proposition 7.8.4. Let G be an étale groupoid with compact Hausdorff space of units and
let (A, a) be a unital G-C*-algebra. There is a semigroup action of CPg(G®) on A by
completely positive, completely contractive and non-degenerate maps defined by

pa=" o (i af}")
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forae A and pn=73" (v, fi). Consequently, there is a right semigroup action on the state
space S(A) of A defined by

(pu)(a) = p(pua)

for o € S(A), n € CPg(GO) and a € A.

Proof. Let us first check that the formula in the statement defines an action. Given two

generalised G-probability measures 11 = >, (71,4, f1,;) and po = > i (72,5, f2,;) and an ele-
ment a € A, we find

w1 (pea) = ,Ul(z Oé’y2,¢(f2%,jaf2%,j>)
J
= Z avl,i(féi Z Ay (f2%,ja 2%,j)f1%,i)
= Z O‘Vu(z a72,j ((fl,i © w’m,j)%fé,j&f;,j (fl,i o w’m,j)%))
i J

= (p1p2)(a).

For every u € CPg(Q(O)) the map a — pa is completely positive as a sum of a composition
of completely positive maps. Further, it is unital on A, since

p(la) = Za%(félAf;) = Za%(f;fz%) = ZO‘%(fi) = lgo =14.

This shows that a +— pa is completely contractive and non-degenerate on A. It follows
directly that ¢u(a) = ¢(pa) defines an action on the state space of S(A). [

7.8.2 Contractive and covering semigroups

When we consider Powers averaging property, we will require the following definition, which
provides a suitable generalisation of boundary actions of groups.

Definition 7.8.5. Let G be an étale groupoid with compact Hausdorff space of units.
We will say that a subsemigroup S C CPg(G®) is covering if for every g € G there is
p= (7, fi) € S such that f;o1,+(r(g)) # 0 implies g € ;. If G is minimal, we will say
that S is contractive if for any v € P(G) and any x € G© there is a net (y1;); in S such
that vu; W—*> Oy
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The following result was established for the special case of crossed products by minimal
group actions in | , Lemma 3.6].

Proposition 7.8.6. Let G be an étale groupoid with compact Hausdorff space of units.
Then CPg(G") is a covering semigroup. If G is minimal, then CPg(G) is contractive.

Proof. Let us first prove that CPg(G®) is covering. To this end take g € G, let v be an
open bisection of G containing ¢g and let f € C.(im~) with 0 < f < 1 and f(r(g)) = 1.
Denoting by e € G the neutral element, define

pg = (7, foby) +(e,1 = f).

Then p, satisfies the conditions of Definition 7.8.5 and hence witnesses that CPg(G") is
covering.

Assume that G is minimal. Fix any z € G©) and an open neighbourhood V of . We
will find py € CPg(G®) such that vuy is supported in V for all v € P(G). Given any
y € G by minimality there exists some v, € I'(G) with y € supp~, and vy, (y) € V.
In other words, y € ¥« (V). It follows that the family (¢)4+(V)),er() is an open cover of
G©. So by compactness, there is a finite number of open bisections 74, ..., 7, such that
(¥4 (V)i covers GO, Let g; be a partition of unity subordinate to this open cover and
put f; = g;oth,, as well as iy = >, (74, fi). Then py is a generalised probability measure.

Let v € P(G©) and let h € C(G) be such that h > 0 and hl = 0. We have

() (h) = v(uvh) = 3 vl (f2RFE)) =0,

7

since all functions f; are supported in V. [ |

Recall from Section 7.4.1 the action of G on states in Sgw)(A) for a G-C*-algebra A.
That is, if ¢ € S(A) satisfies p|cgo) = evs, then gp = (a-(f - f)) for any g € G,
any open bisection v containing ¢ and any f € C.(im+y) satisfying f(r(g)) = 1. The next
lemmas shows how covering semigroups can be used to implement this action.

Lemma 7.8.7. Let G be an étale groupoid with compact Hausdorff space of units and let
(A, ) be a unital G-C*-algebra. Assume that S C CPg(G©) is a semigroup covering G
and let ¢ € S(A) be a state satisfying ¢|cgoy = ev, for some x € GO Then for every
g € G, there is g € S such that ppg, = ge.
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Proof. Since S is covering, we can choose piy = > _.(v/, f;) € S such that f; o1, (s(g)) # 0
implies g € ~;. The intersection of all v; containing g is an open bisection v containing
g. Since all functions f; have compact support and G is Hausdorff, we can choose
h € C.(im~) with 0 < h <1 and h(z) = 1 such that supp h N supp f; o ¢,, = 0 whenever
g ¢ ;. Then we can calculate

This finishes the proof. [

We will need to know that the contractivity of certain semigroups of generalised prob-
ability measures is preserved by passing to the Furstenberg groupoid.

Lemma 7.8.8. Let G be a minimal étale groupoid with compact Hausdorff space of units
and let S C CPg(g<O>) be a contractive and covering semigroup. Denote by 7 : OpG — G
the projection map. For u = > ,(vi, f;) € CPg(G©) write 7*(p) = > (77 (i), fiom) €
CPgropg(0rG). Then *(S) C CPgropc(0rG) is contractive and covering.

