Boundary Integral Equation Method in
Elasticity with Microstructure

by

Elena Shmoylova

A thesis
presented to the University of Waterloo
in fulfilment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Civil Engineering

Waterloo, Ontario, Canada, 2006
© Elena Shmoylova 2006



AUTHOR’S DECLARATION FOR ELECTRONIC SUBMISSION
OF A THESIS

I hereby declare that I am the sole author of this thesis. This is a true copy of
the thesis, including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the
public.

ii



Abstract

Problems involving mechanical behavior of materials with microstructure
are receiving an increasing amount of attention in the literature. First of all,
it can be attributed to the fact that a number of recent experiments shows
a significant discrepancy between results of the classical theory of elasticity
and the actual behavior of materials for which microstructure is known to be
significant (e.g. synthetic polymers, human bones). Second, materials, for which
microstructure contributes significantly in the overall deformation of a whole
body, are becoming more and more important for applications in different areas
of modern day mechanics, physics and engineering.

Since the classical theory is not adequate for modeling the elastic behavior
of such materials, a new theory, which allows us to incorporate microstructure
into a classical model, should be used.

The foundations of a theory allowing to account for the effect of material
microstructure were developed in the beginning of the twentieth century and
is known as the theory of Cosserat (micropolar, asymmetric) elasticity. For
the last forty years significant results have been accomplished leading to a bet-
ter understanding of processes occurring in Cosserat continuum. In particular,
significant progress has been achieved in the investigation of three-dimensional
problems of micropolar elasticity, plane and anti-plane problems, bending of
micropolar plates. These problems can be effectively solved in a very elegant
manner using the boundary integral equation method.

However, the boundary integral equation method imposes significant restric-
tions on properties of boundaries of domains under consideration. In particu-
lar, it requires that the boundary be represented by a twice differentiable curve
which makes it impossible to apply the method for domains with reduced bound-
ary smoothness or domains containing cuts or cracks. Therefore, the rigorous
treatment of boundary value problems of Cosserat elasticity for domains with
irregular boundaries has remained untouched until today.

A mathematically sophisticated, but very effective approach which allows
to overcome the difficulty relating to the boundary requirement consists of the
formulation of the corresponding boundary value problems in terms of the dis-
tributional setting in Sobolev spaces. In this case the appropriate weak solution
may be found in terms of the corresponding integral potentials which perfectly
works for domains with reduced boundary smoothness.

The objective of this work is to develop such a method that allows us to
describe and solve the boundary value problems of plane Cosserat elasticity for
domains with non-smooth boundaries and for domains weakened by cracks. We
illustrate the method by establishing the analytical solutions for boundary value
problems of plane Cosserat elasticity, which plays an important role as a pilot
problem for the investigation of more challenging problems of three-dimensional
theory of micropolar elasticity. We show that the analytical solutions derived
in this work may be successfully approximated numerically using the bound-
ary element method and that these solutions can be extremely important for
applications in engineering science.
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One of the important applied problems considered herein is the problem of
stress distribution around a crack in a human bone. The bone is modeled under
assumptions of plane Cosserat elasticity and the solution derived on the basis
of the method developed in this dissertation shows that material microstructure
does indeed have a significant effect on stress distribution around a crack.
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Chapter 1

Introduction

The classical theory of elasticity is based on an ideal model of the elastic con-
tinuum in which the transfer of loading through any interior surface element
occurs only by means of the (force) stress vector. This assumption leads to a
description of the strain of the body in terms of symmetric strain and stress
tensors.

Results from analytical models derived on the basis of classical elasticity
are in good agreement with experiments performed within the elastic range on
numerous structural materials for example such as concrete, steel or aluminium.

The classical theory of elasticity, however, fails to produce acceptable results
when the microstructure of the material contributes significantly to the overall
deformation of the body, for example, in the case of granular bodies with large
molecules (e.g. polymers) or human bones (see, for example, Kruyt [1], Rothen-
burg [2], [3], and Lakes [4] and [5]). These cases are becoming increasingly
important in the design and manufacture of modern day advanced materials as

small-scale effects become paramount in the prediction of the overall mechanical



behavior of these materials.

An attempt to eliminate these shortcomings was first made by Voigt [6] in
1886 who assumed that the transfer of the interaction between two elements of
the body through a surface element occurs not only by means of a force (stress)
vector but also by means of an independent moment (couple-stress) vector.

However, the first more or less harmonious theory was introduced only in
1909 by the brothers E. and F. Cosserat [7-9]. In their theory, the Cosserat
brothers made further developments of the Voigt’s theory. They suggested that
deformation of the body should be described by the displacement vector u(x,t)
and independent microrotation vector ¢(z,t). The assumption that a material
element has six degrees of freedom leads to the description of deformation of the
body in terms of asymmetric strain and stress tensors unlike the classical theory
of elasticity in which deformations can be described by only one symmetric stress
tensor.

In spite of these new ideas Cosserats’ work remained unnoticed for a signif-
icant period of time. The major drawbacks of the theory could have been that
first, the theory had already been non-linear, secondly it was formulated in a
very unclear manner and thirdly and probably the most important reason, the
theory contained many problems lying very far from the framework of elasticity
theory. In addition to problems related to the theory of elasticity the authors
considered problems of non-ideal fluids, some problems related to electrodynam-
ics and magnetism, in other words, they made an attempt to create a unified

theory containing mechanics, optics and electrodynamics. No wonder that the



theory was found to be very complicated and was not heeded.

However, the investigations in the area of solid mechanics and mechanics of
fluids in the middle of the twentieth century demonstrated that the behavior of
certain classes of materials and fluids cannot be described in terms of classical
theory, hence the Cosserat theory was rediscovered and drew attention of many
workers.

The investigations first have been concentrated on the simplified Cosserat
theory, i.e. on the asymmetric elasticity in so-called Cosserat pseudocontin-
uum, sometimes this theory is also called couple-stress elasticity. In a Cosserat
pseudocontinuum there is still a possibility of the generation of asymmetric
stresses and couple stresses during deformation of the body, but at the same
time the whole deformation of the body is described only by the displacement
field. In other words, for reasons of simplicity it is assumed that the microro-
tation vector ¢ and the displacement vector u are dependent as in the classical

theory of elasticity (see for example [10]) by means of the following relation
1
o= §cur1 U.

Among the papers on the couple-stress theory of elasticity, first of all it is
necessary to notice the works of Toupin [11], [12] and Truesdell and Toupin [13],
on the linear and non-linear elasticity of Cosserat pseudocontinuum. This work
was further developed by Grioli [14], Mindlin [15-17] and Mindlin and Thiersten
[18].

However, like almost any simplified theory, the couple-stress theory of elas-
ticity could not entirely and precisely describe the deformations of granular
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bodies. The series of more recent experiments [19-23] clearly confirmed this fact
once again. Mostly, the theory was represented only for the reason of simplicity,
for example, the governing equations of the theory are just Navier’s equations
with respect to three unknown displacements - exactly as in the classical the-
ory of elasticity. No wonder, that soon after appearance of the first papers
on couple-stress theory, the general stipulations of the mathematically rigorous
more general theory of Cosserat elasticity were introduced.

The foundations of the theory of a Cosserat continuum, when the microrota-
tions and displacements are no longer dependent, were formulated by Gunther
[24] and Schaefer [25], [26] in the late fifties and early sixties of the twenti-
eth century. The first author examined the three-dimensional model of the
Cosserat continuum and emphasized the importance of the Cosserat contin-
uum for dislocation theory. The second author rediscovered the foundations of
Cosserat theory for the state of plane strain. Then, several years later Aero
and Kuvshinsky [27] and Palmov [28], [29] presented constitutive relations and
governing equations of the general theory of Cosserat elasticity.

The interesting exposition of the theory of Cosserat elasticity was given by
Eringen and his colleagues [30-32] who introduced the new name for the theory —
the theory of micropolar or asymmetric elasticity. Eringen has also formulated
the general provisions of the theory of micropolar plates [32]. An extensive
description of the work that has been done in this field including the extensive
bibliography, may be found in the book by Nowacki [33].

Parallel to the works in the area of Cosserat elasticity, investigations have



also been conducted in the area of Cosserat fluids. A relatively complete bibli-
ography in this field can be found, for example, in [34] and [35].

However, in spite of the importance of all afore-mentioned work, none of
these papers or monographs dealt with both the mathematically rigorous for-
mulation of the boundary value problems arising in the theory of micropolar
elasticity and the methods of their solutions. Mostly it can be explained by the
fact that methodology, methods and approaches of the classical theory of elas-
ticity (for example, theory of analytical functions, Fredholm’s theory of integral
equations, theory of one-dimensional singular integral equations) are inadequate
for the rigorous mathematical analysis of the governing equations and bound-
ary conditions of such complicated structure. Fortunately, this situation is now
changing mostly due to the important work in the area of three-dimensional
classical elasticity carried out in the last 40 years.

Three-dimensional problems of classical elasticity can be worked out by a
variety of means. Some of these approaches may be further successfully applied
to the analysis of the boundary value problems of micropolar elasticity. The
first possibility is the theory of multidimensional singular potentials and singular
integral equations. The second one is the modern theory of generalized solutions
of differential equations (the method of Hilbert spaces, variational methods).

The first direction based on the rapidly developing theory of singular inte-
grals and integral equations is a direct extension of the concepts of the theory of
potentials and Fredholm equations which are, as known, the prevailing concepts

of the classical mechanics. This approach, being not so general as the one to



be discussed below, allows to investigate in detail cases most important for the
theory and applications, retaining the efficiency of the methods of the classical
mechanics of continua. The breakthrough in this direction occurred after the
pioneering work of Muskhelishvili on singular integral equations [36]. Further
this approach has been extensively developed and applied to the rigorous inves-
tigation of the boundary value problems of three-dimensional theory of elasticity
in the works by Kupradze and his colleagues [37], [38] and to the analysis of the
bending of plates with transverse shear deformation in the work by Constanda
[39].

The work of Kupradze has provided researchers with effective tools for in-
vestigations in the micropolar theory of elasticity. Iesan [40], using the ap-
proach proposed by Kupradze for the treatment of three-dimensional problems
of micropolar elasticity, formulated uniqueness and existences theorems for the
boundary-value problems of a micropolar state of plain strain. However, the
analysis presented in [40] overlooks certain differentiability requirements to es-
tablish the rigorous solution to the problem. In a series of recent works by
Schiavone and Constanda [41-44] and Potapenko [45-51] the framework of sin-
gular integral equations has been successfully adapted for establishing analytical
solutions and analysis of boundary value problems of the theory of micropolar
plates, plane micropolar elasticity and to the problem of torsion of cylindrical
beams with microstructure. In addition, in [44] the boundary integral equation
method was extended for the rigorous treatment of plane strain problems of

micropolar elasticity allowing to overcome deficiency represented in [40].



The second direction — based on the ideas of the modern functional analysis
which are novel to the classical mechanics — is characterized by the distribu-
tional approach. The distributional approach is preferable to the classical one
because it allows the technique to work in domains with a relatively low degree
of smoothness - for example, domains containing cuts or cracks. In addition, it
facilitates the close monitoring of the performance of numerical schemes in such
domains. Thus, to find out how fast the rate of convergence deteriorates near a
corner, one needs to apply the Bramble-Hilbert lemma, which is formulated in
terms of distributional solutions [52]. Generally, error bounds are expressed in
a natural way by means of Sobolev space norms.

Since this approach is relatively new in the classical mechanics, there are
very few works in this area that consider fundamental boundary value problems
in conjunction with both variational and potential methods for finite and infinite
domains. There should be mentioned here works by Dafermos [53] and Fichera
[54], [55] and certainly a very recent book by Chudinovich and Constanda [56]
that gives a very interesting exposition of the treatment of boundary value
problems of the theory of plates in terms of weak solutions in Sobolev spaces.

In the present work we apply the distributional approach to the investigation
of the boundary value problems of plane Cosserat elasticity. In [44] such solu-
tions have been obtained in terms of integral potentials using boundary integral
equation method in L?-space. However, in L? such solutions can be found only
if the boundary is sufficiently smooth and cannot be obtained in the case of

the reduced boundary smoothness or if the domain contains cracks. Considera-



tion of the case when the boundary of the domain is not smooth enough is, to
the author’s knowledge, still absent from the literature. Since the classical ap-
proach demonstrated in [44] does not allow to accommodate the problems with
reduced boundary smoothness we reformulate these boundary value problems in
a Sobolev space setting and employ the distributional approach to obtain exact
analytical solutions in the closed form.

Plane strain deformation is a very important particular case of deforma-
tions solids can undergo. In the case of plain deformations the field quantities
e.g. displacements, stresses depend only on two coordinates (z1,z2) and the
boundary conditions are imposed on a curve f(z1,22) = 0 in the z1z2— plane.
Consequently, we assume that the solid body is a surface bounded by a curve
f(z1,22) = 0 with a thickness that can be neglected.

In this sense, certainly, there are no strictly two-dimensional problems in
elasticity i.e. there are circumstances in which the stresses or displacements are
independent of the x3 coordinate but all real bodies must have some bounding
surfaces which are not represented by a line in the plane.

There is however a distinct class of problems which can be dealt with in the
context of plane strain elasticity. Such a simplification of a three-dimensional
problem is possible when the dimension of the body in the z3-direction is large
in comparison with the dimensions of coordinates (z1, x2). For example, if a long
cylindrical body is loaded by forces that are perpendicular to the longitudinal
direction and do not vary along the length, it may be assumed that all cross-

sections behave in the same way. It is simplest to suppose at first that the



end sections of the cylinder are confined between fixed smooth rigid planes —
so that displacement in the zsz-direction is not allowed — then, since there is
no axial displacement at the ends and, by symmetry, at the midsection, it
may be assumed that the same holds at every cross-section i.e. the vertical
displacement is equal to zero or constant e.g. a retaining wall with lateral
pressure, a cylindrical tube with internal pressure etc., see, for example, [57].

In recent years, considerable attention has been paid to the analysis of plane
deformations within the context of various constitutive theories (linear and non-
linear) of solid mechanics. Such studies were largely motivated by the promise
of relative analytic simplicity compared with the three-dimensional problems
since the governing equations are a system of two second-order partial differen-
tial equations instead of a system of three equations in the three-dimensional
case. Thus the plane problem plays a useful role as a pilot problem, within
which various aspects of solutions in solid mechanics may be examined in a
particularly simple setting.

Unlike its classical counterpart, however, the theory describing plane defor-
mations of a linearly elastic Cosserat solid is not marked by its relative analytic
simplicity. The governing equations and fundamental boundary value prob-
lems describing the plane deformations of a linearly elastic, homogeneous and
isotropic Cosserat elastic solid have been formulated by Nowacki [33] and later
analyzed by Iesan [40] and Schiavone [44] in a classical L?-setting by means of
the boundary integral equation method. In fact, in the case of a Cosserat solid,

the theory reduces to a coupled system of three partial differential equations



for three unknowns: two describing the in-plane displacements and one more
representing the microrotation.

The importance of studying this system is rigorously twofold. In the first
place, its "hybrid’ nature (three equations for three unknown functions depend-
ing on only two independent variables) makes it a desirable object of analytic
investigation in its own right. Second, a full mathematical analysis is necessary
to answer the question of existence, uniqueness and stability of the solution of
the model before numerical approximation algorithms are constructed. Such
questions are handled particularly well through the use of variational and po-
tential methods, which are general, powerful and elegant.

In this work we consider a number of important problems arising in the
theory of plane Cosserat elasticity such as interior and exterior Dirichlet and
Neumann boundary value problems and problems for domains weakened by
cracks. In each case we give a variational formulation of the problems and
discuss their solvability in spaces of distributions. Then we seek the solutions
in the form of integral potentials and reduce the problems to integral equations
on the contour of the domain. These equations are solved by means of specially
constructed boundary operators, whose mapping properties in Sobolev spaces
are studied in details.

The approach we use in this thesis has a number of certain advantages over
that applied in [40] and [44]. First of all, it allows to extend the boundary in-
tegral equation method to the consideration of problems with irregular bound-

aries, second it makes it possible to obtain closed form analytical solutions for
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domains containing cracks and notches and third it offers a very efficient fast
converging numerical scheme that provides an opportunity to use the obtained
solutions in numerous engineering applications.

As a result of the investigation performed in this thesis, the following works
[68-61] of the author have been recently published.

The thesis is organized as follows.

In Chapter 2 we provide a brief overview of the three-dimensional theory of
micropolar elasticity, presented in details in [33]. The purpose of this chapter is
to introduce the governing equations describing three-dimensional deformations
of a linearly elastic Cosserat solid and to formulate the basic constitutive and
kinematic relations that will be used for derivation of corresponding relations
of the theory of plane Cosserat elasticity in the subsequent chapters.

Chapter 3 is devoted entirely to the plane problems of micropolar elasticity.
On the basis of the governing equations and constitutive relations of the three-
dimensional Cosserat theory, we derive the governing equations and formulate
interior and exterior Dirichlet and Neumann problems of plane micropolar elas-
ticity in Sobolev spaces. We prove the existence, uniqueness and continuous
dependence on the data of weak solutions to these problems.

In Chapter 4 we show that weak solutions can be found in terms of specially
constructed integral potentials with distributional densities and we prove the
existence and uniqueness of solutions of corresponding boundary integral equa-
tions. The approach we introduce in Chapters 3 and 4 allows to extend the

area of applications of the boundary integral equation method to domains with
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non-smooth boundaries. However, it is not the only case and the method can be
further applied to the consideration of problems for domains containing cracks.

In Chapter 5 we formulate the boundary value problem for a domain weak-
ened by a crack . We show that the solution to this problem exists and can be
found in terms of integral potentials with distributional densities by means of
the boundary integral equation method.

Since the solutions in the form of integral potentials may not be convenient
for applications, in Chapter 6 we introduce the boundary element method by
means of which we can approximate the solutions obtained in Chapter 5 numer-
ically. We provide the evidence that the constructed solutions converge rapidly
to the exact solutions of the corresponding boundary-value problem and demon-
strate importance of the presented theory for applications. As an example, we
consider the problem of stress distribution around a crack in a human bone.
Such problem is very important for applications in orthopedic biomechanics.
It is well-known that a human bone (both trabecular and cortical) is a highly
organized composite material in which various geometrical features appear in
a wide range of length scales and work jointly to give a bone its mechanical
properties. Accurate mechanical models should include an interaction between
different length scales. It has been shown in a series of works [4], [5], [62-64]
that Cosserat theory can be advantageously applied to the investigation of de-
formations in a bone. In addition, the recent studies by Bouyge, Jasiuk and
Ostoja-Starzewski [65-67] have demonstrated that elastic behavior of a bone

may be very well modelled under assumptions of the plane strain theory. Us-
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ing theory developed in the previous chapters, in Chapter 6 we construct the
approximate solution using boundary element method and obtain the stress dis-
tribution around a crack. This example confirms the importance of the effect
of material microstructure on the stress distribution around a crack.

Finally, in Chapter 7 we make several important conclusions and recommen-

dations for future work.
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Chapter 2

The Basic Foundations of
Three-Dimensional Theory

of Cosserat Elasticity

The purpose of this chapter is to present a brief overview of the general provi-
sions of the three-dimensional theory of Cosserat elasticity. Since, this chapter
summarizes only what has been done before, we skip certain details related to
the derivation of constitutive equations and methods of solutions of the sys-
tem of governing equations. Detailed description of three-dimensional theory of
Cosserat elasticity can be found in [33].

