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Abstract

The L*based mean squared error (MSE) and its variations continue to be the most
widely employed metrics in image processing. This is most probably due to the fact that
(1) the MSE is simple to compute and (2) it possesses a number of convenient mathematical
properties, including differentiability and convexity. It is well known, however, that these
L?-based measures perform poorly in terms of measuring the visual quality of images. Their
failure is partially due to the fact that the L? metric does not capture spatial relationships
between pixels. This was a motivation for the introduction of the so-called Structural
Similarity (SSIM) image quality measure [32] which, along with is variations, continues
to be one of the most effective measures of visual quality. The SSIM index measures
the similarity between two images by combining three components of the human visual
system—Iluminance, contrast, and structure. It is our belief that the structure term, which
measures the correlation between images, is the most important component of the SSIM.

A considerable portion of this thesis focusses on adapting the L? distance for image pro-
cessing applications. Our first approach involves inserting an intensity-dependent weight
function into the integral such that it conforms to generalized Weber’s model of perception.
We solve the associated best approximation problem and discuss examples in both one-
and two-dimensions. Motivated by the success of the SSIM, we also solve the Weberized
best approximation problem with an added regularization term involving the correlation.

Another approach we take towards adapting the MSE for image processing involves
introducing gradient information into the metric. Specifically, we study the traditional L?
best approximation problem with an added regularization term involving the L? distance
between gradients. We use orthonormal functions to solve the best approximation problem
in both the continuous and discrete setting. In both cases, we prove that the Fourier
coefficients remain optimal provided certain assumptions on the orthonormal basis hold.

Our final best approximation problem to be considered involves maximizing the cor-
relation between gradients. We obtain the relevant stationarity conditions and show that
an infinity of solutions exists. A unique solution can be obtained using two assumptions
adapted from [2]. We demonstrate that this problem is equivalent to maximizing the entire
SSIM function between gradients. During this work, we prove that the discrete derivatives
of the DCT and DFT basis functions form an orthogonal set, a result which has not
appeared in the literature to the best of our knowledge.

Our study of gradients is not limited to best approximation problems. A second major
focus of this thesis concerns the development of gradient-based image quality measures.
This was based on the idea that the human visual system may also be sensitive to distortions
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in the magnitudes and/or direction of variations in greyscale or colour intensities—in other
words, their gradients. Indeed, as we show in a persuasive simple example, the use of the L?
distances between image gradients already yields a significant improvement over the MSE.
One naturally wonders whether a measure of the correlation between image gradients could
yield even better results—in fact, possibly “better” than the SSIM itself! (We will define
what we mean by “better” in this thesis.) For this reason, we pursue many possible forms
of a “gradient-based SSIM”.

First, however, we must address the question of how to define the correlation between
the gradient vectors of two images. We formulate and compare many novel gradient similar-
ity measures. Among those, we justify our selection of a preferred measure which, although
simple-minded, we show to be highly correlated with the “rigorous” canonical correlation
method. We then present many attempts at incorporating our gradient similarity measure
into the SSIM. We finally arrive at a novel gradient-based SSIM, our so-called “gradSSIM1”,
which we argue does, in fact, improve the SSIM. The novelty of our approach lies in its use
of SSIM-dependent exponents, which allow us to seamlessly blend our measure of gradient
correlation and the traditional SSIM.

To compare two image quality measures, e.g., the SSIM and our “gradSSIM1”, we
require use of the LIVE image database [21]. This database contains numerous distorted
images, each of which is associated with a single score indicating visual quality. We suggest
that these scores be considered as the independent variable, an understanding that does not
appear to be have been adopted elsewhere in the literature. This work also necessitated a
detailed analysis of the SSIM, including the roles of its individual components and the effect
of varying its stability constants. It appears that such analysis has not been performed
elsewhere in the literature.
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Chapter 1

Introduction

We entered into this work equipped with a few simple ideas. A major initial interest of
ours concerned best approximation problems involving images. Measuring how well a given
image approximates another image depends entirely on the choice of distance function. It
is well known that using conventional, i.e., L?-based, metrics on images produces distances
that are not in agreement with their visual closeness according to a human observer. By
developing metrics based on simple considerations of the human visual system—e.g., its
nonlinear luminance perception described by Weber’s law, its aptitude for extracting edges
and structural information—one can produce mathematically optimal image approxima-
tions which are more likely to be visually “optimal” according to a human observer.

Our study of image-based best approximation also involved extending previous work
which maximized the Structural Similarity (SSIM) Index and its individual components
using orthonormal functions [3, 2]. The SSIM [32] is a well-known image quality measure
which attempts to predict the visual quality of distorted images in a manner consistent
with the human visual system. Some evaluations showed that the SSIM outperformed
alternative prediction algorithms at the time of its debut [23], and it continues to be
a popular choice in many image processing applications today. The SSIM consists of
three component parts: a luminance component, a contrast component, and a correlation
component. It was our guiding belief that the correlation is the most important component
of the SSIM. Throughout our work, the correlation was a lodestone to which we returned
time and time again.

At the same time, we were also highly motivated to pursue the use of gradients in image
processing. For years, gradients have been used in a variety of image processing applica-
tions; A particularly canonical example is the use of gradient filters in edge detection. For



our introduction to using gradients, we naturally pursued the best approximation prob-
lem which maximizes the correlation between gradients. During this work, we were able to
show that the discrete derivatives of the DCT and DFT basis functions form an orthogonal
set, a result which has not appeared in the literature to the best of our knowledge.

Our study of gradients, however, was not limited to best approximation problems: We
also undertook a computational exploration of the gradient, which culminated in many
attempts to “improve” the SSIM by incorporating gradient information. (We will define
what is meant by “improve” later in this thesis.) This was based on the idea that the human
visual system may also be sensitive to distortions in the magnitudes and/or direction of
variations in greyscale or colour intensities—in other words, their gradients. Indeed, some
image quality measures centered on gradient information have recently been proposed
in [17, 21]. The mathematical tractability which characterizes our approach, however,
differentiates our gradient-based measures from those existing in the literature. Ultimately,
we obtain a novel gradient-based measure which, based on our results using the LIVE image
database [21], we argue “improves” the traditional SSIM. This pursuit also necessitated a
structured and detailed examination of the SSIM which, to the best of our knowledge, has
not appeared in the literature.

We could not have predicted how our initial interests would continually renew a rich
fountain of ideas upon which our study evolved. Indeed, we were often developing multiple
compelling problems at once, our attention shifting from one task to another and back again
with great interest. Only after surveying this progression in retrospect could we grasp a
complete and satisfying sense in its manner of unfolding. To honour this natural sequence
of events, this thesis is presented as a narrative. Its chapters are organized chronologically
and are outlined briefly below.

In Chapter 2, we present a discussion of some important foundational ideas and the
mathematical preliminaries of our work. Our first best approximation problem is then pre-
sented in Chapter 3, where Weber’s model motivates our initial attempt at adapting the
L?-based distance for image processing applications. Our computational investigation of
the SSIM begins in Chapter 4, where we develop a simple example to investigate whether
correlation is, in fact, the most important component of the SSIM. We return to our “We-
berized” best approximation problem in Chapter 5, adding a regularization term involving
the correlation between signals.

We provide a brief introduction to gradients and their applications in image processing
in Chapter 6. We also consider a simple best approximation problem involving the L2-
distance between gradients. In Chapter 7, we explore the best approximation problem
which maximizes the correlation between gradients. The contents of Chapters 8 and 9



pertain to our efforts towards engineering a gradient-based image quality measure. In
Chapter 8, we develop and compare different measures of gradient similarity. We then
incorporate those measures into the SSIM in Chapter 9. In order to assess the performance
of our gradient-based measures, we analyze experiments using the LIVE image database.
In this chapter, we also investigate the effect of varying the stability constants in the SSIM.
In Chapter 10, we present some concluding remarks which include some natural avenues
for future research.



Chapter 2

Mathematical Preliminaries

2.1 The Need for Image Quality Measures

In order to be able to characterize how well a given image is approximated by another
image, or perhaps how much an image has been distorted after being subjected to some
procedure, we need to be able to define some kind of “distance” between images. In many
applications, one simply considers images to be elements of a metric space (more details
are provided below) and then uses the metric space to define distances. However, as we
discuss below, such metrics do not necessarily capture visual quality very well. As a result,
an entire field of research is devoted towards developing perceptually-meaningful image
quality measures. A perceptually-meaningful image quality measure computes distances
between images in a manner consistent with their perceived visual closeness according to
a human observer.

Such image quality measures may be based on known properties of images, of the human
visual system, or both. A given image quality measure is typically classified as being either
a full-reference, reduced-reference, or no reference method. Full-reference methods assume
that a perfect reference image is available for making pixel-by-pixel comparisons against
the distorted image, while no reference methods assume no such availability and use only
the distorted image when inferring its quality. Existing somewhere in the middle are
reduced-reference methods, which require some small set of attributes of the reference
image. In each case, image quality measures can be further characterized by distinguishing
between general-use and application-specific methods. One popular full-reference, general-
use perceptual quality measure which will be discussed below is the Structural Similarity
(SSIM) Index [32].



The application scope of image quality measures goes far beyond simply quantifying
or predicting image quality. Most, if not all, image processing tasks rely somehow, either
implicitly or explicitly, on an image quality measure. They provide a framework not only
for assessing the performance of an image processing system, but also for optimizing its
performance [30]. In short, developing perceptually-meaningful image quatlity measures
not only motivates many mathematical problems explored in this thesis, but it is has a
profound impact on the integrity of many real-world engineering processes.

2.2 Mathematical Representation of Images

A greyscale image can be defined as a real-valued function f(z,y), where x and y are
continuous real variables. Realistically, as is the case for a photograph, we expect the
image to be defined over a bounded, and typically rectangular, domain D C R x R. The
value f(z,y) indicates the intensity or grey level at a point (x,y) of the image. In practice,
we also expect the range of f on D, called the greyscale range, to be bounded and non-
negative. As such, the greyscale range is some interval [A, B], where A will be black and
B will be white. Of course, any intermediate value A < f(z,y) < B will represent some
shade of grey. In many applications, it is convenient to normalize the greyscale range [A, B]
to [0, 1].

A digital image can be obtained by a discrete sampling of the continuous image f(x,y).
Such a greyscale digital image is represented by an N x M matrix u, where N and M
are determined by the sampling frequency. We would like to choose N and M sufficiently
large in order to preserve the visual information of the image. In this way, the sampling
frequency contributes to the perceptual quality of a digital image. Visual distortions and
artifacts can also be introduced in digital images by other processes; some distortion effects
and their impact on perceptual quality are explored in our main work.

The entry w;; of the matrix u, often written u[i, j] in image processing applications,
indicates the greyscale value of the digital image at the (i, 7)™ pixel, for 1 <i < N and
1 <7 < M. The intensity range of the digital image takes on discrete values to be stored
in digital memory by an irreversible process known as quantization. An n-bit greyscale
image usually has an intensity range with 2" possible grey values. A particularly popular
case is that of 8-bit images with possible greyscale values {0, 1,2,---,255}. The largest
possible pixel value, here L = 255, is also called the dynamic range of the image.

Beyond greyscale images, most images one encounters today are coloured. Colour
images are represented mathematically by a vector-valued function. One possibility is to



employ red, green, and blue components, often referred to as an “RGB” image. At each
point (z,y) in the domain, the entries in the vector f(z,y) = (r(z,y), 9(z,y), b(z,y)) define
the red, green, and blue intensities, respectively. For digital images, this translates to three
matrices, one for each of the three colour channels. There are other ways to code colour
images but a discussion of these methods is beyond the scope of this thesis.

Many popular quality measures have been developed on greyscale images. In some
applications, these measures are first applied to each colour channel separately and sub-
sequently aggregated. In other applications, colour images are somehow converted to
greyscale images in order to asses their quality computationally. Neither of these ap-
proaches are completely satisfying. Indeed, there are many interesting open problems when
one considers quality assessment for coloured media. In this work, our focus is restricted
to perceptual quality assessment of greyscale images.

In practice, one is often concerned with the perceptual quality of digital images. Indeed,
this is one of the main subjects of this thesis. Still, we will make use of the continuous
image function f(x,y) to establish some theoretical results. In the one-dimensional case,
i.e, when f(x): R — R, f(x) is usually called a signal. In the following sections, we will
present some mathematical background for 1D and 2D domains D, and for both continuous
and discrete dependent variables, to be well-equipped for any setting.

2.3 Generalized Weber’s Model of Perception

Weber’s Law is among the first recorded efforts to describe human perception in quanti-
tative terms. In words, Weber’s Law hypothesizes that the first just-noticeable increase
in a stimulus is proportional to the pre-existing stimulus [20]. The statement applies to
a stimulation of any of our five senses: hearing, taste, touch, smell, and, of particular
relevance here, vision.

Indeed, Weber’s Law can be stated mathematically for greyscale images. In this case,
the pre-existing stimulus is a greyscale background intensity I > 0, while a similar grey
level AT is the first noticeable deviation according to the human visual system. Weber’s
Law states that I and AT are related as follows,

AT
T ¢

where C' is constant over a significant range of intensities /.



There are also situations (see, e.g., [18]) in which the following generalization of Weber’s

Law is more applicable,
AT

F — C, (21)
where @ > 0 and C is constant, or at least roughly constant, over a significant range of
intensities I. In previous work, this relationship has been referred to as a “generalized”
Weber model of perception in order to distinguish it from the standard Weber model,
i.e., Weber’s Law, where a = 1 [27]. The generalization can be adapted to conform to
more complicated behaviours by adjusting a, with limiting value a = 0 corresponding
to an absence of Weber’s model. Indeed, Weber’s law is also known to fail at low and
high intensities [18]. As will be seen in our discussion of the Structural Similarity image
quality index, one way to accommodate the failure at low intensities is to emply a “stability
constant” A so that Eq. (2.1) becomes

AT
Ie+ A
All of the above mentioned complications, however, are beyond the scope of this thesis.

Here, we focus on the model in Eq. (2.1) with the understanding that our analysis and
methods can be adapted to conform to more complicated behaviours.

~C. (2.2)

In essence, Weber’s model of perception implies that the human visual system will be
less (more) sensitive to a given change in intensity Al in regions of an image at which the
local image intensity [ is high (low).

2.4 Noteworthy Image Quality Measures

2.4.1 Mean Squared Error (MSE)

In many discussions, we will work with signals f(z) € L?[0,1]. Recall that the space of
real-valued, squared-integrable functions on [0,1] is defined by

AuﬂM%x<w}-

More precisely, the signals of interest to us will be further limited to functions in L?[0, 1]
with bounded range defined by the greyscale values. Regardless, the inner product in this
space is given by

L2[0,1]:{f:[0,1]—>R

%m=Af@WM%
7



where, recognizing our restriction to real-valued functions, we have omitted the complex
conjugate. The inner product induces a norm, denoted || - |2, and together (L2[0,1],]] - |]2)
form a Hilbert space. The 2-norm can be used to define a metric on L?[0,1]. For two
functions f, g € L?[0,1], a distance between f and g can be computed by

(f.9) =17 =l = [ [ 170) - (o) dxrz.

For 2D images, the natural extension is to consider functions f(z, %) in the space L*(D), D =
[0,1]. In this case, dy(f, g) involves a double integral over D.

For discrete signals, the relevant space is simply RY equipped with the dot product, as
follows, for u,v € RY,
N
= Z U;V;.
i=1

This inner product yields the [? norm (also called the Euclidean norm) for vectors on RY,

stated below,
N 1/2
|ull2 = (Z!UiP) )
i=1

to which corresponds the following metric

N 1/2
dy(u,v) = |lu —vl|z = <Z |u,~—vi|2> :
i=1

(RY,|| - ||2) is a Hilbert space.

The mean squared error (MSE), obviously related to ds(u,v), can now be defined below,

1
MSE(u,v) = N[dz u, V)] =N Z

The mean squared error is one of the most widely used 51gna1 fidelity measures. The MSE
has many advantages, including: it is simple, it is easy to implement, and it satisfies the
properties of convexity, symmetry, and differentiability [31].

For two digital images u,v € RV*M the MSE is a double sum, as follows,

MSE(u, v) NMZZ uij — vij)°

=1 j5=1
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Sometimes it is useful to compare the root mean squared error (RMSE) between images,
defined by,

N M 1/2

1
RMSE(u,v) N Z (ui; — UU

=1 j5=1

A peak signal-to-noise ratio (PSNR) can also be computed from the MSE by

2

L
PSNR = 1010g10 M—SE)’

where L is the dynamic range of the pixel intensities (recall from Section 2.2 that L = 255
for 8-bit images). The PSNR, although just a rescaling of the MSE, is useful for comparing
error across pairs of images having different dynamic ranges.

Finally, having established that our images belong to a Hilbert space, we can state the
following theorem relating to best approximation problems [7], [12].

Theorem 1. Let {¢1,¢2, -+ ,¢n} be an orthonormal set in a Hilbert space H. Define
Y = span{¢;},. Y is a subspace of H. Then for any € H, the best approximation of
2 in Y is given by the unique element

n

y=Py(zr) = Z CkDr, (projection of z onto Y')
k=1

where
Ck:<$7¢k>7 k:172>"'7n'

In words, this well-known result is that the MSE is minimized by the Fourier coefficients
of x with respect to the set {¢}.

2.4.2 Structural Similarity (SSIM) Index

Although the MSE has many attractive qualities for both computation and analysis, it
does not accurately predict image quality according to the human visual system. Many
implicit assumptions made by the MSE and its resulting limitations have been discussed in
[31]. A particularly compelling example in [31] shows a set of images obtained by applying
different visual distortions to a single reference image, namely, the well-known “Einstein



image”. Many of the resulting degraded images have nearly equal MSE, yet strikingly
different degrees of visual quality. In Chapter 4 we present a set of these equal-MSE
“Einstein images” [32] and use them in some experiments.

The Structural Similarity (SSIM) Index was proposed as an alternative to the MSE for
image quality assessment. The underlying philosophy motivating the SSIM is that natural
images are very structured, which suggests that the human visual system is highly adapted
to extract those visual structures. These observations imply that the relationships between
neighbouring pixels in an image are very important. Accordingly, the SSIM evaluates an
image in chunks to preserve the relationships between neighbouring pixels. After extract-
ing structural information between adjacent pixels, the SSIM approach seeks to penalize
structural distortions more than distortions affecting other attributes of the image. By
comparison, the MSE only measures the error at individual pixels in isolation; it does not
consider neighbourhood dependencies or structures.

In order to emphasize the importance of structures, they must somehow be isolated
from the other visual qualities in an image. The SSIM approach decomposes the simi-
larity measurement into three distinct computations: a luminance comparison, a contrast
comparison, and a structure comparison. Because the pixel intensities involved in the com-
putation can exhibit large variations across an entire visual scene, these comparisons are
performed in small, local image patches. (An “image patch” is an n; X ny neighbourhood
of greyscale values.)

Let 2,y € RY denote local image patches taken from the same location in two images
to be compared. The luminance in a scene is interpreted by the human visual system as the
degree of perceived brightness, i.e., the predominance of light or dark greyscale intensities.
The local luminance similarity between the patches x and y is denoted by Si(x,y). Image
contrast is characterized by the range of brightness levels differentiating the objects in the
image. A high-contrast image is one where there is a large degree of separation between
the brightness levels of different objects. The local contrast similarity is performed by
Sa(x,y). Finally, structural information defines the form of the objects, independent of
their perceived brightness. The structural comparison is denoted by S3(x,y). The local
SSIM for the pair of patches x,y is usually defined as the product of these three terms, as
follows,

SSIM(ZL‘, y) = Sl('r7y) ) SQ(xv y) ’ 53(1‘, y)

The three local elements comprising the SSIM are defined by simple statistics. The

10



luminance of the signal is estimated using the mean intensity

Then the luminance comparison is measured by

277 + C,

Si(z,y) = ——=—+
@Y= mre

where the presence of the stability constant C prevents numerical instability when the
denominator is close to 0.

The signal contrast is estimated by the standard deviation

N 1/2
1 —\2
T = (mzm—@) )

i=1
so that the contrast comparison can be defined by

20,0, + Cs

S. =_——-< <
2(7,y) 02+ 02+ Cy

The correlation coefficient between the patches x and y gives a rating of the similarity
of local structures, written below,

Ozy + Cs

Ss(x,y) = oo 1 Cy
0y

where o, is the covariance of x and y,

In detail, the local SSIM is

SSIM(z, ) = Si(z,y) - Sa(z,y) - Ss(z,y)

. 2@]—1— Cl 20'ny +CQ Oy +03
P+ +C 02402+ Cy 0,00+ Cs
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The SSIM is bounded, —1 < SSIM(z,y) < 1, and symmetric in its input arguments,
SSIM(z,y) = SSIM(y, ). An SSIM(z,y) closer to 1 indicates better perceptual similarity
between the image patches x and y, and SSIM(z, y) = 1 if and only if z = y. If the stability
constants are chosen so that C35 = Cy/2, then the Sy(x,y) and S3(x,y) terms collapse into
a single term, as shown below,

22y + C4 20, + Cs
2+ 724+C1 024024+ Cy

SSIM(z,y) =

This form of the SSIM has been widely adopted in the literature.

A global SSIM value between two images is often obtained by computing local SSIM
values between sets of corresponding image patches which cover the image and then taking
the mean. Such image patches are often obtained by “sliding” an n; X ns pixel “window”

in an overlapping manner. If M such sliding windows are employed, then the global, mean
SSIM, denoted as MSSIM, is given by

M
1
MSSIM = — ; SSIM(z, 7).

For improved performance, it is suggested to use a Gaussian-weighted vector to compute
the local statistics [32]. In this formulation, the central pixels in each window contribute
more than those located around the edge. The relative weights of the local SSIM values
as they contribute to the global MSSIM can also be generalized similarly.

The luminance component Sy (x,y) is connected to Weber’s Law. Si(x,y) can easily be
rewritten to obtain
2(y/7) + &

1+ (g/a)2+ Y
where C] = C;/z?. The dependence on the ratio §/z already suggests a connection to
Weber’s Law. To make it clear, let x be taken from a perfect reference image, while the
patch y is obtained from applying a small distortion to x. We expect y to approximate x,
i.e., y = x4+ Az for some residual term Az. By linearity, we have § = Z+ Ax. Substitution
into Equation 2.3 yields

S1(Z,79) (2.3)

2(1+ Ax/z) + C}

S\ (7, 7) = il
1(@,9) 1+ (14 Az/z)2 + C

If the ratio Az /7 is a constant from Weber’s Law, then as the mean intensity  increases, a
greater deviation Az would be required to keep the perceptual luminance similarity index

12



S1(z,y) constant. This is consistent with Weber’s Law, which states that the human visual
system can tolerate greater discrepancies at high intensity regions of an image.

We conclude this section with one final observation: The correlation between two vec-
tors z,y € RY is related to the angle between them. Indeed, the correlation

Ss(z,y) = Ozy _ N1 S (i — 2)(yi — §)
U iy I S — D S (- )

can be rewritten using
ro=v—z and yo=y—Yy,
to obtain N
Sale,y) = ot g 2.0)
(32t (o) TV, ((0)a) 2 llzollllol]
Eq. (2.4) shows that the correlation S3(z,y) may be interpreted as the cosine of the angle
0 between the two zero-mean vectors xy and .

2.5 Discrete Fourier Transform (DFT)

The discrete Fourier transform (DFT) provides a frequency-domain representation of a
discrete spatial signal u € R™ [4]. The DFT treats the signal u as an entire period obtained
by evenly sampling a periodic sequence. Mathematically, it assumes u[j + N| = u[j] for
j € Z, which enforces a periodic extension of the data. As such, the basis functions used in
the DF'T representation are N-periodic vectors. In particular, the following set of complex
N-periodic vectors, ¢, 0 < k < N — 1, forms an orthonormal basis in RY,

R e ) EUETE 25)

Any signal u € RY will admit an expansion of the form

u = Ck Pk
0

=z

b
Il
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where ¢, = (u, ¢y) denotes the Fourier coefficients of f in the {¢x} basis. Substitution
gives

N-1
ek = (u, %) = ) _uln]or[n]
n=0
N-1 .
b uln] exp (—127;]]{”) , 0<E<N-1
n=0

The vector of coefficients ¢ € RY defines the DFT of the signal u € RY. The original signal
can be retrieved by applying the inverse discrete Fourier Transform (IDFT), defined by,

I, i2mkn
un:\/—_kz:%c exp( N ), 0<n<N-—1.

Other versions of the DFT and IDFT exist. Some common variations arise when the basis
functions ¢, are not normalized, i.e., ¢, form an orthogonal set, but not an orthonormal
one.

2.6 Discrete Cosine Transform (DCT)

For a signal u € RY, the DFT can exhibit poor convergence near the endpoints u[jN] for
j € Z. Because the DFT assumes an N-point periodic extension of the data u, convergence
problems occur when u[N — 1] is not close to u[0] = u[/N]. To address this issue, one can
think of reflecting and repeating the data in order to produce an even 2/N-point periodic
extension of the signal v € RY. This idea is the key assumption made by the discrete
cosine transform (DCT) [5].

The following set of real N-vectors ¢, 0 < k < N — 1, forms an orthonormal basis in
RV,

orn] =

=] E“H

k 1
cos(%(nqLé)), 1<kE<N-1, 0<n<N-—-1.
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For convenience, let

1, k#0

so that the basis functions ¢, 0 < k < N — 1, can be compactly written

¢k[n]:>\k\/%cos (%ﬁ (n—i—%)) 0<n<N-1.

As before, any signal u € RY can be represented by a linear combination of these basis
functions. Then the DCT is defined by the coefficients

— 2 km 1
ck = (u, p) = Zu[n])\k\/;cos (N (n+§)) , 0<kE<N-1

n=

1 —
Ak:{ﬁ’ k=0

The original signal can be retrieved using the inverse discrete cosine transform (IDCT),

defined by,
N—-1
2 km 1
uln] =4/ % > A cos (— (n+—)>, 0<n<N-1.
N —~ N 2

Like the DFT, there are many forms of the DCT and IDCT. The version provided here
is called the “DCT-II" and is widely used—in fact, it is the one employed in the JPEG
compression standard.
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Chapter 3

Intensity-based Weight Functions in
Generalized Weber’s Model of
Perception

3.1 Intensity-dependent Weight Functions Which Pro-
duce “Weberized” Distance Functions

In this section, we present our first approach towards adapting the MSE for image pro-
cessing applications. We first observe that L?-based distances, including the MSE, do
not accommodate Weber’s model of perception because they integrate point-wise intensity
differences, |u(x) — v(z)|?, with no consideration of the magnitudes of u(x) or v(x). By
contrast, as discussed in Section 2.4.2, the SSIM index is connected to Weber’s Law. In ad-
dition, other classical image processing methods have been adapted to conform to Weber’s
model, including total variation (TV) restoration [25] and Mumford-Shah segmentation
[26]. In this work, the idea is to “Weberize” the L? distance by introducing a simple
intensity-dependent weighting function into the integral.

In the following discussion, we consider signals supported on D = [0, 1] with bounded
greyscale range R, = [A, B] C (0,00). The restriction A > 0 is necessary due to the
form of the weighting function, as will become clear below. We denote this relevant set of
signals by ¥ = {ue L?[0,1]|u:[0,1] = R, }. Before continuing, we mention that our
discussion can be extended to higher dimensional cases, including image functions such
that D C R x R. It also easily extends to the discrete case encountered in practice.
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Recall that Weber’s model of perception states that the human visual system will be
less (more) sensitive to a given change in intensity in regions of an image at which the
local image intensity is high (low). As such, a Weberized distance between two functions
u(z) and v(x) should tolerate greater (lesser) differences over regions in which they assume
higher (lower) intensity values. The degree of toleration as the intensity varies will be
determined by the Weber parameter a.

