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Abstract

The rise of quantum information theory has largely vindicated the long-held belief that
Wigner negativity is an indicator of genuine nonclassicality in quantum systems. This
thesis explores its manifestation in spin-j systems using the spherical Wigner function.
Common symmetric multi-qubit states are studied and compared. Spin coherent states are
shown to never have vanishing Wigner negativity. Pure states that maximize negativity
are determined and analyzed using the Majorana stellar representation. The relationship
between negativity and state mixedness is discussed, and polytopes characterizing unitary
orbits of lower-bounded Wigner functions are studied. Results throughout are contrasted
with similar works on symmetric state entanglement and other forms of phase-space non-
classicality.
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Chapter 1

Introduction

Quantum physics, our most successful yet most puzzling physical theory of nature, is cur-
rently experiencing a paradigm shift. This was brought about by a relatively recent fusion
of information theory and quantum mechanics as they were previously understood. Their
marriage, which forms the now vastly encompassing subject of quantum information the-
ory, has promised to yield the advent of technology capable of completing tasks otherwise
thought to be practically impossible. And as the industry of quantum technology grows
this revolution simultaneously informs our philosophical outlook, particularly so with the
stubborn conceptual problems of quantum theory. This intertwined progression has placed
us at a peculiar crossroads where the task of understanding exactly why quantum tech-
nologies are so powerful is intricately connected to the task of understanding why quantum
mechanics is so puzzling in the first place. And while the history of the word “nonclas-
sicality” has been nebulous and dynamic, this new information-theoretic re-interpretation
of quantum physics continues to inform us on how to move forward.

One aspect of quantum physics that has benefited particularly well from this new
perspective is the phase space formulation, the origins of which can largely be attributed
to the work of Wigner, Weyl, Moyal, and Groenewold [4, 5, 6, 7]. This formulation is
autonomous in its construction yet equivalent to the original formulation of Heisenberg
[8] and its subsequent development in terms of density matrices, quantum channels, and
fuzzy measurements. The principal advantage of this picture is the ability to simultaneously
describe quantum and classical physics on the common stage of phase space. This facilitates
a direct comparison between the two theories in terms of both kinematics (i.e. probability
distributions vs. quasiprobability distributions) and dynamics (i.e. Poisson brackets vs.



Moyal brackets). See [9] for a recent review with an information-theoretic perspective.

One loosely chronological wave of generalizations to this picture may broadly be grouped
into two directions. The first is the introduction of additional quasiprobability distribu-
tions based on the coherent states associated to the Heisenberg-Weyl group. This may
be attributed to the works of Husimi [10], Sudarshan [11], Glauber [12], and Kano [13],
which brought about the Husimi(-Kano) @ function and the Glauber-Sudarshan P func-
tion. These two, together with the originating Wigner function, were then found to be
intimately related [14, 15, 16, 17, 18], and the unified product is a one-parameter family of
functions now referred to as the s-ordered class in reference to the different ways of con-
structing a Hilbert space operator from a given phase space function. In this setting the
Wigner function plays a special role as it may be thought of as sitting directly “in between”
the Husimi ) function and the Sudarshan-Glauber P function. An important structural
aspect was then revealed by Grossman [19] and Royer [20], who showed the deep connec-
tion to phase space inversion symmetry. In particular, the Wigner function in its most
modern form is best thought of as a collection of expectation values of an operator-valued
distribution over phase space, collectively referred to as the kernel. The phase-point oper-
ator at (z,p) € R? is furthermore to be interpreted as the displaced parity operator that
inverts phase space about that point. This perspective naturally integrates with the entire
s-ordered class, with different quasiprobability distributions being generated by different
kernels [21].

The second direction within this first wave is the switch to finite dimensional quantum
systems, the first step into which was done by Hannay and Berry in 1980 [22] based on
earlier insights by Schwinger and Weyl [23]. Important subsequent works include those by
Wootters et al. [24, 25] together with contributions from Cohendet et al. [26], Leonhardt
[27, 28], and Klimov et al. [29, 30] (see [31] for an overview). This effort culminated in
the discrete Wigner function identified by Gross [32], hereafter referred to as the Gross-
Wigner function!'. In an odd prime Hilbert space dimension d, the phase space that this
Wigner function lives on is a d x d toroidal lattice, where the two constituent “rings” of the
torus may be thought of as discretized versions of position and momentum [33, 34]. The
Gross-Wigner function is also best thought of as emerging from a canonical set of displaced
parity operators, analogous to the original Wigner function.

These two directions, from the modern information-theoretic lens, may be respectively

"'While Gross did not define this function he argued for its information-theoretic canonicality in the
context of quantum error correction; as a result the quantum information community seems to have adopted
the title Gross- Wigner function.



placed into two broader research programs: continuous-variable quantum information
[35, 36, 37] and discrete-variable quantum information [38, 39]. It is here where negativity
in the Wigner function has blossomed, particularly so in the context of quantum compu-
tation. Central to both cases is Hudson’s theorem, which determines exactly the subset of
pure states that are Wigner-positive [40, 41, 32]. In the continuous-variable regime these
are the Gaussian states and in the discrete-variable regime they are the stabilizer states,
which are central to the stabilizer formalism of quantum error correction and universal
fault-tolerance quantum computation [42]. A running theme is that states with a pos-
itive Wigner function — together with negativity-preserving transformations (Gaussian
operations / Clifford group operations) and Wigner-positive measurements (quadrature
measurement / Pauli measurement) — are consistently found to be efficiently simulable on
a classical computer; see [43, 44, 45, 46, 47] for continuous-variable and [48, 49, 50, 51, 52]
for discrete-variable. These results may collectively be thought of as various extensions
and reformulations of the celebrated Gottesman-Knill theorem [42, 53]. Related to this
“indirect” approach, i.e. characterizing the non-classicality of Wigner negativity by means
of showing its absence is classical, is a “direct” approach that seeks to relate Wigner neg-
ativity to quantum contextuality [54, 55] and magic states [56] — two related notions that
constitute essential computational resources [57, 58, 59]. Indeed there is a growing body of
work that directly relates Wigner negativity to such notions [58, 60, 61, 62, 63, 64]. Wigner
negativity furthermore acts as a magic monotone with respect to Gaussian / Clifford group
operations, which offers some credence to the idea that more negativity implies more non-
classicality [65, 66, 67, 68]. To summarize, an important and ongoing lesson of the quantum
information revolution is that, at least in the context of quantum computation,

Wigner negativity is a foundational and practical physical resource that can
achieve a quantum advantage.

In light of the above it is natural to wonder if there are other physical circumstances
where Wigner negativity is well-defined. This becomes particularly interesting after notic-
ing that both the continuous-variable and discrete-variable regimes are fundamentally
based on the same position-momentum duality (i.e. a Heisenberg-Weyl-like conjugacy)?.
And while these are highly important types of systems they are not the only ones within

2Not to mention the substantial body of related work on cylindrical-like phase spaces; see for example
the Pegg-Barnett research programme [69] and [70, 71, 72, 73, 74, 75, 76]. These important and interesting
Heisenberg-Weyl-like systems are not emphasized here due to their (as of yet) relatively smaller presence
in the quantum information and quantum computation literature.



the purview of non-relativistic quantum physics or even quantum information theory.
The simplest examples of such a non-Heisenberg-Weyl-like object are perhaps the spin-
J systems, which are instead based on the commutation relations of angular momentum,
[Ji, Jj] = i€ijiJp. Can we define a canonical Wigner function and Wigner negativity for
such systems and others like it? If so, will it also give insight to their fundamental nature
or perhaps offer a quantum advantage when this object is applied or contained within some
operational task/protocol?

These questions may be probed within a (related, but pedagogically speaking) second
wave of generalizations to the original Wigner function that is more concerned with chang-
ing the shape of phase space while retaining as many of the original properties as possible
[77, 78, 79, 80]. In the additional presence of a dynamical symmetry group more structure
is afforded and the phase space may often be thought of as essentially® the group manifold
itself [81, 82]. In this setting different phase space manifolds correspond to different physi-
cal systems and are classified by their dynamical symmetry [83, 84, 85]. For example, the
original phase space being R? should be thought of as a consequence of working with the
Heisenberg-Weyl group. Spin-j systems, which come from SU(2) [86, 87|, by contrast are
associated to a spherical phase space with radius indexed by j. Similar to the planar case,
spherical quasiprobability distributions may furthermore be thought of as arising from a
collection of displaced (i.e. rotated) parity operators.

The requirements of a well-defined Wigner function over such a symmetry-derived phase
space are known as the Stratonovich axioms, which were first described in 1956 and in-
cidentally in the present context of SU(2) [88]. As will be discussed later, the two most
important axioms are covariance (i.e. translations of phase space must be in compatible
correspondence with translation operators over Hilbert space) and traciality (i.e. the Born
rule is mapped to an L? inner product). The Stratonovich axioms were forgotten for sev-
eral decades but were resurrected in a seminal paper by Joseph C. Virilly and José M.
Gracia-Bondia, who went on to derive the set of all spherical Wigner functions satisfying
the Stratonovich axioms [89]. There has since been much work done on spherical quasiprob-
ability distributions [90, 91, 92, 93, 94, 95, 96, 97]; see [98] and references therein for a
recent overview. Despite the just implied non-uniqueness of the SU(2)-covariant Wigner
function, the vast majority of these works focus, as does this thesis, on the same particular
one that was independently discovered by Agarwal in 1981, presumably without knowledge
of the Stratonovich axioms [99]. Like many others, implicitly or explicitly, I consider it

3More precisely a quotient group with respect to the stabilizer group of some fiducial state, often chosen
to have physical significance such as the bosonic vacuum in the case of Heisenberg-Weyl symmetry.
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to be the canonical Wigner function for spin systems because it is the only such spherical
Wigner function to satisfy, in addition to the Stratonovich axioms, either of the following
two properties:

e Compatibility with the SU(2) s-ordered class of functions: it is exactly “in between”
the Husimi @) function and the Glauber-Sudarshan P function (as generated by the
standard spin-coherent state |7, 7)) [89].%

e Compatibility with Heisenberg-Weyl symmetry: its infinite-spin limit is the original
Wigner function on R? [92, 97].

So equipped with a canonical Wigner function on the sphere and a reputable history
of Wigner negativity, this thesis represents the first focused approach to the question
of Wigner negativity in spin-j systems. This work complements an increasingly large
research programme on the nonclassicality of spin-j systems in general. Indeed the past
two decades (even the past decade) have seen an explosion of progress in the understanding
and characterization of quantum spin despite its first physical observation in the famous
Stern-Gerlach experiment being just over 100 years ago [100] and its mathematical roots
planted even earlier in the 19th century [101]; see for example [102, 103, 104, 105, 106, 107,
108, 109, 110, 111, 112]. Fueled by the quantum information revolution, this explosion
comes largely from studying the entanglement and nonlocality properties of spin-j systems
through their equivalent representation as the symmetric subspace of a collection of 27
qubits®. In lieu of a (yet) established connection to, say, quantum contextuality, here we
gain insight on spherical Wigner negativity largely through its contrast with the above
mentioned body of work on symmetric state entanglement.

4Note that in [83, 84] for example, one may naturally modify the traciality axiom to accommodate the
spherical s-ordered class and so bypass the non-uniqueness issue altogether.

5This equivalence has been known in one way or another for a long time (arguably since at least 1932
from a physics perspective [113, 114]), but see [115] for a modern take with applications in information
science.



Chapter 1 is an introduction, Chapter 2 is background, and Chapter 6 concludes and
comments on future directions. The results of Chapters 3, 4 and 5, which are based on
completed works and presented in chronological order, are summarized as follows:

e Chapter 3. Commonly used symmetric states from various fields of quantum informa-
tion theory are analyzed, in particular the spin coherent states (i.e. computational ba-
sis states and their simultaneous rotations), the n-qubit Greenberger—Horne—Zeilinger
(GHZ) states and the Dicke (generalized W) states. Spin coherent states are shown
to always have a non-vanishing amount of Wigner negativity in all dimensions. An
approximation formula for GHZ negativity is obtained, and it is shown that such
states have a relatively low amount of negativity as compared to the Dicke states.
Dicke state negativity is furthermore found to behave differently than entanglement
entropy, with the relative ranking of the Dicke basis via their nonclassicality being
highly spin-dependent.

e Chapter 4. The Majorana stellar representation is used to characterize pure spin
states that maximize Wigner negativity. Such states are found to generally exhibit
a partial but not maximal degree of symmetry within their constellations. In par-
ticular, for spin 5 > 2, maximal constellations do not correspond to an embedded
Platonic solid when available and do not follow an obvious geometric pattern as di-
mension increases. They also do not maximize various other measures of phase space
nonclassicality such as anticoherence, geometric entanglement, or Glauber-Sudarshan
negativity. Random states display on average a relatively high amount of negativity,
but the extremal states and those with similar negativity are statistically rare in
Hilbert space.

e Chapter 5. This chapter studies the relationship between Wigner negativity and state
mixedness, in particular the unitary orbits of spin Wigner functions lower-bounded
by a specified value. To this end, my collaborators and I extended a characterization
of the set of absolutely Wigner positive states as a set of linear eigenvalue constraints,
which together define a polytope in the simplex of spin-j mixed states centred on
the maximally mixed state. The lower bound determines the relative size of such
absolutely Wigner bounded (AWB) polytopes and we study their geometric prop-
erties. In particular, in each dimension a Hilbert-Schmidt ball representing a tight
AWRB sufficiency criterion based on the purity is exactly determined, while another
ball representing AWB necessity is conjectured. Special attention is given to the case



where the polytope separates orbits containing only positive Wigner functions from
other orbits because of the use of Wigner negativity as a witness of non-classicality
of spin states. Comparisons are made to absolute symmetric state separability and

Glauber-Sudarshan positivity, with additional details given for low spin quantum
numbers.



Chapter 2

Background

Here some of the building blocks of quantum spin are recalled, its various representations
are reviewed, and the spherical Wigner function is presented. The convention used is the
“quantum information” style where the state |0) lives at the North pole of the Bloch sphere
and an arbitrary qubit state is given by cos(6/2)|0) + ¢ sin(6/2)|1). This is in line with
the “physicist’s” spherical coordinates where 6 denotes colatitude. The reduced Planck
constant h is set to 1 throughout.

2.1 Structure theory of quantum spin

2.1.1 SU(2) fundamentals

Many of these results may be found the textbooks [101, 116, 117, 118] and the review
article [98]. The special unitary group SU(2) is the set of 2 x 2 unitary matrices with
determinant one together with matrix multiplication. The generators of this group are the
Pauli matrices divided by 2:

1 /0 1 1 /0 — 1/1 0
J 2 <1 O) Iy 2 (z O) J 2 (O —1) (2.1)
These generators satisfy the canonical commutation relations for angular momentum

[, Jj] = i€ijid, (2.2)

8



(i.e. the su(2) Lie bracket) which are the defining relations for spin systems. The subscripts
x,y,z come from SU(2) being the double cover of SO(3), which is the group of rotations
in Euclidean space R3, meaning that .J, may be thought to generate rotations about the
k-th axis in standard Cartesian coordinates.

The algebraic structures of Eqgs. (2.1) and (2.2) may be unitarily and irreducibly rep-
resented on any finite dimensional Hilbert space H ~ C?**! where j, called the spin of the
system, is indexed through the eigenvalues of the Casimir element J? = J2 + J§ +J2. The
spin j is either a positive integer or half-integer, leading to one instance of SU(2) per finite
Hilbert space. Indeed such a representation on C¥*! is unique up to unitary equivalence,
a property not always satisfied by groups found in physics.

The standard Dicke states of spin j, denoted |j, m), are the eigenvectors of the spin-j
representation of the J, generator:

Jelg,m) = mlj,m), (2:3)

where m, the magnetic quantum number, runs in integer steps from —j to j. The spin
ladder operators, Jy = J; £ iJs, walk up and down the standard Dicke basis as

Jeljym) =G Fm)GEm+1j,m+1),  Je|j,£5) =0, (2.4)

and form part of another basis for the spin algebra: {J,,J_,J,}. The ladder operators
will not be explicitly needed but are included to emphasize the central role of J, as a
quantization axis.

The group SU(2) as a manifold may be parameterized by the Euler angles (6, ¢, ¢) with
respect to the z-y-z convention, meaning that any abstract rotation operator U, where g €
SU(2) can be written in the form

U, ~U(0,¢,p) = e e i®eivs: (2.5)

where 6§ € [0, 7], ¢ € R mod 27 and ¢ € R mod 27. That is, the ¢ and ¢ variables are
periodic while 6 is not. The Wigner D-matriz (of spin j) is the arbitrary rotation operator
expressed in the standard Dicke basis

DY) (0, 0,¢) = (j,m|U(9, ¢, ¢)|j, n). (2.6)

Hence the fully coordinatised version of the abstract action Ugy|y) is the matrix-vector
multiplication

0) =Uyl) <= b= DEL(0.6, 0, (2.7)

9



where 1, = (j, m|¢) are the Dicke coefficients of [1)). The Wigner D-matrix satisfies many
properties, one of which that will be used is

2j . . . .
, (i 20+1 / 14 J gl |y «
DY =Y 2 (1 T D) (28)
(=

_02j+1 m m —m P q—Dplq

where * denotes complex conjugation and

Ji g2

my1 Me
denotes the Clebsch-Gordan coefficient associated to rotating the global Dicke state |J, M)
into the local Dicke state |j1,m1) ® |72, ms).

A‘Z > = O (2.9)

In the setting of square-integrable functions on the sphere, L?(S?), the spherical har-
monics Yy, (6, ¢) play an important role as they are the Dicke states for that space. When
the sphere is transformed via a rigid rotation R(6, ¢) (i.e. with the ¢ Euler angle dropped;
see (2.17) later) the spherical harmonics satisfy the transformation relation

Yo (R ZD*“ R)Yim(0,9). (2.10)

The important thing is that the Wigner D-matrix preserves the degree ¢. A closely related
concept is that of the spherical tensor operators, also known as the Fano multipole operators
[119]. If we have a spin-j irrep on the Hilbert space C¥*! then the spherical tensor
operators Tg(f% are an incarnation of the spherical harmonics of degree ¢ but in the operator
space L(C%*!) where now the action of R is by matrix conjugation:

URTE,UNR) =3 D) (RTY). (2.11)

The set of operators {7}, ])} where m € {—/(,....¢} and £ € {0, ...,27}, both in integer steps,
forms a orthogonal basis for L(Czj“) And because the Wigner D-matrix preserves the
degree £ each span of the subsets {7} ) Yt 4, one for each ¢, is invariant under the SU(2)
action on L(C¥*1) via matrix conjugatlon

The key takeaway is that the space of operators L(C¥*1) may be decomposed into a
direct sum of multipoles, one for each ¢ € {0,...,2j}, similar to how spherical functions
may be decomposed into spherical harmonics. The critical difference however is that we
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are forever linked to the original spin-j irrep on C**! and the multipole operators depend
on this. This can be explicitly seen when expressing them in terms of Clebsch-Gordan
coefficients and Dicke states:

- W1 <~ /j
T(]) —
tm 2j+1nnZ_:j<n m

2 ) it (2.12)

2.1.2 Spin coherent states, SU(2) phase space, the Husimi func-
tion, and the Glauber-Sudarshan function

Within the Dicke basis, the state |j,j) plays an exceedingly important role for much of
what follows'. Perhaps its most immediately motivating property is that it saturates the
Heisenberg uncertainty relations associated to any orthonormal basis of su(2):

AT -w)AJ V) = %|(J~w>], (2.13)

meaning that the relative uncertainty (i.e. of .J;/j) is minimal at % [87])2. The state |4, )
is therefore directly analogous, at least in the sense of (2.13), to the bosonic vacuum state,
which minimizes the regular Heisenberg uncertainty relations. It is for this reason (among
many others, some of which will be discussed in subsequent chapters) that the |j, j) state is
considered to be the “most classical” Dicke state. Indeed as j — oo the relative uncertainty
goes to zero, which would effectively imply that it is possible to know the outcomes of all
s5u(2) measurements simultaneously.

If the state |j,j) is acted upon by a spin-j rotation operator (2.5) then the resulting
state will minimize a similar uncertainty relation but instead with respect to a different set
of perpendicular generator axes. An important observation however is that the rotation
operator (2.5) is slightly redundant from the perspective of quantum physics where global
phases are immaterial. This can easily be seen for example by direct application

e eT eI j ) = e T e TN ). (2.14)

LOther works may instead focus on the bottom Dicke state |j, —j) in an attempt to mimic the idea of
a bosonic vacuum waiting to be acted upon by J,. That convention is not used here because it sacrifices
the intuition behind the “top” of the quantization axis matching up with the highest m value.

2Interestingly, despite this common presentation, spin coherent states are in fact not the only pure
spin states to satisfy Eq. (2.13) for a given orthonormal basis. One resolution is to instead consider the
uncertainty solid angle, which does uniquely single out the spin coherent states [120]. See also [121, 122]
and references therein for a broader discussion.
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Hence there is a set of vectors in C**! parameterized by a phase e=*? € U(1) that are
physically identical. One can furthermore imagine the same thing occurring for all rotated
versions of |7, 7). In other words, the stabilizer subgroup of |7, 7) in SU(2) is U(1).

With this in mind, the set of spin coherent states is defined as the unitary orbit of the
SU(2) irrep acting on |j, j) up to global phase:

spin coherent states: {|¢) € C¥T: ) = v U,|j, 7) for some e”’» € U(1)}.  (2.15)

Had we let SU(2) act on a different state then a different unitary orbit of states within
Hilbert space would have been produced [123, 124]. Eq. (2.15) is a special case of the
Perelomov system of SU(2) with respect to the fiducial state |7, j) [81]. But since we chose
|7,7) (2.15) represents the set of all SU(2) minimum uncertainty states, which again are
the most classical states possible in terms of the joint measurability of su(2) observables.
Spin coherent states and many of their properties were first discovered in the two seminal
papers [86, 87].

This construction is of critical importance because now we have a set of the most
classical spin states possible. And since the stabilizer subgroup for the spin coherent states
is U(1), the orbit-stabilizer theorem implies that this set is topologically equivalent to the
sphere via the quotient

SU(2)/U(1) ~ S°. (2.16)

This is the phase space for SU(2) systems. The sphere is a symplectic manifold with a
Poisson bracket and so is a bona fide classical phase space [95, 98]. The classical states
of this phase space (i.e. the individual points (6, ¢) € S?) are furthermore in bijective
correspondence with spin coherent states. This is also exactly how the original phase space
arises from a quantum mechanical setting: the stabilizer subgroup of the bosonic vacuum
is U(1) and the quotient of Hj, the Heisenberg-Weyl group (i.e. the group generated by
{z,p,1}), is H;/U(1) ~ R?. Again we have a symplectic manifold with a Poisson bracket
whose classical points (z,p) are in bijective correspondence with coherent states. See
[83, 84, 85] and references therein for more detail on these examples and a general theory
for other Lie groups.

In practice (2.16) also effectively means the ¢ Euler angle may be dropped and the spin
coherent states are obtained by the action of

R(0,¢) = ek = - (2.17)
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on |j,7), where k = (—sin ¢, cos¢,0) and £ = gei‘b. The operator R(6, ¢), expressed in
the middle using axis-angle variables and on the right using ladder operators, enacts in
Hilbert space the spherical rotation that takes the North pole (0,0) to the point (6, ¢),
which may also be denoted Q2 = (6, ¢). The resulting spin coherent state is denoted |6, ¢)
and its Dicke coefficients (j, m|d, ¢) may be obtained as follows. Begin by using the so-
called Gilmore-Feynman disentangling formulas for SU(2), which relate different sets of
exponential parameters that produce the same group element:

€a+J++asz+a,J, — €b+J+€szzeb7J7 — 667J7€CZJZGC+J+, (218)

where each parameter is a function of the others [87, 125]. These relations constitute a
Baker-Campbell-Hausdorff-like generalization of the Glauber-Cahill operator orderings [14]
to other Lie groups [126]; see also [127]. In short, they allow us to express the rotation
operator in a sort of “spherical anti-normal” order:

* 71 * ; 9
9=+ — 1= ) o=y e where v = €' tan —. (2.19)

This form of the rotation operator allows us to compute its action as

0, 9) = R(6, )13, J)

In(—L5)J, _~x .
— e’yJ_en(th) e J+’j,]>

— e )

1 J
_ €7J_ .’ .
<1 + IW) 437 (2.20)

. : 1
1 T 27 \2 .