Proof. 1t is clear that 7*(S) is covering, so we have to show that it is contractive. Note
that considering C'(0rG) as a G-C*-algebra, we have vr*(u) = v- p, for all v € P(0rG) and
all 1 € CPg(G®). We will use the simple notation vu. Let v € P(0rG) and y € 9pG. Put
r = n(y) € G©. Since S is contractive, we can find a net (j;); in S such that 7, (v)p; — 6,.
Passing to a subnet, we may assume that vu; — v for some 7 € P(0rG). Then m.(0) = 6,
holds. Since G is minimal, Proposition 7.4.13 and strong proximality of 0rG imply that
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there is a net (g;); in G, such that g;v — 4, for some y € 7 '(z). Lemma 7.8.7 shows
that there is a net (f;); in S such that 7f; = ¢;# — J,. Summarising, we found that
dy € v- S =v-7m*(5), which proves contractivity of 7*(S). |

7.8.3 Powers averaging

We are ready to establish Powers averaging property for simple essential groupoid C*-
algebras. We begin by considering the state space of C* (G). To put the statement of

the next proposition into context, let us recall that the natural conditional expectation
Ees : C*,(G) — C(0rG) does not take values in C(G) if G is not Hausdorff. Also
recall from Theorem 7.7.13 that if C’(G) is simple, then G is necessarily minimal, so
that Theorem 7.5.4 implies there is a natural inclusion C% (G) C Ci. (G X JrG). In the
remainder of this section, we let E : C¥ (G x 0rG) — C(0rG) denote the conditional
expectation described in Proposition 7.5.3.

In order to formulate averaging results conveniently, it is useful to introduce a notion
of convex combinations of generalised probability measures.

Definition 7.8.9. Let G be an étale groupoid with compact Hausdorff space of units.
For generalised probability measures indexed over disjoint sets I and .J, a formal convex
combination is an expression of the form

CZ(% fi)+ (1 —¢) Z(%‘a fi) = Z (Vi Lr(@)efi + 15() (L = ) fi)-,

iel jed i€l
We call a subset of CPg(G®) convex if it is closed under convex combinations.

Proposition 7.8.10. Let G be an étale groupoid with compact Hausdorff space of units.
Let S C CPg(G®) be a contractive and covering convex semigroup. Assume that C* (G)
is simple. Then given any ¢ € S(C* (G X 0rG)), we have

(voE|vePOrG)} C {pnlpesy

Proof. Write K = {gpu | p € S} and observe that K is weak-* closed and convex. Hence,
it suffices to prove that ev, o E € K for all y € 9xG. Fix y € 9rG and let x = n(y) € 0.
By contractivity of S, there is 0 € K satisfying 0'|C(g(o)) = ev,. Since S is both contractive
and covering, Lemma 7.8.8 shows that there is a net (j;); in S such that o|c(,g)pi — evy.
Dropping to a subnet, we may assume that ou; — w € S(CL (G X 0rG)). Observe that
w

Clss (g) S K
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By Theorem 7.5.10 we can identify Ck (G x 0pG) = C}(H) for the Hausdorffification
H = (G X OrG)naus- Then E is identified with the natural conditional expectation of C*(H).
We use the fact that C(H) is simple to infer by Theorem 7.6.1 that # is principal. So
it suffices to show that w(u,f) = 0 for all open bisections v C H \ drG and all positive
functions f € C.(supp~y). If y ¢ supp~y, then we see that

1

W(unf) = wlu, f2)w(f?) = wlu, f2)f2(y) = 0.

If y € supp~, the fact that ¢ (y) # y allows us to choose a function h € C.(supp~y) such
that h(y) = 1 and h(¢,(y)) = 0. It follows that

w(uy f) = hy)w(u, f) = wlhu, f) = w(u, f(a-(h))) = w(u, (P, (y)) = 0.
This finishes the proof. [ |

We now extend the previous result to the entire dual space of CZ (G).

Corollary 7.8.11. Let G be an étale groupoid with compact Hausdorff space of units.
Assume that C*(G) is simple, let S C CPg(G) be a contractive and covering convex

semigroup and let w € Cr (G x OpG)*. Then

(wwoE|veP@rG) Clonlpest .

Proof. We write K = {wp | p € S} . Since K is convex and weak-* closed, it suffices to
shows that w(1)ev, o E € K for any y € 0pG. We decompose w = 22:1 CLPK AS a convex
combination with four states ¢; € S(Ci (G x 9rG)). By Proposition 7.8.10, we may find

anet (p;) in S with ¢, LA v1 o E for some vy € P(9rG). Dropping to a subset, we may
assume that wp; LN vioE + Zi:g cryy, for some new states ¢} € S(CX(G)). Repeating

this process three more times, and noting that the set {v o E | v € P(0rG)} is invariant
under the right action of CPg(G), we see that there is some element of K of the form
w(1)v o E for some finite complex measure v on dpG. Thanks to Lemma 7.8.8 we find that

w(l)ev, o E € K for every y € 0pG. [

We are now able to dualise Corollary 7.8.11 in order to obtain a version of Powers
averaging property for essential groupoid C*-algebras. The next definition provides a
notion of Powers averaging that subsumes the classical notion for groups and dynamical
systems.
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Definition 7.8.12. Let G be an étale groupoid with compact Hausdorff space of units
and let S C CPg(G©) be a subsemigroup. We say that C%_(G) satisfies relative Powers

averaging property with respect to S if 0 € conv{pa | u € S} for all a € C¥(G) satisfying
Eess(a) = 0.

Recall that in | | a unital inclusion of C*-algebras A C B is said to be C*-
irreducible if every intermediate C*-algebra is simple. This notion will be linked to the
relative Powers averaging property by means the following definition, relating generalised
probability measures to C*-subalgebras of C%(G).

Definition 7.8.13. Let G be an étale groupoid with compact Hausdorff space of units and
let =" (i, fi) € CPg(G®) be a generalised probability measure. Let A C C’ (G) be
a C*-subalgebra. Then A is said to support pu, if u,, f; € Aforalli € {1,...,n}. Further, if

S C CPg(G™) is a subsemigroup, then A is said to support S if it supports every element
of S.

We observe that C*_(G) supports CPg(G).

We are now ready to state our main result on Powers averaging for essential groupoid
C*-algebras.

Theorem 7.8.14. Let G be a minimal étale groupoid with compact Hausdorff space of
units. Then the following statements are equivalent.

