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Abstract

Given a graph G = (V, E), finding simpler estimates of G with possibly fewer edges
or vertices while capturing some of its specific properties has been used in order to design
efficient algorithms. The concept of estimating a graph with a simpler graph is known
as graph sparsification. Spanning trees are an important family of graph sparsifiers that
maintain connectivity of graphs, and have been utilized in many applications. However,
spanning trees are a wide family, and for some applications one might need the spanning
tree to have specific properties. Combinatorially thin trees are a type of spanning trees
that show up in applications such as Asymmetric Travelling Salesman Problem (ATSP). A
spanning tree T' of G is combinatorially thin if there is no cut U C V such that T contains
all the edges in §(U), and the thinness parameter ag(T) measures the maximum fraction
of edges in E(T) N d(U) compared to 6(U) over all cuts U C V.

Intuitively, combinatorial thinness measures how much edge-connectivity we lose while
removing the spanning tree T' from G. It is easy to verify that if G has connectivity k,
then % lower bounds ag. On the other hand, Goddyn conjectured that ag can also be
upper bounded as a function of connectivity ag = f (%) This conjecture which is known
as thin tree conjecture, was proved for the special case of graphs with bounded genus by
Oveis-Gharan and Saberi, in 2011. However, the general case is still open. In the first part
of this thesis, we study some of the known connections between edge-connectivity and ag
and investigate the result of Oveis-Gharan and Saberi for the special case of planar graphs.

For a general graph GG and spanning tree 7', even verifying the combinatorial thinness
ag(T) of T is an NP-hard problem. A natural more efficiently computable relaxation of
combinatorial thinness is the notion of spectral thinness. For a graph G and a spanning
tree T in G the spectral thinness 05(7") is the smallest value of 6 such that L5 — Lr
is a positive semidefinite matrix where L5 and L are Laplacian matrices of G and T.
Additionally, we define 05 to be the minimum value of 04 (T') over all spanning trees T of
G. Similar to combinatorial thinness and connectivity, 64 (7) can be lower bounded by the
maximum effective resistance of edges in T'. It was also proven by Harvey and Olver in
2014 that the maximum effective resistance of edges in G asymptotically upper bounds 6.
However, finding a mathematical characterization of 64 (T), even for structured graphs, is
still a challenge. In the second part of this thesis, we will give general lower bound and
upper bound certificates for 64(7) and utilize these certificates for circulant matrices to
estimate spectral thinness of graphs such as complete graphs, complete bipartite graphs,
and prism graphs.
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Chapter 1

Introduction

Given a connected graph G = (V, E), a sparse subgraph of G is a graph with (possibly)
substantially fewer edges or vertices than G, while preserving some of the main properties
of G. Graph sparsification is the notion of approximating a given graph G by a graph
with fewer edges or vertices. The goal of graph sparsification is to find a simpler graph
G5 which preserves certain properties of the original graph G such as connectivity, cut-
weights, and diameter. We aim to use G4 as an input of certain algorithms without
imposing considerable error compared to the solution on the original graph G, while saving
computational time and storage.

An important family of sparse graphs are spanning trees, which maintain connectivity
of G, while only having |V| —1 edges. Spanning tree sparsification has been very useful for
approximating fundamental problems such as Travelling Salesman Problem(TSP), Shortest
Path, and minimum-cost weighted perfect matching. However, spanning trees are a wide
family of graphs, and in many applications, we need to specify the spanning trees so that
they have additional structures and properties. For instance, a specific family of spanning
trees called thin-trees have been very useful in understanding important problems such as
Asymmetric Travelling Salesman Problem (ATSP) and No-where Zero k-flow.

More specifically, a spanning tree T' of G is combinatorially a—thin if for every proper
cut-set S C E of G at most « fraction of the cut-edges S are in T, and our goal is to find
combinatorial thin-trees with small thinness parameter a. One of the main challenges with
this goal is that computing the thinness parameter of a given tree in a general setting is
an N P-hard problem. Therefore, we may instead consider a relaxation of combinatorial
thinness, called spectral thinness. We call a tree T a 0—spectral thin tree of G, if for all
z € RY the inequality fz' Loz > x! Lrx holds, where L4 and Lr are the Laplacian



matrices of graphs G and T, respectively.

In the following sections, we first cover basic definitions and preliminaries for this
thesis.! Next, we define cambinatorial and spectral thin-trees more rigorously. Finally, we
show two major applications of thin spanning trees in the literature.

1.1 Basic Definitions and Notations

In this thesis, we use notions and notations commonly used in Graph Theory and Spectral
Graph Theory literature as well as Convex Optimization and Linear programming. To
have a consistent understanding of the basic notions, we will provide a concise definition
of them in what follows.

We use the standard notation of denoting set of real numbers, integers, and natural
numbers with R, Z, and N. Additionally, we will use R, and R, to denote the set of
non-negative and positive real numbers, respectively. We may use [n] to denote the set
{1,...,n}. For n,m € N, R™" and R" denote the set of matrices with real enteries that
have size m x n and n x n. Similarly, S denotes the set of symmetric matrices in R". For
M € R™" Null(M) and Rank(M) denote the dimension of null space and rank of M,
respectively.

Graph theory

We will denote an undirected simple graph with G = (V| E') where V is the set of vertices
and F C (‘2/) is the edge-set. Therefore, each edge e € E is denoted by e = {u, v}, where
u,v € V. We denote the vertex-set size with |V| and edge-set size with |E|.

For a vertex v € V, we use degq(v) to be the number of edges with v as their endpoint,
and define the neighbour set of v, denoted by Ng(v) C V to the set of vertices u € V' such
that {u,v} € E. Moreover, maximum degree of a graph G, denoted by A(G), is equal to
max,cy degq(v).

Note that whenever the graph is obvious from the context, we may use deg(v), A and

N(v) instead of degq(v), A(G) and Ng(v).

!The reader may skip preliminaries section if they have basic knowledge of graph theory and spectral
graph theory.



Cuts and cut-sets For a proper subset U C V, we use dg(U) C E to denote the set
of edges in F with exactly one endpoint in U. Whenever the graph is obvious from the
context, we may use 0(U) instead of ¢ (U).

Moreover, we use E[U] to denote the set of edges in E with both endpoints in U. Given
subsets Uy, Uy € V we use E[Uy, Us] to show the subset of edges with exactly one endpoint
in U; and one endpoint in Us.

A cut U C V in G (also denoted by (U,V \ U)) is a partition of vertices of G into
two disjoint sets. We call U and V' \ U the shores of the cut S. Moreover, a cut-set of a
cut U C V refers to the subset of edges dg(U) C E. Finally, a bond S C E is a minimal
cut-set.

Weighted graphs An edge weight for a graph G = (V, E) is a function w : E — R that
assigns a weight w(e) to each edge e € E. We might also use vector notation w € R¥ to
denote an edge weight function. For a subset S C E we define the total weight of S as
w(S) = > cqw(e). Moreover, graph G is k—edge connected with respect to weight w, if
and only if for all cuts U C V' we have,

w(éa(U)) > k.

Edge deletion and contraction For a graph G = (V, E) and edge e = {i,j} € E we
define the edge deletion, denoted by G\ e, to be the graph obtained by removing the edge
e from edge-set E. Similarly, for a subset S C E of edges we define G \ S.

We can also define the edge contraction, denoted by G/e := (V/e, E/e) to be the
multigraph obtained by contracting endpoints of e to a single vertex uv where

Vie:=(V\{u,v})U{uv}
Ele = (E\ (6(u) U5(v))> U ({{uv,w} cw € N(u)t U {{uv,w} :w e N(v)})

Multi-graphs Unlike a simple graph, in a multi-graph G = (V, E) the edge-set is a
multi-set. I.e., we might have multiple edges ey, ..., e, € E with end-points u,v € V. For
each pair of vertices u,v € V we define the edge multiplicity set M(u,v) to be the multiset
of all edges e € E with u and v as their endpoint. The edge multiplicity number of a pair
of vertices u,v € V is defined by pu(u,v) := |M(u,v)|.



Directed graphs We denote directed graphs with G = (V, A), where A C V' x V is the
set of directed edges of GG. In the directed graphs, we denote a € A by an ordered pair of
vertices (u,v) € V x V. For a proper subset U C V, we will use 6(U) = {(a,b) e E:b ¢ U}
and 65(U) = {(a,b) € E : a ¢ U} to denote the set of out-going and in-going edges of U.

Subgraphs Given a graph G = (V, E) and a subgraph H = (U, E(H)), where U C V, if
the subgraph is on a strict subset of vertices i.e., U # V, we denote the vertex set of H by
V(H). Moreover, we always denote the edge set of subgraph H by E(H).

Remark 1.1. In the rest of this thesis, we might use the term thin trees in order to refer
to thin spanning trees.

1.2 Combinatorial Thinness

Definition 1.1. Given a connected graph G = (V| E), edge weight function w : F— Ry,
and « € (0,1], we call a subgraph H = (V, E(H)) combinatorially c—thin subgraph of G
with respect to w, if for all proper subsets S C V' the following inequality holds:

[E(H) N6(S)] < alw(0(5))],

i.e. H is a combinatorially a—thin subgraph, if it contains at most a—fraction of weighted
edges of each cut-set of G.

Moreover, given a subgraph H, combinatorial thinness of H, denoted by ag.,(H), is
the smallest o € [0, 1] such that H is combinatorially a—thin subgraph of G with respect
to w, i.e.,

agw(H) = min{a: H is o — thin subgraph of G w.r.t weights w}.
Finally, we call a subgraph 7' = (V, E(T")) of G a combinatorially a—thin spanning tree
of G, if it is a spanning tree and a combinatorially a—thin subgraph of G.

Definition 1.2. Given a connected graph G = (V| E) and edge weight function w :
E — Ry, combinatorial thinness of G, denoted by ., € (0, 1], corresponds to the smallest
combinatorial thinness of its spanning trees, i.e.,

g = min{ag,(7) : T is a spanning tree of G}.



Remark 1.2. Given a connected graph G' = (V, E), where every edge e € E has weight
equal to one (w(e) = 1), every spanning tree is a 1-thin tree of G, as for every cut S C V
we have

|E(T) N6a(S)] < [06(S)] =1 x w(da(S)).

Remark 1.3. Given a graph G = (V, F) with weight function w : F— R, , we state that
a spanning tree T of G is combinatorially thin, if aq,,(T) < 1. We also state that graph
G s combinatorially thin if ag,, < 1.

Remark 1.4. In the rest of this thesis, whenever a weight function is not specified we
assume that in the given graph all edges have weight equal to one. We may also use the
notation ag and ag(7T) instead of ag and ag 1 (T), respectively.

Example 1.1. ag, = %.

Proof. There are two non-isomorphic spanning trees for Ky :

either (1) a star spanning tree S, or (2) a path tree P of length 3. Moreover, K, is
a symmetric graph with its group of isomorphism equal to the group of all permutations
on n elements, S,,. Thus, any spanning tree T' of K,, isomorphic to S or P has thinness
parameter equal to ag, (S) or ag, (P), respectively. Finally, as shown in Figure (1.1), we
have:

ak, = min{ag, (S), ag,(P)} = min{1, z} - Z
O

Note that if a graph G has connectivity k, then there exists a cut-set that has at most
weight k. Since every spanning tree has at least one edge from every cut-set, we obtain
the following.

Lemma 1.1. Suppose G is a given graph with connectivity k. Then,

| =

aGw Z

On the other hand, we intuitively expect that whenever the connectivity of graphs
increases their spanning trees will have smaller thinness parameters. Goddyn in [17] con-
jectured the following statement, which has been named as thin tree conjecture.
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Figure 1.1: Combinatorial thinness of Ky4: Each spanning tree is denoted by wavy edges. The
orange curves represent the cuts and green edges are in the edges in each cuts.

Conjecture 1.1. There exists a function f : (0,1] —Z, such that for a € (0,1] every
f(a)—edge connected graph has a combinatorially a—thin spanning tree.

The thin tree conjecture has been proved for some families of structured graphs. For
instance, Oveis Gharan and Saberi [16] proved that highly connected graphs with bounded
genus have combinatorially thin spanning trees. However, we do not currently have any
proof for the thin tree conjecture in the general setting.

In 2010, Asadpour et al. [3] suggested a stronger conjecture which is known as strong
thin tree conjecture. The conjecture was proposed in a different setting, which can be
translated into the following.

Conjecture 1.2. There exists a constant C € R such that every k—edge connected graph
G has a combinatorially %—thm spanning tree.

Finding efficient algorithms to obtain thin-spanning trees is also of our interest, as
one of the main applications of thin trees is to utilize them in algorithms to solve other
problems. Even though we can verify that a spanning tree is combinatorially thin for
specific families of structured graphs, the general case is not believed to be an easy problem.
In fact, verifying combinatorial a—thinness for an arbitrary given spanning tree 7" is a NP-
Complete problem. Therefore, introducing a relaxation of combinatorial thinness notion
that is verifiable in polynomial time seems to be a natural next step.



1.3 Spectral Thinness

A more generalized and stronger notion of thinness is spectral thinness, which is defined
by converting the information of graphs into the space of symmetric positive semidefinite
matrices and specifically using the Laplacian matrices of graphs. We recall the definition
of Laplacian matrices for a graph G = (V, E) over edge weight functions w : £ —R,.

Definition 1.3. (Laplacain) Given a graph G = (V, E') on n vertices, the Laplacian of G,
denoted by L¢ : RF — SV, takes a vector of edge weights w € R” as an input and returns
the following symmetric matrix. For all i, 57 € V' the ij-th entry of L5 (w) is defined as

D fipyep Wi =]
(La(w))ij ==  —wyy ifi #jand {i,j} € E (1.1)
0 otherwise.

Moreover, we can also rewrite Laplacian of G as a mapping between R¥ and space of
symmetric matrices SV,

Lo(w)= Y wilei—e;)(e;—e;), (1.2)
{i,j}€F
where e; are vectors of the standard basis for RY.

Definition 1.4. (Positive semidefinitness) A symmetric matrix X € S™ is positive semidef-
inite if for all v € R",
v ' Xv >0, (1.3)

and we denote a positive semidefinite (PSD) matrix X by X > 0.

Now, given a connected graph G = (V, E'), a weight function w : F— R, and a spanning
tree T, the spectral thinness of T with respect to G and w, denoted by 0¢ ., (1), is defined
as follows.

Definition 1.5. (Spectral thinness) Let G = (V, E) be a weighted graph with the weight
function w : E—R,, and let Ls(w) denote the Laplacian matrix of G. Then, a simple
subgraph H = (V, E(H)) is 8—spectrally thin if the following holds,

L(1) < 0.Lo(w). (1.4)



We define the spectral thinness of H with respect to G and w, denoted by 8¢ .,(H), as the
smallest value 6 € (0, 1] satisfying the above inequality.

Moreover, we define spectral thinness of G = (V, E) as the minimum spectral thinness
over all spanning trees of G; i.e.,

0¢ = min{0s ., (T) : T is a spanning tree of G.}
Proposition 1.1. Given a simple graph G = (V,E) and w € RY if T = (V, B(T)) is a
O(T)— spectrally thin tree of G, then combinatorial thinness of T' is upper bounded by 0,

1.€.,
aGw (T) < HG,w (T) .

Proof. Note that by definition of PSD matrices for all vectors z € RV we have
2" (0 w(T)Lo(w) — Lp(1))z > 0.

Therefore, the definition of spectral thinness directly implies that for any proper subsets
U C V the following holds:

uT (eg,w(T)z(;(w) - £T(l))u >0, (1.5)

where u € {0,1}" is the indicator vector of set U C V defined as below.

1 €U,
U; =
0 otherwise.

By rewriting the Laplacian matrix as in (1.2), we can compute the LHS of (1.5) as

ul (907w(T)£G(w) — ET(1)>U = QG,w(T)< Z wij(u; — Uj)2> — Z (u; — uy)?

{i,j}€E(G) {i,4}€E(T)
= QG,w(T)( > wilu - Uj)2> - Y ()’
{i.j}€dc(U) {i,j}e€dr(U)

= bw(Tw(dc(U)) — [0r(U)].
Therefore, we conclude that

06w (T)w(0(U)) — [6a(U) N E(T)| = 0.



Since for all U C V the inequality holds, it implies that the graph is combinatorially
0 w(T)—thin as well. Hence, we have ag (1) < 06, (7). O

1.4 Applications

Thin tree conjecture has some nice implications in the literature. For example, if the thin
tree conjecture holds, it implies weak Nowhere Zero 3-Flow conjectured by Jaeger [23].
Another important implication is that if the strong thin tree conjecture holds, we have an
O(1)— approximation algorithm for the Asymmetric Travelling Salesman Problem (ATSP),
suggested by Asadpour et al. in [3].

It is worth mentioning that the constant approximation of ATSP problem was proven
by direct methods in 2017 by Svensson et al. [36]. Moreover, Lovész et al. [26] showed that
Jaeger’s weak 3-Flow conjecture holds for all 6—edge connected graphs without using thin
trees. Although confirming these implications does not give any information on whether
thin tree conjecture holds, these confirmations may be considered a positive sign that the
conjecture might hold.

In this section, we will briefly discuss applications of thin-spanning trees in solving
ATSP and Nowhere Zero 3-Flow. We mainly focus on showing the deep relation between
combinatorially thin trees and how utilizing thin spanning trees help solving some classical
problems which had remained open for a long time.

1.4.1 ATSP and Thin Trees

This section is dedicated to the paper of Asadpour et al. [3] on log(n)/loglog(n)-
approximation of the Asymmetric Travelling Salesman problem. For the symmetric version
of traveling salesman problem there is the well-known Christofides algorithm, which gives
a 1.b—approximation factor for metric TSP. The general idea is to initially find a minimum
cost spanning tree, augment the spanning tree into an Eulerian subgraph by finding an
optimal matching of odd degree vertices of the tree, and finally, find a Hamiltonian cycle
by short-cutting the Eulerian walk.

It was only recently that Karlin et al. in [24] showed that a slightly better approxima-
tion for TSP is possible. For ATSP problem, the authors in [3] presented an approximation



algorithm similar to the Christofides algorithm. However, the specific choice of the under-
lying spanning tree, guarantees that the cost of the Eulerian augmentation of the spanning
tree cannot be larger than the order of the thinness parameter.

Before we delve deeper into this discussion, we will provide the definition of thinness
introduced in [3], and its relation to the strong thin-tree conjecture.

Definition 1.6. Let G = (V, E) be an undirected connected graph. The spanning tree
polytope of G, denoted by SP(G) is defined as convex-hull of all spanning trees in G; i.e.,

SP(GQ) = Conv{xT € {0,1}¥ : T is a spanning tree in G}, (1.6)

where xp € {0,1}¥ is the incidence vector of spanning tree 7.

Proposition 1.2. Let G = (V, E) be an undirected connected graph. Then, we can rewrite
the spanning tree polytope SP(G) as follows

z(E)=n-—1
SP(G)=XzecR¥ . x(E[U)<|U-1VYUCV ;. (1.7)
z>0
In [3], the authors gave an algorithm to obtain an a—thin spanning tree with « of

order logn loglogn. Moreover, they used this algorithm to solve the Asymmetric Traveling
Salesman Problem.

LP relaxation and ATSP problem

In the Asymmetric Traveling Salesman Problem, we have a complete directed graph G =
(V,A) on n vertices V with cost function ¢ € R which assigns a cost c(,,) for every
ordered pair of vertices u,v € V. We also assume that the cost function satisfies the
triangle inequality. Our goal is to find the minimum cost tour where each vertex is visited
exactly once, or equivalently a minimum cost directed Hamiltonian cycle.

We will use a = (u,v) as a directed edge a € A fromu € V tov € V.

In order to find an optimal solution for ATSP problem, first we consider the Held-Karp
LP relaxation of ATSP (see [21]) on the directed graph G over the vertex set V:

10



minimize E Colq
acA

subject to ((5+(U))2 1, VOA£UCV (1.8)
2(65(v)) = 2(0g(v)) =1, VeV
Tq >0, Va € A.

Remark 1.5. Given a feasible solution x* for (1.8), for all subsets U C V, we have,
2" (04(U)) = 2" (65(U)).

It is important to observe that every directed Hamiltonian cycle in GG, which can also
be viewed as a circulation, corresponds to an integral feasible point for (1.8). Conversely,
every integral point in the feasible region of (1.8) corresponds to a Hamiltonian cycle.
However, the optimal solution to Held-Karp relaxation, z* € ]Rﬁ, is not necessarily an

integral solution. However, OPTyx = c(2*) = > ¢,z is a lower bound to the ATSP
acA
problem. Asadpour et al. in [3] gave an algorithm to approximate an integral solution for

Held-Karp LP 1.8 by utilizing thin spanning trees.

To get an integral solution to ATSP, we can use a rounding method by considering the
underlying subgraph driven by the support of z*, and use it in the process of outputting a
Hamiltonian cycle.

Let z* be an optimal solution to the Held-Karp relaxation (1.8). We firstly, define the
set of undirected edges in the support of Z as,

E:={{u,v} € E: z*,>0ora, >0},

and define graph G = (V, E) be the undirected graph with cost function ¢ : E — R, such

that
c({u,v}) = mm{ (a) : a € supp(z*) N{(u,v), (v, u)}}

Since graph G has asymmetric costs, z* is possibly asymmetric as well. To make it
symmetric, we define the following vector z € R”.

n—1

)zt +22,) V {u,v} € E. (1.9)

Tuy = ( "

Claim 1.1. The vector T € R” defined in (1.9) is in the relative interior of the spanning
tree polytope of graph G.

11



Proof. See Appendix A. n

Next, Asadpour et al. in [3] introduced an algorithm that in the undirected graph

G finds an O(log’i gn)—combinatorially thin spanning tree with respect to edge weights z,

namely T = (V, E(T)), such that the cost of the spanning tree &(T) := " 5 (T) Ce satisfies

¢(T) <20PTyxk . (1.10)

By utilizing the combinatorially thin tree T in the undirected graph G, they suggested
a method to direct the given tree into a subgraph 7' = (V, E(T")) in original directed graph
G such that

o(T) < &T). (1.11)

For each edge {u,v} € E(T) we put one of the arcs (u,v) € A or (v,u) € A in E(T); ie.,
if c(u,v) < c¢(v,u), the edge {u,v} € E(T') corresponds to arc (u,v) € E(T). In the case
of equality, we select one of these arcs arbitrarily.

For the rest of the discussion we aim to show that 7" can be extended to an Eulerian

tour, and then by short-cutting we can obtain a directed Hamiltonian cycle which gives a
good approximation of the minimum cost directed Hamiltonian cycle in G.

O(l;;l%(grz)n)) Approximation Algorithm for ATSP

Lemma 1.2. Given the graph G = (V, E) and vector T as defined eirlier, let T be the

ag z(T)-combinatorially thin tree obtained in [7], where ag z(T) = O(lolgolign) and

¢(T) < 20PTyk .

Then, for the directed tree T = (V, E(T)) obtained from T as described earlier, there exists
an integer circulation f in G such that,

i. [ contains all edges of T; i.e., f(a) > 1 fora € E(T);
i. the total circulation flow f(A) =" .4 f(a) is upper bounded by

< (2+2064(T)) OPTyk . (1.13)
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In order to prove this lemma, we need to use Hoffman Circulation Theorem, which we
state in the following. To find the proof see [11].

Theorem 1.1. (Hoffman’s circulation[!1]) Given a directed graph G = (V,A), { €
Rﬁ, u € (R, U{oco})4, such that £ < u, there is a circulation f with £ < f < u if
and only if every U CV and U =V \ U satisfy

u(6(U)) = £(07(U)) = (6~ (V).
Moreover, if £,u are integral, then there also exists an integral circulation for G.

Given the above theorem, we now proceed to prove Lemma 1.2:

proof of Lemma 1.2. We define capacities ¢, u as follows,

0, otherwise.

o 1, if (i,5) € E(T
) ::{ ) € BT
Also,
. 14 20 z2%(ig), if (4,7) € E(T
U(Z,]) — G, (]) ( ]) ( )
20 5, otherwise.

We claim that the defined ¢, u satisfy the Hoffman’s circulation theorem, or equivalently,

for every proper subset U C V the inequality u(67(U)) > £(67(U)) holds:

=|6T(U) N E(T)| (by definition of /)
< 10a(U) N E(T)| (G, T are underlying graph of G, T)
< ag;7(06(U)) (by thinness condition)
— g (") @ (T (V) + 273 (U))) (by definition of 7)
n
= 206.:(" L (-0 (by Remark 1.5)
< 20627 (0" (U))
<u(6(U)) = u(6T(U)) (by definition of w).