A Weberized weighting function could take on many interesting forms. One possibility,
which will be the focus of this work, is to consider weight functions which are dependent
upon one or both of the intensities of the image functions u(z),v(z) € F. The general
form of such an intensity-based weighted L? distance is

1/2

daw (u, v) = UDQ(U(CII),U(SC))[U(SU)—v(x)]zdfﬂ : (3.1)

where g : R; x R, — R, denotes the intensity-dependent weight function.

Eq. (3.1) was first presented and thoroughly investigated in [11] and [10] for Weber’s
standard model with @ = 1. The ideas explored in [I1] and [10] provide a significant
foundation upon which the main contribution of this section is based, and further inform
other work presented later in this thesis.

A natural first question is that of properties that should be satisfied by the weight
function g as well as possible functional forms that it could assume. As discussed in [11],
for daw to satisfy the properties of a metric, g(u, v) should be symmetric in its arguments,
ie., g(u,v) = g(v,u). Furthermore, for day to be Weberized, it is desirable that g(u,v)
be decreasing in each of its arguments. These requirements are satisfied by the family of
weight functions, g(u,v) = |uv|™?, where ¢ > 0, resulting in weighted L? metrics of the
form,

dawat,v) = { /D L u(a) — (@) v

u(z)tv(w)e

The appearance of both functions in the denominator, however, complicates mat-
ters when we consider the approximation problem u =~ v where v is a linear combi-
nator of basis functions—see Sect. (3.2). In [l1], two unsymmetric weight functions,
g1(u(z),v(z)) = u(z)~? and go(u(x),v(z)) = v(x)~2, were employed to produce two inte-
gral distance functions. The resulting distance functions were shown to conform to Weber’s
standard model for a = 1. We now present an extension of that result to produce distance
functions which conform to Weber’s model for any a > 0.

17



For any a > 0, consider the nonsymmetric weight function g; (u(x),v(z)) = u(z)=2

that the weighted L? distance in Eq. (3.1) becomes

SO

1 1/2
Ao, v) = [ /D W[u(x)—v(m)mx] | (3.2)
Now consider the nonsymmetric weight function gs(u(z),v(z)) = v(x)™2* so that the
weighted L? distance in Eq. (3.1) becomes

1 1/2
Ay (v, 1) = [ /D i) - v(:z;)]de] | (3.3)
Note that in general, A,(u,v) # A,(v, u), which implies that A, is not a metric in the strict
mathematical sense of the term. This is once again the price paid for employing weight
functions g(u,v) which are not symmetric in the functions v and v. This complication is
not a serious limitation because of the following results that apply to our space F of image
functions.

Theorem 2. Let u,v € F, once again recalling the assumption that the greyscale range
R, = [A, B] is bounded away from zero, i.e., A > 0. Then for A,(u,v) and A,(v,u)
defined in Equations (3.2) and (3.3) respectively,

1 Ag(u,v) 1
_ < _
BadQ(u’v) = {Aa(v,u)} S Aad2(u’v)’ (34>
where dy denotes the L? metric, from which it follows that

(g)“Aa<u,v> < Aufou) < (g)law,u» (3.5)

Proof. We first proceed to obtain Eq. (3.4). Our restriction of the range R, = [A, B]
immediately gives
0<A<u(z) <B.

Because y?¢ is increasing for y > 0 and for any a > 0, we obtain

1 < 1 < 1
2a—u() A2a

(3.6)

Multiply the inequality (3.6) by [u(z) — v(x)]> > 0 and integrate to get

/D%[ u(z) - S/Du dx</ () — ofa)d.
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Finally, taking the square root,

= [ /D fu(z) — v(x)]de} < [ /D ﬁ[u(@ - v(x)]de} "o -~ [ /D fu(z) v(aﬁ)]de} "

which—with reference to the definition in Eq. (3.2)—we recognize as

1 1

ﬁdg(u,v) < Ay(u,v) < Edg(u,v). (3.7)

Noting that we can equally write Eq. (3.6) for v(x) in place of u(x), the argument proceeds

as before to obtain .
Be

which, together with the previous inequality, establish Eq. (3.4).

1
da(u,v) < Ay(v,u) < EdQ(u,fU), (3.8)

Using Eq. (3.7) from the preceding result, we have
dy(u,v) < B*Ay(u,v),

which can be combined with the upper bound in Eq. (3.7) to get the first half of the desired
inequality,

Au(,u) < (g)a Ao, 0). (3.9)

Similarly, Eq. (3.8) gives
da(u,v) < B*A,(v,u),

which can be used with
AaAa(u7 U) S d2(u7 U)

to obtain
ANy (u,v) < do(u,v) < B*Ay(v,u),

or, after rearranging,
A a
(E) Aa(ua U) S Aa(v7 U)

Putting Eq. (3.9) and Eq. (3.1) together, we obtain Eq. (3.5),

A\ B\“
(E) Aa(u7 ’U) S Aa(va U,) S (Z) Aa('l}, u)7
which completes the proof. [ |
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The following example illustrates how the weighting function accommodates generalized
Weber’s model of perception. Consider the “flat” reference image u(x) = I, where I € R,,.
For an a > 0, let v(z) = I+ Al be the constant approximation to u(x), where Al = CI1* >
0 is the minimum perceived change in intensity corresponding to I, according to Weber’s
model. The L? distance between u and v is

1) = | /D fu(z) —v<x>]2dx] v

_ | /D I—(I+ AI)]Qd:vl v

= /D (AI)%@:} v

1/2
= /d:z:} AT
D

1/2
= KCI*,  where K = {/ dx} : (3.10)
D

If we impose D = [0, 1], then K = 1. In general, K is a constant independent of u(z) = I.
The weighted L? distance in Eq. (3.2) is

Ay (u,v) = /D u(;)% [u(z) — v(x)]zdx} "

_ /D %[[ . AI)]de] v

- 1 1/2
= / E(AI)2d.T:|
LS D

= KC. (3.11)

Note that the L? distance in Eq. (3.10) increases with the intensity level I, which is
expected since AT increases with I. However, the weighted L? distance in Eq. (3.11)
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remains constant. As such, we claim that A,(u,v) accommodates, or “conforms to”,
Weber’s model of perception for a > 0: Perturbations AI of image intensities I according
to Weber’s model, Al = CI?, yield the same distance measure, independent of I.

Before concluding this section, it is necessary to mention another related method that
has been devised to Weberize LP-based metrics, namely, the use of appropriate measures
that are supported on the (positive) range space R, = [A, B] of functions to reformulate the
integrals which normally define the LP distance between two functions. Some foundational
ideas in this section also appeared in [15] and [16]; This related method is discussed in
greater detail in [I4]. That being said, this method will not be discussed any further in
this thesis.

3.2 Best Approximation in Terms of Weberized Dis-
tance Functions

In what follows, let {¢y}72, denote a set of real-valued functions that form a complete basis
in L*([0,1]). Now let uw € F C L?[0,1] denote the reference function to be approximated.
We are interested in best approximations to u having the form,

n
UV, = E CrOk,
k=1

for some n > 1.

We wish to find the “best Weberized” approximation to u which corresponds to mini-
mizing the following weighted L? distance,

1/2

Ay (u,v,) = /D@ [u(ac) - chgbk] dx

k=1

for a given n > 1 and a > 0. In practice, it is more convenient to work with the squared
distance function,

n

A ) = [ o [u<x>—zck¢k] dr = f(0) (312

k=1
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Letting g(x) denote the intensity-dependent weighting function, we can expand Eq. (3.12)
to get,

0= [ ot [u(w) - qu] o
A( dwﬂiﬂ/ @m+22;/ 2)ppdidr.  (3.13)

k=1 j5=1

While I was not involved in establishing the relevant theoretical results, a proof of the
existence and uniqueness of the minimizer v, € F can be found in [27]. Moreover, in [27],
the space of functions F allows for more general behaviour than what is considered in this
thesis.

We may now pursue the unique optimizer v,, by way of the stationarity conditions,
of
dc,

Differentiating Eq. (3.13), we obtain the following linear system of equations in terms of
the unknown coefficients c,,

=0, 1<p<n.

/ g(@)u(x)ppdr = ch/ z)ppppdr , for 1 < p <n. (3.14)

Note that in the special case g(z) = 1, we have the usual L?-based distance and
Eq. (7.14) simplifies to

n

(w,dp) = > cildn dp)  for 1<p<n,

k=1

which, using the orthonormality of the basis functions, reduces to the Fourier coefficients
as expected,
cp = (u,¢p,) forl<p<mn.

3.2.1 Selected Examples in Best Weberized Approximations

Example 1: Consider the following step function on D = [0, 1],

M@:{z 0<2<1/2

3.15
4, 1/2<z<1. (3:15)
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We use the following set of functions

o1(z) =1
or(x) = V2cos((k — )mz), k> 2, (3.16)

which form an orthonormal basis in the space of functions L?[0, 1].

In Fig. 3.1 are presented the plots of the best Weberized approximations v, to u using
N =5, N = 10, and N = 20 basis functions for the cases a = 0.25,0.5,---,2.0. The
best L? approximations, u,, corresponding to the case a = 0, are also shown for compar-
ison. To obtain the unknown coefficients in each case, we solve the system of equations
described by Eq. (7.14) in Maple using the ‘int’ command. As expected, the best Weber-
ized approximations v, yield better approximations of u(z) than u, over [0,0.5] and poorer
approximations over [0.5,1]. Also as expected, the degree of “betterness” over [0,0.5] and
“worseness” over [0.5,1] of the Weberized approximations increases with the Weber ex-
ponent a since the weight function g(u) = u~2% decreases more rapidly with increasing
a.

Example 2: Consider the 512 x 512-pixel, 8 bit-per-pixel image Boat. Recall the DCT
basis functions defined previously for vectors in R,

qbk[n]:)\k\/%cos (% (n—i—%)), 0<n<N-1, (3.17)

1 —
Ak—{ﬁ’ k=0

where

1, k#0.
Eq. (3.17) can be used to define the 2-dimensional DCT basis,

dri[n, m| = ggn]im], 0<n,m< N -1, (3.18)

for0<k<K-—1and 0<[<L—1, where K and L are the numbers of basis functions
used in the best approximation problem. In the following experiment, we compute the best
approximation in 8 x 8 image blocks, using 2x2 = 4 2D-DCT basis functions for each block.
This choice corresponds to N = 8 and K = L = 2. To obtain the unknown coefficients
for each block, we minimize the distance function in Eq. (3.12) in Maple using gradient
descent. After processing each block, we combine the block-wise best approximations to

construct the image. Theoretically, we can perfectly reconstruct the Boat image by using
8 x 8 2D-DCT basis functions for each block.
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Figure 3.2 depicts (a) the original Boat image, (b) the best L? approximation, and
the best Weberized approximations for (c) a = 0.5 and (d) a = 1. Overall, there is not
much perceptual difference between the approximations in (b), (c), and (d); Although
the sky is reconstructed fairly well, many of the visual details of the reference image are
obscured by the blockiness of the approximations. Moreover, there are many annoying
ringing artifacts caused by the distortion over regions with edges separating high and low
greyscale intensities. For example, the diagonal posts coming off the central mast exhibit
an obvious ringing effect.

Despite the general similarity of the approximations, upon closer inspection, the dark
shadows throughout the images appear more “shaded in” in (¢) and (d) when compared
to (b). For example, the central mast appears more uniformly black in (c¢) and (d); As a
result, the ringing artifacts are slightly less pronounced here compared to the mast in the
best L? approximation. Similarly, the name of the boat also appears thicker and darker in
(c) and (d). However subtle, these observations correspond with the expected effect of the
intensity-based weighting function: They suggest that the Weber-based approximations
tolerate lesser differences over lower intensity regions of the image.

The opposite observation can be made in the high intensity regions of the image. In
particular, the original image features a bright rope hanging off the front of the central
boat. The bright end of rope strongly stands out against the dark underside of the boat. As
expected, this line is slightly brighter and more pronounced in (b) than it is in (c¢) and (d).
This observation complements those made previously, suggesting that the Weber-based
approximations tolerate greater differences over high intensity regions of the image.
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0) approximation and best Weberized approximations for
0.25,---,2.00 to the step function u(xz) using N = 5, N = 10, and N = 20 ba-




(a) Original Image

Figure 3.2: (a) Original Boat image and best approximations for (b) a = 0 (best L?), (c)
a=0.5, and (d) a = 1 using 2 x 2 = 4 2D-DCT basis functions for each 8 x 8 image block.
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Chapter 4

The Einstein Images

4.1 The Einstein Images

We now present our first set of experiments on the well-known Einstein images. These
experiments, the first of many to be presented in this thesis, begin our detailed investigation
of the SSIM. A main goal of the experiments presented in this section is to explore whether
the correlation alone is sufficient to characterize the visual closeness between images.

Figure 4.1 shows six Einstein portraits, each of which is a 256 x 256 pixel, 8 bits-per-
pixel greyscale image. We are grateful to have obtained these Einstein images from Prof.
7. Wang, Department of Electrical and Computer Engineering, University of Waterloo.
They have been used in several of his papers to illustrate the inadequacy of the traditional
L? metric for applications in signal and image processing; To the best of our knowledge,
these images were first presented by Wang, Bovik, and Sheikh in [32].

The images blur, contrast, impulse, jpg, and meanshift (Figure 4.1 (b)-(f)) are perturba-
tions of the Einstein image original (Figure 4.1 (a)). Each image (b)-(f) has been degraded
by a particular distortion as indicated by its title. The blur image results from applying
a blurring filter to original. contrast is obtained by performing a “contrast stretch” on
original. (“Constrast stretching” describes an intensity transformation which “stretches”
a dominant interval of greyscale values to span a larger range of values.) impulse is ob-
tained by contaminating original with randomly occurring white and black pixels, usually
called “impulsive salt-and-pepper noise”. jpg is produced by a JPEG compression of orig-
inal using a rather low quality factor. meanshift is obtained by increasing all of the
greyscale values in original by a small constant value, resulting in an overall lighter image.
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(a) original

(d) impulse (e) jpg (f) meanshift

Figure 4.1: The reference Einstein image original and its perturbations.

(Greyscale values which, once shifted, would exceed the dynamic range of the image are
simply assigned the highest possible value.)

All of the distortions were adjusted to yield nearly equal MSE relative to original.
Because the degraded images differ significantly and obviously in perceptual quality, they
are a striking example of the failure of the MSE to measure perceptual quality. Table 4.1
reports the RMSE values of the Einstein images in Figure 4.1. It can be seen from the
table that the jpg image is somewhat of an exception, with a slightly lower RMSE than
the others.

The MSSIM scores, reported in [32] and presented in Table 4.3, are more indicative of
the apparent perceptual quality of the images. Unlike the MSE, the MSSIM scores are well
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blur contrast impulse Jpg meanshift
11.9962 12.0091 11.9975 11.9144  11.9998

Table 4.1: RMSE between the original Einstein images and its perturbations.

separated, which reflects the significant variations in quality among the degraded images
relative to original.

blur  contrast impulse  jpg meanshift
0.6940 0.9133  0.8317 0.6624  0.9884

Table 4.2: MSSIM between the original Finstein images and its perturbations.

Perhaps more pertinent than the actual MSSIM values are their relative values. The
values in Table 4.2 imply the following ordering of the distorted images in decreasing order
of quality:

meanshift > contrast > impulse > blur > jpg. (4.1)

Ideally the ranking in Eq. (4.1) is consistent with the reader’s own subjective preferences
of the distorted images in Figure 4.1. While personal preferences among the poorer images
may vary between individiuals, it should not be controversial to assert that the meanshift
and contrast images clearly “look” the closest to original. It would only be reasonable
to choose meanshift as the most similar to original visually, as does the MSSIM. It is
interesting that while the “errors” in the contrast image are evident, it is perhaps the
most visually appealing of all the images. Of course, the MSSIM is concerned with visual
faithfulness to a reference image and not visual enhancement of images.

4.2 Correlation Between the Einstein Images

We now present our first set of so-called “Einstein experiments”. Although simple-minded,
their inclusion preserves the natural unfolding of our explorations, which—we have come
to feel in retrospect—progressed in a satisfying and highly interconnected manner. In the
same way they served us, we believe these experiments may provide an instructive first
example for some readers. This section also prepares us to revisit the Einstein images in
Chapter 8, where we compare different and novel measures of gradient similarity. Moreover,
these two sets of “Einstein experiments” jointly introduce many ideas to be re-explored on
a larger scale in Chapter 9, where we present our experiments on the LIVE database.
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Recall that the SSIM is composed of three component terms,

SSIM(x,y) = Si(x,y) - Sa(x,y) - Ss(z,y)

B 25@ + Cl 20'ny + Cg Ozy + Cg
B+ P+ 0 02 +02+Cy 0,0+ C5

(4.2)

one of which is the correlation (namely, the S; term). It is our belief that the correlation
is the most important component of the SSIM. Because the S3 term is thought to perform
the structural comparison, this hypothesis certainly aligns with the emphasis on structural
integrity which underlies the entire SSIM approach. Our primary interest in this section
is to explore whether the correlation alone is a sufficient image quality measure. To that
end, we perform a simple experiment which computes the SSIM and correlations between
the original Einstein image and each of its five perturbations.

Our process can be summarized as follows:

1. For a given n > 0, partition the images into n x n nonoverlapping patches. In this
experiment, we employed the following values for n: 8, 16, 32, and 64.

2. Compute the SSIM and correlation between all corresponding pairs of patches in
original and each of its perturbations. Then combine the patchwise scores to obtain
the average SSIM and average correlation for each perturbed image.

Relatively large values of the stability constants C7, C5, and C'3 push the three quotients
in Eq. (4.2) towards a perfect similarity index of 1. We seek to limit the influence of the
stability constants on the S3 and SSIM values computed in our experiment. For this
reason, we omit the stability constants in the numerators of the S;, Sy, and S3 terms. To
protect against numerical instabilities, we are obliged to include small stability constants
C) = Oy = O3 = 1077 in the denominator only. This discussion leads one to question the
extent to which variations in the stability constants affect the SSIM. The sensitivity of the
SSIM to changes in the stability constants will be a focus of Chapter 9.

Our SSIM scores, obtained using the simplistic method described above, are reported in
Table 4.3. Table 4.3 also presents the MSSIM values for comparison, which are computed
as discussed in Chapter 2, p. 12. Before performing a comparison with the correlation, a
few observations can be made on these results alone. For each perturbed image, the SSIM
values increase as the patch size n increases, with one exception: the impulse image from
patches sized 8 x 8 to 16 x 16. Across all four values of n, a particularly significant increase
is observed for the poorest images, i.e., blur and jpg. The increase is not as pronounced for
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8x8 16x16 32x32 64x64 MSSIM
blur 0.5247 0.6891 0.8215 0.9119  0.6940
contrast 0.8962 0.9124 0.9310 0.9640 0.9133
impulse 0.7951 0.7352 0.8210 0.9082  0.8317
Jpg 0.3786  0.5966  0.8003  0.9056  0.6624
meanshift 0.9877 0.9887  0.9899  0.9927  0.9884

Table 4.3: Average SSIM values between the original Einstein image and its degradations
for various patch sizes.

contrast and meanshift, both of which look very similar to original, because their minimum
initial SSIM values are already relatively high.

The above discussion leads to the question, “What is the best value of n in this simplistic
method?” If we consider the MSSIM values included in the final column of Table 4.3 as
some kind of reference values, then a patch sized somewhere between 16 x 16 and 32 x 32
pixels should perform well. The “impulse” image is still the exception, once again due to
its “dip” in SSIM values which occurs at 16 x 16 patches. Despite this issue, the values
obtained using 16 x 16 patch size do preserve the ordering implied by the MSSIM values,
as previously stated in Eq. (4.1),

meanshift > contrast > impulse > blur > jpg.

The SSIM values obtained using 8 x 8 patches, although overall lower than their MSSIM
counterparts, preserve this ordering as well and may also be a suitable choice.

The correlation scores are reported in Table 4.4. As observed for the SSIM scores,
the correlation values increase with patch size n—with, once again, the exception of the
impulse image from patches sized 8 x 8 to 16 x 16. The contrast and meanshift images,
which are visually close to original according to the MSSIM, are essentially constant at
the value 1.0 for all patch sizes. At this point, one might suspect that the correlation is
not working as well as the SSIM in ascertaining visual differences between image sublocks.

That being said, the correlation s able to produce a ranking of the distorted images
that is consistent with the ordering imposed by the MSSIM in Eq. (4.1). As in the case
for the SSIM values, for all block sizes, the correlation-based ordering of the images places
meanshift and contrast as first and second, respectively, and jpg in last place. The impulse
and blur images change positions with patch size as before. For 8 x 8 patches, impulse is
greater than blur; But for all higher patch sizes, impulse is less than blur. At a minimum,
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8 x 8

16 x 16 32 x 32 64 x 64

blur 0.6698
contrast 0.9936
impulse 0.8218
Jpg 0.3881
meanshift 1.0000

0.7815
0.9957
0.7673
0.6078
1.0000

0.8648
0.9996
0.8394
0.8081
1.0000

0.9260
0.9997
0.9126
0.9074
1.0000

Table 4.4: Average S3 values between the original Einstein image and its degradations.

using 8 x 8 patches, the correlation discerns sufficient differences in visual quality among
the degraded images to assign the same relative ordering as the MSSIM.

To see if there is any correlation between the SSIM values in Table 4.3 and the corre-
lation values in Table 4.4, we plot the ordered pairs of values (SSIM, correlation) for all
images and patch sizes. The resulting plot is shown in Figure 4.2. The pairs from contrast

Correlation
o o o o o o o o
N w B (4] ()] ~J [0+] [{e]

e
N

o

irg

blur

“contrast _meanshift

SSIM

0 01 02 03 04 05 06 07 08 09 1

Figure 4.2: Plot of the ordered pairs (SSIM, correlation) for all degraded images and patch

sizes.

and meanshift are concentrated near the top right of the plot, i.e., near (1, 1), from which
little can be concluded. As for the other three images, there is a general correlation be-
tween the SSIM and correlation values which is the result of their simultaneous increase
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with block size. Indeed, even in the case of the exceptional impulse image, the simulta-
neous decrease of the SSIM and correlation values from 8 x 8 patches to 16 x 16 patches
produces ordered pairs which still lie very roughly along a straight line.

All told, the results of our simple experiment suggest that there is reason to be hopeful
that correlation alone may be used in place of the entire SSIM to assess visual quality. But
before any such conclusions should be drawn and the first two components of the SSIM
potentially tossed aside, it is only prudent to examine what information the S; and S,
terms contribute to the computation.

In Table 4.5 are presented the S; scores of the degraded Einstein images, computed
using the same method previously described. Recall that the S values are dependent upon
the mean intensity of the individual image patches.

8x8 16x16 32x32 64x64
blur 0.9995 0.9999 1.0000 1.0000
contrast 0.9275 0.9433 0.9616  0.9952
impulse 0.9997 0.9999  1.0000 0.9952
Jpg 0.9983 0.9993  0.9998  1.0000
meanshift 0.9877 0.9887  0.9899  0.9927

Table 4.5: Average S values between the original Einstein image and its degradations for
various patch sizes.

For each fixed patch size n, the S; values of all images lie very close to 1.0—with the
exception of the contrast image, whose Sy scores are slightly lower. Because the “contrast
stretch” exaggerates the greyscale intensities across the image, the mean intensities, espe-
cially in small image patches, are more likely to be perturbed away from those in original.
Thus the S; scores for contrast are understandably more penalized compared to the other
distortions, such as impulse noise and blurring, which have less impact on local image
intensity. constrast aside, the S; scores of all other images for all patch sizes belong in
the interval [0.99,1.00] when rounded to two decimal places. As such, no ranking can be
performed. Indeed, we would not expect much, if any, ranking capacity since the S values
are determined only by the mean values of image blocks.

In Table 4.6 are presented the values of the second component, Ss, of the SSIM as com-
puted for the Einstein images. Recall that the S, is formulated to measure the similarities
of local patch contrasts.

In the case of 8 x 8 patches, a significant differentiation between the degraded images
is achieved, from which a ranking consistent with Eq. (4.1) can be assigned. The degree
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8x8 16x16 32x32 64 x 64
blur 0.7481 0.8622 0.9433  0.9845
contrast ~ 0.9679 0.9689  0.9686  0.9689
impulse 0.9083 0.9108  0.9699  0.9948
Jpg 0.4862 0.8113  0.9840  0.9980
meanshift 1.0000 1.0000  1.0000  1.0000

Table 4.6: Average S, values between the original Einstein image and its degradations for
various patch sizes.

of differentiation significantly lessens as the block size n increases. Moreover, for 16 x 16
patches, this ranking falters due to the reversal of the jpg and blur images. For both
patches of size 32 x 32 and 64 x 64, the ranking of the jpg image has increased further,
surpassing even the impulse and contrast images.

From the above results, it appears that the S; term of the SSIM function performs
a very minor role, if any, in differentiating between images. Although the S5 term does
differentiate between images, the range of the S5 scores is more spread. This is especially
true as the blocksize n increases: For large n, the Sy values differ little between the images,
while the S3 scores are still reflecting more significant differences in visual quality. To
complete our analysis, we now present the values of the product S;53 in Table 4.7.

§x8 16x16 32x32 64x64 MSSIM
blur 0.5249 0.6892 0.8216 0.9119  0.6940
contrast  0.9618 0.9646  0.9682  0.9686  0.9133
impulse 0.7951 0.7352 0.8211 0.9082  0.8317
Jpg 0.3792  0.5969  0.8005 0.9056  0.6624
meanshift 1.0000 1.0000  1.0000  1.0000  0.9884

Table 4.7: Average product values Sy 53 between the original Einstein image and its degra-
dations for various patch sizes. The MSSIM is included in the last column for comparison.

There is, as expected, a high degree of similarity between the S5S5 entries in Table 4.7
and the SSIM values in Table 4.3. The difference between the first three entries of the
contrast row, which have elevated S;S3 values compared to SSIM values, can of course be
explained by their low corresponding S; values in Table 4.5.
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4.3 Weberized Distance Between the Einstein Images

Before concluding this chapter, we would like to examine the Weberized L? distances
between the original Einstein image and its perturbations. We are interested to see if they
are roughly constant as observed for the L? distances presented in Table 4.1. We have used
the following formula, which is the discrete 2D analogue of our distance function discussed
in Chapter 3 with a =1,

N N 1/2
1 1
dw(u,v) = ZZ m[“w‘ —oyl?| 0 <y <2M -1, (4.3)

i=1 j=1

where N = 256 and M = 8. Note from the denominator that the greyscale values have
been artificially shifted upward by 1 (this shift is cancelled in the numerator) since the
value of zero is included in the greyscale range 0 to 255. The resulting Weberized distances
are presented in Table 4.8.

blur — contrast impulse  jpg meanshift
0.5161 0.3041  0.2222 0.2466  0.2011

Table 4.8: Weberized L? distances between the original Einstein image and its perturba-
tions.

The much lower values of these distances are due to the normalizing influence of the
denominator in Eq. (4.3). Interestingly, these distances are not roughly equal to each other.
In fact, the rather significant deviation of the distance of the blur image from the others
is quite interesting and worthy of more investigation.

Finally, we note that there is little, if any, correlation between the Weberized distances
and the visual quality of the distorted images as characterized by, say, the MSSIM values.
Yes, the meanshift image, which, according to the MSSIM, was closest to original in quality,
is also closest in terms of the Weberized distance. But the worst quality image, jpg, lies
closer to original in Weberized distance than the next best quality image, contrast. The
Weberized distance is a modified L? distance which contains no explicit information about
correlation. As such, we expect it to play a secondary role to correlation in image quality
assessment.
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Chapter 5

SSIM-based Best Approximation
Using Orthonormal Functions

5.1 Previous Work on SSIM-based Approximation of
Functions Using Orthonormal Functions

We concluded in the preceding chapter that our Weberized distance cannot alone char-
acterize the visual quality of the Einstein images because it suffers from an absence of
correlation-based information. This motivates us to explore, in this section, the possibil-
ity of incorporating the correlation into our Weberized best-approximation problem from
Chapter 3.

