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Abstract

We prove several square-divisibility results about the discriminant of homogeneous poly-
nomials of arbitrary degree and number of variables, when certain coefficients vanish, and
give characterizations for when the discriminant is divisible by p? for p prime.

We also prove several formulas about a certain polynomial A/ first introduced in [3],
which behaves like an average over the partial derivatives of Ay, the discriminant of degree
d polynomials. In particular, we prove that Al is irreducible when d > 5.
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Chapter 1

Introduction

A classical question in analytic number theory is, “Given a multivariate polynomial with
integer coefficients, what is the probability that when evaluating the polynomial at random
integers, the resulting integer is squarefree, i.e., is not divisible by the square of a prime?”
The simplest case of one variable and degree one asks for the probability that a random
integer is squarefree, which is well-known to be 6/72. The one variable degree two case
can also be solved by elementary methods. The one variable degree three case was solved
by Hooley [17]. For homogeneous polynomials of two variables, the question is known up
to degree 6 by Greaves [10]. Conditional on the abc conjecture, Granville [15] proved it in
general in the one variable case, and Poonen [25] proved it in the multivariate case, albeit

using a different ordering.

The difficulty of the squarefree counting problem lies in obtaining a good upper bound



for a “tail estimate” of the form

# U (a1, an): |ai| < X, p* | Flas, . an)}-

p>M

There are two “reasons” for p* to divide F(ay,...,a,): mod p or mod p?. We say p? |
F(ay,...,a,) strongly if p* | F(by,...,b,) for any b; = a; (mod p). Otherwise, we say it
divides F'(aq,...,ay) weakly. The strongly divisible case can be handled in general by
the quantitative Ekedahl sieve [3]. The weakly divisible case is the hardest step. This
has been done for many situations in recent years by Manjul Bhargava and his many

collaborators: for various invariant polynomials that arise from representations used to

count number fields and Selmer group averages in [1, 2, 6, 7, 4, 5]; for the discriminant
of monic polynomials and general polynomials in [0, 10]; and for the polynomial x} + 3
in [30]. A key step in understanding the weakly divisible case is to understand where the

“hidden” p* is. In this thesis, we focus on the discriminant polynomial A, of homogeneous
polynomials in k41 variables zq, . . ., z; and degree d. Such an f has (k§d> coefficients, and
the discriminant Ay, is an integral irreducible polynomial in the coefficients of f of degree
(k +1)(d — 1)* with relatively prime coefficients. Over an algebraically closed field L, the
discriminant Ag(f) vanishes whenever the variety V(f) C P* cut out by f has a singular
point over L, and in fact it is defined uniquely up to sign over an algebraically closed field
by this requirement along with the fact that it is integral, irreducible, and primitive. We

prove:

Theorem 1. Let f(xg,...,xx) € Zlxo,...,zx] be a homogeneous polynomial of degree

d > 2. Let p be a prime such that p* | Ayx(f) weakly. Then there exists a linear change



of variables such that the coefficients of x{¢, a3 ey, 2l ey, L 287 2y are all divisible by

p? and the coefficient of z3~ 'z, is divisible by p.

To prove this, we consider the divisibility of Ay (f) when the coefficients of zg ', for

t=20,...,k—1 all vanish, and we prove:

Theorem 2. Let f(xg,...,zx) € Z[ag,...,an][o,- .., x|, where N = (kzd) — 1, be a

generic homogeneous polynomial of degree d > 2. Let a; denote the coefficient of 28 'x;

for i =0,...,k Then ai | Agx(f) in the quotient ring Z[ao, . .., an]/(ag, . . ., ax_1).

In the case k = 1, this is consistent with the formula

Ad71(a1$d_1y 4+t adyd) = a%Ad_Ll(almd_l + -4 adyd_l),

which can be obtained directly from the Sylvester matrix for the resultant.

It then follows by symmetry that:

Corollary 3. Let aq,...,ay denote the coefficients of a generic homogeneous polynomial
in xg,...,x; of degree d > 2, where N = (k;d> — 1, such that a; is the coefficient of 2 'a;

fori=0,...,k. Then

Agr = apDy  (mod (ag, ..., a;)?)
for some polynomial Dy € Z[agy1,. .., an].
In the case k = 1, this is consistent with the formula

Agi(apz® + -+ agy®) = —dagaiAg_o1(ax®? + - +agy??) (mod (ag,a1)?). (1.1)

3



To obtain this formula, first note that by setting ag = 0 in the Sylvester matrix for
the discriminant of f(z,y) = apz® + -+ + aqy?, we can conclude that Ay (f) = aoF +
a?Ag 11 (a2t + - 4 ag_y?Y) for some F € Zlay, . . ., aq), so working modulo (ag, a;)?
is equivalent to working modulo (a2, a;). Equation (1.1) then follows by another Sylvester
matrix calculation by setting a; = 0.

Let f(zo,...,xr) € Z[xo,...,x;] with coefficients a;(f) for ¢ = 0,..., N, where N =

(k+d

4 ) — 1, d is the degree of f, and the coefficients have the same ordering as in Corollary

3. Observe now that if ag(f),...,aq(f) are all divisible by a prime p, then we have

8Ad’k
aao

(f) = Do(f)  (mod p).

Hence, if we know that p | Do(f), then we have p* | Agx(f). As a result, we also have the

following application to the strongly divisible case.

Theorem 4. Let f(xg,...,xx) € Z[xo,...,zx] be a homogeneous polynomial of degree
d > 2. Let p be a prime. Denote all the coefficients of f by ao(f),...,an(f), where

N = (k;d) — 1. Suppose
aAM

plAax(f), and  p| =

(f) foralli=0,...,N.

Then p? | Agx(f) strongly.

We conjecture that the same behaviour happens to any polynomial.

Conjecture 5. Let F(zg,...,xn) € Z[xy, ..., xy] be any polynomial. Then for sufficiently



large primes p, depending on F', whenever ay,...,ay € Z are such that

p| Flag,...,an), and p | (ag,...,an) forall i=0,... N, (1.2)

we also have p? | F(ag,...,ay).

It is easy to see that Conjecture 5 reduces to the case where F' is a squarefree homoge-
neous polynomial. When F' is a squarefree binary form in g, x; of degree d, we see that
Ag1(F) # 0 and if p ¥ Ay (F), then (1.2) can only happen when d > 2 and p | ao(f)
and p | ai(f), which imply that p* | F(ag,a;). This argument fails when there are at
least three variables because a squarefree polynomial can have vanishing discriminant. For
example the polynomial F(zg, 21, 22) = zoz? + x5 is squarefree (even irreducible) but has

discriminant zero.

We can give an explicit formula for Dy in the case of ternary cubic forms. We write

f(xo, 1, 22) = aoxS + xﬁ(am + agxo) + 2oQ (21, 22) + C(z1, T2),

where () is a binary quadratic form and C' is a binary cubic form. Then we have, by the

explicit formula of A in [7, (1)-(3)],

Azo(f) = ao A21(Q)* Res(Q,C)  (mod (ag, a,as)?), (1.3)

where Res(Q, C) is the resultant of () and C. In light of (1.1) and (1.3), we suspect in



general that if
f(@o, @1, ... 2) = agzl + f (arwy + -+ + agwg) + 2§ °Q(x1, . xp) + 0,

then Ay 1(Q)? | Do. We can prove the weaker result that Ay x_1(Q) | D.

