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Abstract

Let P, denote an induced path on k vertices. For k& > 5, we show that
the Py-free sandwich problem, partitioned probe problem, and unpartitioned
probe problem are N P-complete. For k < 4, it is known that the Pj-free
sandwich problem, partitioned probe problem, and unpartitioned probe prob-
lem are in P.
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1. Introduction

All graphs in this paper are finite and simple. Let G be a graph. G¢
denotes the complement of G, obtained from G by replacing each edge with a
non-edge and vice versa. For X C V(G), G|X denotes the induced subgraph
of G with vertex set X. For XY C V(G) with X NY = (), we say that
X is complete to Y if for all x € X,y € Y, zy € E(G); we say that X
is anticomplete to Y if for all z € X,y € Y, zy ¢ E(G). For v € V(G),
X C V(G) \ {v}, we say that v is complete (anticomplete) to X if {v} is
complete (anticomplete) to X.

Let G1 = (Vi, E1), Gy = (Va, Es), then Gy is a supergraph of Gy if V) =V,
and By C Ey. A pair (G1,G3) of graphs so that Gs is a supergraph of G,
is called a sandwich instance. The edges in F; are called forced, while the
edges in E, \ E; are optional. A graph G is called a sandwich graph for the
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sandwich instance (G1, Gs) if Go is a supergraph of G and G is a supergraph
of G;. For a graph G and a set E' of edges with both endpoints in V(G),
G U E’ denotes the supergraph G' = (V(G), E(G) U E') of G, and G\ E’
denotes the graph G” = (V(G), E(G) \ £'), and G is a supergraph of G”.

Let P be a graph property. We define the complementary property P¢
by saying that G satisfies P if and only if G satisfies P.

The P RECOGNITION PROBLEM is the problem of deciding whether a
given graph G satisfies P. The P SANDWICH PROBLEM is the following: For
a given sandwich instance (Gi,Gs), does there exist a sandwich graph G
for (G1,G2) so that G satisfies P? This generalization of the recognition
problem was introduced by Golumbic and Shamir [4]. The sandwich prob-
lem becomes the recognition problem when G; = G5, and thus, if the P
recognition problem is N P-complete, so is the P sandwich problem.

Let G, G’ be a pair of graphs such that G’ is a supergraph of G. Then G’
is a (P, N)-probe graph for G if (P, N) is a partition of V(G), N is a stable
set in G, and every edge in F(G’) \ E(G) has both of its endpoints in N.

For a graph property P, a graph G = (V, E) is a P probe graph with
partition (P, N) if there exists a (P, N)-probe graph G’ for G such that G’
satisfies P. A graph G is a P probe graph if there exists a partition (P, N)
of its vertex set such that G is a P probe graph with partition (P, N). The
vertices in P are called probes, and the vertices in N are called non-probes.

For a graph property P, the P PARTITIONED PROBE PROBLEM is the
following: Given a graph G = (V, E), and a stable set N C V,is G a P
probe graph with partition (V' \ N, N)? The partitioned probe problem was
first introduced in [6, [7] for interval graphs because of its applications to the
physical mapping of DNA.

The P partitioned probe problem with input graph G = (V, E') and stable
set N C V is a special case of the P sandwich problem in which E(G;) = £
and the edges in E(G3) \ E(G;) are precisely the edges between all pairs of
distinct vertices in N.

Note that the sandwich problem and the partitioned probe problem are
invariant under taking complements in the following sense. The first state-
ment is shown in [5].

Lemma 1. The P¢ sandwich problem is N P-complete if and only if the P
sandwich problem is. The PC partitioned probe problem is N P-complete if
and only if the P partitioned probe problem is.



Proof. An instance (G, Gs) is a YES instance for P sandwich problem if
and only if (GS,G¢) is a YES instance for the P sandwich problem. The
same is true for the P partitioned probe problem: A graph G with partition
(P,N) is a YES instance for the P partitioned probe problem if and only if
the graph G’ arising from G¢ by removing all edges with both endpoints in
N with the partition (P, N) is a YES instance for the P partitioned probe
problem. O

Let P be a graph property. The P UNPARTITIONED PROBE PROBLEM is
the following: Given a graph G, is G a P probe graph? We also consider the
P UNPARTITIONED PROBE PROBLEM IN THE COMPLEMENT: Given a graph
G, is G¢ a P probe graph? In other words, in the unpartitioned probe
problem, the goal is to decide whether there is a stable set IV in G and a set
of edges £’ with both endpoints in IV such that G U E’ satisfies P, whereas
in the unpartitioned probe problem in the complement, the goal is to decide
whether there is a clique N in G and a set of edges E’ with both endpoints in
N such that G\ E’ satisfies P. Therefore, these problems are not equivalent
in general.

