Analysis of Asymptotic Solutions for Cusp
Problems in Capillarity

by

Yasunori Aoki

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Master of Mathematics
in
Applied Mathematics

Waterloo, Ontario, Canada, 2007

(©Yasunori Aoki, 2007



I hereby declare that I am the sole author of this thesis. This is a true copy of the
thesis, including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

Yasunori Aoki

i



Abstract

The capillary surface u(x,y) near a cusp region satisfies the boundary value problem:

v i @y 0<a e <y< A@}, (1)
1+ |Vul
Vu

Ve ——o— = cosy1  ony=fi(z), (2)
1+ |Vul
YVu

Vi —e——— = 05y ony=foz), (3)
\/ 1+ |Vul

where lim, ¢ f1(z), fo(z) = 0, lim,_o f{(x), f5(z) = 0.

It is shown that the capillary surface is unbounded at the cusp and satisfies u(z,y) =
O (W), even for types of cusp not investigated previously (e.g. exponential
cusps).

By using a tangent cylinder coordinate system, we show that the exact solution

v(z,y) of the boundary value problem:

V- ’gz‘ = kv in {(z,y):0<x, folx) <y < fi(x)}, (4)
v ’gz‘ = €08 ony= fi(z), (5)
v = s ony = o), (©)

exhibits sixth order asymptotic accuracy to the capillary equations (1)—(3) near a
circular cusp.

Finally, we show that the solution is bounded and can be defined to be continuous at
a symmetric cusp (fi(x) = — fo(x)) with the supplementary contact angles (y2 = 7—71).
Also it is shown that the solution surface is of the order O (fi(z)), and moreover, the

formal asymptotic series for a symmetric circular cusp region is derived.
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Chapter 1

Introduction and Background

1.1 Introduction

Even a glass of water can amuse a person with eyes for careful observation. Although
we often assume the liquid surface to be flat, this is rarely the case. The curling up of
the water near the glass is an example of a capillary phenomenon. In fact, wherever
there is a liquid and a solid boundary, we will find an interesting capillary surface. The
capillary problem is one of the many examples of everyday phenomena, which through
careful analysis leads us to very interesting mathematical and physical discoveries.
Initial interest and the origin of word “capillarity” came from a discovery of rise of
water in “capillaris” (hair-like in Latin) tube (see Figure 1.1). Careful observation
of this phenomenon by Laplace and Young led to the second order non-linear elliptic
partial differential boundary value problem. This mathematical model has been shown
to be not only valid as a model of the height of the liquid in capillary tubes, but also
of many other geometrical boundaries. Some people may claim that the experimental
method is sufficient to understand capillary surfaces, however, in the same way as
Finn’s careful mathematical analysis of the capillary surfaces near a corner has lead

to the discovery of a critical angle for the corner region (refer to section 1.4.1), careful
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Figure 1.1: Capillary Tube Experiment (inner radius approximately 0.35mm)

analysis of the mathematical models can suggest discoveries of unknown experimental
phenomena. Also, as our technology evolves, our scale of precision increases from
milli-meter to micro-meter to even nano-meter, for example in the process of metal
plating semiconductor chips. In the same way, extremely precise understanding of the
height of a liquid surface becomes critical in these fields. On a much larger scale,
surface tension forces (the cause of capillary phenomena) are significantly less than
the gravitational force, and as a result we often see very flat liquid surfaces. As the
gravitational force decreases, however, surface tension forces become more significant,
and hence capillary phenomena become more dramatic. As Concus and Finn began
their interests in capillarity in the design of a fuel tank for a spaceship, knowledge in
capillarity has significant importance even in space science.

Capillarity problems are not only of interest to physicists but also to mathemati-
cians. The capillary boundary value problem leads to one of the simplest second order
non-linear elliptic partial differential equations with meaningful physical interpretation.
Simple does not necessary mean easy, especially in the field of mathematics. Indeed,

it has proved very difficult to get an exact solution of a capillarity problem. As a
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matter of a fact “[tJhere is only one explicitly known solution”([8], page 480). Only
the one dimensional capillarity problem has a known exact solution, “[it] can be inter-
preted physically as the height of a capillary surface on one side of an infinite vertical
plate” ([8], page 480). Hence careful study of this equation especially the development of
new approximation techniques may later become useful to partial differential equations
in the other fields.

As the wedge effect (refer to section 1.4.1) has initiated my interest in capillarity,
my research is focused on the local analysis of capillary surfaces near cusp domains.
Following the path developed by Finn, Miersemann, and Scholz, I was able to make a
modest addition to the field, by extending the results of Scholz, finding a new technique

to acquire the leading order term, and providing some answers to an open problem.

1.2 The Capillary Boundary Value Problem

In this section we will derive the mathematical model for a capillary surface. This
model can be categorized as a boundary value problem for a second order non-linear

elliptic partial differential equation.

1.2.1 Derivation of the Mathematical Model

We derive the mathematical model for a non-parametric capillary surface using the
so called energy method, following from [1] (see pages 4-6). In this derivation, we
consider three different energies associated with a capillary surface in a region bounded
with vertical solid boundary walls. These three energies are “Free Surface Energy”,
“Wetting Energy” and “Gravitational Energy”. The Free Surface Energy is associated
with the interface between the liquid and the air. The Wetting Energy is associated

with the interface between the air and the solid boundary, and the interface between the
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Figure 1.2: Derivation of the Capillary Equation.

liquid and the solid boundary. The Gravitational Energy is associated with the density
difference between the liquid and the air and the height of the liquid. By minimizing the
sum of these energies we aim to find a stable equilibrium capillary surface. Let u(x,y)
be the height of the liquid surface in the domain 2. Also define the lower reference
height to be h and upper reference height to be H, as labeled in Figure 1.2. Assume
constant density of liquid (pi,) and air (par), and the liquid to have higher density
than the air (pa; < pug). Also assume the gravitational acceleration g to act in the
downward direction and to be constant.

The energies associated with this physical configuration are then given by the following
expressions.

Gravitational Energy:

u H
Egrav(u) = / /Q ( /h pquzdz) dxdy + / /Q ( / pairgzdz> dxdy
u2 — h2 H2 — u2
plqu//Q( 2 )dxdy'i‘pazrg//(; (T) dxdy (11)
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Wetting Energy (between air and solid):
Fus(t) = 0 / (H — u)ds (12)
09
Wetting Energy (between liquid and solid):
Euu) = o / (1 — h)ds (1.3)
09
Free Surface Energy (between air and liquid):
Eu(u) = ou // V 1+ |Vul|?dxdy (1.4)
Q

where the o’s are areal surface energy densities.

The total energy (F) is then given by
E(u) = Eg?"a’v + Eas + Els + Eal . (15)

We aim to find the height of the liquid surface u(x,y) such that the energy F(u) is a

minimum, i.e. find u(z,y) such that*

o Bu(e,y) + o)) = 0, (16)
%E(u(m,y)—l—en(z,y)) e 0, (1.7)

*Second variation is not required for the derivation of the PDE nor BC. We have kept this condition
to show that we are actually finding local minimum and not maximum.



Chapter 1: Introduction and Background

where n(z, y) is an arbitrary function. Now take the derivative of each term with respect

to € and set € = 0:

9 9 (u+ en)® — h?
@Egrav(u + 677) - a (plzqg//Q ( 9 dl'dy
2 2
‘|‘pazrg// <H (U+€77) ) dl’dy>
Q 2

= Pligg / /Q ((u+en)n) dedy + pairg / /Q (= (u+en)n) dzdy

0
a_Egrav(u + 677) = (loliq - pair).g// Uﬁdxdy (19)
€ e=0 Q
0 0
a_ (Eas + Els) = 5| Oas (H —u- Gn)ds + 015 (U +en— h)dS
Oe =0 Oe o0 e=0
= (o) — aas)/ ndS (1.10)
09
0 0
—FEu(ut+en) = —|(ou V14 |Vul?2 + 2eVu - Viy + 2|V |2dady
Oe Oe Q
' 2
= oaz// Vu Vn Vi d (1.11)
a1+ |Vul2+2eVu - Vn+ 2|Vn)|?
0 Vu-Vn
—FE (u+e€ = o, //—dxd 1.12
| I B v e —
= O'al// Tu-Vndzxdy (1.13)
Q
where
S (1.14)
V14 |Vul?
Consider
V-nTu) = nV-Tu+Vn-Tu (1.15)
Vn-Tu = V-(nTu)—nV-Tu (1.16)
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0
EEGZ(U + en)

= O'al// -(NTu) —nV - Tu) dzdy (1.17)

= Uaz/ nTu - vds — O'al// nV - Tudxdy , (1.18)
80 Q

e=0
where v is the unit outward normal to the boundary of the region (2.
Hence by equation (1.6),

0
5 Eu+en)

— (o — pain)g / / undady + (o1, — 70s) / nds
e=0 Q o0

40 / Nl - vds — oy // nV - Tudxdy
a0 Q

= 0. (1.19)

Also we can verify that u(x,y) is minimum by calculating the second derivative of

E(u + en) with respect to e.

62
mEgrav(u + 677) = (pliq - pair) g // 772d90dy (120)
€ Q
> 0 (1.21)
2
@Eas(u +en) = 0 (1.22)
2
@Els(u +en) = 0 (1.23)

2 |Vn|?
—Ea U+ € = Ogq // dd
gz Lt +en) : Vit VUl t2eva vyt ewp Y

(Vu -V + €|Vn[2)°
3/2da:dy
(1+|Vul]2 + 2¢Vu - Vi + €2[V|?)

_ ., // IVnl? + [Vn[* |Vul]? — |Vu - Vi
o (1+|Vul?2 4+ 2eVu - Vn + 62|V77|2)3/2
> 0 (1.25)

dzdy (1.24)
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Since n(z,y) is an arbitrary function, and equation (1.19) has to be satisfied for any

n(z,y), we can choose n = 0 on 02, obtaining

// [(pliq - pair)gu - Ualv . TU] ﬁdxdy = 0. (126)
Q

Equation (1.26) has to be satisfied for any 7, which satisfies the condition 7 = 0 on 0f).

This implies
(prig = Pair)gu — oV -Tu = 0. (1.27)
We rewrite this equation in the form
V-Tu = ku, (1.28)

where

Pliq — Pair
R=—————""
Oal

g, (1.29)

and T is given by

Ty - VY (1.30)

V1+|Vul?

The partial differential equation (1.28) is called the capillary PDE and constant s is
called the capillary constant.

Now assume equation (1.28) holds, and consider 7(x,y) without the restriction on
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09). By equation (1.19)

(O’lS—O'aS)/ nd3+aal/ nTu-vds = 0 (1.31)
80 a0

/ N ((o1s — Ous) + 0 Tu-v)ds = 0 (1.32)
20

for any 7. This implies

Ty.y — s 0as) (1.33)

Oal

Define the downward unit normal of the capillary surface u(z,y) (see Figure 1.3) to be

&, ie.

(uxv Uy _1)

¢ =~y L (1.34)

V14 Va2

It follows that

&

¢ (v0) = \/TW'V (1.35)
= Tu-v (1.36)
_ (Uls - Jas)
= T (1.37)

Since both ¢ and (v,0) are unit vectors, £ - (v,0) = cos~y, where v is the angle between

two vectors. By equation (1.37)

cosy = ——— 29 (1.38)

We shall refer to v as the contact angle. Note that v only depends on the o’s, which

depend only on the physical characteristics of the solid boundary, the liquid and the
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Figure 1.3: Contact Angle Boundary Condition
air. It follows from equations (1.33) and (1.38) that
Tu-v = cosvy on 052, (1.39)
which is called the contact angle boundary condition.

1.2.2 Statement of the Boundary Value Problem

We now summarize the discussion of the previous section.

The height u(z,y) of a non-parametric capillary surface in a region ) satisfies

V- R ku  for (z,y) € Q, (1.40)
1+ |Vaul?
v- Ve cosy  for (z,y) € 00. (1.41)

1+|Vul®
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Remarks:

1) for simplicity, we often use the differential operator 7', which is defined as

Ty o= (1.42)

\/ 1+ |Vul
2) By re-scaling the variables according to u = \/LE&, r = \/ng’ Yy = \/LE-@ we can normal-
ize the capillary constant to be unity. We can now state the final form of the Capillary

BVP, which we will use in the rest of this thesis.

Capillary BVP

The height u(x,y) of a non-parametric capillary surface in a region € satisfies

V-Tu = u for (z,y) € Q, (1.43)
v-Tu = cosy  for (z,y) € 092, (1.44)
where
Tw - Y
Vv 1+ [Vul?
y is the contact angle,

v is the unit outward normal vector on 0f2.
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3) For further use we note that if u is a solution of the capillary BVP (1.43)-(1.44),

then @(x,y) = —u(z,y) is a solution of the BVPT

V-Tu = a, (1.45)

v-Tu = —cosy. (1.46)

1.3 The Comparison Principle

Concus Finn Comparison Principle is one of the most useful tools in capillarity. As
the name suggests this principle can be used to prove one capillary surface is above or

below an another capillary surface.

Theorem 1.1 (The Comparison Principle) Consider a domain Q C R? with bound-

ary 0S2. Suppose OS) admits a decomposition

N =x"ux*ux’?, (1.47)
where
Y0 is an union of finite number of points on the boundary,
Y% is an union of finite number of continuous curves on the boundary,
P is an union of finite number of C* curves on the boundary.
"Even though T is a nonlinear operator, it satisfies T(—u) = —T'(u), as follows immediately from

equation (1.42).
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If u,v € C*(Q) satisfies

V- Tu—ku > V-Tv—rv  for(x,y) €Q, (1.48)
u < w on X, (1.49)
v-Tu < v-Tv on ¥° (1.50)
then
u(z,y) < oxy)  for (z,y) € Q. (1.51)

Proof: See [1], page 110 for the case where €2 is bounded, and Finn and Hwang [2] for
the proof for the case {2 unbounded.
Remark: It follows immediately from the comparison principle that the capillary BVP
has a unique solution. Since Finn and Hwang have extended the comparison principle
to unbounded domains, uniqueness can be proven even for infinite domains. This result
is surprising, because in order to ensure that a BVP for a second order elliptic PDE in
an infinite domain has a unique solution one usually has to impose a growth condition
at infinity.

We now apply the comparison principle to a domain with a corner or a cusp. This
result can be directly applied to prove that a function is a sub-solution or a super-

solution for the capillary BVP, and will be used many times in the later chapters.

Proposition 1.1 (Application of the Comparison Principle) We consider a re-

gion € given by

Q = {(l’,y)20<137f1($)<y<f2($)}, (152)

where f1(0) = f2(0) = 0, fi(z), fa(x) € C'. Assume this infinite domain has vertical
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cylindrical walls with contact angle v on the boundary 0. Let u(x,y) be the solution

to the capillary BVP in ), and v(x,y) be a comparison function. If

V-Tv—v =2 0 for (z,y) € Quy (1.53)
(_1 i(?,;))Q “To(z, fi(x)) < cosy for0 <z <z, (1.54)
1
_h@D Tu(z, f(x)) S cos forO<z <z (1.55)
VIt Ry = " '
v(zo,y) s ulzo,y) for fa(xo) <y < falxo), (1.56)
where
Qe = {(z,y):0< 2 <20, filz) <y < fa(x)}, (1.57)
then
v(z,y) S ulx,y) in Qy,. (1.58)

) ) a sub-solution
Remark: We shall refer to the comparison function v(z,y) as of

a super-solution
the capillary BVP.

Proof: We apply the comparison principle with

5 = A{wo,y)}  for filwo) <y < falwo), (1.59)

Y= {(z, fi(z)) U (2, fo(x))} for 0 <z < xo, (1.60)

2% = {(0,0) U (w0, fi(w0)) U (w0, fal0))} - (1.61)



Chapter 1: Introduction and Background 15

It follows from equations (1.53)-(1.56) that

V-Tv—v 2 0=VTu—-u (x,y) € Qyy s (1.62)

CHOD Tua o) 5 oy = v T dor0<o<n, (1
_% -To(z, fo(x)) S cosy =v-Tu for 0 <z <wxzo, (1.64)
v(zo,y) S u(zo,y) for fo(zo) <y < fawo). (1.65)

Hence by the comparison principle,
v(z,y) s ulz,y)  for (z,y) € Q- (1.66)

Theorem 1.2 (Upper-bound Principle) Let u(z,y) be a capillary BVP in Q). Let

Bs(xo,90) be a disk of radius 6 and center (xo,%0). If Bs(xo,y0) C 2, then
2 .
u(z,y) < 5 +9 in Bs. (1.67)

Proof:

Choose ¢, 0 < ¢ < 0, let Bs be a disk of radius ', concentric to Bs, and
let [z = v'(x,y)] denote a lower hemisphere over Bg, whose lowest point

has the height vj = 2/’ ([1], page 114).

V() = VT (@m0 o+ (1.68)

It follows immediately from equation (1.68) that

2
< V(z,y) < =498  for (z,y) € Bi(xo,90) - (1.69)
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After some calculation we get

V- -Tv = ; for (z,y) € Bs/(xo, %), (1.70)

= V-Tv—rkv < 0=V -Tu, (1.71)
v-Tv = 1 for (x,y) € 0By (x0,v0) , (1.72)

> v-Tu. (1.73)

We now apply the comparison principle (Theorem 1.1) with

¥ =0, (1.74)
e = 0, (1.75)
o= 00. (1.76)
Hence
2 !
By letting ¢’ — 0, we obtain
2

u(z,y) < 5+5. (1.78)
|

Corollary 1.1 Let u(x,y) be the solution of the capillary BVP in Q. Let Bs be a disk
of radius 6, with Bs C Q. If 6 > /2, then

u(z,y) < 22 (1.79)
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where (x,y) € Bs.

Proof: Given § > /2, for any point (zg,y) € B; we can construct a disk of radius

V/2 such that

(w0,20) € B,z C Bs. (1.80)

By Theorem 1.2,
u(zo, o) < 2V2. (1.81)
|

Note: § = /2 gives the smallest upper-bound for the height, i.e.

min (§+5> = 2V2. (1.82)

0<é

Theorem 1.3 (Existence Theorem) Let Q2 be a domain with a piecewise smooth
boundary . Let ¥ = 20U X*, where X° has one dimensional measure zero, ¥* is open
in X and X* € C*. Suppose that on ¥*, the contact angle v is piecewise smooth and
satisfies 0 < v < w. Then there exists a solution u(z,y) € C*(Q) N CHQUX*) to the

capillary BVP. (see[8], page 475)

Note: The domain €2 can be bounded or unbounded.

1.4 Corners and Cusps

In this section I briefly mention previously known results concerning capillary prob-
lems near corners and cusps. Refer to each referenced paper and book for a detailed

discussion and proof.
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1.4.1 Finn’s Critical Angle Condition and Leading Order Be-

haviour at a Corner Singularity

Finn’s analysis of capillary surface near corners were the first attempt at a local anal-
ysis near a corner region (see [1], pages 115-122). It led to a very unexpected result:
“Capillary surfaces in a domain with corner depend discontinuously on the boundary

data” ([1], page 119).

Theorem 1.4 (Critical angle for a wedge problem) Let u(z,y) be a solution to
the capillary BVP with capillary constant k and contact angle v in a wedge region §2

with opening angle o, given by

Q = {(rnd):0<r—a<fl<a}l, (1.83)
in polar coordinates.
i) If o+~ >m/2, then
2
u(r,d) < ;s +d  for(r,0) € QN Bs(4,0). (1.84)

ii) If a + 7y < /2, then there exists constants A and ry such that

B cos@ — \/ k2 —sin? 0 -4
kr

u(r, 0) (r,0) € Q. , (1.85)

where k = sina/ cosy, Qg ={(r,0) : 0 <r <rg,—a <0 < a}.

Comments:
i) According to this theorem, the angle & = m/2 —+ is a critical angle such that the
behaviour of the capillary surface changes dramatically depending on the opening angle

of the wedge. For a < 7/2 — ~ capillary surface is unbounded, and for a > 7/2 — ~
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ST <7r
. a< = —
04_2 0/ 9 0/

Figure 1.4: Wedge Experiment: a bounded capillary surface v.s. an unbounded capil-
lary surface

it is bounded. This phenomenon has been demonstrated with an experiment. See the
photograph in Figure 1.4 for an illustration of the experiment.
ii) The proof of the unboundedness for a + v < 7/2 can be modified and used to

prove the unboundedness of the capillary surface at a cusp (see section 2.1).