In this chapter, Latin indices take the values 1, 2, 3, the convention of

summation over repeated indices is understood.
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Let an elastic isotropic Cosserat body occupy a domain V in R? and be
bounded by surface S. Assume that the body undergoes deformation due to
the action of external forces X = (X7, X2, X3)T and external moments Y =
(Y1,Ys,Y3)T. The elastic properties of the body can be characterized by elastic
constants A, i, a, 8,7, €, where A and p are classical Lame coefficients as in the
classical theory of elasticity and «, 8,7, and € are micropolar elastic constants,
representing the contribution of material microstructure to the elastic properties

of the body. The state of deformation is characterized by a displacement field

u (@) = (u1 (2),uz (2),us ()"

and a microrotation field

¢ (z) = (¢ (), 05 (7) , b3 (x))T,

where © = (1,22, 73) is a generic point in R3. This leads to the description
of deformation of the body in terms of asymmetric strain , torsion, stress and

couple-stress tensors [33] of the form

€11 €12 €13 M1 M2 3

€= | €21 €22 €23 | XT | 1 2 03 |> (2.1)
€31 €32 €33 M”31 M32 33 |
011 012 013 011 Q12 013

= | 021 022 023 |+ 2T | 0y 032 023 |- (2:2)
031 032 033 031 032 033 ]

where € is the strain tensor, s the torsion tensor, o the stress tensor, ¢ the
couple-stress tensor.
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Following the procedure given in detail in [33] and [31] we can derive the

equations of equilibrium in terms of stresses and couple stresses of the form

O'ji,j'f‘Xi = 0, (23)

€ijkOjk + 05,5 +Yi = 0.

where €;;,— alternating symbol.

Note, that in case of micropolar media, the equilibrium equations are more
complicated than in the classical case because of the appearance of the extra
system of equations due to the presence of couple stresses. It leads to a descrip-
tion of the elastic behavior of a Cosserat solid in terms of asymmetric stress and
couple-stress tensors. It can be easily shown that if we set all couple stresses
equal to zero we again obtain a symmetric stress tensor as in the classical case.
Consequently, the presence of couple stresses prevents the symmetry of the stress
tensor.

Using the constitutive relations [33]
0j; = (/1, + Oé)Eji + (M — Oz)Eij + )\Ekkéﬁ (24)

0;i = (v +€)sji + (v — €) 55 + Brexrdji, (2.5)

where d; is the Kronecker symbol,

and the kinematic relations

Eji = Uij — €kjiPr,  Hji = i j» (2.6)

we can formulate the equilibrium equations in terms of displacements and mi-

16



crorotations in the following vector form

(b+a)Au+ A+ p—a) grad divu+2a curl p+X = 0,

[(y+e)—4a]Ad+ (B+7—¢) grad div p+2a curl u+Y = 0, (2.7)

where A is the Laplace operator.

As it can be seen from (2.7), the governing equations of micropolar elasticity
have much more complicated structure than those of classical elasticity. In the
case of a Cosserat solid, the system of governing equations is a system of coupled
partial differential equations with six unknowns: three usual displacements as
in the classical theory of elasticity and three more representing independent
microrotations. We can conclude that the theory of Cosserat elasticity is much
more general in comparison with the classical one. If we assume, that micropolar
elastic constants a, 3,7, € are equal to zero, we can easily see that the governing
equations are reduced to the well-known Navier’s equations : the governing
equations of classical theory of elasticity.

In [37] the boundary value problems corresponding to (2.3) and (2.7) were
shown to be well-posed and solved rigorously by means of the boundary integral
equation method. In [33], [68-71] system (2.7) was integrated by means of the
method of potentials under different sets of boundary conditions. Since our goal
is to investigate plane problems of Cosserat elasticity we will not pay significant
attention to the integration of equations (2.7) but we will use them to derive

the governing equations for the plane-strain state.
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Chapter 3

Weak solutions to the
Boundary Value Problems

of Plane Cosserat Elasticity

In this chapter we first derive the governing equations of plane micropolar elas-
ticity on the basis of the general three-dimensional theory presented in Chap-
ter 2. After that we will formulate the corresponding Dirichlet and Neumann
boundary value problems in the Sobolev space setting and show that they are

well-posed by means of establishing existence and uniqueness theorems.
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3.1 Basic definitions

In what follows we assume that the convention of summation over repeated
indices is understood, Greek and Latin indices take the values 1, 2 and 1, 2, 3,
respectively, M, xn is the space of (m x n)- matrices, E, is the identity element
in My, xn, the columns of a (3x3)-matrix P are denoted by P a superscript
T indicates matrix transposition, the generic symbol ¢ denotes various strictly
positive constants, and (...),o = 9(...)/0zs. Also, if X is a space of scalar
functions and v is a matrix, v € X means that every component of v belongs to
X.

Let S be a domain in R? occupied by a homogeneous and isotropic linearly
elastic micropolar material with elastic constants A, u, ., v and €, and 95 is its
boundary. We use the notations || - [[o;s and (-,-).g for the norm and inner
product in L?(S) N M1 for any m € N. When S = R?, we write || - ||o and
<'a '>o :

The state of plane micropolar strain is characterized by a displacement field
u(a') = (ur (@), uz (2')  us (2')"

and a microrotation field

b (2') = (¢1 (2'), bo (2'), B3 (m/))T

of the form



where o' = (11,2, 23) and & = (x1, 22) are generic points in R and R?, respec-
tively. The equilibrium equations of plane micropolar strain written in terms of

displacements and microrotations are given by [40], [44]

L(0y)u(z) + q(x) =0, =z€S, (3.2)

in which now, denoting ¢; by uz, we have u(x) = (u1,us,u3)?, the matrix

partial differential operator L(9,) = L(0/0x4) is defined by

L(§)=L(&,)
(h+ A+ A+ p—a)é A +p—a)éé, 208,
= A+ 1 — )&, (B4 a)A+ A+ p— )t —2a¢, :
20, 206, (v+e)A — 4o

where A = ¢, and vector ¢ = (q1,q2,q3)T represents body forces and body
couples.

Together with L we consider the boundary stress operator T'(0,,) = T (0/0z4,)

defined by
T (&) =T()
(A+2p) €m0 + (14 @) Egna (1 — a)§ine + Agoma 20my
= (1 — a)§yny + A& n2 A+2p)Ene + (p+a)§ne —2am
0 0 (v + &) N0
where n = (ny,n2)7 is the unit outward normal to 3S. To guarantee the

ellipticity of system (3.2), in what follows we assume that

A+u>0 u>0 ~v4+e>0, a>0.
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The internal energy density is given by

2F (u,v) = 2Fj(u,v)
+u(u1,2 +u21) (V2 + v2,1)
+a(ul,2 — U211+ 2U3)(’U172 — V21 + 2’1}3)

+(v +¢e)(us,1v3,1 + u3,2032),

2F, (u, U) = ()\ + QILL) (U171’U171 + u2,21}272) + )\(U171’U272 + ’UJ2,2’01,1).

Clearly, E(u,u) is a positive quadratic form.
The space of rigid displacements and microrotations F is spanned by the

columns of the matrix

from which it can be seen that LF = 0 in R, TF = 0 on 0S and a general rigid
displacement can be written as Fk, where k € M3y is constant and arbitrary.

Let ST be a domain in R? bounded by a closed curve 95, and S~ = R?\S+.
Using the same technique as in the derivation of the Betti formula [44], it is easy

to show that if u is a solution of (3.2) in S, then for any v € C2(ST)NCL(S")

/ v gdr = —/ vT Ludz = 2/ E(u,v) dz —/ v Tu ds, (3.3)
S+ S+ S+ as

A Galerkin representation for the solution of (3.2) when ¢(z) = —d6(|z — yl),
where ¢ is the Dirac delta distribution, yields the matrix of fundamental solu-
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tions [44]
D(z,y) = L*(0x)t(z,y), (3.4)
where L* is the adjoint of L,

a
8k

Hary) = g {¥lz =yl + 4o~y + 4Ko(klz =y}, (35)

K, is the modified Bessel function of order zero and the constants a,k? are
defined by

4o

= (O 2+ a), K= o

In view of (3.4) and (3.5)
D(x,y) = D" (z,y) = D(y, x).

Along with matrix D(z,y) we consider the matrix of singular solutions
P(z,y) = (T(9y)D(y,))". (3.6)

It is easy to verify that D (z,y) and P (z,y) satisfy (3.2) with g(x) = 0 at
all v € R?,x # y.
We introduce class A of vectors u € M3y, whose components in terms of

polar coordinates, as r = |z| — 0o, are of the form

ui(r,0) = 771 (Bmgsin® + my cos b + mg sin 30 + my cos 30) + O(r~?),
ua(r,0) = 77 (mzsinf 4 Bmg cos O + mysin 30 — mg cos 30) + O(r~32),
uz(r,0) = 7% (mssin20 + mg cos 20) + O(r—?),
where
o
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and my, ..., mg are arbitrary constants. Also, let
A" = {u:u:}'c—i—aA},

where ¢ € M3y is constant and arbitrary and o4 € M3y N A.
For exterior domain the Betti formula [44] is as follows. If w is a solution of

(3.2) in S—, then for any v € C2(S7)NCL(S )N .A*

/ vl qdr = f/ vTLud:c:2/ E(u,v) d$+/ v Tu ds. (3.7
g _ _

a8
Further, we introduce the corresponding area, single layer, and double layer

potentials given respectively by

Up)(z) = - D(z,y)p(y) dy,
(Vo)(z) = - D(z,y)e(y) ds(y),
(We)(a) = /8 Ply)ely) dsty)

where ¢ € M3y is an unknown density matrix.
It is not difficult to check that L(Uq) = q in R%.
We recall the properties of single and double layer integral potentials in the

following theorem, which has been proved in [44].

Theorem 1 (i) If p € C(9S), then Vo, Wy are analytic and satisfy L(V @) =
L(Wg)=0inSTUS™.
(ii) If ¢ € C%*(dS), a € (0,1), then the direct values Vo, Wop of Vi, W

on 0S exist (the latter as principal value), the functions
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Vt(p) = Vollgr, V7 (p) = (Vo)lg- are of class Cl’o‘(§+) and
Ch(S ), respectively and

TV () = W§ + 31)e, TV=(p) = (W§ — 31)¢ on 9S, where
W is the adjoint of Wy and I - the identity operator.

(iii) If ¢ € C1*(0S), a € (0,1), then the functions

Wellge,  in ST, We)ls-,  in ST,
W+(§0) = ) W_(QD) =

Wy — %I)cp, on 958, (Wo + %I)gp, on 08,

are of class Cl’o‘(§+) and CY(S ), respectively, and TWT(p) = TW ~(¢) on

08S.

For any m € R, let H,,(R?) be the standard real Sobolev space of three-

component distributions, equipped with the norm

lult= [ G+ iR pas

where u is the Fourier transform of w. In what follows we do not distinguish
between equivalent norms and denote them by the same symbol; thus, the norm

in H;(R?) can be defined by

3
Fa 3=l w ll§ +3 1 Vi |1 -
i=1
The spaces H,,(R?) and H_,,(R?) are dual with respect to duality induced by
<'a '>0 :
We introduce the space L2 (R?) of (3x1)-vector functions u = (@, uz)”, where

U = (u1,ug)?, such that

) [a(a) / [us ()|
_ d dz < oo.
| w115, /RZ (1+ [2)2(1 + In|x])2 T + gz (14 ]z))4(1 + In|x|)2 T < 00
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We consider the bilinear form b(u,v) = 2[5, E(u,v) dx. Let Hy,,(R?) be the

space of three-component distributions on R? for which
[ |13 0=I w130 +bu, u) < oo,

H_; ,(R?) is dual to Hj ., (R?) with respect to duality generated by (-,-),. The
norm in H_; ,(R?) is denoted by || - [|-1, -

Let ﬁ[m(SJr) be the subspace of H,,(R?) consisting of all u which have
a compact support in ST. H,,(ST) is the space of the restrictions to ST of
all w € H,,(R?). Denoting by 7% the operators of restrictions from R? to
S*, respectively, we introduce the norm of u € H,,(ST) by || u |ms+=
inf,cm,, ®2):rtv=u || ¥ [lm - If m = 1, then the norms of u € ﬁ1(5+) and

u € Hy(ST) are equivalent to

3 1/2
{n wls-+3 [ |Vui<x>2dx} .
i=1

The spaces i m(ST) and H_,,(ST) are dual with respect to duality induced by
s -

Let IOJLUJ(S_) be the subspace of Hj,(R?) consisting of all u which have
compact support in S™. Hy,,(S7) is the space of the restrictions to S~ of all

u € Hy 4, (R?). The norm in Hy ,(S7) is defined by

” u | 1w;S—= inf ” v

vEH; ,(R2):r—v=u |1,w .
From the definition it follows that H; ,,(57) is isometric to H1,w(R2)\H1(S+).

It can be shown that the norm of uw € H; ,,(S7) is equivalent to

s+ @)}
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where

—N 2

o= [, rmpa v G
and b (u,v) = 2 [¢4 E(u,v) dz. This norm is compatible with asymptotic class
A.

The dual of ﬁ[ljw (S7) with respect to the duality generated by (-, '>O;S* is the
space H_; ,,(S7), with norm || - ||_q .5~ the dual of Hy ,(57) is Ic'){,l,w(S_),
which can be identified with a subspace of H_j ,(R?). It can be shown that if

o

uw € H_1(S57) and has compact support in S, or if
/ a(z)* (1 + |x|)2(1+ln\x|)2dx+/ lus(2)[* (1 + [2))*(1 + In |z])?dz < oo,
_ -

then u € ﬁf,Lw(S*).

Let H,,(0S) be the standard Sobolev space of distributions on 0S5, with
norm || - ||m;as - Hn(0S) and H_,,(0S) are dual with respect to the duality
generated by the inner product (-,-).55 in L*(9S).

We denote by 4+ and ™~ the trace operators defined first on C§°(S*) and
then extended by continuity to the surjections 4+ : Hy(ST) — Hy/5(05),
" i Hy(S7) — Hy/2(9S). This is possible because of the local equivalence
of Hq,(S™) and H1(S™). We also consider a continuous extension operators
It Hy/5(0S) — Hi(ST), 1™ : Hy2(0S) — H1(S™), the latter, since norm in
H,(S7) is stronger than that in H; ,,(S™), can also be regarded as a continuous
operator from Hy/5(9S) into Hy ,(S7).

To proceed further we will need the following well-known fact from the func-
tional analysis.
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Theorem 2 (Laz-Milgram Lemma) Let H be a Hilbert space and b(u,v) be a
bilinear functional defined for every ordinate pair u,v € H, for which there exist

two constants h and k such that:
2
b(u, v)| < Blull ol flull” < Kk lb(u,uw)] Vu,v € H,

in this case we say that b(u, v) is coercive. Then however we assign the bounded

linear functional L(v) on H there exists one and only one u such that
b(u,v) = L(v), YoeH, [u] <c|£],,
where |||, is the norm on the dual H' of H.

The proof of this lemma can be found in [72].

3.2 Interior boundary value problems

We consider Dirichlet and Neumann interior boundary value problems.

The (interior) Dirichlet problem is formulated as follows.
Find v € C*(ST) N Cl(§+) satisfying (3.2) such that u|,, = f, (D)

where f is prescribed on 0S.
Let (D{) be the interior Dirichlet problem with f = 0. From (3.3) we see

that a solution u of (D{) satisfies
b+(ua U) = <q7’U>0’S+ Y € C(()DO(SJr)a (38)

Since C§°(S™) is dense in ﬁ1(5+)7 it is clear that (3.8) holds for any v € ﬁl(S"’).
Obviously, any u € C2(S+) N CL(S") satisfying (3.8) for any v € 131(5"“)
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and u| _ = 0 is a classical (regular) solution of (DF). Hence, the variational
formulation of (Dg) is as follows.

Find u € I—?l(Sﬂ such that
by(u,v) = (q,0)g 50 Vo€ Hy(ST). (3.9)
Theorem 3 There exists a constant ¢ = ¢(S*) > 0 such that
be(u )+ [ u s> el u g0 Yu € Hi(S*). (3.10)

Proof. In view of the condition on «, A, 7, € and p, F(u,u) is a positive
quadratic form. Consequently, we may introduce the space G of all (3x1)-vector

functions v on ST with norm
| u|E= by (u,u)+ || u ||g;s+ .

Let {u(™} be a Cauchy sequence in G. From the definition of b (u,v) it follows

that there are By, B3, B12, B13s Ba1s Bs2, B € L*(ST) such that

u§n1) — B UénQ) — B9, Ug"Q) +Uén1) — B12s

uénf - U(1n2) - 2“:(3n) —  PBiss u§n1) — B31, uglz) — B39, u™ — B

in L?(S*). Then

(n) _ (n) —
Uy — B = Bl,b Ug o — Boy = 62,27

“YLQ) + “énf — Bira=P12+ 0821,

ugnf - “gnz) - 2“:(3n) — Bi3= 52,1 - /6172 — 283,

“:(),nl) — Py = 53,1, U:(anz) — B3p = 53,2
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in the sense of distributions, hence, also in L?(S*). This implies that 3, Bi1s

Ba,2y B2+ Bajs Bog — B1o — 283, Bsq1s Bas € L?(S*) and || u™ — 8 lc— 0,

which means that G is complete. For any u € G we have

uror = (u11)2 € H-1(ST),
U122 = (u12+wu1)2— (ug2)1 € H1(ST),

U1,2 S H,1(5+),

so uy o € L?(ST) [73]. Since uy € L*(ST), u11 € L*(ST) and, as we have just
seen, uj o € L2(ST), the same argument yields uy € Hy(St). The fact that
ug € H1(S™) is shown similarly. Finally,

uz,1 € L2(S+), uz,2 € LQ(S+),

1
ug = 5 (u2,1 — U2 — (u271 — U2 — QU3)) S L2(5+),

so uz3 € Hy(ST). This indicates that G is a subset of H;(ST). The converse
statement being obvious, we conclude that G and H;(S™) coincide as sets. The
imbedding operator Z : H1(ST) — G is bijective and continuous, therefore, by
Banach’s theorem [72] on the inverse operator Z~! is continuous; in other words,

lull&=cllwlli g+, which is the same as (3.10). m
Theorem 4 There exists a constant ¢ = ¢(ST) > 0 such that
by (uyu) > ¢ || u |2 Vu € Hy(ST). (3.11)
Proof. We claim that there is a ¢ = ¢(S™) > 0 such that

by(u,u) > el u |2 gr Yu € Hy(S™). (3.12)
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Indeed, if the opposite is true, then we can construct a sequence {u(")} in

H,(S™) such that
by (™, u™) =0, | u [gg+=1 for all n. (3.13)

By (3.10), {u(™} is bounded in H;(ST) so, by Rellich’s lemma, it contains a
convergent subsequence (again denoted by {u(™}, for simplicity); that is, there
is a u € L?(St) such that u(™ — u in L?(S). This means that, in view of

(3.13),

(n) (n)
upy — O=wuy, uyy —0=wugp,

Ugnz) + Ugnf — O0=wu2+u21,

(M) _ (1) _ ()

U2’1 - ULQ — 0= U1 — U1,2 — 2U3,

(n) _ (n) _
u3,1 — 0= ’U,371, ’1.143’2 — 0= us,2

in L2(S*). These equalities imply that u is a rigid displacement. Since u = 0 on
5, it follows that u = 0 in ST which contradicts the corollary || u |jg.g+= 1 of
(3.13). Hence, (3.12) holds, and the statement of the theorem is now obtained

from (3.12) and (3.10). m

Theorem 5 Problem (3.9) has a unique solution w € Hy(S™) for every q €

H_1(S™), and this solution satisfies the estimate
lulh<cl qll-1s+ - (3.14)

Proof. Since H_;(S™) is the dual of I% (ST) with respect to duality induced

o
by (-,+)¢ g+ » it follows that (g,v), g+ is continuous linear functional on Hi(S™)
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for every ¢ € H_1(S™). By Theorem 3, b (u,v) is a continuous bilinear form
on ﬁl(S‘*‘) X ﬁ1(5+). By Theorem 4, by (u, u) is coercive on ﬁ1(5+). We now
apply the Lax-Milgram lemma to complete the proof. m

The variational formulation of (D7) is as follows.