= — 5 J=m|r m

(1+|7|2) .(J'—m) Pl

m=—j

j NS
2 2 .0 f
= Z ( - ) sin/ ™" 3 cos’ T §el(J’m)¢|j, m).

J—m

m=—j

The same result could have been obtained using the Wigner D-matrices (2.6) but this
“disentangling” approach was used because it better reflects the mathematical ties between
the various perspectives on quantum spin. In particular, the complex number v = € tan g
from (2.19) is in fact geometrically interpreted as the image of the point (0, ¢) in the
complex plane under the stereographic map, which is central to the stellar perspective®.

3Note the conventional difference in both spherical coordinates and fiducial state as used in [87].
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The rotation operator (2.17) of course acts on all of Hilbert space, including in particular
the Dicke basis. This may be thought of as rotating the entire quantization axis (i.e. the
Stern-Gerlach axis) as it sits within the spherical phase space. The resulting basis is here
denoted by any of the following:

R(Q)]j,m) = R(0,9)|7,m) = |j,m;n) = [, mn). (2.21)

where mn is the Euclidean vector that points to 2 = (0, ¢). See Fig. (2.1) for a schematic
in the case of the standard Dicke basis (i.e. n = z). Note the additional piece of notation
nt = (0,¢)r = (7 — 0,7 + ¢), which denotes the antipode of a point on the sphere.

7,7 2)

1

1
quantization axis

1

|jv —_/Z> = |././ zl>
Figure 2.1: Schematic of the standard Dicke basis.

Two important and intertwined quasiprobability distributions borne from the spin co-
herent states are the Husimi ) function and the Glauber-Sudarshan P function [87]. The
Husimi function @,(6, ¢) may be defined as

Q,(0,9) = (0, ¢lpl0, 6), (2.22)

which reduces to Q4(6,¢) = |0, ¢|)|? for pure states. The Glauber-Sudarshan function
may be implicitly defined as the expansion coefficients of a state p in the spin coherent
state projector basis,

25 +1

p= 250 [ 6,016,040, 0lsinbasdo (2.23)

14



Given their inseparable relationship to the spin coherent states it is unsurprising that these
functions are deeply connected to the structure theory of SU(2) and quantum spin. Much
can be said about these functions, and various properties will be intermittently introduced
as needed but for now note their faithfulness as quantum state representations essentially
follows from the (over-)completeness of the spin coherent states [86, 87]:

27 +1
47

/ 10, )0, 6| sin 0d6de = 1, (2.24)
SQ

which is of course analogous to the overcompleteness of the bosonic coherent states.

As a final side remark, it is interesting to note that any set of 2541 distinct spin coherent
states form a basis for the Hilbert space C¥*! regardless of the mutual closeness of their
centroids (i.e. no matter how high their pairwise fidelities are) [128]. This may be seen as
a non-trivial, finite-dimensional version of the celebrated coherent state density theorem
of von Neumann, which characterizes the conditions under which a set of bosonic coherent
states associated to a discrete lattice in R? forms a basis for the infinite dimensional Hilbert
space [129]. It essentially says (modulo minutiae) that one must have a density of one
coherent state per Planck cell in order for the total set of coherent states to be complete
— a higher density will yield an overcomplete basis while a lower density will yield an
incomplete basis. This is mentioned because it is interesting that on the sphere there is no
analogous density requirement (i.e. something like one spin coherent state per “Planck solid
angle” ~ 2?11)' This is also of possible interest for generalizing the Gottesman-Kitaev-
Preskill construction in quantum error-correction [130], which has a natural interpretation

in terms of such von Neumann lattices [131], to spherical lattices in spin-j systems; see
[132] for related work in this direction.

2.1.3 The multi-qubit and Jordan-Schwinger pictures

Two more perspectives on quantum spin are now reviewed, which may be seen as com-
ing from different “realizations” of the su(2) algebra relations (2.2) sitting within other
larger quantum systems. The first one sits inside the n-qubit Hilbert space (C?)®" via the
following definitions:

JPV=N"1® 9l /ele 9l i=ayz (2.25)
=1 _

-1 n—I
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where the superscript denotes “multi-qubit” and J; is from (2.1). This is just the tensor
product representation of su(2) over n copies. Analogous ladder operators can be defined,
and it can be shown that this indeed forms an irreducible representation of SU(2) with spin
j =% [115]. In this multi-qubit picture the eigenstates of J often denoted as [D{),
take the form

=

D)= (3) X Il 0o, (220
TESn k n—k
where S, is the symmetric group of order n. That is, they are the uniform superposition of
all (Z) distinct computational basis states with Hamming weight k. These states are easily
seen to be permutationally invariant; that is, they are states of indistinguishable qubits.
More precisely, one can define the symmetrizer m, : (C*)®" — (C*)®",

1
o= Y R, (2.27)

’ TGS’n

where R, is the irreducible unitary representation of S,,. The symmetrizer is the orthogonal
projection operator onto the symmetric subspace of n qubits, and multi-qubit Dicke basis
can be understood as the (renormalized) image of the computational basis under 7, [115]*.
Thus any spin system may equivalently be thought of as the (n+ 1)-dimensional symmetric
subspace of n qubits (for some n) via the identification

k) n n

Dl e g R (2.28)

jym) <« |DYT™).

n

With this in mind the Dicke states |j,m) may be identified with the generalized W
states, first introduced in the classification of multipartite entanglement with respect to
stochastic local operations and classical communication (SLOCC) [133]. In particular, the
case of (j =3/2,m =1/2) = (n = 3,k = 1) recovers the original W state:

31

55 ™ i(|100> +1010) + [001)). (2.29)

V3

It also means that as m in |j,m) approaches either +j, the equivalent W state has an

increasingly asymmetric ratio of Os to 1s, corresponding respectively to the Northern and
Southern hemispheres of phase space. The special cases of k = {0,n} correspond to the

4The binomial coefficient occurring in Eq. (2.20) and later in Eq. (2.36) is now less mysterious.
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computational states |0)®™ and [1)®", which are further identified with the North and
South pole spin coherent states |j, £j) (where again and always, n = 2j).
Unsurprisingly, the simultaneous local rotation of each constituent qubit by %32

i0k-J(ma)

amounts to the global rotation e . Hence spin coherent states in the qubit picture

are the product states
6 ) 6 ®2j
0,0y <+— (cos 5]0> + €' sin 5]1>> : (2.30)

Finally, it is then clear that the Greenberger—-Horne—Zeilinger (GHZ) state may be seen as
the balanced superposition of the North and South pole spin coherent states:

1

V2

1

V2

(10)*" + 1)) «+— (I7,9) + 15, =3))- (2.31)

Another realization of the su(2) algebra is within the tensor product of two optical
modes (i.e. two copies of the Heisenberg-Weyl system) via the definitions

1
J—(i_op) _ CLTb J(Op) — bTCL J(Op) — § (aTa — bTb> , (232)

where the superscript stands for “optical” and a (a') and b (b') are the annihilation (cre-
ation) operators of the respective a and b modes [134, 101]. Here the eigenvalues of Jo)
are

l7,m) = |j+m)s|j —m)y. (2.33)

Note that regardless of m the total number of photons shared between the two modes is
fixed at N = 2j. Hence the Dicke states are identified optically using a fixed number
of N photons distributed over two distinct modes. These fized-photon sectors correspond
to different spins j, and the union of all these sectors forms a full decomposition of the
two-mode Hilbert space. This idea has many names including the Jordon map, boson
calculus, the occupation number basis, Fock shells/layers, the Schwinger representation, or
the Jordan-Schwinger picture of spin. See Fig. (2.2) for a schematic of how these sectors
‘fit” inside the two-mode Hilbert space.

A particularly important state is the Jordan-Schwinger version of the GHZ state:

1

)+ U= = (N)a0)s+ [0)a V). (2.34)

Sl

2
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Figure 2.2: Schematic of the Jordan-Schwinger picture of spin. Diagonal dots of the same
colour correspond to the Dicke states of a two-mode fixed-photon sector.

This is the famous (high-)NOON state of quantum metrology [135, 136]. While we will
never work explicitly within the Jordan-Schwinger picture, its obvious physical relevance
is hard to overstate. With the relationship to SU(2) in mind, it is valuable to interpret
certain optical devices in the language of spin [137]. Indeed various lossless and passive
(i.e. energy-conserving) components of an interferometer may be seen as a rigid rotation of
the spherical phase spaces, one for each fixed-photon sector. For example, if an N-photon
state (possibly highly entangled, such as the NOON state) is sent into a Mach-Zehnder
interferometer with phase shifter Uy characterizing the relative path-length difference, the
corresponding spin—% system will experience a ¢-rotation about the y-axis [137]. Also,
in quantum information the single-photon sector is exactly the dual-rail qubit encoding

central to linear optical quantum computing [138, 139].

2.1.4 The Majorana stellar representation

The stellar representation, due to Majorana and later Schwinger, is a “baffling” [140]
perspective on quantum spin that unifies all of the previous pictures. In short, it offers
a description of a pure spin-j state as a unique constellation of 27 points on the unit
sphere [113, 114]. Several applications have been established, including a generalization
of the geometric phase [141, 142] and the full classification of symmetric state SLOCC
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entanglement [103, 104]; see also [106] for its use in analyzing Bell nonlocality. Here the
stellar representation is briefly reviewed without specific derivations. See Refs. [128, 143]
for more information.

The physical state space of a two level quantum system is the projective Hilbert space
under C?, topologically understood as the extended complex plane PC! = C U {oo}.
This is isomorphic to the Riemann sphere S?, with an explicit bijection given by the
(inverse) stereographic projection to a sphere centred at the origin. The projection point
is by convention the South pole, which is where the point at infinity is mapped. Given a
qubit state in the standard polar coordinate parameterization [1)) = cos £]0) + €' sin £|1),
the ratio between the spin-down and spin-up amplitudes, z = tan g€i¢7 is the associated
point in PC!. This is the famous Bloch sphere picture of a qubit. The key insight to
the stellar perspective is that a state within a higher dimensional irrep of SU(2) may be
characterized by an unordered set of points in PC! rather than a single point in a larger
space. Thus the correspondence between PC! and S? allows the identification of spin states
with constellations on the sphere; simply perform the inverse stereographic projection on
cach point in PC! comprising the given state. Hence one of the immediate strengths of
the stellar picture is that one may faithfully plot and readily imagine, for example, a 42-
dimensional quantum state. The number of stars in the constellation is twice that of the
spin, n = 27, counting multiplicities.

On the other hand any spin-j state must of course be expandable into the Dicke basis,
J

(0) = > awli,m). (2.35)

m=—j

The connection between the algebraic and geometric descriptions is supplied by the zero-set
of the Majorana polynomial,

Py(z) = mz:: '(—1)J’—m (j 3jm) A 2T, (2.36)

This is the polynomial over C with roots given by the non-infinite points in PC! charac-
terizing a quantum state,

O0; ..
Pyy(2) = a; H(z — 2) z; = tan Pk % £ oo (2.37)



with a; = (j,j|V) being the leading coefficient. If the number of roots is less than 2j
then the remaining roots are “at infinity”, and are associated with the South pole (i.e.
|zi]| = 00 = 0; = ).

The stellar representation has a natural interpretation in the symmetric qubit picture.
Consider the tensor product of n qubits

W) = (§!wi>, ;) = cos%m) 1 el sin%m, (2.38)

where (6;, ¢;) are the respective Bloch vectors. This state lives in the Hilbert space (C?)®"
and is in general not invariant under permutations of the individual qubits; they are distin-
guishable. Permutation invariance (indistinguishability) is then enforced by application of
the symmetrizer m, (2.27). The unifying idea is that the resulting spin state |Vg) ~ m,|¥)
is the one associated to the constellation defined by the original Bloch vectors {(0;, ¢;)}, the
stereographic projections of which form the zero set of the Majorana polynomial, Py (z).

This concept is furthermore related to the zeros of the spherical Husimi function (2.22).
This can be seen by noting that when the Husimi function @y(f, ¢) vanishes at a point
(0o, ¢o) on the sphere, it means that the state |1) is orthogonal to the spin coherent state
|00, ¢o). And because the spin coherent state in the qubit picture is simply a product of
qubits each with the same Bloch vector (6, ¢g) (2.30), together with the fact that |¢) is a
superposed set of the same product state but permuted, it must be the case that at least
one of the constituent qubits within [¢)) has a Bloch vector antipodal to (6, ¢¢). This
intuition is made proper with the relation

Py(z) ~ ((8,9)"¢), (2.39)

where z = tan geid’ is the stereographic projection of (6, ¢) and (0, )t = (7 — 0,7 + ¢) is
the point antipodal to (6, ¢). In short, Majorana stars are antipodal to Husimi function
zeros. And again resorting back to the form of the pure state Husimi function as |(0, ¢|)|?,
Eq. (2.39) also allows us to view the Majorana polynomial as a sort of “square root” of
the Husimi function.?

®Note the similarity to the stellar function (i.e. the Segal-Bargmann function) of quantum optics:
Fj(2) ~ (z]¢) where [2) is the complex conjugate of the optical coherent state [144]. These are examples
of what is more generally called a coherent state representation, which may be seen as having a similar
logical status as, for example, the position representation 1 (x) = (z|t), with the importance difference
however of the coherent state basis being highly overcomplete and in bijective correspondence with points
in phase space. See [129] for more information.
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The stellar picture also naturally accommodates the Jordan-Schwinger picture through
the use of homogeneous polynomials in two variables; we will not discuss this here but see
[101] for more information.

With all of these different perspectives on quantum spin (i.e. quasiprobability, symmet-
ric subspace, constellation, Jordan-Schwinger) melded together, it is worth reflecting on
Majorana’s original physical intuition: he envisioned the stars in his constellations...

..as if each of the representative points indicated the direction of a little
gyroscope with angular momentum 2.7 [113, 114].

As will be discussed in Chapter 4, the stellar perspective offers valuable insight to the
characterization of nonclassicality that would otherwise be be quite difficult to obtain let
alone interpret.

For a simple example consider the Dicke state constellations. Begin with the computa-
tional basis state of n = 2j distinguishable qubits with the last £ spin-down,

) =[0---01---1). (2.40)

Symmetrize and renormalize (i.e. enforce indistinguishably):

Ta5lY) = @) Z |T L---1))
TES; k
27\ 2 (2.41)
- (;{;) 2]_ (27 — k)&! ; I7(© gl'c,'_l»
TES2; 2j—

The Majorana polynomial of this state is then by definition

j . :
. 2] - 2] o
Phyonfe) = 3 (17 (2 Jomsmztm = con [ ()
This is a monomial with a (2j — k)-degenerate zero at z = 0. Thus there are (25 — k) stars
on the North pole via the stereographic map. The remaining k£ stars must then be on the

South pole, matching the original Bloch vectors in Eq. (2.40).
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For a final side remark, the stellar representation of spin was generalized to mixed states
in 1986 [145] but was largely overlooked until 2020 [110]. Given its centrality in the pure
state setting we are likely to see some big results and applications for it in the coming years.
The basic idea is to assign a different Majorana polynomial to each multipole sector then
plot their roots on nested concentric spheres, one for each multipole. The radii of these
spheres correspond to the population of the state in that multipole. This generalization
naturally meshes with the multi-qubit picture where tracing out qubits removes higher-
degree multipole constellations while keeping the lower-degree ones fixed [110, 112]. See
also [146, 147] for recent work on generalizing the stellar picture to other domains of finite
dimensional quantum theory and quantum information. The stellar picture is also well-
defined in single-mode optical systems®; see for example [144, 148, 149] for recent works on
stellar rank as an information-theoretic measure of continuous-variable non-Gaussianity.

2.2 The Stratonovich axioms

For a brief history of the phase space picture and its generalizations refer to the introduction
together with Refs. [90, 91, 92, 93, 94, 96, 97, 98, 99] and especially [89, 84] for more
information on the spherical Wigner function. In short the Stratonovich axioms, also known
as the Stratonovich-Weyl axioms, represent the necessary rules that any generalized Wigner
function ought to satisfy when defined in the presence of a dynamical symmetry. Here we
present some results for the case of SU(2) dynamical symmetry then briefly summarize
the case of the original Wigner function. Also note that in this thesis we are concerned
entirely with kinematics and not dynamics, at least not explicitly. A full treatment of the
Moyal theory on the sphere as an autonomous construction of quantum theory yet fully
equivalent to the other formulations must include the twisted product, also known as the
Moyal bracket.

As discussed above the phase space associated to SU(2) is the sphere. Let A € L(C**1)
be an operator over the spin-j Hilbert space and let 7 : SU(2) — L(C¥*!) be an irreducible
representation of SU(2). Let W4(€2) denote a hypothetical Wigner function of the operator
A. Then the official Stratonovich axioms for a linear injective map A — Wy4(2) are

Wyt (Q) = [Wa(Q)]* realness (2.43a)

6And also conceivably in any phase space picture based on a Perelomov system [81] simply by changing
the definition of the constellation to be zero set of the associated Husimi function or, equivalently, the
zero-set of the associated coherent state representation.
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tr[A] = /dQ W (Q) standardization (2.43b)

([ AB] / 40 WA(Q) Wi(Q) fraciality (2.43¢)
Wo(gyort () () = W,(g7' Q) covariance (2.43d)

where ¢! denotes a rotation of the sphere and dQ2 = a'sin #dfd¢ is the invariant measure
on the sphere up to an a prior: unknown scaling factor a. That being said, as linearity
demands the identity operator be mapped to the unit function, it immediately follows from
standardization (2.43b) that this factor” is @ = 2. Standardization then also implies
that W4 () be normalized. Furthermore, by re-interpreting this factor in terms of spherical
coordinates, we may also conclude the geometric property that the radius of the spherical
phase space is
27 +1
4T

R =

(2.44)

Vastly more important however is covariance (2.43d), which demands compatibility
between a rotation of phase space and the rotation operator acting on Hilbert space. As
shown in Appendix A this property alone determines the majority of the structure of the
spherical Wigner function. Traciality (2.43c) is the second most important, which, together
with realness (2.43a), ensures that the Born rule is mapped to the L-inner product between
Wigner functions:

trpA] = / W(Q)TV4(Q)d (2.45)

for an observable A. This is what allows the theory to make predictions in a manner similar
to classical statistical physics (which of course is the primary motivation for studying
the phase space picture). These simple and reasonable axioms completely determine the
spherical Wigner function up to a finite set of real numbers taking values in {1, —1}, and
even this degree of freedom is removed by slightly modifying the traciality axiom as to
incorporate the Husimi and Glauber-Sudarshan functions.

To explicitly find such a Wigner function, if it exists, the linearity of any such map
A — W4 (92) may be realized by introducing an operator-valued function over phase space,
A S? — L(C%*Y) called the kernel, then defining the Wigner function as

Wa(Q) := tr[A A(Q)]. (2.46)

"This factor comes up often and sometimes goes by the name Racah’s normalization.

23



This is sometimes called the generalized Weyl rule, and virtually all quasiprobability dis-
tributions used in physics can be thought of in this way, with the individual values A(€)
often being called phase-point operators. The Stratonovich axioms may then be equiva-
lently expressed as conditions on the kernel. They are

AQ) = AQ) realness (2.47a)
I= /dQ A(Q) standardization (2.47b)
A(Q) = /dQ’ A(Q) tr[A(Q)A(Q)] traciality (2.47¢)
A(gQ) = n(g)A(Q)7"(g) covariance (2.47d)

Note that realness (2.47a), standardization (2.47b), and covariance (2.47d) together quickly
imply that the kernel is a Hermitian operator with tr[A(Q)] = 1 at every point . Traciality
may be seen as demanding that 22 tr[A(Q)A(€')] behave like a delta function §(Q — Q')
in the space of functions over phase space. Traciality (2.47¢c) also implies an inverse Weyl
rule

A= / dQW4(Q)A(Q), (2.48)

which allows us to also see the Wigner function as a set of expansion coefficients over a very
particular set of operators in Hilbert space. It is worth stressing that the same kernel is
used in the Weyl rule (2.46) and the inverse Weyl rule (2.48). This turns out to be unique to
Wigner functions within the landscape of quasiprobability theory and may quite generally
be seen as a defining characteristic. Indeed all of the ideas mentioned here are applicable
for many other dynamical symmetry groups, in particular the original Heisenberg-Weyl
case.

2.2.1 Example: the Heisenberg-Weyl group

The (continuous) Heisenberg-Weyl group in one spatial dimension, denoted Hj, is the
group generated by the canonical commutation relations [x,p] = ¢I. The phase space is
of course R?, which as mentioned earlier is obtained by a natural quotient of H; [84]°.
This non-compact phase space describes many physical scenarios, including a bosonic field
mode and a one-dimensional non-relativistic spinless particle. The analog of the spherical

8More precisely the phase space is the Perelomov system of H; generated by |0), the optical vacuum.
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rotation (2.17) is the displacement operator D(x,p) = €!P*=*P) which enacts in Hilbert
space the translation of phase space from the origin to the point (z, p).

Major insight was brought by Grossman [19] and Royer [20] who in the 1970s showed
that the Heisenberg-Weyl kernel is in fact a set of displaced parity operators. In particular,
consider the operator II defined as

3 ) - Ml = —p (2.49)

This enacts in Hilbert space the reflection in phase space that sends (z,p) — (—z, —p)°.
The displaced parity operator

(x,p) = D(x,p)IID' (z, p) (2.50)

is then the reflection about the point (x, p) instead of the origin. With these in mind, Ref.
[20] showed that the common and original definition of the Wigner function,

Wy(x,p) = 2/ ds e ?P5ip(x — s)b* (z + s), (2.51)
is equivalent to the Weyl rule
Wy (z,p) = 2tr[pIl(z, p)]. (2.52)

See also the quote

The Wigner function...[is thus]...the expectation value of the parity operator
about (z,p). Alternatively, Wy (x,p) is proportional to the overlap of ¢ with
its mirror image about (x,p), which is clearly a measure of how much ¢ is
“centered” about (z,p). [20]

This showed the deep relationship between the Wigner function and phase space sym-
metry and now these Grossman-Royer operators play a critical role in modern developments
[150], which is also sometimes referred to as the parity operator framework. This idea ap-
plies more broadly to other dynamical symmetry groups but now the notion of reflection is
more subtle and of course depends on the phase space manifold; see [92, 97| for discussions
on the sphere.

9This is perhaps more appropriately called an inversion rather than a reflection as there is no axis of
symmetry to reflect upon (at least not within the plane).
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2.3 The spherical Wigner function

Given the importance of this topic here, a full understanding of how to obtain the SU(2)-
covariant Wigner functions is required. The derivation presented in Appendix A is an
expounded combination of Vérilly & Gracia-Bondia in [89] and Heiss & Weigert in [93],
together with some original supplements and minor omissions. While longer than necessary
to obtain the final result, it is has been catered to best illustrate the relative power of each
Stratonovich axiom, as well as their collective interaction with the structure theory of
quantum spin. The general idea is to expand the kernel in various operator bases and use
clever application of the axioms to constrain the expansion coefficients. See also [95] for a
broader and more rigorous treatment. One key result is that the set of all spherical kernels
satisfying the Stratonovich axioms may be expressed as

27 J4
47 ;
A =g e 2 T Yim(@), (2.53)

where ¢, = +1 for all non-trivial multipoles (i.e. for £ € {1,...,25}). Hence there are 2%
different cases.