Theorem 6. Let f(xo,...,zx) € Zlao, ..., an|[xo, ...,k be a generic homogeneous poly-

k+d

nomial of degree d > 2, where N = ( p

) — 1, expressed as
(o, @1, wx) = g + 2 (@@ + -+ apeg) + 257 Q- wy) +

where Q(z1, . .., xy) is a quadratic form. Then, in the ring Z[ay, . .., an]/(a1, . . ., ax, Do p—1(Q)),

ag | Agr(f) -

Our final results concern a certain polynomial A/(f) first defined in [8]. Given a
polynomial f(x) = apx? + - -+ + aq with degree d > 3 (so ag # 0) and roots ry,...,7q, We
define

N =3 el

i<j (ri — 7“]-)27

where A4(f) denotes the usual polynomial discriminant of f(z). Since Al is a symmetric
integer polynomial in the roots ry,...,ry, it can be written as an integer polynomial in
the coefficients of f. In [8], this polynomial is used to generalize the notions of strong and

weak divisibility when a high power of p divides A4(f).

Notice that if p | Ag(f) and p | AL(f), then modulo p, the polynomial f(z) either has

a triple root or two pairs of double roots, implying that p* | Ay(f) strongly. When d = 3



and d = 4, we have the factorizations

AL = (a] — 3apas)?
A, = (—a3+3a1a3 — 12apay)

x (—ata; + 4dapay + 3ajaz — 1dagaiasaz + 18aga3 + 6agaiay — 16ajaqay)

The polynomial A} is the cube root of the discriminant of Aj as a polynomial in a3. When
Ay = 0, the first factor of Aj corresponds to when f has a triple root, and the second
factor of Aj corresponds to when f has a pair of double roots. It is then natural to ask

whether a similar factorization exists in any degree. The answer is negative.
Theorem 7. For all d > 5, A/, is irreducible in Clay, .. ., aq].
We suspect this is related to the insolubility of quintics!

We will give two proofs for the main divisibility result, Theorem 2. We note first that

when d = 2, the discriminant is given by

Agi(f) = (=12 det(Ay),

where Ay is the (k4 1) x (k4 1) matrix of the second partial derivatives of the quadratic
form f. Theorem 2 then follows immediately. So we may assume d > 3. We will also
assume that £ > 2 since the case k = 1 is simply the case of binary forms and the result is
known by (1.1). We will give one proof in Chapter 2 using the theory of A-discriminants
from [13]. They are generalizations of the usual discriminant, characterizing whether V' (f)

has a singular point when certain monomials do not appear in f. We use the degree formula

7



of Matsui-Takeuchi [21] to compute the degree of the A-discriminant when the monomials
zd, a3z, 28 a,_1 do not appear, and we prove that it is exactly deg(Agx) — 2. A
little bit of algebraic geometry is then used to show that A,y is exactly the square of the

coefficient of & '2;, multiplied by the A-discriminant, up to scaling.

We will give a second proof of Theorem 2 in Chapter 3 using a result of Poonen—Stoll
[26]. Suppose f € Rz, ..., x| is homogeneous of degree d where R is a discrete valuation
ring with residue field ¢. Let H = Proj(R[xo, ..., zx]/(f)) with special fibre H, and singular
subscheme (Hy)sing. Then [26, Theorem 1.1] states that Ay (f) is a uniformizer if and only
if H is regular and (Hy)sng consists of a non-degenerate double point in H(¢). (We recall
the definitions of “regular” and “non-degenerate double point” in Chapter 3.) Suppose
now that

d—1 d—2 2 d
flzo, ..., xp) = apry Tk + Qp12y ]+ -+ - + anTy,

as in the setting of Theorem 2. Let K = C(agy1,...,an) and R = K|[[ag]] with residue
field K. We prove that H is not regular in this case, which implies that a3 | Agx(f) in R,

since we already know ay | Agr(f).

We also prove Theorem 6 using the same method. In this case, we have

flxo,...,xp) = aongrxg_QQ(:pl,...,a:k) 4+

Then Agj_1(Q) = 0 if and only if @) is singular, over any field of characteristic not 2. Let
K be the algebraic closure of the field of fractions of Clag1, ..., an]/(A2x-1(Q)). We take

R = K][ap]]. The special fibre Hx has [1:0: ---: 0] as a singular point, and we prove that



it is not a non-degenerate double point, implying that a | Ay (f) in R. Here the algebraic
closure is taken so that we have a simpler criterion ([20, Remark 4.3]) for non-degenerate

double points.

We prove Theorem 7 in Chapter 4. We prove first a formula for Al in terms of the

partial derivatives of Ay.
Theorem 8. Let f(z) = apr? + ayz®™ ! + -+ + a4 € Z[ay, . .., a4)[r] with d > 3. Then as
polynomials in ay, . .., aq, we have

2 /d—i\ 0y
—AN!, = —.
¢ Z < 2 )al Oaiyo

i=0
From this, we have a recursive formula of the form

Al(apz® + -+ + aq) = agF, + alAl_ (a2 + -+ ay)
for some polynomial F,, € Z[ay,...,aq]. Using this formula, we prove that if A/, ;| is
irreducible, then so is A/, Theorem 7 then follows because Af is irreducible, by direct

calculation.

As another application of Theorem 8, we also prove the following formula:

d(dfl)/Qfldd_1<d_ D? s

Al(apr® + ag_1x + ag) = (—1) 3 ad~ta? ad™?



Chapter 2

A-Discriminants

The A-discriminant is a generalization of ordinary discriminants, resultants, and hyper-
determinants, which is discussed in [13]. In this chapter, we will use A-discriminants to
give our first proof of Theorem 2. We recall some facts about toric varieties, introduce

A-discriminants, and discuss the degree formula for A-discriminants due to Matsui and

Takeuchi [24], a crucial tool in our proof. The details on toric varieties are largely drawn
from [ 1], [12], [13, Chapter 5], and [22]. The information on Euler obstructions is mainly
from [241].

2.1 Definition of the A-discriminant

We start with some preliminary definitions.
Definition 2.1. An algebraic torus T over C is an affine algebraic group isomorphic to

10



(C*)™ for some n > 1.

Definition 2.2. A toric variety over C is an irreducible variety V' over C containing an
algebraic torus T" as a Zariski open subvariety such that the action of the torus on itself

extends to an action on V.

For any w = (mq,...,my) € Z¥! and o = (z9, ..., 1) € (C*)*! we define

w mo , . mi
¥ = x; Ty k.

The maps x — 2¢ for w € Z*! are the characters of (C*)k+1.

Following [13, p. 166], we define the variety X4 C P"!(C) associated to a subset

A={w,...,w} CZF? as the Zariski closure in P"~!(C) of the set

{[z0 : o] |2 = (20, ..., 1) € (CF)FFY,

Proposition 2.3 ([12], Props. 1.1.8 and 2.1.2). The variety X 4 is a projective toric variety

with torus (C*)*+1,

Indeed, consider the action of (C*)**1 on P"~!(C) by

xolzy iz = [z a2

Then X4 is the closure of [1: ---: 1] under this action, and this action naturally extends

to an action on X4.

11



The next result is a special case of the orbit-cone correspondence for toric varieties.