Find u € H;(S™) such that
by (u,v) = (q,v>0’5+ Vv € Hy(ST) (3.15)

and

yru = f. (3.16)

Theorem 6 Problem (3.15)-(3.16) has a unique solution v € Hy(S™) for any

q€ H 1(ST) and any f € Hy (05), and this solution satisfies the estimate

lwlhse<e(lalvse + 1/ lyo0s)- (3.17)

Proof. The substitution v = ug + I f reduces (3.15)-(3.16) to a new varia-

tional problem, consisting in finding ug € hof 1(ST) such that
by (10, v) = (@,0)g g+ — by (I f,0) Vo € Hy (S, (3.18)
Clearly, by (u,v) is continuous on Hy(S™) x H1(ST), which implies that
(@055 — by (U f,0)
is a continuous linear functional on H 1(ST). Also,
(g, v),5+ =0+ (T fo0) | < g ll-us+ll vl +e [ 77f [lis+] v 1(3.19)

< c(lgll-vse A1 f ) Tv -
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The statement now follows from Theorem 5, with (3.17) obtained from (3.19)

and the continuity of [T. m

The (interior) Neumann problem is formulated as follows.
Find u € C%(S*) N C (S ") satistying (3.2) and Tu =g on S,  (N¥)

where g is prescribed on 05S.
In this case (3.3) leads to the following variational formulation.

Find u € H,(S™) such that
bi(u,v) = (q,v)y 5+ + <g,’y+v>0’as Yo € Hy(ST). (3.20)
It is clear that, in view of the properties of rigid displacements,

<q, IE‘(i)>o,s+ + <g,'y+]F(i)>OﬁS =0 (3:21)

is a necessary solvability condition for (N*). In what follows we assume (3.21)

holds.

Theorem 7 There is a ¢ = c¢(ST) > 0 such that for any uw € H1(ST)

3
+Zl< u, FO >OS+>C||u||§,S+, (3.22)
3
> 2 . 3.23
g<vm N g 2 lulse (3.23)

Proof. If either (3.22) or (3.23) does not hold, then, by repeating the
argument in the proof of Theorem 4, we find that there is a u € F such that

(u,FC >0 o+ = 0 in the case of (3.22) or (yTu,yTF®) = 0 in the case of

0,05
(3.23), while || u ||y, s+= 1, which is an obvious contradiction. Inequalities (3.22)

and (3.23) hold. m
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Theorem 8 Problem (3.20) is solvable for any q € H_1(S*) and g € H_1(05).
Any two solutions differ by a rigid displacement, and there is a solution ug that

satisfies the estimate

o s < eIl all-rse + 11913 05) - (3.24)

Proof. We introduce the factor space Hi(S™) = H;(ST)\F, the bilinear
form

B (U,V) = by (u,v) on Hy(ST) x Hy(ST),

and the linear functional

‘C(V) = <q7/U>0’S+ + <gary+v>0’as on Hl(S+)’

where u and v are arbitrary representatives of the classes U,V € H;(ST). We

define the norm in H;(S™) by

U = inf u
10 lhagsny=_jnf |
uelU

1,5+ -

Instead of (3.20) we now consider the new variational problem of finding

U € H1(ST) such that
By (U, V)= L(V) VYV € Hi(S). (3.25)
In view of the definition of B, (U, V'), we see that for any U, V € H;(St) and
anyueUveV
1B (U, V)| = [by(u,v)| < c| u ||1,S+H v ||1,S+,
therefore

IBL(U,V)|<c inf  Julys+ inf |ollyst=c||U lln sl V llm s,
u€Hy (ST vEH,(ST)
uelU velU
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which shows that B (U, V) is continuous on H;(ST) x Hy(ST).

Next, we can choose u € U such that <1NL,F(i)> = 0. Then, by Theorem

)

1
uelU

Bi(U,U) =by(u,u) 2 cllullf s> c nf + lullyst=cll Ul sty

so B, (U,U) is coercive on Hi(ST).

Finally, since v is continuous on Hy(9S), for any V € H;(S™)

LV) < lgll-is+llv

s+ + 1l g ll—g0sl 7 v 1108

< c(lalinss +1gl-yos) vl

which shows that £ is continuous linear functional on H;(S™).
By the Lax—Milgram lemma, problem (3.25) has a unique solution U €

H1(ST), and this solution satisfies the estimate
10 lagsnr<e(llallnss + 19 l-yas)-
Clearly, any u € U is a solution of (3.20), and ug € U such that

o [l1,s+=I1 Ul (s)

satisfies (3.24). m

3.3 Exterior boundary value problems

We consider Dirichlet and Neumann exterior boundary value problems.
The (exterior) Dirichlet problem is formulated as follows:
Find u € C?(S7)NC*(S )N A* satisfying (3.2) such that u|,, = f, (D7)
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where f is prescribed on 0S.
Let (Dy) be the exterior Dirichlet problem with f = 0. From (3.7) we see

that a solution u of (Dy ) satisfies
b—(u,v) =(q,v)g5- Yv€CGT(ST). (3.26)

Since C§°(S7) is dense in Hq,,(S7), it is clear that (3.26) holds for any v €
I?ILM(S*). Obviously, any u € C2(S7) N CY(S )N .A* satisfying (3.26) for any
v € Hy,(S7)and ul,y = 0is a classical (regular) solution of (Dg ). Hence, the

variational formulation of (Dg’) is as follows.

Find v € Hy ,(57) such that

bo(u,0) = (4,05 Vo€ Hyu(S7). (3.27)

Let K ={z €R?*:|z| > R}, R>1, and 0Kp = {z € R? : || = R} .
Theorem 9 There are ¢;(R) = const > 0 such that

[ u ”ng;Kgg by (u,u) +e || 132,055 s [l us 13 oxc,  Vu € Hiw(Kp),
(3.28)
where || - 0,0k, and || - ||1/2,.0K, are the norms in L*(OKg) and Hy5(0Kg),

respectively.

Proof. Since C§°(Kp) is dense in Hi . (Kp), it suffices to consider u €
Cs°(K ). We write u(z) = v(p, ) in terms of polar coordinates with the pole

in the centre of the circle 0K g.
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We fix ¢ for the moment. We recall the generalized Hardy inequality [74].

If

b P P
[ w0 do < oo X@) >0 ) = [T W) = [Cwlmn
then
b 2 b
(W (p)| / 5
———dp<4 w Ap) dp.
| 5o do<a [ P

We use the generalized Hardy inequality with a = R, b = oo, A(p) = p, and

w(p) = 0,v3(p, ), where 9,,(...) = 9(...)/0p, it follows that

/Oo vs(p, ) — v3(R, )| dp < 4/OC 18,03(p, ¢)|* p dp. (3.29)
k pi’(p/R) o

Thus, from (3.29) we find

> uslp,e)f > us(p, ) — vs(R, 9)|”
/R (1+p)4(1+1np)2pdp S 2/3 (1+p)*(1 +1Inp)?

* |U3(Ra @)'2
2 d
+L@ A+ pia+mpez’ ¥

o 2
S/R 10pvs(p,0)|” p dp

N

2 2
temn lvs(R, )|

Integration with respect to ¢ € (0,27) now yields

|uz|? / 2
dr < 8 Vu dzr 3.30
A;a+mwa+mﬂv e 1Vl (3.30)

2 2
_c 2% ds.
+R31HR/6KR |u'5| 5
We use the generalized Hardy inequality again with a = R, b = 00, A(p) = p,

and w(p) = 0,va(p, @), to obtain

> [valp, @) = va(R, @) /°° 2
dp <4 Ipvalps @)™ p dp,
[ e [ 0,0nlr.)
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from which

/OO 'Ua(p?go)_va(R)SO>2pdp<4/oo8v (p S0)‘2pdp
R (1+p)?(1+1np)? S Y '

Hence,

° va(p, )| /OO 2
dp < 8 0pva(p, d

2 v (R, 0)|? p d
2 [va ()] /R T P T mpe %

i 2
< 8 19valp @)l pdp+ 7= [va(R. )
| o) 0 do+ 5 (o)

Integrating this inequality with respect to ¢ € (0,27), we obtain

|ﬂa|2 / 2 2 2
dr <8 Vuel® d _— ol d
/KR T2 s mpee @ S8 - Vel det i [ Tual 4

’ (3.31)

From (3.30) and (3.31), it follows that

2 2
2 2
I owl?, <8 / Vol dx+—§j/ lua|® ds
0,w;Kp /KR RlnR(x:l 0K g

2 2
8 24 —_— ds.
+ /K |Vus] $+R3lnR/5KR lug|” ds

R
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Next,

N

2
Z/ \Vue|” da
a=1"Kg

|

R

/ ( , 2) dr — 2/ U1,2U2,1 dx
KL KL

R R

/ ( 2) dr — 2/ U1,1U2,2 dx
Kp

/K

!

+ uga|* + |ug2l?) dx

U2U1 2 T UiU2 2) 1+ (U1U2,1 - U2U1,1),2] dz

2

, 2) d$+2/ U1,1U2,2 dx
-

R

+

/ [n1(ugua 2 — urug,2) + ne(uiug,1 — usuy 1) ds
KR

2/ (|U1 1| +|U22\ + |ug 2 + ug 1 ) dx—|—2/ U1,1U2,2 dT
Ky Ky

+/ (u20ru1 — u10;u2) ds,
OKRr

where 7 = (—ng, ny) is the unit tangent to 0Kr and 0, (..

)

= 9.

.)/07. Con-

sequently, taking into account the continuity of the operator 0r : Hy /2(0KR) —
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H_1/5(0KR), we obtain

[ w H(Q)M.Kgé 16/ (lura? + lug2|® + [ur 2 + u21[?) da
i .

R

+16/ U1, 1U22 dx + 8/ (ugaTul - u187u2) ds
Kg KR
2

2 2 2 2 2
o d 8 Vus|® d —_ 3|° d
+RlnRaZ/aKR ol ds + /KR| tal x+R3lnR/8KR fus|” ds

—1
16
A+ 2p

+§2)\/
K

+Oé/ |U271 — U2 — 2U3|2 dx
K

R

N

16
(A+ 2,11)/ B (Jura]?® + |uge|?) da + ;/L/ Cuae +ug | dx

Kp Kg

8
U1 1U2,2 dac—i——(’y—l—s)/ |VU3|2 dx
y+e Ky

+8a1(”u2”1/2;8KR ”UlHl/Z;BKR + HU1H1/2;0KR Hu2H1/2;aKR)

QG% —n2 2 2
tom g @l 20n . + g 1uslloons -

where a; is the norm of 0, in Hy 9,0k, and ap is the norm of (continuous)
imbedding operator Z : Hy 2,95, — L*(0Kg). Inequality (3.28) is obtained by

setting

Theorem 10 There is a ¢ = ¢(S™) = const > 0 such that any uw € Hy ,(S7)

satisfies the estimates

2
||u|iw;s<clb_<u,u>+ / w ds ] (3.32)
0
3 2
2 o<elb “F® 3.33
”u'l,w;S C[ (uau)+;<ua’7 >O,BS ) ( )

where T'g C 05, measure of 'y is larger than zero.
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Proof. We claim that for any v € H; ,.g-

)5 s~ < [b(u, u) +

/ u ds
o

3 2
> - 3.35
| w]gws-<c l (u,u) + ; <u’7 >o,as ’ (3:35)

2
1 : (3.34)

First suppose that the opposite of formula (3.34) is true. Then we can construct

a sequence {u(™} C H; ,(S™) such that
b (u™,u™) =0, /F u™ds — 0 (3.36)
0
while
a3 s =1L (337)

Let 0K R be a circle with the center at the origin and of radius R > 1 sufficiently
large so that 05 is contained inside 0K r. We write Sg = S~ N K. Since Sk
is bounded, we may repeat the proof of Theorem 4 to deduce that there is a

cr = const > 0 such that

H u HiSRg CR [bSR(u’u> +

/ u ds
To

21 Yu € Hy(Sg). (3.38)

Then, by Theorem 9,

I s = 0 B + ™
< N u B+ N 2
< cr [bSR(u("),u(")) + /F u™ ds ’ +cle§ (u™, u(™)
0
ter 0™ 1 monen es 105 (B orcs

From (3.38) for u(™ we now conclude that «(™ — 0in Hy(Sg). Then u(™ — 0
in Hy,5(0KR), hence in L?(0KR). Consequently, from the last inequality we find
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that lim, . || uw™ |2 .¢-= 0, which contradicts (3.37). Formula (3.35) is

proved similarly. m

Theorem 11 The variational problem (3.26) has a unique solution u € Hy ,,(S™)

for every g € H_1 ,,(S7), and this solution satisfies the estimate

lulhwsellqll-ws- -

Proof. By Theorem 10,
I w Hiwé cb_(u,u) Yue€ Hqi,(S7),

o
which means that b_(u,u) is coercive on H1q,,(S™). Since b_(u,u) is clearly
continuous on Hi ,,(S7) x Hq,(S™), we apply the Lax-Milgram lemma to
complete the proof. m

The variational formulation of (D7) is as follows.

Find v € H; ,,(S7) such that
b—(u,v) = (q,v)g 5- Y0 € H1,u(S7) (3.39)
and
Y u=f. (3.40)
Theorem 12 Problem (3.39)-(8.40) has a unique solution w € Hi ,(S™) for
anyq € H_1,(S7) and any f € Hy (0S), and this solution satisfies the estimate
ol ss-< e (I I-rwss= + 11 £ lg.0s) -
Proof. The substitution u = ug + [~ f reduces (3.39)-(3.40) to a new varia-
tional problem, consisting in finding ug € Hq,,(S~) such that
b_(ug,v) = (q, U>O,S* —b_(I" f,v) VYve Hy,(S7). (3.41)
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Since for any v € ;ILw(S_)

(@ 0o,s- —b-0F0) | <l allogwns 10w + b0 £07H] Y b (0, 0)) 2
< (Tallcrws— + 11 f llws-) o lliw
< el qll=tws— + 1 f lli20s) 101w

the linear form (g, v), g— —b— (I~ f, v) is a continuous linear functional on H1 ,,(S™).
The statement of the theorem now follows from the Lax—Milgram lemma applied

to the auxiliary problem (3.41) and the estimates

I wo lhw<e(l gll-tws- + I fll/2,0s)

%,as) .

I w lhws=<l wo |-1wis= + 117 f lws-< ¢ (H q l-1wis= + 11 f]

The (exterior) Neumann problem is formulated as follows.
Find v € C*(S7)NC'(S )N A satisfying (3.2) and Tu = g on 35, (N7)

where g is prescribed on 0S.
In this case (3.7) leads to the following variational formulation.

Find v € Hy,,(S7) such that

b—(u,v) = (q,v)y g- — <g,770>0’85 Yo € Hy ,(S7). (3.42)

In view of the properties of rigid displacements,

(059, ~{p79) =0 o9

s

is a necessary solvability condition for (3.42). In what follows we assume (3.43)
holds.
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Theorem 13 Problem (3.42) is solvable for any q € H_1,(S7) and g €
H_% (05). Any two solutions differ by a rigid displacement, and there is a solu-

tion ug that satisfies the estimate

o hiss-<e (I all-1e + I 9 1l-g.05) - (3.44)

Proof. We introduce the factor space H1,,(S~) = Hi,,(S™)\F, the bilinear
form

B_(U,V) =0b_(u,v) on H1,(S7) x H1,,(S7),
and the linear functional
E(V) = <Q7’U>O,S* - <g,'y*v>0’as on Hl,w(Si)a

where u and v are arbitrary representatives of the classes U,V € Hi ,(S7). We

define the norm in H; ,(S™) by

H U ||'H1,W(S_): inf _ H u ||1,w;$'— .
u€H1,w(S )
uelU

Instead of (3.42) we now consider the new variational problem of finding

U € H1,,(S7) such that
B_(U,V)=L(V) YV € Hiu,(S7). (3.45)

In view of the definition of B_(U, V'), we see that for any U, V € H; ,,(S™) and

anyueUveV

B (U, V)| = |b—(w,v)] <cllullws-Ilv

|1,w;S*7
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therefore

B_(U, V)] < ¢ inf NJuliws- inf  [vllws-
uGHlyw(S ) 'UGHl,w(S )
uelU velU

U s wesH 1V Ml (s,

which shows that B_(U, V) is continuous on Hy ,(S™) x H1,,(S7).

Next, we can choose u € U such that <’y_a,7_F(i)> bs = 0. Then, by

)

(3.33),
B—(Ua U) = b—(aaa) 2 c || a Hiw;s—> & c lnf( _ || u ”%w;s—: k ” U ||'2H1,W(S_)a
u 1,w
uelU

so B_(U,U) is coercive on Hy ,(S7).

Finally, since v~ is continuous on Hy ,,(S7), for any V € Hy ,(S7)

LV) < llall-relvl]

Lws— 1l g ||—%,as|| Y| 108
< c(lalre + 1 9l-g0s) 1o hws-,

which shows that £ is continuous linear functional on Hj ., (S™).
By the Lax—Milgram lemma, problem (3.45) has a unique solution U €

H1,.,(S7), and this solution satisfies the estimate

10 It oisr< e (g ll-rw + 11 91—y 05) -

Clearly, any v € U is a solution of (3.42), and ug € U such that

o ll1wis==l U M3, u(s57)

satisfies (3.44). m
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3.4 Summary

In this chapter we have formulated interior and exterior Dirichlet and Neumann
problems of plane Cosserat elasticity in Sobolev spaces and established existence,
uniqueness and continuous dependence on the data results for these problems.
This is a necessary step to deal with such problems from the practical point of
view, since it validates the subsequent application of numerical procedures such

as finite element method.
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Chapter 4

Boundary Integral

Equations

In this chapter we will show that the variational problems formulated in Chapter
3 can be solved using the boundary integral equation method and corresponding
weak solutions can be represented in the form of specially constructed integral
potentials with unknown distributional densities. First, we introduce boundary
operators which associate with the displacement field v on 95 the correspond-
ing boundary moments and forces known as Poincaré-Steklov operators, and
boundary operators corresponding to the integral potentials. Then we employ
them to reduce boundary value problems to boundary integral equations with
respect to the integral densities and show a unique solvability of boundary in-

tegral equations.
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4.1 Poincaré—Steklov operators

Let f € Hy/5(0S), and let u € H1(S™) be the (unique) solution of the variational

problem (D) (3.15)-(3.16) with ¢ =0
bi(u,v) =0 Yo € 15-)1'1(5""), yru = f.

We consider an arbitrary a € Hy/2(9S) and write w = ITa. Using Riesz repre-

sentation theorem [72], we can define an operator 7+ on Hy/5(dS) by

(T, a>0;as = by (u,w). (4.1)

The definition is consistent, for if w € H;(ST) is another extension of «, then
w—w € Iofl(SJr) and by (w—w,u) =0, Va € Hy5(99).

Let f € Hy/5(0S), and let u € Hy ,(S™) be the (unique) solution of the

variational problem (D7) (3.36)-(3.37) with ¢ =0
b_(u,v) =0 Yv e I(}LW(S*), v u=f.

We consider an arbitrary a € Hy/3(9S) and write w = [~ . Using Riesz repre-

sentation theorem [72], we can define an operator 7~ on H; /5(0S) by

<T_f,oz>0;8s = —b_(u,w). (4.2)
The definition is consistent, for if w € H; ,(S™) is another extension of o, then
w—w € Ic-)ILw(S_) and b_(w — w,u) = 0, Vo € Hy j5(95).
T+ are known as the Poincaré-Steklov operators corresponding to (3.2).
Denoting the space of the rigid displacements on S by F(95), let H; /2(9S)

be the subspace of H;/2(9S) of all w such that

<“vz>o;as =0 Vz e F(I9),
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and let H_1/5(0S) be the subspace of H_;/5(0S) of all g such that
(9,2)0.05 =0 Vz € F(99).

Theorem 14 (i) T* are continuous operators from Hy5(0S) to H_1,5(0S).