13



Note that with the above inequality holding, by Theorem 1.1, we have a circulation f
in the directed graph G where the total cost of f is at most

o(f) =) ela)fla) <Y cla)ula).

a€A a€A

However, note that this circulation is not necessarily integral as u is not an integral
function. To overcome this problem, we consider the following LP.

minimize Z c(a)f(a)

acA
subject to Aqgf =0, (P1)

l(a) < fla), Yae€ A

where Ag is the adjacency matrix of original graph G. It is well known that if £(-) is
integral then (P1) has an integral optimal solution f* (see Corollary 12.2 in [31]). Also,
note that f is a feasible solution for (P1) as well. Thus, we have

o(f*) < e(f)
> cla)ula)

Y cla) +2a; Y cla"(a))

a€E(T) acA
C(T) -+ 20[@75 (T) OPTHK

IA

1.4.2 Nowhere Zero 3-Flow and Thin Trees

Definition 1.7. Let G = (V, A) be a directed graph and X be an Abelian group. A flow
assignment function f : A— X is a function that assigns values from group X to arcs of
graph. Moreover, for a vertex v € V, we define the flow boundary of v with respect to f to

be
Avi= " fle)= > fe),
)

ecét(v) ecd (v

14



where the summation is with respect to the group X.

In our discussion, a flow assignment for a given graph G = (V, A) is valid if the flow
boundary of each vertex v € V is equal to zero. Let X* = X \ {0} be the set of nonzero
elements of the group X. We define flow assignment f : A— X* a nowhere zero X —flow
if we have flow boundary of all vertices v € V' to be equal to zero, i.e. Av = 0. If graph
G = (V, F) is undirected, then G has a nowhere zero X —flow if the graph has a nowhere
zero X —flow for some fixed orientation of edges in F.

Definition 1.8. Let G = (V, E) be an undirected graph. Then, a flow assignment f :
E—{1,...,k—1} is a nowhere zero k — flow if there exists an edge orientation of G such
that the flow boundary of all vertices is equal to zero, with respect to sum in Z.

Tutte [39, 10] showed a strong connection between nowhere zero k—flow and Z; —flow.

Theorem 1.2. Let G = (V,E) be an undirected graph. Then, G has a nowhere zero
Zy, —flow if and only if G has nowhere zero k-flow.

An important implication of the above theorem is that if a graph G has k—flow, then
it has k'—flow for all £’ € N such that £’ > k.
Finding the relation between edge connectivity and the existence of smallest values k €
N such that nowhere zero k—flow exists is one of the most interesting questions in the
literature. One of the main open questions was specifically how much connectivity is
needed for nowhere zero 3—flows to exist. Tutte conjectured in [39, 10] the following.

Conjecture 1.3. (Tutte’s 3—flow conjecture) Every 4—edge connected graph has a nowhere
zero 3— flow.

This conjecture which is also known as Tutte’s 3—flow conjecture remained open for
decades and is open to this day. A weakened version of Tutte’s conjecture was proposed
by Jaeger [23], which is known as weak 3—flow conjecture.

Conjecture 1.4. (weak 3—flow conjecture) There ezists a constant k such that every
k—edge connected graph has a nowhere zero 3—flow.

Thomassen [37] proved weak 3—flow conjecture by showing every 8-edge connected
graph has 3—flow. Later Lovész et al. [20] improved the connectivity by proving every
6-edge connected graphs has a nowhere zero 3—flow. Although weak 3—flow conjecture has
been proven affirmatively, it is important for our discussion to see its relation to thin tree
conjecture. We will briefly discuss that if graph GG has a thin spanning tree 7" with small
thinness ag(T) < 3, then it also has a nowhere zero 3—flow (the idea is from Goeman’s
talk [19].)
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Definition 1.9. (O-join) Given a graph G = (V, E) and a set O C V, where |O] is even,
an O-join of GG is a subset of edges J C E such that the odd degree vertices of subgraph
H = (V. J) are exactly the vertices in O.

Theorem 1.3. Let a simple graph G = (V, E) be given. Suppose G is combinatorially thin

with ag < 5, and let thin spanning tree T = (V, E(T)) have ag = ag(T). Then, we claim

that G has a nowhere-zero 3-flow.
Proof. Let H = (V, E(H)) be a subgraph of G, where E(H) = E\ E(T'). Suppose Oy CV
is the set of odd vertices in H.

Then, it is possible to find an Og-join J C E(T) in G. Let Gy = (V, Ey), be the graph
which is defined by
Ey = E(H) U J,

and let Fy = E(T) \ J. Since all vertices of Gy have even degrees, it has an Eulerian tour.

Now, in the original graph G, let Ay be the directed version of edges Ey C F clockwise
in the order of the given Eulerian tour. Also, we will direct edges of E; arbitrarily into
edges graph A;.

Let G = (V, A) be the directed version of G. We define the capacity functions w, ¢ :
A —{1,2} as follows,

la)= 1 VaeA,

2, if a € AO
u(a) = .
1, ifae€ A

Next, we will show that by Hoffman’s circulation theorem (Theorem 1.1) the suggested
capacity functions ensure that G has an integral circulation, and since the circulation has
only flow 1 or 2 on the arcs, it is indeed a nowhere zero 3-flow.

To show that an integral circulation exists, we need to show that for all U C V, we have
w(dT(U)) > (6~ ()).

Note that set of edges in Ay form an Eulerian walk. Fix any U C V, and let ¢ := |A,No+(U)].
Then,

Ao N &H(U)| = | Ao N6~ (U)] = ¢. (1.14)
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Therefore, we have
|Ag N (6T (U)Us (U))] =2t

Further, we know that £y, C E(T), and therefore,

[ErNda(U)] _ A0 (67 (V) U T (U))|
[06(U))] |40 N (0= (U) UoH(U))| + [AL N (5 (U) U 6+(V))]
A0 (67 (U) U T (U))|

B (
2+ AN (6 (U)USHU))I

Since % < ag(T) < 3 we get,

|A; N (6~ (U)UsT(U))] < t.
Thus, we can upper bound £(6~(U)) as

(6~ (U)) = 14N 6~ (U)] + A1 Nné (U)]
— {4 A NG (V)]
< 2t.

On the other hand, since U(a) = 2 for all a € A, it also follows that

u(6(U)) = 2|40 N5+ (V)] + |AL N 6*(U))
=2t + A N6T(U)|
> (6~ (U)).

Thus, Hoffman’s condition holds and G has a nowhere-zero 3-flow. m

1.5 Thesis Outline

In Chapter 2, we show combinatorial lower bounds and upper bounds for existence of
combinatorial thin trees in specific families of structured graph. More precisely, we first
show that in the graphs without two edge disjoint spanning trees, combinatorially thin trees
do not exists. Moreover, by using a technique of [29], we present families of graphs that
have two edge disjoint spanning trees but do not have any combinatorially thin spanning
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trees. Then, we will investigate a special case of result by Oveis-Gharan and Saberi [16] on
finding combinatorially thin trees in highly connected graphs with bounded genus. We will
slightly extend their algorithm to work on weighted planar graphs, provide a fairly different
approach on showing the correctness, and getting a slight improvement in the thinness
parameter. Finally, we will describe an equivalent algorithm and show its equivalence to
the primal algorithm.

In Chapter 3, we will focus on spectral properties of graphs and their relation to thin
spanning trees. We start by showing a slightly better upper bound on the combinatorial
thinness of some families of distance regular graphs by utilising spectral and expansion
properties of graphs. Next, we will begin our discussion on spectrally thin spanning trees
by presenting general methods to lower bound and upper bound spectral thinness. Finally,
we investigate the spectral thinness of some families of structured graphs. More specifically,
we will focus on circulant graphs and exploit their symmetries to obtain bounds on the
spectral thinness.
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Chapter 2

Combinatorially Thin Trees in
Structured Graphs

If thin tree conjecture (Conjecture 1.1) holds, it suggests that having a highly connected
graph G = (V, E), we can prove the existence of a combinatorially thin tree 7" in G, only
by using information on the edge connectivity of the graph G. Although this is a strong
hope which has not been proven yet, there are relevant studied questions in the literature,
some of which are still open.

Some interesting questions were suggested by Goemans [19] are as follows.

1. How small the connectivity of the graph can be while having a combinatorially thin
spanning tree?

2. Can we find counterexamples to show specific families of graphs that do not have
combinatorial thin trees?

3. Is there any family of graphs that we can prove the thin tree conjecture for?

To address these questions, we will provide some interesting existing results in this
chapter. Firstly, by elementary reasoning, we will show that families of graphs without
edge-disjoint spanning trees do not have combinatorially thin trees. Next, we will show
results in [29] that suggest a family of planar graphs G in which all graphs G,, € G have
two edge-disjoint spanning trees, but they do not have a combinatorially a—thin tree for
a < 1—¢, where € is a small constant. In fact, Merker and Postle in [29] showed that there
exists a family of 4—regular and 4—edge connected planar graphs, denoted by MP such
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that for any o < 1 there exists a graph G € MP with ag > a. Using Merker and Postle’s
ideas, we will introduce some other families of 4—regular graphs with same property.

Next, we will present a result by Oveis Gharan and Saberi [16] which gives an algorithm
to find a combinatorially thin tree in highly connected graphs with bounded genus. We
provide a slightly different and more careful analysis for the case of planar graphs. In
particular, we only provide their result for planar graphs, but for these graphs we will
work with a more general setting, which allows arbitrary edge weights.

2.1 Graphs Without Edge-Disjoint Spanning Trees

Firstly, we show that the family of graphs without two edge-disjoint spanning trees are not
combinatorially thin.

Theorem 2.1. Let G = (V, E) be a connected graph without two edge-disjoint spanning
trees. Then, G is not combinatorially-thin.

Proof. For the sake of contradiction, suppose G = (V, E') has a combinatorially thin tree
T with thinness parameter ag(7) < 1. Therefore, for each cut 6¢(U) C E we have at
least one edge e € dg(U) is not an edge of tree T. As a result, the graph G \ T is a
connected graph, and contains a spanning tree 7" none of its edges are in F(T'). Since T"
is a spanning tree in G as well, T and 7" are two edge-disjoint spanning trees of G, which
is a contradiction. O]

2.2 Families of 4—Edge Connected Graphs Without
Combinatorially Thin Trees

We proceed to the next step, and we present existing results on the combinatorial thinness
of some graphs that have two edge-disjoint spanning trees. Merker and Postle [29] intro-
duced a family of 4—edge connected planar graphs, MP, where for each a < 1 there exists
a graph G in the family with no combinatorially a—thin spanning tree.f It is worth noting
that as a corollary of the Nash-Williams theorem, every 4—edge-connected graph has two
edge-disjoint spanning trees as well.

Theorem 2.2. (Nash-Williams [71]) A given graph G = (V, E) has k edge-disjoint span-
ning trees if and only if for every partitioning P = {V4,...,V,} of G, partitioning graph
G/P = (P, Ep) obtained from P has the following property:
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|Ep| > k(p—1). (2.1)

Proof. See Theorem 1 in [31]. O

Theorem 2.3. For every o < 1, there exists a graph G = (V, E) with two edge-disjoint
spanning trees such that G' does not have any a—thin tree.

The goal in this section is to prove the given theorem. In order to present the proof
of Theorem 2.3, as described in [29] in detail, we first present some tools and facts which
were used in the proof explicitly.

2.2.1 Preliminaries

Tools and Facts on 4—Regular 4—edge Connected Graphs

Lemma 2.1. Let G = (V, E) be a 4-reqular graph on n vertices, and let Ty = (V, E(1y))
and Ty = (V, E(T})) be two edge-disjoint spanning trees of G. Then,

[E\ (E(To) U E(Th))] = 2.

Proof. Since G is a 4-regular graph, we have dg(v) = 4, for all v € V. Thus, the number
of edges in G is equal to

1
|E| = izdo(v) =2|V].
veV

Moreover, since Ty and T are edge-disjoint spanning trees, the total number of edges in
the union of Ty and T} is equal to |E(Ty) U E(Ty)| = 2(|V| — 1). Thus, the number of
remaining edges in the graph, if we remove edges of Ty and T}, is equal to

|El = [E(To) UE(Ty)| = 2|V =2([V] - 1) = 2.
O

Lemma 2.2. Let G = (V, E) be a connected graph with mazximum degree D € N, and let
T = (V,E(T)) be an arbitrary spanning tree of G.Then, there exists an edge f € E(T) and
a partitioning [Vy, Va] of V' such that {f} = ér(V1) and

) V-1
min{|Vi]. [vaf) > (22)
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Proof. See Appendix A.
O

Corollary 2.1. Given a spanning tree T = (V, E(T)) of a 4-regular graph G = (V, E),
there ezists an edge e € E(T') such that both connected components of T'\ e have size at
least Y121

4

Intersection of cuts and paths

Lemma 2.3. Let G = (V, E) be a simple graph and let A CV be an s —t cut for vertices
s,t € V with s € A. Then,

i. 0g(A) contains at least one edge of any s —t path P.

6(A) N E(P)| > 1.

i. 0g(A) contains at least two edge of any cycle C' containing s,t.
5(A) N E(C)] > 2.

Proof. (i.) Let P be a path with the sequence of vertices s = vy,...,v, = t. We have
v € A and v, ¢ A; therefore, there exists an index j € {1,...,¢—1} such that v; € A and
vj41 ¢ A. Then,

{'Uj7vj+1} S 5(14) N E(P)

(ii.) This part is a direct result of (i.) as every cycle containing s and ¢ has two edge-disjoint
s —t paths in G. n

2.2.2 4—Edge-Connected Planar Family of Graphs

Definition 2.1. (Cartesian product) Given two graphs G = (V4, Ey) and Go = (Va, Ey),
the Cartesian Product of G1 and G5, denoted by G [0 (G5, is the graph with vertex set
V(G10Gs) := Vi x V, and edge set E(G10G3). The edges of Cartesian product are of form
{{z1, 11}, {xe, y2}} € E(G10Gs), where either 7 = 25 and {y;,y2} € Es or y; = yo and
{l’l, ZL‘Q} € El.
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For a given k € N, the Cartesian product of cycle Cy, and path Py is a planar graph,
but it is neither 4-regular nor 4—edge connected. In order to make it 4—edge connected
and 4-regular, the authors in [29] suggested adding k side vertices to each side of the grid
with degree 3 vertices and connecting each side vertex to 4 distinct vertices with degree
three. We define M Py, := (V, E') to be the Merker-Postle suggested graph when the length
and the height of its grid are equal to 4k. Finally, lets denote the family of M Py, by

MP = {Mp4kk€N}

Figure 2.1 shows the M Py graph.

Figure 2.1: Graph M P3 with 68 vertices

Lemma 2.4. Let M Py, = (V,E), be a graph in MP. Then, any subset A C V with
k* < |A| <|V|—k?* has at least k edges in the boundary dprp,, (A).

We will postpone the proof of Lemma 2.4 to the end of this section. Instead, we first
show that the family of MP graphs’ combinatorial thinness cannot be bounded from above
by any « € (0,1).

Theorem 2.4. For any given value o € (0, 1), there exists a graph M Py, € MP for some
k depending on a with two edge-disjoint spanning trees such that M Py, does not have any
combinatorially c—thin tree.
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Proof. Let k > 2= and let M Py, = (V, E) € MP be as described, and suppose M Py, has
a combinatorially a—thin tree Ty = (V, E(Tp)). Then, M Py, \ E(Tp) is still connected and
has another spanning tree 77. By Lemma 2.2, there exists an edge f € E(T3) such that
{f} =90r,(S) for a cut S C V with min{|S|, |V \ S|} > I‘/'T_l. Note that

_ 2 _
VI—1_ 168421,
1 1

Therefore, by Lemma 2.4, we have that the number of edges in dyp, (5) is at least k.
Moreover, we have

0arpy (S) N E(Th)| = {f}H = 1.
Finally, by Lemma 2.1, we know that |E \ (E(Ty) U E(T1))| = 2. Thus,
|E(To) N E(S,S)| > |E(S,9)] -3,
and aprp,, (Tp) is lower bounded by,

|E(To) N E(S, )]

Ty) > = 2.3
aMP4Ic( 0)— |E(S,S)| ( )
o3 (2.4)

o E(S,9) ’

3

>1—-—. 2
’ (2.5
Therefore, arp,, (To) > o for k > 2= O

Now, we will present the proof of Lemma 2.4.

Proof. (Lemma 2.4) Let A C V satisfy the given condition, and suppose §(A) < k.

We define the set of right vertices R C V' to be the set of side vertices that are in right
side of M P,
R={r;: iclk]},

the left vertices L C 'V as
L=A{¢: i€lk]},
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and Grid vertices G C V to be the set of vertices on the 4k x 4k grid, where v;; is the
vertex in the row ¢ and column j.

G =A{v; 11,7 € [4k]}.

Note that V= RU L UG. We call a column j € [4k| a full column if for all i € [4k] the
vertices v;; are in A, an empty column if no vertex v;; € A, and an alternating column if
there exists ¢ and ¢’ such that v;; € A and v;y; ¢ A.

Moreover, we define a row i € [4k] to be a full row if the vertices
{vij : j € [4k]} U {T[gpg[g}} C A,
an empty row if
{vij : J € [4k]} U{rrsy, Griq} C VA,
and otherwise, an alternating row.

Note that if the column j € [4k] is alternating then there are vertices v;; € A, vy; ¢ A
for i,7" € [4k]. Since every column is a cycle, by Lemma 2.3 (ii.) there are least two edges
of column j that are in 6(A). Similarly, by Lemma 2.3 (i.) if the row ¢ € [4k] is alternating
then at least on edge of row i is in 0(A). As a result, we immediately get that we have at
most [4] — 1 many alternating columns, and at most k — 1 alternating rows.

Therefore, at least 3k + 1 rows and L%j + 1 columns must be either empty or full.
However, the following conditions must holds.

1. The rows (columns) which are not alternating rows (columns) must be either all empty
or all full, since otherwise, all columns(rows) will be alternating. In other words, there
are no indices i, € [4k], such that row (column) ¢ is full and row (column) i’ is empty.

2. There cannot be an empty (full) row i and a full (empty) column j in M Py, at the same
time, since vertex v;; is either in A or not.

Therefore, the columns and rows that are not alternating are either all full or all empty.
Suppose all the remaining rows and columns are full. Define

F.:={vj: i,j € [4k] & i is a full row} U {T[ﬂ i € [4k] & i is a full row}
U {E(ﬂ 21 € [4k] & i is a full row},
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and
F.:={v;;: i,5 € [4k] & j is a full column}.
Also, let

T:=F.NF,.
By our definition of full rows and columns, we have that F, U F, C A. As mentioned
earlier the number full rows and columns is at least 3k + 1 and L%J + 1, respectively.

Moreover, at least 2{#} of the side vertices also in A. Thus, the total number of

vertices in A is at least,

Al = (1F ]+ [Fe[ = [T1)

_ <4k(3k:+ 1) +2[3k: 1]) + <4kq72—kj + 1)) - (Q%J +1EkE+ D)

> <4k(3k+1) +2Pk11]) +4kz(E+%) - <(%+1) X (3k;+1)>

2
3k +1 k
— 15.5k 2{ W———1
5.5k% + 1 5
> 15k% + 2k
:|V|_k27

which contradicts our assumption that |A] < |V|— k%
The case that all non-alternating rows and columns are empty gives a contradiction with
the same method as well. [

2.2.3 Cyu O Cy

Another family of 4-regular graphs with similar properties is the family of graphs obtained
from the Cartesian Product of cycles of size 4k, denoted by Gy = Cy[CY, for k € N.
Figure 2.2 shows an instance of Cs[1Cs graph.
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We denote this family of graphs by
C:= {G4k ke N}

These graphs share all the properties of MP, except they are not planar graphs. However,
this is not much of a barrier as we do not use planar properties in the analysis.

Figure 2.2: Graph Cgs O Cg

Lemma 2.5. Suppose Gy, = (V, E) is given for k € N, and let A C V such that k* <
|A| < |V|— k?, then we have §g(A) > 2k.
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Proof. For the sake of contradiction, suppose A C V and k? < |A| < V| — k2, but we
have dz(A) < 2k. Let the set v;; for 7,5 € [4k| be the set of vertices of Gy, where v;; is
the vertex in the row ¢ and column j. Similar to the M Py, graphs, we call the row i a full
row if for all j € [4k] the vertices v;; are in A, an empty row if no vertex v;; € A, and an
alternating row if there exists j and j’ such that v;; € A and v,y ¢ A. Full, empty and
alternating columns are defined similarly.

Notice that if the column j € [4k] is alternating then there are vertices v;; € A, vy; ¢ A
for i,i’ € [4k]. Since every column is a cycle, by Lemma 2.3 (ii.) there are two edges of
column j that are in §(A). Similarly, if the row i € [4k] is alternating then there are at
least two edges of row ¢ are in d(A). From this we immediately get that we have at least
3k + 1 rows and columns that are either full or empty.

By same argument as in Lemma 2.4, all of these 3k + 1 rows and columns are either all
full or all empty. Without loss of generality, we may assume that all the remaining rows
are full rows, and the other case can be argued similarly.

By the same argument, we will have 3k 4+ 1 columns that are all full or empty. Since
we cannot have a full row and an empty column, all the remaining 3k + 1 columns should
also be full. Let

F, ={v;; 14,5 € [4k] i is full row}
F.:={v; 1,7 € [4k] j is full column}
and also let
T=FnNEF.,.
Since F. U F. C A, we have

Al > [F| + [Fe| — [T
=Bk+1)x4k+4k x 3k +1)— 3k +1) x (3k+ 1)
= 24k* + 8k — 9k* — 6k — 1
= 15k* + 2k — 1
> 15k,

which is a contradiction since we assumed |A| < |[V]| — k? = 15k®. A similar argument
holds for the case with all the remaining rows and columns being empty. O]

Theorem 2.5. For any given value o < 1, there exists a graph Gy, € C with two edge-
disjoint spanning trees such that Gy does not have any a—thin tree.
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Proof. Similar to the proof of Theorem 2.4, but utilizing Lemma 2.5. m

2.2.4 Random 4—Regular Graphs

Suppose G(n, k) be the set of all k—regular graphs on n vertices, we aim to show that for a
random 4—regular graph G on n vertices uniformly selected from G(n,4) the combinatorial
thinness ag — 1 as n — oo, with high probability which means the probability tends to one
as n < o0o. To have a uniform distribution over all simple 4—regular graphs, we must
specify a process to generate a uniformly random graph. We cannot use the classic Erdos-
Renyi family of random graphs G/, ,,, where the edges are selected independently at random,
as we cannot guarantee a uniform distribution over all 4—regular graph by selecting edges
independently. However, Bollobas in [7] provided a process of obtaining a uniformly random
k—regular graph from G(n, k), by another model called configuration model.(Also, see [14]
for more detailed explanation.)

Selecting random graph G from G(n, k), we will proceed to show that each cut of the
graph has a relatively large number of edges. Then, we will use the previously discussed
techniques to show that combinatorial thinness of a random 4—regular graph cannot be
bounded by any constant a € (0, 1).

To show that each cut of a given graph has large number of edges, we need to introduce
a way to compare number of edges in the cut set with the size of the cut itself.

Definition 2.2. Given a graph G = (V, E), we define edge expansion of a proper subset
UcCV as
_ 4a(U)

o) : TR

and edge expansion of graph G to be

We call a G = (V, E) an e—expander, if its edge expansion is at least €; i.e, P(G) > e.

Suppose G(n, k) be the set of all k—regular graphs on n vertices, a random element
G € G(n, k) has a property A with high probability if the probability that A(G) =1 goes
to 1 as n— oo.

Bollobés [7] proved the following theorem in 1988.
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Theorem 2.6. Let G = (V,E) is a random k-reqular graph on n wvertices
selected from G(n, k). Suppose k >3 and 0 < p < 1 be such that

2 < (1= ) (1 + p)t ™. (2.6)

. . . . . (1—p)k
Then, with high probability the edge expansion ®(G) is at least ===

Proof. See Theorem 1 in [7]. O

Corollary 2.2. For a random 4—regular graph G = (V, E) on n vertices, to satisfy (2.6)
we must have p > 0.779. Therefore, with high probability G has edge expansion of at least
0.44.

