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Abstract

Diffusion models (DMs) have emerged as a powerful class of generative models. DMs
offer both state-of-the-art synthesis quality and sample diversity in combination with a
robust and scalable learning objective. DMs rely on a diffusion process that gradually
perturbs the data towards a normal distribution, while the neural network learns to de-
noise. Formally, the problem reduces to learning the score function, i.e., the gradient of
the log-density of the perturbed data. The reverse of the diffusion process can be approx-
imated by a differential equation, defined by the learned score function, and can therefore
be used for generation when starting from random noise. In this thesis, we give a thorough
and beginner-friendly introduction to DMs and discuss their history starting from early
work on score-based generative models. Furthermore, we discuss connections to other sta-
tistical models and lay out applications of DMs, with a focus on image generative modeling.

We then present CLD: a new DM based on critically-damped Langevin dynamics. CLD
can be interpreted as running a joint diffusion in an extended space, where the auxiliary
variables can be considered “velocities” that are coupled to the data variables as in Hamil-
tonian dynamics. We derive a novel score matching objective for CLD-based DMs and
introduce a fast solver for the reverse diffusion process which is inspired by methods from
the statistical mechanics literature. The CLD framework provides new insights into DMs
and generalizes many existing DMs which are based on overdamped Langevin dynamics.

Next, we present GENIE, a novel higher-order numerical solver for DMs. Many exist-
ing higher-order solvers for DMs built on finite difference schemes which break down in
the large step size limit as approximations become too crude. GENIE, on the other hand,
learns neural network-based models for higher-order derivatives whose precision do not
depend on the step size. The additional networks in GENIE are implemented as small
output heads on top of the neural backbone of the original DM, keeping the computational
overhead minimal. Unlike recent sampling distillation methods that fundamentally alter
the generation process in DMs, GENIE still solves the true generative differential equation,
and therefore naturally enables applications such as encoding and guided sampling.

The fourth chapter presents differentially private diffusion models (DPDMs), DMs trained
with strict differential privacy guarantees. While modern machine learning models rely on
increasingly large training datasets, data is often limited in privacy-sensitive domains. Gen-
erative models trained on sensitive data with differential privacy guarantees can sidestep
this challenge, providing access to synthetic data instead. DPDMs enforce privacy by us-
ing differentially private stochastic gradient descent for training. We thoroughly study the
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design space of DPDMs and propose noise multiplicity, a simple yet powerful modifica-
tion of the DM training objective tailored to the differential privacy setting. We motivate
and show numerically why DMs are better suited for differentially private generative mod-
eling than one-shot generators such as generative adversarial networks or normalizing flows.

Finally, we propose to distill the knowledge of large pre-trained DMs into smaller stu-
dent DMs. Large-scale DMs have achieved unprecedented results across several domains,
however, they generally require a large amount of GPU memory and are slow at inference
time, making it difficult to deploy them in real-time or on resource-limited devices. In
particular, we propose an approximate score matching objective that regresses the student
model towards predictions of the teacher DM rather than the clean data as is done in
standard DM training. We show that student models outperform the larger teacher model
for a variety of compute budgets. Additionally, the student models may also be deployed
on GPUs with significantly less memory than was required for the original teacher model.
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Chapter 1

Introduction

The goal of unsupervised learning is to unveil the hidden underlying structure of a given
dataset D = {x;}?_,. Commonly used methods in unsupervised learning are, for example,
clustering, dimensionality reduction and generative modeling. In generative modeling, we
attempt to learn a model for the unknown data generating process, i.e., the process that
generated the given dataset D. A generative model allows for a wide range of downstream
tasks, such as probabilistic inference, data completion, density evaluation, outlier detection,
and sampling. As such, modeling the data generating process can be considered the pin-
nacle of unsupervised learning. Generative models are used to model the data commonly
encountered in artificial intelligence, such as images, audio speech, and natural language.

If not stated otherwise, we assume that the dataset D is a subset of R? and that the
unknown data generating process admits a density (function) p: R? — R, , where R, is
the set of non-negative numbers, i.e., Ry = {x € R: x > 0}. Informally, the integral
/ A P(x)dx, AC R?, quantifies the probability of any point x; being an element of A. Con-
sequently, the density p is normalized, i.e., [z, p(x)dx = 1. The density p uniquely defines
the data generating process and we indicate that the elements of the dataset D are sampled
from the particular data generating process p by x; ~ p(x).

We focus on generative models that are parameterized by a neural network and the pa-
rameters @ of the neural network are trained using only the dataset D. After training, the
samples x ~ pg generated by our model should closely resemble those generated by the
data generating process p. In addition, we may have (several) secondary objectives such as
fast sampling (on resource limited devices), preventing the leakage of the training data D
through samples, and being able to (approximately) evaluate the model log-density log pe.



1.1 The Origins of Score-Based Generative Modeling

1.1.1 Energy-Based Models

Likelihood-based generative models directly model the density p of the unknown data gener-
ating process. Arguably the most flexible likelihood-based generative model is the energy-
based model (EBM). Let eg: RY — R be an energy function, with a set of (learnable)
parameters 8, then an EBM is defined as

6769 (X)

pe(x) = Za (1.1)

where Zg = fRd e~ dx is a, generally intractable, normalizing constant. The parameters
0 of the energy function eg can be trained via mazimum likelihood learning,

IrleaX Eprdata(x) [bg Pe (X)] ) (1 . 2)

where paata(x) = £ 37 | 8(x = x;) is the empirical data distribution and the expectation

=1
E is defined by
Brcalh0)] = [ Hx)a(x) dx, (1)

for any function h: R — R and any density q. Note that evaluating log pe(x) in Equa-
tion (1.2) requires us to compute the logarithm of the normalizing constant Zg. Thus, to
make maximum likelihood training feasible, EBMs either restrict the (function) space of
the energy function ey using, for example, invertible networks in normalizing flows [231],
or approximate the normalizing constant Zg in Equation (1.2) using, for example, (amor-
tized) variational inference in variational autoencoders [119, | or Markov chain Monte
Carlo (MCMC) sampling in contrastive divergence [107].

Sampling from EBMs: For differentiable energy functions eg, we can generate sam-
ples from the EBM pg by numerically simulating a stochastic differential equation (SDE),
namely overdamped Langevin dynamics,

dx; = Vy, log pe(x;) dt + V2dw,, te€ 0, 00), (1.4)

where xo ~ po(xo), W; is the standard Wiener process and Vi, logpg: R? — R? is the
score function [123]. Importantly, for EBMs, the score function Vy, logpg = —Vix,eq(x:)
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is independent of the normalizing constant Zgy. For any smooth density function pg, the
diffusion process converges to the target distribution (under some mild conditions), i.e.,
limy_, o X; ~ po(x) [154]. To make sampling via overdamped Langevin dynamics tractable,
we need to make two approximations: Firstly, we can only simulate the SDE for a finite
time interval ¢ € [0, T], and secondly, we cannot solve the SDE analytically, and therefore
need to use a numerical method. Applying, for example, the Euler—-Maruyama method to
the overdamped Langevin dynamics in Equation (1.4) (with ¢ € [0, 7] instead of ¢ € [0, 00))
results in the following numerical scheme:

Xty = Xt, + "V, 108 pg (Xt,) + \/2hnen, (1.5)

where 0 = tg < t; < -+ < ty = T is the time discretization of the numerical scheme,
€, ~N(04,1;), and h,, = t,, .1 —t, are the step sizes. If T' is sufficiently large and the step
sizes h,, are sufficiently small, then the density of x will be close to pg in distribution [154].
Rather than considering Equation (1.5) as an approzimate sampling scheme for the EBM
pg it can be useful to consider the combination of the EBM pg and the particular choice of
the numerical scheme as an independent generative model in itself. Decreasing the number
of steps N while keeping T' (and pg) fixed may therefore result in a worse generative model.

1.1.2 Learning Score Models

Rather than modeling the density p of the data generating process (for example via an
EBM), we may decide to model its score function Vy logp directly with a neural network
sg: RY — R To generate samples from the (learned) score model sy we can utilize the
numerical scheme defined in Equation (1.5), replacing the score of the EBM with the score
model, i.e.,

Xy, = Xy, + hnSe(Xy,) + / 2h,en. (1.6)

n+1

Note that we generally do not restrict our model sg to be the gradient of a log-density
function, and therefore the above scheme may not converge. That being said, as long as
the distance of sg to the gradient of any log-density is small compared to the step size
h,, which should be the case for well-trained score models, the numerical scheme should
result in a useful generative model. While a more in-depth discussion on the convergence
of numerical schemes (for SDEs) is out of the scope of this thesis, we refer the reader
to Kloeden and Platen [154] for further discussion.

Furthermore, because sg may not be the gradient of a log-density function, we cannot



learn the parameters @ of the score model sy via maximum likelihood learning (Equa-
tion (1.2)). So how can we learn the score model instead? Let us assume for a moment
that we have access to the true score function Vylogp. In this case, we could minimize
the expected difference of the true score function and the score model using Lo-regression,

min Ex,, 0 [V log p(x) — so(x)[13] (1.7)

Of course, the above is intractable since we do not have access to the true score function.
However, (approximately) equivalent score matching objectives exist; for example:

Implicit score matching: In their seminal work, Hyvérinen [123] proved that the fol-
lowing objective is equivalent to Equation (1.7):

min By [V 500%) + S50 (0113 (L8)

The main reason why implicit score matching is not commonly used in deep learning is that
computing the divergence V- sg(x) is very expensive if the score model sg is parameterized
by a large neural network and the dimensionality d of x € RY is large. In particular, it
requires d forward and backward passes through the network:

d
V- 89(x) = Y Oy, (0(x));. (1.9)
j=1
Sliced score matching: The divergence Vy-sg in implicit score matching [123] can be re-
written using Hutchinson’s trace estimator [122], i.e., Vx-so(x) = Evuno,.1,) [V Vxse(x) v].

In sliced score matching, the expectation over the standard normal distribution is estimated
using a single Monte Carlo sample, i.e., Vi - sg(x) & v Vysp(x) v, v ~ N (04, I;) [261].
The Jacobian-vector product Vyse(x)v can be efficiently computed using only a single
forward and backward pass:

Vx8o(x) v = Vi (84 (x) v) = Vxh(x), (1.10)
where h: R? — R. The main drawback of sliced score matching is that the variance of the

single-sample Monte Carlo estimator can be (very) large.

Denoising score matching: Denoising score matching (DSM) [252] entirely circumvents
the computation of the divergence Vy - sg by modeling the score function of a perturbed

density ¢,(X) = [ ¢»(X | x) p(x) dx. DSM is defined by

0 B0, 50 510 [ V51085 (% | %) = s0(R)]8] (L11)



and can be considered an approximate score matching objective. The perturbation kernel
¢o(X | x) is generally chosen to be a normal distribution, i.e., N'(x;x, 02I;), in which case
DSM can be written as

X —X 5
oz %)

2

2] , (1.12)

N B (), 5 (02 T) [

Note that sg«, where 8* is the minimizer of the above equation, is only a good approxima-
tion to the true score function Vi logp if o is sufficiently small.

1.1.3 Practical Denoising Score Matching

As discussed above, the variance o in the perturbation kernel ¢, (X | x) of DSM needs to be
sufficiently small to obtain a useful score model sg. However, this makes both learning and
sampling challenging [259]: In DSM, the Lo-difference between the score model sg and the
score of the perturbation kernel Vg log ¢,(x | x) is effectively weighted by pdata(X) ¢-(X | X).
For small o, we can approximate pgata(X) ¢o(X | X) & pPgata(x), which implies that differ-
ences of the score model and the score of the perturbation kernel are mostly ignored in
small density regions. This is especially problematic for densities with multiple (highly
peaked) modes. Even if one can successfully train a score model, accurate sampling with
overdamped Langevin dynamics (for multimodal densities) requires extremely small step
sizes h,, making it very computationally expensive [259, .

In their seminal work, Song and Ermon [259] propose to learn a set of score models with
DSM for a variety of noise levels {0y, ...,on5}, with 09 < 01 < ..., 0. While they even-
tually want to generate samples from the score model sq(-,0 = 0¢), inspired by simulated
annealing [153] and annealed importance sampling [20%], the other score models can be
used to build a fast numerical scheme, i.e.,

Xty = Xp, + hnSe(Xe,, 0jn)) + V 2hnen, (1.13)

where j(n): {0,...,N} — {0,..., M} is a monotonically decreasing function with j(0) =
M and j(N) = 0. Importantly, the step size h,, should be decreased as the noise level o,
is decreased [259]. Furthermore, Song and Ermon [259] propose to parameterize all score
models using a single shared neural network that is conditioned on the noise level . This
network is trained to minimize the DSM loss for all noise levels jointly:

M
min D Etpina(x, 2N G, 1) [A(m)
m=0

X—X N

m

2

2] , (1.14)



for some weighting function A : {0,..., M} — R,.

1.2 Diffusion Models

In the previous section, we saw that multiple noise levels are a crucial ingredient for score-
based generative models trained with DSM. The following question arises: what would
happen in the limit of continuous noise levels? For perturbation kernels based on normal
distributions, this results in a diffusion process which can be described by the following
SDE:

dXt = f(Xt, t) dt —+ G(Xt7 t) th, t - [tmin7 tmax]; (].].5)

with drift coefficient f: R? X [tuin, tmax] — RY, diffusion coefficient G': R? X [tmin, tmax] —
R4 standard Wiener process wy, and x;,. ~ ¢, (X, ). For convenience, we set ¢y, =
0, and therefore ¢ .. = Pdata, and abbreviate ¢,,.x = T". Note that setting ¢,,;, > 0 is
equivalent to setting t,,;, = 0 and adding an appropriate amount of Gaussian noise to the
data xg ~ Pgata(X0). So far, most research on diffusion models (DMs) considers drift and
diffusion coefficients of the form f(x;,t) = f(t)x; and G(xy,t) = g(t)I,, respectively. For
these diffusion processes, the perturbation kernel is given by

pt<xt | Xo) = N(Xt | atX070t21d)7 (1-16)

with f(t) = ay/ay and g(t) = ap/297:, where v, = 0;/a; and &(t) denotes the derivative
with respect to time, ie., &(t) = La(t); see Appendix B of Karras et al. [111] for a
derivation. Note that by definition we have oy = 1 and oy = 0. The functions «; and
o, are generally chosen such that the diffusion process in Equation (1.15) approximately
converges to a tractable normal distribution N (04,02, I,) at final time 7. The quantity
;2 is often referred to as the signal-to-noise ratio [151].

1.2.1 Generative Modeling with Diffusion Models

Remarkably, the reverse of a diffusion process can be written as another diffusion process [7,

, 263],

dx; = <f(xt,t) — Vi, - [G(Xt,t)G(Xt,t)T] — G(x¢,)G(x4,1) TV, logpt(xt)) dt + G(x¢,t) dwy,
(1.17)



where dt is now an infinitesimal negative timestep and w; is a Wiener process for which
time “flows backwards” from 7" to 0. Song et al. [263] propose to learn a time-dependent
score model sg for the unknown Vy, log p;(x;) via DSM:

mein EXONPdata(XO)vt"’p(t)yxt’vpt(xtlxo) [)‘(t)HSe(Xtv t) - VXz logpt(xt ‘ XO)H%} ) (1'18>

for some weighting function A: [0,7] — R, and distribution p(t) over the interval [0, T7].
After training, we can generate samples by numerically simulating Equation (1.17) and
replacing the unknown true score function Vy, log p;(x;) with the score model sg(x¢,t):

dx; = (f(Xtﬂf) — Vi, - [G(xt,t)G(xt,t)T} - G(xt,t)G(xt,t)Ts.g(xt,t)) dt + G(x¢,t) dwy.
(1.19)

To make DMs tractable, we make the approximation of sampling x; from the tractable
normal distribution py = N (04,02, I;). For the perturbation kernel p;(x; | xo) = N (x; |
ayXg, 021,), the above simplifies to

& . -
dx; = <a—txt — 204,52%%39()(,5, t)) dt + ayr/ 29y dwy. (1.20)

t

1.2.2 Likelihood-Based Generative Modeling after all?

The SDE in Equation (1.19) is marginally equivalent to the following ordinary differential
equation (ODE) [263]:

dx 1 1
d—tt = f(Xt7 t) — §vxt . [G(Xt7 t)G(Xt, t)T] — §G(Xt, t)G(Xt, t)TSQ(Xt, t) . (121)
=:fo(xt,t)
The above equation is referred to as the probability flow ODE [263], an instance of continu-
ous normalizing flows [50, |. Marginal equivalence means that any intermediate sample

xy, t € [0,T7], is as likely under the SDE in Equation (1.19) as it is under the probability
flow ODE. For the perturbation kernel p;(x; | x¢) = N(x; | ayxg,0?21,), the probability
flow ODE simplifies to

dx Q ,
d_tt = szt — a2Ay,80(%, t). (1.22)



Continuous normalizing flows can evaluate the log-density using the instantaneous change
of variables formula [50],

T ~
log po(xo) = log pr(xr) +/ V- fo(x:,t)dt. (1.23)
0

Computing the divergence V - ﬁg is expensive, and therefore we may approximate it using
Hutchtinson’s trace estimator [0, , | as is also done in sliced score matching [261];
see Section 1.1.2. This approximation results in an unbiased estimate of the log-density
log po (and a biased estimate of the density pg) for any xo. Furthermore, for particular com-
binations of the weighting function A\ and the distribution p(t) over the time interval [0, T,
DSM (Equation (1.18)) is equivalent to maximum likelihood learning [120, 262]. That being
said, at least for image data other combinations have been shown to be considerably more
effective in training models that can generate high perceptual quality samples [53, , 262].

1.2.3 A Unified Learning Framework

In DSM (Equation (1.18)) we learn a time-dependent score model sg by regressing it
towards the time-dependent score of the perturbation kernel Vy, log p;(x; | x0). Plugging
in the common choice p;(x; | xo) = N (x; | ayxo, 021;) results in

2
Xg — Xy

so(xp, 1) — —0 ] . (1.24)

mein Foco~paata (x0) trp(t) e ~pe (x[x0) [)‘(t) o7

For this choice, the score model is effectively learning a scaled difference between the clean
data xg and the noisy data x;. Alternatively, we could also learn a denoiser Dg(x;,t) that

predicts the clean data xq [111, 244]. This would still allow us to define a score model via
D t) —
so(xp,t) = 2 G(Xt; ) =%, (1.25)
Ot

It has been shown that it can be highly beneficial to not parameterize the denoiser Dg
directly with a neural network, but rather use a mized parameterization [75, , , |:

Dg(x¢,t) = Cskip(t) Xt + Cout(t) Fo (Cin(£)Xt, Cnoise(t)) - (1.26)

where Fy is the neural network to be trained. In this unified framework, we may rewrite
DSM as learning a denoiser:

mein EXOdiata(xO)vth(t)ynNN(Ode)[)\(t) ||D9<OétX0 + oy, t) - X()Hg] (1.27)



Many existing DM frameworks can be recovered by setting cuip(t), Cout(t), in(f), Cnoise(t),
p(t) and A(t) appropriately; see Karras et al. [111] for some examples (in a slightly modified
framework).

1.2.4 Discrete-Time Diffusion Models

Although we have introduced DMs in a continuous-time framework, they were originally
proposed in a discrete-time framework through the lens of Markov chain models [109, 257].
In the following, we show that the original discrete-time DMs can be recovered by restricting
the support of the distribution p(t), i.e., the set {t € [0,T]: p(t) > 0}, to the discrete set
{to = 0,t1,...,ty = T}: In the original discrete-time framework [109, |, DMs were
presented as latent variable models of the form pg(xy,) = thl- . thN Po(Xiy:ty ) dXx1.7. The

joint distribution pg(xy,.t, ) is a Markov chain,

N
po(Xtptn) = P(xuy) [ [ Po(xen 1 x0)s Po(t, | x0,) = N (e, 15 0 (0,5 t0), B L),

n=1

(1.28)

where p(x;, ) = N (04, I), {B:,}2_, are fixed variances, and pg: R? x {tg,...,tx} — R4
is a learnable neural network. The inference distribution is fixed to a Markov chain that

gradually adds Gaussian noise,

N
((Xeay | %10) = [ [ aCxe, [ x0,20),  a(xe, [ X0, ) = N (Xt /T = BroXe, s B Ta). (1.29)
n=1

In the limit of small variances {3;, }_,, the generative Markov chain and the inference
distribution have the same functional form [36, 257]. The latent variable model pg(xy,)

is then trained by maximizing the evidence lower bound, a lower bound to maximum
likelihood learning;:

mga'X Exto diata(xto) [log pe (Xt() )] (130)
= mgax EXtONPdaca(XtO)[log/ T / pe(xt05tN) dxtlttz\r] (1'31)
Xty Xt
Z mBaX ExtOdiata(XtO):Xt1:tNNq(Xt1:tN|Xt0)[logpo(X01T) - log Q(Xh:tzv | Xto)] (1‘32)
N
=C+ m(sxx Z EXtOdiata(XtO):th""](xtn|Xt0) [i ||ﬁtn (Xtm Xto) - MG(th ) tn) ||g ) (133)
n=1



where C' is a constant with respect to @ and

~ VP11 — pt, VP (1= pe,_)
Ht,, (thaxto) = P 1 1( p Pe ) Xto + 1 P ! Xt (].34)
- VMin - Ftn,

TV Vv
ltn Ttn

forn > 1and iy, (x4, X¢,) = X, [109]. The marginal ¢(x;, | x4,) of the above inference
distribution can be computed in closed-form as q(x, | x¢,) = N (Xt,.; /Ptn Xty (1 — o1, ) L),
with p,, =1 — 6, and py, = [, pr, [109]. Maximizing the above evidence lower bound,
up to the additive constant C' which is irrelevant for training the parameters 6, can actually
be exactly recovered in our unified framework (see Section 1.2.3) by setting

Tt

p(t) =U{t1, ..., tn}), AMt) = ngit, Cokip (1) = A Cout(t) = - (1.35)

Furthermore, the generative Markov chain in Equation (1.28) can be recovered by simulat-
ing the reverse diffusion SDE (Equation (1.17)) using the Euler-Maruyama method with
time discretization

1— 1—p
— .ptn ’ S ptn' (136)
2Dt Ven Vin Pt

hn =tp1— 1y

Importantly, the above connection shows that discrete-time DMs learn a model for the
score function at the discrete points {ty = 0,t1,...,ty = T}. Consequently, we can
define new generative models using other numerical schemes for the reverse diffusion SDE
(Equation (1.17)) or the probability flow ODE (Equation (1.21)) with the restriction of
using the above step sizes; see Section 3.1.1 for an example.

1.2.5 Connections to other Statistical Models

1.2.5.1 Variational Autoencoders

Variational autoencoders [119, 232] are frameworks to train a latent variable model pg(x |
z) p(z) using amortized variational inference. Similar to discrete-time DMs, variational
autoencoders are trained by optimizing the evidence lower bound, i.e,

log pg(x) > Ezngy(zix)[log po(x | 2) + log p(z) — log gy (z | x)], (1.37)

where ¢g is a learnable inference distribution. Therefore, discrete-time DMs are a spe-
cial case of variational autoencoders, in particular a special case of hierarchical variational
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autoencoders [279]. An important difference of discrete-time DMs to more general (hierar-
chical) variational autoencoders is that the inference model ¢ has no learnable parameters
and all information in the latent variables is progressively destroyed, whereas the latent
variables z of variational autoencoders generally capture global factors of the data.

1.2.5.2 Denoising Autoencoders

Autoencoders are neural network architectures fg: R? — RY that try do predict their in-
puts, i.e., learn the identity function. Without any restrictions on fy, this task is obviously
trivial, however, the problem becomes more challenging when the neural network has a
bottleneck structure, i.e., fao(x) = he(ge(x)), where go: R? — R% and hg: R — R?
with d;, < d. After training the autoencoder, the hg part can be discarded and the
network gg can be used to extract useful representations of the data. Denoising autoen-
coders [283] modify the input to autoencoders by adding noise, i.e., predict x given x + &,

EsF N(O, UQId):

Eprdata(X),EgNN(O,UQId) [Hf@(x + 50) - X”%] . (138)

Recall that for Gaussian noise, denoiser functions define a score model, and therefore
denoising autoencoders are score-based generative models for a single noise level trained via
DSM. However, for score-based generative modeling we would generally not parameterize
the network with a bottleneck structure since the learned representations of the network are
not of (primary) interest. Interestingly, there have been several works that propose to either
progressively decrease the noise level ¢ of denoising autoencoders during training [13, 93,

] or to train denoising autoencoders for multiple noise levels [91]. These modifications
are similar to the ones we discussed in Section 1.1.3 for score-based generative models. For
more ideas and intuition on the connections between denoising autoencoders and DMs, we
refer the reader to Dieleman [(7].

1.2.5.3 Continuous Normalizing Flows

Continuous normalizing flows [50, | model the probability density function pg(xg) using
an ODE
dx
d—tt = fo(x:,1), (1.39)
XT NN(XT;Od,Id). (140)
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Table 1.1: Applications of DMs in image and video modeling.

Application References

,[242],[2301,[235], [16]
[92], [91]

, [185], [31], [143]
[

[

Text-to-image synthesis [211]
Personalized image synthesis [237]
Image editing [197]
Image super-resolution [110]
Image-to-image translation [249],
[264]
[112]
[204]
[204]

Y

?

Inverse (medical) image problems
Text-to-video synthesis

Video editing

Personalized video synthesis

where fg is a deep neural network and the above ODE is simulated backwards from
t € [T,0]. As already pointed out in Section 1.2.2, the probability flow ODE of DMs
(Equation (1.21)) is a special case of continuous normalizing flows and this fact can be
exploited to compute unbiased estimates of the log-density of the DM. Compared to DMs,
however, more general continuous normalizing flows have to be trained by maximum like-
lihood learning, rather than DSM, which generally involves expensive backpropagation
through an ODE solver [50, ]. Furthermore, (general) continuous normalizing flows can
only be sampled from by simulating an ODE effectively resulting in a bijection g between
latents, i.e., gy (xt) = Xp and g, s (xy) = X for ¢,#' € [0,T], which can be restrictive. The
stochastic sampling procedure of DMs, on the other hand, naturally allows for secondary
applications such as image editing (see SDEdit [197] in the next section).

1.3 Applications of Diffusion Models

1.3.1 Image and Video Modeling

Although the methods introduced in this thesis are applicable to DMs of many domains
they are primarily tested for image applications. In Table 1.1, we list some image and
video applications together as they are closely related. In the remainder of this section,
we briefly summarize some important concepts and methods of this area which are used
in the following chapters:
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U-Net: The U-Net architecture is a neural network architecture that was initially de-
veloped for semantic image segmentation [236]. The U-Net is comprised of downsampling
and upsampling blocks. The downsampling blocks sequentially decrease the spatial reso-
lution of an image, each block generally by a factor of two, while the upsampling blocks
subsequently bring the spatial resolution back up to the one of the input image. Generally,
each upsampling block receives the output of the downsampling block at the same reso-
lution as an additional input via a skip connection. The U-Net architecture is by far the
most widely used architecture in image generative modeling with DMs. However, recently,
some competing transformer-based architectures have been proposed [125, ]. The U-
Net architecture has recently also been adapted for video modeling by adding temporal
attention and convolution layers [27, 111, 112].

SDEdit: SDEdit [197] is a general DM-based editing technique that has been widely used
in image generative modeling. The core idea is to bring any input (image) closer to the
data distribution defined by a pre-trained DM by adding some amount of noise (using the
perturbation kernel of the DM) to it. The particular amount of noise is very important:
if too much noise is added all prior information is lost, whereas if too little noise is added
the noisy image will not coincide with the distribution defined by the DM. After noise
is added, the pre-trained DM can be used to denoise. Since the input (image) was only
partially noised the coarse structure of the output (image) will remain the same as the in-
put. In contrast, the high-detail features of the output (image) follow the DM distribution.
This technique can then be used, for example, to synthesize realistic images from brush
strokes [197]. SDEdit is widely used for text-based image editing [235].

Classifier-free guidance: Classifier-free guidance [105] is a technique to guide the itera-
tive sampling process of a DM towards a particular conditioning signal ¢ by mixing the
predictions of a conditional and an unconditional model

D¥(x4,t,¢) = (1 + w)D(xy,t,¢) — wD(x, t), (1.41)

where w > 0 is the guidance strength. In practice, the unconditional model can be trained
jointly alongside the conditional model in a single network by randomly replacing the condi-
tioning signal ¢ with a (learnable) null embedding, e.g., 10% of the time [108]. Classifier-free
guidance is widely used to improve the sampling quality, at the cost of reduced diversity,
of text-to-image DMs [211, 235]. Alternatively, noise-aware classifiers can be also be used
to guide the diffusion process [66, 263].

Latent diffusion models: Latent diffusion models (LDMs) [235] are DMs trained in the
feature space of an autoencoder rather than in data space directly. Samples are generated
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by feeding latents, which are sampled from the DM, through the decoder component of
the autoencoder. The main advantage of LDMs compared to data space DMs is that they
use less GPU memory during inference and training, enabling, for example, generation of
very-high resolution images.

Cascaded diffusion models: Cascaded diffusion models [110] are a sequence of DMs used for
image generation. The idea is to generate a low-resolution image using a base DM, followed
by gradually increasing the resolution using upsamplers, e.g., one upsampler from 64 x 64
to 256 x 256 and another upsampler from 256 x 256 to 1024 x 1024. The upsamplers are
conditioned on the low-resolution image generated by the previous upsampler (or the base
DM). The upsamplers can be made more robust against imperfections of the conditioning
signal via conditioning augmentation [110], i.e., adding some noise to the conditioning im-
age during training and inference. Generally, most parameters of cascaded diffusion models
are allocated to the base DM, and less and less parameters are assigned to increasingly
higher-resolution upsamplers. Similar to LDMs, this allows for very-high resolution im-
age generation at lower GPU memory cost when compared to direct pixel space generation.

DreamBooth: DreamBooth [237] is a technique to personalize large text-to-image DMs.
The models are fined-tuned on a small set of images (of a particular subject or style). To
prevent overfitting, DreamBooth uses a technique called prior preservation loss. Textual
inversion [90], low-rank adaptation [118], and encoder-based domain tuning [91] are some
alternative fine-tuning techniques for text-to-image personalization.

1.3.2 Other Applications

While this thesis is mainly focused on image modeling, we list some other applications
in Table 1.2.

1.4 Contributions

Each of the next four chapters of this thesis is structured around a central (workshop)
paper, for which I am the sole first author. Besides the publications themselves, I outline
the explicit contributions, and describe novel insights and discuss follow-up work where
applicable. The chapters are purposefully ordered chronologically to provide the reader
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Table 1.2: Some applications of DMs outside image modeling.

Primary application Secondary application References

], [174]

Computer vision Text-to-3D synthesis
Text-to-4D synthesis
3D shape generation
Semantic segmentation

Natural language processing ~ Text synthesis LI12], [170], [54]
Temporal data modeling Time series imputation ]

Time series forecasting
Molecule & protein generation Small-scale molecular generation
Large-scale protein synthesis

[
[
[
[
[ 3
Audio generative modeling Speech synthesis [48],[157],[130],[49],[227],[178]
[
[
[
[
Molecular 3D density map generation |

with some insight about the development of this fast moving field. In my opinion most
strikingly is the development of the inference time of DMs which has roughly decreased
by a factor of 100 within the last two years. All four chapters follow a common theme of
improving secondary objectives of DMs (such as inference acceleration and privatization)
while optimizing the main objective of high-quality diverse sampling.

The complexity of the learning problem in DMs depends, other than on the training data
itself, only on the perturbation kernel. In Chapter 2, we introduce a new type of DM based
on critically-damped Langevin dynamics. This particular choice allows for fast numerical
sampling schemes from the statistical mechanics and molecular dynamics literature. Dock-
horn et al. [75] was published at ICLR 2022.

In Chapter 3, we introduce a fast higher-order numerical sampling scheme for DMs. Rather
than the common procedure of approximating higher-order derivatives with finite difference
schemes we learn them via distillation. Dockhorn et al. [71] was published at NeurIPS 2022.

In Chapter 4, we propose to learn DMs with strict differential privacy guarantees. We
build on existing techniques form the differential privacy literature and tailor them to the
training of DMs. Dockhorn et al. [73] was submitted to TMLR in April 2023.

Lastly, in Chapter 5 we present a technique to distill the knowledge in DMs into small
student models. Given a fixed budget of floating point operations, we show that the dis-
tilled student models considerably outperform their teachers. Furthermore, the student
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models have the additional benefit that they need less GPU memory, making them po-
tentially suitable for deployment on resource limited devices. Dockhorn et al. [76] was
presented at the CVPR 2023 workshop for “Generative Models for Computer Vision”.

Three (workshop) papers on generative modeling for which I was a shared first author
are not included in this thesis. In Dockhorn et al. [71], we introduce a method for density
deconvolution based on normalizing flows (ICML 2021 workshop for “Invertible Neural
Networks, Normalizing Flows, and Explicit Likelihood Models”). In Kreis et al. [159], we
train latent DMs for Cryo-EM data (NeurIPS 2022 workshop for “Machine Learning for
Structural Biology Workshop”). Lastly, in Blattmann et al. [27] we insert additional layers
into pre-trained image latent DMs and fine-tune them for video generation (CVPR, 2023).

Before working in generative modeling, I dabbled my feet in quantization of neural net-
works. The work resulted in a first author paper at NeurIPS 2021: Dockhorn et al. [72].
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Chapter 2

Score-Based Generative Modeling
With Critically-Damped Langevin
Diffusion

2.1 Choosing the Diffusion Process in Diffusion Mod-
els

Recall the general diffusion process from Section 1.2, i.e.,
dXt = f(Xt,t) dt+G(Xt,t) th, t e {O,T], (21)

with drift coefficient f: RY x [0,T] — R, diffusion coefficient G: R¢ x [0,T] — R¥*¢
standard Wiener process wy, and xg ~ ¢o(Xp). Much of the research on DMs has consid-
ered drift and diffusion coefficients of the form f(x;,t) = f(t)x; and G(xy,t) = g(t)14,
respectively. One popular choice is the variance-preserving diffusion process for which
f(t) = —B; and g(t) = /2[;, with positive monotonically-increasing 3; [263]. Considering
[; as a time rescaling reveals that the variance-preserving diffusion process is equivalent to
the overdamped Langevin dynamics (Equation (1.4)) for the standard normal distribution

N (04, 1) [75].
Langevin dynamics are widely used in physics and the natural sciences. They play, for

example, a crucial role in the world of MCMC. Within this field it is widely known that
discretizations of overdamped Langevin dynamics converge relatively slow when compared
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to discretizations of underdamped Langevin dynamics [55],

dx; = M~ v, dt, (2.2)
dv, = Vi, logp(x;) dt + M T x, dt + V2T dw,, (2.3)

where v, € R? are auxiliary variables. Here, the mass parameter M € R, determines
the coupling between x; and v;, and I' € R, is a friction coefficient that determines the
strength of the noise injection into the v; variables. Discretizations of the underdamped
Langevin dynamics can be viewed as a form of Hamiltonian MCMC [209], a very popular
MCMC algorithm. In DMs, the learning problem depends, other than on the data itself,
only on the diffusion process. This makes it imperative to explore the wide variety of
possible diffusion processes and go beyond overdamped Langevin dynamics.

2.2 Preface

This section presents the paper “Score-Based Generative Modeling with Critically-Damped
Langevin Diffusion”. In this work, we propose a new DM (referred to as CLD in the re-
mainder of this work) which is based on critically-damped Langevin dynamics, an instance
of underdamped Langevin dynamics for which the mass and friction parameters are con-
strained to I'? = 4M. We motivate the particular choice of critically-damped Langevin
dynamics and propose a fast numerical scheme for the reverse diffusion process, motivated
by the statistical mechanics and the molecular dynamics literature. The paper was ini-
tially put on arXiv in December 2021, and then accepted and presented at the International
Conference on Learning Representations in April 2022. The paper has an average reviewer
score of 8.5/10 (99th percentile).

Naming: At the time of publication, DMs were more commonly referred to as score-
based generative models and if the paper had been published today, the title would have
likely been “Critically-Damped Langevin Diffusion” instead.

Contributions: [ was the sole first author of this work. Arash Vahdat and Karsten
Kreis were co-authors, and Karsten supervised this project. Karsten initially proposed to
use underdamped Langevin dynamics for DMs. Eventually, I suggested to use critically-
damped Langevin dynamics, a special form of underdamped Langevin dynamics, for which
I found a closed-form perturbation kernel. Karsten and I jointly came up with the hybrid
score matching loss function and the symmetric splitting CLD sampler. 1 implemented all
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code and ran all experiments. The paper was written jointly.

Differences in notation: The notation in the reverse diffusion process is different as
the time variable is running from ¢ = 0 to ¢ = T rather than from ¢t =T to t = 0.

Reproducibility: The code and models of this work have been open-sourced. See https:
//github.com/nv-tlabs/CLD-SGM for instructions to reproduce our results.

arXiv: The paper “Score-Based Generative Modeling with Critically-Damped Langevin
Diffusion” is available on ArXiV (v4). The following version is simply reformatted into the
style of the thesis.

Abstract: Score-based generative models (SGMs) have demonstrated remarkable syn-
thesis quality. SGMs rely on a diffusion process that gradually perturbs the data towards
a tractable distribution, while the generative model learns to denoise. The complexity of
this denoising task is, apart from the data distribution itself, uniquely determined by the
diffusion process. We argue that current SGMs employ overly simplistic diffusions, lead-
ing to unnecessarily complex denoising processes, which limit generative modeling perfor-
mance. Based on connections to statistical mechanics, we propose a novel critically-damped
Langevin diffusion (CLD) and show that CLD-based SGMs achieve superior performance.
CLD can be interpreted as running a joint diffusion in an extended space, where the aux-
iliary variables can be considered “velocities” that are coupled to the data variables as in
Hamiltonian dynamics. We derive a novel score matching objective for CLD and show
that the model only needs to learn the score function of the conditional distribution of the
velocity given data, an easier task than learning scores of the data directly. We also derive
a new sampling scheme for efficient synthesis from CLD-based diffusion models. We find
that CLD outperforms previous SGMs in synthesis quality for similar network architec-
tures and sampling compute budgets. We show that our novel sampler for CLD significantly
outperforms solvers such as Euler-Maruyama. Our framework provides new insights into
score-based denoising diffusion models and can be readily used for high-resolution image
synthesis. Project page and code: https://nv-tlabs.github.io/CLD-SGM.
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2.3 Main Paper

2.3.1 Introduction

Score-based generative models (SGMs) and denoising diffusion probabilistic models have
emerged as a promising class of generative models [150, , , , |. SGMs offer
high quality synthesis and sample diversity, do not require adversarial objectives, and have
found applications in image [60, , , 212], speech [18, , 157], and music synthesis
[202], image editing [39, , |, super-resolution [168, 210], image-to-image translation
[249], and 3D shape generation [188, 319]. SGMs use a diffusion process to gradually add
noise to the data, transforming a complex data distribution into an analytically tractable
prior distribution. A neural network is then utilized to learn the score function—the gradi-
ent of the log probability density—of the perturbed data. The learnt scores can be used to
solve a stochastic differential equation (SDE) to synthesize new samples. This corresponds
to an iterative denoising process, inverting the forward diffusion.

In the seminal work by Song et al. [263], it has been shown that the score function that
needs to be learnt by the neural network is uniquely determined by the forward diffusion
process. Consequently, the complexity of the learning problem depends, other than on
the data itself, only on the diffusion. Hence, the diffusion process is the key component
of SGMs that needs to be revisited to further improve SGMs, for example, in terms of
synthesis quality or sampling speed.

Inspired by statistical mechanics [277], we propose a novel forward diffusion process, the
critically-damped Langevin diffusion (CLD). In CLD, the data variable, x; (time t along the
diffusion), is augmented with an additional “velocity” variable v, and a diffusion process
is run in the joint data-velocity space. Data and velocity are coupled to each other as in
Hamiltonian dynamics, and noise is injected only into the velocity variable. As in Hamil-
tonian Monte Carlo [31, ], the Hamiltonian component helps to efficiently traverse the
joint data-velocity space and to transform the data distribution into the prior distribution
more smoothly. We derive the corresponding score matching objective and show that for
CLD the neural network is tasked with learning only the score of the conditional distri-
bution of velocity given data Vv, log p;(v¢|x;), which is arguably easier than learning the
score of diffused data directly. Using techniques from molecular dynamics [31, , ],
we also derive a new SDE integrator tailored to CLD’s reverse-time synthesis SDE.

We extensively validate CLD and the novel SDE solver: (i) We show that the neural
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Denoising by Modeling
Vv, log p(vi|x¢)

Denoising

Diffusion
Smooth Denoising p(x1)

Diffusion of Joint
Distribution p(x¢, Vi)

Smooth Diffusion

Figure 2.1: In critically-damped Langevin diffusion, the data x; is augmented with a velocity
v¢. A diffusion coupling x; and v, is run in the joint data-velocity space (probabilities in red).
Noise is injected only into v;¢. This leads to smooth diffusion trajectories (green) for the data
x¢. Denoising only requires Vv, log p(v¢|x:).

networks learnt in CLD-based SGMs are smoother than those of previous SGMs. (ii)
On the CIFAR-10 image modeling benchmark, we demonstrate that CLD-based models
outperform previous diffusion models in synthesis quality for similar network architectures
and sampling compute budgets. We attribute these positive results to the Hamiltonian
component in the diffusion and to CLD’s easier score function target, the score of the
velocity-data conditional distribution Vy, log p;(v¢|x;). (iii) We show that our novel sam-
pling scheme for CLD significantly outperforms the popular Euler-Maruyama method.
(iv) We perform ablations on various aspects of CLD and find that CLD does not have
difficult-to-tune hyperparameters.

In summary, we make the following technical contributions: (i) We propose CLD, a novel
diffusion process for SGMs. (ii) We derive a score matching objective for CLD, which
requires only the conditional distribution of velocity given data. (iii) We propose a new
type of denoising score matching ideally suited for scalable training of CLD-based SGMs.
(iv) We derive a tailored SDE integrator that enables efficient sampling from CLD-based
models. (v) Overall, we provide novel insights into SGMs and point out important new
connections to statistical mechanics.
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2.3.2 Background

Consider a diffusion process u, € R? defined by the It6 SDE
dut = f(ut, t) dt + G(ut, t) th, te [0, T], (24)

with continuous time variable ¢ € [0,T], standard Wiener process wy, drift coefficient
F: R4 % [0,T] — R? and diffusion coefficient G: R? x [0, T] — R?*?. Defining 0, := ur_y,
a corresponding reverse-time diffusion process that inverts the above forward diffusion can
be derived [7, 104, 263] (with positive dt and ¢ € [0,T1):

dﬁt = |:—f(f1t, T— t) + G(l_lt, T— t)G(l_lt, T— t)TVﬁt IngT,t(ﬁt)} dt + G(ﬁt, T — t)th,
(2.5)

where Vg, log pr_¢(1;) is the score function of the marginal distribution over u; at time
T —t.

The reverse-time process can be used as a generative model. In particular, Song et al.
[263] model data x, setting p(up)=pdgata(x). Currently used SDEs [116, 263] have drift and
diffusion coefficients of the simple form f(x;, t)=f(t)x; and G(x:,t)=g(t)I;. Generally,
f and G are chosen such that the SDE’s marginal, equilibrium density is approximately
Normal at time T, i.e., p(ur)=~N(0,I;). We can then initialize xo based on a sample
drawn from a complex data distribution, corresponding to a far-from-equilibrium state.
While the state xq relaxes towards equilibrium via the forward diffusion, we can learn a
model sg(x¢,t) for the score Vy, log pi(x;), which can be used for synthesis via the reverse-
time SDE in Eq. (2.5). If f and G take the simple form from above, the denoising score
matching [282] objective for this task is:

min By (0,71 Escorepoeo) Bacepe e o) [A(E) 180X, 1) = Vi, log pi(xe[%0) 3] (2.6)
If f and G are affine, the conditional distribution p;(x¢|xo) is Normal and available an-

alytically [247]. Different A(¢) result in different trade-offs between synthesis quality and
likelihood in the generative model defined by sg(x;,t) [262, 280].
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2.3.3 Critically-Damped Langevin Diffusion
We propose to augment the data x, € R? with auxiliary velocity! variables v, € R? and

utilize a diffusion process that is run in the joint x,-vi-space. With u; = (x4, v;)" € R,
we set

Flunt) = ((—Oﬁ _f%;l) ®Id) w,  Gu,t) = (8 \/20r—5) oL, (27)

where ® denotes the Kronecker product. The coupled SDE that describes the diffusion

process is
dXt . Mﬁlvt Od 0
(m) - ( —x, >5dt +(—FM1vt pdt+\ yarg ) dwe - (28)

[

Hamiltonian Egmponent::H Ornstein—UhlenEeck process=:0

which corresponds to Langevin dynamics in each dimension. That is, each x; is indepen-
dently coupled to a velocity v;, which explains the blockwise structure of f and G. The
mass M € R* is a hyperparameter that determines the coupling between the x; and v;
variables; 8 € R™ is a constant time rescaling chosen such that the diffusion converges to its
equilibrium distribution within ¢ € [0, 7] (in practice, we set T=1) when initialized from a
data-defined non-equilibrium state and is analogous to 3(t) in previous diffusions (we could
also use time-dependent (5(t), but found constant 5’s to work well, and therefore opted for
simplicity); T' € RY is a friction coefficient that determines the strength of the noise injec-
tion into the velocities. Notice that the SDE in Eq. (2.8) consists of two components. The
H term represents a Hamiltonian component. Hamiltonian dynamics are frequently used
in Markov chain Monte Carlo methods to accelerate sampling and efficiently explore com-
plex probability distributions [209]. The Hamiltonian component in our diffusion process
plays a similar role and helps to quickly and smoothly converge the initial joint data-
velocity distribution to the equilibrium, or prior (see Fig. 2.1). Furthermore, Hamiltonian
dynamics on their own are trivially invertible [277], which intuitively is also beneficial in
our situation when using this diffusion for training SGMs. The O term corresponds to an
Ornstein-Uhlenbeck process [247] in the velocity component, which injects noise such that
the diffusion dynamics properly converge to equilibrium for any I'>0. It can be shown that
the equilibrium distribution of this diffusion is prq(u) = N(x; 04, Is) N (v; 04, M I,) (see
App. 2.4.2.2).

'We call the auxiliary variables velocities, as they play a similar role as velocities in physical systems.
Formally, our velocity variables would rather correspond to physical momenta, but the term momentum
is already widely used in machine learning and our mass M is unitless anyway.
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There is a crucial balance between M and T' [193]: For I'?<4M (underdamped Langevin
dynamics) the Hamiltonian component dominates, which implies oscillatory dynamics of
x; and v; that slow down convergence to equilibrium. For I?>4M (overdamped Langevin
dynamics) the O-term dominates which also slows down convergence, since the accelerat-
ing effect by the Hamiltonian component is suppressed due to the strong noise injection.
For T?=4M (critical damping), an ideal balance is achieved and convergence to prq(u)
occurs as fast as possible in a smooth manner without oscillations (also see discussion
in App. 2.4.1.1) [193]. Hence, we propose to set ['?=4M and call the resulting diffusion
critically-damped Langevin diffusion (CLD) (see Fig. 2.1).