From Eq. (2.53) we see that the kernel (and therefore also the Wigner function) is
naturally constructed in terms of multipole sectors ¢ € {0,...,25}, each of which show a
nice pairing between the spherical harmonics and the spherical tensor operators — which
are just the operator versions of the spherical harmonics (2.11). We can also say that
any Wigner function of a spin-j state lives in the Hilbert subspace of L?(S?) generated
by spherical harmonics of degree no larger than ¢ = 2j. And as spherical harmonics
are eigenfunctions of the spherical Laplace operator this therefore places an upper bound
on the scale of angular resolution of the Wigner function!?. Finally we can say that the
orthogonality of the spherical tensor operators implies through the Weyl rule (2.46) that the
Wigner function of the spherical tensor operator is proportional to the spherical harmonic
of the same parameters'!:

WT(J;L (07 ¢) ~ n,m<07 ¢) (254)

L

Another property derived in Appendix A is that the phase-point operators share the
same rotationally-invariant spectrum but the kernel at the point €2 is diagonal in the basis

From the perspective of Fourier theory this means that the spherical Wigner function is band-limited
[151]. Intuitively, the maximum “wiggliness” of the Wigner function depends on j.

" The @ and P functions of the multipole operators are also proportional to spherical harmonics but
with an ¢-dependent pre-factor [152]; see also Eq. (2.56) below.
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associated (2.21) to the quantization axis m pointing to . These eigenvalues for the
canonical Wigner function are given in (2.58).

2.3.1 Uniqueness

As just discussed there are 2%/ distinct Wigner functions. And while this appears to be a
problem, the Wigner function associated to the choice ¢, = +1 for all ¢ € {0, ...,2j} may
be singled out using two independent and natural arguments.

The first is to incorporate the spherical s-ordered class of functions f()(Q) into the
picture. This is done by modifying the traciality axiom (2.43c) to

tr[AB] = / aQ Q) 157 (). (2.55)

Analogous to the Glauber-Cahill operator orderings, the Husimi function corresponds to
Q,= f,gfl) while the Glauber-Sudarshan function corresponds to P, = f (1) This modified
traciality axiom may be thought to be a spherical version of the optical equivalence theorem
[99]. As shown in [89] the only Wigner function to sit within this s-parameterized set of
quasiprobability distributions is the one where ¢, = +1 V /. Indeed the s-parameterized
kernel A®) is [99, 84, 97]

¢ X N\ —S
VRN, ()t
§ Ty, (), 2.56
2j+1zzo €<j O]> ¢m 14, ( ) ( )

which by comparison to (2.53) clearly shows that it is associated to (s = 0) just like the
optical case.

In my view this is more than enough to grant the title of “canonical” to the kernel
A©(Q), but there is another excellent reason to choose it. An interesting property of
the entire SU(2) apparatus described in this chapter is that it is subject to a Lie algebra
contraction to the Heisenberg-Weyl algebra [87, 126]. There is much to be said about this
contraction but the takeaway is that under a particular limit of j — oo the J, operator
becomes the number operator /V, the ladder operators become the creation and annihilation
operators, and the Dicke state becomes the Fock state:

lim |, j —n) = |n). (2.57)
j—o0
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In terms of phase space manifolds, the idea is to “zoom in” to the North pole of the sphere
at a fixed rate relative to the increasing spin 7. The result is an increasingly flatter phase
space until finally in the limit the Heisenberg-weyl plane of R? is all that remains [97].
More will be said about this in Chapter 3. In terms of uniqueness, Ref. [92] showed that
the only Wigner function compatible with this contraction is again the one with ¢, = +1
Ve.
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2.3.2 Summary

The following is the canonical spherical Wigner function for states and operators in L(C%T1):

AJ(07¢) = Z Aj,m|j7 mn><]a mn|
W,(0,¢) = tr[pA(6,¢)]  where me (2.58)

2j . .
B 2041 /5 0] g
A]"1_22]‘+1<m 0m>'

=0

Equivalent expressions are

2% ¢ 2% 0
Y 47 ;
J {=0 m=—¢ J =0 m—=—¢

(2.59)
where pg, = tr[pTg(fn)l] are state multipoles. The definition of Wigner negativity is

27+ 1
5(p) = ( 7 / W,(6, 6)| sin 06 — 1) . (2.60)
The Dicke state Wigner function is

Wijm) (0, 0) = (G, m|A(0, §) |, m)

2j . .
B 2041 /5 1] j
- 2211 <m 0 m> P, (cos®). (2.61)
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Chapter 3

Common pure states

Chapters 3 and 4 are approximately based (respectively) on the works

Davis, J., Kumari, M., Mann, R. B., & Ghose, S. (2021). Wigner negativity in
spin-j systems. Physical Review Research, 3(3), 033134. [1]

Davis, J., Hennigar, R. A., Mann, R. B., & Ghose, S. (2023). Stellar rep-
resentation of extremal Wigner-negative spin states. Journal of Physics A:
Mathematical and Theoretical, 56(26), 265302. [2]

Here we begin to study the spherical Wigner function, (5.7), of various symmetric multi-
qubit states often seen in the quantum information and quantum communication literature.
These include spin coherent, spin cat (i.e. GHZ/NOON), and Dicke (i.e. W). Several sur-
prising results will be reported. The first is that spin coherent states must have a non-zero
amount of Wigner negativity regardless of their dimension. The second is that the most
Wigner-negative Dicke basis element is spin-dependent. This is in contrast to several entan-
glement measures, where the most entangled Dicke state is always the balanced /equatorial
state: |, 0) for integer spin or |j,£1/2) for half-integer spin. Third, GHZ states are found
to score relatively low, and are not significantly Wigner-negative relative to their Dicke
state counterparts of equal dimension.

But before doing so we briefly give an immediate and interesting example of how the
planar and spherical Wigner functions have different global properties. In particular, their
pointwise upper and lower bounds are distinct. This can be seen by comparing the two
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kernel spectra and by noting from the generalized Weyl rule, (5.7), that the maximum
eigenvalue gives the pointwise upper bound while the minimum eigenvalue gives the point-
wise lower bound. Also recall that all phase-point operators have the same spectrum due
to the covariance property. See Fig. 3.1 for some examples of typical SU(2) kernel spec-
tra. We see that the pointwise upper bound at a point (6, ¢) is attained by the Dicke
state eigenvector m = j quantized along the axis m pointing to (6, ¢), which is exactly
the spin coherent state with centroid (6,¢). The pointwise lower bound is associated to
the eigenstate |7, 7 — 1;m)j, 7 — 1;n|, which is incidentally the W state centred at (6, ¢).
Hence spin coherent states and W states are a sort of opposite to each other, at least in
a pointwise sense. This will come up again in Chapter 5 where we discuss mixed states
in more detail. Note that the bounds approach +2 as spin increases; this is guaranteed
because in the optical scenario the infinite-dimensional kernel operators, (2.52), are highly
degenerate with only two eigenvalues, +2. This behaviour is one manifestation of the
spin-to-optical contraction [92]. See also [97] for similar eigenvalue distributions associated
to other spherical quasiprobability functions and their infinite-spin limits. It also should

21 o 2 ‘e,
o | . 14 .',
= .
< ° .o
E 0 . ® 0+ ..‘m
.gﬁ * o
© 1 —11 .
21 BEEES L ,
13,30) 13,-30)  [20,20,) 120, -20,,)
eigenvector eigenvector

Figure 3.1: Typical phase-point operator spectra. Left is j = 3 and right is 7 = 20.

be noted that in every case checked it was numerically found that the kernel eigenvalues
oscillate in sign and strictly decrease in absolute value; see Fig. 3.1. It is reasonable to
conjecture that this remains true for all finite spin, though a formal proof has not been
made. Assuming this is indeed true, the pointwise upper bound of the spherical Wigner
function is always larger in absolute value than its pointwise lower bound. This remains
true when considering mixed states due to the pointwise-convexity of the Wigner function
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with respect to density matrix decompositions.

In the case of a single qubit (i.e. j = 1/2) the pointwise bounds are

ma (W (6,0)] = 5 (14 V3) ~ 137

2
1 M/ . = —(1—= ~ —(. .
{gg;l [ qubit (9, Qb)] 2 < \/§> 0.37

3.1 Spin coherent

As discussed in Sec. 2.1.2, spin coherent states are the spin analogs of the optical coherent

states. They are realized in the qubit picture as the product state of qubits with all Bloch
vectors pointing in the same direction.

T 2
1
S % . 0
-1
0' T T T —2
0 u T 3 2
2 2

Figure 3.2: Typical spin coherent state Wigner function. Here the centroid is (6, ¢) =
(1.2,1.9) and j = 2.

3.1.1 Non-vanishing negativity

A natural question to ask is whether the spin coherent state attains negative values in
its Wigner function somewhere on the spherical phase space. This would be interesting
to know because in optical systems, Hudson’s theorem, also known as the Hudson-Soto-
Claverie theorem in a multi-mode setting, establishes the equivalence between Wigner
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function Gaussianity and non-negativity in pure states [40, 41]. And so because coherent
states are Gaussian they are therefore Wigner-positive. See [153, 154, 155] for further
studies on planar positivity, [156] for rotor/cylindrical positivity, and [51] for an extension
and rephrasing of the Gottesman-Knill theorem as toroidal positivity!. A natural question
is then: is there an analogous statement that characterizes positivity on the sphere? Using
a short and simple argument, we give a partial answer to this question and show that spin
coherent states are never Wigner-positive.

Begin by noting that a consequence of Hudson’s theorem is that any two Gaussian
states [11) and [¢)9) have non-vanishing overlap, (¢1|19) # 0. This can be seen in the
phase space picture via the traciality axiom, Eq. (2.43c), where the associated Wigner
functions have non-vanishing Gaussian tails that will always overlap each other by a non-
zero amount regardless of the location of the centroids. The coherent state basis {|a)} is
a special case with («|f) # 0 for any a, 8 € C. This property is not true in the case of
spin: any two spin coherent states with antipodal centroids are orthogonal. This follows
from the orthogonality of the Dicke basis along any quantization axis n, specialized to the
highest and lowest weight states: (j,jn|j, —jn) = 0. These two states are related by a
m-rotation about any equatorial axis, which preserves negativity because such a rotation
is an SU(2) displacement. So with the fully spin-up Dicke state identified with the spin-j
coherent state |[Q2) and the fully spin-down with |Q%), where Ot = (7 — 0,7 + ¢) is the
coordinate antipodal to €2, traciality becomes

o 27 + 1
|(J, dnld, —in))* =

7 Wiay (8, &) Wig1(8, ) sin §dfdp = 0. (3.2)
™ 92

Eq. (3.2) cannot be satisfied by two strictly positive functions. So they either have
disjoint support or at least one of them — and therefore both via the m-rotation — goes
negative somewhere. The former can be ruled out by appealing to the general form of the
Dicke state Wigner function, Eq. (2.61). By restricting to an arc of constant longitude
between the two poles, their azimuthal symmetry allows them to be effectively viewed as
real-valued functions over the interval [0, 7]. And as they are each a linear combination of
Legendre polynomials, which in turn are combinations of powers of their arguments, the
Dicke state Wigner function can be seen as a finite-degree polynomial in cos . Being such
a polynomial with real coefficients, their real zero sets will be finite, ranging in principle

IThis final example, using toroidal positivity, also characterized the interesting bound magic states,
which represent a slight mismatch between non-stabilizer-ness and magic distillability.
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from no roots to 2j roots. So any two such polynomials have mutual support on [0, 7] up
to some finite set of points (i.e. measure zero).

We conjecture that spin coherent states furthermore minimize Wigner negativity over
all pure states. The above result, together with this conjecture, would imply that no pure
spin states is Wigner-positive and therefore is non-classical in some sense. This likely
non-existence of a Gaussian/stabilizer analog may then reflect the non-classicality of spin
symmetry itself, and so offer some intuition for why quantum mechanical spin has no
perfect classical analogue.

3.1.2 Location of the negativity

Because the negativity of a spin coherent state is unaffected by rotations we restrict at-
tention to the North pole Dicke state:

2 o+1 /5 1
Wi;(0,9) = Z L <‘7 0 j> Py(cos )

25 +1
(3.3)
(20 +1)

_\/23+ Z\/Qj—l W2+ 1+1)]

As spin increases, we have numerically confirmed that the Wigner negativity of a spin
coherent state rapidly approaches zero, although it does not vanish for the finite j consid-
ered (j < 30). In each case the negativity contributions come from tiny oscillations in the

Py(cos0).

Wigner function, generally present in the Southern hemisphere; see Fig. (3.3). In planar
phase space, such oscillations are usually associated with a superposition of distinct macro-
scopic states (e.g. a planar cat state), which are commonly seen as highly non-classical.
However, the spin coherent state is typically considered the most classical-like spin state
because of its analogy to Gaussian coherent states on the plane. Thus Wigner negativity
helps identify the important differences between planar and spin coherent states that exist
despite their similarities. The non-vanishing negativity for finite spin seems to result from
the compact spherical phase space compared to the non-compact planar phase space of
Gaussian coherent states. Intuitively, the spin coherent state appears to be as close as pos-
sible to a Gaussian function on the sphere. The compactness of the phase space however
stops this from truly happening and these tiny ripples are the consequence. In the spin
contraction limit, Eq. (2.57) for n = 0, these ripples are “pushed to infinity” and no longer
contribute towards the optical Wigner function.
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Figure 3.3: Spin coherent states on the North pole (6 = 0). Left is a single spin-up qubit,
i.e. the computational basis state |0). Right is spin-6. Dashed lines are nodal lines where
the Wigner function vanishes.
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We also find a surprising result that refutes a conjecture in [89] proposing that all Dicke
state Wigner functions with spin j have 25 distinct nodal lines of constant latitude. We
numerically give a counterexample: the spin coherent state of 12 qubits has only 8 distinct
roots as illustrated in Fig. 3.4.
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Figure 3.4: Cross section of the spin-6 North pole spin coherent state Wigner function.
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3.2 Greenberger—Horne—Zeilinger

The Greenberger-Horne-Zeilinger (GHZ) state was first introduced to generalize Bell’s
theorem on quantum nonlocality to a multipartite setting [157, 158, 159]. Incidentally,
a closely related set of states now called NOON states, Eq. (2.34), were introduced in
the same year for their use in understanding decoherence of fragile cat-like states [160].
Both of these have since been intensively studied within quantum information, quantum
optics, and quantum metrology [161, 162, 136, 163, 164]. These states, together with their
higher multipartite generalizations, are also known as spin cat states in reference to their
inherent superposition of two macroscopically distinct states. They are nicely viewed as
elements of a spin system where they take the general form «|j, jn) + 8|j, —Jjn). The multi-
qubit and Jordan-Schwinger realizations, Eqgs. (2.26) and (2.33), readily show their mutual
equivalence as abstract spin states; see also [135]:

\%um@% +I)) %<|2j>|0> +0)a) \%um i) 6
GEZ NBBN spi;,cat

See Fig. 3.5 for numerical plots of typical GHZ Wigner functions.
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Figure 3.5: Typical GHZ Wigner functions without a relative phase. Left is for j = 3 and
right is for j = 18. Note that the colour scales are different and have been saturated on
the max/min values of the Wigner function to help bring out the interference patterns.

Here we consider the following family of cat states, including those with an asymmetric
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balancing:
. 9 Z 9
7:0, ) = cos ( ) 17, 7) + €' sin < ) 17, =) (3.5)

where 0 < ¢ < 7 and 0 < ¢ < 272, Using the Weyl rule and the kernel, (5.7), the
Wigner function of Eq. (3.5) splits into two antipodal spin coherent contributions and two
cross-term contributions, (j, =7|A(Q)|7, Fj), which contain the characteristic interference

pattern:
(A . o, .
= cos” 5 (1, 1A, #)1j, J) + sin® 2 (4, —j| A6, 9)1j; =) (3.7)
A o -
+sin 5 cos o ("7 (7, j|A(0, 9)1j, =) + 7, —j1A0, 013, 5) (38)
9 L0 . " o
= cos® SW); (0, 0) +sin® SW; (6, 6) + sin g R (j jIA0, 6)1j, —5)] -
interge,rence
(3.9)

The cross-term matrix element in the interference term evaluates to

/ 47T 2041 /45 L|j
<] ]|A |]a_] ZZ llc 2j‘|‘1< ] k >5k2j] (310)

1=0 k=
which is non-zero only for simultaneous [ = 25 and k = 27, giving

. . 4 .
(7, JIIA()5, =) = T 1(—1)2”/2]-,2;' (3.11)
where we have used
J 2717 9 [27+1

. Yy =(=1)¥ - ) 3.12
<—J 2JJ> - 47 +1 (3.12)

The interference term becomes
sin ¥ 1T 19% (€ (=1)7Y5, ,,(Q)] = sinIN; sin* () cos(2j¢ — ¢) (3.13)

2Bacry introduced and called members of this family “crown states” in 1978 [120], just over a decade
before the GHZ and NOON papers.
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where

N; = @\/(43' +1)1/(25 +1) (3.14)

and the following relation has been used:

(1) [+ 1)

Ly ild
51 L sin (B)e"?. (3.15)

}/l,l(& ¢) -

The general GHZ Wigner function is then

v, ) 9 ) 9 .
Wi (0, 0) = cos? <§) W'|j7j>(9,¢)+sm2 <§) W= (0, ¢)+sind N; smzj(@) cos(2jo—p)
(3.16)
where
1 47 +1)!
4j+1 (3.17)

N, = — )
T2\ 2541

While Eq. (3.16) appears new, at least in the quantum information community, an
asymptotic form of the GHZ Wigner function, valid only for integer spin, has been given in
[165]. The first two terms correspond to the Wigner functions of the spin coherent states,
and the interference term is expressed throughout phase space as a band of fringes along
the equator, with the number of distinct negative regions equal to 2j = N, the number
of qubits. As spin increases the interference pattern becomes more concentrated along the
equator and the spatial extent of the positive polar regions shrinks. This is a consequence
of the polar regions locally approaching that of a planar coherent state. This, in addition
to the sin® () factor for asymmetric cats, highly suppresses the Wigner function in the
regions between the equator and the two poles; see Fig. (3.5) for j = 3 and j = 18 in
the GHZ case of (0, ¢) = (7/2,0). The constellations of these states are characterized by
27 stars at colatitude ¥ with an equiangular distribution along the azimuth and phase-
shifted by ¢ [120]. It is perhaps interesting that the polar positioning of the constellation
is dependent on ¢ while the interference pattern is not.

In the context of optical cats via Jordan-Schwinger, the (N¢) oscillation frequency
in the interference pattern is exactly the metrological power behind the NOON state in
precision measurements. Such a path-entangled state of light passing through a Mach-
Zehnder interferometer with a phase-shifter Uy will pick up a relative phase of N¢, which
may be exploited to achieve the Heisenberg bound in sensitivity measurements [136]. And
so the super-resolution property of such states is nicely visualized as highly oscillatory
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bands on the spherical Wigner function [164], which furthermore contain the vast majority
of the Wigner negativity of the state®. See also [166] for recent and related work on
“sub-Planckian” structures on phase space using this Wigner function.

It is clear that the interference pattern is the primary contribution to the Wigner neg-
ativity of the state and that any contributions from the spin coherent components are
either cancelled out or rapidly become negligible as spin increases. An approximation for
the negativity can thus be achieved by focusing on the fringes and ignoring the pointwise-
convex interaction between the fringes and the antipodal spin coherent contributions. To
that end, Eq. (3.13) has polar symmetry about § = /2 as well as an azimuthal splitting
into 2j identical regions. We have set ¢ = 0 without loss of generality due to the peri-
odic boundary conditions of the fringes. Focusing on where the cosine becomes negative,

integrate (3.13) over the region [0, 7] U % [%, 37”} then multiply the result by 2 - 25 = 4j:

2]"’1 w/2 ' 3w /45
4j sinz?Nj4— / sin® () sin 0d6 / cos(2jp)dep. (3.18)
™ 0 T

/43

The azimuthal integral yields —1/j, the negative sign of which is removed to ensure that
the negativity is a positive number. The polar component must employ the recursive
relation

/2 n—1 /2
/ sin”(0)df = / sin”"%(6)d0 (3.19)
0 n 0

for integer n, which leads to the known identity

(n—1)N

ol (3.20)

w/2
/ sin"(0)d0 = 6(n)
0
where 6(n) = 7/2 for even n and 6(n) = 1 for odd n. The approximation then becomes

5(15:9,0)) < sino, 201 D!

T (25 — 1) (3:21)

where o(j) = 1 for integer spin, o(j) = m/2 for half-integer spin. The explicit special cases
are obtained from the identities n!! = 2¥k! for even integer n = 2k and n!! = (2k)!/(2%k!)

3Not to claim that the negativity is necessarily causing the metrological advantage, just that it is
interesting to see the correlation between the two.
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Figure 3.6: Comparison between the approximate and exact negativity for GHZ states as
a function of spin.

for odd integer n = 2k — 1. The two cases explicitly are:

, ; | i\ 2
5(1nt) < l sin 9 (4J+ 1) ]
~r 27+1 \(2)!

3.22
i+ 1 1 &2

5(half—int) < g¢ind : )
NSln 2]_|_1 24] (j_%)IQ

See Fig. 3.6 for a comparison between the numerically obtained exact negativity and Eq.
(3.21) as a function of j. This approximation provides a reasonable estimate of the Wigner
negativity for j 2 5.

3.3 Dicke

Having analyzed spin coherent states and a class of superpositions thereof, we now turn
our attention to the individual Dicke states, |7, m). Such states are equivalent to the gener-
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alized W states of quantum information, first introduced in the classification of multipar-
tite entanglement with respect to stochastic local operations and classical communication
(SLOCC) [133]. As mentioned in Sec. 2.1.3, these states have a multi-qubit representation:
The W state of weight k € {0,..., N} is the symmetrized superposition of N = 2j qubits
where k = j —m out of N of them are in the computational state |1):

Dy (];7>2 S (L 10--0)) 5 1, — k). (3.23)

Ti€Sn k N—k

where S, is the symmetric group of order n. The case k = 1 is the standard W state, while
the two extremal cases |j, £j) correspond to antipodal spin coherent states. A collective
spin-flip of a Dicke state, o®V |D§\l,€)), is its conjugate state

DG == DY) 15, —j + k). (3.24)

As m approaches either +7, the equivalent W state has an increasingly asymmetric ratio
of ground to excited qubits — i.e. mostly Os or mostly 1s, which here corresponds to the
northern and southern hemispheres respectively.

The Dicke state Wigner function, Eq. (2.61), is

2j

2041 /5 115
Wijamy (0,0) = 511 <731 0 7‘;> P (cos0). (3.25)
=0

Typical plots of these azimuthally-invariant functions are in Fig. 3.7. They are character-
ized by a principal band of positive density localized along a circle of constant latitude
associated to m, with additional alternating bands along the sphere. If the principal band
is distinctly in one hemisphere, the fringes in the opposing hemisphere are reduced in am-
plitude; see Figs. 3.4 and 3.7. As mentioned earlier, the number of roots for all m values
is in general not equal to 2j.