1.4.2 Miersemann’s Asymptotic Series at a Corner Singularity

Following from Finn’s leading order approximation of the capillary surface near a corner

with a < m/2 —~, Miersemann has found a complete asymptotic series for this problem

(see [4]).

Theorem 1.5 Let u(r,0) be the solution to the capillary BVP with constant contact

angle v, in a wedge region ) with opening angle o, given by

Q = {(rnd):0<r,—a<b<a}l, (1.86)

where o < /2 —~. Then

for a given non negative integer m there exist positive constants ro, A and
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m + 1 functions hy_1(0), | = 0,...,m, analytic on (—«, «) and bounded on

[—a, a, such that

u(r,0) — Z hy_1(0)r* 1 < Aptm3 in Qp,, (1.87)
1=0
where Q,, = {(r,0) : 0 <r <rog,—a <8 <a} ([4], page 97).

1.4.3 Scholz’s Asymptotic Series at a Cusp Singularity

Following Miersemann’s work, his student Scholz applied a similar technique to find a
complete asymptotic series solution in a cusp region (see [6] and [7]). The complete

asymptotic series solution was found in a region €2 given by

Q = {(l’,y) :O<x,f2($)<y<f1(x)}, (188)

where
filz) = aa™ + bt 4+ 02" ?), (1.89)
fo(z) = agx™ + by + O(z"?). (1.90)

Here n € N, n > 1, a;,b; € R. Also he found the leading order term for a more general

cusp region of the form equation (1.88), where

filz) = az®, (1.91)

folz) = ax®, (1.92)

with o > 1, ai,bi c R, ay > as.



Chapter 2

Capillary Surface near a (zeneral

Cusp

In this chapter, we consider capillary surfaces in regions with two cylindrical walls,
which form a general shape. We aim to allow these domains to be as general as possible.
However, some results in this chapter require minor restrictions on the shape of the
domain.

We consider an unbounded region €2 with two boundary walls forming a cusp. We

I —Y1

Figure 2.1: Region {2

21
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shall refer to each boundary as I'1 and I'y with

00 =3"UT, Uy, (2.1)

where X° is one dimensional measure zero, I';,I's € C*. We assume there is a cusp at

the origin opening in the positive z-direction as in Figure 2.1. Consider a rectangle

R = {(z,y) eR*:0<z <z, 1 <y<uyi}, (2.2)

and let

We choose x1 and y; small enough that the subset of the boundary in Qq, i.e. TN R

and ['; N R are given by

y = fi(x) for 0 <z <2y, (2.4)

y = fo(x) for 0 <z <z, (2.5)

respectively, where fi(x) and fo(z) are smooth functions such that

Jim fiz) = 0. (2.6
lim fo(z) = 0. (2.7
lim fi(z) = 0. (2.8
lim fi(z) = . (2.9

We shall refer to €2y as a near cusp region. In this thesis we assume homogeneity of

the material constructing each wall. Let the contact angle of the wall I'y be «; and the
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contact angle of the wall I's be 75 (0 < 71,72 < 7), then the boundary condition of the

capillary BVP assumes the form

V-Tu|y:f1(x) = cosv for 0 <z < xq, (2.10)

v-Tul,_p .y = cosy for 0 <z <ua;. (2.11)

Also in this chapter we assume,

71 7é ™ — "2, (212)

1.e.

cosvyy +cosye # 0. (2.13)

We will address the case v = m — 79, i.e. cosy; + cosy, = 0, in Chapter 4.

Example 2.1 (Cusp) The following regions 1 and Qo are cusp regions :

Q= {(z,y) e R*\ (B1(0,1) U By(0,-2))} , (2.14)

w""

Qy = {(x,y) 10 <2 <00, —be # <y<ae s } , (2.15)

where a and b are constants.

Note: The capillary surface in region €2; can be asymptotically approximated using a
result of Scholz [7]. However, this result cannot be applied to a capillary surface in a

region such as (2.
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2.1 Unboundedness at the cusp

Theorem 2.1 (Unboundedness of the capillary surface at a cusp) Let u(x,y) be
the solution to the capillary BVP in region ), with boundary conditions (2.10) and

(2.11), subject to 1 # m™ — 7o, then the capillary surface u(x,y) is unbounded at the

cusp, (x,y) = (0,0).

v A
fl(l‘
e
— |
0 € T
r
692 Qe
A\
fa(z)

Figure 2.2: Region Near a Cusp

Proof: First consider the case cosvy; + cosvys > 0.
We prove the result by contradiction. Assume there exists a constant M > 0 such

that

u(z,y) < M for (z,y) € Q. (2.16)

Since u(x,y) is a capillary surface, it satisfies the capillary PDE (1.43),

V-Tu = u. (2.17)

Integrate both sides of equation (2.17) in a region 2, = {(z,y) € R? : 0 < z < € <
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x1, fa(x) <y < fi(z)}, where € is a constant, to obtain

/V-Tudxdy = /ud;z:dy. (2.18)
Qe Qe

By the divergence theorem,

e rhi@)
/ Tu-vds = / / udydz (2.19)
e 0 Jfa(x)

where 0€), is the boundary of the region €2, and v is the unit outward normal at the

boundary. The boundary 0€) can be divided into three subsets such that

0. = 0 UINUT, (2.20)
where
o = {(r,y) eR*:0<x<ey=fi(n)}, (2.21)
0 = {(r,y) eER*:0<x<ey=folr)}, (2.22)
D= {y) €R:a=c fole) <y < 1(0)}. (2.23)

So the left-hand-side of equation (2.19) can be written

/ Tu-vds = / Tu~uds+/ Tu-l/ds+/Tu-l/ds. (2.24)
20 o 092 r

By the boundary conditions (2.10) and (2.11),

/ Tu-vds = / cos%ds—i—/ c0372d3+/Tu-Vds. (2.25)
20 o 092 r
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Since

Tu-v| < |Tu|lv| = |[Tu|, (2.26)
2 + 2
- o VETh g (2.27)
V1wl 4+l
we have

1 < Tu-v<l. (2.28)

Hence
/ Tu-vds > Cos%/ ds + cosvg/ ds —/ ds, (2.29)

00 o0 0 I

= cos 1|0 + cos 2|0 = (fi(e) — fale)) (2.30)

where [0€| and [0€2| are the lengths of the boundaries 9€; and 0, respectively.

These can be calculated using the Cauchy Mean Value Theorem as

00| = / S+ () de, (2.31)
0

= 1+ fi(c)?’e 0<c<e, (2.32)
00| — /0 S+ f2(2) de, (2.33)
= V1+fy(d)?e O0<d<e. (2.34)

Substitute these expressions into equation (2.30) gives

/ Tu-vdS > cosyiv/1+ fi(c)? e+ cosyar/1+ fi(d)? e — (fi(e) — fale€)) .
20,

(2.35)
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Now consider the right-hand-side of equation (2.19). By the assumption (2.16),

e rhi@) e rhi@)
/ / udydr < / M dydz (2.36)
0 Jfa(a) 0 Jfa(x)
e rfi@)
= M/ / dydzx , (2.37)
0 Jfa(z)
< M | max (fi(x) — fo(z)) dex, (2.38)
0 0<x<e
= M max (fi(z) — fo(2)) (2.39)

Now substitute equations (2.35) and (2.39) into equation (2.19), and rearrange to obtain

cos 1V 1+ fi(c)? 4+ cosyan/1 + f}(d)?

< M max (fi(z) — fo2)) + (A1() - f2(e). (2.40)

0<x<e

Taking the limit as e — 0 of both sides, using equation (2.6)-(2.9) gives

cosyp +cosy, < 0. (2.41)

Since we are considering the case cosy; + cos~y, > 0 the assumption (2.16) is contra-
dicted. Hence the solution surface u(x,y) is not bounded above.

Next consider the case

cosvyy +cosye < 0. (2.42)

Similarly we can deduce a contradiction, by assuming there exists a constant m < 0

such that,

m < u(z,y). (2.43)
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Thus we have shown that, if cosy; + cosy2 > 0, we cannot bound the solution surface

u(z,y) from above, and if cos~y; + cosvy, < 0 we cannot bound the solution surface

u(z,y) from below. Hence the solution surface u(x,y) is unbounded if v; # 7 — 7».

2.2 Growth Order and Formal Asymptotic Series

We now aim to give an approximation for the capillary surface in a region 2. We would

like to first prove the growth order of the solution using the comparison principle and

then derive a formal asymptotic series, which satisfies the capillary equation and the

boundary conditions asymptotically.

Motivation

By using the formulae from the proof of Theorem 2.1, we aim to estimate u(x,y). We

base this estimate on the assumption that there is a single variable function v(z) such

that the limit of the ratio between u(x,y) and v(z) equals one, i.e.
u(z,y) ~ v(z) as x — 0.

From equation (2.19)

e rhix)
/ Tu-vds ~ / / v(z) dyde,
0% 0 Jfa()

- / "(Ai() = fole)) v(a)da.

From equation (2.25)

/ Tu-vds = cos'yl](%h]+00572\8§22]+/Tu-yd5.
20 r

(2.44)

(2.45)

(2.46)

(2.47)
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As in the derivation of equation (2.30)

/Tu : VdS' < file) — fale). (2.48)
r
Assuming that cosy; [0€] + cos~y, [0 # 0, it follows from equations (2.6)-(2.9)

1f1(e) — fa(e)]
COS Y1 ’an| -+ cos Y2 |8Qg|

— 0 ase—0, (2.49)

= |cos 1|02 | + cos 2 |0Q2s||  >>

/TU-I/dS‘ as e — 0.
r
Hence it follows from equation (2.47) that
/ Tu-vds ~ cosvy|0Q |+ cosya|0Qs. (2.50)
0%

Substituting equations (2.31) and (2.33) into equation (2.50) yields

Tu-vds ~ cosv/ 1+f'2xda:+cosv/ 1+ f2(x)dx, (2.51
/| YRR o [T R e, 25

0

= [ e/ ) b cosn /14 @) ar. 252

Using Taylor series and equations (2.6)-(2.9),

/ Tu-vds ~ /6 [cos% (1 + 1f{Z(:zc)) + cos Yo (1 + 1ff(ac))] dx, (2.53)
9. 0 2 2

~ / (cosy + cosya) dx . (2.54)
0

Substituting this result into equation (2.46) gives

[ s toosnde ~ [ (fi) - ) wlaie.
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Since € is an arbitrarily chosen small constant, it follows that

cosy +cosye ~ (fi(z) = fa2x))v(z),

COS Y1 + COS Y2

AR v(x). (2.55)

Hence on recalling equation (2.44), we postulate the leading order of the asymptotic

solution to the capillary BVP in €2 to be

COS Y1 + COS 7y

—fl(:c) "R (2.56)

Note: The analysis leading to equation (2.56) is heuristic in nature.

We now give a proof using the comparison principle to show that this approximation
does in fact have the correct asymptotic order. We now give a formal statement of the

result.

Theorem 2.2 (Growth Order of a capillary surface near a cusp) Letu(z,y) be

a solution of the capillary BVP in €):

V-Tu = u in €, (2.57)
v-Tu = cosy on Ty, (2.58)

v-Tu = cosvy onI'y. (2.59)
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If fi(x) and fo(x) as defined in equations (2.4) and (2.5) satisfy

file) = folz) = o(fi(z) - f5(x))  asz—0,
" — ") = o f{(x)_fé(x) as T —
- st = o(R40) "

MY — ") = o f{(x)_ é(ZE) as T —
7056 = (G5 ) "

then there exist constants Ay, A_ and xy < x1 such that

A < u(x,y) < At forx <
—— < u(x,y _— or r < T,
fi(z) = () filz) = fo(2) ’
where
A AL >0 if cosyp 4+ cosvye >0,
A_JAL <O if cosyp 4 cosye < 0.

Proof: Introduce new coordinates s and ¢ according to

s = =z,

2y — (fi(x) + fo(x))
fi(z) = folx)

then the domain €, as defined in equation (2.3) becomes

O = {(s,t):0<s<m,-1<t<1}.

We first assume cos~y; + cosvye > 0. Let

U<37 t; A7 g<t)7 CO) =

31

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)
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where A and Cj are constants and g(t) is a C? function. After lengthy calculations (see

Appendix A.1) we obtain

Ty v = g'mA N1 -
o <<A2 +ag2(0)" ) fio) ey 0 A a0):
(2.70)
v-Tvl|,_, Ajj—/(égq(l) +o(1) as s — 0, (2.71)
v-Tv|,_ , = 29(=1) +o(1) as s — 0, (2.72)

A+

where R(s,t) = o (m)as s — 0. We now aim to construct a super-solution
vy(s,t; A, g(t)) and a sub-solution v_(s,t; A, g(t)) by choosing the constant A and the

function g(t) to satisfy the following conditions:

4g”(t>A2
5 PTG —-A = —-KA, (2.73)
(A% +4g72(1))
2¢'(1
- 1(4;'2(1) = cosm + K, (2.74)
2g'(—1
9=l = cosy+ K, (2.75)

A2+ 492 (1)

where K is an arbitrary constant. Substituting equations (2.73)-(2.75) into equa-
tions (2.70)-(2.72) gives

KA
V.-To—v = —— 2 O+ R(s, t: A, (1)), 2.76
fl(s) _fQ(S) 0 ( g( )) ( )
v-Tv|,_, = cosm1+K+o(l) as s — 0, (2.77)

v-Tv|,__, = cosva+ K +o(l) as s — 0. (2.78)
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We can solve equation (2.73) by separation of variables obtaining

4q'(t)
AV/AZ + 4g72(1)

= (1-K)t+k,

33

(2.79)

where k; is an arbitrary constant of integration. Substituting equation (2.79) into

equations (2.74) and (2.75) gives

Afi(i;'Z(l) - é (1= K)(1) + ki) = cosy + K,
\/Afii(ll_gllg(—l) é ((1 - K)(_l) + kl) = —COS7y — K.

Solving these two equations for k; and A gives

cos Y1 + cosye + 2K
1-K ’
(1 = K)(cosv1 — cos7s)

cosy; + cosys + 2K
In order to have A > 0, we restrict the choice of K by

COSy1 + COS 7y

<K<1.
2

Solving equation (2.79) for ¢'(s) gives

A%((1 = K)t + ky)
2,/ — A2((1— K)i + k1)?
VA —A2((1 = K)t + k)2
2(1 - K)

gt =

+C.

Substituting equation (2.82) and (2.83) into equation (2.86) gives

_ V4 — ((cos vy + cosya + 2K)t + (cosy; — cos72))?
10 = 2(1 - K) + Ch

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)
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where (] is an arbitrary constant of integration. Here we choose C'; = 0. In order to

ensure that g(t) is C? on —1 < ¢ < 1, K must be chosen so that the expression inside

the square root is non-negative, i.e.

((cos i + cosya + 2K)t + (cosyy — cosy2))® < 4, for —1<¢<1.(2.88)

Since (cosvy; + cosyy + 2K)t + (cosy; — cosye) is linear, if equation (2.88)is satisfied

at both ¢t = —1 and ¢t = 1, then it will be satisfied in the whole domain. Hence the

required restriction on K becomes

|cosy1 + K|

IN
—_

lcosye + K| < 1.

Solving these inequalities give

—1—cosy1 < K <1-—cosv,

—1—cosy < K <1-—cosvys.

Choosing K to satisfy

—min{l — [cosy1|,1 — |cos [} < K < min{l —[cosy[,1— [cosal},

will satisfy equations (2.91) and (2.92).

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)
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Now define the super-solution as

cosy1 + cosys + 2K ¢ 1
1 - Ky fi(s) = fa(s)
VA —((cosy1 +cosye + 2K, )t + (cos 71 — cos ) fi(s) — f3(s)
2(1 - K,) fi(s) = fa(s)
+C4, (2.94)

U+(87 l; C+) =

where K = min{l — |cosy|,1 — |cos7s|}, and C is an unknown positive constant.

It follows from equations (2.76)-(2.78) that

v-Tv|,_, = cosy+ Ki+o(1), (2.95)
v-Tv|,__, = cosvy+ Ky +o(1), (2.96)
cosyy + cosys + 2K ¢ 1
V-Tv—v = —-K —Cy+ Ry(s,t),
" 1-Ky fi(s) = fa(s) ! +:%)
(2.97)
where Ry (s,t) =0 <m> Note thatR, (s, t) is independent of C.
Since Cy >0
cosyy + cosys + 2K ¢ 1
V-Tv—v < —K + R, (s,t).
B e PR YO A R
(2.98)
Since 0 < K, < 1, there exists a sufficiently small constant s; such that
v-Tv|,_, > cosyn = v-Tul,_, for s < s, (2.99)
v-Tv|,__ ;> cosy, = v-Tul|,__, for s < s, (2.100)

V-Tv-v < 0 =V-Tu—u for s < s, (2.101)
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where s, depends on K, but not on Cy. Now, choose C sufficiently large so that

vy(s,t) > u(sq,t). (2.102)

Thus by the comparison principle (Theorem 1.1),

vi(s,t) > u(s,t) for s < s (2.103)

Similarly, we define a sub-solution according to

v (s, t:C) = cosy1 + cosyy + 2K 1
. 1- K- fi(s) = fa(s)
V4 — ((cosvr + cosyg + 2K )t + (cosy1 — cos2))2 fi(s) — f3(s)
- 2(1— K_) fi(s) = fa(s)
+O_, (2.104)
where K_ = —min{1—|cosy1|, 1—|cosyo|, <1522} "and C_ is an unknown negative

constant. By following a similar argument, we can define s_ and C'_, and then use the

comparison principle to conclude that

v_(s,t) < u(s,t) for s < s_. (2.105)

Hence

v_(s,t) < u(s,t) < wvi(s,t) for s < s, (2.106)
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where sy = min{s_, s }. Since

2K_ 1
v_(s,t) ~ s —:c_oslzi—l— O as s — 0, (2.107)
vy (s,1) ~ Cos Y —Flci)slzj—l— 2K 0 i 20 as s — 0, (2.108)
there exist constants A_ and A, such that
0< A <v_(s,t), (2.109)
fi(s) = fa(s)
ﬁ > vy (s, t), (2.110)

for sufficiently small s. Thus we conclude there exists a constant xy such that

—A_ u(x —A+
A A I e I X ey

0 < for x < . (2.111)

For cosv; + cosvs < 0, by following a similar procedure, there exist constants A_ A,

and Ty such that

A A
e <u(r,y) < e < 0 for x < . (2.112)

fi(z) = fa(z) fi(x) = fa(x)
]

Note: This result strengthens the statement of Scholz, " The solution rises with the same
order like the order of contact of the two arcs, which form the cusps” ([7], page 234),
since his proof of this statement only applies to the case where f(x) ~ 2%, fo(z) ~ 2°,

for a, 6 > 1, as x — 0.
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Corollary 2.1 (Formal Asymptotic Expansion) Let

COS Y1 + COS Y9

vy = = A

2
\/ B (Qy—ffj(";gz_)]-cz](‘igz)) (cosy, + cosys) + (cosy; — cos 72)> Fi(z) — fi(x)

2 filz) = falx)
+Co, (2.113)
where Cy is an arbitrary constant.
If
fi@) = folz) = ofilz) = falx))  asz—0, (2.114)
T(z) = fi(x) = o (%) as x — 0, (2.115)

MY — ") = o f{(:E)— é(ZE) as T —
=10 = (G ) v

then v(x,y) satisfies the partial differential equation (1.43) in the region €y given by

equation (2.3), and boundary conditions (2.10) (2.11) asymptotically, i.e.

V-Tv ~ v in 2, (2.117)
v-Tv ~ cosy ony = fi(z), (2.118)
v-Tv ~ cosvys ony = fo(z), (2.119)

as r — 0.