Diffusions such as the VPSDE [263] correspond to overdamped Langevin dynamics with
high friction coefficients I" (see App. 2.4.1.2). Furthermore, in previous works noise is
injected directly into the data variables (pixels, for images). In CLD, only the velocity
variables are subject to direct noise and the data is perturbed only indirectly due to the
coupling between x; and v;.

2.3.3.1 Score Matching Objective

Considering the appealing convergence properties of CLD, we propose to utilize CLD
as forward diffusion process in SGMs. To this end, we initialize the joint distribution
p(ug)=p(x0) p(Vo)=Pdata(X0)N (vo; 0g, yM I;) with hyperparameter y<1 and let the distri-
bution diffuse towards the tractable equilibrium—or prior—distribution pgq(u). We can
then learn the corresponding score functions and define CLD-based SGMs. Following a
similar derivation as [262], we obtain the score matching (SM) objective (see App. 2.4.2.3):

00 E 0,11 Eun ) [A(E) 150 (0, 7) — T, o (1) 3] (2.9)

Notice that this objective requires only the velocity gradient of the log-density of the
joint distribution, i.e., Vy, logp;(u;). This is a direct consequence of injecting noise into
the velocity variables only. Without loss of generality, p;(u;)=p;(x¢, vi)=p(Ve|xe) D (X¢)-
Hence,

Vy, log pi(u;) = Vy, [IOgPt(Vt|Xt) + logpt(xt)] =V, logpt(vt|xt) (2.10)

This means that in CLD the neural network-defined score model sg(us,t) only needs
to learn the score of the conditional distribution p;(v¢|x;), an arguably easier task than
learning the score of p;(x;), as in previous works, or of the joint p;(u;). This is the case,
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Figure 2.2: Left: Difference £(t) (via L2 norm) between score of diffused data and score of
Normal distribution. Right: Frobenius norm of Jacobian Jr(t) of the neural network defining
the score function for different . The underlying data distribution is a mixture of Normals.
Insets: Different axes (see App. 2.4.5.1 for detailed definitions of £(t) and Jr(t)).

because our velocity distribution is initialized from a simple Normal distribution, such
that p;(v¢|x;) is closer to a Normal distribution for all £>0 (and for any x;) than p;(x;)
itself. This is most evident at t=0: The data and velocity distributions are independent
at t=0 and the score of py(vo|Xo)=po(vo) simply corresponds to the score of the Normal
distribution po(vg) from which the velocities are initialized, whereas the score of the data
distribution py(xg) is highly complex and can even be unbounded [146]. We empirically
verify the reduced complexity of the score of p;(v¢|x;) in Fig. 2.2. We find that the score
that needs to be learnt by the model is more similar to a score corresponding to a Normal
distribution for CLD than for the VPSDE. We also measure the complexity of the neural
networks that were learnt to model this score via the squared Frobenius norm of their
Jacobians. We find that the CLD-based SGMs have significantly simpler and smoother
neural networks than VPSDE-based SGMs for most ¢, in particular when leveraging a
mixed score formulation (see next section).

2.3.3.2 Scalable Training
A Practical Objective. We cannot train directly with Eq. (2.9), since we do not have

access to the marginal distribution p;(u;). As presented in Sec. 2.3.2, we could employ
denoising score matching (DSM) and instead sample ug, and diffuse those samples, which
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would lead to a tractable objective. However, recall that in CLD the distribution at ¢t=0
is the product of a complex data distribution and a Normal distribution over the initial
velocity. Therefore, we propose a hybrid version of score matching [123] and denoising score
matching [282], which we call hybrid score matching (HSM). In HSM, we draw samples from
P0(X0)=Pdata(X0) as in DSM, but then diffuse those samples while marginalizing over the full
initial velocity distribution po(vo)=N(v; 04, yMI,;) as in regular SM (HSM is discussed in
detail in App. 2.4.3). Since py(vp) is Normal (and f and G affine), p(us|xo) is also Normal
and this remains tractable. We can write this HSM objective as:

i E o 1By ) B i) A8 500, 7) — T Jogp(wfxo) ] . (2.1)

In HSM, the expectation over py(vy) is essentially solved analytically, while DSM would use
a sample-based estimate. Hence, HSM reduces the variance of training objective gradients
compared to pure DSM, which we validate in App. 2.4.3.1. Furthermore, when drawing a
sample 1, to diffuse in DSM, we are essentially placing an infinitely sharp Normal with un-
bounded score [116] at ug, which requires undesirable modifications or truncation tricks for
stable training [263, 280]. Hence, with DSM we could lose some benefits of the CLD frame-
work discussed in Sec. 2.3.3.1, whereas HSM is tailored to CLD and fundamentally avoids
such unbounded scores. Closed form expressions for the perturbation kernel p;(u;|xg) are
provided in App. 2.4.2.1.

Score Model Parametrization. (i) Ho et al. [109] found that it can be beneficial to
parameterize the score model to predict the noise that was used in the reparametrized sam-
pling to generate perturbed samples u;. For CLD, u; = p,(x0) + Li€24, where ¥; = LtthT
is the Cholesky decomposition of p;(u;|xg)’s covariance matrix, €yq ~ N (€24; 024, I24), and
1y (X0) is pe(ug|xp)’s mean. Furthermore, Vy, log p;(us|xg) = —{ €424, Where €4.04 denotes
those d components of €5y that actually affect Vy, log p;(u]xo) (since we take velocity
gradients only, not all are relevant).

T v wa
With X, = (giv gfw) ®1I,;, we have /; = \/Z”Z”” t (Exv)T
t t -
t 2y t

“per-dimension” covariance matrix

(ii) Vahdat et al. [280] showed that it can be beneficial to assume that the diffused marginal
distribution is Normal at all times and parametrize the model with a Normal score and a
residual “correction”. For CLD, the score is indeed Normal at t = 0 (due to the indepen-
dently initialized x and v at t=0). Similarly, the target score is close to Normal for large
t, as we approach the equilibrium.
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Based on (i) and (ii), we parameterize so(uy,t) = —{g(0y, t) with ag(ug, t) = £, v, /S0 +
ap(ug, t), where XVY corresponds to the v-v component of the “per-dimension” covari-
ance matrix of the Normal distribution p;(us|xg = 04). In other words, we assumed
Po(X0) = 6(x) when defining the analytic term of the score model. Formally, —v /37" is
the score of a Normal distribution with covariance %¢*I,. Following [250], we refer to this
parameterization as mized score parameterization. Alternative model parameterizations
are possible, but we leave their exploration to future work. With this definition, the HSM
training objective becomes (details in App. 2.4.2.3):

i Bogf(0,7) By mpo (x0) BeeaanV(€24:024, F2a) (A0 07 || €a2a — cvo(pry(x0)+Li€aq, t)|I3],  (2.12)

which corresponds to training the model to predict the noise only injected into the velocity
during reparametrized sampling of u;, similar to noise prediction in Ho et al. [109], Song
et al. [263].

Objective Weightings. For A(t) = ', the objective corresponds to maximum likelihood
learning [262] (see App. 2.4.2.3). Analogously to prior work [109, 262, 280], an objective
better suited for high quality image synthesis can be obtained by setting A(t) = ¢, 2, which
corresponds to “dropping the variance prefactor” (2.

2.3.3.3 Sampling from CLD-based SGMs

To sample from the CLD-based SGM we can either directly simulate the reverse-time
diffusion process (Eq. (2.5)) or, alternatively, solve the corresponding probability flow
ODE [262, | (see App. 2.4.2.5). To simulate the SDE of the reverse-time diffusion
process, previous works often relied on Euler-Maruyama (EM) [154] and related methods
[109, , |. We derive a new solver, tailored to CLD-based models. Here, we provide
the high-level ideas and derivations (see App. 2.4.4 for details).

Our generative SDE can be written as (with u; = up_;, X, = X7y, Vi = Vpr_y):

dx; . —Mﬁl\flt 04 04 04
<d\7t> - < % > pat+ (—FM—lvt> pat + (\/2F6dwt> + (2F [s(i, T — t) + M—lvt]> pat

A Ao 5

It consists of a Hamiltonian component Ag, an Ornstein-Uhlenbeck process Ap, and the
score model term S. We could use EM to integrate this SDE; however, standard Euler
methods are not well-suited for Hamiltonian dynamics [167, ]. Furthermore, if S was 0,
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we could solve the SDE in closed form. This suggests the construction of a novel integrator.

We use the Fokker-Planck operator? formalism [165, , |. Using a similar nota-
tion as Leimkuhler and Matthews [165], the Fokker-Planck equation corresponding to the
generative SDE is dp; (1) /Ot=(L%+LE)p(Ty), where £% and L% are the non-commuting
Fokker-Planck operators corresponding to the A:=Ay+Ap and S terms, respectively. Fx-
pressions for /3’;1 and ﬁ*s can be found in App. 2.4.4. We can construct a formal, but in-
tractable solution of the generative SDE as i, = e!Cat£5) 1, where the operator et(€a+£%)
(known as the classical propagator in statistical physics) propagates states ug for time ¢
according to the dynamics defined by the combined operators ﬁ*A + ﬁg Although this
operation is not analytically tractable, it can serve as starting point to derive a practical
integrator. Using the symmetric Trotter theorem or Strang splitting formula as well as the

Baker—Campbell-Hausdorff formula [260, , 277], it can be shown that:
WEs+Ly) _ i (o8l seiy sts 1N [ sten sein il 3
e~aths :]\}Hn e2raesex A] ~ [62 ae’se2tal 4 O(NO), (2.13)
—00

for large N € NT and time step 0t := t/N. The expression suggests that instead of directly
evaluating the intractable et([:il“ig), we can discretize the dynamics over ¢ into IV pieces
of step size dt, such that we only need to apply the individual e and eL5 many times
one after another for small steps dt. A finer discretization results in a smaller error (since
N=t/ét, the error effectively scales as O(dt?) for fixed t). Hence, this implies an integration
method. Indeed, e%Lh 1, is available in closed form, as mentioned before; however, etLs in
is not. Therefore, we approximate this latter component of the integrator via a standard
Euler step. Thus, the integrator formally has an error of the same order as standard EM
methods. Nevertheless, as long as the dynamics is not dominated by the S component, our
proposed integration scheme is expected to be more accurate than EM, since we split off
the analytically tractable part and only use an Euler approximation for the S term. Recall
that the model only needs to learn the score of the conditional distribution p;(v|x;), which
is close to Normal for much of the diffusion, in which case the S term will indeed be small.
This suggests that the generative SDE dynamics are in fact dominated by Ay and Ao in
practice. Note that only the propagator e’**s is computationally expensive, as it involves
evaluating the neural network. We coin our novel SDE integrator for CLD-based SGMs
Symmetric Splitting CLD Sampler (SSCS). A detailed derivation, analyses, and a formal
algorithm are presented in App. 2.4.4.

2The Fokker-Planck operator is also known as Kolmogorov operator. If the underlying dynamics is fully
Hamiltonian, it corresponds to the Liouwville operator [166, ].
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2.3.4 Related Work

Relations to Statistical Mechanics and Molecular Dynamics. Learning a mapping
between a simple, tractable and a complex distribution as in SGMs is inspired by annealed
importance sampling [208] and the Jarzynski equality from non-equilibrium statistical me-
chanics [141, 127-129]. However, after Sohl-Dickstein et al. [257], little attention has been
given to the origins of SGMs in statistical mechanics. Intuitively, in SGMs the diffusion
process is initialized in a non-equilibrium state uy and we would like to bring the system to
equilibrium, i.e., the tractable prior distribution, as quickly and as smoothly as possible to
enable efficient denoising. This “equilibration problem” is a much-studied problem in sta-
tistical mechanics, particularly in molecular dynamics, where a molecular system is often
simulated in thermodynamic equilibrium. Algorithms to quickly and smoothly bring a sys-
tem to and maintain at equilibrium are known as thermostats. In fact, CLD is inspired by
the Langevin thermostat [34]. In molecular dynamics, advanced thermostats are required
in particular for “multiscale” systems that show complex behaviors over multiple time- and
length-scales. Similar challenges also arise when modeling complex data, such as natural
images. Hence, the vast literature on thermostats [0, 35, 41, 12, , , , , ]
may be valuable for the development of future SGMs. Also the framework for developing
SSCS is borrowed from statistical mechanics. The same techniques have been used to de-
rive molecular dynamics algorithms [31, 12, , , , 276].

Further Related Work. Generative modeling by learning stochastic processes has a
long history [4, 23, 28, 99, , , , , ]. We build on Song et al. [263], which
introduced the SDE framework for modern SGMs. Nachmani et al. [207] recently intro-
duced non-Gaussian diffusion processes with different noise distributions. However, the
noise is still injected directly into the data, and no improved sampling schemes or training
objectives are introduced. Vahdat et al. [280] proposed LSGM, which is complementary to
CLD: we improve the diffusion process itself, whereas LSGM “simplifies the data” by first
embedding it into a smooth latent space. LSGM is an overall more complicated frame-
work, as it is trained in two stages and relies on additional encoder and decoder networks.
Recently, techniques to accelerate sampling from pre-trained SGMs have been proposed
[156, , , |. Importantly, these methods usually do not permit straightforward
log-likelihood estimation. Furthermore, they are originally not based on the continuous
time framework, which we use, and have been developed primarily for discrete-step dif-

fusion models. A complementary work to CLD is “Gotta Go Fast” (GGF) [131], which
introduces an adaptive SDE solver for SGMs, tuned towards image synthesis. GGF uses
standard Euler-based methods under the hood [154, ], in contrast to our SSCS that

is derived from first principles. Furthermore, our SDE integrator for CLD does not make
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any data-specific assumptions and performs extremely well even without adaptive step

sizes. Some works study SGMs for maximum likelihood training [120, : |. Note
that we did not focus on training our models towards high likelihood. Furthermore, Chen
et al. [17] and Huang et al. [119] recently trained augmented Normalizing Flows, which

have conceptual similarities with our velocity augmentation. Methods leveraging auxil-
iary variables similar to our velocities are also used in statistics—such as Hamiltonian

Monte Carlo [209]—and have found applications, for instance, in Bayesian machine learn-
ing [52, 69, 250]. As shown in Ma et al. [191], our velocity is equivalent to momentum in
gradient descent and related methods [118, ]. Momentum accelerates optimization; the

velocity in CLD accelerates mixing in the diffusion process. Lastly, our CLD method can
be considered as a second-order Langevin algorithm, but even higher-order schemes are
possible [205] and could potentially further improve SGMs.

2.3.5 Experiments

Architectures. We focus on image synthesis and implement CLD-based SGMs using
NCSN++ and DDPM++ [263] with 6 input channels (for velocity and data) instead of 3.

Relevant Hyperparameters. CLD’s hyperparameters are chosen as =4, I'=1 (or
equivalently M~'=4) in all experiments. We set the variance scaling of the inital velocity
distribution to y=0.04 and use the proposed HSM objective with the weighting \(¢)=¢; 2,
which promotes image quality.

Sampling. We generate model samples via: (i) Probability flow using a Runge-Kutta
4(5) method; reverse-time generative SDE sampling using either (ii) EM or (iii) our SSCS.
For methods without adaptive stepsize (EM and SSCS), we use evaluation times chosen
according to a quadratic function, like previous work [1506, , 285] (indicated by QS).

Evaluation. We measure image sample quality for CIFAR-10 via Fréchet inception dis-
tance (FID) with 50k samples [105]. We also evaluate an upper bound on the negative
log-likelihood (NLL): —log p(x0) <—Ey,~p(vo) l0g p=(x0, Vo) —H, where H is the entropy of
p(vo) and log p.(xg, Vo) is an unbiased estimate of log p(xg, vp) from the probability flow
ODE [100, 263]. As in Vahdat et al. [280], the stochasticity of log p.(x, v) prevents us from
performing importance weighted NLL estimation over the velocity distribution [33]. We
also record the number of function—neural network—evaluations (NFEs) during synthesis
when comparing sampling methods. All implementation details in App. 2.4.2.5 and 2.4.5.
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2.3.5.1 Image Generation

Following Song et al. [263], we focus on the widely used CIFAR-10 unconditional image
generation benchmark. Our CLD-based SGM achieves an FID of 2.25 based on the prob-
ability flow ODE and an FID of 2.23 via simulating the generative SDE (Tab. 2.1). The
only models marginally outperforming CLD are LSGM [280] and NSCN++/VESDE with
2,000 step predictor-corrector (PC) sampling [263]. However, LSGM uses a model with
~4T75M parameters to achieve its high performance, while we obtain our numbers with
a model of ~100M parameters. For a fairer comparison, we trained a smaller LSGM
also with ~100M parameters, which is reported as “LSGM-100M” in Tab. 2.1 (details in
App. 2.4.5.2.7). Our model has a significantly better FID score than “LSGM-100M”". In
contrast to NSCN++/VESDE, we achieve extremely strong results with much fewer NFEs
(for example, see n€{150,275,500} in Tab. 2.3 and also Tab. 2.2)—the VESDE performs
poorly in this regime. We conclude that when comparing models with similar network
capacity and under NFE budgets <500, our CLD-SGM outperforms all published results
in terms of FID. We attribute these positive results to our easier score matching task.
Furthermore, our model reaches an NLL bound of 3.31, which is on par with recent works
such as Austin et al. [12], Nichol and Dhariwal [212], Vahdat et al. [280] and indicates
that our model is not dropping modes. However, our bound is potentially quite loose (see
discussion in App. 2.4.2.5) and the true NLL might be significantly lower. We did not
focus on training our models towards high likelihood.

To demonstrate that CLD is also suitable for high-resolution image synthesis, we addition-
ally trained a CLD-SGM on CelebA-HQ-256, but without careful hyperparameter tuning
due to limited compute resources. Model samples in Fig. 4 appear diverse and high-quality
(additional samples in App. 2.4.6).

2.3.5.2 Sampling Speed and Synthesis Quality Trade-Offs

We analyze the sampling speed vs. synthesis quality trade-off for CLD-SGMs and study
SSCS’s performance under different NFE budgets (Tabs. 2.2 and 2.3). We compare to Song
et al. [263] and use EM to solve the generative SDE for their VPSDE and PC (reverse-
diffusion + Langevin sampler) for the VESDE model. We also compare to the GGF [134]
solver for the generative SDE as well as probability low ODE sampling with a higher-order
adaptive step size solver. Further, we compare to LSGM [280] (using our LSGM-100M),
which also uses probability flow sampling. With one exception (VESDE with 2,000 NFE)
our CLD-SGM outperforms all baselines, both for adaptive and fixed-step size methods.
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Table 2.1: Unconditional CIFAR-10 generative

performance.

Class Model NLL{| FID|
Score CLD-SGM (Prob. Flow) (ours) <3.31 2.25
CLD-SGM (SDE) (ours) - 2.23
DDPM++, VPSDE (Prob. Flow) [263]  3.13 3.08
DDPM++, VPSDE (SDE) [263] - 2.41
DDPM++, sub-VP (Prob. Flow) [26: 2.99 2.92
DDPM++, sub-VP (SDE) [263] - 2.41
NCSN-+, VESDE (SDE) [263] - 2.20
LSGM [250] <343 210
LSGM-100M [250] <296 4.60
DDPM [109] <375 317
NCSN [259] - 25.3
Score Adversarial DSM [135] - 6.10
Likelihood SDE [262] 2.84 2.87
DDIM (100 steps) [255] - 416
FastDDPM (100 steps) [150] - 2.86
Improved DDPM [212] 3.37 2.90

VDM [150] <249 7.1 (4.00)
UDM [146] 3.04 2.33
D3PM [17] <344 734
Gotta Go Fast [131] - 2.44
DDPM Distillation [150] - 9.36
SNGAN [203] - 21.7
SNGAN-+DGflow [10] . 9.62
AutoGAN [90] - 12.4
GANs TransGAN [131] - 9.26
StyleGAN2 w/o ADA [135] - 8.32
StyleGAN2 w/ ADA [134] N 2.92
StyleGAN2 w/ Diffaug [317] - 5.79
Dist Aug [130] 253 42.90
PixelCNN [216] 314 65.9
Glow [152] 3.35 48.9
Aut.-Reg., Residual Flow [71] 3.28 46.37
Flows, NVAE [27] 291 23.5
VAEs, NCP-VAE [5] - 24.08
EBMs  DC-VAE [221] - 17.90
IGEBM [80] - 40.6
VAEBM [201] B 12.2
Recovery EBM [92] 3.18 9.58
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Table 2.2: (right) Performance using adaptive stepsize solvers (ODE is based on probability flow, GGF
simulates generative SDE). {: taken from Jolicoeur-Martineau et al. [134]. LSGM corresponds to the small
LSGM-100M model for fair comparison (details in App. 2.4.5.2.7). Error tolerances were chosen to obtain
similar NFEs.

Table 2.3: (bottom) Performance using non-adaptive stepsize
solvers (for PC, QS performed poorly). f: 2.23 FID is our =~ Model  Solver NFEs| FID|

evaluation, Song et al. [263] reports 2.20 FID. See Tab. 2.9 in ~ CLD ODE 312 225
App. 2.4.6.2 for extended results. VPSDE GGF 330  2.56f
VESDE GGF 488 2.99f

FID at n function evaluations | CLD ODE 147 2.71

Model Sampler n=50 n=150 n=275 n=500 n=1000 n=2000 VPSDE ODE 141 2.76
CLD EM-QS 527 7.00 324 241 2.27 2.23 VPSDE GGF 151  2.731
CLD SSCS-QS  20.5 3.07 2.38  2.25 2.30 2.29 VESDE ODE 182 7.63

VESDE GGF 170 10.15%

VPSDE EM-QS 28.2 4.06 2.65 2.47 2.66 2.60 LSCM  ODE 131 4.60

VESDE PC 460 216 11.2 3.75 2.43 2.23f

More results in App. 2.4.6.2.

Several observations stand out: (i) As expected (Sec. 2.3.3.3), for CLD, SSCS significantly
outperforms EM under limited NFE budgets. When using a fine discretization of the SDE
(high NFE), the two perform similarly, which is also expected, as the errors of both meth-
ods will become negligible. (ii) In the adaptive solver setting, using a simpler ODE solver,
we even outperform GGF, which is tuned towards image synthesis. (iii) Our CLD-SGM
also outperforms the LSGM-100M model in terms of FID. It is worth noting, however, that
LSGM was designed primarily for faster synthesis, which it achieves by modeling a smooth
distribution in latent space instead of the more complex data distribution directly. This
suggests that it would be promising to combine LSGM with CLD and train a CLD-based
LSGM, combining the strengths of the two approaches. It would also be interesting to
develop a more advanced, adaptive SDE solver that leverages SSCS as the backbone and,
for example, potentially test our method within a framework like GGF. Our current SSCS
only allows for fixed step sizes—nevertheless, it achieves excellent performance.

2.3.5.3 Ablation Studies

We perform ablation studies to study CLD’s new hyperparameters (run with a smaller ver-
sion  of  our CLD-SGM used above; App. 2.4.5 for details).
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Table 2.4: Mass hy-
perparameter.

M-' NLL| FIDJ

Mass Parameter: Tab. 2.4 shows results for a CLD-SGM trained
with different M~ (also recall that M~! and T are tied together
via I'? = 4M; we are always in the critical-damping regime). Differ-
ent mass values perform mostly similarly. Intuitively, training with 1 <3.30  3.23
smaller M ! means that noise flows from the velocity variables v; into 4 <3.37 3.4
the data x; more slowly, which necessitates a larger time rescaling f3. 10 =320 316
We found that simply tying M ! and 3 together via f=8v/M works Tablg 2'5‘: 'Init'ial
well and did not further fine-tune. Initial Velocity Distribution: Ve,IOCIty distribution
Tab. 2.5 shows results for a CLD-SGM trained with different initial width.

velocity variance scalings . Varying v similarly has only a small N NLL, FID|
effect, but small v seems slightly beneficial for FID, while the NLL ool <337 314
bound suffers a bit. Due to our focus on synthesis quality as measued  ;,  Z5i5 39;
by FID, we opted for small . Intuitively, this means that the data 1 <3.15 3.27
at t=0 is “at rest”, and noise flows from the velocity into the data
variables only slowly.

Mixed Score: Similar to previous work [280], we find training with the mixed score
(MS) parametrization (Sec. 2.3.3.2) beneficial. With MS, we achieve an FID of 3.14, with-
out only 3.56.

Hybrid Score Matching: We also tried training with regular DSM, instead of HSM.
However, training often became unstable. As discussed in Sec. 2.3.3.2, this is likely be-
cause when using standard DSM our CLD would suffer from unbounded scores close to
t=0, similar to previous SDEs [116]. Consequently, we consider our novel HSM a crucial
element for training CLD-SGMs.

We conclude that CLD does not come with difficult-to-tune hyperparameters. We ex-
pect our chosen hyperparameters to immediately translate to new tasks and models. In
fact, we used the same M~!, v, MS and HSM settings for CIFAR-10 and CelebA-HQ-256

experiments without fine-tuning.

2.3.6 Conclusion

We presented critically-damped Langevin diffusion, a novel diffusion process for training
SGMs. CLD diffuses the data in a smoother, easier-to-denoise manner compared to pre-
vious SGMs, which results in smoother neural network-parametrized score functions, fast
synthesis, and improved expressivity. Our experiments show that CLD outperforms previ-
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ous SGMs on image synthesis for similar-capacity models and sampling compute budgets,
while our novel SSCS is superior to EM in CLD-based SGMs. From a technical perspec-
tive, in addition to proposing CLD, we derive CLD’s score matching objective termed as
HSM, a variant of denoising score matching suited for CLD, and we derive a tailored SDE
integrator for CLD. Inspired by methods used in statistical mechanics, our work provides
new insights into SGMs and implies promising directions for future research.

We believe that CLD can potentially serve as the backbone diffusion process of next
generation SGMs. Future work includes using CLD-based SGMs for generative model-
ing tasks beyond images, combining CLD with techniques for accelerated sampling from
SGMs, adapting CLD-based SGMs towards maximum likelihood, and utilizing other ther-
mostating methods from statistical mechanics.

2.3.7 Ethics and Reproducibility

Our paper focuses on fundamental algorithmic advances to improve the generative model-
ing performance of SGMs. As such, the proposed CLD does not imply immediate ethical
concerns. However, we validate CLD on image synthesis benchmarks. Generative modeling
of images has promising applications, for example for digital content creation and artistic
expression [15], but can also be used for nefarious purposes [201, , ]. It is worth
mentioning that compared to generative adversarial networks [97], a very popular class
of generative models, SGMs have the promise to model the data more faithfully, without
dropping modes and introducing problematic biases. Generally, the ethical impact of our
work depends on its application domain and the task at hand.

To aid reproducibility of the results and methods presented in our paper, we made source
code to reproduce the main results of the paper publicly available, including detailed in-
structions; see our project page https://nv-tlabs.github.io/CLD-SGM and the code
repository https://github.com/nv-tlabs/CLD-SGM. Furthermore, all training details
and hyperparameters are already in detail described in the Appendix, in particular in
App. 2.4.5.
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2.4 Appendix

2.4.1 Langevin Dynamics

Here, we discuss different aspects of Langevin dynamics. Recall the Langevin dynamics,
Eq. (2.8), from the main paper:

dXt - M_lvt Od 0
(dvt) = ( x pdt  + M-y, Bdt + TR dwy . (2.14)
\—/_/ \ - J
Hamiltonian component=:H Ornstein-Uhlenbeck process=:0

2.4.1.1 Different Damping Ratios

As discussed in Sec. 2.3.3, Langevin dynamics can be run with different ratios between
mass M and squared friction I'2. To recap from the main paper:

(i) For I? < 4M (underdamped Langevin dynamics), the Hamiltonian component dom-
inates, which implies oscillatory dynamics of x; and v; that slow down convergence to
equilibrium.

(ii) For I? > 4M (overdamped Langevin dynamics), the O-term dominates which also
slows down convergence, since the accelerating effect by the Hamiltonian component is
suppressed due to the strong noise injection.

(iii) For T? = 4M (critical-damping), an ideal balance is achieved and convergence to
prq(u)occurs quickly in a smooth manner without oscillations.

In Fig. 2.5, we visualize diffusion trajectories according to Langevin dynamics run in the
different damping regimes. We observe that underdamped Langevin dynamics show unde-
sired oscillatory behavior, while overdamped Langevin dynamics perform very inefficiently,
too. Critical-damping achieves a good balance between the two and mixes and converges
quickly. In fact, it can be shown to be optimal in terms of convergence; see, for exam-
ple, McCall [193].

Consequently, we propose to set ['? =T2..

| :=4M in CLD.
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Figure 2.5: Langevin dynamics in different damping regimes. Each pair of visualizations corre-
sponds to the (coupled) evolution of data x; and velocities v;. We show the marginal (red) prob-
abilities and the projections of the (green) trajectories. The probabilities always correspond
to the same optimal setting I' = T iticar (recall that Iepitical = 2v/M and Tyux = M /(B(t)ot); see
Sec. 2.4.1.2). The trajectories correspond to different Langevin trajectories run in the different
regimes with indicated friction coefficients I'. We see in (b), that for critical damping the x;
trajectories quickly explore the space and converge according to the distribution indicated by
the underlying probability. In the under-damped regime (a), even though the trajectories mix
quickly we observe undesired oscillatory behavior. For over-damped Langevin dynamics, (c) and
(d), the x; trajectories mix and converge only very slowly. Note that the visualized diffusion uses
different hyperparameters compared to the diffusion shown in Fig. 2.1 in the main text: Here, we
have chosen a much larger 3, such that also the slow overdamped Langevin dynamics trajectories
shown here mix a little bit over the visualized diffusion time (while the probability distribution
and the trajectories for critical damping converge almost instantly).
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2.4.1.2 Very High Friction Limit and Connections to previous SDEs in SGMs

Let us re-write the above Langevin dynamics and consider the more general case with
time-dependent 5(t):

dx; = M~ 'v,3(t)dt, (2.15)
dvi=— xB{t)dt —TM 'vB(t)dt++/20B(t)dw; . (2.16)
(ii): potential term (iii): fri;t,ion term (iv): n?)irse term

To solve this SDE, let us assume a simple Euler-based integration scheme, with the update
equation for a single step at time ¢ (this integration scheme would not be optimal, as
discussed in Sec. 2.3.3.3., however, it would be accurate for sufficiently small time steps
and we just need this to make the connection to previous works like the VPSDE):

Xpi1 = Xp + BE)M v, 16, (2.17)
Vpsl = A —  BO)xu6t = BT M v, 6t +/268(H) TN (04, 0t1,),
N—— ~ A ~ -
(i): current step velocity  (ii): potential term (iii): friction term (iv): noise term
(2.18)

Now, let us assume a friction coefficient I' = ', = %. Since the time step dt is
usually very small, this correspond to a very high friction. In fact, it can be considered
the maximum friction limit, at which the friction is so large that the current step velocity
(i) is completely cancelled out by the friction term (iii). We obtain:

Xpi1 = Xp + B)M v, 16t (2.19)

Vpi1 = Xt5t + \/ N Od, 5tId (220)

Now the velocity update, Eq. (2.20), does not depend on the current step velocity on the
right-hand-side anymore. Hence, we can insert Eq. (2.20) directly into Eq. (2.19) and
obtain:

Xpp1 = X — B(6)2M 1%, 6t + /2B(1)25tM N (04, 5t1,)
=X, — B(t)2M " x,01° + \/2B(1)25t2M TN (04, L)

Re-defining 6t' := 6t? and f'(t) := ((¢)?, we obtain

X1 = Xo — B/ ()M 5,0t + /25 (£)5¢ M-IN (04, L), (2.22)

(2.21)
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which corresponds to the high-friction overdamped Langevin dynamics that are frequently
run, for example, to train energy-based generative models [30, ]. Let’s further absorb
the mass M~ and the time step 8¢ into the time rescaling, defining 5(t) := 28/ (t)M~16t’.
We obtain:

X = o — 3000 + 2 BON(04, 1)
= (1= 5B+ BON(04, 1) (223)

~ /1 —Bt)x, + \/%N(Od, I,),

where the last approximation is true for sufficiently small B (t). However, this expression
corresponds to

A A

X1 ~ N (Xpp1; 0/ 1 = B(t)x,, B(t) 1) (2.24)

which is exactly the transition kernel of the VPSDE’s Markov chain [109, 263]. We see that
the VPSDE corresponds to the high-friction limit of a more general Langevin dynamics-
based diffusion process of the form of Eq. (2.14).

If we assume a diffusion as above but with the potential term (ii) set to 0, we can similarly
derive the VESDE [263] as a high-friction limit of the corresponding diffusion. Generally,
all previously used diffusions that inject noise directly into the data variables correspond
to such high-friction diffusions.

In conclusion, we see that previous high-friction diffusions require an excessive amount
of noise to be injected to bring the dynamics to the prior, which intuitively makes denois-
ing harder. For our CLD in the critical damping regime we can run the diffusion for a
much shorter time or, equivalently, can inject less noise to converge to the equilibrium, i.e.,
the prior.

2.4.2 Critically-Damped Langevin Diffusion
Here, we present further details about our proposed critically-damped Langevin diffusion

(CLD). We provide the derivations and formulas that were not presented in the main paper
in the interest of brevity.
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2.4.2.1 Perturbation Kernel

To recap from the main text, in this work we propose to augment the data x, € R? with
auxiliary wvelocity variables v, € R?. We then run the following diffusion process in the
joint x;-vi-space

du, = (Ziz) = f(u, t)dt + G(uy, t)dw, (2.25)
fan = 0@ L 50=(_g, SN, (2.26)

Glu,t) =GN © L, G(t) = (8 \/2FOIW) , (2.27)

where w; is a standard Wiener process in R?* and 3: [0,7] — R{ is a time rescaling.® In
particular, we consider the critically-damped Langevin diffusion which can be obtained by
setting M = T'?/4, resulting in the following drift kernel

el t) = (e @ T, fen® = (g "W). )

Since we only consider the critically-damped case in this work, we redefine f := fcrp and
f = foup for simplicity. Since our drift f and diffusion G coefficients are affine, u, is Nor-
mally distributed for all ¢ € [0, T] if ug is Normally distributed at ¢ = 0 [247]. In particular,
given that uy ~ N (ug; o, Xo = Xo @ I,;), where Xy = diag(X3*, 35Y) is a positive semi-
definite diagonal 2-by-2 matrix (we restrict our derivation to diagonal covariance matrices
at t = 0 for simplicity, since in our situation velocity and data are generally independent
at t = 0), we derive expressions for pu, and 3;, the mean and the covariance matrix of u,
respectively.

Following Séarkka and Solin [217] (Section 6.1), the mean and covariance matrix of w,
obey the following respective ordinary differential equations (ODEs)

dui

dt - (f(t) ® Id)uta (2‘29)
B e Lm + (0 0 1))+ (CO6NT) @ L. 2.30)

3For our experiments, we only used constant 3; however, for generality, we present all derivations for
time-dependent 5(t).
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Notating pg = (xo,vo) ', the solutions to the above ODEs are

_ 2B(t)r_1X0 + 4B(t)r_2V0 + X e*?B(t)Ffl (2 31)

t —B(t)X() — 2B(t)F71V0 + v ’ '

and
Et - Zt ® Id, (232)
(XX —ap@r
¥ = (Ef” zgv) e , (2.33)
S — yaw 4 ABOT ) L AB(HD (85 — 1) + 4B ()2 (35 — 2) + 16B(¢)*I0 48y,

(2.34)
NI — _B(t)05 4+ 4B(H)T 28 — 2B2 ()T (222 — 2) — 8B2 (1) I *xy, (2.35)

nev = L2 <e48(t)r_l - 1) + BT + 8¢ (14 4B()202 — 4B(HTY) + B(t)? (3527 — 2) .
(2.36)

where B(t) = f(f B(t)dt. For constant 5(t) = 3 (as is used in all our experiments), we
simply have B(t) = t. The correctness of the proposed mean and covariance matrix can
be verified by simply plugging them back into their respective ODEs; see App. 2.4.7.1.

With the above derivations, we can find analytical expressions for the perturbation ker-
nel p(uy|-). For example, when conditioning on initial data and velocity samples xq and
vy (as in denoising score matching (DSM)), the mean and covariance matrix of the per-
turbation kernel p(u;|ug) can be obtained by setting pg = (xo, vo) ", 35 = 0, and Xg° = 0.

In our experiments, the initial velocity distribution is set to N (04, vMI;). Conditioning
only on initial data samples xy and marginalizing over the full initial velocity distribution
(as in our hybrid score matching (HSM), see Sec. 2.4.3), the mean and covariance matrix
of the perturbation kernel p(u;|xg) can be obtained by setting gy = (xg,04)", X&% = 0,
and Xg" =y M.

2.4.2.2 Convergence and Equilibrium
Our CLD-based training of SGMs—as well as denoising diffusion models more generally—

relies on the fact that the diffusion converges towards an analytically tractable equilibrium
distribution for sufficiently large ¢. In fact, from the above equations we can easily see
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that,

Jim 57 =1, (2.37)
lim X% = 0, (2.38)
t—o00
F2
Jim % = - = M, (2.39)
lim gy = 09, (2.40)
t—o0

which establishes prq(u) = N (x; 04, 1) N'(v; 04, M 1,).

Notice that our CLD is an instantiation of the more general Langevin dynamics defined by

dx; M~ tv, 0 0
(dvt> N (vXt lOg ppot(xt)> Bdt + <—F]\;_1Vt> Bdt . (m) th. (241)

which has the equilibrium distribution prq(u) = ppot(x) N (v; 04, M1;) [166, 277]. How-
ever, the perturbation kernel of this Langevin dynamics is not available analytically any-
more for arbitrary ppoi(x). In our case, however, we have the analytically tractable
Ppot(X) = N (x;04,I;). Note that this corresponds to the classical “harmonic oscillator”
problem from physics.

2.4.2.3 CLD Objective

To derive the objective for training CLD-based SGMs, we start with a derivation that
targets maximum likelihood training in a similar fashion to Song et al. [262]. Let py and
qo be two densities, then

Dxr(po || 90) = Dxr.(po || 20) — Dxw(pr || ¢r) + Dxw(pr || ¢r)

oD (2.42)
= - [ PP ar s Do 1 o)
0

where p; and ¢; are the marginal densities of pg and qq, respectively, diffused by our
critically-damped Langevin diffusion. As has been shown in Song et al. [262], Eq. (2.42)
can be written as a mixture (over t) of score matching losses. To this end, let us consider
the Fokker—Planck equation associated with the critically-damped Langevin diffusion:

Iplw) _ g 3 (GHGH)T ® Iy) Vipe(ay) — pe(uy) (f (1) @ To)uy

ot
=V - [hp(ug, O)pe(a)],  hy(w,t) = % (G(t)G(t)T ® Id) Vau, logpi(uy) — (f(t) @ Iy)uy.
(2.43)
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Similarly, we have % = Vu, - [hy(us, t)g(uy)]. Assuming log pi(u;) and log ¢;(u;) are
smooth functions with at most polynomial growth at infinity, we have

lim h,(u, t)pi(uy) = u{i_r)nOO h,(u, t)g () = 0. (2.44)

u—0o0

Using the above fact, we can compute the time-derivative of the Kullback—Leibler diver-
gence between p; and ¢; as

oD 0
ku(pe [l @) _ —/pt(ut)log pe(ay) du,

ot ot gi(uy)
= - /pt<ut) [hy(w, t) — hy(uy, t)]T [V, log pi(u;) — Vi, log g:(u;)] duy
= —% /pt(llt) [V, log pe(uy) — Vy, log Qt(ut)]T (G(t)G(t)T ® Id) [V, log pi(uy)

— Vu, log ¢:(uy)] du,
_ 3T / p() ]|V, log pr(ur) — Vs, log go(u,)|2 duy.
(2.45)

Notice that due to the form of G(t), we now have only gradients with respect to the velocity
component v;. Combining the above with Eq. (2.42), we have

Dt (9o || @0) = Evmafo ) uempe(w) [LBE)| Vv, log pi(ws) — Vy, log ¢:(w)|3] + Dxw(pr || ar)

~ IElt~Z/I[O,T],ut~pt(U) [Fﬁ@)nvw log p¢(w;) — Vy, log ¢ (uy) ”;] )
(2.46)

Note that the approximation holds if py is sufficiently “close” to qr. We obtain a more
general objective function by replacing I'3(¢) with an arbitrary function A(¢), i.e.,

Etsfo,7)ui~pe(u) [MO)| Vv, Jog pe(us) = Y, log g: (wy)]I3] (2.47)

As shown in App. 2.4.3, the above can be rewritten, up to irrelevant constant terms, as
either of the following two objectives:
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For both HSM and DSM, we have shown in App. 2.4.2.1 that the perturbation kernels
pe(u | x0) and py(uy | ug) are Normal distributions with the following structure of the
covariance matrix:

E:C;B EZ”U
=N el zz(fw t) 2.50
t t d t Et Et ( )

We can use this fact to compute the gradient Vy, log p;(u; | -)

Vu logpi(u; | ) = —Vut%(ut — )3 (we — )

= —2;1(ut — [Lt> (2 51)
=Ly "L (u — ) '
= _Lt_T€2d7

where €39 ~ N(0, I;) and ¥; = L,L/ is the Cholesky factorization of the covariance
matrix ;. Note that the structure of X; implies that L; = L; ® I;, where LtLtT is the
Cholesky factorization of ¥, i.e,

L (Li” Lf”) Vi . (2.52)
= v VU = Etzv thzzgv_(ztzv)2 * *
! Lt Lt

o =

Furthermore, we have
L;"=L "I,
ZCL’JE EfU
v VI

-1

- TSV __ zv\2 ® Id
0 % (2.53)
1 x5y

_ \/? \/@\/Ef’;ﬁg—(vaf o1,

srryvy_(5rv)?
Using the above, we can compute

vvt logpt(ut | ) - [v‘lt logpt<ut | ')]d:Zd
e 254)

= —li€4:24,
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where

D
gt = AN : zv)2’ (255)
Et Et - (Et )

and €404 denotes those (latter) d components of €y, that actually affect V, log p:(uy-) .

Note that ¢, depends on the conditioning in the perturbation kernel, and therefore ¢,
is different for DSM, which is based on p(u, | ug), and HSM, which is based on p(u; | xo).
Therefore, we will henceforth refer to /M and ¢(PSM if distinction of the two cases is nec-
essary (otherwise we will simply refer to ¢; for both).

As discussed in Section 2.3.3.2, we model Vy, log ¢:(u;) as sg(u;,t) = —lag(uy, t). Plug-
ging everything back into our objective functions, Eq. (2.48) and Eq. (2.49), we obtain

2

HSM()‘(t)) = EtNU[O,T],X0~p0(xo)7ut~pt(utIXo) [)‘(t) (E?SM) HEd:Qd - ae(utvt)Hg] ) (256)
2

DSM(A(2)) = Etiso,77,u0~po (w0) ue~pr (ui]uo) [A(t) (7™M [l €aza — Oée(utat)Hg] , (2.57)

where u; is sampled via reparameterization:

— _ Li*€p.a
Uy = [y + Lte = Mt + <L?U€0:d + Lfved:2d> . (258)

Note again that L; is different for HSM and DSM.

Analogously to prior work [109, , | an objective better suited for high quality image
synthesis can be obtained by “dropping the variance prefactor”:

—2
HSM (A(t) = (¢"M) ) = Eotd[0,7)x0p0 (x0)uempe (e o) || €a:2d — o (s, B)[l3] . (2-59)

2
DSM (/\(t) = (™) ) = Eontd[0,7),u0p0 (o) s ~pe (wsluo) ||| €20 — o (s, B)[[5] . (2.60)

2.4.2.4 CLD-specific Implementation Details
Analytically, /M is bounded (in particular, £45M = 1/\/yM), whereas (M is diverging

for t — 0. In practice, however, we found that computation of /M can also be numerically
unstable, even when using double precision. As is common practice for computing Cholesky
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Figure 2.6: Comparison of /"M (in green) and ¢PM (in ) for our main hyperpa-

rameter setting with M = 0.25 and v = 0.04. In contrast to (PSM (HSM g analytically
bounded. Nevertheless, numerical computation can be unstable (even when using double
precision) in which case adding a numerical stabilization of €,,, = 1079 to the covariance
matrix before computing ¢; suffices to make HSM work (see App. 2.4.2.4).
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decompositions, we add a numerical stabilization matrix €,,wJoq to 3; before computing
¢;. In Fig. 2.6, we visualize /5™ and (PSM for different values of €., using our main
experimental setup of M = 0.25 and v = 0.04 (also, recall that in practice we have T' = 1).
Note that a very small numerical stabilization of €,um = 107 in combination with the use
of double precision makes HSM work in practice.

2.4.2.5 Lower Bounds and Probability Flow ODE

Given the score model sg(uy, t), we can synthesize novel samples via simulating the reverse-
time diffusion SDE, Eq. (2.5) in the main text. This can be achieved, for example, via
our novel SSCS, Euler-Maruyama, or methods such as GGF [131]. However, [262, 263]
have shown that a corresponding ordinary differential equation can be defined that gener-
ates samples from the same distribution, in case sg(uy,t) models the ground truth scores
perfectly. This ODE is:

1
dﬁt = —f(ﬁt, T — t) + §G(ﬁt, T — t)G(ﬁt, T — t)TVﬁt 1ngT—t(ﬁt> dt (261)

This ODE is often referred to as the probability low ODE. We can use it to generate novel
data by sampling the prior and solving this ODE, like previous works [263]. Note that
in practice sg(uy,t) won’t be a perfect model, though, such that the generative models
defined by simulating the reverse-time SDE and the probability flow ODE are not exactly
equivalent [262]. Nevertheless, they are very closely connected and it has been shown that
their performance is usually very similar or almost the same, when we have learnt a good
sg(uy,t). In addition to sampling the generative SDE in our paper, we also sample from
our CLD-based SGMs via this probability flow approach.

With the definition of our CLD, the ODE becomes:

d)_(t o —M_l‘_/'t Od
(dvt) N ( X ) pdi + (F [s(u;, T —t) + M~'v] pdi (2.62)
A, 5

Notice the interesting form of this probability flow ODE for CLD: It corresponds to Hamil-
tonian dynamics (A%;) plus the score function term S’. Compared to the generative SDE
(Sec. 2.3.3.3), the Ornstein-Uhlenbeck term disappears. Generally, symplectic integrators
are best suited for integrating Hamiltonian systems [167, , ]. However, our ODE is
not perfectly Hamiltonian, due to the score term, and modern non-symplectic methods,
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such as the higher-order adaptive-step size Runge-Kutta 4(5) ODE integrator [77], which
we use in practice to solve the probability low ODE, can also accurately simulate Hamil-
tonian systems over limited time horizons.