Proposition 2.4 ([13], Ch. 5, Props. 1.9 and 2.5.). Let A = {wy,...,w,} C ZFFL. Let
P be the convex hull of A. The set of torus orbits in X4 is in bijection with the set of
non-empty faces of the polytope P. The orbit X°(c) corresponding to a face o of P is
cut out inside X4 by points with homogeneous coordinates [z : - - - : z,] satisfying z; = 0
for w; ¢ o and z; # 0 for w; € 0. Write X(o) for the closure of X°(¢). Then X (o) is
isomorphic to X 4n,. Furthermore, X (o) is cut out inside X4 by the equations z; = 0 for

w; ¢ 0. If o1 and o9 are two faces of @, then X (01) C X(09) if and only if o1 C o5.
Definition 2.5 ([13], p. 271). Let A = {wy,...,w,} C ZF1 Let

CcA = { Zawx”: g E(C}.

wEA

Let Vo C C4 denote the set of all f for which there exists #(®) € (C*)**! such that

of

= a—(ac(o)) =0forali=0,..., k.
£

f(=?)

Let V4 be the Zariski closure of V; in C4.

Proposition 2.6 ([13], Ch. 9, Prop. 1.1). The variety V 4 is invariant under scalar multi-

plication, and its projectivization P(V 4) is projectively dual to X 4.

The previous proposition allowed Gelfand, Kapranov, and Zelevinsky to define the

A-discriminant as follows.

12



Definition 2.7 ([13], Ch. 9, Def. 1.2). If A is such that V4 is a subvariety of C*4 of
codimension 1, then the A-discriminant is an irreducible primitive integral polynomial A 4

in the coefficients a,, of f that vanishes on V4. If codim V4 > 1, we set Ay = 1.

Although the A-discriminant is only uniquely defined up to sign, we conventionally

refer to it using the definite article, following [13]. This does not affect any of the proofs.

With this notation, A4 satisfies the following properties.

Proposition 2.8 ([13], Ch. 9, Props. 1.3 and 1.4). The A-discriminant A 4 is homogeneous,
and in addition, for every monomial []a”®) in Ay, the vector ¥ m(w) - w € ZF*! is the

same. In other words, A, is weighted homogeneous if each a,, is given weight w.

Remark 2.9. If the set A C ZF! is homogeneous of degree d in the sense that A is
contained in the affine hyperplane zy + - - - + x; = d, then we may dehomogenize by taking
A" = T(A) where T : Z**1 — ZF is the linear map (zo, ..., zx) — (z1,...,7%). It is then

easy to see that X4 = X, V4=V and Ay = Ay

2.2 Degree of the A-discriminant

In this section, we present Matsui—Takeuchi’s formula for the degree of the A-discriminant
and compute it in our case of interest. This formula involves the calculation of certain

Euler obstructions. Many of these ideas were first introduced by MacPherson in [21].

To calculate Euler obstructions, we will use normalized relative sub-diagram volumes,

which we first define.

13



Definition 2.10 ([24], Def. 1.2). Given a subset S C R", we define the affine subspace of

R™ generated by S as

L(S): U {Zcisi|3i€S,CZ’€R,Cl+---—}—cm:1}'

m>0 =1

Given a subset A C Z", we similarly define the affine lattice generated by A contained in
L(A) as
M(A) = U {ZCiSi ’ s; €A €ELycr+ - F ey = 1}'

m>0  i=1

We then define the normalized volume with respect to an affine lattice M (A), denoted by
Vol(- ; A),

as the (dim IL(A))-dimensional volume on the affine space IL( A) normalized so that (dimL(A))!
is the covolume of the lattice M(A), i.e., the volume of the quotient R"/M(A). In other

words, the smallest full-dimensional simplex with vertices in M (A) has volume 1.

Definition 2.11 ([21], Def. 4.2). Let P be a polytope in Z", o a face of P, and Az C A,
faces of 0. If Ay = A,, then we set RSVz(A,, Ag) = 1. Suppose now Az C A,. Let

L(Ag) = R"/L(Ap) and let ps : R® — L(Ap)" be the natural projection. Let

Ka,ﬁ = pﬁ<Aa)a

Oaps = convex hull of (Ko (ps(Z")\{0})).

14



Define the normalized relative sub-diagram volume RSVz(A,, Ag) by

RSVz(Aa, Ag) = Vol(Ka g \ Oap; ps(Z") NL(Kas)),

where K, 3\ O,.p is the set difference.

In what follows, we will be considering the set A C Z* defined by

A={0,...,0,D)}U{(w1,...,wx) €EZF:w; > 0,2 <wy + - +w < d},

where £k > 2 and d > 3. Let P be the convex hull of A. The vertices of P are A,

By,...,By_1, Cy,...,Cr where

A = (0,...,0,1),
Bi = (wi,...,wy), where w; =2, and w; = 0 for j # ¢, (2.1)

Ci = (wi,...,wx), where w; =d, and w; = 0 for j # 1.

(See Figure 2.1 at the end of the chapter for the case of d = 3 and k = 3.) The m-simplices

of P, for m =0,...,k, are of the following five types:

(i) ACLB,,Ci, ... Bi, .C;

m—1

(i) ABi, ...Bi,
(iit) Bi, ... Bi,.,,
(IV) Ci1 .. 'Cim-H

15



T im

Only the simplices of types (i) and (ii) contain A. We compute their RSV.

Lemma 2.12. With notation as above, we have

RSVZ(ACBi,Ci, ... By Ci ,, A) = RSVZ(AB;, ... B;, , A) = 2",

Tm—1 Tm )

Proof. Let B = (0,...,0,2). Let Ag be the 0-dimensional simplex A. The map pg
is simply translation by A so that A maps to 0. Let A, be the m-dimensional sim-
plex AC.B;,C;, ... B;, _,C;
RSV (AC:B;,Ci, ... B

Then O, is the simplex BypCypB;,C;, ...B;, ,C; and

m—1" m—1

Ci,,_,,A) is the normalized m-dimensional volume of AB,B;, ... B

7f'm—l

which is 2m1,

Similarly, RSVz(AB,, ... B; , A) is the normalized m-dimensional volume of AB;, ... B

since O, in this case is the (m — 1)-dimensional simplex B, ... B;, . The normalized m-
dimensional volume of AB;, ... B, equals the normalized (m — 1)-dimensional volume of

Bi ce Bim7 which is 2m—1' ]

Definition 2.13. Let A C Z**!, and let P be the polytope obtained by taking the convex
hull of A. Let o be a face of P. The Fuler obstruction Eu is inductively defined on faces
Ag of P by:

(i) Eu(P) = 1,

(i) Eu(Ag) = Y (—1)dmBe—dmBs-1REV, (A, Ag) Eu(A,).
AﬁgAa

16
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In [24], the authors used a different definition of Euler obstruction and proved that the

above definition is equivalent to it ([24, Theorem 4.3, Corollary 4.4]).

By Proposition 2.4, any face o of Q corresponds to an orbit X°(c) of the torus action
in X,. We say a face o is smooth in X 4 if every point (or equivalently one point) of X°(o)

is in the smooth locus of X 4. Then we have:

Theorem 9 ([24], Thm. 4.3, Cor. 4.4). The Euler obstruction Eu is equal to 1 on faces

that are smooth in X 4.