Proof: Immediately follows from the proof of Theorem 2.2, by letting K, = 0 in

equations (2.95) to (2.97).
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Example 2.2 (Exponential Cusp) Consider a cusp region given by
9 1 1
Q = {(:c,y)GR:0<x<oo,—be 22 <y <ae ZQ}. (2.120)

We verify that this type of cusp satisfies conditions (2.60) to (2.62). A straight-forward

1

calculation with fi(z) = ae” =2 and fy(x) = be™ 7 yields

1

filz) = folz) = (a+b)e™ =2 (2.121)
ﬂ@»—ﬁ@»:=<a+b2 =3 (2122
" " 6 ,L _ 1
(@) = fi(z) = (a+b) ( e e ﬂ), (2.123)
(@) = f'(x) = ( ———+x1—162) e (2.124)
It follows that
file) = fola) 2
file) = hlo @ (2.126)
file) = folx) 2
fi@) = fa(z) a?
>> (a+D) (—%+ 4> = fl(2) — fl(x), (2.126)
file) = fy(x) 2

(h@) = p@))? @z
24 36 24 E)

o> e (B4 R-B0 D) e 1) - ).
A

¥ 7 oz

for sufficiently small x. Thus by Theorem 2.2 there exist constants A_ and A, such

that
1 1
A_e? <u(x,y) < Apes? for x < xy, (2.127)

for sufficiently small x. Also by Corollary 2.1, we can find a formal asymptotic expan-
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sion v(z,y) of the form

cosy +cosyy L

v(z,y) = a—erez

_1 2
\/4 _ (29((‘1—)1’)6123((:08% + cosyy) + (cosy; — cos ’72)) 9
a+ble =

2 x3

Note: The leading order is significantly larger than the second order term. Also notice

this type of cusp cannot be approximated using the result of Scholz [7].



Chapter 3

Capillary Surface near a Circular

Cusp

In this chapter we consider a capillary surface near a specific cusp named the “Circular
Cusp”. We define a circular cusp as a domain, which is bounded by two circular
cylindrical walls tangent to each other or one cylindrical wall and one planar wall

tangent to each other. There are three possible types of domain given as

0 = {(m,y)eRQ\(B;a (O,%)UB_;}) (0%))} forb<0, (3.1)

Q, = {(x,y)e(R y>o)\Bl( QL)} for b =0, (3.2)

0
Q, — {(xy)eB’1‘< ) ( QL)} for b> 0, (3.3)

where a > 0, a > b (see Figure 3.1).
Although this is a stronger restriction on the shape of the cusp, circular cusps are likely

to be the most common shape in engineering applications.

41
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Figure 3.1: A circular cusp 2

|
T

42



Chapter 3: Capillary Surface near a Circular Cusp 43
3.1 Tangent Cylinder Coordinate System

We now introduce the coordinate system that is most “natural” to work with in a
circular cusp region. This coordinate system is the Tangent Cylinder coordinate system

([5], page 56). New coordinates p and ¢ are defined by

T

p— —_— '4
p x2+y2’ (3 )
. Y
q = oY e (3.5)

The inverse of these inverse of these equations are

T = , 3.6
P+ 30

q
= 3.7
e (3.7)

The region {2’s in equations (3.1)-(3.3) is now given by

Q = {(pg eR*:b<g<a,0<p<oc}, (3.8)

with a > 0.
Note: The cusp at (x,y) = (0,0) is mapped to p = co. Thus in this coordinate system,
we use an asymptotic series as p — oo to perform the asymptotic analysis near the

cusp.

The Capillary BVP in Tangent Cylinder Coordinate System

Since the tangent cylinder coordinate system is on orthogonal curvilinear coordinate
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p = constant < 0

Y A

q = constant > 0

p = constant > 0

=Y

q = constant < 0

Figure 3.2: Coordinate Curves of Tangent Cylinder Coordinate System

system, we can transform the gradient and divergence operators as follows:

Vf =
V-F =
where
hi
ho
It follows that
Tu =

11
Vpl  p*+¢*’

11
Vgl p*+¢*
Vu

V14|V’

(p2 + C]2) (Upﬁ + Uq(j)

\/1 + (P + ¢2)? (u2 + u2) |

44

(3.11)

(3.12)

(3.13)

(3.14)

Hence the partial differential equation (1.43) and the boundary condition (1.44) for the

region (3.8) becomes
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V- -Tu

u
(p2_|_q2)2_ P
Op \/1 + (P + ¢2)? (u + u2)
0
O o o —u e,
T+ + )2 (62 + )
(3.15)
2, 2
W+ a)ug = cosv , (3.16)
\/1 (p? + ¢?) (u2+u2) B
W+ ¢y = COS7y . (3.17)

\/1 (P® + ¢*)? (u2 + u2) -

In the remainder of this chapter we will consider the capillary BVP for a circular cusp, in

terms of tangent cylinder coordinates p and g. The domain €2 is given by equation (3.8),

PDE has the form (3.15), and BCs are given by equations (3.16)-(3.17). We will refer

to equations (3.15)-(3.17) as the capillary BVP in a circular cusp region.

3.2 Upper Bound for a Capillary Surface near a

Circular Cusp

First we obtain an upper bound for a capillary surface in a circular cusp region using

Theorem 1.2.

Theorem 3.1 (Upper Bound for a Capillary Surface near a Circular Cusp)

Let u(z,y) be a solution of the capillary BVP in a circular cusp region.
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Ifb > 2\[+1, then
ab+p* 1 a—-0
< 4 — . 3.18
[fb<ﬁ, then
AP L ah o forp > b _ ab,
u(p,q) < iy 22 (3.19)

2V2, otherwise.

Proof: First consider the case b # 0. Use the law of cosines for the triangle described

in Figure 3.3 (refer to Appendix A.2 for the justification of this figure),

1 1)\? 1)\?2 11 1 1\?2
(%_Q_b) +(5+%> —2<%—%) (5+%)COS2¢ = (5—%) :

(3.20)
where
¢ = tan'". (3.21)
p
From trigonometric identities and geometry we obtain
cos2¢p = cos?¢—sin ¢, (3.22)
p
cos¢p = ———, 3.23
¢ /a2 +p2 ( )
a
sing = ——, (3.24)
VPt
2 _ 2
cos2¢p = L (3.25)

a? + p?
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[

Figure 3.3: A Disk of Radius ¢ in Region €2: b # 0

Substituting equation (3.25) into equation (3.20) and solving for § gives

1 a—09
) = —— 2
for
v —ab, forb<0,
p > (3.27)
0, for b > 0.

Now consider the case b = 0. Applying the Pythagorean Theorem to the triangle

described in Figure 3.4 gives

(Les) = (La) (1) 529

o(p) = - (3.29)
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Figure 3.4: A Disk of Radius ¢ in Region €2: b =10

Hence we can combine equations (3.26) and (3.27) with equation (3.29) to obtain

1 a—b v —ab, forb<0,
Sab L for p > (3.30)
wTp 0, for b>0.

i(p) =

It follows from Theorem 1.2 that

ulp,q) < 549, (3.31)
ab+p* 1 a-10
= 4 - . 3.32
a—b  2ab—p? (3.32)
By Corollary 1.1 if b > ﬁ, then
ab+p* 1 a-10
4 — . 3.33
ulp,q) < 4——y M P (3.33)
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If b < ——, then

2\f+

4ab+p +1azb o for p > —ab,

2ab p?

22, otherwise .

u(p,q) < %

Note 1: Similarly we can find a lower bound for the capillary BVP in a circular cusp

region.

Note 2: The asymptotic order of this upper bound can be written as

ab+p?> 1 a—1b 4p?
a—b 2 ab — p? a—b

= 0(p?) = (P) (3.35)

4

as p — 00, (3.34)

This result is consistent with Theorem 2.2.
Note 3: Unlike Theorem 2.2, this result can be applied globally even in a region away

from the cusp.

3.3 Determining the Possible Leading Order Term

In this section, we will present a new way to find a possible leading order term to the
asymptotic solution to the capillary BVP in a circular cusp region. The argument is
heuristic and serves as motivation. In section 3.5.5 we will prove the validity of this
asymptotic solution. Let u(p,q) be a a solution to the capillary BVP in a circular
cusp region. Without loss of generality, assume cosvy; + cosy, > 0. It follows from

Theorem 2.1 that the solution goes off to infinity at the cusp. Hence we assume that
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|Vu|2 becomes significantly larger than 1 near the cusp, i.e.

(P* + ¢*)? (%27 + uZ) >> 1 for sufficiently large p. (3.36)

The idea is to approximate u(p, q) by v(p, q) defined to be a solution of the following

PDE and BCs:
0 0
»* +¢*)? 0 o + 5 0 = v(p,q),
P \/(p2 +¢2)? (v2402) Y \/(p2 +¢%)% (02 + v2)
(3.37)
Uq
e — = Cosi, (3.38)
VUi + g .
Uq
- —_— COS Yy . 3.39
’—v}% - Ug . 2 ( )

This PDE and BCs are obtained from equations (3.15), (3.16) and (3.17) by dropping
the additive term 1 in the denominator. We cancel the term p? + ¢ in the numerator
and denominator of the BCs. We shall refer this BVP as the approzimated BVP in
a circular cusp region. Based on the assumption (3.36), we expect v(p,q) will satisfy
the partial differential equation (3.15) and the boundary conditions (3.16) and (3.17)
asymptotically in the region (2.

Note: The uniqueness of this BVP can be proven in a very similar way as the uniqueness
of the capillary BVP (refer to Finn and Hwang [2]).

In order to determine v(p,q) we now make the key assumption that is

/02 402
vp-i—vq

independent of p, i.e.

= 9(q), (3.40)

p q
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where g(q) € C? g(a) = cosy; and g(b) = —cosv,. Assuming v, > 0, we solve

equation (3.40) to obtain
Vg = Up. (3.41)

By the method of characteristics, we can solve this partial differential equation,

v(p,q) = f <p+/bq \/f]%;zmdwrl() : (3.42)

where f(-) is an arbitrary function of one variable, and K is an arbitrary constant, kept

for convenience. Differentiating equation (3.42) with respect to p and ¢ gives

upg) = f, (3.43)
vu(pg) = fl—F——=—. (3.44)
! 1—¢%(q)
Substituting equations (3.43) and (3.44) into equation (3.37), after some simplification

we get

v(p.q) = —2pV/1—g*(0)+ (" + *)g'(q) — 2a9(q) - (3.45)

Differentiate equation (3.45) with respect to p and g¢:

(P q) = —2v1—g%*q)+2pg'(q), (3.46)
v(p,q) = 2909 "+ a*)9g"(q) — 29(q) - (3.47)
1—42%(q)

Equating equations (3.43) and (3.46) gives

= =2y1-g%(q)+2pg'(q). (3.48)
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Substitute equation (3.48) into equation (3.44) and equating with equation (3.47) gives

T 0+ ') - 2000) = (20170 + 20 (0) 20—

which reduces to

9"(q) = 0. (3.49)

By solving equation (3.49) with the boundary conditions g(a) = cosy; and g(b) =

— COS 72, We get

b
a(a) COS Y1 + COS Y2 ( B cosvl—l—acos%) ' (3.50)
a—>b CoS 71 + COS Y2
For simplicity, introduce new constants
A = cosy + Cosye , (3.51)
a—>b
b
w“ = COS Y1 + a Ccos Y2 7 (3.52)
COS7y1 + COS Y2
so that
9(a) = Alg—q). (3.53)
By substituting equation (3.53) into equation (3.45) we get
v(p,q) = Ap® —2p\/1— A%(q— q0)* — Alg — q0)* + Agg . (3.54)

We conjecture that v(p, q) as given by equation (3.54) is the leading order term of the

asymptotic solution as p — oo of the capillary BVP in a circular cusp region. We will
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prove this conjecture in section 3.5.5.

3.4 Asymptotic Order of the Term After the Lead-
ing Order

In order to construct a comparison function to justify the possible leading order term
equation (3.54) found in section 3.3, we need to find the asymptotic order of the term
after the leading order term. So we let u(p, q) = v(p, q) +w(p, q), where v(p, q) is given
by equation (3.54), and substitute this into the original capillary BVP in a circular
cusp region and aim to find the asymptotic order of w(p, q) as p — oc.

First approximate the differential operator 7' (equation (3.14)) using a binomial

series expansion,

Ty — — (3.55)

VI+[VuP

(p* + ¢°) (upp + ugq)
\/1 + (p* + ¢?) (u2 + u2)
Uuph + Ugq

2 2
\/up—i-uq

(3.56)

On account of the assumption in equation (3.36), this series will converge for sufficiently
large p.

We can approximate the boundary conditions (3.16) and (3.17) as follows:

U 1 1
b-Tu ~ —L—[1—2= . 3.57
1 Vu2 + u? ( 2 <(p?+612)2 (u?ﬂ—u?))) (3:57)
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Now we let

u(p,q) = v(p,q)+wpq), (3.58)

where we assume w(p,q) = o(v(p,q)) as p — oo. Substituting equation (3.58) into

equation (3.57) gives

Vg + W 1 1
Gg-Tu ~ 1 a 1—= , (3.59)
\/(Up + vp)% + (vg + wy)? < 2(p* +¢?) (Uz% + U?)

Vg wyv, + quq> 1 1
~ = (12 TE ) [~ . (3.60)
J@+@( vE + v} ( 2 (p? + ¢2)? (v2 + 02)

Substituting equations (3.40) and (3.42) into equation (3.60) gives

(wp + wy 1gfq)2( )> f’(f) 1
Q-Tu ~ gla) |1~ e - o ,
(172925 7 202+ 22 (1+ 154 ) (e
(3.61)
(wp T W f(??(q)) F&)+ 2(p241rq2)2
= (3.62)

) £©)?
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We now impose the BCs (equations (3.16) and (3.17)) and get

G-Tul,_, = cosm (3.63)
(wp g 19—(2)2(@) Fo+ 2(p2wlta2)2
~ 1—
COS V1 || 2@ (62
1-g%(a)
—q-Tul,_, = cosy (3.64)

b
<wp + wqy 1g(g)2(b)) fl(ﬁ) + 2(p2ib2)2
1—
2
(1+ :50%5) 1)

~  COS "o

(3.65)

In order to ensure that u(p,q) = v(p, q) + w(p, q) to satisfy the BCs, we require

g(a) : 1
('LU;D + wqm) & ~ T (3.66)
g(b) : 1
(wp + wa——g?(b)) & ~ Bk (3.67)
We now assume w(p, ¢) is in the form
w(p,q) ~ Kp*+H(gp*' p—oo, (3.68)

where K is a constant and H(q) is a function of ¢, then it is suitable to assume

w, ~ aKp*! (3.69)

w, ~ H(q)p*! as p — 00. (3.70)
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Substituting equations (3.48), (3.69) and (3.70) into equations (3.66) and (3.67)

29'(q) <QK+H,(q>1g_(—qg)2@> P~ W, (3.71)
= a = —4. (3.72)

Hence we postulate that w(p, ¢) needs to be at least of order O (p~*) in order to satisfy
the BCs.

Similarly we can asymptotically approximate the capillary PDE in a circular cusp region

(equation (3.15)), by assuming the differentiability of each term,

9w ), (9 v
Op \/u? 4 u? 0q \/u2 4 u?

1 1
((%m) " <0q\/m>>§<p 24 ¢?)? (ug+ug))
=)
u2—1—u2 20p \ (p*+ ¢?) u2+ug)
sledtaace)
Vi raz\ 20 \ (p* + @) u2+u3)
Y Pr R (373)

Substituting equation (3.58) into equation (3.73), and assuming w, = o (v,) and w, =

0(vy), as p — 0o, we obtain

Up Uy WpUp + Wely )
= 1+ ... 3.74
Vuz +ul \/vg+vg( V2 + V2 (3:74)
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Using above and expanding equation (3.58) we get

2 Up 1 Yelp + Wy, 4 3 Yq 1 _ Yl + Wy,
op \ V2 + 02 v2 + U2 q \ \/vi+v? V2 + V2

1
(p? + ¢%)? (v§+v§))

\_/Q_')

0 Uy
B ((3_]?1/2112,—1—1;3) + <3q,/v2+v2>
Up 10 1
+— -
Vi Fup \ 200 \ (PP + @) (] + )
Vg 10 1
+— -
V202 \ 20g \ (p?+ ¢?)? (v2 4 02)

~ as p — oo. (3.75)

After some more calculations and using equations (3.37) and (3.54), equation (3.75)

becomes

0 2Ap 24%(q — q)
- wp2Ap +w D
o (%P V2 ( ’ V1= 20— q)?

0
2A%(q—qo0) D 42 )
0 V/1-A2(q—q0)? 2A4%(q —q
g — 3/2 wp2Ap + wq 2 - 2
q ( 442 2 V1 —A%q— qo)

=2

_((p;i—pQW)% (p* +¢2)? (IL ’)

1-A2(q—q0)2P

19 1 — A%(g — q0)°
+V1—=A(q—q)? | —55-
’ 20p \ (p* + ¢*)? %P

10 1 — A%*(q — q)?
+A(q - QO) <___ ( 4A2
20q \ (p* +¢*)? fr T 3

~ as p — 00. (3.76)

(p” + ¢%)?
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Following from equation (3.68), we assume

wy, ~ ala—1)Kp*?, (3.77)
Wy ~ aH'(q)p* 7, (3.78)
we, ~ H'(q)p** as p — 00. (3.79)

Substituting equations (3.69), (3.70), (3.77)-(3.79) into equation (3.76), we obtain

0 ( qa-—q , 2A%(¢ —q o
~ 30 (Tzo (QACVK + H'(q) 1512 o) = | p*7
I\ =g \/1 — A%(q — @)

+A(g — @) (_%a% (4A2(p2 i q2)2p2))

Kp“®
~ as p — 00. 3.80
(P* + ¢*)? Y (3:50)
After some simplification of equation (3.80) we obtain o = —4. Hence in order to

ensure u(p,q) = v(p,q) + w(p, q) to be the solution of the capillary BVP in a circular

cusp region, w(p, q) needs to be at least of order

Ow) = O(p™). (3.81)

The preceding heuristic calculations suggest that

u(p,q) ~ Ap® —2p\/1— A2(q—q0)? — Alg — @)* + Agg + Kp~* + H(q)p™®

(3.82)

is the asymptotic solution for the capillary BVP in a circular cusp region. It is of

1

considerable interest that the coefficients of p~*, p~2 and p~2 are zero. In the next

section, we prove that equation (3.82) is in fact the correct asymptotic solution.
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3.5 The Complete Asymptotic Series

99

In this section we derive the complete asymptotic series for the capillary BVP in a

circular cusp region.

3.5.1 Statement of the Main Theorem

We consider the capillary BVP in a circular cusp region as given by equations (3.15)-

(3.17). The terms u,(p, q) of the asymptotic series for this problem defined as follows:

un(p,q) = APQ—Q\/l—AQq—qo)Qp—A(q—qo)QJrAqg

+Z Kip"™ + file)p™") |
with

A - COS Y1 + COS Y2 ’
a—b
bcosy + acos ¥z

COS 71 + COS Y2

Here K; and f;(q) are determined recursively according to

K, - fb gi(s ds—_hb(a)—hi(b))’
oy = KOV wF
/qu( (b) — [, gils ds+K(t—b)>

0 (1= A2(t - q0)2)*"

dt,

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)
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where g;(q), hi(a) and h;(b) are defined by

gila) = Jim —— =0 : (3.88)
T, — COos
hi(@) = lim 2 1‘31_“1 n (3.89)
p—o0 P
Tu;_ + cos
n) = lim = p“’ = (3.90)

Theorem 3.2 (The Complete Asymptotic Series) Let u(p,q) be the solution of
the capillary BVP in a circular cusp region in tangent cylinder coordinates p and q.

Then there exist constants Ly.1 and p,y1 such that

lu(p, q) — (un(p,q) — fule)p™)| < L;,fl . forp>pa (3.91)

3.5.2 The Formal Asymptotic Series

In this section we derive the series u,(p, q) as defined in equation (3.83).

Lemma 3.1 (The Formal Asymptotic Series) The function u,(p,q) defined in equa-
tion (3.83) constitute a formal asymptotic series of the capillary BVP in a circular cusp

region, i.e.

V-Tu, = u,+0(p™"), (3.92)
v-Tup|,_, = cosm+O (p™7?), (3.93)
v-Tuyl|,, = cosy2+0O (p™7?), (3.94)

for sufficiently large p, with n € N.
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Proof: Prove this by mathematical induction.