Forbidden induced subgraph sandwich problems have been considered
in [3] and then further studied in [2], which considered the complexities of
partitioned and unpartitioned probe problems as well. In several papers,
probe problems have been considered with respect to subclasses of perfect
graphs, and the perfect graph sandwich problem is the only remaining open
sandwich problem in the seminal paper by Golumbic et al. [5].

In the present paper, we consider sandwich and probe problems for ex-
cluding paths. We let P, denote an induced path on k vertices. The graph PS¢
is called a house. For k > 5, we show that the Py-free sandwich problem, par-
titioned probe problem, and unpartitioned probe problem are N P-complete.
For k < 4, it is known that the P,-free sandwich problem, partitioned probe
problem, and unpartitioned probe problem are in P. The paper is organized
as follows. In Section [2| we give some reductions. In Section [3 we consider
the sandwich and probe problems for P3, Py, P5 and Fg; and in Section 4], we
consider Py, k > 6.

2. Reductions

Let G be a graph and let z,y € V(G) be distinct vertices. Then z and y
are twins if N(x)\{y} = N(y) \{z}. They are adjacent twins if = is adjacent



to y, and non-adjacent twins otherwise. Note that if x,y are adjacent twins
in G, then they are non-adjacent twins in G¢. For k > 4, P, does not contain
twins.

We will use the following results from [2].

Theorem 2 ([2]). For 3-connected graphs F # K, if the F-free sandwich
problem is N P-complete, so is the F'-free partitioned probe problem.

Theorem 3 ([2]). For 2-connected graphs F # K, if the F-free partitioned
probe problem is N P-complete, so is the F'-free unpartitioned probe problem.

By taking complements in Theorem [2| and applying Lemma [1, we also
obtain the following.

Corollary 4 ([2]). Let F be a graph such that FC # K, and FC is 3-
connected. If the F-free sandwich problem is N P-complete, so is the F-free
partitioned probe problem.

Theorem 5. Let H be a graph that does not contain any adjacent twins.
If the H-free partitioned probe problem is N P-complete, so is the H-free
unpartitioned probe problem.

Proof. Let G with partition (P, N) be an instance for the H-free partitioned
probe problem, and let G’ arise from G by adding an adjacent twin for every
vertex in P; call this set of new vertices P’. For every vertex v € P, we let
v’ denote its adjacent twin in P’. We claim that G is a YES instance for the
H-free partitioned probe problem if and only if G’ is a YES instance for the
H-free unpartitioned probe problem.

Let E be a set of edges with both endpoints in N so that (V(G), E(G)UE)
is H-free, and suppose for a contradiction that G” = (V(G'), E(G') U E) is
not H-free. Let S C V(G') induce a subgraph isomorphic to H in G”. Since
H contains no adjacent twins, it follows that S does not contain v and v’
for any v € P, since v and v’ are adjacent twins in G”. Therefore, we may
assume that if S’ contains a vertex in {v,v'} for some v € P, then S contains
v and not ¢', and so S C N U P. But then S C V(G), and so S induces a
subgraph isomorphic to H in (V(G), E(G) U E). This is a contradiction and
it follows that G” is H-free.

For the converse direction, let N C V(G’) be a stable set, and let £ be
a set of edges with both endpoints in N’ so that G” = (V(G'), E(G') U E')
is H-free. Since N’ is a stable set in G’, N’ does not contain v and v’ for
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any v € P, and since they are adjacent twins, we may assume (by adjusting
E’ accordingly) that N'N P = (). Let E denote the set of edges in E' with
both endpoints in N. It follows that (V(G), E(G)UE) = G"|V(G), since E’
contains no edge with an endpoint in P. Thus (V(G), E(G) U E) is H-free,
which proves the claim.