Since smoothness is an open condition, we see that if B is a vertex of P that is smooth
in X4, then the Euler obstruction of any face that contains B is equal to 1. Indeed, the
singular locus of X 4 is closed under the torus action since multiplying by x* does not affect
Jacobian rank on an affine chart. The singular locus is also Zariski-closed, and X°(7) is in

the closure of X°(¢) if 7 is in the boundary of o.

Proposition 2.14. Let £ > 2 and d > 3 be integers. Let

A={0,...,0,)}U{(wr,...,wp) €EZF: w; >0,2< w4+ - +wy, < d}.

With the notations A, B;,C; as in (2.1), the vertices By, ..., Bt_1,Ci,...,Cy are smooth in
X 4. As a result, the Euler obstruction of every simplex except for the point A is equal

to 1.

Proof. The variety X 4 is the Zariski closure of the set

{[wg:a?: o] |2y,... 2 € CY,

17



where we include all monomials of non-negative degree < din x1, ...,z except 1,21, ..., Tp_1.
The monomial corresponding to B; for 1 < ¢ < k—1 is zZ, and the monomial corresponding
toC; for 1 <i<kis :cgl. By symmetry of x4, ..., xx_1, it suffices to check that By, C;, and
Ci. are smooth in X 4. The point corresponding to By is [0: 1:0: ---: 0] and the affine

chart containing this point has affine coordinates

Ty afte- ek
—, and 172]’“, where w; > 0,2 <w; + - +wg < d.
Ty Ty

We note that all of these affine coordinates are products of

Ty X2 Ty
5 ey 3 X1y Tk
ry I I

Since x; = (x;/x1)xy for i = 2, ..., k, we may shorten this list to

T X2 Tr—1
50:{ ©o o 1

22 1 T

Because the monomials in Sj all appear as affine coordinates and are algebraically inde-
pendent, we conclude that the intersection of X4 with the affine chart containing [0 : 1 :

0:---:0] is isomorphic to A* which implies smoothness at [0:1:0:---:0].

The smoothness of X4 at C; and Ci follows by a similar argument. The affine co-
ordinates for the affine chart containing the point corresponding to C;, for ¢ = 1 or k,

are

d
L

, where w; > 0,2 <wi 4+ -+ w, <d.

18



All of these affine coordinates are products of

1 x Ty
ot R

We take

| | )
51:{ T2 9”’“} and Sk:{ o Tk 1}

3317[517 7331 ka,xk’ ? T
to be the algebraically independent generating sets of affine coordinates for the affine charts

containing the points corresponding to C; and Cy, respectively. This proves that both points

are smooth in Xy4. O

Proposition 2.15. With notation as in Proposition 2.14, the Euler obstruction of the
point A is (1 — (—1)F).

k—1

Proof. The vertex A is contained in (mfl F-l

) m-simplices of type (i), ( - ) m-simplices of
type (ii), and no m-simplices of types (iii)—(v). Therefore, by Proposition 2.14 on the Euler

obstruction for all the other simplices and Lemma 2.12 on the RSV values, we have

Eu(A) = (RSV(AC,, A) + RSV(AB,, A) + - - + RSV(AB,_1, A))

— (RSV(AC,B.C1, A) + RSV(AC,BsCo, A) + - - - + RSV(ACKBy_1Croor, A)) + - - -

o () ()

as desired. ]

19



Note that the local ring of X4 at an affine chart containing the point corresponding
to A when &k = 3 and d = 2 is not isomorphic to affine space, so by Proposition 2.15, the

converse of Theorem 9 does not hold.
We can now state Matsui—Takeuchi’s degree formula.
Theorem 10 ([24], Thm. 1.4). Let A C Z*™ be a finite set and let P be its convex hull.

Let m=#A — 1. For 1 <i <m, set

o= Y (=1)edma (((dimé a 1) + (=) + 1)) Vol(A; AN A)Eu(A)> ,

A a face of P L

where Vol(A; AN A) is the normalized volume from Definition 2.11. Let X% = P(V,4) be

the projective dual of X4. Let » = codim X} = m — dim X7. Then

r =min{i | ; # 0} and deg X7 = 0,.

The special case of Theorem 10 when X 4 is smooth has already been proved in [13, Chapter

9, Theorem 2.8].

Corollary 11 ([24], Cor. 1.6). With notations as in Theorem 10, if d; # 0, then P(V 4) is

a hypersurface and the degree of the A-discriminant is

degAy= Y (=D 2(dim A + 1)Vol(A; AN A)Eu(A). (2.2)

A a face of P

We can now compute the degree of the A-discriminant in our example.
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Theorem 12. Let £ > 2 and d > 3 be integers. Let

A={0,...,0,)}U{(wr,...,wx) €EZF: w; > 0,2 <wy + - +wp < d}.

Then P(V ) is a hypersurface and

deg(A4) = (k+1)(d — 1) — 2.

Proof. With the notations of (2.1), we find that the normalized volumes of each of the five
types of simplices are given by: (i) d™ —2™"1 (i) 2™~ (iii) 2™, (iv) d™, and (v) d™ —2™.

By Proposition 2.15, we find that the contribution to (2.2) where m = 0 is

—~
—_
~—

a
—_

(1R — 1)+ L (qyk (Zk; - ;) -

The m > 0 contribution is

mi_l (Z__ )(—D’“’”(mﬂ)(dm 2’"‘1)+mi_1 (kn_ll)( DR (m + 1)2m !
+i_1 (k‘;l (= 1) (m + 1) (™ — 27)
(e £ () (rmen

(k+1)(d—1)*—2(=1)*Ek + ;(—1)’f —

N W



Adding the m = 0 term gives
deg(Ay) = (k+1)(d - 1)F -2,

as desired. ]

We now recall and prove Theorem 2.

Theorem 2. Let f(xg,...,zx) € Clag,...,an][xo,...,zx], where N = (k;d) — 1, be a
generic homogeneous polynomial of degree d > 2. Let a; denote the coefficient of 3 'z;

for i =0,...,k Then ai | Agx(f) in the ring Clay, ..., an]/(ao, ..., ar_1).

Proof. The k = 1 case and the d = 2 case are already dealt with in the Introduction (in

the paragraph following Theorem 7). We may therefore assume that k£ > 2 and d > 3.

We set ag = -+ = aj_1 = 0 so that
f(zo, ..., 1) = apwd ‘2, 4 lower degree terms in .
We note that if @ = 0, then the point [1 : 0 : --- : 0] is a singular point of V(f) and so

JAURA = 0. Our goal is to prove that a? | Ay in Clay, ..., an]. Define the set A C ZF !
) k )

by

A={(d—1,0,...,0, D} U {(wo, ..., wp) €Z | w; >0, wo<d—2, wg+ - +w=d}.

Then 2% for w € A are exactly the monomials that appear in f(xg,...,zx). Recall the

affine space C4 consisting of C-linear combinations of monomials 2 for w € A. We have
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the subset Vo € C# consisting of g € C* for which there exists (f,...,B) € (C*)F*!

such that

9(Bo; - -, Br) =

%9 (Boy---,0k) =0foralli=0,..., k.
e

0

We call such a point (o, . .., Bx) a singular point of g. The Zariski closure of V is denoted
by VA.
Lemma 2.16. If g € C# is such that (B, ..., 5) € CF*! with S, # 0 is a singular point

of g, then g € V4.