1. C:(G) is simple.

2. Cr (GxOpG) satisfies relative Powers averaging property with respect to any covering
and contractive semigroup of generalised probability measures on G.

3. Gien any a € Ci (G X 0pG) and any v € P(0rG), we have voE(a) € conv{ua | p €
S} for any covering and contractive semigroup S of generalised probability measures

ongG.

4. A C Cr(G) is C*irreducible for every C*-subalgebra A supporting a covering and

contractive semigroup of generalised probability measures on G.

5. ACCr (G xOpG) is C*irreducible for every C*-subalgebra A supporting a covering

and contractive semigroup of generalised probability measures on G.
If G is Hausdorff, then all these conditions are equivalent to the following statement.
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6. Given any a € CG), we have E(a) € conv{ua | p € S} for every covering and
contractive semigroup S of generalised probability measures on G.

Remark 7.8.15. The assumptions on S being covering and contractive are satisfied for
S = CPg(G®) by Proposition 7.8.6, since G is assumed to be minimal.

Proof of 7.8.14. The implication from 5 to 4 is clear. It is also clear that 4 implies 1.

For the rest of the proof we fix a covering and contractive semigroup S of generalised
probability probability measures on G. Without loss of generality, we may assume that S
is convex.

Let us show that 1 implies 3. For a contradiction, assume there were some v € P(0rG)
and some a € C* (G x 0rG) for which the conclusion of 3 does not hold. By the Hahn-
Banach separation theorem, there is some functional w € C* (G X 0rG)* and some o € R

with
Rew(1l)v(E(a)) < a < Rew(pa)

for all p € S. This contradicts Corollary 7.8.11.

Let us next assume that 3 holds. Given a € CZ (G x 0rG) such that E(a) = 0, we have

0=v(E(a)) € {pa | p € S} for any auxiliary v € P(drG). This proves 2.

We will now show that 2 implies 5. Assume that I C C} (G x 0rG) is a nonzero
C*-subalgebra which is invariant under multiplication with elements from A. Let a € I be
nonzero. Replacing a by a*a, we may assume without loss of generality that a is positive.
Consider the nonzero positive function f = E(a) € C(0rG). Fix x € 0rG such that
f(z) # 0. Denote by 7 : G X 9pG — G the natural projection. Since S is covering G, it also
covers G X 0pG by Lemma 7.8.8. So for every g € (G X OpG), there is some p =Y (v, fi)
such that f; o1, (r(g)) # 0 implies g € ;. Hence,

(2 K3

pf(2(9) = S @ (S DE(9) = YU ((9) = Y (i) (@) = f(a) £ 0.

So gx € supp puf follows. By minimality of G X 0pG and compactness of OpG there are
finitely many elements pq, ..., u, € S such that % > wif is nowhere zero. By compactness
of 0rG, there is 6 > 0 such that %Zl wif > 0. Since E is a G-expectation, it follows
that E(2 >, a) = 237, ;E(a) > 6. So we found a positive element b € I such that

E(b) > § > 0. Then for arbitrary u € S, we have

pub = (b — E(b)) + p(E(b)) = u(b— E(b)) + 6.
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Since S is convex, our assumption allows to choose y € S such that ||u(b—E(b))|| < . Then
we infer that pb > £, and hence pb € I is invertible. This shows that I = C2 (G x 9pG),
and thus 5.

Assuming additionally that G is Hausdorff, we observe that the proof that 6 implies 1
follows from an obvious simplification of the argument that 2 implies 5, making use of the
fact that Eeq(a) € C(G®) holds for all @ € C*(G). The implication from 3 to 6 follows
from contractivity of .S, since every function f € C(G®) lies in the S closure the functions

f(x)lg(o). [ ]

7.9 From boundary actions to Powers averaging

In this section, we will apply Theorem 7.8.14 in order to obtain concrete examples of unitary
group representations into C*-algebras satisfying relative Powers averaging property. Let
us recall that for a discrete group G, a G-boundary is a compact Hausdorff space with a
minimal and strongly proximal action of G. Also recall that the topological full group F(G)
of a groupoid is the group of its global bisections. We can now formulate the following
corollary of Theorem 7.8.14.

Corollary 7.9.1. Let G be an étale groupoid with compact Hausdorff space of units. As-
sume that there is a subgroup of the topological full group G < F(G) that covers G and such
that G ~ GO is a G-boundary. Denote by © : G — C*_(G) the unitary representation

of G in the essential groupoid C*-algebra of G. If CX(G) is simple, then CX (G) satisfies
Powers averaging relative to w(G).

Proof. We define S to be the convex subsemigroup generated by G inside CPg(G®). Then
it suffices to note that S is contractive and covering to apply Theorem 7.8.14. |

Recall that the groupoid of germs associated with an action of a discrete group G ~ X
is the quotient (G x X)/Iso(G x X)°. We will apply Corollary 7.9.1 to groupoids of germs,
thereby obtaining concrete examples of groupoid C*-algebras satisfying relative Power
averaging with respect to a natural group of unitaries. C*-irreducibility of the associated
inclusions has been studied in [ ].