The formalism of this chapter follows closely from the mathematics presented in [3],
where the entire SSIM function is maximized using orthonormal basis functions. We also
benefit from important results in [2], which investigates the best approximation problems
seeking to maximize the individual component functions S;, Sy, and S5. Below, we will
re-establish a special case of the main result in [3] for the reader’s benefit. While [3] and [2]
are both concerned with the discrete case (i.e., the M-dimensional best approximation of
a signal x € RY), we will re-establish the result for functions of a continuous real variable.

Indeed, consistent with Chapter 3, we will once again be considering function approx-
imation over the space L?[0,1]. The result of interest pertains to maximizing the local
SSIM function, recalled below,

2uv + Cl 20'u0'v + Cg Ouv + 03

SSIM = :
(u,0) w+2+C 02+02+Cy 0,0,+Ch

(5.1)
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Although the local SSIM is usually computed in overlapping sliding windows, we will ana-
lyze the simpler case where the SSIM function is defined over non-overlapping blocks. This
is a simplifying assumption which we have inherited from [3], as it ensures that a simple
analytic solution for the unique global maximum of the SSIM function is admitted. Very
briefly, the result to be re-established states that the optimal SSIM-based approximation
may be determined from the optimal L? approximation as follows: The first-order coeffi-
cients are the same, and the higher order SSIM coefficients are obtained from their Fourier
counterparts by scaling.

In re-establishing the above result, our focus will be restricted to a special case which
corresponds to setting €} = Cy = C3 = 0 in Eq. (5.1). This choice yields the “collapsed”
form of the SSIM, as described on p. 12 and stated below,

4000
(@? + v?)(02 4+ 02)

SSIM (u, v) = (5.2)

The more general result provided in [3] allows for arbitrary stability constants and, as a
result, looks messier. That being said, the proof is no more complicated in nature and
follows the same process pursued below.

When introducing the SSIM on p. 12, we defined the quantities in Eq. (7.39) in terms
of discrete statistics. Here, we will work with their continuous analogues, defined for

u,v € L?[0,1] as follows,
1
u= / u(z)dx
0

and
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Similar expressions hold for v. Finally,
1
Ouww = / (u(z) —a)(v(x) — v)dx
01 1 1 1
u(z)v(x)dr — 17/ u(z)dr — a/ v(z)dr + 1117/ dx
0 0 0

—uv +uv

Il
S~

I
| g
[~
I

Il

I
4
I~
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Let {¢x}72, denote a complete orthonormal basis in L?[0, 1]. We once again assume that
u is a reference signal to be approximated and vy, is an M-dimensional best approximation
to u. This implies the following expansions,

0o M
u(z) = Z axgdr  and vy (z) = Z CkPr, (5.3)
k=1 k=1

where )
ax = (u, op) = / u(z)pr(z)de, k>1,
0

and the ¢, 1 < k < M, are to be determined. We further require that the first element
of the basis is “flat”, ie., ¢1(x) = 1, 0 < x < 1, and that all other basis functions are

zero-mean, i.e., ¢ = fol or(z)dr =0, k > 2.

We can express the quantities in the SSIM function in terms of the series expansions
in Eq. (5.3). Beginning with the mean value u, we have

u :/0 u(z)dr = i Zakgbk(:ﬁ)dx = Zak/o or()dr = aq, (5.4)

where the final simplification is due to the assumptions on the basis functions ¢j. Similarly,

T = /0 1 var(z)de = /0 1 ickgbk(x)dx = c. (5.5)

k=1

The orthonormality of the basis functions ¢y is used to simplify the variance, as shown
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below,

=> a. (5.6)

M
oL =) G (5.7)

1 o0 M
[Z ardr(x Z api(x ] T —ac

k=1 =1

M
E kcl/ PrPidxr — ajcy
= E arCr — a1

k=1
M

= Z QA Cy . (58)

We will obtain an expression for the optimal SSIM-based coefficients by way of the sta-
tionarity conditions. To simplify the exercise, we will use logarithmic differentiation on
Eq. (7.39). First, taking the logarithm yields

Eufllﬂ8

log(SSIM (u, var)) = log(4a) + log(vas) + log(Tus,, ) — log(a* + v3;) — log(ay + 04, )-
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Now differentiate the above expression with respect to each coefficient ¢,, 1 <p < M,

1 ISSIM(u,vp) 1 0u 1 Juy 1 0oy, 1 ou?
— M =
SSIM (u, vpr) dc, 4udc, Uy Ocy  Ouyy, Ocp  UE+ 03, Oy
1 oy 1 0o, L 9% (5

72 1 2 2 2 g2 2
u* + vy Oy ol+o02 Oc, oni+o0l O

Clearly, the partial derivatives involving only u vanish, namely,
ou  9u* 0o 0
dc, dc, Oc,

After multiplying by SSIM(u,vys), we have already simplified Eq. (5.9) greatly, written
below for 1 <p < M,

IM 1 0v 1 1 02 1 Oo?
OSSIM _ gapyg [ L00r 1 00wy T Towr | (5.10)

72 1 02 2 1 52
dc, Uy Ocpy  Ouwy, 0Cp u? + vy, de,  oZ 403, O

The remaining partial derivatives can be computed easily using the series expansions in
Egs. (5.4)-(5.8), as follows,

827M . ic . 1, P = 1
dc,  dc, "7 )0, otherwise

ov3, o , 2c), p=1
a0 = :
dc,  Ocp 0, otherwise

0wy O iac o, p=1
dcy dc e a,, otherwise

P p—
aJSM:iiE: 0, p=1
dep  Ocp = F 2c,, otherwise

Once again, the partial derivatives simplify nicely due to the assumptions on the basis
functions ¢y. In general, the RHS of Eq. (5.9) is a complicated nonlinear expression in the

coefficients ¢, and a solution of the equations #3M = 0 is intractable.
P

At a relative minimum or maximum of SSIM(u, vy,), the M partial derivatives described
by Eq.(5.10) must vanish. We substitute the expression obtained above in Eq. (5.10) to
obtain the following stationarity conditions.
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First, for p = 1:

OSSIM (u, vpr)
801

1 2c
M

Assuming SSIM # 0 and recalling that u = a; and vy, = ¢y, we get

2c =al + ¢ = ¢ = +a. (5.11)
We rule out the solution ¢; = —a; because it will yield an image whose mean is —a; = —u.
For p # 1:
0SSIM 2
OSSIM(u, var) _ SSIM(u, var) | —2— — 2| =0
8Cp UUUM O'u + UUM

Again assume SSIM # 0, and observe that when a, = 0, then we must have ¢, = 0. For
¢p 7 0, we can rearrange to obtain

G _ 20w

u VM

Notice that the RHS of Eq. (5.13) is constant for all p. In other words, for some constant
a # 0, we have

as as Cay 1
o o o a
or, after inverting,
o =aay, 2<p<A>M. (5.13)

At this point, we have determined all M SSIM-based coefficients in terms of their
Fourier counterparts. It only remains to find «. To accomplish this, we return to Eq. (5.12)
and substitute the relation in Eq. (5.13) to get

M
p 2) peo Qakay,

aay o2 + 37,0, (aay)?
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Which can be rearranged as follows,

M M
2 2 _ .2
o, +o E aj, = 2x g aj,
k=2 p=2
M -1
2 _ 2 2
o =0, E aj,
k=2
~1/2
— 2
a9 = oy, E ak] .
k=2

After substituting the expression for o,, this becomes

[e%e) 1/2 M
S| [
k=2 k=2

We choose o = a1 > 0 to be the admissible root, noting that ay — 1 as M — oo. In
words, the optimal SSIM-based solution approaches the best L? expansion in this limit.

—-1/2

Q12 = +

To summarize, we have shown that the M-dimensional approximation v,; which max-
imizes the SSIM function can be computed from the best-L? approximation by taking

C1 = ay (514)

and

~ 1/2 ~1/2
cr =aag, 2<k<M, where o= [Z ai] [Z ai] > 1. (5.15)

k=2 k=2

Our arrival at this simple relation between the best-SSIM coefficients and the best-L?
coefficients is both surprising and interesting. The ease with which one can obtain the
best-SSIM coefficients directly from their L? counterparts is undoubtedly attractive from
a computational perspective. This practical consideration aside, the result also has an
aesthetic appeal. Since a; = ¢y, it follows that the means of the reference signal and
the best-SSIM approximation are equal, i.e., 4 = v);. Regarding the other coefficients,
the scaling factor o > 1 produces coefficients ¢, which can only be equal to or larger in
magnitude than the a;. As long as a # 1, the SSIM-based approximation v; represents a
contrast-enhanced version of the reference signal u.
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There is one other important property of the SSIM-based approximation vy;—its norm
is equal to the norm of u, the function it is approximating. This is easy to show:

M
loml* = G+ e
k=2
M
= a%—l—aQZai
k=2

foo 1[ M LM
2 § 2 E 2 § 2
- al + a‘k} ak. ak
Lk=2

= a%+ Zai
Lk=2 ]
= Jul? (5.16)

Let us summarize these two important properties since they will reappear later in this
thesis. The target function v and its SSIM-based best approximation vy, are related as
follows:

1. Equal means, i.e., w = vy,

2. Equal norms, i.e., ||Jul| = [|vum]|

Indeed, the relations © = a; and vy, = ¢; also enable the neat elimination of the
first coefficient in each of the sums o2, 07 . Ou,,, and a. Although we didn’t draw
attention to this simplification during our derivation above, it is of course very satisfying.
But in the context of our new work in this thesis, where we have been concerned with
accommodating Weber’s model of perception, the absence of a; from « is potentially of
concern. By immediate consequence of the much recalled relation @ = a4, it follows that
the parameter « is also independent of the mean of the reference signal u. In a Weberized
approach, the parameter o might be expected to decrease in magnitude as the mean value

w 1s increased.

On the other hand, the absence of the coefficient a; in the expression for o in Eq. (5.15)
may be viewed as a kind of “blessing” in terms of Weberization. Suppose that the expres-
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sion for a were instead as follows,

o 12 ¢ um ~1/2
o= [Z az] [Z az] > 1.
k=1 k=1

Now for a fixed M, consider the case that a; becomes very large. In that case, Weber’s
model states that the human visual system will be tolerant of greater deviations between
u and its approximation vy;. One would expect that a would be allowed to increase. But
as a; — 0o, a — 17. This is rather “anti-Weberization”. In this way, the fact that a,
does not appear in the expression for a could be viewed as a counter measure against
“anti-Weberization”.

5.2 The Quest for Another Weberized Image Quality
Measure

Having re-established the related result, we are now prepared to present our new contri-
butions. They follow closely from the preceding chapter, and are still driven by our belief
that the correlation is the most important component of the SSIM. Although our simple
experiments on the Einstein images were never intended to be sufficient to convince our-
selves or the reader totally of our guiding claim, the data presented in Chapter 4 does
suggest that together the Sy and S5 components are almost entirely responsible for the to-
tal differentiation by the SSIM. In other words, at the very least, our experiments strongly
suggest that the S7 term is the least important component of the SSIM.

A principled defense of the S term is that it is alone responsible for any accommodation
of Weber’s model of perception achieved by the SSIM function. Of course, in practice, any
“Weberization” effect is not overwhelmingly pronounced in the S scores (at least for the
albeit limited set of Einstein images). Moreover, as discussed in the previous section, the
SSIM-based best approximation result displays a limited capacity to accommodate Weber’s
model of perception. At best, we find an ambivalent commitment to Weber’s model by
way of the insurance against “anti-Weberizing” in the form of the parameter a.

At this point, our discussion may be arising speculation that we could simply discard
the S; term in the above SSIM-based best approximation problem with little consequences.
But that is not at all the case. The best approximation problems using only one or either
of the Sy or S3 terms was investigated in [2]. It was found that at least two of the three
components of the SSIM, one of which must be the luminance term, S7, must be present
in order to provide a unique solution for the best approximation problem.
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So the focus of this section is not on discarding the S; term, but rather on replacing it
with something else. In the best approximation problem discussed above, the “Weberizing”
term of the SSIM function,

200
u? + 0%’
is maximized to the value of 1 if the means of w and v are made equal, i.e., if ¢; = a; (see
Eq. (5.15)). The resulting Weberization is an average Weberization involving means. It is
not enforced pointwise over individual elements of the vector.

Si(u,v) =

By comparison, in Chapter 3 we developed a distance function that accommodates
Weber’s model on a more pointwise level. As we observed during our experiments on
the Einstein images, when used for image quality assessment, this metric suffers from
an absence of correlation-based information. In what follows, we will incorporate the
correlation into our Weberized best approximation problem.

With these ideas in mind, we will consider the following distance function between u
and v in L?[0, 1],

Gan(u,v) = [Ag(u,v)]* + A[1 = Ss(u,v)], a,A >0, (5.17)

where the Weberized metric, previously defined in Chapter 3, is recalled below,

1/2

M) = [ [ o) = oot

Once again, the two terms which comprise the objective function G, (u,v) both play their
own important role in the minimization:

1. [Au(u,v)]*: For a > 0, it will impose a kind of pointwise Weberization to the best
approximation problem, as opposed to the mean-value Weberization imposed by the
S1(u,v) term in the SSIM function.

2. [1-S5(u, v)]: By seeking to minimize this function, we try to maximize the correlation
S3(u,v) between the approximation v and the target function w.

The parameters a and A are both important:

1. The parameter a is the Weber exponent. Recall that the traditional form of “Weber’s
Law” corresponds to a = 1.
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2. As ) increases, we are enforcing a greater pressure on the best approximation v to
be correlated with wu.

Recall that in the special case a = 0, the Weberized metric A, (u, v) is the usual L? distance
between u and v, i.e.,

1/2

S = | [ Tule) —o(@Pda| = ol

As such, we may consider the distance function Gg(u,v) as a kind of reference distance
function since
_ 2
Goo(u,v) = |lu—wvlf3.

Note that we have chosen the parameter \ to multiply the correlation term [1 — S3(u,v)]
in Eq. (5.17). We consider this term to be a perturbation of the squared Weberized L?
distance term [A,(u,v)]?2. The reason for this is that the “unperturbed problem”; i.e.,
that which corresponds to A = 0, is well-behaved: It is simply the best Weberized L?
approximation, for which a unique solution exists [27]. Moreover, the solution of the
unperturbed problem involves solving a system of M equations which depend linearly on
the unknown coefficients ¢;. On the other hand, as we shall see below, the correlation
S3(u,v) is a rather complicated function of the coefficients ¢. Once again, in [2], it was
shown that the best approximation problem using only the S3(u,v) portion of the SSIM

function is not unique.

5.2.1 Solving the Weberized Best Approximation Problem with
Correlation as a Regularization Term

A mathematical investigation of the modified best approximation problem can proceed
easily thanks to our work in Section 5.1 re-establishing the result from [3]. As before, let
{¢r}32, denote a complete orthonormal basis in L?[0,1]. The following assumptions on
the basis functions are still in effect: ¢; = 1 and ¢, = 0 for all k > 2.

For given values of a > 0 and A > 0, we wish to find the function of the following form,

M
v = Z cror(z),
=1

which minimizes the distance function G, x(u, vpr) in Eq. (5.17). The next step is to express
each of the two terms in the objective function G, »(u,vyr) in terms of the coefficients ¢,
1<kE<S M.
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The Weberization term,

Aol = [ —olula) = o)

can easily be differentiated with respect to each coefficient c,, for 1 <p < M,

Aty 'L [um _ ;cm(x)] e

M 1 1 1 1
:2;%/0 W@Sk(x)qﬁp(a:)da:—Q/o u(x)%u(x)qﬁp(:c)dm

M
=2 Z Akpck - pr

k=1

In the “perturbed” case A > 0, the solution to these linear equations may provide a
suitable starting point for some iterative method, e.g., gradient descent, designed to find
solutions to the perturbed problems.

The quantities o, 0,,,, and 0,,,, were previously computed in Section 5.1. In terms
of these expressions, the correlation becomes

O-UU
Sl o) =
uOvps
M ~ 12 0y 7-1/2
_ 2 2
= Zakck Zak ch . (5.18)
k=2 k=2 k=2

As expected, S3(u,vyr) is a nonlinear function of the coefficients ¢;. We'll use logarithmic
differentiation to compute the partial derivatives of Ss. First,

M 00 M
1 1
log S3(u, vy) = log [Z akck] ~5 log [Z ai] ~3 log [Z ci] .
k=2 k=2 k=2
Taking the partial derivative with respect to ¢,, 1 < p < M,
M -1 M -1
1 053 9
53 8Cp = [k_2 akck] CLp — [kz_; Ck] Cp.
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Multiplication by S3 yields,

aS 00 -1/2 1y -1/2 M o -1/2 r i —-3/2
LTI DoF I St 1) o7 I o7 BT
p k=2 k=2 k=2 k=2

or
053 ap  CpOuuy

5
dcy  Ou0yy,  OuOy

We now combine the results from the equation to compute the gradient of the objective
function
Gax(w,var) = [Aa(w, va0)]” + M1 = Ss(u,vpr)],  a,A>0.

For 1 <p< M,

8(?mA(u,vA4) M a CpOuwyy
TzQZAkpck—pr—A E__2 = 0. (5.20)

3
— Ouluvy  Ouly,,

Before looking for solutions to Eq (5.20), let us first investigative the correlation in
Eq. (5.18). This discussion is related to following theorem for vectors in RY, stated in [2].

Theorem 3. Let x € RY and y = az+bly, wherea,b € R,a # 0and 1y = (1,1,--- ,1) € RY.
Then
1, a>0

5.21
-1, a<O. ( )

S3(x,y) = sgn(a) = {

This result cannot be directly applied to our discussion of functions of a continuous
real variable. In particular, the expression for o, is an infinite series.

In the special case that ¢, = ap, 1 < k < M, vy is simply a finite-dimensional
truncation of u. The correlation in Eq. (5.18) becomes

o 2 b oo —1/2
Ss(u,vp) = [Z ai] [Z ai] <1. (5.22)

k=2 k=2

In this case, vy is the best L?-based approximation to u. We expect that it is also the
maximizer of S3(u,v). Indeed, in the case ¢, = ax, 1 < k < M, the partial derivatives of
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Ss are zero. This is easy to see by substitution into Eq. (5.19):

PYS 00 -1/2 1y -1/2 M o ~1/2 1 —-3/2
Rl B A
2

k=2 k=2 k=2

On the (M — 1)-dimensional sphere Sg of radius R, i.e.,

sR:{cl,, )3 = }

k=1
S3 assumes its maximum value given in Eq. (5.22) above at the point ¢ = ag, 1 < k < M.
As R — 00, this maximum value approaches the value 1.

In the case ¢, = —ag, 1 < k< M,

M
Ss(u,vpr) [Z a;

k=2

12 ¢ o ~1/2
[Z azl > —1. (5.23)
k=2

In this case, vy is the minimizer of S3(u,v). This is once again easy to show by substitution
into Eq. (5.19):

- __1/2 -

08, -
8_05 = ap Zai

Lk=2 | Lk=2 k=2 k=2 k=2
F o 1121 M ~1/2 M ~ ~1/2 1 u -3/2
— 2 2 2 2 2 _
=a, E ay, E ak] —ay [ E ak] [ E ak] [ E ak] = 0.
Lk=2 ] L k=2 k=2 k=2 k=2

The functions vy and u are at their maximum anticorrelation.

On the (M — 1)-dimensional sphere Sy of radius R defined above, S3 assumes its
minimum value given in Eq. (5.23) at the point ¢, = —a;, 1 < k < M. As R — oo, this
minimum value approaches the value —1.

We now explore Eq. (5.20) further to see if any analytical solutions are possible. In the
special non-Weber case a = 0, the matrix A is diagonal. When A = 0, the above equations
yield the following result, as expected,

cp=b,=a, 1<p<M.
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Let us now consider the slightly more general case a = 0 and A > 0. This represents an
L? best approximation problem with an additional correlation term. With an eye to the
re-estalished result from [3], let us assume a solution to Eq. (5.20) of the form,

cp=oaag, 1<k<M. (5.24)
Substitution into Eq. (5.20) yields the following equation,

M

M ~ ~1/2 —1/2
2« Z Appar, — 2b, — Aa, [Z a,%] [Z a,%] (et —a ) =0.
k=1 k=2 k=2

The entire second term corresponding to the S3 term vanishes which seems remarkable. In
retrospect, however, this is to be expected since the ¢ and a vectors are perfectly correlated
by Eq. (5.24), which represents a stationary point (maximum) in terms of the correlation
function S3. (Because ¢ = (c1,-++ ,cy) € RM and a = (ay,--- ,ap) € RM| this result is
guaranteed by Theorem 3.) The equation above becomes

M

ij{jfhwak——QQ,:(l

k=1

This may appear to be disconcerting since the above equation is independent of A. As
such, it might seem that the assumption in Eq. (5.24) is invalid. But recall that we have
assumed that a = 0, i.e., the non-Weberized case. We have not yet applied this assumption
with regard to the matrix A. When a = 0, the matrix A is diagonal so that the above
equation becomes

aa, =0b,, 1<p<M.

But from a = 0 we know that a, = b,, so a = 1. This is actually to be expected. We know
that the best L? approximation to u is provided by the Fourier coefficients a; of u. The
M-vector of ¢ coefficients which is most correlated with the M-vector of a; coefficients
is given by Eq. (5.24) for arbitrary o. But if the L? distance ||u — v]|3 is included in the
objective function, o = 1.

5.2.2 Selected Examples in Correlation-based Weberized Dis-
tance

Example 1: Consider the following step function,

2. 0<x<1/2
gy = 1> 0sTsl (5.25)
4, 1/2<z<1.
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We use the following set of functions

¢1(z) =1
op(z) = V2cos((k — V)rz), k>2, (5.26)

which form an orthonormal basis in the space of functions L?[0,1]. Note that this choice

accommodates our additional assumptions on the basis functions (¢, is “fat” and ¢, = 0
for all k # 1).

In Fig. 5.1 are presented the plots of the best approximations vy; to v using M =5
basis functions for a = 0.00,0.50,1.00 where, in each case, A = 0.00, 0.25,0.50,0.75, 1.00.
The best L? approximation, corresponding to the case a = 0.00 and XA = 0.00, is also shown
for comparison. To obtain the unknown coefficients in each case, we minimize the distance
function in Eq. (5.17) in Maple using gradient descent, where the starting guess is initialized
as the best Weberized coefficients (which corresponds to the appropriate power of a and
A = 0). The black box routine ‘fsolve’ in Maple was also able to solve the stationarity
conditions described by Eq. (5.20). We verified that, in each case, the coefficients obtained
using the two methods matched to at least 6 decimal places.

As expected, Figure 5.1 a) confirms that when a = 0, for any A > 0, the best approx-
imation v, is simply determined by the Fourier coefficients. Interestingly, for non-zero
a, it appears that increasing A “undoes” the Weberization. For example, Figure 5.1 b)
corresponds to the case a = 0.50: As )\ increases, the best approximations move away from
the best-Weberized case (A = 0) and towards the best-L? approximation. For a = 1.00
in Figure 5.1 ¢), this effect is even more pronounced: While the curves around u = 2 are
hugging the best-L? approximation quite closely, around v = 4 the correlation-based ap-
proximation is below the best-L? curve. The Weberization at this higher intensity u = 4 is
more than “undone”, it is reduced past the unWeberized L? best approximation. Interest-
ingly, the curve for A = 1 does not stay closest to the target function for long: In fact, all
correlation-based best approximations appear to meet the Weberized best approximation
at x = 1.

For interest, we have tabulated the [? distances between the first M Fourier coef-
ficients of the target function w, (aj,as,--- ,ay), and the M coefficients defining vy,
(Cly Coy - 7CM)a i'e'a

M 1/2
D,y = [Z(ak - ck)2] : (5.27)
k=1
Table 5.1 reports the distances D, » between u and all the best approximations pictured
in Figure 5.1. (Note that this {* distance represents the L? distance between the approxi-
mation vy; and the best M-dimensional L? approximation to v, which is sufficient for this
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discussion. The L? distance between v, and u would be obtained by including the sum of
the squares of the infinite “tail” of coefficients ¢, in Eq. (5.27).)

A=0 A=025 A=050 A=075 X=1.00
a=10 0.000000  0.000000 0.000000 0.000000 0.000000
a=0.5 0.100568 0.077881 0.065221 0.057478 0.052438
a=1.0 0.181498 0.114293 0.097834 0.093465 0.092495

Table 5.1: [? distances computed according to Eq. (5.27) for u(x) and its best approxima-

tions vy, for M = 5 pictured in Figure 5.1.

Unsurprisingly, the row in Table 5.1 corresponding to a = 0 reiterates that Dy = 0, i.e.,
for any A > 0, there is no difference between the Fourier and correlation-based coefficients
when a = 0. For non-zero a, the distance D, ) decreases as A increases towards 1. This ob-
servation agrees with our earlier remarks on Figure 5.1. Moreover, for a given J, increasing
a also increases the distance D, ). Because a determines the degree of Weberization, this

trend is also to be expected.
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Figure 5.1: Best approximations using a = 0, a = 0.5, and a = 1.0 to the step function
u(z) in Eq. (5.25) using M = 5 basis functions, where in each case A = 0,0.25,0.5,0.75, 1.
The best L? approximation (which corresponds to setting a = 0, A = 0) has also been
plotted for comparison. 53



Example 2: Consider the following “bumpy” step function,

(1.5, 0<x<0.05
2, 0.05<x<0.10
0.3, 0.10 <2z <0.15
3, 0.15<2<0.20
I, 020<2<0.25
w(r) =425, 025<z<0.75 (5.28)
3.5, 0.75 <2 <0.80
4, 080 <2z <0.85
2.3, 0.85<x<09
5, 0.90 <x<0.95
(3, 0.95 <z <1.00

We are interested to see if increasing the weighting A on the correlation term will force vy,
to conform more to this bumpy signal.

We will once again be employing the following basis functions,

o1(z) =1
or(x) = V2cos((k — )mz), k> 2. (5.29)

Figure 5.2 shows the best approximations vy, to w using M = 20 basis functions for
a = 0.00,0.50,1.00, where A = 0.00,0.50,1.00. As before, Figure 5.2 a) illustrates little
but to reiterate that, when a = 0, all best approximations are equal to the case A = 0.

Figure 5.2 ¢) shows the best approximations for a = 1, which is the highest degree of
Weberization explored in this experiment. First consider the pink curve corresponding to
A = 0, i.e., having no correlation term. Because the Weberized distance tolerates lesser
deviations at lower intensity regions, this pink curve hovers very low to match the troughs
of the bumpy step function. This behaviour is especially pronounced for the low-intensity
cycle at 0 < z < 0.25. It is also in stark contrast to the much greater amplitudes of the
best-L? curve in this region. The curves corresponding to non-zero A move more freely
in 0 < z < 0.25, conforming less tightly to those troughs of the target function. This
is to be expected, as increasing A should “undo” the Weberization. The behaviour in
0.5 < o < 0.75 is remarkable. As one would expect, the best-L? and A = 0 solutions
oscillate around the constant value w = 2.5. On the other hand, the correlation-based
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solutions, corresponding to A = 0.50 and A = 1.00, hover below the target function for
most of this region. This may be due to the particular test function examined. A slight
perturbation of this test function could produce approximations which lie above the middle
plateau. We do notice, however, that the approximations lying below the middle plateau
have slightly lower amplitudes of oscillation—apparently the non-zero correlation term in
the cost function is forcing them to at least correlate somewhat with the flat middle region
of w(zx). Correlation does not imply closeness in value.