The Wigner negativity of Dicke states reveals a surprisingly rich structure. This is best
seen by focusing on the entire Dicke basis and how its negativities change with increasing j.
See Fig. 3.8 for a few numerical examples of such sets of negativities. Note that conjugate
Dicke states within the same basis must have equal negativity; this is because they are
related by a global 7 rotation about any axis in the equatorial plane. The least negative
states of a Dicke basis are always found to be the two spin coherent states as conjectured.
For fixed spin the negativity generally tends to increase as m moves away from the poles
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Figure 3.7: Typical Dicke state Wigner functions. Left is the balanced state |6, 0), Right is
the slightly unbalanced state |6,2). Dashed lines mark roots that are difficult to see. The
unbalanced state displays reduced amplitude in the southern hemisphere region, typical
of all such Dicke states. The colour scales are different and have been saturated on the
max/min values of each the Wigner function to help bring out their features.

and towards the equator, i.e. as m — 0. For low spins, j < 30, this pattern of increasing
Wigner negativity with decreasing |m| culminates with the most negative Dicke state being
the balanced/equatorial one: |7,0) for integer spin and |j,+1/2) for half-integer spin. In
the qubit picture this corresponds to a pattern of increasing non-classicality as the ratio
between Os and 1s approaches one. Surprisingly, this pattern changes when j = 30, where
now the maximally Wigner-negative Dicke state bifurcates away from the equator into a
spin-dependent conjugate pair: |j, +m}) with m} ¢ {0, 1,—1}. See Fig. 3.8. For example,
the maximally Wigner-negative Dicke state for j = 80 happens to be |80, £16) rather than
|80, 0). The projection eigenvalue m’; corresponding to the maximally negative state does

not settle to a fixed value for the spins considered (up to j = 80, or 160 qubits).

Another way to explore this result is to track their behaviour throughout the spin-to-
optical contraction, where they limit to the oscillator number states [87, 92, 97]. To that
end we numerically investigated Eq. (2.57),

lim j,j —n) = n), (3.26)

J—00

by computing the Wigner negativity of state sequences {|j,7 —n)}, for a handful of fixed
n. The basic idea is to fix a number n, then begin with the totally excited multi-qubit
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Figure 3.8: The blue dots are Wigner negativities of the Dicke basis {|j, m)} correspond-
ing to (a) 7 = 10, (b) j = 30, and (c) j = 80. The solid vertical line in (c) denotes
the maximally Wigner-negative Dicke state. The red dashed line corresponds to the GHZ
states of equal dimension.

state [1)®", which corresponds to the South pole spin coherent state in the C"*! Hilbert
space. The sequence {|j,j —n)}; amounts to adding more and more ground qubits |0)
while keeping the number of 1s fixed, with each such addition raising the Hilbert space
dimension by 1. This effectively sources more Dicke states from the South pole and so
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“pushes” our tracked state upwards and into the Northern hemisphere. From a column-
vector /coordinate perspective, this amounts to simply padding the bottom of a state array
with an ever-increasing amount of zeroes. For example, the following is the beginning of
the n = 2 sequence:

0
0

0 0

1,-1) = 8 S_L_ 1% 5 poy-= (1) LN

) ; >3~ |1 ) : 20 o

0 X 0

0

The Wigner negativities are plotted in Fig. 3.9. To help read this figure, here are three
features common to each sequence. The first is that they all begin at some point along
the bottom {|7,j)}; curve (i.e. the n = 0 curve). As just mentioned, this is because the
starting state for any sequence is always the South pole spin coherent state |j, —7), which
has the same negativity as [j,j). The second is that when j = n + %, n, or n — %, each
sequence is respectively at |7, —31),|7,0) or [j,+3%). This means that each curve will meet
the black equatorial curve {|j,m = 0,41)}; three times in a row (see the above example).
The third is that each sequence must eventually approach the negativity of its limiting

number state |n) (see the visible flatline values).

Despite these common properties, there is clearly nontrivial behaviour happening as
n changes. Low n sequences (n < 8) contain states that are more Wigner-negative than
their number state limit, while for n = 8 this is no longer true, with some sequences
strictly increasing. There is also a different behaviour for n 2 30, where such large-n
sequences cross over the equatorial curve before they flatline to their appropriate Fock
state. This matches with the aforementioned bifurcation of the most Wigner-negative
Dicke state around j =~ 30. Consider a vertical cross-section in Fig. 3.9; this corresponds
to Dicke basis of fixed j. For vertical cross-sections corresponding to 7 < 30, all spin-j
Dicke states lie below the spin-j equatorial state. On the other hand, for vertical cross-
sections corresponding to j = 30, there are states above the equatorial state, with this
effect increasingly exaggerated as j increases.

Overall, these results on the spin-dependent properties of maximally Wigner-negative
Dicke states reflect an intriguing and unexpected structure to the non-classicality of Dicke
states and spin systems in general. The geometric significance suggests a non-trivial effect
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Figure 3.9: Wigner negativity of sequences of states |j,j —n) as j increases for various
fixed values of n. The asymptotic flatlines of a given sequence match the number state
negativity |n) as expected. The dashed curve with triangular markers corresponds to the
equatorial states |7,0) and |7, £0.5). Around j 2 30 (vertical dashed line) there is emergent
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behaviour, in which sequences cross over the black equatorial curve.

that the size of phase space (or perhaps other properties, such as curvature) has on state
non-classicality. Indeed, the negativity behavior investigated here is a result of the interplay
between the geometry of the phase space and the structure of the spherical Wigner function,
which both change with spin. This is different from the planar case except in the large

spin limit which approaches the planar geometry as shown above.
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3.4 Relationship to entanglement

It is interesting to compare the Wigner negativity of a spin state with the state’s entan-
glement in the multi-qubit picture. Here we briefly touch on this topic, and dig deeper
in Chapters 4 and 5. It can be shown that within a Dicke basis of arbitrary spin j, the
balanced /equatorial state is always the most entangled as measured by the entropy across
arbitrary bi-partitioning in the multi-qubit picture [167]. The geometric measure of en-
tanglement similarly witnesses the balanced/equatorial Dicke state as having the most
entanglement within the Dicke basis in all finite dimensions [105]. These are of course
in contrast to Wigner negativity, where the most Wigner-negative Dicke state bifurcates
from [4,0) to |j, £ m]) around j 2 30. On the other hand, the entanglement entropy of
sequences {|j,j —n)}; across specifically half-bipartitions (i.e. an even splitting of the 2j
qubits for integer spin) seem to approach a constant value for any fixed n [168]*. See Fig.
2a in [168] for a nice comparison to our Fig. 3.9. In a similar fashion as established here,
the Wigner negativity of {|j,j —n)}; also approaches a constant value; i.e. that of the
number state |n) for any fixed n’.

Thus the behavior of spherical Wigner negativity somewhat qualitatively agrees with
entanglement entropy when considering half-bipartitions of sequences {|j,j —n)};, but
disagrees on which Dicke basis element is the most nonclassical. Furthermore, the GHZ
state is relatively less Wigner negative than most Dicke states with the same spin value as
seen in Fig. 3.8. This suggests that Wigner negativity and entanglement capture different
aspects of the non-classicality of states.

41t should be mentioned however that the entanglement entropy of the sequence {|j,7 —n)}; across a
1:(2j — 1) qubit bipartition vanishes in the limit of infinite j for any fixed n [167], and thus does not
approach a finite constant nonzero value like the half-bipartition entropy.

°It is interesting to observe that, in light of the spin-to-optical contraction, the work of [168] can in
some sense be understood as assigning a non-zero entanglement value to certain single-mode pure states.
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Chapter 4

Maximally Wigner-negative pure
states

Chapters 3 and 4 are approximately based (respectively) on the works

Davis, J., Kumari, M., Mann, R. B., & Ghose, S. (2021). Wigner negativity in spin-j
systems. Physical Review Research, 3(3), 033134. [1]

Davis, J., Hennigar, R. A., Mann, R. B., & Ghose, S. (2023). Stellar representation of
extremal Wigner-negative spin states. Journal of Physics A: Mathematical and Theoreti-
cal, 56(26), 265302. [2]

In this chapter we extend the previous results in two ways. The first is to go beyond
the states commonly used in information processing and focus on pure spin states that
maximize Wigner negativity. As mentioned in the introduction, this is motivated by the be-
haviour of Wigner negativity in a quantum computational setting, where it acts as a magic
monotone. The second is to dig deeper into the relationship between Wigner negativity
and entanglement. In particular, we use the stellar picture to compare states that maxi-
mize Wigner negativity with those that maximize various measures of entanglement in the
multi-qubit picture of spin (see Sec. 2.1.3). These three entanglement-based notions are an-
ticoherence, geometric entanglement, and Glauber-Sudarshan negativity, which we briefly
review. This comparison lends insight to the general structure of spin non-classicality
and, in line with the results from the previous chapter, reveals a surprisingly non-trivial
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structure to maximally Wigner-negative spin states.

4.1 Alternative notions of nonclassicality in phase space

4.1.1 Anticoherence

Perhaps the first and most natural approach one may take to quantify the entanglement
within a composite state is to compute the entanglement entropy (i.e. the von Neumann
entropy, a.k.a. the quantum Shannon entropy) of a state relative to a bi-partition some-
where across the tensor product structure of the underlying Hilbert space. For bipartite
systems this perspective is relatively straightforward as there is only one way to chop up
the Hilbert space, but for a many-body system it becomes unclear how to use this notion
of entropy to build an unambiguous hierarchy of entanglement.

While the general problem of entanglement classification remains open, much progress
has been made in the past two decades'. A natural idea that emerged during this effort was
to consider states that have maximally mixed reductions (i.e. maximally mixed reduced
states with respect to the partial trace) [170, 171]. This idea now goes under many names
and variants, including m-uniformity [172], Verstraete normal forms [173], and Absolutely
Maximally Entangled (AME) states [174].

Anticoherence, from an entropic perspective, is essentially this idea but restricted to the
symmetric subspace of a collection of n qubits. This entropic perspective however came
later: the phrase anticoherence, which will be explained shortly, comes from the spin-g
structure that the symmetric subspace affords. In particular, an anticoherent spin state
of order m was originally defined in 2006 [175] as a spin state having zero average spin
together with isotropic moments:

[v) m-anticoherent <<= (J)=0 & ((n-J)*)#f(n) Vk=1,...m. (4.1

As spin coherent states have the strongest spin expectation allowable (i.e. [(J)| = j), the
above definition was designed to capture those states that were the exact opposite, hence

1One modern perspective on the task of entanglement classification is to induce a partial order on the
set of quantum states via the specification of a resource theory (i.e. an operational task that requires
the consumption of a particular resource). For example, an EPR state is consumed to perform quantum
teleportation. See [169] and references therein for the general theory.
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anticoherent state. The relatively recent works of [107, 108] (circa 2015) established the
deep connection between moment isotropy and the aforementioned entanglement entropy:

1

() =0 & (n-0))#f(n) = sk (UYV) = —

(4.2)
where k runs from 1 to m on both sides and tr_, denotes tracing out all but k& qubits.
Note that due to permutation invariance all reductions of the same size are equivalent,
hence one can refer to the the k-qubit reduction. As moments are directly related to the
spherical harmonic expansion of a quasiprobability representation (see below), Eq. (4.2)
thus establishes the equivalence between the “wiggliness” of the spherical Wigner function
and the entanglement within the underlying many-body state. In particular, all anticoherent
states of any degree have a Wigner function with vanishing “centre of mass”.

One may define quantitative measures of anticoherence, applicable to any pure spin
state [176]. For example, consider the multipole expansion of a density matrix p with fixed
spin j,

P = Z Z quT]({jgv PKq = tr[pTI({];JrL (43)

K=0g¢=—K
where ngg are the spherical tensor operators (2.12). The state multipoles pg, contain
information on the amplitude of a density matrix to have a specific multipole pattern, and
the quantity Zq |pxcq|? is the overlap with the entire K multipole. Higher K reflects finer
angular structure in the Wigner function (recall Eq. (2.59)), so it is natural to analyze the

m k
AD =33 lowal (1.4)

K=1¢=—K

cumulative overlap

Spin-j coherent states by design maximize the above quantity for all orders m, and so
states that minimize Eq. (4.4) are interpreted as spin coherent “opposites”. States for
which AY) vanish are m-anticoherent, or in the parlance of quantum optics, mth-order
unpolarized due to their polarization information having been pushed to higher multipoles.
States with the highest degree of anticoherence allowed (given a fixed spin/dimension) are
also sometimes referred to as the Kings of Quantum. Various King states of spin j and
order m have been calculated [177, 178], experimentally realized [179], and are of critical
metrological use in, for example, reference frame alignment [180] and quantum rotosensing

[181, 182, 183).

49



In an optical setting (specifically polarimetry), anticoherence is about quantifying the
quantum mechanical departure from the classical fact that fully polarized monochromatic
light always has a Stokes vector (S, Sy, S;) on the Poincaré sphere. Increasing the intensity
of the beam continuously enlarges the Poincare radius but not the angular information of
the Stokes vector. In the quantized picture the Poincaré radii become discrete due to the
indivisibility of the photon, and higher layers permit the vanishing of polarization expec-
tation (J), even for pure states [184]. A semiclassical intuition for this is that each photon
in a pure Fock state of monochromatic light may have its own polarization (represented
by a Majorana star), allowing for the possibility of collective cancellation.

As the above intuition suggests, anticoherence is naturally compatible with the stellar
picture. For example, anticoherence puts strong restrictions on the point-group symmetry
of a state’s constellation [185, 181]; see also [110] for analogous results in the mixed Ma-
jorana setting. All together, it is clear that anticoherence is an extremely rich notion of
non-classicality with several fruitful interpretations?.

As a loosely related but interesting final remark, the notion of anticoherence may make
one wonder if there is any connection to the so-called barycentric measure of entanglement,
introduced by Ganczarek, Kus, and Zyczkowski [186]°. This measure of entanglement is
constructed via the following: interpret the stars as unit point masses then compute their
centre of mass (i.e. their barycentre). The measure is then defined as (1 — d%(¢))) where
dp(1) is the Euclidean distance between the barycentre and the centre of the sphere. This
measure vanishes on product states and is preserved under symmetric local operations (i.e.
rotations). Interestingly and perhaps unexpectedly, there exist anticoherent states that
have non-vanishing barycentre [107, 185]. As anticoherence is related to spin expectation,
which amounts to weighted integrals over the Wigner function via traciality, the lesson
here is that one must not confuse the centre of mass of a Wigner function with the centre
of mass of a constellation.

4.1.2 Geometric entanglement

Broadly speaking, an alternative way of quantifying entanglement is via the distance to the
set of product states (with respect to some appropriate Hilbert space metric). A concrete

2 Anticoherence is in my view the (second) best notion of non-classicality on the sphere.
3This concept however may be almost entirely traced back to Bacry’s degree of coherence from 1978
[120].
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realization of this idea is the geometric degree of entanglement, Eg, which is commonly
attributed to Shimony from 1995 [187]. Here we express the definition in the context of
SU(2) symmetry where the set of product states are symmetric [188]:

1
Ea(lv)) = 5 min_ [[[¥) = ()|, (4.5

where ||A||lns = /tr[ATA4] is the Hilbert-Schmidt norm and

Coes = {)®¥, |x) = COS%X\O) + €x sin%x|1>}
— {16,6), (0.0) € %} (46)

is the set of spin product states, which is equivalent to the set of spin coherent states.
Combining Eq. (4.5) with the fact that the (s = —1) Husimi kernel may also be expressed
as is the spin coherent POVM over the sphere (2.22),

Qu(0,0) := [571(6,0) = tx[p16, 90, ¢l ] = (6, 8Ipl6, ), (4.7)
together shows that
Ea(j4) = min (1= (616, 0)1") = 1= max_Qu(0,0) (4.5)

Hence the geometric measure of a state may be thought of as the relative difference between
the maximal pointwise height of the state’s Husimi function and its theoretical upper bound
of unity. Consequently, maximally geometric-entangled states may be thought of as those
with the “flattest” possible Husimi function despite being pure. The requirement of purity
forces the function to fluctuate in some manner as the truly flat Husimi function must
be the maximally mixed state. This latter point is a consequence of the standardization
axiom, Eq. (2.43b), which ensures that the identity operator on Hilbert space is mapped to
the unit function on phase space. A somewhat analogous notion exists on the bosonic phase
space, where the set of classical pure states are the coherent states [189]*. An interesting
distinction here is that the intuition behind the classicality of the single-mode bosonic
coherent states does not come from entanglement theory as there is only one quantum

4One can furthermore imagine a similar definition for any phase space picture based on a Perelmov
construction (i.e. using G-coherent states). When G = SU(d) the flatness of the Husimi function may
furthermore be interpreted as quantifying the entanglement of a pure state in the symmetric subspace of
n qudits, Sym[(C%)®"], though the phase space manifold will likely be too complicated to visualize.
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object under consideration. While this is perfectly fine, it may also be worth saying that
in light of the SU(2)-optical contraction, (2.57), one can still in some sense actually think
of coherent states as pure product states, but of an infinite number of qubits.

We end by noting that while the notion of geometric entanglement has become a main-
stay in the quantum information era, a strong conceptual ancestor may be found at least
20 years prior in the classic reference of Arecchi et al. [87]. In it they define pure product
states of N 2-level atoms as |ay, b, ..., an, by) = @L_, (anle1) + bnles)) where {e1,e5} is a
basis, then remark:

“For any normalized state [¢)) of the N-atom assembly, a degree of correla-
tion can be defined in the following manner: One forms the overlap integral
|{(]ay, by, ..., an, by)|? and maximizes the result with respect to the set (a;, b;),
i = 1 to N. The complement to one of this maximized overlap integral is
defined as the degree of atomic correlation of the state |1).” [87].

While not in the language of information theory nor explicitly discussing entanglement,
the underlying idea of a correlation measure is obviously present and their definition is
precisely the same as Eq. (4.8) but expressed in the more general case of distinguishable
qubits. This situation is quite similar to the above footnote on barycentric entanglement.

4.1.3 Glauber-Sudarshan negativity

P-representability is quite similar to the geometric measure of entanglement, but now
the set of states deemed classical is enlarged to the convex hull of spin coherent states
[102, 190]. With the Glauber-Sudarshan P function seen as the collection of expansion
coefficients over the spin coherent projector basis, the classical set is comprised of those
states that admit a positive P-function:

P(p) = min ||p — pcllus (4.9)
pc€C
where, using the appropriate Stratonovich kernel, Eq. (5.7),
C={p| P,(0,0) = tr[pAY(0,6)] > 0 V(0,0) € 5} (4.10)

for a given spin j. An alternative way to compare the geometric measure and P-representability
is to keep the convex hull fixed for both; the geometric measure is then effectively seen as

o2



minimizing the Bures distance rather than the Hilbert-Schmidt distance [191]. In any case,
the motivation behind this notion of nonclassicality comes from interpreting the values of a
positive P-function as a collection of epistemic/statistical weights in an incoherent mixture
of spin coherent states. Thus a symmetric multi-qubit state is separable if and only if it’s
Glauber-Sudarshan P function is positive. States that are maximally far away from the
set of those with a positive P function are known as the Queens of Quantum [102, 190].
This entanglement-based notion of non-classicality is well-suited for mixed states and will
be discussed further in Chapter 5.

To summarize, we have recalled three alternative and insightful notions of non-classicality
that each have a natural interpretation as some geometric or functional property of some
quasiprobability distribution on phase space. By comparing states that maximize Wigner
negativity to states that maximize these other notions, we will learn about the structure
of Wigner negativity on the sphere.

4.2 Maximal states

4.2.1 Spin 1/2

For the single qubit system (j = 1/2) the stellar representation reduces to the Bloch sphere
picture. The Wigner functions of the spin-up and spin-down states along the z-axis (i.e.
the standard computational basis states |0) and |1)) are given by

Wi(0,¢) = % + \/7§ cos 6 W, (0, ¢) =

| %

cos 6 (4.11)

N —

Since all pure qubit states are trivially spin coherent states connected through rigid rota-
tion, they all have the same non-zero amount of Wigner negativity. This can be quickly

calculated by hand to be 3 — \/Lg ~ 0.077 [1, 192].

Thoughts on the single qubit
Here I briefly indulge in some short, semi-formal comments on interpreting the other no-

tions of non-classicality discussed here in the special case of spin-1/2: anticoherence, ge-
ometric entanglement, and Glauber-Sudarshan positivity. Is the single pure qubit a bona
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fide quantum object? The intuitive answer is a simple “yes” yet many well-motivated def-
initions of non-classicality offer a surprisingly diverse array of different answers (including
a quick and easy “no”). This discussion of course all boils down to exactly what is meant
by “qubit” and “quantum”. For sake of consistency let us say that the qubit is the self-
representation of SU(2). More explicitly, it is the Hilbert space C? of pure states together
with the three Pauli matrices (2.2) viewed as observables.

The simplest and bluntest analysis out of the three considered here is Glauber-Sudarshan
positivity. By construction the P function is positive for every qubit state. Hence from this
perspective the qubit is explicitly not quantum. The next simplest is anticoherence, and
the reasoning is related. While (much) more sophisticated in higher dimensions, the case
of 7 = 1/2 is special because all pure qubit states are spin-coherent; i.e. the Hilbert space is
too small to contain anything “anti” coherent. As a result, no pure state in C? is anticoher-
ent and so it is not unreasonable to conclude that the qubit is also non-quantum from this
perspective. The geometric measure is a bit more of a stretch as its original meaning was
only intended for multi-partite systems. That being said one can argue that the alternative
definition via Husimi-function-height (4.8) is a natural extension to the single qubit. If this
is accepted then again the qubit is classical because all pure states have unit height. If
not accepted, one could alternatively argue more generally that if such entanglement-based
non-classicality is fundamentally concerned with how two objects are connected, then a
single indivisible object in isolation is not necessarily inherently “quantum”.

So in one way or another all three of the other notions of non-classicality view the
qubit as a non-quantum object®. While this by no means whatsoever constitutes a reason
to discontinue their use — in particular due to their proven track record of success, both
in theory and experiment — I believe that the spherical Wigner function displaying an
unambiguous “quantumness” of the single pure qubit should be seen as meaningful, and
not dismissed as a quirk or fault in the generalized Moyal-Stratonovich research programme
as it applies to quantum spin. See Chapter 6 (conclusions) for a broader outlook.

4.2.2 Spin 1

Spin systems with j = 1, equivalent to the symmetric subspace of two qubits, are char-
acterized by two-point constellations. Here we go into detail on how to characterize all

5Even with a more skeptical stance on the above arguments, surely at the very least they are all neutral,
with none giving a resounding “yes”.
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Figure 4.1: Left: parameterization of all spin-1 states up to rotational equivalence. Right:
Wigner negativity as a function of polar separation. The minimum is attained by the
degenerate constellations (spin coherent states) while the maximum is obtained by the
antipodal constellations (symmetric Bell states).

such pure states; higher dimensions follow similarly. Negativity is invariant under global
rotation and so without loss of generality we fix one of the stars on the North pole. The
second is placed on the ZX plane with a polar separation 7 relative to the former — see Fig.
4.1%. Using the symmetrizer (2.27), this amounts to projecting the state |0) R, (n)|0) to the
symmetric subspace followed by renormalization. The family of n-parameterized states in
the Dicke basis is calculated to be

1

- V2 cos 21,1) + sin 2 1,0). 4.12
) = s (VEcos 11,1 +sin 7[1,0) (412)

The corresponding family of Wigner functions is

1

Wiew 8:9) = ooz

. I
[2 cos® g W1y (0, ¢) + sin® g W0y (0, ¢) + 7 sinn Win (6, ¢)
(4.13)

6In line with sometimes-used parlance in quantum information, one could perhaps call this object a
spin redit. (a “ree-dit”, short for “real qudit”, is a qudit with only real coefficients in some privileged
basis).
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where the two Dicke state terms, Eq. (2.61), reduce to

1 5 1 1 /5
VV|171>(07¢) = 5(1 - \/g) + \/;COSH + 5\/;COS2 0,
5 5

(4.14)
Wiso (6,6) = (1 + \/; - \@ cos? 0
and the interference term is
Wine(6, ¢) = sin 0(1 + v/5 cos 6) cos ¢. (4.15)

The Wigner negativity is then numerically computed for each polar separation 7. Every
spin-1 pure state has a negativity value along the curve in Fig. 4.1. This curve does not
touch the horizontal axis and so, similar to the single qubit case, there is no pure state with
vanishing negativity. The states with minimal negativity are those with degenerate stars
and correspond to the two-qubit spin coherent states. We find, perhaps unsurprisingly, that
the antipodal constellations maximize Wigner negativity. This class of states is generated
by one of the symmetric Bell states: \/Li(|01>—|— 110)) = |1,0) or \/Li(|00>—|— 111)) = \%(H, 1)+
|1, 1)), together with their global rotations —(|+—) +[—+)) or J5(|++) + [-=)), etc.
The exact upper and lower bounds of the negativity are computed to be

1 /2
max d(W,) = —\/—(55 + 17v10) — 1 ~ 0.2693
n 3V 15
4 (4.16)
min §(W,)) = ~ 0.0590
n 5v 92 + 2910

The alternative measures of nonclassicality are also minimized by degenerate configurations
and maximized by antipodal configurations.