Importantly, the ODE formulation also allows us to estimate the log-likelihood of given
test data, as it essentially defines a continuous Normalizing flow [50, |, that we can
easily run in either direction. However, in CLD the input into this ODE is not just the
data xg, but also the velocity variable v(. In this case, we can still calculate a lower bound
on the log-likelihood:

log p(xo) — log ( / p(xo,vo)dvo)
= log (/p(vo)mdvo> (2.63)

p(vo)
> Evymp(vo) [log p(x0, Vo) — log p(vo)]
= IEvowp(vo) [log p(X(J; VO)] + H(p(VO))

where H(p(vy)) denotes the entropy of p(vo) (we have H(p(vo)) = 3 log (2mreyM)). We can
obtain a stochastic, but unbiased estimate of log p(xg, vo) ~ log p.(xq, Vo) via solving the
probability flow ODE with initial conditions (xg, vg) and calculating a stochastic estimate
of the log-determinant of the Jacobian via Hutchinson’s trace estimator (and also calculat-
ing the probability of the output under the prior), as done in Normalizing flows [50, 100]
and previous works on SGMs [262, |. In the main paper, we report the negative of

Eq. (2.63) as our upper bound on the negative log-likelihood (NLL).

Note that this bound can be potentially quite loose. In principle, it would be desirable
to perform an importance-weighted estimation of the log-likelihood, as in importance-
weighted autoencoders [33], using multiple samples from the velocity distribution. How-
ever, this isn’t possible, as we only have access to a stochastic estimate log p.(xg, vo). The
problems arising from this are discussed in detail in Appendix F of Vahdat et al. [230]. We
could consider training a velocity encoder network, somewhat similar to [17], to improve
our bound, but we leave this for future research.

2.4.2.6 On Introducing a Hamiltonian Component into the Diffusion

Here, we provide additional high-level intuitions and motivations about adding the Hamil-
tonian component to the diffusion process, as is done in our CLD.
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Let us recall how the data distribution evolves in the forward diffusion process of SGMs:
The role of the diffusion is to bring the initial non-equilibrium state quickly towards the
equilibrium or prior distribution. Suppose for a moment, we could do so with “pure”
Hamiltonian dynamics (no noise injection). In that case, we could generate data from the
backward model without learning a score or neural network at all, because Hamiltonian
dynamics is analytically invertible (flipping the sign of the velocity, we can just integrate
backwards in reverse time direction). Now, this is not possible in practice, since Hamilto-
nian dynamics alone usually cannot convert the non-equilibrium distribution to the prior
distribution. Nevertheless, Hamiltonian dynamics essentially achieves a certain amount of
mixing on its own; moreover, since it is deterministic and analytically invertible, this mix-
ing comes at no cost in the sense that we do not have to learn a complex score function to
invert the Hamiltonian dynamics. Our thought experiment shows that we should strive for
a diffusion process that behaves as deterministically (meaning that deterministic implies
easily invertible) as possible with as little noise injection as possible. And this is exactly
what is achieved by adding the Hamiltonian component in the overall diffusion process.
In fact, recall that it is the diffusion coefficient G of the forward SDE that ultimately
scales the score function term of the backward generative SDE (and it is the score function
that is hard to approximate with complex neural nets). Therefore, in other words, relying
more on a deterministic Hamiltonian component for enhanced mixing (mixing just like in
MCMC in that it brings us quickly towards the target distribution, in our case the prior)
and less on pure noise injection will lead to a nicer generative SDE that relies less on
a score function that requires complex and approximate neural network-based modeling,
but more on a simple and analytical Hamiltonian component. Such an SDE could then
be solved easier with an appropriate integrator (like our SSCS). In the end, we believe
that this is the reason why our networks are “smoother” and why given the same network
capacity and limited compute budgets we essentially outperform all previous results in the
literature (on CIFAR-10).

We would also like to offer a second perspective, inspired by the Markov chain Monte
Carlo (MCMC) literature. In MCMC, “mixing” helps to quickly traverse the high proba-
bility parts of the target distribution and, if an MCMC chain is initialized far from the high
probability manifold, to quickly converge to this manifold. However, this is precisely the
situation we are in with the forward diffusion process of SGMs: The system is initialized
in a far-from-equilibrium state (the data distribution) and we need to traverse the space as
efficiently as possible to converge to the equilibrium distribution, this is, the prior. Without
efficient mixing, it takes longer to converge to the prior, which also implies a longer gen-
eration path in the reverse direction—which intuitively corresponds to a harder problem.
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Therefore, we believe that ideas from the MCMC literature that accelerate mixing and
traversal of state space may be beneficial also for the diffusions in SGMs. In fact, leverag-
ing Hamiltonian dynamics to accelerate sampling is popular in the MCMC field [209]. Note
that this line of reasoning extends to thermostating techniques from statistical mechanics
and molecular dynamics, which essentially tackle similar problems like MCMC methods
from the statistics literature (see discussion in Sec. 2.3.4).

2.4.3 HSM: Hybrid Score Matching
We begin by recalling our objective function from App. 2.4.2.3 (Eq. (2.47)):

EtNU[O,T] |:/\<t>Eut~pt(u) [vat 10gpt<ut) - Sg(llt, t) ||§H ) (264)

where sg(u,t) is our score model. In the following, we dissect the “score matching” part
of the above objective:

ESM = EutNPt(ut) [vat logpt(ut) - Se(ut> t)Hg}

; (2.65)

= Euinpuun llso(ue, 1), — 25(8) + Ca(t).
where Co(t) = Eypupi(u) [V, logpt(ut)H;] and S(0) is the cross term discussed below.
Following Vincent [282], we can rewrite Lgy as an equivalent (up to addition of a time-
dependent constant) denoising score matching objective Lpgy:

EDSM = Euowp(uo),utwpt(uduo) ||Vvt 1ngt(ut ‘ uO) - So(ut, t) Hg

= Lgum + C3(t) — Co(2), (2.66)

where C5(t) = Euyp(uo),us~pe(ucfuo) || Ve log pe(uy | u0)||§}. Something that might not nec-
essarily be quite obvious is that there is no fundamental need to “denoise” with the dis-
tribution p(ug) (this is, use samples from the joint x-vq distribution p(ug), perturb them,
and learn the score for denoising).

Instead, we can “denoise” only with the data distribution p(x¢) and marginalize over
the entire initial velocity distribution p(vg), which results in

2
»CHSM = ]Exowp(xo),utwpt(uﬂxo) ”Vvt IOgPt(ut | XO) - Se(ut, t)”g

= Eusropa (o) 156 (Wi, )15 = 2Bscgmp(xo) mempe e o) (Ve 108 pi (s | X0), s9(ws, )] + Ca(8),
(2.67)
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where Cy(t) = Exgmp(xo)usmpe(uelxo) | Ve log pe(uy | xo)|| } and (-, -) donates the inner prod-
uct (notation chosen to be consistent with Vincent [282]). In our case, this makes sense
since p(vp) is Normal, and therefore (as shown in App 2.4.2.1), the perturbation kernel
pe(ug | Xo) is still Normal.

In the following, for completeness, we redo the derivation of Vincent [282] and show that
Lsn is equivalent to Lysy (up to addition of a constant). Starting from S(@), we have

S<0> = Eut’\‘pt(ut) <Vvt 1ngt(ut)7 Sg(llt, t)>
- / pr(u) (V. log pi(w,), sp(uy, 1)) duy

viDe(r), se(uy, 1)) duy

[
<vw pu(tts | %o)polo) o ot >> du, (2.68)

I
——
T~

/ pt Uy ‘ Xo po(Xo)Vvt logpt(ut ‘ Xo) dxy, Se(lltyt)> duy

/ | i oofs) (9, o | ). 5ot ) i
= Exgopo (o) umpueixo) (Vv Jog pe(ur | xo), so(uy, 1))]
Hence, we have that
Lyusm = Lsm + Cu(t) — Co(t). (2.69)
This further implies that
Lusm = Lpsm + Cy(t) — Cs(t). (2.70)

Using the analysis from App 2.4.2.1, we realize that C3; and Cj can be simplified to
d (E?SM)Q and d (EfSM)Q, respectively. Here, we used the fact that the expected squared
norm of a multivariate standard Normal random variable is equal to its dimension, i.e.,
Es~/\/(0d,1d)||5||§ = d. This analysis then simplifies Eq. (2.70) to

Lusv = Lpsw +d ( (eP5M)? — (étHSM)2> : (2.71)
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Using this relation, we can also find a connection between our CLD objective functions
from App. 2.4.2.3. In particular, we have

HSM(A(t)) = Eegsor) [M(t) Lusn]
= Eiupo,r) [A?) Losu] + dEyiyo,) [A(t) <(£ESM>2 - (KESMVH o (2.72)
= DSM(A(t)) + d Eygipo.ry [A(t) ((e?SMf - (@*SM)Q)} .

2.4.3.1 Gradient Variance Reduction via HSM

Above, we derived that Lysy = Lpsm + const, so one might wonder why we advocate
for HSM over DSM. As discussed in Sec. 2.3.3.2, one advantage of HSM is that it avoids
unbounded scores at ¢ — 0. However, there is a second advantage: In practice, we never
solve expectations analytically but rather approximate them using Monte Carlo estimates.
In the remainder of this section, we will show that in practice (Monte Carlo) gradients
based on HSM have lower variance than those based on DSM.

From Eq. (2.72), we have

VoHSM(A(t)) = Eripo,r) [Mt) Vo Lusu]
= Ko7 A(t)VeLpsm], (2.73)

where 0 are the learnable parameters of the neural network. Instead of comparing the above
expectations directly, we instead compare \(t)VgLusy with A(¢)VeLpgu for t € [0, 1] (we
use 7' = 1 in all experiments) at discretized time values (as is done in practice). Replacing
Lyusm and Lpgy with a single Monte Carlo estimate (as is used in practice), we have

A(t)VoLusm ~ At)Voss(Ur, t) Vs, | Vv, log pe(ue | x0) — so(us, 1), (2.74)
Xo ~ P(XO), u; ~ pt(ut | X0)7
At)VoLpsm ~ M) Vess (s, 1)V, un | Vv, log pe(ue | uo) — se(uy, )3, (2.75)

Ug ~ p(uo)ﬂlt ~ pt(ut | 110),

where we applied the chain-rule. Note that in Eq. (2.74) and Eq. (2.75), u; is sampled
from the same distribution. Hence, \(¢)Vgsg(uy,t) acts as a common scaling factor, with
the variance difference between HSM and DSM originating from the squared norm term.
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Hence, we ignore A\(t)Vgsy(uy, t) and only focus our analysis on the gradient of the norm
terms, which we can further simplify:

|V, log pe(uy | xo) — Se(uut)Hg = sg(ug,t) — Vy, logp(us | x0) = Kusm,
(2.76)

1
§V89 (ut,t)

and

1
§V59(ut,t)”vvt log p:(u; | Wo) — se(uy, )||5 = se(us, ) — Vy, log pe(u; | up) = Kpsw-
(2.77)

We explore this difference in a realistic setup; in particular, we evaluate Kugy and Kpsu
for all data points in the CIFAR-10 training set. We choose sg to be our trained ablation
CLD model (with the standard setup of M~' = 3 = 4, see Sec. 2.4.5.2.1 for model de-
tails). We then use these samples to compute the empirical covariance matrices Covygy
and Covpgy of the random variables Kpgy and Kpgy, respectively.

As is common practice in statistics, we consider only the trace of the estimated covariance
matrices. The trace of the covariance matrix (of a random variable) is also commonly
referred to as the total variation (of a random variable).

We visualize our results in Fig. 2.7. For HSM, there is barely any visual difference in
Tr(Cov) for v = 0.04 and v = 1. For DSM, both v = 0.04 and v = 1 result in very large
Tr(Cov) values for small t. For large ¢, Tr(Cov) is considerably smaller for 4 = 0.04 than
for v = 1. However, in practice, we found that DSM is even unstable for small v. Given
this analysis, we believe this is due to the large gradient variance for small ¢. In conclusion,
these results demonstrate a clear variance reduction by the HSM objective, in particular
for large v. Ultimately, this is expected: In HSM, we are effectively integrating out the
initial velocity distribution when estimating gradients, while in DSM we use noisy samples
for the initial velocity.

Note that re-introducing A(t) weightings would allow us to scale the Tr(Cov) curves ac-
cording to the “reweighted” objective or the maximum likelihood objective. However, we
believe it is most instructive to directly analyze the gradient of the relevant norm term
itself.

4Arguably, the most prominent algorithm that follows this practice is principal component analy-

sis (PCA).
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Figure 2.7: Traces of the estimated covariance matrices.

2.4.4 Symmetric Splitting CLD Sampler (SSCS)

In this section, we present a more complete derivation and analysis of our novel Symmetric
Splitting CLD Sampler (SSCS).

2.4.4.1 Background

Our derivation is inspired by methods from the statistical mechanics and molecular dy-
namics literature. In particular, we are leveraging symmetric splitting techniques as well
as (Fokker—Planck) operator concepts. The high-level idea of symmetric splitting as well
as the operator formalism are well-explained in [277], in particular in their Section 3.10,
which includes simple examples. Symmetric splitting methods for stochastic dynamics in
particular are discussed in detail in Leimkuhler and Matthews [166]. We also recommend
Leimkuhler and Matthews [165], which discusses splitting methods for Langevin dynamics
in a concise but insightful manner.
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2.4.4.2 Derivation and Analysis

Generative SDE. From Sec. 2.3.3.3, recall that our generative SDE can be written as
(with @, = up_y, Xy = Xp_¢, Vi = Vp_y):

dx B M~ Od Od Od
<dvz> a < Xt > gt <_FM1Vt> pt+ (\/mdw) i (QF [s(, T — 1) + MlVf]) gt

Ag Ao S

(2.78)

Fokker—Planck Equation and Fokker—Planck Operators. The evolution of the prob-
ability distribution pr_(1;) is described by the general Fokker—Planck equation [247]:

2d 2d

0 (m _
pT d t = Z B Mz u, T pT t U—t +ZZIJZI 8u13u z] Ut7T— t>pT—t<ut)]7
(2.79)
with
_ . —M_lvt 04 04
“(uhT - t) - ( X ) B + (_FM1Vt> ﬁ + (QF [S(ﬁt,T _ t) + Mflvt] ﬁ? (280)
_ 0 O
D(u, T —1t) = (0 Fﬁ) ® 1. (2.81)
For our SDE, we can write the Fokker—Planck equation in short form as
Opr—(u A% Ak —
pTa—ZL(t) = (LA+LG)pr—e(y), (2.82)

with the Fokker—Planck operators (defined via their action on functions of the variables

o(uy)):
Liyo(0y) = M9V, ¢(W;) — B% Vs, d(0;) + TBM Vs, [Vig(,)] + TBA, ¢(y),

Cso(ty) := =208V, [(s(uy, T — t) + M~'v¢) ¢(uy)] (2.84)

e o2
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We are providing these formulas for transparency and completeness. We do not directly
leverage them. However, working with these operators can be convenient. In particular,
the operators describe the time evolution of states u; under the stochastic dynamics defined

by the SDE. Given an initial state ty, we can construct a formal solution to the generative
SDE via [166, 277]:

a, = e!(£a+Es) g, (2.86)
where the operator e (£4+£5) 55 known as the classical propagator that propagates states
1y for time ¢ according to the dynamics defined by the combined Fokker—Planck operators
EAZ +ﬁ§ (to avoid confusion, note that in Eq. (2.86) the operator et(£a+L5) i applied on 1,
in an element-wise or “vectorized” fashion on all elements of uy in parallel). The problem

with that expression is that we cannot analytically evaluate it. However, we can leverage
it to design an integration method.

Symmetric Splitting Integration. Using the symmetric Trotter theorem or Strang
splitting formula as well as the Baker-Campbell-Hausdorff formula [266, , |, it can
be shown that:

N N A A 1IN 5 A A 1IN
* * . Ot px * Ot Ax Ot Ax * Ot px
e EatEs) — lim |e2F a6’ 5e LA] =~ [e 2LaefEse2 LAl 4 O(NGEY), (2.87)

for large N € NT and time step 0t := t/N. The expression suggests that instead of di-
rectly evaluating the intractable et(@\*ﬁg), we can discretize the dynamics over ¢ into IV
pieces of step size dt, such that we only need to apply the individual e L4 and %5 many
times one after another for small time steps dt. A finer discretization implies a smaller
error (since N=t/dt the error effectively scales as O(dt?) for fixed t). Hence, this implies
an integration method. The general idea of such splitting schemes is to split an initially
intractable propagator into separate terms, each of which is analytically tractable. In that
case, the overall integration error for many steps is only due to the splitting scheme error,’
but not due to the evaluation of the individual updates. Such techniques are, for example,

popular in molecular dynamics to develop symplectic integrators as well as accurate sam-
plers [34, , , , ].

Analyzing the Splitting Terms. Next, we need to analyze the two individual terms:

5In principle, the error of the splitting scheme is defined more specifically by the commutator of the non-
commuting Fokker—Planck operators. See, for example Leimkuhler and Matthews [165, ], Tuckerman

[277].
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(i) Let us first analyze e Lhm,: This term describes the stochastic evolution of @, un-
der the dynamics of an SDE like Eq. (2.78), but with S set to zero. However, if S is
set to zero, the remaining SDE has affine drift and diffusion coefficients. In that case, if
the input is Normal (or a discrete state corresponding to a Normal with 0 variance) then
the distribution is Normal at all times and we can calculate the evolution analytically. In
particular, we can solve the differential equations for the mean ,11% and covariance ¥ 5t of

the Normal (see Sec. 2.4.2.1), and obtain

_ _ 26%F_1}2t — 45%11_2\7} + Xy _26QF71
¢ = _ _ _ 2.88
) = (P N e (289
as well as
2% = S% ® Iy, (289)
3 5 By st
Yy = (iz?y ) e (2.90)
T %
_ i 5t AN
W MBI 4p5 T -8 (65> r, (2.91)
_ A
S=—4p=) I'", (2.92)
z 2
— ? 438t -1 ot ot 2
vv o T BET . it n i
%—4<e : 1>+62P 2(52> . (2.93)

The correctness of the proposed mean and covariance matrix can be verified by simply
plugging them back in their respective ODEs; see App. 2.4.7.2.

L

Now, we can write the action of the the propagator ¢34 on a state 1, as:

e%ﬁ‘zﬁt ~ N<ﬁt+%; ﬂ%(ﬁt)v 2 t)' (294>

|

otL

(ii): Next, we need to analyze e’*“su;. Unfortunately, we cannot calculate the action

of the propagator e’**s on i, analytically and we need to make an approximation. From

Eq. (2.78), we can easily see that the propagator eMLs describes the evolution of the ve-
locity component v; for time step §t under the ODE (this can be easily seen by noticing
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that the S term in Eq. (2.78) only acts on the velocity component of the joint state u):
dv, = 20T [s(,, T — t) + M~'v,] dt. (2.95)

We propose to simply solve this ODE for the step dt via a simple step of Euler’s method,
resulting in:

Gétﬁ*sﬁt ~u; + ot ( Od

_ _ O(5t?
26T [s(a, T —t) + M—lvt}) o0 (2.96)
= ML, + O(5t2),

with the informal definition

5tﬁ*Eulcr_ = Od
sty =y + Ot (25F s(iy, T— 1) + le]) : (2.97)

Error Analysis. It is now instructive to study the overall error of our proposed inte-
grator. With the additional Euler integration in one of the splitting terms, we have

. N r N K < 1N
MEATEY) o [ %L (eﬁt%E“m +0(5t2)) e%‘ﬂ +O(Not)
o X . 1N
_ (%L (gtﬁ*ﬁ“kj e%ziz} + NO(®5t?) (2.98)

r N N Y
Ot fx * BEuler ot Ax
) <@5tﬁs > e ‘CA:| + O(dt),

where we used N = % and only kept the dominating error terms of lowest order in dt. We
see that, just like Euler’s method, also our SSCS is a first-order integrator with local error
~dt? and global error ~dt, which can be also seen from the last two lines of Eq. (2.98).
This is expected, considering that we used an Euler step for the S term. Nevertheless,
as long as the dynamics is not dominated by the S component, our proposed integration
scheme is still expected to be more accurate than EM, since we split off the analytically
tractable part and only use an Euler approximation for the S term.

To this end, recall that the model only needs to learn the score of the conditional dis-
tribution p;(v|x;), which is close to Normal for much of the diffusion, in which case the
S term will indeed be small. This suggests that the generative SDE dynamics are in fact
dominated by Ay and Ao in practice. From another perspective, note that (recalling that
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(a) Euler-Maruyama Euler-based Approximation

|
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Figure 2.8: Conceptual visualization of our new SSCS sampler and comparison to Euler-
Maruyama (for image synthesis): (a) In EM-based sampling, in each integration step
the entire SDE is integrated using an Euler-based approximation. This can be formally

expressed as solving the full-step propagator exp{ét(ﬁz + Eg)} via Euler-based approxi-

mation for N small steps of size dt (see red steps; for simplicity, this visualization assumes
constant dt). (b): In contrast, in our SSCS the propagator is partitioned into an ana-

lytically tractable component exp{%ﬁjﬁl} (blue) and the score model term exp{étﬁg}

(brown). Only the latter requires numerical approximation, which results in an overall
more accurate integration scheme.
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se(uy,t) = —lrag(uy, t) with ag(uy, t) = £, v, /3% + ajy(uy, t) from Sec. 2.3.3.2):

Vi

S(ﬁt,T — t) + M_l‘_’t = —étale(ut,t) — EUU + M_l\_/t
R (2.99)
/ _
= —ftozg(ut,t) + V¢ (M — E%’U) .

For large parts of the diffusion, 29" is indeed close to M, such that the v; term is very small
(this cancellation is the reason why we pulled the M ~'v; term into the S component). In
Sec. 2.3.3, we have also seen that our neural network component ap(uy,t) can be much
smoother than that of previous SGMs. Overall, this suggests that the error of SSCS indeed
might be smaller than the error we would obtain when applying a naive Euler—-Maruyama
integrator to the full generative SDE. Our positive experimental results in Sec. 2.3.5.2 val-
idate that. Only in the limit for very small steps, both our SSCS and EM make only very
small errors and are expected to perform equally well, which is exactly what we observe in
our experiments. Our SSCS turns out to be well-suited for integrating the generative SDE
of CLD-SGMs with relatively few synthesis steps.

Note that error analysis of stochastic differential equation solvers is usually performed
in terms of weak and strong convergence [151]. Due to the use of Euler’s method for the
S component, as argued above, we expect our SSCS to formally have the same weak and
strong convergence properties like EM, this is, weak convergence of order 1 and strong
convergence of order 1 as well, since the noise is additive in our case (and assuming appro-
priate smoothness conditions for the drift and diffusion coefficients; furthermore, without
additive noise, we would have strong convergence of order 0.5). We leave a more detailed
analysis to future work.

In practice, we do not use SSCS to integrate all the way from ¢t=0 to t=T', but only
up to t=T — €, and perform a denoising step, similar to previous works [131, |. It is
worth noting that our SSCS scheme would also be applicable when we used time-dependent
B(t), as in our more general derivation of the CLD perturbation kernel in App. 2.4.2. How-
ever, since we only used constant § in the main paper, we also presented SSCS in that way.

A promising direction for future work would be to extend SSCS to adaptive step sizes
and to use techniques to facilitate higher-order integration, while still leveraging the ad-

vantages of SSCS.

SSCS Algorithm. Finally, we summarize SSCS in terms of a concise algorithm:
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Algorithm 1 Symmetric Splitting CLD Sampler (SSCS)

Input: Score function sg(ti, 7' — t), CLD parameters I', 3, M = I'2/4, number of sampling
steps N, step sizes {dt,, > 0 7]:[:_01 chosen such that e :=1T — 27];[:_01 0ty > 0 (stepsizes can vary,
for example in QS).

Output: Synthesized model sample X'y, along with a velocity sample v .

X0 ~ N (%0504, 1), vo ~ N (vo; 04, M 1), Gy = (X0, Vo) > Draw initial prior samples from
peq ()
t=0 > Initialize time
forn=0to N —-1do R
U, 1~ j\/'(ﬁnJr% ; ﬁ&Tn (1), E&Tn) > First half-step: apply eXp{&T"K*A} on u,
ﬁ;ﬂr% —u, Sty <2BF (i, T(idt) N M_l\_ft]> > Full step: apply exp{étnﬁ’g} onu, 1
U1 ~ N(Upr; ﬁ%(ﬁ;wr%)’ S&Tn) > Second half-step: apply exp{‘%T”[',*A} on ﬁ:H—%
t < t+ oty > Update time
end for - 0
uly —uy —e€ (<—05 —§5M1> ® Id> ay + e <2ﬂFs(Ci1t, e)) > Denoising
(X, Vy) =ty > Extract output data and velocity samples

Note that the algorithm uses the expressions in Eqgs. (2.88) and (2.89) for f1, and 3.
Furthermore, in practice in the denoising step at the end, we usually only update the X'y
component of Wy, since we are only interested in the data sample. This saves us the fi-
nal neural network call during denoising, which only affects the v/, component (also see
App. 2.4.5.2.4). However, we wrote the algorithm in the general way, which also allows to
correctly generate the velocity sample v/y. In Fig. 2.8, we show a conceptual visualization
of our SSCS and contrast it to EM.

Also note that we could combine the second half-step from one iteration of SSCS with
the first half-step from the next iteration of SSCS. This is commonly done in the Leapfrog
integrator [166, , , ],5 which follows a similar structure as our SSCS. However, it
is not important in our case, as the only computationally costly operation is in the center
full step, which involves the neural network evaluation. The first and last half-steps come
at virtually no computational cost.

8The Leapfrog integrator corresponds to the velocity Verlet integrator in molecular dynamics.
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Figure 2.9: Toy experiments for mixture of Normals dataset.

2.4.5 Implementation and Experiment Details

2.4.5.1 Score and Jacobian Experiments

In this section, we provide details for the experiments presented in Sec. 2.3.3.1. For both
experiments, we consider a two-dimensional simple mixture of Normals of the form

Paata(X) = Y ép(k) (x), (2.100)

k=1

where p® (x) = N (x; py; 0.04°T,) and
(3 e () ()
m—(i%) Hs (8) Ho (%)
O S A )

1
and a = 27 2. The choice of this data distribution is not arbitrary. In fact, mixture of
Normal distributions are diffused by simply diffusing the components, i.e., setting pg(xg) =
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Pdata(X), we have

pe(xe) =Y épﬁk) (), (2.101)

k=1

where pﬁk) are the diffused components (analogously for CLD with velocity augmentation).

This means that for both CLD as well as VPSDE [263] we can diffuse pgata(x) with analyt-
ical access to the diffused marginal p;(x;) or p;(u;). This allows us to perform interesting
analyses that would be impossible when working, for example, with image data. We visu-
alize the data distribution in Fig. 2.10.

Score experiment: We empirically verify the reduced complexity of the score of p;(v;|x;),
which is learned in CLD, compared to the score of p;(x;), which is learned in VPSDE. To
avoid scaling issues between VPSDE and CLD, we chose M =+ = 1 for CLD in this exper-
iment; this results in an equilibrium distribution of A/(0y, I3) (for both data and velocity
components, which are independent at equilibrium), which is the same as the equilibrium
distribution of the VPSDE. We then measure the difference of the respective scores at time
t and the equilibrium (or prior) scores, i.e. (recall that the score of a Normal distribution
p(x) = N(0, I) is simply Vi log p(x) = —x),

€VPSDE(t) = Extwp(xt) ||vxt Ingt(Xt) + XtHz: (2102)
€D (1) = By ey | Vo Lo (v | 30) + vl (2.103)

The expectations are approximated using 105 samples from p(x;) and p(u;) for VPSDE
and CLD, respectively. As can be seen in Fig. 2.9a, (TP (t) is smaller than ¢VPSPE(#) for
all t € [0, T]. The difference is particularly striking for small time values ¢. Other previous
SDEs, such as the VESDE, sub-VPSDE, etc., are expected to behave similarly. This result
implies that the ground truth scores that need to be learnt in CLD are closer to Normal
scores than the ground truth scores in previous SDEs like the VPSDE. Since the score of a
Normal is very simple—and indeed directly leveraged in our mixed score formulation—we
would intuitively expect that the CLD training task is easier.

Complexity experiment: Therefore, to understand the above observations in terms
of learning neural networks, we train a small ResNet architecture (less than 100k parame-
ters) for each of the following four setups: both CLD and VPSDE each with and without a
mixed score parameterization. The mixed score of the VPSDE simply assumes a standard
Normal data distribution (which is also the equilibrium distribution of VPSDE) resulting
in adding —x; to the score function. Formally, —x; is the score of a Normal distribution
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Figure 2.10: Mixture of Normals: data and trained models (samples).

with unit variance.

We train the models for 1M iterations using fresh data synthesized from pg.in at a batch
size of 512. The model and data distributions are visualized in Fig. 2.10. We see that all
models have learnt good representations of the data. We measure the complexity of the

trained neural networks using the squared Frobenius norm of the networks’ Jacobians. For
CLD, we have

2
TP (1) = Eupptan |V o (1) [ (2.104)
Similarly, for the VPSDE we compute
T PPE () = Baptoe) || Vi 0 (30| - (2.105)

For both CLD and VPSDE, expectations are again approximated using 10° samples. As
can be seen in Fig. 2.9b the neural network complexity is significantly lower for CLD com-
pared to VPSDE. A mixed score formulation further helps decreasing the neural network
complexity for both CLD and VPSDE. This result implies that the arguably simpler train-
ing task in CLD indeed also translates to reduced model complexity in that the neural
network is smoother as measured by Jg(t). In large-scale experiments, this would mean
that, given similar model capacity, a CLD-based SGM could potentially have a higher ex-
pressivity. Or, on the other hand, similar performance could be achieved with a smoother

and potentially smaller model. Indeed these findings are in line with our strong results on
the CIFAR-10 benchmark.
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2.4.5.2 Image Modeling Experiments

We perform image modeling experiments on CIFAR-10 as well as CelebA-HQ-256. We
report FID scores on CIFAR-10 for our main model for various different solvers; see Tab. 2.3
and Tab. 2.2. We further present generated samples for both models in Sec. 2.3.5 using
Euler—-Maruyama with 2000 quadratic striding steps and Runge—Kutta 4(5) for CIFAR10
and CelebA-HQ-256, respectively. We present additional samples for various solver settings
in App. 2.4.6. All (average) NFEs for the Runge-Kutta solver are computed using a batch
size of 128.

2.4.5.2.1 Training Details and Model Architectures Our models are based on
the NCSN++ and the DDPM++ architectures from Song et al. [263]. Importantly, we
changed the number of input channels from three to six to facilitate the additional veloc-
ity variables. Note that the number of additional neural network parameters due to this
change is negligible.

For fair a comparison, we train our models using the same t-sampling cutoff during training
as is used for VESDE and VPSDE in Song et al. [263]. Note, however, that this is not
strictly necessary for CLD as we do not have any “blow-up” of the SDE due to unbounded
scores as t — 0 (also see Fig. 2.18 and Fig. 2.19).

We summarize our three model architectures as well as our SDE and training setups in
Tab. 2.6.

2.4.5.2.2 CIFAR-10 Results for VESDE and VPSDE The results reported for
VESDE and VPSDE using the GGF sampler are taken from Jolicoeur-Martineau et al.
[134]. All other results for VESDE and VPSDE are generated using the provided PyTorch
code as well as the provided checkpoints from Song et al. [263].” We used EM and PC to
sample from the VPSDE and VESDE models, respectively (see Sec. 2.3.5.2), since these
choices correspond to their recommended settings.®

Furthermore, in App. 2.4.6.2 we also used DDIM [258] to sample the VPSDE. DDIM’s
update rule is
oy
X, 1 = ; ! [xt + afse(xt,tﬂ — 0y_10¢Se(x4, 1), (2.106)
t

"https://github.com/yang-song/score_sde_pytorch
8https://colab.research.google.com/drive/1dRR_OgNRmfLtPavX2APzUggBuXyjWW55
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Hyperparameter CIFAR10 (Main) CelebA (Qualitative) CIFAR10 (Ablation)

Model

EMA rate 0.9999 0.9999 0.9999
# of ResBlocks per Resolution 8 2 2
Normalization Group Normalization Group Normalization Group Normalization
Scaling by o X X X
Nonlinearity Swish Swish Swish
Attention resolution 16 16 16
Embedding type Fourier Positional Positional
Progressive None None None
Progressive input Residual None None
Progressive combine Sum N/A N/A
Finite Impulse Response [310] v X X

# of parameters ~ 108M ~ 68M ~ 39M
Training

# of iterations 800k 320k 1M
# of warmup iterations 100k 100k 100k
Optimizer Adam Adam Adam
Mixed precision v v v
Learning rate 2.1074 1074 2.1074
Gradient norm clipping 1.0 1.0 1.0
Dropout 0.1 0.1 0.1
Batch size per GPU 8 4 8

# of GPUs 16 16 16
t-sampling cutoff during training 1075 1075 1075
SDE

M 0.25 0.25 varies
vy 0.04 0.04 varies
153 4 4 varies
€num 1079 107 1079

Table 2.6: Model architectures as well as SDE and training setups for our experiments on

CIFAR-10 and CelebA-HQ-256.
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where o = exp(—0.5 fotﬁ(t) dt), ol =1- exp(— fot B(t) dt), and S(t) = 0.1 + 19.9¢.

2.4.5.2.3 Quadratic Striding When we simulate our generative SDE numerically, us-
ing for example EM or our SSCS, we need to choose a time discretization. Given a certain
NFE budget Nxrg, how do we choose time step sizes? The standard approach is to use an
equidistant discretization, corresponding to a set of evaluation time steps {dt; > O}Z-A;NOF“1
with 6t; = N;FE‘V’Z' € [0, Nxrg — 1]. However, prior work [156, , ] has shown that it
can be beneficial to focus function evaluations (neural network calls) on times ¢ “close to
the data”. This is because the diffusion process distribution is most complex close to the
data and almost perfectly Normal close to the prior. Among other techniques, these works
used a useful heuristic, denoted as quadratic striding (QS), which discretizes the integra-
tion interval such that the evaluation times follow a quadratic schedule and the individual

time steps follow a linear schedule. We also used this QS approach in our experiments.

We can formally define it as follows (assuming a time interval [0.0, 1.0] here for simplicity):
Denote the evaluation times as 7; (including 0.0 and 1.0) and define:

T = ci° Vi € [0, Nypg)- (2.107)
Hence,
0ty =T — Ty = CT(Zi — 1) Vi € [1, NNFE]7 (2108)
and ¢, = —+— to ensure that g = 1.0.

2
NNFE

This describes the time steps as going from ¢ = 0 to t = 1. During synthesis, however, we
are going backwards. Hence, we can define our time steps as

0t; = ¢ [2Nnre — 25 + 1] Vj € [1, Nnwg), (2.109)

where 7 now counts time steps in the other direction. Note that this can be easily adapted
to general integration intervals [e, T'.

2.4.5.2.4 Denoising As has been pointed out in Jolicoeur-Martineau et al. [135], sam-
ples that are generated with models similar to ours can contain noise that is hard to detect
visually but worsens FID scores significantly.

Denoising Formulas. For a fair comparison we use the same denoising setup for all
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experiments we conducted (including VESDE (PC/ODE) and VPSDE (EM/ODE)) ex-
cept for LSGM.? We simulate the underlying generative ODE/SDE until the time cutoff
e = 107% and then take a single denoising step of the form

0
o T d
uy = u. —ef(u,e) +eG(u., e)G(u,,e) (se(ug, 5)) : (2.110)
This denoising step can be considered as an Euler-Maruyama step without noise injection.
For SDEs acting on data directly (VESDE, VPSDE, etc.) the corresponding denoising
formula is

Xo = X. — £f(x.,¢) + G (x.,6)G(x.,¢) " s9(x, €). (2.111)

Influence of Denoising on Results. For SDEs acting in the data space directly, it
has been reported that this denoising step is crucial to obtain good FID scores Jolicoeur-
Martineau et al. [135], Song et al. [263]. When we simulate the generative probability flow
ODE we found that denoising is important in order for the Runge—Kutta solver not to
“blow-up” as t — 0. On the other hand, when simulating CLD using our new SSCS solver,
we found that denoising only slightly influences FID (see Tab. 2.7). We believe that this
might be because the neural network does not have any influence on the denoising step for
CLD. More specifically, the neural network only denoises the velocity component. How-
ever, we are primarily interested in the data component. Putting the drift and diffusion
coefficients of CLD in the denoising formula in Eq. (2.110), we obtain

-1
Uy =u. — ¢ ((_Oﬁ _gJIL/IM_I) ® Id> U, +¢ (2%52?115,5)) — X0 = X¢ — gﬂM—lvs.
(2.112)

2.4.5.2.5 Solver Error Tolerances for Runge—Kutta 4(5) In Tab. 2.2, we report
FID scores for a Runge-Kutta 4(5) solver [77] as well as the “Gotta Go Fast” solver
from Jolicoeur-Martineau et al. [134] (see their Table 1). For simulating CLD with Runge—
Kutta 4(5) we chose the solver error tolerances to hit certain regimes of NFEs to facilitate
comparisons with VPSDE and VESDE. We obtain a mean number of function evalua-
tions of 312 and 137 using Runge-Kutta 4(5) solver error tolerances of 107° and 1073,

9Denoising has not been used in the original LSGM work [230] and is not needed in their case, since
the output of the latent SGM lives in a smooth latent space and is further processed by a decoder.
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Table 2.7: Influence of denoising step on FID scores (using our main CIFAR-10 model).

FID at n function evaluations |

Sampler  Denoising n=50 n=>500
SSCS v 81.1 2.30
SSCS-QS v 20.5 2.25
SSCS X 78.9 2.32
SSCS-QS X 28.5 2.3

respectively. For VESDE, VPSDE and LSGM we used 10~° as the ODE solver error toler-
ance, following the recommended default setups [263, 280]. These values are used for both
relative and absolute error tolerances.

2.4.5.2.6 Ablation Experiments The model architecture used for all ablation exper-
iments can be found in Tab. 2.6. As pointed out in Sec. 2.3.5 we found that the hyperpa-
rameters v and M only have small effects on CIFAR-10 FID scores. On the other hand, we
found that the mixed score parameterization helps significantly in obtaining competitive
FIDs.

2.4.5.2.7 LSGM-100M Model Our CLD-based SGM has ~108 M parameters, while
the original CIFAR-10 Latent SGM from [280], to which we compare in Tab. 2.1, uses
~476M parameters. To establish a fairer comparison between our CLD-based SGMs and
LSGM [280], we train another smaller LSGM model with ~109M parameters. To do this,
we followed the exact setup of the “CIFAR-10 (balanced)” model from LSGM (see Table
7 in Vahdat et al. [280]), with a few minor modifications: We used a VAE backbone model
with only 10 groups instead of 20, which corresponds to a reduction in parameters by a fac-
tor of 2 in the encoder and decoder networks. We also reduced the convolutional channels
in the latent space SGM from 512 to 256 and reduced the number of the residual cells per
scale from 8 to 4. With these modifications the resulting “LSGM-100M” uses only ~109M
parameters overall with approximately half of them in the encoder and decoder networks
and the other half in the latent SGM. Other than these architecture modifications, our
model is trained in exactly the same way as the bigger, original models in Vahdat et al.

[250].

For evaluation, we follow the recommended setting by Vahdat et al. [280] and use the
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same Runge-Kutta 4(5) ODE solver with an error tolerance of 107 to solve the proba-
bility low ODE in LSGM’s latent space. LSGM-100M achieves an FID of 4.60, an NLL
bound of 2.96 bpd, and requires on average 131 NFE for sampling new images. We report
these results in Tabs. 2.1 and 2.2 in the main text.

Note that we also tried training a model following the “CIFAR-10 (best FID)” setup,
but found training to be unstable (however, the orignal “CIFAR-10 (best FID)” model
from Vahdat et al. [280] only performs marginally better in FID than their “CIFAR-10
(balanced)” model anyway). Furthermore, we also tried training another small LSGM
with a similar number of parameters but with more parameters in the latent SGM and less
in the encoder and decoder networks, compared to the reported LSGM-100M. However,
this model performed significantly worse.

2.4.6 Additional Experiments

2.4.6.1 Toy Experiments

2.4.6.1.1 Analytical Sampling In order to test combinations of diffusions and numer-
ical samplers in isolation, we consider a dataset for which we know the ground truth score
function (for all ¢) analytically. In particular, we use the mixture of Normals introduced
in App. 2.4.5.1; see Fig. 2.10a for a visualization of the data distribution. In Fig. 2.11, we
show samples for VPSDE (Euler-Maruyama (EM) sampler) and CLD (EM and SSCS sam-
plers). For quantitative comparison, we also compute negative log-likelihoods for the three
combinations (which can be done easily due to our access to the ground truth distribution):
as can be seen in Tab. 2.8, for each number of steps n € {20, 50,100,200} CLD with SCSS
outperforms both VPSDE and CLD with EM. As discussed in Sec. 2.3.3.3, we can see in
Tab. 2.8 that EM is not well-suited for CLD. This is true, in particular, when using a small
number of synthesis steps n (function evaluations). In Fig. 2.11, we see that CLD with
EM leads to sampling distributions which are too broad. These results are exactly in line
with the “diverging” dynamics that is observed when solving Hamiltonian dynamics with
a non-symplectic integrator, such as the standard Euler method [209]. This problematic
behavior of Euler-based techniques is more pronounced when using fewer steps with larger
stepsizes, which is also what we observe in our experiments. These results further moti-
vate the use of our novel SSCS, which addresses these challenges, for sampling from our
CLD-based SGMs.
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(a) VPSDE + EM, n = 20 (b) CLD + EM, n = 20 (c) CLD + SSCS, n = 20

(d) VPSDE + EM, n=50  (e) CLD + EM, n = 50 (f) CLD + SSCS, n = 50

(g) VPSDE + EM, n = 100
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(j) VPSDE + EM, n =200 (k) CLD + EM, n =200 (1) CLD + SSCS, n = 200

Figure 2.11: Mixture of Normals: numerical simulation with analytical score function for
different diffusions (VPSDE with EM vs. CLD with EM/SSCS) and number of synthesis
steps n. A visualization of the data distribution can be found in Fig. 2.10a.
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Table 2.8: Performance (measured in negative log-likelihood) using analytical scores for non-
adaptive stepsize solvers for varying numbers of synthesis steps n (function evaluations).

—logp(x) at n function evaluations |
Model  Sampler n=20 n=50 n=100 n=200

CLD EM 60.6 9.71 0.72 -1.04
CLD SSCS 10.5 1.55 -1.25 -1.54
VPSDE EM 142 4.68 -0.35 -1.11

2.4.6.1.2 Maximum Likelihood Training For maximum likelihood training, mod-
els based on overdamped Langevin dynamics such as VPSDE need to learn an unbounded
score for t — 0. Our model, on the other hand, only ever needs to learn a bounded score
even for ¢ = 0. For our image data experiments, we use a reweighted objective function to
improve visual quality of samples (as is general practice).

Here, we also study training towards maximum likelihood on toy dataset tasks. To ex-
plore this, we repeat the neural network complexity experiment from App. 2.4.5.1 with
maximum likelihood training (instead of the reweighted objective). Furthermore, we also
train VPSDE-based and CLD-based SGMs on a challenging toy dataset and find that CLD
significantly outperforms VPSDE. We leave the study of CLD with maximum likelihood
training for high-dimensional (image) datasets to future work.

Complexity Experiment. The setup of this experiment is equivalent to the setup in
App. 2.4.5.1 up to the training objective: in this experiment we do maximum likelihood
learning, i.e., we train CLD models with the objective from Eq. (2.11) with A(¢) = ['8."°
Furthermore, we test CLD in this setup for three different values of «. The results of this
experiment can be found in Fig. 2.12. For CLD, we find that larger values of v generally
lead to less complex networks, in particular for smaller times ¢t. However, even for v = 0.04
the learned neural network is still significantly smoother than the network learned for the
VPSDE when a mixed score parameterization is used.!! Challenging Toy Dataset.
Using the same simple ResNet architecture (less than 100k parameters) from the above
experiment, we trained a VPSDE-based as well as a CLD-based SGM to maximize the
likelihood of a more challenging toy dataset (the dataset is essentially “multi-scale”, as it
involves both large scale—the placement of the swiss rolls—and fine scale—the swiss rolls

0For the ML objective of the VPSDE, we refer the reader to Song et al. [262].
1 The VPSDE-based model with mixed score parameterization did not converge to the target distribu-
tion, and therefore is not included in Fig. 2.12.
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Figure 2.12: Frobenius norm Jp(t) of the neural network defining the score function for
different ¢.
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(a) Data - (b) VPSDEJ’ (c) CLD

Figure 2.13: Data distribution and model samples for multi-scale toy experiment.

themselves—structure). Similar to the other toy datasets, the models are trained for 1M
iterations using fresh data synthesized from the data distribution in each batch at a batch
size of 512.

In Fig. 2.13, we compare samples of the models to the data distribution. Even with
our simple model architecture, CLD is able to capture the multi-scale structure of the
dataset: the five rolls are adequately resembled and only a few samples are in between
modes. VPSDE, on the other hand, only captures the main modes, but not the fine struc-
ture. Furthermore, VPSDE has the undesired behavior of “connecting” the modes.

Overall, we conclude that also in the maximum likelihood training setting CLD is a promis-
ing diffusion showing superior behavior compared to the VPSDE in our toy experiments.

2.4.6.2 CIFAR-10 — Extended Results
In this section, we provide additional results on the CIFAR-10 image modeling benchmark.

An extended version of Tab. 2.3 (sampling the generative SDE with different fixed-step
size solvers for different compute budgets) including additional baselines can be found in
Tab. 2.9. Note that time stepping with quadratic striding (QS) improves sampling from
VPSDE- and CLD-based models for all settings except for the combination of VPSDE
and EM sampling in the setting n = {1000,2000}. For the VESDE (using PC sampling),
QS significantly worsens FID scores. The reason for this could be that the variance of
the VESDE already follows an exponential schedule (see Fig. 5 in Song et al. [263]). We
additionally present results for the VPSDE using the DDIM (Denoising Diffusion Implicit
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Table 2.9: Performance using non-adaptive step size solvers. Extended version of Tab. 2.3.

FID at n function evaluations |
Model  Sampler n=>b0 n=150 n=275 n=500 n=1000 n=2000

CLD EM 143 31.5 10.9 3.96 2.50 2.27
CLD EM-QS 52.7 7.00 3.24 2.41 2.27 2.23
CLD SSCS 81.1 10.5 2.86 2.30 2.32 2.29
CLD SSCS-QS 20.5 3.07 2.38 2.25 2.30 2.29
VPSDE EM 92.0 30.3 13.1 4.42 2.46 2.43
VPSDE EM-QS 28.2 4.06 2.65 2.47 2.66 2.60
VPSDE DDIM 6.04 4.04 3.53 3.26 3.09 3.01
VPSDE DDIM-QS 3.78 3.15 3.05 2.99 2.96 2.95
VESDE PC 460 216 11.2 3.75 2.43 2.23
VESDE PC-QS 461 388 155 5.47 114 11.2
Models) sampler [258]. As was observed by [258], QS also helps for DDIM. Importantly,

for any n > 150, our CLD with our novel SSCS (and QS) even outperforms DDIM. Only
for n = 50, DDIM performs better. It needs to be mentioned, however, that the DDIM
sampler was specifically designed for few-step sampling, whereas our CLD with SSCS is
derived in a general fashion without this particular regime in mind. In particular, DDIM
sampling can be interpreted as a non-Markovian sampling method and it is not clear how to
calculate the log-likelihood of hold-out validation data under this non-Markovian synthesis
approach. Nevertheless, it would be interesting to also explore non-Markovian DDIM-
inspired techniques for CLD-SGMs to further improve sampling speed in CLD-SGMs.