Theorem 7.9.2. Let G be a countable discrete group and G ~ X a boundary action.
Denote by G its groupoid of germs and by m : G — CX(G) the associated unitary represen-

tation. Then w(G) C Ci (G) satisfies the relative Powers averaging property.
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Proof. Let us first show that C¥(G) is simple. To this end, we observe that G is minimal,

€ss

since it has the same orbits as G ~ X. Further, since G is countable, the set | J, ., 9 Fix(g)
is meager in X. Hence, its complement is dense in X, and it follows that G is topologically

principal. It follows from Theorem 7.1.2 (and already from | , Theorem 7.26]) that
Cr.(G) is simple. By Corollary 7.9.1 applied to G/ker(G ~ X), it now follows that
m(G) C Cr(G) satisfies the relative Powers averaging property. [ |

Remark 7.9.3. The representation of m appearing in Theorem 7.9.2 can be identified
with a quasi-regular representation as employed in | , ]. To this end recall the
following notation, given an action of a discrete group G ~ X. The open stabiliser at
x € X is defined as

G, ={g € G| there is a neighbourhood = € U such that g|y = id},

and, for g € G, we denote by Fix(g) = {x € X | gz = x} the fixed point set of g.
Now if x € X is such that

e the subquotient G,/G? is amenable, and

e = ¢ J(Fix(g)°) for every g € G,
then the inclusion m(G) C Ck (G) is isomorphic with an inclusion Ag/q, (G) C Ci(G)
arising from the regular representation of G associated with x.

Indeed, consider the regular representation A, of C}(G) on £*(G,). We recall from Sec-
tion 7.2.1 that if a € C(G) is singular, then s(suppa) C s(GO \ G0) =, d(Fix(9)°).
So by the assumption on z, it follows that A, factors through a *-homomorphism C¥ (G) —
B((*(G.)). Since G = G,/GY is amenable, it factors further to a *-homomorphism
Cr.(G) — B(f*(G,/G%)). Observe that this map is injective, because C* (G) is simple.

The associated representation of G on *(G,/G*) = (*(G/G,) is the quasi-regular repre-
sentation Ag g, -

Remark 7.9.4. Previous results about relative Powers averaging arising from group ac-
tions were obtained by Amrutam-Kalantar | |, who showed that if G is a C*-simple dis-
crete group and X is any minimal, compact G-space, then the inclusion G C C(X) %, G =
C*(X x G) satisfies relative Powers averaging. In these examples, C*-simplicity of the
group is the source of Powers averaging. In contrast, our Theorem 7.9.2 makes no assump-
tion on the acting group G, but relies instead on the assumption that X is a G-boundary.
Nevertheless, there are some situations where the two results overlap such as hyperbolic
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groups G with trivial finite radical acting on their Gromov boundary 0G. Since 0G is
a topologically free boundary action of a C*-simple group, both | , Theorem 1.3]
and our Theorem 7.9.2 imply the relative Powers averaging property for the inclusion

G C C*0G % Q).

Remark 7.9.5. In their work | ], Kalantar-Scarparo considered boundary actions of
a discrete group G ~ X, and obtained a characterisation of C*-simplicity for quasi-regular
representations arising from point stabilisers G, with z € X \ U, 0(Fix(¢)°) [ :
Corollary 5.3]. Our Theorem 7.9.2 and Remark 7.9.3 consider the associated groupoid
of germs G and say that there the inclusion A\g ¢, (G) C Ci (G) satisfies relative Powers
averaging. This is a considerably stronger conclusion. No prediction about C*-simplicity
of the associated quasi-regular representations for G, is made for = € |J . 9(Fix(g)°),
and | , Example 6.4] even shows that in general Ag g, it will not necessarily be C*-
simple in this case. Theorem 7.9.2 provides a conceptual explanation of this phenomenon,
by drawing attention to the difference between the reduced and the essential groupoid

C*-algebra.

More recently in | , Theorem 5.6] simplicity results for the groupoid of germs
associated with a minimal group action on a locally compact space G ~ X were obtained.
This result is implied by Theorem 7.7.10. However, in this situation there is no natural
map from G to the essential groupoid C*-algebra of the groupoid of germs, so that Powers
averaging and thus an analogue of Theorem 7.9.2 needs further care to be even formulated.

We now consider the concrete case of Thompson’s group T acting on the circle as well
as Thompson’s group V acting on a totally disconnected cover of the circle. The latter
action was previously considered in | ], in order to reprove the simplicity of the Cuntz
algebra Oy using techniques from the theory of C*-simplicity.

Example 7.9.6. Consider Thompson’s group T C Homeo(S!). It is the group of piece-
wise linear transformations of S' 2 RP! with breakpoints in exp(2miZ[3]) and derivatives
in Z[%] It acts transitively on non-trivial intervals of the circle, whose end points lie in
exp(2miZ(3]). In particular, T ~ S'is a boundary action. Let G be the groupoid of
germs for T ~ S'. We observe that G is non-Hausdorff, since T does not act topologically
freely while S' is connected. Denote by 7 : T — C*(G) the associated unitary repre-
sentation of T. By Theorem 7.9.2 the inclusion 7(T) C C’(G) satisfies relative Powers
averaging. If z € S'\ exp(2miZ[3]) then Remark 7.9.3 further identifies this inclusion
with Arr, (T) C C:(G). Considering the action of T, on S\ {z} = R, one sees that
T, = [F, F] is isomorphic to the subgroup of F C Homeo(R) acting with trivial germs at
infinity. In contrast, it was shown in | , Example 6.4] that the quasi-regular represen-
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tation associated with the standard inclusion [F, F] 2 T{ C T does not even generate a
simple C*-algebra.

Remark 7.9.7. The example of Thompson’s group T acting on the circle should be con-
sidered in the more general context of groups of homeomorphisms of the circle and the real
line, which provides many examples of boundary actions that are not topologically free. We
mention several concrete examples. First, Monod considered in | | groups of piecewise
projective homeomorphisms of the real line, arising as point stabiliser of co € RP! = St
of PSLy(A) for arbitrary countable subrings A C R. We have PSLy(Z[3]) = T as sub-
groups of Homeo™(S!). Second, we like to point out recent work of Hyde-Lodha | ]
producing finitely generated, simple groups of homeomorphisms of the real line, which are
constructed as variations of Thompson’s group T. Finally, Navas’ survey | , P- 2056ff]
and the recent book of Kim and Koberda | | contain concrete questions about and
provide examples of groups of homeomorphism of the circle, and include consideration of
their contraction properties. It should be pointed out that a group G acting by homeomor-
phisms on a one-dimensional manifold M € {R, S'} is strongly proximal if and only if it is
extremally proximal, in the sense that for every pair of non-trivial open intervals I, J C M
there is g € G such that g/ C J. This is because an open interval can be described by its
endpoints together with a point in its interior. Such actions are also called CO-transitive
in the dynamics community.