Proof. Since B, # 0, we see that for €, ..., €,_1 € C* having small enough absolute value,
the polynomial

g(zo — €0xp, . .., Tp—1 — €12k, T) € Vo

since it has (By + €08k, - - -, Be_1 + €x—18k, Bk) € (C*)* as a singular point and belongs to

CA. Taking closure gives g € V4. O

For any homogeneous polynomial F'(ay, .. ., ay) in the coefficients of homogeneous poly-

nomials of degree d in k + 1 variables, we write
V(F)* =V (F,ap,ay,...,ax1) C PV

Suppose g € V(Agx)?*(C). Then V(g) has a singular point [y : -+ : 8] € P¥(C). If
Br # 0, then we have by Lemma 2.16 that g € P(V 4).
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Proposition 2.17. We have that

V(A1) (C) = P(V4) UV (ap)*(C).

Proof: The inclusion V(Ag;)4(C) 2 P(V.a) UV (ax)*(C) is clear. For the other inclusion,

it remains to handle the case where V' (g) has a singular point [3y : - -+ : 8] € P*(C) with
Br = 0.
Lemma 2.18. Suppose g(zo, ..., zx) € V(Aqx)*(C) has a singular point [By : -+ : 5] €

Pk((C) with By = B = 0. Then g € P(VA>
Proof. We fix a lift § of g in C* and write
G(zo, .. ap) = 28 hy (. ) + o+ ha(, .., x) € CH

Then we see that (fi,...,0) is a singular point of hg(xy,...,z,) and at least one of
B1, ..., Pr_1 is nonzero. Suppose without loss of generality that ; # 0. Then for any
e € C*, we see that (f1,. .., Bk_1, Bk — €51) is a singular point of hg(xy, ..., Tk 1, Tk +€x1),

and so (0,51, ..., Bk_1, Bx — €31) is a singular point of

ge(xo,y ..., xp) = nglhl(xl, ooy Tg) + o+ xohgo1 (T, k) + ha(X, o TEo, T+ €X7).

For e small enough, we have 8 — €31 # 0 and so by Lemma 2.16, we have g. € V4. Taking

closure gives g € V4 and so g € P(V4). ]
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Lemma 2.19. Suppose g(xq,...,x;) € Va. Then forany i =1,... , k—1 and any b; € C,

we have h := g(zo, ..., i 1,2; — bixo, Tiv1, ..., Tx) € Va.

Proof. Suppose g is the limit of a sequence g, € Vj, each having a singular point with
nonzero coordinates. Let h,, = g,(zo,...,%i—1,%; — bjTo, Tit1, ..., xx). Then each h, has
a singular point with nonzero xj-coordinate. So by Lemma 2.16, each h,, € V4. Taking

closure gives h € V 4. m

Proof of Proposition 2.17: Suppose g(zg, ..., zx) € V(Aqx)?(C) has a singular point 3y :

-1 Bi] € PE(C) with 8, = 0. If By = 0, then we are done by Lemma 2.18. Suppose
Bo # 0. If all of ; = --- = Bx_1 = 0, then by taking the z,-partial derivative, we find
that a; = 0. Suppose without loss of generality that 3, # 0. Fix any lift § of ¢ in C4.
Then h(xg,...,xx) = g(xo + (Bo/B1)T1, %1, ..., x)) has (0,5, ..., Bk) as a singular point.

By Lemma 2.18, we have h € V4. By Lemma 2.19, we have g € V4 and so g € P(V4). O

It now follows from the Nullstellensatz that if P(V4) = V(A4) is a hypersurface cut

out by an A-discriminant A4, then we have

k k
Ad,k |(CA = cakl AAZ

for some non-negative integers ki, ks and some nonzero constant ¢ € C*. It is therefore

sufficient to prove that

deg AA = deg Ang —2> 2, (23)

which also implies that P(V4) = V(A,).
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To find the degree of A4, we dehomogenize and work with the set A C ZF defined by

A={0,...,0,)}U{(wr,...,wx) €EZF: w; > 0,2 < w4 - +wi, < d}.

This is exactly the set we studied in the previous section when we proved in Theorem 12
that

deg Ay = (k+1)(d—1)" =2 =deg Ay, — 2,

which is greater than 2 since k£ > 2 and d > 3. This completes the proof of Theorem 2. [
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Figure 2.1: The polytope corresponding to the case k = 3 and d = 3, dehomogenized by
setting xo = 1. Additional points on the exterior edges are shown to give a clearer picture
of the simplicial structure.
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Chapter 3

Square-divisibility of Discriminants

In this chapter, we will use techniques in algebraic geometry and a result of Poonen—Stoll
[26] to give a second proof of Theorem 2 and proofs of Theorems 1, 4, and 6. We restate

the result of Poonen—Stoll in our notation.

Note that a locally Noetherian scheme is said to be regular if all of its local rings are
regular local rings. Following [20], if X is a scheme of finite type over a field k, a k-point
Q € X is a non-degenerate double point if there exist n > 1 and f € k[[zo, ..., x,]] such
that there is an isomorphism of complete k-algebras Ox o ~ k[[zo,...,zn]]/(f) and an
equality of ideals (0f /0xq,...,0f/0x,) = (xo, ..., x,).

Theorem 13 ([26], Thm. 1.1). Let R be a discrete valuation ring with valuation v : R —
ZU{oo} and residue field ¢. Let f € Rz, ..., x;] be a homogeneous polynomial of degree
d with discriminant Ay (f). Let H = Proj (R[xo, ,:L‘k}/(f)), let H, denote its special

fibre, and let (Hy)sing denote the singular subscheme of its special fibre. Then the following
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are equivalent:
(a) v(Agr(f)) =1;
(b) H is regular, and (Hy)sing consists of a non-degenerate double point in H (/).

We now give a second proof of Theorem 2.

Theorem 2. Let f(xg,...,zx) € Z[ao,...,an][zo,- .., x|, where N = (kzd) — 1, be a

generic homogeneous polynomial of degree d > 2. Let a; denote the coefficient of 3 'x;

for i =0,...,k. Then ai | Agx(f) in the ring Zao, ..., an]/(ag, . - ., ar_1).

Second proof. Let K = C(agy1,...,ay) and let R = K[[ag]], equipped with the aj-adic

valuation and residue field K. Consider
flzo,...,xx) = akxg’lxk + lower degree terms in x.
By Theorem 13, it suffices to prove that
H = Proj (Rlzo, .., 2] /(f))

is not regular, i.e., that there exists a local ring of H that is not regular. The affine open

D(z) has coordinate ring

Ou(D(x0)) =~ Rlz1/zo,....,xr/x0)/(f(1,21/20, ..., T/ T0))

~ Rlxy,..,xg]/(f(1, 21, ..., 21)).
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The ideal m = (a, 1, ..., %) in R[z1, ..., %] is maximal and contains f(1,x1,...,zx). More-
over,

Onm >~ RlT1, s Tkl (ag o)/ (f(L 21, ).

We observe first that the ring R[z1, ..., %k)(ay,21,..2,) 15 @ regular local ring. Indeed, as
a localization of R[zy,..., x|, it has Krull dimension at most k + 1, and the images of

g, T1, . .., T} in m/m? are linearly independent over K.