Once again, we have computed the distances between the first M coefficients a5 and ¢y,
according to Eq. (5.27). We have computed the distances for more choices of A than those
which are plotted in Figure 5.2. The results are listed in Table 5.2.

A=0 A=025 A=050 A=075 X=1.00
a=0  0.000000 0.000000 0.000000 0.000000 0.000000
a=0.5 0.221589 0.193961 0.178218 0.167961 0.160842
a=10 0.398554 0.342105 0.322702 0.310653 0.302803

Table 5.2: [? distances computed according to Eq. (5.27) w(x) and its best approximations
vy, for M = 20 pictured in Figure 5.2.

It should not come as a surprise that we observe the same trends as before. At the
risk of repetition, Dy, = 0 for any A > 0. For a fixed a # 0, D, \ decreases as A increases
towards 1. For a fixed A, D, , increases with a towards 1.

In closing this section, we mention that the approach reported above can be extended
to the two-dimensional case, i.e., images, in a straightforward way. Indeed, work in this
direction was started but interrupted shortly thereafter by seemingly promising new ideas.
Unfortunately, we never returned to complete this investigation and recommend that it be
considered by others in the future.
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Figure 5.2: Best approximations using a = 0, a = 0.5, and a = 1.0 to the bumpy step
function w(z) in Eq. (5.28) using M = 20 basis functions, where in each case A = 0,0.5, 1.
The best L? approximation (which corresponds to setting a = 0, A = 0) has also been
plotted for comparison. 56



5.3 Other Distance Functions Involving the Weber-
ized Distance and Correlation

The distance function G, in Eq. (5.17) contains a variable parameter A\. The presence
of such a parameter always raises the question, “What is the optimal value of \”?7 In
order to avoid this question, we have also considered distance functions composed of the
Weberized metric A,(u,v) and the correlation term [1 — S3(u,v)] which have no such
variable parameters.

One possibility is to consider a product of the two terms, as is done in the SSIM.
To simplify the algebra, we explored the squares of the components so that the objective
function to be minimized assumed the form,

H,(u,v) = [Aq(u,v)]*[1 — S3(u, v)]>. (5.30)
We also explored the following objective function which is linear in the second term,

Ja(u,v) = [Aq(u, v)]?[1 — S3(u,v)]. (5.31)

In both cases, we performed a similar investigation as presented for G, x(u,v). The
partial derivatives of Eq. (5.30) and Eq. (5.31) can be easily computed from the previous
sections. Using Maple, we found that best approximations to the simple step function
u(z) in Eq. (5.25) which minimize either H,(u,vys) or J,(u,vy) are very similar to those
obtained for G, x(u,vyr). There appears to be little qualitative difference between the best
approximations obtained using any of the three objective functions, H,(u,v), J,(u,v),
and G,(u,v). As such, we have omitted a detailed discussion of these investigations and
results.
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Chapter 6

Best Approximation Methods for

Signals Which Involve Their
Gradients: Part 1

6.1 An Introduction to the Application of Gradients
in Mathematical Imaging

So far, our efforts have been solely directed towards exploring the use of correlation in
applications relating to signal fidelity and image quality assessment. This chapter intro-
duces a second topic of interest which will maintain our attention for the remainder of this
thesis. In other words, we now pursue the second of two main guiding themes—that being,
of course, the use of gradients in image quality assessment. First, in the following pages, we
explore a simple best approximation method for signals involving their gradients. Later,
in Chapter 7, we explore a problem involving both of our two main topics, by maximizing
the correlation between gradient vectors.

For functions of continuous real variables, the gradient is defined in the usual way.

(Recall that, for a greyscale image f € D C R?, the gradient of f at a point (xg,y) € D is
defined as the vector of partial derivatives V f(zo, yo) = (%(ajo, Yo), 3—5(1’07 Y0))). The vector
of values Vf = (%, g—g’j) evaluated along the entire domain of definition D C R? represents
the gradient image. Clearly, the gradient image is a higher dimensional image than we
can visualize. We can, however, produce a conventional 2D image depicting the change

along the z-direction by displaying the set of real values % evaluated on D. Similarly,
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we can produce another image depicting the change along the y-direction by displaying g—?’;
evaluated on D.

When f is instead a greyscale digital image, the intensity values are only known at
discrete points. In this case, one must define a discrete derivative in both of the z- and y-
directions to obtain a discrete gradient image. (Of course, if we assume that f is obtained
by discrete sampling of a continuous image function, then one hopes that the discrete
derivative accurately approximates the actual gradient values at each sample point.) In
our applications, we will use a simple forward difference scheme to define the discrete
derivative (this will be defined in detail in Section 6.2.1 below). Difference equations, like
our simple forward differences, can easily be implemented as sliding window filters. As
such, the discrete approximation to the gradient is commonly obtained from the original
digital image by convolution with an appropriate filter, such as a Sobel or Scharr filter [6].

In general, the gradient indicates changes in intensity across adjacent pixels. This infor-
mation is very useful in many applications in image processing. One of the most common
uses of gradients in imaging is edge detection. In a typical scene, an edge separates objects
which likely have very different intensities. In other words, we expect the gradient to be
large at edges. Edge detection is useful in many applications, including image sharpening,
computer vision, and medical imaging [0, 1]. Another popular use of the gradient is total
variation (TV) regularization, which computes a best approximation seeking to minimize
a balance of terms, one of which involves the gradient [13]. In essence, the gradient term
to be minimized measures total variability across the entire signal.

More recently, gradient information has also been incorporated into image quality mea-
sures. It is known that the human visual system does not weigh all visual information
equally; In particular, edges communicate very important information in a visual scene.
Distortions affecting boundaries and edges are more bothersome to the human visual sys-
tem than distortions in textural regions [19]. As such, these new measures are based on
the notion that edge similarity, i.e., gradient similarity, is of particular importance when
assessing the visual closeness of images. In [17], an SSIM-like “gradient similarity” measure
is proposed, which seeks to quantitatively rate the presence of edges in an image patch
using gradient operators. Haar wavelet filters are used to detect edges in [21]; then, a few
equations based on the so-called Feature Similarity Index [33] are required to quantify the
similarity of these edge maps.

Our work presented so far in this thesis has also incorporated gradient information.
Recall our exploration in Section 5.1 of the SSIM-based best approximation problem using
orthonormal functions. We found that the unknown coefficients ¢, which maximize the
SSIM are related to their Fourier counterparts a, by a simple scaling, i.e., ¢ = aay where
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a > 1. We previously observed that the SSIM-based best approximation is characterized
by the contrast-enhancement ¢, = aay; In light of this section, this contrast-enhancement
can also be viewed as an amplification of the gradient.

While the result ¢, = aa; does involve gradient information, as do other methods
like TV regularization, the problem of matching gradients has been far less studied. In the
remainder of this thesis, our focus will be to match the gradients of two related signals using
various mathematical formulations. Our work which follows is also quite different from the
“gradient similarity” measures proposed in both [17] and [21]. Both [I7] and [21] feed
gradient-based information into rather complicated mathematical machinery. As a result,
it is difficult to understand exactly how the edge data informs the resulting similarity index.
More to the point, it is unclear to what degree these complicated methods of collecting and
aggregating gradient information reflect an honest matching of the gradient vectors. On
the other hand, our approach, based on first principles, is mathematically tractable and
clearly seeks to match the gradients of two signals according to a given similarity /distance
measure.

Behind our approach is the question of how sensitive the human visual system could
be with respect to changes in the gradient vectors of an image, in terms of either direction
or magnitude, or perhaps both. Here we recall the simple model of blurring of an image
by means of convolution with respect to an appropriate operator, e.g., a Gaussian filter.
The blurring clearly modifies the gradient of the image by dampening it. The question is
whether an image quality measure employing gradients can characterize the degradation
of such blurring as well as, or even better, than current image quality measures, such as
the Structural Similarity Index, which do not use gradient information.

6.2 Squared L’ Distance Between Gradients as a Reg-
ularization Term in the L?-based Best Approxima-
tion Problem

In the following sections, we present our first approach to matching gradients between
signals. Below, we present an L2-based best approximation problem which, similar to TV
regularization, features a regularization term involving the gradient. We hope that the
introduction of our gradient term will enforce a higher rate of convergence at the edges
of u, where errors are particularly bothersome to the human visual system. The work
in this section may thus be viewed as our second attempt to adapt the MSE for image
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processing applications, following from our first attempt in Chapter 3 which involved the
intensity-dependent Weberized distance.

We will once more be working in the Hilbert space H = L2[0,1]. As usual, let
{ér(z)}32, denote an orthonormal basis of H. We shall assume, as is often the case, that
the orthonormal basis functions ¢x(x) are at least C' functions on [0,1]. (The standard
trigonometric basis is, of course, a special case.)

Given a target function u € L?[0, 1], we know that there is a unique representation of

the form
o0
u=>apy,
k=1

where
ap = <U, ¢k>7 k 2 ]-7

are the Fourier coefficients of .
We will be looking for an M-dimensional best approximation vy, to u, where

M

vy (T) = Z ()

k=1

for some unknown coefficients ¢;. From our assumptions on the basis functions ¢, it
follows that vy, € C'[0,1] and

WE

k()

Vi () =

i

1
in the classical sense, i.e., each function v, (x) is the classical derivative of vy ().
For a given M > 1 and a fixed A € [0,1], we consider the following approximation

problem. Find coefficients (cy,...,cp) which minimize the following squared distance
function involving both v, and v},

M M
u=>_ cpdr Du— v}
k=1 k=1

When )\ = 0, we have the standard L? best-approximation problem. By “Du”, we mean a
function which, in some way, represents a “derivative” of u. For example, if u € C!, then
Du could be «/(z). If u is a discrete (i.e., pixellated) approximation of a signal or image,

2 2

A3 () = + A (6.1)

2 2
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then Du could be a “discrete derivative” obtained by some kind of difference scheme. The
discrete setting will be explored in Section 6.2.1.

We express the squared L? norms in terms of inner products on H,

M M M M
A3 (N = <u — chgbk,u = Z cl¢l> + A <Du — ch%, Du — ch¢2> .
k=1 =1 k=1 =1

We now expand the inner products (which is permissible since the sums are finite). Because
the inner product is symmetric for real-valued functions, we are able to combine the cross
terms,

AL = (uu) =2 elu, i) + D> cra(dndn)

k=1 l=1

+ A

M M M
(Du, Du) — 2 Z cx(Du, @) + Z Z crr(Py, ¢;>] :
k=1

k=1 l=1

Taking into account the orthonormality of the basis functions ¢y,
M M
AL = Jlulls =2 enlu, o) + )
k=1 k=1

+ A

M N M
IDulE— 23 alDu o) + 33 (el ¢g>] |
k=1

k=1 l=1

Now for each integer p € {1,..., M}, we take the partial derivative,

O3 -
8024 = —2(u, @) + 2, — 2D, @) + 20 ) _ (@), ). (6.2)
k=1
The stationarity conditions
ON?2
M =0
dc,

yield a set of M simultaneous linear equations in the unknowns c,, 1 < p < M. In the
special case A = 0, Eq. (6.2) yields the standard result, as expected,

Cp:<ua¢p>a I1<p< M.
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The system in Eq. (6.2) can be rewritten in the following form,
M
Gt A Apecr = (u,¢p) + MDu,¢)), 1<p< M, (6.3)
k=1

where

Aij = (¢}, ¢}, 1<i,5 <M. (6.4)

The symmetry of the inner product implies that A;; = A;;, i.e., A is a symmetric matrix.
Eq. (6.3) can be written as the matrix-vector system

I+ MJc=b+Ad,

where A is the M x M matrix defined in Eq. (6.4) above, I is the M x M identity matrix,
and c, b, and d are M-vectors.

Note: Here we mention that our work is motivated by practical applications, i.e, relatively
low values of M, and not with the theoretical question of what happens in the limit
M — oo. The latter, certainly a most interesting question, lies in the realm of functional
analysis (possibly involving Sobolev spaces) and is beyond the scope of this thesis.

A Special Case of Gradient-based Best-approximation with Examples

In the following example, we will once again be considering the set of functions,

o1(z) =1
or(z) = V2cos((k — Drzx), k> 2, (6.5)

which forms an orthonormal basis in the Hilbert space H = L?[0, 1].

Given the well-known orthogonality property of the sine and cosine functions on [—, 7],
one might expect that the scaled derivative functions,

¢i(x) =0
o (x) = —V2r(k — 1) sin((k — V)7z), Kk >2, (6.6)

also satisfy a set of orthogonality conditions. Indeed, we will demonstrate their orthogo-
nality below.

63



First consider the case k = [. For k > 2, we have
1
(Gho 63 = [ 200 = 12 sin(h - Do)
0

It
—on?(k— 1)? / L L os@tk = 1)ra) | da
272
=k — 1)
Also notice that when k = 1, (¢1,¢;) = 0 = 72(1 — 1)?. Hence (¢, 1) = 72(k — 1) for
k> 1.

Now consider the case k # [. Clearly, if either k =1 or [ = 1, then (¢, ¢;) = 0. When
k,l > 2, we have

(6L 6 = 2m2(k — 1)(1 — 1)/0 sin((k — 1)) sin((l — 1)7a)da

- f) e /0 sin((k — 1)) sin(( — 1)me)de,

where the final line is obtained after integrating by parts twice. Rearranging shows

1

(7' (k= 1)*(1—1)>—1) / sin((k — 1)7x) sin((l — 1)7z)dx = 0.

0

For any k,l € Z, (7*(k — 1)%(I — 1)> — 1) # 0. Hence,

/0 sin((k — 1)mz) sin((l — 1)a)dz = 0,

which implies that (¢}, ¢;) = 0 for k # [.

The orthogonality of the derivative functions ¢j, implies that the matrix A with elements
A;; defined in Eq. (6.4) is diagonal, with

Akk = 7T2(]{Z — 1)2, k Z 1. (67)

As such, the system in Eq. (6.3) becomes

1
14+ Ap —1)2n2

cp(A) [(u, @p) + AMDu,¢)],  1<p< M. (6.8)
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Note the rather special nature of the first coefficient, ¢;: Given that ¢} = 0,
C = <U, ¢l>
= aj.

In other words, ¢y is always the first Fourier coefficient of u in the ¢, basis, and independent
of \. Furthermore, since ¢;(z) =1,

¢ = /01 u(z)de, (6.9)

the mean value of u on [0, 1].

We will now consider a simple example to explore the effects of the regularization term
in the objective function A%, in Eq. (6.1).

Example 1: Consider u(z) = 2 on [0,1]. It is easy to obtain the first coefficient of the

best approximation,
1
1
= / 22dr = =.
0 3

To obtain the coefficients ¢,(\) for p > 2, we need to compute the two inner products in
Eq. (6.8). For the first inner product, we integrate by parts twice,

(u, gp) = /0 /2 cos((p — 1)mz)da

_ ,V2sin((p — 1)7x) \/ﬁsm — 1))

B (p—)r / BT

B V2 cos((p — 1 )mx) \/ﬁcos — 1)7x)
(p—1)%r / - 1)27T2 da

_ %, (6.10)
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For the second inner product, we will first use the fact that u(z) = x? € C? to write
<Duv ¢1/n> = <ula ¢p>
1
- [ w@e s
0

— @~ [ W@, (6.11)

Now substituting u(z) = z?, this becomes

1 1
(Du, @) = 222 cos((p — 1)7rx)‘ — / 2v2 cos((p — D)mz)da
0 0
= (—=1)P'2v2.
Substitution of these two results into Eq. (6.8) yields

(~1)7121/2

1
cp(A) = T+ Ap— 1272 {(p—1)27r2+>\}’ p> 2.

Although the solution appears complete, the above result becomes much more informative
if one thinks to perform the following simple rearrangement,

(1 1N
L+ Xp—1)%n2 (p—1)272

(—1)P~12y/2
-1
= ¢(0).
In other words, for any A > 0, the gradient-based best approximation is given by the
standard best-L? approximation obtained for A = 0. This result was verified numerically.

cp(A)

At this point, the above result has been obtained only for the particular choice u(x) =
22, One may wonder if the result holds in general, perhaps provided that the target
function u is sufficiently “nice”, i.e., sufficiently smooth. Indeed, we can obtain this most

interesting result if the integration by parts performed in Eq. (6.11) is reversed. Let us
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consider any C! function u so that Du = u/. Then,

(Du, ) = (', @)

= /01 u' ()¢, (x)dx

— ¢ (@) - / u() ! (x)da

= (p— 1)*7"(u, &)

Substitution of this result into Eq. (6.8) yields

cp(A) = 6,(0)
= a,. (6.12)

Although the above result is very interesting, it is perhaps not too surprising. Indeed,
when u and vy, are close in terms of the L? distance, their derivatives «' and v/, should
understandably also be close in terms of the L? distance. In the following section, we will
explore whether the result in Eq. (6.12) also holds in the discrete case, i.e., for digital
signals/images.

6.2.1 Discrete Formulation of the Gradient-based Best Approx-
imation Problem

In this section, we will be considering digital signals belonging to the Hilbert space RY,
where N > 1. Let {¢y}2_; denote an orthonormal basis of RY. A signal u € R" admits

an expansion of the form
N

k=1

where
ak:<u,¢k>, 1§k)§N,

are the Fourier coefficients of w.
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We will once again be looking for M-dimensional approximations v,; to u having the
form,

M
UM:ZCk¢k> 1< M <N.
k=1

We now consider the discrete version of the approximation problem associated with Eq. (6.1)
in the previous section. Namely, we are searching for coefficients (ci, . .., cpr) which mini-
mize the following squared distance function,

M
u— Y ckor
h=1

for a fixed A € [0,1]. By “Du” and “D¢;”, we mean functions which again represent a
derivative of v and ¢, respectively, but in the discrete domain. The discrete derivative
employed throughout this thesis will be a simple forward difference scheme, i.e.,

2

+ A
2

2

: (6.14)

M
A%, (\) = Du—> " ex Dy
k=1

u=(uy,...,uy) = Du= (ug — uj,u3 — U, ..., UN — UN_1,UN+] — UN)-

The term upy; will be determined by the orthonormal basis that we employ which, in
turn, indicates the periodic extension of the data which is assumed. For example,

1. If we use the DCT basis functions, then an even extension of N data points is
assumed, implying that uy.1 = uy.

2. If we use the DFT basis functions, then a periodic extension of the N data points is
assumed, implying that uy,; = us.

After expanding the inner products as done for the continuous case, we arrive at the
following expression for our discrete distance function,

M M
Al =l =2 enlu,dn) + >
k=1 k=1

M M M
A | I1Dull3 =2 " e(Du, Déy) + > >~ e DDy
k=1 k=1 [=1

Imposing the stationarity conditions,

A2
0 M —0, 1<p<M,
dc,
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produces a set of linear equations in the unknown coefficients ¢, having the form,

M
G+ A Aprer = (u,¢,) + M(Du, D¢y}, 1< p< M, (6.15)

k=1

where

Aij = (D¢i, Dg;), 1 <i,j <M. (6.16)

The system of equations in Eq. (6.15) can be written in the following matrix-vector form,
I+ AAjc=b+ Ad,

where A is the M x M matrix defined in Eq. (6.16) above, I is the M x M identity matrix,
and c, b, and d are M-vectors.

From Eq. (6.13), it follows that

N
Du ::jgj‘lkl)¢k-
k=1

Substitution of this result into Eq. (6.15) yields the following,

M N
Cpt A Apecr = (u,0,) + A ap(Dey, Dpy)
k=1 k=1

M N
=a,+ A @A+ A D @Ay, 1<p< M. (6.17)

k=1 k=M+1

Special Cases of the Discrete Gradient-based Best Approximation Problem

We now briefly explore the solution to the discrete problem under simplifying assumptions
on the matrix A defined in Eq. (6.16). Provided either of the special cases listed below
holds, the gradient-based best approximation is once again determined by the Fourier
coefficients of the reference signal.

1. When A is a diagonal matrix—which we encountered in the continuous case when
an orthonormal cosine basis was used—the final summation in Eq. (6.17) vanishes
and the system of equations becomes,

Cp — Mppep = ap + NAypa,.
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Factoring both sides,
(L4 Adpp)ep = (1+ Applay, 1<p<M.
Because this equation must hold for all A > 0, and

App = <D¢paD¢p> = HDCpr% > 0,

it follows that

and hence

. Suppose that for all 1 <p < M,
Ay =0, M+1<k<N.

Then the final summation in Eq. (6.17) once again vanishes so that the system of
equations becomes,

M M
Cp—i-)\ZAkak:ap—'—)\ZakAkp, 1§p§M
k=1 k=1

Using the fact that A is a symmetric matrix, let us rewrite the above equation as
follows,

M
)‘ZApk(ck_ak):a(Cp_ap)a I<p< M.
k=1
This equation has the form
Ad = pd,

where {
d=c— duy=——.
c—aand pu 3

This looks like an eigenvector-eigenvalue problem. The problem is that A, hence u,
must assume a continuous set of values. This suggests that d = 0 which implies that
c=a,li.e.,

(A =a,=¢(0), 1<p<M.
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6.3 Orthogonality of the Discrete Derivatives of the
DCT an DFT Basis Functions

We would now like to draw the reader’s attention to the following two results. To the best
of our knowledge, they have not appeared in the literature. We were naturally guided,
during the completion of our work in the previous section, to uncover the following re-
markable property: The discrete derivatives of the DCT and DFT basis functions each
form, respectively, an orthogonal set. These results are formally stated below. Note that,
throughout this section, we employ the standard index notation for the DCT/DFT basis
functions (i.e., a signal x € RY is denoted x = (x¢,...,zy_1)), which differs from the
notation used previously.

Theorem 4. Let {¢g, -+ ,¢n_1} denote the following DCT basis functions,

9250[”] = \/_N7

2 km 1
— _ - — < k< — <n< — 1. .
ox[n] \/NCOS(N <n+2>), 1<kE<N-1, 0<n<N-1 (6.18)

Let the discrete derivative of these functions be defined by simple forward differences so
that
Doin| = ¢p[n+ 1] — ¢xln], 0<n< N -—1. (6.19)

Then for a given N > 0, {D¢y, -+ , Don_1} forms an orthogonal set in RY.
Theorem 5. Let {¢g,- -+ ,¢n_1} denote the following DFT basis functions,

dxln] = \/LN exp (szvk”) L 0<n<N-L (6.20)

Let the discrete derivative of these functions be defined by simple forward differences so
that
Doin] = ¢pp[n+ 1] — ¢xln], 0<n <N —1. (6.21)

Then for a given N > 0, {De¢y, -+, Doy_1} forms an orthogonal set in CV.

In Appendix A can be found a proof of both Theorem 4 and Theorem 5. These two
results have also been verified numerically. To the best of our knowledge, at the time of
writing this thesis, these properties have not previously been published.

These results provide a very tidy and satisfying completion to our discussion in the
preceding section. With reference to the discrete problem discussed above, the DCT and
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DFT basis functions both yield a diagonal matrix A, where A;; = (D¢, D¢;). In partic-
ular, employing the DCT basis functions in the discrete problem behaves in an analogous
manner to using the orthonormal cosine basis in the continuous case, as one might hope.
The results stated in Theorem 4 and Theorem 5 will also be required for our work in the
next sections. Before moving on, however, we would like to make a few more important
comments about the DCT derivative functions.

The DCT functions ¢y for N = 8 are plotted in Figure 6.3. Their derivative functions
D¢y, for N = 8 are plotted in Figure 6.3. Looking at the plots, it is apparent that the DCT
derivative functions D¢y[n| are either symmetric or antisymmetric about the point n = 3.
By comparison, the DCT functions ¢[n] are either symmetric or antisymmetric about the
point n = 3.5.

Recall that both the DCT basis functions ¢ and their derivative functions D¢y are not
N-periodic, but 2N-periodic. If we were to extend the n-values of the ¢x[n] forn > N —1,
the resulting plot would be even-symmetric with respect to the point n = N — % In other
words, we have

Ok[N + 1] = ¢x[N — 2],

and, in general,

O[N+pl=¢[N—p—1], for0<p<N-—1.

It can be seen in Figure 6.3 that, for all k, D¢y [7] = 0. In general, for all k, D[N —1] =
0 since ¢x[N — 1] = ¢x[N] from the even extension assumed in the DCT case. Moreover,
thinking back to the continuous case, one might expect the derivative functions D¢y to be
sine functions. While the D¢y [n] are “sine-like”, they are not pure sine functions. In fact,
the derivative functions D¢, contain both a sine and cosine component; This property is

fully demonstrated by the expansion D¢y = Cy¢r — Dyt derived in the proof in Appendix
A.2.

Finally, note that the DCT derivative functions D¢, form an orthogonal set for 1 <
k < 7. Since the dimensionality of this space is N = 8, this set does not form a basis—we
are essentially one vector short because k = 0 corresponds to the zero vector. For the same
reason, the DFT derivative functions do not form a basis either. As demonstrated in the
proof in Appendix A.1, k = 0 once again corresponds to the zero vector.
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Figure 6.1: The N=8-point DCT orthonormal function ¢x[n], k =0,1,...,7.
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Figure 6.2: The N=8-point DCT derivative functions D¢g[n] = ¢x[n + 1] — ¢xln], k =
0,1,---,7. The functions D¢y, k =0,1,...,7 form an orthogonal set.
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Chapter 7

Best Approximation Methods for

Signals Which Involve Their
Gradients: Part 2

7.1 Best Approximation by Maximizing the Correla-
tion Between Gradient Vectors

Still motivated by our guiding belief that the correlation is the most important component
of the SSIM, we now investigate a problem which combines both the correlation and the
gradient. In our second approach to matching gradients, presented below, we seek to
maximize the correlation between gradient vectors. Having previously maximized the
SSIM between two signals in Chapter 5.1, we are now interested to see if maximizing
the correlation between their gradients will yield different results. And, if so, we wonder
if these gradient-based results will perhaps yield better approximations according to the
human visual system.

Following from our previous formulation, we will once more be employing orthonormal
basis functions; However, unlike our work in Chapter 5, we will consider the discrete case
below. In the following work, we will make the natural assumption that the discrete
orthonormal basis in use is either the DCT or DFT. Some simplifications will be permitted
throughout our derivation due to known properties of these two sets. In particular, we will
once again be applying Theorem 4 and Theorem 5 which were stated at the conclusion of
the preceding chapter.
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As is well-known to us by now, the correlation is the third component of the SSIM
function. Below, we will once more be considering the special case where the stability
constant C3 = 0. Then, for u,v € R, the correlation is denoted by S3(u, v) and computed
as follows:

s
S = 7.1
3(u7 U) 55y ) ( )
where
1 N
Sw = 37 ;(uk —u) (v — 0), (7.2)
and
Su = /Suus (7.3)
with

1
U:NZuk (7.4)

Let {¢x}Y_, denote an orthonormal basis in RY. For both u,v € R we shall denote
the components of their gradient functions as follows,

Du = (Duy,...,Duy) and Duv = (Duvy,...,Duy).

We now wish to consider the following best approximation problem in R in terms of
the correlation between two gradient vectors: For a given target function v € R”, with
Fourier expansion

N
U= Zai¢i7 where ap = <U, qbk)) 1< k < N7

i=1
and an 1 < M < N, find the approximation of the form,

M

U = Z Ci¢i7

i=1

which maximizes the correlation between the gradients of u and v, i.e.,

¢ = arg max S3(Du, Dvyy).
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Here,
N M

Du = Zaingi and Duy = ZCingi.

i=1 =1
We will go forward with the understanding that v denotes our best approximation vy,
i.e., we will omit the subscript, to avoid confusion when extracting its component parts

v = (v1,...,vp). The mean values of the gradient vectors will be also important,
1 & 1 &
Du = N;Duk and Dv = N;ka.