Base case (ug):

u(p,q) = Ap® —2\/1— A2(q— q0)%p — Alq — q0)* + Agp (3.95)

It is immediately obvious that ug(p,q) is C*° function in Q. It follows* from the

calculation of Appendix A.3 that

(¢ q°)(1gAﬁ62(q — ) | o, (3.96)
1 —3A%(q — ¢o)?
8Ap*

+0(p~°), (3.97)

¢-Tug = A(q—qo) —

V- -Tuy = Ap>—2y/1— A2(q—q0)*» — Alqg — q)* + Agg —

for sufficiently large p. Evaluating equation (3.96) at ¢ = a and ¢ = b gives

cosy1(1 — cos? 1)

v- Tu0|q:a = qA ° TUO|q:a = Cos ryl - 8A2p6 + O(pi’?) I (398)
. cos Yo (1 — cos? 3
v-Tugl,_y = —¢-Tupl,_, = cosya— 72(8142]06 2) +0(p™"). (3.99)

It follows immediately from equation (3.97)-(3.99) that (3.92)-(3.94) satisfies for n = 0.

Inductive step (uy,):

We are given that

tm-1(p,q) = Ap* —2/1 — A%(g — qO)2p — Alg = q0)* + Ag

+Z (Kp'™" + fila)p™) | (3.100)

*Note ug(p, q) is equal to v(p,q) (in equation (A.44)) evaluated at L; = 0 and h(q) = 0.
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with m =1,2,3,4, ..., and

V -Tup = Upa+0 (™), (3.101)
ve-Tupm |, = cosy+0 (p~ ), (3.102)
Ve Tum|,, = cosya+O (p ), (3.103)

for sufficiently large p. The big O terms of equations (3.101)-(3.103) are power series

in p. It follows from this that the following limits exist:

A Tum—l — Um—1

gm() = lim — , (3.104)
- TUp, 1|, — cOS
ho(@) = lim 2 1_|q_a1 n (3.105)
p—00 pme
] TUp—1|,_, + cos
() = lim 2 1_|q—*’1 iEY (3.106)
p—00 p~me

Also it is given that w,,_; is C* following from this it can be shown that g¢,,(q) is C*

function.” Now consider u,, defined as

Uy = Uno1+ K™+ f(@)p™™. (3.107)

Assume f,,(q) to be a C* function and K, is a constant.

We now aim to choose a constant K, and a function f,,(¢) such that to satisfy

limw—ﬂu = 0, (3.108)
p—00 p m
7 - Ty, . — cos
lim 2 |q—“1 LEY (3.109)
p—0o0 p~m
g - Tu,y,| _, + cos
lim 2 ’q—bl 2oy (3.110)
p—oo p~me

"This statement can be justified by expanding V - Tu,,_; in series. Then show that with all the
differentiability conditions, we can expand V - T'u,,_1 in a power series in p.
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Firstly, expand T, asymptotically. Applying V to equation (3.107) and using the

definition of T (equation (1.42)), gives

Vi,
Tu, = ———im (3.111)
1+ [V, |
1+ |Vum1]? v (K. pl-m -m
— Tu, oV Enp T Sl @PT) 544
1—{—|Vum|2 14 [Vu,|?
We apply V to equation (3.107) and rearrange to obtain
1/ 1+ |V'U,m,1‘2
V14 |Vu,|?
. \/ 1+ |Vum_1|2
L+ [Vt 1+ YV (EKpp' =™ + fr(@)p™)[?
B 1
N L4V —1 242V (Kmp' ="+ fin (@)~ ™) Vum -1+ V (Kmp' ="+ fin ()p~™) >
1+ Vum—1/°
1
= _. (3.113)
\/1 + 2V (Kmp' =™+ fm (@)p~™)-Vtim 14V (Emp' ="+ fm()p~™)|
14+ V-1

Applying the binomial series expansion? to equation (3.113) gives

\/ 1+ |Vum_1\2
V14 | Vu,|?

_ (2 Ew T+ (@) Vi + [V (Knp "+ f(p™)
2 1 + |Vum_1|2
TOET). (3.114)

Since
2V (K" ™™ + frn(@)p™™) - Vi1 + |V (K ™™ + fu(@)p™™)|?

<1 3.115
1 + |Vum_1|2 ( )

1\/11?:1—%54—0(52) for €] < 1.
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for sufficiently large p, this binomial series converges for sufficiently large p. Also we

can show that
|V (Kmp"™™ + fulq)p™™) }2 << |2V (KD ™™ + fin(@)p™™) - V1| (3.116)

for sufficiently large p. Thus by neglecting |V (K,,p' ™™ + fm(q)p™™) |2 in equation (3.114)

we obtain

V1+ Vg, 1]? 1 2V (K,,pt™™ m Y V-
+‘ u 1| - 1-= ( ( p +f (Q)p . ) U 1) +O(p_2m_2).
V14 |Vug,|? 2 1+ |[Vg,—1|

(3.117)

Again using binomial series expansion on 7, We obtain
m

D S
1+|Vu

VI VP
1 <2V (K™ 4 fin(@)p™™) - Vg1 <1 1 N ))
9 |Vum,1]2 |Vum,1|2
+0 (p2"7?) . (3.118)

- 11—

Since

1

— <1 3.119
|Vum_1| ( )

for sufficiently large p, this series converges for sufficiently large p. Substitute equa-

tion (3.118) into equation (3.112) gives

2
_'_v (Kmplim + fm(@)p™™)

V14 [V,

1-m -m) | _ 1
Py = T (1} (S Sl T (1Y)
’vumfl‘ |V'me71|

+0 (p"7?) . (3.120)
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Substituting equation (3.100) into equation (3.120) and simplifying it gives

2AK,, (1 — 2A2(q—qo0).f' ()
( m) + 1-A2(g—qo)? pim*l

Tum - T'me,1 1 - 4A2

1-A2%(g—qo)?

+(Km(1 - m)gf + (/m(2) qu—mfl +0 (p72m72) . (3.121)

1-A2(g—qo)?

Equation (3.121) is the desired asymptotic expansion for Tu,,. It follows immediately
from the binomial expansion and definition of w,, (equation (3.100)) that we can write

Tu,, as an asymptotic series in a form
Tu, = Y Flgp™. (3.122)
0

Now consider the left hand side of the capillary PDE (3.15), i.e. V - Tu,,. Given the
differentiability of each term in a binomial series, we can differentiate the binomial
series while maintaining the convergence of the series. As we have extensively used
the idea of binomial series expansion to derive equation (3.121), we can differentiate
it while maintaining the asymptotic relation.® Hence it follows from equation (3.121)

that

24%(g—q0) f'(q)
2AK,,(1 —m) + —17‘; ;gfqo‘;g o
P

V-Tu, = V-|Tup-1|1-—

4A2
1-A2(q—qo)?

Lo [ —m)gf+ (fé@(Q))épfmeO(pﬂmf?) . (3.123)

$Because of the differentiability of f(q) and wu,,_1, each term of the binomial series we have used
is differentiable.
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Simplifying equation (3.123) gives

VTuy = V-Tupy (1=Gpp™ ") = (Tum-1-q) (%Gmp"”rl
a !
+a——f ";gq) p " O™, (3.124)
a \/1-A%(g—qo)?

where

Kp(1=m) (1= A%*q—q)?) N Sr(@)(q — q0) /1 — A%(q — qo)?

Gm(q) = 2A 2

. (3.125)
It follows from equation (3.96) and (3.121) that

q-Tun1 = Alg—q)+0 (p°) . (3.126)
Substituting equation (3.126) into equation (3.124) gives

VTum = V-Tup (1=Gup ™ ") = Alg— q) gGmp””’”1

dq
a /
+—f”;—gq>p‘m+1 +O0(p™™), (3.127)

0
1 1-A2(q—qo)?

Imposing equation (3.108) gives an equality

o V-Tuy, — um . V- Ty et 0
. ) - U
+Jim | 5 =S+ 00— T
1-A%(g—qo)?

= 0. (3.128)
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Substituting equation (3.104) into equation (3.128) and expanding it gives

: Upy— _ o 0
lim <<gm(q) + p_le — 1 Gp ™ = G (@) G 1> — Al — ) —Gm)

p—00 9q
. 0 fin(@) - Um—1
+,91an,10 a_qT +0(p™") - pmtl Ko
1-A2(g—qo)?
= 0. (3.129)

Following from equation (3.100) we have u,,_1(p,q) = Ap? + O(p). Substituting this

into equation (3.129) and evaluating the limit gives

0 0 A0

9m(q) — K — AGp — Alg — qo) 20t g | =) = O (3.130)
V1-42(¢—q0)?
We rewrite equation (3.130) in a form
9 Fr(@)y/1— A%(q — qo)?\
9m(q) — K — % (A(q — q0)Gim — 51 — 0. (3.131)

Substituting equation (3.125) back into equation (3.131) gives

gm(q) — K,
_ 9 (Km 1 —m)A(g = qo)(1 = A%(¢ = 00)*) _ fru(@)(1 = A%(q - qO)2)3/2>
dq 2A 2A '

(3.132)

Equation (3.132) is a first order ODE of f] (q).

Now consider the boundary conditions, using equation (3.121) we can asymptotically
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expand q - T'u,, as

QAK, (1 —m) + 2@
A=mt A Sy -

‘jTum = Q'Tum—l 1-

4A2
1-A2(g—qo0)?
/
m q —m— —2m—
Iy o ey (3.133)

v/ 1-A%(g—q0)*

We now impose equation (3.109) and obtain an equality such as

hm q : Tum‘q:a COs ’71
p—00 p—m—l
A B 2cos? 31 £, (a)
g [l [ PO R
- anglo p—m1 o 442 p
1—cos? 71
m(a) -1 oSN
Flim | o+ 00T - 5T
1—cos? v1
- 0. (3.134)

Substituting equation (3.105) into equation (3.134) we obtain

2K, (1 — m) + 22 nla()

v/ 1—cos?
lim (Ciizll + hm(a)> 1— e ! 2yt
p

p—00

1—cos? v1

/
faim [ Inl@ oy -
p—oo | =24 P
v/ 1—cos2v1
~ 0. (3.135)

By evaluating the limit of equation (3.135) we obtain

2AK (1 — m) + 2eoninle)

NE )

hm(a) — cosy v + —7 = 0. (3.136)

1—cos? v1 /1—cos? v
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After some simplification of equation (3.136) we get

Kn(1 —m) cosyi(1 — cos? 1) N f'(a) (1 — cos? 71)3/2

2A 2A

hon(a) — = 0. (3.137)

Similarly by imposing equation (3.110) and after some calculation we obtain

Kpn(1 —m)cosya(l —cos?yp)  f/(b) (1 — cos’ 72)3/2 _
B (b) — 54 + 54 = 0. (3.138)
Solving equations (3.137) and (3.138) for f/,(a) and f/,(b) gives
K, (1— 2Ah
f;n(a/> _ m( m) COS Y1 . m(a) 57 (3139>
v 1—cos?y (1 —cos?v)
—K,,(1 —m) cos~y 2Ah,, (b
fu(®) = - m)cosre ( >3/2. (3.140)

/1 —cos?, (1 — cos?7s)

These become the boundary conditions for the ODE (3.132).

Now we solve for the boundary value problem given by the ODE (3.132), i.e.

gm<Q) — Kn
0 (Km(l —m)A(g —q)(1 = A%(¢ — q0)*)  fr(@)(1 — A%(q - qo)2)3/2)
~ Oq 2A 2A

and BCs (3.139)-(3.140). We first have to choose K, so that the ODE (3.132) satisfies
the two boundary conditions (3.139)-(3.140). Integrating both sides of the ODE (3.132)

from b to a gives

/b gm(s)ds — K, (a —b)
. K1 —m)cosyi(1 —cos®y1)  fr(a)(1 = cos® 71)3/2
B ( 24 a 2A )

B (—Km(l —m) C;)Z%(l — cos®72) _ fm(b)(1 _22082 72)3/2) . (3.141)
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Substituting BCs (3.139)-(3.140) into equation (3.141) gives

 J an()ds = (@) = b (0)

K,
a—>

(3.142)

We now integrate both sides of ODE (3.132) from b to ¢ and obtain

/b " g(3)ds — Ko(q — b)
) (Kmu )AL~ @)1~ A2q—q0))  fala)(1l— A%(q— qo>2>3/2)

2A 2A
(= Ku(1 =m)cosya(l —cos®ya)  fr,(b)(1 — cos® 72)3/2
2A 2A '

(3.143)

Substituting equation (3.140) into equation (3.143) gives

/,, " gu(3)ds — Ko(q — b)

_ (Km(l —m)A(g — qo)(1 — A%(¢ — @)?)  fl(@)(1 — A%(g - qO)2)3/2) — i (b)

2A 2A

Solving equation (3.144) for f! (q) gives

Fg) = Kn(l—m)—2l— ) 24 (hn(®) + Jy' gm(5) ds — K (g — b))

V1= A%q— q)? (1= A2(q — qo)?)*">

(3.145)



Chapter 3: Capillary Surface near a Circular Cusp 71

Integrating above gives

K,(1— m)\/l —A%2(q—q0)? Kn(l—m)

.24 <hm(b) + [ gm(s) ds — Ko (t — b))
_/ - dt+Cy,  (3.146)
@ (1— A%t —q0)?)
where Cy is an arbitrary constant of integration. For simplicity we choose Cy =
——QKm(Al_m), ie.
K., (1 —m)y/1— A%(q — qo)?
024 <hm(b) + [ gls) ds — Ko (t — b))
—/ 272 dt . (3.147)
@ (1= A%(t = q0)?)
Choosing f,,(q) and K, as equations (3.147) and equation (3.142) gives equations (3.108)-
(3.110), i.e.
o VeTuy, — uy,
i e = 0
G- TUy,| . — cos
lim 1 = - no_ 0,
p—00 p~m=
g - Tu,,| _, + cos
lim d |q*b T - 0
pP—00 p~me

Since T'u,, can be written in the form of equation (3.121), we can show that both §-Tu,,
and V- T'u,, —u,, can be written as a power series of p. Hence equations (3.108)-(3.110)

implies

V-Tu, = un+0 (™), (3.148)
ve-Tupl,_y, = cosy+0 (p™"7?%), (3.149)

v Tup|,, = cosy+O (p~™7?%) . (3.150)
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Hence by mathematical induction,

V-Tu, = u,+0(p™"), (3.151)
v-Tup|,_, = cosy+0(p7"7?), (3.152)
v-Tup|,, = cosye+0O (p™7?), (3.153)

for sufficiently large p, for any n € Z*.

3.5.3 The Lowest Order Approximation

We now aim to prove that the formal asymptotic series derived at section 3.1 has p°th
order accuracy. Similarly to the proof of Theorem 2.2, we will construct sub-solution
and super-solution using the Comparison Principle (as discussed in section 1.3) to
prove that the error between the real solution and the formal asymptotic series can be

bounded by a constant.

Lemma 3.2 Let u(p, q) be the solution to the capillary BVP in a circular cusp region.

Then there exist constants Lo and pg such that

‘U(p, q) — (Ap2 —2y/1— A%(q—qo)%p — Alqg — q0)* + Aqg) ‘ < Ly, (3.154)

for p > po.

Proof: Without loss of generality we assume cos vy, cosy, > 0 so that A > 0. Other

cases can be proven similarly. As motivated in Section 3.3 (equation (3.82))¥, we choose

TWe have modified equation (3.82) by letting K = 0. This modification was motivated by the
fact we have an additive constant Iy in equation (3.155), which will serve a similar purpose as K in
equation (3.82).
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a comparison function v(p, q) to be

h
v(pq) = Ap* —23/1— A%(q—q0)*p — Alg — @)* + Agd + 1o + % , (3.155)

where h(q) is a C? function. After some calculation (refer to Appendix A.3) we get

i : 1 — A2(g — qo)?
G-Tv = Alqg—q)+ (4h (@)1 — A%(q —q0)* — (¢ — qo)) 8/(536 )

+Ri(p,q;h(q)), (3.156)
V-To = Ap® —2py/1— A2(q — q0)* — Alq — q0)* + Agp

+12\/1 — A2%(q — qo)Q(—A2(q —q))l'(q) +4(1 — A2(q _ q0)2)3/2h//(q)
8Ap*

(1= 31‘81134— 0)*) + Ro(p, ¢: h(q)), (3.157)

where Ry (p,q; h(q)) = O(p™7), Ra(p,q;h(q)) = O(p~®) and are independent of [,. We

now require that h(q) satisfies

4 (q)\/1 — A%(q — q0)? — (¢ — q0) = C1A(q — q0) , (3.158)

where —2 < (] < 1 is a parameter we later choose to construct sub-solution and

super-solutions. Following from equation (3.158) we obtain

/ _ (GA+1) (g — q)

W(q) = N =TT (3.159)
by Ci1A+1

h'(q) = 02— ) (3.160)
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Substituting equations (3.159) and (3.160) into equations (3.156) and (3.157) gives

1—142(61—(10)2
: 161
V-Tv = Ap* —2p\/1—A%q—q)?— Al — q)* + Aqg

1—342(q — qo)°
8](73 ) + Ra(p, q; h(q)) - (3.162)

¢-Tv = Alqg—qo)+ CiAlq — q)

+C

Following from equation (3.162) we have

I 3142(@ - %)2
8p*

V- Tv—v = —ly+C; + Rs(p,q;Ch), (3.163)

where Rs(p,q;C1) = O(p~®) and is independent of ly. Integrating equation (3.159)

gives

(CLA+1)y/1 — A%(q — qo)?
4 A2

hg) = — +Co, (3.164)

where Cj is an arbitrary constant of integration. We choose Cy = 0 for simplicity.

Substituting equation (3.164) into equation (3.155) gives

v(p,q) = Ap® —2y/1— A2(q—q0)2p — A(q — @0)* + Ag} + I
(C1A+ 1)\/1 — A2%(q — qo)?
o 4 A2p5 ‘

(3.165)

We now aim to choose constants C and [y so that v(p, ) becomes a super-solution.

By re-naming constants C; and [y we define a super-solution v, (p, q) as

vi(p,q) = Ap® — 21— A2(q—q0)%p — Alq — q0)* + Ag + 1

_(CpA+ 1)y/1 = A%(g — )
AA2pP :

(3.166)
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We now arbitrary choose a constant C, that satisfies 0 < C';, < 1. Following from

equation (3.161) and evaluating it at ¢ = a and ¢ = blwe obtain

1 — cos? ~
q-Tvy|,—, = cosy+Cycos 71# + Ri(p,a), (3.167)
1 — cos? ~
G- Tvyl,, = —cosye—Cycosy 2 4R (p,b), (3.168)

where Ry(p,a), Ri(p,b) are O(p~7). Since C;. > 0, A > 0, there exists a sufficiently

large pg such that*™

q-Tvoyl,_y, > cosm = ¢-Tul,_,, for p > pd, (3.169)
—q-Tvoy|,, > cosye = —G-Tul,_, , for p > pg. (3.170)

Equations (3.169) and (3.169) reduces to
v-Tv, > v-Tu, for p > pg. (3.171)

It follows from equation (3.163) that

1—3A4%(q — q)® | -

V-To, —vy = —lg +C4 8yt + Rs(p,¢; Cy) (3.172)

where Rs(p, ¢; C1) = O(p~?). We now choose [ such that

l§ > max | max

b<g<a

1 —3A%(q — q0)?
{C+ 34%(¢ ~ )

14 + Rs(PSL, q; C+)} ,0] . (3.173)
8pg

It follows from equations (3.51) and (3.52) that A(a — qo) = cosy; and A(b— go) = — cos ¥z
**Following from the BCs of the Capillary BVP in a circular cusp region (equations (3.16) and
(3.17)),q - Tul ., = cosy1, —G - Tuf,_; = cos7ya.
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It follows immediately from equation (3.173) that

11— 3A2(q - %)2
8p*

l~(J]r > C+ + R?)(pv q; C+> ) for p> p(J)r : (3174)
Following from the capillary PDE (3.15) and equations (3.172)-(3.174) we obtain'!

V-Tvy—v, < 0=V -Tu—u, for I > I, p > p. (3.175)

By Theorem 3.1, we know that the solution u(p,q) is bounded above at p = pg. It

follows immediately from equations (3.18) and (3.19) that

if b > 2\/Jrl,them
wiq) < 4ab+p§2+1 a—b
u s )
pO q a — b ab p+2
if b < 2\[+1,then
ab-i-]DJr2 1 a—b + a—b
4 0 4 = 5, forpg > /%2 —ab
a—b 2 gb—pt? 0 24/2 ’
u(ps,q) < b7 V2
2V2, otherwise .