We know that if (S,m) is a regular local ring and 0 # x € m, then S/(z) is regular if

and only if z ¢ m?. In our case, since deg(f) = d > 2, we have
f(1, 21, ..., 7%) = apxy, + degree at least 2 terms € m?.

Therefore, the local ring Oy is not regular. By Theorem 13, we have that af | Agx(f)

in R. This completes the second proof of Theorem 2. n

We can now prove Theorem 1.

Theorem 1. Let f(xg,...,xx) € Z[xo,...,zx] be a homogeneous polynomial of degree
d > 2. Let p be a prime such that p* | Ayx(f) weakly. Then there exists a linear change
of variables such that the coefficients of 8, 20z, 28 @y, ..., 28 24—, are all divisible by

p? and the coefficient of 2¢ 'z, is divisible by p.

Proof. Recall that if p is a prime such that p* | Agx(f) weakly, this means there exists
some g € Z[xy, . .., x;] homogeneous of degree d such that g = f (mod p) and p* ¥ Ayx(g).
The special fibres Hg, for Proj (Zp[xo, . ,xn]/(f)) and Proj (Zp[aco, . ,xn]/(g)) are iso-

morphic. It then follows from Theorem 13 using g that (Hp, )sing consists of a single point,
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which is defined over [F,. By applying a linear change of variables over Z, we may assume

that this singular point modulo pisat [1:0:---:0]. In other words, we may assume that

Pl a; fori=0,...,k.

By Corollary 3, we have

Agr = apDy  (mod (ag, .. .,a;)?)

for some polynomial Dy in the coefficients of f. If p? { ag, then from p? | Ay x(f), we have
p | Do(f). But then p | Dy(g) since g and f are congruent mod p, which implies that

p* | Aygk(g), a contradiction. Hence, we have p? | aq.

It is now easy to arrange for p? to divide ai,...,ar_1. If p? divides all of a,, ..., ay,
then we are done. Suppose p? does not divide at least one of them. Then by swapping the
variables, we may assume that p® { ay. We can then perform a change of variables of the
form

Ty x;, fori=0,... k-1, = 1wy + -+ Bro1Tp-1 + Tp

to arrange for p® | a; fori = 1,..., k—1. (For example, when f(2,y, z,w) = 3 s @ijua’y’ 2Fw’
is a quaternary quadratic form, this change of variables will send aj190 — @1100 + [1@1001
and a1910 — @010+ S2G1001 While leaving the leading coefficient agggg fixed.) This completes

the proof of Theorem 1. O

Theorem 2, or more precisely Corollary 3, can be used to deal with not only the weakly
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divisible case (Theorem 1), but also the strongly divisible case (Theorem 4).

Theorem 4. Let f(xg,...,xx) € Z[xo,...,zx] be a homogeneous polynomial of degree
d > 2. Let p be a prime. Denote all the coefficients of f by ao(f),...,an(f), where

N = (k;“d) — 1. Suppose

8Ad7k

plAax(f), and  p| 5=

(f) foralli=0,...,N.

Then p? | Agx(f) strongly.

Proof. We prove that p? | Agx(f). Since the divisibility conditions above are mod-p

conditions, we will automatically have that p* strongly divides Agx(f).

Since p | Agx(f), we know that f mod p has a singular point [rg : -+ : 7] € PK(),
where ¢ is some finite extension of F,,. Let L be an unramified extension of @, with residue
field ¢, and let [sq : - - - : 5] € PF(Op) be a lift of [rg : -+ - : 7). Without loss of generality,
we may assume at least one of the s; is a unit. Then there exists a matrix v € SLy1(Op)

such that

(1,0,...,0) = (S0, - -, Sk)7-

Note that if we were to assume p* { Ay (f) for a contradiction and use Theorem 13 as in

the previous section, we could take ¢/ = F, and L = Q,. We define

g(xo, ... x1) = f((x0, ..., x0)y ") € Oplz0, . - ., 78]

Then Agx(g9) = Auk(f), and it is enough to prove that p* | Ayx(g).
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Write b; = a;(f) and ¢; = a;(g) for the coefficients of f and g. Then since [1:0:---: 0]
is a singular point of g mod p, we know that p | ¢; for i =0, ... k. Again from Corollary 3,

we have

Agr = apDy  (mod (ag, ..., a)?).
So it suffices to prove that p | Do(g). We note that

0A
Dy = aa‘j)’k (mod (ag, - .., ax)).

We know that p divides all the partial derivatives of A, when evaluated at f. It remains

to prove the same is true when they are evaluated at g.

Fix any generic go(xo, ..., zx) € Zlag,-..,an][xo, ..., z] and any generic vy € SLyyq.

Write also Ay (ao, ..., an) for Agx(go). Let

Jo(zo, ... >$k+1) = 90((950, e ,l’k+1)70)~

Then there exist polynomials Lo, ..., Ly € Z[ag, .. .,an][SLxs+1] such that

a;(fo) = Li(ag, . ..,an,v) foralli=0,... N.

Since Agy is an SLj4-invariant, we have

Agr(ao, .. .,an) = ANgr(Lo(ao, .- .,an,%),---, Ln(ao, ..., an, %))
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For any ¢+ = 0, ..., N, differentiating with respect to a; gives

0A gk N OOAGk 0L,
: o = ~(Lo,...,L J o )
aai (CL(_), 7aN) Jz:(:) 8aj ( 0 ) N) a; (a0> y AN, 70)
Specializing to ag = ¢y, . .., agr1 = Cxr1 and Yy = 7y gives
Wy 5~ gy
801@' 9= =0 8aj *
0A 0A
for some ¢;; € Oy. Since p | 5 SE(f) for all i = 0,..., N, we have p | 5 “E (g) for all
a; a;
1 =20,...,N. This concludes the proof of Theorem 4. n
We end this chapter with the proof of Theorem 6.
Theorem 6. Let f(xo,...,zx) € Zlao, ..., an|[xo, ...,k be a generic homogeneous poly-
nomial of degree d > 2, where N = (kzd> — 1, expressed as
fxo,21,...,2) = apxd + 23 Y aywy + - - - + apay) + 202Q(wy, ..., wp) 4+ -+

where Q(x1,...,x) is a quadratic form. Let K be the algebraic closure of the field of
fractions of Z[agi1, ..., an]/ (a1, ..., ar, Nor_1(Q)) and let R = K{[ag]]. Then a3 | Agx(f)
in R.

Proof. We note that on writing

2Q(x1, ..., xp) = (21, ..., 2p) Ag(z1, - - . ,a:k)T
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for some symmetric k£ x k matrix Ag with coefficients in K, we have
Do (Q) = (1) D2 det(Ag).

Alternatively, Ag is the matrix of second partial derivatives of ). In particular, Ag is a

singular matrix if and only if @) is singular over K.