Note that to when defining Dv, we consider Dv to be an N-vector with the last N — M
of its elements being zero instead of an M-vector. (We have to consider both vectors as
N-vectors in order to be able to compute their correlation.)

If the discrete derivative is defined by forward differences, then the above mean values
are telescopic sums that reduce to simple differences, i.e.,

_ 1 __
Du=—(uni1 —u) and Dv= N(UNH —v1).

N

If we further assume an N-periodic extension of the N-vectors—as is the case when using
the DFT basis functions—then,

Du=0 and Dv=0.
We are now ready to compute the correlation between gradients, i.e.,

S3(Du, Dv) = *Dubv

SDuSDv

For simplicity, we will first consider the square of the term in the denominator sp,p, = s5,,

N
1 S _
SpuDy = ——— E (Duy, — Du)(Duy, — Du).

N -1
k=1
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Now expand and substitute the above expressions to get

N

>
k=1 k=

1 N
- Z(Duk) — 2Du(NDu) + N(Du) ]

k=1

N

)

N N
(Dug)? — 200" Dug + D_221]

k=1 1

Similarly, one can obtain

Finally, we also have

We now express these summations in terms of the expansion coefficients a; and ¢;.

N —1 I

1 - 2 .\2
N1 _kl(DUk) — N(Du) ] . (7.5)
SDoDy = > (Du)* - N(E)?] . (7.6)

N
1 - _
~— > (Dux = Du)(Duv, — Dv)
k=1

(Duy)(Dvy) — Dv Y Dug — Du Y~ Duy + (Du)(Dv

k=1 k=1

> >
> (Duy)(Duvi) — Do(NDu) — Du(NDv) + N(Du) (D_v)]
> (Dur)(Duvi) —

N(Du)(Dv) (7.7)

First
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consider the mean values,

Recall that D¢, = 0 for both the DCT and DFT basis functions. Hence, the summation
will run from i =2 toi = M, i.e.,

Duv = Z ¢; D (7.8)

=2
Similarly, we also find that
N
Du = Z a; D, (7.9)
i=2
We will now deal with the remaining summation in Eq. (7.6), rewritten below,
N M
> (ou =3 (3000 (v
k=1 i= k \j=1 X
M M N
=2 D _cici ) (Dok(De;)
i=1 j=1 k=1

I
M=

@
Il
—
.
Il
—

cici(Dogi, Doj)
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Due to the orthogonality of the discrete derivatives, as stated in Theorem 4 and Theorem
5 in the previous chapter, the matrix A is diagonal for both the DCT and DFT basis

functions. Thus,
N M
S (Dug =
k=1 i=1

where the values of the diagonal elements A;; will depend on the choice of basis. For either
the DCT or DFT basis functions, A;; = 0 so that the above summation runs from ¢ = 2
to i = M. The resulting expressing for sp,p, in Eq. (7.6) is

1| a ;
~ LIS ey (Z cip—@> . (7.10)

In a similar manner, we can find that the term sp,p, in Eq. (7.5) becomes

N N 2
1 ) S
Sbubu = 37— ;2 a;Ay; — N (;2 Gz'Dsz') . (7.11)

Finally, we must consider the first summation in the expression for sp,p, written in

Eq. (7.7),

N N M
Z Duk DU].C = Z (Z aqubz) <Z CjD¢j>
k=1 E \Jj=1 k

1

I
Eo
[

'Ms ”MZ

M
Z a;c; (Do, D)

a'CiAii>
1

7

where the simplification in the final line once again results from the orthogonality of the
discrete derivatives of the DCT and DFT basis functions. Once again, A;; = 0 so that the
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above summation runs from ¢ = 2 to ¢ = M. Thus,

spupy = < | Y_(Dug)(Duy) — N(D_U)(D_U)]

1 [ M N M
| i=2 i=2 Jj=2

The final result for the correlation S3(Du, Dv) expressed in terms of the unknown coeffi-
cients ¢, is as follows,

SDuD
Ss(Du, Dv) = —=
SDuSDv

) . (zj‘; aic;Aii — N (vazz aiD_@) (ZJA; CjD_‘ﬁj)) (7.13)

1 v T \"
SDu | N1 dima G A — N (Zi:2 CiD?bi)

We are now prepared to find the unknown coefficients ¢; which maximize the correlation
S3(Du, Dv). Note, however, that Ss(Du, Dv) does not depend on the first coefficient ¢;.
(This was also the case when maximizing the SSIM between two discrete N-vectors in
[3].) As such, we'll have to impose additional conditions in order to determine ¢;. For
2 <p< M, we'll impose the stationarity conditions

0S5(Du, Dv)
dc,

—0 (7.14)

in an effort to find the optimal coefficients ¢;.

Of course, we are required to compute the partial derivatives of the components sp,p.
and sp, in Eq. (7.13). (The term sp, contains only the a; coefficients and therefore behaves
as a constant.) Firstly, differentiating Eq. (7.12),

N
apApp — N (Z a,;D_qb,) D_gbp]
i=2
1

= 57 Ay — NDuD3,] (7.15)

asDuDv o 1
Jc, N -1

where the final line simply results from the resubstitution of Du.
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Now consider the expression for sp,p, written in Eq. (7.10). First notice that sp, =
(5pwpw)/?, so that

ast 1 _1/283Dva o 1 aSDva

Jc, _§<SDUDU) dc, 25Dy dc,

Hence, differentiating Eq. (7.10) yields,

aSDva 1 _— M [ 1
e = N1 2¢,A,, — 2N Do, <22 Do | |-
And therefore,
85D 1 _— M _—_ ]
2 — A,—ND Do, || .

Let us now examine the structure of the partial derivative of S3(Du, Dv) with respect
to the unknown coefficients ¢, for 2 < p < M. Letting the prime sign denote the partial
derivative with respect to c,, we have

/ /
653(DU, D’U) . 1 SDvSpyupy — SDuDvS py

2
Jc, SDu 57

The stationarity condition in Eq. (7.14) implies that the numerator of the expression on
the right be zero, i.e.,

SDUS,DUD’U = SDUDUS,DU‘
We now proceed as in Chapter 5.1 by rearranging the above equation as follows,

!
SDU SDv

. .
SDuDv SDuDv

Substitution of the appropriate expressions into the left hand side of the equation yields,

e =
PP [CpApp — NDé¢, <Zz‘:2 Cz'Dﬁf)z‘)} SDw

ﬁ [aPAPP - Nm? D¢p SDuDv ‘

Multiply by sp, and cancel the repeated factor ﬁ to get

cpApp — NDo, <sz\i2 C%D_@) s% 9 <p< M (7.16)
a,Apy — NDu, Do, B '
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This represents a set of M — 1 equations that must be satisfied by the coefficients c,,
2 < p < M. Using the expansions in Eq. (7.10) and Eq. (7.12), Eq. (7.16) becomes,

¢, A — NDo, <sz\i2 ClD_@> - Sy Ay;— N (sz\iz Cz’D_@)Q (7.17)
apAyp — NDu, D_¢p a Zf‘; a;c;Ay; — N <Z,]12 aiD_@> (Z;\iz CjD¢j> | |

Notice that both the numerator of the left hand side and the denominator of the right
hand side are linear in the coefficients ¢;. The numerator of the right is a quadratic form
in the ¢;. This leads to the following important result: For a given nonzero o € R, if we
replace all of the coefficients ¢,, 2 < p < M, with ac,, then Eq. (7.17) remains unchanged.
In other words, if the particular set of coefficients {c;}2, is a solution to the stationarity
conditions in Eq. (7.17), then for any a # 0, the set of coefficients {ac;}, is also a
solution. This implies that the solutions to Eq. (7.17) lie on a ray in RM~1,

This remarkable result can be understood when we recall that we are maximizing the
correlation between functions. In particular, for any constant o # 0, the following two
correlations are equal,

Ss(Du, aDv) = S5(Du, Dv). (7.18)

This fact can be easily seen from the definition,
5 SM (Duy, — Du)(aDvy — aDv)

S3(Du, aDv) = " —7
SDu ﬁ Y ey (DY — QDU)Q]

= S3(Du, Dv).

The right hand sides of Eq. (7.16) and Eq. (7.17) are independent of p. This implies
that the ratio on the left hand side is constant for all p, i.e.,

M
cyA,y — NDo, (Z ciD_¢7;> = Bu [apApy — NDuDo,|, 2<p<M, (7.19)

1=2

for a constant 3y, (where the subscript M indicates the dependency on the number of basis
functions used). This tactic is reminiscent of what occurred when we maximized the SSIM
in Chapter 5.1. Indeed, recall that stationarity conditions for the SSIM function yielded
the following result,

cp=aay, 1<k<M, (7.20)
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where the a; are the Fourier coefficients of the target function. Once again, the solutions
are seen to lie on a ray in RM~!. In Chapter 5.1, we were then able to obtain an analytical
expression for « in terms of the known Fourier coefficients a;. Unfortunately, the compli-
cated relationship between the ¢; and a; coefficients in Eq. (7.19) does not permit any kind
of substitution of the ¢; in terms of the a; to yield a condition on ;. We will have to try
a different approach to determine a value, or a range of values, for (3.

Firstly, note that in special case that D¢, = 0 for 2 < p < M-—which would apply in
the continuous case—these equations reduce to

cp = Bma,, 2<p<M. (7.21)

In this special case, we retrieve an expression similar to the contrast-enhancement ¢, = aay.
The hypothesis D_qﬁp = 0 holds for the DFT basis functions when the gradient operator
is defined by forward differences. As one might expect, this assumption is not true in
general. In particular, the same property for the DCT basis functions does not carry over
from the continuous case: When the gradient operator is defined by forward differences,
the derivative DCT basis functions are not necessarily zero mean. In Figure 6.3 at the end
of the previous chapter, we see that some DCT derivative basis functions, but not all, have
zero mean. (For those basis functions with zero mean, Eq. (7.21) will apply.)

For the general case, observe that using Eq. (7.16) and Eq. (7.19), we also have,

ﬁM _ SDvDwv . (722)

SDuDv

Using the expression for the correlation S3(u, v) between two N-vectors given in Eq. (7.1),
we can rewrite the expression for 3y, as follows,

_ S3(Dv, Dv)spySps 1 Spw
~ S3(Du, Dv)spusps  Ss(Du, Dv) sp,’

where we have used the fact that S3(Dv, Dv) = 1. We know that 0 < |S5(Du, Dv)| < 1.
Moreover, because v should approximate u, we are expecting a positive correlation, i.e.,
0 < S3(Du, Dv) < 1. This implies that

B

(7.23)

Bu 2> 0. (7.24)

Unfortunately, this seems to be as far as we can go at this moment since the term sp,
contains the unknown coefficients c;. If, however, we consider the following condition on
the approximation v,

Spu = SDw, (725)
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then from Eq. (7.23), it follows that
Bar > 1. (7.26)

The condition in Eq. (7.25) implies that the standard deviations (or variances) of the IN-
vectors of Du and Dwv are equal. It is unclear whether or not such a condition is reasonable
but it does serve as a kind of reference point in our analysis.

We also attempted another approach in our search for valid (), values. For each
2 < p < M in Eq. (7.19), multiply both sides of the equation by ¢, and then sum over
2 < p < M to yield the following equation,

S, - N (f: w) (fj m)

p:2 p=2 =2

M M
= Bu [Z apcyAyy — NDu (Z ch_gbp)] : (7.27)
p=2 p=2

Because the above equation has been obtained from the stationarity condition in Eq. (7.16),
it also satisfies the homogeneity property: If {c;}*, is a solution of Eq. (7.27), then
{aci 1, is also a solution for any a # 0. From our earlier discussion, each of the sum-
mations in the above equation may be identified with a particular quantity, e.g., Dv. As
such, the above equation may be written as follows,

| Dv||* — N(Dv)?* = B [(Du, Dv) — NDuDwv). (7.28)

Note that if M = N, then v = v which implies that Du = Dv. The above equation would
dictate that Sy, = 1. That being said, it is not clear that we can simply use Eq. (7.28). So
let us try something else, namely, multiplying both sides of Eq. (7.19) by a, and summing
over 2 < p < M, with the understanding that ¢, = 0 for M +1 < p < N. We arrive at
the result,

Z apcpApp — N (Z apD_gbp> <Z ClD_QbZ)

p=2 p=2 1=2
N N
= Bu [Z af,App — NDu (Z apD_gbp)] ) (7.29)
p=2 p=2

Note that Eq. (7.29) also satisfies the homogeneity property. As before, Eq. (7.29) is
equivalent to the following equation,

(Du, Dv)y — NDuDv = By [||Dul]* — N(Du)?] . (7.30)
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Let us now exploit the fact that Eq. (7.28) and Eq. (7.30) share a common term, namely,
(Du, Dv) — N DuDw.
We’ll multiply Eq. (7.30) and equate the appropriate terms to arrive at the following result,
|Dv||* = N(Dv)? = B3, (| Dul|* = N(Du)?,
which can be rewritten as follows,
|Dol* = B\ Dull* = N [(Do)? — 53,(Dw)?] (7.31)

Once again, it appears that we can go no farther. In [2], it was shown that a unique
solution to the problem of best approximation of vectors using correlation can be obtained
only if two additional constraints are applied. Two such constraints, adapted from [2] for
our gradient approximation problem, are as follows,

1. Equal gradient norms, i.e., |Dv|| = ||Du|| and

2. Equal gradient means, i.e., Dv = Du.

Using these constraints, Eq. (7.31) becomes

[Dull*(1 = B3) = N(Du)*(1 - By)- (7.32)
We see that Eq. (7.32) is satisfied by

Bu==1 or |Dul|=VN|Dul. (7.33)

Returning to the result in Eq. (7.26), we can discard the negative root. Given that the right
side of the second equation above depends only on u[1] and u[N], it is not guaranteed that
all functions u[n| will satisfy it. Therefore we conclude that the application of these two
constraints, i.e., equal gradient norms and equal gradient means, yields the result 5, = 1.
In the following section, we shall explore the case §); = 1 in a computational example to
see if “good” approximations are produced. We shall also examine some cases 3y > 1.

86



Examples in Correlation-based Best Approximation Between Gradients

Example 1: Consider the discrete reference signal u[n] = z[n|* evenly sampled N = 100
times on the domain of support [0, 1]. We will use the usual DCT functions to define the
basis {¢ }_, of RN i.e.,

do[n] =—=, 0<n<N-1,

2 km 1
= — — — < k< — <n< — .
ox[n] \/NCOS<N (n+2)), 1<kE<N-1,0<n<N -1, (7.34)

where N = 100 throughout. The discrete derivative will be defined by simple forward
differences, so that

Doyln] = ¢pln+1] — ¢k[n], 0<kn<N-1 (7.35)

An even extension of the data will be assumed, i.e., ¢x[N] = ¢p[N — 1], for 0 < k < N —1.

From Theorem 4, the derivatives of the DCT basis functions {¢;}i_, defined above
form an orthogonal set. The orthogonality relation is

0, k#I

7.36
A, k=1, (7:30)

(Do, Dey) = {

where Ay = 0 and A = 4sin? (5—]7\;) > (0 for 1 <k < N —1. Once more, we refer the reader
to the proof in Appendix A.2 for details.

For various choices of M and a given (,;, we are now interested in exploring the nature
of solutions vy; to Eq. (7.19). Note that when S,/ is fixed, Eq. (7.19) is a linear system of
coefficients. (When we fix (7, we are fixing a unique solution on the ray in RM~! which
satisfies Eq. (7.19).) To find the optimal coefficients ¢,, we will solve Eq. (7.19), which
holds for 2 < p < M, in Maple. For the remaining coefficient, we will simply let ¢; = aq,
the first Fourier coefficient of the reference signal u[n] in the {¢;} basis.

In our preceding analysis, we found that the constant [, the reference signal u, and
the best approximation vy, should satisfy Eq. (7.31), rewritten below,

—2 —2
[Dong|* = Byl Dull* = N | (Doas™ = B3, (Du’) |-

We also observed that imposing (1) equal gradient norms and (2) equal gradient means in
the above relation implies that 8y = 1.
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In our experiments, we would like to verify that Eq. (7.31) is in fact being satisfied.
Bringing everything to one side and taking the absolute value, we tabulate the value of the
following expression,

[1Dosl? = Bl Dul® = N [(Dowr)? — 83,(Duy?] . (7.37)

which, once again, we expect to be close to 0. We also tabulate the values of || Dvy,|| and
|| Du|, whose equality would satisfy condition (1), along with the values of Dvy and Du,
whose equality would satisfy condition (2). If both condition (1) and (2) are met, then it
follows that B, = 1. However, in some experiments we fix 8y, = 1, from which it is not
guaranteed that the norms and means are pairwise equal.

In this first example, we fix Sy, = 1 and vary M, the number of basis functions used
in the approximation v,;. In Figure 7.1 are plotted the solutions v,; to the stationarity
conditions in Eq. (7.19) for (a) M =5, (b) M = 20, (c) M = 40 and (d) M = 80 basis
functions. In all cases, the best-SSIM approximation and best-L? approximations, both
also using M basis functions, are plotted for comparison. (In each of Figure 7.1 (a)-(d), to
the resolution of the plot, the best-SSIM and best-L? approximations are virtually equal.)
As one would expect, vy, offers a good approximation to the target function u[n] for large
M. And while we do expect the approximations to get poorer as M decreases, there appears
to be a critical value of M where the poorness of the results is quite staggering. Indeed,
vs, depicted in Figure 7.1 (a), offers a strikingly poor approximation of the target function,
hovering around the average value of u[n]. By comparison, the best-SSIM and best-L?
curves, restricted to same dimensionality, are already performing significantly better.
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Figure 7.1: Correlation-based approximations between gradients to the function u(z) = z

" u[n] @ best S3 between gradients ® best SSIM @ best LZ‘

2

on [0,1] using (a) M =5, (b) M = 20, (¢) M = 40 and (d) M = 80 basis functions.
In all cases, = 1. For each M, the M-dimensional best-SSIM approximation and the
M-dimensional best-L? approximation are plotted for comparison. To the resolution of the
plots, the best-SSIM and best-L? approximations are virtually equal for all 4 values of M.
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M=5 M =20 M =40 M =80

Du 0.01000 0.01000 0.01000 0.01000
Du 0.00091 0.00458 0.00781 0.00993
| Dul 0.11605 0.11605 0.11605 0.11605
| Dv]| 0.05222 0.07335 0.09758 0.11545

Eq. (7.37) 8242 x 107% 1.856 x 107 5.284 x 1075 1.52 x 107°

Table 7.1: Values of Dvy, and || Dvy,|| for variable M where 3 = 1. The values of Du and
|| Du||, which do not vary with M, are included for comparison. We also include the value
of the expression in Eq. (7.37), which we expect to be near 0.

In Table 7.1, we present the values of Duvyy, ||[Dvy| and Eq. (7.37) for each of M =
5,20,40,80 as depicted in Figure 7.1. The values Du and || Du|, which depend only on
N = 100 and are constant with respect to changes in M, are also included for comparison.
We find that the condition described by Eq. (7.37) is roughly satisfied; for each value of M,
this number is near 0. As M increases, the value of Eq. (7.37) gets even smaller. We know
that vy, — u as M increases towards N = 100, hence it is not surprising that Du ~ Dug,
and || Du|| =~ || Dvgyl|| according to the entries in Table 7.1. On the other hand, conditions
(1) and (2) are not roughly met for the smaller values of M. The fact that Eq. (7.37) is
roughly 0 indicates that some other balance of terms is occurring.

The poorness of the approximations for low M in Figure 7.1 is somewhat surprising.
What is perhaps even more surprising, looking at the plots, is that the correlations between
the gradients of these approximations and that of the target function are greater than the
correlations between the best L? gradients and SSIM approximation gradients and that of
the target function! (In order to understand this better, one would need to examine the
derivatives, which we have done but have not reported.)

In this example, our value of N = 100 is quite high. By contrast, when approximating
a digital image, we would likely be using such an approximation for rather low values of
N, e.g., the 8 x 8 blocks that the JPEG standard uses. The candidate values of M will still
be rather moderate by comparison, and may still produce reasonable approximations. It
may be worthwhile to investigate how these approximations differ from their Fourier and
best-SSIM counterparts. However, because this method did not seem too promising, we
did not pursue the 2D case while completing this thesis.

For our second example, we explore the role of the parameter 8y, in Eq. (7.19). While
we know that Eq. (7.19) holds for some constant 5, we were not able to fully determine
its value. Our analysis in the previous section suggests that we may expect Sy > 1. In
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Figure 7.2, we fix M = 60 basis functions and plot the best approximations vy, for (a)
By = 1.0, (b) Bar = 1.05, (¢) By = 1.1 and (d) By = 1.3. In Table 7.2, we present the
values of Dy, ||Dv|| and Eq. (7.37) for each of the four plots in Figure 7.2. For the values
of B = 1.0,1.05, the gradient norms and means are closest to being equal. The values
described by Eq. (7.37) are also at their smallest. As § increases, this value grows away
from 0 as expected. The gradient means and norms also grow further away from each
other, respectively.

By = 1.0 By = 1.05 By =1.1 By = 1.3

Du 0.01000 0.01000 0.01000 0.01000
Duy 0.00941 0.00988 0.01035 0.01223
| D] 0.11605 0.11605 0.11605 0.11605
| D 0.11091 0.11646 0.07335 0.09758

Eq. (7.37) 1307 x 1075 1.44 x 107° 1.582x 10™° 2.209 x 107°

Table 7.2: Values of Dvy and [[Dvy|| for M = 60 basis functions and variable 3. The
values of Du and || Dul|, which do not vary with ), are included for comparison. We also
include the value of the expression in Eq. (7.37), which we expect to be near 0.

In this section, we have derived the stationarity conditions for the maximization of
Ss(Du, Dvyy), the correlation between the gradient of a target function v € RM and
the gradient of its M-dimensional approximation vy;. An infinity of solutions exists: If
{cx}2L, is a solution, then so is {acy HL, for any o € R. This follows from the fact that
S3(Du, Dvyr) = Ss(Du, aDvyy). A unique solution can be obtained by imposing two con-
straints employed in best SSIM-based approximation but adapted to this problem, namely,
(1) equal means, Du = Duv, and (2) equal norms, ||[Du|| = ||Dvy|. In “nice” cases, i.e.,
when M is sufficiently large, the approximations yielded by this method are reasonably
“good”, as compared to best L?-based and best-SSIM-based approximations. But when M
is small, the approximations yielded by this method can be quite poor. A most likely rea-
son for this problem is the lack of connection between the values of the approximation and
the target function since the method deals only with derivatives. One way to overcome this
difficulty, which also avoids the need to impose the equal norms constraint, is to include a
“regularization term” in the cost function which penalizes large distances between u and
its approximation vy; and which can be expressed in terms of their expansion coefficients,

e.g.,
N

M
Mlu—=vall3 =2 (=) + X)) ag. (7.38)

k=2 k=2
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(a) N =100, M = 60, By = 1.0 (b) N =100, M = 60, 33 = 1.05
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Figure 7.2: Correlation-based approximations between gradients to the function u(z) = x?
on [0, 1] using M = 60 basis functions, with (a) gy = 1.0, (b) Sy = 1.05, (¢) S = 1.1
and (d) Sy = 1.3.
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(Of course, the final term can be ignored.) We have performed a few experiments and
found that for very small values of A > 0, the approximations yielded by this regularized
scheme are very much improved. That being said, these methods will not be discussed in
this thesis since (1) only a few experiments were performed and (2) a proper discussion
and analysis of the method—which is an extremely interesting one—would require at least
another chapter.

7.2 Best Approximation by Maximizing the SSIM Be-
tween Gradient Vectors

Recall that in Chapter 5.1, we maximized the following SSIM function between two continuous-
time signals,
AUV,

(@® 4+ v2)(02 + 02)’
Eq. (7.39) corresponds to a special case of the SSIM in which the Sy and S3 terms have
collapsed into a single term. (This combination is made possible by choosing stability
constants such that Cy = 2C3.) In Eq. (7.39), we have also made the simplifying assumption
that all three stability constants C'}, Cs, and C3 are equal to 0.

SSIM(u, v) = (7.39)

In this section, we will maximize the SSIM between gradient vectors. In the following
problem, we will omit the S; term of the SSIM since it involves only mean values. We
expect, as occurred in [3], that we will need to use the S; term in order to determine the
first coefficient ¢; of the approximation.

With that understanding, we define the following SSIM-based similarity function for
vectors in RV,
2850 28w

2452 Suut Sww

S(u,v) = Sa(u,v)S3(u,v) =

(7.40)
We now consider the following best approximation problem in RY in terms of this SSIM-

based similarity between two gradient vectors: For a given target function v € RY, with
Fourier expansion

N
u:Zaiqbi, where ap = (u, ), 1 <k<N,
=1
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and an 1 < M < N, find the approximation of the form,

M
Uy = E Ci®i,
i=1

which maximizes the similarity between the gradients of u and v, as measured by S(u,v)
in Eq. (4.2),

¢ = arg max S(Du, Dvyy).
deRM

Here,
N

M
Du=Y a;D$; and Dvy =Y ¢:Dé;.

i=1 i=1
As before, we will let v denote our best approximation going forward, omitting the sub-
script, to avoid confusion when extracting its component parts.

The statistics in the objective function,

2 uv
S(Du, Dv) = SI:L Dy (7.41)
SDuDu SDuvDwv

were already expressed in terms of the expansion coefficients in the previous section. As
before, sp,p. does not depend on the unknown coefficients ¢;. For the remaining terms,
we substitute the expansions obtained in the previous section to get

2 [Zf\iz aiciAiz — N (Zi\; aiD_gbi) (ZJJZZ CjD_gbj)]
SpzDe T+ {Zi‘iz ;A — N (Zi\i? CZD_@> 2] |

S(Du, Dv) =

We now examine the structure of the partial derivative of S(Du, Dv) with respect to ¢, for
2 <p < M. As before, letting the prime sign denote the partial derivative with respect to
Cps
95(Du, Dv) _ 2[($pupu + $DvD0)SDuDs — ‘;DuDvleva]’ 9 <p< M.
8Cp (SDuDu + SDva)

The stationarity condition,

9S(Du, Dv)
dc,

implies that the expression on the right be zero, i.e.,

=0,

/ /
(3DuDu + SDva)SDuDv — SDuDvSpyDy = 07
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which implies that,
/ /
(SDuDu + SD’UD’U)SDuDU = SDuDvSpyDo-

We now proceed as before by rearranging the above equation to obtain,

/
SDvDv _ S$puDu + SDvDv

/
SDuDv SDuDv

Substituting the expressions for the appropriate derivatives from the previous section into
the LHS of the above equation, we have

o SDuDu + SDvDv

2¢,A,, — 2N D¢, (ZZJZZ cZD_gzﬁz>
a,Ayy — NDzDo, ~ SDubw

Dividing both sides by 2, we arrive at the following result,

- M =
a,Ay,y — NDxDo, 25DuDy

Once again, the RHS of each of the above M — 1 equations is independent of p, implying
that the ratio on the LHS is constant for all p, i.e.,

M
¢yApy — NDo, (Z ciD¢i> = Bu [apAp, — NDzD@y], 2<p< M,
=2

for some constant 5. But we note that this is the same condition as Eq. (7.19) found in
the previous section. In other words, our use of the SSIM function as a measure of the
similarity of two gradient functions yields nothing new.
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Chapter 8

The Einstein Images Revisited

8.1 MSE Between Gradient Vectors

This chapter marks a transition in our treatment of gradients in image processing appli-
cations. Following our introduction to gradients via best approximation methods, we now
embark on our in-depth investigation of gradient similarity measures and their incorpora-
tion into the SSIM.