4.2.3 Spin 3/2

The number of free parameters needed to describe a pure j = % state up to global rotations
is three: two polar angles and one relative azimuthal angle. Without loss of generality we
again place one star on the North pole and another on the ZX plane with polar angle
0 < ¥; < 7w. The final star has no constraints, having polar angle 0 < ¥ < 7 and
azimuthal angle 0 < ¢ < 7 relative to the second star. To avoid double counting the
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equivalent constellations (11,92, ¢) and (¥, 91, ) we also impose Yo > ;. See Fig. 4.2.
The family of states associated with these constellations is the projection of

10) @ By (101)[0) @ R.(p)Ry(02)[0) (4.17)

to the symmetric subspace, given by

v ¥9,3 3 v v Y Yo 0\ 3 1
V9, 195,0) = N[ZS cos — cos —|=, =) + /3 (Sin—1 COS — + COS — sin —26“"> ]5, 5)

2 2272 2 2 2 2
U Uy 3 1
+V/3sin 5 sin—e \2,—2)}

(4.18)

up to normalization N. The corresponding family of Wigner functions is similarly found
via the generalized Weyl rule with respect to the j = 3/2 SU(2) kernel. Fig. 4.2 shows a
selection of Wigner negativities.

Similar to the spin-1 system, the degenerate constellations have minimum but not
vanishing negativity. A representative constellation that maximizes negativity has ¢, =
27

vy = F and ¢ = 7, corresponding to the roots of unity along a great circle in the ZX

plane. This is rotationally equivalent to the GHZ/NOON state quantized along the z-axis,

1 1 1 33 3 3
7 5310 +[0)[3) ~ = “Z) (419)

vl2a Tl s
respectively expressed in the computational basis, the two-mode occupation (Schwinger)
representation, and the Dicke basis (see Chapter 2). This state has the same constellation
but along the equator, and has widespread application in quantum information science
and quantum metrology [136, 193]. Note that the GHZ state maximizing negativity in
this low-dimensional setting must be an exceptional case because our previous results in
Chapter 3 (see Fig. 3.8) clearly show that the generalized GHZ state generically contains
rather low amounts of negativity relative to the Dicke basis, let alone all of Hilbert space.

(]000) + [111)) ~

By comparison, both anticoherence and P-representability similarly observe such states
(also sometimes called 3-cats in quantum information) as maximally nonclassical. The
geometric measure however is saturated by the antipodal constellation but with the North
pole being two-star degenerate [105]. This corresponds to the W state \/Lg(|001> +1010) +
|100)), which is incomparable to the spin cat state when restricted to LOCC operations in
the qubit picture [133]. Nonetheless, it is worth explicitly saying that the W state has less
Wigner negativity than the GHZ state in four dimensions.
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Figure 4.2: Cross-sections of the parameter space of three star constellations. The value
of each point represents the Wigner negativity of the spin-1 state associated with that
constellation. The axes represent the two polar angles ¥/; and v5, and each panel represents
a different azimuthal separation ¢: (a) ¢ = 0, (b) ¢ = 2, (¢) ¢ = 3¢, (d) ¢ = 7. The
most nonclassical constellation, ¥ = ¥y = %ﬂ' and ¢ = 7, is rotationally equivalent to the
GHZ/NOON state.

Note on higher spins

Moving forward to higher spins, the problem of determining the extremal quantum states
is technically more difficult, and we proceed primarily through numerical methods. We
brute-force evaluate the integral (2.60) using Mathematica’s built-in numerical optimiza-
tion techniques, seeking a precision of 5 digits in the final result. To increase the likelihood
that the constellation output is the true maximum of the Wigner negativity we perform
many iterations of the procedure, seeding the numerical optimization with different initial
constellations selected randomly and uniformly across the sphere.

In general the output will consist of several constellations that appear distinct. How-
ever, many of the constellations reached by the numerical solver will be related to one

o8



another by a rotation. A simple technique to determine whether two constellations are
definitively distinct is as follows. We first take the constellation and write the Cartesian
vectors for each star in a matrix:

A=[01, Ty ... T - (4.20)

We then take the matrix AAT and compute its spectrum. If any two constellations have
distinct spectra, then we can be certain the two constellations are also distinct. Because
AAT is invariant if the individual vectors are acted upon by a rotation, if the spectra for
two constellations are the same, then those constellations may be related by a rotation.

Using these optimization and classification techniques a careful search is done to de-
termine the constellation of maximum Wigner negativity. After a candidate has been
determined, we run a secondary numerical optimization, this time constraining the search
region to within +5% of the previously determined values for the stars and working at ma-
chine precision. The actual value for the negativity (up the precision we seek) of the final
candidate constellation is then independently cross-checked using the methods described
in Refs. [97, 194]. Using many thousands of samplings of initial points, we check to ensure
we find a global maximum rather than a local one.

4.2.4 Spin 2

Spin systems with j = 2 are characterized by four-star constellations. As usual, we fix
the symmetries of the system by placing one star at the North pole, another along the
Z X plane characterized just by its polar angle, and the remaining two are specified by
both polar and azimuthal angles. The remaining sections continue this pattern. We find
that the minimally Wigner-negative state corresponds to the constellation with all stars
coincident at the North pole. That is, up to rigid rotations the spin-2 coherent state is of
minimal but not vanishing nonclassicality.

The state of maximal negativity is determined to be the following tetrahedron state

1 2
’wtetra> = ﬁu, 2) + \/;’2, —1> (421)

The constellation consists of one point at the North pole and three points distributed with
equiangular spacing along the azimuthal direction at a fixed polar angle of § = 2 arccos(\/ig)
(Fig. 4.3). It is interesting to note that all three comparative measures — anticoherence,
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Figure 4.3: Extremal state for spin 2. Left is the associated constellation and right is the
associated Wigner function in the Mollweide projection with the constellation superim-
posed.

P-representability, and geometric entanglement — also agree that the tetrahedron state
is maximally nonclassical for four qubit. This arrangement also solves several common
spherical optimization problems such as the Thompson problem and the To6th problem
[105]. In addition to the perhaps expected cases of antipodal 2-qubit constellations and
3-qubit GHZ states, we will see this is the last instance where Wigner negativity agrees
with any of the other nonclassicality measures.

4.2.5 Spin 5/2

Again, we have confirmed numerically that the spin coherent state is indeed the state of
minimal Wigner negativity. For the maximal constellation we obtain the configuration
shown in Fig. 4.4. This differs from those found using other state nonclassicality measures.
Compared to those alternative extremal states, it is not a particularly symmetric arrange-
ment, and forms the beginning of a pattern of partially symmetric configurations as spin
increases.

We can make a further observation for j = 5/2: There is a second state with a local
negativity maximum notably close in value to the global maximum but with an apprecia-
bly different constellation structure. The constellation for this second state is shown in
Fig. 4.5. It is an embedded right square pyramid characterized by the base having polar
angle § ~ 1.841 radians. The Wigner negativity of this state is 6 = 0.57015604, which
differs from maximum only at O(107°). To ensure this is robust we ran our numerical
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Figure 4.4: Extremal state for spin 5/2. Left is its constellation and right is its Wigner
function.

optimization scheme in a small neighbourhood of each constellation to higher precision
— again with independent verification from the methods described in Refs. [97, 194] —
and found increasing numerical stability. This pyramidal state is therefore an especially
Wigner-negative spin-5/2 state, though not maximally negative. Interestingly, a regular
square pyramid is also identified as the extremal constellation with respect to geometric
entanglement [105]. However, the two states are different as shown in Fig. 4.5. The max-
imally entangled pyramid has a base slightly further from the apex, with a larger polar
angle of § ~ 1.874. As an aside for reference, note that a pyramid state with base polar
angle 6 = 7 is equivalent to the 5-qubit W state, which has a negativity ~ 0.26 as seen in
Fig. 4.5.

4.2.6 Spin 3

Spin systems with j = 3 are characterized by six-star constellations. The minimal constel-
lation is again found to be the spin coherent state, and the maximal constellation is shown
in Fig. 4.6. It is characterized by four co-planar points that together form a rectangle,
along with the star at the North pole and another displaced along the arc ¢ = 0 (i.e. the
ZX plane). The case of spin 3 is notable because a different state, \%(\3,2) + 13, —2)),
simultaneously maximizes all of the alternative measures. This is the so-called octahedron
state, and is characterized by a constellation with stars along the vertices of an embedded
octahedron. With an a prior: presumption that nonclassicality correlates with constel-
lation symmetry, one would perhaps expect the Wigner case to follow suit because the

61



negativity, §
e e o 2o <o
—_ [\S] W £ W

o
o

o
N
3

polar angle

Figure 4.5: Left: Constellation of a state that locally maximizes Wigner negativity in
Hilbert space. Right: Wigner negativities of the family of “square pyramid” states pa-
rameterized by the polar angle of the pyramid base. The stars in the base have azimuthal
angles {0,7/2,m,37/2}. The state that maximizes geometric entanglement (red dotted
line) has a slightly larger pyramid height than the Wigner-maximal pyramid state (black
dashed line).

octahedron is the next available Platonic solid as the number of stars increase. Yet the
most Wigner-negative state identified here is approximately 5% more negative than the
octahedron state, a significantly higher gap than the pyramidal runner-up in the five qubit
system.

Nonetheless, the j = 3 constellation is not without symmetry. As shown in Fig. 4.7, the
configuration respects Cs, point-group symmetry. The stars can also be bi-partitioned into
two identical triangles in six different ways; see Fig. 4.8. The first two partitions, shown
in the upper-left and upper-middle plots of Fig. 4.8, yield a pair of isosceles triangles.
The remaining partitions are made of pairs of identical scalene triangles. The octahedron
constellation by comparison can be partitioned into two identical triangles in ten different
ways, which is the maximal number of such partitions. For reference, in the upper-left
partition the triangles have angles 53.9°, 53.9°, and 72.2° with edge lengths 1.51, 1.51, and
1.78. The upper-middle triangles have angles 58.3°, 58.3°, and 63.4° with edge lengths
1.69, 1.69, and 1.77.
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Figure 4.6: Extremal state for spin 3. Left is the constellation and Right is the Wigner
function. This state is approximately 5% more Wigner-negative than the octahedron state,
which maximizes all the alternative notions of nonclassicality.

Figure 4.7: Demonstrating C5, point symmetry of the maximal spin 3 constellation. Left:
m-rotation about dotted line. Right: Two mirror planes parallel to the axis of rotation.

4.2.7 Spin 7/2

Spin systems with j = 7/2 correspond to seven stars. The maximal constellation is char-
acterized by two parallel equilateral triangles with matching orientation, together with a
star along the diameter going through the centroids of the triangles; see Figs. 4.9 and 4.10.

Using a similar argument as the six star system, such constellations can be seen to
have (3, point-group symmetry. The maximally anticoherent state is also of this “two
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Figure 4.8: Bi-partitions of the spin-3 maximal state into identical triangles. In the top-left
and top-middle plots the pair of triangles are isosceles; the others are scalene. In every
case the triangles are identical — their angles and edge lengths are equal within working
precision. In maintaining a common perspective this may be less apparent in some cases.

Figure 4.9: Maximal spin—%. Left is the constellation and right is the Wigner function.

triangles + pole” form but with different heights of the triangles along the rotational axis
[177]. In particular, the two triangles in the Wigner case are significantly closer to each
other: Adwigner ~ 0.43 and Ad,. =~ 0.82 as measured by their axial distance along the
diameter. See Fig. 4.11 for a comparison between all such constellations as parameterized
by the polar angles of the two triangles (polar with respect to the axis pointing towards
the 7th star). By comparison, the maximal constellations of both geometric entanglement
and P-representability are described by a pentagon along the equator together with a star
on each pole [105, 190].

Using a method similar to the previous section, we have found another highly negative
spin-7/2 state by modifying the maximal state. Note that combining the isolated point
with either of the triangles results in a triangular pyramid as shown in the middle and
right plots of Fig. 4.10. These pyramids are in general irregular in the sense that they are
built from one equilateral face and three identical isosceles faces. In our particular instance
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Figure 4.10: Left: parallel planes extended by two equilateral triangles within the maximal
spin—% constellation. The dotted line is a diameter passing through the centroid of the
triangles and the remaining point. Middle and Right: irregular tetrahedra within the
constellation, with the right closely approximating a regular tetrahedron.
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Figure 4.11: Wigner negativity landscape of “two triangles + pole” constellations. Param-
eters are the polar angles of each triangle with respect to the axis of rotational symmetry.
The dashed lines indicate when one of the triangles forms a tetrahedron with the pole.
The star indicates the Wigner extremal state, while the triangle indicates the anticoher-
ence extremal state.
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of this general pattern, the smaller pyramid has a characteristic isosceles face with angles
{52°,52°,77°} and the larger has {62°,62°,56°}. The latter configuration is somewhat
close to an equilateral triangle, which if true would turn the pyramid into a tetrahedron.

Figure 4.12: Left: maximal Spin—% state with four highlighted stars that approximate a
regular tetrahedron. Right: constrained optimization after snapping the four points to a
regular tetrahedron. The right has a Wigner negativity of 0.73243.

Pursuing this, we can consider the constrained problem where four of the seven stars
are snapped to a tetrahedron while the remaining three are varied through the numerical
optimization. The result of this is shown on the right of Fig. 4.12. The constellation is
similar to the maximal one, though different enough to be visually distinguished. This
state also has a high Wigner negativity of 0.73243. This differs from the true maximum
slightly, within one part in a thousand. We mention this because although this state is not
maximal, it is nonetheless interesting to see a Platonic solid as a sub-constellation to an
extremely negative state with spin 7/2 despite the six-qubit extremal state not being the
octahedron.

4.2.8 Summary of maximal states

Here are some data tables summarizing the maximally Wigner-negative spin states:
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] Spin ‘ Wigner negativity ‘ Maximal constellation (6, ¢) ‘

1 0.26935 (0,0), (x,0)
3/2 0.39634 (0,0, (27/3,0), (27/3, 7)
2 0.50078 0,0), (61,0, (61, 27/3), (Br, 470 /3)
O = 2cos™(1/4/3)
5/2 0.57016 (0,0), (1.66,0), (1.43,2.21),
(2.86,2.23), (1.65, 4.43)
3 0.65354 (0,0), (1.62, 0), (1.71, 2.03),
(1.71,4.25), (2.02,4.54), (2.02,1.75)
72 0.73395 (0,0), (1.97,0), (1.83, 2.18), (2.07, 4.51),
(1.83,4.09), (2.06, 1.76), (0.43, 6.25)

Table 4.1: Table of maximal Wigner negative values and the associated constellations.

’ Spin ‘ Dicke coefficients (m = —j,--- ,j) ‘
1 (0,1,0)
3/2 (0, —4/3/2,0,1/2)
2 (0,4/2/3,0,0,1//3)

5/2 (0,—0.594 + 0.3734,0.090 + 0.0344, 0.053 + 0.200¢,
—0.391 + 0.5077, 0.216)

3 (0,0.743 — 0.001¢,—0.02,0.156,0.37, —0.111, 0.523)
7/2 (0,0.299 — 0.008:,0.687 — 0.006¢, —0.227 — 0.005¢,
0.299 — 0.0014,0.215 — 0.003i, —0.074 — 0.005¢, 0.496)

Table 4.2: Table of Dicke coefficients for Wigner extremal states. Exact numbers are used
when available.

4.3 Random state analysis

This section summarizes a brief analysis of the statistical properties of spherical Wigner
negativity over Hilbert space.

Given a fixed spin j, random unitaries are sampled with respect to the Haar measure
on U(2j+1) - i.e. the circular unitary ensemble (CUE)". These unitaries are applied to an
irrelevant fiducial state to produce a uniform sample of random states in the Hilbert space

"See [195] for alternative ways of obtaining random constellations.
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C%*!. Fig. 4.13 shows the distribution of Wigner negativity over N = 200,000 random
states for 1 < 5 < % The results indicate that random states on average are highly
Wigner negative relative to the allowed range, though the exact distribution depends on
the particular spin. Apart from the two and three qubit systems, each distribution has a
similar form with a high peak relatively close to the upper bound. As spin increases the
peak narrows, creating a more rapid decay towards maximal negativity.

Additional distributions were computed for higher spins up to and including j = 6,
and they continue to have the same general form as the j > 2 set in Fig. 4.13. The
increasingly sharper decays from each peak indicate that the maximal state(s) and those
with a similar degree of negativity become increasingly rare as spin increases. Fig. 4.14
plots the percentage of random states from the CUE sample that have a negativity within
two percent of their theoretical maximum; see section 4.2.8 for the list of maxima. On
average, across all spins j > 2, only ~ 0.2% of states are within 2% of their respective
maximum negativity value, indicating the rarity of the highly Wigner-negative states in
Hilbert space. For spins 7 > 4 the maximum is taken to be the highest negativity sampled;
the true maximal value can only be higher, making the average (dashed red line) almost
certainly an upper bound. By comparison, we computed the linear entropy of the (1 : n—1)
bipartition in the qubit representation of the same CUE sample and find that, on average
across all spins j > 2, approximately 7.3% of them are within 2% of the maximum value
1/2. This number increases with spin, with the case of j = 6 having around 12.6% of
random states within 2% of the linear entropy maximum. In the specific case of an 11-
qubit system for example, one is approximately 70 times more likely to randomly sample
a state with an almost maximally mixed one-qubit reduction than a state with an almost
maximal Wigner negativity.

We also note that, as expected, all random states sampled were found to have strictly
less negativity than the determined maximal state of the same dimension.

4.4 Discussion

Determining the exact Wigner negativity of a state in general requires the identification
of the zero set of its associated Wigner function, followed by an integration over that set.
This rapidly becomes analytically intractable as spin increases. Even in the azimuthally
symmetric case of Dicke states for example, the form of the Wigner function (2.61) re-
quires exact knowledge of the zeroes of the Legendre polynomials. Hence we are left with
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Figure 4.13: Distribution of Wigner negativity over N = 200,000 randomly sampled states
for spins 1 < j7 < 7/2. The horizontal axis gives the absolute Wigner negativity, and cuts
off on the right at the maximal value. In each case the vertical dashed line indicates the
CUE average.

computational techniques and general heuristics. Here we discuss some observations in
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Figure 4.14: For each spin j on the horizontal axis, the vertical axis is the percentage of the
N =200,000 random states that have a negativity within 2% of their respective maximum.
The dashed red line is the average for j > 2. For spins j > 4 the maximum is the highest
negativity sampled.

the context of states that maximize other measures of nonclassicality. In particular, the
constellations of such alternative maximal states are in general highly symmetric, highly
delocalized, or both [185, 109]. And while the Wigner-maximal constellations partially
display these qualities in the spins considered, they do not follow an obvious geometric
guiding principle.

First consider constellation symmetry. The relatively weak correlation between con-
figuration symmetry and Wigner negativity begins with the spin 3 system where, despite
the Wigner-maximal state having partial symmetry (i.e. a Cy, point-group), it is defini-
tively not the highly symmetric octahedron state. This continues to higher spin despite
the global maximum being unknown. See Fig. 4.15 for a comparison between all extremal
states up to spin 6. For j > 4 the most negative random state drawn from the CUE
sample is used in place of the unknown global maximum(s). Only for j < 2 does the
highest Wigner-negative state coincide with one of the alternative maxima. Each larger
dimensional system with j > 2 contains at least one state in Hilbert space with a Wigner
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negativity larger than the negativity of the alternative extremal states. This difference in
negativity furthermore appears to grow with spin. The last case of spin 6, corresponding
to 12 indistinguishable qubits, is particularly interesting because that is the number of ver-
tices of the icosahedron, another Platonic solid with high constellation symmetry. Indeed
the icosahedron state simultaneously maximizes the other measures of nonclassicality yet
is approximately = 13% less negative than the statistical maximum, and actually scores
below average across Hilbert space, C'3. Fig. 4.16 compares the icosahedron state and the
most negative random state sampled. There is a passing similarity between the Wigner
functions of the 12 qubit statistical maximum and both the 6 and 7 qubit global maxima,
with two roughly dual “lobes” in the upper hemisphere together with somewhat concentric
regions in the opposing hemisphere. It is plausible that the 12-qubit global maximum may
sharpen this similarity and demonstrate a more concrete pattern in Wigner-maximal spin
states.

|
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Figure 4.15: Wigner negativity of alternative maximal states and Thomson/Coulomb
global equilibria. For j > 2.5 (five qubits and larger), there exists a state with higher
negativity than the other maxima considered. For j > 4 this state is taken to be the most
negative of the CUE random sample. The lack of a marker indicates no available data.

We also briefly mention the two other Platonic states within 1/2 < j < 6: the cube and
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the tetrahedron. The cube state is interesting because anticoherence is the only measure
that witnesses it as maximal. It is additionally the first time all four measures have
different maximal states. By contrast, the tetrahedron state is the only non-trivial case
where all four measures agree. This consensus offers evidence that the tetrahedron state
may be of practical use in various quantum-enhanced applications. This is also in part
what motivated us to pursue modifications of the maximal states revolving around fixed
tetrahedra within a given constellation.

Figure 4.16: Left: Wigner function of the icosahedron state. Right: Wigner function of
the most negative state found in the spin 6 CUE sample.

Now consider constellation delocalization. To compare the Wigner-maximal states
against those with a uniform distribution of Majorana stars we consider the Thompson
problem, defined as the electrostatic configuration of n point charges confined to the sphere
that minimizes the Coulomb potential energy [196]. The solutions to the Thompson prob-
lem are one of many inequivalent benchmarks for distributional uniformity over the sphere
[197], however the intuitive description of the problem makes it a reliable reference point.
The exact configurations to this problem are not generally known for an arbitrary number
of points, though numerically optimized solutions exist in many cases [198, 199]. The dot-
ted line in Fig. 4.16 denotes the Wigner negativity of such Thomson solutions. Similar to
the case of constellation symmetry, the Coulomb equilibria have sub-maximal negativity
for 5 > 2. The difference between the equilibria and the highest known negativity also
grows with system dimension, culminating again in the below-average negativity from the
spin 6 icosahedron state.