The next example considers the action of T on a suitable totally disconnected cover of
the circle, and it yields a Hausdorff groupoid of germs. A particularly interesting feature
is that it produces a unitary representation of T into the Cuntz algebra O, satisfying the
relative Powers averaging property.

Example 7.9.8. Consider the following cover of the circle,

5

K = (8 exp(2miz =

L)

equipped with the natural topology arising from the cyclic order. We write z, and z_ for
the elements (+, z) and (—, z), respectively. The action of T lifts uniquely to an action
on K preserving the cyclic order. By definition, V is the topological full group of this
action. It follows directly from the definitions that V.~ K is a boundary action, so
that Theorem 7.9.2 applies to the groupoid of germs G(V ~ K) = G(T ~ K) = G.
This groupoid is Hausdorff, since Fix(g)° is clopen for every g € T. Considering the
stabiliser ' = Ty, < T, and employing Remark 7.9.3 we obtain an inclusion App(T) C
C*(G) satistying the relative Powers averaging property. By | | we know that C¥(G)
is generated by the image of Thompson’s group V, so that | , Proposition 5.3] allows
to make the identification with the Cuntz algebra C}(G) = Os.

)) U ({+, =} x exp(2miZ
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Remark 7.9.9. It is known that F(G) ~ G is extremally proximal for every purely
infinite Hausdorff groupoid G. But the work in | | shows that F(G) generates C(G)
in this case. In view of Theorem 7.9.2 and Example 7.9.8, it is natural to ask the following
question. Is there a systematic approach to constructing subgroups G < F(G) such that
the C*-algebra inclusion generated by G inside C*(G) is proper?
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Appendix A

The simplest proof of when reduced
group C*-algebras are simple

It is often the case in math that the first discovered proof of a result is quite roundabout
and overcomplicated, and the proof gradually becomes simpler as time goes on. The
question of characterizing when the reduced group C*-algebra C(G) of a discrete group G
is simple is no exception, with the results having been worked out by Breuillard, Kalantar,
Kennedy, and Ozawa in the following papers: | L1 L1 | (in chronological
order). Easier arguments are also occasionally given in | |, a paper of Kennedy and
Schafhauser which deals with noncommutative crossed products A x, G.

This appendix serves the purpose of picking out the easiest proofs in all of these,
arranging them in just the right way, and perhaps also adding a pinch of originality, all
in order to give the easiest possible path to deducing when C§(G) is simple. To my
knowledge, no such work exists anywhere. In terms of simplification, much of the work
in the aforementioned papers was done from the perspective of topological spaces (in
the context of group boundaries), but this can be almost completely avoided, and it is
possible to mostly stick with the category of C*-algebras. Moreover, it is possible to avoid
any annoying c-estimates, and also a particularly difficult proof of the fact that if the
Furstenberg boundary crossed product C(0pG) X, G is simple, then the reduced group
C*-algebra is.

It is very much worth mentioning that such a compilation will skip much of the impor-
tant intuition that can still be obtained by reading the original works. In particular, we
can avoid most of the topological properties of the Furstenberg boundary 0rG, including
the fact that it is the universal minimal strongly proximal G-space. All this is to say, there
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is still plenty to be gained by reading the original papers.

It is also worth noting that in the unpublished paper | ], Kawabe generalizes this
to asking when the reduced crossed product C'(X) x, G has the ideal intersection property.
For the purpose of elegance, we will stick to the group C*-algebra setting, and it is worth
noting that most of the proofs in the crossed product setting will be almost identical
anyways (with perhaps a little bit of care being needed in the non-minimal setting).

A.1 A brief word on injective envelopes

One of the key ideas underpinning the simplicity proofs is the use of an injective envelope
of a certain object in the appropriate category, and the original constructions relating to
C*-algebras and operator systems were given by Hamana in | |, and in | ] in
the equivariant case. It is possible to simplify Hamana’s original proofs as is done by
Sinclair in [ |, using the theory of compact semigroups. However, it is worth noting
that Sinclair’s proof skips out on proving an extremely useful property known as rigidity
of the injective envelope.

Given that the injective envelope is constructed in the context of groupoid C*-algebras
in Section 7.4.2, and in particular in Theorem 7.4.9 (including proving rigidity), we will not
repeat the construction here. However, we will at least repeat the appropriate definitions
and results for completeness.

Of interest to us is the category whose objects are unital G-C*-algebras, morphisms
are GG-equivariant unital and completely positive maps, and embeddings are G-equivariant
unital complete order embeddings. Note that we do not require an embedding to be the
same as the usual category-theoretic definition of a monomorphism.

Definition A.1.1. Consider a category, and let I be an object in this category. We say
that I is injective if whenever A and B are objects in this category, ¢+ : A — B is an
embedding, and ¢ : A — [ is a morphism, then there is a map ¢ : B — [ making the
following diagram commute:

B
PN
11 0%

—

Definition A.1.2. Assume that A and B are objects in our category with A C B.
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1. We say that B is an injective envelope of A if B is injective, and it is also minimal, in
the sense that for any other injective object C' together with an embedding x : A — C,
if ¢ : C — B is an embedding that makes the following diagram commute:

c—,B
7
A= A

then ¢(C) = B, or equivalently, ¢ is an isomorphism.

2. We say that B is a rigid extension of A if whenever ¢ : B — B is a morphism in our
category with ¢|4 = id4, we have that ¢ = idp.