We arrived, at this moment in our winding explorations, newly afaced with those Ein-
stein images recalled in Figure 8.1. It may be necessary to restate some details with which
we had been previously well-acquainted: The six Einstein portraits are each a 256 x 256
pixel, 8 bits-per-pixel greyscale image. They are notorious for having nearly-equal MSE,
despite exhibiting varying degrees of perceptual quality. In Chapter 4, the Einstein images
allowed us to analyze the SSIM and, in particular, the respective roles of each of its three
component parts. Although no definitive conclusions could be drawn from our simple ex-
periments, those results did support our belief that the correlation is the most important
component of the SSIM.

We now present our second set of so-called “Einstein experiments”. Although simple-
minded, the following experiments highlight once again our inclination towards a stripped
back approach based on first principles, a position which characterizes our work throughout
this thesis.

Our focus in this section is to begin our computational exploration of the gradient.
The first step is, of course, deciding on the manner in which to compute gradients. There
are numerous reasonable choices: Indeed, we acknowledge that in the image processing
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(a) original

(d) impulse (e) jpg (f) meanshift

Figure 8.1: The reference Einstein image original and its perturbations.

literature, many different formulas—which can be expressed in terms of “filters” operating
on the matrices representing the images—are employed. Furthermore, different gradient
filters will most probably yield different computational results. That being said, our pri-
mary purpose here is to introduce the idea of using gradients in image quality measures.
As such, we continue to employ simple forward differences to compute our gradients and
consider an exploration of other methods to be beyond the scope of this thesis.

Let x denote the reference image original and y denote the appropriate degraded image.
For 1 <i,j < 256, the gradient of the reference image = at the (i, )" pixel is defined by,

inj = (iL‘(Z + laj) - LE(i,j), iL‘(Z,j + 1) - x(%]))? (81)
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except at the edges of the image, i.e., when ¢ = 256 or j = 256. Since the index 256 + 1
lies outside the region over which the image is defined, the image must be extended.
We have assumed an even extension of the image, so that z(256 + 1,7) = (256, j) and
x(i,256 + 1) = x(4,256). This produces a zero value for the appropriate component of the
gradient vector. A similar expression holds for a degraded image .

Underlying the following explorations is the question of how sensitive the human visual
system is to changes in the gradient vector. For our first simple attempt at addressing
this question, we will compute the usual L? distance between gradients. If the structural
information encoded in our simplistic gradient allows the MSE, which does not otherwise
consider spatial relationships between pixels, to differentiate between the Einstein images,
then this would be substantial evidence in favour of applying gradients in image quality
assessment.

For the original image x and each of the 5 perturbations y, we compute the following

distances,
1/2

N N
1
Ve = Vyllz = DD Ve = Vygls| (8.2)
i=1 j=1
where N = 256 and the gradients Va and Vy are computed using simple forward differences
as previously described. The results of the computation are presented in Table 8.1 below.

blur contrast impulse Jpg meanshift
17.0349 5.5426  23.9110 17.6135  0.1309

Table 8.1: RMSE between the gradients of the original Finstein images and its perturba-
tions.

We can immediately observe a significant deviation in the values of these distances. It
is clear that computing the MSE between gradients already offers a marked improvement
over the traditional MSE. However, the results in Table 8.1 become even more encouraging
after a closer look. Recall that in Chapter 4, we discussed the following ranking of the
Einstein images as prescribed by the MSSIM,

meanshift > contrast > impulse > blur > jpg. (8.3)

In terms of the distances reported in Table 8.1, the meanshift image is once again closest
to the original Einstein image. Since the meanshift image is produced from original by
merely adding a constant to the greyscale values of the latter, the gradient of the two images
are identical. (The observed deviation is due the presence of a few pixels whose meanshift
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value is restricted by limits on the greyscale range, i.e, restricted to the maximum possible
value L = 255.) The contrast image is next lowest in terms of gradient distance. These
two results are in agreement with the ordering of image quality dictated by the MSSIM
and reported in Eq. (8.3). Indeed, if we let the gradient distances define an ordering of
image quality, it would be as follows,

meanshift > contrast > blur > jpg> impulse . (8.4)

We see that the relative ordering of blur and jpg is also the same as for the MSSIM. In fact,
the only difference between Eq.(8.4) and Eq. (8.3) is the placement of the impulse image.
According to the gradient distance, impulse is moved to the end of the line, the furthest
from original. The addition of impulse noise strongly affects not only the gradient at
each contaminated pixel, but also the gradients of its adjacent neighbours. The increased
disparity between adjacent intensity values is evidently, and understandably, bothersome to
the gradient-based MSE. It is possible that some preprocessing methods, such as blurring
or downsampling of the image, could mitigate this effect, perhaps even to the extent that
one could retrieve a ranking of gradient distance in agreement with Eq. (8.3).

8.1.1 The Quest for a Gradient Similarity Measure

The results of the previous section suggest that there is a compelling relationship between
the visual closeness of images and the distances between their gradients. The question
still remains of how best to measure gradient similarity. In the following section, we will
formulate a few different measures of gradient similarity, all of which clearly seek to match
gradient vectors. We will compare the performance of our various formulations by applying
them to the Einstein images.

Our foremost source of inspiration on which to model a gradient similarity measure was,
of course, the correlation. Indeed, in the same way that the SSIM computes the correlation
between two M x M patches x and y, one might be tempted to compute the correlation
between their gradients Va and Vy. However, Vx and Vy will both be an M x M block
of vectors, i.e., each component of the M x M matrix will be a 2-vector as written in
Eq. (8.1). These details illuminate our motivating question. We are, in fact, faced with
the following: How does one measure the similarity between two blocks of vectors?

For our first approach, recall that the correlation between two image patches z,y € RV
can be interpreted as the cosine of an angle 0, i.e.,

Sz Lo - Yo
Sy(z,y) = —L = = cos,
)= sy = Tl
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where
ro=z—T and Y=y-—1Y,

as discussed on p. 13.

In a similar fashion, our first gradient similarity measure is based on the angle between
gradient vectors. Given the two blocks of vectors Vz and Vy, we compute the cosines of
the angles between their respective components Vz;;, Vy;; € R?,

Vﬂ?ij : V?/ij
V||| Vyss]| + Ca’

cosb;; = 1<4,j <M, (8.5)

and then take the average of these cosines over the entire block,

| MM
cosf = WZZCOSHU. (8.6)

i=1 j=1

The gradient vectors Vz;; and Vy;; are both defined by two pieces of information:
the orientation angle and the magnitude. The above approach is, of course, only taking
into consideration the former of these two qualities. It is not yet clear if this is actually
disadvantageous. It is unknown at this point if the human visual system is sensitive to
changes in gradient angle, changes in gradient magnitude, or some weighting of the two.
Testing Eq. (8.6) on the Einstein images should give us an indication of the efficacy of
using angle information only.

Notice that in Eq. (8.5), we have included a small stability constant Cy in the denomi-
nator only. This is, of course, to protect against numerical instabilities should either V;;
or Vy,; be close to (0,0). However, it is quite possible that a given pixel location (3, j),
both gradient vectors Vz;; and Vy;; are close to (0,0). In such a case, one can make a
claim that the two vectors are quite similar—in fact, identical. It may be tempting, in light
of this possibility, to insert a stability constant in both the numerator and denominator
of Eq. (8.5). On the other hand, it may well be the case that the dot product produces a
bona fide zero value—in which case we would prefer to revert to having a stability constant
in the denominator only. This dilemma involving the stability constants will be further
explored in Chapter 9. For the moment, we simply consider the formulation stated in
Eq. (8.5). In our computations, we set Cy = 1075,

As discussed in Chapter 4, p.30, we will compute our similarity measures, including
Eq. (8.6), using non-overlapping patches of various sizes. After computing the value of
Eq. (8.6) for each patch, we compute the mean over the entire image. The results of this
computation are presented in Table 8.2 below.
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8x8 16x16 32x32 64 x64
blur 0.3052 0.3052  0.3052  0.3052
contrast ~ 0.9766 0.9766  0.9766  0.9766
impulse 0.9787 09787 0.9787 0.9787
Jpg 0.1977 0.1977  0.1977  0.1977
meanshift  1.0000 1.0000  1.0000  1.0000

Table 8.2: Average cos 6 values between the original Einstein image and its degradations
for various patch sizes using Eq. (8.6).

We not that for each degraded image, the values of cosf reported in Table 8.2 do not
differ with patch size. This is to be expected. Similar to the computation of the RMSE,
we are first finding the average angle in each block, then averaging over all blocks, so that
the final result is just an average of angles over all pixels in the image.

We also note that the gradient correlations for the blur and jpg images are significantly
lower than the scores for the other degraded images. Blurring and strong JPEG compres-
sion affect the gradients of an image significantly—blurring dampens the gradients while,
in JPEG compression, many blocks with zero gradient are produced.

On the other hand, the cos @ values for contrast, meanshift, and impulse are all quite
high. In the contrast image, the gradients are scaled and therefore correlation is preserved.
In the meanshift image, we expect the gradient to be identical because the degraded image
is simply a shifted version of the original image. In the impulse image, the modification
of a few isolated pixels contributes little to the averages taken. Reflecting on these results,
it may be of concern that the generous impulse value in Table 8.2, which exceeds even the
contrast value, disrupts the ranking of the images imposed by the MSSIM in Eq. (8.3).

A natural variation of this method leads us to our second proposed gradient similarity
measure. In this second related method, we first compute the mean vector of each block,

Vr=— Z Z Vz;; and Vy= Z Z Vyij, (8.7)

=1 j5=1
and then compute the correlation between these two mean vectors as follows,
_ V_ . V_
cosf= —— YV (8.8)
IVa][[[Vyll + Cy

Once again, we have set Cy; = 107° in our computation. In Table 8.3 we present the average
correlation values obtained by applying this method to the original Einstein image and its
degradations for various block sizes.
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8x8 16x16 32x32 64 x 64
blur 0.8245 0.8877  0.9568  0.9979
contrast ~ 0.9938 0.9932  1.0000  0.9999
impulse 0.9055 0.9267  0.9527  0.9969
Jpg 0.5252  0.6762  0.8814  0.9834
meanshift 1.0000 1.0000  1.0000  1.0000

Table 8.3: Average cos 6 values between the original Einstein image and its degradations
for various patch sizes using Eq. (8.8).

The values in this table are generally quite high, with many individual entries exceeding
0.9. The only exceptions are the blur entries for 8 x 8 and 16 x 16 blocks and the jpg entries
for all blocks but those sized 64 x 64 pixels. By first taking the average value of the gradient
vectors of a block and then computing a correlation, one might argue that a great deal of
information about the block—including any similarities of lack of similarities of component
gradient vectors—is lost. Indeed, the rather large values of the blur entries—and even the
less inflated jpg entries—suggest that the method described by Eq. (8.8) may not be a
good way to compute gradient similarity.

With all of the above work done involving angles of gradient vectors, we haven’t ac-
tually determined any correlation between the entire sets of data Vax and Vy. Rather,
we have so far only considered averaging the cosine of angles existing between their indi-
vidual components. For our next formulation, we wanted to compute, in some way, the
correlations of the angles of the corresponding gradient vectors of the two images.

Let the gradient vectors of the images x and y be expressed in both Cartesian and polar
form as follows,

VIZ‘]' = (Clz‘j, bU) = rijew”', Where rij = \/az?j + b?] and Hij = tan_l(bij/aij)
Vyi; = (cij, dij) = Tijew"j, where 7;; = ,/c?j + dfj and ¢;; = tan_l(cij/dij). (8.9)

We then compute the correlation between the two M? vectors defined by the angles 6;;
and Qbija i.e.,

S04
0 =2 d
5i0.9) = =1 (8.10)

where the covariance spys and the variances sy and s, are defined in the usual way.

The average correlations obtained by the above method as applied to the original
Einstein image and its degradations for various block sizes are presented in Table 8.4.
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8x8 16x16 32x32 64 x 64
blur 0.2039 0.2388 0.2529  0.2561
contrast  0.9839 0.9849  0.9852  0.9855
impulse  0.9819  0.9826  0.9828  0.9828
ing 0.1321 0.1756  0.1982  0.2082
meanshift  1.0000 1.0000  1.0000  1.0000

Table 8.4: Average block-correlation values Sy(6, ¢) between the original Einstein image
and its degradations for various patch sizes using Eq. (8.10).

All of this being said, we will not discuss the method defined by Eq. (8.10) at length in
this thesis. Given the periodic nature of the angle, complications are introduced based on
the fundamental interval of definition. The values in Table 8.4 correspond to 6;; € [—m, 7],
the default interval in Matlab. In this scheme, the values —7 + € and 7 + ¢ are nearly 27
apart in the absolute sense, while we would prefer to interpret those angles periodically
as being very close together. Shifting the fundamental interval of definition has significant
impact on the values in Table 8.4, to the extent of changing the relative ordering of the
images, and is based on the unpredictable distribution of the angles of the gradient vectors
in the given images. Although we did explore this issue, we will be omitting any further
discussion relating to Eq. (8.10).

To devise yet another gradient similarity measure, we turned our focus to addressing a
different concern. Up to this point, we had been bothered by the relatively high impulse
scores in Table 8.2 and Table 8.3. It is likely that the impulse noise affects the magnitudes
of the gradient vectors more than their angles, which suggests that we should also examine
the correlations of the magnitudes of the gradient vectors, i.e.,

s
Su(r,s) = —2 8.11
s = (8.11)
where the magnitudes r, p are computed according to the formulas in Eq. (8.9). In Table
8.5 below we present the average correlation of gradient magnitudes between the original
Einstein image and its degradations for various block sizes.

We see that the impulse correlation values are noticeably lower than their counterparts
in both Table 8.2 and Table 8.3. This indicates that the magnitudes of the gradients vectors
are providing at least some way of detecting the distortion produced by impulse noise. The
relative ordering of the distorted images imposed by the MSSIM and described by Eq. (8.3)
is also maintained for all attempted block sizes. Based on these two observations, it appears
that the gradient magnitudes provide a better indication of image quality than the gradient
angles alone.
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8x8 16x16 32x32 64 x64
blur 0.2298 0.3108  0.4127  0.4649
contrast ~ 0.9807 0.9849  0.9975  0.9974
impulse 0.6971 0.4823 0.4518  0.4737
Jpg 0.1361 0.2351 0.3801  0.4565
meanshift  1.0000 1.0000  1.0000  1.0000

Table 8.5: Average block-correlation values Sy(r, s) between the original Einstein image
and its degradations for various patch sizes using Eq. (8.11).

For our final proposed measure, we step away from methods using one of either the
gradient angle or magnitude to instead consider the individual z and y components of
the vector. For this final method, we compute the correlation between the components of
the gradient vector separately. For two corresponding image blocks, one taken from the
reference image and one from a degradation, we let a denote the correlation between the
x-components of the blocks and b denote the correlation of the y-component of the blocks.
In this way, we obtain two correlations for each block, which we present as an ordered pair
(a,b). The question is then how to extract one number from this pair of values. There are
a number of reasonable possibilities, e.g., taking the maximum, minimum, or average. We
have chosen to compute the “normalized magnitude” of the vector (a,b), i.e., the quantity

Ly v
Sy(a,b) ﬂ(a +b°)7, (8.12)
which lies in the range [0,1]. As usual, we then compute the average Sy(a,b) across all
blocks in the image. For the original Einstein image and each of its perturbations, we
present those average “normalized magnitudes” for various block sizes in Table 8.6 below.
(When computing the correlations a and b, we have once again included the small stability
constant Cy in the denominator only.)

As was the case for the correlation of magnitudes presented in Table 8.5, these impulse
values are more punished, although not to the same extent. For all block sizes, these values
also maintain the relative ordering imposed by the MSSIM in Eq. (8.3). At this point, it
seems that both the correlation of magnitudes and “normalized magnitude” methods are
performing at least reasonably well.

This completes the presentation of our novel methods of computing gradient similarity.
However, during the course of this work, we became aware of a pre-existing method to
compute the correlation between vectorial data sets. It is known as the “canonical correla-
tion” method, introduced by mathematician Harold Hotelling in 1936 [3]. It is, in a sense,
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8x8 16x16 32x32 64 x64
blur 0.3551 0.3969 0.4391 0.4619
contrast 0.9902 0.9922 0.9964 0.9975
impulse 0.7600 0.5858  0.5573  0.5715
Jpg 0.2142 0.2735 0.3571  0.3977
meanshift 1.0000 1.0000  1.0000  1.0000

Table 8.6: Average “normalized magnitude” of the block-correlation between gradient
vectors for the original Einstein image and its degradations for various patch sizes.

a more rigorous approach than our simplistic methods explored above. To conclude this
section, we will compute the canonical correlation of the Einstein images. Before doing so,
we first present a brief description of the method.

First of all, we flatten the original image patches z,y € RM*M to produce column
vectors z,y € RM *. The individual elements of z, y are K-vectors. In our application to
gradient vectors of images, K = 2. We now represent this data by two M? x K matrices,
ie.,

a1 Ce a1 K b11 e blK
A= : : : , B=

ap1 ... Ape2K bM21 bMQK

We shall let a;, and b; denote the i*" column vectors of A and B respectively, i.e.,

Q14 by

Apr2g bar2i,

(We acknowledge that this notation may be rather dangerous but hope that it will serve
its purpose.) In our application, the column M?2-vectors a; and b; are composed of the
x-components of the gradient vectors of the two images being compared and the column
vectors a; and by are composed of the y-components of the gradient vectors.

Throughout, we assume that all column vectors a; and b; are zero-mean. (In our
earlier computations, the formula defining regular correlations included the subtraction of
the means. This is not the case for the canonical correlation. In any applications, we’ll
have to manually subtract the appropriate means from our original data.)

We now require the following definitions from linear algebra. The collection of col-
umn vectors, {a;}X,, define the column vector space of the matrix A, to be denoted as
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“colsp(A)”, as follows,
colsp(A) = span{ay,--- ,ax},

i.e., the set of all linear combinations of the a; vectors. Likewise, the column vector space
of B is defined as
colsp(B) = span{by,--- ,bx}.

By definition, colsp(A) and colsp(B) are subspace of RM”.

We now come to the main point: The canonical correlation, C(A,B), between the
matrices A and B is the maximum correlation that can be found between a vector u €
colsp(A) and a vector v € colsp(B). One way to state this is as follows,

K K
C(A,B) = s C (; Crag, ; dlbl) . (8.13)

Very fortunately, there is a Matlab routine which can be used to compute the canonical
correlation between two matrices A and B. The file “subspacea.m” can be downloaded
from the Matlab file exchange [9].

There is one important note to be made regarding the code. The “subspacea.m” routine
tries to find K angles between vectors of both column spaces. Because K = 2 in our
applications, we will ideally be returned two angles. The first angle is the “best”, i.e., the
angle associated with the vectors yielding the highest correlation. Sometimes, the program
can find only one angle. And in some very extreme cases, no angles are found. In this case,
we manually assign the value of 0 to the canonical correlation. Such failures were found,
but only in the case of the jpg image. We have not investigated this problem in detail, but
suspect that it may be due to the flatness of the blocking artifacts in the jpg image.

In Table 8.7 below are presented the average blockwise canonical correlations obtained
by the above method applied to the original Einstein image and its degradation for various
patch sizes.

The values in Table 8.7 seem to be more forgiving than their counterparts in Table
8.5, which considered the correlation of magnitudes, and Table 8.6, which considered the
“normalized magnitude” of the correlations between x- and y-components. This may be
due to the fact that the canonical correlation method is considering the complete gradient
vector as opposed to only one of its components, thereby giving more opportunity to find
good correlation. Moreover, recall that the canonical correlation method searches for the
best correlation. One may well wonder if this is really what we want. Indeed, although this
is perhaps a more rigorous way to approach computing the correlation between gradients,
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8x8 16x16 32x32 64 x64
blur 0.4879 0.5095  0.5459  0.5548
contrast 0.9935 0.9945 0.9989  0.9988
impulse 0.8185 0.6694 0.6512  0.6698
Jpg 0.3126 0.3744  0.4690  0.5082
meanshift 1.0000 1.0000  1.0000  1.0000

Table 8.7: Average blockwise canonical correlation values between the original Einstein
image and its degradations for various patch sizes.

we may prefer the results using one of our more simplistic approaches. Answering this
question necessitates the testing of our simplistic methods, as well as the canonical corre-
lation, over a much larger range of distortions. This observation ushers in the arrival of our
next chapter, where we graduate to experimentations on the so-called “LIVE Database”.
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Chapter 9

Incorporating Gradient Correlation
Into the SSIM

We now present what should be considered as the culmination of our efforts throughout
this thesis: The experiments on the LIVE database. We wish to investigative whether the
incorporation of gradient information could, in some way, “improve” the MSSIM. Of course,
what is meant by “improve” will have to be discussed, and we do so later in this chapter.
It naturally arose, during the completion of this work, to perform a detailed examination
of the MSSIM, with particular attention paid to the role of the stability constants. To the
best of our knowledge, such a systematic analysis of the MSSIM has not appeared in the
literature.

9.1 Introducing the LIVE Database

The Einstein images, which had been greatly useful to us, were no longer sufficient for our
exploits. Little could be said, using the Einstein images alone, about the individual differ-
ences between the gradient similarity measures surveyed in the previous section. Moreover,
our hope now was to improve the SSIM by incorporating gradient information—should our
naive measures, or perhaps the canonical correlation, be up to the task. In order to per-
form these types of comparisons between measures, we required a large collection of digital
images and some indication of their relative quality according to a typical human observer.

Of course, this is not a new need for the larger image quality assessment community.
A variety of application-specific and general use databases have been assembled over the
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recent years. For our concerns, we naturally referred to a study performed by the Labo-
ratory of Video Engineering (LIVE) at the University of Texas at Austin, in which they
obtained quality scores from human participants for hundreds of distorted images. In what
follows, we use their “LIVE Image Quality Assessment Database”—in particular, the most
recent version, “Release 2”"—which is freely available for download at [21].

A brief introduction to the LIVE database is required. Details beyond those sum-
marized here can be found in [23] and [22]. To produce the database, twenty-nine high-
resolution 24 bits-per-pixel RGB colour images were collected. These reference images were
then distorted using one of five distortion types: JPEG 2000, JPEG, white noise in the
RGB components, Gaussian blur, and transmission errors in the JPEG 2000 bit stream
using a fast-fading Rayleigh channel model.

Hundreds of degraded images were generated for each of the distortion types listed
above. In all cases, the level of distortion was slowly increased such that the resulting
collection of degraded images occupied a broad range of visual quality, from imperceptible
levels of distortion to high levels of impairment.

Human participants were then shown the distorted images and asked to provide a sub-
jective quality score. (They were not shown the associated reference image for comparison.)
It is reported that about 20 to 29 observers rated each image. Participants were asked to
rate the quality of the image on a continuous linear scale that was divided into five equal
regions marked by the following adjectives: “Bad”, “Poor”, “Fair”, “Good”, “Excellent”.
The images were shown to each participant in a unique randomized order. More details
about the experiment, e.g., the lighting and viewing conditions, are reported in [23]. In
this way, 982 images were evaluated by human subjects over seven sessions. For reasons
that will become clear, the reference images were mixed in with the distorted images and
also received a subjective quality rating during each of the seven sessions. As such, 203 of
the 982 images in the LIVE database correspond to repeated instances of the 29 reference

images. The distribution of these 982 images over the five distortion types is reported in
Table 9.1.

JPEG ‘ JPEG 2000 ‘ White Noise ‘ Gaussian Blur ‘ Fast-Fading H Total
233 | 227 | 174 | 174 | 1T4 | 982

Table 9.1: The distribution of the 982 total images comprising the LIVE database across
the five types of distortions.

The subjective ratings obtained from different observers had to be somehow combined
so that each image in the LIVE database could be associated with a single perceptual
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quality score. These amalgamated values are known as the “Difference Mean Opinion
Scores”, or simply DMOS. The DMOS values were computed as follows. Let r;; denote
the i*" participant’s raw score of the j' image. This raw score was then converted to a
raw difference score d;; according to the following formula,

dij = Tiref(j) — Tij»

where 7.6y denotes the raw score given by the ith participant to the reference image
corresponding to the ;" distorted image. At this point, outliers were identified according
to conditions specified in [23] and removed from the data. The raw difference scores were
then converted into Z-scores. The Z-score for the i subject and the ;' image is

dij — d;

A — _—,
i o

where d; is the mean of all raw difference scores associated with participant i and o; is the

standard deviation of those scores (both computed after outlier remover). The Z-scores

were then averaged over all participants i, yielding a single score Z; associated with the j

image.

The mean Z-scores z; were then realigned to produce the DMOS scores. The realign-
ment study was intended to calibrate the quality scales of the seven different sessions. Once
more, we refer the reader to [23] for details related to the realignment study. Here we will
only state that a linear relationship between the DMOS scores and Z-scores was assumed,
and the parameters were obtained according to an error minimization scheme. The range
of the DMOS scores is reported in [23] to be 0 to 100, but we find that the DMOS scores
repackaged in Release 2 range from —2.64 to 111.77. It is unclear what a negative DMOS
score implies about the perceptual quality of the image.

Although these details are rather interesting, the point of this discussion is largely
to understand that perceptual quality decreases as DMOS increases. A “perfect” score
DMOS = 0 does not imply that the corresponding image is an undistorted reference image;
rather, it indicates an imperceptible level of distortion (if at all present) in the image. At
the same time, due to the test methodology described above, the 203 uncorrupted reference
images are not guaranteed to possess a perfect score DMOS = 0.

The parameters associated with the distortions, such as the JPEG quality factor @) or
the standard deviation o associated with the white noise, were slowly varied to generate the
degraded images. The relationship between changes in these parameters and perceptual
quality is unlikely to be linear. (Later in this chapter, we will investigate the relationship
between the JPEG quality factor @ and the SSIM.) An even distribution across the range
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Figure 9.1: Histograms of the DMOS scores by image type.

of perceptual quality is therefore not guaranteed. For this reason, we were interested to
see the distribution of the DMOS scores in the LIVE database. In Figure 9.1, we have
plotted histograms of the DMOS scores for the entire database and for each individual
distortion type. The tall spikes at DMOS = 0 can likely be attributed, in large part, to
the reference images. For the white noise and Gaussian blur images, the gap between the
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first bar, capturing DMOS near 0, and the second next bar is rather interesting. It appears
that small levels of these distortions are immediately more bothersome to the human visual
system than the others. Overall, the DMOS scores are well-distributed for all five distortion

types.

Figure 9.2, depicting a small set of distorted images from the LIVE database, allows
us to quickly peek behind the curtain. We have selected one example image from each of
the five distortion types. Although a sample of this size is by no means comprehensive,
it does convey the variety in subject and composition among the 29 reference images.
The reference images include portraits, photos of animals, nature, and man-made objects,
among others; In terms of composition, there are images with an obvious subject anchored
in the foreground and images with no obvious focal point.

The representative images in Figure 9.2 were all chosen within a relatively small range
of DMOS values. According to the assigned DMOS scores, these images should all have
essentially equal perceptual quality. In this way, Figure 9.2 is also meant to demonstrate
the difficulty inherent in comparing entirely different images and distortion types on a
single scale, whether one is asking this of humans or a mathematical formula.

A final note should be made about how the distortions affect the colour images in
Figure 9.2. In particular, high levels of JPEG distortion corrupt the colour channels,
yielding greyscale blocks as exhibited in Figure 9.2 (b). This corruption is obvious, and
likely very bothersome, to a human’s eye. However, as we know, the SSIM was formulated
to be computed on greyscale images. The built-in Matlab function “rgh2gray” is typically
used to obtain the required greyscale image. This convention is adopted by us in the
following experiments. One does wonder if the colour corruptions, like in Figure 9.2, are
captured by such a process or if the resulting greyscale image is not as obviously distorted.
This question, and an investigation of the best practices for computing the SSIM on colour
images, is outside the scope of this thesis.