We note a related observation that Wigner-maximal constellations sometimes contain
groups of stars confined to a relatively small region of phase space. This is seen in the
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Figure 4.17: Coulomb electrostatic potential energy of alternative extremal constellations.
Highly Wigner-negative states tend to have a higher potential energy, indicating the pres-
ence of clustering of stars within their constellations. The lack of a marker indicates no

available data or, as in some cases of geometric entanglement, when two stars are degen-
erate.

small edges of the rectangle structure within spin 3 (Fig. 4.6), and the two triangles within
spin 7/2 (Fig. 4.9). Qualitatively, such grouping is not generally seen in the non-Wigner
maximal states, with the exception of geometric entanglement in the spin-3/2 case having
two stars degenerate on the same point. The geometric measure configurations for spins
greater than 7/2 continue to occasionally have degenerate stars [105], however they are
still relatively uniform over the sphere if such degenerate points are seen as singular. This
“clustering” of stars, i.e. being close but not degenerate, appears to be specific to Wigner
negativity. See Fig. 4.17 for a comparison of all the maximal states as measured by the
electrostatic potential energy of their constellations. States with high negativity tend to
have higher potential energy, indicating the presence of relatively closer stars.

In summary, given the data from the spins considered, it appears that while Wigner
negativity is sensitive to both constellation symmetry and delocalization, they are not
guiding principles to be individually optimized over.
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Chapter 5

Wigner negativity and state purity

This chapter is based on the following work:

Denis, J., Davis, J., Mann, R. B., & Martin, J. (2023). Polytopes of absolutely
Wigner bounded spin states. arXiv:2304.09006, [3].

and is largely a lift from [3] with various modifications and additions.

5.1 Introduction

Negative quasiprobability in the phase space representation has long been an indicator
of non-classicality in quantum systems. The three most studied types of quasiprobability
are those associated with the Wigner function, the Glauber-Sudarshan function, and the
Kirkwood-Dirac function, particularly so in recent years due to the rise of quantum in-
formation theory. Wigner negativity in particular has received special attention because
of its relationship to quantum advantage in the magic state injection model of universal
fault-tolerant quantum computation [51, 45, 58, 61, 62]. In this setting Wigner negativity
acts as a magic monotone with respect to Gaussian/Clifford group operations, and so offers
some credence to the idea that more negativity implies more non-classicality [65, 67, 68].

For pure states in bosonic systems the set of Wigner-positive states is fully characterized
by Hudson’s theorem, be it Gaussian states in the continuous variable regime or stabilizer
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states in the discrete variable regime [40, 32]. However the relationship between negative
quasiprobability and state mixedness is not well understood. For both practical and the-
oretical reasons this relationship is important. In the mixed bosonic setting, Gaussianity
is no longer necessary to infer Wigner function positivity and the situation becomes more
complicated [200, 201, 202]. A general observation is that negativity tends to decrease
as purity decreases. This may be attributed to the point-wise convexity of Wigner func-
tions over state decompositions, together with the maximally mixed state guaranteed to be
Wigner-positive (at least in a limiting sense of increasingly flatter Gaussians), although the
precise relationship is not fully understood. Even less understood is how Wigner negativity
manifests in spin-j systems, equivalent to the symmetric subspace of 25 qubits, which have
a Moyal representation on a spherical phase space [88, 89, 91, 98, 97, 115]. Evidence sug-
gests that no pure spin state is completely Wigner-positive [2], and the question of mixed
spin states remains largely unexplored.

Inspired by work on characterizing mixed spin state entanglement in the symmetrized
multi-qubit picture, in particular that of absolute separability [203, 204], here we address
the question of Wigner positivity by investigating unitary orbits of spin states. The unitary
orbit of a spin-j state p is defined as the set of states {UpU' : U € SU(2j + 1)}. In
particular, we call a general spin state absolutely Wigner-positive (AWP) if its spherical
Wigner function remains positive under the action of all global unitaries U € SU(2j + 1).

In order to position our work in a wider context, we begin with a brief note on related
research. Recent works have studied the sets of AWP states [205, 206, 207, 208] taking a
broad perspective on the Moyal picture in finite dimensions by simultaneously considering
the set of all candidate SU(N)-covariant Wigner functions for each dimension N. It is in
this general setting where the relationship between generalized Moyal theory, the existence
of Wigner-positive polytopes, and the Birkoff-von Neumann theorem was first established.
It was furthermore abstractly demonstrated that there always exists a compatible reduction
to an appropriate N-dimensional SU(2) symbol correspondence on the sphere.

By contrast, here we work exclusively with the symmetry group SU(2) in each di-
mension, as well as a single concrete Wigner function, Eq. (5.2), which we consider to
be the canonical Wigner function for spin systems because it is the only SU(2)-covariant
Wigner function to satisfy, in addition to the usual Stratonovich-Weyl axioms, either of
the following two properties:

e Compatibility with the spherical s-ordered class of functions: it is exactly “in be-
tween” the Husimi @) function and the Glauber-Sudarshan P function (as generated
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by the standard spin-coherent state |j, 7)) [89].

e Compatibility with Heisenberg-Weyl symmetry: its infinite-spin limit is the original
Wigner function on R? [92].

In addition to offering a related but alternative argument showing the existence of such
polytopes, here we go beyond previous investigations in three ways. The first is that we
extend the argument to include orbits of Wigner functions lower-bounded by numbers not
necessarily zero. These one-parameter families of polytopes, which we refer to as absolutely
Wigner bounded (AWB) polytopes, are of interest not only for Wigner functions but also
for other quasiprobability distributions. The second is that we go into explicit detail on the
geometric properties of these polytopes and explore their relevance in the context of spin
systems and quantum information. The third is that we contrast the Wigner negativity
structure to the Glauber-Sudarshan negativity structure, which amounts to an accessible
comparison between Wigner negativity and entanglement in the mixed state setting.

Having established the context for this work with the above description, our first result
is the complete characterization of the set of AWB spin states in all finite dimensions,
with AWP states appearing as a special case. As similarly discussed in [207], this may
be phrased as a natural application of the Birkhoff-von Neumann theorem on doubly
stochastic matrices, though here we extend and specialize to the SU(2)-covariant Wigner
kernel associated with the canonical Wigner function on the sphere. In particular, the set
of AWB states forms a polytope in the simplex of density matrix spectra, the (25 + 1)!
hyperplane boundaries of which are defined by permutations of the eigenvalues of the phase-
point operators. Centred on the maximally mixed state for each dimension, we also exactly
find the largest possible Hilbert-Schmidt ball containing nothing but AWB states, which
amounts to the strictest AWB sufficiency criterion based solely on the purity of mixed
states. We also obtain an expression that we conjecture describes the smallest Hilbert-
Schmidt ball containing all AWB states, which amounts to a tight necessity criterion.
Numerical evidence supports this conjecture. For both criteria, we discuss their geometric
interpretation in relation to the full AWB polytope. We then specialize to absolute Wigner
positivity and compare it with symmetric absolute separability (SAS), which in the case of a
single spin-j system is equivalent to absolute Glauber-Sudarshan positivity [102, 209, 210].

Our paper is organized as follows. Section 5.2 briefly outlines the generalized phase
space picture using the parity-operator/Stratonovich framework for the group SU(2). Sec-
tion 5.3 proves our first result on AWB polytopes, while Sec. 5.4 determines and conjec-
tures, respectively, the largest and smallest Hilbert-Schmidt ball sitting inside and outside
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the AWB polytopes. Section 5.5 explores low-dimensional cases in more detail and draws
comparisons to entanglement. Finally, conclusions are drawn and perspectives are outlined
in Sec. 5.6.

5.2 Background

The parity-operator framework is the generalization of Moyal quantum mechanics to phys-
ical systems other than a collection of non-relativistic spinless particles. Each type of
system has a different phase space, and the various types are classified by the system’s
dynamical symmetry group [84]. In each case the central object is a map, A, called the
kernel, which takes points in phase space to operators on Hilbert space. A quasi-probability
representation of a quantum state, evaluated at a point in phase space, is the expectation
value of the phase-point operator assigned to that point. Different kernels yield different
distributions but all must obey the Stratonovich-Weyl axioms, which ensure, among other
properties, the existence of an inverse map and that the Moyal picture is as close as pos-
sible to classical statistical physics over the same phase space (i.e. the Born rule as an L?
inner product).

When applied to the Heisenberg-Weyl group (i.e. the group of displacement operators
generated by the canonical commutation relations, [z, p] = il) this framework reduces to
the common phase space associated with n canonical degrees of freedom, R?*", and the
phase-point operators corresponding to the Wigner function appear as a set of displaced
parity operators [84, 19, 20]. A spin-j system on the other hand corresponds to the group
SU(2), which yields a spherical phase space, S%. Here we list some necessary results from
this case; see Refs. [88, 89, 91, 98, 97| for more information.

5.2.1 Wigner function of a spin state

Consider a single spin system with spin quantum number j. Pure states live in the Hilbert
space H ~ C%*1 which carries an irreducible SU(2) representation that acts as rotations
up to global phase: Uy|y)) >~ R(0, ¢)|¢)) where g € SU(2). Mixed states live in the space of
operators, L(H), where SU(2) acts via conjugation: UypU, g. This action on operator space
is not irreducible and may be conveniently decomposed into irreducible multipoles.
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The SU(2) Wigner kernel of a spin-j system is
A:S?— L(H

4 (5.1)
Y/ (DT
o E e

where Q = (0,¢) € S?, Yru(Q2) are the spherical harmonics, and Try = Tg]\z are the
spherical tensor operators associated with spin j [116]. To avoid cluttered notation we
do not label the operator A with a j; the surrounding context should be clear on which
dimension /spin is being discussed. The Wigner function of a spin state p is defined as

471 2 L (52)
+ 4/ Y (Q
2 + 1 ;MZL,OLM LM( ),

where py = tr[pT),,] are state multipoles [99]. This function is normalized according to

W,() =Tr [pA

2j + 1

Q)dQ =1 .
o Lm@da =1, 53

and, as Eq. (5.2) suggests, the maximally mixed state (MMS) py = I/(25 + 1) is mapped
to the constant function

1
Q) = . A4
An important property is SU(2) covariance:
WngUJ(Q) =W,(g7'Q), (5.5)

where the right hand side denotes the spatial action of SU(2) on the sphere. As this is
simply a rigid rotation, analogous to an optical displacement operator rigidly translating
R?", the overall functional form of any Wigner function is unaffected. Hence the Wigner

negativity defined as [9, 1]
1
=5 ([ - 1), (5:6)

often used as a measure of non-classicality, is invariant under SU(2) transformations. Note
that the action of a general unitary U € SU(2j + 1) on a state p can of course radically
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change its Wigner function and thus also its negativity. The quantity du(2) = (25 +
1)/(4m) sin OdOd¢ is the invariant measure on the phase space.

A related consequence of SU(2) covariance is that all phase-point operators have the
same spectrum [93]. The set of kernel eigenvectors at the point € is the Dicke basis
quantized along the axis n pointing to €2, such that we have

AQ) =) Ajulj,mim)j,m;nl, (5.7)

m=—j
with rotationally-invariant eigenvalues

2j

2L+1
DNjm = Z 51 o (5.8)
L=0
where Cj”z ’%1; i».my ar€ Clebsch-Gordan coefficients. In particular, at the North pole (€2 = 0)

the kernel is diagonal in the standard Dicke basis and its matrix elements are
[A0)]inn = (4, m|A0)[7, n) = Ajmbimn. (5.9)

The kernel is guaranteed to have unit trace at all points and in all dimensions:

XJ: Ajm=1 Vi, (5.10)
m=—j
and satisfies the relationship [206]
J
Y OATL =241 Vj (5.11)
m=—j

for which we give a proof of in Appendix 5.7.1 for the sake of consistency.
Finally, we note the following observations on the set of kernel eigenvalues (5.8):
Al > A 0,
| Js ’ ‘ J> 1| 7: (5‘12)
sgn(Ajx) = (=1

for all m € {—j 4+ 1,...,5}. That is, as m ranges from j to —j the eigenvalues alternate
in sign (starting from a positive value at m = j) and strictly decrease in absolute value
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without vanishing. Numerics support this assumption though we are not aware of any
proof; see also [1, 97] for discussions on this point. Note this implies that the kernel has
multiplicity-free eigenvalues for all finite spin. This is in contrast to the Wigner function
on R? which has a highly degenerate kernel (i.e. it acts on an infinite-dimensional Hilbert
space but only has two eigenvalues) [20]. Only some of our results depend on (5.12), and
we will highlight when this is the case.

In what follows we use the vector notation A for the spectrum (Mg, A1,...,Ag;) of a
density operator p, and likewise A for the spectrum (A; _;, A _i11,..., A, ;) of the kernel
A. We also alternate between the double-subscript notation A;,,, which refers directly
to Eq. (5.8), and the single-subscript notation A; where i € {0,...,25}, which denotes a
vector component, similar to A;.

5.3 Polytopes of absolutely Wigner bounded states

We present in this section our first result. We prove there exists a polytope containing
all absolutely Wigner bounded (AWB) states with respect to a given lower bound, and
fully characterize it. When this bound is zero we refer to such states as absolutely Wigner
positive (AWP). We also determine a necessary and sufficient condition for a state to be
inside the AWB polytope based on a majorization criterion. These results offer a strong
characterization of the classicality of mixed spin states.

We start with the following definition of AWB states:

Definition 1. A spin-j state p is absolutely Wigner bounded (AWB) with respect to Wi
if the Wigner function of each state unitarily connected to p is lower bounded by Winy,.
That s, if
Wo () > W, vaes (5.13)
UpUTET =TTy e SU(2) + 1), '

When Wiin = 0 we refer to such states as absolutely Wigner positive (AWP). Hence, an
AWP state has only non-negative Wigner function states in its unitary orbit.

5.3.1 Full set of AWDB states

The following proposition is an extension and alternative derivation of a result on absolute
positivity obtained in [207, 206]. It gives a complete characterization of the set of states
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whose unitary orbit contains only states whose Wigner function is larger than a specified
constant value, and is valid for any spin quantum number j.

Proposition 1. Let A" denote the vector of kernel eigenvalues sorted into increasing order,
and let

Winin € [A], 521, (5.14)

07 2541
Then a spin state p has in its unitary orbit only states whose Wigner function satisfies
W(Q) > Wiin VQ iff its decreasingly ordered eigenvalues X satisfy the following inequality

2j

=0

Remark. While not necessary for the proof to hold, note that according to Eq. (5.12)
the sorted kernel eigenspectrum becomes A = (A1, Doy AN gy Ao, A )
and so Wi € [Aj -1, ﬁ] The upper bound comes from Eq. (5.3), which implies that
any Wigner function with Wy > 1/(25 + 1) would not be normalized. Furthermore,
for Wi = 0, this proposition provides a characterisation of the set of AWP states, as
previously found in a more abstract and general setting in [207, 206].

Proof. Consider a general spin state p. We are first looking for a necessary condition for
any element UpUT of the unitary orbit of p to have a Wigner function W (Q) > Wy, at
any point 2 € S%. Since the unitary transformation applied to p may correspond, in a
particular case, to an SU(2) rotation, the value of the Wigner function of p at any point
Q) corresponds to the value of the Wigner function at {2 = 0 of an element in its unitary
orbit (the rotated version of p). But since we are considering the full unitary orbit, i.e.
all possible U’s, we can set the Wigner function argument to 2 = 0 via the following
reasoning. The state p can always be diagonalized by a unitary matrix M, i.e. MpMT = A
with A = diag(o, ..., A2j) a diagonal positive semi-definite matrix. The Wigner function
at Q = 0 of UpU' is then given by

Wy,i(0) = Tr [UpUTA(0)]
= Tr [UMTAMUTA(0)] .

By defining the unitary matrix V = UM and calculating the trace in the Dicke basis, we
obtain (where we drop the Wigner function argument in the following)

Wyt = Tr [VAVIA(0)]
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2j
= Z Vg AqOqk VigAioy

P,q,k,1=0
25
= Ao [Vio2 A
- q 1 Vgp D*
q,p=0

The positive numbers |V, |?* in the previous equation define the entries of a unistochastic
(hence also doubly stochastic) matrix of dimension (25 + 1) x (2j 4+ 1) which we denote by
X,

Xop = |qu|2‘ (5.16)
By the Birkhoff-von Neumann theorem, we know that X can be expressed as a convex
combination of permutation matrices Py,

NP
X=> b, (5.17)
k=1

where N, = (2j + 1)! is the total number of permutations 7, € Spji1 with Spjyq the
symmetric group over 2j 4+ 1 symbols,

Np
>0 Vk and > ¢ =1 (5.18)

k=1

Consequently, we have

2j
Wyt = Z ApXpgg

P,q=0
Np 2j
- ch’ Z Ap [Prlpg Bg
k=1 p,q=0
Np 2j
= Do) Mhup
k=1 p=0
For a state p whose eigenspectrum A satisfies the N, inequalities
2j
Z )\pAﬂ—(p) Z Wmin Ve SQJ'+1 (519)
p=0



we then have

Np 25
WUpUT = Z Ck Z )\pAwk(p) > Wnin
k=1  p=0

for any unitary U and we conclude.

Conversely, a state has in its unitary orbits only states whose Wigner function satisfies
W(Q) > Wi ¥V Q if

Np 2j
VVUpU1L - Z Ck Z )\pAﬂk(p) > Whin vU. (520)
k=1 p=0

In particular, the unitary matrix U can correspond to any permutation matrix P, so that
we have

2j
WPpPT = Z )\pAﬂ'(p) > Wrnin v (521)
p=0

and we conclude that the state satisfies (5.19).

In fact, it is enough to consider the ordered eigenvalues A* so that a state is AWB iff
it verifies the most stringent inequality

25
AL AT =N CNAT > W, (5.22)
p=0
with the ordered eigenvalues of the kernel AT, O

The proof provided for Proposition 1 can in fact be reproduced for any quasiprobability
distribution W defined on the spherical phase space S? as the expectation value of a spe-
cific kernel operator A(Q) in a quantum state p; that is, via W,(92) = Tr[pA(Q)], see also
Refs. [207, 206] for other generalizations. A polytope in the simplex of states will describe
the absolute positivity of each quasiprobability distribution and its vertices will be deter-
mined by the eigenvalues of the defining kernel. A family of such (normalized) distributions
is obtained from the s-parameterized Stratonovich-Weyl kernel (see e.g. Refs. [99, 89, 83])

4 i =S < rx
AD(Q) = /2], 2 (Ch0) " Yiu(@)Tow (5.23)
LM

with s € [=1,1]. For s = 0, it reduces to the Wigner kernel given in Eq. (5.1).
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As negative values of the Wigner function are generally considered to indicate non-
classicality, the value Wy, = 0 plays a special role. Nevertheless, since Proposition 1
holds for any W, € [min{A;}, QJ—L]
which become larger as W, becomes more negative, culminating in the entire simplex
when Wi, is the smallest kernel eigenvalue min{A;} (which according to Eq. (5.12) is
Aj;—1). There is thus a continuous transition between the one-point polytope, which
represents the maximally mixed state, and the polytope containing the whole simplex. As

the corresponding sets of states also form polytopes,

discussed later, Fig. 5.4 in Sec. 5.4 shows a special example of this family for spin-1.

Quasiprobability distributions other than the Wigner function, such as the Husimi
@ function derived from the s-ordered SW kernel (5.23) for s = —1, are positive by
construction, implying that the polytope for @i, = 0 contains the entire simplex of state
spectra. In this case it becomes especially interesting to consider lower bounds @i, > 0
and study the properties of the associated polytopes.

5.3.2 AWP polytopes

Since the conditions for being AWP depend only on the eigenspectrum A of a state, it is
sufficient in the following to focus on diagonal states in the Dicke basis. The condition
(5.15) for Wiy = 0 defines a polytope of AWP states in the simplex of mixed spin states.
Indeed, we start by noting that the equalities

2j
D> XNilai =0 (5.24)
=0

define, for all possible permutations 7, (27 + 1)! hyperplanes in R?*. Together they de-
limit a particular polytope that contains all absolutely Wigner positive states. The AWP
polytopes for j = 1 and j = 3/2 are respectively represented in Figs. 5.1 and 5.2 in a
barycentric coordinate system (see Appendix 5.7.2 for a reminder).

If we now restrict our attention to ordered eigenvalues A*, we get a minimal polytope
that is represented in Fig. 5.3 for 7 = 1. The full polytope is reconstructed by taking
all possible permutations of the barycentric coordinates of the vertices of the minimal
polytope. These vertices can be found as follows. In general we need 25 + 1 independent
conditions on the vector (Ag, A1, ..., A2j) to uniquely define (the unitary orbit of) a state p.
One of them is given by the normalization condition Zfi oAi = 1. The others correspond
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Figure 5.1: AWP polytope for j = 1 displayed in the barycentric coordinate system. The
AWP polytope is the area shaded in dark red with the blue dashed lines marking the
hyperplanes defined by Eq. (5.24). The circle is the surface of the AWP ball (see Section
5.4). The orange points represent all the permutations of the spectrum (5.37). The gray
triangle corresponds to the full simplex of spin-1 states with spectrum XA = (Ag, A1, Aa).

to the fact that a vertex of the AWP polytope is the intersection of 25 hyperplanes each
specified by an equation of the form (5.24). One of them is

2j
> NAl=o. (5.25)
=0

Let us focus on the remaining 25 — 1. For simplicity, consider a transposition © = (p, q)
with ¢ > p. The condition (5.24) becomes in this case, using (5.25),
2j
AT AT AT
MAT+MAT+ > AAT =0
=0

i#p,q

& M(AT-Al)+ AT - ATy =0 (5.26)

As all the eigenvalues of the kernel are different by assumption (5.12), Eq. (5.26) is satisfied
iff )\i = )\é and, as the eigenvalues are ordered, this also means that )\t = )\i for all k£
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Figure 5.2: The AWP polytope for 7 = 3/2 in the barycentric coordinate system (top).
The grey rods (shown in the enlarged polytope at the bottom) are the edges of the AWP
polytope and the blue sphere is its largest inner ball, with radius rAWP = 1/(21/15).

in
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Figure 5.3: AWP minimal polytope for j = 1 in the barycentric coordinate system. The
structure is similar to Fig. 5.1 but we only draw the part where the eigenvalues of the state
are ordered in descending value. The dark point corresponds to the maximally mixed state

(MMS). The inner and outer AWP balls radii, rA"F and r2WP are shown.

between p and g. Note that in this reasoning, the only forbidden transposition is (0, 27)
because it would give the MMS. Hence, for a given transposition (p,q) will correspond a
set of ¢ — p conditions \; = A4y for [ = p,...,q — 1. Therefore, as any permutation is
a composition of transpositions, the 2j — 1 conditions that follow from (5.24) eventually
reduce to a set of 25 — 1 nearest-neighbour eigenvalue equalities taken from

&= (A3 AL =LA = Agj) . (5.27)

Since we need 2j — 1 conditions, we can draw 2j — 1 equalities from & in order to obtain
a vertex. This method gives (;ﬂ 1) = 2j different draws and so we get 2j vertices for
the minimal polytope. As explained previously, all other vertices of the full polytope
are obtained by permuting the coordinates of the vertices of the minimal polytope. In
Appendix 5.7.3, we give the barycentric coordinates of the vertices of the minimal polytope
up to j = 2. The entirety of the preceding discussion of the AWP polytope vertices
naturally extends to the AWB polytope vertices for which we must replace 0 by Wiyin
in the right-hand side of the equality (5.24). However, for negative values of W, the
polytope may be partially outside the simplex and some vertices will have negative-valued
components, resulting in unphysical states.

A peculiar characteristic of the AWP polytope is that each point on its surface has a
state in its orbit satisfying W (0) = 0. Indeed, for a state spectrum A that satisfies (5.24)
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for a given permutation 7, the diagonal state p in the Dicke basis with py; = A;-1(;) satisfies
2j

W)=Y XNA;=0 (5.28)
=0

and is in the unitary orbit of A. Following the same reasoning, in the interior of the AWP
polytope, there is no state with a zero-valued Wigner function.

5.3.3 Majorization condition

Here we find a condition equivalent to (5.15) for a state to be AWB based on its majoriza-
tion by a mixture of the vertices of the minimal polytope.