(i1) T* are self-adjoint in the sense that

(T, 0)g05 = (s T 0) 05 Vfov € Hipp(05). (4.3)

(iii) The kernels of T* coincide with F(99).
(iv) The ranges of T* coincide with H_12(9S).
Proof. (i) By the definition of 7%, for f,v € Hy/5(09)
<Tif,v>(2ws = b (u, 1F0)? < by (u, u)bs (1T, liv).
Since
by(IFo, 1T v) <cl[ o |7 ge<cll v} n0s

and

b_(l_v,l_v) <c H "o ”%,W;S*S ¢ || v ||%/2;BS7

it follows that

2
<Tifav>0;as < Cbi(u, U) || v ||%/2;8S;

therefore, T+ f € H_,/5(9S) and
H T:tf ||2—1/2;6SS Cbi(ua U) =*c <Tifa f>0;6$'
< e T5f llayzosll £ lhy2os,
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from which
| T=f l—1/2:05< ¢l fll1/2:05 -

(ii) We take I* to be the operators that associate with v € Hj/2(0S5) the
solutions of the corresponding problems (D¥), and (4.3) follows from (4.1) and
(4.2).

(iii) If z € F(9S), then z is the solution of (D¥) and we have

<Tiz,v>0_8s = +by(z,1T0) =0 Vze F(IS);

hence,

T2 =0.
Conversely, if 7% f = 0, then
<T+f7 f>0;8$ = b+(u7u) = 07

therefore, u € F and f € F(95).

(iv) By (4.2), for any f € H;/5(0S) and z € F(95S)
(T*f,2) 4,95 = £ba(u,2) =0,

A
so T*f ¢ H_1/2(0S) for any f € Hy/5(9S). We define operators T+ on the

factor space Hy/2(9S5)\F(9S) by
A
Trfo=T*f, foe€ Hy /5(05)\F(9S),

A
where f is any representative of the class fo. Clearly, 7+ are injective and their

ranges coincide with the ranges of 7%, correspondingly. We now show that
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-1
inverse operators (Ti) are continuous. Let fo € Hy/5(0S)\F(0S), let f be

representative of fy such that
(f;2)0.05 =0 Vz € F(I9),

and let u be the solution of (DT) with boundary data f and ¢ = 0. By Theorem

7, we have

I fo lFr, L0snros) SI f 1T 20s< el ullf se

< Cb-‘r(u?u) = C<T+f7f>0;35 <c || T+f H—1/2;BS” f ”1/2;65’ .

Now let u be the solution of (D™) with boundary data f and ¢ = 0. By Theorem

10, we have

I fo ”?{1/2(83)\]—‘(BS)§H 13 pas< el ull? o

< eb_(uu) = —c(T i[5 S N T f l-1/20s] f ll1/20s -

From which it follows that

A
I fo iy a0sn709) I f lyzas< e | TEf ||—1yz05=c | Tf [|—1/205 -

To prove that the ranges of 7+ coincide with H_; /2(08), it suffices to establish
that these ranges are dense in H_;/5(9S). Suppose that this is not true. Then

we can find non-zero ® in the dual H; /5(0S)\F(0S) of H_1,2(9S) such that
<Tif7 %0>0;3S =0 Vf € HI/Z(aS)7
where ¢ is any representative of ®. Taking f = ¢, we arrive at

<Ti%0’ S0>O;8S = 0’
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therefore, ¢ € F(9S) and ® = 0. This contradiction completes the proof. m

In the proof of assertion (iv) the following result has been established.
A
Corollary 15 T* are homeomorphisms from Hy j2(0S)\F(8S) to H_1/2(95).
Let N be the restriction of 7% to Hy2(0S).

Theorem 16 The operators N* and N+t — N~ are homeomorphisms from

HUQ(@S) to H_l/g(aS)

Proof. The bijectivity and continuity of N'* were established in the previous
theorem, while the continuity of the inverse operators (M)~ follows from

Banach theorem [72]. The statement for N'* — A~ is proved similarly. m

4.2 Integral potentials
Theorem 17 Vi € Hy ,(S7) if and only if p € H_1,2(0S).

Proof. The asymptotic behavior of Vp(z) as |z| — oo is given by the
formula Vi = M>®® + o4, where M>® € Mszyz, M>® = O(ln|z|), & =
(<F(1)"p>o;as ) <F(2)7<P>o;as ’ <F(3)7€0>o;as>T (see [44]), and o4 € H, ,(S7). In
view of the definition of the norm in H; ,,(S7), it is clear that Vi € Hy ,(S7)
if and only if ® = 0, which, in turn, is equivalent to ¢ € H_;/5(dS). m

Let {Z(i)} be the basis for F obtained from {F(*} by orthonormalization

in L2(9S). We define a modified single layer potential of density ¢ € C°(9S)



and its boundary operator Vo by Vo = (Vo)|ss -

Theorem 18 The operator Vo, extended by continuity from C>(9S) to H_,2(9S),

is a homeomorphism from H_4 /5(9S) to Hy/2(0S).

Proof. If ¢ € C*(9S) N H_1/2(dS), then Vi belongs to both H;(ST)
and Hy ,,(S7); consequently, so does V. The jump formulae (Theorem 1) yield

NTVop —N " Vop = (NT =N ")V = ¢, which means that V, is injective and
Vot =NT N, (4.4)
Given that v~ Vp = Vo € Hy/2(9S), we see that
Voo I 2,05 <l Vo |17 05- < cb-(Vio, V) < ¢ [b1(Vep, Vi) +b-(Vp, V).

Since by (Vip, Vo) +b-(Vp, V) = (N7 = N7) Vo, Vov)o.as = (0:Vow)o.as -
we conclude that || Vop H%/M‘JSS c{p, Yow)o.os < ¢ | Voo llij2aesll ¢ [|-1/2:0s;
or

| Voo ll1/z0s< ¢l @ l|-1/2;05 - (4.5)

Hence, Vy can be extended by continuity to H_;/5(9S) with estimate (4.5)
remains valid on the latter space. The continuity of V; * follows from (4.4) and
Theorem 16.

To complete the proof, it suffices to show that the range of Vy coincides
with Hy/2(9S). Assuming the opposite, we can find f € H;/2(9S) that does not
belong to the range of Vg and set ¢ = (NT — N7)f, Vo = g. Then from (4.4)
it follows that ¢ = (N© — N'7)g, which contradicts Theorem 16. m

We now turn to the properties of the double layer potential.
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Since L(9,) D (y,z) = 0 for z € ST U S, x # y, we may write the double

layer potential as

(THDD (-, 2),¢(-)). g €ir TES™
) b O;as 19 )
(Wo)(x) = |

<TiD(7')(-7$)71/)(-)>0485,6i7 T e SJr’
where e; are the unit coordinate vectors.

We fix a point € S~ and consider y to be the argument of the functions

below. Let u € H1(ST) be the (unique) solution of variational problem
by(u,v) =0, VYve Hi(ST), yTu=1.

Then by (u, DW) = (T+, D(i)>0.as = <w,T+D(i)>0‘aS , which leads to VT t1) =

W1 in S™. From this we conclude that for smooth functions ¢ on 95
W= =WTT, (4.6)

where W are the operators of the limiting values of the double layer potential

on 98 from within S* and Vj is the boundary operator defined by Vo =

(Vo)las -
We now define a modified double layer potential by

(W) () — <W+¢, z“’> 3%w), zest,
W) () = b
(W) ($)<W1/},z > z (x), z€S8™,

0;0S

and the operators W* of its limiting values on 9S by

W = Wy <Wi¢, E(”> P

0;08

Theorem 19 W* can be extended by continuity to H1/2(0S) by setting

WE = VoNTep, ¥ € Hy2(9S),

53



and these extensions are homeomorphisms from Hy 2(9S) to Hy 2(0S).

Proof. The equality W™y = VyN T4 is proved for smooth densities ¥ by
means of (4.6). The full statement for W~ follows from the properties of N'*
and Vy established in Theorems 16 and 18.

Using (4.4), we find that

Wy = Wy <W+¢,E(”> o g wy <W¢,E“)> 7
0;08 0;05
VT — <v07+w, E“)> 30— VT = W T,
0;08

which completes the proof. m

4.3 Solvability of boundary integral equations

We now show that (D¥) can be reduced to similar problems for the homogeneous
equilibrium equation by means of the area potential.
Let H_1,(R?) be the subspace of H_;,(R?) consisting of all ¢ such that

(q,2), =0 for all z € F. We can describe H_1 ,,(R?) explicitly. If we define

Defu = (Oyu1, Oaug, Oauy + O1uz)”, Divu = (dyus + daus, dyus + Orus)”,
Grado = (0h0,—010)", where 0 € My,
Af20 A0
R = A A+2u 0 |

0 0 I
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then we can write

Div (R DefT) + aGrad(2us — (curlu)s)
Lu

(4.7)
(v + e)divVug — 2a(2u3 — (curlu)s)

and

b(u,v) = (R Defw, Def U)o+ (2us—(curl u)s, 2vs—(curl v)s)o+(v+¢){(Vus, Vuz)o.

Theorem 20 H_;,,(R?) consists of all ¢ = (", q3)", where § = (q1,¢2)7, of
the form

g=Div P+ GradQ, q3=divV —2Q, (4.8)

where P € L*(R?) N M3x1, Q € L2(R?) N My, V € L?(R?) N M. Also

there are constants ¢c; > 0 and co > 0 such that
allgll-rwsPllo+ Qo+ IV o<eallql-1w-

Proof. Let ¢ € H_1,(R?), and let ug € Hi ,,(R?) be the solution of equi-

librium problem in R? which satisfies [luo|, ,, < c|lgll_;, - We set

—R Defuy = PELQ(RQ)HM3><1,
—a(2uz — (curlu);) = Q€ L*(R*)N My,
—(y+&)Vuz = Ve L*(R*) N May;.

From (4.7) it follows that
g=DivP+ GradQ, gs=divV —2Q.
Also,

1
?,wg _C% H q ||271,w .

1P S+ 1 QIS+ I VG eb(uo, uo) < e | uo | 3
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Conversely, let ¢ be of the form (4.8). We claim that ¢ € H_1 ,,(R?). Indeed,

for any v € C§°(R?)

(¢;v)y = (Div P+ Grad Q,7),+ (div V —2Q,v3), (4.9)

= —(P,Def v), — (Q,2v3 — (curl v)3), — (V,Vuz)y;

therefore,

g, v)ol < et (1P Nl + 1@ o + 1V llo) 1]l -

which shows that ¢ € H_; ,,(R?) and

lgll-rw<er (TP o+ 1@ o+ 11V o).

Finally,for any z € F, form(4.9) it follows that

<q7 Z>0 = Oa

consequently, ¢ € H_1 ,(R?). m
We choose an L2 (R?)-orthonormal basis {z(¥}2_, for F and introduce a

modified area potential of density ¢ € C§°(R?) N'H_1 ,(R?) by

Up)(@) = (Ue)(@) = (UpzD)  20(), zeR?,

0,w

where (-,-), , is inner product in L2 (R?). Clearly, Uy € H1 ,(R?) and satisfies

bU(—q),v) = (q,v), Vv € Hy,(R?). (4.10)

The defined operator U can be extended by continuity from C§°(R*)NH_1 ., (R?)
to H_1.,(R?). The extended operator U is continuous from H_1 ,,(R?) to Hy ., ().
For any ¢ € H_1,(R?), U(—q) is a solution of (4.10).We start with (D*). Let
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u € H1(ST) be the solution of the problem

bilu,v) = (g,v)gge Yo € Hy(ST)
Tuo = f,
where ¢ € H_1(ST) and f € H;/»(dS) are given. Repeating the proof of
Theorem 20, we see that any g € H_1(S™) can be represented in the form

g=DivP+Grad@, gqs3=divV —2Q, (4.11)

where P € L2(R?)NM3x1, Q € L*(R)NMix1, V € L2 (R?)NMay1, and (4.11)
is understood as an equality of distributions in &’(S™). The norms ||q|| _1.9+ and

| Pllo+1@Qllo+ [V o are equivalent. Let

N P(z), z€ST,
P(z) =

0, reS,
. Q(z), eSSt
Qlz) =

0, r eSS,
N V(z), z€St,
Viz) =

0, reS,

and
7=DiwP+GradQ, @ =divV —2Q, (4.12)

where (4.12) is understood as an equality of distributions in &’(R?). Clearly,
~ =r _\T ~
q= (q ,Q3) € H_1,(R?) and g = ¢ in S'(ST).

We represent solution in the form

u=U(-q) +w.
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Then w € H;(S™) is a solution of the problem

by(w,v) = 0 Vvehoﬁ(S"’)

Yrw = f++T(UY).

Since v+ (UQG) € Hy/2(0S), we arrive at (DT) for the homogeneous equilibrium
equation. So, without loss of generality, instead of the original problem we may

consider the problem (DT) with ¢ = 0 of finding u € H;(S™) such that

bo(u,v) = 0 Voe Hy (S (4.13)

The general problem (D7) can similarly be reduced to the problem of finding

w € Hi ,(S7) such that
b_(u,0) = 0 VoeH o(5) (4.14)
Y u = f.
We represent the solution of (4.13) and (4.14) in the form
uw=Vp+z in §F, (4.15)

where the density ¢ € H_;/5(0S5) and z € F are unknown. Representation

(4.15) leads to the system of boundary equations
Vop+2=f. (4.16)
Representing the weak solution of (4.13) and (4.14) in the form

w=Wi+z inS* (4.17)
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where ¢ € H;/5(0S) and z € F are unknown, we obtain the following system
of boundary equations

WEp+ 2 = f. (4.18)
Theorem 21 Systems (4.16) and (4.18) have unique solutions
{QO,Z} € H—1/2(85> X ]-'(é)S),
{¥,2} € Hiy2(05) x F(99),
respectively, for any f € Hy5(9S), and
I ell-i20s<cl fllij2as, (4-19)
I Y llyzos<cll flliyzos -

In this case, (4.15) and (4.17) are the solutions of problems (D*) with q = 0,

and they satisfy the estimates
I wlis+<cl fllhzos, (4.20)
H U ||17w;S_§ c H f ||1/2;85
Proof. In both cases we choose z € F(0S5) defined by
= ,]F<z'>> F.
& <f 0;0S
Then it is obvious that f — z € H;/2(9S) and
| f=2llizos<cll fllios - (4.21)

The solvability of systems (4.16) and (4.18), and estimates (4.19), now follow
from the Theorems 18, 19 and (4.21). To prove uniqueness, let {¢;, 21} and
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{11, 21} be other solutions of (4.16) and (4.18), respectively. Then, writing
p=p-p Y=v-v, Z=z-az,
we see that
Vop+2z = 0,
Wi +3 = 0.

Since Vo and z belong to L2-orthogonal subspaces of H; /2(0S), it follows that

therefore, we also have ¢ = 0.

The proof that ; =0 and z = 0 in the second case is similar.

Since any rigid displacement belongs to both Hq(S*) and Hy ,(S™), to show
that functions u constructed from (4.15) and (4.17) by means of the solutions
of (4.16) and (4.18) are the solutions of (D¥) with ¢ = 0, it is enough to verify
that Vi and We also belong to both Hy(S™) and Hy ,(S™) for ¢ € H_y5(95)
and ¥ € Hy/2(9S).

In the proof of Theorem 18, we showed that
[V |13 b5 < clby (Ve, Vo) +b_(Veo, V)] = ¢ (9, Vo). -
The same theorem gives

[ Ve llhws-<cllell-1/20s - (4.22)

In the interior problem, since Vo € Hy/2(9S), formula (3.23) enables us to
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write

I Vo .5+ < cby (Vo, Vo) < c[by (V, Vi) +b_(Vep, V)] (4.23)
= (. Vo9)oas <cll @ 21205

consequently, Vi belongs to both H;(S*) and Hy ,(S™) for ¢ € H_1/5(95).
Let 1) € H1/2(0S) be a smooth density. Since W € Hy /2(85), it follows

that || W [|7,44 < eby (Wih, Wep) and || Wep Hiw;s,é cb_ (Wi, Wip); therefore,

| WY s + WY 3 s < e[y OV, W) + b (Wi, Wip)]

= ¢ [(/\HWW, W) s = (NTWT, W‘w>0;6s}

e (T W0 W), e = (T W, W) o]

But from Theorem 1, it follows that 7tTWT =7~ W™, so

Wy |

iS+ + || Wi ||iw;S*< - <T+W+wvw>0;as Sc || (4 ||%/2;6$’ : (424)

Since this is valid for any ¢ € H; /2(0S), we conclude that W1 belongs to both
H(S%) and Hy ,(S7).

Estimates (4.20) follow from (4.21)-(4.24). m

We now proceed with Neumann problems. First, we show that (N*) can be
reduced to similar problems for the homogeneous equilibrium equation by means
of the area potential. We note that if g € H_;,5(9S), then ’(g,’y*v)oﬁs‘ <

cllgll-1 /008 |\'y+v||1/2‘65 . But the trace theorem [56] implies that

[(9.770),05] < cllgll—s 205 1015 -

Consequently, (g,77v), 5g defines a bounded linear functional on H;(S*) and
o
can be written in the form (g%, v) g+ with some g+ € H_;(S™), and let Q* =
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q+q*. Then the problem (N*) can be rewritten as follows. We seek u € Hy(S™)
such that

b+(U7U):<Q+aU>O’S+ Yo € Hi(S1),

where Q1 € Ho_l(S“‘) satisfies
<Q+,Z>OS+ =0 VzelF.

Since the norms on H;(S™) and Hi ,(S™) are equivalent, it follows that so are
the norms on their duals H_1(S™) and H_; ,(ST); hence, Q* € H_1 ., (R?).

Similarly, (9,77 v) s defines a bounded linear functional on Hi ,,(S™) and

o
can be written in the form (¢—,v),. g+ Wwith some ¢- € H_; ,(S7), and let

Q™ =¢q—q . So, the solution u € Hy ,,(S™) of (N7) satisfies
b_(u,v) = <Q7,v>0’s, Yo e Hi,(S7),

where Q~ € I;'_LW(S’) and such that (Q~, Z>O,S* =0 Vz € F, in other words,
Q™€ Hfl,w(R%

We represent the solution of (NT) in the form
u=w+ms+(UQT),

where 7g+ is the operator of restriction from R? to ST. Clearly, w € Hy(S™)

satisfies
b+ (w7 U) = <Q+7 v>0,s+ - b+(7TS+ (UQ+>7 U) Vv e Hl(SJr)
We now show that

L(v) = <Q+,v>075+ — by (mgrUQT),v)
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can be regarded as a bounded linear functional on H /5(9.5). Indeed, let v1,v2 €
H1(S™) be such that y7v; = yTws. Since v1 — v € H1(ST) C Hy(R?) and

UQ™ € Hy ,(R?) satisfies
bU(—QT),v) = <Q+,U>O Yv € HLW(RQ),
it follows that

ﬁ(”Ul - Uz) = <Q+, U1 — U2>0,S+ - b+(7TS+ (U(—Q+)),U1 — Ug)
= <Q+’ U1 — U2>o,s+ - b((U(—Q+))7U1 - U2)
= (@ v — U2>0,S+ —(Q*, v - v2>075+ =0

This means that definition of £(v) on Hy,5(9S) is consistent. If f € Hy/5(0S5)

and v =11 f € H;(ST), then

L@ <cl @ Il viliss<cll QT -1l f ll/2os -

This shows that L£(v) can be written in the form (g,v), 55 with some g €
H_,2(05).

The case of the exterior problem is treated similarly.

We remark that since Q* € H_1 ,,(R?), from the definition of £(v) it follows
that

(9,2)0.06 =0 Vz € F(IS);

that is, the necessary solvability condition for (N*) is satisfied, so instead of
(N*) we may consider without loss of generality their version for the homoge-

neous equilibrium equations.
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In the problem (NT) with ¢ = 0 we seek u € H;(S™) such that
bi(u,v) = (9,v)p9s YVE Hy(ST). (4.25)
In the problem (N7) with ¢ = 0 we seek u € H; ,,(S™) such that
b_(u,v) = <g,v>0;as Yv e Hy,(S7). (4.26)
We represent the solutions of problems (4.25) and (4.26) in the form
u=Vp+z in SE, (4.27)

where z € F(0S5). Representation (4.27) leads to the systems of boundary equa-
tions

TiVOQD =9, (428)

where g must satisfy the necessary solvability condition, g € H_;/2(95S).