Note that our DDIM results shown in Tab. 2.9 are better than those presented in [258]
itself, because we are relying on the DDPM++ model trained in [263], whereas [258] uses
the DDPM model from [109].

Finally, we present additional generated samples from our CLD-SGM model: see Fig. 2.14
and Fig. 2.15 for samples from EM-QS with 2000 evaluations and SSCS-QS with 150
evaluations, respectively.
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Figure 2.14: Additional samples using EM-QS with 2000 function evaluations. This setup
gave us our best FID score of 2.23.
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Figure 2.15: Additional samples using SSCS-QS. This setup resulted in an FID score of
3.07 using only 150 function evaluations.
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2.4.6.3 CelebA-HQ-256 — Extended Results

In this section, we provide additional qualitative results on CelebA-HQ-256. For high qual-
ity samples using our new SSCS solver see Fig. 2.16.

Samples generated with an adaptive step size Runge-Kutta 4(5) solver at different solver
tolerances can be found in Fig. 2.17. We found that our model still generates very good
samples even for a solver error tolerance of 1073 using an average of 129 neural network
evaluations.

Lastly, we show “generation paths” of samples from our CelebA-HQ-256 model: see
Fig. 2.18 and Fig. 2.19 for samples from the probability flow ODE and the generative
SDE, respectively. We visualize the continuous generation paths via snapshots of data and
velocity variables at eight different time steps. Interestingly, we can see that the velocity
variables “encode” the data at intermediate . On the other hand, at time t = 1.0, by
construction, both data and velocity are distributed according to the “equilibrium distri-
bution” of the diffusion, namely, prq(u) = N (x;04, I;) N'(v; 04, M1;). Furthermore, as
t — 0 the data variables approximately converge to the data distribution, while the veloc-
ity variables approximately converge to another Normal distribution N (v; 04, yMI,) (with
v = 0.04 in our experiments).

Recall that for CLD, the neural network approximates the score Vy, logp;(vi|x;). We
believe that the generation paths are further evidence that CLD-SGMs need to learn sim-
pler models: for fixed ¢ the velocity variable v; appears to be a “noisy” version of the data
x;, and therefore we believe p;(v|x;) to be relatively smooth and simple when compared
to the marginal p;(x;).

Finally, note that in Figs. 2.18 and 2.19, when visualizing the velocity variables, we used
a colorization scheme that corresponds exactly to the inverse of the color scheme used for
visualizing the images themselves. Alternatively, we could also interpret this in such a way
that we are not actually visualizing velocities, but negative velocities with flipped signs.
When using this inverse colorization scheme for the velocities, we see that at intermediate ¢,
where the velocities encode the data, the color values visualizing image data and velocities
are, apart from the additional noise in the velocities, similar (i.e. the velocities appear as
noisy versions of the actual images). This implies that image pixel values x; translate into
corresponding negative velocities v, that pull the pixel values back towards the mean of
the equilibrium distribution. This is a consequence of the Hamiltonian coupling between
the data and velocity variables. In other words, it is a result of the negative sign in front of
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x; in the H term in Eq. (2.8) (and analogously for the reverse-time generative SDE). Also
see the visualizations on our project page (https://nv-tlabs.github.io/CLD-SGM).

2.4.7 Proofs of Perturbation Kernels
In this section, we prove the correctness of the perturbation kernels of the forward diffusion

(App. 2.4.2.1) as well as for the analytical splitting term in our SSCS (App. 2.4.4.2). All
derivations are presented for general time-dependent [3(t).

2.4.7.1 Forward Diffusion

We have the following ODEs describing the evolution of the mean and the covariance
matrix

d
= U@ I, (2.113)
i, - -
CL= (e S+ (O e LS+ (GOET M) oL, (2114
where
_( 0 ApmI
Ft) = ( 800 _45 (- 1) (2.115)
G(t) = <O 2Fﬁ > (2.116)
In App. 2.4.2.1, we claim the following solutions:
My = Ctljl’ta (2117)
o (M
- : 2.118
= (1) .11
C, = e 2BOT (2.119)
p? = 2Bt 'xq + 4B(t) v + o, (2.120)
pl = —B(t)xg — 2B(t) v + v, (2.121)
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Figure 2.16: Samples generated by our model on the CelebA-HQ-256 dataset using our SSCS
solver.
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(d) ODE solver error tolerance 1072; 99.4 average NFE.

Figure 2.17: Samples generated by our model on the CelebA-HQ-256 dataset using a Runge—
Kutta 4(5) adaptive ODE solver to solve the probability flow ODE. We show the effect of the
ODE solver error tolerance on the quality of samples ((a), (b), (¢) and (d) were generated using
the same prior samples). Little visual differences can be seen between 1075 and 107%. Low
frequency artifacts can be observed at 1073, Deterioration starts to set in at 1072,
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Figure 2.18: Generation paths of samples from our CelebA-HQ-256 model (Runge-Kutta 4(5)
solver; mean NFE: 288). Odd and even rows visualize data and velocity variables, respectively.
The eight columns correspond to times ¢ € {1.0,0.5,0.3,0.2,0.1,1072,1073,107°} (from left to
right). The velocity distribution converges to a Normal (different variances) for both ¢ — 0 and
t — 1. See App. 2.4.6.3 for visualization details and discussion.
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Figure 2.19: Generation paths of samples from our CelebA-HQ-256 model (SSCS-QS using only
150 steps). Odd and even rows visualize data and velocity variables, respectively. The eight
columns correspond to times ¢ € {1.0,0.5,0.3,0.2,0.1,1072,1073,107°} (from left to right). The
velocity distribution converges to a Normal (different variances) for both ¢ — 0 and ¢ — 1. See
App. 2.4.6.3 for visualization details and discussion.

83



¥, =5 I, (2.122)
Y = D%, (2.123)
$ @z‘” g%:) 7 (2.124)
D, = ¢ B0 (2.125)
NI = 02T 4 ABOTT ] L AR (S5 — 1) + 4B (1) 2 (82 — 2) + 16B> ()T 4uy,
(2.126)
Y= —B)SE + 4B TSy — 2B ()T (28 — 2) — 8B ()%, (2.127)
mpt = (MO0 1) 4 BT + 55 (14 4B (T2 = 4B(T ) + B2 (1) (%57 — 2).
(2.128)
where B(t fo dt and po = [Xo, VO]T as well as 2§” and X" are initial conditions.

2.4.7.1.1 Proof of Correctness of the Mean Plugging the claimed solution (Eqs. (2.117)-
(2.121)) back into the ODE (Eq. 2.113), we obtain

. dCy  dp N
et + C’lfct Co(f(t) © L) fue. (2.129)
The above can be decomposed into two equations:
d T
—2(H g + b = 4800, (2.130)
1 ’U d#f .
25T g + B = s — ()Tt (2131)

where we used the fact that %t = —28(¢)[~'C,.

Eq. (2.130): Plugging the claimed solution into Eq. (2.130), we obtain:
—28(t)0 1 [QB(t)F_lxoﬂB(%)-P’w + Wﬂg{t)f"?%] — 4B(t)T 2 [~B(t)x0=2BEHPVo+vo] .

(2.132)

Eq. (2.131): After simplification, plugging in the claimed solution into Eq. (2.131), we
obtain:

28T~ [=B#%o—2B(H)T " 'votvo] + [=B®%0— vo| = —B(t) P/B@V‘X/ﬁw(t)r%@eﬁm’] . (2.133)

This completes the proof of the correctness of the mean.
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2.4.7.1.2 Proof of Correctness of the Covariance Plugging the claimed solution
(Egs. (2.122)-(2.128)) back in the ODE (Eq. (2.114)), we obtain

® I, = Dy(f(t) ® I)(5h ® L) + Dy [(f(t) QI ® Id)] T4 (G(t)GT(t)) @I, (2.134)

Noting that

(f(D) @ L) (2 ® L) = (f(t)%) © I,

AL -2y AP -2y (2.135)
- ﬁ(t) (_fo _ 41“712?1; _E;w — AT 13w ® 1,

and
T (0 0
Gt)G ' (t) = (0 WAL ) (2.136)
as well as the fact that %5t = —48(t)['D,, we can decompose Eq. (2.134) into three
equations:
—1vzz dxe® —2\yav
—4B(HT X + e 86(H) I 57", (2.137)
dZI'U
—4BH)T IS + e (t) [-EF" — AT 7ISf 4407250 (2.138)
dE’U'U
—4B(HT Y + s (t) [—2%7" — 8I7'%y"] + 208(¢)D; . (2.139)

Eq. (2.137): Plugging the claimed solution into Eq. (2.137), we obtain

— 4B [;%(n ABOTT B2 — 1)7ﬂgﬁ(,t,),r:%—(—zg’fi/)+1 24P g”]

+ [4[3(75)1“*1645“”’1 + 48T (2T +88(H)BET (S5 — 2)+325(t)3(t)1“*423“} (2.140)

= 8B()1 7 [=BED§T+HBOI 5y 2B (PH(5)" — 2)=8BX P Ty'-

Eq. (2.138): After simplification, plugging the claimed solution into Eq. (2.138), we
obtain

8@ + 48P — 4B(OBOT (S5 —2) ~163()BOT "5y’
= —B(t) [SFRe O T B! (zgtnmﬂwm)r“zg“] (2.141)

4B [F; W LB + x5 (1+4B2 (t)rtw(t)rl) LB (= 2)} .
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Eq. (2.139): After simplification, plugging the claimed solution into Eq. (2.139), we
obtain

4B [ (#5977 0) BT+ 5 (1B T ABETT) + B ) (55 )|

+ [P T LB + 55 (SBWBHT =480T ) + 28()B(t) (S5 -2)] 12
= —2(t) [~ B() S HABP>TET 28> ()P (S5 — 2)-8BXHP ] ‘
2B BT

This completes the proof of the correctness of the covariance.

2.4.7.2 Analytical Splitting Term of SSCS

We have the following ODEs describing the evolution of the mean and the covariance
matrix

% = (T =D& l)a, (2.143)
= (- @ LS+ [(HT - @ 1))+ (G - 06T(T - 1) © L, (2149
where
: 0 —4B8(T — t)I 2
f(T —1t) = (+5(T 4 —4p(T - t)r—l) , (2.145)
G =)= (8 QFﬁ(()T - t)) | (2.146)

These ODEs are very similar to the ODEs of the forward diffusion in App. 2.4.7.1, the only
difference being flipped signs in the off-diagonal terms of f(7T — t) (highlighted in red).

In App. 2.4.4.2, we claim the following solutions

ﬂ’t = Ctljl’ta (2147)
- g

= (H ) 2.148
o= () (2.148)
C, = ¢ 28O (2.149)
il = 2B 1%y — 4Bt *Vy + Xy, (2.150)
n! = +B(t)xy — 2BV + vy, (2.151)
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and

3 =501, (2.152)
Zt — thta (2153)
= (S S

Y = (i;w igv)’ (2.154)

D, = o —4BOI !

: (2.155)
sz = AT ) 4B — 8B (1) (2.156)
S = —AB*(t) (2.157)
Sov I (e4s<t>r—1 _ 1) B — 2B2(1), (2.158)

where B(t j;, —z‘ dt and py = [Xy, Vt/]T is an initial condition. Differences of the
above solutlon to the solutlons of the forward diffusion are again highlighted in red. Note
that by construction the initial covariance for the analytical splitting term of SSCS is the
zero matrix, i.e., X% = ¥ = %Y = 0, since we always initialize from an “updated
sample”, which itself does not have any uncertainty. Also note that in this derivation we
use general initial ¢’ (whereas in App. 2.4.7.1 we set ¢’ = 0 for simplicity).

2.4.7.2.1 Proof of Correctness of the Mean Plugging the claimed solution (Eqs. (2.147)-
(2.151)) into the ODE (Eq. (2.143)), we obtain

dCy  dp .
td_tt + ﬂct Ci(f(T —t) @ Ia) . (2.159)

The above can be decomposed into two equations:

—28(T — )T af df = —4B(T — ) 2?, (2.160)
BT P g+ B = (T — ) — ap(T - 0 2.161)

where we used the fact that %t = —28(T — ¢)[~'C,.

Eq. (2.160): Plugging the claimed solution into Eq. (2.160), we obtain:

—28(T —t)I ! [QB(t)F_lfct/— =%, ,—H(] + [%mjgﬁ(ﬂr———t)f‘%@'] (2,162
= —4B(T — O 2 [B(t) %y 2BV 497] . '
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Eq. (2.131): After simplification, plugging the claimed solution into Eq. (2.131), we
obtain:

28(T — )" [Byxo —2B)T ' vy 49| + [@,(I/———t)ig;w
= B(T — 1) [2B@P='R —ABMOT vy 457 .

This completes the proof of the correctness of the mean.

(2.163)

2.4.7.2.2 Proof of Correctness of the Covariance Plugging the claimed solution
(Egs. (2.152)-(2.158)) into the ODE (Eq. (2.144)), we obtain

5 D - - T
D+ S @ Lo = Di(f © L) (54 © L) + D [(f ® I1)(5: ® Id)} + (GGT) ® I (2.164)

with f = f(I'—t) and G = G(T —1).
Noting that
(f(T-t)® Id)(it ®@ 1) = (f(T - t)it) ® I4

—4r-25a —Ar-25w (2.165)
- B(T - t) (Efz o 41’*—12?) i;;w o 41‘\—121}1} d»

and
T 0 0
GT—-t)G (T—-1t) = 0 BT —1)) (2.166)
as well as the fact 2t = —45(T — t)I''D;, we can decompose Eq. (2.164) into three
equations:
—AB(T = I + —— = =8B(T — )l %", (2.167)
—4B(T — t)I 'S + —— =BT —1) (577 — 40718 —4r 28" (2.168)
dz'l}’l}

—4B8(T — )L '8y + =B(T —t) [257" — 8T 'Sy"] + 2I'8(T — t)D; ', (2.169)

Eq. (2.167): Plugging the claimed solution into Eq. (2.167), we obtain

—4B(T = )P [ - aB(r 8B

[45 T — PO 43 =T —168(T — t)B(t)F’Q} (2.170)

= —8B(T — )P |48 |,
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Eq. (2.168): After simplification, plugging the claimed solution into Eq. (2.168), we
obtain

-8 Or !

s {wmr s } (2.171)
— AT 2B(T — 1) [Fff(e“(”r—ljw ~28'(0)].

Eq. (2.169): After simplification, plugging the claimed solution into Eq. (2.169), we
obtain

AB(T — )1 " [Fj ( ABHP ) r/zszﬁf]
LB —4)e 5 LB —HT—4B(T — H)B(1)| (2.172)

= 2B =) 48T 4208 =)™

This completes the proof of the correctness of the covariance.

To connect back to the SSCS as presented in App. 2.4.4.2, recall that in practice we

use constant 3 (and T = 1) and that we solve for small time steps of size %, such that

2
B(t) = %, which leads to the expressions presented in App. 2.4.4.2.

2.5 Epilogue

2.5.1 Hybrid Score Matching Trains a Denoiser

In Section 1.2.3 we present a unified learning framework for DMs that use the perturbation
kernel p;(x; | xo) = N(x; | auxo,071;). Now, recall the hybrid score matching loss from
the paper (Equation (9)):

rrbin EXONPdata(XO):tNu[OulL€2dNN(€2d§02daIzd) [)‘(t)gguae(ut’ t) - €d12dH§]> (2'173>

where ap(uy,t) = £, 'v; /X% + Fy(uy, t), with Fp being the learnable neural network, and
Uy = /,l,t(X()) + Lt€2d~ (2174)

Plugging in the definitions of u; and L, (see Equation (2.31) and Equation (2.52), respec-
tively), we obtain

x; = (2B + 1)e 20T xg + L%eq.,, (2.175)
vi = —B(t)e PO 0 4 L0 + L€ g.24. (2.176)
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Approximating €4.04 by our model ag and solving for x, gives

(ve — LYY (67 vy /S0 + Fo(uy, t)) — %Xt)

Xo =~ Dg(uy, t) = o0 — 1) ﬁg: , (2.177)
g(t) = —B(t)e 5O (2.178)
F(t) = 20 1B(t) + 1)e 28O, (2.179)

Thus, hybrid score matching effectively learns a denoiser model Dy for the data-velocity
pair u; = (x4, v¢)'. We may extend the unified framework from Equation (1.26) to CLD:

Do(uy, t) = i (1) X¢ + (1) Ve + Cout (t) Fo (cin(t) Uy, Cnoise()) - (2.180)

While the original scaling factors in CLD were chosen subjectively, having this unified
framework may allow us to use more principled strategies as has been done for DMs that
use the perturbation kernel p;(x; | xo) = N (x; | cyxo, 021y) [141].

2.5.2 Additional Related Work

Zhang et al. [315] developed a fast sampling scheme for CLD using the exponential integra-
tor formalism. Singhal et al. [2541] generalize CLD to any number of auxiliary variables.
Furthermore, Singhal et al. [251] propose a method to learn the parameters of the diffu-
sion process and automate the process of finding the perturbation kernel, which was done
manually (and very time-consuming) in CLD. Doucet et al. [79] use CLD to improve an-
nealed importance sampling [208]. Wizadwongsa and Suwajanakorn [291] propose a solver
for DMs using splitting methods [35, 12, , , | similar to the symmetric splitting

CLD sampler introduced in the paper. Not directly related to CLD, other novel diffusion
processes for DMs have been explored [18, (3, , , ].
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Chapter 3

GENIE: Higher-Order Denoising
Diffusion Solvers

3.1 An Introduction to Accelerated Sampling for Dif-
fusion Models

When DMs were originally proposed [109, , |, their main drawback, compared to
other generative models, was slow sampling time. Since then, there has been a vast amount
of work on accelerating the sampling process of DMs. Acceleration has primarily focused on
deterministic sampling, i.e., sampling based on the probability flow ODE (Equation (1.21)).

3.1.1 Denoising Diffusion Implicit Models

Denoising diffusion implicit models (DDIMs) [258] were originally proposed as a non-
Markovian generalization of discrete-time DMs (Section 1.2.4). Despite having the same
objective function as discrete-time DMs, DDIMs are more flexible at inference time allow-
ing, for example, for deterministic sampling. Recently, several works independently found
that the deterministic sampling algorithm of DDIM can be recovered with continuous-time
DMs by reparameterizing the probability flow ODE and simulating it using Euler’s method
with a particular time discretization [74, , , 312]. This finding allows for even further
accelerated sampling by keeping the DDIM reparameterization but using more sophisti-
cated ODE solvers than Euler’s method. In the following, we derive the reparameterization
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for the general perturbation kernel N '(x;; ayxg, 021,) in the notation of Chapter 1. Let us
recall the probability flow ODE (Equation (1.22))

dXt dt .
E = EtXt - af%wsep(xt,t}, (3-1)

where v, = 0 /ay. Let us define

~ Xt
% — 3.2
t 041‘,7 ( )
then
dx, B a , .
_t — _dt_ Xt_; = —Oét%%so(xt»t) = _’Yto-tse(xht)' (33)
dt o lo%

Plugging the DM (Equation (1.25)) into the above equation results in

A _
E = —i(D<Xt,t) Xt), (34)

and therefore

dit . }A(/t — D(Xt,t)

_—= 3.5
drye Ve (3:5)
Note that a single step in Euler’s method from any t; > 0 to tyg = 0 results in
~ o~ x; — D(x1,t ,
Xo = X1 — 71)(17—()(11) = D(x1,t1), (usingyo = 0), (3.6)
1

that is, the tangent of the ODE trajectory always points towards the predicted clean data
point xy which is expected to change slowly with time ¢ and may explain why this particular
reparameterization works so well [141]. Furthermore, the DDIM reparameterization can
also be recovered by applying the exponential integrator formalism to the probability flow
ODE [312]; another possible explanation for its success.

3.1.2 An Introduction to Fast ODE Solvers

There has been a long line of research on solving ODEs efficiently. Arguably, the two most
prominent classes of methods are linear multistep methods and Runge—Kutta methods.
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To better understand these methods, let us apply the p-th order Taylor polynomial to a
generic ODE dy = f(y,t) at the point y; , i.e.,

dy d*y 1,y
'

ytn+1 - ytn = h dt | thtn th dt2 ’ ytnytn) * (3-7)

hn dtp |(ytn’tn)
where h, = t,,1 — t, is the step size. Note that we can only directly evaluate the first
term on the right-hand-side of Equation (3.7). Both linear multistep and Runge-Kutta
methods (of p-th order) approximate the higher-order derivative terms in Equation (3.7)
(up to p-th derivative) using finite difference schemes. Runge—Kutta methods approximate
the higher order terms using evaluations of the first-order derivative f at additional points
Yio < Yt Y, < Yt,.,- Linear multistep methods, on the other hand, use additional
evaluations of the first-order derivative at “past evaluations” y;, ,, ¥, ,,..., etc. Note
that linear multistep methods of p-th order need to be warm started, that is, all points up
to y:, need to be evaluated using an alternative method, e.g., a Runge-Kutta method or a
linear multistep method of lower order. Both linear multistep methods and Runge-Kutta
methods have been widely used to solve the probability flow ODE (or the DDIM repa-
rameterization thereof) [1706, , , 312]. Methods based on finite differences, however,
generally break down in the few-step limit for large h, since the approximations of the
higher-order derivatives become increasingly crude.

3.2 Preface

This section presents the paper “GENIE: Higher-Order Denoising Diffusion Solvers”. Rather
than approximating higher-order derivatives using finite difference schemes, as is done in
linear multistep methods and Runge-Kutta methods, in GENIE we propose to learn an
efficient neural model for the second-order derivative, i.e., kg ~ dt2 . Evaluating the model
kg is cheap as it is implemented as a small prediction head on top of the neural network
backbone of the original DM model. Our method can in principle also be extended to
any higher-order derivative, and we show initial results for the third-order derivative. The
paper was initially put on arXiv in October 2022, and then accepted and presented at the
Conference on Neural Information Processing Systems in December 2022.

Contributions: [ was the sole first author of this work. Arash Vahdat and Karsten
Kreis were co-authors, and Karsten supervised the project. Karsten initially proposed to
learn higher-order score functions using higher-order denoising score matching [195]. After
little success in this direction, I pitched the idea to instead learn higher-order derivatives
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via distillation. 1 implemented all code and ran all experiments, derived the loss functions,
and wrote the majority of the paper. Karsten, Arash, and I jointly came up with the mixed
network parameterization and the idea of learning the second-order derivative model kg
as a small prediction head which makes use of the internal representations of the neural
network backbone of the DM.

Reproducibility: The code and models for this work have been open-sourced. See https:
//github.com/nv-tlabs/GENIE for instructions to reproduce our results.

arXiv: The paper “GENIE: Higher-Order Denoising Diffusion Solvers” is available on
ArXiV (vl). The following version is simply reformatted into the style of the thesis.

Abstract: Denoising diffusion models (DDMs) have emerged as a powerful class of gen-
erative models. A forward diffusion process slowly perturbs the data, while a deep model
learns to gradually denoise. Synthesis amounts to solving a differential equation (DE) de-
fined by the learnt model. Solving the DE requires slow iterative solvers for high-quality
generation. In this work, we propose Higher-Order Denoising Diffusion Solvers (GENIE):
Based on truncated Taylor methods, we derive a novel higher-order solver that signifi-
cantly accelerates synthesis. Our solver relies on higher-order gradients of the perturbed
data distribution, that is, higher-order score functions. In practice, only Jacobian-vector
products (JVPs) are required and we propose to extract them from the first-order score
network via automatic differentiation. We then distill the JVPs into a separate neural net-
work that allows us to efficiently compute the necessary higher-order terms for our novel
sampler during synthesis. We only need to train a small additional head on top of the
first-order score network. We validate GENIE on multiple image generation benchmarks
and demonstrate that GENIE outperforms all previous solvers. Unlike recent methods that
fundamentally alter the generation process in DDMs, our GENIE solves the true generative
DE and still enables applications such as encoding and guided sampling. Project page and
code: https://nv-tlabs.github.io/GENIE.

3.3 Main Paper

3.3.1 Introduction

Denoising diffusion models (DDMs) offer both state-of-the-art synthesis quality and sample
diversity in combination with a robust and scalable learning objective. DDMs have been
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used for image [00, , , , 235] and video [1 12, 301] synthesis, super-resolution |16,

], deblurring [112, |, image editing and inpainting [185, , : |, text-to-
image synthesis [13, , |, conditional and semantic image generation [22, 50, ,

, |, image-to-image translation [239, , | and for inverse problems in medi-
cal imaging [59, 60, , , , , ]. They also enable high-quality speech syn-
thesis [18, 19, , , , ], 3D shape generation [37, 82, , , ], molecu-
lar modeling [133, , , ], maximum likelihood training [120, , , ], and
more [29, , , , , . In DDMs, a diffusion process gradually perturbs the

data towards random noise, while a deep neural network learns to denoise. Formally, the
problem reduces to learning the score function, i.e., the gradient of the log-density of the
perturbed data. The (approximate) inverse of the forward diffusion can be described by
an ordinary or a stochastic differential equation (ODE or SDE, respectively), defined by
the learned score function, and can therefore be used for generation when starting from
random noise [262, 263].

A crucial drawback of DDMs is that the generative ODE or SDE is typically difficult
to solve, due to the complex score function. Therefore, efficient and tailored samplers are
required for fast synthesis. In this work, building on the generative ODE [258, , |, we
rigorously derive a novel second-order ODE solver using truncated Taylor methods [154].
These higher-order methods require higher-order gradients of the ODE—in our case this
includes higher-order gradients of the log-density of the perturbed data, i.e., higher-order
score functions. Because such higher-order scores are usually not available, existing works
typically use simple first-order solvers or samplers with low accuracy [75, , , ],
higher-order methods that rely on suboptimal finite difference or other approximations [134,

, |, or alternative approaches [20), ; | for accelerated sampling. Here, we
fundamentally avoid such approximations and directly model the higher-order gradient
terms: Importantly, our novel Higher-Order Denoising Diffusion Solver (GENIE) relies
on Jacobian-vector products (JVPs) involving second-order scores. We propose to calcu-
late these JVPs by automatic differentiation of the regular learnt first-order scores. For
computational efficiency, we then distill the entire higher-order gradient of the ODE, in-
cluding the JVPs, into a separate neural network. In practice, we only need to add a small
head to the first-order score network to predict the components of the higher-order ODE
gradient. By directly modeling the JVPs we avoid explicitly forming high-dimensional
higher-order scores. Intuitively, the higher-order terms in GENIE capture the local cur-
vature of the ODE and enable larger steps when iteratively solving the generative ODE
(Fig. 3.1).

Experimentally, we validate GENIE on multiple image modeling benchmarks and achieve
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Figure 3.1: Our novel Higher-Order Denoising Diffusion Solver (GENIE) relies on the second
truncated Taylor method (TTM) to simulate a (re-parametrized) Probability Flow ODE for
sampling from denoising diffusion models. The second TTM captures the local curvature of the
ODE’s gradient field and enables more accurate extrapolation and larger step sizes than the first
TTM (Euler’s method), which previous methods such as DDIM [258] utilize.

state-of-the-art performance in solving the generative ODE of DDMs with few synthesis
steps. In contrast to recent methods that fundamentally modify the generation process
of DDMs by training conditional GANs [295] or by distilling the full sampling trajec-
tory [180, 244], GENIE solves the true generative ODE. Therefore, we also show that we
can still encode images in the DDM'’s latent space, as required for instance for image in-
terpolation, and use techniques such as guided sampling [66, 108, 263].

We make the following contributions: (i) We introduce GENIE, a novel second-order
ODE solver for fast DDM sampling. (ii) We propose to extract the required higher-order
terms from the first-order score model by automatic differentiation. In contrast to existing
works, we explicitly work with higher-order scores without finite difference approximations.
To the best of our knowledge, GENIE is the first method that ezplicitly uses higher-order
scores for generative modeling with DDMs. (iii) We propose to directly model the neces-
sary JVPs and distill them into a small neural network. (iv) We outperform all previous
solvers and samplers for the generative differential equations of DDMs.

3.3.2 Background

We consider continuous-time DDMs [109, 257, 263] whose forward process can be described
by

pt<Xt‘X0) :N(Xt;OétX(]?O'EI), (38)

where x¢ ~ po(xg) is drawn from the empirical data distribution and x; refers to diffused
data samples at time t € [0, 1] along the diffusion process. The functions a; and oy
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are generally chosen such that the logarithmic signal-to-noise ratio [151] log ¢ decreases
monotonically with ¢ and the data diffuses towards random noise, i.e., p;(x;)~ N (x1;0,1).
We use variance-preserving [263] diffusion processes for which 67 = 1 — o7 (however, all
methods introduced in this work are applicable to more general DDMs). The diffusion
process can then be expressed by the (variance-preserving) SDE

dXt = —%ﬂtxt dt + AV ﬁt th, (39)
where 3, = —% log a?, xo ~ po(xp) and w; is a standard Wiener process. A corresponding

reverse diffusion process that effectively inverts the forward diffusion is given by [7, , 263]

dx; = —%515 (Xt + 2V, log pi(x;)] dt + \/Edwtv (3.10)

and this reverse-time generative SDE is marginally equivalent to the generative ODE [262,

]
dx; = =18, [x; + Vi, log py(x;)] dt, (3.11)

where Vy, log pi(x;) is the score function. Equation (3.11) is referred to as the Probability
Flow ODE [263], an instance of continuous Normalizing flows [50, 100]. To generate sam-
ples from the DDM, one can sample x; ~ N (x1;0, I) and numerically simulate either the
Probability Flow ODE or the generative SDE, replacing the unknown score function by a
learned score model sg(x;,t) &~ Vy, log p(x;).

The DDIM solver [2558] has been particularly popular to simulate DDMs due to its speed
and simplicity. It has been shown that DDIM is Euler’s method applied to an ODE based
on a re-parameterization of the Probability Flow ODE [244, |: Defining v, = 1;3%
and X; = x;1/1 + 72, we have
— =41+~ +x Vi, log pi(x 3.12
d’}/t dt d v, t m \/T gpt t) ( )
where we inserted Equation (3.11) for 2+ and used B(t )ﬁ = 7211 Letting sg(xy,t) =

—ze Xt’t) denote a parameterization of the score model, the approximate generative DDIM

ODE is then given by

df(t = €g (Xt, t) d”}/t, (313)
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where we used 0, = /1 —a = \/“’2’5—“ (see Section 3.4.1 for a more detailed derivation
Vi

of Equation (3.13)). The model eg(x;,t) can be learned by minimizing the score matching
objective [109, 282]

mgin Bt tdtenort Ll xo~p(xo)e~N(0.D) [9(E)]|€ — €a(xe,)[13] , x¢ = cuxo + o€, (3.14)

for small 0 < feyor < 1. As is standard practice, we set g(t) = 1. Other weighting

functions ¢(t) are possible; for example, setting g(t) = 2’% recovers maximum likelihood
t

learning [120, , , ].

3.3.3 Higher-Order Denoising Diffusion Solver

As discussed in Section 3.3.2, the so-known DDIM solver [258] is simply Euler’s method
applied to the DDIM ODE (cf. Equation (3.13)). In this work, we apply a higher-order
method to the DDIM ODE, building on the truncated Taylor method (TTM) [154]. The
p-th TTM is simply the p-th order Taylor polynomial applied to an ODE. For example,
for the general CL%' = f(y,t), the p-th TTM reads as

dy 1. dPy

dt | }’tnutn) + T + _lhn dtp |(Ytn tn) (315>

yt'rH»l ytn + h

where h,, = t,.1 —t, (see Section 3.4.2.1 for a truncation error analysis with respect to the
exact ODE solution). Note that the first TTM is simply Euler’s method. Applying the
second TTM to the DDIM ODE results in the following scheme:

_ _ de
Xi,p1 = Xt, + hngo(Xe,,, tn) + 2hi i, 2 e ) (3.16)
where hy, = ;... —V,- Recall that v, = 1;‘;? , where the function «; is a time-dependent
t
hyperparameter of the DDM. The total derivative d.,eq = %‘t’ can be decomposed as
follows
Oeg(x4,t) dx;  Oeg(xy,t) di
d )=—/—— 4+ —————— 3.17
ol t) = SORLDEK SRl (3.17)
where &%Txttt denotes the Jacobian of eg(x;,t) and
d ox;dx; O 1
T TR T ep(xi, 1) — e, (3.18)
dv, 0% dy, Oy vi+ 1 1+
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Figure 3.3: Modeling a complex 2D toy distribution: Samples in (b) and (¢) are generated via DDIM
and GENIE, respectively, with 25 solver steps using the analytical score function of the ground truth

distribution.

If not explicitly stated otherwise, we refer to the second
TTM applied to the DDIM ODE, i.e., the scheme in Equa-
tion (3.16), as Higher-Order Denoising Diffusion Solver
(GENIE). Intuitively, the higher-order gradient terms used
in the second TMM model the local curvature of the ODE.
This translates into a Taylor formula-based extrapolation
that is quadratic in time (cf. Equations (3.15) and (3.16))
and more accurate than linear extrapolation, as in Fuler’s
method, thereby enabling larger time steps (see Figure 3.1
for a visualization). In Section 3.4.2, we also discuss the
application of the third TTM to the DDIM ODE. We em-
phasize that TTMs are not restricted to the DDIM ODE
and could just as well be applied to the Probability Flow
ODE [263] (also see Section 3.4.2) or neural ODEs [50, 100]
more generally.

The Benefit of Higher-Order Methods: We showcase
the benefit of higher-order methods on a 2D toy distribu-
tion (Figure 3.3a) for which we know the score function
as well as all higher-order derivatives necessary for GENIE
analytically. We generate 1k different accurate “ground

25 4
0.025 GENIE, t = 0.1
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GENIE, t = 0.5
DDIM, t = 0.1
DDIM, t = 0.2
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Figure 3.2: Top: Single step
error using analytical score
function. Bottom: Norm
of difference & (At) between
analytical and approximate
derivative computed via finite
difference method.

truth” trajectories x; using DDIM with 10k steps. We compare these “ground truth” tra-
jectories to single steps of DDIM and GENIE for varying step sizes At. We then measure
the mean Lo-distance of the single steps X;(At) to the “ground truth” trajectories x;, and
we repeat this experiment for three starting points ¢t € {0.1,0.2,0.5}. We see (Figure 3.2
(top)) that GENIE can use larger step sizes to stay within a certain error tolerance for
all starting points t. We further show samples for DDIM and GENIE, using 25 solver
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steps, in Figure 3.3. DDIM has the undesired behavior of sampling low-density regions
between modes, whereas GENIE looks like a slightly noisy version of the ground truth
distribution (Figure 3.3a).

Comparison to Multistep Methods: Linear multistep methods are an alternative

higher-order method to solve ODEs. Liu et al. [176] applied the well-established Adams—

Bashforth [AB, 36] method to the DDIM ODE. AB methods can be derived from TTMs
y

by approximating higher-order derivatives % using the finite difference method [151]. For

example, the second AB method is obtained from the second TTM by replacing ‘2273' with
the first-order forward difference approximation (f(yz,,tn) — f(¥t, 1stn-1))/hn-1. In Fig-
ure 3.2 (bottom), we visualize the mean Lo-norm of the difference & (At) between the
analytical derivative d,,e¢ and its first-order forward difference approximation for vary-
ing step sizes At for the 2D toy distribution. The approximation is especially poor at
small ¢ for which the score function becomes complex (Section 3.4.5 for details on all toy
experiments).

3.3.3.1 Learning Higher-Order Derivatives

The above observations inspire to apply GENIE to DDMs of more complex and high-
dimensional data such as images. Regular DDMs learn a model €4 for the first-order score;
however, the higher-order gradient terms required for GENIE (cf. Equation (3.17)) are not
immediately available to us, unlike in the toy example above. Let us insert Equation (3.18)
into Equation (3.17) and analyze the required terms more closely:

1 859 (Xt7 t) ’}/t 859 (Xt, t) 669 (Xt7 t) dt
dyo(xi,1) = - + By B9
n€0(X¢,t) Zrl ox eo(xt, 1) 142 Ox X ot dy (3.19)

~ ~~ o ——
JVP; JVPy

We see that the full derivative decomposes into two JVP terms and one simpler time deriva-

tive term. The term %}:ﬂ) plays a crucial role in Equation (3.19). It can be expressed as

aEe(Xtvt) — —g 889(Xt,t)

0%, = t 0%, ~ _UtVItVXt log ps (%), (3.20)

which means that GENIE relies on second-order score functions V Vi, log p;(x;) under
the hood.

Given a DDM, that is, given g, we could compute the derivative d,,eq¢ for the GENIE

scheme in Equation (3.16) using automatic differentiation (AD). This would, however,
make a single step of GENIE at least twice as costly as DDIM, because we would need a
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forward pass through the g4 network to compute eg(x;,t) itself, and another pass to com-
pute the JVPs and the time derivative in Equation (3.19). These forward passes cannot
be parallelized, since the vector-part of JVP; in Equation (3.19) involves eq itself, and
needs to be known before computing the JVP. To accelerate sampling, this overhead is too
expensive.

Gradient Distillation: To avoid this over-
head, we propose to first distill d,,e¢ into a
separate neural network. During distillation

training, we can use the slow AD-based cal- Xp-or " " o, ) e
culation of d,,€g, but during synthesis we call A

the trained neural network. We build on the

observation that the internal representations ol
of the neural network modeling e (in our

case a U-Net [230] architecture) can be used  Figure 3.4: Our distilled model ki that pre-
for downstream tasks [21, 57]: specifically, we  gicts the gradient d.,eg is implemented as a
provide the last feature layer from the €9 net- small additional output head on top of the
work together with its time embedding as well first-order score model 9. Purple layers are
as x; and the output €g(xy,t) to a small pre- used both in eg and ky; green layers are spe-
diction head k. (x;,t) that models the differ- cific for eg and K.

ent terms in Equation (3.19) (see Figure 3.4).

The overhead generated by k., is small, for instance less than 2% for our CIFAR-10 model
(also see Section 3.3.5), and we found this approach to provide excellent performance. Note
that in principle we could also train an independent deep neural network, which does not
make use of the internal representations of €9 and could therefore theoretically be run in
parallel to the €9 model. We justify using small prediction heads over independent neural
networks because AD-based distillation training is slow: in each training iteration we first
need to call the €9 network, then calculate the JVP terms, and only then can we call the
distillation model. By modeling d.,e¢ via small prediction heads, while reusing the internal
representation of the score model, we can make training relatively fast: we only need to
train k. for up to 50k iterations. In contrast, training score models from scratch takes
roughly an order of magnitude more iterations. We leave training of independent networks
to predict d,,eq to future work.

Mixed Network Parameterization: We found that learning d.,eq directly as single
output of a neural network can be challenging. Assuming a single data point distribution
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Po(x%0) = 0(x¢ = 0), for which we know the diffused score function and all higher-order
derivatives analytically, we found that the terms in Equation (3.19) all behave very differ-
ently within the ¢ € [0, 1] interval (for instance, the prefactor of JVP; in Equation (3.19)
approaches 1 as t — 0, while JVPy’s prefactor vanishes). As outlined in detail in Para-
graph 3.4.3.2.3, this simple single data point assumption implies an effective mized network
parameterization, an approach inspired by the “mixed score parametrizations” in Vahdat

et al. [280] and Dockhorn et al. [75]. In particular, we model
Lo, 4o 1 3)
ky = —— kO 4 P 4 — k%~ d e, (3.21)
O T (R I

where kfz) (xq,t), 7 € {1,2,3}, are different output channels of the neural network (i.e. the
additional head on top of the ¢ network). The three terms in Equation (3.21) exactly
correspond to the three terms of Equation (3.19), in the same order. We show the superior
performance of this parameterization in Section 3.3.5.3.

Learning Objective: Ideally, we would like our model k,, to match d,,eq exactly, for all
t € [0, 7] and x; in the diffused data distribution, which the generative ODE trajectories
traverse. This suggests a simple (weighted) Lo-loss, similar to regular score matching losses
for DDMs [109, 263]:

min Etrethftengos 1] xomp(xo).e~N (0.0 [ga(E) [y (X0 + 008, t) — dy,ea(aixo + ove, 1) |[5]  (3.22)

for diffused data points a;xg + o and gq(t) = A to counteract the
1/v in the first and third terms of Equation (3.21). This leads to a
roughly constant loss over different time values t. During training we com-

pute d,eg via AD; however, at inference time we use the learned prediction
head k,; to approximate d.eq. In Paragraph 3.4.3.2.4, we provide pseudo
code for training and sampling with heads k,. Note that our distillation ob-
jective is consistent and principled: if k, matches d,eg exactly, the result-
ing GENIE algorithm recovers the second TTM ezactly (extended discussion in
App. 3.4.2.4).

Alternative Learning Approaches: As shown in Equation (3.20), GENIE relies on
second-order score functions. Recently, Meng et al. [195] directly learnt such higher-order
scores with higher-order score matching objectives. Directly applying these techniques
has the downside that we would need to explicitly form the higher-order score terms
Vx,Eo(xs,t), which are very high-dimensional for data such as images. Low-rank approx-
imations are possible, but potentially insufficient for high performance. In our approach,
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we are avoiding this complication by directly modeling the lower-dimensional JVPs. We
found that the methods from Meng et al. [195] can be modified to provide higher-order
score matching objectives for the JVP terms required for GENIE and we briefly explored
this (see Section 3.4.4). However, our distillation approach with AD-based higher-order
gradients worked much better. Nevertheless, this is an interesting direction for future
research. To the best of our knowledge, GENIE is the first solver for the generative differ-
ential equations of DDMs that directly uses higher-order scores (in the form of the distilled
JVPs) for generative modeling without finite difference or other approximations.

3.3.4 Related Work

Accelerated Sampling from DDMs. Several previous works address the slow sam-
pling of DDMs: One line of work reduces and readjusts the timesteps [150, | used in
time-discretized DDMs [109, |. This can be done systematically by grid search [15]
or dynamic programming [285]. Bao et al. [20] speed up sampling by defining a new
DDM with optimal reverse variances. DDIM [255], discussed in Sec. 3.3.2, was also in-
troduced as a method to accelerate DDM synthesis. Further works leverage modern
ODE and SDE solvers for fast synthesis from (continuous-time) DDMs: For instance,
higher-order Runge-Kutta methods [77, 263] and adaptive step size SDE solvers [134] have
been used. These methods are not optimally suited for the few-step synthesis regime,
in which GENIE shines; see also Section 3.3.5. Most closely related to our work is Liu
et al. [L76], which simulates the DDIM ODE [258] using a higher-order linear multi-
step method [306]. As shown in Section 3.3.3, linear multistep methods can be con-
sidered an approximation of the TTMs used in GENIE. Furthermore, Tachibana et al.
[269] solve the generative SDE via a higher-order It6-Taylor method [154] and in con-
trast to our work, they propose to use an “ideal derivative trick” to approximate higher-
order score functions. In Section 3.4.2.2, we show that applying this ideal derivative ap-
proximation to the DDIM ODE does not have any effect: the “ideal derivatives” are
zero by construction. Note that in GENIE, we in fact use the DDIM ODE, rather
than, for example, the regular Probability Flow ODE [263], as the base ODE for GE-
NIE.

Alternatively, sampling from DDMs can also be accelerated via learning: For instance,
Watson et al. [280] learn parameters of a generalized family of DDMs by optimizing for
perceptual output quality. Luhman and Luhman [I86] and Salimans and Ho [244] dis-
till a DDIM sampler into a student model, which enables sampling in as few as a single
step. Xiao et al. [295] replace DDMs’ Gaussian samplers with expressive generative ad-
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versarial networks, similarly allowing for few-step synthesis. GENIE can also be consid-
ered a learning-based approach, as we distill a derivative of the generative ODE into a
separate neural network. However, in contrast to the mentioned methods, GENIE still
solves the true underlying generative ODE, which has major advantages: for instance,

it can still be used easily for classifier-guided sampling [66, , | and to efficiently
encode data into latent space—a prerequisite for likelihood calculation [262, | and edit-
ing applications [230]. Note that the learnt sampler [280] defines a proper probabilistic

generalized DDM; however, it isn’t clear how it relates to the generative SDE or ODE
and therefore how compatible the method is with applications such as classifier guid-
ance.

Other approaches to accelerate DDM sampling change the diffusion itself [75, , ]
or train DDMs in the latent space of a Variational Autoencoder [230]. GENIE is comple-
mentary to these methods.

Higher-Order ODE Gradients beyond DDMs. TTMs [151] and other methods that
leverage higher-order gradients are also applied outside the scope of DDMs. For instance,
higher-order derivatives can play a crucial role when developing solvers [70] and regulariza-
tion techniques [37, 111] for neural ODEs [50, 100]. Outside the field of machine learning,
higher-order TTMs have been widely studied, for example, to develop solvers for stiff [44]
and non-stiff [11, 62] systems.

Concurrent Works. Zhang and Chen [314] motivate the DDIM ODE from an exponential
integrator perspective applied to the Probability Flow ODE and propose to apply existing
solvers from the numerical ODE literature, namely, Runge-Kutta and linear multistepping,
to the DDIM ODE directly. Lu et al. [133] similarly recognize the semi-linear structure of
the Probability Flow ODE, derive dedicated solvers, and introduce new step size schedulers
to accelerate DDM sampling. Karras et al. [111] propose new fast solvers, both determinis-
tic and stochastic, specifically designed for the differential equations arising in DDMs. Both
Zhang et al. [315] and Karras et al. [111] realize that the DDIM ODE has “straight line
solution trajectories” for spherical normal data and single data points—this exactly corre-
sponds to our derivation that the higher-order terms in the DDIM ODE are zero in such a
setting (see Section 3.4.2.2). Bao et al. [19] learn covariance matrices for DDM sampling
using prediction heads somewhat similar to the ones in GENIE; in Section 3.4.7.1, we thor-
oughly discuss the differences between GENIE and the method proposed in Bao et al. [19].
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3.3.5 Experiments

Datasets: We run experiments on five datasets: CIFAR-10 [160] (resolution 32), LSUN
Bedrooms [3058] (128), LSUN Church-Outdoor [308] (128), (conditional) ImageNet [65]
(64), and AFHQv2 [58] (512). On AFHQv2 we only consider the subset of cats; referred
to as “Cats” in the remainder of this work.

Architectures: Except for CIFAR-10 (we use a checkpoint by Song et al. [263]), we train
our own score models using architectures introduced by previous works [60, ]. The ar-
chitecture of our prediction heads is based on (modified) BigGAN residual blocks [30, 263].
To minimize computational overhead, we only use a single residual block. See Section 3.4.3
for training and architecture details.