Hence there exists a sufficiently large constant I > [T such that

vi(py,q) > ulpy,q)-. (3.176)

By the comparison principle (Theorem 1.1) with equations (3.171), (3.175) and (3.176)

we conclude that,

vi(p,q) > ulp,q)  for (p,q) € {pf <p,b<q<a}. (3.177)

ttSince R3(p,q; Cy) is independent of I this holds for all I > I .
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Similarly we can define a sub-solution

v_(p,q) = Ap* —2v/1— A2(q—qo)%p — Alq — @)* + Ag + Iy

(C_A+1)y/1—A%(q — q)?
_ ZAW o (3.178)

where —2 < C_ < —1 and choose constants [, and p, as we have done for the super-

solution, and conclude that

v_(p,q) <ulp,q)  for (p,q) € {py <p,b<q<a}. (3.179)

We now choose

po = max{py,p;} (3.180)

Ly = max{|ly|,|ld]} - (3.181)

It follows from equations (3.166), (3.177), (3.178) and (3.179) that

‘u(p, q) — (Ap2 —2y/1— A%(q—qo0)%p — Alqg — q0)* + AqS) <Ly  forp> py.

(3.182)

3.5.4 The Error Estimate

We now prove the error estimates for each partial sum of the asymptotic series as
described in Theorem 3.2.
Proof of Theorem 3.2: Without loss of generality we assume cosy; 4+ cos~vys > 0 so

that A > 0, cosvy; + cosy2 < 0 case can be proven similarly.
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Base case (up):

Following from equation (3.83) we have

ug = Ap* —2y/1— A2(q— qo)’p — A(q — qo0)* + Aqgg - (3.183)

It follows immediately from Lemma 3.2 (equation (3.154)) that there exist constants

Ly and pg such that

L
lu(p, q) —uo(p,q)] < Lo < p—;)p for p > py. (3.184)

Hence equation (3.91) is satisfied for n = 0.

Inductive step (u,) :

We are given that there exist constants L,, 1, p,—1 such that

|U(p, Q) - um—l(p7 q)| < Lm—lp_7n—~_2 for D> Pm—1, M = 17 2a 37 s (3185)

Now we construct a comparison function, v,,(p, ¢) such that

V(D@ ln) = Ume1 + (bn + Kp)p™ ™ + (Ui L) + f(@) p™™,  (3.186)

= Up + Lnp " 4+ Un(¢ Ln)p™™, (3.187)

where

(m_ 1) lm

1— A%(q — q0) (% + qo)
v .

A2\/1 — A%(q — qo)?
(3.188)

Un( 1) = VI= A2 = ) + Al

We choose [,,, to construct a sub-solution and a super-solution.

Here we show how to construct and prove the super-solution. An identical method can
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be applied to the sub-solution.

We now aim to find [}, such that to satisfy
Ut (D @) + Lin-aln ™" S 0P s 1) . forb<g<a, (3.189)

where p,, is an arbitrary constant such satisfy p,, > p,,—1. [} is dependent on p,, and

is independent of p and ¢. Substituting equation (3.186) into equation (3.189) gives
Lyapm ™ < (U + Koo ™+ (U@ 1) + f@) o™, (3.190)

for b < ¢ < a. Simplifying equation (3.190) and substituting equation (3.188) into it

gives

(mel - Km)p;n, - fm(Q)

1 1— A%(q — q0) (42 + o)
< gt B - A2(g— )2+ A . (3.101
< (p TV (¢ — ) JEN e EIpsRE (3.191)

for b < ¢ < a. Following from equation (3.191) we obtain

L1 — Kp)pm ™ —
(Lm—1 m)Pm ifﬂ;(() () < l;; for b < q < a.
m—1 1 A2 — A q9—qo0 2 q0
P+ A\/ q q)+ A2 /1-A2(q—qo)?
(3.192)
We now choose [t (p,) such as
Lm - m — m

I} (pm) = max { max (L1 = Kon)Pm = /. ( ) , 0

2(q—q0)(“52+a0)
AQ\/I A2(g—qo)?

PSS\ P+ /T — A2(q — qo)? + A
(3.193)
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From equations (3.185) and (3.189), we now obtain

U(Pms @) < V(P 1)

where b < ¢ < a <, Py > Pm_1-

30

(3.194)

Employing the similar method as in the proof of Lemma 3.1 (as described in equa-

tions (3.112)-(3.121)), we now aim to expand T, asymptotically. In order to apply

this method, we require that

2V ((Km + ljr_z)pl_m + (U + f(@)p™™) - Vi
14 |Vum,1]2
n IV (K +L0)p" " + (U + fml@)p™™)
1+ |Vum_1|2

2

<1,

2

|V (K + L)' + (U + fn@))p™™))|

<< 2V (K + L)P" ™ + (Un + fn(@)p™™) * Vit

9

L <1
‘Vum,ﬂ ’

satisfy. It follows immediately from equation (3.193) that
= 0, for sufficiently large py,.

Hence it follows from equations (3.188) and (3.198) that

Un(g; 1) = O@pn?), for sufficiently large py,.

(3.195)

(3.196)

(3.197)

(3.198)

(3.199)

Equations (3.198) and (3.199) imply that there exists a constant p,, such that equa-

tions (3.195)-(3.197) holds for any p > p,,. Hence we can derive the asymptotic ex-
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pansion of T'v, similarly to the way we have derived equation (3.121), as discussed in

detail in equations (3.112)-(3.121). Following these discussions we obtain

QAL + K,p)(1 — m) + 22200 @)+ Ui (1))
m m s
Tom(p, g5 1) = Tty | 1 — V1=42(4—q0) e

4A2?
1-A2%(g—qo)?
I+ Kp)X=—m))p+ (fl(¢) + UL (¢:10) G, o
+(( )( ))pzA (f (Q) (q ))QP 1+O(p 2 2)'

1-A2(q—qo)?

(3.200)

For simplicity of writing, we shall refer to v, (p,q; 1) as vt. We now consider the
left hand side of the capillary PDE, i.e. V - Twv,,. Given the differentiability of each
term in a binomial series, we can differentiate the binomial series while maintaining
the convergence of the series. As we have extensively used the idea of binomial series
expansion to derive equation (3.200), we can differentiate it while maintaining the

asymptotic relation.* Hence it follows from equation (3.200) that
+ v o —m—1 N 0 4 —m+1
V. -Tv, = V- -Tup, (1 — Gup > — (Tum-1+q) =—Gmp

dq
a ! U/ lm B _
L9 fl@) +2Am(q, )t L o), (3.201)

0 284
¢ v/ 1-A2%(g—qo)?

where
Gula) = Gnlg) + 2= Ao o))

L Unle: Li)(q— qo)y/1 — A2(q — qo)?
> .

(3.202)

HBecause of the differentiability of f(q), Uy (g;1) and u,,_1, each term of the binomial series we
have used is differentiable.
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It follows from equation (3.188) that

— — _ atb
Unlgil) = — 2 1”?Am ‘ﬁ) wA—— 2 (3.203)
V1= A%q — ) (1-A%(q — q)?)
Substituting equation (3.203) into equation (3.202) gives
7 L, Alg— %) Alg — )
Gm(q) = GA®+§Z(O—WU+ A%y ) . (3.204)

As we have chosen f,,(¢) and K,, in section 3.5.2 such that to satisfy V - Tu,, =

um + O (p~™), following from equation (3.124) we obtain

V . TUm = V . Tum—l (1 - Gmpimil) - (Tum—l : Cj) 2G'mpiwwrl

dq
8 !
-+Er——4£%%2———p_m+l4—CKp_m), (3.205)

1 V1-42(g—q0)*
= un+0 (™). (3.206)

Substituting equations (3.204) into equation (3.201) and then substituting (3.206) into

it gives
s A (g — ) Alg — qo0)
. + _ X _m. _ 2 —m—1
0Ly Ala—5) Ale =)\ i
o U (¢ln) _,, m
1-A2(g—qo0)?

Following from equation (3.92) we have

V- -Tupm = Ap>+0(p). (3.208)
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Substituting equations (3.126) (3.208) into (3.207) and simplifying it gives

It 0 A=) Alg—q) | _
. + __m - _ _ 2 m+1
V- Tv, U, 5 L 9 (A(q Q) ((1 m) + P

Ay P
o U (¢l _ _
L Dnltiln) s oo, (3.209)

0qg ———24
¢ \/1-42(¢—q0)?

Substituting equation (3.203) into (3.209) gives

R (A<q—qo> ((1 oy A=) A<q—%>>> ——

2A0q 1 — A%(q — qo)”
It 0 q— b
- — | (m—-1)A(g—qy) — A 2 L OpT™).
(3.210)
Simplifying equation (3.210) by canceling terms inside of the derivatives gives
V- Tv} u +£ﬁ _oath 0™ (3.211)
m ™2 0 2 )P L '

Evaluating the derivative of equation (3.211) and subtracting v (defined in equa-

tion (3.187)) from both sides gives

l+
V- -Tv: —vf = (—l;; + ?m) p " O™, (3.212)
l+ —-m —-m
—5p T op™). (3.213)

Thus it follows from equation (3.213) that there exists a sufficiently large p,, such that

V- -Tv: —vf < 0 for p > py, . (3.214)
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We now consider boundary conditions ¢ - Tv;. Following from equation (3.200) we

obtain
2A2(g— ! Ul (g3l

QA + K (1 —m) + Ml i)

G- Tvy, = G-Tupa |[1- 147 P
1-A2(q—qo)?
")+ U (g lm) 9
L Iml@) U (¢36m) -m Lo (pm) (3.215)
1-A2(g—qo)?

Evaluating equation (3.215) at ¢ = a gives

q - TU;‘q:a
QA(LF + Kp)(1 —m) + 2A cos 1 (f/(a)+U, (aslih))
. m m 1—cos? e
_ q ) Tumilyq:a 1 . _— \/ COs“ 1 p 1
1—cos? v1

r(a)+ U (asly) e om—
+f(> 2,4( )p "0 (pm) . (3.216)

\/ 1—cos? v1

As we have chosen f,,(¢) and K, in section 3.5.2 such that to satisfy §-7T'u,| v—a =

cosy; + O (p~™2), following from equation (3.133) we obtain
2AKm(1 N m) + 2A cos 1 f},(a)
R . \/ 1—cos? —m—
q.Tum|q:a = q.Tum_1|q:a 1— VE X p "t
1—cos? v1
!/
a
+—f"£g L1y 0 ("), (3.217)
Tcosm

= cosy + 0 (p7"7?) (3.218)
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Substituting equation (3.218) into equation (3.216) gives

2A(F)(1 — m) + 24 cos 1 (U}, (a3lh))

N R 1—cos? —n—
G- Tv;;‘q:a = cosn+ G- Tuma|,_, | — e v et
1—cos? v1
Urln a; lm —m— —m—
altiln) ot g 2y (3.219)

v/ 1—cos? 1

Following from equation (3.203)

— 1)l I A —b
Un(ailn) = _(mZDbncosy - (3.220)

/1 —cos?yy 2 (1 —cos?y)3/?

Substituting equation (3.220) into equation (3.219) gives

Q-Tohl . = cosmtdTunl,,
2Acosy (m—l)l;‘g COs . 15, A2 cosy1 (a—b

2A(l7—7~_1>(1 - m) - 11<—cos2 v 1) + (1—00522(1)2 : —m—1

o 4A2 p
1—cos? 71
(m — 1)1} cosy a—>b o o
. m . l+ m—1 O m—2 )
( 24 "4(1 — cos?y) p + (p )
(3.221)

Simplifying equation (3.221) gives

IF(1—m) cosvyi(a —b) o
A~{Zj + = A.T — __m _l+ m—1
q U, t=a cosyr + q U 1|q:a( 24 m4(1_CO32%)
(m — 1)Lt cosy a—>b . e
. m —l+ m—1 m—2 ]
( 2A "4(1 — cos® ) P O )

(3.222)
From equation (3.93) we have

q Tum—il,—qy = cosm+0O (p~™ ). (3.223)
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Substituting equation (3.223) into equation (3.221) gives

IF(1—m) cosy(a—>b)\ _,._
G- Tot = om0 g PR E) m—1
q-1Tv, i=a COS7y1 + cos7p ( 94 m4(1 ~ oo 71)
(m — 1)1} cosy a—b i 2
< 2A "4(1 — cos®y1) P +O( )
(3.224)
Simplifying equation (3.224) gives
—-b
Q-Tog|_, = cosm+Lh=—=p"" " +0 (7). (3.225)
Similarly evaluating equation (3.215) at ¢ = b gives
R n yb—a —m—2
q-TUm{q:b = —cosye+ 1 T + 0 (p ) (3.226)

Given a > b, following from equations (3.225) and (3.226) we can show that there exists

a constant p,, such that

Q~Tv;|q:a > cosvyy, forp>pn, (3.227)

—q- Tv;}qzb > cosvy, forp>pn,. (3.228)

Following from equations (3.194), (3.214), (3.227) and (3.228) there exists a constant

Pm Such satisfies

WP @) < V(D G 17) (3.229)

V- -Tv) —vl < 0=V -Tu—u, for p > p,, (3.230)
G- Tv! o > COSTL = Vo Tul,_, , for p > pr, , (3.231)
—q-Tv! o > cosye = v-Tul . for p > py, . (3.232)
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By the comparison principle we obtain
ulp.a) < vn(p,q) = wm + Lp" + Un(qsly)p™™  for p > pr. (3.233)
Following from equation (3.233) we obtain
uw(p,q) — Uy < Lhp ™4 U, (q;1h)p™™ for p > pr, . (3.234)

Similarly we can construct a sub-solution v,, and show that there exists a constant py,

such satisfies
up,q) — wm > Lp ™+ Unlgsl)p™™  for p > pry . (3.235)

Thus we can conclude that there exist constants L,, and p,, such satisfy

! for p > py, . (3.236)

[u(p; @) — um(p,@)| < Lpp™™"
Hence by mathematical induction there exist constants L, and p, such satisfy
lu(p, @) — un(p,q)| < Lnp ™! for p > pp, n € Z* . (3.237)

Following from equation (3.83), we can re-write equation (3.237) as

lu(p,q) = (un—2(p,q) + Kporp™ "2+ fuop" ™+ Kop "+ fp™)| < Lp™™t,

(3.238)

for p > p,, n = 2,3,4... . Following from equation (3.87) we can show that f,_1(¢q) and

fn(q) is bounded in the domain. This implies that there exist constants L,, and p,, such
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that

‘U(p, Q> - (unf2(p7 Q) + anlpinJrQ)} < aninJrl for P> DPn, N = 27 37 4....

(3.239)
It follows from equations (3.239) that

‘U(p, q) - (un—l(p7 Q> + Knp_n+1)‘ < Ln—i—lp_n fOI' b > Pn+1, N = ]-7 27 3....

(3.240)

Following from equation (3.83) we have u,,_1(p, q) + K,p~ """ = u,(p, q) — fu(q)p™™ for

n = 1,2, 3.... Substituting this into equation (3.240) gives

Ln+1
P

u(p, @) = (un(p,q) — fula)p™)] < . forp>pa,neN.  (3.241)

3.5.5 Accuracy of the Approximation of Section 3.3

In this section we will prove the accuracy of the approximate solution, which we have

obtained in section 3.3 (equation (3.54)).

Theorem 3.3 Let u(p,q) be a solution to the capillary BVP in a circular cusp region.

Then there exist constants Lg and pg such that

L
‘U(p, q) — (Ap2 —2¢/1— A%(q — qo)*p — Alg — qo)* + Aeﬁ) ‘ < p—? , (3.242)

for p > pg.
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Proof:

We will apply Theorem 3.2 to prove this theorem. Let,

u(p,q) = Ap® —2v/1— A2(q— q0)%p — A(q — qo)* + Aqp .

Following from equations (3.96) and (3.97) we obtain

1 —3A2%(q — qo)?
VTug—u = — il ) +O0(p™°),

8Ap*
. (¢ —q)(1 = A*(q — q0)*)
q-Tuy = Alqg—q)— SAL

Hence we have:

92(q), 93(q); ga(q) = 0,

1— 3A2(q - %)2
gB(q) - - 814 )

ha(a), hs(a), hy(a) = 0,

hola) — — (a — qo)(;; cos® 1) ’

ha(b), hs(b), ha(b) = 0,

(b—qo)(1 — cos? o) '

hs(b) = - SA

+0(p™ ).

39

(3.243)

(3.244)

(3.245)

(3.246)
(3.247)
(3.248)
(3.249)
(3.250)

(3.251)

Thus by Theorem 3.2 we can calculate K’s. Following from equation (3.86), by inspec-

tion we obtain

KQ; K37 K47 = 0.

Also after some calculation we get

(3.252)

(3.253)
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Again from Theorem 3.2 we can calculate f’s. Following from equation (3.87), by

inspection we obtain

f2(q), f3(q), falg) = 0. (3.254)

After some calculation we get

_\/1_142((]—610)2‘

fslq) = 1A2

(3.255)

This implies there are four zero-terms in asymptotic solution such that

1 1 1
us(p,q) = Ap® —2y/1— A%(q—q0)?p — (Alq — @) — Ag}) + 00 +05+05
1 J/1-A%(q—q)? 1

— — —. 2

+0- T p5 (3.256)
Following from equation (3.256) we have
_ 1—-A%(q—q)* 1

us(p,q) — fsl@)p™> = us(p,q) — (- v 422 0) z;) , (3.257)

= Ap® —2y/1— A%(q — q0)*p — (Alg — q)” — Aqgp) (3.258)

Thus by Theorem 3.2 we conclude equation (3.242) holds.

Theorem 3.5.5 implies that the solution of the approximated BVP (as defined in equa-
tions (3.37)-(3.39)) is in fact first three terms of the asymptotic series solution. Also
this first three terms of the asymptotic solution possesses the accuracy equivalent to the
first seven terms of the asymptotic series solution. This unexpectedly accurate approx-
imation is due to the fact the approximated BVP is solvable exactly. Solvability of the

approximated BVP depends on the choice of coordinate system, and it turns out that
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the circular cylinder coordinate system is a suitable choice for this problem. (So far we
have observed only one other case, which the approximated BVP were exactly solvable.
As we have discussed in Appendix B the approximated BVP for a wedge problem was
exactly solvable in polar coordinate system, and it turns out to be a very accurate solu-
tion to the original problem.) Also the approximated BVP cannot be solved exactly in
the coordinate system Scholz has used in his paper [7]. This approximation technique

and the accurate approximation is our original result.



Chapter 4

Odd Boundary Conditions:

Supplementary Contact Angles

In this chapter we will discuss the case cosy; 4+ cosv, = 0, which we did not consider in
previous chapters. Not many results for this type of contact angle conditions are known.
It was stated in Scholz’ paper that for a cusp region “[tJhe case 73 = m — 7, keeps an
open question” ([7], page 234).* In this chapter we aim to address some aspects of this
open question. We shall refer such contact angle conditions as supplementary contact

angles.

4.1 0Odd Boundary Condition

We consider a region 2 that is symmetric about the z-axis, i.e.

Q= Q U, (4.1)

*cosy1 +cosyz = 0 for 0 < 2 <  implies y1 =7 — 2.

92
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where

Q. = OQn{(z,y) e R?:y >0}, (4.2)

Q= {(z,—y): (z,9) € A} (4.3)

The upper and lower boundaries I'y and I'_ are given by

I, = 90n{(r,y) e R*:y >0}, (4.4)

. = 90n{(x,y) e R*:y<0}. (4.5)

We assume there is a cusp/corner at the origin opening in the positive z-direction as

in Figure 4.1. Consider a rectangle

R = {(v,y) €R*:0<aw<z,0<y<uyl, (4.6)

and let

We choose z; and y; small enough’ that the subset of the boundary in Q, i.e. 'y N R,

is given by

y = f(x) 0<z<ua, (4.8)

where f(z) is a piecewise smooth function such that

lim f(x) = 0. (4.9)

z—0t

"Note 21 may be finite or infinite.
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v A
oy
Yo
f(x) 1
0 T Q_ »
L 0
Figure 4.1: Symmetric Region with Boundaries.
The derivative will satisfy
0 for a cusp region ,
lim f(z) = (4.10)
v0 constant for a corner region .

We shall refer to region Q) as a near cusp/corner region.
In the present situation with the restriction cos~y; + cosv, = 0, the capillary BVP

assumes the form?

V-Tu=u in 2, (4.11)
v-Tu = cosvy onT', (4.12)
v-Tu= —cosvy onI'_. (4.13)

We shall refer to this boundary value problem as the capillary BVP with odd BCs.
In this chapter we assume cosy > 0. Similar results for cosy < 0 cases can be

derived using a negative solution (see remark 3 in section 1.2.2).