Definition 2. For two vectors u and v of the same length n, we say that u majorizes v,
denoted u = v, iff

l I
Zui > Zvi (5.29)
k=1 k=1

for 1 < n, with >}_ ug =Y p_, vy and ut denoting the vector u with components sorted
in decreasing order.

Proposition 2. A state p is AWB iff its eigenvalues A are majorized by a conver com-
bination of the ordered vertices {)\ik} of the corresponding AWB polytope, i.e. dc € Rij
such that

2j
A=) e, (5.30)
k=1
with Z?:l Cr — 1.

Proof. If XA is AWB then it can be expressed as a mixture of the vertices of the AWB
polytope

A=) ad, (5.31)
k

and the majorization (5.30) follows.

Conversely, it is known from the Schur-Horn theorem that x > y iff y is in the convex
hull of the vectors obtained by permuting the elements of x (i.e. the permutahedron gen-
erated by x). Hence, if A respects (5.30), it can be expressed as a convex combination of
the vertices of the AWB polytope and is therefore inside it. n
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5.4 Balls of absolutely Wigner bounded states

5.4.1 Largest inner ball of the AWB polytope

In this section, we calculate the radius ™" of the largest ball centred on the MMS
contained in the polytope of AWB states and find a state p* that is both on the surface
of this ball and on a face of the polytope. Denoting by r(p) the Hilbert-Schmidt distance
between a state p and the MMS,

r(p) = llp = pollus = \/Tr [(p — p0)?]. (5.32)
we have that all valid states with 7(p) < r{'™ are AWB.

Proposition 3. The radius of the largest inner ball of the AWB polytope associated with
a Whin value such that the ball is contained within the state simplex is

Wmin J— 1 — (2‘7 + 1)Wmln

r.

" i@+ D)

(5.33)

Proof. Note that the distance (5.32) is equivalent to the Euclidean distance in the simplex
between the spectra A and Ay of p and the MMS respectively, i.e.

2j
1
(o) = <ZA%>—2J.H:HA—AOH-

1=0

In order to find the radius ri‘fmi“ (see Fig. 5.3 for Wy = 0) of the largest inner ball of
the AWB polytope, we need to find the spectra on the hyperplanes of the AWB polytope
with the minimum distance to the MMS. Mathematically, this translates in the following
constrained minimization problem
SH N =1
min |A — Xo||> subject to ’ (5.34)
A AA= Wmin

where A = (A, Ay, ...,, Ag;). For this purpose, we use the method of Lagrange multipliers
with the Lagrangian

2
L= A= Aol (A A = Wi) + i (LZ”)

=0
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where p1, g are two Lagrange multipliers to be determined. The stationary points A* of
the Lagrangian must satisfy the following condition

oL

— =0 < 2\ A—1u1=0 5.35
X s + 2 ( )

with 1 = (1,1,...,1) of length 25+ 1. By summing over the components of (5.35) and using

Eq. (5.10), we readily get
p1+ 2

T2+ 1
Then, by taking the scalar product of (5.35) with A and using Egs. (5.11) and (5.36), we
obtain

fi2 (5.36)

1= (2 + D)W (27 +1) = Wiin
2j(j+1) 2j(j+1)
Finally, by substituting the above values for p; and ps in Eq. (5.35) and solving for the

T and  fg =

stationary point A*, we get

27 +1) — Winin] 1 — [1 — (2§ + 1) W] A
45(j +1)
from which the inner ball radius follows as
1—1(27 +1)Whin
it = () = 2= G LD
225+ (G +1)
with p* a state with eigenvalues (5.37). O

Let us first consider positive values of W,. The inner radius (5.33) vanishes for
Winin = 1/(2j+1), corresponding to the fact that only the MMS state has a Wigner function
with this minimal (and constant) value. The radius then increases as Wy, decreases. At
Whin = 0, it reduces to the radius of the largest ball of AWP states,

1
it = —. (5.38)
2¢/j(2j + 1) +1)
Expressed as a function of dimension N = 2541 and re-scaled to generalized Bloch length,
this result was also recently found in the context of SU(V)-covariant Wigner functions

(i.e. as the phase space manifold changes dramatically with each Hilbert space dimension,
rather than always being the sphere) [208]. While our bound is tight for all j in the SU(2)
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setting (i.e. there always exist orbits infinitesimally further away that contain Wigner-
negative states), it is unknown if this bound remains tight for such SU(N)-covariant Wigner
functions for N > 2.

As a side comment of possible interest I would like to point out that, at least in the
case of integer spin, the denominator of Eq. (5.38) happens to be proportional to the
sum-of-squares formula:

~ o n2n+1(n+1)
;;k_- : . (5.39)

This, perhaps, is a reflection of a deeper relationship to geometry and/or number theory!.

At the critical value®

A — (2741

=+ (5.40)
Aj,j(zj + ].) —1
the spectrum (5.37) acquires a first zero eigenvalue, \5; = 0. This corresponds to the
situation where A* is simultaneously on the surface of the ball, on a face of the polytope
and on an edge of the simplex as seen in Fig. 5.4. For more negative values of Wiy,

Wmin -

Eq. (5.37) no longer represents a physical state because \3; becomes negative. In this
situation, in order to determine the radius of larger balls containing only AWB states,
additional constraints must be imposed in the optimisation procedure reflecting the fact
that some elements of the spectrum of p are zero. Since the possible number of zero
eigenvalues depends on j, we will not go further in this development. Nevertheless, in the
end, when there is only one non-zero eigenvalue left (equal to 1, in which case the states
are pure), the most negative W, corresponds to the smallest kernel eigenvalue A;;_4
(according to the conjecture (5.12)), and the radius is the distance r = 1/2j/(2j + 1) from
pure states to the MMS.

Finally, it should be noted that any state resulting from the permutation of the elements
of A" is also on the surface of the AWB inner ball and verify a similar equality as (5.24)
for any permutation w. Thus by considering all permutations of the elements of A* we
can find all states located where the AWB polytope is tangent to the AWB inner ball, as
shown in Fig. 5.1 for j =1 and W,;, = 0.

L ..or not.

%In the limit j — oo, as A;; — 2 [92], Eq. (5.40) tends to —1/2.
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Figure 5.4: AWB polytope in the barycentric coordinate system for j = 1 and Wy, =
% + %\/5 (\/3 — 3) ~ —0.387 as given by Eq. (5.40). The structure is similar to Fig. 5.1
but the polytope occupies a larger portion of the state space. We omit the part of the
polytope that is outside the simplex.

5.4.2 Smallest outer ball of the AWB polytope

Wmin
out

of the smallest outer ball of the polytope
containing all AWB states. With the set of AWB states forming a convex polytope, romis
must be the radius associated with the outermost vertex. Hence the problem is equivalent
to finding this furthest vertex of the minimal polytope. As mentioned above, as Wi,

gets smaller and the polytopes get bigger, both the polytopes and their the inner and

We now formulate a conjecture for the radius

outer Hilbert Schmidt balls will eventually encompass unphysical states. We therefore
acknowledge that intermediate calculations may take us outside of the state simplex, but
final results must of course be restricted to the intersection of these objects with the
simplex. When a vertex lies inside the simplex it may be referred to as a vertex state.

In principle, this can always be determined on a case-by-case basis via the following
procedure. Recall from Sec. 5.3.2 that an AWB state with ordered spectrum A* located
on a vertex is specified by 27 + 1 linear eigenvalue constraints. The first is normalization,
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the second is the AWB vertex criterion (i.e. Eq. (5.25) with a W), and the remaining
275 — 1 come from a (25 — 1)-sized sample from the (2j)-sized set of nearest-neighbour
constraints (5.27). Thus the 2j states sitting on the 2j distinct vertices match up with the
(;ﬁ 1) = 275 choices of bi-partitioning the ordered eigenvalues into a “left” set, w,,, of size
n and a “right” set, o, of size 2] + 1 — n, each of which contain eigenvalues of equal value
w, and o, respectively such that w, > o¢,. The full eigenspectrum is the concatenation

/\in = w,, 0 0,, and normalization becomes
nw, +2j+1—-n)o, =1, ne{l, .. 25} (5.41)

As we are temporarily allowing the ordered spectrum A* to have negative components,
Eq. (5.41) should be interpreted only as requiring the vertices to lie in the hyperplane
generated by the state simplex (i.e. not necessarily within the simplex). Inserting )\in and
(5.41) into the AWB vertex criterion the weights w, can be solved as a function of the
kernel eigenvalues and Wi,,:

nY Al (2 +1—n) Y Al
T — (2 + 1 —n)Whin

T2+ U - (2 +1—n) (5.42)

n

where in the second line we used the unit-trace property (5.10) of the kernel and

2j—n

”:
Ty = i: Al=3" At (5.43)
i=n =0

is the sum over the largest 25 + 1 — n kernel eigenvalues. The purity 7, and distance 7,
of the n-th vertex is then given by

Yo, = nw2 + (25 +1—n)o? (5.44)

1
o = — ——— 5.45
Ty, Yo T T (5.45)

which are functions of only the kernel eigenvalues and W,,;,. Note that purity, being
defined as the sum of squares of the eigenvalues, remains a faithful notion of distance to
the MMS even when such spectra are allowed to go negative. After computing each of

these numbers, rxrt“i“ would correspond to the largest one, and the set of states satisfying
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this condition would be the intersection of the associated ball with the state simplex. In
Sec. 5.5.2 we present details of this procedure for j =1 and Wy, = 0.

Despite this somewhat involved procedure, we numerically find it is always the case
that the first vertex, vy, remains within the state simplex for all W, € [Ag, %—11] and,
relatedly, that

rovmin — (5.46)

out

We conjecture this to be true in all finite dimensions. Part of the difficulty in proving
this in general comes from the non-trivial nature of the kernel eigenvalues (5.8) and from
further numerical evidence suggesting that no vertex state ever majorizes any other vertex
state.

Furthermore, with the most negative kernel eigenvalue (5.12) being Al = Ajiq, the
vertex state py, takes the special form

. . l-w . .
m#j—1

where

Zm¢j_1 Aj,m - 2ijin

w1 = ;
D omti1 Djm — 25854
1 —A1 — 29 Whain
- Jy—L — 2J P min, (5.48)
1= (2] +1)A5-1
Wmin

The minimal outer radius 7, is then conjectured to be

out

Wmin _ 1
2j + 1

2 . 1 - wl 2 1

An operational interpretation of this radius is available by noting that the multiqubit
realization of the |j,j — 1) state, which has the most pointwise-negative Wigner function
allowable (occurring at the North pole), is in fact the W state introduced in the context of
LOCC entanglement classification [133]. And since the maximally mixed state has uniform
eigenvalues, Eq. (5.47) may be interpreted as the end result of mixing the W state with the
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maximally mixed state until the Wigner function at the North pole hits W ,;,. The distance
Wmin

between the resulting state and the maximally mixed state is exactly our conjectured r.}

In particular, when the Wigner function vanishes at the North pole, the radius reduces to
a tight, purity-based AWP necessity condition.

Finally, when the lower bound is set to Wy, = A;;—1, Eq. (5.48) becomes unity and
the outer radius becomes the Hilbert-Schmidt distance to pure states, which reflects the
fact that now the entire simplex is contained within the AWB polytope.

5.5 Relationship with entanglement and absolute Glauber-
Sudarshan positivity

Another common quasi-probability distribution studied in the context of single spins is the
Glauber-Sudarshan P function, defined through the equality

25 +1
 Ar

0 | P i@ as. (5.50)
Compared to the Wigner function, the P function is not unique. Negative values of all P
functions representing the same state can be interpreted as the presence of entanglement
within the multi-qubit realization of the system [209]. In other words, a general state p of a
single spin-j system admits a positive P function if and only if the many-body realization
is separable (necessarily over symmetric states). This follows from the definition (5.50) of
the P function as the expansion coefficients of a state p in the spin coherent state projector
basis, and the fact that spin coherent states are the only pure product states available when
the qubits are indistinguishable.

States that admit a positive P function after any global unitary transformation are
called absolutely classical spin states [210] or symmetric absolutely separable (SAS) states
[204]. In this section we focus entirely on the case of Wy, = 0 because negative values
of the Wigner function are generally used as a witness of non-classicality and compare the
AWP polytopes to the known results on SAS states. In the context of single spins, the set
of SAS states is only completely characterized for spin-1/2 and spin-1. We also show that
the Wigner negativity (5.6) of a positive-valued P-function state is upper-bounded by the
Wigner negativity of a coherent state.
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5.5.1 Spin-1/2

In the familiar case of a single qubit state p, the spectrum (A,1 — ) is characterized by
one number A. The kernel eigenvalues, Eq. (5.8), are

Aozéﬂ—w@L A1:%O+V@%:1—AU (5.51)

Letting A > % denote the larger of the two eigenvalues, the strong ordered form (5.22)
becomes

Mg+ AMAT = AAg+ (1 = A)(1 — Ay)

5.52
= A2A¢— 1) +1— A,. (5.52)

Thus the AWP polytope is described, in the 1-dimensional projection to the \ axis, as

<A<1_A0—1+ L (5.53)
—T T 1-2A 2 23 '

This may be equivalently expressed either in terms of purity 7 or Bloch length |n| =

V2f}/_17

1
2

1
and nf < —. 5.54
||_¢§ (5.54)
Additionally, the distance to the maximally mixed state via Eq. (5.32) is 7 < 1/+/6, which
matches with the smallest ball of AWP states derived earlier, Eq. (5.33). In the case of

spin-1/2 this radius coincides with the largest ball containing nothing but AWP states.

<~ <

N | —
Wl N

Regarding absolute P-positivity, all qubit states are SAS. This is a consequence of
the Bloch ball being the convex hull of the Spin—% coherent states and global unitaries
corresponding only to rigid rotations. Thus AWP qubit states are a strict subset of SAS

qubit states.

Furthermore, due to the invariance of negativity under rigid rotation, for a single qubit
there is no distinction between a state being positive (in either the Wigner or P sense) and
being absolutely positive. This means that any state with Bloch radius |n| € (1/v/3,1]
has a positive P function but a negative Wigner function. This is perhaps the simplest
example of the fact that, unlike the planar phase space associated with optical systems, in
spin systems Glauber-Sudarshan positivity does not imply Wigner positivity.
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Figure 5.5: Maximal PT negativity over each unitary orbit in the j = 1 simplex of state
spectra. The dashed blue line and red circle are respectively the AWP polytope and ball.
The camel curve shows the boundary at which the negativity along the unitary orbit
becomes non-zero.

5.5.2 Spin-1

For qutrits the set of AWP states and the set of SAS states are both more complicated,
with neither being a strict subset of the other. For SAS states we need the following result
in [204]: the mazimal value of the negativity, in the sense of the PPT criterion, in the

unitary orbit of a two-qubit symmetric (or equivalently a spin-1) state p with spectrum
)\0 Z )\1 Z )\2 18

max |:0, \/)\g + ()\1 — )\2)2 — )\1 — )\2 . (555)

In Fig. 5.5, we plot the resulting maximal negativity in the j = 1 simplex with the AWP
polytope. There are clearly regions of spectra that satisfy either, both, or neither of the
AWP and SAS conditions. Thus already for spin-1 there exist states with a positive P
function and a negative W function and vice-versa. For j = 1 specifically, it was also
shown in [204] that the largest ball of SAS states has a radius L = 1/(2v/6) ~ 0.20412,
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which is the same value as the radius 72WF = 1/(21/6). Hence, for j = 1, the largest ball

in

of AWP states coincides with the largest ball of SAS states as we can see in Fig. 5.5.

We now illustrate the procedure described in Sec. 5.4.2 and compute the vertex states
and their radii for the case of spin-1. The two diagonal states associated to the vertices of
the minimal polytope for j =1 (see Fig. 5.3) are

Pvi = wl’L _1><17 _1’

4+ 1 _2“1(|1,0><1,0| F11,11,1)), (5.56)
Py = wa(|1, =1X1, =1| + |1,0)1,0])
+ (1 — 2w,)|1, 11, 1 (5.57)

where the parameters w; and w, are found by solving the AWP criterion (5.25):

Ay 1+ Ay 1
= : : =—(b 10
“ Ay 1+ A1 =20 15( * \/_)7

(5.58)
Al 1 1
- : = (2+7-3V5]).
PTG A AL 6 ( “VT=aVs
The two Hilbert-Schmidt radii (5.32) of the vertex states are then
1
AWP
Ty, = Towt = ——= ~ 0.2582,
1 t 15

v (5.59)

1
o=\ (7 - 3\/6) ~ 0.2205.

w

As conjectured, we see that r,, = r2, for spin-1.

5.5.3 Spin-3/2

For spin-3/2, a numerical optimization (see Ref. [204] for more information) yielded the
maximum negativity (in the sense of the negativity of the partial transpose of the state) in
the unitary orbit of the states located on a face of the polytope. The results are displayed
in Fig. 5.6 where, similar to the spin-1 case, we observe both SAS and entangled states
on the face of the minimal AWP polytope. A notable difference is that, for j = 3/2, the
largest ball containing only SAS states has a radius rf = 1/(2v/19) [204] which is strictly
smaller than rAWP = 1/(21/15). Therefore, the SAS states on the face of the polytope are

necessarily outside this ball.
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Figure 5.6: Maximal PT negativity over each unitary orbit on the face of the minimal
j = 3/2 AWP polytope. The camel curve shows the boundary at which the negativity
along the unitary orbit becomes non-zero. The notation of the vertices corresponds to the
eigenspectra given in Table 5.1.

5.5.4 Spin-j > 3/2

In Fig. 5.7, we compare the radius of the AWP ball (5.33) with the lower bound on the
radius of the ball of SAS states [210]

i| —1/2

rt = <l (5.60)

This plot suggests that the balls of AWP states can be much larger than the balls of SAS
states. This is confirmed by our numerical observations that sampling the hypersurface of
the polytope for j = 2, 5/2 and 3 always yields states that have negative partial transpose in
AWP of the minimal ball

with j are different.

AWP -—1
out (S8 J

their unitary orbit. We also plot in Fig. 5.7 the conjectured radius r.

containing all AWP states. Notably, the scalings of 7AWF and r

out
AWP o j73/2 follows directly from Eq. (5.33). The scaling r

out
AWP
in

The scaling r
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Figure 5.7: Comparison of the radii of the outer AWP ball (dark blue) and the inner AWP
ball (blue) and the lower bound on the SAS ball radius (orange). For j > 10, we found
excellent fits with Ve = 0.25 x 57" and r\}ii’ = 0.336 x j~'P. These are explained in
the text.

can be explained by noting that the infinite-spin limit of the SU(2) Wigner kernel is the
Heisenberg-Weyl Wigner kernel, which only has the two eigenvalues +2 [92]. Hence for
sufficiently large j we may approximate A;,;_; &~ —2, which yields wy &~ 3/(3 + 4j) from
(5.48). The Laurent series of Eq. (5.49) with this approximation has leading term 1/(47),
exactly matching the results shown in Fig. 5.7.

5.5.5 Bound on Wigner negativity

The spin-1 case showed us that there are SAS states outside the AWP polytope, i.e. with a
Wigner function admitting negative values. Here, we show very generally that the Wigner
negativity (5.6) of states with an everywhere positive P function (in particular SAS states),
denoted hereafter by pp=g, is upper bounded by the Wigner negativity of coherent states.
Indeed, such states can always be represented as a mixture of coherent states

prP=0 = Zwi ;) (i (5.61)
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with w; > 0 and ), w; = 1. Their Wigner negativity can then be upper bounded as follows

d(pp=0) = %/F |WPP>0 (Q)} dp(2) — %

_1/
=5/

< S (5 [ W @] an) -5

=1 =6(|a))+3

dp($2) — %

szm%)(Q)

(5.62)

where § (|a)) is the Wigner negativity of a coherent state. Since it has been observed that
the negativity of a coherent state decreases with j [1], the same is true for positive P
function states.

5.6 Conclusion

We have investigated the non-classicality of unitary orbits of mixed spin-j states. Our
first result is Proposition 1, which gives a complete characterization for any spin quantum
number j of the set of absolutely Wigner bounded (AWB) states in the form of a polytope
centred on the maximally mixed state in the simplex of mixed spin states. This amounts to
an extension and alternative derivation of results from [207, 206] in the setting of quantum
spin. We have studied the properties of the vertices of this polytope for different spin
quantum numbers, as well as of its largest/smallest inner/outer Hilbert-Schmidt balls. In
particular, we have shown that the radii of the inner and outer balls scale differently as
a function of j (see Egs. (5.33) and (5.49) as well as Fig. 5.7). We have provided an
equivalent condition for a state to be AWB based on majorization theory (Proposition 2).
We have also compared our results on the positivity of the Wigner function with those on
the positivity of the spherical Glauber-Sudarshan function, which can be equivalently used
as a classicality criterion for spin states or a separability criterion for symmetric multiqubit
states. The spin-1 and spin-3/2 cases, for which analytical results are known, were closely
examined and important differences were highlighted, such as the existence of Wigner-
negative absolutely separable states, and, conversely, the existence of entangled absolutely
Wigner-positive states. See Chapter 6 for a discussion on future work.
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5.7 Appendices

5.7.1 Proof of relation (5.11)

We show here that the eigenvalues A,, = A, of the Wigner kernel (5.1) verify

J
ST A2 =2j+1. (5.63)
m=—j
Using the expression (5.8) we get
J j 25
2L+ 1)(2L' +1
Y ap- 3 Y et
m=—j m=—j L,L'= ] (564)

jm g,m
X Chmin0Cimerr 0

The Clebsh-Gordan coefficients satisfy the following relations [116]

c a—o 2¢ + 1 b,—
Ca:(’;;b,ﬁ = (_1) \/ mca,aﬁ,—y (565)

J

Z Coon8Caninp = OcctOyy- (5.66)
auB:_ j
Hence, by splitting the sum over m in two
> ChmnoClmo = D ChminaClmian (5.67)
m mi,m2
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and using (5.65) and (5.66), we get from (5.64)

J
> Az fZHZQLH

m=—j
=(2j+1)

—2j+1

(5.68)

We also include an alternative proof for interest. Consider the Dicke transition operators

|7,7)4, s| and |7,t)j, u|. These operators are orthonormal,

tr (17,7511 o 17 )l ) = b
so traciality of their Wigner functions,
Wis(€) = (G, s|A)[7,7)  and Wi () = (J, ul A(Q)]5, 1),
gives

2j+1

/Wrs Wtu(Q)dQ - 57‘u55t
%+1/W% (Q)dQ = 1

[t S12 @) A @ )0 = 1.

27+1
47

Sum over r on both sides and use a resolution of the identity to get

L [Gsiak @l s)an =2j+1

L[, ome
& [Gsia@lisan =1,

Now sum over s and use the 2-independence of the kernel eigenvalues to get

%i/um%mu922¢+1
tr[A%(Q)] = 25 + 1.
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Ao

Figure 5.8: Barycentric and cartesian coordinate systems of spin state spectra for j =
1. The simplex in this case is an equilateral triangle, shown here in gray. The red dot
corresponds to a given spectrum and its projections onto the barycentric and Cartesian
coordinate system are indicated by the red and green dashed lines respectively.

5.7.2 Barycentric coordinates

A mixed spin-j state necessarily has eigenvalues ); that are positive and add up to one:
2j
>0, Y N=1 (5.74)
i=0
This means that every state p has its eigenvalue spectrum in the probability simplex of
dimension 2j. For example, for j = 1, this simplex is a triangle shown in grey in Fig. 5.8.
In geometric terms, the spectrum (Ao, A1, A2) defines the barycentric coordinates of a point
A in the simplex, as it can be considered as the centre of mass of a system of 27 masses
placed on the vertices of the triangle.