9.2 Experiments on the LIVE database

9.2.1 Analyzing Different S; Formulations and Introducing a First
“oradSSIM” Measure

Our first practical experience with the LIVE database was to simply compute the MSSIM
for all of its 982 images. The MSSIM [29] of each image was computed using the official
code publicly available at [2&]. (For the moment, we use the provided code “ssim_index.m”
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Figure 9.2: Example distorted images in the LIVE database. (a) DMOS = 67.8906, (b)
DMOS = 63.3076, (c) DMOS = 62.5892, (d) DMOS = 63.3819, (¢) DMOS = 67.6265
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which does not perform any preprocessing of the images. The suggested downsampling
procedure included in “ssim.m” will be explored towards the end of this chapter.) Unlike
our simplistic experiments on the Einstein images, the provided code computes the MSSIM
in overlapping sliding windows of size 11 x 11 pixels. When computing the statistics in the
local window, a Gaussian-weighted vector is used. In this way, the pixels located centrally
in the window contribute more to the local means and variances than those towards the
window’s border. Further discussion of the Gaussian-weighted vector can be found in
[32]. Unless otherwise indicated, we will use a Gaussian-weighted vector in all of our
computations on the LIVE database.

Unlike our earlier experiments, the official MSSIM we now compute includes stability
constants in both the numerator and denominator of its components. We used the sug-
gested values, as reported in [32]: C) = (K; x L)?, Cy = (Ky x L)%, and C3 = Cy/2, where
Ky = 0.01 and K5 = 0.03. The greyscale images produced by “rgh2gray” have dynamic
range L = 255, yielding C = 6.5, Cy = 58.5 and C3 = 29.2 when rounded to one decimal
place.

Interested to see if we could corroborate the findings of our naive Einstein experiments,
we next computed the individual components of the SSIM on the LIVE database. In each
component, we used the appropriate stability constant listed above (in both the numerator
and denominator) and an 11 x 11 Gaussian-weighted vector when computing the local
statistics.

Finally, we also computed one of our gradient similarity measures. Our first choice was
to compute the normalized magnitudes of the correlation between components, i.e.,

Sy = %(cﬂ + )12, (9.1)
where a denotes the correlation between the z-components of the gradients and b denotes
the correlation between the y-components of the gradients. Our work with the Einstein
images suggested that this is one of the more promising of our simplistic methods. In the
spirit of the MSSIM, we included a stability constant, denoted Cy, in both the numerator
and denominator of the correlations a and b. Moreover, because we think of these corre-
lations as gradient-based analogues of the S3 component, we made Cy (practically) equal
to Cjs, i.e., we let C'y = 30. This reasoning is justified by our observation that the gradient
correlations were similar in magnitude to the regular correlations, at least for the Einstein
images.
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Figure 9.3: Plots illustrating the performance of the MSSIM, its individual components,
and our “normalized magnitude” S, measure on the LIVE database. The points have been
colour-coded according to degradation type: In the legend, “jp2k” indicates JPEG 2000
distortions, “jpeg” for JPEG, “wn” for white noise, “gblur” for Gaussian blur, and “ft” for
fast-fading. The “dist” measure indicates the variance in the data according to the curve
of best fit. 115



The results for this first set of experiments are displayed in Figure 9.3. The convention
in the literature, which we have adopted here (at least for the moment), is to plot the
DMOS scores along the vertical axis. Included in each of the plots in Figure 9.3 is a curve
of best fit obtained using nonlinear regression performed by the Matlab function “fitnlm”.

We use the following nonlinear relationship given in [23] for the regression,
Quality(x) = pilogistic(Ss, (x — 53)) + Bax + B
1 1
logistic(r,z) = = — ——— (9.2)

2 1+exp(ra)

To be able to evaluate the performance of the different measures, we compute the
RMSE between the DMOS and the algorithm score after nonlinear regression. (This is one
of a few statistical evaluation techniques explored in [23].) For example, consider the plot
of MSSIM scores in Figure 9.3 (a). For the j*® image in the LIVE database, we compute

982 1/2
dist = | Y (DMOS(j) — Quality(MSSIM(j)))*| . (9.3)

Jj=1

In Figure 9.3, this value is provided in the “dist” measure displayed in the title of each plot.
Because the curve is obtained through least squares regression, our “dist” measure can be
thought of as the variance between the fitted curve and the DMOS values as a function of
the algorithm score. From the plot of the MSSIM and its regression curve in Figure 9.3,
we see that the data points are quite concentrated about the curve at the bottom right
region of the plot, which may be considered as the “low DMOS” region (i.e., under 20) or
“high MSSIM” region (i.e., near 1). As we move leftward and upward, however, the data
points are distributed more diffusely about the regression curve. This led us to think of
one possible criterion for “improving” MSSIM, namely, decreasing the diffusiveness of the
data points in the lower DMOS region.

The plots of the MSSIM and its individual components in Figure 9.3 reflect our earlier
conclusions made using the Einstein images. First looking at Figure 9.3 (b), there is an
incredible amount of compression along the S; axis towards S; = 1. This illustrates once
again our earlier conclusion that the S; term differentiates little between distorted images.
Conversely, the S; and S3 components are both performing well, with S5 exhibiting a
slightly lower “dist” value than S5. Figure 9.3 (e) shows the result of computing Sy x S5
in the local sliding windows. Unsurprisingly, the Sy x S5 plot and the MSSIM plot are
visually indistinguishable from one another, an attribute which is also reflected in their
nearly equal “dist” values.
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Figure 9.3 (f) illustrates the performance of our first attempted S, measure as defined in
Eq. (9.1). This plot is, quite plainly, disappointing. Overall, the Sy plots looks like a more
diffuse version of the S35 one pictured above. In particular, the clump of points ballooning
above the fitted curve between Sy = 0.6 and S; = 0.9 is rather disturbing. Moreover, both
this bothersome clump and the yellow circles (denoting white noise images) near S; = 0.2
appear to be slipping down the fitted curve, cascading towards S; = 1.0. The obvious
culprit responsible for overinflating the scores is the stability constant, which appears in
both the numerator and denominator of the gradient correlations. It appears that the
value Cy = 30 is too high, artificially pushing the quotients a and b towards 1.

As mentioned earlier, this value of Cy was chosen to agree with the MSSIM’s stability
constant C3. However, during our research, we were unable to find in the literature any
clear description of how or why this particular C'3 value was chosen. In fact, the suggested
values of all three stability constants C, Cs, and C3 were much larger than we had ex-
pected. In [32], the stability constants are described as “small” constants to protect against
instabilities in the denominator; although “small” and “large” can only be understood as
relative terms, their raison d’étre could be satisfied by significantly smaller values. For our
second experiment, we were thus motivated to vary the value of Cy, in the hope that a
lower value would yield a significant increase in performance.

We were also eager at this time to make a first attempt a modifying the SSIM using
gradient information. We considered this following very simple formulation, which we
called “gradSSIM” to indicate the addition of gradients. For two image patches x and y,
we define the following local similarity measure,

gradSSIM(z, y) = SSIM(z,y) - Sy(z,y) = Si(x,y) - Sa(x,y) - Ss(x,y) - Su(z,y).  (9.4)

As is done in the MSSIM, we obtain a global gradSSIM by taking the mean of all the local
values in Eq. (9.4). Because Sy(z,y) < 1, gradSSIM < MSSIM. It was not lost on us that
this formulation may be overly punitive. However, a test run of Eq. (9.4) on the LIVE
database was required to be certain.

The results of applying our gradSSIM measure on the LIVE database, for various
choices of (4, are depicted in Figure 9.4. In all cases, the stability constant C appears
in the numerator and denominator of the gradient correlations a and b. The stability
constants C7, Cy, C3 remain unchanged from their suggested values listed previously.

Unfortunately, the gradSSIM is performing noticeably worse than the MSSIM for all
five Cy values shown in Figure 9.4. For the moderate C} values considered, i.e., Cy =
1,10, 30, 50, the corresponding sequence of distgaqssmv values fluctuates in the low-400s.
These “dist” values are significantly elevated compared to distgsmy = 328.
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Figure 9.4: Plots of the MSSIM and our first simple “gradSSIM” measure for various
choices of Cy. None of the gradSSIM are performing as well as the MSSIM. For C;, = 1000,
the gradSSIM plot is visually close (but not yet equal) to that of the MSSIM.
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Reflected in all plots is the punitive nature of Eq. (9.4). The MSSIM plot in Figure 9.4
(a) is characterized by the increasingly tighter concentration of points narrowing towards
the “tip” at MSSIM = 1. On the other hand, the gradSSIM plots appear much more
diffuse. This observation is consistent with our impression of the Sy plot in Figure 9.3 (f).
Moreover, there are significantly more images with gradSSIM € [0, %], i.e., in the lower half
of possible scores, compared to the MSSIM plot.

Indeed, that bothersome clump of points is still ballooning atop the fitted curve in the
gradSSIM with Cy = 30, although there is more spread between points due to the influence
of the SSIM’s components. By comparison, the gradSSIM with Cy = 1 deals with most of
these points quite nicely, sliding many of them back towards gradSSIM = 0. Figure 9.4 (a)
thus achieves a nearly linear relationship. Unfortunately, the red crosses (denoting JPEG
images) in this clump, roughly between DMOS = 80 to DMOS = 100, are the exception:
They shift little between all six plots in Figure 9.4, appearing to be almost invariant to
changes in Cy.

For sufficiently large C4, S4 ~ 1. Hence, we expect distgaassiv — distgsiv as the
gradSSIM function approaches the SSIM function. Indeed, the gradSSIM plot with C; =
1000 is visually similar to the MSSIM plot; However, there are still visible differences. It
may be surprising that this C4 value is not large enough to yield a closer agreement in their
“dist” values. This disparity indicates that the quantities involved in the S; computation
can be very large.

Overall, Figure 9.4 does invite criticism of the punitive nature of the gradSSIM. This
admission aside, we are still first and foremost concerned with the stability constant Cj.
None of the configurations just explored are entirely satisfying. To continue our investiga-
tion of Uy, we returned to our initial instinct during the Einstein experiments: removing
Cy from the numerator and using a value of Cy < 1. For the moment, we step away from
the gradSSIM to see the effect of this choice on the S, term alone.

This idea led to the production of six new plots, the presentation of which is split over
Figure 9.5 and Figure 9.6. In the left columns of Figure 9.5 and Figure 9.6 are shown the
result of including the indicated Cy value in both the numerator and denominator. The
right columns show the result of having the corresponding C} in the denominator only.
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Figure 9.5: Results of varying Cj in our “normalized magnitude” S;. Plots in the left
column correspond to C} in both the numerator and denominator; The right column cor-
responds to Cy in the denominator only.
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Figure 9.6: Results of varying Cj in our “normalized magnitude” S;. Plots in the left
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sponds to (4 in the denominator only. The MSSIM has also been plotted for comparison.
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Once again, that invariant group of JPEG images persists throughout the plots in the
left columns of Figures 9.5 and 9.6. The placement of these points is particularly attention
grabbing in Figure 9.5 (a), in which they really stand out from the crowd. Conversely,
in Figure 9.5 (b), which corresponds to having Cy < 1 in the denominator only, these
problematic crosses have been nicely swept towards Sy € [0,0.2]. This placement is in
much better agreement with their DMOS values and the fitted curve. We also like the
overall shape of Figure 9.5 (b): Although it loses the sharp “tip” of the MSSIM, the points
are reasonably close to the fitted curve along its entire length.

Before moving on, there is one more worthwhile observation to make about the plots
in the right-hand columns of Figures 9.5 and 9.6. Note that, as C, increases, there is a
growing “trail” of points at DMOS = 0. This phenomenon is also exhibited in the MSSIM
when the stability constants are removed from the numerator (see Figure 9.6 (f)). We
believe this is likely due to instabilities in the numerator, i.e., a situation where sp,p, ~ 0
and |[spa||[lspyll ~ 0.

Going forward, we are tempted to adopt the S, having Cy = 107 in the denominator
only. This is, however, a large departure from the conventions set by the MSSIM. We
performed a couple of tasks to validate our preferred S;. Having noted that our preferred
Sy in Figure 9.5 (b) deals quite nicely with those problematic JPEG images, we were
interested to take a closer look at the relationship between JPEG compression and the .S
scores.

For our experiment, we saved many degraded instances of the well-known “Boat” image
by slowly increasing the level of JPEG compression. We obtained a similar sequence
of increasingly degraded “Boat” images using the JPEG 2000 compression method as
well. For both JPEG and JPEG 2000 distortions, we were then able to investigate the
relationship between the S; scores and image quality. The resulting plots are shown in
Figure 9.7. In all cases, the horizontal axis indicates “bpp”, i.e., “bits-per-pixel”. Here
we simply state that the bits-per-pixel is a measure of compression in the image. The
pure reference “Boat” image is 8 bits-per-pixel; As the degree of compression increases,
the bits-per-pixel decreases. (The determination of these bits-per-pixel values represents a
significant amount of work, but we won’t discuss it here.)

In Figure 9.7 (c), we plot the relationship between our preferred S; and the bits-
per-pixel for both JPEG images (see the blue curve) and JPEG 2000 images (see the
red curve). Figure 9.7 (b) considers instead the S, with Cy = 30 in the numerator and
denominator. For comparison, the SSIM is used in Figure 9.7 (a). Our preferred S,
penalizes both JPEG and JPEG 2000 compression much more harshly than the SSIM. A
visual examination of the degraded “Boat” images revealed that the heavily-compressed
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Figure 9.7: SSIM and S, vs. bits-per-pixel for JPEG and JPEG 2000 compressed “Boat”.

images, i.e., having bpp less than 0.5, were very degraded. We felt that the SSIM in
this lower range was undeservedly elevated, while the low scores of our preferred S, were
arguably more reasonable. This preference is also in agreement with our earlier appreciation
of the manner in which this S, handles those problematic JPEG crosses in Figure 9.5 (b).
On the other hand, the treatment of these distortion types by the S, with Cy = 30 is very
similar to, although even worse than, that of the SSIM. Overall, this experiment did justify
the choice of our preferred S; over the Sy with Cy = 30 in the numerator and denominator.

Seeking further justification of our preferred S, we also returned to the other formu-
lations of gradient similarity explored using the Einstein images. In particular, we will
now revisit cos@ (see Eq. (8.6)), cos@ (see Eq. (8.8)), and the canonical correlation (see
Eq. (8.13)), all discussed in the previous section.Figure 9.8 depicts the relationship between
the different gradient similarity measures as they perform on the LIVE database. The plots
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reveal the degree of correlation between two different S, measures, as indicated in the axis
titles. In all cases, the horizontal axis corresponds to our preferred Sy. Figure 9.8 (a),
which considers the canonical correlation against our preferred Sy, is particularly heart-
ening. These two methods are evidently highly correlated. Recalling that the canonical
correlation is arguably a more rigorous approach, we consider Figure 9.8 (a) to be a big en-
dorsement of our preferred Sy. It is also impressive that our efficient and simple-minded Sy
is able to produce comparable results to the computationally-costly canonical correlation.
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Figure 9.8: Comparison of the different S; measures.

Also exhibiting a nearly linear relationship with our preferred S, is cosf, plotted in
Figure 9.8 (b). It is interesting to note the sparse, secondary diagonal line which has formed
above the primary linear relationship existing in the plot. On the other hand, Figure 9.8 (d)
considers our initial choice, Sy with Cy = 30 in the numerator and denominator, against our
preferred S;. As one might expect from our previous experiments, these two formulations
show little correlation.
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9.2.2 Investigating the Stability Constants in the MSSIM and
Presenting an Improved gradSSIM

The experiments surveyed in the previous section culminated in the determination of our
preferred Sy measure. We had devoted much effort to justify its breaking of tradition set
by the MSSIM. Having reached a comfortable level of familiarity with the LIVE database,
and after many hours spent pored over plots, we were emboldened at this point in our
explorations to take yet another step away from convention.

Going forward, we will flip the orientation of the axes such that the DMOS scores are
plotted along the horizontal axis. Because the DMOS scores are obtained from the subjec-
tive experiments, they are, or at least could be considered to be, the independent values.
When developing a new quality measure, we are seeking to map the subject assessment of
an image, i.e., its DMOS value, into a number, e.g., an Sy value.

Given this understanding, it is actually the scatter in the algorithm scores relative to
the curve that characterizes goodness of fit. In order to compute this new “dist” value, we
first have to obtain a best fit curve for the flipped data.

The nonlinearity provided in [23] and written in Eq. (9.2) is a transcendental expression
and cannot be inverted. One could drop the linear term to obtain an invertible expression,
but the resulting inverse function exhibits undesirable behaviour for our application. It is
unclear how the authors of [23] came to expect the complicated relationship in Eq. (9.2).
A simple polynomial fits the flipped data well. In particular, we will proceed using a
quadratic function for the fitted curve.

As discussed, our previous work had also led us to question how the stability constants
in the SSIM were chosen. To attempt to answer this question ourselves, we decided to
vary the stability constants in the SSIM. In keeping with our new rebellious spirit, we
were cautiously wondering, however unlikely, whether the MSSIM could be “improved”
by simply changing the value of these constants. Based on our previous work, we were
particularly interested to attempt the case with C, 5y, C3 < 1 in the denominator only.

The relevant plots are shown in Figure 9.9. (Many other values of the stability con-
stant were considered, but have not been included here.) Figure 9.9 (a) considers the case
C1,Cy, C5 < 1 in the denominator only. In Figure 9.9 (b)-(f), all three stability constants
appear in both the numerator and denominator. In these cases, C; = 6.5 remains un-
changed from its suggested value and Cy = 2C5 for the value of C5 indicated by the title.
The “distDMOS” value, also displayed in the title of each plot, indicates the variance of the
flipped data. The flipped distance has been renamed “distDMOS” in order to distinguish
it from the “dist” value computed previously.
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Figure 9.9: Vary the stability constants C3 and Cy = 2C3 in the SSIM. The value of
C7 = 6.5 is kept constant.
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For Figure 9.9 (b)-(f), where the stability constants appear in both the numerator and
denominator, increasing Cy and C5 appears to sharpen the tip at DMOS = 0. At the
same time, the diffusiveness in the high-DMOS region worsens as the fit in the low-DMOS
region improves. Based on these observations, we suspect that the suggested values of the
MSSIM stability constants were to chosen to yield a good fit for low-DMOS images. It
does not appear to be advantageous to increase ('3 past C'3 = 30. According to Figure 9.9
(f), there is even more bulging in the high-DMOS region when Cj is increased past its
suggested value.

On the other hand, Figure 9.9 (b) has a uniform spread relative to the best fit curve
across its entire length. The bulging for high-DMOS images is better controlled, but at the
expense of the great fit in the low-DMOS region. Figure 9.9 (b) also features the lowest
“dist DMOS” value. For the cases we considered, “distDMOS” continues to decrease as Cs
decreases toward C3 = 1. Interestingly, there is no “critical value” of C5 (and C5) at which
this distance increases, which could have suggested an “optimal” value for the stability
constants.

Finally, Figure 9.9 (a) considers the case Cy,Cy, C3 < 1 in the denominator only. This
plots looks like a more diffuse, and ultimately worse, version of Figure 9.9 (b). Indeed, the
“distDMOS” is also elevated compared to the value in Figure 9.9 (b).

After these experiments, we were able to offer reasonable speculation on the reasoning
underlying the choice of stability constants in the MSSIM. At the same time, we liked the
plot in Figure 9.9 where C3; = 1. To try and understand which of these two formulations
was working better, we undertook our own detailed subjective evaluation of the images in
the LIVE database. At this point, it must be mentioned that the subjective evaluation
described over the next few paragraphs could be viewed as a kind of “mini-version” of the
evaluation performed by the inventors of the Structural Similarity index in order to come
up with “reasonable” values of its stability constants. We are making use of subjective
assessments, i.e., the DMOS scores, over an image database, i.e., the LIVE database, to
come up with a “reasonable” functional form of our Sy as well as its stability constant.

For our evaluation, we identified various groups of points whose placement in Figure 9.9
(b) and (e) interested us. We then visually inspected the corresponding distorted images,
as well as their reference images, to determine which treatment of the points was more
“fair”.

Over time, the subjective evaluation grew to be a very large set of explorations. We
explored not only many groups of images, but also metrics not discussed here, e.g., our
S, measure and the RMSE. Below, we will provide only a very brief summary of our
explorations.
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Figure 9.10: Subjective Evaluation.

A few examples of the investigated groups are provided in Figure 9.10. For example,
Figure 9.10 (a) and (b) show the same group of JPEG 2000 distorted images, but their
MSSIM values are shifted depending on the chosen constant. We were interested to see
if these images were all distorted to a similar degree, as indicated by the default MSSIM,
or if they covered a wider range of perceptual qualities, as suggested by the MSSIM with
C3 = 1. Ultimately, we concluded that these images were all of very high visual quality
(as one would expect from their placement near DMOS = 0). We could not discern any
visible evidence to justify the spread of scores in Figure 9.10 (a).

We also looked at the JPEG compressed images in Figure 9.9 (c) and (d). Our goal
here was to assess which of the default MSSIM scores or the harsher scores of the modified
MSSIM were more “fair”. We found these images to be heavily distorted, such that it
could be argued that the placement in Figure 9.9 (c) was more appropriate.
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Our evaluation did reiterate many issues with which we had already been wrestling.
Firstly, we found it hard to justify the placement of such vastly different images occupying
an exceptionally large range of visual quality on a single quality scale. When faced with
an image and asking ourselves, “Is this score fair?” we could sometimes only shrug and
conclude, “Maybe?”. Moreover, when a preference between regimes was clearer, it was not
consistent. When something was working well in one regime (e.g., the concentration in
the low-DMOS region for the unmodified MSSIM), something else was going awry (e.g.,
the scatter in the high-DMOS region of the unmodified MSSIM). We began to wonder if
it was possible to expect a single formula to properly handle all distortions and all degrees
of visual quality.

Be that as it may, we put those concerns aside for a moment to revisit our gradSSIM.
For our second attempt at a gradSSIM measure, we maintained our simple definition, i.e,

gradSSIM($7 y) = SSIM(£> y) ’ S4([L', y)v

but this time using our preferred S, with Cy = 107° in the denominator only. The results
are provided in Figure 9.11 (b). Figure 9.11 (a) also provides the MSSIM for comparison.

(a) (b)

distDMOS = 3.6771 C4=1e-05 distDMOS =3.3771

0.8

0.6

SSIM

0.4 o

0.2

Figure 9.11: Our second attempt at a gradSSIM, which uses our preferred S; with C); =
107? in the denominator only. The MSSIM is shown for comparison.

As we had hoped to do, this version of the gradSSIM has a much improved fit in the
high-DMOS region compared to the MSSIM. Aligning with our earlier impressions, this
success is balanced by a loss in the low-DMOS region, where the gradSSIM is exhibiting
its diffuseness. The overall spread in the Figure 9.11 (b) appears to be slightly less than
Figure 9.11 (a). This observation is also reflected by the gradSSIM’s lower “distDMOS”
value.
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Ultimately, this gradSSIM offers a better choice for applications dealing with heavily
degraded images. Due to the overall lesser scatter, one may also be tempted to claim that
it offers a better choice for applications concerning a wide range of qualities. However, our
subjective evaluation revealed that the high-DMOS images are extremely degraded. Based
on our study, it would be reasonable to assume that the low-to-mid DMOS region captures
reasonable distortion levels for most practical applications. In this light, the spread in
the low-DMOS region of the gradSSIM is probably much more problematic that the high-
DMOS spread of the MSSIM. In other words, a gain in the high-DMOS region may not be
worthwhile if it comes at the expense, as it does in this case, of the good fit for low-DMOS.
These observations led us to wonder if even better results can be achieved using a different
approach.

9.2.3 Blended Image Quality Measures

For some time, we had been questioning the validity of demanding that a single mathemati-
cal formula should accommodate all types of distortions across the entire quality spectrum.
We often speculated that the human visual system may access a variety of processes when
judging different aspects of an image. This thought led us to consider “blending” multiple
formulas in a manner that might be more aligned with how the human visual system ag-
gregates information. For example, one could combine the values from multiple measures
by taking the maximum, minimum, or a convex combination.

We also considered the following “blended” approach. Recall that the MSSIM performs
well in the low-DMOS (high-MSSIM) range, while the gradSSIM performs well in the high-
DMOS (low-gradSSIM) range. In practice, we don’t have access to the DMOS score of a
given image. We can, however, make some inferences based on the MSSIM score, which
can be easily computed. If the MSSIM score is high, we expect the MSSIM to accurately
predict the image quality. If the MSSIM score is low, we expect the gradSSIM to perform
better. Using this idea, we formulate the following piecewise-defined function based on the
MSSIM score: For a given threshold T' € [0, 1], define

MSSIM, if MSSIM > T

0.5
oradSSIM, if MSSIM < T, (9:5)

HybridSSIM = {

If the threshold 7" made is appropriately close to 1, Eq. (9.5) chooses the score that
we expect to be more indicative of the quality of a given image. (Note that this choice
occurs on the global level, not in the local image patches.) This approach is in the spirit of
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asymptotic analysis, where one has two solutions, both accurate in an isolated region, and
attempts to combine or “stitch” them together to yield a single solution working across
the entire range of values.

The result of using Eq. (9.5) for various thresholds 7 is provided in Figure 9.12. Varying
the parameter T determines the transition point between regimes. Unfortunately, the
plots for all values of T look strange due to the large gaps between regimes. Perhaps the
highest threshold 7" = 0.85 in Figure 9.12 (f) looks the best, and it does exhibit the lowest
“dist DMOS”. Overall, one would prefer for the points to be positioned such that a seamless
transition is achieved.

We attempted the following to reduce the gaps between regimes in Figure 9.12. Instead
of using the gradSSIM, one could instead simply use the S; measure in its place, i.e.,

MSSIM, if MSSIM > T

) (9.6)
Sy, if MSSIM < 7.

HybridSSIM = {

By omitting the SSIM components contained in the gradSSIM, the S; measure on its own
is less punitive. This should reduce the gap between its values and those of the MSSIM.

The result of using Eq. (9.6) on the LIVE database is shown in Figure 9.13. The
threshold 7" = 0.85 shown in Figure 9.13 (f) once again appears to working the best.
The “distDMOS” is reduced compared to Figure 9.12 (f), so some improvement has been
made. Although the gap between regimes is reduced, the transition is still not seamless.
In particular, the horizontal line produced by “cutting” the MSSIM is very obvious.

For our final attempt, we use the modified SSIM with C3 =1, i.e.,

MSSIM, if MSSIM > T

9.7
modified MSSIM, if MSSIM < T'. (9.7)

HybridSSIM = {

While the modified SSIM does not exhibit a particularly good fit in the high-DMOS region,
it does occupy a uniform spread across the entire curve of best fit. The plots produced
using Eq. (9.7) are shown in Figure 9.14. As before, the highest attempted threshold
T = 0.85 in Figure 9.14 (f) appears to be working the best. While this “distDMOS” is the
lowest yet, there is still an unsightly gap between regimes.

Although our piecewise definitions such as Eq. (9.5) are well-motivated, in practice
cutting off the MSSIM at T" produces a stark horizontal line which is rather unappealing.
After some reflection, we were able to develop another “blended” image quality measure.
By inferring a preference between measures as before, an appropriate weighting between
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Figure 9.12: A “HybridSSIM” using the gradSSIM as defined in Eq. (9.5).
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measures is achieved without relying on piecewise definitions. The presentation of this
image quality measure, the most successful of our attempted formulations, will conclude
this chapter.