If we represent the solutions as
w=Wi+z in S*, (4.29)
then we arrive at the system of boundary equations
TEWHy = g. (4.30)

Theorem 22 Systems (4.28) and (4.30) have unique solutions ¢ € H_y5(0S)

and ¥ € Hy2(0S) for any g € H_1/5(9S), and

e ll-1z0s< cll g -1/20s, (4.31)

19 hjzos<cllgll-1/20s - (4.32)
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In this case, (4.27) and (4.29) are the solutions of problems (NT) with q¢ = 0,

and they satisfy the estimates

I wlhse<ellgll-i/2os, (4-33)

I ullhiws-<cllgll-1/20s -

Proof. The unique solvability of (4.28) and (4.31) follows from properties
of operators N'* and V), established in the Theorems 16 and 18. The unique
solvability of (4.30) and (4.32) follows from properties of W* given by Theorem

19. Finally, estimates (4.33) are obtained from Theorems 7 and 10. ®

4.4 Summary

In this chapter we have shown that weak solutions of boundary value problems
of plane Cosserat elasticity can be found in terms of integral potentials with
distributional densities and the corresponding boundary integral equations are
uniquely solvable with respect to these densities. Since it is very hard, if not
impossible, to find the densities analytically they can be approximated numeri-
cally, for example, by means of generalized Fourier series following the procedure
given in details in [39], [45]-[46], [49]-[50]. After the integral densities have been
found the quantitative characteristics of the solution may be used for practical
purposes.

The method introduced in Chapters 3 and 4 is a generalization of the bound-
ary integral equation method in regular (L?) form in Sobolev spaces. It is ap-
plicable to domains with irregular boundaries, for example, domains with cuts.
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This result is extremely important for application itself. However, we further
plan to extend this result to develop a method allowing us to find a solution to

the boundary value problem for a domain weakened by a crack.
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Chapter 5

Stress Distribution Around
a Crack in Plane

Micropolar Elasticity

In the case when a domain is weakened by a crack the nature of the boundary
conditions across the crack region presents formidable difficulties in the bound-
ary integral analysis in a classical setting. Several studies of a crack problem in
two-dimensional Cosserat elasticity have been undertaken in the classical elas-
tic setting using the finite element method [75] and under assumptions of a
simplified theory of plane Cosserat elasticity when displacements and microro-
tations are constrained (couple-stress elasticity) [76-77]. Also there has been

some activity in the area of crack analysis in three-dimensional Cosserat elastic-
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ity [78-81]. The rigorous analysis of the corresponding crack problem in plane
Cosserat elasticity in the general case, to the author’s knowledge, still remains
absent from the literature.

Recently, Chudinovich and Constanda [56] used the boundary integral equa-
tion method in a weak (Sobolev) space setting to obtain the solution for several
crack problems in a theory of bending of classical elastic plates. In spite of the
fact that the methods used are extremely complicated (mathematically) they
seem to be very effective and give very good results for applications. We con-
tinue to study the effectiveness of these methods with a view to the analysis
and solution of the plane problems of Cosserat elasticity.

In this chapter we formulate boundary value problems for both finite and
infinite domains weakened by a crack in the case of plane micropolar elasticity
when displacements and microrotations or stresses and couple stresses are pre-
scribed along two sides of the crack in Sobolev spaces and find the corresponding

weak solutions in terms of integral potentials with distributional densities.

5.1 Basic definitions

First, we consider an infinite domain with a crack modelled by an open arc T'y.
We assume that Iy is a part of a simple closed C?-curve I that divides R? into
interior and exterior domains Q1 and Q~. In what follows we denote by the
superscripts + and — the limiting values of functions as z — I' from within QT

or Q7. We define Q = R?\T'y and I'; = I'\T'y. Regarding definition of {2, we can
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also use || - ||o and (-, ), for the norm and inner product in L?(2).

Let H,,(T') be the standard Sobolev space of distributions on I', with norm
| - lmr - Hn(T') and H_,,,(I") are dual with respect to the duality generated
by the inner product (<)o in L?(T"). We denote by ﬁlm(Fo) the subspace
of all f € H,,(T') with a compact support on I'gp, and by H,,(T'g) the space
of the restrictions to I'g of all f € H,,(I"). Let myp and 7; be the operators
of restriction from T' to Ty and T';. The norm of f € H,,(T'g) is defined by
| £ lmiro= infyerr, (oymoves || © i - For any m € R, Hy (L) and H_,(Io)
are dual with respect to the duality generated by the inner product (-, '>0;Fo in
L2(Ty).

Let vt and 7~ be continuous trace operators from H;(Q") and Hy ,,(Q7)
to Hy/o(I"). Also, let v = myE, i = 0,1. For any u defined in Q (or R?) we
write u = {uy,u_}, where ux = ntu.

Let Hy.,(2) be the space of all w = {uy,u_} such that uy € Hy(Q1),

u_ € Hy,(Q7) and 4] uy =~ u_. The norm in H; , () is defined by

Il l1F wo=l ur IRar + 1l u= [1f wio- -

.EILM(Q) is the subspace of Hy ,(€2) consisting of all u such that vy u, = ygu_ =
0; therefore, IC;TLW () can be identified with a subspace of Hj ., (IR?).

We denote by H_; ,,(£2) and I;'_Lw(Q) the duals of I;'Lw(Q) and Hi ., (Q)
with respect to the duality induced by (:,-),. The norms in H_;,(Q2) and

o

H_4 () are denoted by || - ||—1,w:0 and || - |21, -
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5.2 Boundary value problems

We consider two types of boundary values problems: Dirichlet and Neumann
boundary value problems. The first one consists of seeking u € C2(2) N C(9),

u_ € A* such that
Lu(z)+q(z) = 0, z€Q, (D)
u (@) = f(@), v (@)=[(z), zeT,
where fT and f~ are prescribed on I.
The second problem consists of finding v € C%(Q) N C*(Q), u_ € A such
that
Lu(z)+q(z) = 0, z€q, (N)
(Tu)"(z) = g'(x), (Tw) (z)=g (x), @€l
where g7 and g~ are prescribed on I'g. Asymptotic classes A* and A were
introduced in Section 3.1.

The variational formulations are based on the Betti formulae (3.3) and (3.9).

The variational formulation of (D) is as follows. We seek u € Hy ,(£2) such that

bu,v) = (gv)y Vo€ Hio(Q), (5.1)
Youy = T, you-=f",

where g € H_1 ,(Q) and f*, f~ € Hy/5(T) are given.
The variational formulation of (N) is as follows. We seek u € Hy ,,(€2) such

that

b(u,v) = (q,v)o + (97,75 v+ ) o, = (970 V=)o, W E Hiw(Q), (5.2)

3
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where g € H_1,,(Q) and g+, g9~ € Hy (L) are given.
In what follows we write 6f = fT — f~ and dg = g+ — g~ for the jump of

these quantities across the crack.

Theorem 23 Problem (5.1) has a unique solution u € Hy ,(Q) for any q €
H_1,(Q) and any f*,f~ € Hy/5(To) such that §f € Hy/5(To), and this solu-

tion satisfies the estimate

lu o< e (Il gll-rwe + 1 £ 2o + 1 0F lly2r) - (5:3)

Proof. Assume first that f+ = f~ = 0. To prove this assertion it is sufficient

to verify that b(u,v) is coercive on Hi (). In Theorems 4 and 10 it was
[e]

shown that any u = {uy,u_} € Hy () satisfies || uy ||2.+ < cby (ug,uq) and

I| u— Hiw:ﬂ,é cb_(u—,u_), where by (u,v) =2 [+ E(u,v)dz; consequently,

1 o=l ws e + I um I - < € [or (g ) + b (u, u)] = cb(u, u).

By the Lax-Milgram lemma, (D) with f = f~ = 0 has a unique solution
u € Hq,(Q) and

|| u ||1,w< c H q ||71,w;ﬂ . (54)

In the full problem (D), we consider an operator Iy of the extension from
I’y to T', which maps Hj/5(I'g) continuously to Hy/o(I'). Let F* = lofT, and
let '~ be the extension of f~ to I' such that m{F+t = 7 F~. We denote by
I operators of extension from I' to QF, which map H, /2(I") continuously to
H(QF) and Hy,,(Q7), respectively. Let wy = I Ft € Hi(Q") and w_ =
I_F~ € H1,(27). Clearly, w = {wy,w_} € Hi ,(2). We seek a solution to
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(D) of the form u = ug + w, where ug € Ic'){l,w (Q) satisfies
b(ug,v) = (q,v)y — b(w,u) Vv e Hy (). (5.5)
Since for all v € .EILM(Q)

bw, 0)| < by (w, v)] + [b-(w—, v )] < el wy [[0r + [ 0 f1we-) [0 1w

< (L FF liyar + 11 F llyzr) To e
< el fF llyzre + 11 llyzre) o e
< el £ Mz + 116S ) [T e,

the right-hand side L(v) = (q,v), —b(w,u) in (5.5) defines the continuous linear
functional on Hy,,(Q), and || L [ —1we< ¢ (I ¢ [lcvwa + I fF liyzire + 110 l1yzr) s

therefore (5.5) has a unique solution ug € H (), and

| uo hwo<e(ll g l-vwa + 11 FF ly2re + 11 0F lly2r) -

The theorem now follows from this inequality and the estimate

| w llnwo< el f* l1y2re + 116 l120)-

We proceed with problem (5.2). It is clear that, in view of the properties of

rigid displacements,
<q7 Z>0 + <g+7 Z>0;F0 - <g_7 z>0‘1—\0 =0 VzeF (56)

)

is a necessary solvability condition for (N).

72



Theorem 24 Problem (5.2) is solvable for any q € H_1 () and any g*,g9~ €
H_y/5(To) such that 6g € H_1,5(L'o) satisfying (5.6). Any two solutions differ

by a rigid displacement, and there is a solution ug that satisfies the estimate

luo o< e (-1 + 1l 6g -1/2r + 119~ [-1/2ir0) - (5.7)

Proof. We notice that the expression

Lv) = (g5 v+)or, — (97700,

= <69’73U+>o;r0 + <g_,5v>0;ro , Yo € Hy,(Q),

where dv = yJ v} — v v_, defines a continuous linear functional on Hj ,,(Q).
o
Consequently, there is ¢1 € H_; () such that L(v) = (qi,v), for all v €

Hy ,(£2), and

lar l-1w<c(l 97 =120 + 11 69 -1/2:7) - (5.8)

We set ¢+ ¢ = ¢ and write (5.2) in the form b(u,v) = (q,v),, v € Hy,, (). We
consider the factor space Hj ., (Q2) = Hi,(2)\F with the norm || U ||, )=
infuem, (@) uev || 4 ||l1,w;0 and define on it a bilinear form B(U, V') and a linear

functional L(V') by
B(Ua V) = b(u’ U)v ‘C’(V) = L('U) = @ U>0 ’ (59)

where u and v are arbitrary representatives of the classes U,V € H; ,,(€). Since
b(z,2) =0 and (g, z), = 0 for any z € F, definitions (5.9) are consistent.

We now consider the problem of finding U € H; ,(€2) such that

BU,V)=L(V), YV eH,(Q). (5.10)
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We claim that (5.10) has a unique solution. First, from (5.8) it follows that
LW <ce(lqll-1w + 1 0g ll-1/zr + 197 l-1/2m0) |V e vEV,

which gives [L(V)| < ¢ (|l ¢ l-10 + 1 09 —1yzr + 197 l=1/2m0) 1V i oo
this means that £(V') is continuous. The continuity of B is clear. In every class
U we choose a representative u such that (g u., Z>O~Fo =0 for all z € F. By

Theorems 7 and 10,

I e B o< e [0 (umyus)+ g e B ]

< c [b— (’LL_,U_)+ || 'ﬁ“+ |(%;FJ

< efbounu )+ lluy [3gr]
and || ut |12+ < ¢by(ug,uy), where || - |lo;r, is the norm in L*(I'y). Hence,
U [l )<l w113 4.0 < B(U, V), which proves that B is coercive on Hj ().

By the Lax-Milgram lemma, (5.10) has a unique solution U € H ,,(€2) and

10 ey e < e (L g ll-1w + 1 0g ll-1/2r + 197 l-1/2,) -

Clearly, any element u in U is a solution of (5.2). If u; and usy are two solutions

of (5.2), then w = uy — ug satisfies
blw,w) =0, w e Hy,(Q).
We conclude that w € F. To complete the proof, we choose uy € U such that
| uo [1we=IlU g .(0) - ®
Theorem 25 H_; () consists of all ¢ = (g*,q3)T, where § = (q1,42)7, of
the form
g=DivP +GradQ, q3=divV —2Q, (5.11)
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where P € L*(R?) N M3x1, Q € L*(R?) N Mix1, V € L*(R?) N May1, Div
and Grad were introduced in Section 4.3. Also there are constants ¢ > 0 and

co > 0 such that
callgll-rwe<Pllo+ Qo+ [V o<ellgll-1wa -

The proof of this theorem repeats the proof of Theorem 20.

We now show that (D) and (N) can be reduced to similar problems for the
homogeneous equilibrium equation by means of the area potential.

We start with (D). By Theorem 25, any ¢ € H_1 ,,(€2) can be represented in
the form (5.11), where the equality is understood in S'(2). Let ¢ € H_1 ., (R?)
be defined by the same formula (5.11), in which the equality is understood
in S’(R?). We represent solution of (D) in the form v = U (—q) + w. Since
bU (—q) ,v) = (q,v)y = (q,v), for v e ﬁILw(Q), we conclude that w € Hy ()

satisfies
bw,v) = 0 Ve Io{Lw(Q)
Yowy = [T=g U) s vow-=f—v UD)_.

Let v, be the trace operator defined on Hi ,(Q) by vov = {vgvi,vgvs —
[e]

Yo v—}. It is clear that v, is continuous from H; () to Hy/2(I'o) x Hy/o(To).

Consequently, without loss of generality, in what follows we consider the problem

(D) that consists in finding v € Hy ,,(€2) such that

b(u,v) =0 Yo Hio(Q), ~ou= {6/}, (5.12)
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In problem (N) we seek u € Hj ,(€2) such that
b(u,v) = (q,v),, Yve Hi,(Q), (5.13)
where g € H —1,0() was defined in Theorem 24 and satisfies
(¢:2)p =0 VzeF. (5.14)

Since Hi ., (R?) is a subspace of Hy (), we may consider ¢ which belongs to
H_; ,(R?); in addition, from (5.14) it follows that ¢ € H_1 ,,(R?). We represent

the solution of (5.13) in the form u = Uq + w, then (5.13) becomes
b(w,v) = (q,v), — bUg,v) Yv e Hy,(Q).
Lemma 26 For all g € IOJ_LM(Q) satisfying (5.14), the expression
L(yov) = (¢ v)o — bUq,v), v € H (), (5.15)

defines a continuous linear functional on Hyj5(To) x H1/2(To); therefore, L(yqv)

can be written in the form

<qvv>0 - b(Z/ﬁ]v, U) = <5g7’7(—)~_v+>0;1"0 + <gia 5v>0;]_—‘0 , VE Hl,w(Q)a
where {0g,97} € H_y2(T'0) x H_y/2(Io).

Proof. Let v1,v2 € Hi () such that yov1 = vov2. The difference v; —
vy € I;LW(Q) C Hy,(R?), and since b(Uq,vi — v2) = (q,v1 — v2),, we find
that L(yyv1) = L(7v2). This means that definition (5.15) of £ on H;/5(Tg) x
ﬁIl/Q(FO) is consistent. Let {fT,0f} € Hy/o(To) X i[l/g(r()). Repeating the
proof of Theorem 23, we choose v € Hj () so that yov = {fT,df} and
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lv o< elll £ lyzirg + 10 lli/2ir). We have
L{F o) <cll@ll-rollviwes el @ll-rw (I £ iz, + 110 l1/2r),

which shows that £ is continuous on H/5(Tg) % ﬁ[l/g(Fo); since I;'_l/z(Fo) X
H_,/5(T) is the dual of H;/5(I'g) x IC)il/Q(FO), this completes the proof. m

Lemma 26 implies that, without loss of generality, we may consider (N) only
for the homogeneous equilibrium equation; that is, we seek u € Hy ,(2) such
that

b(u,v) = <59773U+>0;p0 +{g~, 5U>O;FO Vv € Hy (). (5.16)

We remark that (5.16) is solvable only if

(2,09)0.r, =0Vz € F. (5.17)

5.3 Poincaré—Steklov operator for the crack prob-

lem

For F' = {f*,0f} € Hy/5(T'o) x Hy/2(To) and G = {d6g,97 } € H_12(T0) x

H_,/5(T'g) we use the notation
[P, oy = (F509) g, + (659 Do, -
We define the Poincaré-Steklov operator 7 on Hj /5(I'g) x ;11/2(1"0) by
[TF Wy, = blu,w) YU € Hy(To) x Hipa(To), (5.18)

F € Hy(To) x Hya(lo),
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where u is the solution of (5.12) and v is any element in Hj () such that
Yov = ¥ = {7, 6¢}. The definition is independent of the choice of v. In
particular, we may take v = [¥, where [ is an operator of extension from I’y to
Q which maps H; /(') x I‘)il/Q(Fo) continuously to Hy ., ().

We identify F with the subspace of Hy,5(I'g) x 1011/2 (Tp) consisting of all

7Z ={z,0},z € F. We also introduce the spaces

Hijo(Lo) = {F € Hyp(To) x Hyjs(To) <f+7Z>O;FO =0 Vze F},

~

H_1y2(To) = {G€H _1/2(L0) x H_1/2(T0) : (39, 2)g.p, =0 Vz € F},

Theorem 27 (i) T : Hy5(To) X Hi/s(To) — H_15(To) x H_1/5(To) is self-

adjoint and continuous.

(i1) The kernel of T coincides with F.
(iii) The range of T coincides with ﬁ_l/z(Fo).
(iv) The restriction N of T to 7:21/2(1"0) is a homeomorphism from ﬁl/g(ro)

to ﬁ,l/g (FQ)

Proof. (i) If u is the solution of (5.12) and v = [V, then, by the definition

of T, for F,¥ € Hl/g(FO) X H1/2(F0)

[T, O] = [b(u, v)[* < b(u, u)b(v,v) < cb(u,u) || @ ||?

Hl/z(FU)X;{Uz(FO) .
Consequently, TF € H—1/2(F0) X H—1/2(F0) and
1% <cb(u,u) =c|TF,F],. 5.19
[ ||H71/2(FO)XH71/2(FO) (u,u) = c| Jo:To (5.19)
< el Tl [ : :
H_1/2(To)xH_1/2(T0) Hy/2(To)xHyy2(To)
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From (5.19) it follows that

I TR, <c|F|

< o , (5.20)
—1/2(To)XH_1/2(T0) Hy3(To)xHyy2(Io)

which proves the continuity of 7. The definition of 7 shows that it is self-adjoint

in the sense that
[TF, \II]O;Fo = [\IJ,TF]O;FU VE, U € Hl/Q(I‘O) X Hl/g(l"o).

(ii) Tt is clear that TZ = 0 for Z € F. If F' € Hy 5(To) x Hy (To), TF =0
and v is the solution of (5.12), then b(u,u) = 0; therefore, u € F, which implies
that F' = yyu € F. This also proves that N is injective.

(iii) By (5.20), the range of 7 is a subset of 7:2_1/2(1"0). Let {Z®}2_| be an
L?(Tg)-orthonormal basis for F. From Theorems 7 and 10 it follows that any

u € Hy ,,(Q) satisfies
3 2
2 a<c|b (rfue,2) | 5.21
|ww94wm+;vww - (521
Let F € ﬁl/Q(FO). By the trace theorem [56] and (5.21),

” F Hzh/z(ljo)><lr0{1/2(1“o)< ¢ H B ||%,w;ﬂ< Cb(u’U) - [TF’ F]O;FO ;

hence,

IE Sl TFI

Hy /2(To)x Hy /(T _1/2(To)x H_15(T)’

which shows that A/ ~! is continuous. If the range of 7 is not dense in ﬁ,l/g (To),
then there is a nonzero F in the dual Hy/5(To) x 131/2(1"0) \F of ﬁ_l/Q(Fo)
such that (TF, W), = 0 for all representatives F' of the class F and all
W € Hy(To) x Hy (o). Taking F € Hyjp(To) and ¥ = F, we find that

79



[TF,Fly.r, = 0; therefore, F' € F and F = 0. This contradiction proves the
third statement.