Theorem 2.7. Suppose G = (V, E) is a random 4—regular graph on n wvertices chosen
uniformly from G(n,4). Then, we claim that with high probability ag —1 as n— co.

Proof. Given a random graph G € G(n,4), with high probability, G is an e—expander,
where by Corollary 2.2, € > 0.44. Suppose T} is a combinatorially thin tree of G. Since
G\ T is still connected, it contains another spanning tree 7. By Corollary 2.1, there exists
an edge e € E(T) with {e} = dr(V4) for Vi C V such that V; and Vo = V' \ V; have size
at least £. Suppose |V1| < § and consider the corresponding cut dg (V1) C E. For this cut,
we have

€.n
oe(V1)l 2 e[Vi] = —.

The spanning tree T has only one edge in dg(V;). Also, by Lemma 2.1, there are at most
2 edges in dg(V}) that are not in one of the spanning trees 77 or 7. Thus, we have

06(Vi) N E(T1)| = [6a(V1)] = 3,

30



which indicates that

06(V1)| =3
ac(T)) > —/————
N A]

_{__ 3

0c(V4))|
>1- 2
5
B 15
N €.n

Therefore, as n — 00, a.e. ag also goes to 1. O

2.3 Thin Trees and Planar Graphs

In the previous section, we presented some families of graphs with small edge connectivity
that do not have combinatorially thin trees. Specifically, the result of [29] gave us an
explicit construction for a family of 4-edge connected planar graphs where the combinatorial
thinness parameter converges to one.

In this section, we show that combinatorially thin trees can be found in planar graphs
if we allow higher edge connectivity, which is a special case of [16]. In the result of Oveis-
Gharan and Saberi [16] they give an algorithm that finds combinatorially thin trees on
graphs with bounded genus. We will describe the special case of their algorithm for highly
connected planar graphs for planar graphs with weights. Note that a simple planar graph
has connectivity at most 5. Therefore, to allow higher edge connectivity, we will work with
a multi-graph G = (V, E) where we may have many edges ej,...,e; € E between two
endpoints u,v € V.

Formally, the special case of the algorithm in [10] for planar graphs takes a non-weighted
planar multi-graph G = (V, E) with edge-connectivity k& as an input and returns a thin
tree with thinness %. In this section, we will provide a more careful analysis of this algo-
rithm to generalize the thinness parameter of 1—,? for k-connected weighted planar graphs.

Additionally, this analysis gives us a slightly better upper bound of —+— for graphs with

[{51+e¢
integral weights where € > 0 is a positive number depending on |V (G)|.

Note that the algorithm in [16] uses the dual graph of a planar graph to find a spanning
set of edges that are combinatorially thin. Using the tools we develop in the following
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sections, we will also provide an algorithm that does not use the dual graph explicitly and
prove its equivalence to the algorithm of Oveis-Gharan and Saberi [16].

To get a better understanding of the algorithm, we first present basic definitions of
planar graphs and their planar dual as well as their properties and the relation between
them using Chapter 10 of the textbook [¢]. Next, we will try to give an interpretation
of thin trees of a planar graph G = (V, EF) in their planar dual G* = (V*, E*). Having
this interpretation, we will define a notion of threads which is used in [16] to find a subset
F* C E* in G* that corresponds to a thin spanning tree F' C E in . Additionally, we
will interpret back threads in the dual graph G* to a notion of hanks in the original graph
G. Finally, we use these interpretations to present a pair of primal and dual algorithms in
the weighted setting and prove their correctness.

2.3.1 Preliminaries
Planar graphs

Planar graphs' are the family of graphs that can be drawn in the plane in a way that edges
intersect only at the endpoints. We call any such embedding of G into the two-dimensional
plane a planar embedding of G. It is important to note that if a graph G = (V, F) is planar,
its planar embedding is not unique. However, any planar embedding G of G provides a
graph isomorphic to G. To understand the family of planar graphs, we need to understand
at least some basics on the topology of the plane and planar embedding of graphs.

Note that in a planar embedding G, in order to draw any edge e = {u, v} between its
endpoints we use curves. A curve C is an image of a continuous function ¢ : [0,1] — R?
We call a curve C' closed if ¢(0) = ¢(1) and simple if it does not intersect itself unless at its
endpoints; i.e., ¢(a) # ¢(b) for 0 < a < b < 1. Finally, a subset S C R?is arcwise-connected
if for any two points x,y € S there exists a curve between x and y that lies entirely in
S. As the planar embedding of graphs has a set of simple curves which are connected at
the endpoints, planar embedding of graphs separate the plane into arcwise-connected open
sets, which are referred to as faces of plane graph. This observation is the result of one of
the most fundamental theorems in topology, which we state without proof in the following.

Theorem 2.8. (The Jordan Curve Theorem)
Any simple closed curve C' € R? partitions R? \C' into two disjoint arcwise-connected open
sets.

For more information on planar graphs and their properties view [3] Chapter 10.
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One implication of Jordan Curve Theorem is that given a simple closed curve C' any
curve C' connecting a point inside C' to a point outside C intersects C' at least once. This
observation is useful in order to define the notion of dual of a planar graph G.

Planar dual

An embedded planar graph G separates the plane into one unbounded outer face and many
bounded arcwise connected faces (see Figure 2.3). The set of faces of planar graph G is
denoted by F(G). A given face f € F(G) is incident to a set of vertices and edges. The
set of incident edges to a face f are called boundary of f and is denoted by O(f).

Definition 2.3. (Planar dual)
Let G = (V, E) be a given embedded planar graph. We define the planar dual multigraph
of G, denoted by G* = (V*, E*), as follows.

e For every face f € F(G), there is a corresponding vertex f* € V* which gives a
bijection V* ~ F(G).

e For every edge e = {u,v} € E, which is incident to faces f,g € F(G), there is a
unique corresponding edge e* = {f*, ¢*} is E* which gives a bijection E ~ E* (see
Figure 2.3).

Definition 2.4. (dual of weight function) Let G = (V, E) be an embedded planar graph
with a weight function w : F— R, and let G* = (V*, E*) be its planar dual. We define
the dual weight function w* : E* — Ry such that w*(e*) := w(e) for every e € E.

Definition 2.5. Two embedded planar graphs G; = (Vi, E;) and Gy = (V3, Ey) have
same embedding if we both the pair G1, G5 and G7, G} are isomorphic. Le., there exists a
bijection ¢ that maps (V1, E1, F(G1)) to (Va, Eq, F(G2)) such that for every pair of vertices
u,v and faces f, g the following holds.

e An edge e € F; has endpoints u,v € V; if and only if the edge ¢(e) has endpoints
¢(u), ¢(v) € Va.

e Edge e € Ej has faces f, g € F(G,) if and only if the edge ¢(e) has faces ¢(f), d(g) €
F(G,).
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& o ,
fi
U1
V4
Us
Planar graph G Planar dual G*
Figure 2.3: Planar Graph (G, w) and its Dual (G*, w*).
Notation

In the rest of this chapter, whenever we use (G,w) we are assuming that the planar
embedded graph G = (V, E) with weight function w : F— R, and edge connectivity k
is given. Moreover, we denote dual planar of G by G* = (V*, E*). Finally, we may write
(G*,w*) to refer to the planar dual G* with dual weight function w* : E* —R,. For planar
graphs (G; and G5, we denote isomorphism by G; ~ G5 and having a same embedding by
G1 = G2.

Properties of planar graphs and their dual

Next, we will state some of the useful properties of planar graphs and their duals without
proof. (To read more about planar graphs see for instance [3] Chapter 10.)

Proposition 2.1. Given a planar graph (G,w) and its dual (G*,w*) the following state-
ments hold:

i. The planar dual of G* is equal to planar graph G; i.e., (G*)* = G.
1. The planar dual graph G* is connected.

iii. For all vertices f* € V* we have degq.(f*) = [0(f)].
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w. Let e € E be an arbitrary edge that s not a cut edge. Then, we have
(G\e) =G"/e".
v. Let e € E be an arbitrary edge that is not a loop. Then we have
(G/e)" =G*\ €.
vi. Any cut edge e € E, corresponds to a loop e* € E*, and any loop in G corresponds to

a cut edge in G*.

vii. S C E is a bond in G if and only if its corresponding edges S* := {e* : e € S} C E*
s a cycle in G*.

viie. Total number of incident edges of faces is equal to 2|E|; i.e.

> 1o =2lEl.

fer(G)

iz. (Euler’s Formula) The following equation holds
V(&) + [F(G)] - [E(G)] = 2. (2.7)

z. For a subset of edges F C E with corresponding dual edges F* = {e* : e € F'}, we have

w(F) = w*(F").

2.3.2 Combinatorially Thin Trees from the Viewpoint of the
Dual Graph

Let G = (V, E) be an embedded planar graph with weight function w : E— R, and let
G* = (V*, E*) be the planar dual of G with dual weight function w* : E* — R,. A natural
question is to ask what does a thin subgraph F' C F of G mean in the dual graph G* and
vice versa. Note that the subgraph F'is a-combinatorially thin if and only if it has at most
a fraction of edge weights in each cut-set 6¢(U) C E, for all cuts U C V; i.e.,

66(U) N F|
wos ) =
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Therefore, to understand a thin subgraph F' of G from the view point of the dual graph
G*, we first need to understand the meaning of cut-sets dg(U) C F in the dual graph G*.

The following lemma show that cut-sets in G are analogous to cycles in G* (see Fig-
ure 2.4). This is a folklore result in planar graphs. ( See Theorem 10.16 and Corollary
10.17 in Chapter 10 [3].)

Lemma 2.6. Let a planar graph G be given. Then, S C E of G is a cut-set of G if and
only if the dual edges S* C E* are union of edge-disjoint cycles in G*.

V2
&@ U3
U1 e "
U4
v
Bond C = §({vs}) in G Corresponding cycle C* in G*
V2
- Ug
U1 v
6
V4
v,
Cut-set C' = §({vs,v4,06}) in G Edge disjoint cycles C} and Cj in G*

Figure 2.4: Bonds in G correspond to cycles in G*. Moreover, cut-sets in GG correspond to union
of edge disjoint cycles in G*.
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A direct consequence of the Lemma 2.6 is the following interpretation of thin spanning
subgraphs in the planar dual G* (see Figure 2.5).

Proposition 2.2. Let (G, w) and (G*,w*) be given, and let F' C E be a subset of edges of
G and F* :={e* : e € F'} C E* be the corresponding edges in G*. Then,

i. (V,F) is a a-combinatorially thin subgraph of G if and only if for every cycle C* C E*
we have,

|C* N F¥|

ii. (V,F) is a spanning subgraph of G if and only if for every cycle C* C E*, C*NF* ().

*

Tree T Edges T

sate]
w©o) =

Wl
S
*
—~
Q
*
—

Figure 2.5: The fraction of the edges of a tree T' in cut-set C* equals the fraction of the edges of
T* in the cycle C*.
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(Proof of 2.2). By Lemma 2.6, the cut space in a planar graph G corresponds to the cycle
space of its planar dual G*. Using this fact, we prove (i.) as follows. (ii.) can be proven
similarly. Suppose the subset F' C E is given. Then, (V| F') is a combinatorially thin tree
of G with thinness parameter « if and only if for all cut-sets S = §(U) C E we have

|FNS|
w(S) <a. (2.9)

Now, by Lemma 2.6, a subset S C E'is a cut-set in G if and only if we have S* = Ule Cy
where C7’s are edge-disjoint cycles in G*. Since C}’s are edge-disjoint, we can write
S| |F* N .S*|
w(S) w(S)
4 * *
_ Ui €7) N F
= - -
w(Uizy CF)
_ X lGinF
= ; —
>im w(CF)

Therefore, (V, F') is o — combinatorially thin if and only if for every ¢ € N and set of edge
disjoint cycles CY, ..., C; we have

>i |G N F|
o> Zfl o0 (2.10)
=1 7

Note that this is equivalent to saying that for every cycle C* in G* we have

|C* N F¥|
> 2.11
‘= Twr (o) (211)
More specifically, if (2.10) holds then (2.11) also holds as C* can be considered is a single
cycle itself. Conversely, if (2.11) holds for every cycle C* in G* we have

L |G Y (0w'(C))
Zz Zwi(CF) Zz (O

:O{,
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and (2.10) also holds for every set of edge-disjoint cycles Cf, ..., C}.
O

As a result of this proposition, instead of finding a a-thin spanning tree F' C F, we can
find a subset F* C E* where for every cycle C* C E*, 0 < |F*NC*| < aw*(C*). To obtain
such subset F* C E* of edges, Oveis-Gharan and Saberi [16] use a notion of threads that
allows us to upper bound the fraction of edges chosen from each cycle C*.

2.3.3 Threads in the Dual Graph G*

Definition 2.6. (thread) Let (G, w) be given. A thread T is defined as one of the following.

e Path thread: a vertex induced path T = viejvqes...e,_1v, of G, where the inner
vertices have degree two and the endpoints v; and v,, have degree at least three in G.

e Cycle thread: a vertex induced cycle T' = viejvges . . . ve,v1 of G, where deg(v) > 2
and all other vertices have degree equal to two. (Figure 2.6 shows an example of
threads.)

We define the weight of a thread 7" to be equal to its total edge weights

ecE(T)

Finally, we define the median edge e,y € E(T) to be the first edge e; for j € [n] such
that

zj:w(ei) > M

: 2
=1

Remark 2.1. It is easy to see that we also have

|E(T)]

Z w(e;) > @

, 2
i=m(T)
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€1 em(T) €n—1
l’l a2 T m(T) m(?)jrl___anfl an

%)
~~__
61 S~ -
Um(T)
U1
Em(T)
€n
-7 TUn(T)+1
- /’
—
Un,

a. A cycle thread 7
Figure 2.6: The black edges in the figure depict edges in the thread, the red edges are in G, and
the dotted red edges are possibly in G.

Definition 2.7. (thread removal) Let (G, w) be given, and let T be a thread in G with
median edge e,y € E(T). We define thread removal operation which removes thread T
from G as follows.

G—T:=(G\ewm)/(ET)\{enmn}).

In other words, we first remove the median edge e,,¢r) of 7" from G to obtain G \ e, 1.
Then, we contract all of the remaining edges in E(T) \ {en )} that are now cut edges in
G\ emr). Equivalently, if T" is a path thread, we remove all vertices of degree two, and if
T is a cycle thread we remove all vertices except the first vertex of T

Moreover, we define the corresponding weight function in a natural way as
w'(e) = w(e) Vee E(G-T).

Remark 2.2. With abuse of notation, we may use the same notation w to denote the new
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Figure 2.7: The thread T71,...,7T completely lie in cycle C*.

obtained weight function w’.

Intuitively, finding large threads in each cycle C* might be a good way of choosing
edges from each cycle. Specifically, the following proposition shows that by adding a
middle edge of a thread T to F™*, we can discard all of the remaining edges of T as every
cycle intersecting 1" will have an edge in F™.

Proposition 2.3. Let (G,w) be given, and let T be a thread in G. Suppose C is a cycle
in G. If C and T have at least one edge in common, the thread T lies entirely in C'; i.e.,

E(T) C E(C).

Proof. Suppose T" and C' have at least one common edge. Let cycle C' = viejvges . .. v,€,01.

If T is a cycle thread, we have T" = C. Otherwise let p = v;e;...v; be the mutual
path between C' and T Then, T" will have two vertices v;, v; of degree at least three, which
cannot happen in the internal vertices of a thread. Therefore, T' must entirely be in cycle

C. ]

The above proposition ensures that if our algorithm chooses e, (1), at least w(7") fraction
of edges from cycle C* can be discarded for the future steps. To make the simple idea of
choosing large threads work, we also need to understand the objects that remain in G*
after removing a thread 7' from a cycle C* in G*. This is vital, as the other threads of
G* —T', might have intersection with the remaining edges of cycle C* in G* —T'. Therefore,
we have to also bound the fraction of edges that we may choose from such objects which
we formalize as knotted threads in the following (see Figure 2.10).
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Definition 2.8. (knotted thread) Let (G,w) be given. A knotted thread in G is a path
K = viejvy ... e, 1v0,, where v; € V' has degree degq(v;) > 2 and vy, ..., v, are distinct.
We denote the edges and vertices of a knotted thread as E(K) C E and V(K) C V. A
vertex v; € V(K) is a knot in K if degq(v;) > 3 (see Figure 2.8). Finally, the weight of a
knotted thread K is denoted by

e€cE(K)

e €2 €n—1
> e e - - - -e—=¢
e1 €9 €n—1
> e e ----e— ¢
€1 €9 €n—1
 ————F - ————¢
#&————oﬁc

e €9 €n—1
> —————— o e - - --06—=¢

€1 €2 TN €n—1
OTQT&————T

Figure 2.8: Different variants of knotted threads. Black edges are in the knotted thread and red
edges are other possible edges in the graph.
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/ r
Cycle C* Thread T Knotted thread K
Figure 2.9: Removing a thread T from a cycle C* gives a knotted thread K.

Remark 2.3. A path thread 7' C E with corresponding vertices V(1) = {vy,--- ,v,} is a
knotted thread with knot vertices only at its endpoints vy, v,.

We can know formalize our observation that whatever remains from C* in G* — T is a
knotted thread (see Figure 2.9).

Proposition 2.4. Let (G, w) be given. Suppose C is a cycle in G and thread T is a path
thread that lies entirely in C. Then, there exists a knotted thread K of G — T such that
E(K)=C\ E(T).
Proof. Let C' = viejvzes ... ve,v1 and T = vje; . .. €j_1v;. Then, to show
K =wvjej...vpepvie1 ... €10
is a knotted thread in G — T, we only need to show
dege_r(v;) > 2 and degg_p(v) > 2.

Note that both inequalities holds as if deg,_,(v;) = 1, we have deg,(v;) = 2. This means
v; cannot be endpoint of a thread 7" as both endpoints of a path thread have degree at
least three. O

In the following proposition, we will show that removing 7" from G* reduces knotted

threads to smaller knotted threads. We also show that if the median edge of a thread T is
inside a knotted thread K, then many edges of K are discarded in G* —T. As a result, by
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removing the median edge of a thread T and removing the remaining edges we ensure that
not many remaining edges of each cycle (which become knotted threads and even smaller
knotted threads) are chosen in each step (see Figure 2.10).

Proposition 2.5. Let (G,w) be given, and let T be a thread in G with median edge

emry € E(T). Also, let K =wvie;...e,_10, be a knotted thread in G. Then, the following
statements hold.

i. If K is a subgraph of T, then E(K)\ E(T) is an empty set.

ii. If T is a subgraph of K, there exists subgraphs Ky, Ky of G — T such that E(K;) U
E(Ky) = E(K)\ E(T) and Ky, Ky are either knotted threads or single vertices in
G-T.

1. If neither K is a subgraph of T nor T is a subgraph of K, there exists a subgraph K of
G —T such that E(K,) = E(K)\ E(T) and K, is a knotted thread in G—T. Moreover,
if emry € E(K), then

~—

w(T
w(KNT) > —

44



s

> <

D

K G -T

i. K isasubgraph of T: E(T)\ E(K) = 0
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K G —-T
ii. T is a subgraph of K: F(K;) U E(Ky) = E(K)\ E(T)
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iii. 7" and K are not subgraphs of each other: F(K;) = E(K)\ E(T)
en(T) € E(K) = w(E(K)NE(T)) > %D

Figure 2.10: Consequences of removing a thread T" from graph G on a knotted thread K.
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Proof. We prove each item as follows.

1.

ii.

1il.

Trivially true, since E(K) C E(T).

Suppose T' is a subgraph of K, since both T and K are paths in G, there exist indices
i,j € [n], where T' = v;e; ... e;_1v;. Now, we define K; and K, as follows:

V1€1 . ..6;-10;, ifi>1
K1 — .
v, otherwise

viej ... v, ifj<n
Ky = .
vj, otherwise.

Note that

E(K1> U E(KQ) = {61, ceey 621,65, ... ,en}

= {61,---,€n} \ {eiw-wej—l}
= E(K)\ E(T).

It only remains to show that K; and K, are either knotted threads or single vertices
in G —T. If i =1 then K, is a single vertex. So suppose ¢ > 1. Since K is a knotted
thread we have degg(vy) > 2. Also, since T = v; ... v; is a thread we have deg(v;) > 3,
where one of the edges is inside F(T). As a result both v; and v; have degree at least
two in the graph G —T as all edges e;, ..., e;_; and vertices v;41,...,v;_; are removed
in G —T. Therefore, K; is a knotted thread. Similarly, K5 is either an single vertex
or a knotted thread in Gr.

Suppose neither K is a subgraph of T nor T is a subgraph of K. If T and K are
disjoint, then we can define K; = K which is also a subgraph of G —T'. So, suppose
T and K have at least one common edge.

Since T is not fully in K but it has intersection with K, if an edge e¢; € E(T) N E(K),
either P = viey ... v;e;0;41 or P = vie;...e,_1v, is fully part of the thread 7. This
implies that at least one of the vertices v; or v, have degree two in G, and either
ey € E(T) or e, € E(T) or both.

a. If {e1,e,} C E(T), both endpoints of thread 7" lie in V' (K). Let v;,v; € V(K) (where
i < 7) be the knots in K which are endpoints of thread 7. Then, E(K) \ E(T) =
{e;,...ej_1}, and the path

Ky =vie;...ej_1v;
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is a knotted thread in G — T, as degq_p(v;) > 2 and degq_p(v;) > 2. Moreover, if
em(ry € E(K), then either e,y € {e1...e;_1} or ey € {€;...e,}. Without loss
of generality, suppose the first case happens, then

TﬂK Z_: > ()

:m

where the last inequality holds by our choice of median edge.

b. In the former case, without loss of generality, suppose e; € E(T), and let v; be
the knot vertex in K which is the endpoint of T (i < n since K is not fully in 7).
Similarly, the path

K =wve;...e, 10,

is a knotted thread in G — T with

E(Ky) = E(K) \ E(T).

Similar to the previous case, if e,y € E(K), then

w(T'NK) > @

]

As previously mentioned, to find a thin spanning tree in a planar graph G our main
goal is to specify a subset of edges F* C E* in the dual graph G*, such that it only contains
an a—fraction of edges in each cycle C* C E*. Also, we saw that finding long threads in G*
and selecting the median edge from each thread into F™* seems to be a good idea. However,
we still do not know if such long threads exist.

To understand this process in the original graph G, we define a new notion of hanks
and their removals in GG. We establish their correspondence to threads and thread removal
in G*. Then, we show that in planar graphs with high edge connectivity k, hanks of size %
exist. Moreover, we will see that removing a hank can only increase the edge connectivity

of a graph.
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Figure 2.11: Blue edges and red edges both are parallel edges between w1, v, and u9, v9. However,
only blue edges are strictly parallel.

2.3.4 Hanks in Primal Graph G

Definition 2.9. (strictly parallel edges) Let G = (V, E) be an embedded planar graph.
We call two edges ey,es € E parallel edges if they share the same endpoints u,v € V.
Moreover, we say ey, es are strictly parallel if they are parallel and share an adjacent face

f € F(G) that forms a digon; i.e., (f) = {e1, ea} (see Figure 2.11).

Definition 2.10. (hank) Let (G,w) be given, and let ey, ..., e, € E be a maximal set of
distinct edges with distinct endpoints {u,v} C V., where every consequent edges e;, €,
form a face f; € F/(G) that is a digon; i.e., e;, e;41 are strictly parallel. Suppose, fo, f, €
F(G) be the other adjacent faces of e; and e, respectively. Then, we define fyeq fies - - - e, fn
to be a hank in G (see Figure 2.12). We denote the endpoints of a Hank H by V(H) and
its edges with E(H). We denote the weight of hank H with

i=1
Moreover, let m(H) € [n] be the smallest index j such that,
J
w(H)
N> V)

Then, e,y is the median edge of H.
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Figure 2.12: A hank H in G.

Remark 2.4. In graph G, a single edge e € F can be interpreted as a hank H = feg,
where f,g € F(G) are the incident faces of e.

Definition 2.11. (hank removal) Let (G,w) be given, and let H be a hank of G with
edge set F(H) and endpoints V(H) = {u,v}. We define the operation of hank removal as
follows.

G — H : = (Gfemm) \ (EH) \ {emin}).

In other words, in the operation, we first contract the median edge e,,(xy = {u, v} in G to
obtain the graph G/en ). Next, we remove all of the remaining edges in E(H) that are
now loops in G/ (m).