Let’s explain how to go from the barycentric coordinate system to the Cartesian coor-
dinate system spanning the simplex. If we denote by {r® :i =0,...,25} the set of 2j + 1
vertices of the simplex, the Cartesian coordinates of a point A are given by

2j
1=0
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where 7‘,(;) is the k-th Cartesian coordinate of the i-th vertex of the simplex. For j = 1, the
simplex is an equilateral triangle with vertices having Cartesian coordinates r; = (0,0),
ry = (1,0) and r3 = (1/2,1/3/2). For j = 3/2, it is a regular tetrahedron with vertices
having Cartesian coordinates r; = (0,0,0), ry = (1,0,0), r3s = (1/2,v/3/2,0) and ry =

(1/2.(2v3)7%, /2/3).

5.7.3 AWP polytope vertices for j < 2

We give in Table 5.1 for j < 2 the spin state spectra associated with the vertices of the
minimal AWP polytope as they can be determined as explained in Sec. 5.3.2.

] J ‘ Vertices in barycentric coordinates ‘
1/2 Ay, ~ (0.789, 0.211)
1 ~ (0.423, 0.423, 0.153)

Ay,
Ay, ~ (0.544, 0.228, 0.228)
3/2 Ay, ~ (0.294, 0.294, 0.294, 0.119)
Ay, ~ (0.33, 0.33, 0.170, 0.170)
Ay, ~ (0.4,0.2, 0.2, 0.2)
2 | Ay, ~ (0.313, 0.172, 0.172, 0.172, 0.172)
Ay, ~ (0.266, 0.266, 0.156, 0.156, 0.156)
Ay, & (0.24, 0.24, 0.24, 0.14, 0.14)
A, ~ (0.226, 0.226, 0.226, 0.226, 0.097)

Table 5.1: Barycentric coordinates (corresponding to the spectrum of a mixed spin state)
of the vertices of the minimal polytope of AWP states.
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Chapter 6

Conclusions and Outlook

Inspired by previous and ongoing work in quantum information science and quantum foun-
dations, this thesis aimed to present the first collection of results on the properties of
Wigner negativity as manifest on a spherical phase space while treating it as a nonclassical
physical resource. This was done using the canonical spin Wigner function, applicable to
any physical system equivalent to a spin-j system, including indistinguishable sets of two-
level atoms (qubits) and two-mode fixed-photon subspaces. The key takeaway is perhaps
that the structure of spherical Wigner negativity is unexpectedly rich, with subtle and
interesting relationships to symmetric state entanglement and state purity. Given these
relationships, this work complements the growing body of research on general spin state
nonclassicality and will likely be of relevance for information processing tasks involving
permutationally-invariant states, transformations, and/or measurements.

It was found that unlike several measures of pure state entanglement, the ranking
of the Dicke basis (generalized W states) based on Wigner negativity is highly spin-
dependent, with the balanced state in general not being seen as the most nonclassical
Dicke state. An approximation formula for the Wigner negativity of the generalized Green-
berger—-Horne—Zeilinger states was obtained, and these states were found to generically have
a low amount of negativity relative to the Dicke basis and Hilbert space as a whole. Spin
coherent states were proved to never be Wigner-positive but were numerically found to
have minimal negativity for all spins considered. Pure states that maximize negativity
were found to be generically quite different than those that maximize other phase-space
notions of nonclassicality. Apart from the notable exception of the tetrahedron state in five
dimensions, such maximally Wigner-negative spin states were only found to be partially
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symmetric as quantified by the relatively small point-groups associated to their Majorana
constellations. It was conjectured that the maximality of negativity must therefore not be
based solely on either a symmetry or delocalization principle. This was especially present
in the cases of the octahedron state and the icosahedron state, which were both found to
have a surprisingly low amount of negativity. A similarity to entanglement was found in
random states, which also appear to contain a high amount of nonclassicality on average.
The relationship to state mixedness was investigated, and the existence of polytopes of
absolutely Wigner bounded states was established in all dimensions and explicitly charac-
terized. Geometric properties of these polytopes were analyzed with emphasis on the case
of absolute positivity, culminating in tight, purity-based sufficiency and necessity (conjec-
tured) criteria. It was consequently shown there must exist Wigner-negative absolutely
separable states and, conversely, entangled absolutely Wigner-positive states.

There are many directions for future work. One immediate task could be to prove that
spin coherent states minimize Wigner negativity over pure states. This, in addition to
the present result that such states are never Wigner positive, would close the door on the
possibility that SU(2) systems posses a positive subtheory. Given that spin coherent states
minimize the spin uncertainty relation, together with the rapid decay of the negativity of
spin coherent states to its guaranteed Wigner-positive coherent state in the infinite spin-
limit, it is reasonable to believe that the lack of a positive subtheory is highly likely!. To
prove this however appears to be a difficult problem, though a possibly fruitful approach
may be to investigate any relationships with the Lieb conjecture [213] and its subsequent
proof [214]. This theorem states that spin coherent states minimize the pure state Wehrl
entropy [215], i.e. the continuous Shannon entropy of the spherical Husimi ¢ function.

Another task would be to determine the maximally Wigner-negative spin states for
higher spins. This would entail a more targeted approach to evaluating the Wigner neg-
ativity integral (or equivalently the L' norm), either by exploiting some further structure
or by using more computational power. It is conceivable that the use of spherical de-
signs [216] may provide some computational relief, though the work of [93] on discrete
sub-representations of the spherical s-ordered class suggests otherwise?. If such maximally
Wigner-negative states could be found then perhaps a clearer pattern in the sequence
of maximal constellations may arise, allowing further analysis on what, if any, geometric
principle underlies such constellations.

! This is indeed the case, at least numerically, for the low dimensional spins considered here.
2Understanding this further is a research direction in of itself.
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One may also study non-symmetric composite spin systems and any possible relation-
ship to the entanglement structure therein. Some work has been done on the spin-boson
coupling [192] which showed that Wigner negativity can act as an entanglement witness
under certain circumstances. A perhaps even simpler next step could be to consider just
two spins using the framework used in this thesis. The phase space would be more compli-
cated, though it would be worthwhile to see how the entanglement-negativity relationship
manifests in the case of distinguishable subsystems. It would also be interesting to compare
different negativities; for example, is the largest possible amount of Wigner negativity of
a % ® % system the same as the case of spin—%? Both live in the same Hilbert space C*
but with different physical interpretations (i.e. different phase spaces); see also [217]. More
generally, one could explore the structure of the Clebsch-Gordan decomposition through
the lens of the Wigner negativity of the constituent spins.

Regarding the results on mixed states, one notable observation drawn from the numerics
is that the set of symmetric absolutely separable (SAS) states appears to shrink relative to
the set of absolutely Wigner positive (AWP) states as j increases, which in turn occupies
a progressively smaller volume of the simplex of state spectra. As a direct comparison
between Wigner negativity and entanglement, further research is needed to explore this
behaviour. A related direction for future work could be to explore the ratio of the volume
of the absolutely Wigner bounded (AWB) polytopes to the volume of the full simplex;
this would essentially be the global indicator of classicality introduced and studied in
Refs. [205, 207, 208] but particularised to spin systems.

More generally, and as briefly mentioned in Chapter 5, the techniques used for the
Wigner function may be easily applied to other distinguished quasiprobability distribu-
tions. For example, preliminary results suggest that the absolutely Husimi bounded (AHB)
polytopes have the same geometry as the simplex, but are simply reduced in size by a factor
depending on Qi € [0, 2J_1+1
consequences for the geometric measure of entanglement of multiqubit symmetric states
(which as discussed in Chapter 4 is related to the flatness of the Husimi function). An-
other interesting idea is to study how these polytopes change with respect to the spherical

s-ordering parameter.

]. Future work could explore this further and investigate its

Moving to a more abstract and speculative discussion, let us return to the fact that
spin coherent states are always slightly Wigner-negative. As mentioned in Chapter 4 this
property appears to be unique to the spin Wigner function in comparison to the Gaussian
subtheory of continuous Heisenberg-Weyl symmetry and the stabilizer subtheory of discrete
Heisenberg-Weyl symmetry. And while it is understandable that one may view the (likely)
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lack of a positive subtheory for spin as a reason to doubt the future of Wigner negativity
on the sphere, I believe, mainly due to the canonicality of the spin Wigner function and its
strong mathematical relationship to the original Wigner function, that we should instead
view this as a meaningful clue to be investigated further. This seems especially pertinent
to the case of the qubit. Indeed the spin Wigner function is perfectly well-defined for
the single qubit while the Gross-Wigner function is not, at least not in the same sense
as in odd dimensions. And since the qubit is so fundamental to quantum information
science, it seems reasonable to speculate that studying the relationship between these
two Wigner functions will provide insight to both. Perhaps relatedly, it is worth explicitly
pointing out that the spin Wigner function and the Gross-Wigner function may be thought
to come from two different generalizations of the Pauli matrices: the former views them
as Hermitian matrices (i.e. algebra elements, observables) while the latter views them as
unitary matrices (i.e. group elements, translations). See also this quote from the seminal
1989 paper by Joseph C. Varilly and José M. Gracia-Bondia:

Some people have thought of a discrete formulation of spin variables. In this
context, the interesting papers by Wootters [24] and by Cohendet et at. [26]
must be mentioned. Here, phase space is taken to be the direct product of two
copies of the cyclic group Z,. A correspondence between operators on C" and
functions on Z,, X Z,,, incorporating the covariance and traciality properties, can
be constructed without much trouble for n odd.... The symmetry group can be
taken to be the finite Heisenberg group based on Z,,. This and the fact that in
a discrete representation all the points are essentially equivalent...suggest that
this “Quantum Mechanics with finitely many degrees of freedom” is a discrete
version of ordinary Moyal theory rather than a theory for spin. [89]

A few years later one of the authors says further:

From the physical point of view, the prevalence of the Heisenberg groups in
quantization is an artifact...Schemes based on other groups may look anomalous
to the Heisenberg-trained mind. [85]

This train of thought has led me to consider a possible relationship between phase space

topology/geometry and the nonclassicality of its associated Moyal theory. Are some phase
space manifolds (i.e. types of physical systems) somehow intrinsically more nonclassical
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than others? Some heuristic credence can be given, at least in the presence of symmetry
where the phase space is (a quotient of) the underlying dynamical group [83, 84]. In this
setting it is reasonable to suspect that the amount of Wigner negativity present (perhaps in
some aggregate sense) is a reflection of the degree of non-commutativity of the underlying
group, via the shape of the associated phase space. And since some groups may be thought
of as being “more” non-commutative than others®, perhaps therefore some phase spaces are
“more” quantum than others. This idea is in line with the observation that the Heisenberg-
Weyl Moyal theories possess a positive subtheory while the SU(2) Moyal theory (almost
certainly) does not. This could be because the Heisenberg-Weyl group is nilpotent and so
can be mathematically interpreted as being “barely” non-commutative?. The group SU(2)
on the other hand is not nilpotent and so is “more” non-commutative than Heisenberg-
Weyl. Perhaps this is the reason why the coherent state is positive but the spin coherent
state is not. Perhaps a consistent way to compare phase spaces is to study the Perelomov
G-coherent state associated to the underlying group G [81]. What about SU(3)? What
about other non-nilpotent groups? Is it reasonable to conjecture that any Moyal theory
based on a nilpotent group will possess a positive subtheory? What about the converse?
Given that the significance of Wigner negativity in Heisenberg-Weyl systems is (in my
view) hard to overstate, these ideas and related ones I believe could be the subject matter
for interesting, foundational, and possibly practical future work.

Finally and relatedly, of course another important line of inquiry would be to connect
spherical Wigner negativity and beyond to quantum contextuality (either in the Kochen-
Specker [54, 55|, Spekkens [218], or perhaps some other sense [219]) as has been done
in Heisenberg-Weyl systems. Such a connection would significantly broaden the under-
standing of both topics. I believe, at least for the Kochen-Specker approach, that the
mathematical field of integral geometry may be relevant [220]. Among other topics, this
field discusses the reconstruction of a function from its integrals over sets of strata (i.e. line
integrals over various sets of parallel lines). In the case of bosonic systems such line in-
tegrals are the Gaussian quadratures, viewed as probability distribution marginals, which
of course are proper probability distributions that can then be used to reconstruct the
Wigner function via the (inverse) Radon transform. See [62] and related work for this idea
in the context of connecting Wigner negativity to Kochen-Specker contextuality. Hence

3Perhaps measured, for example, by some relative volume of the commutator subgroup and/or the
associated abelianization of the group.

4This can be seen by the fact that nested commutators of the algebra elements {a,a’, I} terminate
after a finite number of nests.
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this generalized picture from integral geometry may be thought of as a vast expansion of
the Radon transform to more general phase space manifolds [220], which in my view retains
the underlying spirit of Kochen-Specker contextuality: composing locally consistent data
to yield a globally inconsistent datum [221, 222]. Phase spaces with more complicated
topology may have more complicated strata, which in turn may affect the marginals’ in-
compatibility as it relates to Wigner function reconstruction. This in turn may affect the
Wigner negativity structure, which, intuitively speaking, reflects this incompatibility. This
idea is furthermore, at least naively, in line with the spherical system not having a positive
subtheory because the sphere does not have a proper set of parallel lines due to the hairy
ball theorem [223], which perhaps implies a more frustrated reconstruction process and
therefore “more” Wigner negativity present in its associated Moyal theory.
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Appendix A

Derivation of the spherical Wigner
function

Fix a spin j throughout and denote {|j,m.,) fﬂn:_j for the Dicke basis quantized along
the axis n € R? (2.21). Note that each such axis points to a unique (6,¢) = Q € 52
When n = z in the standard coordinates we follow convention and drop the subscript as
in |j,m) = |j,mz).

First consider the covariance axiom (2.47d). This will end up being the most powerful
axiom in the sense that it alone dictates most of the Wigner function structure. Begin
by expanding each phase-point operator in the operator basis associated to the standard

Dicke basis,

AQ) = > 'Amm’(Q)Uva]’v m'l, (A1)
where |
A (€2) = [A(Q) e = (5, m|A(Q)]5, m/> (A.2)

are the matrix elements. Covariance under the action of an arbitrary g € SU(2) has it that
Alg- Q) = U,AQ)U. (A.3)

Here the action on phase space, g - 0 = R, = Ryn, is given by the three-dimensional
rotation matrices R, € SO(3), while the action on Hilbert space is given by the spin-j
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unitary representation Uy such that Uy|j, myn) = |j, mpg,n). In the standard Dicke basis the
covariance axiom becomes

Gl g - Q)1 m') = (G, m|Us AQ) U7, m') (A4)
A (g - Q) = Z ‘<j,m’Ug|j,p>APq(Q)<j,q|UgT|j, m/> (A.5)
= D DENOIDL ()20 (%) (A.6)

where D%ZL( g) are Wigner D-matrices (2.6). Using the product relation Eq. (2.8) covariance
becomes

CON S pieldo TN pe
m—m’> 2 Y p<p —QP—Q> DA

= i i%ﬂ S B ING N0 A @) (AT)
B 1—0 2,] +1\m m —m | m P qg—plq m’—m,q—p g pq .

P,gq=—J

2j . .
_ | —m J J
=3y (3 2

Pg=—J
(A.8)
where the Clebsch-Gordan symmetry property
g2 | J wemy |21 S J J2
— (—1)1—™ A.
<m1 ma M> - 2jo+1 \mqy —M | —my (A.9)

was used twice. The coefficient occurring in the last two sums happens to be the matrix
element of the multipole operator Te(iﬁ (2.12):

_ ' iy
T, q) = (—=1)77 <] J > A.10
G, olTy' 3, @) = (=1) p —q| —u (A.10)
With this in mind, re-write Eq. (A.8) as

L

l +(0)
m — m/> Z m’—m,u(g)

p=—

Bomilg- ) =3 (-1y (7

m —m'
(=0
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e N AN B - ow ) (A1)

— —p— | —H
p=—J

where the sum over the difference 1 = ¢ — p may be split from the p sum and restricted to
—/, ..., ¢ because those are the only allowed magnetic quantum numbers for the total spin
being decomposed in the Clebsch-Gordan coefficient!.

Now consider the spherical functions in Eq. (A.11):

RS ST (AN B PO (A12)

= p —p— | —p

These functions in fact transform exactly like the spherical harmonics under rotation. This
can be seen by computing Y ,(g - Q) via a recursive application of the covariance axiom:

z,u<g-n>=z<—1>j—p<j j _‘ﬂ>Ap,u+p<g-m (A13)

= P —p—
J . .
SOV A £>
= P —P— | —H
2j ]
x Y (=1)7P D
2l )
N eafd G|k
—1) @
Xaz_:j( 1) <a I _S>Aa,a+s(9> (A.14)
2o} B pp >
— DM ()Y, () (A.15)
Do \P TP K[ R/\P TP R ="
O

LA possible source of confusion here is the mere presence of Clebsch-Gordan coefficients — which have
to do with the possible transitions/decays within a many-spin system — despite only ever considering
one abstract spin-j particle. As implicitly discussed in Sec. 2.1.1, the resolution is the isomorphism
L(H) ~ H* ® H in finite dimensions, meaning that the SU(2) action on operators is essentially a tensor
product representation, which is reducible into simple multipoles. Hence the Clebsch-Gordon coefficients
occurring in all of these calculations are still in the context of two “different” spins systems: the Hilbert
space of column vectors and the Hilbert space of row vectors.
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= Z D9 (g)Ye,(Q) (A.16)
s=—t

where the Clebsch-Gordon orthogonality relations were used in the second last line. Thus
for each ¢ € {0,...,25}, we have a set of functions ffm with u € {—¢, ..., ¢} that transform
exactly like the spherical harmonics Y, under rotation. In representation-theoretic terms,
this means that the Hilbert space generated by the first 25 multipole sectors of spherical
harmonics, {Y;,} where ¢ =0, ...,2j and p = —(,/, is equivalent to the space of functions
{Y,,.} just established. Therefore by Schur’s lemma, the two sets of functions are sector-
wise identical up to a complex scalar; see [89, 224]. Hence they are related via

for some 2741 constants )\y ) e C. Using the fact that the Wigner D-matrix of the identity
element e € SU(2) is the identity matrix, Eq. (A.11) for ¢ = e becomes

Amm’(Q) = Z<_1)jim <] J

m —m'
(=0

_Z)\(J ] m ] j
m —m'

And given the connection to the multipole operators in Eq. (A.10), Eq. (A.18) can be
re-written in terms of p to obtain a compact form for the kernel:

Z)\(J Z TZJ)T}/ZM (AQO)

p—=—j

! /> Z 5ml*m,p,}~/f,u(Q) (A.18)

l
m—m

/> va,m/*m(Q)' <A19)

It is worthwhile to stop and appreciate (A.20). From it we see that the kernel (and
therefore also the Wigner function) is naturally constructed in terms of multipole sectors,
each of which show a nice pairing between the spherical harmonics and the spherical tensor
operators — which are just the operator versions of the spherical harmonics (2.11). We can
also say that any Wigner function of a spin-j state lives in the Hilbert subspace of L?(S?)
generated by spherical harmonics of degree no larger than ¢ = 2j5. And as spherical
harmonics are eigenfunctions of the spherical Laplace operator this therefore places an
upper bound on the scale of angular resolution of the Wigner function?. Finally we can

2From the perspective of Fourier theory this means that the spherical Wigner function is band-limited
[151]. Intuitively, the maximum “wiggliness” of the Wigner function depends on j.
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say that the orthogonality of the spherical tensor operators implies through the Weyl rule
(2.46) that the Wigner function of the spherical tensor operator is proportional to the
spherical harmonic of the same parameters with proportionality factor /\é] ).
Wy (6,9) = ADY, (0, 0). (A.21)
While one could stop here — and for practical calculations one usually does — there is
more conceptual ground to be gained from the covariance axiom. So far the derivation has
taken place almost entirely in the Dicke basis quantized along the z-axis. Now, simultane-
ously expand each phase-point operator A(f2) in the Dicke basis associated to the axis n
pointing to €:

A= > ‘Amnmg(ﬂ)lj,mnxj,mﬁzl, (A.22)
where o
Ayt (2) = [AD)] iy, = (7, M| A(Q)], m7,) (A.23)

are the matrix elements of A(Q2) in the {|m,)} basis. In this setting, the covariance axiom
becomes

J J
Z Amnmfn<RQQ)|j’ ngn><j7 m;%g'n,| = Z Amnm{n (Q)|j7 ngn><j7 mlen|

[ [
My, My =—] Mn,Mp==—7

(A.24)

For (A.24) to hold it must be that
A (Rg) = Apymr (2) - Vg € SU(2). (A.25)

Thus the expansion coefficients A, ., (€2) do not depend on 2 and the argument is dropped
in the notation. Now consider covariance of the phase-point operator A({2) under the
specific action of a rotation ¢ about n, denoted gp 4. This action on S? leaves the axis
n invariant, R, ,n = n, but the Dicke states |j, my) pick up a phase because they are

cigenstates® of Uy, = '™/ with eigenvalue ¢"?. Covariance implies

Algn.o - Q) = Uy, ,AQ)U]

In,¢ n,p

(A.26)

3When j = 1/2, n = 2z, and ¢ = 7 this is similar to the Pauli Z measurement in the computational
basis of a qubit.
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Z A, |7, M, Mgy | = Z Ay, gllmn = ¢|Jamn><]a nl- (A.27)

Mp, My ==] My, M, =—3

The above can only hold for arbitrary ¢ if

n

Thus each phase-point operator A(€2) is diagonal in the Dicke basis associated to €2, and
all phase-point operators have the same spectrum:

Z A(m)]j, mn)j, mn. (A.29)

Given the result of Eq. (A.29), which was obtained by a simultaneous operator expan-
sion in many different bases, we may now use the previous part of the derivation that took
place in specifically the z basis to act as a representative for all phase-point operators.
Specifically, set © to the North Pole (6 = 0,¢ = 0) and m = m’ in Eq. (A.19), together

with the property of the spherical harmonic Y;(0,0) = 4/ 251_1-1 to find the spectrum along

the z axis:
25 . .
_ _j2+1 Gy jem [J T |
A(m) = Ay (0,0) = g ZEZO A7 (1) o) (A.30)

Let us summarize everything so far: the kernel is built from data categorized by mul-
tipole sectors (A.20), each phase-point operator is diagonal along the quantization axis
pointing to it, and they all share the same spectrum given by (A.30). In other words
the covariance axiom alone has completely characterized the SU(2) Wigner function up to
2j + 1 complex numbers )\éj ), one for each multipole.

Now consider the realness axiom (2.47a), which requires each phase point operator to
be Hermitian. Given Eq. (A.30) and the rotational invariance of the spectrum it must be
that the numbers /\é]) e R.

Now consider the traciality axiom (2.47c). This asks the function 2% tr[A(Q)A(CY)]
to behave like the delta function on the sphere. But we already know from (A.20) that
the Wigner function lives in the band-limited (0 < ¢ < 2j) subspace of L%(S?). The delta
function for this subspace is well-known [87] and is given by

2j4:1tr[A(Q) ZZYM Y7 (). (A.31)

=0 m=—¢
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After taking the trace in the Dicke basis and inserting (A.19) into the left hand side, the
following relation may be found after another Clebsch-Gordan orthogonality relation:

. 27 l
2j+1 ()2

(=0 m=—{ =0 m=—¢

For this to hold it must be the case that /\( 5‘7) 2J+1 where e(]) +lforalll =0,...,25.

And now finally consider standardization (2.47b). As mentioned earlier the standard-
ization implies (indirectly, but still necessarily) that the kernel must have unit trace. And
since the spherical tensor operators all have vanishing trace except for tr[T(%)] =1, Eq.
(A.20) and Yy = \/%E together imply that eéj) =1

Thus the 2%-sized set of spherical Wigner kernels obeying the Stratonovich axioms is

_ ,/2;1112 Z T, (A.33)

p—==¢

where ¢, = +1 for all non-trivial multipoles.
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