Evaluation: We measure sample quality via Fréchet Inception Distance [FID, | (see
Section 3.4.6.1).

Synthesis Strategy: We simulate the DDIM ODE from ¢=1 up to t=10"3 using evalua-
tion times following a quadratic function (quadratic striding [258]). For variance-preserving
DDMs, it can be beneficial to denoise the ODE solver output at the cutoff t=1073, i.e.,
Xo = %f(xtt) [135, 263]. Note that the denoising step involves a score model evaluation,
and therefore “loses” a function evaluation that could otherwise be used as an additional
step in the ODE solver. To this end, denoising the output of the ODE solver is left as a

hyperparameter of our synthesis strategy.

Analytical First Step (AFS): Every additional neural network call becomes crucial
in the low number of function evaluations (NFEs) regime. We found that we can im-
prove the performance of GENIE and all other methods evaluated on our checkpoints by
replacing the learned score with the (analytical) score of N(0,I) ~ p;—i(x;) in the first
step of the ODE solver. The “gained” function evaluation can then be used as an ad-
ditional step in the ODE solver. Similarly to the denoising step mentioned above, AFS
is treated as a hyperparameter of our Synthesis Strategy. AFS details in Section 3.4.6.2.

Accounting for Computational Overhead: GENIE has a slightly increased computa-
tional overhead compared to other solvers due to the prediction head k. The computa-
tional overhead is increased by 1.47%, 2.83%, 14.0%, and 14.4% on CIFAR-10, ImageNet,
LSUN Bedrooms, and LSUN Church-Outdoor, respectively (see also Paragraph 3.4.3.2.5).
This additional overhead is always accounted for implicitly: we divide the NFEs by the
computational overhead and round to the nearest integer. For example, on LSUN Bed-
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rooms, we compare baselines with 10/15 NFEs to GENIE with 9/13 NFEs.

3.3.5.1 Image Generation

In Figure 3.5 we compare our method to the most competitive baselines. In particular, on
the same score model checkpoints, we compare GENIE with DDIM [2558], S-SPNDM [176],
and F-PNDM [170]. For these four methods, we only include the best result over the two
hyperparameters discussed above, namely, the denoising step and AFS (see Section 3.4.6.6
for genie/tables with all results). We also include three competitive results from the litera-
ture [20, , | that use different checkpoints and sampling strategies: for each method,
we include the best result for their respective set of hyperparameters. We do not compare
in this figure with Knowledge Distillation [KD, 186], Progressive Distillation [PG, 211] and
Denoising Diffusion GANs [DDGAN, 295] as they do not solve the generative ODE/SDE
and use fundamentally different sampling approaches with drawbacks discussed in Sec-
tion 3.3.4.

For NFEs € {10, 15, 20,25}, GENIE outperforms all baselines (on the same checkpoint) on
all four datasets (see detailed results in Section 3.4.6.6 and GENIE image samples in Sec-
tion 3.4.6.7). On CIFAR-10 and (conditional) ImageNet, GENIE also outperforms these
baselines for NFEs=>5, whereas DDIM outperforms GENIE slightly on the LSUN datasets
(see genie/tables in Section 3.4.6.6). GENIE also performs better than the three additional
baselines from the literature (which use different checkpoints and sampling strategies)
with the exception of the Learned Sampler [LS, | on LSUN Bedrooms for NFEs=20.
Though LS uses a learned striding schedule on LSUN Bedrooms (whereas GENIE simply
uses quadratic striding), the LS’s advantage is most likely due to the different checkpoint.
In Table 3.1, we investigate the effect of optimizing the striding schedule, via learning (LS)
or grid search (DDIM & GENIE), on CIFAR-10 and find that its significance decreases
rapidly with increased NFEs (also see Section 3.4.6.6 for details). In Table 3.1, we also
show additional baseline results; however, we do not include commonly-used adaptive step
size solvers in Figure 3.5, as they are arguably not well-suited for this low NFE regime: for
example, on the same CIFAR-10 checkpoint we use for GENIE, the adaptive SDE solver
introduced in Jolicoeur-Martineau et al. [134] obtains an FID of 82.4 at 48 NFEs. Also on
the same checkpoint, the adaptive Runge-Kutta 4(5) [77] method applied to the Probabil-
ityFlow ODE achieves an FID of 13.1 at 38 NFEs (solver tolerances set to 1072).

The results in Figure 3.5 suggest that higher-order gradient information, as used in GE-

NIE, can be efficiently leveraged for image synthesis. Despite using small prediction heads
our distillation seems to be sufficiently accurate: for reference, replacing the distillation
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heads with the derivatives computed via AD, we obtain FIDs of 9.22, 4.11, 3.54, 3.46 using
10, 20, 30, and 40 NFEs, respectively (NFEs adjusted assuming an additional computa-
tional overhead of 100%). As discussed in Section 3.3.3, linear multistep methods such
as S-PNDM [176] and F-PNDM [176] can be considered (finite difference) approximations
to TTMs as used in GENIE. These approximations can be inaccurate for large timesteps,
which potentially explains their inferior performance when compared to GENIE. When
compared to DDIM, the superior performance of GENIE seems to become less signifi-
cant for large NFE: this is in line with the theory, as higher-order gradients contribute
less for smaller step sizes (see the GENIE scheme in Equation (3.16)). Approaches such
as FastDDIM [156] and AnalyticDDIM [20], which adapt variances and discretizations of
discrete-time DDMs, are useful; however, GENIE suggests that rigorous higher-order ODE
solvers leveraging the continuous-time DDM formalism are still more powerful. To the best
of our knowledge, the only methods that outperform GENIE abandon this ODE or SDE
formulation entirely and train NFE-specific models [211, 295] which are optimized for the
single use-case of image synthesis.

3.3.5.2 Guidance and Encoding

As discussed in Section 3.3.4, one major drawback of approaches such as KD [136], PG [244]
and DDGAN [295] is that they abandon the ODE/SDE formalism, and cannot easily use
methods such as classifier(-free) guidance [108, 263] or perform image encoding. However,
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Table 3.1: Unconditional

Method NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25 CIFAR-10  generative perfor-
GENIE (ours) () 11.2 5.28 4.49 3.94 3.64 mance  (measured in EID)'
GENIE (ours) 13.9 5.97 4.49 3.94 3.67 Methods above the middle
DDIM} %(*) 27.6 11.2 7.35 5.87 5.16 line use the same score model
DDIM 29.7 11.2 7.35 5.87 5.16 .

S-PNDM [176] 35.9 10.3 6.61 5.20 451 CheCk_pomt» methods below all
F-PNDM [170] N/A N/A 10.3 5.96 4.73 use different ones. (f): numbers
Euler-Maruyama 325 230 164 112 80.3 are taken from literature. (*)
FastDDIM [150] (7) - 9.90 - 5.05 - methods either learn an optimal
Learned Sampler [230] (1/ %) 124 7.86 5.90 4.72 4.25 s 1 _
Learned Sampler [250] (1) 14.3 8.15 5.94 4.89 447 striding schedule (Learped Sam
Analytic DDIM [20] (1) B, 14.0 B} - 571 pler) or do a small grid search
CLD-SGM [77] 334 306 236 162 106 over striding schedules (DDIM &

ESDE-P 461 461 461 461 462 .

VESDE-PC [207] 6 6 o 6 6 GENIE); also see Section 3.4.6.6

these techniques can play an important role in synthesizing photorealistic images from
DDMs [66, , , 230], as well as for image editing tasks [197, 230].

Classifier-Free Guidance [108]: We replace the unconditional diffusion model eq(x, t)
with €g(xy,t,c,w) = (14+w)eg(Xy, t, c) —weg(xy, t) in the DDIM ODE (cf Equation (3.13)),
where eg(x,t,¢) is a conditional model and w > 1.0 is the “guidance scale”.
GENIE then requires the derivative

d,€o(xt,t, c,w) = (1 +w)d,e0(X¢, t, ¢) — wd.,€0(X¢, ). ) e et I

(3,23) By GENIE, NFEs=15
DDIM, NFEs=5 ||
DDIM, NFEs=10

for guidance. Hence, we need to distill d,,eq(xy,t,c) SREl! DDIM, NFEs=15 ||
and d.eq(x¢,t), for which we could also share pa- 10 ]
rameters [108]. We compare GENIE with DDIM
on ImageNet in Figure 3.6. GENIE clearly outper- [ | |
forms DDIM, in particular for few NFEs, and GE- ’ R

Guidance scale
NIE also synthesizes high-quality images (see Fig-
ure 3.7). Figure 3.6: Sample quality as
a function of guidance scale on

Image Encoding: We can use GENIE also to solve the ImageNet.

generative ODE in reverse to encode given images. There-

fore, we compare GENIE to DDIM on the “encode-decode” task, analyzing reconstruc-
tions for different NFEs (used twice for encoding and decoding): We find that GENIE
reconstructs images much more accurately (see Figure 3.8). For more details on this ex-
periment as well as the guidance experiment above, see Section 3.4.6.4 and Section 3.4.6.3,
respectively. We also show latent space interpolations for both GENIE and DDIM in Sec-
tion 3.4.6.5.
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Figure 3.7:
Classifier-free

guidance for
the ImageNet
classes Pem-
broke  Welsh
Corgi  (263)
and Streetcar

NFEs=5 NFEs=10 NFEs=15 NFEs=5 NFEs=10 NFEs=15 NFEs=5 NFEs=10 NFEs=15

Guidance scale 0.0 Guidance scale 1.0 Guidance scale 2.0 (829) .

Reference NFEs = 10 NFEs = 25 NFEs =50 NFEs = 100
= TEW » - 5> RW

20 - -+ GENIE
—+ DDIM

15

DDIM

Mean Lo-distance

GENIE
ooy o
o —

T R
NFEs
Figure 3.8: Encoding and subsequent decoding on LSUN Church-Outdoor. Left: Visual recon-

struction. Right: Lo-distance to reference in Inception feature space [2068], averaged over 100
images.

3.3.5.3 Ablation Studies

We perform ablation studies over architecture and training objective for the prediction
heads used in GENIE: In Table 3.2, “No mixed” refers to learning d.,€¢ directly as single
network output without mixed network parameterization; “No weighting” refers to setting
ga(t) = 1 in Equation (3.22); “Standard” uses both the mixed network parameterization
and the weighting function gq(t) = 72. We can see that having both the mixed network
parametrization and the weighting function is clearly beneficial. We also tested deeper
networks in the prediction heads: for “Bigger model” we increased the number of residual
blocks from one to two. The performance is roughly on par with “Standard”, and we
therefore opted for the smaller head due to the lower computational overhead.

Table 3.2: CIFAR-10 ablation studies (measured in FID).

Ablation NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25
Standard 13.9 6.04 4.49 3.94 3.67
No mixed 14.7 6.32 4.82 4.31 4.10
No weighting 14.8 7.45 5.89 5.17 4.80
Bigger model 13.7 5.58 4.46 4.05 3.77

109



3.3.5.4 Upsampling Table 3.3: Cats (upsampler) generative

Cascaded diffusion model pipelines [110] and DDM- performance (measured in FID).
based‘super‘—resolution [210] have bfecome crucial o NFEs NFEs—10 NFE1s
ingredients in DDMs for large-scale image genera- ~-o g (ours)  5.53 2.90 .83
tion [212]. Hence, we also explore the applicability —DDIM [255] 947 6.64 5.85

of GENIE in this setting. We train a 128 x 128 base 2PN T By QR S
model as well as a 128 x 128 — 512 x 512 diffusion

upsampler [110), | on Cats. In Table 3.3, we compare the generative performance of
GENIE to other fast samplers for the upsampler (in isolation). We find that GENIE per-
forms very well on this task: with only five NFEs GENIE outperforms all other methods
at NFEs=15. We show upsampled samples for GENIE with NFEs=5 in Figure 3.9. For
more quantitative and qualitative results, we refer to Section 3.4.6.6 and Section 3.4.6.7,
respectively. Training and inference details for the score model and the GENIE prediction
head, for both base model and upsampler, can be found in Section 3.4.3.

3.3.6 Conclusions

We introduced GENIE, a higher-order ODE solver for DDMs. GENIE improves upon the
commonly used DDIM solver by capturing the local curvature of its ODE’s gradient field,
which allows for larger step sizes when solving the ODE. We further propose to distill the
required higher-order derivatives into a small prediction head—which we can efficiently call
during inference—on top of the first-order score network. A limitation of GENIE is that
it is still slightly slower than approaches that abandon the differential equation framework
of DDMs altogether, which, however, comes at the considerable cost of preventing appli-
cations such as guided sampling. To overcome this limitation, future work could leverage
even higher-order gradients to accelerate sampling from DDMs even further (also see Sec-
tion 3.4.7.2).

Broader Impact. Fast synthesis from DDMs, the goal of GENIE, can potentially make
DDMs an attractive method for promising interactive generative modeling applications,
such as digital content creation or real-time audio synthesis, and also reduce DDMs’ envi-
ronmental footprint by decreasing the computational load during inference. Although we
validate GENIE on image synthesis, it could also be utilized for other tasks, which makes
its broader societal impact application-dependent. In that context, it is important that
practitioners apply an abundance of caution to mitigate impacts given generative mod-
eling can also be used for malicious purposes, discussed for instance in Mirsky and Lee
[201], Nguyen et al. [210], Vaccari and Chadwick [275].
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Figure 3.9: High-resolution images generated with the 128 x 128 — 512 x 512 GENIE
upsampler using only five neural network calls. For the two images at the top, the up-
sampler is conditioned on test images from the Cats dataset. For the two images at the
bottom, the upsampler is conditioned on samples from the 128 x 128 GENIE base model
(generated using 25 NFEs); an upsampler neural network evaluation is roughly four times
as expensive as a base model evaluation.
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3.4 Appendix

3.4.1 DDIM ODE

The DDIM ODE has previously been shown [244, | to be a re-parameterization of the
Probability Flow ODE [263]. In this subsection, we show an alternative presentation to the
ones given in Song et al. [258] and Salimans and Ho [2441]. We start from the Probability
Flow ODE for variance-preserving continuous-time DDMs [263], i.e.,

dx; = _%Bt [Xt + Vx, Ingt(Xt)] dt, (3'24)

where §; = —% log o and Vy, log p;(x;) is the score function. Replacing the unknown score
function with a learned score model sg(x;,t) ~ Vy, log p:(x;), we obtain the approximate
Probability Flow ODE

dx; = —%ﬁt [x; + sg(xy,t)] dt. (3.25)

Let us now define v, = 1733 and X; = x;4/1 + 72, and take the (total) derivative of Xx;

oy

with respect to ~:
dit . aXt dXt + 85(t
dv,  Ox dy | Oy

dXt
147 —X . 3.27
=V T i 327

(3.26)

The derivative ‘;—’; can be computed as follows

3—}; = d;t jj;t (by chain rule) (3.28)
1 dt ) . .
— —5@ [x¢ + So(x¢,1)] T (inserting Equation (3.25)) (3.29)
t
1 dlog o? dt ..
=— t)] — (by definit f 3.30
5 g [x; + So(x,1)] i (by definition of /3;) (3.30)
1dl 2
=3 ;i % [x¢ + se(x¢,t)]  (by chain rule) (3.31)
t
_1dl d
=3 :;i o djt %, + so(x,,t)]  (by chain rule) (3.32)
7 t
11 da?
2 a d Z [Xt + SQ(Xt, t)] . (333)
£
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We can write o2 as a function of 7, i.e., a2 = (72 + 1), and therefore

da? 2
At I (3.34)
dy (v +1)
Inserting Equation (3.34) into Equation (3.33), we obtain
@ = — Z/Yt [Xt + Sg(Xt, t)] . (335)
dv v+ 1
Lastly, inserting Equation (3.35) into Equation (3.27), we have
dx; Ve
— = —————5g(xy,t 3.36
PN S i (3:30)
Letting sg(x,t) = —%f’”, where 0, = \/1 —a? = —2—, denote a particular parame-

terization of the score model, we obtain the approximate generative DDIM ODE as

dv V+1 o '
= ep(xs, 1) (3.38)

3.4.2 Synthesis from Denoising Diffusion Models via Truncated
Taylor Methods

In this work, we propose Higher-Order Denoising Diffusion Solvers (GENIE). GENIE is
based on the truncated Taylor method (TTM) [151]. As outlined in Section 3.3.3, the p-th

TTM is simply the p-th order Taylor polynomial applied to an ODE. For example, for the
general % = f(y,t), the p-th TTM reads as

dy
ytn+1 = ytn + hnahytnytn) + e +

1.,dy

p!h’n%h)’tn,tn)? (3.39)

where h, = t,.1 — t,. To generate samples from denoising diffusion models, we can,
for example, apply the second TTM to the (approximate) Probability Flow ODE or the
(approximate) DDIM ODE, resulting in the following respective schemes:

1 d
Xt = Xt, T (tn+1 - tn)f(xtn7 tn) + E(tn—&-l - tn)Qd_{kXtmtn)’ (3'40)
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where f(x;,t) = _%5@) [Xt _ sa(:,t)]7 and
»deg

_ _ 1
th+1 = th + (’ytn+1 - /ytn)ee (th7 tn) + _(rythﬁl - ’ytn) d,y |(xtn,tn)' (341)
t

2

In this work, we generate samples from DDMs using the scheme in Equation (3.41). We

distill the derivative d,,eq = % into a small neural network k.. For training, d.,eq is

computed via automatic differentiation, however, during inference, we can efficiently query
the trained network k..

3.4.2.1 Theoretical Bounds for the Truncated Taylor Method

Consider the p-TTM for a general ODE dy = f(y,1):

dy dPy
Ytnir = Yt + D, dt |()’tn tn) Tt hn dtp |(ytn7tn) (3'42>

We represent, the exact solution y(¢,41) using the (p + 2)-th Taylor expansion
1

1P dPy 1 Bt drtly

p+2
n dtp | Ytnvtn) + ( + 1)' n dtp+1 |(Ytn7tn) + O<hn )

(3.43)

dy
Y(t”“‘l) - y(tn) + hnEh}’tn,tn) + -+ —'

The local truncation error (LTE) introduced by the p-th TTM is given by the difference
between the two equations above

art 1

1
r Y O (3.44)

Hytn+1 - Y(thrl)H = H (p+ 1)| no g+l

For small h,,, the LTE is proportional to h2*!. Consequently, using higher orders p implies
lower errors, as h,, usually is a small time step.

In conclusion, this demonstrates that it is preferable to use higher-order methods with

lower errors when aiming to accurately solve ODEs like the Probability Flow ODE or the
DDIM ODE of diffusion models.

3.4.2.2 Approximate Higher-Order Derivatives via the “Ideal Derivative Trick”

Tachibana et al. [269] sample from DDMs using (an approximation to) a higher-order It6-
Taylor method [154]. In their scheme, they approximate higher-order score functions with
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the “ideal derivative trick”, essentially assuming simple single-point (xg) data distributions,
for which higher-order score functions can be computed analytically (more formally, their
approximation corresponds to ignoring the expectation over the full data distribution when
learning the score function. They assume that for any x;, there is a single unique x, from
the input data to be predicted with the score model). In that case, further assuming the
score model gq(x¢,t) is learnt perfectly (i.e., it perfectly predicts the noise that was used
to generate x; from xg), one has

Xt — 04X

€o(x,1) ~ (3.45)

O¢

This expression can now be used to analytically calculate approximate spatial and time
derivatives (also see App. F.1 and App. F.2 in Tachibana et al. [269]):

Oeg (x4, 1) 0 (X — auXp 1
—_—r — | — | =—1 3.46
8xt 8Xt O¢ O¢ ’ ( )
and
Oeg(x¢,t) N 2 X —iXo\ _ X¢— atxo@ B ﬁ@ (3.47)
ot ot oy o} dt oy dt ’
Rearranging Equation (3.45), we have
- t
Xo ~ Xu — 010X, ) (3.48)
Qy
Inserting this expression, Equation (3.47) becomes
Deg(xs,t) ML /oo(x, 1)
~ — . 3.49
ot 2Jt O¢ X ( )

We will now proceed to show that the “ideal derivative trick”, i.e. using the approxima-
tions in Equations (3.46) and (3.49), results in d,,eg = 0.

As in Section 3.3.3, the total derivative d.,eq is composed as

. 880()(75, t) dXt 859(Xt, t) dt
d,ytEg(Xt,t) = 8—Xtd—% Td_%

Inserting the “ideal derivative trick”, the above becomes

1 /11 da? / dlog of / dt
d,e0(xq,t) & (——& [Xt_MD +< dt (E"(X“ >—xt) L 351

;t 2 Oé% d’)/t O¢ 2Jt O¢ d"}/t

(3.50)
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where we have inserted Equation (3.33) for Z—’;ﬁ and used the usual parameterization
t dl da? da? dog .
se(xy,t) = —%";’). Using Ogat = ai?% nd %dd—,ft = T» we can see that the right-

hand side of Equation (3.51) is 0. Hence, applying the second TTM to the DDIM ODE and
using the “ideal derivative trick” is equivalent to the first TTM (Euler’s method) applied
to the DDIM ODE. We believe that this is potentially a reason why the DDIM solver [258],
Euler’s method applied to the DDIM ODE, shows such great empirical performance: it
can be interpreted as an approximate (“ideal derivative trick”) second order ODE solver.
On the other hand, our derivation also implies that the “ideal derivative trick” used in the
second TTM for the DDIM ODE does not actually provide any benefit over the standard
DDIM solver, because all additional second-order terms vanish. Hence, to improve upon
regular DDIM, the “ideal derivative trick” is insufficient and we need to learn the higher-
order score terms more accurately without such coarse approximations, as we do in our
work.

Furthermore, it is interesting to show that we do not obtain the same cancellation effect
when applying the “ideal derivative trick” to the Probability Flow ODE in Equation (3.25):

Let f(x,t) = —3/(t) [Xt - %;t)} (right-hand side of Probability Flow ODE), then

6’(1&) 1 d go(xy, 1)
——l(x,t) = , T t)— - 3.52
e = Sy £t = 5805 [ - S (35
/(t 1 w L doy
{ P - 300 £t + 5000 ( e ) B
where /(1) = d— Using the “ideal derivative trick”, we have ¢ = d_ eqd,y, ~ 0, and
therefore the above becomes
af gl(t) 1 B(t) doy
- - . 54
o~ | St = 390] osut) - 59 et (3.54)
The derivative % can be computed as follows
do, 1 do}
o 20, di (3.55)
1 d t / /
= 2—0}% (1—€_f0 B(t)dt> (356)
Blt)e o P
= 50, . (3.57)
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Putting everything back together, we have

af, 8w B pe b

i, 5 | B
dt et 20, 4oy 407}

] eo(xs,t) + {—T + T] x¢,  (3.58)

which is clearly not 0 for all x; and ¢. Hence, in contrast to the DDIM ODE, applying
Euler’s method to the Probability Flow ODE does not lead to an approximate (in the sense
of the “ideal derivative trick”) second order ODE solver.

Note that very related observations have been made in the concurrent works Karras et al.
[141] and Zhang et al. [315]. These works notice that when the data distribution consist
only of a single data point or a spherical Gaussian distribution, then the solution trajec-
tories of the generative DDIM ODE are straight lines. In fact, this exactly corresponds to
our observation that in such a setting we have d,,e9 = 0, as shown above in the analysis
of the “ideal derivatives approximation”. Note in that context that our above derivation
considers the “single data point” distribution assumption, but also applies to the setting
where the data is a spherical normal distribution (only oy would be different, which would
not affect the derivation).

3.4.2.3 3rd TTM Applied to the DDIM ODE

As promised in Section 3.3.3, we show here how to apply the third TTM to the DDIM
ODE, resulting in the following scheme:

1 de 1 d25
X1 = Xi,, + hn€o(Xp,, tn) + =h 4 32 =6

e Sl 3.59
2 nd/yt |( tn7tn) + 6 n d,th |( tn7tn) ( )

where h, = (V... — V%,). In the remainder of this subsection, we derive a computable
d2€9

formula for FeR

only containing partial derivatives.

Using the chain rule, we have

d’e _ Odyee(xe,t) dxy N dd &g (x4, t) dt

0
Teo) = IoyeelXy, ) 3.60
d'YtQ |( t,t) Ox; dre ot dy, ( )

where, using Equation (3.50),

Odyeq(x4,t)  0Peg(xy,t) dxy N Deg(x¢, 1) 1 Oee(x,t) 7 0259(xt,t)ﬁ
oxy N ox2  dvy 0xy V2 +1 oxy 1+172 otox, dvy’
(3.61)

117



and

Odee(xt,t) 0 (Oeg(xe,t) dx; N 0 (Oeg(x4,t) dt. (3.62)
The remaining terms in Equation (3.62) can be computed as

g ng(xt,t)ﬁ B 82€g(xt,t)ﬁ N 859(xt,t)d(dd_~i) (3.63)

ot o dvy) o2 dy ot dt ' '
and

dx;
0 (Dealxit)dx)  Peolxit)dx Dol )0 () o
ot aXt d’)/t ot aXt d’}/t aXt ot ’

where, inserting Equation (3.35) for Z—’;: as well as using the usual parameterization sg(x;,t) ==

_ea(xt,t)
ot ?

d Mt (x4,t)
ot ot <_%2 1 [Xt - } (3.65)
0 L :
B (\/’Y?"rl) 1 Oeg(xy, 1) 0 (11%2) B Ve
= ———Zgp(x4, 1) + — Xy Ot = —F=—=
(3.66)
2
Ve v —1 dry 1 Oeg(xy,t)
= ——89(Xt, t) + — Xt | + . (367)
( (v +1)*” (2 +1)° ) dt  F+1 Ot
We now have a formula for d;;f containing only partial derivatives, and therefore we can
compute ‘5529 using automatic differentiation. Note that we could follow the same proce-
t

dure to compute even higher derivatives of &g.

We repeat the 2D toy distribution single step error experiment from Section 3.3.3 (see
also Figure 3.2 (top) and Section 3.4.5 for details). As expected, in Figure 3.10 we can
clearly see that the third TTM improves upon the second TTM.

In Figure 3.11, we compare the second TTM to the third TTM applied to the DDIM
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Figure 3.10: Single step error using analytical score function. See also Figure 3.2 (top).

ODE on CIFAR-10. Both for the second and the third TTM, we compute all partial
derivatives using automatic differentiation (without distillation). It appears that for us-
ing 15 or less steps in the ODE solver, the second TTM performs better than the third
TTM. We believe that this could potentially be due to our score model sg(x;,t) not being
accurate enough, in contrast to the above 2D toy distribution experiment, where we have
access to the analytical score function. Furthermore, note that when we train sq(x,1)
via score matching, we never regularize (higher-order) derivatives of the neural network,
and therefore there is no incentive for them to be well-behaved. It would be interesting to
see if, besides having more accurate score models, regularization techniques such as spec-
tral regularization [203] could potentially alleviate this issue. Also the higher-order score
matching techniques derived by Meng et al. [195] could help to learn higher-order derivates
of the score functions more accurately. We leave this exploration to future work.

3.4.2.4 GENIE is Consistent and Principled

GENIE is a consistent and principled approach to developing a higher-order ODE solver
for sampling from diffusion models: GENIE’s design consists of two parts: (1) We are
building on the second Truncated Taylor Method (TTM), which is a well-studied ODE
solver (see Kloeden and Platen [154]) with provable local and global truncation errors (see
also Section 3.4.2.1). Therefore, if during inference we had access to the ground truth
second-order ODE derivatives, which are required for the second TTM, GENIE would
simply correspond to the exact second TTM.
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Figure 3.11: Qualitative comparison of the second and the third TTMs applied to the DDIM
ODE on CIFAR-10 (all necessary derivatives calculated with automatic differentiation). The
number of steps in the ODE solver is denoted as n.
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(2) In principle, we could calculate the exact second-order derivatives during inference
using automatic differentiation. However, this is too slow for competitive sampling speeds,
as it requires additional backward passes through the first-order score network. Therefore,
in practice, we use the learned prediction heads ky(x;, ).

Consequently, if ky(x;,t) modeled the ground truth second-order derivatives exactly, i.e.
ky(x¢,t) = dye9(x,t) for all x;, and ¢, we would obtain a rigorous second-order solver
based on the TTM, following (1) above.

In practice, distillation will not be perfect. However, given the above analysis, opti-
mizing a neural network ky(x;,t) towards d,ep(x;, ) is well motivated and theoretically
grounded. In particular, during training we are calculating exact ODE gradients using
automatic differentiation on the first-order score model as distillation targets. Therefore,
in the limit of infinite neural network capacity and perfect optimization, we could in the-
ory minimize our distillation objective function (Equation (3.22)) perfectly and obtain
ky(x;,t) = dye0(x4, t).

Also recall that regular denoising score matching itself, on which all diffusion models rely,
follows the exact same argument. In particular, denoising score matching also minimizes
a “simple” (weighted) Lo-loss between a trainable score model sy(x;,t) and the spatial
derivative of the log-perturbation kernel, i.e., Vy, logpi(x; | x0). From this perspective,
denoising score matching itself also simply tries to “distill” (spatial) derivatives into a
model. If we perfectly optimized the denoising score matching objective, we would obtain
a diffusion model that models the data distribution exactly, but in practice, similar to
GENIE, we never achieve that due to imperfect optimization and finite-capacity neural
networks. Nevertheless, denoising score matching similarly is a well-defined and principled
method, precisely because of that theoretical limit in which the distribution can be repro-
duced exactly.

We would also like to point out that other, established higher-order methods for diffu-
sion model sampling with the generative ODE, such as linear multistep methods [170],
make approximations, too, which can be worse in fact. In particular, multistep methods
always approximate higher-order derivatives in the TTM using finite differences which is
crude for large step sizes, as can be seen in Fig. 3 (bottom). From this perspective, if our
distillation is sufficiently accurate, GENIE can be expected to be more accurate than such
multistep methods.
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3.4.3 Model and Implementation Details

3.4.3.1 Score Models

We train variance-preserving DDMs [263] for which 02 = 1—a?. We follow Song et al. [263]

1 ’ ’
and set (t) = 0.1+ 19.9¢; note that oy = e 2 Jy 8@) 4t - A1) score models are parameterized
as either sg(xy,t) == —%j’” (e-prediction) or sg(xy,t) = —%’:H”W (v-prediction),
where eg(xy,t) and vg(xy,t) are U-Nets [230]. The e-prediction model is trained using the

following score matching objective [109]
D By tsteior,1]x0~p(x0) £~ (0,) lle —eo(xe,)II3] s i = asxo + ove. (3.68)

The v-prediction model is trained using the following score matching objective [211]

mein Bttt eno 1] x0~p(x0) ~N(0,1) [“e_gz:Xt — vo(xt, t)”%] , Xp = Xg t+ 0€, (3.69)
which is referred to as “SNR+1" weighting [244]. The neural network vg is now effectively
tasked with predicting v i= aye — 04X.

CIFAR-10: On this dataset, we do not train our own score model, but rather use a
checkpoint! provided by Song et al. [263]. The model is based on the DDPM++ architec-
ture introduced in Song et al. [263] and predicts eg.

LSUN Bedrooms and LSUN Church-Outdoor: Both datasets use exactly the same
model structure. The model structure is based on the DDPM architecture introduced in Ho
et al. [109] and predicts €g.

ImageNet: This model is based on the architecture introduced in Dhariwal and Nichol
[66]. We make a small change to the architecture and replace its sinusoidal time embedding
by a Gaussian Fourier projection time embedding [263]. The model is class-conditional and
we follow Dhariwal and Nichol [66] and simply add the class embedding to the (Gaussian
Fourier projection) time embedding. The model predicts eg.

Cats (Base): This model is based on the architecture introduced in Dhariwal and Nichol
[66]. We make a small change to the architecture and replace its sinusoidal time embedding

!The checkpoint can be found at https://drive.google.com/file/d/16_
-Ahc6ImZV5C1UcOvVM5IivEi80J1VSif/view?usp=sharing.
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Table 3.4: Model hyperparameters and training details. The CIFAR-10 model is taken
from Song et al. [203]; all other models are trained by ourselves.

Hyperparameter CIFAR-10 LSUN Bedrooms LSUN Church-Outdoor ImageNet Cats (Base) Cats (Upsampler)
Model

Data dimensionality (in pixels) 32 128 128 64 128 512
Residual blocks per resolution 8 2 2 3 2 2
Attention resolutions 16 16 16 8 (8, 16) (8, 16)
Base channels 128 128 128 192 96 192
Channel multipliers 1,234 1,1,22444 1,1,22444 1,234 1,223,3 1,1,22334
EMA rate 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
# of head channels N/A N/A N/A 64 64 64
# of parameters 107TM 148M 148M 283M 200M 80.2M
Base architecture DDPM-++ [263] DDPM [109] DDPM [109] [66] [66] [66]
Prediction € € € € v v
Training

# of iterations 400k 300k 300k 400k 400k 150k
# of learning rate warmup iterations 100k 100k 100k 100k 100k 100k
Optimizer Adam Adam Adam Adam Adam Adam
Mixed precision training X v v v 4 v
Learning rate 107 3-1074 3-1074 21074 1074 10~
Gradient norm clipping 1.0 1.0 1.0 1.0 1.0 1.0
Dropout 0.1 0.0 0.0 0.1 0.1 0.1
Batch size 128 256 256 1024 128 64
Leutoft 107° 1073 1073 1073 1073 1073

by a Gaussian Fourier projection time embedding [263]. The model predicts vg.

Cats (Upsampler): This model is based on the architecture introduced in Dhariwal
and Nichol [66]. We make a small change to the architecture and replace its sinusoidal
time embedding by a Gaussian Fourier projection time embedding [263]. The upsampler
is conditioned on noisy upscaled lower-resolution images, which are concatenated to the
regular channels that form the synthesized outputs of the diffusion model. Therefore, we
expand the number of input channels from three to six. We use augmentation condition-
ing [2412] to noise the lower-resolution image. In particular, we upscale oy Xy + 012, where
Xjow 18 the clean lower-resolution image. During training ¢’ is sampled from U [teusofr, 1]-
During inference, t' is a hyper-parameter which we set to 0.1 for all experiments.

We use two-independent Gaussian Fourier projection embeddings for ¢ and ¢ and con-
catenate them before feeding them into the layers of the U-Net.

Model Hyperparameters and Training Details: All model hyperparameters and
training details can be found in Table 3.4.
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3.4.3.2 Prediction Heads

We model the derivative d.,e¢ using a small prediction head k. on top of the first-order
score model g¢. In particular, we provide the last feature layer from the g9 network to-
gether with its time embedding as well as x; and the output of e(x;,t) to the prediction
head (see Figure 3.4 for a visualization). We found modeling d,,e¢ to be effective even
for our Cats models that learn to predict v = aye — 0% rather than . Directly learning
d,,ve and adapting the mixed network parameterization (see Paragraph 3.4.3.2.3) could
potentially improve results further. We leave this exploration to future work.

We provide additional details on our architecture next.

3.4.3.2.1 Model Architecture The architecture of our prediction heads is based on
(modified) BigGAN residual blocks [30, 263]. To minimize computational overhead, we
only use a single residual block.

In particular, we concatenate the last feature layer with x; as well as eg(x;,t) and feed it
into a convolutional layer. For the upsampler, we also condition on the noisy up-scaled
lower resolution image. We experimented with normalizing the feature layer before con-
catenation. The output of the convolutional layer as well as the time embedding are then
fed to the residual block. Similar to U-Nets used in score models, we normalize the output
of the residual block and apply an activation function. Lastly, the signal is fed to another
convolutional layer that brings the number of channels to a desired value (in our case nine,

three for each kg), i € {1,2,3}, in Equation (3.73)).

All model hyperparameters can be found in Table 3.5. We also include the additional com-
putational overhead induced by the prediction heads in Table 3.5; see Paragraph 3.4.3.2.5
for details on how we measured the overhead.

3.4.3.2.2 Training Details We train for 50k iterations using Adam [118]. We ex-
perimented with two base learning rates: 107 and 5 - 1075. We furthermore tried two
“optimization setups”: (linearly) warming up the learning rate in the first 10k iterations
(score models are often trained by warming up the learning rate in the first 100k itera-
tions) or, following Salimans and Ho [2411], linearly decaying the learning rate to 0 in the
entire 50k iterations of training; we respectively refer to these two setups as “warmup” and
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Table 3.5: Model hyperparameters and training details for the prediction heads.

Hyperparameter CIFAR-10 LSUN Bedrooms LSUN Church-Outdoor ImageNet Cats (Base) Cats (Upsampler)
Model

Data dimensionality 32 128 128 64 128 512
EMA rate 0 0 0 0 0 0
Number of channels 128 128 128 196 196 92

# of parameters 526k 526k 526k 1.17M 1.17M 302k
Normalize Xembed X X v X X X
Training

# of iterations 20k 40k 35k 15k 20k 20k
Optimizer Adam Adam Adam Adam Adam Adam
Optimization setup Decay Warmup Warmup Warmup Warmup Warmup
Mixed precision training X X X X X X
Learning rate 5-107° 107 1074 107 1074 1074
Gradient norm clipping 1.0 1.0 1.0 1.0 1.0 1.0
Dropout 0.0 0.0 0.0 0.0 0.0 0.0
Batch size 128 256 256 256 64 16
Leutoff 1073 1073 1073 1073 1073 1073
Inference

Add. comp. overhead 1.47% 14.0% 14.4% 2.83% 7.55% 13.3%

“decay”. We measure the FID every 5k iterations and use the best checkpoint.

Note that we have to compute the Jacobian-vector products in Equation (3.19) via auto-

matic differentiation during training. We repeatedly found that computing the derivative

w via automatic differentiation leads to numerical instability (NaN) for small ¢ when

using mixed precision training. For simplicity, we turned off mixed precision training al-

together. However, training performance could have been optimized by only turning off
. .. .. . . Oeg (Xt ,t)

mixed precision training for the derivative =z-=.

All training details can be found in Table 3.5.
3.4.3.2.3 Mixed Network Parameterization Our mixed network parameterization

is derived from a simple single data point assumption, i.e., p;(x;) = N(x;; 0,02I). This as-
sumption leads to eg(xy, 1) ~ 2t which we can plug into the three terms of Equation (3.19):

1 Oeg(xy,t) 1 X 1 x;
co(xy 1) A~ —— b 2 Xt 3.70
V1 Ox (xt:7) VAE+107  mo (3.70)
and
Y Oeg(xy,t) Vi T X
_ Xy, =Xt 3.71
1+92 0x, ' o(1++3) " 1470 (3.71)
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and finally

Oeo(xit) dt  xydoydt 41 1 1 x (3.72)

ot dy  of dtdy ¥ oz w4 o

where we have used o; = \/Wé_ﬂ This derivation therefore implies the following mixed
Vi

network parameterization

1. «a Tt 2) 1 (3)
ky = ——k\ + 2+ —— k% ~d e, (3.73)
v Mt v 1+%2 v ’Yt(1+%2) v b

where kg) (x4, 1), 7 € {1,2,3}, are different output channels of the neural network (i.e. the
additional head on top of the €9 network). To provide additional intuition, we basically
replaced the —2* terms in Equations (3.70) to (3.72) by neural networks. However, we
know that for approx1mately Normal data xz ~ gg¢(xy,t), where €g(xy,t) predicts “noise”
values € that were drawn from a standard Normal distribution and are therefore varying
on a well-behaved scale. Consequently, up to the Normal data assumption, we can also
expect our prediction heads kfz) (x4, t) in the parameterization in Equation (3.73) to pre-
dict well-behaved output values, which should make training stable. This mixed network
parameterization approach is inspired by the mixed score parameterization from Vahdat
et al. [280] and Dockhorn et al. [75].

3.4.3.2.4 Pseudocode In this subsection, we provide pseudocode for training our pre-

diction heads k,, and using them for sampling with GENIE. In Algorithm 2, the analytical
dt

o, s an implicit hyperparameter of the DDM as it depends on «;. For our choice of

_= [t ! dt! .
ay = ¢ 2 Jo O1FI A (400 Section 3.4.3.1), we have

d WG
t 19.9(47+1
—= G H2)7 (3.74)
Vi \/ 012 . 2log(r2+1
(155) + —Tos—
l—af
where Yt = =
t
In Line 0, we are free to use any time discretization tg = 1.0 > t; > -+ > tn = teutosr-

When referring to “linear striding” in this work, we mean the time discretization ¢, =
1.0 = (1.0 — teutorr) - When referring to “quadratic striding” in this work, we mean the

time discretization t,, = (1.() — (1.0 — \/tcutoﬁ)%)z,
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Algorithm 2 Training prediction heads k.

Input: Score model sg := —%x:’t), number of training iterations V.

Output: Trained prediction head k.

forn=1to N do
Sample Xp ~ pO(XO)7 L~ u[tcutoffa 1]75 ~ N(()? I)
Set Xy = yXg + 01
Compute eg(x¢,t)

Compute the spatial JVP JVPg = Deq(xt,t) <\/127+159(xt, t) — 1::;2xt> via AD
YVt t

8xt

Compute the temporal JVP JVP; = wd‘% via AD (d% can be computed analytically)

Compute kq(x¢,t) using the mixed parameterization in Equation (3.73)

Update weights 1 to minimize v2||kqy(xt,t) — dy,€0(xt,t)||3, where dy,eq(x¢,t) = JVPs —
JVP;

end for

Algorithm 3 GENIE sampling

__ %o (Xt7t)
gt

Input: Score model sy = , prediction head k., number of sampler steps N, time
discretization {t,}2 .
Output: Generated GENIE output sample y.

Sample x;, ~ N(0,1)

Set Xz, = /1 + ’yfoxto > Note that X¢, = /1 + %2”th for all t,,
forn=0to N —1do
if AFS and n = 0 then

th+1 = th + (’ytn+l - ,ytn)xtn

else
)_ctn-&-l = )_(tn + (’ytn+l - ’Ytn)€9(xtn, tn) + %(’ytn+l - ’Ytn)ka (th’ tn)
end if
o Xty
end for

if Denoising then
_ Xty —0tnE0(Xtn tN)
= e

else

Yy = XtN
end if
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3.4.3.2.5 Measuring Computational Overhead Our prediction heads induce a slight
computational overhead since their forward pass has to occur after the forward pass of the
score model. We measure the overhead as follows: first, we measure the inference time
of the score model itself. We do five forward passes to “warm-up” the model and then
subsequently synchronize via torch.cuda.synchronize(). We then measure the total
wall-clock time of 50 forward passes. We then repeat this process using a combined for-
ward pass: first the score model and subsequently the prediction head. We choose the
batch size to (almost) fill the entire GPU memory. In particular we chose batch sizes of
512, 128, 128, 64, 64, and 8, for CIFAR-10, LSUN Bedrooms, LSUN Church-Outdoor,
ImageNet, Cats (base), and Cats (upsampler), respectively. The computational overhead
for each model is reported in Table 3.5. This measurement was carried out on a single
NVIDIA 3080 Ti GPU.

3.4.4 Learning Higher-Order Gradients without Automatic Dif-
ferentiation and Distillation

In this work, we learn the derivative d,,eg, which includes a spatial and a temporal
Jacobian-vector product, by distillation based on automatic differentiation (AD). We now
derive an alternative learning objective for the spatial Jacobian-vector product (JVP) which
does not require any AD. We start with the following (conditional) expectation
E [afxox, — oy [xox] + x¢X0 | | ¢, t] = —xux, + 07 8a(x¢,t) + 0} 81(x4, )81 (x4, ) | + 071,
(3.75)
where s1(xy,t) = Vi, logpi(x) and Sy(xy,t) = V;th log pi(x;). The above formula is
derived in Meng et al. [Theorem 1, 195]. Adding x;x, to Equation (3.75) and subsequently
dividing by o2, we have

2
a
E | —Lxox; —
o

1
[xoxtT + xtxg] + a—)gpctT | %4, 1| = 0285 (%, 1) + 0281 (x, 1) 81(Xy, t)T + 1,
t

(3.76)

O
2
Oy t

where we could pull the U%th: term into the expectation because it is conditioned on ¢
t
and x;. Using x; = a;X( + 0,€, we can rewrite the above as

E[ee | x4, t] = 07So(x¢,t) + 07 81(x¢,t)81(xe,t) " + I (3.77)
For an arbitrary v := v(xy,t), we then have

E [ee v | x4, t] = 0780 (x¢, t)v + 0781 (X4, t)81(x1,t) "0 + . (3.78)
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Therefore, we can develop a score matching-like learning objective for the (general) spatial
JVP 0g(x4,t) = Sa(x t)v as
1
EtNu[tcutoffvl]7X0Np(x0)7ENN(O7I) gnO—ad<t)||00(Xt7 t) + 80 (Xt7 t>Se(Xt7 t)va + ?’U - EETUH§:| Y

t (3.79)

for some weighting function gn,_.q(t). Setting v(xy,t) = —oy (\/#59@(15, t) — ﬁﬁtytxt»
t

would recover the spatial JVP needed for the computation of d,,e. In the initial phase of
this project, we briefly experimented with learning the spatial JVP using this approach;
however, we found that our distillation approach worked significantly better.

3.4.5 Toy Experiments

For all toy experiments in Section 3.3.3, we consider the following ground truth distribution:

8

po(Xo) = %Zpéi)(xo), (3.80)

i=1
where
8

. 1
p[())(X()) = gZN(XQ,SllLZ’ +8182/.1,j,0'2I). (381)

j=1

We set 0 = 1072, 51 = 0.9, 55 = 0.2, and
1 -1 0 0
M12(0)7 M2=(0>, H3:(1)7 H4=(_1)
1 1 1 _ 1
u5=<f>, u6=<_@>, u7=<f>, usz(_\f)-
V2 V2 V2 V2

The ground truth distribution is visualized in Figure 3.3a. Note that we can compute the
score functions (and all its derivatives) analytically for Gaussian mixture distributions.

In Figure 3.3, we compared DDIM to GENIE for sampling using the analytical score
function of the ground truth distribution with 25 solver steps. In Figure 3.12, we repeated
this experiment for 5, 10, 15, and 20 solver steps. We found that in particular for n = 10
both solvers generate samples in interesting patterns.
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Figure 3.12: Modeling a complex 2D toy distribution: Samples are generated with DDIM
and GENIE with n solver steps using the analytical score function of the ground truth
distribution (visualized in Figure 3.3a). Zoom in for details.
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3.4.6 Image Experiments

3.4.6.1 Evaluation Metrics, Baselines, and Datasets

Metrics: We quantitatively measure sample quality via Fréchet Inception Distance [FID,

]. Tt is common practice to use 50k samples from the training set for reference statis-
tics. We follow this practice for all datasets except for ImageNet and Cats. For ImageNet,
we follow Dhariwal and Nichol [66] and use the entire training set for reference statistics.
For the small Cats dataset, we use the training as well as the validation set for reference
statistics.

Baselines: We run baseline experiments using two publicly available repositories. The
score sde pytorch repository is licensed according to the Apache License 2.0; see also
their license file here. The CLD-SGM repository is licensed according to the NVIDIA Source
Code License; see also their license file here.

Datasets: We link here the websites of the datasets used in this experiment: CIFAR-
10, LSUN datasets, ImageNet, and AFHQv2.