Moreover, we define the corresponding weight function in a natural way where

({u,y}), if x =wv and {u,y} € £
({v,y}), ifz=wvand {v,y} € E
w({z,y}), ifz,y#uv
( )

{u,v}), ifz=y=uv.

w/({x7y}) =

Remark 2.5. With abuse of notation, we may use the same notation w to denote the new
obtained weight function w’.

The following lemma will be a crucial to prove existence of large hanks in graphs with
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high edge connectivity.

Lemma 2.7. Let G = (V, E) be an embedded planar graph. Suppose G does not have any
pair of strictly parallel edges. Then, G has a vertex v € V of degree at most five.

Proof. Suppose graph G does not have strictly parallel edges, then for each face f € F(G),
we have |0(f)| > 3. Moreover, by Proposition 2.1 (viii.) we have

2Bl = Y o/l
fer(@)
Suppose all vertices in G have degree at least six, Then, we the followings hold,

2Bl = Y 10(f)] = 3|F(G)|

feF(G)
21E] = deg(v) = 6|V,

veV

Now, by considering Euler’s formula we get
|El+2 = [F(G)]+[V]
2 2
< -|E|+ =|F
< Z|E| + 2|B|
= |E|7

which is a contradiction. Therefore, at least one vertex v € V must have deg(v) < 5. [

Proposition 2.6. Let (G, w) be given with edge connectivity k. Then, G always has a hank
H of size at least w(H) > £. Moreover, if w is integral, then we have w(H) > [£].

Proof. Let G = (V, E’) and w be the planar graph which we get by replacing each set of
strictly parallel edges in GG by a single edge of equal weight until no pair of strictly parallel
edges remain. Then, by Lemma 2.7, since G does not contain any set of strictly parallel
edges, it has a vertex v € V' of degree at most 5, i.e., degs(v) < 5.

Additionally, note that since GG is a k edge connected graph, we have
w(0g(v)) = w(da(v) = k.

Since in the underlying graph G vertex v is incident to at most 5 edges, there is an edge
e € 64 (v) which corresponds to a hank of size at least £. Note that this edge e is a set of
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strictly parallel edges F' C E which is replaced by e or is a single edge e € F with w(e) > %
In both scenarios G has a hank of weight at least % In the case that w is integral, we can
find a hank of weight at least [£]. O

Lemma 2.8. Let (G,w) be given with edge connectivity k, and let H be a hank in G. Then,
G — H has edge connectivity at least k.

Proof. Let U C V be an arbitrary cut in G — H with cut set S = §(U). Since, S is also
a cut set of G and G has connectivity at least k, we have w(S) > k. This proves that
connectivity of G — H is at least k as well. n

2.3.5 Duality between Hanks of G and Threads of G*

Lemma 2.9. Let (G,w) be given. Let fo,..., fn, € F(G) and ey, ... e, € E be faces and
edges in GG. Then,

H:foel...enfn
is a hank in G if and only if
H* = fiel...e.fn

is a thread in G* where eng+) is not a cut-edge of G*. Moreover, we have (emm))* =

em(H*) and w(H) = w*(H*) (see Figure 2.13).
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Figure 2.13: A hank H in G corresponds to a thread T'= H* in G*.

Proof. We prove each direction seperately as follows.

(left to right) Suppose H = foey fiea -« - e, f, is ahank in G. Note that by the properties
of planar dual graph G*, the vertices f;*, f7,; € V* are connected by the edge e = {f;", f},1}
in G*. Additionally, since f1,..., f,_1 are digons in G with 9(f;) = {e;, e;11}, the corre-
sponding vertices f7,..., fi_; in G* have degree two and d¢-(f;) = {e;, e;,, }. We consider
the following two cases:

a. If fo = fn, then H* = fleifies - el fr will be a cycle in G* where degq.(v;) = 2 for
1 <i<n. As aresult, H* is a cycle thread in G*.
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b. If fo # fn, then H* = fieifles- el f will be a path in G* where degg.(v;) = 2 for
1 <@ < n. Additionally, the end vertices f, f have degree at least three, as otherwise
fo, fn also would form a digon face by parallel edges, and therefore, the hank H would
not be the maximal set of parallel edges.

Additionally, all the hank edges e; have different endpoints {u,v} = V(H) and are not
loops in G. As a result, none of the edges e} in G* are cut-edges.

(right to left) Suppose H* = fjejfies- e fr is a thread in G*, where ey~ is not a
cut edge in G*. Since for every 1 < i < n we have degq.(f;") = 2 with d¢-(f;") = {e}, e} 1},
the corresponding faces f; form a digon with 9(f;) = {e;,e;11}. As a result, e;, e;41 must
be strictly parallel edges in G that have same set of end-points {u,v} C V. Additionally,
none of e;’s can be a loop in G as e,,(g+) is not a cut-edge, and its two adjacent faces are
distinct in G*. Again we consider the following two cases:

a. If H* is a cycle thread, then f = fr and H is a set of strictly parallel edges between
{u,v}, and therefore, is a hank in G.

b. If f; # f;, then H* is a path thread and we have

|0c(fo)| = degg-(f5) > 3,
106 (fo)| = degg-(fg) > 3.

Therefore, fy, f, are not digons and the set of strictly parallel edges ey, ..., e, between
{u,v} cannot be extended.

Finally, to see why (em(m))* = e (H*) note that for every j € [n] we have

J J

D wle) = w(e]).

i=1 i=1

From Proposition 2.6 and Lemma 2.9, we directly obtain the following corollary,

Corollary 2.3. Let (G,w) be given. Then, G* has a thread of size at least %, where k s
the edge connectivity of G. Moreover, if the weight function w is integer (w(e) € N), then

G* has a thread of size at least [£].
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Lemma 2.10. Let (G,w) be given. If H is a hank of G, then the graph obtained by
removing the thread H* from the dual planar G* has similar embedding to dual of the
graph obtained by removing the corresponding hank H from G (see Figure 2.14). ILe.,

(G~ H) =G — H".

Proof. Let H be a given hank with edge set E(H) = {e1,...,emm),.-.,en} C E. The
corresponding edges in thread H* are

E(H*)=EH) ={€,...,€e; €m(H) oo, En C BT,
where by Lemma 2.9 e,,(g+) = e:‘n(H) is the median edges in H*.

Note that by definition of hank removal we have

G — H = (G/emun) \ (E(H) \ {emm})
= (G/em(H)) \ {61, .. .em(H)_l, €m(H)+1, Ce en}.

The edges in E(H) \ {emm)} are loops in (G/enm)), by Proposition 2.1 (iv. and v.) we
have

(G-H) = (G/em )/{€1a-~ :n(H) 1767*71( H)+15- - ent
= (G"\ e /et - em-1> €memyi1s - - €}
= (G \6mH*)/( (H*)\{emm})

=G" - H",

where the second equality holds since e,,(z) is not a loop in G. O

2.3.6 Finding Thin Spanning Trees in a Planar Multi-graph with
High Edge Connectivity

Previously, we showed an alternative way of finding a a-thin subset of edges F' C F of a
planar graph G = (V, E). Specifically, we can find subset of edges F'* C E* in the planar
dual graph G* = (V*, E*) such that for every cycle C*, F* intersects at most aw*(C*)
many edges of C*. Later, we defined threads and motivated why it would be a good idea
to choose median edges of threads for this task. Finally, we proved existence of large threads
using their corresponding dual objects, hanks. Now, we will adjust the algorithm in [10]
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and show two equivalent algorithms one of which runs on the original graph G = (V| E)
and the other on the planar dual G* = (V*, E*). Finally, we prove the equivalence as well
as the correctness of both algorithms using the tools developed in the previous sections.

Algorithm 1: Finding thin trees in Planar Graphs with high edge connectivity

Input: planar multi-graph G = (V, E) Input: planar dual G* = (V*, E¥)
weight function w: F— R, dual weight function w* : F* - R,
Output: subset ' C F Output: subset F* C E*

=

Function A(G) :

=

Function A*(G*) :

2 while G has a non-loop edge do 2 while G* has a non-cut edge do

3 H < largest hank in G; 3 H* < largest thread in G* with no
cut-edge e € E(H*);

4 em() < median edge of H; 4 em(m+) < median edge of H*;

5 remove hank H to obtain, 5 remove thread H* to obtain,

6 G+~G-H 6 G*+— G"—H*

7 return A(G) U {en} 7 return A*(G*) U {ep(m+)}

8 end 8 end

In the following we first prove that the output A(G) of the primal algorithm is a
spanning tree. Next, we will prove that the primal and dual algorithms are equivalent and
therefore, (A(G))* = A(G*), and the set of edges (A(G*))* C E is a spanning tree of G
as well. We will dedicate the remaining part of this chapter to prove that the outputted

spanning tree of both algorithms is X2-combinatorially thin, where k is the edge connectivity

k
of G.

Correctness of A

Proposition 2.7. Let (G,w) be given. Then, the output of algorithm A(G) is a spanning
tree of G.

Proof. Let F' = A(G) be the set of edges algorithm outputs. By induction on the size of
V', we will show that the algorithm returns F' C E with |F| = |V| —1. For the base case, if

G has only two vertices the algorithm will return an edge F = {e} € E which is spanning
and of size |F| = 1.

Now, suppose we run the algorithm for G with |V| = k. we choose an edge e = {u,v} €
FE and contract it to obtain the graph G’ = (V' E') = G/e where wv is the corresponding
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vertex obtain by contraction of e. By I.H., the algorithm A(G’) outputs a spanning subset
F' C E' of G, with |F'| = k — 2. Now, by the algorithm A we have F' = F’ U {e} and
|F| =Fk—1.

Moreover, since F’ is a spanning subset of G/e, for every pair of vertices x,y € V’,
there exists a path P’ from z to y. Now, if P does not have vertex uv then it is contained
in G as well. Otherwise, we can break P’ into two parts as

P =uwe;...equveil ...y

Now, either e; is adjacent to u or v in G. Without loss of generality, suppose the former is
true. Then, we define the path P as

P =uze;...eueve; ...y

where all of the edges are in F' = F' U {e}. O

Equivalence of A and A*

Proposition 2.8. Let (G, w) be given. For every execution of A(G), there exists a corre-
sponding execution of A*(G*) such that A(G) = (A*(G*))* and vice versa.

Proof. Again, we will prove the statement by induction on |V|. For the base case, if
|V] = 1, both algorithms output an empty set A(G) = 0 = (A*(G*))*. Now, suppose we
run the algorithm for graph G' = (V| E), where |V| = k.

Let H be the chosen hank of maximum size in graph G with median edge e,, ) when
running A(G). By Lemma 2.9, H* is a thread of same size in G* with median edge

*

em(i+) = (em(m))™

By Lemma 2.9 H* is also a maximum size thread in G* without a cut-edge, and the
algorithm A*(G*) can choose H*. Furthermore, by Lemma 2.10, we have

(G — H)* = (G* — HY)

Now, by I.H., there exists an execution of A*(G* — H*) where

A (G —H) =A (G- H)") = (AG—-H))".
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Therefore, we have

(AG))" = (AG
— (A(G

— H)U{emun})"

— H))" U{(emm))"}

(GT = H*) U{emm)}
(G").

A
A
The other direction can be done similarly. ]

Corollary 2.4. Let (G,w) be given and let F* = A*(G*). Then, the corresponding set
F = (F*)* in G is a spanning tree of G.

Upper bounding the thinness of A(G) = (A*(G*))*.

Proposition 2.9. Let (G,w) with connectivity k be given and suppose w(e) > 1 for all
e € E. Then, for every knotted thread K* in G* we have

w(K) = (|B(KT) N A (G = 1)d+ 1

where 2d = % 1s a lower bound on the size of threads we pick in each iteration of the
algorithm. Moreover, if w : E— N,

Proof. Let F* = A*(G*) be the output of the algorithm and K* be a knotted thread in
G*. We will prove the theorem by induction on a = |F*| which is the number of threads
removed from G* in the total execution of A*(G*).

e Base case: suppose the number of removed threads is a = |F*| = 1. Therefore,
t:=|F"NEK")| <|F|<1.
Therefore, either t = 0 or t = 1. Note that in both cases,
w(E(K*)>1>(t—-1)d+1,

since by our assumption w(e) > 1 for all e € E*.
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e Induction step: suppose a > 1 threads are removed during the execution of A*(G*).
Let T be the first thread removed in A*(G*) and G} = G* —T be the graph obtained
by removing T' from G*. Also, let t = |F* N E(K*)| be given. One of the following
three possibilities can happen:

1. K* is a subgraph of T
2. T is a subgraph of K*
3. Neither K* is a subgraph of 7" and nor 7" is a subgraph of K*.

Using Proposition 2.5, we prove that the inequality holds in each case as follows.

1. K*is a subgraph of T: Therefore, E(K*)\ E(T) = ), and we must have t < 1 as
after removing 7" no edges from K* remain to be chosen in A*(G* —T'). Similar
to above, we have

w(E(K") > 1> (t—1)d+ 1.

2. T is a subgraph of K*. Then, by Proposition 2.5, there exist subgraphs K, K>
in G* — T such that

E(K1) U E(Ky) = E(K™) \ E(T),

where K, and K, are either knotted threads in G* — T or are single vertices.
Suppose in running of A*(G* — T') we have,

r = |B(K,) N A (G = T)| s = |E(Ky) N AYG* —T)].

Since T' is a subgraph of K*, we have e, € F*. Therefore, we must have
r+s=t—1. If K and K5 are both knotted threads in G* — T', then by I.H.,
we have

w(B(K")) = w(BE(K") N E(T)) +w((E(K™) \ E(T))

> w(T) +w(E(K,)) +w(E(K>))
>w(T)+(r—1d+1+(s—1)d+1
> (t—1)d+1,

where the last inequality holds since at each step of the algorithm, size of chosen
threads are lower bounded by w(T") > 2d = % Cases where either K; or Kj is
a single vertex can be proven similarly.
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3. Neither K* is a subgraph of T" and nor T is a subgraph of K*. Then, by
Proposition 2.5, there exists a subgraph K; in G* — T such that

E(Ky) = E(K™)\ E(T),

where K is either knotted threads in G* — T'. If e,y ¢ E(K*), then all the
edges choosen from K* are in K. Therefore,

t=|E(K*)NF*| = |E(K)NA(G"=T)|
and by induction step we have

w(E(K™")) =w(FE

vV 1V

Therefore,

where the last inequality holds since at each step of the algorithm size of chosen
threads are lower bounded by w(T) > 2d = £.

]

Theorem 2.9. Let (G,w) with connectivity k be given. Then, for every cycle C* in G*
we have

w(C*) > (|C* N A (G")|)d+ 1
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where 2d := % s a lower bound on size of threads we pick in each iteration of the algorithm.
Moreover, if w: E— N, then
[£]

d .= [TW

Proof. Let F' = A*(G*) be the output of the algorithm and C* be a cycle in G*. Again,
we prove the statement by induction on a = |F| the number of threads removed during
the execution of A*(G*).

e Base case: if a =1, then
t:=|C"NF*| <|F*| <1

But we know w(C*) > d + 1 as the girth of G* is equal to k, the connectivity of G.
This is because as by Proposition 2.6 the bonds in G correspond to cycles in G* and
vice versa. Therefore,

k

1.
10 *

w(C*) >k >

Now, suppose a > 2 threads are removed during execution of A*(G*). Let T be the
first thread removed in A*(G*), and let t = |C* N F*| be given. We consider the
following two cases:

1. T is disjoint from C*: in this case, C* is also a subgraph of G* —T'. As a result,
no edges of C* are chosen in the first step and

t=|C*"NF*|=|C"NnAY(G"—=T)]|.
Now, by induction hypothesis on G* —T" we have,

w(C*) > td+ 1.

2. Otherwise, T and C* have at least one common edge. By Proposition 2.3, T lies
entirely in C*. If T' is a cycle thread, C* \ E(T') is an empty set and no other
edges will be chosen from C* in the future steps. As a result, ¢t < 1 and we
obtain the inequality as above.

If T is a path thread, we have

w(C* N E(T)) = w(T) > 2d.
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suppose 1" = v;e; . ..ej_1v;, where 1 < ¢ < 5 < n. Then, by Proposition 2.4
K" =vjejvj11€j41 ... Un€p1 ... €,10;

is a knotted thread in G — T, and

E(K*)=C*\ E(T).
Moreover, all other edges chosen from C* must be in K* and
|E(K*)NA(G*-T)|=t—1.

Thus, by Proposition 2.9, we have

w(E(K*)) > (t —2)d + 1.
Finally, we have

w(C") = w(C N E(T)) +w(C"\ E(T))
> w(T) +w(K™)

> 2d + (t — 2)d + 1
> td + 1.

]

1
de
G, where € > ﬁ, and 2d := % is a lower bound on the size of threads we pick in each

iteration of the algorithm. Moreover, if w: E — N, then

d:= [EW

Corollary 2.5. The Algorithm 1 outputs an -combinatorially thin spanning tree T of
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Chapter 3

Spectrally Thin Trees in Structured
Graphs

Even though there exist an algorithm to find combinatorially thin trees in graphs with
bounded genus, designing efficient algorithms to find combinatorially thin trees in general
still seems to be a hard problem. Nevertheless, there are families of graphs which we
can prove the existence of combinatorially thin spanning trees in them by using spectral
properties of graphs.

Further, as we discussed in Chapter 1, spectral thinness is a more general notion than
combinatorial thinness. In fact, spectral thinness upper bounds combinatorial thinness
of a given graph, and if a subgraph is spectrally thin, then it is combinatorially thin as
well. Moreover, for a given graph G = (V, E) answering whether a spanning tree T is
f—spectrally thin is computationally checkable in polynomial time by confirming whether
0Ls — L7 = 0 or not. Although deciding if a specific spanning tree of a given graph is
spectrally thin is computationally easy, characterizing spectrally thin graphs in general is
not fully understood to this day.

As we mainly focus on the spectral properties of graphs, in this chapter we first state
some necessary background information on positive semidefinite matrices as well as prop-

erties of Laplacian matrices'.

Next, we will provide a general upper bound certificate which we can potentially use to
prove existence of combinatorially thin trees in certain families of regular graphs. Although
the given upper bound is not applicable to all families of graphs, similar to Mousavi in

IThe reader may skip preliminaries section if they have basic knowledge of spectral graph theory.
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[30], we will use it to slightly improve the combinatorial thinness upper bounds for Johnson
Graphs, Crown Graphs, and Hamming graphs.

Then, we will switch our discussion into spectrally thin spanning trees. Given a graph
G = (V, E) and spanning tree T in G, we first discuss some certificates that prove upper
and lower bounds on spectral thinness 0(7'). Finally, we utilize these certificates in order
to find spectral thinness of some simple families of graphs, such as complete graphs K,,
complete bipartite graphs K, ,,, and Prism graphs.

3.1 Preliminaries

3.1.1 Linear Algebra and Matrix Theory

For a pair of natural numbers n,m € N, we use R"*™ and S" to denote vector spaces of
n X m matrices and n X n symmetric matrices with real entries.

Definition 3.1. (Adjoint) Let V and W be two vector spaces equipped with inner products
(,)v and (-, -)w. We define the adjoint of a linear map 7" : V' — W as the unique function
T : W — V satistying,

(T'(v), w)w = (v, T"(w))v (3.1)

forallv e V and w e W.

For symmetric matrices X,Y € S" with X, we define the Frobenius inner product
(X,Y) = 3", jepm XisYij. We define linear operations Diag : R* — S" and diag : S" — R"
such that for all z € R"™ and X € S we have,

i = (diag(X)); = X;i.

0 otherwise;

(Diag(x))i; = {

Remark 3.1. Note that linear transformations Diag(.) and diag(.) are adjoint of each
other under the Frobenius inner product in S” and the standard inner product in R".

Proof. To show Diag® = diag we need to prove that for all Y € S* and = € R" we have

(Diag(z),Y) = (z,diag(Y)). (3.2)
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Note that

(Diag(z),Y) = ) Diag(x);Vy

i,j€[n]

= Z Diag(x);; Yy ( since Diag(z);; = 0 for i # j)

i€[n]

i€[n]

= (z, diag(Y)).

Hence, we have Diag" = diag. ]

Definition 3.2. (Pseudo-Inverse) Let X € R™™ be a matrix. A matrix XT € R™" is
called the pseudo-inverse of X if it satisfies all of the following properties:

i XXTX =X,

i XTXXT = XT,
i, (XXHT = XXT,
v, (X1X)T = XX,

Remark 3.2. Let X € R™™ be an arbitrary given matrix. Pseudo-inverse of X always
exists and is unique. (See Theorem 1 in [32].)

Spectral decomposition and symmetric matrices

Proposition 3.1. (Spectral theorem) Let X € S™ be a symmetric matriz. Then, X has
real eigenvalues Ay > --- > X\,. Moreover, X has a set of orthonormal eigenvectors v; € R"
such that Xv; = \jv;. Additionally, we can write the spectral decomposition of X as,

n

T

X = E )\Z"U,ﬂ)i .
=1

Equivalently, we have

X =VDVT,

where D is a diagonal matriz with diagonal entries equal to A\i,..., A\, and V is an X n
matriz where the i-th column of V' equals v;.
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Proof. (For proof see for instance Chapter 7 and specifically Theorem 7.29 in [5].) H

Theorem 3.1. (Reyleigh Quotient) Let X € S™ be a symmetric matriz, with real eigen-
values Ay > --- > X\, and corresponding eigenvectors vy, ...,v,. For i € [n] we can
charecterize the i-th largest eigenvalue \; as

v Xv

A = max =
vlvl,.,vi—1,0#£0 V'V
v’ Xv

= min =
vlvit1,..,00,0#0 VU

Additionally, the corresponding eigenvector v; is a maximizer of the Rayleigh quotient ”UTT—XU”
in the above.

Proof. By spectral theorem we can write,

X = Z )\]vj'UJT
j=1
Therefore, for a vector v orthogonal to the set of vectors {vy,...,v;_1}, where v # 0, the

v

Rayleigh quotient ;T)f]” can be computed as

T " TR
v Xv D Av v

v viv
n T T
- D j—i AjU Vi v

ARY,

S <U7U7Z>2
— RS 7a
Z T |2

(%

On the other hand, if we choose v = v;, we have

v’ Xw

viv
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The other characterization can be proved in a similar fashion. O]

Trace and determinant For a square matrix X € R™*", we denote its trace and deter-
minant as Tr(X') and det(X), respectively. In the following, we state some of the important
properties of trace and determinant without proof. (To read the proofs and related mate-
rials, see Chapter 8 section D and Chapter 9 section C' in [5] for instance.)

Proposition 3.2. Let X,Y € S" be symmetric matrices with real eigenvalues \y > --- >
An and pry > -+ > iy, respectively, and let ¢ € R be a constant. Then,

o Tr(X) = Zn A

i=1 "\

det(X) =TT, A,

Tr(XY) = Tr(Y X),

det(XY) = det(X) det(Y),

det(cX) = " det(X),
o Tr(cX) =cTr(X).

Positive semidefinite and definite matrices

Definition 3.3. (Positive semidefiniteness) A symmetric matrix X € S" is called a positive
semidefinite matrix if for all v € R",

v Xv > 0.

We denote a symmetric positive semidefinite (PSD) matrix X by X > 0. Moreover, X
is positive definite if for all v € R™\{0}, we have v' Xv > 0. Similarly, we denote a
symmetric positive definite (PD) X by X > 0. Additionally, We denote the set of all
symmetric positive semidefinite and symmetric positive definite matrices by S} and S,
respectively.

Remark 3.3. For symmetric matrices X,Y € S, we use X > Y to denote X —Y > 0.

In the following, we will state a set of equivalent conditions for a symmetric matrix
X € §" to be PSD without proof. (To see the proof you may also see Chapter 7 section
(C) and Theorem 7.38 in [5] or Chapter 1 in [38].)
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Proposition 3.3. For a symmetric matrix X € S", the following statements are equivalent.
1. X 1is positive semidefinite.

ii. There exists a matriv B € R™" such that X = BB".

1. All eigenvalues \; of X are non-negative; i.e., \y > Ao > -+ > X\, > 0.

. For all nonempty subsets J C [n], the determinant of the principal submatriz X is
non-negative; i.e. det(X;) > 0.

v. X can be decomposed as the following summation

n
T
X = § HiUiU;
i=1

where v; € R" and p; > 0 for all i € [n].