Since the size of G’ is at most twice the size of GG, this reduction takes
polynomial time; the result of the theorem follows. m

By taking complements in Theorem [5, we obtain the following:

Corollary 6. Let H be a graph that does not contain any non-adjacent twins.
If the H-free partitioned probe problem is N P-complete, so is the H-free
unpartitioned probe problem in the complement.

Proof. Let H be a graph that does not contain any non-adjacent twins. Then
H® does not contain any adjacent twins. Suppose that the H-free parti-
tioned probe problem is N P-complete. Then, by Lemma , the HC-free
partitioned probe problem is N P-complete. Now by Theorem [5|, the H¢-free
unpartitioned probe problem is N P-complete, which means that the H-free
unpartitioned probe problem in the complement is N P-complete. O

3. Short paths

We first consider the Ps-free case and the Py-free case. Here, the sand-
wich problem and both probe problems can be solved in polynomial time, as
Theorem [7], Lemma [§] and Theorem [9] show.

Theorem 7 ([3]). The Ps-free sandwich problem and partitioned probe prob-
lem can be solved in polynomial time.

We prove the following simple lemma for completeness.

Lemma 8. The Ps-free unpartitioned probe problem can be solved in polyno-
mial time.

Proof. Let G be a graph, and consider the following algorithm: Let G’ be a
copy of G. Let N = (). While there is an induced P; with vertices x,y, z in
order in G’; add =,z to N and zz to E(G’). If N is a stable set in G, then
this algorithm yields a (V(G) \ N, N)-probe graph G’ for G which is Ps-free.
For the converse direction, note that if there is a P3-free probe graph G”



for G with partition (P”, N”), then at every step of the algorithm, G” is a
supergraph of G, and hence N C N”. Thus, if such a G" exists, then N is
stable. This concludes the proof. O]

Theorem 9 ([5,[1]). The Py-free sandwich problem, partitioned probe problem
and unpartitioned probe problem can be solved in polynomial time.

From [2], we know the following:
Theorem 10 ([2]). The Cy-free partitioned probe problem is N P-complete.

We now review a construction given in [3] which we will use to prove that
the house-free sandwich problem is N P-complete, and which is used in [3] to
prove the following in the case that k = 4.

Theorem 11 ([3]). The Cy-free sandwich problem is N P-complete for all
fizxed k > 4.

Let (X,C) be a 3SAT instance with a set X = {xy,...,z,} of variables
and a set C' = {cy,..., ¢y} of clauses such that each clause contains exactly
three variables. We follow the notation of [3], but we use £ for a literal in the
3SAT instance and [ for a vertex of the constructed gadget from the 3SAT
instance (instead of using IJ for both).

Before giving a detailed definition of the construction, we briefly describe
how it works. For every variable z; of (X, (), we will define a set X;, which
consists of a four-cycle of forced edges, along with two optional edges, which
form the diagonals of this four-cycle. At least one of these optional edges
is present in every Cy-free sandwich graph for our instance, and which of
the diagonal edges is present will correspond to whether z; is true or false.
For every clause ¢; of (X,C), and every literal ¢/ € {z;,7;} in ¢;, we add
two gadgets {7’21, e ,rg4} and isél, e 354}, which are designed to provide
a copy of x; if x; is true and if z; is false, respectively. For ¢;, we add a
four-cycle with vertex set {p{, ey pi}, which has one forced edge, and one
optional edge for each literal. It follows that if there is a set of optional edges
that we can add to create a Cy-free sandwich graph G, then there is a truth
assignment in which for every clause ¢;, not all three optional edges among

{p{, cee p{l} are present in G, and hence c; contains a true literal.

Later, we will slightly modify the 3SAT instance in order to be able to
say more about the structure of the constructed sandwich instance.

We let (G1(X,C),Ga(X,C)) be a sandwich instance with vertex set V,
where V' contains



e for each variable z; € X a set X; = {2}, 25, 7%, 7% };

e for each clause ¢; = (£} V £V £}) in C, a set Cj
A] = {p]h . JPZL} and B] = Uq=1,2,3 {l‘é, t?p S(Jllﬂ <oy q4,

= A; U B, where

J J

We define the following sets of edges for 1 <i<n,1<j <m,q€ {1,2,3}.