(iv) This assertion follows from preceding ones. ®

5.4 Boundary equations

We introduce single and double layer potentials on the crack defined by

Vo)(z) = g D(z,y)e(y) ds(y),
(We)(x) = / P(z,y)p(y) ds(y),

Let H_1/2(I'g) be the subspace of H_; /5(T'g) of all g such that (g, Z>O;F0 =0
for all z € F.
We define the modified single layer potential V of density ¢ € H_;/2(I'0) by

o) = Vo)~ (Ve 3") V), acr

where V' is the single layer potential, and 1} is the boundary operator de-
fined by (V)o = ’ﬁﬂchp. Let Vo be the operator defined on 7?{_1/2(F0) by
o — (V) = 'yﬁwiwp. From the results established in Section 4.2 V), is contin-
uous from 7?(,1/2(F0) to the subspace H;5(I'g) of all fte Hy/5(I'g) such that
(f*,2)o, = 0for all z € F. Let V be the continuous operator from 7(3(_1/2(F0)

to ﬁl/g(Fo) defined by Vo = {Vop, 0}.
Theorem 28 The operator Vy is a homeomorphism from H_y 2(T'o) to Hy/2(To).

Proof. The continuity of Vy is proved in Theorem 18. From the jump
formula for the normal boundary stresses and couple stresses of the single layer
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potential (Theorem 1) it follows that the first component of N'Vy € H_y 2(To)

is ¢. By Theorem 27,

12 <INV || o
H QDH 1/2:To H wHHq/z(Fo)XHfl/z(Fo)

< % . = ‘
< Ve ||H1/2(F0)><H1/2(I‘0) c || Voo ll1/2;r

which shows that V; !is continuous. Next, we claim that the range of Vy is
H1/2(To). Let fT € Hyo(Lo) and F = {f+,0} € 7'A(1/2(F0), and let u € Hy ,(£2)
be the solution of (5.12) with §f = 0. We take G = {dg,9" } = NF € ﬁ_l/g(Fo)
and ¢ = dg € 7?{,1/2(F0). Then w = u—Vyp satisfies yow = {fT —Vop,0} = .
By the jump formula, the first component of AW is zero; consequently, b(w, w) =
N, \I/]O;FO = 0. This means that w € F, so 'yngr is a rigid displacement on
To. Since v§ w4 = fT = Vop € Hy/2(o), we have fT = Voo, and the assertion
is proved. m

Also we introduce the modified double layer potential W of density i €
i 1/2(To)

Wo)(a) = W) - (6. 50) ), sen

Clearly, if ¢ € H, ;5(Ty), then Wi € Hy () and | W [l1wa< ¢ | |12 -
Hence, for ¢ € ]o{ 1/2(I'0) we can define the operators W= of the limiting values
of the modified double layer potential on I" from within QF, by writing Wy =
yETEWRP. Tt is obvious that W* are continuous from ﬁl/Q(FO) to Hy/5(I') and

satisfy the jump formula

W — W™ = —1p. (5.22)
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For ¢ € Hy/5(I'g), we now define the operator Wy of the limiting values of the

modified double layer potential on I'g from within €2, by writing
Wop = {moWHep, moW T = W) } = {moWHep, =4} .

Clearly, W is continuous from Ioil/g(FO) to ﬁl/g(ro).

Let G = NWjy. From the jump formula for the normal boundary stresses and
couple stresses of the double layer potential it follows that the first component
of Go is zero for any 9 € ](){1/2(F0); therefore, we can write Gt = {0,G} for

all 1/1 € H1/2(F0)'
Theorem 29 G is a homeomorphism from H5(To) to H_y5(T).

Proof. The continuity of G follows from the properties of Wy and A. We
claim that G~' is continuous. Let ¢ € Hj/9(Io). By (5.22) and the trace

theorem [56],

(0 H%/mr:H WHy =Wy H%/Q;F< c|| Wy

|2
1,w;2

< Cb(W’l/), W’w) = —C <g'l/]7 1/}>0;F0

N

cll gy H—l/z;roH Y {12,

consequently, || ¥ [l1/2,0< ¢ || G¥ [|=1/2;r, - If the range of G is not dense in
H_,/5(Tg), then there is a nonzero 1 in the dual ;11/2 (F'o) such that (1, G€)o.r,) =
0 for all £ € I(;'l/g(Fo). We take £ = ¢ and obtain (¢, g¢>O;FO = 0, which means
that Wi € F; hence, v = W~y — Wty = 0. This contradiction completes

proof. m
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We represent the solution of (5.12) in the form
u=(Ve)o+ Wi +z, (5.23)

where ¢ € H_;/5(I'0) and ¢ € Hy/5(Tg) are unknown densities, (Vp)q is the

restriction of Vi to 2 and
2= <f+ - WOW+¢,Z(”> 39,
0;To
Representation (5.23) leads to the system of boundary equations
{Vop +moW e + 952, v} = {f7,0f}. (5.24)

Theorem 30 For any {f*,0f} € Hy/2(To) x Hy2(To), system (5.24) has a
unique solution

{p, 0} € 7?(—1/2(110) X ﬁ[1/2(ro)

respectively, and

I e} I, <l 4o,

o o .
—1/2(To)xHy/2(To 172(Lo)xHy/2(To)

In this case, (5.23) is the solution of problem (5.12).

Proof. From (5.24) ¢ = —f € Hy/2(I'o), consequently the equation for ¢
becomes

~ ()
z .

Vo = [+ +mgWHsf — <f+ L oW, z<“> (5.25)

0;00

The right-hand side in (5.25) belongs to H;2(I'o). By Theorem 28, (5.25) has
a unique solution ¢ € H;/5(I'g) and
I e llcipr<c(l fT iz, + [l ToW S [l1/2.15)
< + . + (5 . == +, (S o .
(1 lugmwy +105F lugae) =1 FH08Y 1, e
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We represent the solution of problem (5.16) in the form
u=Vp)a+ Wi+ 2z (5.26)

where ¢ € H_1,2(I'0) and ¥ € H;/5(I'g) are unknown densities, and z € F is

arbitrary. Representation (5.26) leads to the systems of boundary equations
NV + Gy = {5g,97}. (5.27)

Theorem 31 For any {dg,9”} € H_1,2(I'0) x H_1,5('0) satisfying (5.17),

system (5.27) has a unique solution {p, ¥} € 7?{1/2(Fo) X ﬁ[l/g(To) and

I o0} 11 <ell Ggg )

o .
—1/2(T0)xHy/2(To —1/2(To)xH_1,2(To)

In this case, (5.26) is the solution of problem (5.16).

Proof. Comparing first components on both sides of (5.27), we see that

© = dg; therefore, (5.27) takes form
Gy =g~ — (NVig) . (5.28)

where (N 1759) is the second component of N 1759. By Theorems 27, 28 and

29, (5.28) has a unique solution 1) € Hy/5(Tg) and

I lizr<e(ll g™ ll-1/zme + 1 09 -1/2ir) -
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5.5 The boundary equations for a finite domain

Let 0S be a simple closed C?-curve that divides R? into interior and exterior
domains ST and S~. We assume that ST contains inside an auxiliary simple
closed C?-curve I' = Ty UT;, where Ty is an open arc modeling crack. We write
Q = ST\Ty. Let QF be the interior domain bounded by T, and let Q~ = SH\Q .

If u is defined in €2, then we denote by uy and u_ its restrictions to Q" and
), respectively, and write u = {u,,u_}. The spaces H;(QF) are introduced
in the usual way. The traces of the elements u+ € H;(Q%) on I are denoted by
vy uy and Y u_.

We denote by 7;, i = 0,1, the operators of restrictions from I' to I'; and
write v = mvF, i = 0, 1. The space H; () consists of all u = {u;,u_} defined
in Q and such that u, € H1(Q%), u_ € H1(Q7) and v uy =~ u_. The norm

in Hy(Q) is defined by || u |

o=l us HiQJr + || u— HiQ* . Let 7, be the trace
operator that acts on u € Hi(Q) according to the formula you = {v§u,vgus—
Yo u—}. Clearly, 7, is continuous from H; (£2) to Hy /o(Tg) x i[l/g (To). The trace
of u € H1(R2) on 9S is denoted by vjgu. Iiﬁ(ﬂ) is the subspace of Hy(2)
consisting of all u € Hy(Q) such that yyu = {0,0} and vjqu = 0.

Let T' = I'yUdS. In what follows we make use of spaces H /5 (f) = H,5(To) x
Hy /(Do) x Hy 5(9S) of all F = {F, fog}, where F' = {f*,6f}, and H_ ;»(T) =

H_1/5(T0) X H_1/5(To) x H_1/5(3S) of all G = {G, gos}, where G = {3g, 9}

It is clear that these spaces are dual with respect to the duality [ﬁ , @] -
05

[F, Glo.r, + (fos:965)0.95 » Where [F,Glop is the form defined in Section 5.3.

< in L(T) = L%(Ty) x

This duality is generated by the inner product [-,-], s
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L?(Tg) x L*(99).
We consider the following boundary value problems.

Given F = {F, fos} € Hy»(T), we seek u € H;(€2) such that
bo(u,v) =0 Yv € Hq(Q), You = F, 'ygsu = fas, (5.29)

where bo(u,v) = [, E(u,v)dz.

Given G = {G,gss} € H_l/g(f), we seek u € Hq(£2) such that
ba(u,v) = [GVYOU}O;FU + <9857’YBS”>0;837 Vv € Hi(Q). (5.30)
Clearly, (5.30) is solvable only if
(09, 2)o.r, + (905, 2)0,05 =0, Vz € F. (5.31)

In what follows we assume that (5.31) holds. The proofs of the unique solvabil-
ity of (5.29) and (5.30) repeat those of Theorems 23 and 24 with the obvious
changes, so we omit them.

We introduce the Poincaré-Steklov operator T by [?ﬁ ,\Tl} = ba(u,v),
where F, U € Hl/g(f) are arbitrary, u is a solution of (6.1) and v € H1(Q) is
any extension of U to Q. Let F(I') be the space of all Z = {Z,z}, Z = {z,0},

where z € F is arbitrary. We define the spaces

~

Hyp®) = {ﬁeHm@);[ﬁ,z} ~0 vzef@},

0;f

Hfl/g(f) = {é S H,l/g(f) : |:é,2 0

fzovief@ﬁ.

Theorem 32 (i) T is self-adjoint and continuous from Hl/g(f) to H,l/g(f),
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(ii) The kernel of T coincides with F(T).
(iii) The range of T coincides with H,l/g(f).
(iv) The restriction N' of T from Hl/g(f) to Hl/g(f) is a homeomorphism

from H1/2 (f) to H,l/g (f)

The proof of this theorem is identical to that of Theorem 27.

Let 7?171/2(?) be the subspace offoi,l/Q(FO) X H_1,5(05) of all o = {pg, 05}
such that (g, 2)o.p, + (Pas: 2)g.0s = 0 for all z € F. ﬁl/g(f) is the subspace
of Hy/5(To) x Hy/2(0S) consisting of all f = {f*, fas} such that (f*,z)q.p +
(fos,2)o.95 = 0 for all z € F.

We define the single layer potential of density ¢ € 7(3l_1 /2(f> by

(Vo) () = (Vowo) (@) + (Vaspas)(x), = €R?,

where Vpp, and Vaspyg are the single layer potentials defined on I'y and 05,

3

respectively. Let {2 (i)} be an LQ(f)—orthonormal basis for F (f), where

i=1
AQN {Z(i),z(i)} and Z® = {2z 0}. The rigid displacements z(*) satisfy
(5.29) with boundary data F = Z(®), fs5 = 2. We introduce the modified

single layer potential

V@) = Vo) (V)2 +(Vilas =) | 200), 2 e

;To 0;08
where (V), and (V),g are the restrictions of Vi to I'g and 9S. The corre-
sponding boundary operator Vx is defined by Vip = {7{ Vo), ,7ihs Ve)o )

where (V). are the restrictions of Vi to QF. We also introduce a boundary

operator V by writing Vi = {r¢ (V). 0, Yhs Ve)a} -
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Theorem 33 Vy is a homeomorphism from H,l/g(f) to ﬁl/g(f).

Proof. From the properties of the single layer potential (Section 4.2) it

follows that (V) € H1(Q), (Vg)g- € H1,,(S7), and

IVe)qlltg < cbal(Ve)g, (Ve)g). (5.32)

Here (Vp)g- is the restriction of Vo to S~. The properties of the Poincaré-

Steklov operator 7~ are given in Section 4.1. For any ¢ = {pg,vag5} €

o ~

H_1/2(I"), the jump formula for normal boundary stresses and couple stresses

can be written as
Py = (/\717@)1 ,  Pas = (/\71790>3 — T (Vrg), (5.33)

where (J\Af 9@) are the components of N 17<,0 and (Vfgo)a are the components

of Vag. From (5.33) it follows that
ba((Ve)g, (Ve)a) +bs-((Ve)s-, (Ve)s-) (5.34)
= <(Vf@)1 ’(‘00>0;F0 + <(Vf§0)2 ’ Lp6$'>0;35 :

We claim that Vg is continuous. Let ¢ = {pg, ¢p5} € H_l/g(f). By the trace

theorem [56],

Vf<p||H1/2(FO)XH1/2(as) <cll(Ve)alliq - By (5.32) and (5.34),

2
Vebllsr, o roycrm, uios) < C[<(VF“P)1°‘P0>0;FO+<(Vfw)2’@as>0;65}

S ¢ HVFL’OHHI/Q(FO)XHl/z(GS) ||<p||}(21,1/2(F0)><H,1/2(85) ;

consequently, ||qu , which proves

< o
<p||H1/2(Fo)><H1/2(3S) S HSOHH,I/Q(FU)XH,I/Q(BS)

the continuity of Vp.
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If Vae = 0, then 17@ = 0 also, and (5.33) gives that ¢ = 0; therefore, V5 is

injective. By (5.33) and Theorem 32,

||(‘D||;171/2(F0)><H71/2(8S) S CHVFSOHHIN(FO)XHUZ@S) ’

which means that Vf_l is continuous.

To complete the proof, it suffices to show that the range of Vp is ﬁl/Q(f).
Let f = {f*, fos} € Hia(T) and F' = {f*,0} € H5(T) x 131/2@0)’ and let
F ={F, fos} € Hl/g(f). We denote by ug € H1(Q) the solution of (5.29) and

by ug- € Hi,,(S™) the solution of problem
bs-(ug—,vg-) =0 Yvg- € Hy1,(57), vg-us- = fos-

Let 7V = G = {69,97, 945}, and let T~ fos = g55. We take @, = g, pyg =
ggs — 9gos and ¢ = {¢g,pss}, and write wo = ug — (V¢)o € Hi(R2) and

wWg- = Ug- — (V(p)gf S H17w(S_). Then

Yowe = {fM—vf(Ve)y,0},
Yaswa = fas —vas(Ve)a,
YosWas = fos —Vos(Ve)s- = fas — vos(Ve)a.

From the jump formulae and the definition of ¢ it follows that

bo(wa, wa) + bs- (ws-, ws-)

(9ds - (/\717@)3 , fos — vaﬁq(W)Q%aS
— (995 =T~ (Vep)y s fos = 1as(VP)s- o5
= (995 — 9os — Pos: fos = 19s(VP)a )05 = 0;
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hence, U = {f* — 7 (V) 1,0, fos —vas(Vp)a} € F(T). Since¥ € Hj 5(T), we
conclude that ¥ = 0, which completes the proof. m

Let H;/2(0S) be the subspace of H;/,(9S) consisting of all f such that
(f, Z>o;as =0 for all z € F. H_y,2(9S) is the subspace of H_;/5(0S) of all g
such that (g, 2)q.9s = 0 for all z € F.

We define the double layer potential of density 1 = {1, ¥55} € .;.’1/2 (To) x

H1/2(9S) by
(W) (z) = (Worbo)(z) + Wasthas)(@), z€QaeSs,

where Wy, and Wasipyg are the double layer potentials defined on I'y and 0.5,

respectively. We introduce the modified double layer potential

i) = (W) - (v )

3

(ks =) } (),

0;0S

x € Q, zeS8S,

where (Ww)a_ and (Ww)gs are the limiting values of Wt on I'g and 9S from
within @ and S*. We also define the limiting values W* of the modified double
layer potential on I' from within Q% by writing W¥1) = v 75 We). The corre-
sponding boundary operator )7\/\1/} = {7r0 W), moW T — W), 'Yérs (Ww)ﬂ} =
{vomt W), =g, 795 Wib)q -

Let é = NW. From the jump formula for the normal boundary stresses and
couple stresses of the double layer potential it follows that the first component
of G1p is zero for any 1 € .;.’1/2(].—‘0) X Hy2(0S); therefore, we can write G =
{0, (aw) B ) (§¢> 88} for all ¢ € ﬁ[l/g (Fo) xH1/2(0S). We also define boundary
operator Gty = {(Gv) , (G), } from Hyj3(To) x H12(9S) to H_1/3(To) x
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H_1/2(08).

Theorem 34 Gr is a homeomorphism from Hy j5(Lo) xHy j2(9S) to H_1,5(I'g) x

H_1/2(95).

Proof. From the properties of the double layer potential (Section 4.2) it

follows that (W), € H1(R2), W) g- € Hq,(S7), and

IOVE)gl1% o < cba(Wip)g , (Wih)g). (5.35)

Here (Wt)4- is the restriction of Wi to S~. For any ¢ = {9,955} €
Hy/3(To) xH1/2(0S), the jump formula for double layer potential can be written

bo=— (W) . wos=—((We) —75s W0)s-),  (5:36)

where (Wz/)) ~are the components of W’l/). From (5.36) it follows that
ba(We)g , We)g) + bs- (W) g, Wi)g-) (5.37)
= = <(gf‘¢)1 ’1/)0>();r0 - <(gf¢)2 7w88>0;as :

We claim that Gg is continuous. Let 1) = {1, ¥yg} € I(;Tl/g(Fo) X H1/2(0S).

By Theorem 32, (5.35) and (5.37),

2 —~ 2
Hgfw“H—l/Q(FO)XH—lﬂ(aS) S CHWwHHfl/z(f)<C”(Ww)ﬂ|‘iﬂ
< efba(Wi)g, W)g) +bs- (W) -, W) g-)}
< e {J0G0) o)y | +|((Gx¥), - Vosos|}
<

¢ HgfwHH—1/2(FO)XH1/2(6S) ||¢||ﬁ[1/2(F0)XH1/2(65) ;
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consequently, ||gfw||H,1/2(Fo)le/z(as) <c ||w||ﬁll/2(ro)xH1/2(8S) , which proves
the continuity of Gs.

If Gpyp = 0, then from the properties of ./\7, Ww = 0 also. Noting that
T vys Wi)g- = (Qflp)Q =0, from (5.36) we obtain that 1) = 0; therefore, Gn

is injective. By (5.36) and Theorem 32,

|W\|131/2(F0)XH1/2(83) S¢ ”gf¢||H,1/2(r0)xH1/2(aS) ’

which means that gf—l is continuous.