Proposition 3.4. Let X € S} be a positive semidefinite matriz with spectral decomposi-
tion,

%

T

X = E )\Z'Uﬂ}i,
J=1

where
MZ2A>ANpi=-=X=0

are its eigenvalues with corresponding orthonormal eigenvectors,

Vi1y...,Up.
Then,

1. X has a symmetric positive semidefinite square root X%, where X2 X3 = X, and we
have ,
(2
X% = Z \ )\iUiUZT.
j=1

ii. the pseudo-inverse X1 is equal to,



and therefore, X1 is also positive semidefinite.

Lemma 3.1. (Schur Complement) Let X € S™ be a symmetric matriz and let A €
St.,B €S". Then, we have

x o= |4 Ut =0 < B-UA'U" >0 (3.3)
=y Bl~ = 0. .
Proof. For proof, see Lemma 1.22 in [38]. H

3.1.2 Spectral Graph Theory Tools and Facts

Recall the definition of Laplacian matrices (Definition 1.3). Given a graph G = (V, E') and
weight w € Rf , we may also consider Laplacian of G as a mapping from R to the space
of symmetric matrices SV defined as

Lo(w)= Y wilei—e;)(e;—e;), (3.4)

where e; are vectors of the standard basis for RY. We state some of the key properties of
Laplacian matrices in the following without proof.

Proposition 3.5. Given a graph G = (V, E) , the following properties hold for the Lapla-
cian Lg : RE > SV.

i. For every edge-weights w € RY and vector v € RY,

v Lglwp =Y wyg (v —v)*.

{i,j}€E

Therefore, if w € Rf, then Lg(w) is a positive semidefinite matriz, and for every pair
w,u € RY such that w > u, we have La(w) = Lg(u).

ii. The adjoint of Lg denoted by L% : SV —RE is given by
[L6(X)] gy = X + X5 — 2X5 = Tr[(ei — e5) (e — ¢5) ' X],
for every edge {i,j} € E.
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11. For every symmetric positive semidefinite matriz X € SK, the vector L, (X) € RE s
a non-negative vector; therefore, for every pair X,Y € SV such that X <Y, we have

LG(X) < LG(Y).

Laplacian matrix L (w) has some information on the combinatorial properties of graph
G, where we state some of these properties in the following.

Proposition 3.6. Let G = (V, E) be a graph with weight function w € R¥. Then,

i. The vector of all ones 1 € R” is in the null-space of La(w). As a result,

Rank(Le(w)) < |V - 1.

1. The graph G on the support of the weight function w is connected if and only if
Rank(Lg(w)) = |V| - 1.
Le., Lo(w) has eigenvalues Ay > -+ > A\p,_1 > N\, = 0.

i11. Suppose w € RE, and let H = (V, E(H)) be a subgraph of G. Then for the correspond-
ing weight function

w(e) == w(e) Ve € E(H)

we have
Specifically,
La(1) = Ly(1).

We can also define the adjacency matrix of a graph G = (V, E) as a linear map Ag
that takes an edge weight w € R” to a symmetric matrix in S"; i.e.,

AG : RE — SV
(Ag(w));; = {w“@f})» {i.j} € E

0, otherwise.

Another way of viewing the Laplacian matrix Lg(w) is through the adjacency matrix
Ag(w). More specifically, let Dg : R¥ — SY map edge weights w € R¥ to a diagonal
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matrix of degrees, where
(Do(w))i = degg, (1) = D> w({i, j}).
j{i,j}eE
Then, we have the following.

Le(w) =Dg(w) — Ag(w). (3.5)

From this observation, we can immediately obtain the following result.
Proposition 3.7. Let G = (V, E) be a k-reqular graph where Ay > --- > X\, are eigenvalues
of L&(1) and oy > -+ - > «u, are eigenvalues of Ag(1). Then,

Ai =k — ap_iqr.

Similar to the Laplacian matrix, the adjacency matrix Ag has some information on the
combinatorial properties of graph G.

Proposition 3.8. Let G be a given graph where ay > --- > «,, are the eigenvalues of
Ag(1). Then, G is bipartite if and only if for all i € [n] we have,

O = —Qp—j+1, Vie [n]

3.1.3 Notation

Whenever we intend to refer to an eigenvalue of a matrix X (Laplacian of a graph G)
corresponding to an eigenvector v, we use Ax(v) (Ag(v)). We also denote the i-th largest
cigenvalue of a matrix X (Laplacian of a graph G) as \;(X) (M(G)).

Finally, in the following sections, we denote the Laplacian (adjacency matrix) of a graph
G = (V, E) with edge weights 1 € R” by L5 := Lg(1) (Ag := Ag(1)). Throughout the
chapter, we refer the vertices of graph GG with indices such as ¢ and j.

3.2 Combinatorial Thinness Upper Bound via Spec-
tral Properties

One approach to prove that certain families of graphs are combinatorially thin is to show an
upper bound on their thinness parameters. In this section, given a simple k—regular graph
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G = (V, E) and a spanning tree T'= (V, E(T')), we will state a general certificate of upper
bound that uses the spectral properties of the underlying graph G. More specifically, we
will use the second smallest eigenvalue of L as well as the maximum degree of spanning
tree T

Having this result, we obtain a slightly improved version of combinatorial lower bounds
in [30] by using the fact that Johnson, Hamming, and Crown graphs are Hamiltonian.

General upper bound for a; We will present a result which is also used by Mousavi
[30] as a certificate of upper bound on the combinatorial thinness of regular graphs.

Graph G Degree k' Ay —1(G) Upper Bounds in [30] Improved Upper Bounds
J(n,k)  k(n—k) n ag < ag <2

Crown(n) n—1 n—2 ac < %5 ag < 55
H(g;n)  q(n—1) n ag < 8 ag <2

Table 3.1: Upper bounds obtained for families of regular graph using Proposition 3.9 and corre-
sponding upper bounds in [30].

Proposition 3.9. Let G = (V, E) be a k—regular connected graph and T = (V, E(T)) be
a spanning tree in G with mazimum degree equal to d. Let Ay > --- > Ay =1 > Ay = 0 be

the eigenvalues of Lg. Then, we have ag(T) < >\|§(|171‘

To prove this proposition we will use a special case of Cheeger’s Inequality that holds
for k—regular graphs. Recall Definition 2.2 where we introduced notion of edge expansion
of G, ®(G), which is the smallest ratio between any cut set dz(S) and its corresponding
cut shore S C V with |S] < |21|

Theorem 3.2. Suppose G = (V| E) is a k—regular graph, and let \,_1 be the second
smallest eigenvalue of L;(1). Then, we have

)\n—l
2

< o(G). (3.6)

Proof. See Appendix A n
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Proof of Proposition 3.9. To show that ag(T) < %, we must show that for each cut set
d¢(U) where U C V and |U| < %l we have

2d
5e0) T < (25 (D).
Since A(T') = d, we have
0(U)NT| <d|U]|.
Thus,
beU)NT| _ dU
ba(U)] ~ [6a(U)]
d : 0c(U))]
< — Since ®(G) <
2d . :
< 3 (By Cheeger’s inequality).
n—1
Therefore, ag(T) < /\3‘1. O

Next, we will utilize Proposition 3.9 to upper bound the combinatorial thinness of some
families of regular graphs.

3.2.1 Johnson Graphs

Definition 3.4. (Johnson Graphs) Johnson Graph J(n,k) = (V, E) is defined as the graph
where its vertices are k—subsets S C [n], i.e.,

V= {SC [n] : |S|:k}.

There is an edge between two vertices S, S’ C [n] of J(n,k) if their intersection has size
k —1 (see Figure 3.1).

E = {{S,S’}: S,S' €V and ]SﬂS’\:k—l}.

It is easy to see that Johnson graph J(n, k) is a k(n — k)—regular graph, and J(n, k) is
isomorphic to J(n,n — k), as subsets of size k and n — k are complements of each other.
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Figure 3.1: Johnson graph J(4,2)

In order to use Proposition 3.9 and improve the bounds given in [30], we intend to find
a spanning tree T' with smaller maximum degree. Note that as any spanning tree has a
vertex of degree at least two, having Ar = 2 is the best choice for a spanning tree, which
means 7' is a Hamiltonian path. Therefore, we need to investigate whether Johnson graphs
have Hamiltonian paths.

In 2012, Alspach [1] proved the following result on Johnson graphs.

Theorem 3.3. For alln € N and k < n, Johnson Graph J(n,k) = (V, E) is Hamiltonian-
connected; i.e., there exists a Hamiltonian path between each pair of distinct vertices

Si, Sj eV.
Next, to further improve results in [30], we obtain the explicit value of A,_; in terms

of k£ and n instead of estimating a lower bound on it.

Brouwer et.al. in [10] gave an explicit formula for eigenvalues of adjacency matrix of
Johnson graphs (see Theorem 9.2). Note that since Johnson graphs are regular, we can
easily find the eigenvalues of their Laplacian matrix as well.

Theorem 3.4. Let J(n, k) be a Johnson graph with 2 < k <n — 2. The graph J(n, k) has
diameter equal to d = min(n — k, k), and its adjacency matriz A x) has at most d + 1
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distinct eigenvalues. The set of the distinct eigenvalues 7; and their multiplicity m;, for
0 <y <d, is given by

T = (k=) —k =) = j = 1 — (n+1)j +nk — k7

M1 = (?) - <jﬁ1> je{l,....d),

Corollary 3.1. Since d < 5, the function 711 is a decreasing function in terms of j, and
multiplicity of Ty is equal to 1. Hence, the second largest eigenvalue of Ay is equal to
Ty = nk — k* —n, and the second smallest eigenvalue of L ¢, k) is equal to

and

and my = 1.

Avi-1 = k(n —k) =1 =n.

By the given conditions in Proposition 3.9, since Johnson graph has a Hamiltonian
path tree P, where A(P) = 2 we get:

Agng) < iy (P) < —. (3.7)

S|

Therefore, Johnson graphs J(n, k) are combinatorially thin, for all n > 5.

3.2.2 Crown Graphs
Definition 3.5. (Crown graph) Crown(n) = (V, E) is a graph on a vertex set of size 2n,
V={l,...,n,n+1,...,2n}

and edge set
E={{i;n+j}: i,j€[n] andi# j}.

In other words, Crown(n) is isomorphic to a complete bipartite graph with one set of
perfect matching edges deleted (see Figure 3.2).

Lemma 3.1. For alln € N, Crown(n) has at least one Hamiltonian path P.

Proof. We will explicitly show a Hamiltonian path of Crown(n) that passes through all
vertices.
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n+1 n+ 2 o 2n — 1 2n
Figure 3.2: Crown graph Crown(n)

First, suppose n = 2k + 1, consider the following sequence of vertices which each two
consequetive vertices are connected in Crown(n):

P=1n+23n+45....2n—1,n,n+1,2n+3,...,n—1,2n.

Note that P is indeed a path as vertices {i,n +i+ 1}, {i,n+i—1}, and {n,n + 1}
are edges in Crown(n). Additionally, all vertices of Crown(2k + 1) are in the path and
therefore the path is spanning as well. Thus, P is a Hamiltonian path.

Similarly, for the case that n = 2k we have the following Hamiltonian path.

P=1n4+23n+45....,n—1,2n,2n+3,...,2n—1,n,n+ 1.
O

Lemma 3.2. The second smallest eigenvalue of Lorown(n) 15 equal to Agp—1(Crown(n)) =
n— 2.

To prove this lemma, we will utilize definition of Cartesian product of two graphs as
in Definition 2.1. Note that, Crown(n) is isomorphic to the graph K,JK5, which is the
complement graph of Cartesian product of K, and K, (see Figure 3.2). The following
shows how to obtain eigenvalues of a Cartesian product of two graphs.
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Proposition 3.10. Suppose G100G, is Cartesian product of two graphs Gy = (V4, Ey)

and Gy = (Vo, Es). If vy € R and v, € R"2 are eigenvectors of Ag, and Ag, with

corresponding eitgenvalues a; and ag, then vy ® vy € R"1®V2 s an eigenvector of Ac,0a,

with etgenvalue ay + as.

Proof. See [18], Section 9.7. O

Proof of Lemma 3.2. The adjacency matrix of the complement graph can be computed as
ACrown(n) - Am - (J2n - ]2n> - AKnDK27

where Jy, = T, 1,, is the all ones matrix in S?*. Moreover, as Crown(n) is a (n —
1)—regular graph, we have

Ecrown(n) - (TL - 1)I2TL - ACrown(n)
= nlyy — Jon + Ax, 0K,

It is easy to calculate the set of eigenvalues of A(K,,) as

An(A(Kn)) = -+ = Aa(A(Ky)) = —1
MAK,))=n—-1
Let
n=MAk,0r,) >n—2= XAk, 0r,) > —2 = A3(Ax,0K,) = -+ = Aon(Axk,0K,)-
be the eigenvalues of Ak, nk, with corresponding eigenvectors vy = 1, ..., v9,_1,v9,. Then,

the same set of eigenvectors are also eigenvectors of I, and Js, with eigenvalues,

)\1([2n) == )\2n<12n) =1

and

M (J2n) = 21, Aa(J2n) = -+ = Aap(J2n) = 0.
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Therefore, we can decompose the Laplacian matrix of Crown(n) as
ﬁcroum(n) - nIQn — Jon + AKnDKQ

—nsz (2n) Il]lT—i-Z)\ (Ax, 0K, )viv;

=1

2n
=(—n+ M (Ak,0K,)) L 1" —i—(n + )\Q(AKnDKQ)>U2v2T + Z (n + )\i(AKnDKQ))UiU;
1=3
2n
=011 +(2n —2)vgvy + Z 2)viv; .
1=3

Thus, we can calculate the second smallest eigenvalue of L rouwn(n) a8
Aon—1(Crown(n)) =n — 2.

]

Therefore, by utilizing Lemma 3.1 and Lemma 3.2 in Proposition 3.9, we obtain an
upper bound for combinatorial thinness of crown graph as follows.

4
n—2

(3.8)

Aerown(n) =

Thus, all Crown graphs Crown(n) with n > 7 have a combinatorially thin spanning tree.

3.2.3 Hamming Graphs

Another family of regular graphs are Hamming graphs, denoted by H(q,n).

Definition 3.6. Hamming graph H(q,n) = (V, E) is the graph where each vertex v € V
is a g—tuple v = (ai,...,a,) € {1,...,n}% Two vertices v; = (a1,...,a,) and v; =
(b1,...,b,) are connected by an edge e = {v;,v;} € E if there exists exactly one index ¢
where ay # by.

In other words, H(g,n) is isomorphic to Cartesian product of ¢ complete graphs K, (see
Figure 3.3).

In Hamming graph H(q, n), each vertex v; = (a4, ..., a,) is neighbour to exactly ¢(n—1)
other vertices; thus, Hamming graphs are g(n — 1)—regular graphs. Similar to Johnson
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Figure 3.3: Hamming graph H(q + 1,n) from H(q,n).
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graphs, we can use Theorem 9.2.1 of [10] to convert eigenvalues of the adjacency matrix
Ari(g.n) to eigenvalues of Laplacian L4y and find the second smallest eigenvalue of L q.n)
as

Awi-1(H(g,n)) = n.

Therefore, if we show that H(q,n) has a Hamiltonian path P for all ¢,n € N, we will
obtain an upper bound

(3.9)

2.d 4
<=
n

ag n S
(g:n) )\| -1
on the combinatorial thinness of H(q,n).

Lemma 3.3. Given n,q € N with n > 2, Hamming graph H(q,n) has a Hamiltonian path
P.

Proof. We will show that Hamming graphs are Hamiltonian, by induction on ¢ € N.

e Base: For ¢ =1, clearly H(1,n) ~ K,, is Hamiltonian.

e Induction hypothesis: Suppose for H(q — 1,n) we have a Hamiltonian path P, ; =
U1y ...Upg—1.

e Induction step: We will show H(g,n) has also a Hamiltonian path. To do so, we will
define a new notation where for a vertex v; = (ay,...,a,-1) € {1,...,n}7"! we use
Jui = (j,a1,...,a4-1) for 1 < j <n. Now, for odd n = 2k + 1 we define

P, = 1vy, ..., 1vp0-1, 20001, ..., 201,301, ..., 3Vpa—1, . . ... , UL, ., a1 (3.10)
and for even n = 2k we define
P, = 1vy,..., 1v0-1, 20501, ..., 201,301, . . ., 30pa—1, .. .. .. ,MUpa-1,...,nv. (3.11)

Note that by definition of Hamming graphs and (I.H), all vertices in the path are
connected in H(g,n). Therefore. P, is indeed a path. Moreover, path P, is spanning
and all vertices of H(g,n) appeared in P, exactly once. Hence, P, is a Hamiltonian
path in H(g,n).
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3.3 Spectral Thinness and Certificates of Bounds

Recall the notion of spectral thinness (Definition 1.5), where for a given graph G = (V, F)
with weights w € Rf, a subgraph H = (V, F) is f—spectrally thin subgraph, if

We also defined spectral thinness of a subgraph H, denoted by 0¢.,(H), to be smallest
6 € [0, 1] that satisfies the above inequality.

In this section, we aim to present some mathematical certificates of bounds for spectral
thinness of subgraphs in a given graph, and we will discuss these certificates and techniques
for proving lower and upper bounds.

3.3.1 Lower Bounds

One way of finding such values of 6; is by considering the notion of extended eigenvalues
and eigenvectors defined as follows.

Definition 3.7. Let A, B € S™ be two real valued matrices. A real number 6 is an extended
eigenvalue of (A, B) if there exists a vector v € R" such that

Av = 0Bv
Bv #0.

Proposition 3.11. Let graph G = (V, E) be a connected graph and let w € Rf be its
weight function. Suppose T is a spanning tree of G, and let 6 be an extended eigenvalue of

(Lp, Lg(w)). Then,

0 < 0c.u(T).

Proof. Let v € R" be the corresponding vector for # as in the above definition, and let
€ > 0 be an arbitrary small number. Then,

v’ ((0 —e)La(w) — ET)U =v' (9£G(w) — ET)U + —ev' Lgv

= —ev' Lav <0,

where the last step is because Lov # 0 and Lo = UU " is a PSD matrix. O
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To relax the above proposition, we can consider an arbitrary value 6, instead of an
extended eigenvalue. To do so, we need to show that the difference matrix 6;Lq(w) — Lr
has a negative eigenvalue. Equivalently 6, < ¢, if and only if there exists a vector v € R
such that

v (0,Lg(w) — Lr)v < 0.

Note that in the above, we first choose a lower bound 6; and then find a certificate v for
it. The issue with this method is that it does not obtain the best lower bound possible for
the certificate v. In fact, one needs to first guess a lower bound and then check whether
0,Le(w) — Ly = 0 or not, and then, increase the value of #,. However, an equivalent
approach toward finding a lower bound is to fix a vector v € (RY \{0}) N span(1)*, and
then rule out all values 6, € (0,1] such that

UT(elﬁg<w) — ET)U < 0.
Remark 3.4. Note that this condition guarantees that

v Lov >0 0,Lau
ﬁgv 7’é 0.

In the following, we will discuss how to obtain the best lower bound corresponding to
a certificate vector v € (RV \{0}) N span(1)".

Lower Bound via a certificate vector v € (R \{0}) N span(1)*

Proposition 3.12. Let graph G = (V, E) be a connected graph and let w € Rf be its

weight function such that w(e) > 1 for all edges e € E. Suppose T is a spanning tree of G,
then, for every v € (RV\{0}) N span(1)* we have,

v Lo

— < T).
v Lo(w)v — Ocu(T)

Additionally, there exists an optimal vector v* € (RV \{0}) N span(1)* achieving equality.
Le.,

’U*TﬁTU*

R
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Proof. Consider any fixed vector v € RY, such that v € (R \{0}) N span(1)*. Now, by
Proposition 3.6 (ii) we have v Lg(w)v > 0. Thus,

UT(GG,W(T)ﬁg(’w) —Lr)v >0 & Ggyw(T)vTﬁg(w)'u >0 Lo
v Lo

0 > ——— |
<~ ulT) 2 v Lo(w)v

Since the above inequality holds for every v € (RV \{0}) N span(1)* we have

s
sup T < 4,(T). (3.12)
ve(RY \{0})N span(1)L s.t. |v]|=1 Y ‘CG(w)U
Additionally, since
v Lo
= —=———— <05.,(T) <1
f(U) UTﬁg(w)U = VG, ( ) =

is bounded from above and is continuous on the nonempty and compact set {v : (RV \{0})N
span(1)* and |v]| = 1}, the supremum is attained by a vector v*.

To show that the lower bound (3.12) is tight observe that for all v € (R \{0}) N
span(1)t we have
v (f()Lo(w) = Ly >0
f(v*)vTCGv — 0" L >0e

v Lo
X > s
f0) 2 S

where the last inequality holds by the choice of v*. Therefore, we also have f(v*)Lq(w) —
Lr > 0and f(v*) > 0g.,(T). Hence, the equality f(v*) = 0¢,,(T) holds as well. O

Lower bound via Effective Resistance

Another approach to finding a lower bound for ¢, is through a notion of effective resis-
tance. We can view the graph G as an electrical circuit where each edge e = {i,j} € E has

conductance w(e), or equivalently, resistance R(e) = @ Informally, the resistance of an
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edge denotes how well a flow (for instance electrical current) can pass through that edge:

f«uﬁ)—‘é@§3—<avaw@» (Ohun'’s law)

where I((i,7)) is the current passing from vertex i to vertex j and AV, is the potential
difference between vertices ¢ and j.

Note that if we put a potential difference between two endpoints ¢ and j a current
flows from ¢ to j through different paths in G. Then, Effective conductance Wg ,,(e) of
an edge e = {i,j} € E is the maximum current that the circuit can flow when putting
a potential difference of one between two endpoints ¢ and j, and the effective resistance
Reffg ., (e) = measures the total resistance of the circuit when having endpoints ¢

and j.

1
WG,w(E)

One can formalize the effective resistance with Kirchhoft’s circuit laws to obtain an
equivalent definition of the below (for instance, see [13]).

Definition 3.8. Let G = (V| E) be a graph with the weight function w : E—>]Rf, and let
{i,j} € E. The Effective Resistance of edge e in graph G is defined as follows:

Reff.({i, j}) = (e; — e;) T LE(w) (e — €;),

where EE is the pseudo-inverse of L5. Moreover, we define the Effective Resistance of G
w.r.t. w to be

Reff . := max{Reff¢ ., ({i,7}); forall {7,j} € E}.

We can formalize effective resistance in an equivalent form as follows.

Proposition 3.13. Let G be a connected graph with weight function w : E’—HRE. Then,

> (i — x;)°
Reffg ,({i,7}) = max
w11 Y nen(@e — 20)?

(i — 93]')2

Proof. By definition of effective resistance we have

Reffcu({i. 1}) = (e — e) L (w)(e; — ).
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By Proposition 3.2 recall that Tr(AB) = Tr(BA). Additionally, Reffs.({i,5}) € R.
Therefore, we have

Reffcu({i,7}) = Tr (6 = ) Lh(w)(e = c;))

= T (L) (e — e5)(ei — e3) La(w)).

T 1
Note that £;; := (e; —e;)(e; — e;) " is a rank one matrix. Therefore, L2 (w)L;; L2 (w) is a
rank one matrix as well, and it has exactly one nonzero eigenvalue \;.
Additionally, recall that given a matrix X € S” we have Tr(X) = > | A;(X).Therefore,

for a rank one PSD matrix X the trace is equal to its maximum eigenvalue A;. Now, by
Theorem 3.1 we have

i i
Reffqw({i,7}) = M(LE(w)Li £2(w))
T g
— max 2 (L& (w)Lii LE(w))y
vl y'y
ma .%'Tﬁijflf
= max
a1 ' Lox’

i i
where the last equality holds since span(l) = Null(£Z(w)) and L£&(w) acts bijective on
the vector space Span(1)*. Finally, we can rewrite Reffq ,,({7,7}) as

Reffe . ({7, j}) = Fch 2" Laow

]

From this equivalent definition, we obtain that the effective conductance We ,,(€) be-
tween two vertices i and j lower bounds the connectivity between vertices ¢ and j. More-
over, we have the following.