3.4.6.2 Analytical First Step (AFS)

The forward process of DDMs generally converges to an analytical distribution. This
analytical distribution is then used to sample from DDMs, defining the initial condi-
tion for the generative ODE/SDE. For example, for variance-preserving DDMs, we have
p1(x1) = N (x1;0,I).

In this work, we try to minimize the computational complexity of sampling from DDMs,
and therefore operate in a low NFE regime. In this regime, every additional function
evaluation makes a significant difference. We therefore experimented with replacing the
learned score with the (analytical score) of N'(0,I) = pi(x;) in the first step of the ODE
solver. This “gained” function evaluation can then be used as an additional step in the
ODE solver later.

In particular, we have

eo(x1,1) = xy, (3.82)
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d 1
and % ~ 0 as shown below:

d€9(X1, 1) ~ dXt

N — | 3.83
dmn drye = ( )
- _% [x; + so(x¢,t)][s=1 (using Equation (3.35)) (3.84)
i
~ 0 (using normal assumption Sg(X,t) = —X;) (3.85)

Given this, the AFS step becomes identical to the Euler update that uses the Normal score
function for x;. This step is shown in the pseudocode in Line 0.

3.4.6.3 Classifier-Free Guidance

As discussed in Section 3.3.5.2, to guide diffusion sampling towards particular classes, we
replace gg(x;,t) with

Eo(xt,t,c,w) = (1 +w)eg(xy, t,¢) — weg(xt, t), (3.86)

where w > 1.0 is the “guidance scale”, in the DDIM ODE. We experiment with classifier-
free guidance on ImageNet. In Equation (3.86) we re-use the conditional ImageNet score
model eg(xy, t, ¢) trained before (see Section 3.4.3.1 for details), and train an additional un-
conditional ImageNet score model €4 (x;,t) using the exact same setup (and simply setting
the class embedding to zero). We also re-use the conditional prediction head trained on top
of the conditional ImageNet score model and train an additional prediction head for the
unconditional model. Note that for both the score models as well as the prediction heads,
we could share parameters between the models to reduce computational complexity [108].
The modified GENIE scheme for classifier-free guidance is then given as

_ _ . 1 n
th+1 = Xt, + (7tn+1 - fytn)se(xt'nﬂ tn? ¢, w) + §<%n+1 - %n)ka(XtM tn? Cy w)? (3'87)

where

~

ky(Xi,,tn, c,w) = (1 +w)ky(Xy,,, tn, €) — wky (X, , ty). (3.88)

3.4.6.4 Encoding
To encode a data point xq into latent space, we first “diffuse” the data point to t = 1073,

Le., x; = ayxg + o€, € ~ N(0,I). We subsequently simulate the generative ODE (back-
wards) from ¢ = 1073 to ¢ = 1, obtaining the latent point x;.
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To decode a latent point x;, we simulate the generative ODE (forwards) from ¢ = 1.0
to t = 1073. We then denoise the data point, i.e., xo = xi—oteo(xtl) - Note that denoising
is generally optional to sample from DDMs; however, for our encoding-decoding experi-
ment we always used denoising in the decoding part to match the inital “diffusion” in the
encoding part.

3.4.6.5 Latent Space Interpolation

We can use encoding to perform latent space interpolation of two data points X(()O) and X(()l).
We first encode both data points, following the encoding setup from Section 3.4.6.4, and
obtain xﬁo) and Xgl), respectively. We then perform spherical interpolation of the latent
codes:

xP = xOVT b +xMVb, belo1]. (3.89)

Subsequently, we decode the latent code xgb) following the decoding setup from Sec-
tion 3.4.6.4. In Figure 3.13, we show latent space interpolations for LSUN Church-Outdoor
and LSUN Bedrooms.

3.4.6.6 Extended Quantitative Results

In this subsection, we show additional quantitative results not presented in the main paper.
In particular, we show results for all four hyperparameter combinations (binary choice of
AFS and binary choice of denoising) for methods evaluated by ourselves. For these meth-
ods (i.e., GENIE, DDIM, S-PNDM, F-PNDM, Euler-Maruyama), we follow the Synthesis
Strategy outlined in Section 3.3.5, with the exception that we use linear striding instead
of quadratic striding for SSPNDM [176] and F-PNDM [176]. To apply quadratic striding
to these two methods, one would have to derive the Adams-Bashforth methods for non-
constant step sizes which is beyond the scope of our work.

Results can be found in Tables 3.8 to 3.13. As expected, AFS can considerably improve
results for almost all methods, in particular for NFEs < 15. Denoising, on the other hand,
is more important for larger NFEs. For our Cats models, we initially found that denoising
hurts performance, and therefore did not further test it in all settings.

Recall Scores. We quantify the sample diversity of GENIE and other fast samplers
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Reference b=0 b=1/6 b=1/3 b=1/2 b=2/3 b=5/6 b=1 Reference

NFEs=10
DDIM

GENIE

DDIM

=25

NFEs:

GENIE

NFEs=50
DDIM

GENIE

b=5/6 Reference

NFEs=10
DDIM

GENIE

DDIM

=25

NFEs

GENIE

NFEs=50
DDIM

GENIE

Figure 3.13: Latent space interpolations for LSUN Church-Outdoor (Top) and LSUN Bedrooms
(Bottom). Note that b = 0 and b = 1 correspond to the decodings of the encoded reference images.

Since this encode-decode loop is itself not perfect, the references are not perfectly reproduced at
b=0and b=1.
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Table 3.6: Unconditional CIFAR-10 generative performance, measured in Recall (higher
values are better). All methods use the same score model checkpoint.

Method AFS Denoising NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25
X X 0.28 0.48 0.54 0.56 0.56
X v 0.21 0.45 0.52 0.56 0.57
GENIE (ours) v X 0.27 0.47 0.53 0.56 0.56
v v 0.19 0.46 0.53 0.55 0.56
X X 0.10 0.27 0.38 0.43 0.46
X v 0.07 0.24 0.35 0.42 0.46
DDIM [255] v X 0.08 0.27 0.38 0.43 0.46
v v 0.04 0.24 0.36 0.42 0.45
X X 0.06 0.30 0.43 0.49 0.52
/ X v 0.02 0.25 0.39 0.46 0.50
S-PNDM [176] v X 0.11 0.33 0.45 0.50 0.53
v v 0.06 0.29 0.41 0.47 0.51
X X N/A N/A 0.55 0.57 0.58
/ X v N/A N/A 0.52 0.56 0.57
F-PNDM [170] v X N/A N/A 0.55 0.58 0.59
v v N/A N/A 0.54 0.56 0.57
X X 0.00 0.00 0.00 0.02 0.08
Euler-Maruvama X v 0.00 0.00 0.00 0.03 0.06
Y v X 0.00 0.00 0.00 0.03 0.09
v v 0.00 0.00 0.00 0.03 0.09

using the recall score [243]. In particular, we follow DDGAN [295] and use the improved
recall score [162]; results on CIFAR-10 can be found in Table 3.6. As expected, we can see

that for all methods recall scores suffer as the NFEs decrease. Compared to the baselines,
GENIE achieves excellent recall scores, being on par with F-PNDM for NFE> 15. How-
ever, F-PNDM cannot be run for NFE<10 (due to its additional Runge-Kutta warm-up
iterations). Overall, these results confirm that GENIE offers strong sample diversity when
compared to other common samplers using the same score model checkpoint.

Striding Schedule Grid Search. As discussed in Section 3.3.5 the fixed quadratic
striding schedule (for choosing the times ¢ for evaluating the model during synthesis under
fixed NFE budgets) used in GENIE may be sub-optimal, in particular for small NFEs.
To explore this, we did a small grid search over three different striding schedules. As
described in Paragraph 3.4.3.2.4, the quadratic striding schedule can be written as ¢, =
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Table 3.7: Unconditional CIFAR-10 generative performance (measured in FID) using
our GENIE and DDIM [258] with different striding schedules using exponents p €
{1.5,2.0,2.5}.

Method p NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25

1.5 11.2 5.28 2.03 4.35 3.97
GENIE 2.0 13.9 5.97 4.49 3.94 3.67
2.5 17.8 7.19 4.57 3.94 3.64
1.5 27.6 13.5 8.97 7.20 6.15
DDIM 2.0 29.7 11.2 7.35 5.87 5.16
2.5 33.2 13.4 8.28 6.36 5.39

(1.0 — (1.0 — \/tcutoﬂ‘>%)2, and easily be generalized to

tn= (10— (10— t}:{lfoﬁ)%)p,p > 1. (3.90)
In particular, besides the quadratic schedule p = 2, we also tested the two additional values
p = 1.5 and p = 2.5. We tested these schedules on GENIE as well as DDIM [258]; note
that the other two comptetive baselines, S-PNDM [176] and F-PNDM [176], rely on linear
striding, and therefore a grid search is not applicable. We show results for GENIE and
DDIM in Table 3.7; for each combination of solver and NFE we applied the best synthesis
strategy (whether or not we use denoising and/or the analytical first step) of quadratic
striding (p = 2.0) also to p = 1.5 and p = 2.5. As can be seen in the table, p = 1.5
improves for both DDIM and GENIE for NFE=5 (over the quadratic schedule p = 2),
whereas larger p are preferred for larger NFE. The improvement of GENIE from 13.9 to
11.2 FID for NFE=5 is significant.

Discretization Errors of GENIE compared to other Fast Samplers. We compute
discretization errors, in particular local and global truncation errors, of GENIE and com-
pare to existing faster solvers. We are using the CIFAR-10 model. We initially sample 100
latent vectors x7 ~ N(0,I) and then, starting from those latent vectors, synthesize 100
approximate ground truth trajectories (GTTs) using DDIM with 1k NFEs (for that many
steps, the discretization error is negligible; hence, we can treat this as a pseudo ground
truth).

We then synthesize 100 sample trajectories for DDIM [258], SSPNDM [176], F-PNDM [170],
and GENIE (for NFEs={5, 10, 15, 20, 25}, similar to the main experiments) using the same
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Figure 3.14: Global Truncation Error: Ls-distance of generated outputs by the fast
samplers to the (approximate) ground truth (computed using DDIM with 1k NFEs) in
Inception feature space [265]. Results are averaged over 100 samples.

latent vectors as starting points that were used to generate the GTTs. DDIM, S-PNDM,
and F-PNDM are training-free methods that can be run on the exact same score model,
which also our GENIE relies on. Thereby, we are able to isolate discretization errors from
errors in the learnt score function. We then compute the average Lo-distance (in Inception
feature space [208]) between the output image of the fast samplers and the “output” of the
pseudo GTT. As can be seen in Figure 3.14, GENIE outperforms the three other methods
on all NFEs.

Comparing the local truncation error (LTE) of different higher-order solvers can unfor-
tunately not be done in a fair manner. Similar to DDIM, GENIE only needs the current
value and a single NFE to predict the next step. In contrast, multistep methods rely on
a history of predictions and Runge-Kutta methods rely on multiple NFEs to predict the
next step. Thus, we can only fairly compare the LTE of GENIE to the LTE of DDIM. In
particular, we compute LTEs at three starting times ¢ € {0.1,0.2,.5} (similar to what we
did in Figure 3.2). For each t, we then compare one step predictions for different step sizes
At against the ground truth trajectory (Lo-distance in data space averaged over 100 pre-
dictions; since we are not operating directly in image space at these intermediate ¢, using
inception feature would not make sense here). As expected, we can see in Figure 3.15 that
GENIE has smaller LTE than DDIM for all starting times .
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Figure 3.15: Local Truncation Error: Single step (local discretization) error, measured
in Lo-distance to (approximate) ground truth (computed using DDIM with 1k NFEs) in
data space and averaged over 100 samples, for GENIE and DDIM for three starting time
points ¢ € {0.1,0.2,0.5} (this is, the ¢ from which a small step with size At is taken).
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Table 3.8: Unconditional CIFAR-10 generative performance (measured in FID). Methods
above the middle line use the same score model checkpoint; methods below all use different
ones. (f): numbers are taken from literature. This table is an extension of Table 3.1.

Method AFS Denoising NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25
X X 15.4 5.97 4.70 4.30 4.10
X v 23.5 6.91 4.74 4.02 3.72
GENIE (ours) v X 13.9 6.04 4.76 4.33 418
v v 17.9 6.27 4.49 3.94 3.67
X X 30.1 11.6 7.56 6.00 5.27
X v 37.9 13.9 8.76 6.77 5.76
DDIM [258] v X 29.7 11.2 7.35 5.87 5.16
v v 35.2 12.8 8.17 6.39 5.49
X X 60.2 12.1 7.16 5.48 4.62
X v 101 17.2 10.8 8.74 7.62
S-PNDM [176] v X 35.9 10.3 6.61 5.20 4.51
v v 56.8 14.9 10.2 8.37 7.35
X X N/A N/A 12.1 6.58 4.89
X v N/A N/A 19.5 10.6 8.43
F-PNDM [170] v/ X N/A N/A 10.3 5.96 4.73
v v N/A N/A 15.7 10.9 8.52
X X 364 236 178 121 85.0
Euler Maravarma X v 391 235 191 129 89.9
¥ v/ X 325 230 164 112 80.3
v v 364 235 176 120 83.6
FastDDIM [150] (1) X v - 9.90 - 5.05 .
Learned Sampler [250] (1) X v 12.4 7.86 5.90 4.72 4.25
Analytic DDIM (LS) [20] () X v . 14.0 . - 5.71
CLD-SGM [77)] X X 334 306 236 162 106
VESDE-PC [263] X v 461 461 461 461 462
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Table 3.9: Conditional ImageNet generative performance (measured in FID).

Method AFS Denoising NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25
X X 23.4 8.35 6.13 5.36 5.00
X v 35.4 7.59 5.23 4.48 4.13
GENIE (owrs) X 21.6 8.92 6.59 5.73 5.27
v v 20.2 7.41 5.36 41.68 4.27
X X 39.0 14.5 9.47 7.57 6.64
X v 39.8 11.1 7.17 5.83 5.19
DDIM [255] v X 37.4 14.7 9.73 7.86 6.92
v v 30.0 10.7 7.14 5.93 5.35
X X 57.9 15.2 10.0 8.12 7.20
X v 60.6 12.2 8.69 7.59 6.94
SPNDM [170] X 39.0 13.7 9.75 8.08 7.22
v v 35.5 11.2 8.54 7.52 6.94
X X N/A N/A 13.9 9.45 7.87
X v N/A N/A 145 9.45 8.05
F-PNDM[170] X N/A N/A 12.5 9.01 7.74
v v N/A N/A 12.3 9.26 7.86

3.4.6.7 Extended Qualitative Results

In this subsection, we show additional qualitative comparisons of DDIM and GENIE on
LSUN Church-Outdoor (Figure 3.16), ImageNet (Figure 3.17), and Cats (upsampler con-
ditioned on test set images) (Figure 3.18 and Figure 3.19). In all genie/figures, we can
see that samples generated with GENIE generally exhibit finer details as well as sharper
contrast and are less blurry compared to standard DDIM.

In Figure 3.20 and Figure 3.21, we show additional high-resolution images generated with
the GENIE Cats upsampler using base model samples and test set samples, respectively.

3.4.6.8 Computational Resources

The total amount of compute used in this research project is roughly 163k GPU hours.
We used an in-house GPU cluster of V100 NVIDIA GPUs.
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Table 3.10: Unconditional LSUN Bedrooms generative performance (measured in FID).
Methods above the middle line use the same score model checkpoint; Learned Sampler
uses a different one. (f): numbers are taken from literature.

Method AFS Denoising NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25
X X 74.1 17.1 13.3 11.6 11.1
X v 115 11.4 7.18 5.80 5.35
GENIE (ours) v X 55.9 18.4 14.1 12.3 11.6
v v 47.3 9.29 6.83 5.79 5.40
X X 69.6 27.1 19.0 15.8 14.2
X v 81.0 16.3 9.18 7.12 6.20
DDIM 255] v X 62.1 27.1 19.3 16.3 14.6
v v 42.5 12.5 8.21 6.77 6.05
X X 70.4 22.1 15.7 13.5 12.4
X v 88.9 12.2 8.40 7.33 6.80
S-PNDM [170] v X 48.0 20.2 15.2 13.4 12.4
v v 45.0 10.8 8.14 7.23 6.71
X X N/A N/A 36.1 18.5 14.6
X v N/A N/A 26.8 9.85 7.86
F-PNDM [176] v X N/A N/A 29.4 17.5 14.3
v v N/A N/A 18.9 9.27 7.69
Learned Sampler [280] (f) X v 29.2 11.0 - 4.82 -
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Table 3.11: Unconditional LSUN Church-Outdoor generative performance (measured in
FID). Methods above the middle line use the same score model checkpoint; Learned Sam-
pler uses a different one. (}): numbers are taken from literature.

Method AFS Denoising NFEs=5 NFEs=10 NFEs=15 NFEs=20 NFEs=25
X X 97.2 25.4 15.9 11.6 9.57
X v 147 13.7 11.7 8.52 7.28
GENIE (ours) v X 47.8 13.6 10.6 9.17 8.28
v v 60.3 10.5 7.44 6.38 5.84
X X 81.5 28.5 16.7 11.9 9.9
X v 110 25.3 11.5 8.53 7.35
DDIM [255] v/ X 44.0 17.4 12.5 10.2 9.07
v v 45.8 12.8 8.44 6.97 6.28
X X 59.4 18.7 13.3 11.4 10.4
X v 87.5 14.8 9.54 7.98 7.21
S-PNDM [170] v X 40.7 17.0 12.8 11.2 10.3
v v 48.8 12.9 9.10 7.82 7.12
X X N/A N/A 15.5 12.0 10.6
X v N/A N/A 15.7 9.78 7.99
F-PNDM [176] v/ X N/A N/A 15.2 11.8 10.4
v v N/A N/A 12.6 9.29 7.83
Learned Sampler [280] (f) X v 30.2 11.6 - 6.74 -

Table 3.12: Cats (base model) generative performance (measured in FID).

Method AFS NFEs=10 NFEs=15 NFEs=20 NFEs=25
GENIE (ours) ‘); 11§§ 3’;;1 ?1718 g:iﬁ;
DDMES] s w0 sm o rar
SPNDMUT D ws w10
emou XN B w4 s

142



NFEs=10 NFEs=15 NFEs=20
DDIM GENIE DDIM GENIE DDIM GENIE

Figure 3.16: Additional samples on LSUN Church-Outdoor with zoom-in on details. GE-
NIE often results in sharper and higher contrast samples compared to DDIM.
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NFEs=10 NFEs=15 NFEs=20
DDIM GENIE DDIM GENIE DDIM GENIE

Figure 3.17: Additional samples on ImageNet with zoom-in on details. GENIE often
results in sharper and higher contrast samples compared to DDIM.
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Figure 3.18: Additional samples on Cats with zoom-in on details. GENIE often results in sharper
and higher contrast samples compared to DDIM.
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Figure 3.19: Additional samples on Cats with zoom-in on details. GENIE often results in sharper
and higher contrast samples compared to DDIM.
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Figure 3.20: End-to-end samples on Cats. The GENIE base model uses 25 function eval-
uations and the GENIE upsampler only uses five function evaluations. An upsampler
evaluation is roughly four times as expensive as a base model evaluation.
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Figure 3.21: Upsampling 128 x 128 test set images using the GENIE upsampler with only
five function evaluations.
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Table 3.13: Cats (upsampler) generative performance (measured in FID).

Method AFS NFEs=5 NFEs=10 NFEs=15
GENIE (ours) ‘)/( 572?; :gi())) ig?
A v
senoum 7] 5 0T o 001
reNDMOT G YN Uh

3.4.7 Miscellaneous

3.4.7.1 Connection to Bao et al. [19]

The concurrent Bao et al. [19] learn covariance matrices for diffusion model sampling using
prediction heads somewhat similar to the ones in GENIE. Specifically, both Bao et al. [19]
and GENIE use small prediction heads that operate on top of the large first-order score
predictor. However, we would like to stress multiple differences: (i) Bao et al. [19] learn the
DDM’s sampling covariance matrices, while we learn higher-order ODE gradients. More
generally, Bao et al. [19] rely on stochastic diffusion model sampling, while we use the
ODE formulation. (ii) Most importantly, in our case we can resort to directly learning
the low-dimensional JVPs without low-rank or diagonal matrix approximations or other
assumptions. Similar techniques are not directly applicable in Bao et al. [19]’s setting.
In detail, this is because in their case the relevant matrices (obtained after Cholesky or
another applicable decomposition of the covariance) do not act on regular vectors but
random noise variables. In other words, instead of using a deterministic JVP predictor
(which takes x; and ¢ as inputs), as in GENIE, Bao et al. [19] would require to model an
entire distribution for each x; and ¢ without explicitly forming high-dimensional Cholesky
decomposition-based matrices, if they wanted to do something somewhat analogous to
GENIE’s novel JVP-based approach. As a consequence, Bao et al. [19] take another route
to keeping the dimensionality of the additional network outputs manageable in practice. In
particular, they resort to assuming a diagonal covariance matrix in their experiments. By
directly learning JVPs, we never have to rely on such potentially limiting assumptions. (iii)
Experimentally, Bao et al. [19] also consider fast sampling with few neural network calls.
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However, GENIE generally outperforms them (see, for example, their CIFAR10 results in
their Table 2 for 10 and 25 NFE). This might indeed be due to the assumptions made
by Bao et al. [19], which we avoid. Furthermore, their stochastic vs. our deterministic
sampling may play a role, too.

3.4.7.2 Combining GENIE with Progressive Distillation

We speculate that GENIE could potentially be combined with Progressive Distillation [244]:
In every distillation stage of [211], one could quickly train a small GENIE prediction head to
model higher-order ODE gradients. This would then allow for larger and/or more accurate
steps, whose results represent the distillation target (teacher) in the progressive distillation
protocol. This may also reduce the number of required distillation stages. Overall, this
could potentially speed up the cumbersome stage-wise distillation and maybe also lead to
an accuracy and performance improvement. In particular, we could replace the DDIM
predictions in Algorithm 2 of [241] with improved GENIE predictions.

Note that this approach would not be possible with multistep methods as proposed by Liu
et al. [I76]. Such techniques could not be used here, because they require the history of
previous predictions, which are not available in the progressive distillation training scheme.

We leave exploration of this direction to future work.

3.5 Epilogue

3.5.1 Additional Related Work

Since the publication of Dockhorn et al. [74], there has been a plethora of work on acceler-
ated DM solvers [(1, , , , , |. Furthermore, there have been considerable
efforts to distill the entire iterative sampling process of a DM into a neural network. In
progressiwve distillation [211] an Euler-like sampler with N steps is distilled into an Euler-
like sampler with N/2 steps. This procedure can be performed iteratively, bringing the
number of evaluations for sampling as low as one. While progressive distillation was pro-
posed around the same time as GENIE, it originally came with a set of limitations (see the
paper). Recently, progressive distillation has been extended to classifier-free guidance [190]
and to ODE solvers beyond Euler’s method [24]. Other distillation methods that distill the
entire iterative sampling process of a DMs have been proposed as well [180, , , ].
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Chapter 4

Differentially Private Diffusion
Models

4.1 Differentially Private Generative Modeling: What
and Why?

As we have seen in the last chapters, DMs have the ability to learn complex data dis-
tributions, such as those found in natural images. However, as with any (generative)
model, training DMs on sensitive data raises concerns about privacy. For example, an
adversary may be able to recover training images of deep classifiers using gradients of the
networks [303] or reproduce training text sequences from large transformers [39]. Gen-
erative models may even overfit directly, generating data indistinguishable from the data
they have been trained on. In fact, overfitting and privacy-leakage of generative models
are more relevant than ever, considering recent works that train powerful photo-realistic
image generators on large-scale web-scraped data. Recently, it has been shown that large
text-to-image DMs may almost perfectly memorize (portions of the) training data [10].
Memorization of training data is particularly problematic in privacy-sensitive domains,
such as medical imaging. One potential method to provably avoid memorization in gen-
erative modeling is to train models with strict differential privacy (DP) [83, &1] guarantees.

DP is a rigorous mathematical definition of privacy applied to statistical queries; in ma-
chine learning these queries generally correspond to the training of a neural network using
sensitive training data. Informally, training is said to be differentially private, if, given the
trained weights of the network, an adversary cannot tell with certainty whether a particular
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data point was part of the training data. A popular algorithm for DP training of neural
networks is differentially private stochastic gradient descent (DP-SGD) [1]. DP-SGD pre-
serves privacy by clipping and noising the parameter gradients during training. This leads
to an inevitable trade-off between privacy and utility; for instance, small clipping con-
stants and large noise injection result in very private models that may be of little practical
use. In the past, DP-SGD has, for example, been employed to train generative adversarial
networks [38, , ], which are particularly susceptible to privacy-leakage [2585].

4.2 Preface

This section presents the paper “Differentially Private Diffusion Models”. In this work,
we train DMs with strict DP guarantees using DP-SGD [1]. We motivate why we believe
DMs to be better suited for DP-SGD training than one-shot generation models such as
generative adversarial networks. We study the DM parameterization, training settings and
sampling methods in detail, and optimize them for the DP setup. We propose noise mul-
tiplicity, a modification of DP-SGD tailored to the training of DMs. Experimentally, we
significantly surpass the state-of-the-art in DP synthesis on widely-studied image modeling
benchmarks. The paper was initially put on arXiv in October 2022, and then submitted
to the journal Transactions on Machine Learning Research in April 2023.

Contributions: I was the sole first author of this work. Tianshi Cao, Arash Vahdat
and Karsten Kreis were co-authors, and Karsten supervised the project. I implemented
all code and ran all experiments, and wrote the majority of the paper. I proposed “noise
multiplicity”, the main modification of DP-SGD used to train DPDMs.

Reproducibility: The code and models for this work have been open-sourced. See https:
//github.com/nv-tlabs/DPDM for instructions to reproduce our results.

Abstract: While modern machine learning models rely on increasingly large training
datasets, data is often limited in privacy-sensitive domains. Generative models trained
with differential privacy (DP) on sensitive data can sidestep this challenge, providing ac-
cess to synthetic data instead. We build on the recent success of diffusion models (DMs) and
introduce Differentially Private Diffusion Models (DPDMs), which enforce privacy using
differentially private stochastic gradient descent (DP-SGD). We investigate the DM param-
eterization and the sampling algorithm, which turn out to be crucial ingredients in DPDMs,
and propose noise multiplicity, a powerful modification of DP-SGD tailored to the training
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of DMs. We validate our novel DPDMs on image generation benchmarks and achieve state-
of-the-art performance in all experiments. Moreover, on standard benchmarks, classifiers
trained on DPDM-generated synthetic data perform on par with task-specific DP-SGD-
trained classifiers, which has not been demonstrated before for DP generative models.
Project page and code: https://nv-tlabs.github.io/DPDM.

4.3 Main Paper

4.3.1 Introduction

Modern deep learning usually requires significant amounts of training data. However,
sourcing large datasets in privacy-sensitive domains is often difficult. To circumvent this
challenge, generative models trained on sensitive data can provide access to large synthetic
data instead, which can be used flexibly to train downstream models. Unfortunately, typ-
ical overparameterized neural networks have been shown to provide little to no privacy
to the data they have been trained on. For example, an adversary may be able to re-
cover training images of deep classifiers using gradients of the networks [303] or reproduce
training text sequences from large transformers [39]. Generative models may even overfit
directly, generating data indistinguishable from the data they have been trained on. In
fact, overfitting and privacy-leakage of generative models are more relevant than ever, con-
sidering recent works that train powerful photo-realistic image generators on large-scale
Internet-scraped data [16, , , ].

To protect the privacy of training data, one may train their model using differential privacy
(DP). DP is a rigorous privacy framework that applies to statistical queries [83, 84]. In
our case, this query corresponds to the training of a neural network using sensitive data.
Differentially private stochastic gradient descent (DP-SGD) [!] is the workhorse of DP
training of neural networks. It preserves privacy by clipping and noising the parameter
gradients during training. This leads to an inevitable trade-off between privacy and utility;
for instance, small clipping constants and large noise injection result in very private models
that may be of little practical use.

DP-SGD has, for example, been employed to train generative adversarial networks (GANs) |

, 296], which are particularly susceptible to privacy-leakage [285]. However, while GANs
in the non-private setting can synthesize photo-realistic images [30, —140], their appli-
cation in the private setting is challenging. GANs are difficult to optimize [11, | and

prone to mode collapse; both phenomena may be amplified during DP-SGD training.

153

?


https://nv-tlabs.github.io/DPDM

Gradient Gradient

Sensitive Forward Pass Calculation ’ Sanitization Qb'l ective: 9
_Lalcwation | _ , ~x|2
le = Aow)|| Do (Xk, 0%) — x|
Sensitive Backward Pass A -
Averaging over Noise Levels veraging over 1 ~
q . . l — Z l
Private Backward Pass ‘ ‘ ‘ TS B EE K
kE[K]
Objective Objective r Objective
Gradient Calculation:

v

go = Vol

Gradient Sanitization:
g5 = clipg (8e) + CN(0,03p1)

|
|

NMmanA
P,

01 02 g3 Diffusion

- > Trajectories
Forward Diffusion Process Xy = x + N(0,0%)

Figure 4.1: Information flow during training in our Differentially Private Diffusion Model
(DPDM) for a single training sample in green (i.e. batchsize B=1, another sample shown
in blue). We rely on DP-SGD to guarantee privacy and use noise multiplicity; here,
K=3. The diffusion is visualized for a one-dim. toy distribution (marginal probabilities in
purple); our main experiments use high-dim. images. Note that for brevity in the visual-

ization we dropped the index ¢, which indicates the minibatch element in Equations (4.6)
and (4.7).
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Recently, Diffusion Models (DMs) have emerged as a powerful class of generative mod-
els [109, , ], demonstrating outstanding performance in image synthesis [60, ,

, , , ]. In DMs, a diffusion process gradually perturbs the data towards ran-
dom noise, while a deep neural network learns to denoise. DMs stand out not only by high
synthesis quality, but also sample diversity, and a simple and robust training objective.
This makes them arguably well suited for training under DP perturbations. Moreover,
generation in DMs corresponds to an iterative denoising process, breaking the difficult
generation task into many small denoising steps that are individually simpler than the
one-shot synthesis task performed by GANs and other traditional methods. In particular,
the denoising neural network that is learnt in DMs and applied repeatedly at each synthesis
step is less complex and smoother than the generator networks of one-shot methods, as
we validate in experiments on toy data (synthetically generated mixture of 2D Gaussians).
Therefore, training of the denoising neural network is arguably less sensitive to gradient
clipping and noise injection required for DP.

Based on these observations, we propose Differentially Private Diffusion Models (DPDMs),
DMs trained with rigorous DP guarantees based on DP-SGD. We thoroughly study the DM
parameterization and sampling algorithm, and tailor them to the DP setting. We find that
the stochasticity in DM sampling, which is empirically known to be error-correcting [1411],
can be particularly helpful in DP-SGD training to obtain satisfactory perceptual quality.
We also propose noise multiplicity, where a single training data sample is re-used for train-
ing at multiple perturbation levels along the diffusion process (see Figure 4.1). This simple
yet powerful modification of the DM training objective improves learning at no additional
privacy cost. We validate DPDMs on standard DP image generation tasks, and achieve
state-of-the-art performance by large margins, both in terms of perceptual quality and
performance of downstream classifiers trained on synthetically generated data from our
models. For example, on MNIST we improve the state-of-the-art FID from 56.2 to 23.4
and downstream classification accuracy from 81.5% to 95.3% for the privacy setting DP-
(e=1,6=1075). We also find that classifiers trained on DPDM-generated synthetic data
perform on par with task-specific DP-classifiers trained on real data, which has not been
demonstrated before for DP generative models.

We make the following contributions: (i) We carefully motivate training DMs with DP-
SGD and introduce DPDMs, the first DMs trained under DP guarantees. (ii) We study
DPDM parameterization, training setting and sampling in detail, and optimize it for the DP
setup. (iii) We propose noise multiplicity to efficiently boost DPDM performance. (iv)
Experimentally, we significantly surpass the state-of-the-art in DP synthesis on widely-
studied image modeling benchmarks. (v) We demonstrate for the first time that classifiers
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trained on DPDM-generated data perform on par with task-specific DP-trained discrimi-
native models. This implies a very high utility of the synthetic data generated by DPDMs,
delivering on the promise of DP generative models as an effective data sharing medium.
Finally, we hope that our work has implications for the literature on DMs, which are now
routinely trained on ultra large-scale datasets of diverse origins.

4.3.2 Background

4.3.2.1 Diffusion Models

We consider continuous-time DMs [263] and follow the presentation of Karras et al. [111].
Let paata(x) denote the data distribution and p(x; o) the distribution obtained by adding
ii.d. o%-variance Gaussian noise to the data distribution. For sufficiently large omax,
p(x;02,.) is almost indistinguishable from o2, -variance Gaussian noise. Capitalizing on
this observation, DMs sample (high variance) Gaussian noise xq ~ N (0,02 ) and sequen-
tially denoise x into x; ~ p(x;;0;), @ € [0,..., M], with 0; < 0;_1 (00 = Omax). If oar =0,
then xq is distributed according to the data.

Sampling. In practice, the sequential denoising is often implemented through the simu-
lation of the Probability Flow ordinary differential equation (ODE) [203]

dx = —&(t)o(t)Vxlog p(x; o(t)) dt, (4.1)

where Vylogp(x; o) is the score function [123]. The schedule o(t) : [0,1] — Ry is user-
specified and (t) denotes the time derivative of o(¢). Alternatively, we may also sample
from a stochastic differential equation (SDE) [111, 263]:

dx = \—d(t)a(t)VX log p(x; 0(t)) df \—B(t)a2(t)vx logp(x;0(t)) dt ++/28(t)o(t) dwf’

-~

~
Probability Flow ODE; see Equation (4.1) Langevin diffusion component

(4.2)

where dw; is the standard Wiener process. In principle, given initial samples xy ~
N (0,02 .), simulating either Probability Flow ODE or SDE produces samples from the
same distribution. In practice, though, neither ODE nor SDE can be simulated exactly:
Firstly, any numerical solver inevitably introduces discretization errors. Secondly, the score
function is only accessible through a model sg(x;0) that needs to be learned; replacing
the score function with an imperfect model also introduces an error. Empirically, the
ODE formulation has been used frequently to develop fast solvers [74, , , , ],
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whereas the SDE formulation often leads to higher quality samples (while requiring more
steps) [111]. One possible explanation for the latter observation is that the Langevin dif-
fusion component in the SDE at any time during the synthesis process actively drives
the process towards the desired marginal distribution p(x; o), whereas errors accumulate
in the ODE formulation, even when using many synthesis steps. In fact, it has been
shown that as the score model sg improves, the performance boost that can be obtained
by an SDE solver diminishes [I11]. Finally, note that we are using classifier-free guid-
ance [108] to perform class-conditional sampling in this work. For details on classifier-free
guidance and the numerical solvers for Equation (4.1) and Equation (4.2), we refer to Sec-
tion 4.4.3.3.

Training. DM training reduces to learning the score model sg. The model can, for
example, be parameterized as Vylogp(x;0) &~ sg = (Dg(x;0) — x)/0? [141], where Dy
is a learnable denoiser that, given a noisy data point x + n, X ~ pgata(x), n ~ N (0, 0?)
and conditioned on the noise level o, tries to predict the clean x. The denoiser Dy can be
trained by minimizing an Ls-loss

Ko ~paata (x),(0,n)~p(o,n) [)\G—HDQ(X +n,0)— x||§] , (4.3)

where p(o,n) = p(c) N (n;0,0%) and \,: R, — R, is a weighting function. Previous
works proposed various denoiser models Dy, noise distributions p(o), and weightings A,.
We refer to the triplet (Dg,p, \) as the DM config. Here, we consider four such configs:
variance preserving (VP) [203], wvariance exploding (VE) [263], v-prediction [211], and
EDM Karras et al. [111]; Section 4.4.3.1 for details.

4.3.2.2 Differential Privacy

DP is a rigorous mathematical definition of privacy applied to statistical queries; in our
work the queries correspond to the training of a neural network using sensitive training
data. Informally, training is said to be DP, if, given the trained weights 0 of the network,
an adversary cannot tell with certainty whether a particular data point was part of the
training data. This degree of certainty is controlled by two positive parameters € and §:
training becomes more private as € and 0 decrease. Note, however, that there is an inherent
trade-off between utility and privacy: very private models may be of little to no practical
use. To guarantee a sufficient amount of privacy, as a rule of thumb, ¢ should not be larger
than 1/N, where N is number of training points {x;}#,, and € should be a small constant.
More formally, we refer to (g,9)-DP defined as follows [33]:

Definition 4.3.1. (Differential Privacy) A randomized mechanism M : D — R with
domain D and range R satisfies (¢,d)-DP if for any two datasets d,d € D differing by at
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most one entry, and for any subset of outputs S C R it holds that
Pr[M(d) € S] < e Pr[M(d') € S] + 0. (4.4)

DP-SGD. We require a DP algorithm that trains a neural network using sensitive data.
The workhorse for this particular task is differentially private stochastic gradient descent
(DP-SGD) [1]. DP-SGD is a modification of SGD for which per-sample-gradients are
clipped and noise is added to the clipped gradients; the DP-SGD parameter updates are
defined as follows

06— % (Z@ clip, (Voli(8)) + Cz) : (4.5)

where z ~ N(0,03p1), B is a B-sized subset of {1,..., N} drawn uniformly at random,
l; is the loss function for data point x;, n is the learning rate, and the clipping function is
clip,(g) = min{1,C/||g|]2} g. DP-SGD can be adapted to other first-order optimizers,
such as Adam [191].

Privacy Accounting. According to the Gaussian mechanism [31], a single DP-SGD up-
date (Equation (4.5)) satisfies (g,0)-DP if 03p > 2log(1.25/§)C?/e%. Privacy accounting
methods can be used to compose the privacy cost of multiple DP-SGD training updates and
to determine the variance o3, needed to satisfy (g,8)-DP for a particular number of DP-
SGD updates with clipping constant C' and subsampling rate B/N. Also see Section 4.4.1.

4.3.3 Differentially Private Diffusion Models

We propose DPDMs, DMs trained with rigorous DP guarantees based on DP-SGD [1].
DP-SGD is a well-established method to train DP neural networks and our intention is not
to re-invent DP-SGD; instead, the novelty in this work lies in the combination of DMs with
DP-SGD, modifications of DP-SGD specifically tailored to the DP training of DMs, as well
as the study of design choices and training recipes that greatly influence the performance of
DPDMs. Combinations of DP-SGD with GANs have been widely studied [26, 88, 273, 290],
motivating a similar line of research for DMs. To the best of our knowledge, we are the
first to explore DP training of DMs. In Section 4.3.3.1, we discuss the motivation for
using DMs for DP generative modeling. In Section 4.3.3.2, we then discuss training and
methodological details as well as DM design choices, and we prove that DPDMs satisfy
DP.
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Figure 4.2: Frobenius norm of the Jacobian Jr(c) of the denoiser D(-,0) and constant
Frobenius norms of the Jacobians Jr of the sampling functions defined by the DM and a
GAN. Section 4.4.5 for experiment details.

4.3.3.1 Motivation

(i) Objective function. GANs have so far been the workhorse of DP generative model-
ing (see Section 4.3.4), even though they are generally difficult to optimize [11, 198] due
to their adversarial training and propensity to mode collapse. Both phenomena may be
amplified during DP-SGD training. DMs, in contrast, have been shown to produce outputs
as good or even better than GANs’ [66], while being trained with a very simple regression-
like Lo-loss (Equation (4.3)), which makes them robust and scalable in practice. DMs are
therefore arguably also well-suited for DP-SGD-based training and offer better stability
under gradient clipping and noising than adversarial training frameworks.

(ii) Sequential denoising. In GANs and most other traditional generative modeling
approaches, the generator directly learns the sampling function, i.e., the mapping of la-
tents to synthesized samples, end-to-end. In contrast, the sampling function in DMs is
defined through a sequential denoising process, breaking the difficult generation task into
many small denoising steps which are individually less complex than the one-shot syn-
thesis task performed by, for instance, a GAN generator. The denoiser neural network,
the learnable component in DMs that is evaluated once per denoising step, is therefore
simpler and smoother than the one-shot generator networks of other methods. We fit both
a DM and a GAN to a two-dimensional toy distribution (mixture of Gaussians, see Sec-
tion 4.4.5) and empirically verify that the denoiser D is indeed significantly less complex
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(quantified by the Frobenius norm of the Jacobian) than the generator learnt by the GAN
and also than the end-to-end multi-step synthesis process (Probability Flow ODE) of the
DM (see Figure 4.2; we calculate denoiser Jg(o) at varying noise levels o). Generally,
more complex functions require larger neural networks and are more difficult to learn. In
DP-SGD training we only have a limited number of training iterations available until the
privacy budget is depleted. Consequently, the fact that DMs require less complexity out of
their neural networks than typical one-shot generation methods, while still being able to
represent expressive generative models due to the iterative synthesis process, makes them
likely well-suited for DP generative modeling with DP-SGD.

(iii) Stochastic diffusion model sampling. As discussed in Section 4.3.2.1, gener-
ating samples from DMs with stochastic sampling can perform better than deterministic
sampling when the score model is not learned well. Since we replace gradient estimates
in DP-SGD training with biased large variance estimators, we cannot expect a perfectly
accurate score model. In Section 4.3.5.2, we empirically show that stochastic sampling can
in fact boost perceptual synthesis quality in DPDMs as measured by FID.

4.3.3.2 Training Details, Design Choices, Privacy

The clipping and noising of the gradient estimates in DP-SGD (Equation (4.5)) pose a
major challenge for efficient optimization. Blindly reducing the added noise could be fatal,
as it decreases the number of training iterations allowed within a certain (e, §)-DP budget.
Furthermore, as discussed the Lo-norm of the noise added in DP-SGD scales linearly to the
number of parameters. Consequently, settings that work well for non-private DMs, such
as relatively small batch sizes, a large number of training iterations, and heavily overpa-
rameterized models, may not work well for DPDMs. Below, we discuss how we propose to
adjust DPDMs for successful DP-SGD training.

Noise multiplicity. Recall that the DM objective in Equation (4.3) involves three ex-
pectations. As usual, the expectation with respect to the data distribution pgata(x) is
approximated using mini-batching. For non-private DMs, the expectations over o and n
are generally approximated using a single Monte Carlo sample (o}, n;) ~ p(o)N (0, 0?) per
data point x;, resulting in the loss for training sample @

li = )\(O’Z)”DQ(XZ + n;, O'Z‘) — XZH% (46)
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The estimator [; is very noisy in practice. Non-private DMs counteract this by training for
a large number of iterations in combination with an exponential moving average (EMA) of
the trainable parameters € [260]. When training DMs with DP-SGD, we incur a privacy
cost for each iteration, and therefore prefer a small number of iterations. Furthermore,
since the per-example gradient clipping as well as the noise injection induce additional
variance, we would like our objective function to be less noisy than in the non-DP case.
We achieve this by estimating the expectation over o and n using an average over K noise
samples, {(oix, nix) H | ~ p(c)N (0,0?) for each data point x;, replacing the non-private
DM objective [; in Equation (4.6) with

~ 1 K

li = Ezkzl /\(oik)||D9(xi+nik,aik) _Xng' (47)
Importantly, we show that this modification comes at no additional privacy cost (also see
Section 4.4.1). We call this simple yet powerful modification of the DM objective, which
is tailored to the DP setup, noise multiplicity.

Theorem 1. The variance of the DM objective (Equation (4.7)) decreases with increased
noise multiplicity K as 1/K.

Proof in Section 4.4.4. Intuitively, the key is that we first create a relatively accurate
low-variance gradient estimate by averaging over multiple noise samples before performing
gradient sanitization in the backward pass via clipping and noising. This averaging process
increases computational cost, but provides better utility at the same privacy budget, which
is the main bottleneck in DP generative modeling; see Section 4.4.4.3 for further discussion.

We empirically showcase in Section 4.3.5.2 that the variance reduction induced by noise
multiplicity is a key factor in training strong DPDMs. In Figure 4.3, we show that the
reduction of variance in the DM objective also empirically leads to lower variance gradient
estimates (see Section 4.4.4 for experiment details). The noise multiplicity mechanism is
also highlighted in Figure 4.1: the figure describes the information flow during training for
a single training sample (i.e., batch size B = 1). Note that noise multiplicity is loosely
inspired by augmentation multiplicity [64], a technique where multiple augmentations per
image are used to train classifiers with DP-SGD. In contrast to augmentation multiplic-
ity, our novel noise multiplicity is carefully designed specifically for DPDMs and comes
with theoretical proofs on its variance reduction. The reader may find a more detailed
discussion on the difference between noise multiplicity and data multiplicity (for DPDMs)
in Section 4.4.4.4.

Neural networks sizes. Current DMs are heavily overparameterized: For example, the
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Figure 4.3: Increasing K in noise multiplicity leads to significant variance reduction of
parameter gradient estimates during training (note logarithmic axis in inset). Enlarged
version in Figure 4.6.

current state-of-the-art image generation model (in terms of perceptual quality) on CIFAR-
10 uses more than 100M parameters, despite the dataset consisting of only 50k training
points [141]. The per-example clipping operation of DP-SGD requires the computation of
the loss gradient on each training example Vgl;, rather than the minibatch gradient. In
theory, this increases the memory footprint by at least O(B); however, in common DP
frameworks, such as Opacus [300], which we use, the peak memory requirement is O(B?)
compared to non-private training (recent methods such as ghost clipping [32] require less
memory, but are not widely implemented) On top of that, DP-SGD generally already relies
on a significantly increased batch size, when compared to non-private training, to improve
the privacy-utility trade-off. As a result, we train very small neural networks for DPDMs,
when compared to their non-DP counterparts: our models on MNIST /Fashion-MNIST and
CelebA have 1.75M and 1.80M parameters, respectively. Furthermore, we found smaller
models to perform better across our experiments which may be due to the Lo-norm of the
noise added in our DP-SGD update scaling linearly with the number of parameters. This
is in contrast to recent works in supervised DP learning, which show that larger models
may perform better than smaller models [9, 64, 171, 172].

Diffusion model config. In addition to network size, we found the choice of DM config,
i.e., denoiser parameterization Dg, weighting function A(c0), and noise distribution p(o),
to be important. In particular the latter is crucial to obtain strong results with DPDMs.
In Figure 4.4, we visualize the noise distributions of the four configs under consideration.
We follow Karras et al. [I11] and plot the distribution p(logo) over the log-noise level.
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Figure 4.4: Noise level sampling for four DM configs: VP and VE [263], v-prediction [211],
and EDM [111]; see Section 4.4.3.1.

Especially for high privacy settings (small €), we found it important to use distributions
that give sufficiently much weight to larger o, such as the distribution of v-prediction [2411].
It is known that at large o the DM learns the global, coarse structure of the data, i.e.,
the low frequency content in the data (images, in our case). Learning global structure
reasonably well is crucial to form visually coherent images that can also be used to train
downstream models. This is relatively easy to achieve in the non-DP setting, due to the
heavily smoothed diffused distribution at these high noise level. At high privacy levels,
however, even training at such high noise levels can be challenging due to DP-SGD’s gradi-
ent clipping and noising. We hypothesize that this is why it is beneficial to give relatively
more weight to high noise levels when training in the DP setting. In Section 4.3.5.2, we
empirically demonstrate the importance of the right choice of the DM config.