*The BCs (4.12) and (4.13) correspond to the BCs (2.10) and (2.11) when the restriction cos~y; +
cos v = 0 is imposed.



Chapter 4: Odd Boundary Conditions: Supplementary Contact Angles 95

First we show how we can apply the comparison principle (Theorem 1.1) to the

capillary BVP with odd BCs.

Theorem 4.1 (the Comparison Principle for Odd BCs) Let u(z,y) be a solu-
tion of the capillary BV P with odd BCs.

Case A: If
V- Tv—v20 in Q4 (4.14)
v-Tv < cosvy on T, (4.15)
v=0 ony =0, (4.16)
then
U(I, y) § U(.T, y) mn Q-l— ’ (417)
—v(z,—y) = u(z,y) in - . (4.18)

Case B: In this case we consider a near cusp/corner region. Let 0§ be defined as

QFf = {(z,y) eR*:0< 2 <20,0 <y < f)}, (4.19)

where xq < x1. If

V-Tv—v20 in Qf , (4.20)
v-Tv < cosy on{(z,y): 0 <z <zg,y = f(x)}, (4.21)
v=20 ony =20, (4.22)

vSu on{(z,y) . =m0,0 <y < f(z)}, (4.23)
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then

v(z,y) s u(z,y) in Q, (4.24)
2

—v(x, —y) u(z,y) in Q. (4.25)

In order to prove this theorem, it is necessary to show that the solution surface

u(z,y) is odd with respect to the z-axis.

Lemma 4.1 Let u(x,y) be a solution to the capillarity BVP with odd BCs, then u(x,y)

1s an odd function with respect to vy, i.e.

u(z,y) = —u(z,—y). (4.26)

Proof:

Let

u(z,y) = —u(z, —y). (4.27)

It follows from equation (4.27) that

ot ou

ou ou
0%*u 0*u
0%*u 0*u
0% 0%u

Expanding the left hand side of the PDE using the definition of 7" in equation (1.42)
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gives

U (2, y) (14 05 (2,y)) + gy (2, y) (1 + @2(2,y))
(14 @2(z,y) + @2(z,y))*”
 20,(2,y) iy (2, )ty (2,y)
(1+ @2 (z,y) + @2(z,y))"”

V- Tu(z,y) =

(4.33)

Substituting equations (4.28)-(4.32) into equation (4.33) gives

_u:czr(xu _y> (1 + uz(xv _y)) B uyy(x7 _y) (1 + Ui(xa _y))
(1 + w2, —y) + ud(a, =)
+2uz(337 _y>uy(x: _y)u:ry(xa _y)
3/2

(4.34)

By comparing the right hand side of equation (4.34) to equation (4.33), we observe that

equation (4.34) can be written as

V- -Tiu(x,y) = =V -Tu(z,—y). (4.35)

Replacing y by —y in equation (4.11) gives

V- -Tu(z,—y) = u(z,—y). (4.36)

It now follows from equations (4.27), (4.35) and (4.36) that

V- -Tu(z,y) = u(z,y). (4.37)

Hence @ satisfies the capillary PDE (4.11).
Let v, and v_ be the unit outward normal vectors on the boundaries I'y and I'_,

respectively. Also let v, and v, be the z and y components of unit outward normal
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vector v,. By the symmetry, the unit outward normal vector on I'_ can be written as

v_ = (Vy, —1). Also it follows from equations(4.1)-(4.5) that

(x,y) ey <= (z,—y) el_, (4.38)

(x,—y) ey, <<= (x,y)el_. (4.39)

Following from the definition of 7' (equation (1.42)), BCs (4.12) and (4.13) can be

expanded as

B U T + Uy Y
lener. = Vo) e
Vgl + Vyly
JItutul
_ Uyl + uyg
v Tue W loer. = 0m =) Rt

Vplly — Vyly

V1 u2 4 ul

vy - Tu(x,y) = cos 7, (4.40)

(z,y)el+

= cos7, (4.41)

(z,y)el+

= —cosvy, (4.42)

(z,y)el—

= —CoS7. (4.43)

(z,y)el—

Expanding v - T'u gives

_ Valla (2, Y) + vyl (T, y) . (4.44)

1+ 8, —y) + @, —y)

vy - Tﬂ(l’, y) ‘(m,y)€F+

(z,y)ely

Substituting equations (4.28)-(4.32) into equation (4.44) gives

~ VaUg\ Ty —Y) — VyUy\T, —Y
vy - Tu(z, y)|, = ( ) = vy ) . (4.45)

z,y)el -
o V18 —y) + (e, —y)

(z,y)el+
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Using equation (4.38) it follows from equation (4.45) that

Vmuz(xa _y) - Vyuy(xa _y)

1+ (e, —y) + i, —y)

vy - Tﬂ’(x7 y) |(fc,y)€1"+ =

(z,—y)el'—

Substituting equation (4.43) into gives

vy - Tu(z, y)|, —(—cosy) = cos~.

z,y)el+

Similarly we can show that

vo - Tu(z,y)|(, yer_ —Cos 7.

99

. (4.46)

(4.47)

(4.48)

Hence @ satisfies the boundary conditions (4.12) and (4.13). Following from the unique-

ness of the solution to the capillary BVP we have u = 1, i.e.

U({L‘,y) = _u($a_y)‘

Proof of Theorem 4.1:

Following from Lemma 4.1 we have

u(z,0) = —u(x,—0),

= u(z,0) = 0.

(4.49)

(4.50)

(4.51)



Chapter 4: Odd Boundary Conditions: Supplementary Contact Angles 100

Case A: Substituting equations (4.11)-(4.12) into equations (4.14)-(4.15) gives

V-Tv—v 2 V-Tu—u in Q4 , (4.52)

v-Tv s v-Tu onl'y. (4.53)

Also substituting equation (4.51) into equation (4.16) gives

v(z,0) = u(x,0). (4.54)

Apply the comparison principle (Theorem 1.1) to the region 2, with the boundary
00, =X*UXP U where

20 = {y=0}, (4.55)
o= Ty, (4.56)
¥ = {(0,0)}. (4.57)
By the comparison principle
U(Ivy) § U(I,y), in Q+' (458)

Now we consider the region €2_. Multiplying —1 to equation (4.58) gives

—’lJ(I, y) 2 —U(Z', y) ) in Q-i—' (459)

Substituting equation (4.49) into equation (4.59) gives

uw(z, —y) for (z,y) € Q. (4.60)

u(z, —y) for (z,—y) € Q.. (4.61)
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Following from equation (4.5) we have (z,—y) € Q; <= (z,y) € Q_. It follows that

—v(z,—y) =2 u(x,y) for (z,y) € Q_. (4.62)

Case B: Similarly we are given equations (4.20)-(4.23). It follows that

V-Tv—v20=V -Tu—u in Qf , (4.63)
v-Tvscosy =v-Tu on f(z), (4.64)
v=0=u ony =0, (4.65)

vSu on {(x,y):x=120,0 <y < f(xg)}. (4.66)

We now apply the comparison principle (Theorem 1.1) in the region Qf with the

boundary 9§, = X% U ¥ U X°, where

Y = {(z,y):0<z <z, y =0} U{(x,y) : x =20,0 <y < fzo)}, (4.67)
¥ = {(x,y):0<z <,y = fx)}, (4.68)

2% = {(0,0)} U{(zo,0)} U{(zo, f(z0))}- (4.69)

By the comparison principle,

v(y) s ulzy),  for (z,y) € Q. (4.70)

Following the same argument as equations (4.59)-(4.62) we obtain

—U(l’?y) Z _U(I7y) for (:L‘ay) € Qa_a (471)
= —v(z,y) =2 u(z,—y) for (z,y) € QF, (4.72)
= —v(z,—y) 2 ulz,y) for (z,y) € Qp . (4.73)
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4.2 Bounded Solution at a Cusp and a Corner

In this section we aim to explain the qualitative behaviour of a solution to the capillary

BVP with odd BCs.

Theorem 4.2 (Bounded Solution at a Cusp and a Corner) Let u(z,y) be a so-
lution to the capillary BVP with odd BCs. If the function f(x), which is defined by

equation (4.8), satisfies the following conditions

sup |f'(z)|] < tan~, where xo < 1, (4.74)
0<x<zg
f(z) € C* N piecewise C*, in0<x<ux, (4.75)

then there exists a constant K such satisfies

0 < u(z,y) < Ky for 0 <y < f(x), (4.76)

0 > u(z,y) > Ky for — f(x) <y <0, (4.77)

with 0 < x < xg. Here xy may be finite or infinite.

Proof:

Let the comparison function v(zx,y) be

v(z,y) = Ky, (4.78)
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where K; > 0 is a constant. We now compare this function to u(z,y) in the region

given by

Qf = {(zy) eR:0<z<20,0<y< f(2)}. (4.79)

By inspection we get

v(z,0) = 0, for 0 <z < x, (4.80)
Ky
2

It follows from equation (4.81) that

V-Tv—v = —Ky, for (z,y) € Qf . (4.82)

Following from equation (4.82) and substituting the capillary PDE (4.11) gives

Tv—v < 0=V -Tu—u, for (z,y) € Qf . (4.83)

Unit outward normal vector v on the boundary y = f(z) is given by

_ S@Ety (4.84)
V14 (f'(2))?
It follows from equations (4.81) and (4.84) that
1 K
v-Tv = S (4.85)

VIt (f(@)? 1+ K}
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Since \/% is a monotonically increasing function such that
1

if

> cosv,

L+ (f'(2))?
then there exists K5 such satisfies

1 K1
V14 (@) V1+K;

Case A: Suppose that zy = oo, following from this we have

sup | f'(z)| < tany,

o<z
then
1 K
> Cos7y.
V14 (f'(2))2/1+ K3

Thus by Theorem 4.1 Case A

u(z,y) < Koy  for0<y< f(a),

u(z,y) > Koy for — f(z) <y <0.

> cos7, for all K1 > K.

104

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)
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Case B: Suppose that z is finite. By Theorem 1.3 u(z,y) € C?, and by Lemma 4.1

u(z,0) = 0, we can show that there exists a constant K3 sufficiently large such satisfies

Ky > u(zo,y), for K1 > K3 > K. (4.93)

By Theorem 4.1 Case B we conclude

u(z,y) < Ksy for 0 <y < f(x), (4.94)

u(z,y) > Ksy for — f(z) <y <0, (4.95)

with 0 < & < xy. We can also prove the lower bound of u(x,y) in Q. By letting

K =0, ie. v(z,y) =0, we obtain

V-Tv—v = 0=V -Tu—u, for (z,y) € O, (4.96)
v-Tv = 0 < cosy =v-Tu, for (z,y) e T'y, (4.97)
v(z,0) = 0. (4.98)

By Theorem 4.1 Case A we conclude

0 < wu(z,y) for 0 <y < f(z), (4.99)
0 > u(z,y) for — f(x) <y <0. (4.100)
|

Theorem 4.2 gives that

lim  u(x, =0 4.101
o (2,9) (4.101)
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in any path from inside of domain 2. Thus we know that w(z,y) is not only bounded
at (0,0) but can be defined to be continuous at (0,0).

Since we have lim, o+ f'(z) = 0 for a cusp region, there exists a constant z, such
that to satisfy supg.,.,, |/’ (z)| < tan~. Thus a capillary surface in a cusp region with
odd BCs is bounded at the cusp and also can be defined to be continuous at the cusp.

In a corner region with opening angle less than 2+, the condition sup,_, ., |f'(z)] <
tan 7y satisfies. Thus a capillary surface in a corner region with opening angle less than
2~y with odd BCs is bounded at the corner and also can be defined to be continuous at
the corner. The continuity at the corner with odd BCs is also proved by Lancaster and

Siegel [3]. However for the case of opening angle greater than 27 is still an open question.

We can write upper and lower bound of the solution function as
—Kf(x) <u(z,y) < Kf(x), for0 <z <z, —f(z) <y < f(z). (4.102)

As shown in Chapter 2 in the case of 5 # 7™ — 1, the capillary surface is unbounded at
a cusp. However, as shown in this chapter, the capillary surface at a symmetric cusp
is bounded in the case of 75 = m — ;. Hence this is an another example of capillary

surfaces depending discontinuously on the boundary data.

4.3 Circular Cusp Region with Odd Boundary Con-
ditions

In this section we consider a capillary surface in an infinite bath of water with two
equi-radii cylinders with supplementary contact angles tangent to each other. As in

Chapter 3 we make use of the tangent cylindrical coordinate system. Let u(p,q) be a
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function for height of a capillary surface in region €2, then it satisfies

V-Tu—u =10 in Q,
q-Tu = cos~y onqg=a,
—q-Tu = —cos~y onqg=—a.
where
Q = {(p,g):0<p<o0,—a<qg<a}l.
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(4.103)
(4.104)

(4.105)

(4.106)

We shall refer to this BVP as the capillary BVP in a circular cusp region with odd BCs.

Theorem 4.3 (Global Bound) Let u(p,q) be a solution to the capillary BVP in a

circular cusp region with odd BCs, then

cot

0 <u(p,q) < 27q forq>0
a
cot

0> u(p,q) > Jq forq <0
a

in (p,q) € .

Proof:

Let the comparison function v(p, q) be

cot y

v(p,q) = q.

a?

(4.107)

(4.108)

(4.109)
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After some calculation we get

cot 'y

VU 02+ g ()"

0 + )

1+ + a2 (252)*

G-Tv = (pP*+¢°) (4.110)

= v-Tv|,._,

(4.111)

Following from the fact \/12? is a monotonically increasing function with respect to &

and (p? + a*)? (M)Q > (a?)? (%7)2, we obtain

2 cot'y
v, (@) (4.112)
Jir @ (=
= cos7. (4.113)
Also after some calculation we obtain
coty\3 /. 2 2\3
+ t
V-Tvy—vy = =2 () (7 + 0% 57 Coz’yq, (4.114)
co 2 a
<1+(p +a*)? (%) )
< 0 for ¢ > 0. (4.115)
By Theorem 4.1 Case A, it follows that
t
u(p,q) < Cozvq for ¢ > 0 (4.116)
a
t
u(p,q) > CO;/q for ¢ < 0. (4.117)
a
By inspection, applying Theorem 4.1 Case A to v(p,q) = 0 gives
0 < u(p,q) for ¢ >0, (4.118)

0 > u(p,q) for ¢ <0. (4.119)
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Thus we conclude

t
0<u(p,q) < © 27q for g >0, (4.120)

a

t
0> u(p,q) > 0 27 for ¢ <0, (4.121)

a

in (p,q) € Q.

|

Note: This bound is valid in the entire region {2.
Now we give a formal asymptotic series approximation to a solution of the capillary

BVP in a circular cusp region with odd BCs.

Theorem 4.4 (The Formal Asymptotic Series) Let u,(p,q) be

noJ
un(pg) = D> A, (4.122)

j=0 i=0

where constants Aj; are defined recursively as

Ago = COt’y (4123)
It 22 N G2

Ay = _ 2 b e =l (4.124)

Ay = L fori=1,2,3,...5, (4.125)

sin® (20 + 1)2
with bj; and cj; gwen as
V- Tuj_1|q:a = cosvy+ (Z bjiaQZ_Q) p ¥4 O(p—2(3+1)> 7 (4.126)
i=1

j
VeTuj —ujm =y g p 2+ 0(p™), (4.127)
=1
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then

V-Tu, = u,+0 (p~>"7?) in Q
Gg-Tu, = cos*y—i—O(p*%) forq=a,

—q-Tu, = —c087+0(p72") forq=>0,

for allm € Z* for sufficiently large p.

Proof: Prove this by mathematical induction.

Base case (ug): Following from equation (4.122) we have

cot vq
U B .
p
After some calculation we get
V- -Tuy ~ 6sin*ycosyq, as p — 00,
1 —3cos?y

q-Tuol,—, ~ cosy + a* cosy 2 :

Hence equations (4.128) and (4.129) are satisfied for n = 0.

Inductive Step (uy,):

We are given that

J
2i4+1, —2j—2

Ajiq p 7,

j=0 i=0

—2m

qA : Tum—1|q:a ~ COs7Y + fm(a)p ;

as p — 00.
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(4.128)
(4.129)

(4.130)

(4.131)

(4.132)

(4.133)

(4.134)

(4.135)

(4.136)
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as p — 0o. Given equation (4.134) expand Ty,

T'me,1

(p2 + q2) <8um—1]§ + Bum—1q>
- s o , (4.137)

OUm—1 2 ou 2
1+(p2+q2)2(( i) g;))
OUm—1 A OUm—1 A~
(p2+q2)< 5D+ aq1q>
1+< 449202 + 4) Oum—1 2+ Oug 2_'_2%37%171—% + Oum—1—uo 2
Pt +20%¢* +¢q B 94 R 94
OUm—1 OUpm—1 A
(p2+q2)< 5D+ aqlq)

2
Jrer (2) + fa

Y

, (4.138)

where

0um_1 2 8u0 2 87,1,() aum_l — Up aum_l — U,Q2

_ 2 2 4
F(p,q) = ((21’(1 +q>( ap +aq +28q dq * dq )

Q1> Oug Oy, 1 — U QM1 — U
4 m—1 0 m—1 0 m—1 0 )
2 . 4.1
+p< ap + 34 B4 + B4 ))sm v (4.139)

dp sin? "

2
Following from equation (4.122) we have 1 + p* <8“°) = ——. Substituting this into

equation (4.138) gives

Tup—1 = , 4.140
tm—1 LI F(p,9) ( )
sin? sin?
. OUpp—1 . OUpp_1 . 1
= siny ((p2 +¢%) ( 3 p+ 9 lq)) Y (4.141)
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Expanding \/ﬁ using binomial series gives

Oy My © 11, (=21
fis = s (74 (%t 250)) (1 SR
k=1 )

(4.142)
By equation (4.134) we can show that
(9um_1 — 2i+1 . —2j-3
ap > At (=2) =27, (4.143)
p =0 =0
82um—1 i %%+1 04
o2 > A (=2) = 2)(=2) = 3)p (4.144)
P =0 =0
aum—l i i 2 —2j-2
S = DD A+ gt (4.145)
4 =0 =0
32u -1 m-l J . )
372 = D A2+ 1)(20) g p V2, (4.146)
q j=1 i=1
aQUm,l m—l J . ]
opog > Ail2i+ 1)g* (=2) = 2)p7 (4.147)

<
I
o
-
Il
o

Following from equations (4.143)-(4.147), we can show that F(p,q) < 1 for sufficiently
large p. Hence equation (4.142) is a convergent series for sufficiently large p.