Lemma 3.4. Suppose graph G = (V, E) with edge weight w € Rf has connectivity k. Let
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H = (V,E(H)) be a spanning subgraph of G. Then,

max Reffq ,(e) >
eEE(ﬁ) G, ( ) -

| =

Proof. Let U C V be the cut that specifies the connectivity of G; i.e., w(dg(U)) = k. Let
u € RY be the characteristic vector for U defined as

1 :¢U
U; =
0 otherwise.

Since H is spanning, there exists at least one edge e = {i, j} such that e € E(H)Ndg(U) #
(. Now, we have

max Reffg,(e) > Reffg.({7,5})

e€E(H)
)2
= max (@i = 2)°

¢ x'Lax
(ui — u;)®
u' Lau
1

w(d(U))

v

1
>
k
Note that for a tree T' combinatorial thinness is lower bounded by connectivity.

HG,w(T) > aG,w(T) >

| =

We will show that effective resistance obtains a better lower bound on ¢, (T'), as suggested
in [2] Lemma 1.4.

Proposition 3.14. Let G = (V, E) be a graph with the weight function w : E—>R€ and
let T be a spanning tree of G. Then,

Reflg ., < 0g.,(T). 3.13
eg}%)ec,_c,() (3.13)
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Proof of Proposition 3.14. By Proposition 3.12, we can characterize ¢, (1) as,

7
Oc.uw(T) = max e
' ze( span(1)L\{o}) =" Lax
)2
> omax | F)

ve(span(1)\{0}) " Lo(w)z

Further, by Proposition 3.13 for every edge e = {i,j} € E(T) we can write

2

o (z; — xj)
Reffc,,({i,j}) = 2T Lo(w)z’
effe.w({7,7}) v span(1)\[0)) 1 L (w)z

Combining these inequalities, we get

(i — 25)°
max —T
ze(span(1)1\{0}) T L (w)x
x' Lrx
< max —
we( span(1)1\{0}) T ' Low
= 0c.w(T).

Reffq.({i,7}) =

Since the inequality holds for every edge {i,j} € E(T) we have

maX) Reffe . ({7,7}) < 0cw(T).

ecE(T

]

The following proposition shows that spectral thinness of simple complete graph K, is
lower bounded by

2
GKn > ReffKn = —.
n

Proposition 3.15. Let K, be the simple complete graph on n vertices such that n > 3.
Then, for any edge e € E(K,), we have

2

Reffk, = Reffk, (e) = —.

n

Proof. For any two edges e = {3, j} and ¢’ = {7, j'} in E(K,,), there exists an isomorphism
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that maps e to €. Therefore,

max Reffg (¢') = Reffg, (e).

¢'€E(Kn)

Additionally, by Proposition 3.13, we have

- (7 — 25)?
Reffx, ({i,7}) = max ? .
({ }) z€ span(1)L,||z||=1 Zl§€<k§n($f — .Z'k)z
Now, note that for z € span(1)* and ||z|| = 1 we can compute the denominator as
n
Z (g — 1) = (n — 1)2:{;? -2 Z Xy
1<0<k<n =1 1<t<k<n

n

= HZI‘? — Z Ty
=1 L,k€n]
n

3w
=1 Le[n] ke(n]

= n7

where the last equality holds since L 1 and ||z|| = 1. Thus,

.. (SCz — X ')2 2
Reft i, = max —2 ==
w77} zl1,||z|=1 n n
where the last equality holds since (z; — z;)? is maximized if all other weights are zero,

2 2 _ — — V2
r; +x; =1, and z; = —x; = 5. ]

3.3.2 Upper Bounds

Let G = (V, E) be a weighted simple graph with weight function w : E —>Rf and let T’
be a spanning tree for G. Then, to show that a value 0, € (0,1] is an upper bound for
0c.w(T), it suffices to show

Huﬁg<w) — L7 =0.
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Equivalently, 6, is an upper bound for 6¢ ,,(T") if for all z € RY
" (0,La(w) — L)z > 0.

Note that even though the above inequalities hold for the upper bound 6,,, we do not obtain
a generic certificate to verify these inequalities.

General certificates of positive semidefiniteness

By Proposition 3.3, another approach for obtaining positive semidefiniteness is to show
that there exists a matrix B € R™™" such that

0.L(w) — Lr = BB'.

Thus, to prove that 6, is an upper bound, we can search for a certificate matrix
B € R™" such that BBT = 6,Ls — Lp. One issue with such a general approach is
that the certificate matrix B € R™ " might have irrational entries. Therefore, finding
such a certificate could be challenging with or without software. Additionally, due to com-
putational errors, guessing, computing, and verifying the exact values of B may not be
easy.

On the other hand, we might be able to find simpler certificates if the original matrix
0.Lc(w) — Ly can be written as £ X, where k € N and X € % has rational entries. This
approach was utilized in [4].

UV -certificate for positive semidefiniteness

Definition 3.9. Let X € Q™" be a symmetric matrix. A pair of matrices U,V € Z™*"
together with a positive integer k£ make a UV —certificate of X if the following holds.

i. There exist an integer & € N such that £.X =UTU + V.

ii. The matrix V' is diagonally dominant, i.e., for all ¢ € [n] we have

Vii > Z Vi jl-

j€l\{i}

Proposition 3.16. Let X € Q™" be a symmetric matriz with rational entries. Then, if
X has a UV —certificate, then X is a positive semidefinite matriz.
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Proof. Let U,V be matrices in Z"*" that form a UV — certificate for X along with k € N.
Since V is a diagonally dominant matrix, V is positive semidefinite. Therefore, UTU + V
is a positive semidefinite matrix as well. This proves that X = $(UTU + V) is a positive
semidefinite matrix, as it is summation of two positive semidefinite matrices. O

A UV —certificate allows us to obtain an PSD-certificate by searching in the space of
integer symmetric matrices.

Upper bound via Effective Resistance

Previously, we showed how to use effective resistance to lower bound the thinness of a
spanning tree 7. It is worth mentioning that the effective resistance is also a measure that
can upper bound the spectral thinness parameter of graphs. In fact, Marcus, Spielman,
and Srivastava [27] proved Kadison-Singer Conjecture by proving Weaver’s equivalent con-
jecture [11]. As an application of this result Harvey and Olver in [20] (see Appendix C)
showed the following theorem.

Theorem 3.5. Let G = (V, E) be a connected graph with edge weight w € ]Rf. Then, we
have

9G,w S O(Refqu). (3.14)

Figure 3.4 captures all the results regarding combinatorial and spectral thinness and
their relation to edge connectivity and effective resistance, respectively.

90



O(Reffaw)

(3.4)
T o)

(3.5)
HG,w = QG,w(T) 12
K
(3.14) :
Agw = QAGw (T )
MmaXecE(T) Reﬂ’qw(e)
(1.1)
(3.4)
1
k

Figure 3.4: Each arrow shows that the higher endpoint is possibly larger than the lower one. More
specifically, black arrows show an overview of connections between connectivity, combinatorial
and spectral thinness, and effective resistance, and the red arrow demonstrates the strong thin-
tree conjecture.

3.4 Spectral Thinness and Hamiltonian Paths

As we saw before in Section 3.2, we were able to improve upper bounds given in [30] for
combinatorial thinness of some families of structured graphs by considering Hamiltonian
paths in them. Intuitively, this suggests that Hamiltonian paths, where they exists, might
be among good candidates for spectrally thin trees. The following proposition shows a
lower bound for the spectral thinness of non-Hamiltonian trees in a k-regular graph that
formalizes this intuition to an extend.

Proposition 3.17. Let G = (V, E) be a k-regular graph with unit weights, and let T be a
spanning tree of G that is not a Hamiltonian path. Then, spectral thinness of T in G s at
least 0(T) > kiw'

Proof. Let T be a spanning tree which is not a Hamiltonian path. Then, the maximum

91



degree of T is at least three; i.e., A(T) > 3. Without loss of generality, we may assume
that |V| > 5, since for a graph with less number of vertices 1 = ag(T) < 05(T) < 1. We
will prove the statement in three cases in the following.

1.

ii.

iii.

Suppose A(T) > 4, and let vertex u; € V be the vertex having deg,(ui) = A(T).
Then, considering the cut dg(u;), we will get a combinatorial lower bound

ao(r) > 2 >

|

Since combinatorial thinness lower bounds spectral thinness, we will also get

Oc(T) >

ENR IS

Now, suppose A(T') = 3, and the spanning tree T" contains two adjacent vertices uy, us
of degree three. By reordering the vertices in GG, we assume that u;,uy correspond
to the first two vertices {1,2} in Lg. Then, for § € (0,1], the principal submatrix
corresponding to {1,2} can be written as

0k -3 —0+1
B .= (HEG - ,CT){LQ} = |: } .

0+1 0k—-3

Now, a necessary condition for 6Ls — L7 = 0 is to have det(B) > 0. Therefore, we
must have

det(B) > 0 <= (0k —3)* — (-0 +1)*>>0
= (0k —3)*> (1 —0)?
<—0k—-3>1-40

<:>¢9>i
—k+1

The remaining case is when each degree three vertex has only neighbours of degree one
or two. Suppose for vertex u; € V degree degp(u;) = 3. Then, all of its neighbours
Np(uy) = {ug, ug, us} have degree at most two in 7'. Moreover, since 7" is connected,
at least one of the neighbours has degree two. Thus, we can assume

2 = degy(uz) > degyp(us) > degy(ua)-

Also, we order the vertices of G such that in the ordering vertices uq, . .., u4 corresponds
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to first four rows of L5 and L. Next, let vector x € RY be defined as

2v2, ifi=1,
=4 -1, if2<i<4,

0, otherwise.

We aim to find a lower bound on the value ;:f:g; . For the numerator, note that by

our assumption deg;(2) = 2; thus, there exists a vertex £ € V such that {2,¢} € E(T)
and ¢ ¢ {1,...4}. Now, we can lower bound the numerator by

o' Lox = Z (zi — x4)?

{i.4}eE(T)

4
> (11— a)” + (w2 — x0)
=2

=3(2v2+1)2+1
=28 + 12V/2.

Also, for the denominator, we have the upper bound

' Lo = Z (z; — x;)°

{i,j}€E
= Z (J}l — ZEj)Q +Z < Z (xg —xj)2>
{1,j}€E (=2 {{j}eFE
< (3@V2Z+ 1)+ (k- 3)(2v2)?) +3(k 1)
=11k + 12V/2.
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Now, by Proposition 3.12 we have

x' Lrx
> 2 =T
be(T) 2 " Lox

28 + 12v/2

2 -

11k + 12v/2
44.97

T 11k +12v2
44.97

11k 422
4

k42

( since 12v/2 > 16.97)

( since 12v/2 < 22)

v

Therefore, in general case, if spanning tree T is not a Hamiltonian path, then 0(T) >
4
k+2°

O

For the rest of this section, we will focus on spectral thinness of Hamiltonian graph
G = (V, E) with weight function w € Rf and Hamiltonian path P of G. Suppose we want
to upper bound 0¢ ., (P) with 6,. We need to show that,

Quﬁg(w) - ,Cp i 0.

Our main tool for doing so is to exploit the symmetric properties of the matrix Ls(w)—Lp
to simplify the positive semidefiniteness condition.

Note that for simple graphs such as G = K, or G = K, , the Laplacian Ls is a
highly symmetric matrix. However, even though the Hamiltonian path P has very simple
structure, it only has one isomorphism, and therefore, it does not have a lot of symmetry.
As a result, the difference L5 — Lp does not capture all the symmetries available in G.
To overcome this issue, we will relax the Laplacian of P to the corresponding Hamiltonian
cycle C that contains P, if such a cycle exist. Then, we will aim to show

0. Lc(w) — Lo = 0,

which means 6, is an upper bound for 64 .,(C). Next, we argue that spectral thinness of
C upper bounds 6¢ ., (P).

Proposition 3.18. Let G = (V, E) with weight function w € Rf be given. Suppose
P = (V,E(P)) is a Hamiltonian path in G and C = (V, E(C)) is a Hamiltonian cycle of
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G, where E(P) C E(C). Then, we have
06.w(P) < 0c.,(C).
Proof. In order to show the inequality holds, it is sufficient to show
Ocw(C)La(w) — Lp =0,
Note that since P is a subgraph of C, by Proposition 3.6, we have Lo = Lp. Thus, we get
06.w(C)La(w) = Lo = Lp.

Therefore,
6G7w<P) S QG,w(O)

holds. O

Moreover, note that the Hamiltonian cycle C' containing Hamiltonian path P only differ
in one edge. Therefore, one might expect that the corresponding parameters ¢ ,,(C) and
0¢.w(P) to not differ much. The following proposition formalizes this observation for some
specific families of graphs such as K,, ,,, where n = 2k is even, and K,, for all n € N.

Proposition 3.19. Let G = (V, E) be a Hamiltonian graph with unit edge-weight where
all of its Hamiltonian paths have same spectral thinness. Suppose C' is a Hamiltonian cycle
and P is a Hamiltonian path in G. Then, the following inequality holds;

)0c(C). (3.15)
Proof. Suppose the Hamiltonian cycle C' has edge set E(C) = {e,...,e,}. Define the

Hamiltonian path P* := C'\ e;. By assumption the spectral thinness of all Hamiltonian
paths are equal. Thus, for all i € [n] we have

0c(P)Le — L = 0.
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By summing all the inequalities, we should still have a PSD matrix. Thus,

n

Z(QGUD)EG —Lpi) =0 —

=1

(nf(P))La —>  Lpi =0 —
=1

(n@G(P))EG - (n - 1)£C i O,

where the last equivalence holds since each cycle edge appears n — 1 times in > | Lpi.
Thus,

(=5)06(P)) £a = Lo = 0

n—1

holds for Hamiltonian cycle C, and by the definition of 04 (C) we must have

(

n
n—1

)0c(P) = 0c(C).

By rearranging the inequality, we get

n—1

Oa(P) = (

0 (C).

—)06(C)
On the other hand, by Proposition 3.18 and the assumption that all Hamiltonian paths in
G have the same spectral thinness,

eg<0) > eg(P> [l

As we previously mentioned, our aim is to exploit symmetries of the matrix 0Ls — L
to relax the PSD condition 0Ls(w) — L. Note that even if both Laplacian L4 and Lo
have a lot of symmetry, it does not guarantee that their difference also inherits all of these
symmetries. Therefore, we need an extra condition that assures symmetries of L (w) and
Lo coincide with each other.
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3.4.1 Circulant Matrices and Graphs

Definition 3.10. (Circulant matrix) A matrix X € R™ " is a circulant matrix if there

exists real numbers ¢y, ..., c,—1 € R such that,
Co C1 Co e Cn—1
Cn—1 Co C1 e Cn—2
X = |2 1 G
Co C1

L C1 oo Cp—1 Co |
For the above circulant matrix X, we call the vector ¢ = [co, ..., ¢,_1] the essential row of
X.

Proposition 3.20. Let X € R™™" be a circulant matrixz as in Definition 3.10 with essential
row x = [xg,...,x,]. Then, the following statements hold.

i. X has orthonormal basis of eigenvectors {v; : 0<j <n—1}, where

L os 1 (n—1).j1T
vj = —=lw,? w, o w ] (3.16)
Vn
and w, = e is the n-th root of unity where 1> = —1.

ii. Moreover, for each eigenvector v;, the corresponding eigenvalue Ax (v;) is computed as

follows:
n—1
Ax (v;) = Zkaﬁj = V/nxv;.
k=0
Proof. See [12], Chapter 3, Sections 3.1 and 3.2. O

Proposition 3.21. Let X,Y € R™" be circulant matrices as in Definition 3.10 with
essential rows © = [To, ..., x,] and y = [yo, ..., yn]. Then, the following statements hold.

i. For every constant a € R, the matriz aX s a Circulant matriz.

1. The matrices X —Y and X +Y are circulant matrices with essential rows x —y and
x +y, respectively.
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19. The matrices X and Y commute; i.e., XY =Y X.

Proof. Part (i.) and (ii.) are trivially true. For the proof of (iii.) see [12], page 68. O

Definition 3.11. A graph G = (V, E) with weight function w : F — R is a circulant graph
if there exists a relabelling on vertices V' such that Laplacian matrix Lo (w) with respect to
the given order is a circulant matrix. We also define essential row of G' to be the essential
row of its circulant Laplacian L (w).

Proposition 3.22. Let C,, = (V, E) be a cycle graph on n vertices with unit edge weights.
Then, C,, is a circulant graph with essential row ¢ = [2,—1,0,...,0,—1]. Moreover, for all
j €{0,....,n— 1}, the eigenvalue A¢, (v;) of Cy, is equal to

Ao, (v;) = 4sin2(%).

Proof. First, note that if we order the vertices as appear in the cycle, i.e., {i,(i £ 1)
mod n} € E(C,), then the Laplacian is indeed circulant with essential vector equal to
c=1[2,-1,0,...,0,—1]. In order to find the eigenvalue A¢,(v;) we have

n—1
Ao, (v5) = ) erwp?
k=0

— 90 — I — 1
= 2w, — w;, — w,

=2 — (Wl +w,7), ( since w;, = 1).

Now, recall the Euler’s formula,

e + e " = 2cos(x), (3.17)
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where ¢ = v/—1. By utilizing the above equation, we can simplify A¢, (v;) as

27y

A, (0;) = 2 — (5 4 = (2))

9
= 2—2005<ﬂ)
n
= 2(1 —cos(2ﬂ>>
n

. o, T]
=4 2
= 4sin”( - )
where in the last step we used (1 — cos(2x)) = 2sin?(z). O

3.4.2 Complete Graph K,

Proposition 3.23. Let n > 3 be a natural number, and let K, be the simple complete
graph on n vertices. Then, the Laplacian matriz Lk, is a circulant matriz with essential
rowc=[n—1,-1,...,—1] and eigenvalues

Ak, (vo) =0, Ak, (v1) =+ = Ak, (Vp-1) = .
Proof. Since K, is a complete graph with its group of isomorphism equal to S, all Lapla-
cian matrices of K, are circulant with same essential row ¢ = [n —1,—1,...,—1].
Similar to previous lemma, we calculate all eigenvalues Ak, (v;) for j € {0,...,n — 1}
as follows.

Firstly, suppose j = 0, then

n—1 n—1 n—1
k 0 k ¢
)\Kn(v])—g ckwj—(n—l)wn—g wl =n E wl=mn,
k=0 k=1 =0
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where the last equality holds since

n—1 ni 0
Jj_ —
o wy! —w, 1-1" 0
wn = 5 = - == U.
=0 “n “n

[]

We can also improve the lower bound in Proposition 3.17 for the special case of (n—1)-
regular graph K.

Lemma 3.5. Forn > 3 and any non-path tree T of K,,, the spectral thinness Ok, (T') is at
least *.

Proof. see Appendix A for the proof. n

Theorem 3.6. Let n > 3 be a natural number, and let K, be the simple complete graph
on n vertices. For every Hamiltonian path P of K,, we have,

4(n;1) <0 (P) < 4

n n

Additionally, P achieves the spectral thinness
Ok, = Ok, (P).

Proof. Without loss of generality, let P be the path with ordered set of vertices (1,2,...,n)
where edges {i,i + 1} € E(P) for i < n — 1. Also, let C' be the Hamiltonian cycle
containing P. Then, with the given vertex labeling, Lk, and L are circulant matrices.
By Proposition 3.21, for 8 € (0, 1] the difference Dy = 0Lk, — L¢ is also a circulant matrix
with same set of eigenvectors {v; : 0 < j < n — 1}. Therefore, for 0 < j < n —1 we can
compute

N, —£e(Vj) = Nocy, (V) — Aze ()
= 9)‘51(” (Uj) - )‘ﬁc (UJ')'

Using Proposition 3.22 and Lemma 3.23 we obtain

0, j=0

On — 4 sin2(%j), otherwise.

Ny, —£c(V5) = {
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Therefore, for 6 = % the difference Lk, — Lo is a PSD matrix. Since any vertex permu-
tation is an isomorphism for K,,, the spectral thinness of all Hamiltonian paths of K, are
equal. Therefore, we can use Proposition 3.19 to get

4(n—1)

2 <0k, (P) <

4
n
Now, by Lemma 3.5, for any tree T' with A(T) > 3, we have 0, (T) > 2. Therefore,

4(n—1)

5 <0k, =0k, (P) <

S I

n

]

As a result of Theorem 3.6, 0, — % as n — 00. As seen in the Figure 3.5, computa-
tional experiment suggests that the exact thinness of a Hamiltonian P in the graph K, is
closer to the upper bound %.
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Figure 3.5: The black curve indicates the exact value of Ok, (P), and the red and blue curves
are the suggested lower and upper bounds in Proposition 3.6, respectively. The green line shows
that the effective resistance Reffx, = 2 lower bounds 6, (P) (by Proposition 3.15), and also
Ok, (P) = O(Reffk,).

3.4.3 Complete Bipartite Graph K,

Proposition 3.24. Let K,,,, be the simple complete bipartite graph with 2n vertices and
bipartition A= {2t —1:t € [n]}, B={2t:t € [n|}, where

BE(K,.,) = {{i,j} i€ A je B}.
Then, the Laplacian L, ,, s a circulant matriz with essential row

¢=1[n,—1,0,-1,0,—1,...,0, —1]
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and eigenvalues

0, if 7=0
Ao (V;) =920, ifj=n
n,  otherwise.

Proof. By the choice of the bipartition, every odd vertex 2t — 1 is connected to all of the
even vertices and every even vertex 2t is connected to all of the odd vertices for all ¢ € [n].
Therefore, the rows 2t — 1 and 2¢ of Lk, , can be computed as follows.

(Lrpn)o—1,=[0 =1 ... 0 =1 n =1 0 ... -1],
(Lxpn)o.=[-1 0 ... =1 0 =1 n =1 ... 0].

Therefore, Lk, , is circulant with first row
c=[n -1 ... -1 0 -1 0 ... —1].

By Proposition 3.20, for 0 < j < n — 1 we can compute eigenvalues Az, (v;). Note that

we have wo, = % = e Thus, by replacing it in the formulas for j = 0 we get

2n—1 2n—1
0
Ao (Vo) = E ce” = g ¢, = 0.
£=0 =0
Also, if j = n we have
2n—1
2 nt
(=0
2n—1
— 2 czefm
(=0
n—1
—n— 2 6(2€+1)7n
=0
=n — (em)l _ (6“)3 L (em)2n—1
= 2n,

where the last equality holds since e™ = —1. Finally, for j ¢ {0,n}
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2n—1

_ E gl

AI<n,n (U]> - cngn
/=0
2n—1

= g coen It
=0

n—1

—n — E 67J(2€+1)

=0
:n’

where the last step holds since by geometric series we have

n—1 n—1
eI (2041) e%j(z e%fj)
=0 £=0
n—1 )
T ey
eI (> (e
£=0
n—1
= HI(3 ()
£=0
=0. L]

Theorem 3.7. Suppose K, ,, is the simple complete bipartite graph on 2n vertices, where
n >4 is an even number. Let P be a giwen Hamiltonian path of K, ,. Then, we have

4n — 2 2~ dn — 2
~ 200G 5 g, (pyy WnT Ao (G) dn—2
n ’ n n

4 4cos? (X
4 deos () (3.18)
n

Additionally, for large enough n,

>0, > .
= = 9

4 4
n

Proof. Suppose K, , is labelled with bipartition

A={2t—-1:t€n]} and B ={2t:te[n]}.
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Then, Lk, , is a circulant matrix as suggested in Proposition 3.24.

Note that for every two Hamiltonian paths P, and P, of K, , there exists an isomor-
phism that maps i-th vertex of P; to the i-th vertex of P, by relabelling vertices of A and
B. Therefore, Ok, (P1) = Ok, (Ps).

Now, let P be the path with ordered set of vertices (1,2,...,2n), where edges {i,i+1} €
E(P) for i < 2n — 1. Also, let C' be the Hamiltonian cycle containing P. Then, with the
given vertex labeling, Lo is a circulant matrix with essential row

c=[n,—1,0,—-1,0,—1,...,0,—1]

as defined in Proposition 3.22.

Also, by Proposition 3.21, for # € (0, 1], the matrix 0Lk, , — Lc is also a circulant
matrix with same set of eigenvectors. Thus, for 0 < j < n — 1, we can compute

NoLic, n—Lc (V1) = Aoy, (V5) = Aze(v))
= 0Azy, , (vj) = Aee (v)).
Using Proposition 3.22 and Lemma 3.23 we obtain
0, if7=0

)‘eﬁKn,n—ﬁc(vj) == 9(2%) — 4sin (g), lfj =N
0(n) — 4sin?(Z2),  otherwise

0, if j=0
=146(2n) — ifj=n
[ O(n) — 45111 (31), otherwise.