VR G P Sy S Sy S
o X'= {a:lxl,xle,xsz,xle},

i 517 73,0 ond 70
LJ—{plll,lpo,pzl 2p37p3 pzl}

o 79 = {pit], tph, pith, iph, i, thpl |+

821822, 3525237 3535547 354821};

° RZ = {Tf}ﬁ?}z, Té2rg3a 7“53@4#‘34@1}

o if 0/ =u;, Bl = {x’isgg,xésg4,fi7”gg,fé7”é4};
o if ¢} =7, B] = {9037"52,IETZ47T§8227733§4}¥
o X! ={zizl TTh};

o PI = {pips, mivh, phvk

J — ]I 7
i Qq - {l tqa q18q37 q2sq47 ql,rq?)’ q2rq4}

We let
E(Gi(X,C) = |J X'U U (Y UT’UP UALUSIUR)UBY)
1<i<n 1<j<m,qe{1,2,3}
and
E(Go(X,ON\E(Gi(X,C)= U xiu U (Plu@)).
1<i<n 1<j<m,qe{1,2,3}



This construction is shown in Figure [Il The edges in set E(G:(X,C)) cor-
respond to the solid edges, and the edges in set E(G2(X,C)) \ E(G1(X,C))
correspond to the dotted edges. A Cy-free sandwich graph corresponds to a
selection of the dotted edges that, when added to the solid edges, makes the
graph C)-free.

.2
521 NN 734
3 ,
y/

5
T3

Figure 1: Example from [3] of the constructed instance (G1(X,C),G2(X,C)) for X =

{z1,...,25},C = {c1,c2} and ¢; = (x1 V 22 V T3),c2 = (T4 V 25 V 23). Solid edges are
forced, and dotted edges are optional.

The following follows immediately from the construction.



Lemma 12. For every 3SAT instance in which each clause contains exactly
three variables, the graph G = (V(G1(X,C)), E(G2(X,()) \ E(G1(X,C)))
of optional edges is a forest, and each connected component consists either of
an edge, a single vertex, or a three-edge path.

Theorem 13 ([3]). Let (X,C) be a 3SAT instance in which each clause
contains exactly three variables. The instance (G1(X,C),G2(X,C)) is a YES
instance for the Cy-free sandwich problem if and only if (X,C) is a YES
instance for 3SAT.

A house can be constructed from a four-cycle by adding a new vertex
adjacent to two consecutive vertices of the cycle. By adding such a new
vertex to every possible Cy in the sandwich instance we constructed, we
obtain the following result:

Theorem 14. The house-free sandwich problem is N P-complete. It is N P-
complete to decide if (G1,G2) is a YES instance for the Cy-free sandwich
problem or a NO instance for the house-free sandwich problem.

Proof. Let (X,C) be an instance of 3SAT in which each clause contains
exactly three variables. Let (G}, G%) arise from (G1(X,C),Go(X,C)) by
adding a new vertex of degree two for each edge uv € E(G1(X,(C)), which
defines a new set W. The new set W contains |E(G1(X, C))| vertices, each
w € W is associated with an edge e(w) € E(G1(X,C)), and for each w € W,
e(w) = uv, we add edges uw and wv to G and GY. It follows that since e(w)
is in every sandwich graph for every w € W, no w € W is in a four-cycle in
any sandwich graph for (G}, G)).

Suppose that (G, G}) is a YES instance for the house-free sandwich prob-
lem, and let G be a house-free sandwich graph for (G, G). Suppose that
G\ W contains a four-cycle with vertex set {a,b,c,d}. By Lemma [12] it
follows that one of its edges, say ab, is in E(G1(X,C)). Let w € W with
e(w) = ab, then {a,b,c,d,w} induces a house in G, a contradiction. Tt
follows that G \ W is a Cy-free sandwich graph for (G1(X,C),G2(X,C)),
proving that (G, G5) is a YES instance for the C,-free sandwich problem.
By Theorem [13] it follows that (X, C) is a YES instance for 3SAT.

Conversely, suppose that (X,C) is a YES instance for 3SAT. Then, by
Theorem [13] it follows that there exists a sandwich graph G for (G1(X, C), G2(X, C))
such that G is Cy-free. Let E = E(G) \ E(G1(X,(C)), and let G' = G| U E.
Suppose that G’ contains a four-cycle. Since no vertex in W is in a four-
cycle as observed above, it follows that G’ \ W contains a four-cycle. But
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G'\ W = @G, a contradiction. Thus G’ is C-free, and hence house-free. This
proves that (G,G%) is a YES instance for the Cy-free and the house-free
sandwich problem.