The special fibre Hg is cut out by :L’g’QQ(xl, ..., Zy) + -+, which has a singular point

at [L:0:---:0]. The completed local ring of Hx at the point P=[1:0:---:0] is

Ouper = Kl[z1, ..., 2]/ (Q(z1, ..., z) + Clay, . .., x1))

where C'(x1,...,x) consists of the terms in f(1,xy,...,zx) of degree at least 3. We claim
that P is not a non-degenerate double point. Suppose otherwise. Then by [26, Remark

4.3], there is an isomorphism
o K([[z1, ..., 2]/ (Q(x1, ..., 2) + Oy, ..., 2)) = K[[xq, ..., 2] /(@] + -+ 23).
Let Ly,..., Ly € K[z1,...,x;] be linear forms such that for any i = 1,... k,
o(z;) = Li(x1, ..., ) (mod (z1,...,2)?).
Then, by comparing the lowest degree terms, we have
ol + -+ 23 | Q(Ly, ..., L) in K[[zy,..., 2]
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Since ¢ is an isomorphism, we see that the map (z1,...,2%) — (L1,..., L) is a linear
isomorphism. Hence, since @Q is singular and z? + --- + x% is a non-singular quadratic
form, we must have Q(Ly,...,L;) = 0 and so @ = 0 in order for 22 + -+ + 27 to divide
Q(Ly,...,L;). However, @ is nonzero in the field K. Therefore, we have by Theorem 13

that a2 | Agx(f) in R. This completes the proof of Theorem 6. O
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Chapter 4
On A&

In this chapter, we consider the polynomial A/, and prove Theorem 7 and Theorem 8. We
first recall the definition of A/, introduced in [8], which one can think of as a derivative of

the discriminant with respect to all of the coefficients.

Given a polynomial f(z) = agx? + - - + aq with degree d > 3 (so ag # 0) and roots

ri,...,rq, we define

Ay(f) =2

where in this chapter, we drop the subscript k and use A4( f) to denote the usual polynomial
discriminant of f(z). Since A/, is a symmetric polynomial in the roots {r;} with integer
coefficients, it can be written as a polynomial Al(ao,...,aq) € Z[ag, .. .,aq] in the coeffi-
cients of f. We then extend the definition of A/(f) to where ag = 0 using AL(0, ay, ..., aq).

We will also write Ag(ag, ..., aq) for Aglagz? + -+ + ay).
The polynomial Al(ao, ..., as) is homogeneous of degree 2d — 2, and weighted homo-
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geneous of degree d(d — 1) — 2 if we give each a; weight i. Since d t d(d — 1) — 2 when
d > 3, we see that A)(ay,...,aq) does not contain a monomial of the form aya;?. This
immediately gives

Al (apz® 4 ag) = 0.

It is worth noting that Ag(agz? + ag) = (—1)1=D/2@%4 a4 is not necessarily zero.
Similarly, we note that

dd—1)—2=2(d—1)+ (d—3)d

is the unique way to express d(d — 1) — 2 as a non-negative integer combination of d — 1

and d. As a result, we have

/ d d-1.2 d-3
Aylaor” + ag—1z + aq) = Caay™ ag_ay™”,

for some integer Cyy. In light of Theorem 8, we see that Cj is the coefficient of ag 2aza? ,a% >

in Ay multiplied by (;l) /(—4). We will compute this coefficient in Theorem 16.

Theorem 8. Let f(z) = apx? + ayz¥™' + - -+ + aq € Zay, . .., aq)[r] with d > 3. Then as

polynomials in ay, ..., aq, we have

B AN LAY

=0

Proof. 1t suffices to prove the equation holds over C. Suppose first that f € Clz] is

a polynomial of degree d with a double root at 0, so that ag—1(f) = aq(f) = 0. Let
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g(z) = f(z)/z*. From the formula

Ad(aoxd +-Fag) = —4ada2_2Ad,g(aozd’2 + - 4 ag2) (mod (ag, ad,l)z), (4.2)

for the discriminant of a polynomial, we see that

OA
Fa, ) = 4450 2(9)

and
0N,
8ai

(f)=0, fori=0,...,d—1.

Let rq,...,7rq—2 denote the roots of g(x). Then

2

N0 =d(Tr-02) T (-nf=ddudenle) 63)

Hence we see that (4.1) holds when f has a double root at 0.

We claim that both sides of (4.1) are invariant under shifts of the form f(x) — f(z+7)

for any r € C. This is true for A], by definition. For the right-hand side, we have

o) =Y (d - ) — =G4 Dagarte (44)

From

Ad(a07 cee 7ad> = Ad<a0(f(x + T))? v 7ad(f(x + T)))a
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we have

O, . LA, d—i\
i) =3 Gt (3

j=i

and solving for the partial derivatives evaluated at f(z -+ r) gives

0Ay

LN, [d—] i
U DIl v (S (45)

We observe that a;( f(z+7)) is expressed in terms of a; for i < j, while the partial derivative

%ﬁj‘? (f(x + 1)) is expressed in terms of the partial derivatives %( f) for i > j; both with

coefficients 1 when ¢ = j. It suffices to prove that when ¢ > i + 3, the coefficient of

d—2 4
) i X (1 )ate gt s o
Qy =0 Aj+2

Expanding using (4.4) and (4.5) shows that this coefficient equals

! vio C—i—2 —j—2 _
a—oi—i—a 2 (ﬁ—j—2>(_1) !

i<j<e-2
since { —1—2>1.

We have shown that the difference H of the two sides in the desired equation (4.1)
vanishes on the subset U of P¥(C) consisting of [ag : - : ag4] such that the binary form
apz® + - -+ + aqy? has a factor of the form (z + ry)? for some r € C. The Zariski closure
of U in P4(C) has dimension at least d — 1 and is contained in the irreducible variety
V(A4). Hence they are the same, and so H vanishes on V(A,). It then follows from

the Nullstellensatz and the irreducibility of Ay that Ay | H in Clay, ..., aq4]. Comparing
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homogeneous degrees gives H = AA, for some A € C. Comparing weighted homogeneous
degrees then gives A = 0. Therefore, H = 0 and this completes the proof of Theorem
8. m

Corollary 14. For d > 4, we have the recursive formula

N(ag, ... ,aq) = aiAl (ay,...,aq) (mod ap).

Proof. We know that

Ag(agr® + -+ ag) = a?Ag_1 (a2 + -~ +ag) (mod ag).

Hence, by Theorem 8, we have that modulo ag

- —1 8Ad aoxd + -+ Cld)
—4AL =
‘ z:: ( ) aaw?
. - —1-— j 8Ad_1(a1xd_1 + -+ Cld)
— Z a’]+1
§=0 2 Qa3
= —4a’A, |(a1,...,aq) (mod ayp),
as desired. ]

We note that Corollary 14 implies that if ag,...,aq € Z and p is a prime dividing
ag and aq, then p | Al(ag,...,aq) and p | Ay(ag, ..., aq), but we do not necessarily have

p? | Aglag, ..., aq). For example, if g(z) € Z[x] is a monic polynomial of degree d — 2 such
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that pt Ag_a(g), then by (1.1),

Ag(pz® + pr®~' + g(z)) = —4p Ay_a(g) (mod p?),

which is not divisible by p? if p > 2. We now prove that if p does not divide the leading

coefficient, then p | A, and p | Ay imply p? | Ag.

Corollary 15. Suppose f(z) = agr®+---+aq € Z[z] is a polynomial of degree d > 3. Let
p be an odd prime such that p{ag. Then p | A(f) and p | Aq(f) if and only if p? | Ay(f)

strongly.

Proof. The backward direction follows because p? | Ayq(f) strongly implies that p divides
all the partial derivatives of Ay evaluated at f, and so p | 4AL(f) since 4A/, is in the ideal

generated by the partial derivatives of Ay in Z[ao, ..., aq]. We then have p | A/(f) since
p # 2.