We now consider the boundary condition. It follows from equation (4.142) that

i T = sing (2 + ) (oot 1+i—f1 C5) )
" 0q K]

k=1
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Substituting equations (4.143)-(4.147) into equation (4.139) implies that there exists a
set of constants Kj; given by
2m+1 j
F(p,q) = Z ZKjiq%p_Qj : (4.149)

=0 =0

Substituting equation (4.149) into equation (4.148) gives

m—1
G-Tupm_1 = sin’y(p + %) (ZZAN (21 4+ 1)q ))

7=0 =0
H ( M 2m+1  j k
1+Z =l o (2; X;K q2jp_2j> . (4.150)
7 7

It follows from equation (4.150) that there exists a set of constants b;; given by

oo J
G T = YO bug" p ¥+ (4.151)

=1 i=1

Equating equation (4.135) and (4.151) gives

by = cosvy, (4.152)
m+1

fm(a) = meﬂ,iaz%z- (4.153)
i=1

Also following from equation (4.153) we obtain

m—+1
v-Tup 1 —cosy — Z b1 Pp " = O (p_2m_2) . (4.154)

=1

Similarly we aim to expand the left hand side of the capillary PDE, i.e. VTu,,_1. Since

equation (4.142) is a power series in p and ¢ we can differentiate the series. Thus we
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obtain

V. Tu,, = <p2+q2>2§psm(3%2—1)< ZHH T )
_ (p2+q2)281n7<<82um ) <1+ZHH —25) )
(aum ) (Z [T 1k' (=254, e gg)
e
(au’” ) (Z Mot (255 e %Z)) (4.155)

Following from equation (4.149) we have

aF 2m+1 j

P = S>> —2jKuq p (4.156)
7=0 =0

9?0 = > 2K Y (4.157)

j=0 =0
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Substituting equation (4.156) and (4.157) into equation (4.155) gives

m—1 7

Vo Tup = (p*+¢*)siny ((Z DA (=2j = 2)(=2j - 3)29‘2”"4)

7=0 =0

H u 2m+1 J k
ey ) (ZZMJ’M)

7=0 =0

m—1 7
+ ( S AP (-2) - 2>p2j3>

oo k 2l 1 2m+1 j k-1
- (z i I

7=0 =0

m—1 7
+ ( > Au(2i+ 1)(2z)q2“p2j2>

7=0 =0

m—1 J
" ( > Au(2i+ 1>q2ip_2j_2>

00 Hk ( M) 2m+1  j - . .
> 121/@—!2]‘: <Z ZKJ@'Q%P_ZJ)

j=0 =0

2m+1 j
: 2jKjiq” ' p¥ )) (4.158)
L

Following from equation (4.158) we can show that there exists a set of constants Cj;

given by

oo J
VeTumy = > ) Crg” 'p . (4.159)
7=1

=1 =1
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It follows from equation (4.134) and equation (4.159) that there exists a set of constants

c;i given by

o J
V- TUm_l — Um—-1 = Z Z Cjtii—lp—Qj-FQ . (4160)

j=1 i=1

Hence by equating equation (4.136) and (4.160) we obtain g,,(¢) to be in a form

m

gm(@) = D cmig”™ " (4.161)

i=1

Also from equation (4.160) we obtain

m
V T Up—1 — U1 — Z Cmi@* T Ip T2 = O (p’2m) for sufficiently large p.
i=1

(4.162)
We now let the next order term u,, to be

U = Uy + Y A Hp 2D (4.163)
=0

After some calculation (refer to Appendix A.4) we obtain

VoTup = V- Tty +sin®y Y A2+ 1)2ig* p 2+
i=1
m—+1
+ > D™ 'p "+ O(p7P ). (4.164)

=1
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It follows from equation (4.164) that

V- Tu, —u, = sin’ v Z A (2i + 1)2iq2i—1p—2m+2
=1
m+1

+ Z Dmiq2i71p72m + O<p72m72)

i=1

+ Z sz'qu_lp_gmH o Z Amiq2i+1p_2(m+1) + O(p—Qm) )

=1 =0
(4.165)
Simplifying equation (4.165) gives
Vo Tty =ty = 3 (sin® yAui(20 4+ 1)2i + ¢i) ¢* 7 'p7" 2. (4.166)

=1

Now now choose A,,; so that
sin® yA,i(2i +1)2 + ¢y = 0. (4.167)
Solving equation (4.167) for A,,; gives

Api = ——— ™ fori=1,23.m. (4.168)
sin® y(2i + 1)2¢

Choosing A,,; as in equation (4.168) gives

V- Tty — U = O(p~2™). (4.169)
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After some calculation (refer to Appendix A.4)

m+1 m
G- Tum|,_, ~ cosy+ (Z bmy1.:0> 2 + sin® Z Api(2i + 1)a2i> pm

=1 1=0

m .92
i ( S Azt e = SIS (g
=0

i - 4a’Bsin® 7y cosy
o 2. (9 2i —2(m+1)
2a°siny ;_0 Apmi(20 4+ 1)a™ + 5 P :

(4.170)

as p — oo. Following from equation (4.170) we obtain

m—+1 m
q- Tum]q:a = cosvy+ (Z bmH,iaQi_Q + sin® v Z Apmi(2i + 1)a2i> p2m
=1 1=0
+0 (p_2m_2) , for sufficiently large p. (4.171)

Now we choose A,y such that

m—+1 m
D beria® T sin® Y Api(2i 4 1)a® = 0. (4.172)
i=1 =0

Solving equation (4.172) for A, gives

S b ,0® 2 4 sind y 0T A(20 + 1)a®
sin® '

Ao = — (4.173)

Substituting equation (4.168) into equation (4.173) gives

m—+1 2i—2 m. Cpmy 21
AmO _ _Zz_l +1, — Z’L—l 24 ) (4174)
Sy
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Choosing Ao as in equation (4.174) gives
G- Tup|,_, = cosvy + O(p~?™?%).

Hence we have

Uy = iiAjiq2i+1p2j2,

j=0 i=0

where

m—+1 2i—2 m. Cmy 21
Zi:l bim+1,0 _Zizl 2@

AmO = - T 3 s
sin” y
Cri .
Ami = ——5 . fori=1,2,3..m .
sin”® (27 4+ 1)2i
G- Ttmly—y ~ cosy+ frmpr(a)p™™%,  asp— oo,
V. Tum —Um ~ Gm+1 (Q)p_zm s as p — 00.
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(4.175)

(4.176)

(4.177)

(4.178)

(4.179)

(4.180)

Hence equations (4.128) and (4.129) are satisfied for n = m. By Mathematical Induc-

tion, we have proved that

U, = zn:zj:Ajiq%—i—lp—Qj—Q’

j=0 =0
G-Tuy,|,_. = cosy+0O (p_Z”_Q) ,

V- -Tu, = un+0(p_2"),

(4.181)

(4.182)

(4.183)
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for sufficiently large p, for all n € Z*. Following from the fact equation (4.181) is odd

with respect to ¢ we have

— G- Tuy,| = —cos7+0(p™"7?) . (4.184)

q=-a

Hence equations (4.128) and (4.129) are satisfied for all n € Z*.
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Future Work

Currently, Theorem 2.2 can only be applied to cusp regions, which satisfy equations (2.60)-
(2.62). However, we suspect these conditions can be reduced because we have been
unable to find any cusps that did not satisfy these equations. We would also like to
prove that the leading order term of the formal asymptotic expansion, equation (2.113),
is actually the leading order of the asymptotic solution. This may be proven by finding
the third order formal asymptotic expansion and by using the comparison principle.
The technique we introduced in Section 3.3 gives an accurate approximation to the
capillary BVP in circular cusp regions. We would like to expand the application of
this technique from the wedge problem (see Appendix B) to other types of cusps as
well. Finally, as in Section 3.5, we would like to use the comparison principle to prove
that the formal asymptotic series found in Theorem 4.4 is also the complete asymptotic
series.

As a course project, I have used an iterative finite difference method to numerically
compute solutions to the capillary BVPs. These numerical simulations were only suc-
cessful for solutions without singularities and not for those with singularities. We would
like to demonstrate that the solutions to the capillary BVPs both with and without

singularities may be obtained by using a least square finite element method.

121



Appendix A

Calculations and Justifications

A.1 Calculation for Theorem 2.2

We are given that

filz) = folz) = o(fi(z) — fa(x)),

" e T - o f{(l’) B fé(l‘)
) - ) = o)
" ) — " T - o f{(l’) _ fé(x)

o= 1) = o AH=LE)

as £ — 0. We now aim to calculate

v-Tv|,_,,
v-Tv|,__,,

V.-Tv—wv,

where
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with

s = x, (A.8)

2y (Ae) + o)
= T @ fle) (4.9)

Equations (A.4) and (A.5) can be written as

_ (—fi(s),1) (v, vy)
v-Tul,_, = \/1 e \/1 o +U2 (A.10)
V'TU|t:_1 — (f2( ) ) (UI’UZ/) (All)

V14 f2(s \/1+U2+1)2

By the chain rule, we re-write the above formula in terms of new coordinate variables

s and t:

Oov ot Ov0ds
Ve = a%—i-%%, (A.12)
ov ot Ov0Os
= —— 4+ ——. Al
W = Stay T asoy (A-13)

Following from equation (A.7) we have

v A(fi(s) = f5(5)

o 1) = fUs) :
s = " This) - f2< ¥ e The Y Re = 6P
AU() — () 1(s) — f1(s)
OE O A AOES Ok (A.15)
% - g/(t)ﬁg—ﬁgs;' (4.16)
Following from equation (A.9) we obtain
O HAG) = ) + (i) + A1)
5 15— Fals) , (A.17)

ot 2
T RO -5 (A19)
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Substituting equations (A.17) and (A.18) into equations (A.12) and (A.13) gives

(s) = fals) t(fi(s) = fz(S)) fi(s) + f3(s))

R (
v~ =IO TR 11(5) — fols
AU - ) R~ ) () — B
T T RO he OGe —heE 419
~ _?;ﬁlg) f2(<))) To(t) flgifz((j))’ (4.20)
L) = B | L) — £ ()
<Am (Fi(s) — fo()2| ~~ fl(s)—fz(s)>
A A6
A<f1<> <>>2’ (4.2
vy, = 29'(t) fi(s) = f3(5) (A.22)

(f1(s) = fals))*’

then substituting equations (A.21) and (A.22) into equations (A.10) and (A.11) gives

FE-10) o 101y AE 1)
(—fi(s).1) (—AELY 29 (1) EBH)

V1+ f2(s) ()= F3(5) A©-BE \2
1+ ( Ao f22(s))2> + (29'(1)<ff<s>—ff<s>>2>

v-Tol, ~

(A.23)
| (fi(s) = f3(9))
(Assume. (F(5) = fals) 2 >> 1)
AR T2 o

A2 +4¢72(1) ’

Fl(s)=13(s) JHOEAD
(f3(s), 1) (A 20 VHAHR)

V1+ fi2(s) MO AD) o156\
1+ ( AGe- f22(8))2> + <29'(_1)(ff<s>—f§<s>>2>

CAf3(s) +24'(-1)

A2 4 4¢72(—1) '

v-Tol__y ~

(A.25)
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We now consider the left hand side of the PDE (A.6). By the definition of T" we can

expand V - Tv as

0 v 0 v
VT = —— 2 % W A.26
Or \/T+0v2 402  Oy./1+ v+ 02 (4.26)
_ Vaa Vg (VgVza + VyUsy) (A.27)
VIH+vy (1402 402)%?
+ Yyy Yy (V2Vzy + VyUyy) (A.28)
VIH0 oy (1402 4+02)%
Vae + VoVl + Vgaly — Vg (VoUsa + UyVsy)
= NRINT (A.29)
(14 v2+02)
Vyy + Uyyvf: + Uyyv; — Uy (VgVgy + VyUyy) (A.30)
5 | 2\3/2 ; :
(1402 +02)
U (1+ UZ) + vy (1 + 02) = 20,00, (A31)

(1402 +02)"?
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By the chain rule each second derivative of v becomes:

Js 0 ot

Vpw = %(Um)a__'_at( )a , (A.32)
A
A i)
“a (_tg/(” (e ;; L (f{2)(2)+ R
A7) (AL il )
- _(tg/(t”g“))(( T -2 r)
i (( AT +(J;?1) ;512— RSN EITENA
(—2<tg 0+ (t>>§fl jﬁ% 29,,@)(;; {ff%(ﬁ;fé)
#2(OFE ) (SHA() = )+ () + (). (A3
AR A WS o
vey = 5( D5t 5 ) 5 (A.35)
LA(5) ~ 4(6) (UA4(5) — J36)) + (F4() + sD)

~ —24"(1)

)
(f1(s) = fa(s))?
(fi(s) = f5(s))* | 1y S1(8) = f5(s)
(fl(s) fa(s))? +29(0) (f1(5) — fo(s))2° (A.36)

0 O0s ot
a(v >0 + (vy — (A.37)

—4g'(t)

R~ fis
= W OEGThF

(A.38)
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Substituting equations (A.34)-(A.38) into equation (A.31) gives

O T U e L N .
v <(2 (fi — f2)? (f1 — f2)? o) fi—fo )
<1+ <29l(t) (;;1__22)2) ) +4g”(t) (}Zl__;?)?,
" f{_fé _A(f _le)
* (49 Q (f1— f2)3) ( (fi — f2)2)
o AF =D o BB (o B (= f)
2( M—ﬁﬁ)%“%h—MQGMOM—ﬁV O
v S1— T Hfile) = f(x)  filz) + fi(2)
QQ“Nﬁ—ﬁP( @) — folo) fﬂ@—ﬁ@»))
2 2\ 3/2
AU~ 12) S H- R
/G*( u—&f)*QMWﬁ—mJ> (439
AT -1 =13 oy F= 1\
<( m—ﬁv+<”ﬁ—ﬁ>eﬂmﬁ—ma

O Ty
" f{_fZ _A(f{_f)
*C”“(ﬁ—ﬁ (( —f))

Ji— [
o\ 3/2
- ) (A.40)

* f
~ <(2g’(t>g(t) UL _( ;ié?(]z); fé)Q)
e )
() (o)

2 2 3/2 ff‘fé)g
/(A +4g”(t)) G hE (A.41)
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We can further simplify equation (A.41) and obtain

(zg'u V) + s 0) () — 2 (-7fy) GO + 1)
(4% + 42 (1)) "

(Assumlng ‘ {” fllﬂ)(;; f2) << fl f2)
44" (t) 1
g T -
Following from equation (A.7) and (A.42) we obtain

4q" (t)A* 1 A

To—v ~ - —C — 0.
VI e RE - B R R

(A.43)

A.2 Justification of Figure 3.3

In this section, we justify that there exists a unique triangle for each ¢ such described
in Figure 3.3.

First consider the case for b < 0 (see Figure A.1). In a region (2, draw a circle of
radius ¢ centered at (c¢,0). Name each intersection of the circle with the upper and
lower boundary ”d” and ” f”, respectively. Draw a line between the center of the upper
boundary (D) and d and also draw a line between the center of the lower boundary
(E) and f and extend them and name the intersection of these lines to be F. Since the
line segment ¢ — d and ¢ — 0 are the radii of a circle, they have the same length, also
length of line segments D — O and D — d are the same. Thus ADOc and ADdc are
congruent. Since the point ¢ is on z-axis, ZDOc is right angle, this implies ZDdc is
also right angle. Similarly, ZFE fc is right angle. Hence, line segment D — F', D — E and

I — FE are tangential to the circle. That is to say, ADFFE inscribes a circle of radius
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_

0] a8

f

0
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Figure A.1: Upper bound Approximation near a Circular Cusp: b < 0 case

¢ centered at (c,0). By the property of triangle inscribing a circle, the length of line
segments d — F' and f — F' are the same. So we can draw a circle centered at F' and
pass through points d and f. Since both d — F' and f — F' are radii of a circle, tangent
line segments of a circle at point d and f are orthogonal to d — F' and f — F', hence
¢ —d and ¢ — f are tangential to the circle.

Thus, the circle tangential to the upper and lower boundaries at points d and f has a
center at the point F'.

Similarly for the case b > 0 (see Figure A.2). Since both £ — O and E — f are the
radii of a circle, length of F— O and F — f are the same. Similarly length of ¢ — O and
c¢— f are the same. Hence AOFEc and A fEc are congruent. Since c is on z-axis, ZcOFE
is right angle, this gives ZF fc to be right angle. Similarly we can show ZcfFE is right
angle. This gives line segments d — F' and f — F' to be tangential to the circle centered
at ¢ and this gives the length of line segments d — F' and f — F to be the same. Thus
the center of a circle which is tangential to the upper and lower boundary at points f

and d has a center at point F'.
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v A

D¢

]

Figure A.2: Upperbound Approximation near a Circular Cusp: b > 0 case

A.3 Calculation for Lemma 3.2

We would like to expand ¢ - Tv and V - T'v asymptotically as p — oo.

v(p, q) is defined as:

h(q
v(p,q) = Ap* —2y/1— A2(q—q0)*p — Alg — q0)* + Agg + L1 + % - (A.44)

Each derivative can be calculated as

g_; = 24p—2y/1— A%(q— qo)* — y, (A-45)
gipg _ o4s 3027(q) | (A.47)
e G
v 2A%g—q) Mg (A.49)

N
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Following from equations (A.45) and (A.46) we can calculate g_zz + 2—22 as

o0t ov°
op dq
2
= <2Ap —2y/1 = A%(q — q)® - 5%)
2
2A%(q — qo) W(q)
+ —2A(q — q) +
(\/1 — G-y =) P°

~ A4 4 (1= Ag— q0)*) — 8AV1 — A%(g — q0)’p +

4144((1 - 90)2 p2
1— A%(q — q)?

> > 8A4%(q — q)? 4A%(q — qo)l'(q)
A2(g — q0)? — , A.
+4 (C] q ) \/1 — AQ(q _ qo)zp \/1 _ A2(q _ q0)2p4 ( 50)
B 442 - 8A 4A%(q —qo)P'(q) 4
a 4+1—A2(q—qo)2p \/1—AQ(q—qO)2pJr VI—A(q—q)?
N R VA Re (B ) S 2 S C Bl LA C) (A51)

1—A2%(q — qo)? V1= A2(q — q)?
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First perform an asymptotic expansion to ¢ - T,

2 2\ dv
P +a)s,
G-Tv = ( o, (A.52)

U2 ’U2
\/1+(p2+q2)2 (g—p + 3 )

(p2+q2)< a—m) p—2A(q—qo)+hs?)>

1— A2 p

~ yiflea (A.53)
\/1 + (p? + ¢?)? ( (Ap—+/1-A%(9—q0))* 1 A2 (@) p—4)

1-A%(g=q0)? \/1*14201*470)2

2 2 _ 2A%(g—q0) qo) _ h' ()

4A2%(g—qo)N (q) 2 212 (Ap—+/1-A2(q—q0))?
b m + (v + %) (4 1-A2(g—qo)?

W (q) >
p5

2A
(P* + ) <\/1A(§ﬁp —2A(¢—q) +
p—/1-A%(¢—q))?
\/<p2+q2)2< T-A2(g—q0)?

1

1+ 4A2(q—qg)h/(q)
1-A2(g—qp)?

(P2+42)2 <4 (Ap—\/1-42(3—q0))2 )

(A.55)

1+

1-A2(g—qg)>2

1
4A2(q—qp)h/ (q)
V1-A2(a—qq)?

(p2+42)2 (4 (Ap—\/1-42(3—q0))? )

Apply binomial series expansion to . Since

1+

1+

1-A42(g—qq)2

1 4A%(g—qo)h' ()
1-A2%(g—qo)?

(Ap—mf)

<1, (A.56)
(P? + ¢?)? (4 Ty P
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for sufficiently large p, the series solution converges. Hence we obtain

2A2(q— h’
(\/1,4(§(q%q)0)2p —2A(q — q0) + p("’q))

ST
! 2Ap—\/l—A?(q—qo)2
\/1-A2(q—q0)2
1+ 4A%(q—qo0)R' ()
1 = Pla-10? N
2 Ap—+/1-A2(g—qo0) ’
(P* + ¢*)? (4( - A%(q—q0)? )
— [ A(—q)+ W (q)\/1 = A%(q — qo0)?
2 (AP —V1- A - %)2) P’
1 4 AA%(a=q0) ()
12 i 1-A2(g—qo)? "
2 to- )\
ey (4( 1-A%(g—q0)? )
< Alg—qo) + VI A wP
2(Ap— V1= (= w)) r"
1+ 4A%(g—qo)h ()
1 1-A2(g—qo)?
_§A(q — qo) oy ))2
p— —A%(q—qo
(P* + ¢*)? (4 1-A2(q—q0)? >
W(q)/1 = A%(q — qo)?
~ Alg—
(¢ — ) + T
CAlg— q0) (1 — A%(q — q0)*) + 4A%(q — q0) (9) /T — A%(q — o)
2 4A2pS
N A( _ )+ (1 — AQ(q _ q0)2>3/2h/(q) B (q . CIO)(l . A2(q . q0)2)
q—4qo 2ApS SAp°

as p — o0o. This implies that

(1—A%q—9)*)**(a)  (a— )1~ A%(q—q))

+0 (p7") . (A.57)
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Similarly we calculate the asymptotic expansion of p - T'v as

(p* +¢*) &

’U2 U2
\/1+(p2+q2)2 (g—p + 3 )

24p — 2/T— A%(q — qo)® — 5%
2Apf\/1fA2(qfqo)

V1-A%(g—q0)?

~Y

4A2(g—qo)h' (q) qo)h’(q)
1 A2 (q—qo0)?

_l’_
2
Ap— 1— A2 (g— qo))
p +q¢?) T—A%(g—q0)2

(\/1—A2(q—qO)2 5 ha)y1— A(qg—q) )

2(4p— VI 2l a0

+ ...

4A2%(q—qo)h'(q)
1 —A2(g—qp)?
1_2 1 (¢—qo) + ..

2 5 9\2 (Ap— 1—142(11—610))2
(P + %) | 4 1-A2(g—qo)?