We have proved that (X, (') is a YES instance for 3SAT if and only if
(G, G%) is a YES instance for the house-free sandwich problem if and only
if (G, GY) is a YES instance for the Cy-free sandwich problem. Since 3SAT
is N P-complete, it follows that the house-free sandwich problem is N P-
complete. O

To prove the following statement, we replace the vertex set of our previous
instance by a stable set N, and add two types of gadgets corresponding to
forced edges and non-edges of the previous instance, respectively:

Theorem 15. The house-free partitioned probe problem is N P-complete.
Proof. In Theorem we proved that the problem of deciding if (G1, G3) is

a YES instance for the Cy-free sandwich problem or a NO instance for the
house-free sandwich problem is N P-complete.

Let (G1,Gs) be a sandwich instance. Let By = E(G), By = E(G2). We
construct an instance G’, N for the house-free partitioned probe problem as
follows. We start from a stable set NV which is in bijection with the vertices
of GGy, and for every pair u, v of distinct vertices in N, we add the following:

e if wv € Ey, we add vertices a, b, ¢ with N(a) = {u,v,c},N(b) = {u,v}
and N(c) = {a,u};

o if uv € Es,, we add vertices a, b, ¢ with N(a) = {u,b,c}, N(b) = {a,c},
N(c) ={a,b,v}.

Let P=V(G")\ N.

Suppose that (G, G) is a YES instance for the Cy-free sandwich problem,
and let H be a Cy-free sandwich graph for (Gy,Gq). Let H' = G' U E(H).
Then H'|N is Cy-free. Suppose that H' is not house-free. Then H’ contains
a four-cycle using a vertex x in P. Suppose that x was added by the first
bullet, for uv € Ey, then uv € E(H'). If x = b or x = ¢, then x has exactly
two neighbors, and they are adjacent; consequently z is not in a four-cycle.
Therefore, x = a, but neither b nor ¢ are in a four-cycle, but two neighbors
of a are in a four-cycle. This is a contradiction, since a has degree three. It
follows that x is not in a four-cycle, a contradiction. Thus x was added by
the second bullet, and it follows that z # b, so we may assume that z = a.
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Since b is not in a four-cycle, it follows that the four-cycle containing z also
contains ¢,u and v. But uwv ¢ E, and so uv ¢ E(H'), a contradiction. This
proves that H' is Cy-free, and in particular, house-free. So G’, N is a YES
instance for the house-free partitioned probe problem.

Now suppose that G', N is a YES instance for the house-free partitioned
probe problem, and let H' be a house-free (P, N)-probe graph for G’. Let
uv € Fy, then wv € E(H'), because otherwise u, v together with the vertices
added for u,v in the first bullet induce a house in H'. Let uv ¢ FEs, then
uv ¢ E(H'), because otherwise u, v together with the vertices added for u, v
in the second bullet induce a house in H'. Tt follows that H'| NV is a house-free
sandwich graph for (G, G2), and so (G1,G2) is not a NO instance for the
house-free sandwich problem.

Thus, we have reduced the problem from Theorem [14] to the house-free
partitioned probe problem, and it follows that the house-free partitioned
probe problem is N P-complete. O

By taking complements in Theorem we obtain the following.
Corollary 16. The Ps-free partitioned probe problem is N P-complete.

Our next goal is to show that the Ps-free sandwich problem is N P-
complete.

Lemma 17. The 3SAT problem is N P-complete even when restricted to in-
stances in which no negations appear in clauses of length three (but negations
may occur in clauses of length two).

Proof. Let (X,C) be a 3SAT instance and suppose that there exist i, j such
that Z; occurs in Cj, where C; has length three. We replace Z; by a new
variable y in C}, and add two clauses (z; V y) and (Z; V7). The two new
clauses are satisfied if and only if y = Z;, and so (X, C) is satisfiable if and
only if the new instance is. This does not create any new clauses of length
three. Thus, by adding at most 3|C| new variables and 6|C| new clauses,
we can transform (X, C') into an equivalent 3SAT instance with the required
restrictions. This proves the result. O

We use the following result, a tool in the proof of Theorem [13}

Lemma 18 ([3]). Let (X,C) be a 3SAT instance in which every clause con-
tains exactly three variables. Let (x1,...,x,) be an assignment of the vari-
ables. Then the following are equivalent:
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o (X, () is satisfied by the assignment (xy,...,x,);
o there is a Cy-free sandwich graph G for (G1(X,C),Ge(X,C)) with

rixh € E(G) if and only if z; is true in the assignment (xq,...,T,).