To complete the proof, it suffices to verify that the range of Gg is dense
in H_y/5(T'0) x H_1/2(0S). If the range of Gz is not dense in H_;/5(Tg) x
H_1/2(0S), then there is a nonzero 9 in the dual 19{1/2(F0> xH1,2(0S) such that
(0, (GEB) Do, + (V05: (GB)3)ps = 0 for all B € Hyya(To) x Hy/2(0S). We
take 3 = 1 and obtain (¢, (gf¢)1>o;FO + (Vas» (gf¢)2>0;85 = [¢, @ﬁ} o 0,
which means that Wi € F(I); hence, g = — (oW — moW 1) = 0, 1hgg =
— (vds W) — 155 W) g ) = 0. This contradiction completes the proof. m

We represent the solution of (5.29) in the form
u= Vp)a+ W + 2z, (5.38)

where ¢ € H,l/g(f), Wo1 is the double layer potential of density 1) € H4/5(I'o),

o [<f+ +75 (Wodf)+, Z(i)>o;r + <f65 + 755 (Wod f)a, Z(i)>o;as] 2,
(5.39)
and (Wodf), and (Wodf)q are the restrictions of Wodf to QT and €. This

representation yields the system of boundary equations

Vo + {75 (Wo)) 1, 9,755 (Wo)a} = F — {2,0,2}. (5.40)
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Theorem 35 For any F € Hy o (f), system (5.40) has a unique solution {p, )} €

o

'H,l/g(f) x Hy2(To), which satisfies the estimate

I {o. 93 I

o < C ﬁ 7~y -
71/2(F0)><H71/2(3S)><H1/2(F0)\ ” HHI/Q(F)

In this case, u defined by (5.38) is a solution of (5.29).

Proof. We take ©) = —40f and reduce (5.40) to the system

Ve = {fT, fos} + {75 (Wod f)+,755(Wod fla} — {2 2}. (5.41)

By (5.39), the right-hand side in (5.41) belongs to ﬁl/g(f). The assertion now
follows from Theorem 33. m

We represent the solution of (5.30) in the form
u="Vr,p+ W) + 2, (5.42)

where Vr ¢ is the modified single layer potential of densitye € H_;,2(I'0), ¢
and ¢ € Hy/5(Ig) x Hy/2(0S) are unknown densities, and z € F is arbitrary.

This representation yields the system of boundary equations
N{§ (Vre9), 0,755 (V) + G = G. (5.43)

Theorem 36 For any G € H_l/z(f), system (5.43) has a unique solution

{p, ¥} € 701_1/2(1"0) X .;.’1/2(]:‘0) X Hq/2(0S), which satisfies the estimate

I {e ) I,

o <C é =N .
—12(To) X Hy (Do) x Hy /2(dS) ISR VVENG

In this case, u defined by (5.42) is a solution of (5.30)
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Proof. From the jump formula for normal boundary stresses and couple

stresses of the single layer potential (Theorem 1) the first component of

N A8 (Vre9), 0,74 (Vry @) }

is equal to ¢. Comparing the first components on the both sides of (5.43) we

see that ¢ = dg. The assertion now follows from Theorems 32, 33 and 34. m

Remark 37 In this chapter we have assumed that T’ and 85 are C?-curves. It
can be shown that all the above results remain valid for piecewise-smooth C°!-

curves that consist of finitely many C*-arcs [82].

5.6 Summary

In this chapter we have formulated Dirichlet and Neumann boundary value
problems for a domain weakened by a crack in Sobolev spaces and showed that
these problems are well-posed and depend continuously (in a suitable Sobolev-
type norm) on the data. This result is important for practical purposes, since
it validates further applications of numerical procedures. We have also shown
that the corresponding weak solutions can be represented in terms of modified
integral potentials with unknown distributional densities, which facilitate the
construction of appropriate boundary element methods for finding these distri-

butional densities and solving the problem numerically.
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Chapter 6

Example: Stress
Distribution Around a

Crack in a Human Bone

In Chapter 5 we have performed the rigorous analysis of Neumann boundary
value problem for a domain weakened by a crack in Cosserat continuum and con-
structed the corresponding solution in the form of modified integral potentials
with unknown distributional densities. Unfortunately, it is impossible to find
these densities analytically, consequently, we have to find a numerical technique
which will allow us to obtain a numerical approximation of the solution. One of
the most effective approaches to achieve this goal is to use the boundary element

method. This method has been developed by Brebbia [83] and has become very
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popular among researches in different areas including fracture mechanics (see,
for example, [84] for references on applications of the boundary element method
in science and engineering).

The boundary element method has originated from works on classical in-
tegral equations and finite elements and incorporates advantages of both tech-
niques. On one hand, it allows to reduce the dimension of a problem by one and
defines domains extending to infinity with a high degree of accuracy exactly as
the boundary integral equation method. On the other hand, the boundary ele-
ment method does not require the differentiation of shape functions, which is the
major requirement of the finite element method when we have to find stresses,
but allows us to differentiate the matrix of fundamental solutions instead, which
makes the calculation of stresses easier and more accurate.

In this chapter we use the boundary element method to find the solution for
an infinite domain weakened by a crack in Cosserat continuum, when stresses
and couple stresses are prescribed along both sides of the crack (Neumann
boundary value problem), and discuss its convergence. To illustrated the ef-
fectiveness of the method for applications we consider a crack in a human bone
which is modelled under assumptions of plane micropolar elasticity. We find the
numerical solution for stresses around the crack and show that the solution may
be reduced to the classical one if we set all micropolar elastic constants equal to
zero. We come to the conclusion that there is up to a 26 percent difference in
quantitative characteristics of the stress around a crack in the micropolar case

in comparison with the model when microstructure is ignored (classical case
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[85]).

6.1 Boundary element method

Consider problem (5.16). In Theorem 30, we have shown that the solution to
problem (5.16) can be represented in the form (5.26), i.e. w = (Vp)o+ Wi+ z,
and the corresponding boundary integral equations are uniquely solvable with
respect to distributional densities ¢ and . As we stated above, these densities
cannot be found analytically. To approximate them numerically we use the

boundary element method [86] which makes use of the following classical result.

Lemma 38 (Somigliana formula) Using classical techniques, we can prove that

if u € Hy () is a solution of Lu =0 in Q, then

[ D)3 (10,u(0) = Pla.y)buu)] dsty) = gou(e), =€ To, (6)
where 6 (T'(0y)u(y)) denotes the jump of T'(0y)u(y) on the crack.

From Theorem 31, the density of the modified single layer potential is ¢ =
d (T(0y)u(y)) = dg. We need to find the density of the modified double layer
potential ¢ = —du. To achieve this goal we divide 'y into n elements F(()k), each
of which possesses one node f(k) located in the middle of the element. The

values of g and Ju are constant throughout the element and correspond to the

values at the node dg(¢™)) and du(¢™). Then (6.1) becomes

n 1
kz—l/rék) [D(x,y)ég(g(’f)) — P(x,y)&u(g(k))} ds(y) = 55’&(:6), .
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Placing x sequentially at all nodes, we obtain the linear algebraic system of

equations

/m DEW,y) dS@)) 3g(e™) (6.2)

k=1 0
- /FW PEW,y) dS(y)> du(&™)
k=1

= L), ik=Tm

with respect to du(¢™).
We note that [, D(E9,y) ds(y) is defined for any i and k [44].

Solving (6.2) we construct the approximation to . If we introduce the shape

function ®(x) by
1, ze€ Fék)
(I)k(:L') =
0, e\
then the approximated densities are (™) (z) = 37| Oy (2)0g(€™) and v ™ (z) =
— > @y, (2)6u(€™®) and the approximate solution is u(™ = (V™) g4+ W™ +

z, where z is arbitrary. Now we have to prove that approximate numerical so-

lution u(™ will converge to exact analytical solution u when n — oo.

Theorem 39 «(™ — 4 as n — .

Proof. Since we consider Neumann problem, rigid displacement terms are

not determined. Consequently, it is enough to show that V(™ — V¢ and
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Ww(") — W1 as n — oo. Consider V(™. For x € Q

V() - Vit (x)\

DO (z,y) ( o DO (z,y) ds(y )) (™)

Lo k=1

Z_:l/rék) [D(Z)(x’y)(p(y) *D(Z)($7y)gp(§(’f)):| dS(y)

N
.Mw

N
Il
s

I
'M“

s
Il
-

n

> Juo PV [e0) — ol )] dstw)

[
Mw

1

-
Il

k=1
S DO@, ) e |pv) — o (€| b

k=1

M-

<

Il
-

[

where hy is the length of the kth element assuming the elements are all equal
hi = h = £ where L is the length of I', and ‘cp( o(e® )) Zl 1 leiy) — %(5(’“))‘ =

2?21 Zi:l a%(g(k))‘

Since || D@ (z,-) ||1.w:0 are uniformly bounded [40], that is, there exists My > 0

304%-(5(“)} h+O(h?). Denote by My = max,_, 5., T3.4—T7

such that || DO (2, ") ||1.w.0< My for any = € Q we may write

18 M M, L?
Volz) — V™ (z)| < =22 50 as n — oo.
n

Repeating the proof for Ww("), we conclude that v(™ — u. m

6.2 Example

As an example, we consider a longitudinal crack inside a bone in the case when
constant normal stretching pressure of magnitude p is applied on both sides of
the crack. If we consider a typical transversal cross-section of the bone and
assume that this cross-section is small enough then the deformation of each
cross-section under the prescribed load will be the same throughout the length
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of the bone and will develop in the plane of the cross-section. Consequently,
such deformations may be considered under assumptions of plane micropolar
elasticity. Such a model is not an idealization that lies far from reality, as it
may seem first, but, as shown, for example, in [65-67], can describe actual cracks
in bones very closely, since orthopedic biomechanics usually deals with cracks
of a very small size.

We model a crack as an open arc of the circle given by equations: z; =
acosl, xo = asinf, § € (0,7/6) (Figure 6.1). By changing the radius a of
the circle we will change the length of the crack. We are interested in how
the normal traction distributes at a distance from the crack tip along the line:
r1 = a, To < 0. Clearly, this problem can be considered as Neumann problem
described above.

Elastic constants for a human bone have been measured in [63] and take the
following values: a = 4000 M Pa, v = 193.6 N, ¢ = 3047 N, A = 5332 GPa,
1 = 4000 M Pa. In our example we construct solutions for cracks of lengths
equal to 0.26 mm, 0.52 mm, 0.75 mm, and 10 mm to show good agreement
of our results with the results presented in the experimental study by Lakes
and Nakamura [75] performed on human bone cracks of same lengths. We also
assume that normal stretching pressure p to take a value of 2 M Pa.

Let the distance from the tip of the crack be p = |z3|. The numerical solution
for boundary tractions and moments is found to be accurate to exact solution

to five decimal place for n = 52 elements of I'y (see Table 6.1).
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Distance p (mm) 0.1 0.5 0.7 1

T, (MPa) | 0.983256 | 0.108643 | 0.082351 | 0.057282

n=4 | T, (MPa) | 1.175489 | 0.538926 | 0.213505 | 0.756437

Ms (N/m) | 162.5682 | 91.24553 | 79.45362 | 70.64523

T, (MPa) | 0.569361 | 0.068735 | 0.052678 | 0.032536

n=10 | Ty, (MPa) | 0.634936 | 0.264282 | 0.091475 | 0.045343

M; (N/m) | 84.24634 | 49.86301 | 44.26856 | 36.09357

T, (MPa) | 0.427549 | 0.061862 | 0.039754 | 0.021830

n=30 | T, (MPa) | 0.506874 | 0.184756 | 0.075982 | 0.033547

Ms (N/m) | 69.24764 | 34.25447 | 30.25879 | 24.62579

T, (MPa) | 0.398462 | 0.053918 | 0.030028 | 0.015244

n=>50 | Ts (MPa) | 0.454906 | 0.108063 | 0.061039 | 0.026688

Ms (N/m) | 61.11549 | 29.69127 | 22.59611 | 15.80458

T, (MPa) | 0.398456 | 0.053910 | 0.030021 | 0.015239

n=>52 | Ts (MPa) | 0.454899 | 0.108054 | 0.061033 | 0.026678

Ms (N/m) | 61.11542 | 29.69119 | 22.59604 | 15.80451

Table 6.1: Approximate solution for crack of 0.52 mm length: 7, — normal

traction, T — tangential traction, M3 — moment about z3-axis
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Figure 6.1: Crack in xjxs-plane. Length: 0.52 mm (a =1 mm)

Let us now compare the results for the normal traction in the micropolar
case with the results of the classical theory for cracks of different lengths. This
comparison is given in Tables 6.2-6.5 and Figures 6.2-6.5. In Figure 6.2-6.5
there is a graphical representation of the distribution for the normal traction at
a distance from the lower crack tip for the cracks of lengths equal to 0.26 mm,
0.52 mm, 0.75 mm and 10 mm correspondingly. The bold curve characterizes
the stress distribution in the micropolar case while the classical case is plotted
by the normal curve. Tables 6.2-6.5 reflect values of the normal traction at
representative points at a distance from the lower crack tip in both micropolar
and classical cases. The distance between the first point, in which we measure

the normal traction, and the tip of the crack is equal to the one tenth of the
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radius of the circle denoted by a. It can be observed that the normal traction
is significantly higher in the vicinity of the crack tip in the micropolar case
in comparison with the case when microstructure is ignored (classical theory).
Depending on the crack length there can be up to a 26 % difference in the vicinity
of the crack tip between the two cases. The negative sign of the difference in
the value of the traction at representative points indicates that the value of the
traction obtained under assumptions of classical elasticity is lower than that of
the traction given by micropolar elasticity. As we move away from the tip of
the crack the traction in the micropolar case decays faster than in the classical
case so that approximately at a distance of one length of the crack the values
of the normal traction become equal to each other. Further, the traction in
the micropolar case becomes significantly lower than in the classical case and it
may be observed that at a distance of approximately three crack lengths from
the tip of the crack the effect of the crack on stresses is negligible according to
Saint-Venant’s principle.

Let I; = \/g and [, = \/% be the corresponding characteristic lengths of
the micropolar material for torsion and bending [75]. If we take the values for
elastic constants 7, €, u for a human bone as measured in [75], we obtain that
l; and [, are equal to 0.22 mm and 0.45 mm in our case, respectively. Lakes
and Nakamura [75] have shown experimentally that the difference in tractions
between the micropolar case and the classical case is the largest when the crack
length is comparable to the characteristic lengths.

As it may be seen from Tables 6.2-6.5 and Figures 6.2-6.5, the normal trac-
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tion in the vicinity of the crack tip is significantly higher in comparison with
that in the classical case for crack lengths of 0.26 mm, 0,.52 mm, 0.75 mm cor-
respondingly. In the case when the length of the crack is equal to 0.75 mm we
can observe that the normal traction in the vicinity of the crack tip is 26.8%
higher under assumptions of Cosserat elasticity in comparison with the classical
case. If the linear size of the crack is 10 mm, which is much longer than the
corresponding characteristic lengths (see Table 6.5 and Figure 6.5) the tractions
in the vicinity of the crack tip differ only by 13%. The fact that this difference
is significantly lower than in the case of the shorter cracks may be explained
by effect of the size of the crack opening, which is of the order of 10~° for this
crack in comparison with that of 1076 in the other cases.

When it comes to the consideration of stresses at a distance from the crack
tip, we can conclude that there is almost no difference in values of the tractions
at the distance of one crack length from the tip and further for the crack which
length is 10 mm for both micropolar and classical theories (Table 6.5 and Figure
6.5). However, for the crack lengths comparable to the characteristic lengths,
this difference is still drastic and may be up to 19.8 % as in the case when the
length of the crack is 0.26 mm (Table 6.2). At a distance from the crack tip
stresses decay faster in the micropolar case.

The numbers presented in Tables 6.2-6.5 are in good agreement with ex-
periments performed by Lakes and Nakamura [75]. However, they cannot be
compared directly because in [75] a crack is considered as a squashed ellipse ac-

cording to provisions of fracture mechanics. In our study, we represent a crack
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Point (mm) | p (mm) | Micropolar T,, (M Pa) | Classical T,, (M Pa) | Difference (%)
(0.5,-0.05) 0.05 0.408419 0.331982 -18.7
(0.5,-0.15) 0.15 0.114308 0.111620 -2.35
(0.5,-0.25) 0.25 0.049057 0.058788 19.8

(0.5,-0.3) 0.3 0.034377 0.045874 33.4
(0.5,-0.35) 0.35 0.024762 0.036911 49

Table 6.2: Approximate solution for normal traction. Length of the crack: 0.26

mm (a = 0.5 mm)

by a piece of a plane curve so the shape of the crack is likely to have an effect
on stress distribution in the vicinity and at a distance of the crack tip. Inves-
tigations relating to the effect of a crack shape on stress distribution is very
challenging, complicated and, therefore, deserve to be performed in a separate

work lying beyond the scope of this thesis.

Remark 40 Recall that the traction on the boundary, hence, the corresponding
displacements on the boundary depend on the outward normal to the boundary.
When we move along one side of the crack, the normal is continuous at every
point, consequently, the corresponding first derivatives of displacements on the
crack sides are also continuous. However, when we change the sides of the
crack, the normal has a jump, which generates a jump in the first derivatives of

displacements. Therefore, the edges of the open crack have sharp corners.
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Figure 6.2: Normal traction on the edge of the crack. Length: 0.26 mm.

(a) — micropolar, (b) — classical

Point (mm) | p (mm) | Micropolar T,, (M Pa) | Classical T,, (M Pa) | Difference (%)
(1,-0.1) 0.1 0.398456 0.303602 -23.8

(1,-0.5) 0.5 0.053910 0.053702 -0.4

(1,-0.7) 0.7 0.030021 0.033719 12.3

(1,-0.8) 0.8 0.023434 0.027777 18.5

(1,-1) 1 0.015239 0.019865 30.3

Table 6.3: Approximate solution for normal traction. Length of the crack: 0.52

mm (a =1 mm)
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Figure 6.3: Normal traction on the edge of the crack. Length: 0.52 mm.

02 Lo

06 08 1

(a) — micropolar, (b) — classical

p,mm

Point (mm) | p (mm) | Micropolar T,, (M Pa) | Classical T,, (M Pa) | Difference (%)
(1.42,-0.142) | 0.142 0.394972 0.289178 -26.8
(1.42,-0.71) 0.71 0.056083 0.051118 -8.8
(1.42,-0.994) | 0.994 0.032047 0.032097 0.1
(1.42,-1.136) | 1.136 0.025338 0.026442 4.35
(1.42,-1.42) 1.42 0.016889 0.018912 12

Table 6.4: Approximate solution for normal traction. Length of the crack: 0.75

mm (a = 1.42 mm)
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Figure 6.4: Normal traction on the edge of the crack. Length: 0.75 mm.

(a) — micropolar, (b) — classical

Point (mm) | p (mm) | Micropolar T,, (M Pa) | Classical T,, (M Pa) | Difference (%)
(20,-2) 2 0.208185 0.180806 -13
(20,-10) 10 0.032258 0.031698 -1.7
(20,-14) 14 0.019928 0.019907 -0.1
(20,-16) 16 0.016324 0.016405 0.5
(20,-20) 20 0.011579 0.011744 14

Table 6.5: Approximate solution for normal traction. Length of the crack: 10

mm (a =20 mm)
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Figure 6.5: Normal traction on the edge of the crack. Length: 10 mm.

(a) — micropolar, (b) — classical
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6.3 Summary

In this chapter we have illustrated the method introduced in Chapter 5 using
the example of a crack in a human bone. We came to the conclusion that
material microstructure does have a significant effect on the stress distribution
around a crack in a human bone. The effect of material microstructure depends
on the length of the crack and discovers the strongest influence in the vicinity
of the crack tip. Results obtained in this chapter using the boundary element
method are consistent with those obtained experimentally in [4-5] and by the

finite element method in [75].
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Chapter 7

Conclusions and

Recommendations for

Future Work

7.1 Conclusions

The present work has been devoted to investigation of the boundary value prob-
lems of plane Cosserat elasticity. In spite of the fact that the corresponding
three-dimensional, plane and anti-plane problems have been carefully investi-
gated for domains with smooth boundaries, the rigorous treatment of boundary
value problems for domains with irregular boundaries remained practically un-

touched until today. At the same time investigations of boundary value problems
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for domains with irregular boundaries play a significant role in the analysis since
they allow us to construct solutions for stresses and displacements in the vicinity
of cracks and notches, which is very useful for applications in various fields of
engineering science.