DP-SGD settings. Following De et al. [64] we use very large batch sizes: 4096 on
MNIST /Fashion-MNIST and 2048 on CelebA. Similar to previous works [(4, , 172], we
found that small clipping constants C' work better than larger clipping norms; in particu-
lar, we found C' = 1 to work well across our experiments. Decreasing C' even further had
little effect; in contrast, increasing C' significantly worsened performance. Similar to non-
private DMs, we use an EMA of the learnable parameters 6. Incidentally, this has recently
been reported to also have a positive effect on DP-SGD training of classifiers by De et al.

[64].

Privacy. We formulate privacy protection under the Rényi Differential Privacy (RDP) [199]
framework (see Definition 4.4.1), which can be converted to (¢, d)-DP. For an algorithm for
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Algorithm 4 DPDM Training
N

Input: Private data set d = {x;};_;, subsampling rate B/N, DP noise scale opp, clipping
constant C, sampling function Poisson Sample (Algorithm 5), denoiser Dg with initial param-
eters 8, noise distribution p(c), learning rate 7, total steps 7', noise multiplicity K, Adam [118]
optimizer
Output: Trained parameters 6
fort=1to T do
B ~ Poisson Sample(N, B/N)
for : € B do
[ ma) iy ~ p@)N(0,02)
li = e Yis Aow) | Do(xitmi, oie) =i}
end for .
Ghaten = % Zie{ﬁ% clipg (Velz)
Ghrateh = Graten + (C/B)z,z ~ N (0,0}p)
0 = 0 —n x Adam(Gpaen)
end for

DPDM training with noise multiplicity see Algorithm 4. For the sake of completeness we
also formally prove the DP of DPDMs (DP of releasing sanitized training gradients Gpagen):

Theorem 2. For noise magnitude opp, releasing ébatch in Algorithm 4 satisfies
(a, /20%5)-RDP.

The proof can be found in Section 4.4.1. Note that the strength of DP protection is inde-
pendent of the noise multiplicity, as discussed above. In practice, we construct mini-batches
by Poisson Sampling (See Algorithm 5) the training dataset for privacy amplification via
sub-sampling [200], and compute the overall privacy cost of training DPDM via RDP com-
position [199]. Tighter privacy bounds, such as the one developed in Gopi et al. [98], may
lead to better results but are not widely implemented (not in Opacus [306], the DP-SGD
library we use).

4.3.4 Related Work

In the DP generative learning literature, several works [15, 88, , ] have explored ap-
plying DP-SGD [1] to GANs, while others [182, 284, 304] train GANs under the PATE [220)]
framework, which distills private teacher models (discriminators) into a public student
(generator) model. Apart from GANs, Acs et al. [2] train variational autoencoders on
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DP-sanitized data clusters, and Cao et al. [38] use the Sinkhorn divergence and DP-
SGD.

DP-MERF [102] was the first work to perform one-shot privatization on the data, fol-
lowed by non-private learning. It uses differentially private random Fourier features to
construct a Maximum Mean Discrepancy loss, which is then minimized by a generative
model. PEARL [173] instead minimizes an empirical characteristic function, also based
on Fourier features. DP-MEPF [103] extends DP-MERF to the mixed public-private set-
ting with pre-trained feature extractors. While these approaches are efficient in the high-
privacy /small dataset regime, they are limited in expressivity by the data statistics that
can be extracted during one-shot privatization. As a result, the performance of these meth-
ods does not scale well in the low-privacy/large dataset regime.

In our experimental comparisons, we excluded [270] and [10] due to concerns regarding
their privacy guarantees. The privacy analysis of [270] relies on the Wishart mechanism,
which has been retracted due to privacy leakage [218]. [10] attempt to train a score-

based model while guaranteeing differential privacy through a data-dependent randomized
response mechanism. In Section 4.4.2, we prove why their proposed mechanism leaks pri-
vacy, and further discuss other sources of privacy leakage.

Our DPDM relies on DP-SGD [1] to enforce DP guarantees. DP-SGD has also been used to
train DP classifiers [78, , 271]. Recently, De et al. [61] demonstrated how to train very
large discriminative models with DP-SGD and proposed augmentation multiplicity, which
is related to our noise multiplicity, as discussed in Section 4.3.3.2. Furthrmore, DP-SGD
has been utilized to train and fine-tune large language models [9, , |, to protect
sensitive training data in the medical domain [17, , |, and to obscure geo-spatial
location information [309].

Our work builds on DMs and score-based generative models [109, , ]. DMs have
been used prominently for image synthesis [16, 60, , , , , | and other
image modeling tasks [112, , , , , |. They have also found applications
in other areas, for instance in audio and speech generation [1%, , |, video genera-
tion [27, , , 252] and 3D synthesis [117, , , 319]. Methodologically, DMs have
been adapted, for example, for fast sampling [74, 75, , , , , ] and maximum
likelihood training [151, ; |. To the best of our knowledge, we are the first to train

DMs under differential privacy guarantees.
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Figure 4.5: Fashion-MNIST images generated by, from top to bottom, DP-CGAN [273],
DP-MERF [103], Datalens [281], G-PATE [I182], GS-WGAN [15], DP-Sinkhorn [38],
PEARL [173], DPGANT [26] (all above bar), and our DPDM (below bar) using the privacy
budget e=10. See Section 4.4.6.5 for more samples.

4.3.5 Experiments

In this subsection, we present results of DPDM on standard image synthesis benchmarks.
Importantly, note that all models are private by construction through training with DP-
SGD. The privacy guarantee is given by the (g,0) parameters of DP-SGD, clearly stated
for each experiment below.

Datasets. We focus on image synthesis and use MNIST [164], Fashion-MNIST [293]
(28x28), and CelebA [181] (downsampled to 32x32). These datasets are standard bench-
marks in the DP generative modeling literature. In Section 4.4.7, we consider more chal-
lenging datasets and provide initial results.

Architectures. We implement the neural networks of DPDMs using the DDPM++ ar-
chitecture [263]. See Section 4.4.3.2 for details.

Evaluation. We measure sample quality via Fréchet Inception Distance (FID) [105].
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Table 4.1: Class-conditional DP image generation performance (MNIST & Fashion-MNIST). For
PEARL [173], we train models and compute metrics ourselves (Section 4.4.6.1). All other results
taken from the literature. DP-MEPF (}) uses additional public data for training (only included
for completeness).

MNIST Fashion-MNIST
Method DP-¢
FID Acce (%) FID Ace (%)
Log Reg MLP CNN Log Reg MLP CNN
DPDM (FID) (ours) 0.2 61.9 65.3 65.8 719 784 53.6 55.3 570

DPDM (Acc) (ours) 02 104 810 81.7 863 128 704 71.3 72.3
[173] 02 133 762 771 776 160 700  70.8 68.0

DPDM (FID) (ours) 1 234 838 870 934 37.8 715 717 736
DPDM (Acc) (ours) 1 355 867 91.6 953 514 763 76.9 79.4
PEARL [173] 1 121 760 796 782 109 744 740 683
DPGANT [20] 1 562 - - 801 1218 - - 680
DP-HP [251] 1 - - - 815 - - - 723
DPDM (FID) (ours) 10  5.001 905 946 97.3 18.6 804 811 849
DPDM (Acc) (ours) 10 665 90.8 948 98.1 191  81.1 83.0 86.2
PEARL [173] 10 116 765 783 788 102 726 732 649
DPGANT [20] 10 13.0 - - 950 56.8 - - T48
DP-Sinkhorn [3] 10 484 828 827 832 1283 751 746 711
G-PATE [152] 10 150.62 - - 80.92 171.90 - - 69.34
DP-CGAN [273] 10 179.2 60 60 63 2438 51 50 46
DataLens [2%] 10 1735 - - 8066 167.7 - - 7061
DP-MERF [102] 10 1163 794 783 821 1326 755 745 754
GS-WGAN [17] 10 61.3 79 79 80 1313 68 65 65
DP-MEPF (,) [103] (1) 0.2 - 721 771 - - 7.7 69.0 -
DP-MEPF (41, ) [103] (1) 0.2 - 758 799 - - 725 704 -
DP-MEPF (,) [103] (1) 1 - 790 875 - - 762 750 -
DP-MEPF (61, ¢») [103] () 1 - 825 893 - - 754 TAT -
DP-MEPF (¢,) [103] (1) 10 - 808 888 - - 755 755 -
DP-MEPF (61, ) [103] (1) 10 - 834 898 - - 757 760 -
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Table 4.2: Class prediction accuracy on real test data. DP-SGD: Classifiers trained
directly with DP-SGD and real training data. DPDM: Classifiers trained non-privately on
synthesized data from DP-SGD-trained DPDMs (using 60,000 samples, following [35]).

MNIST Fashion-MNIST

DP-¢ Log Reg MLP CNN Log Reg MLP CNN
DP-SGD DPDM DP-SGD DPDM DP-SGD DPDM DP-SGD DPDM DP-SGD DPDM DP-SGD DPDM
02 838 8.0 8.0 8.7 699 863 748 704 739 713 505 723
1 89.1 867 896  91.6 882 953  79.6 763  79.6 769 705  79.4
10 916 908 929 948 964 981 833  8L1 839 830 771  86.2

Table 4.3: DM config ablation on MNIST for e=0.2. See Table 4.12 for extended results.

DM config FID CNN-Acc (%)
VP [263] 197 24.2
VE [263] 171 13.9
v-prediction [241] 97.8 84.4
EDM [111] 119 49.2

On MNIST and Fashion-MNIST, we also assess utility of class-labeled generated data by
training classifiers on synthesized samples and compute class prediction accuracy on real
data. As is standard practice, we consider logistic regression (Log Reg), MLP, and CNN
classifiers; see Section 4.4.6.1 for details.

Sampling. We sample from DPDM using (stochastic) DDIM [263] and the Churn sampler
introduced in [111]. See Section 4.4.3.3 for details.

Privacy implementation: We implement DPDMs in PyTorch [222] and use Opacus [300],
a DP-SGD library in PyTorch, for training and privacy accounting. We use d=10"° for
MNIST and Fashion-MNIST, and §=10"° for CelebA. These values are standard [33] and
chosen such that ¢ is smaller than the reciprocal of the number of training images. Similar
to existing DP generative modeling work, we do not account for the (small) privacy cost of
hyperparameter tuning. However, training and sampling is very robust with regards to hy-
perparameters, which makes DPDMs an ideal candidate for real privacy-critical situations;
see Section 4.4.3.4.
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4.3.5.1 Main Results

Class-conditional gray scale image generation. For MNIST and Fashion-MNIST, we
train models for three privacy settings: e={0.2,1,10} (Table 4.1). Informally, the three
settings provide high, moderate, and low amounts of privacy, respectively. The DPDMs
use the v-prediction DM config [2141] for e=0.2 and the EDM config [111] for e={1,10};
see Section 4.3.5.2. We use the Churn sampler [111]: the two settings (FID) and (Acc) are
based on the same DM, differing only in sampler setting; see Table 4.14 and Table 4.15 for
all sampler settings.

DPDMs outperform all other existing models for all privacy settings and all metrics by
large margins (see Table 4.1). Interestingly, DPDM also outperforms DP-MEPF [103],
a method which is trained on additional public data, in 22 out of 24 setups. Generated
samples for e=10 are shown in Figure 4.5. Visually, DPDM’s samples appear to be of
significantly higher quality than the baselines’.

Comparison to DP-SGD-trained classifiers. Is it better to train a task-specific pri-
vate classifier with DP-SGD directly, or can a non-private classifier trained on DPDM’s
synthethized data perform as well on downstream tasks? To answer this question, we train
private classifiers with DP-SGD on real (training) data and compare them to our classifiers
learnt using DPDM-synthesized data (details in Section 4.4.6.3). For a fair comparison, we
are using the same architectures that we have already been using in our main experiments
to quantify downstream classification accuracy (results in Table 4.2; we test on real (test)
data). While direct DP-SGD training on real data outperforms the DPDM downstream
classifier for logistic regression in all six setups (in line with empirical findings that it is
easier to train classifiers with few parameters than large ones with DP-SGD [271]), CNN
classifiers trained on DPDM’s synthetic data generally outperform DP-SGD-trained clas-
sifiers. These results imply a very high utility of the synthetic data generated by DPDMs,
demonstrating that DPDMs can potentially be used as an effective, privacy-preserving data
sharing medium in practice. In fact, this approach is beneficial over training task-specific
models with DP-SGD, because a user can generate as much data from DPDMs as they
desire for various downstream applications without further privacy implications. To the
best of our knowledge, it has not been demonstrated before in the DP generative mod-
eling literature that image data generated by DP generative models can be used to train
discriminative models on-par with directly DP-SGD-trained task-specific models.

Unconditional color image generation. On CelebA, we train models for e={1,10}
(Table 4.4). The two DPDMs use the EDM config [I11] as well as the Churn sampler;
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Table 4.4: Unconditional CelebA generative performance. G-PATE and Datalens (f) use § =
1072 (less privacy) and model images at 64x64 resolution.

Method DP-¢ FID
DPDM (ours) 1 71.8
DPDM (ours) 10 21.1
DP-Sinkhorn [38] 10 1895
DP-MERF [102] 10  274.0
G-PATE [157] (f) 10  305.92
DataLens [284] (f) 10  320.8

Table 4.5: Noise multiplicity ablation on MNIST for e=1. See Table 4.11 for extended results.

K FID CNN-Acc (%)
1 76.9 91.7
2 60.1 93.1
4 571 92.8
8 448 94.1
16 36.9 94.2
32 348 94.4

see Table 4.14. For ¢=10, DPDM again outperforms existing methods by a significant
margin. DPDM’s synthesized images (see Figure 4.16) appear much more diverse and
vivid than the baselines’ samples.

4.3.5.2 Ablation Studies

Noise multiplicity. Table 4.5 shows results for DPDMs trained with different noise mul-
tiplicity K (using the v-prediction DM config) [2411]. As expected, increasing K leads to a
general trend of improving performance; however, the metrics start to plateau at around
K=32.

Diffusion model config. We train DPDMs with different DM configs (see Section 4.4.3.1).
VP- and VE-based models [263] perform poorly for all settings, while for e=0.2 v-prediction
significantly outperforms the EDM config on MNIST (Table 4.3). On Fashion-MNIST, the
advantage is less significant (extended Table 4.12). For e={1,10}, the EDM config per-
forms better than v-prediction. Note that the denoiser parameterization for these configs
is almost identical and their main difference is the noise distribution p(o) (Figure 4.4). As
discussed in Section 4.3.3.2, oversampling large noise levels o is expected to be especially
important for the large privacy setting (small €), which is validated by our ablation.
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Table 4.6: Sampler comparison on MNIST (see Table 4.13 for results on Fashion-MNIST).

We compare the Churn sampler [111] to DDIM [258].
Sampler DP-¢ FID Acc (%)
Log Reg MLP CNN
Churn (FID) 0.2 61.9 65.3 65.8 719
Churn (Acc) 0.2 104 81.0 81.7 86.3
Stochastic DDIM 0.2 978 80.2 81.3 84.4

Deterministic DDIM 0.2 120 81.3 82.1 84.8

Churn (FID) 1 23.4 83.8 87.0 934
Churn (Acc) 1 35.5 86.7 91.6 95.3
Stochastic DDIM 1 34.2 86.2 90.1 94.9
Deterministic DDIM 1 50.4 85.7 91.8 94.9

Churn (FID) 10  5.01 90.5 94.6 97.3
Churn (Acc) 10  6.65  90.8 94.8 98.1
Stochastic DDIM 10 6.13 90.4 94.6 97.5

Deterministic DDIM 10 10.9 90.5 95.2 97.7

Sampling. Table 4.6 shows results for different samplers: deterministic and stochastic
DDIM [258] as well as the Churn sampler (tuned for high FID scores and downstream
accuracy); see Section 4.4.3.3 for details on the samplers. Stochastic sampling is crucial
to obtain good perceptual quality, as measured by FID (see poor performance of deter-
ministic DDIM), while it is less important for downstream accuracy. We hypothesize that
FID better captures image details that require a sufficiently accurate synthesis process.
As discussed in Sections 4.3.2.1 and 4.3.3.1, stochastic sampling can help with that and
therefore is particularly important in DP-SGD-trained DMs. We also observe that the
advantage of the Churn sampler compared to stochastic DDIM becomes less significant as
¢ increases. Moreover, in particular for e=0.2 the FID-adjusted Churn sampler performs
poorly on downstream accuracy. This is arguably because its settings sacrifice sample
diversity, which downstream accuracy usually benefits from, in favor of synthesis quality
(also see samples in Section 4.4.6.5).

4.3.6 Conclusions

We propose Differentially Private Diffusion Models (DPDMs), which use DP-SGD to en-
force DP guarantees. DMs are strong candidates for DP generative learning due to their
robust training objective and intrinsically less complex denoising neural networks. To re-
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duce the gradient variance during training, we introduce noise multiplicity and find that
DPDMs achieve state-of-the-art performance in common DP image generation benchmarks.
Furthermore, downstream classifiers trained with DPDM-generated synthetic data perform
on-par with task-specific discriminative models trained with DP-SGD directly. Note that
despite their state-of-the-art results, DPDMs are based on a straightforward idea, this is, to
carefully combine DMs with DP-SGD (leveraging the novel noise multiplicity). This “sim-
plicity” is a crucial advantage, as it makes DPDMs a potentially powerful tool that can
be easily adopted by DP practitioners. Based on our promising results, we conclude that
DMs are an ideal generative modeling framework for DP generative learning. Moreover,
we believe that advancing DM-based DP generative modeling is a pressing topic, consid-
ering the extremely fast progress of DM-based large-scale photo-realistic image generation
systems [16, 230, 235, 241]. As future directions we envision applying our DPDM approach
during training of such large image generation DMs, as well as applying DPDMs to other
types of data. Furthermore, it may be interesting to pre-train our DPDMs with public
data that is not subject to privacy constraints, similar to Harder et al. [103], which may
boost performance. Also see Section 4.4.8 for further discussion on ethics, reproducibility,
limitations and more future work.

4.4 Appendix

4.4.1 Differential Privacy and Proof of Theorem 2

In this subsection, we provide a short proof that the gradients released by the Gaussian
mechanism in DPDM are DP. By DP, we are specifically refering to the (g, )-DP as defined
in Definition 4.3.1, which approximates (¢)-DP. For completeness, we state the definition
of Rényi Differential Privacy (RDP) [199]:

Definition 4.4.1. (Rényi Differential Privacy) A randomized mechanism M : D — R
with domain D and range R satisfies (a, €)-RDP if for any adjacent d,d’ € D:

Do(M(d)|IM(d)) <, (4.8)

where D, is the Rényi divergence of order a.

Gaussian mechanism can provide RDP according to the following theorem:

Theorem 3. (RDP Gaussian mechanism [199]) For query function f with Sensitiv-
ity S = maxgq||f(d) — f(d')||2, the mechanism that releases f(d) + N(0,08p) satisfies
(o, wS?/(20%))-RDP.
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Note that any M that satisfies (a, €)-RDP also satisfies (€ + bf%{&, 9)-DP.

We slightly deviate from the notation used in the main text to make the dependency
of variables on input data explicit. Recall from the main text that the per-data point loss
is computed as an average over K mnoise samples:

K

~ 1

li = E Z )\(O’lk>”Dg<Xl + n;., Uz’k) — XiH%; Where{(aik, nik)}?:l ~ p(O’)N (0, 0'2) . (49)
k=1

In each iteration of Algorithm 4, we are given a (random) set of indices B of expected
size B with no repeated indices, from which we construct a mini-batch {x;}, 5. In our
implementation (which is based on Yousefpour et al. [306]) of the Gaussian mechanism
for gradient sanitization, we compute the gradient of /; and apply clipping with norm C|
and then divide the clipped gradients by the expected batch size B to obtain the batched
gradient Gpgien:

1
Giaten ({Xi}ien) = & % clipg (Vol(x;)) . (4.10)
Einally, Gaussian noise z ~ N (0,03p) is added to Gparen, and released as the response
Gbatch:
- C 9
Ghaten({Xi}ieB) = Graten({Xi tier) + 5% E N(0,ppT) (4.11)

Now, we can restate Theorem 2 as follows with our modified notation:

Theorem 4. For noise magnitude opp, dataset d = {x;};Y,, and set of (non-repeating)
indices B, releasing Gpasen({X; }iep) satisfies (o, a/2035)-RDP.

Proof. Without loss of generality, consider two neighboring datasets d = {x;}, and d’ =
dUx’, x' ¢ d, and mini-batches {x; };ep and x'U{x; };cp, where the counter-factual set /batch
has one additional entry x’. We can bound the difference of their gradients in Ls-norm as:

| Graten({Xi }ies) — Gpaten(X" U {X; }ien) ||,

= 3" dline (Val(x.) - (%elipc (Vol(x)) + 35 3 clipe <vol<xi>>>

i€B i€B 2
1
= ||[=5clipe (Vol(x'))
|-getve )]
1 ) , C
= L Jelipe (Tl < 5.
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We thus have sensitivity S(Gparen) = &. Furthermore, since z ~ N(0,03p), (C/B)z ~
N(0,(C/B)*03p). Following standard arguments, releasing Gyaten ({X; }ies) = Gpaten ({Xi Fien)+
(C/B)z satisfies (o, a/20%p)-RDP [199]. O

In practice, we construct mini-batches by sampling the training dataset for privacy amplifi-
cation via Poisson Sampling [200], and compute the overall privacy cost of training DPDM

via RDP composition [199]. We use these processes as implemented in Opacus [300].

For completeness, we also include the Poisson Sampling algorithm in Algorithm 5.

Algorithm 5 Poisson Sampling

Input : Index range N, subsampling rate ¢

Output: Random batch of indices B (of expected size B)
¢ = {¢;} ¥, ~Bernoulli(q)

B={j:je{l,....,N},¢c; =1}

4.4.2 DPGEN Analysis

In this subsection, we provide a detailed analysis of the privacy guarantees provided in
DPGEN [16].

As a brief overview, Chen et al. [16] proposes to learn an energy function gy(x) by op-
timizing the following objective ([16], Eq. 7):
2]

In practice, the first expectation is replaced by averaging over examples in a private train-
ing set d = {x; :z; €Y,i€1,...,m}, and £ is replaced by d} = (Z; — x7)/o? for each i

[

in [1,m] (not to be confused with d which denotes the dataset in the DP context), where
x} is the query response produced by a data-dependent randomized response mechanism.

X—X
5 — Vxlogay(x)

1
[(0;0) = 3 B0 Exnrxo2) [

We believe that there are three errors in DPGEN that renders the privacy guarantee
in DPGEN false. We formally prove the first error in the following subsection, and state
the other two errors which are factual but not mathematical. The three errors are:

e The randomized response mechanism employed in DPGEN has a output space that
is only supported (has non-zero probability) on combinations of its input private
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dataset. e-differential privacy cannot be achieved as outcomes with non-zero proba-
bility! can have zero probability when the input dataset is changed by one element.
Furthermore, adversaries observing the output can immediately deduce elements of
the private dataset.

e The k-nearest neighbor filtering used by DPGEN to reduce the number of candidates
for the randomized response mechanism is a function of the private data. The like-

lihood of the k-selected set varies with the noisy image Z (line 20 of algorithm 1 in
DPGEN), and is not correctly accounted for in DPGEN.

e The objective function used to train the denoising network in DPGEN depends on
both the ground-truth denoising direction and a noisy image provided to the denoising
network. The noisy image is dependent on the training data, and hence leaks privacy.
The privacy cost incurred by using this noisy image is not accounted for in DPGEN.

To prove the first error, we begin with re-iterating the formal definition of differential
privacy (DP):

Definition 4.4.2. (e-Differential Privacy) A randomized mechanism M : D — 7 with
domain D and image Z satisfies (¢)-DP if for any two adjacent inputs d,d’ € D differing
by at most one entry, and for any subset of outputs S C Z it holds that

Pr|[M(d) € S] < ePr[M(d) € S]. (4.12)

The randomized response (RR) mechanism is a fundamental privacy mechanism in differen-
tial privacy. A key assumption required in the RR mechanism is that the choices of random
response are not dependent on private information, such that when a respondent draws
their response randomly from the possible choices, no private information is given. More
formally, we give the following definition for randomized response over multiple choices?:

Definition 4.4.3. Given a fixed response set Y of size k. Letd = {z; : x; € Y,i € 1,...,m}
be an input dataset. Define “randomized response” mechanism R'R as:

RR(d) = {G(@i) }ief1,m) (4.13)

where,

Glai) = {xi, with probability ——5— (4.14)

x; € Y\ x;, with probability ——

Lprobability over randomness in the privacy mechanism

2This mechanism is analogous to the coin flipping mechanism, where the participant first flip a biased
coin to determine whether they’ll answer truthfully or lie with probability of lying and if they
were to lie, they then roll a fair k£ dice to determine the response.

_k
ec+k—1"
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A classical result is that the mechanism RR satisfies e-DP [84].

DPGEN considers datasets of the form d = {z; : z; € R"¢ € 1,...,m}. It claims to
guarantee differential privacy by applying a stochastic function H to each element of the
dataset defined as follows (Eq. 8 of [10]):

w = x;

P == {ee+k_17 w=uz;€ X\

1

e k17
where X = {z; : max(%; — z;)/0; < B,x; € d} (max is over the dimensions of Z; — x;),
IX| =k >2,and 7; = ;4 2, z; ~ N(0,0%I). We first note that H is not only a function of
Z; but also XU z;, since its image is determined by X Ux;. That is, changes in X will alter
the possible outputs of H, independently from the value of ;. We make this dependency
explicit in our formulation here-forth. This distinction is important as it determines the
set of possible outcomes that we need to consider for in the privacy analysis. The authors
also noted that z; is added for training with the denoising objective, not for privacy, so
this added Gaussian noise is not essential to the privacy analysis. Furthermore, since k (or
equivalently /3) is a hyperparameter that can be tuned, we consider the simpler case where
k =m,ie. X =d, as done in the appendix (Eq. 9) by the authors. Thereby we define the
privacy mechanism utilized in DPGEN as follows:

Definition 4.4.4. Let d = {z; : x; € R",i € 1,...,m} be an input dataset. Define “data
dependent randomized response” M as:

M(d) = {H (v, d) }icj1m) (4.15)

where,

x;, with probability eefﬁ (4.16)
x, € d \ x;, with probability Hﬁ ' '

Since the image of H(x;,d) is d, M(d) is only supported on d™.? In other words, the image
of M is data dependent, and any outcome O (which are sets of R" tensors, of cardinality

m) that include elements which are not in d would have a probability of zero to be the
outcome of M(d), i.e. if there exists z € O and z ¢ d, then Pr[M(d) = O] = 0.

To construct our counter-example, we start with considering two neighboring datasets:

3We mean dataset-exponentiation in the sense of repeated cartesian products between sets, i.e. d? =
d®d
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the training data d = {z; : »; € R",¢ € 1,...,m}, and a counter-factual dataset
d={z] 2} e Rz, : x; € R",i € 2,...,m}, differing in their first element (z; # z}).
Importantly, since differential privacy requires that the likelihoods of outputs to be similar
for all valid pairs of neighboring datasets, we are free to assume that elements of d are
unique, i.e. no two rows of d are identical.

Another requirement of differential privacy is that the likelihood of any subsets of outputs
must be similar, hence we are free to choose any valid response for the counter-example.
Thus, letting O denote the outcome of M(d), we choose O = d = {x1,...,z,,}. Clearly, by
Definition 0.3, this is a plausible outcome of M(d) as it is in the support d™. However, O
is not in the support of M(d’) since the first element ; is not in the image of H(-,d’); that
is Pr[H(x,d’) = x1] = 0 for all € d’. Privacy protection is violated since any adversary
observing O can immediately deduce the participation of x; in the data release as opposed
to any counterfactual data z.

More formally, consider response set 7' = {O} C d™, and d™ is the image of M(d),
we have

PriM(d) € T] = Pr[M(d) = O] (4.17)
= Pr[H(x1) = 4] H Pr[H(xz;) = z;] (independent dice rolls)  (4.18)
— 664—6% QPr[H(mi) = ;] (apply definition 4.4.4) (4.19)
>0 ﬁ Pr[H (z;) = x4 (4.20)
= Pr[H(z}) = z1] H Pr[H(x;) = x4 (4.21)
= PrM(d") = O] - PrM(d') € T). (4.22)

We can observe that Pr[M(d') € T| = 0, as shown in line 9. Clearly, this result violates
e-DP for all €, which requires Pr[M(d) € T| < e PrM(d') € T.

In essence, by using private data to form the response set, we make the image of the
privacy mechanism data-dependent. This in turn leaks privacy, since an adversary can
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immediately rule-out all counter-factual datasets that do not include every element of the
response O, as these counter-factuals now have likelihood 0. To fix this privacy leak, one
could determine a response set a-priori, and use the RR mechanism in Definition 4.4.3 to
privately release data. This modification may not be feasible in practice, since constructing
a response set of finite size (k) suitable for images is non-trivial. Hence, we believe that it
would require fundamental modifications to DPGEN to achieve differential privacy.

Regarding error 2, we point out that in the paragraph following Eq. 8 in DPGEN, X
is defined as the set of £ points in d that are closest to #; when weighted by o;. This
means that the membership of X is dependent on the value of z;. Thus, any counter-
factual input «; and &} with a different set of k nearest neighbors could have many possible
outcomes with 0 likelihood under the true input. In essence, this is a more extreme form of
data-dependent randomized response where the response set is dependent on both d and x;.

Regarding error 3, the loss objective in DPGEN includes the term V,loggy(z) (Eq. 7
of DPGEN, | = $E,2) Eson(ao2) ||| 52 — Vo log go(2)|[?]), and Z is also a function of the
private data that is yet to be accounted for at all in the privacy analysis of DPGEN.
Hence, one would need to further modify the learning algorithm in DPGEN, such that the
inputs to the score model are either processed through an additional privacy mechanism,
or sampled randomly without dependence on private data.

Regarding justifying the premise that DPGEN implements the data-dependent random-
ized response mechanism, we have verified that the privacy mechanism implemented in the
repository of DPGEN (https://github.com/chiamuyu/DPGEN?) is indeed data-dependent:

In line 30 of losses/dsm.py:
sample_ix = random.choices(range(k), weights=weight) [0]

randomly selects an index in the range of [0,k — 1], which is then used in line 46,
sample_buff.append(samples[sample_ix]),

to index the private training data and assigned to the output of
sample_buff.

Values of this variable are then accessed on line 85 to calculate the £~ (as 2”) term in

the objective function ([16], Eq. 7).

4In particular, we refer to the code at commit: 1f684b9b8898bef010838¢6a29c030c07d4a5f87.
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Table 4.7: Four popular DM configs from the literature.

VP [263] VE [263] v-prediction [244] EDM [141]
Network and preconditioning
Skip scaling  ceip(0) 1 1 1/(c?+1) 02 (02 +02...)
Output scaling cous(0) —0 o a/V1+ o2 0 - Odata/\/ T2 + 02
Input scaling  cin(0) 1/vVo?+1 1 1/vo?+ 12 1/\/0? + 02,
Noise cond.  cpoise(0) (M —1) ¢ In(i0) t 11n(o)
Training
Noise distribution t~U(e, 1) In(o) ~U(In(omin), ¢~ U(Emins €max) In(o) ~ N(Pyeans P24)

. In (Jmax) ) .

Loss weighting ~ A(o) 1/0? 1/0? (02+1) /o* (“SNR+1” weighting) (0%+0%,,) /(0 - Odata)?
Parameters Ba = 19.9, Bmin = 0.1 Omin = 0.002 €min = 2 arccos \/H‘f Prcar= —1.2, Pyqg = 1.2

e = 1075, M = 1000 Omax = 80 €max = %arccos \/ﬁ Odata = \/IS

d(t) = eﬁﬁdlz+3m,,,1,71

o(t) = /cos~2(mt/2) — 1

4.4.3 Model and Implementation Details

4.4.3.1 Diffusion Model Configs

As discussed in Section 4.3.2, previous works proposed various denoiser models Dy, noise
distributions p(o), and weighting functions A(o). We refer to the triplet (Dg,p, A) as DM
config. In this work, we consider four such configs: variance preserving (VP) [263], variance
exploding (VE) [263], v-prediction [211], and EDM Karras et al. [111]. The triplet for each
of these configs can be found in Table 4.7. Note, that we use the parameterization of the
denoiser model Dy from [111]

Dg(x;0) = Cokip(0)X + Cout(0) Fo(cin(0)X; Cnoise (7)), (4.23)

where Fy is the raw neural network. To accommodate for our particular sampler setting
(we require to learn the denoiser model for o € [0.002, 80]; see Section 4.4.3.3) we slightly
modified the parameters of VE and v-prediction. For VE, we changed o,,;, and oy,.« from

0.02 to 0.002 and from 100 to 80, respectively. For v-prediction, we changed €.,;, and €.,

2 1 2 1 2 1 2 1 :
from = arccos JiTom 10 5 Arccos i—— and = arccos om0 5 Arceos ==, respectively.

Furthermore, we cannot base our EDM models on the true (training) data standard de-
viation oga¢. as releasing this information would result in a privacy cost. Instead, we set
Odata 10 the standard deviation of a uniform distribution between —1 and 1, assuming no
prior information on the modeled image data.
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4.4.3.1.1 Noise Level Visualization In the following, we provide details on how ex-
actly the noise distributions of the four configs are visualized in Figure 4.4. The reason
we want to plot these noise distributions is to understand how the different configs assign
weight to different noise levels ¢ during training through sampling some ¢’s more and
others less. However, to be able to make a meaningful conclusion, we also need to take
into account the loss weighting A(o).

A(9)

Sooni(e)” where

Therefore, we consider the effective “importance-weighted” distributions p(o)
we use the loss weighting from the EDM config as reference weighting.

The /\E’]\D(;)(J) weightings for VP, VE, v-prediction, and EDM are then, o2 .. /(0 + 02...),

o2 )0 +o2.), 03..(c?+1)/(0? +032,,), and 1, respectively. Figure 4.4 then visual-
izes the “importance-weighted” distributions in log-o space, following Karras et al. [111]
(that way, the final visualized log-o distribution of EDM remains a normal distribution
N (Pucan; Pia))-

4.4.3.2 Model Architecture
We focus on image synthesis and implement the neural network backbone of DPDMs using
the DDPM++ architecture [263]. For class-conditional generation, we add a learned class-

embedding to the g-embedding as is common practice [66]. All model hyperparameters
and training details can be found in Table 4.8.

4.4.3.3 Sampling from Diffusion Models

Let us recall the differential equations we can use to generate samples from DMs:

ODE: dx = —d(t)o(t)Vx logp(x;o(t)) dt, (4.24)
SDE: dx = —(t)o(t)Vy log p(x; o(t)) dt — B(t)o*(t) Vi log p(x; o (t)) dt + \/28(t)o(t) dw;.
(4.25)
Before choosing a numerical sampler, we first need to define a sampling schedule. In this
work, we follow Karras et al. [I11] and use the schedule
i 1/ P
0; = (O-rln/;x + m(amiﬁ - Jrln/apx)) S {07 SRR M — 1}7 (426)
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Table 4.8: Model hyperparameters and training details.

Hyperparameter MNIST & Fashion-MNIST CelebA
Model

Data dimensionality (in pixels) 28 32
Residual blocks per resolution 2 2
Attention resolution(s) 7 8,16
Base channels 32 32
Channel multipliers 1,22 1,22
EMA rate 0.999 0.999
# of parameters 1.75M 1.80M
Base architecture DDPM++ | DDPM++ |
Training

# of epochs 300 300
Optimizer Adam | Adam [118]
Learning rate 3-107* 3-107*
Batch size 4096 2048
Dropout 0 0
Clipping constant C' 1 1
DP-d 1075 1076
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with p=7.0, 01ax=80 and 0,;,=0.002. We consider two solvers: the (stochastic (n =
1)/deterministic (n = 0)) DDIM solver [258] as well as the stochastic Churn solver in-
troduced in [1411], for pseudocode see Algorithm 6 and Algorithm 7, respectively. Both
implementations can readily be combined with classifier-free guidance, which is described
in Paragraph 4.4.3.3.1, in which case the denoiser Dg(x; o) may be replaced by Dy (x;0,y),
where the guidance scale w is a hyperparameter. Note that the Churn sampler has four
additional hyperparameters which should be tuned empirically [111]. If not stated other-
wise, we set M=1000 for the Churn sampler and the stochastic DDIM sampler, and M =50
for the deterministic DDIM sampler.

Algorithm 6 DDIM sampler [258]

Input: Denoiser Dg(x;0), Schedule {0 }icqo,..,11-1}
Output: Sample x;s
Sample xg ~ N (0, 021)
forn=0to M — 2 do
Evaluate denoiser d,, = Dg(x;, o)
if Stochastic DDIM then
Xpil = Xn + 2%()(” —d,) + \/2(0n — Opt1)0nZn, Zn~N(0,I)
else if Deterministic DDIM then
Xp4+1 = Xp + %(Xn - dn)
end if
end for
Return XM = D(XN_l,O'M_l)
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Algorithm 7 Churn sampler [111]

Input: Denoiser Dg(x;0), Schedule {Ui}ie{07...,M—1}v Shoises Schurns Smins Smax
Output: Sample x;s
Set opr =0
Sample xg ~ N (0,031)
forn=0to M —1 do
if g; € [Smin, Smax] then
i = min(%, V2 -1)
else
v =0
end if
Increase noise level ,, = (1 + v,)op
Sample z,, ~ N (0, SﬁoiseI) and set X, = X, + /02 — 022,
Evaluate denoiser d,, = Dg(X,,,0,,) and set f,, =
Xn+1 = XM+ (Un—i-l - 5n)fn
if op4+1 # 0 then

Xp—dpn
On

Evaluate denoiser d), = Dg(Xpn+1,0n+1) and set £/ = %
Apply second order correction: X,41 = X, + & (0n41 — 7n) (£, + £5)
end if
end for
Return x,;
4.4.3.3.1 Guidance Classifier guidance [60, 263] is a technique to guide the diffusion

sampling process towards a particular conditioning signal y using gradients, with respect
to x, of a pre-trained, noise-conditional classifier p(y|x, o). Classifier-free guidance [108],
in contrast, avoids training additional classifiers by mixing denoising predictions of an
unconditional and a conditional model, according to a guidance scale w, by replacing
Dg(x;0) in the score parameterization sg = (Dg(x;0) — x)/0? with

Dg(x;0,y) = (1 —w)Dg(x;0) + wDg(x;0,y). (4.27)

Deg(x;0) and Dg(x;0,y) can be trained jointly; to train Dg(x;0) the conditioning signal
y is discarded at random and replaced by a null token [108]. Increased guidance scales w
tend to drive samples deeper into the model’s modes defined by y at the cost of sample
diversity.
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Table 4.9: DP noise opp used for all our experiments.

€ MNIST Fashion-MNIST CelebA

0.2 82.5 82.5 N/A
1 18.28125 18.28125 8.82812
10 2.48779 2.48779 1.30371

4.4.3.4 Hyperparameters of Differentially Private Diffusion Models

Tuning hyperparameters for DP models generally induces a privacy cost which should be
accounted for [219]. Similar to existing works [64], we neglect the (small) privacy cost
associated with hyperparameter tuning. Nonetheless, in this subsection we want to point
out that our hyperparameters show consistent trends across different settings. As a result,
we believe our models need little to no hyperparameter tuning in similar settings to the
ones considered in this work.

Model. We use the DDPM++ [263] architecture for all models in this work. Across
all three datasets (MNIST, Fashion-MNIST, and CelebA) we found the EDM [111] config
to perform best for e={1,10}. On MNIST and Fashion-MNIST, we use the v-prediction
config for € = 0.2 (not applicable to CelebA).

DP-SGD training. In all settings, we use 300 epochs and clipping constant C=1. We
use batch size B=4096 for MNIST and Fashion-MNIST and decrease the batch size of
CelebA to B=2048 for the sole purpose of fitting the entire batch into GPU memory. The
DP noise opp values for each setup can be found in Table 4.9

DM Sampling. We experiment with different DM solvers in this work. We found the
DDIM sampler [258] (in particular the stochastic version), which does not have any hy-
perparameters (without guidance), to perform well across all settings. Using the Churn
sampler [111], we could improve perceptual quality (measured in FID), however, out of the
five (four without guidance) hyperparameters, we only found two (one without guidance)
to improve results significantly. We show results for all samplers in Section 4.4.6.5.

4.4.4 Variance Reduction via Noise Multiplicity

As discussed in Section 4.3.3.2, we introduce noise multiplicity to reduce gradient variance.
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4.4.4.1 Proof of Theorem 1

Theorem. The variance of the DM objective (Equation (4.7)) decreases with increased
noise multiplicity K as 1/K.

Proof. The DM objective in Equation (4.7) is a Monte Carlo estimator of the true in-
tractable Lo-loss in Equation (4.3), using one data sample X; ~ pgata and K noise-level-
noise tuples {(oi, ni)}5 |, ~ p(o)N (0,0?). Replacing expectations with Monte Carlo
estimates is a common practice to ensure numerical tractability. For a generic function r
over distribution p(k), we have E,uq[r(k)] ~ + S r(k;), where {k;}X, ~ p(k) (Monte
Carlo estimator for expectation of function r with respect to distribution p). The Monte
Carlo estimate is a noisy unbiased estimator of the expectation [E,u[r(k)] with variance
+Var,[r], where Var,[r] is the variance of 7 itself. This is a well-known fact; see for example
Chapter 2 of the excellent book by Owen [217]. This proves that the variance of the DM
objective in Equation (4.7) decreases with increased noise multiplicity K as 1/K. O

4.4.4.2 Variance Reduction Experiment

In this subsection, we empirically show how the reduced variance of the DM objective
from noise multiplicity leads to reduced gradient variance during training. In particular,
we set x; to a randomly sampled MNIST image and set the denoiser Dg to our trained
model on MNIST. We then compute gradients for different noise multiplicities K. We
resample the noise values 1k times (for each K) to estimate the variance of the gradient
for each parameter. In Figure 4.6, we show the histogram over gradient variance as well
as the average gradient variance (averaged over all parameters in the model). Note that
the variance of each gradient is a random variable itself (which is estimated using 1k
Monte Carlo samples). We find that an increased K leads to significantly reduced training
parameter gradient variance.

4.4.4.3 Computational Cost of Noise Multiplicity

In terms of computational cost, noise multiplicity is expensive and likely not useful for
non-DP DMs. The computational cost increases linearly with K, as the denoiser needs to
run K times. Furthermore, in theory, noise multiplicity increases the memory footprint by
at least O(K); however, in common DP frameworks, such as Opacus [306], which we use,
the peak memory requirement is O(K?) compared to non-private training. Recent methods
such as ghost clipping [32] require less memory, but are currently not widely implemented.
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Figure 4.6: Variance reduction via noise multiplicity. Increasing K in noise multiplicity
leads to significant variance reduction of parameter gradient estimates during training (note
logarithmic axis in inset). This is an enlarged version of Figure 4.3.
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That being said, in DP generative modeling, and DP machine learning more generally,
computational cost is hardly ever the bottleneck; the main bottleneck is the privacy re-
striction. The privacy restriction implies only a finite number of training iterations and
we need to use that budget of training iterations in the most efficient way (this is, using
training gradients that suffer from as little noise as possible). Our numerical experiments
clearly show that noise multiplicity is a technique to shift the privacy-utility trade-off, ef-
fectively getting better utility at the same privacy budget, using additional computational
cost.

4.4.4.4 On the Difference between Noise Multiplicity and Augmentation Mul-
tiplicity

Augmentation multiplicity [01] is a technique where multiple augmentations per image
are used to train classifiers with DP-SGD. Image augmentations have also been shown
to be potentially helpful in data-limited (image) generative modeling, for example, for
autoregressive models [137] and DMs [141]. In stark contrast to discriminative modeling
where the data distribution pgat. can simply be replaced by the augmented data distribution
and the neural backbone can be left as is, in generative modeling both the loss function
and the neural backbone need to be adapted. For example, for DMs [111], the standard
DM loss (Equation (4.3)) is formally replaced by

Ei’\’pdata(i)vc“’paug(C)vapaugdata(x‘ivc)7(0'7n)Np(0'7n) |:)\0'||D9 (X + n7 0-7 C) - X”%] Y (428)

where paug(c) is the distribution over augmentation choices ¢ (for example, cropping at
certain coordinates or other image transformations or perturbations), and paugdata(X | X, ¢)
is the distribution over augmented images x given the original dataset images x and the
augmentation c. Importantly, note that the neural backbone Dy also needs to be con-
ditioned on the augmentation choice ¢ as, at inference time, we generally only want to
generate “clean images” with ¢(x) = x (no augmentation).

While noise multiplicity provably reduces the variance of the standard diffusion loss (see
Theorem 1), augmentation multiplicity, that is, averaging over multiple augmentations for
a given clean image x, only provably reduces the variance of the augmented diffusion loss,
which is by definition more noisy due to the additional expectations. Furthermore, it is
not obvious how minimizing the augmented diffusion loss relates to minimizing the true
diffusion loss. In contrast to noise multiplicity, augmentation multiplicity does not prov-
ably reduce the variance of the original diffusion loss; rather, it is a data augmentation
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Figure 4.7: Mixture of Gaussians: data distribution and (1M) samples from a DM as well
as a GAN. Our visualization is based on the log-histogram, which shows single data points
as black dots.

technique for enriching training data.

Pointing out the orthogonality of the two ideas again, note that noise multiplicity is still
applicable for the above modified augmented diffusion loss objective. Furthermore, we
would like to point out that noise multiplicity is applicable for DPDMs in any domain, be-

yond images; in contrast, data augmentations need to be handcrafted and may not readily
available in all fields.

4.4.5 Toy Experiments

In this subsection, we describe the details of the toy experiment from paragraph (ii) Se-
quential denoising in Section 4.3.3.1. For this experiment, we consider a two-dimensional
simple Gaussian mixture model of the form

9
1
pdata 5 §p (429)
k=1

m= (o) m=(0)
() m=(R)
(—ac{/22) - (g) |

188

where p® (x) = N(x; py; 02) and
»= (1)

SR

()

M4

M7



where oy = 1/25 and a = 1/4/2. The data distribution is visualized in Figure 4.7a.

Fitting. Initially, we fitted a DM as well as a GAN to the mixture of Gaussians. The
neural networks of the DM and the GAN generator use similar ResNet architectures with
267k and 264k (1.1% smaller) parameters, respectively (see Section 4.4.5.1 for training
details). The fitted distributions are visualized in Figure 4.7. In this experiment, we use
deterministic DDIM (Algorithm 6) [258], a numerical solver for the Probability Flow ODE
(Equation (4.1)) [263], with 100 neural function evaluations (DDIM-100) as the end-to-end
multi-step synthesis process for the DM. Even though our visualization shows that the DM
clearly fits the distribution better (Figure 4.7), the GAN does not do bad either. Note that
our visualization is based on the log-histogram of the sampling distributions, and therefore
puts significant emphasis on single data point outliers.