The following is a list of every possible four-cycle in a sandwich graph for
(Gl(X, C), GQ(X, 0))

Jododmd  witind 17 il oI pd j0d 0 43
b plp%piipzb p{]tépq—f—llfp q8q1$q3pq+17 l(jququ?)tjqa

N/ S B/ R B S B BN B N P
® S415¢25¢35q4> Tq1Tq2" 37 g4 T1T1 XX g;

: : s : P B BN R B S B
e if x; occurs in position ¢ in C’j, T15¢25qaTa; T1Tg2TqaT}

i ; i1 ; ipd d ot o I G
e if T; occurs in position ¢ in C’j, T1TgTqaTas T15425¢4Ts-

The following lemma shows how to modify our construction in order to
use it to decide if a 3SAT instance (X,C) with z; € X has a satisfying
assignment in which z; is false. We accomplish this by removing all vertices
designed to represent z; and its copies, and by turning every edge pépg 41
corresponding to the literal £J = z; from an optional edge into a forced edge.

Lemma 19. Let (X,C) be a 3SAT instance in which every clause contains
exactly three variables, and let x; € X such that every occurrence of x; in C
is non-negated (i. e. the literal T; does not occur). We let V; denote the set
of vertices that are either in X; or of the form lg, tg, ’I“ék or sgk for a clause
c; = (6{\/@\/@;) where k € {1,2,3,4}, ég =z, andj € {l,...,m}. WeletE;
denote the set of edges pgpéﬂ for a clause c; = (Wl Ve, \/Eg) with fg = x; and
Jj €{1,...,m}. We define a sandwich instance (G}(X,C),G4(X,C)) with
V(G(X,C)) = V(Ga(X, C)\ V; and Gy(X,C) = G4(X, C)|V(G4(X,C)) U
E; ford=1,2. Then (X, C) is satisfied by an assignment such that x; is false
if and only if there is a Cy-free sandwich graph for (G%(X,C), G5(X,C)).

Proof. By Lemma , (X, C) is satisfied by an assignment such that x; is false
if and only if there is a Cy-free sandwich graph G for (G1(X,C), G2(X,C))
with zjz} ¢ E(G). Since G is Cy-free, this implies that Zi7}, € E(G).
Let ¢; = ({1 V {3 V ) such that ¢ = z; for some ¢ € {1,2,3} and j €
{1,...,m}. Then rlyrl, ¢ E(G), for otherwise {Tﬁ,ré,rﬁﬂ,fﬁ} induces a

four-cycle in G. Therefore, 7"217‘23 € E(G), and so It} ¢ E(G). This implies
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that pgl'pgﬂ € E(G). Consequently, G|V (G (X,()) is a Cy-free sandwich
graph for (G4(X,C), G4(X,(C)).

For the converse direction suppose that G is a Cy-free sandwich graph for
(Gi(X,C),Gy(X,C)) and let F denote the set of edges 74 and 1,175, slys?,
for j € {1,...,m}, ¢ € {1,2,3} such that ¢; = (I V1, V%) such that I = ;.
Then G’ with V(G") = V(G1(X,(C)) and E(G') = E(G1(X,C)) UE(G)UF
is a sandwich graph for (G1(X,C), Go(X,C)) with ziz} & E(G). Moreover,
G’ is Cy-free by construction. By Lemma , it follows that (X,C) has a
satisfying assignment in which x; is false. O]

We now consider the FPs-free sandwich problem. Our strategy is as fol-
lows. We switch to the P¢-free sandwich problem. Every possible P in our
instance will consist of a possible four-cycle with vertex set {a, b, ¢, d} in the
instance (G1, G) as in Lemma , along with a vertex e adjacent to b and c,
where be is a forced edge and b-d-e-a-c is a PS, and a vertex f adjacent to
either {d, e, a,c} or {b,d, e, a}. Note that if there are two vertices, f and f’,
such that f is adjacent to {d,e,a,c} and f’ is adjacent to {b,d,e,a}, then
there is a possible P¢ that does not use all vertices of the four-cycle. To
avoid this problem, our main goal is to identify sets E*,V* such that E*
is a set of forced edges and contains an edge of every possible four-cycle of
(G1,G3), and V* is a stable set of vertices in G5 that contains an endpoint
of every edge in £*. Then we add a vertex e to every edge bc in E*, and add
a vertex f with neighbors {d, e, a,c} if b € V* and with neighbors {b,d, e, a}
ifce V™.