This dissertation is confined to the consideration of the statical problems of
plane micropolar elasticity with emphasis on the crack problem. As a result of
this work the following results have been obtained:

1. The interior and exterior Dirichlet and Neumann boundary value prob-
lems of plane micropolar elasticity have been formulated in Sobolev spaces,
shown to be well-posed and rigorously solved by means of the boundary in-
tegral equation method. The uniqueness and existence theorems have been
established and the exact analytical solutions have been obtained in the form
of the corresponding integral potentials with distributional densities. Similar
results have also been obtained for an infinite domain weakened by a crack.

2. As an example intended to demonstrate an important application of the
proposed theory, the problem of a crack in a human bone has been consid-
ered under assumptions of micropolar elasticity. An efficient numerical scheme,
based on the boundary element method has been developed, using which we
have constructed the approximate solution allowing us to make the following
important conclusions valuable for applications:

a. The normal traction in the vicinity of the crack tip is higher under
assumptions of the Cosserat elasticity than in the classical case. The results

can differ by up to 26 percent. This points to strong evidence that the material
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microstructure does have a significant effect especially in the case of domains
with reduced boundary smoothness.

b. The difference between results of two theories (micropolar and classical)
vary when we consider cracks of different sizes. For smaller cracks the difference
in the value of stresses is greater but for larger cracks it is almost negligible. The
fact that there can be up to 26 percent difference in normal traction between
the micropolar and classical case and that this difference depends on the size
of a crack is consistent with the results obtained by Savin [87] and Mindlin
[15] for stress-concentration around holes in micropolar media, by Weitsman
[88] and Hartranft [89] for stress concentration around inclusions in micropolar
media and by Potapenko [46] for values of the warping function in the problem
of torsion of cylindrical beams with significant microstructure. In addition, our
results confirm the data relating to the stress distribution around a crack in

Cosserat continuum obtained experimentally by Lakes and Nakamura [75].

7.2 Future Work

In this dissertation the main boundary value problems of plane micropolar elas-
ticity for domains with irregular boundaries or domains containing cracks have
been rigorously solved by means of the boundary integral equation method in
the weak (Sobolev space) setting. In order to demonstrate the importance of
the work for applications in mechanics we have also illustrated the effectiveness

of the theory on the example of a crack in a human bone. We have shown that
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the unknown density, the most important part of the analytical solution in the
form of an integral potential can be successfully approximated using boundary
element method since it cannot be found analytically.

The methodology, analytical and numerical technique introduced in this
work can be extended for the solution of a wide class of problems of micropo-
lar and classical elasticity dealing with structures, three-dimensional and two-
dimensional boundary value problems.

First of all, as a direct continuation of the work presented in this disser-
tation, the boundary element method can be applied for the derivation of a
numerical solution of interior and exterior boundary value problems of plane
micropolar elasticity. In spite of the fact that we have obtained an analytical
solution to both interior and exterior Dirichlet and Neumann problems in the
form of integral potentials in this work, we found it necessary to postpone the
direct derivation of the unknown density for future work. The reason is, that
in this dissertation we wanted to make an emphasis more on applications of the
technique to the crack problem.

Second, we can formulate mixed boundary value problems of plane microp-
olar elasticity, i.e. when we assume that we impose Dirichlet conditions for
two displacements and Neumann condition for microrotation. This particular
problem then can be extended to the consideration of the crack problem which
is reduced to the problem of displacement discontinuity and has a number of
engineering applications in geomechanics.

As a third step, it would be possible and at the same time important, to for-

114



mulate boundary value problems of anti-plane micropolar elasticity in Sobolev
spaces. It has been shown in [45] that the problem of torsion of cylindrical
beams with significant microstructure, introduced as a generalization of the
Saint-Venant assumptions for the case of a classical beam [90], may be reduced
to the interior Neumann boundary value problem of anti-plane micropolar elas-
ticity. The major boundary value problems of anti-plane Cosserat elasticity for
domains with twice differentiable boundary have been formulated and solved
by means of boundary integral equation method in [45]. However, as we can
see from the current work, material microstructure has the strongest effect on
overall body’s deformation when the domain has some irregularities. After for-
mulating boundary value problems of anti-plane micropolar elasticity in Sobolev
spaces we can extend the result from [45] to the problem of torsion of micropolar
beams of more complicated cross-sections (for example, rectangular or square
cross-section).

Another direction of the future work could be an incorporation of ther-
moelastic components into the model. Kupradze [38] has formulated fundamen-
tal boundary value problems of three-dimensional thermoelasticity and shown
that they can be solved in a rigorous manner using the boundary integral equa-
tion method. Same technique has been applied to the investigation of two-
dimensional problems of micropolar thermoelasticity: plane in [91] and anti-
plane in [48]. This theory can be used to formulate the problem of thermoelastic
deformations in a weak setting which will allow us to consider domains of more

general form. In addition, the method can be applied for analysis of thermoelas-
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tic deformations of plates and shells.

In any case, this is the objective of the future work, as a result of which,
we will definitely obtain a deeper understanding of the effects of material mi-
crostructure on deformations, stress concentration factors and elastic behavior
of granular materials that will be very helpful for applications in the area of
structural mechanics and modern day advanced composite materials.

In general, the approach presented in this thesis, is very new and not tradi-
tional for classical mechanics. At the same time it is very elegant, effective and
has some certain advantages over the classical technique which has been in use
in mechanics and engineering so far. It allows to find analytical solutions for
a whole class of problems which could be worked out using only approximate
numerical methods, such as finite element method, before. The boundary ele-
ment method employed in this thesis for the consideration of a crack problem
in plane micropolar elasticity allows to obtain numerical solutions for a various
class of problems based on the exact analytical one, which is certainly a huge

advantage over the finite element method.

116



References

1. N.P. Kruyt, Statics and kinematics of discrete Cosserat-type granular ma-

terials, Int. J. Solids Structures 40 (2003) 511-534

2. L. Rothenburg, A. Berlin, R. Bathurst, Microstructure of isotropic mate-

rials with negative Poisson’s ratio, Nature 354 (1991), 270-472

3. R. Bathurst, L. Rothenburg, Micromechanical Aspects of Isotropic Gran-
ular Materials with Linear Contact Interactions, J Appl. Mech. (ASME),

55 (1988), 17-23

4. R. Lakes, Experimental methods for study of Cosserat elastic solids and
other generalized elastic continua, in Continuum Models for Materials with

Microstructure (edited by H-B. Miihlhaus), John Wiley and Sons, 1995

5. R. Lakes, Dynamical study of couple stress effects in human compact bone,

J. Biomedical Engng. 104 (1982) 6-11

6. W. Voigt, Theoretische Studien uber die Elastizitatsverhaltnisse der Krys-

talle, I, IT, Abh. Der Konigl. Ges. Der Wiss., Gottingen, 1887

117



7.

10.

11.

12.

13.

14.

15.

16.

E. Cosserat, F. Cosserat, Sur la theorie de D'elasticite, Ann. de I’Ecole

Normale de Toulouse, (1896), 10, 1, 1

. E. Cosserat, F. Cosserat, Sur la mecanique generale, C. Rend. hebd. des

seances del’Acad. des Sci. Paris, (1907), 145 1139

E. Cosserat, F. Cosserat, Theorie des corpes deformables, A. Herman et

Fils, Paris, 1909

A. Lur’e, Three-dimensional problems of the theory of elasticity, New York,

Interscience Publishers, 1964

R. Toupin, Elastic materials with couple-stresses, Arch. Rat. Mech.

Anal., 17 1964, 101-134

R. Toupin, Perfectly elastic materials with couple-stresses, Arch. Rat.

Mech. Anal., 11 (1962), 385-414

C. Truesdell, R. Toupin, The classical field theories, Encyclopedia of Physics
II1/1, secs. 200, 203, 205, Berlin- Gottingen-Heidelberg, Springer Verlag,

1960

G. Grioli, Elasticita asimmetrica, Ann. Mat. Pura Appl. (ser 4) 50

(1960), 389-417

R. Mindlin, Effect of couple stresses on stress concentrations, Fxperimental

Mech., 3 (1963), 1-7

R. Mindlin, Microstructure in linear elasticity, Arch. Rat. Mech. Anal.,
16 51-78

118



17

18.

19.

20.

21.

22.

23.

24.

25.

26.

. R. Mindlin, Stress functions for a Cosserat continuum, Int. J. Solids

Structures, 3 (1965), 265-285

R. Mindlin, H. Tiersten, Effects of couple-stresses in linear elasticity, Arch.

Rational Mech. Anal., 11 (1963), 415-448

E. Sternberg, R. Muki, The influence of couple-stresses on singular stress

concentrations in elastic bodies, ZAMP, 16 (1965), 611-648

E. Sternberg, R. Muki, The effect of couple-stresses on the stress concen-

tration around a crack, Int. J. Solids Structures, 3 (1967), 69-95

S. Itou, The effect of couple-stresses on stress concentration around a rigid
circular cylinder in a strip under tension, Acta Mechanica, 27 (1977), 261-

268

R. Ellis, C. Smith, A thin plate analysis and experimental evaluation of

couple stress effects, Experimental Mech., 7, (1968), 372-380

R.D. Gauthier, W.E. Jahsman, A quest for micropolar elastic constants,

J.Appl.Mech.(ASME), 6 (1975), 369-374

A.C. Gunther, Zur Statik und Kinematik des Cosseratschen Kontinuums.

Abh. Braunschweig Wiss. Ges., 10 (1958), 195-213

H. Schaeffer, Das Cosserat-Kontinuum, ZAMM, 47 1967, 487-499

H. Schaefer, Analysis der Motorfelder im Cosserat-Kontinuum, ZAMM,

47 (1967), 319-328

119



27

28.

29.

30.

31.

32.

33.

34.

35.

36

. E. Aero, E. Kuvshinski, Continuum theory of asymmetric elasticity, Soviet

Solid State Phys, 2 (1964), 1399-1408

V. Palmov, Fundamental equations of the theory of asymmetric elasticity

(in Russian), Prikl. Math. Mech, 28 (1964), 411-422

V. Palmov, Plane problems of the theory of asymmetric elasticity (in

Russian), Prikl. Math. Mech, 28 (1964), 1117-1129

A.C. Eringen, Microcontinuum field theories I: Foundations and solids,

Berlin, Springer-Verlag, 1999

A.C. Eringen, Linear theory of micropolar elasticity, J. Math. Mech., 15

(1966) 909-923

A.C. Eringen, Theory of micropolar plates, J. Appl. Math. Phys. 18

(1967) 12-30

W. Nowacki, Theory of asymmetric elasticity, Polish Scientific Publishers,

Warszawa, 1986

L. Payne, B. Straughan, Order of convergence estimates of the interaction

term for a micropolar fluid, Int. J. Engng. Sci, 7 (1989), 837-846

L. Payne, B. Straughan, Critical Rayleigh numbers for oscillatory and
nonlinear convection in an isotropic thermomicropolar fluid, Int. J. Engng.

Sci, 7 (1989), 827-836

. N. Muskhelishvili, Singular integral equations, Noordhoff, Groningen, 1953

120



37.

38.

39.

40.

41.

42.

43.

44.

45.

V.D. Kupradze et al, Three-Dimensional Problems of the Mathematical
Theory of Elasticity and Thermoelasticity, North-Holland, Amsterdam,

1979

V.D. Kupradze, Potential Methods in the Theory of Flasticity, Israel Pro-

gram for Scientific Translations, Jerusalem, 1965

C. Constanda, A mathematical analysis of bending of plates with trans-

verse shear deformation, Longman Scientific & Technical, Harlow, 1990

D. Iesan, Existence theorems in the theory of micropolar elasticity, Int.

J. Engng. Sci. 8 (1970) 777-791

P. Schiavone, On existence theorems in the theory of extensional motions

of thin micropolar plates, Int. J. Engng. Sci. 27 (1989) 1129-1133

P. Schiavone and C. Constanda, Existence theorems in theory of bending

of micropolar plates, Int. J. Engng. Sci. 27 (1989) 463-468

P. Schiavone, Uniqueness in dynamic problems of thin micropolar plates,

Appl. Math. Lett. 4 (1991), 81 - 83

P. Schiavone, Integral equation methods in plane asymmetric elasticity,

Journal of Elasticity 43 (1996) 31 - 43

S. Potapenko, P. Schiavone, A. Mioduchowski, On the solution of the
torsion problem in a linear elasticity with microstructure, Mathematics

and Mechanics of Solids, 11 (2006) 181-195

121



46

47.

48.

49.

50.

o1.

52.

53.

. S. Potapenko, P. Schiavone, A. Mioduchowski, Generalized Fourier series
solution of torsion of an elliptic beam with microstructure, Applied Math-

ematics Letters, 17 (2004), 189-192

S. Potapenko, P. Schiavone, A. Mioduchowski, On the solution of mixed
problems in anti-plane micropolar elasticity, Mathematics and Mechanics

of Solids, 8 151-160, 2003

S. Potapenko, Propagation of torsional waves in an unbounded Cosserat

continuum, Applied Mathematics Letters, 18 (2005), 935-940

S. Potapenko, A Generalised Fourier approximation in anti-plane microp-

olar elasticity, J. Flasticity, 81 (2005), 159-177

S. Potapenko, Fundamental sequences of functions in the approximation
of solutions to mixed boundary-value problems of Cosserat Elasticity, Acta

Mechanica, 177 (2005), 61-71

S. Potapenko, P. Schiavone & A. Mioduchowski, Antiplane shear deforma-
tions in a linear theory of elasticity with microstructure, J. Appl. Math.

Phys. (ZAMP), 56 (2005), 516-528

P.G. Ciarlet, The Finite Element Method for Elliptic Problems. Amster-

dam: North—Holland, 1988

C. Dafermos, On the existence of asymptotic stability of solutions to the

equations of thermoelasticity, Arch. Rat. Mech. Anal., 29 (1968), 34-63

122



54.

55.

56.

o7.

o8.

59.

60.

61.

G. Fichera, Existence theorems in elasticity, Handbuch der Physik, VIa/2,

Springer-Verlag, 1972

G. Fichera, Boundary value problems of elasticity with unilateral con-

straints, Handbuch der Physik, VIa/2, Springer-Verlag, 1972

I. Chudinovich and C. Constanda, Variational and Potential Methods
in the Theory of Bending of Plates with Transverse Shear Deformation,
ChapmanéHall/CRC, Boca Raton, London, New York, Washington, D.C.,

2000

S. Timoshenko, J. Goodier, Theory of elasticity, New York, McGraw-Hill,

1970

E. Shmoylova, S. Potapenko and L. Rothenburg, Weak solutions of the
interior boundary value problems of plane Cosserat elasticity, Journal of

Applied Mathematics and Physics, ZAMP 57 (2005), 1-17

E. Shmoylova, S. Potapenko and L. Rothenburg, Weak solutions of the
exterior boundary value problems of plane Cosserat elasticity, Journal of

Integral Equations and Applications (accepted for publication)

E. Shmoylova, S. Potapenko and L. Rothenburg, Stress distribution around
a crack in plane micropolar elasticity, Journal of Elasticity (accepted for

publication)

E. Shmoylova, S. Potapenko and L. Rothenburg, Boundary element analy-

sis of stress distribution around a crack in plane micropolar elasticity,

123



62.

63.

64.

65.

66.

67.

68.

69.

International Journal of Engineering Science (submitted for review)

C. Turner et al., The elastic properties of trabecular and cortical bone
tissues are similar: results from two microscopic measurement techniques,

J. Biomech., 32 (1999), 437-441

R. Lakes et al, Fracture mechanics of bone with short cracks, J. Biomech.,

23 (1990), 967-975

H. Wagner, S. Weiner, On the relationship between the microstructure of

bone and its mechanical stiffness, J. Biomech., 24 (1992), 1311-1320

F. Bouyge, I. Jasiuk, M. Ostoja-Starzewski, A micromechanically based
couple-stress model of an elastic two-phase composite, Int. J. Solids Struc-

tures, 38, (2001), 1721-1735

I. Jasiuk, M. Ostoja-Starzewski, Modeling of bone at a single lamella level,

Biomechanics and Modeling in Mechanobiology, 3 (2004), 67-74

F. Bouyge, 1. Jasiuk, M. Ostoja-Starzewski, A micropolar model of tra-
becular bone, Proc. of the Bioengineering Conf., June 16-20, 1999, Big

Sky, Montana, U.S.A.

S. Kessel, Die Spannungsfunktionen des Cosserat-Kontinuums, ZAMM,

47 (1967), 329-337

G. Kluge, Uber den Zusammenhang der allgemeinen Versetzungstheorie

mit dem Cosserat-Kontinuum, ZAMM, 13 (1969), 377-380

124



70

71.

72.

73.

74.

75.

76.

e

78.

79.

S. Cowin, Stress functions for Cosserat elasticity, Int. J. Solids Structures,

6 (1970), 389-398

S. Cowin, An incorrect inequality in micropolar elasticity theory, ZAMP,

21 (1970), 494-497

C. Miranda, Partial Differential Equations of FElliptic Type, Springer-

Verlag, Berlin, 1970

G. Duvaut and J. L. Lions, Inequalities in Mechanics and Physics, Springer-

Verlag, Berlin, 1976

S.L. Sobolev, Cubature Formulas and Modern Analysis: An Introduction.

Philadelphia: Gordon & Breach, 1992

R. Lakes, S. Nakamura, J. Behiri, W. Bonfield, Fracture mechanics of bone

with short cracks, J. Biomech., 23 (1990), 967-975

H-B. Miihlhaus and E. Pasternak, Path independent integrals for Cosserat
continua and application to crack problems, Int. J.Fracure 113 (2002)

L21-L26

C. Atkinson and F.G. Leppington, The effect of couple stresses on the tip

of a crack, Int. J. Solids Structures 13 (1977) 1103-1122

R. De Borst, E. van der Giessen, Material instabilities in solids, John

Wiley, Chichester, 1998

A. Yavari, S. Sarkani, E. Moyer, On fractal cracks in micropolar elastic
solids, J. Appl. Mech., 69 (2002), 45-54

125



80

81.

82.

83.

84.

85.

86.

87.

88.

E. Diegele, R. Eisasser, R. and C. Tsamakis, Linear micropolar elastic
crack-tip fields under mixed mode loading conditions, Int. J. Fracture, 4

(2004) , 309-339

M. Garajeu, E. Soos, Cosserat models versus crack propagation, Math.

Mech. Solids, 8 (2003), 189-218

V.G. Maz’ya, Sobolev spaces, Springer, Berlin, 1985

C.A. Brebbia, The Boundary Element Method for Engineers. Pentech

Press, London, 1978

M.H. Aliabadi, C.A. Brebbia, Advances in Boundary Flement Methods for
Fracture Mechanics. Computational mechanics publications, Southamp-

ton, Boston; Elsevier Applied Science, London, New York, 1993

M. Singh, G. Glinka and R. Dubey, Notch and crack analysis as a moving

boundary problem, Engineering Fracture Mech., 47 (1994), 479-492

L. Gaul, M. Kogl and M. Wagner, Boundary Element Methods for Engi-

neers and Scientists. Springer-Verlag Berlin Heidelberg New York, 2003

G. Savin, Foundations of plane problems of the theory of elasticity with

couple-stress (in Russian), Kiev, 1965

Y. Weitsmann, Couple-stress effects on stress concentration around a
cylindrical inclusion in a field of uniaxial tension, J. Appl. Mech., 6 (1965),

424-427

126



89.

90.

91.

R. Hartranft, G. Sih, The effect of couple -stresses on the stress concen-

tration of a circular inclusion, J. Appl. Mech., 32 (1965), 429-431

A.E.H. Love, A treatise on the mathematical theory of elasticity, Dover

Publication, New York, 1944

E. Shmoylova, S. Potapenko and L. Rothenburg, Steady thermoelastic os-
cillations in a linear theory of plane elasticity with microstructure, Math-

ematics and Mechanics of Solids (accepted for publication)

127