We now prove the forward direction. Since p | AL(f) and p | Ay(f) are mod-p condi-
tions, it suffices to prove that p? | Ay(f); in other words, the “strongly” part is automatic.
Suppose for a contradiction that p* ¥ Ag(f). Then f mod p has a simple double root
defined over F,. By moving this root mod p to 0, we may assume that p | a4—1 and p | ag.
We also have p { ag_s since f mod p has no triple root. Let g(z) = agz?® 2+ -+ +aq_o. By
(4.2) and (4.3), we have

Ag(f) = —4aqa) yAa5(g) (mod p?)

AY(f) = ag_yDi-a(g) (mod p),
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where the second congruence follows because (4.3) is an equality mod a4—1 and ag4, both
of which are divisible by p. It now follows that p | Ay_2(g) and then the first congruence
gives p* | Aq(f). O

We give another application of Theorem 8.

Theorem 16. Suppose d > 3. Then

/ d d(dq)/zqddil(d —1)° 40 s a3
Aglaor® + agax + aq) = (=1) —g % G0 -
Proof. When d = 3, we check using the explicit formula that
3223
Ay(apr® + azz + az) = (—3apaz)? = ?agagag.

Suppose now d > 4. By Theorem 8, we see that it suffices to prove that

the coefficient of al 2asa? ,at™® in Ay is (—1)M¢D/2q42(d — 1)?,

since (g) aoaaﬁ; is the only nonzero term. Let M denote the (2d — 1) x (2d — 1) Sylvester
matrix (used to calculate the resultant of f and f’ for a degree d polynomial f) whose
determinant is (—1)44=1/2qyA,. For any (2d — 1) x (2d — 1) matrix B whose coordinates
are linear forms in ay, ..., aq, let ¢(B) denote the coefficient of al taza? a2~ in det(B).

Then it remains to prove that
(M) =d"?(d— 1)
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We note that as appears in exactly one coordinate in every row in M. Fori=1,...,2d—1,
let M; be the matrix obtained from M by keeping the ay in the i-th row and replacing all

other as’s by 0. Then we see that

(M) =c(My) + (M) + -+ + c(Mag_1). (4.6)

This can be seen using the Leibniz formula for the determinant:

2d—1
det(B) = Y sign(o)P(B,0), where P(B,o)= ][] (i,0(i))-entry of B.
g€Soq_1 =1

Indeed, for a fixed 0 € Sy4_1, if the (j,0(j))-entry of M is a nonzero multiple of ay for

some j =1,...,2d — 1, then
P(M,0)=P(M,;,0), and P(My,o)=0 for {#j.

Summing over o gives (4.6).

Each ¢(M;) can be computed explicitly. We have

di=2(d — 1) if1<i<d-—1
o(Mi) = —d¥3(d—1)(d—2) ifd<i<2d—2

di=3(d —1)*(d—-2) ifi=2d—1.

We will state the key results only. We write ¢(B, o) for the coefficient of ag ‘asa? ,a%* in

P(B,o). It turns out that for ¢(M;, o) to be nonzero, o contains a cycle of length 2d — 4
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if 1 <:<d-—1oracycleof length 2d — 5 if d <7 < 2d — 1. More precisely:
(a) Suppose i =1,...,d—2. If ¢(M;,0) # 0, then o contains the (2d — 4)-cycle

(i i+2 d+i+2 i+3 -+ 2d—1 d 1 d+1 2 - i—1 d+i—1)

and fixes d + i+ 1. The 2 x 2 matrix formed from the remaining two indices ¢ + 1 and

d—+11is

In this case, we have

c(M;) = d**(d - 1).

(b) Suppose ¢ =d — 1. If ¢(M;,0) # 0, then o contains the (2d — 4)-cycle

d—1 d+1 2 d+2 - d—2 2d—2)

and fixes 2d — 1. The 2 x 2 matrix formed from the remaining two indices 1 and d is

also NN. In this case, we have

c(M;) = d*%(d — 1).

(c) Suppose i =d,...,2d — 4. If ¢(M;,0) # 0, then o contains the (2d — 5)-cycle

i i—-d+3 i+3 i—d+4 -~ 2d—1 d 1 d+1 2 - i—1 i—d)
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and fixes t —d+ 1 and i + 2. The 2 x 2 matrix formed from the remaining two indices

t—d+2and 7+ 1is also N. In this case, we have

c(M;) = —d*3(d — 1)(d — 2).

Suppose i = 2d — 3. If ¢(M;,0) # 0, then o contains the (2d — 5)-cycle

2d—3 d 1 d+1 2 -~ 2d—4 d—3)

and fixes d — 2 and 2d — 1. The 2 x 2 matrix formed from the remaining two indices

d—1 and 2d — 2 is also N. In this case, we have

c(M;) = —d*3(d — 1)(d — 2).

Suppose ¢ = 2d — 2. If ¢(M;,0) # 0, then o contains the (2d — 5)-cycle

(2d—2 d+1 2 d+2 3 -~ 2d—3 d—2)

and fixes d — 1 and 2d — 1. The 2 x 2 matrix formed from the remaining two indices 1

and d is also N. In this case, we have

c(M;) = —d*3(d — 1)(d — 2).
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(f) Suppose i = 2d — 1. If ¢(M;,0) # 0, then o contains the (2d — 5)-cycle

2d—1 d+2 3 d+3 4 -+ 2d—2 d—1).

The 4 x 4 matrix formed from the remaining four indices 1, 2, d, d + 1 is

ap 0 ag_1 ag

N/

dCLO 0 Agq—1 0

0 CZCLO 0 Ag—1

In this case, we have

c(M;) = d¥3(d — 1)*(d — 2).

Note that we have

d—1 2d—1
c(M;) = d*2(d — 1)?, > e(M;) =0.
i=1 i=d
Summing these two equations gives the desired result. O]

We conclude by proving Theorem 7. One can check directly that AL(ag,...,as) is

irreducible in Clay, ..., as]. Therefore, Theorem 7 follows from:
Theorem 17. Let d > 6 be an integer. If A/, | is irreducible in Clay, ..., aq—1], then A/

is irreducible in Clay, . . ., aq).

Proof. Suppose for a contradiction that A/, is not irreducible. Any factorization of A/, gives
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a factorization of a?Al,_,(a1,...,aq) in Z[ay, ..., a4) via Corollary 14 by setting ag = 0.

Since A!,_, is irreducible, we see that there are three possibilities for a factorization of Al:

Al(ag, ... aq) = (aoG+ 1) (agH + aiAl (ai,...,aq))
A/d(ao, ce ,ad) = (CL[)G + al)(aoH + alA;_l(al, e ,ad))

AId(CLOa"')ad> = (CLOG_‘_G’%)(CLOH_‘_A/d—I(al""7ad>>a

where G, H € Clay, . .., aq4). Since any factor of a homogeneous and weighted homogeneous
polynomial is also homogeneous and weighted homogeneous, we see that only the third type
of factorization is possible and that, moreover, agG + af must be of the form cagay + a?
for some ¢ € C in order to be weighted homogeneous. This means that if a; = ay = 0,

then A/, = 0. Consider now the polynomial f(z) = 2?(x4"2 +1). We know from (4.3) that

AY(f) = Da-2(2"? +1) #0,

but ay(f) = as(f) = 0, which is a contradiction. O
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