We provide a second method to assess the fitting: In particular, we measure the per-
centage of points (out of 1M samples) that are within a h-standard deviation vicinity of
any of the nine modes. A point x is said to be within a h-standard deviation vicinity
of the mode py if ||x — px|| < hop. We present results for this metric in Table 4.10 for
h={1,2,3,4,5,6}. Note that any mode is at least 12.5 standard deviations separated to
the next mode, and therefore no point can be in the h-standard deviation vicinity of more
than two modes for h < 6.

The results in Table 4.10 indicate that the GAN is slightly too sharp, that is, it puts
too many points within the 1- and 2-standard deviation vicinity of modes. Moreover, for
larger h, the result in Table 4.10 suggests that the samples in Figure 4.7c that appear to
“connect” the GAN’s modes are heavily overemphasized—these samples actually repre-
sent less than 1% of the total samples; 99.3% of samples are within a 4-standard deviation
vicinity of a mode while modes are at least 12.5 standard deviations separated.

Complexity. Now that we have ensured that both the GAN as well as the DM fit the
target distribution reasonably well, we can measure the complexity of the DM denoiser D,
the generator defined by the GAN, as well as the end-to-end multi-step synthesis process
(DDIM-100) of the DM. In particular, we measure the complexity of these functions using
the Frobenius norm of the Jacobian [75]. In particular, we define

Tr(0) = Expixa)[[VxDo(x, 0) | 7 (4.30)

Note that the convolution of a mixture of Gaussian with i.i.d. Gaussian noise is simply
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Table 4.10: h-standard deviation vicinity metric as defined in the paragraph Fitting of Sec-
tion 4.4.5.

h Data DM GAN

39.4 372 56.8
86.5 83.3 95.3
98.9 97.7 98.9
100 99.8 99.3
100 100 99.6
100 100 99.9

S UL = W N~

the sum of the convolution of the mixture components, i.e.,

p(x; U) = (pdata * N (07 02)) (X> (431)
= Z%N(X;uk;ag +a?). (4.32)

We then compare Jr(o) with the complexity of the GAN generator (S7) and the end-to-end
synthesis process of the DM (.S3). In particular, we define

Tr = ExwvonlIVxSi(®)|7, i€ {1,2}. (4.33)

We want to clarify that for S; we do not have to backpropagate through an ODE but
rather through its discretization, i.e., deterministic DDIM with 100 function evaluations
(Algorithm 6), since that is how we define the end-to-end multi-step synthesis process of
the DM in this experiment. Furthermore, we chose the latent space of the GAN to be
two-dimensional such that V,S;(x) € R**? for both the GAN and the DM; this ensures a
fair comparison. The final complexities are visualized in Figure 4.2.

4.4.5.1 Training Detalils
DM training. Training the diffusion model is very simple. We use the EDM config and

train for 50k iterations (with batch size B=256) using Adam with learning rate 3 - 107%.
We use an EMA rate of 0.999.

GAN training. Training GANs on two-dimensional mixture of Gaussians is notoriously
difficult (see, for example, Sec. 5.1 in [302]). We experimented with several setups and
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found the following to perform well: We train for 50k iterations (with batch size B=256)
using Adam with learning rate 3 - 107* and (8,=0.0, 8, = 0.9) for both the generator and
the discriminator. Following Yazic1 et al. [302], we use EMA (rate of 0.999 as in the DM).
We found it crucial to make the discriminator bigger than the generator; in particular, we
use twice as many hidden layers in the discriminator’s ResNet. Furthermore, we use ReLU
and LeakyReLU for the generator and the discriminator, respectively.

4.4.6 Image Experiments

4.4.6.1 Evaluation Metrics, Baselines, and Datasets

Metrics. We measure sample quality via Fréchet Inception Distance (FID) [105]. We fol-
low the DP generation literature and use 60k generated samples. The particular Inception-
v3 model used for FID computation is taken from Karras et al. [140]°. On MNIST and
Fashion-MNIST, we follow the standard procedure of repeating the channel dimension
three times before feeding images into the Inception-v3 model.

On MNIST and Fashion-MNIST, we additionally assess the utility of generated data by
training classifiers on synthesized samples and compute class prediction accuracy on real
data. Similar to previous works, we consider three classifiers: logistic regression (Log Reg),
MLP, and CNN classifiers. The model architectures are taken from the DP-Sinkhorn repos-
itory [38].

For downstream classifier training, we follow the DP generation literature and use 60k
synthesized samples. We follow Cao et al. [3%] and split the 60k samples into a training
set (90%) and a validation set (remaining 10%). We train all models for 50 epochs, using
Adam with learning rate 3 - 10~%. We regularly save checkpoints during training and use
the checkpoint that achieves the best accuracy on the validation split for final evaluation.
Final evaluation is performed on real, non-synthetic data. We train all models for 50
epochs, using Adam with learning rate 3 - 1072,

Note that we chose to only use 60k synthesized samples to follow prior work and therefore
be able to compare to baselines in a fair manner. That being said, during this project we
did explore training classifiers with more samples but did not find any significant improve-
ments in downstream accuracy. We hypothesize that 60k samples are enough to accurately

5https: //api.nge.nvidia.com/v2/models/nvidia/research/stylegan3/versions/1/files /metrics /inception-2015-12-05.pkl
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represent the underlying learned distribution by the DPDM and to train good classifiers
on MNIST /FashionMNIST. We believe that a more detailed study on how many samples
are needed to get a certain accuracy is an interesting avenue for future work.

Baselines. We run baseline experiments for PEARL [173]. In particular, we train models
for e={0.2,1,10} on MNIST and Fashion-MNIST. We confirmed that our models match
the performance reported in their paper. In fact, our models perform slightly better (in
terms of the LeNet-FID metric Liew et al. [173] uses). We then follow the same evaluation
setup (see Metrics above) as for our DPDMs. Most importantly, we use the standard
Inception network-based FID calculation, similarly as most works in the (DP) image gen-
erative modeling literature.

Datasets. We use three datasets in our main experiments: MNIST [164], Fashion-
MNIST [293] and CelebA [181]. Furthermore, we provide initial results on CIFAR-10 [160)]
and ImageNet [65] (as well as CelebA on a higher resolution); see Section 4.4.7.

We would like to point out that these dataset may contain multiple images per iden-
tity (e.g. person, animal, etc.), whereas our method, as well as all other baselines in this
work, considers the per-image privacy guarantee. For an identity with k& images in the
dataset, a model with (e, ) per-image DP affords (ke, ke*=15)-DP to the individual ac-
cording to the Group Privacy theorem [31]. We leave a more rigorous study of DPDMs
with Group Privacy to future research and note that these datasets currently simply serve
as benchmarks in the community. Nonetheless, we believe that it is important to point
out that these datasets do not necessarily serve as a realistic test bed for per-image DP
generative models in privacy critical applications.

4.4.6.2 Computational Resources

For all experiments, we use an in-house GPU cluster of V100 NVIDIA GPUs. On eight
GPUs, models on MNIST and Fashion-MNIST trained for roughly one day and models
on CelebA for roughly four days. We tried to maximize performance by using a large
number of epochs, which results in a good privacy-utility trade-off, as well as high noise
multiplicity; this results in relatively high training time (when compared to existing DP
generative models). Using a smaller noise multiplicity K decreases computation, although
generally at the cost of model performance; see also Section 4.4.4.3.
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Table 4.11: Noise multiplicity ablation on MNIST and Fashion-MNIST.

MNIST Fashion-MNIST
K
FID Acc (%) FID Ace (%)
Log Reg MLP CNN Log Reg MLP CNN

76.9 84.2 87.5 91.7 725 76.0 76.3  75.9
60.1 84.8 88.3 931 614 76.7 7.0 774
o7.1 85.2 88.0 928 61.1 76.7 72 77.0
44.8 86.2 89.2 941 582 75.2 76.3 774
6 36.9 86.0 89.8 942 585 77.0 T4 788
32 34.8 86.8 90.1 944 57.7 76.4 7.0 771

= 00 = DN

4.4.6.3 Training DP-SGD Classifiers

We train classifiers on MNIST and Fashion-MNIST using DP-SGD directly. We follow
the setup used for training DPDMs, in particular, batchsize B = 4096, 300 epochs and
clipping constant C' = 1. Recently, De et al. [(41] found EMA to be helpful in training
image classifiers: we follow this suggestion and use an EMA rate of 0.999 (same rate as
used for training DPDMs).

4.4.6.4 Extended Quantitative Results

In this subsection, we show additional quantitative results not presented in the main paper.
In particular, we present extended results for all ablation experiments.

4.4.6.4.1 Noise Multiplicity In the main paper, we present noise multiplicity abla-
tion results on MNIST with e=1 (Table 4.5). All results for MNIST and Fashion-MNIST
on all three privacy settings (¢={0.2,1,10}) can be found in Table 4.11.

4.4.6.4.2 Diffusion Model Config In the main paper, we present DM config ablation
results on MNIST with £=0.2 (Table 4.5). All results for MNIST and Fashion-MNIST on
all three privacy settings (¢={0.2,1,10}) can be found in Table 4.12.
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Table 4.12: DM config ablation.

MNIST Fashion-MNIST
Method DP-¢

FID Ace (%) FID Ace (%)
Log Reg MLP CNN Log Reg MLP CNN
VP [263] 0.2 197 23.1 25,5 242 146 49.7 51.6  bH1.7
VE [263] 02 171 17.9 154 139 178 22.2 279 494
V-prediction [244] 0.2 97.8 80.2 81.3 844 115 71.3 70.9 718
EDM [141] 0.2 119 62.4 67.3 49.2 935 64.7 65.9  66.6
VP [263] 1 82.2 59.4 69.3 726 734 68.3 704 727
VE [263] 1 165 17.9 20.5  26.0 156 30.7 36.0 4938
V-prediction [244] 1 34.8 86.8 90.1 944 57.7 76.4 77.0 771
EDM [141] 1 34.2 86.2 90.1 949 471 7.4 78.0 794
VP [263] 10 12.3 88.8 94.1 97.0 223 81.2 81.6  84.5
VE [263] 10 88.6 48.0 56.9 63.8 83.2 69.0 70.4 754
V-prediction [244] 10 7.65 90.4 94.4  97.7 23.1 82.0 83.7 855
EDM [141] 10 6.13 90.4 946 975 174 82.6 84.1 86.2

4.4.6.4.3 Diffusion Sampler Grid Search and Ablation Churn sampler grid
search. We run a small grid search for the hyperparameters of the Churn sampler (to-
gether with the guidance weight w for classifier-free guidance). For MNIST and Fashion-
MNIST on £=0.2 we run a two-stage grid search. Using S,;n=0.05, Siax=50, and Syeise=1,
which we found to be sensible starting values, we ran an initial grid search over the guid-
ance scale w={0,0.125,0.25,0.5,1.0,2.0} and Seum={0, 5, 10, 25, 50, 100, 150, 200}, which
we found to be the two most critical hyperparameters of the Churn sampler. Afterwards,
we ran a second grid search over Syeise={1,1.005}, Smin={0.01,0.02,0.05,0.1,0.2}, and
Smax={10, 50,80} using the best (w, Schurn) setting for each of the two models. For MNIST
and Fashion-MNIST on e={1, 10}, we ran a single full grid search over the guidance scale
w={0,0.25,0.5,1.0, 2.0}, Sehun=110, 25, 50, 100}, and Spin={0.025, 0.05, 0.1, 0.2} while set-
ting Spoise=1. For CelebA, on both e=1 and =10, we also ran a single full grid search over
Senurn=1{50, 100, 150, 200}, and Sp,;n={0.005,0.05} while setting Speise=1. The best settings
for FID metric and downstream CNN accuracy can be found in Table 4.14 and Table 4.15,
respectively.

Throughout all experiments we found two consistent trends that are listed in the following;:

o If optimizing for FID, set Seum relatively high and Sy, relatively small. Increase
Schurn @nd decrease Sy, as € is decreased.

194



Table 4.13: Diffusion sampler comparison. We compare the Churn sampler [111] to stochas-
tic and determistic DDIM [258].

MNIST Fashion-MNIST
Sampler DP-¢
FID Ace (%) FID Acc (%)
Log Reg MLP CNN Log Reg MLP CNN
Churn (FID) 0.2 61.9 65.3 65.8 719 784 53.6 55.3  57.0
Churn (Acc) 0.2 104 81.0 81.7 86.3 128 70.4 713 72.3
Stochastic DDIM 0.2 978 80.2 81.3 84.4 115 71.3 70.9 71.8

Deterministic DDIM 0.2 120 81.3 82.1 84.8 132 71.5 71.6 718

Churn (FID) 1 23.4 83.8 87.0 934 37.8 71.5 71.7  73.6
Churn (Acc) 1 35.5 86.7 91.6 95.3 514 76.3 76.9 79.4
Stochastic DDIM 1 34.2 86.2 90.1 949 47.1 77.4 78.0 79.4
Deterministic DDIM 1 50.4 85.7 91.8 949 60.6 77.5 78.2 789
Churn (FID) 10  5.01 90.5 94.6 973 18.6 80.4 81.1 84.9
Churn (Acc) 10 6.65 90.8 94.8 98.1 19.1 81.1 83.0 86.2
Stochastic DDIM 10 6.13 90.4 946 975 17.4 82.6 84.1 86.2

Deterministic DDIM 10 10.9 90.5 95.2 977 19.7 81.9 83.9 86.2

o If optimizing for downstream accuracy, set Senum relatively small and Sy, relatively
high.

Sampling ablation. In the main paper, we present a sampler ablation for MNIST (Ta-
ble 4.6). Results for Fashion-MNIST (as well as) MNIST can be found in Table 4.13.

4.4.6.4.4 Distribution Matching Analysis We perform a distribution matching
analysis on MNIST using the CNN classifier, that is, computing per-class downstream
accuracies at different privacy levels. In Table 4.16, we can see that with increased privacy
(lower €) classification performance degrades roughly similar for most digits, implying that
our DPDMs learn a well-balanced distribution and cover all modes of the data distribution
faithfully even under strong privacy. The only result that stands out to us is that class 1
appears significantly easier than all other classes for e=0.2. However, that may potentially
be due to the class 1 in MNIST being a “line” which may be easy to classify by a CNN
even if training data is noisy.
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Table 4.14: Best Churn sampler settings for FID metric.

MNIST Fashion-MNIST CelebA

Parameter

€=0.2 e=1 =10 =02 e=1 =10 e=1 =10
w 1 0 0.25 2 1 025 N/A N/A
S'ehurn 200 100 50 150 50 25 200 50
Smin 0.01 0.05 0.05 0.02 0.025 0.2 0.005 0.005
Smax 50 50 50 10 50 50 50 50
Shoise 1 1 1 1 1 1 1 1

Table 4.15: Best Churn sampler settings for downstream CNN accuracy.

MNIST Fashion-MNIST

Parameter
€e=0.2 e=1 e=10 =02 e=1 =10

w 0.125 0 0 0.125 0 0
Sehurn 10 10 10 5 10 10
Smin 0.2 0.1 0.025 0.02 0.025 0.1
Smax 10 50 50 80 50 50
Shoise 1.005 1 1 1.005 1 1

Table 4.16: Distribution matching analysis for MNIST using downstream CNN accuracy.

Class 0 1 2 3

4 5 6 7 8 9

e=10 985 987 98.7 98.4
e=1 95.4 98.9 96.7 96.1
e=0.2 819 96.0 &80.2 823

99.1 99.0 982 97.7 981 96.1
96.1 973 96.6 91.3 923 93.2
87.3 852 90.7 869 83.2 835
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Figure 4.8: Additional images generated by DPDM on MNIST for e=10 using Churn (FID)
(top left), Churn (Acc) (top right), stochastic DDIM (bottom left), and deterministic DDIM
(bottom right).

4.4.6.5 Extended Qualitative Results

In this subsection, we show additional generated samples by our DPDMs. On MNIST,
see Figure 4.8, Figure 4.9, and Figure 4.10 for e=10, =1, and £=0.2, respectively. On
Fashion-MNIST, see Figure 4.11, Figure 4.12, and Figure 4.13 for e=10, e=1, and €=0.2,
respectively. On CelebA, see Figure 4.14 and Figure 4.15 for e=10 and =1, respectively.
For a visual comparison of our CelebA samples to other works in the literature, see Fig-
ure 4.16.
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Figure 4.9: Additional images generated by DPDM on MNIST for
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Figure 4.11: Additional images generated by DPDM on Fashion-MNIST for e=10 using
Churn (FID) (top left), Churn (Acc) (top right), stochastic DDIM (bottom left), and de-
terministic DDIM (bottom right).
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Figure 4.12: Additional images generated by DPDM on Fashion-MNIST for e=1 using
Churn (FID) (top left), Churn (Acc) (top right), stochastic DDIM (bottom left), and de-
terministic DDIM (bottom right).
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Figure 4.13: Additional images generated by DPDM on Fashion-MNIST for e=0.2 using
Churn (FID) (top left), Churn (Acc) (top right), stochastic DDIM (bottom left), and de-
terministic DDIM (bottom right).
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Figure 4.14: Additional images generated by DPDM on CelebA for e=10 using Churn
(top), stochastic DDIM (middle), and deterministic DDIM (bottom).
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Figure 4.15: Additional images generated by DPDM on CelebA for e=1 using Churn (top),
stochastic DDIM (middle), and deterministic DDIM (bottom).
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Figure 4.16: CelebA images generated by DataLens (1st row), DP-MEPF (2nd row),
DP-Sinkhorn (3rd row), and our DPDM (4th row) for DP-e=10.

4.4.7 Additional Experiments on More Challenging Problems

4.4.7.1 Diverse Datasets

We provide results for additional experiments on challenging diverse datasets, namely,
CIFAR-10 [160] and ImageNet [65] (resolution 32x32), both in the class-conditional set-
ting similar to our other experiments on MNIST and Fashion-MNIST. To the best of our
knowledge, we are the first to attempt pure DP image generation on ImagenNet.

For both experiments, we use the same neural network architecture as for CelebA
(32x32) in the main paper; see model hyperparameters in Table 4.8. On CIFAR-10, we train
for 500 epochs using noise multiplicity K = 32 under the privacy setting (¢ = 10,5 = 107°).
In ImageNet, we train for 100 epochs using noise multiplicity K = 8 under the privacy
setting (¢ = 10,5 = 7-1077); training for longer (or using larger K) was not possible
on ImageNet due to its sheer size. We achieve FIDs of 97.7 and 61.3 for CIFAR-10 and
ImageNet, respectively. No previous works reported FID scores on these datasets and for
these privacy settings, but we hope that our scores can serve as reference points for future
work. In Figure 4.17, we show samples for both datasets from our DPDMs and visually
compare to an existing DP generative modeling work on CIFAR-10, DP-MERF [102].
Our DPDMs cannot learn clear objects; however, overall image/pixel statistics seem to
be captured correctly. In contrast, the DP-MERF baseline collapses entirely. We are not

205



(a) DPDM (ours) (IageNet) 7 (b) DPDM (ours) (CIFAR—lO) (c)

Figure 4.17: Additional experiments on challenging diverse datasets. Samples from our
DPDM on ImageNet and CIFAR-10, as well as CIFAR-10 samples from DP-MERF [102]
in (c).

aware of any other works tackling these tasks. Hence, we believe that DPDMs represent a
major step forward.

4.4.7.2 Higher Resolution

We provide results for additional experiments on CelebA at higher resolution (64x64). To
accommodate the higher resolution, we added an additional upsampling/downsampling
layer to the U-Net, which results in roughly a 11% increase in the number of parameters,
from 1.80M to 2.00M parameters. The only row that changed in the CelebA model hy-
perparameter table (Table 4.8) is the one about the channel multipliers. It is adapted
from (1,2,2) to (1,2,2,2). We train for 300 epochs using K = 8 under the privacy setting
(e = 10,6 = 107%). We achieve an FID of 78.3 (again, for reference; no previous works
reported quantitative results on this task). In Figure 4.18, we show samples and visually
compare to existing DP generative modeling work on CelebA at 64x64 resolution. Al-
though the faces generated by our DPDM are somewhat distorted, the model overall is
able to clearly generate face-like structures. In contrast, Datalens generates incoherent
very low quality outputs. No other existing works tried generating 64x64 CelebA images
with rigorous DP guarantees, to the best of our knowledge. Also this experiment implies
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(b) DataLens [281]

Figure 4.18: Additional experiments on CelebA at higher resolution (64x64). Samples from
our method and Datalens [234].

that DPDMs can be considered a major step forward for DP generative modeling.

4.4.8 Ethics, Reproducibility, Limitations and Future Work

Our work improves the state-of-the-art in differentially private generative modeling and
we validate our proposed DPDMs on image synthesis benchmarks. Generative modeling
of images has promising applications, for example for digital content creation and artistic
expression [15], but it can in principle also be used for malicious purposes [201, 210, 278].
However, differentially private image generation methods, including our DPDM, are cur-
rently not able to produce photo-realistic content, which makes such abuse unlikely.

As discussed in Section 4.3.1, a severe issue in modern generative models is that they
can easily overfit to the data distribution, thereby closely reproducing training samples
and leaking privacy of the training data. Our DPDMs aim to rigorously address such
problems via the well-established DP framework and fundamentally protect the privacy of
the training data and prevent overfitting to individual data samples. This is especially im-
portant when training generative models on diverse and privacy-sensitive data. Therefore,
DPDMs can potentially act as an effective medium for data sharing without needing to
worry about data privacy, which we hope will benefit the broader machine learning com-
munity. Note, however, that although DPDM provides privacy protection in generative
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learning, information about individuals cannot be eliminated entirely, as no useful model
can be learned under DP-(¢=0,6=0). This should be communicated clearly to dataset
participants.

An important question for future work is scaling DPDMs to (a) larger datasets and (b)
more complicated, potentially higher-resolution image datasets. Regarding (a), recall that
an increased number of data points leads to less noise injection during DP-SGD training
(while keeping all other parameters fixed). Therefore, we believe that DPDMs should scale
well with respect to larger datasets; see, for example, our results on ImageNet, a large
dataset, which are to some degree better than the results on CIFAR-10, a relatively small
dataset (Section 4.4.7). Regarding (b), however, scaling to more complicated, potentially
higher-resolution datasets is challenging if the number of data points is kept fixed. Higher-
resolution data requires larger neural networks, but this comes with more parameters,
which can be problematic during DP training (see Section 4.3.3.2). Using parameter-
efficient architectures for diffusion models may be promising; for instance, see concurrent
work by [120]. Generally, we believe that scaling both (a) and (b) are interesting avenues
for future work.

To aid reproducibility of the results and methods presented in our paper, we made source
code to reproduce all quantitative and qualitative results of the paper publicly available,
including detailed instructions. Moreover, all training details and hyperparameters are
already described in detail in this appendix, in particular in Section 4.4.3.

4.5 Epilogue

4.5.1 Public Pre-training of Differentially Private Diffusion Mod-
els

Pre-training on public datasets is a common technique to improve the performance of DP
models [103, |. Recently, Ghalebikesabi et al. [95] propose public pre-training of DMs
to improve the performance of DPDMs. In particular, they perform public pre-training on
ImageNet and private DPDM fine-tuning on CIFAR-10 and Camelyonl7 [155]. Compared
to from-scratch DPDM training, Ghalebikesabi et al. [95] adapt the time distribution p(?):
they argue that the pre-trained DM transfers well to new tasks for very small and very large
noise levels. In contrast, the “medium” noise levels differ considerably between datasets.
Therefore, they adjust p(t) and “focus” on intermediate times (¢ € [0.3,0.6], with T'= 1.0).
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Furthermore, Ghalebikesabi et al. [95] extend our noise multiplicity (Equation (7) of the
paper) by also averaging the per-sample DM loss over traditional augmentation strategies
such as random cropping and horizontal flipping.
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Chapter 5

Distilling the Knowledge in Diffusion
Models

5.1 Taming Large Models with Knowledge Distilla-
tion

Recent text-to-image DMs have attracted much attention, being able to generate high-
resolution photorealistic samples [230), , |. This powerful performance, however,
requires large neural network backbones with billions of parameters. Networks of this size
generally require a large amount of GPU memory and they are slow at inference time,
making it difficult to deploy them in real-time or on resource-limited devices.

In Chapter 3, we have discussed a multitude of methods that accelerate the inference
of DMs, however, none of those methods address the issue of requiring a large amount of
GPU memory. In discriminative modeling, knowledge distillation is a widely used method
that addresses this particular issue: For example, the knowledge of a (teacher) classifier
can be distilled into a smaller (student) model by training the student on the (soft) teacher

predictions rather than the (hard) labels of the data [106]. Knowledge distillation has been
widely used in discriminative modeling [25, , , , 297], but only rarely in generative
modeling [3]. One potential reason for this may be that the objective functions of popular

one-shot generative models such as generative adversarial networks and normalizing flow
do not naturally extend to knowledge distillation.
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5.2 Preface

This section presents the workshop paper “Distilling the Knowledge in Diffusion Models”.
In this work, we distill the knowledge of a large pre-trained DM into a small DM using an
(approximate) score matching objective:

M Bty 00), tmp(0) (0, 10) [M(E) [ Do (%0 + o1m, £) — D00 + om, t)|[3] - (5.1)

where Dy is the large teacher model and Dy the smaller student model. Similar to
knowledge distillation in classifiers, the “hard” predictions xo in the DM objective (Equa-
tion (1.27)) are replaced by the “soft” teacher predictions Dg(ayXo + oyn, t). Furthermore,
the above distillation objective is a natural modification of score matching [123], replacing
the true data score by the teacher score model. The paper was accepted and presented at
the CVPR 2023 workshop for “Generative Models for Computer Vision” in June 2023.

Contributions: I was the sole first author of this work. Robin Rombach, Andreas
Blattmann, and Yaoliang Yu were co-authors, and Yaoliang supervised the project. The
knowledge distillation idea was conceived jointly between myself and Yaoliang. I imple-
mented all code and ran all experiments on CIFAR-10. Throughout the project, I contacted
Robin and Andreas to apply the method on Stable Diffusion [235]. I wrote the paper myself.

Differences in notation: For simplicity, we only consider DMs that use the pertur-
bation kernel p;(x; | xo) = N (x4; %0, 021,).

Abstract: Large-scale diffusion models have achieved unprecedented results in (condi-
tional) image synthesis, however, they generally require a large amount of GPU memory
and are slow at inference time. To overcome this limitation, we propose to distill the knowl-
edge of pre-trained (teacher) diffusion models into smaller student diffusion models via an
approximate score matching objective. For classifier-free guided generation on CIFAR-10,
our student model achieves a FID-5K of 8.03 using 273G flops. In comparison, the larger
teacher model only achieves a FID-5K of 294 using 424G flops. We present initial experi-
ments on distilling the knowledge of Stable Diffusion, a large scale text-to-image diffusion
model, and discuss several promising future directions.
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(a) s: 129G flops, (b) s: 273G flops, (c) t: 424G flops, (d) t: 764G flops, (e) t: 1612G flops,
5 steps 10 steps 3 steps 5 steps 10 steps

Figure 5.1: Guided image generation on CIFAR-10 (guidance strength w=0.5) with student
model s and teacher model . The student model needs considerably less flops to achieve
similar performance.

5.3 Main Paper

5.3.1 Introduction

Diffusion models (DMs) achieve both state-of-the-art synthesis quality and sample diver-
sity using an iterative sampling process. In computer vision DMs have been used for
(conditional) image [66, 109, 110, 211, 230, 235] and (conditional) video [112, 252, 301]
synthesis, super-resolution [168, 240], deblurring [142, 290], image editing and inpaint-
ing [185, 197, 235, 239], conditional and semantic image generation [22, 50, 179, 218, 228],
image-to-image translation [239, 219, 267], inverse problems in medical imaging [59, 60,
117, 187, 224, 264, 299], and differentially private image synthesis [73, 95].

In particular large-scale text-to-image DMs have recently gained a lot of attention, be-
ing able to synthesize high-resolution photorealistic images [230, 235, 242]. To achieve this
powerful performance these DMs rely on neural network backbones with billions of param-
eters [230, 212]. Networks of this size require a large amount of GPU memory and they are
slow at inference time, making it difficult to deploy them in real-time or on resource-limited
devices.

The issue of slow inference has, for example, been addressed by the development of faster
DM samplers [74, 75, 183, 184, 258]. Another promising approach to tackle this issue is
to distill the entire iterative sampling process of a (teacher) DM into a student (sampling)
model [24, 196, 244, 265]; we refer to this approach as sampling distillation. To accel-
erate training, the student network is initialized from the teacher, and therefore student
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and teacher have the same number of parameters. After distillation, the student model
can synthesize samples using only a few network evaluations rather than tens of network
evaluations needed for the teacher model. Sampling distillation reduces the inference time
while keeping the required GPU memory constant.

In this work, we instead propose to distill the knowledge (rather than the iterative sam-
pling process) of a teacher DM into a smaller student DM, that is, the student should learn
to match the predictions of the teacher for any input. Compared to sampling distillation,
reducing the network size of a DM results in less GPU memory as well as faster inference:
though the student model may still require tens of evaluations for sampling, each eval-
uation is significantly faster. Knowledge distillation (KD) [106] has been widely used in
discriminative modeling [25, , , , 297], but only rarely in generative modeling [3].
We propose a robust approximate score matching objective to perform KD.

We thoroughly evaluate our proposed method on CIFAR-10 [160] and find that we can
drastically decrease the required inference time of students model compared to their teach-
ers; see Figure 5.1. Furthermore, we show early results on distilling Stable Diffusion [235],
a large text-to-image latent DM; see Section 5.3.5. We envision that our framework, which
can potentially be combined with orthogonal ideas such as fast DM samplers and sampling
distillation, paves the way towards fast and high-resolution synthesis of DMs on resource
limited devices.

5.3.2 Background

We consider continuous-time DMs [263] and follow the presentation of Karras et al. [111].
Let pgata(Xo) denote the data distribution and p(x;o) be the distribution obtained by
adding i.i.d. o?-variance Gaussian noise to the data distribution. For sufficiently large
Omax, P(X;02,.) is almost indistinguishable from o2 -variance Gaussian noise. Capitaliz-
ing on this observation, DMs sample high variance Gaussian noise x3; ~ N (0,02 ) and
sequentially denoise x,; into x; ~ p(x;;0;), 1 € {0,..., M}, with 0; < 0,41 and oy = Opax-
Assuming the DM is accurate, if oy = 0 then the resulting x, is distributed according to

the data.

Sampling. In practice, this iterative denoising process explained above can be imple-
mented through the numerical simulation of the Probability Flow ordinary differential
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equation (ODE) [263]
dx = —&(t)o(t)Vxlog p(x; o(t)) dt, (5.2)

where Vy logp(x;0) is the score function [123]. The schedule o(t): [0,1] — R, is user-
specified and &(t) denotes the time derivative of o(t). Alternatively, we may also numeri-
cally simulate a stochastic differential equation (SDE) [111, 263]:

dx = —d(t)o(t)Vxlogp(x;o(t))dt (5.3)
Probability Flow OBE' see Equation (5.2)

jﬂ(t) 2(t)Vyx log p(x; o(t)) dt + /2 t) dwy,

Langevin d1ﬁu31on component

where dw; is the standard Wiener process. In principle, simulating either the Probability
Flow ODE or the SDE above results in samples from the same distribution.

Training. DM training reduces to learning a model sg(x;0) for the score function
Vxlog p(x; o). The model can, for example, be parameterized as Vy log p(x; 0) = s¢(x;0) =
(Dg(x;0) — x)/0? [111], where Dy is a learnable denoiser that, given a noisy data point
Xo + N, Xg ~ Pata(X0), N1 ~ N (0,0%1;), and conditioned on the noise level o, tries to
predict the clean xg. The denoiser Dy (or equivalently the score model) can be trained via
denoising score matching (DSM)

E(XO7 diata X0, C |:)\ ”DO(XO + n U C) X0||§:| ? (54)
(o;n)~p(o,n)
where p(o,n) = p(c) N (n;0,0?), p(o) is a distribution over noise levels o, \,: R, — R,
is a weighting function, and c is a conditioning signal, e.g., a class label or a text prompt.
For unconditional modeling, ¢ may simply be ignored.

Classifier-free guidance. Classifier-free guidance [10%] is a technique to guide the it-
erative sampling process of a DM towards a particular conditioning signal ¢ by mixing the
predictions of a conditional and an unconditional model

D¥(x;0,¢) = (1 +w)D(x;0,¢) —wD(x;0), (5.5)

where w > 0 is the guidance strength. In practice, the unconditional model can be trained
jointly alongside the conditional model in a single network by randomly replacing the
conditional signal ¢ with a (learnable) null embedding in Equation (5.4), e.g., 10% of the
time [108]. Classifier-free guidance is widely used to improve the sampling quality, at the
cost of reduced diversity, of text-to-image DMs [211, 235].
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5.3.3 Method

We propose to distill the knowledge of a large DM, with frozen parameters ¢, into a small
student DM, with parameters 0, via an (approximate) score matching (SM) loss

E [Ao||De(x0 +n;0,¢) — Dy(xo +m30,0)|3] , (5.6)

where the expectation is over the same distributions as in Equation (5.4). The loss in Equa-
tion (5.6) is consistent: zero loss implies that the knowledge of the teacher has been
perfectly distilled into the student model (assuming full support of pgata(xo) and p(o)).
Furthermore, Equation (5.6) becomes standard score matching [123] as the teacher score
model sg(x;0) = (Dy(x;0) — x) /0 approaches the true score function Vy logp(x; o).

Guided distillation. To distill the knowledge of a jointly trained (un)conditional DM
for classifier-free guidance, we can randomly replace the conditioning signal ¢ with the
null embedding in Equation (5.6). Note, however, that during inference we still need to
evaluate the student model twice to compute Equation (5.5). To accelerate inference even
further, we may follow Meng et al. [196] and directly distill the guidance computation (for
an interval [Wiyin, Wmax)) jointly with the knowledge of the teacher model, i.e.,

E(X07C)diata(x07c)7 [)‘UHDG (X; g, ¢, w) - ng (X; g, C) Hg] ) (5'7)

(o‘,n)wp(a,n),
w~U [wmin 7wmax]
where Dy is computed via Equation (5.5) and x = x¢ + n. Note that the student model
is now additionally conditioned on the guidance strength w.

5.3.4 Experiments

We focus our efforts on a thorough evaluation on CIFAR-10 [160]. Student and teacher DMs
are implemented using the DDPM++ architecture [263]. The teacher model uses 128 base
channels while we use a variety of student models ranging from 32 to 128 base channels. We
generate samples from our DMs using the deterministic Heun sampler proposed in Karras
et al. [I11] and we measure the sample quality via Fréchet Inception Distance (FID) [105]
using bk synthesized samples and all training samples. All experiment and training details
can be found in Section 5.4.1.1
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Figure 5.2: Unconditional image generation on CIFAR-10. Teacher model ¢ and a variety
of student models s with different number of base channels indicated in the legend. Linear
y-axis as inset.

Table 5.1: Parameters and number of flops (per single forward pass) of the unconditional
teacher model ¢ and student models s.

Model 532 s-64 596 s-128 t
# of M parameters 2.2 88 198 35.1 55.7
# of G flops 1.64 6.42 14.36 2544 42.42
# of residual blocks 2 2 2 2 4

# of base channels 32 64 96 128 128
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Figure 5.3: Distilling a large teacher DM into a smaller model (KD) leads to faster conver-
gence and overall better performance than standard DSM training (for the smaller model).

5.3.4.1 TUnconditional Distillation

We compare an unconditional teacher model to a variety of student models; see Table 5.1.
We compute FID-5k for each model using a variety of solver steps; see Figure 5.2 for results.
For fair comparison, the z-axis shows the accumulated number of G flops rather than the
number of solver steps. We can see that there exist fixed budgets of G flops for which each
of the four student model performs best, e.g., s-32 at 50 G Flops and s-96 at 400 G Flops,
etc. Therefore, given GPU memory or inference time constraints, the size of the teacher
model can be tuned to optimize performance. Overall, the gap between the larger student
models (with 96 and 128 base channels) and the teacher model are reasonable, i.e., less
than one FID-5K.

We also compare the training speed of our s-96 model to a standard DM (trained with Equa-
tion (5.4)) with the same neural network backbone; see Figure 5.3. The student model
needs less iterations for convergence and overall converges to a better FID-5K value (7.63
vs 8.60). Note that during each iteration of KD we also need to do a forward pass through
the larger teacher model; to reduce additional training time cost, the forward passes of
teacher and student models may be parallelized.
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Figure 5.4: Guided image generation on CIFAR-10 (guidance strength w=0.25). Teacher
model ¢ and student model s. The student is conditioned on the guidance scale w whereas
the teacher model needs to evaluate both a conditional and an unconditional DM per step.
Linear y-axis as inset.

5.3.4.2 Guided Distillation

We additionally train a guided student model (96 base channels) with KD according
to Equation (5.5) where we set wpin=0.0 and wp,.x=3.0. In Figure 5.4, we compare the
student model to the teacher model for guidance strength w=0.25. The discrepancy of the
performance at small number of G flops between the student and the teacher is even more
striking than in the unconditional case, likely due to the simultaneous KD and guidance
distillation. Overall, the gap between the student and the teacher model is reasonable,
less than 0.75 FID-5K. Samples for both the student and teacher models can be found
in Figure 5.1.

5.3.5 Future Directions

We have shown that the size of the neural network backbone in DMs can be drastically
reduced with our KD approach resulting in faster inference, while keeping overall perfor-
mance drops to a reasonable level. We envision our method as a promising tool for relevant
and novel applications in generative modeling, e.g., text-to-image synthesis on edge devices.
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(a) DSM: 7742G (b) s: 7742G flops, (c) t: 8145G flops, (d) ¢: 33936G flops,
flops, 50 steps 50 steps 12 steps 50 steps

Figure 5.5: Samples generated for the DSM baseline, the KD student model s and the
original Stable Diffusion (teacher) model t. Prompt: “A beautiful castle, matte painting.”.

In future work, we are planning to expand this work into the following directions:

Combining KD with sampling distillation. Distilling the sampling process of DMs [24,
196, 244, 265] allows for high-quality synthesis of large-scale models in several seconds.
Sampling distillation is orthogonal to our KD approach, and combining these two ideas is
a promising future research direction. An interesting question may be the order of distilla-
tion: Should we first distill the sampling process or the network? Or could we potentially
do both distillations jointly?

Mixed training. In this work, we only considered pure distillation, however, it has
been shown to be helpful to combine KD with standard training in discriminative mod-
els [106]. One approach for mixed training may be a linear combination of Equation (5.4)
and Equation (5.6). As we show in Section 5.4.2; this mixed training approach is equivalent
to performing distillation with an additional term

200, (Dg(x;0) — Dg(x;0)) T (Dy(x; 0) — x0), (5.8)

where « € [0, 1], inside the expectation of Equation (5.6).

Better initialization. Fine-tuning large-scale DMs has been shown to be highly ef-
fective: for example, fine-tuning text-to-image DMs for, say, 100 to 1000 iterations on a
small dataset of a few images results in highly editable personalized text-to-image mod-
els [90, 237]. Similarly, student models in sampling distillation are generally initialized
from the teacher model, which allows for fine-tuning and results in faster convergence. In
contrast, our student architectures are smaller, and therefore we cannot directly make use
of the teacher for initialization. Future work could explore better initialization methods
that may improve the training speed of our KD approach.
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Figure 5.6: Initial experiments on Stable Diffusion show that distilling the network of large
scale text-to-image DMs into smaller student models leads to better performance and faster
convergence compared to standard DSM training. The gap of the student to the teacher is,

however, still significant and needs to be addressed in future work. The solid and dotted
lines represent zero-shot FID-5K and CLIPSIM on COCO [175], respectively.

Applying KD to larger models. In this work, we thoroughly study KD of DMs for
CIFAR-10. An obvious future direction is to scale our approach to larger models: To this
end, we perform a preliminary study on Stable Diffusion [235], distilling its latent DM into
a network of less than a quarter of the original size (from 866M to 200M parameters).
Compared to training a standard DM of the same size with DSM (Equation (5.4)), we
find that the KD student converges faster and to a better value; see Figure 5.6. This is a
promising result which may indicate that our results on CIFAR-10 transfer to large-scale
DMs. Compared to our CIFAR-10 results, however, we found that there is still a substan-
tial gap compared to the teacher model; see also samples in Figure 5.5. Experiment details
can be found in Section 5.4.1.2. In future work, we are planning to thoroughly evaluate
our KD approach to large-scale (latent) DMs.
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5.4 Appendix

5.4.1 Experiment Details

5.4.1.1 CIFAR-10

Our teacher models for CIFAR-10 are taken from Karras et al. [111]; one conditional' and
one unconditional model?. The networks are based on the DDPM++ architecture [263].
The teacher and student models have four and two residual blocks, respectively. The
teacher model has 128 base channels while we train multiple student models ranging from
32 to 128 base channels. All models are trained for 100k iterations, using a batch size of
512, to ensure convergence. We use Adam with learning rate 1 x 1072 and an exponential
moving average half-life of 50M images, following Karras et al. [I11]. For KD, we do not
use any dropout while the DSM baseline in Figure 5.3 uses a dropout probability of 10%
to prevent over-fitting. All student models (and the DSM baseline) use the same network
preconditioning, noise distribution p(c) and loss weighting A, as the teacher model; see
the last column of Table 1 in Karras et al. [111].

5.4.1.2 Stable Diffusion

Our teacher model is Stable Diffusion [235] fine-tuned to v-parameterization [211]. The
student model (and the DSM baseline) uses the same architecture as Stable Diffusion,
however, the number of base channels is reduced from 360 to 192 and the transformer
block at the highest resolution is removed. We use AdamW with learning rate 3 x 10~*
and batch size 512. The exponential moving average half life, the noise distribution p(o),
and the loss weighting A, for both the student model and the DSM baseline are the same
as used in the original Stable Diffusion model.

5.4.2 Mixed Training Derivation

In Section 5.3.5, we propose the following mixed training objective

E[Xo (1= a)[[Do(x;0,¢) — Dy(x; 0, ¢)|l; + o[ Do(x; 0, €) — x0ll3)]; (5.9)

'https://nvliabs-fi-cdn.nvidia.com/edm/pretrained/edm-cifar10-32x32-uncond-vp.pkl
2https://nvlabs-fi-cdn.nvidia.com/edm/pretrained/edm-cifar10-32x32-uncond-ve.pkl
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where x = xy +n. Let us add and subtract the teacher model Dy to the second norm

| Do(x; 0, ¢) — xol|2 (5.10)

= || Do(x;0,¢) — Dg(x; 0, ¢) + Dy(x; 0,¢) — Xol|3 (5.11)

= [[Do(x; 0, ¢) = Dy(x; 0, €) |3 + 2(De(x; 0) — Dy (x:0)) " (Dg(x;0) = Xo) + || Dy (x; 0, €) — Xol[3
(5.12)

= || Do(x;0,¢) — Dy(x;0,¢)|3 + 2(Do(x;0) — Dy(x;0)) " (Dg(x;0) — Xo) + const. 51
5.13

Note that the last term in the above equation is a constant with respect to the learnable
parameters 6. Plugging the above into Equation (5.9), we have

E[Xs (| Do(x;0,¢) = Dg(x; 9, ¢)||3 + 20(Dp(x; 0) — Dy (x;0)) " (Dg(x; 0) — %0))] + const.
(5.14)

This shows that mixed training is equivalent to plain distillation with a regularization term
which uses the clean data xg.

Alternatively, we may similarly add and subtract the clean data xy to the first norm
in Equation (5.9) which results in

E[A\, (HDQ(X; o,¢) — xo||3 + 2(1 — a)(De(x;0) — XO)T(XO — Dy(x; 0)))] + const, (5.15)

which shows that mixed training is also equivalent to standard DM training (DSM in Equa-
tion (5.4)) with an additional regularization term involving the teacher network D.
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Chapter 6

Conclusion

In this thesis, we use DMs to model the data generating processes commonly encoun-
tered in artificial intelligence, focusing on natural images. While the primary objective
of generative models is to generate samples that closely resemble those generated by the
data generating process, there may be (several) secondary objectives which are important
to practitioners. For example, in this thesis, we introduce several methods that acceler-
ate the sampling process of DMs. Furthermore, we introduce one method that privatizes
DMs, that is, prevents revealing training data through (samples from) the trained network.

In Chapter 2 we investigate the underlying diffusion process of DMs and introduce a new
DM based on critically-damped Langevin dynamics. In Chapter 3 we show how reparam-
eterizing the differential equations arising in DMs may naturally lead to faster numerical
schemes. We also discuss several numerical solvers and the pitfall of those based on finite
differences in the large step size limit. To circumvent this issue, we then introduce an
efficient neural higher-order solver that learns higher-order derivatives. We also discuss
recent methods that distill the sampling process of DMs altogether. In Chapter 5 we pro-
pose to distill the knowledge of large pre-trained DMs into smaller student models using an
approximate score matching objective. In particular, the small student model is regressed
towards predictions of the teacher DM rather than the clean data as is done in standard
DM training. The student models are fast at inference time and may also be deployed on
GPUs with significantly less memory than was required for the original teacher model.

In the future, our work on accelerated sampling could be extended in several directions. All

three methods introduced in this thesis are orthogonal, and may therefore be mixed and
matched. For example, we may distill the knowledge of DMs that utilize critically-damped
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Langevin dynamics as their diffusion process, and then use the neural higher-order solver
introduced in Chapter 3 to generate samples. Furthermore, combining the knowledge dis-
tillation technique from Chapter 5 with methods that distill the entire sampling process of
DMs (see Section 3.5.1) may result in very fast and efficient samplers. Not restricted to the
methods introduced in this thesis, we believe that the full potential of accelerated sampling
can be unlocked by customizing samplers to their respective domains. For example, solvers
for DMs modeling video data may not only exploit the spatial redundancy of individual
frames but also the temporal redundancy. We believe that the ultimate goal should be
instant generation across all domains, potentially on resource-limited devices.

To privatize DMs, we build on well-established techniques from the differential privacy lit-
erature. In particular, we enforce privacy in DMs by training the neural network backbone
with differentially private stochastic gradient descent. Overfitting and privacy-leakage of
generative models are more relevant than ever, considering recent works that train powerful
photo-realistic image generators on large-scale web-scraped data and the recent adaption
of DMs in domains with naturally more sensitive data, such as medical imaging.

Differentially private diffusion models with moderate privacy guarantees are able to gen-
erate high quality small-resolution images. However, non-private DMs are currently still
significantly better at generating high-resolution images. To attempt closing this gap,
future research may carefully pre-train DMs on public data and only fine-tune DMs on
sensitive data for a small number of iterations as has been proposed in some recent work.
Additionally, we may consider more parameter-efficient neural network backbones which
are naturally more private given a fixed number of training iterations. More efficient
methods for enforcing differential privacy guarantess in DMs and other generative models
beyond differentially private stochastic gradient descent may also be developed.
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