Theorem 20. The Ps-free sandwich problem is N P-complete.

Proof. Let (X',C") be a 3SAT instance as in Lemma [17] We may assume
that (X', C") contains no clauses containing exactly one variable. Let (X, C)
arise from (X', C") by adding a new variable xy to X, and by replacing every
clause ¢; = (¢ V £3) of length two in C" by (o V ]V £3) if £] and £} are either
both negated or both non-negated, and by (¢ VoV £}) otherwise. We remark
that the order matters for the remaining of the proof (for the construction of
set V* below). Then (X, C) has a satisfying assignment in which z, is false
if and only if (X', C") has a satisfying assignment. Furthermore, every clause
in C' contains exactly three variables.
Let Vo, Ey, (G(X,C),GY(X,C)) as in Lemma[l9] Then (GI(X,C),G3(X,0))

has a Cy-free sandwich graph if and only if (X”, C") is satisfiable. Let |C| = m;
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and for j € {1,...

let E* denote the following set of edges:

We let V* denote the following set of vertices:

[ S
for x; € X', T\zy;

,m}, let ¢; = (£ V £}V £}) denote the jth clause of C. We

for z; € X', and ¢, j such that ; = £J, Tir},, q17"347 qll 4.7}2, CATAE

/ : J
for x; € X', and ¢, j such that T; = E , T sqz, qlsq4, qlpr q4x2, q47’q1,

if 2o does not occur in ¢;, pip}, pill, Pl

if Cj =

if Cj =

if Cj =

for z; € X', T;

177 oJ o J oJ Jod .
2, p:]),l?n P1511, P35315 P3523;5

(w0 V &: V k), piphs DA, PALS, Dhsihy, Phshs;
(o VT V T), pivh, Bph, Boh, By, Uy

if ¢j = (x; V @o V Ty), piph, pIH, Uph, plsty, Brdy; and
( )

— J o 17 J
T; V xo V xy), papl, pals, | P27 117°11> 4533~

for x; € X', and ¢, j such that z; = E rlands

for z; € X', and ¢, j such that T; = ¢/,

if 2y does not occur in c¢;, p{ and pé;
if ¢; = (w0 Va; V), pi " and pi;
ifcj:(:vo\/@\/xk),p 1 andl
if ¢; = (2; V2o V T1), I} and p; and
(

if ¢; = (T, Vo V xp), 1 and pl.

J J
Sy1 and 7

By construction, £* and V* have the following properties:

E* C E(GI(X, C));

e for every four-cycle in a sandwich graph for (G9(X,C),G5(X,C)), £

contains an edge of the cycle;
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e V* is a stable set in G(X, C); and
e every edge in £* has an endpoint in V*.

These properties are easily verified from the construction using the addi-
tional restrictions on (X, C). Let (G}, Gb) arise from (GY(X,C),GY(X,C))
by adding a vertex w(e) for every edge e € E* with Ner (w(e)) = Ngy (w(e)) =
{u,v} where e = uv. Let (G, Gs) arise from (G, G5) by adding a vertex v’
for every vertex v € V* with Ng, (v') = Ng,(v') = V(Gy) \ {v,v'}, 1. e. the
set V' = {v':v € V*} is a clique.

We claim that (G, G3) is a YES instance for the PC-free sandwich prob-
lem if and only if (GY(X,C),G3(X,C)) is a YES instance for the Cy-free
sandwich problem (which, by Lemma |19 is true if and only if (X', C") is a
YES instance for 3SAT).