Note that AGﬁKn,n—LC
First, we need § > 2 as otherwise (2n)0 — 4 < 0. For other values of j ¢ {0,n}, we have

is PSD if and only if all of its eigenvalues are non-negative.

9n—4sin2(ﬂ) >0 < 0> L(%)
2n n

Therefore,
2 4 sin
O, (C) = max {—,max{ )¢ n}}}
’ n
since this is the smallest value such that all eigenvalues of 0L, , — L¢ are non-negative.
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4sin?(

Now, % has its maximum value whenever j =n + 1 or j = n — 1, which is equal
to
dsin® (MG 4sin®(3E ) dcos’(3)
n n n
Thus, for n > 4,
2 4cos?(Z 4 cos?(Z
’ n n n

Since the spectral thinness of all Hamiltonian paths of K, ,, are equal, we can use Propo-
sition 3.19 to get

(4n — 2) ;3052(%) - QKnn(P) < 4C032(%).
n ’ n

Finally, by Proposition 3.17, any non-path tree of K, , has spectral thinness at least
ni—§—2' Therefore, we will have

dn —2)cos?(Z) 4
eKnanin{( ) o5 (5) 3
: n? n -+ 2

. . 4
which is equal to = for large enough n.

Therefore, we have

4 4 cos?(Z)
<bg,, <0k, (P)<—2<
n+ 2 — Kn,n — Kn,n( ) — n —

S I

O
Similar to K,, by Theorem 3.7 we obtain that 0k, , — % as n — 0o. As seen in the

Figure 3.6, computational experiment suggests that the exact thinness of path tree P in
46052(%)

n

the graph K, , matches the upper bound
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0.7 T T T T

eKnn
0.6 P 4cos?(r/(2n))/n |
(4n-2)cos(r/(2n)/n?
05r 4/n i

Ol 1 1 Il 1
10 15 20 25 30

n

Figure 3.6: The black dots indicates the exact value of 0, , (P) and the red and blue curves
are the suggested lower bound and upper bounds in Theorem 3.7. The green curve shows the

function % .
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3.4.4 Prism Graph II,

Prism graphs were used in the literature of Traveling Salesman Problem by Boyd and Pul-
leyblank [9] to show that the LP relaxation defined by the subtour elimination constraints
can have fractional extreme points with a complicated strucuture. Moreover, Harvey and
Olver [20] used prism graph with specific edge weights as an example of k—edge connected

graph with spectral thinness Q(‘/Tﬁ) In this part, we aim to bound spectral thinness of
prism graphs II,, defined as follows.

Definition 3.12. Let n € N be a natural number. We define the prism graph as
I1,, = C,0P,,

where C), is the cycle of length n, P, is the path of length 2, and [J denotes Cartesian
product of graphs (see Definition 2.1). In other words, we can define II,, = (V] U V3, F)
where V; = {1,...,n} and Vo = {n+1,...,2n} are the upper and lower vertices and

E=C'uM,uC?

is the edge-set where C! and C? are the upper and lower cycle edges and M,, is the matching
edges between V; and V, (see Figure 3.7). Le.,

C}={{i,i+1 modn}:ic [n]}
M, ={{i,i+n} i€ [n]}
C2={{n+in+(i+1 modn)}:iéc[n]}

Remark 3.5. For the rest of this chapter, we will use C}, C?, and M,, to denote the upper
cycle, lower cycle, and matching edges.

A simple analysis in the following proposition shows that the spectral thinness of un-
weighted prism graph is equal to one.

Proposition 3.25. Let I1,, be the prism graph on 2n vertices. Then,

O, = 1.

n

Proof. Since 11,, has 2n vertices and the degree of each vertex is equal to 3, we have

1 6n
E(1L,)| == g = — = 3n.

1€[2n]
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1 2 3 i i+1 n—2
n+1 n+2 n+3 n+1i n+i+1 2n — 2
Figure 3.7: Prism graph II,. The blue vertices and edges denote the upper vertices {1,...,n}

and upper cycle edges C}. Similarly, the green vertices and edges denote the lower vertices
{n+1,...,2n} and lower cyle edges C2. Red edges denote the matching edges M,,.

Next, we claim that II,, does not have two edge-disjoint spanning trees. To see this, note
that each spanning tree of II,, has 2n — 1 edges. Therefore, for II,, to have two edge-disjoint
spanning trees we must have

|E(IT,)| > 2(2n— 1) =4n — 2 > |E(IL,)|,
which is a contradiction. Thus, by Proposition 2.1, we have
1:&Hn§01‘[n§1.

Therefore, 0y, = 1. O

By the previous proposition, we need to consider edge weight function w € Ri" to
obtain spectrally thin trees in prism graphs II,.

Weighted Prism Graph I1,(a,b)

We consider a specific weight function where the edges on the cycles C! and C? have
weight a and edges in the matching M,, have weight b (see Figure 3.8). We denote the
weighted prism graph by I, (a, b), where the corresponding edge weight function is defined
as follows.

Definition 3.13. Let n € N be a natural number, and let a,b € R,.. We define the
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weighted Prism graph I1,(a, b) to have edge weight function w,y : E— R, as

a, f1<4,5<n
(Wap)pgy =L a, ifn+1<ij<2n
b, ifj=1i+n.
Remark 3.6. For the sake of conciseness, we denote the Laplacian of prism graph I1,,(a, b)
by
‘Ca,b = ['Hn(a,b) (wa,b).

Moreover, to denote the spectral thinness of I1,,(a, b), we use

9a7b = an,wa,b .

Figure 3.8: Graph II,, with edge weight function w, .

A simple general upper bound and lower bound for the thinness parameter of I, (a, b)
can be obtained as follows.

General upper bound for 6,

Lemma 3.6. Let a,b € Ry be real numbers, and let 0, be the thinness parameter of
II,(a,b). Then,

11
0., < ]
a’b_maX(a’b)

Proof. Let @ € (0,1] and T be a spanning tree of G. Then, for any 2 € R**, we can
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compute z := x' (0L, — L7)z as

=0 Z a(z; — z;)° + 0 Z b(z; — 25)* — Z (z; — x;)°

{i,j}eCiuCc2 {i,j My, {i,j}€E(T)

> 9min{a,b}< Z (x; —ZL‘j)2> - Z (z; — z4)°.

{igtek {i.g}eB(T)

Now, by replacing § = max(: %) we have # min{a, b} > 1. Thus, for all € R** we get

a’

" (0L, — Ly)x > Z (zi — z)° — Z (zi — x;)°
{igreE(ln) {i.g}eB(T)
= xTEan — 2" Lox
> 0,

where the last inequality holds since T is a subgraph of unweighted I1,, as well. Therefore,

11
Oop < max(a, E) (3.19)

O

From the above lemma, we can directly obtain the following corollary.

Corollary 3.2. For any positive real numbers 4, &, the weighted prism graph 11, (14+¢&,, 1+
ep) has a spectrally thin tree.

General lower bounds for 0,

Definition 3.14. Let II, be the prism graph on 2n vertices. We call two edges e; =
{i,7} € Cl and ey = {¢', '} € C? twin edges if and only if ' = n +1i and j' = n + j (see
Figure 3.9).

The following lemma shows how to lower bound spectral thinness of a spanning tree
that contains twin edges.

Lemma 3.7. Let a,b € R be real numbers and let T = (V, E(T)) be a spanning tree of
I1,,(a,b) with thinness parameter 0,,(T). Then, if E(T) contains twin edges we have

n—1

< 0,.,(T).
na ’b( )



n+1 n4+2 n+3 n+1i n+i+1 2n —2

Figure 3.9: The blue edges denote an example of twin edges in the prism graph II,.

n — 1

n—1

Figure 3.10: Each vertex i is assigned with a value x;, and the value of (z; — x;) for each edge
{i,7} will be obtained as above.

Proof. Suppose e; and e, are the twin edges of T. Without loss of generality, we can relabel
the vertices such that e; = {1,n},es = {n + 1,2n} be the twin edges in the tree. Now, we
define the vector z € R*" as follows (see Figure 3.10).

7, ifi<n
Ti= 3. e
1—mn, ifi>n.

For § € (0,1] and z, we can calculate z =z (0L, — Lr)x as
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c=fa Y (w-m)P b Y (m—x) - Y (- )

{i,jreciuc} i,§€Mn, {4.7}EB(T)
= fa Z (zi — x;)? — Z (z; — x;)?
{i,jyeciucy {i.5}eB(T)
n—1
=20a() (i+1—-i)’+(n—17)— > (z;—x;)
i=1 {i.d}eE(T)

<20a((n— 1)+ (n—1)%) = 2(n — 1)

Note that to have 0L,;, — L1 >~ 0, we must have z > 0. A necessary condition for z > 0
can be obtained as

z>0=20a((n—1)+ (n—1)%) >2(n—1)>%

Therefore, we get =2 < §,,(T). O

Lemma 3.8. Let a,b € Ry be real numbers and let T' be a spanning tree of 11,,(a,b) with

thinness parameter 6,,(T). Then, if T does not contain any twin edges we have

n—1
nb

S ea,b(T)-
Proof. Suppose T' is a spanning tree with no twin edges. Then,
E(T)Nn(CLuC?) < n,

and at least n — 1 edges of T" are from the matching edges M,,. Now, consider the incidence

vector z € R?™ defined as
1, ifi<n
X, = P
0, ifi>n.
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Then, for § € (0,1], z := 2" (0L¢, ,, — L)z is equal to

=00 Y (wm—m)P b Y (w—z)i— Y (wi— )

{i.5}eCRUCY {i.gteMn {i.7}YeE(T)
=00 Y (wm-z)— Y (m-w)
{i,5yeMp {i,j}eE(T)NM

= 6bn — Z (z; — x;)°

{i,j}eE(T)NM
< 0bn — (n—1).
For z > 0 we must have

—1
On—(n—1)>0 0> -

Hence,

n—1

nb

< 0,p(T).
[l

Combining Lemma 3.6, Lemma 3.7, and Lemma 3.8, we directly get the following
proposition.

Proposition 3.26. Let a,b € R, and let 0, be the thinness parameter of I1,,(a,b). Then,

1 11
b <y < maX(aa 5)

ooon—1 n—
min{ ,
na nb

Note that the gaps in the above lower bound and upper bound are small if a = b.
However, for the cases where a > b or a < b the bounds can be very loose. The following
lemma simplifies calculation of ,; for the case a # b.

Lemma 3.9. Let graph I1,,(a,b) be defined as above. Then, we have Oqip = %GM.

Proof. Let 6 € (0,1]. By definition of Laplacian, the equality

1
Lia iy = Eﬁa,b
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holds. Thus, we have

(G)L’ka,kb — £T =0 <— (ke)ﬁa,b — £T = 0.

ea,b

k

Therefore, satisfies the inequality for II,,(ka, kb) and vice versa. n

Thus, to study the spectral thinness of I1,,(a, b), we may consider to study the spectral
thinness of 11, (a, 1), with @ > 1 and II,(1,b) with b > 1, as by Lemma 3.9 the spectral
thinness of I1,(a, b) is multiplication of one of the two normalized cases.

Note that even with the above simplification, the weighted graphs II,,(1, b) and II,,(a, 1)
are not circulant for any a,b > 1. However, in both cases, there is still a lot of symmetry
in the graphs that we can benefit from. In the following, we will use a mixture of ideas
from Section 3.3 and properties of circulant graphs to bound spectral thinness of I1,(a, 1)
and I1,,(1,b) (see Table 3.2).

I1,,(a,b) for even n and a,b > 1 Lower bound < 6,, < Upper bound

,(1,1) 1 <6,< 1
Hn<a7 1) 1+1\/a S ea,l S 1

1 1 1 3
IL,(1, ) 35— n SO S5tya

Table 3.2: Obtained bounds for prism graph II,,(a, b) where n is an even number and a,b > 1 are
real numbers.

3.4.5 Weighted Prism Graph II,(a,1) for a > 1

Harvey and Olver in [20] proved a lower bound on the spectral thinness of weighted prism
graphs (see Theorem 4.9 in [20]).

Theorem 3.8. For given n,k € N where n is even and k > n, there exists a

weighted graph with 2n vertices and edge connectivity k, such that it does not
NG

have o(*")—spectrally thin spanning tree.
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Specifically, with our notation, they showed that 93 & is lower bounded by %5(\/75) where
n is an even number and k£ > n. l

While using the same idea, we will improve the result of Harvey and Olver [20] for
prism graph to obtain a lower bound on 0, ;.

Theorem 3.9. Suppose I1,,(a, 1) is a weighted prism graph where n is an even integer and
a>1, and let 0,1 be the spectral thinness of 11,,(a,1). Then,

1 <40
1+2ya — “"

Proof. Let T be any arbitrary spanning tree of I1,,(a, 1) where a > 1. First, note that tree
T has at least one edge from the matching. Without loss of generality, we may assume
n 3n

that a matching edge of 7" is the edge {3, 5}, since by rotational relabeling of the vertices
we can guarantee the condition holds.

Let ¢ =1 — €, where
2
€= .
1++a

Note that since a > 1, we have 0 < ¢ < 1. Also, let the certificate of lower bound vector
z € RY be defined as follows:

n

cz=il, ifi<n
x; = n o
' —clz=E=mlif >,

We can compute ' Lrz and mTﬁmbx as follows.

t Loz = Z (zi — x;)* > (z2 — Tsn)? = 4.

{i.5}€E(T)

On the other hand, we have

v Lo =a Z (zi — ;) + Z (zi — x4)°.

{Z7J}EC%UC’2L {er}EMn
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We analyze each summation separately. Firstly, for the matching edges we have

n

S = Z(% - $n+z’)2

i=1
n
=1 Z z? (since x; = —xp14)
=1
ln
<8 Z c (since zn_; = xn ;)
=0
<82€i (since 0 < c< 1)
>0
8 : :
— (by geometric series)
—c
8

Similarly, for the cycle edges we get
n—1
Sc = 2a Z(:cl —xi1)* + a(z, — 1)
i=1

< a Z (¢ — )2 (since z; = —Tp4q)

< a Z(cl —Jthy? (since 0 < ¢ — ¢ < 1)

(by geometric series)
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As a result, we have the following

x' Lrx 4 1

> = . [
T Lopr — 44+8a 14 2v/a

In order to compare this lower bound with the lower bound of Harvey and Olver [20]
for prism graph we use the fact given in Lemma 3.9. More specifically, for a > b the prism
graph II,,(a, b) has

L, 1 1
b'1+2/F b+2Vab

1
ea,b - 30%,1 > (

Therefore, for the choice of a = % and b = % we have

1
9&,132

k42

AL

L

[T
Sl

+

&
S+ S
I

v

gy
-
_|_
>

2
Vn
]{,' b)

S e

where the third inequality holds for n > 2. Therefore, we obtain a better lower bound
compared to \/?5\/75 in [20].

3.4.6 Weighted Prism Graph I1,(1,b) for b > 1

Proposition 3.27. Let n € N be an even number, and let b > 1 be a real number. Then,
for the prism graph 11,,(1,b), and any spanning tree T of 11,,(1,b) the spectral thinness is
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at least

1 1
O1,(T) > = — —. 3.20
W) =5~ 5 (320)
Proof. By Lemma 3.7, any spanning tree T of I1,,(1, b) that has twin edges will have spectral
thinness at least "T_l Therefore, to lower bound 6, we only need to consider a tree that
has at least n — 1 matching edges in M,,.

We consider the general cases where |E(T) N M,| = t, where t € {n — 1,n}. If
|E(T)N M,| =t, then E(T) has exactly 2n — ¢ — 1 edges from the cycle edges C} and C?.
Let # € R be defined as follows:

{1, if i is odd
€T; ‘=

0, if 4 is even.

Tn4i =

1

Figure 3.11: Combinatorial cut for prism graph in II,(1,b). The vertices in blue circles are on
one shore of the cut and other vertices are on the other shore of the cut.

Then, as shown in Figure 3.11, the edges in the cut, defined by x, are the cycle edges
C!UC? and we have:

' Lipr =2n

o Lrr=2n—t—1.
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Thus, we get

(since t € {n—1,n})

Thus, in general, we will have

1 n—l} 1 1
on’ n 2 o’

1
61 > min{§ —

Upper bound on 0,

As shown in the proof of the previous proposition, to obtain a spectrally thin spanning
tree of II,,(1, ), we need to consider graphs that do not have twin edges.

In this section, we will assume that number of vertices in each cycle n is an even number
n = 2k. Before, we proceed further in this section, we will present a relabeling of I1,,(1, b),
such that the corresponding matrix £, has interesting properties. Let, relabelled vertices
in graph be as
Vi={2i—1:i€[k]}U{n+2i:i€lk]}
Vo=A{2i:ielk]}u{n+(2i—1):i¢€ K]},

where V; and V5 are the upper and lower cycle vertices with edge set of each cycle equal to

Cl={{n+2i, (2i£1 mod 2n)}:ic€ [k}
C?2={2i,n+(2i+1 mod2n)}:ic€[k—1]}
M, = {{i,n+1i}:i€[n]}.

Note that with this relabeling (see Figure 3.12), vertices {1,...n} and {n +1,...2n}
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Nitn(2i + 1)

n+2i 2i+1 n+2i+2

n+1 2 n+2+1

N, (21)

Figure 3.12: Relabelled vertices of prism graph.

form a bipartite graph. Also, the i-th vertex for ¢ < n is connected to vertices n + i with
edge weight b and vertices n + ¢+ 1 and n + ¢ — 1 with weights 1.

Then, we can write the Laplacian £, as a block matrix

Lo (b+2)I, Ay
“ AT 0+ 2)L]
where A; is a circulant matrix with essential row ¢; = [—b, —1,0,...,0,—1].

Next, we will define an example a spanning tree with no twin edges, which is also a
Hamiltonian path in I1,(1,b).

Definition 3.15. Let n € N be even, b > 1 be a real number, and I1,,(1,b) be the prism
graph. We define the zigzag path of 11,(1,b) denoted by Pz to be the Hamiltonian path
that contains all of the matching edges in M,,. L.e., Py

P,=1,n+1,2n+2,3n+3...,n,2n.

Note that by adding the edge e = {1,2n} the zigzag path becomes a cycle which we
call the zigzag cycle and denote with Cz (see Figure 3.13). It is not hard to see that with
the relabelling mentioned in the above (see Figure 3.14) we have

21, Ag]
Lo, = :
¢ {A; 21,

121



2n —2

nal 2 : i| n+2i+1 n—2

Figure 3.13: Hamiltonian cycle Cz in the prism graph II,,(1,b).

Ne(24)

Figure 3.14: The figure shows the corresponding vertices of the Zigzag cycle Cz in the new
labelling of vertices.

where A, is a circulant matrix with essential row

¢ =[-1,0,0,...,0,—1].

Now for a fixed 6 € (0, 1], We define Dy := 0L, — L, to obtain

B(b+2)—2), 64 — Ay

Do=1""0aT — AT (6(b+2) - 21|’

where A = 0A; — A; is also circulant (see Figure 3.14) with essential row

c=1[1-100,-0,0,...,0,1— 0.
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To show that Dy is a PSD matrix, we only need to confirm that the smallest eigenvalue
of Dy, is non-negative. Notice that

Dy = (e(b+ 2) — 2)12n + B, (3.21)

where
0 A
B= { o 0] |
To find the eigenvalues of Dy, we will use the following lemma.

Lemma 3.10. For 0 € (0,1], let B be the matriz defined as

0 A
B = [AT 0:| )
where A = 0A, — Ay is a circulant matriz with essential row
c=[1-00,-6,0,...,0,1—4].

Then, the set of eigenvalues of B are exactly £8;, for 0 < j <n —1, where

-1y o (b0 —1)(20 — 1)\ 2
b= \/49(1 —g) 00— 9)(COS n 40(1-6) > ‘

Additionally, if % > 1, then the maximum value B = max; f; equals to

~

B=10(2b+2) 2.

We will postpone the proof of Lemma 3.10 to the end of this section, and utilize the
lemma to upper bound the thinness of cycle C5.

Proposition 3.28. Let I1,,(1,b) with b > 1 be the weighted prism graph on 2n vertices

such that n = 2k is an even number. Then, for the Hamiltonian cycle Cy in 11,,(1,b) we
have

1 3
< -4 —. .
bap(Cz) < 5 + T (3.22)
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Proof of Proposition 3.28. Let prism graph II,, with the relabeling described earlier be
given (similar to Figure 3.13). Recall that as in (3.21), we have

Dy = (9(b+2) —2)[2n+B.

Thus, we may assume (b + 2) — 2 > 0 as otherwise Dy has negative diagonal entries
and it is not PSD. Next, by Lemma 3.10, the set of unordered eigenvalues of Dy can be
computed as

{0(b+2)—2+8,:0<j<n-—1}.
Thus, the minimum eigenvalue of Dy is equal to

Aan(Dg) = 0(b+2) — 2 — [Jnax B

~

=0(b+2)—2—p.

Additionally, if we have % > 1, then 3 = |0(b + 2) — 2| and the minimum
eigenvalue of Dy is equal to
Aon(Dg) =0(b+2)—2—10(b+2) — 2|
=0,

where the second equality holds since we assumed 0(b+ 2) — 2 > 0. Therefore, a sufficient
condition for Dy to be a positive semidefinite matrix is to have

(b0 — 1)(20 — 1)
10(1 - 0)

>1 <= (20+4)0* - (b+6)0+1>0
< 0 <60y0rfl >0,
where 0, < 65 are the roots of the quadratic function
f(0) = (2b+4)0* — (b +6)0 + 1.

We can now compute 601,05 as

b+ 602+ 4b+ 20

b Vb2 +4b+ 2
0, = 0, = +6 + + 46 + 0'

4b + 8 40+ 8
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To upper bound 6; note that v*> + 4b + 20 = (b + 2)? + 16. Therefore, we have

g b6/ +2)+16
e 4b + 8
b+6—/(b+2)?
= 4b + 8

T2

As a result, for any value 6 < 6, we do not satisfy (b + 2) —2 > 0 and Dy is not a PSD
matrix. On the other hand, note that /(b + 2)2 + 16 > b+ 4 as b > 1. Therefore, we get

o, — b+6+4++/(b+2)2+16
2T 4b+ 8
< b+6+ (b+4)
- 4b+8
1 3

BT

_3
2b+4

Therefore, for any value 6 > % + both conditions
0b+2)—2>0

and

(b§ — 1)(20 — 1) 1
40(1 —0) -
are satisfied, and we have Dy > 0. This proves that

1 3
< -
016(Cz) = 5 T o4

O

Thus, we can conclude that for even n € N, the spectral thinness of the prism graph
I1,,(1,b) can be bounded as follows:

Corollary 3.3. For even value n = 2k and b > 1, the spectral thinness of 11,(1,b) is
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bounded by

1 1 1 3
L - R 3.23
2 2 STy g (3.23)
Proof.
L1 0 (by P ition 3.27)
5 oy = Vb y Proposition 3.
< 614(Pz)
< 614(Cx) ( by Proposition 3.18)
1 3
< —4 —. P iti 2
<5+t ST ( by Proposition 3.28)

Finally, we will finish this case, by proving Lemma 3.10.

Proof of Lemma 3.10. To compute eigenvalues of B we consider the square matrix B2,
where

AAT 0
2 _
b _{ 0 ATA]'

Note that AT is also a circulant matrix with essential row
d = [1—00,1-0,0,...,0,—0].

Since circulant matrices commute (Proposition 3.21 (iii)), we have AAT = AT A. Moreover,
since A, AT are circulant, both share a same set of eigenvectors

1 )
Vi = _[ SJ,

vn

1 (n-1)j1T
Wy wy
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with eigenvalues

Aa(v;) := V/nevy = chw
At (v)) == v/ncv; = Zc;cwﬁj.
k=0

Also, the vectors V; = zj and U; = {U;} } form a set of eigenvectors for B? with
J -9
eigenvalues Ag2(V;) and Ag2(Uj) is equal to

B2 = Aa(vj) A a7 (v)).