For two images patches x and y, we define the following “blended” local similarity

function,
gradSSIM1(z, y) = SSIM(xz, ) - Sy(x, y)' ~SS™M@y) (9.8)

where the name “gradSSIM1” differentiates this measure from our previous “gradSSIM”.
For SSIM near 1, Sy(z,y)' 5™@¥) ~ 1 and gradSSIM1 is close to the SSIM function. For
SSIM near 0, Sy(x,y) ~5S™@Y) i close to Sy. In this way, we reduce the effect of Sy in the
low-DMOS region, where it exhibits a great deal of scatter, and increase the effect of 5}
in the high-DMOS region, where it is more successful than the MSSIM. Most importantly,
the combination of terms in Eq. (9.8) leverages their strengths in a seamless way.

If the effect of the Sy is not sufficiently strong for large DMOS (low MSSIM) images,
we may prefer the following definition,

gradSSIM1(z,y) = SSIM(x, y) - Sy(z, y) ~SSMEw)*, (9.9)

On the other hand, this might introduce the problem of the S; term having too much influ-
ence, and hence introducing too might scatter, in the high MSSIM points. In other words,
for low DMOS (high MSSIM) images, Sy(z, y)lfSSIM(x’y)Q may no longer be sufficiently close
to 1.

The results of applying both versions of the gradSSIM1, i.e., Eq. (9.8) and Eq. (9.9),
are shown in Figure 9.15. The MSSIM is included in Figure 9.15 (a) for comparison. Both
versions of the gradSSIM1 in Figure 9.15 (a) and (b) appear to be working well, with little
visible difference between the two plots. According to the “dist DMOS” value, Eq. (9.9) is
performing slightly better. In general, the gradSSIM1 improves the scatter in the mid-to-
high DMOS without sacrificing the good fit for low-DMOS. At a glance, the central cluster
of points bulging in the MSSIM plot is nicely pulled down by the gradSSIM1 towards to the
lower end of the vertical axis. At the same time, the low-DMOS range of the gradSSIM1
is only somewhat more diffuse compared to the MSSIM.

Throughout our work we had been paying close attention to some problematic groups
of points in this migh-to-high DMOS bulge; Eventually, these concerning points were in-
vestigated during our subjective evaluation. By pulling this central cluster downwards,
the gradSSIM1 handles these problematic groups particularly nicely. Perhaps the most
significant difference between the MSSIM and our blended approach in Figure 9.15 is the
treatment of those (red) JPEG points with high DMOS,; i.e., positioned between 90 to 110
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Figure 9.15: The gradSSIM1 in Egs. (9.8) and (9.9). The MSSIM is shown for comparison.

on the horizontal axis. While the MSSIM of these points is rather high, between 0.4 and
0.7 (see Figure 9.15 (a)), the gradSSIM1 reduces these values significantly, down to 0.1 to
0.4. As mentioned when summarizing our subjective evaluation, these lower values seem
to be more appropriate for these images. The same can be said for the similarly placed
(blue) JPEG 2000 points, i.e., with DMOS in the range of 90 to 110.

Our gradSSIM1 also penalizes the (yellow) white noise points with slightly higher
DMOS, i.e., in the range 50 to 80. Because the JPEG and JPEG 2000 points also are
pulled downward, these white noise points are effectively closer to the regression line for
our method. Similarly, the white noise points with in the range 90 to 110 are pulled even
nearer to 0 on the vertical axis. This placement agrees with our subjective evaluation,
during which we observed these images to be extremely degraded.

For the high-DMOS images, i.e., near 100, the attempt to cluster the data points may
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be considered as more of an academic exercise than one of practical value. After all, and
as alluded earlier, these images are heavily distorted, and this is especially true for those
white noise degraded images just discussed. However, it may still be of practical concern
to improve the fit in the mid-DMOS range, i.e., 40 to 80. As we have discussed, the
MSSIM assigns a relatively high value to most images in the mid-DMOS range. Indeed,
with the exception of the white noise images, the great majority of the mid-DMOS points
lie above the fitted curve in Figure 9.15 (a). Importantly, these points remain similarly
elevated for most values of the stability constants. Even when C'; = 1 and the highest
degree of penalty to these points is achieved (see Figure 9.9 (b)), the mid-DMOS MSSIM
is still generally higher than the mid-DMOS gradSSIM1. Our method can produce smaller
quality values for both the mid-DMOS and high-DMOS range which, on the basis of the
subjective evaluation, are warranted. Once again, this placement cannot be achieved simply
by varying the stability constants in the MSSIM.

The Effects of Downsampling

We had finally formulated a gradient-based SSIM-like function which could be seen to
“improve” the MSSIM. However, the optimal application of the MSSIM involves a down-
sampling procedure which we had not yet explored. In order to fully asses the improvements
made by our method, we needed to investigate the effect of the downsampling procedure.

The suggested downsampling procedure is described at [28]. For our gradient-based
measure, the question of when to perform the downsampling is important. One could
either first downsample the images before computing their gradients, or compute the gra-
dients before downsampling the gradient images. We attempt both of these possibilities in
Figure 9.16. The MSSIM with downsampling is also shown in Figure 9.16 (a) for compari-
son. Most interestingly, according to Figure 9.16 (b)-(e), it seems to make little difference
when one downsamples the images relative to the gradient computation. This observation
is reflected in the similar “distDMOS” scores between all four gradSSIM1 plots. Unlike
before, Eq. (9.8) now appears to have the edge, however small, over Eq. (9.9) when down-
sampling is included.

It is striking how much the MSSIM is improved by the downsampling procedure. The
“distDMOS” is significantly decreased between Figure 9.15 (a) and Figure 9.16 (a). By
comparison, the gradSSIM1 doesn’t profit as much from the additional preprocessing of
the images. While the gradSSIM1 is still outperforming the MSSIM in terms of the “distD-
MOS” metric, its lead is much decreased. That being said, this preprocessing method has
been tailored with the MSSIM in mind. It is possible that a different preprocessing method
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could be more advantageous for the gradSSIM1. This question is, of course, outside of the
scope of this thesis.
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Chapter 10

Concluding Remarks

We studied many topics over the course of our work. In this section, we summarize the
main contributions of each chapter in this thesis. Many of these topics invite worthwhile
extensions which, at the time of writing, have not been fully explored due to time lim-
itations. Throughout this discussion, we also highlight some natural avenues for future
work.

The first half of this thesis focusses on the Weberized distance, the correlation, and the
SSIM. In Chapter 3, we inserted an intensity-dependent weight function into the L2-based
distance in order for it to conform to generalized Weber’s model of perception. We solved
the resulting best approximation problem and examined the “Weberization” effect of the
weighting function on solutions in both one- and two-dimension(s). An open question
worthy of exploration is whether there is any relationship between the approximations
yielded by this method and those of the related measure-based approach discussed in
[15, 14]. Moreover, the range-based weight function is in no way limited to Weber’s model:
its behaviour may be tailored to other applications in image processing and beyond.

In Chapter 4, we performed a simple experiment using the set of equal-MSE “Einstein”
images, in which we investigated the roles of each individual component of the SSIM. Our
experiment suggested that jointly the Sy and S3 terms are largely responsible for the total
discernment by the SSIM function. On the other hand, we observed that the Weberized
distance, which was similar for all distortion types except blurring, exhibits no obvious
relationship with perceptual quality. It would be interesting to explore the reason for its
exceptional sensitivity to blurring distortion.

In response to these observations, Chapter 5 explored adding the correlation as a regu-
larization term in our Weberized best approximation problem. We analytically determined
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solutions for the simple case a = 0 and A > 0. For general values of these parameters,
we showed that increasing A “undoes” the Weberization in the simple one-dimensional
examples considered. In the future, it would be worthwhile to extend this approach to the
two-dimensional case.

The second half of this thesis is devoted to our exploration of the gradient. In Chapter 6,
we incorporated the squared L2-distance between gradients as a regularization term in the
traditional L?-based best approximation problem. We showed that the Fourier coefficients
remain optimal in some special cases—in particular, if the orthogonal cosine basis is used in
the continuous setting or if the DCT/DFT basis functions are used in the discrete setting.
An interesting open question is whether this result holds for other orthonormal basis sets.
During this work, we also proved that the discrete derivatives of the DCT and DFT basis
functions form an orthogonal set, a result which has not appeared in the literature to the
best of our knowledge.

In Chapter 7, we studied the best approximation problem which maximizes the corre-
lation between gradients. We derived the related stationarity conditions and found that an
infinity of solutions exists. We showed that a unique solution can be obtained by imposing
the conditions of equal gradient means and equal gradient norms. Using some simple ex-
amples, we saw that a significant number of basis functions are required to yield reasonable
approximations. Finally, we showed that the same results are obtained if one considers
maximizing the entire SSIM function between gradients. Although time constraints regret-
tably prevented its inclusion in this thesis, we also explored some initial results of using
gradient ascent to maximize the stationarity conditions. These results are very interesting
and worthy of discussion. Furthermore, we started to explore the addition of a regulariza-
tion term in the correlation-based problem. This method, yielding much improved results,
is undoubtedly worthy of future study.

Chapter 8 begins by showing that, as measures of perceptual quality, the simple L2-
distance between gradients already offers a marked improvement over the conventional
MSE. We then formulated various gradient similarity measures and compared their per-
formance on the “Einstein” images. Our proposed gradient similarity measures differ from
those existing in the literature due to their mathematical simplicity. An interesting open
question which arose during this work was how to compute the correlation between periodic
data, i.e., angles. In the future, it would also be interesting to explore different methods for
computing the image gradients beyond our simple forward differences employed throughout
this thesis.

In Chapter 9, we discussed our numerous experiments using the LIVE image database.
We suggest that the DMOS be considered as the independent (input) variable, an un-
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derstanding which, to the best of our knowledge, has not been adopted elsewhere in the
literature. Of course, this approach can also be applied to other image databases and
associated subjective measures. We also performed a detailed investigation of the SSIM
which involved varying its stability constants. Once again, it appears that such an analysis
has not been performed elsewhere in the literature.

A major goal of Chapter 9 was to explore if the SSIM could be “improved” by in-
corporating gradient information. To that end, we justified the selection of our preferred
gradient similarity measure, which was demonstrated to be highly correlated with the
canonical correlation method. We used this to define a “gradSSIM1” image quality mea-
sure which, compared to the MSSIM, improves the fit in the mid-to-high DMOS range.
The novelty in our approach lies in its ability to seamlessly blend the behaviour of different
measures using SSIM-dependent exponents. Regrettably, time did not permit an examina-
tion of other possible “blended” methods. Even still, our approach introduces a new way
of considering image quality measures. Indeed, it is our hope that this novel framework
will stimulate future research in this area.
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Appendix A

Orthonormality of the Discrete
Derivatives of the DCT and DFT
Basis Functions

A.1 Proof for the DFT Basis Functions

Theorem 5. Let {¢q, -+ ,¢n_1} denote the following DFT basis functions,

1 27k
Gk[n] = v P (Z ;Tvn

Let the discrete derivative of these functions be defined by simple forward differences so
that

), 0<n<N-1. (6.20)

Doin| = ¢pp[n+ 1] — ¢xln], 0<n <N —1. (6.21)
Then for a given N > 0, {D¢y, -+ , Dpn_1} forms an orthogonal set in CV.

Proof. First use Euler’s formula to rewrite the basis functions

or[n] = \/LN |:COS (%) + isin (27;\];%)} , 0<n<N-L
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Using this form, the discrete derivatives become

D¢k [n] = ¢k [n + 1] + Qbk [n]

S () ()

+i [sin <W> — sin (27;5")]) . (A1)

Use the cosine addition formula to rewrite the first cosine function above,

2rk(n+1)\ 21kn 2rk\ . 21kn . 2k
cos | = | = cos { =5 | cos | S NS N )

Similarly, use the sine addition formula to rewrite the first sine function above,

. 2rk(n+1)\ . 21kn o 2k o 21kn . 2k
sin (| ———— ) =5 N s\ s\~ ) N )

Substitute both expressions in Eq. (6.21) to get

st (e (58) (= (2) ) (522
() () ()= (R

We will denote the constants with respect to n by

2rk . [ 27k
Cr = (cos (%) — 1) and Dy =sin (%) . (A.3)

Now Eq. (A.2) can be written

i (e (52) - (5

. . 2mkn 2mkn
+1 [Cksm( N ) +chos( N )}) )
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We can use Euler’s formula to rewrite the above expression as

= \/LN ((Ck +iDy) exp (227;“”)) .

Which, with reference to the definition in Eq. (6.20), we recognize as

We can finally compute the inner product using the simplified expression in Eq. (A.4).

A = (D, Do)
= ((Cy + iDy) b, (Cy +iDy) )
= (Ck + 1Dy )(Cr = iDy) Pk, 1)
= (G} +iD})ow

Recall that (¢g, ¢;) = 0. Substitute the constants definitions given in Eq. (A.3),
Ay = ((cos (#) — 1)2 + sin (#))
= (2 — 2c¢os <¥)) Okl
= 4 sin? (%k) Okl

To summarize, we have shown that for a given N > 0,0 <k, Il < N — 1,

This completes the proof.

(Do Do) = ot
AR 4sin2(“—]\’f), k=1
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A.2 Proof for the DCT Basis Functions

Theorem 4. Let {¢q, -+ ,¢n_1} denote the following DCT basis functions,

2 km 1
=4/ = — — 1<kE<N-1 <n<N -1 A
or[n] \/NCOS(N (n+2>), <k< , 0<n< (6.18)

Let the discrete derivative of these functions be defined by simple forward differences so
that
Doin| = ¢pp[n+ 1] — ¢xln], 0<n <N —1. (6.19)

Then for a given N > 0, {D¢y, -+, Don_1} forms an orthogonal set in RY.

Proof. There are two cases.

Case 1: k£ =0. Then,

1 1
D ———==0, 0<n<N-1
Wbl =% "IN :
Clearly, for any [ € {0,--- , N — 1},
D¢O7D¢l E O D(bl (A5)

Case 2: 1 <k < N —1. The discrete derivatives defined in Eq. (6.19) involve a difference
of cosine functions, i.e., for 0 <n < N —1,

Dorln] = ¢g[n + 1] — ¢p[n]

—\/%cos(%(n+1+%)>—\/%cos(%r<n+%>>- (A.6)

Omitting for the moment the factor we can rewrite ¢y [n+ 1] using the cosine addition

N )
formula as follows,

o (r0103)) o (5 D)) (5 D) ()
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After substituting the difference written above into Eq. (A.6) and factoring, the discrete
derivative is

Doyn] =4/ 2 cos km + L cos Ay 1) —si hn + ! si i
k] =1+ v\ 5 N | |nts |+
This equation can be more compactly written as

D¢y, = Crodr — Dy, (A7)

where the vector v is given by

2 k 1
wk[n]:\/Nsin(Wﬁ(n—i—g)), 1<k<N-1, 0<n<N -1, (A.8)

and the constants with respect to n are denoted by
km . [k
Ck:cos<ﬁ>—1, Dk:sm(ﬁ), 1<E<N-1. (A.9)

Notice the subtle difference between these coefficients and those from proof using the DFT
basis functions.

We may now use the expansion in Eq. (A.7) to compute the following inner product,
Aw = (D¢, Déty)
= (Cror — Dy, Ciy — D)
= CyCi{ ks d1) — CrDi{rs i) — DxCi(ore, @) + Dy Di{abi, n). (A.10)

We know that the DCT basis functions are orthonormal, i.e., (¢x, ¢;) = op. We claim that
Eq. (A.10) will be further simplified by the following two properties:

(i) The sine functions are also orthonormal, i.e., (¢, ;) = O, and
(ii) The cross terms vanish, i.e., Cy, Di{¢g, ;) + DrCi (g, ¢y) = 0 for any 1 < k, 1 < N —1.
We will first establish (i) by demonstrating that (i, 1)) = 6. (Should the reader wish

to verify the assumption on the DCT basis functions, the same argument can be used to
prove that (¢, ¢;) = 0x.)
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The inner product in (i) is

N-1

(k) = thth

Rewrite ¢x[n] using complex exponentials,

Vnln] = \/%sin ("% (n—l— %))
= Vom: [exp (z%” (m%)) ~exp (—z%” (mé))}  0<n<N-L

Using this form, the inner product becomes

N-1

oni =y 5 [ (15 (v+3)) -ow (5 (n43) )]
Lol ee )5
<oy X o (5 (r5)) v (5 (n42))
o ({7 (1Y) e (D (1Y)
Now strategically add 0 to the decaying exponentials,
(e, ) = % 3 [exp (z (k ;Vl)ﬂ (n + %)) + exp (—i(k ;Vl)ﬂ <n + % + % - %))

() ()]
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Then separate the terms independent of the summation,

(W, W) = % exp (@'<k2_]\;)7r) Nié {exp (i(k ;Vl)ﬂ ) + exp (—i(k ;Vl)ﬁ(n + 1))]

e () 5 oy (107, (D7)

n=0

Reindex the terms involving (n + 1) in the exponent by letting m =n + 1,

) [S o (4550) B (4570

_%GXPG(’“;_NZ)W)[NZIexp((kH ) Zexp( k+l) )]

(g, ) = %exp (

n=0
To allow us to combine the exponentials, reindex again letting n = —m,
1 (k=7 [t= (k—Dr _ (k=0Dr
(Vr, ) = SN P <Z 5N ) L:o exp | i +n;Nexp i
1 (k+Dr\ [ (k+ D)7 — (k+Dr
_Wexp(z oSN ) [§exp ? N n +n_Z_Nexp ? N njl.
R AU AN (k=D
=on P oy n:_Nexp i "

1 (k+Dr\ = (k+Dr
2Nexp 1 SN 7Nexp 1 N nj.

n=

Reindex a final time, letting m =n+ N + 1,

(b ) = % exp (z'(k;]\pﬁ) QXN: exp <z'(k_Tl)7T(m ~N - 1))

m=1

_ %exp (z(k;—Nl)ﬂ> % exp (iW(m - N - 1)> '

m=1

154



After some rearranging, we have

(1) = % exp (i(k;]\f)ﬂ) exp (—i(k — 1)) % exp (i(k ;Vl)ﬂ(m - 1))

B % exp <Z (k;]\;)w) exp (—i(k + 1)) % exp (i(k ;rvl)ﬂ(m - 1))

Lo (i(k —Om

o . ) ( 1)k—l§:1exp (N“ = D™
_ %e P (Z(k;Nl) ) (— 1)’f+l§iexp <z (& ]+Vl>7r>ml (A.11)

Once more, there are two cases.

Case 1: When k = [, the expression simplifies so that we have

2N
1 1 2km 2km
1 o - 2k
W Vk) = 5 TN exp ( ) Z exp ( )

1 2km o 2km
=1- W exp (ZW> (—1) Tnz_lexp 'LT

The remaining summation is a finite geometric series with » = exp ( 2'”) # 1. The sum is

given by,
2ZN: 2k m—1 - exp( 2k7r)
PN B 1—r

1 — exp (idkm)

2N

1—7r
_1—1
1=

=0.

Hence (¢, ) =1 for 1 <k < N — 1.
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Case 2: Now consider k # [. Return to Eq. (A.11),

m=1
(—1)F+ (k+ D71 =& (k+Dr\™"
9N exp | ¢ 5N T;exp 7 N .

This time, we have two geometric series with r; = exp (z U“RP”) and ry = exp (z U“E””).

The inner product becomes,

(p, ) = (_1_)IHQXP (Z (k — l)ﬂ) {1 — exp (i2(k — l)w)}

OIN 9N 1—r
B (—1)k+ exp Z,(k—i—l)ﬁ 1 —exp (i2(k 4+ 1)m)
2N 2N 11— '

Note that 2(k £ 1) is even for any 1 < k,Il < N — 1. The reindexing performed above
allowed for this simplification, which gives

(Vr, 1) = (_21]);_1 exp (i<k2_]\;)7r) [11__:1] - (_21%;“ P (i(kgfé)ﬁ) {11—_7“12]

=0.

All together, we have shown that {uy, ¢} = 0 for 1 < k, I < N — 1, which completes
the proof of claim (i).

We will now proceed to establish claim (ii). We are required to show that Cy Dy (¢, ¥1)+
DyCi{¢y, @) = 0 for all k,[. First consider the second inner product, written below,

N-1
(W, 1) = > U
n=0
= (2 [k 1 \/? I 1
—nzo Nsm(w (n—l—é)) NCOS(N (n 5))
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As before, we express the trigonometric functions using complex exponentials,

(Vr, 1) = 2]1\[ T {exp (z% (n + %)) — exp (—z% (n + %))}

(5 (co2) ol ()

Expand and separate the terms independent of n to get

(o, ¢1) = QLNZ [eXp (i(k;]\;)ﬂ) ]:zéexp (i(k }L\,Z)W>n
~exp (_Z(k’;j\;) ) N_leXp (—i(k J]:[l)w)”]

n=0

v [ (L) S (L507)

n=

- (_i(k;]\[l)ﬁ) N—lexp <_¢(k ;\/)ﬂ)”]

n=0

If £ = [, then the difference of terms involving k — [ simplifies to 0 immediately. Taking
the sum of the geometric series involving k + [ shows that (¢, ¢x) = 0.

For k # 1, exp (iz (—t)m ) # 1. We have four geometric series, whose sums are written

below,

=g (15

( .(k:+l)7r) 1 —exp (—i(k + )m)
—exp | —i
2N 1 —exp (—z’—(kﬁ)ﬁ>

1 k—1 1— (K —
o e (Z.( 2N)7T) exp (Z(' (k_l)l)ﬂ)
1 —exp <ZT>

— exp (_i(’f; NW) 11—_621{31)(((1;;[ )l7)r>> , (A.12)

+
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The inner product is symmetric because our basis functions are real. In particular,
<¢k7wk> = <wk:¢k> = 0. Therefore, Cka<¢k,wk> -+ Dka<1/1k,(Z5k> = 0, i.e., (ll) 18 proven
for the case k = [.

For k # [, we can obtain (¢, ;) by interchanging & and [ in the expression for (¢, ¢;)
written in Eq. (A.12),

(b 00) = 1 exp (.(k+l)7r) 1 —exp (i(k+1)m)

2Ni 2N 1— eXp< (kmw)

( ,(k+l)7r> 1 —exp (—i(k+1)m)
—exp | —i
2N 1 —exp (—z%)

L exp <Z (k;Nl)ﬂ> 11_ e:fp(((k(k_l)l);

+ 2N1
- (‘i(k; Nlh) 11— e:fp((aik—l)l))) _ (A13)

Using these expansions, the cross terms in (ii), rewritten below,

LHS = D;,Ci {4, 1) + DiCr Wy, dr.)

become

k:—i—l)7r) 1 —exp (i(k+1)m)
2N 1— exp( k+zw>
(=

( ,(k+l)7r) 1 —exp (—i(k +)m)
—exp | —i
2N 1 —exp —z“?,””)

1 .
LHS = m(DkCI + Cle) exp <Z<

+ ZLNi(DkCl — CDy) |exp (Z(kQ—]\;)W) 11—_e:fp(i<(j(7k;vl)lz7;>
(k=Dm\ 1 —exp(—i(k—1)n)
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If K+ 11is even, i.e. if k + 1 = 2m for some integer m, then k — | = 2(m — 1) is also even.
Similarly, if k£ 4 [ is odd, then k£ — [ must also be odd. We will consider those two cases
separately below.

Case 1: k+ 1, k — [ are even. Then each of exp (+i(k —)m) = exp (£i(k+)7) = 1 in
Eq. (A.14), so that we immediately obtain the desired result LHS = 0.

Case 2: k+[=pisodd and k — [ = ¢ is odd. Then Eq. (A.14) becomes

1 pr\ 1 —exp (ipr) pm\ 1 —exp(— 2p7r)
s = Lo () Lm0l oy DL+ oD
2Ni [eXp 2N/ 1 —exp ( N) P\ Ty 1 —exp ( ) (DG eDi)
1 gm\ 1 —exp (igm) _qm\ 1 —exp (—igm)

o |exp (i) Tt —exp (i) DiCi — CuD

2N1 [ P 2N/ 1 —exp ( qﬁﬂ) P 2N 1 —exp (—2%) (DiC eDi)
1 ,p7r> 1 ( Ap7r> 1

= — —_ ) — —i— D, C, + CyD

Ni [exp <Z2N 1 —exp (z%) PN 1 —exp (—i%) (DiC «D1)

1 .qm 1 .qm 1
P o () (i) i

Ni |“P\'aN 1 —exp (i%7) SPAToN 1 —exp (—i%) (DiC «Di)

Divide to normalize the numerators,
LHS = L ! L (DyCy + CrDy)

= - i e e kCl kD

Ni exp (—zQP—N) — exp (ZQP—N) exp (Z§—N) — exp (—zg—N)

1 1 1
+ - e o v o (DyCy — CyDy)
N1 [exp (—zg—N) — exp (zg—N) exp (zg—N) — exp (—zg—N)
1 1 1
Ni [ 21 sin (g—N) 21 sin (%) (DiCi «Di)
1 1 1
+ — — D.C; — CyD
Ni [—22 sin (5—”) 21 sin (2‘1—”) (DiCi «D1)

L I+ any+ = | (D — D) (A.15)
SN[ ()T N ()] |

We will now consider the remaining coefficients. Using the definitions in Eq. (A.9), we

have k l k [ k
T ™ . ™ T . m
DkOl = sin (N) (COS (N) - 1) = Sin (N) COS (N) — S (W)
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and, similarly,

. lm k . lm
CiyD; = sin (N) cos (W) — sin (N) .

Then, the remaining coefficients are

- (o) () (5) - () 1)
— sin ((k ;Vl)w) - [Sin (%) — sin (%T)] (A.16)
and

v () () (5)on ) o (5) 5
() (B o]

Using p =k + [l and ¢ = k — [, we obtain k = $(p+ ¢) and | = 5(p — ¢). With an eye to
Eq. (A.16), we use these equations and the sine addition formula to write

sin (%) — sin (%) — sin <(p ;A?)”> — sin (<p ;j\jm)

=2sin (457) = (3x)
= z8SIn ON COSs ON .

Then Eq. (A.16) becomes
D,.Cy — CyD; = sin (qﬁﬂ) — 2sin <q_> cos <p_> .

Similarly, we can also write
. (k7 flm\ . ((p+gm . ((p=q)m
sin (W) —+ sin (ﬁ) = sin (T + sin TN
= 2sin (5) o= (35
= 2sin { 57 ) cos | o

T

D,.Cy+ CyD; = sin (%) — 2sin <p_> cos <q_7r> .

to obtain
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We are finally ready to return to Eq. (A.15). We obtain

1 1

1 1
— D.C, + CvD;) + —
N sin(ﬂ) (DeCi kD) N

it = B )
| o) -2 (85) o )
(B () (2D s ()

Using the sine addition formula,

LHS =

(DxCy — CvDy)

=

sin 24

sin2A = 2sin Acos B — —
sin

= 2cos A,

we can re-express the quotients in Eq. (A.18) in terms of cosine to obtain
_ DY o () L (dean (I5) ~2eos (75))
LHS = N(2005<2N> 2 cos <2N)>+N 2 cos 5N 2 cos 5N
=0.
This completes the proof of (ii), i.e., DyCy{¢y, &) + DiCr (b, ¢x) = 0 for 1 < k, I < N —1.
Having proven properties (i) and (ii), Eq. (A.10) simplifies as follows,
Ay = (Do, Do)
= CvCi{@r, 1) — CruDi( ok, 1) — DxCi{b, d1) + Dy Dy, )
= (C} + D})du

(= 5) ) v ()]

= 4sin2 (2—) 5kl7 <A19)

where the final simplification results from applying the cosine double angle formula.
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Together, Eqgs. (A.5) and (A.19) establish the orthogonality result for all0 < & < N—1.
This completes the proof. Once again, notice that this orthogonality constant is slightly
different from that of the DFT case.

To summarize, we have shown that for a given N >0 and 0 < k, [ < N —1,

0, k#I
Doy, Doy) =
Do Dou {Ak, k=1,
WhereAO:OandAk:élsinQ(%)>Ofor1§k;§N—1. [ |
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