3. We say that B is an essential extension of A if whenever we have another object C,
and a morphism ¢ : B — C, if ¢|4 is an embedding, then ¢ is an embedding.

Theorem A.1.3. Consider the category of G-C*-algebras. Every object A admits a G-
injective envelope 1(A), such that A C Ig(A) as a unital G-C*-subalgebra. It is unique
up to isomorphism, in the sense that if C is any other such object, there is a G-equivariant
*-isomorphism w : Ig(A) — C making the following diagram commute:

A—4 A
The object I5(A) is also G-rigid and G-essential. If A is commutative, then so is Ig(A).

A.2 Dynamical characterization of C*-simplicity

In this section, G will denote a discrete group. While the assumption of countability
is often added when these results are cited, it is in fact not necessary for the simplicity
results mentioned here. (Other things, like the unique stationarity results of Hartman and
Kalantar | ] might indeed require countability).

The main ideas of Breuillard, Kalantar, Kennedy, and Ozawa for proving simplicity of
C3(G) can be summarized as follows. First, consider the G-injective envelope of C, i.e.
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I(C), which we know is commutative and can be written as C'(JrG). Due to historical
reasons, this spectrum is often called the Furstenberg boundary of GG, due to Furstenberg
originally studying it mostly from a topological and measure-theoretic perspective. See for
example | | (and also | |). Tt is also sometimes called the Hamana boundary, due
to Hamana’s original construction of the injective and G-injective envelopes of operator
systems and C*-algebras. See the discussion in Section A.1.

As it turns out, the crossed product C(0rG) x )\ G shares much of the simplicity prop-
erties of C5(G), as one is simple if and only if the other is. However, the larger crossed
product C(9rG) %, G is much nicer to work with in general, as explicitly writing down
ideals in this C*-algebra is much easier. Dropping down to ideals on C5(G) is an injectivity
(hence, axiom of choice) argument, explaining the difficulty.

Simplicity is linked to the dynamics of G on drG. Given the fact that OpG shows
up as an injective envelope construction (hence, axiom of choice), it is extremely difficult
to describe in practice. The only description to my knowledge is given in | . It is
therefore much nicer to drop down to dynamics on a space more easily understood, and
this turns out to be the space of amenable subgroups of G.

We begin with the first half of the simplicity results. One of the tools we will use are
something called pseudoezpectations E : C5(G) — C(9pG) (or more precisely, equivariant
pseudoexrpectations, given that the term pseudoexpectations shows up in a non-equviariant
sense in papers of Pitts and Zarikian. See for example | ]). The following definition
explains the terminology.

Definition A.2.1. Let A C B be an inclusion of unital G-C*-algebras. A pseudoezpec-
tation is a G-equivariant unital and completely positive map F : B — I5(A) with the
property that E|4 = ida.

Moreover, one of the more convenient topological facts that comes into play here is
the fact that the fixed point sets Fix(s) C dpG are clopen for every s € G. It is almost
certainly possible to get around this, and work purely operator algebraically by using
Kallman’s inner/properly outer decomposition of von Neumann algebras, which also applies
to monotone complete C*-algebras. For reference, this sort of decomposition is used in the
traces results of Chapter 3, and Kallman’s results are stated in Theorem 3.2.8 and the
discussion around it. However, for the purpose of C*-simplicity of discrete groups, this is
one of the few instances where, in my opinion, a slight detour into topology makes things
easier.

In essence, we will show that the G-injective envelope is non-equivariantly injective, and
it is known that injective commutative C*-algebras have extremally disconnected spectrum
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due to a result of Gleason and others. Afterwards, it is a result of Frolik that fixed point
sets of homeomorphisms of these spaces are clopen.

Proposition A.2.2. The G-injective envelope C(OrG) is non-equivariantly injective as
well.

Proof. Tt is well-known that the space ¢>°(G) is G-injective and non-equivariantly injective
as well. By G-injectivity of (*°(G), there is a G-equivariant map ¢ : C(OrG) — (=(G).
By G-essentiality of C'(0rG), this map is a complete order embedding. By G-injectivity of
C(0r@), there is a G-equivariant map ¢ : (*°(G) — C(0rG) making the following diagram
commute:

(@)

~
)
L ~e
A

C(OrG) —9— C(9rG)
Given that we can just forget that all of the above maps are G-equivariant, it follows from
non-equivariant injectivity of £>°(G) that C(0rG) is non-equivariantly injective as well. W

Definition A.2.3. A compact Hausdorff space is called extremally disconnected if the
closure of any open set is still open.

Theorem A.2.4. Consider a commutative unital C*-algebra C(X). The following are
equivalent:

1. C(X) is non-equivariantly injective.
2. X 1s extremally disconnected.

Theorem A.2.5 (Frolik’s theorem, | , Theorem 3.1]). Assume X is an extremally
disconnected compact Hausdorff space, and o : X — X 1s a homeomorphism. Then the set
of fized points Fix(a) = {z € X | a(z) =z} is clopen.

With the above in hand, we obtain the topological result we were after:
Corollary A.2.6. Given any s € G, the fivred point set Fix(s) C 0rG, i.e. Fix(s) =
{z € OpG | sx = x}, is clopen.

Furthermore, another very convenient fact is the following, as it will allow us to use the
fact that the universal and reduced group C*-algebras coincide for amenable groups:
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Lemma A.2.7. Let H < G be a containment of discrete groups. The group H is amenable
if and only if £>°(G) admits an H-invariant state.

Proof. First, recall that for any subgroup H < G, there is always a (very non-canonical)
H-equivariant injective *-isomorphism ¢ : (*°(H) — (>°(G), given as follows: let 7' C G be
a right-transversal (axiom of choice) of the right coset space H\G. That is, G = U,cr Hr.
We can then let the map ¢ be given by

() (hr) = f(h).