Notice that if 6]2 is an eigenvalue of B2, then either §; or —f; is an eigenvalue of B.
Additionally, since B is a bipartite matrix, by Proposition 3.8, 3; is eigenvalue of B if and
only if —f3; is an eigenvalue of B. Therefore, the set of eigenvalues of B is equal to:

{£8;:0<j<n—1}.
By calculation, we have that
B = Aa(v) A (v))
- ((1 —bO) — Ow + (1 — e)ww-l)ﬂ’) X ((1 —b0) + (1 — O)w — Gw(”_l)j>

(1= )2 + 6% + (1 — 0)2 — 20(1 — 0) cos 2™ 1 2(1 — b9)(1 — 260) cos 2.
n n

Then, by simplifying the above formulation using cos 2z = 2 cos®> z — 1 we get,

B2 =201 0) + (1— b8)? + 0% + (1 — )% — 40(1 — 6) cos? 2%] +2(1— bO)(1 — 26) cos%
2mj (1 -b0)(1 - 29)>2 (1 —b6)2(1 — 26)?

=1+ (1 b9)> —49(1—0)(008

no 40(1—0) 46(1 - 9)
(0 — 17 2mj _ (00— 120~ 1)y?
:1+m_49<1_0)((3087_ 49(1—9) )
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Next, we will argue that if

(b0 — 1)(20 — 1)
oo 2! (3.24)

then we have )
g =160(2b+2) —2|.

Note that since 6 € (0,1), we have 46(1 — #) > 0. Then, to maximize j;, we equivalently
can minimize the value of

n 40(1 — 0)

(COS omj (b0 —1)(26 — 1))2'

2nj _
~—

Now, if (3.24) holds, then to minimize above, the best choice is set j = 0 so that cos
Then, we get

o (b0 —1)? (b9 — 1)(20 — 1)\ 2
50_”49(1—9)_49(1_9)(1_ 46(1 — 6) >
. % (400 0)) - (60 _4;()1 (399)_ Y o —1)(20 1)
:Hil;g(l;_l);)[l—(ze—n?] —40(1 —0) +2(b0 — 1)(20 — 1)

=1+ (b0 — 1) —460(1 — 0) +2(b0 — 1)(20 — 1)
:1+(b0—1)<(69—1)+(4«9—2)> —40(1 - 6)
= (b +4b +4)0* — (40 + 8)0 + 4

= (b+2)%0> —2(b+2)0 + 4

_ ((b+2)0—2)2.

Therefore, we get

~

B=1b+2)0—2|
O

The computational calculation showed that roughly speaking, the value of 6, ,(Ps,) is
closer to the upper bound 1 + 7 ( see Figure 3.15).
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Figure 3.15: a=1, n=100, enumerate on b. The black curve shows the experimental computational
of 01, and the blue curve and the red line show the obtained upper and lower bounds for 0 .

129



Chapter 4

Conclusion and Future Research

In this thesis, we discussed notions of combinatorially and spectrally thin trees which
are two related families of spanning trees with interesting properties and applications.
However, as we saw, existence of such spanning trees is still unknown for many families
of graphs, and there are many questions to investigate that could be an intermediate step
towards resolution of thin tree conjecture.

Edge disjoint spanning trees To begin with, we showed that graphs without two
spanning trees do not have combinatorially thin trees. Additionally, we also covered a
result of Merker and Postle [29], which shows families of 4-regular graphs with two edge-
disjoint spanning trees that do not have combinatorially thin trees. Regarding this result,
an interesting open question is that whether having three or higher number of edge-disjoint
spanning trees is enough for a graph to be combinatorially thin (see Goemans [19]).

Combinatorial thinness with respect to specific cuts Note that a combinatorially
a-thin tree has to have at most « fraction of each cut-set 6(U) C E in the graph G.
However, for some applications we might be able to relax this condition by requiring the
spanning tree to be only a-thin for specific cut-sets of the graph. In a recent work, Klien
and Olver [25] considered a laminar family of cuts £ C 2" such that for any two cuts
Uy,Uy € L we have either U; and U, are disjoint or they are subset of each other; i.e.,
Uy C Uy or Uy C Uy. In fact, they proved that given a k—edge connected graph and a
laminar family of cuts £ C 2V, there exists a spanning tree which is O(3)—thin for the
cuts in £. This new result may also be considered as another piece of evidence toward
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correctness of strong thin tree conjecture. Therefore, another direction for research on thin
trees is to investigate the existence of thin trees with respect to specific cut families.

Combinatorial thinness for structured families of graphs As we mentioned in
Chapter 2, Oveis-Gharan and Saberi [10] proved existence of combinatorially thin tree in
families of graphs with bounded genus. Additionally, for planar graph G, we showed how
to translate their algorithm to an algorithm working on the original planar graph G. More
specifically, we used the fact that in k-connected planar graphs the underlying graph is
sparse, and one can maintain an ordering of edges throughout the algorithm while selecting
proper edges and contracting them.

An interesting approach to further understanding this result is to see exactly what
properties should be satisfied by G for this algorithm to work and whether we can extend
their result to other family of graphs with sprase underlying graph.

Relations between combinatorial and spectral thinness Even though calculating
ag(T) is believed to be a hard problem for an arbitrary graph G and spanning tree T,
computing 0 (T) is possible in polynomial time. Since spectrally thin trees are a subset
of combinatorially thin trees, we can obtain an upper bound on ag whenever spectral thin
trees exist.

Although strong thin tree conjecture suggests existence of combinatorially O(%)— thin
trees in k-connected graphs, Harvey and Olver [20], and later, Anari and Oveis-Gharan
[2] showed instances of k-connected (weighted) graphs without spectrally thin trees. More
specifically, one can construct k-connected (weighted) graphs with n vertices such that all
edges in a specific cut have effective resistance 1 — O(k?/n). Therefore, if strong thin tree
conjecture is correct, we have family of graphs where the gap 05 — ag becomes arbitrary
close to one. On the other hand, we know that 65 = O(Reff) [27, 20]. From this result,
we further know that in a k-connected edge-transitive graph G we have g = O(3). As
a result, if strong thin tree conjecture holds, for families of k-connected edge-transitive

graphs we have 0g/ag = O(1).

Nevertheless, the exact relations between ag, 0g, k, and Reffg are still unknown.
Therefore, another direction of research in this area is to study the gaps such as g — ag
and ratios such as 0g/ag for different families of graphs which may be useful in further
understanding of the strong thin tree conjecture.

Hamiltonian paths As another observation in Chapter 3, we investigated Hamiltonian
paths as a good candidate for both spectrally and combinatorially thin trees. Hamiltonian
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graphs are not limited to the examples we covered and many families of distance regular
graphs have Hamiltonian properties. In fact, in 1969 Lovasz conjectured that every con-
nected vertex-transitive graph has a Hamiltonian path, and in a recent work, Merino et al.
[28] proved this conjecture for the case of Kneser graphs. Investigating the difference and
similarities of spectral and combinatorial thinness of Hamiltonian paths, where they exist,
is an interesting research direction which might shed light on the relation of 4 and ag is
some graphs.

Computation complexity of 65 It is known that verifying the exact value of ag is a
NP-hard problem in the general setting. However, even though we know how to efficiently
compute 05 (T') for a specific tree T', we currently do not have a complete understanding
of the computational complexity of 6 in the general setting. Finding polynomial time
algorithms to compute ¢ for arbitrary graphs or proving NP-hardness of this problem can
also be an interesting research direction.

Semidefinite programming Finally, we can consider the problem of finding spectral
thinness of a given graph G as an optimization problem and consider semidefinite relaxation
of it. In fact, 8¢, is equal to the optimal value of the following optimization problem.

0w =min 0
subject to  0.Lg(w) = La(z), (P1)
r € SP(G)n{0,1}F.

Therefore, we can obtain a lower bound on 6 by considering a semidefinite relaxation
of (P1) as

min 0
subject to 0Lg(w) = La(x) (SP1)
Ax > b,

where A € RV*¥ and b € R” are the constraint identifiers of spanning tree polytope SP(G).
Note that well-posed semidefinite programming problems can be solved in polynomial time
to obtain an approximate optimal solution. Therefore, the above proposition gives a very
easy algorithmic way of obtaining a lower bound on spectral thinness 0¢ ,,. However, this
lower bound can be loose.

Example 4.1. For the complete graph K, with weight function w = 1, the thinness

parameter 0k, is lower bounded by % as described in Theorem 3.6. However, for
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r=21c¢ R¥ we have z € SP(K,). Moreover, if we consider the SDP (P1) relaxation
we get

2
9£Ku<:ﬂ‘) i EEKn(:H‘)

Therefore, (2/n,z) is a pair of feasible solution for the SDP relaxation. Thus, the optimal
value of (P1) 6 < 2 which has a considerable gap with %.

As another research direction one can investigate the spectral thinness problem by
finding better SDP relaxations which may lead to tighter lower bounds on 6.

133



References

1]

2]

3]

[4]

Brian Alspach. Johnson graphs are Hamilton-connected. Ars Math. Contemp., 6:21—
23, 2012.

Nima Anari and Shayan Oveis Gharan. Effective-resistance-reducing flows, spectrally
thin trees, and asymmetric TSP. In Venkatesan Guruswami, editor, IEEFE 56th Annual
Symposium on Foundations of Computer Science, FOCS 2015, Berkeley, CA, USA,
17-20 October, 2015, pages 20-39. IEEE Computer Society, 2015.

Arash Asadpour, Michel X. Goemans, Aleksander Madry, Shayan Oveis Gharan, and
Amin Saberi. An O(log n/log log n)-approximation algorithm for the asymmetric
traveling salesman problem. Oper. Res., 65(4):1043-1061, 2017.

Yu Hin Au and Levent Tuncel. Stable set polytopes with high lift-and-project ranks
for the lovéasz-schrijver SDP operator. CoRR, abs/2303.08971, 2023.

Sheldon Axler. Linear Algebra Done Right. Undergraduate texts in mathematics.
Springer International Publishing, Cham, Switzerland, 3 edition, November 2014.

Andrés A. Benczir and David R. Karger. Approximating s-t minimum cuts in O(n2)
time. In Proceedings of the Twenty-Eighth Annual ACM Symposium on Theory of
Computing, STOC ’96, page 47-55, New York, NY, USA, 1996. Association for Com-

puting Machinery.

Béla Bollobés. The isoperimetric number of random regular graphs. European Journal
of Combinatorics, 9(3):241-244, 1988.

John Adrian Bondy and Uppaluri Siva Ramachandra Murty. Graph theory. Springer
Publishing Company, Incorporated, 2008.

Sylvia C. Boyd and William R. Pulleyblank. Optimizing over the subtour polytope
of the travelling salesman problem. Mathematical Programming, 49:163-187, 1990.

134



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[18]

[19]

[20]

A. E. Brouwer, A. M. Cohen, and A. Neumaier. Distance-reqular graphs, volume 18
of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and
Related Areas (3)]. Springer-Verlag, Berlin, 1989.

William H Cunningham, William J Cook, William R Pulleyblank, and Alexander
Schrijver. Maximum flow problems. In Combinatorial Optimization, chapter 3, pages
37-89. John Wiley & Sons, Ltd, 1997.

Philip J Davis. Clirculant Matrices. Pure & Applied Mathematics S. John Wiley &
Sons, Nashville, TN, November 1979.

W. Ellens, F.M. Spieksma, P. Van Mieghem, A. Jamakovic, and R.E. Kooij. Effec-
tive graph resistance. Linear Algebra and its Applications, 435(10):2491-2506, 2011.
Special Issue in Honor of Dragos Cvetkovic.

David Ellis. Lecture 13: The expansion of random regular graphs. Lecture notes,
Algebraic Methods in Cambinatorics, 2011. Available at https://snap.stanford.
edu/class/cs224w-readings/ellisllexpansion.pdf (last visited on 2023/11/30).

Anna Galluccio, Luis A. Goddyn, and Pavol Hell. High-girth graphs avoiding a minor
are nearly bipartite. Journal of Combinatorial Theory, Series B, 83(1):1-14, 2001.

Shayan Oveis Gharan and Amin Saberi. The asymmetric traveling salesman problem
on graphs with bounded genus. In Proceedings of the Twenty-Second Annual ACM-
SIAM Symposium on Discrete Algorithms, SODA 11, page 967-975, USA, 2011. So-
ciety for Industrial and Applied Mathematics.

Luis A. Goddyn. Some Open Problems I like. Available at https://www.sfu.ca/
~goddyn/Problems/problems.html (last visited on 2023/11/30).

Chris Godsil and Gordon F Royle. Algebraic graph theory, volume 207. Springer
Science & Business Media, 2001.

Michel X. Goemans. Thin spanning trees. Presentation at Conference in Honor of
Professor Robin Thomas, May 2012.

Nicholas J. A. Harvey and Neil Olver. Pipage rounding, pessimistic estimators and
matrix concentration. In Chandra Chekuri, editor, Proceedings of the Twenty-Fifth
Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2014, Portland, Ore-
gon, USA, January 5-7, 201, pages 926-945. STAM, 2014.

135


https://snap.stanford.edu/class/cs224w-readings/ellis11expansion.pdf
https://snap.stanford.edu/class/cs224w-readings/ellis11expansion.pdf
https://www.sfu.ca/~goddyn/Problems/problems.html
https://www.sfu.ca/~goddyn/Problems/problems.html

[21]

[22]

23]

[24]

[25]

[26]

Michael Held and Richard M Karp. The traveling-salesman problem and minimum
spanning trees. Operations Research, 18(6):1138-1162, 1970.

Roger A. Horn and Charles R. Johnson. Matriz Analysis. Cambridge University Press,
1990.

Francgois Jaeger, Nathan Linial, Charles Payan, and Michael Tarsi. Group connectivity
of graphs—a nonhomogeneous analogue of nowhere-zero flow properties. Journal of
Combinatorial Theory, Series B, 56(2):165-182, 1992.

Anna Karlin, Nathan Klein, and Shayan Oveis Gharan. A (slightly) improved bound
on the integrality gap of the subtour LP for TSP. In 63rd IEEE Annual Symposium
on Foundations of Computer Science, FOCS 2022, Denver, CO, USA, October 31 -
November 3, 2022, pages 832-843. IEEE, 2022.

Nathan Klein and Neil Olver. Thin trees for laminar families. CoRR, abs/2304.07674,
2023.

Laszlé Miklés Lovéasz, Carsten Thomassen, Yezhou Wu, and Cun-Quan Zhang.
Nowhere-zero 3-flows and modulo k-orientations. Journal of Combinatorial Theory,
Series B, 103(5):587-598, 2013.

Adam W Marcus, Daniel A Spielman, and Nikhil Srivastava. Interlacing families
ii: Mixed characteristic polynomials and the Kadison—Singer problem. Annals of
Mathematics, pages 327-350, 2015.

Arturo I. Merino, Torsten Miitze, and Namrata. Kneser graphs are Hamiltonian. In
Barna Saha and Rocco A. Servedio, editors, Proceedings of the 55th Annual ACM
Symposium on Theory of Computing, STOC 2023, Orlando, FL, USA, June 20-23,
2023, pages 963-970. ACM, 2023.

Martin Merker and Luke Postle. Bounded diameter arboricity. J. Graph Theory,
90(4):629-641, 2019.

Ramin Mousavi. Thin trees in some families of distance-regular graphs. Linear and
Multilinear Algebra, 68(7):1374-1383, 2020.

C. St.J. A. Nash-Williams. Edge-Disjoint Spanning Trees of Finite Graphs. Journal
of the London Mathematical Society, s1-36(1):445-450, 01 1961.

R. Penrose. A generalized inverse for matrices. Mathematical Proceedings of the
Cambridge Philosophical Society, 51(3):406-413, 1955.

136



[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

Laszlé Pyber. Large connected strongly regular graphs are Hamiltonian. arXiv: Com-
binatorics, 2014.

Alexander Schrijver. Combinatorial Optimization. Algorithms and Combinatorics.
Springer, Berlin, Germany, 2003 edition, December 2002.

Daniel A. Spielman and Shang-Hua Teng. Nearly-linear time algorithms for graph par-
titioning, graph sparsification, and solving linear systems. In Proceedings of the Thirty-
Sixth Annual ACM Symposium on Theory of Computing, STOC 04, page 81-90, New
York, NY, USA, 2004. Association for Computing Machinery.

Ola Svensson, Jakub Tarnawski, and Laszlo A. Végh. A constant-factor approximation
algorithm for the asymmetric traveling salesman problem. J. ACM, 67(6):37:1-37:53,
2020.

Carsten Thomassen. The weak 3-flow conjecture and the weak circular flow conjecture.
Journal of Combinatorial Theory, Series B, 102(2):521-529, 2012.

Levent Tuncel. Polyhedral and semidefinite programming methods in combinatorial
optimization, volume 27. American Mathematical Soc., 2016.

W. T. Tutte. A contribution to the theory of chromatic polynomials. Canadian
Journal of Mathematics, 6:80-91, 1954.

W. T. Tutte. On the algebraic theory of graph colorings. Journal of Combinatorial
Theory, 1(1):15-50, 1966.

Nik Weaver. The Kadison—Singer problem in discrepancy theory. Discrete Mathemat-
ics, 278(1):227-239, 2004.

137



APPENDICES

138



Appendix A

Missing Proofs

Proof of Claim 1.1

Proof. Firstly, note that since E corresponds to set of all arcs a € A of G with non-zero
xr, we have

{uv}eFE
n _
= 2 )7
{uw}cE
n _
= T(F
(L )a(E)

2(B) = (") (4)
= (0 )
veV (vu)eA
= ()T 650
= hl=n-1,
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where the last equality holds since z* is feasible in (1.8).

Secondly, for each subset of vertices U C V' let
FEU)= D Tw

where the last inequality holds since we have 2*(0;(U)) = 2*(65(U)) > 1.

On the other hand, we have

S 5 06@) = 3 P @ (65 (0) + 27 (05 (1))

n
velU velU
-1
=3 2"
n
vel
-1
= 2TL

U

n

Combining both, we get that

(B[] < 2=

(U] - 1) < |U| - 1.

n

Since the last inequality is strict, Z is in the relative interior of SP(G).

Proof of Lemma 2.2

Proof. Let G = (V, E) be a graph with A(G) = D, and let T'= (V, E(T)) be a spanning
tree in G. For each edge e = {u,v} € E(T), suppose W,, U, be the vertex sets of T\ e
two connected components. Define f(e) := ||W.| — |U.||, and let edge ¢* = {u,v} be the

140



Figure A.1: The components U and W corresponding to cut-edge e = {u, v}.

edge that minimizes the value of function f. Without loss of generality, suppose U, be
the smaller size component, and suppose u € U,-.

Now, let {wy,...w,} be the neighbours of v in We. for some r < D — 1. Moreover, for
each i € [r] let S; C V be the vertex set of T\ {w;, v} connected component which is fully
contained in W,-. Note that by our definition, we have

W ={v}USiU...US,.

Now we will prove two claims in the following.

Claim A.1. |S;| < %, for alli € [r].

n

Proof. Without loss of generality, suppose we have |S;| > %. Then, consider edge e =
{wy, v}, and note that

f(e) = {151 = [(We- \ 51) U Ues

) n
= |S1| = (|Ues| + |S2| + ... |S:] + 1) (since |Sy| > 5)
< |S1] = |Ue=
< W | — |Ues (since S; C W)
= f(e"),
which is a contradiction since we assumed e* minimizes function f. O
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Claim A.2. |S;| < |U.-

for all j € [r].

Proof. Without loss of generality, suppose |S;| > |Ue«|, then consider edge e = {wy,v}.

Since by Claim A.1 we know that |S;| < %, we have

fle) =151 = [V \ S]]

= [V S| =15
= ([Wes| = |S1] + [Ue=]) — |51
On the other hand, f(e*) = |We+| — |Uex|. Therefore,
fle) = f(e") = (Wes| + [Ues| = 2[S1]) = (|Wer| — |Uex|)
9| —215,]
< 0.
Hence, f(e) < f(e*) which is a contradiction. O
Now, in order to show min{|Ue|, [We«|} = |Ue| > 337, note that we have
Wee| =) ISil + 1,

=1

and also,

+ |Ue-

= > |Si] + |Uer
=1

Since by Claim A we havel|S;| < |U.«|, the following inequalities holds:

n—1= Z 1Si| + |Uex| < (7 + 1)|Uex| < D|Uex).
i=1
Therefore, we have |U.+| > 25! and both shores of 7'\ e* has vertex set of size at least
n [l

D+1"
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Proof of Theorem 3.2

Proof. Note that A\, = 0 with corresponding eigenvector v, = 1. By Theorem 3.1, we
have

An—1 = min

Now, for an arbitrary but fixed cut U C V' with [U| < %, define vector z € R" as

L if v, e U
—m lfUZ‘¢U.

Notice that we have

- 1 1
e,y =Y z;=|Ul.— — (V]| = |U|).———— = 0.
.1y =3 i = Ul = (V= WD 77

=1

Therefore, x_L 1 and we can show that

-
' Lax
x'x

_ Z{i,j}eE(xi — ;)
B z‘rzz
5 (2 + o)’

~ UG+ (V= 10D 2

1
SOl + =)
W)LV
OV~ 0]
@), V]
o] W= 101
< 20(0),

143



where the last equality holds as |V| — |U| > |—‘2/| Since the inequality holds for all U C 'V,
we have

< 0(G). (A.2)

]

Proof of Lemma 3.5

Proof. Note that if n < 4, then % > 1 is a trivial upper bound on the thinness of any tree
of K,. Therefore, suppose n > 5 and let T" be a non-path tree of K,,. Therefore, T has a
vertex of degree at least three. Therefore, we only need to consider the following cases.

i. T has a vertex vy of degree deg;(vy) > 4.
ii. T has two adjacent vertices vy, vy of degree degy(vy) = degp(ve) = 3.

iii. For every vertex v; of T with degree deg;(v1) = 3, all of its neighbours vs, v3, v, have
degree at most 2.

2 > degy(vg) > degp(vs) > degp(vy).

The first two cases can be proven similar to proof of Proposotion 3.17.

For the third case, let N = (NT(UQ) U Np(vs) U NT(U4)> \ v1 be the vertices at distance

two from v, in the spanning tree T', which are connected to wvs,...,vs. Without loss of
generality, let v; = 1, vo = 2, v3 = 3, vy = 4 be the first vertices in the vertex labeling (see
Figure A.2). We define z € R" to be

4, ifi=1

-2, if1=23,4
xT; =

1, ifie N

0, otherwise.

Now, we claim that in each case, we have

-
O (T) > x' Lrx Zé
n

Lk, x
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U1

V2 v3 V4

)
J

N ] IN| €{1,2,3}
J

Figure A.2: Spanning tree with no two adjacent degree three vertices and the corresponding
values of x;.

We first consider " Lrz. Note that since n > 5, at least one of the vertices in N has
to be connected to a vertex outside of {1,2,3,4} U N. Additionally, each vertex in N is
connected to exactly one of the vertices {2,3,4}. Therefore,

o' Lox = Z (zi — z;)?

{i,j}EE(T)
>= ) 6+ > 3%+ > 1
j€{2,3,4} {i,j}€E(T)i€{2,3,4},jEN {i,j}eB(T)n¢{1,2,3,4},jEN
> 109 + 9|N|.

To compute x' L,z we proceed as follows. For vertex 1 we have,

Z(l‘l—l'j)QZ Z 62+Z32+ Z 42

1<j<n j€{2,3,4} JEN JENU{2,3,4}
=108 4+ 9|N|+ (n —1— (|N|+3))16
= 16n — 7|N| + 44.
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Also, for the other edges {7, j} with i € {2,3,4} and j > 1 we have,

PP BCEE VD DD SEIED DIND DI

i€{2,3,4} i<j ic{2,3,4} jEN i€{2,3,4} j¢NU{1,2,3,4}
=3x9x|N|+3x4x(n—1—(3+|N]|))
= 12n + 15|N| — 48.

Finally, all the edges {i,j} withi € N and j ¢ {1,2,3,4} U N we have,

2.2 =2, > (w-wy

ieN i<j  ieN j¢{1,2,34}JUN
= [N|((n—1) =4 = (N[ - 1))
= [N|n — |N| N2

Therefore,
T 2
v Lg x= g (i — )
1<i<j<n
— E .Z'l—l'] § § —ZC] +::Z _xj
1<j<n ie{2,3,4} i<j €N j¢{i<y

= (28 + [N|)n — (IN| - 2)*.

Therefore, we can lower bound the thinness parameter O, (17') with

16n — 7|N| + 44
~ (284 |N[)n — (IN| —2)?

S8 N =1
121 i |N| =2
4
n

A%

30n’

311323, if |[N| = 3.

v
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