Suppose that G is a PS-free sandwich graph for (G, Gy). Let G' =
G|V (GY(X,C)). Suppose that G’ contains an induced four-cycle with vertex
set {ay, asz, az,as} and edge set {ajaq, asas, agay, aga; }. Then E* contains an
edge of this four-cycle; without loss of generality, say a;as € E*. This implies
that one of aj,ay € V*, say a; € V*. But then a}-a;-as-w(aias)-a4-as is an
induced Ps in G, a contradiction. So G’ is a C4-free sandwich graph for
(GY(X,C),G3(X,C)).

Conversely, suppose that G is a Cy-free sandwich graph for (GY(X, C), GS(X, C)).
Let G' = G7 U E(G). Suppose that the complement of G’ contains an
induced Pg with vertices aq,...,as in this order along the path. Then
V'Nn{ay,...,a6} C {a1,as}, since every interior vertex has at least two non-
neighbors. Suppose first that V' N {as,...,a6} = {a1,as}. Then ay, a5 € V*,
but as is adjacent to as, a contradiction, since V* is a stable set. It follows
that |V' N {a,...,a6}| < 1, and so G’ \ V' contains a PE, and thus an
induced four-cycle. Since G is Cy-free, it follows that there is a vertex in
V(G")\ (V'UV(G)) which is contained in an induced four-cycle in G’ \ V".
Thus there exists an edge e € E* such that w(e) is in an induced four-cycle
in G. But w(e) has exactly two neighbors in G’ \ V', and they are adjacent
in every sandwich graph G’ \ V' for (G, G}), it follows that w(e) is not in an
induced four-cycle in G' \ V’. This is a contradiction, and it follows that G’
is P¢-free.

This implies that the PC-free sandwich problem is N P-complete, and by
taking complements, it follows that the Ps-free sandwich problem is N P-
complete. O
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4. From short paths to longer paths

Lemma 21. For k > 5, if the Py-free sandwich is N P-complete, then the
Py o-free sandwich problem is N P-complete.

Proof. Let (G1,Gs) be an instance of the Py-free sandwich problem, and for
i € {1,2} let G} arise from G; by adding, for each vertex v in V(G;), a new
vertex v with N(v') = v.

Suppose that (G, Gs) is a YES instance for the Py-free sandwich problem.
Let H be a Py-free sandwich graph for (G1,G3y). Let H = G} U (E(H) \
E(Gy)) = Gy U E(H). Then H'|V(G,) is Py-free. Suppose that H' is not
Py o-free, and let ) be an induced path on k + 2 vertices in H’. Then
V(H'") \ V(G;) contains a vertex in V(Q) of degree at least two. But every
vertex in V(H') \ V(G;) has degree one in H’', a contradiction. This proves
that H' is Py o-free, and so (G},G,) is a YES instance for the Py o-free
sandwich problem.

Conversely, suppose that (G',G,) is a YES instance for the Py o-free
sandwich problem. Let H' be a Py o-free sandwich graph for (G, G5). Then
H'|V(G,) is a Py-free sandwich graph for (G, Gs), because if there was a
Py in H'|V(G;) with endpoints u,v € V(Gy), then adding v, v’ to this path
would yield a Py in H’', a contradiction. So (G, G3) is a YES instance for
the Py-free sandwich problem. m

Theorem 22. For k > 5, the Py-free sandwich problem, partitioned probe
problem, and unpartitioned probe problem in the graph and in the complement
are N P-complete.

Proof. For the sandwich problem, this follows from Corollary [16| for & = 5,
since the partitioned probe problem is a special case of the sandwich problem,
and from Theorem [20| and Lemma For the partitioned probe problem,
this follows from Corollary for £k = 5, and from Corollary 4 for £ > 6,
since P{ is 3-connected for k > 6.

Since Py, k > 5, does not contain twins, the N P-completeness for the
unpartitioned problem in the graph and in the complement follows from
Theorem [f| and Corollary [6] respectively. O

5. Concluding remarks

We have resolved the complexity of the sandwich problem, partitioned
probe problem, unpartitioned probe problem, and unpartitioned probe prob-
lem in the complement for the property of being Pj-free for all k € N. This
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is a special case of the more general question for which graphs H the above-
mentioned problems for the property of being H-free is N P-complete, and
for which they can be solved in polynomial time.

We further compare the complexities of the sandwich problem, parti-
tioned probe problem, unpartitioned probe problem, and unpartitioned probe
problem in the complement, and establish a new sufficient condition for the
hardness of the partitioned probe problem to imply that the other problems
are also hard.
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