As a consequence, if we can obtain an H-invariant state on (*°(G), then H is amenable.
Conversely, if H is amenable, then any compact convex H-space admits a fixed point, and
in particular this applies to the state space of (>°(G). [ |

Proposition A.2.8. Given any x € OpG, the point stabilizer G, = {s € G | sx =z} is
amenable.

Proof. We will construct a G,-invariant state on £>°(G), and consequently we will be done
by Lemma A.2.7. Let x € OrG, let ¢ : {*°(G) — C(0rG) be a G-equivariant morphism
(existence guaranteed by G-injectivity), and observe that the composition d,0¢ : (*°(G) —
C is indeed a G,-invariant state. |

Now we are ready to prove the first half of the main result:

Theorem A.2.9. The following are equivalent:

~

. CX(G) is simple.
. C(OrG) %) G is simple, where C(0rG) = I(C).

. There is a unique pseudoexpectation E : C5(G) — C(0rG).

2
3
4. There is a unique G-equivariant conditional expectation E : C(0pG) X G — C(0rG).
5. All G-equivariant conditional expectations E : C(0rG) x\ G — C(0pG) are faithful.
)

. The action of G on OrG is free.

Proof. For convenience, the following is the chain of implications that will be proven:
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There may be slight redundancy in the above implications, but it is used to highlight some
important connections.

First, we show that items (3) and (4) are indeed equivalent, by showing there is a
correspondence between the two sets of expectations. Given any conditional expectation
E : C(0rG) x\ G — C(0rG), it clearly restricts to a pseudoexpectation on C5(G). We
claim that this restriction map is bijective. First, to see that it is injective, note that
because any such E is the identity on C'(0rG), we have that C(0rG) is in the multiplicative
domain of F, and therefore E is in fact uniquely determined by the values it takes on
C3(G). To see that the restriction map is also surjective, start with any pseudoexpectation
E : C5(G) = C(0pG). Tt extends to a G-equivariant map E : C(9rG) x, G — C(9rG)
by injectivity. By rigidity, £ must in fact be the identity on C(0rG), and therefore a
conditional expectation.

It is clear that (4) = (5), as the canonical conditional expectation is faithful. What
is certainly not as clear is the converse, and this will end up being proven in a more
roundabout way through the rest of the implications.

Now we show (1) = (2). Assume 7 : C(0rG) ¥\ G — A is a *-homomorphism.
Our aim is to show that it is injective. Note that there is a G-action on A, given by
conjugation by the unitaries 7(g) € A, and with respect to this action, 7 is G-equivariant.
Furthermore, given that C5(G) is simple, we have that 7|cy(q) is an embedding. Thus,
letting 7y : C*(G) — C be the canonical trace, by injectivity, there is a map ¢ : A —
C(0rG) making the following diagram commute:

™

/_\

C(@FG) b DY G A

\ W|CV \\\\ ¢
~y

Ci(G) 2= C —— C(0rG)

The composition por : C(OpG) x\G — C(0rG) is the identity on C(9rG) by rigidity, and
also coincides with the canonical trace on C§(G). By a multiplicative domain argument,
it must be the case that ¢ o 7 is the canonical conditional expectation, which is faithful.
This forces m to be faithful, or equivalently, injective.

180



Showing (3) == (1) follows a similar idea, but is a bit shorter. Assume that 7 :
C3(G) — A is a *-homomorphism. Again, there is a G-action on A given by conjugation
by the unitaries w(g) € A, and this makes the map m G-equivariant. By injectivity, we
have that there is a G-equivariant map ¢ : A — C(9rG). The composition ¢or : C5(G) —
C(0r@G) is a pseudoexpectation, and therefore must coincide with the canonical trace on
C5(G), which is faithful. This forces 7 to be faithful, and thus surjective.

Now we show (6) = (4). To see this, let x € OpG, and let s € G be such that s # e.
Our aim is to show that E()\s)(z) = 0. As the action of G on OpG is free, we have that
sz # x. By Urysohn’s lemma, we have that there is some f € C(0rG) with f(z) =1 and
f(sz) = 0. Thus, using multiplicative domain again, we have:

FE) = B(fXAs) = E((s7f)) = EQS) (s f).
Evaluating both sides at x gives us that
EXs)(z) = f(2)E(As)(z) = E(A)(x) f(sz) = 0,

and since x was arbitrary, this says that E(\) = 0 for any s # e. It follows, once more,
from multiplicative domain that F must be the canonical conditional expectation.

The implication (2) == (5) is next. We argue by contrapositive. Assume that
E : C(0rG)x\G — C(0rQG) is a G-equivariant conditional expectation that is not faithful.
It is a well-known fact of unital and completely positive maps that the set

I ={a€C(0rG) x\G | E(a*a) =0}

is a closed left-ideal of C'(0rG) x\ G, which must also be nonempty as E is not faithful.
Magically, this set actually turns out to be a two-sided ideal. To see this, let f € C(9rG),
and let a € I. Then by multiplicative domain, we have

E((af)(af)) = E(f*a"af) = f"E(a"a)f = 0,
and so af € I. Similarly, if s € G, then
E((a)s)*(ads)) = E(Ai(a*a)Xs) = E(s- (a*a)) = s - E(a*a) = 0,

and so a\; € I as well. It follows that I is a two-sided ideal, which as remarked before
is nonzero, and does not contain the identity either. Thus, the crossed product cannot be
simple.

Finally, it remains to show (5) = (6). We argue by contrapositive. Assume that
the action of G on OrG is not free. We know that the collection of fixed point sets
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Fix(s) are clopen by Corollary A.2.6, and therefore we can talk about the projections
Ps = lrix(s) € C(OrG), at least one of which is nonzero for some s # e. Observe that these

projections satisty s-p; = pss—1 and p,—1 = ps. We claim that there is a pseudoexpectation
E : C;(G) — C(9rG) given by E(),) = p;.

To see this, fix any z € JrG, and consider the state ¢, : C;(G) — C given by the
composition

C3(G) 28 C3(G) = C*(G,) 225 ¢,

where the map Eg, is the canonical conditional expectation onto the smaller group C*-
algebra, and 1, is the canonical *-homomorphism corresponding to the trivial represen-
tation. Note that we are using amenability of G, from Proposition A.2.8 to say that the
reduced and universal group C*-algebras coincide. In short, ¢, : C5(G) — C maps A4 to 1
if s € G, and 0 if s ¢ G,. Now consider the giant direct sum

E= P ¢.:CiG) = 2(0rC).

r€0RG

We claim that it is the pseudoexpectation we are looking for. First, note that we indeed
have E(\s;) = ps. Given that all of the projections p; lie in C(9rG), it follows that the
range of the entire map also lies in C(9rG). Moreover, the map F is in fact equivariant,
as

E(s- M) = E(Asts—1) = Pt = 5 pr = 5 E(\).

Now recall the correspondence given in the proof of (3) <= (4). This map extends
to a G-equivariant conditional expectation E : C(9rG) x5 G — C(9p@G) determined by
E(fAs) = fps. This map is not faithful, as if we consider an s # e with ps # 0, we have a
nonzero element a = p; — Asps € C(OrG) X, G satisfying

E(a*a) = E(ps(1 — Xo)"(1 = As)ps) = psE(2 — As — Xo)ps = ps(2 — ps — ps)ps = 0.

A.3 Intrinsic characterization of C*-simplicity

As mentioned earlier, the space 0rG turns out to be extremely difficult to describe in
practice, and so it would be nice to have a space that is easier to get a handle on. This
turns out to be the space of amenable subgroups of G.
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Definition A.3.1. The space of subgroups of G, denoted Sub(G), viewed as a subset
of the compact Hausdorff space 2¢ = ] {0, 1}, admits an induced topology called the
Chabauty topology. Similarly, the space of amenable subgroups Sub,(G) also admits such
a topology.

Proposition A.3.2. Both the spaces Sub(G) and Sub,(G) are compact under the Chabauty
topology.

Proof. Essentially, a net of subsets (Ay) converges to A in 2¢ if and only if whenever a € A,
we eventually have a € Ay, and when a ¢ A, we eventually have a ¢ A,. From this, it is
extremely easy to check that Sub(G) is closed, hence compact.

The space of amenable subgroups is only slightly more challenging, and involves ap-
plying Lemma A.2.7. Assume (H,) is a net of amenable subgroups converging to some
H < G. We know there are Hy-invariant states ¢ € S(¢>°(G)). Dropping to a subnet, we
may assume that ¢y — ¢ € S(¢>°(G)) as well in the weak*-topology. Thus, if h € H, we
eventually have h € H),, and so

H(hf) = lim 62(hf) = lim da(f) = 6(1),
or in other words, ¢ is H-invariant. [ |

Our main theorem will be in terms of existence of amenable confined subgroups, with
the appropriate definition given below:

Definition A.3.3. We say that a subgroup H < G is confined if the closure of the
conjugation orbit {gHg™' | g € G} in Sub(G) does not contain the trivial subgroup {e}.

We also need minimality of the Furstenberg boundary 0xG. The original C*-simplicity
proofs take a large detour into a discussion of the fact that this is indeed the universal
minimal and strongly proximal space, but this can for the most part be skipped for our
purposes.

Proposition A.3.4. The space OrG is minimal, in the sense that there are no nonempty
proper G-invariant closed subsets.

Proof. If there were such a subset Y C 0rG, then the restriction map C(0rG) — C(Y)
would not be a complete order embedding, which would contradict G-essentiality. [ |

Theorem A.3.5. The following are equivalent:
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1. G has no amenable confined subgroups.

2. C3(G) is simple.

Proof. Assume C5(G) is not simple, so that the action of G on drG is not free by The-
orem A.2.9. Consider the map w : 9pG — Sub,(G) given by mapping x to G,. It is
well-defined by Proposition A.2.8.

Moreover, we will use Corollary A.2.6 to show that the map is continuous. Assume
xy — x. We wish to show that G,, — G,. Assume s € G, so that « € Fix(s). Given that
Fix(s) is clopen, we eventually have z, € Fix(s) as well, s € G,,. Similarly, if s ¢ G, i.e.
x ¢ Fix(s), then we eventually have s ¢ G, .

It is clear that w is G-equivariant, as sG,s™' = G,,. Using this, continuity, and the
fact that OpG is minimal, we have that the image w(0rG) is a minimal compact Hausdorff
G-space as well. Thus, given that we know one of the stabilizers G, has to be nontrivial, it
follows that its orbit cannot contain the trivial subgroup, or in other words, G, is confined
(and we already know it is amenable).

To show the converse, assume that H is an amenable confined subgroup. It is an easy
exercise in topology that because of the fact that {e} ¢ {gHg~! | g € G}, there must
exist some nonempty finite F C G\ {e} with the property that for every g € G, we have
gHg 'NF # 0.

Now recall that for any amenable K < G, there is a map ¢k : C5(G) — C mapping A,
tolif g € K, and 0 if g ¢ K. It is obtained through the following composition:

C3(G) 25 Ci(K) = C*(K) 25 C.

Letting
P = @%Hgfl : CY(G) — £(G)
geG

be a giant direct sum over all these maps (easily checked to be G-equivariant), we observe
that the element a = > . A\, maps to some element P(a) > 1. Thus, letting ¢ : £>°(G) —
C(0rG) be obtained through G-injectivity, we have that the composition 1) o P maps a to
a nontrivial element. In other words, C}(G) admits a nontrivial pseudoexpectation, and
by Theorem A.2.9, we are done. [ |
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