442%(g—q0)h' (@)

1 —A2(g—aq0)2
<\/1—A2(q—f10)2) -3 —— ~ + .-
2( 2y 2)2 4(1419—\/1—142(4—!10))
pmd T—A2(g—q0)2

1A% (q—qo)h' (@)
\/1-A2(q—qp)?

(Apf\/ 17142(q*<10)>2

1—A2(q—qp)?

1+

Since h(q) is C? function and is differentiable we can dif-

(P*+4%)* | 4

ferentiate T'v without losing the asymptotic relationship. Hence we can calculate the
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left hand side of the PDE, i.e. V-Tv as

V-Tv = (p*+¢°)?

L) e
2 op + 2 dq
P v2 2 q v 2
\/1+(p2+q2)2<gp +gq> \/1+(p2+q2)2(g_p +gq>

~ (pP"+¢)?
4A2%(g—qo)R' (q)

1+
0 | v1—42%(q—q)? Lt /1= A%(q—q0)2

dp (P* + %) 2 (Apf 1*142(%!10))2
P+ @) | g

9 [ Alg— ) I (g)y/1 — A%(q — qo)?

2 2 +
da \ P*+0) o2 + ¢2) (Ap—\/1—142(61—610)2)1?5

Alg — 14 4A%a—q)l'(a)
(4 (Jo)( * 1-A2(q—q0)?

Ap—\/l—AZ(q—qo))Q)

0|1
(P* +¢°)° (4( e P

_8q 2

(A.58)

= (0’ +¢%)°

4A%(g—qo)h'(q)

1
2py/1 — A2(q — qo)? 1 M=

1— =
(p2 + q2)2 2 (Ap— 1—142(q—qo))2
P+ @) | 4 ——mg 0

1+ 442 (q—qo)h' (q)
11— A2(g—q0)? O V=2 (a—a0)? LA

2 (pP*+¢)  Op (Ap—v/T=A4%(=a0)) (P> +¢?)
P+ @) | 4w

_2A(g—qo)g | O W(q)\/1— A2(q — o)

@) a2+ ) (Ap— V1= 2(q— ) ¥

Alg — 1 & 44%(a—g0)l'(a)
10 (4 QO)( * 1-A2(q—qo)?

20q 4(Ap\/1A2(qqo))2>

20q
(p2 + q2)3 1—A2(q—q0)2

(A.59)
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It follows from equation (A.59) that

V- -Tv ~

—2p\/1— A%(q — qo)> + A(P> + ¢*) — 2A(q — qo)q

136

1 4A2(g—q0)h'(q)
(% + ¢*)? 1 \/1 - A%(q — %)22 V 1-A%(q—qo)?
2 (p* +¢%) dp Ap—/T-22(q—q0))
(P2 + ¢2)? 4( S )
L9 W(q)\/1— A%(q — qo)?

dq 2(p? + ) <Ap — \/1 — A%(q — C]o)2> p°

Alg — 1 4 AA4%(a—q0)l'(a)
10 (= %) ( + v/ 1-A2%(q—q0)?
2
9 2\3 (Apf\/lfAQ(qfqo))
P+ ¢?) (4 AT

—2p\/1— A%(q — o) + A(p® + ¢*) — 2A(q — qo)q

2 0q

2 242 0 h/(Q)\/l - AQ(Q - %)2
+(p* + ¢°) e
12(p% + ¢?) (Ap — /1 - A%(q— %)2) p°
Alg— o (1 4+ 44260 @)
(4= ) ( LV e
Ap—/T—A%(g=q0))”
(p? + ¢2)? (4( - 1A2(qqz)2q°) )
—2p\/1— A%(q — qo)> + A(P> + ¢*) — 2A(q — qo)q
0 h' 1— A2%2(qg — gy)?
+(p2 +q2)8_ (Q)\/ ((] QO)
12 (AP — V1= A%(q - %)2) P°

19
2 0q

Alg — 1 o 4A%(a—q0)l'(a)
10 (4= ) ( * V/1-4A%(q—qo)?
20q (Apf 1*1‘12(61%10))2
2 2
(p + q ) (4 1—A2(q—q0)2

—2p\/1— A%(q — qo)> + A(p® + ¢*) — 2A(q — qo)q

dq \ 2Ap* 8 A2ph

‘\/1 — A%(q — q)*.

9 (h’(q) Afg = a0) (V1= A2(q = go)? +44%(q — @0)}(q))

|

(A.60)
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Further simplifying equation (A.60) gives

V-Tv

~ =2p\/1— A%(q—qo)® + A(P” + ¢*) — 24(q — qo)q

0 ((1 — g —q)) (@) (9= q)v/1—A%q - q0)2> V1= A%(q — q)*

o 2 8 Ap?

= —2p\/1—A%(q—qo)® + A(P* + ¢*) — 24(q — qo)q
0 ((1 — A% (g — q0)?) /1 — A%(q — q0)*(q)
2

_l’__
dq
_(q —qo) (1 — A%(q — %)2)) 1
8 Ap?
= —2p/1— A%(q — q0)* + AP’ + ¢*) — 2A(¢ — q0)q
. ((—2A2<q ~w) V- (g~ 00)*(q)

2
L= A*(q — q0)*)(=24%(q — q0)) ' (@)
4\/1 - AZ(Q - %)2
(1—A%*(q—qo0)?) /1 — A%(q — q0)?h"(q)
2

1— A%(g—q)?)  A%q—c)?\ 1
( (g w)°) | (q4 ))Ap4
= —2p\/1— A%(q— q0)> + A(P" + ¢*) — 2A(q — qo)q

N ((3 — 34%(q — 90)*)(—2A%(qg — q))M'(9)

+

44/1 — A%(q — qo)?
(= A% o)) VT B~ )M () (1—34%g qo>2>) 1
2 8 Ap?
= /1 —A%(q—q)2+ AD* + ¢*) — 2A(q — q0)q
12T A2(g — ) (—A%(a — o)) (9) + 4 (1 = A(g = @) 1"(q)
8Ap*

A2 (g — )2
_a 31:;;4 qo)),asp—>oo. (A.61)
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Following from equation (A.61) we obtain

V-Tv = —2p/1— A2(q— q0)® + A(p* + ¢%) — 24(q — q0)q

138

L12v1 = A%g — 0)*(=A%(q = qo)W' (@) + 4 (1 = A% — 00)2)** W (q)

8Ap*
(1— 3142(‘1 - %)2)

— +0 (p_5) , for sufficiently large p.

8Ap*

A.4 Calculation for Theorem 4.4

We now aim to perform an asymptotic expansion of the following:

v-Tuy,,

V.-Tuy,,
where

Uy = Up—1 T Z Amiq2i+1p_2(m+l) )
=0

a’q 3
2 cos2vy q

p4

cot yq
p?

~

+ cot y

Following from equation (A.65), we can compute each derivative as

ou OUp—1 m .
¥ o (m + ); " p
2
t 2555 — ¢
~ —2CO Jq —4cot72+,
p p
O, M1~ , % 2
=T = +) A2 4 1)gEp2mtD
5 3 ; (2i+ 1)g*'p
2
¢ 25 — 3¢
~ ) oty et T
p p

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)

(A.67)

(A.68)

(A.69)

(A.70)
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It follows from equations (A.67) and (A.69) that

2
2 2
Oum +8u_m _ <8um Lo 4 1) ZAmZQQH—lp—Q(m-l—l) 1)

dp Jq dp pr
2
Qi1 — . 2, —2(m+1)
| 5 + ) Api(2i+ 1)g%p : (A.71)
i=0
o 8um—l aum—l
- Op dq
¢ a’q _ 3
+2 (—ZCO e >
) (—Z(m—i— 1)2Amiq2i+1p2(m+l)l>
i=0

cot y 2.5 - 3¢°
+2 . oty cos 74
p p
(Z Apmi(2i + 1)@ 2<m+1>> , (A.72)

aumfl 2 8um,1 2

= Tt g B oy (AT)
where
B = QZ (cot yAmi(2i +1)¢*) (A.74)
i=0

2

C = 2comz ( m+4 1) Anig® 2 + (2 — 3q2> Apni(2i + 1)q2") :

(A.75)

cos? 7y

By the definition of T" we can expand ¢ - T'u,, as

p? + g?)%m
G- Tu, = W+ )% . (A.76)

\/1+(p2+q) (a;;; + &)
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Substituting equation (A.73) into (A.76) gives

@ + @) <8ug;1 S A(2i + 1>q2ip—2(m+1)>
1 2 1 2
\/1+(p2+q2)2(83p1 2
U1 2 Uy 1 2
14+ (pg +q2>2 (81‘5;;12 + 8ug;,12 + Bp—Q(m—i—Q) +C’p—2(m+3)) ’

(p2 + q2> <3ug;_1 + ZZO Ami(2i + 1>q2z'p—2(m+1)>

um_2 um_2
\/1+(p2+q2)2(88p1 + )

1

(p2+q2)2(Bp*Q(m+2)+Cp*2(m+3)) : (A77)
1 + ou 2 ou 2
L) (2 2t
Applying binomial expansion to T (Bp72<1m e STy gives
1+(p2+42)2 <8%";;12+%mq;12)
- <p2 _'_q2) <8ug;71 + ZZO Ami(2i+ 1)q2ip—2(m+1)>
q- LUy, =
U, — 2 Um, — 2
\/1+(102+(12)2(85;1 + Qmes )
1— =
2 Oy —1 2 gy —1 2
1+(p2+q2)2< 6pl _|_ 8q1)
2
3 [ (p®+ ¢?)? (Bp—2(m+2) + Cp—2(m+3)) ( )
b A.78
Oy — 2 Oy — 2
It can be shown that
2 212 —2(m+2 —2(m+3
)2 (Bp2m+d) 4 G2l
W+ ) ( P P ) <1, for sufficiently large p, for m > 0.

Um—12 U'm712
L 2 ) (27 + 2
(A.79)
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(p2+q2)2 (Bp72(m+2)+cp72(m+3))

Oupy_12  Oupyy_12
1+(p2+q2)2<7u5”p L el )

This implies that the binomial series converges. Also note

is differentiable. It follows from equation (A.78) that

m+1
qA : Tum ~ <C057 + Z bm+1,iq2i2p2m)

i=1

1 (p2 + q2)2 (Bp—Q(m-i-Q) 4 Cp—2(m+3))
1—=
Uy —1 2 U1 2
2 14 (2 ) (2 1 )

2

43 (P* + ¢%)* (Bp~2(m+2)) )
8 1+ <p2 + q2)2 (6%';12 + a"g;ﬂ) R
»*+ 4% (Zgo Ami(2i + 1)q2ip_2(m+1))

\/1 + (p* + ¢%)? <a“g;;12 + 8“57;12)

1- =

u_2 U_2
2

_|_

.3 (P + ¢%)? (Bp~2m+?) B
s ],
8 1+(p2+q2)2(88p1 +8aq1>

m~+1
~ (COS v+ Z bm+1,iq21_2p_2m)

=1

1 (p2 + q2)2 (Bp—Q(m—i-Q) + Cp—Z(m—HS))
1-— =

Um, — 2 Um, — 2
N (P* + *) (X1t Ami(2i + 1)g*p~20m+1)

(A.80)
U — 2 Uy — 2
\/1+(p2+q2)2 (88p1 + Hpot )
cosy (p? + ¢2)? (Bp~2m+2) 4 Cp=2m+3))
~ocosy = 2 ou 12 ou 12
1+(p2+q2)2( 5 T " he )
4 Z boig? 2"
i=1
2 2 m : %, —2(m+1
+ " Ani(20+ 1 (m+1)

2 2
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Simplifying equation (A.81) further gives

e (1 + ¢%)? (Bp—2(m+2) 4 Cp—2(m+3))
~  COS7Y —
2 914 (p? + ¢2)? <—Cogi7 + (—Sﬁlaz: — 2 cot? 7q2> #)
m—+1

+ Z bns1.:q° 2p 2"

=1
(p2 + q2) (Z:'io Ami(2i + 1)q2ip—2(m+1))

_|_
\/1 + (p* + ¢*)? (CO;# + (% — 2cot? 7q2) I%)
~  COS7Y
m+1 m . ;
+ Z b1 ig® 2 + oo Ami(2i + 1)¢? _ cosy B -
m—+1,i p
Viteoty g 2 Tty gng
2 m . 2% 9
n Y iy Ami(20 4+ 1)g _cosyC+ 2q2B o(mt1) (Ag2)
1+ cot?y 2 1+ cot?y
= cosvy
—2(m)

“ o osiny Y ALi(2i + 1)¢® sin® Ay cos B
+ meiqm Ly Y 2ico (2 )a _ ’; v — | »
P J1+% L+

m . 9
+ (sin vq* Z Apmi(2i +1)¢% — S ycosy (C+ 2q23)) p2m+D)

. 2
=0
~  COS7Y
= 2i—2 . - . s B sin” y cos y —2(m)
+ Z;bm—i-l,iq +Sln7;Ami(22+ Vg™ — A

m . 92
+ (sin VY Ami(2i+ 1)g* — M (C +2¢*B)
=0

—2a%siny Y Ap(2i + 1)¢¥ + SH; VCOSV) p2m+D) (A.83)
=0
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Hence equation (A.83) implies that

m+1 m
~ COs7Y + (Z bns1,47 % 4 sin® 4 Z Ami(2i + 1)‘121) p2m)
i=1 i=0
m - 92
+ <sin VY Ami(2i+ 1)g* — w (C +2¢°B)
i=0
- . 4a’Bsin®
—2a2sin”yz Apmi(2i + 1)¢* + a4 SH; 70087) p2mEl) as p — 00.
i=0

(A.84)

We now consider the left hand side of the PDE, i.e. V -Tu,,. By the definition of T’

we can expand V - Tu,, to be

Oum

dp

Uy, 2 Uy, 2
\/1+(p2+q2) <aa—p + %o )
Oum

Jq

Uy 2 Uy 2
\/1+(p2+q2) (%—p + G )

0
Tm — 2 22_
V- -Tu (p +q)3p

(A.85)

B
2 22 Y
+(p* + ¢°) 3
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By applying binomial series expansion we can asymptotically expand equation (A.85)

as

a'U"m —1
op

0
V-Tu, ~ (p*+ q2)28—p - .

1 (p2 + q2)2 (Bp—Q(m+2) + Cp—Q(m+3)>
1— =

8um_2 Gum_Z
2 1+(p2+q2)2< apl + 8q1>

+Z£0 A (=2(m + 1))p—2(m+1)—1
U1 2 1 2
\/1+(p2+q2)2 <83p SR e )

Oum—1
Jq

0
+(* + q2)28_q - -
\/1 + (2 + )2 (6“5’;1 + Qmes >

1 (p2 + q2)2 (Bpr(erQ) + Opr(m+3))
1—=

'U,72 U72
2 1+(p2+q2)2<65"p1 +ag;1)

Z?;O Amz(2'l + 1)q2z‘p—2(m+1)

+
] 4)um — 2 (?um7 2

(A.86)
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We can expand and simplify equation (A.86) as follows:

Oum—1
op

8p w12 w12

.<1 1(p +2p2q2)Bp (m+2) COSQ’Vsz(mH))

V-Tu, ~ (p*+¢)

2 1+4cot?y+ ‘;‘12 2

. 1 . 4a?\ & ; L)
e (1 "2 Sm?’yp—z) > Apig? T (—2(m 4 1))p 20D )

2 ;
=0

a'Uf'mfl

0 9

dq w12 w12

- 1(]? + 2p )Bp—Z(TrH-?) cos? fyC 2(m+1)
2 1+4cot?y+ M 2
1 4a? ) i —o(me)
+siny | 1 — 5 sin? 'yp— Z Api(2i + 1)¢*p : (A.87)
i=0
a'Uf'mfl
~ (P +¢)? o

: (1 — SlI12 7B —2m) 4 (sin4 vB2a* — sin? yBq* — COSQ 70) mH))

-+sin 7y (1 — —sin 7_) Z A (=2(m + 1)>p2(m+1)1>

8'Uf'mfl

0
2, 22 Y
+(p* + ¢°) 3

2 2
! \/1 + (P +¢?)? (8“5;1 + Hpet )

2
. (1 - SHITVde(m) + (sin4 vB2a* — sin* yBq® — = 7C’> mﬂ))

2

+siny (1 — —sin 7—) Z Api(2i + 1)g* 2(””1)) : (A.88)

=
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~Y

V . T/U/m,1
a2
_2C0t"/q 4C0t C?DS ({yi ’
PP L | 2 Ll
Ip \/1 + cot?y + %

2
: ( s1r12 ’yB —20m) 4 (Sin4 vB2a? — sin® yB¢* — c032 70) p—2(m+1))

1 4a ,
—i—sin’y <1 — —gin ,.)/_> AmiqZZ-‘rl —2(m+1 p—2(m+1)—1
3 ) 2 (~2(m + 1))
20,2 -3 2
coty cos? q
G, + cotyeety T
0+ a5 | e
T 1oty + 22

. 2 2
: (—Sm va_2(m) + (Sin4 vB2a* — sin> yB¢* — cos 70) p—2(m+1)>

2 2

+siny (1 - lsin274—az zm:Amz'(% +1)g*p 2 (A.89)

2 P i=0
V . Tum_1

2a%q 3

0 t —q t

+(p2 +q2)23_ (((_2% ;Yq _ 4C0t"}/COS27—5> Sin7+4a2sm cho ’YQ>
p D p

2
. ( SmQ ’yB —20m) 4 (Sin4 732@2 — sin? 'quZ — %C) p—2(m+1))

1 40% & ,
+siny <1 -3 Sin27p—a2> > A (=2(m 4 1))p 20D 1)

=0

a t cos - 3 t
+(? + q2)28_ 0027 + cot 727—4 siny — 2a” sin 700 7
q p D p

. 2 2
: (_sm 7Bp_2(m) + (Sin4 vB2a* — sin> yB¢* — %C) p—Q(mH))

1
+sin vy (1 —3 sin? 7p—> ZAW (20 + 1)q zp—2(m+1)> ’ (A.90)
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~ V- T'U,m,1
+(* + ¢*)?
. 2a%q 3
0 2 t =L —q t
= _MBP_%”) 2% gq — 4 cot ’Y—COS275 sin y + 4a? sin® © 5’yq
dp 2 p p p

—QCOSJq ((sin4 vB2a® — sin® yBg® — COS2 7C) mH))
p

1 4a?\ — 4
+sin 5 (1 -3 sin%p—‘;) 3" Auig? (—2(m + 1>>p2<m+1>1)

1=0
+(p* + ¢*)?

0 in? t =3¢ t
ol st ﬁpr_%”) o7 27 + cot ’y—COSQ 1 1 siny — 2a? sin® 7(:047
q p P p

—I—COS;V ((sin4 vB2a* — sin® yBq® — o8 70) m+1)>
p

+sin 7y (1 - —sm ’y—) ZA”” (20 4+ 1)g* _Q(m“)) : (A.91)
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~V- Tumfl
+(p2 4 q2)2
0 sm 2(m)—3 2a2q 2 . 2 3\, —2(m)-5
— ’p —2cotygp~ —4coty +a“sin“yqg—¢q° | p
Op 2 cos? 7y

2

—2(m + 1)sinvy Z Api@® 7273 4 2(m + 1)2a% sin® Z Amiq2i+1p_2m_5>

i=0 1=0
+(p2 +q°)°
2300 (cot yAumi(2i + 1)g¥) sin® ycosy
— p
aq 2
(B sin®ycosy [ 2a’ _3¢2) — a?siny coty ) p-2nt
2 cos? 7y

2
+ cos vy ((Sin4 732@2 — sin? qu2 — COS2 70) p—Z(m)—4>

+siny Z Api(2i + 1)g*p~ ™72 — 2a%sin® Z A (20 + 1)q2ip_2m_4)> :

=0 i=0

(A.92)
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Since we can take derivative of binomial series we obtain

~ V . TU,m,I
+(p* + ¢*)?

' (_ sin’ Z (cot YA (2i 4+ 1)¢*) (—2(—2m — 3) cot ygp~>"~*)
i=0

+ (2m 4+ 3)2(m + 1) siny Z Amiq2i+1p_2m_4>
=0
+(p* +¢%)’

-2

Ms

15}
— ( Apmi(2i 4 1)¢*) siny cos® yp >
=0

g
S 2 2a°> 2i+2 2 .5 —2m—4
g Ami(2i 4+ 1)) sinycos®y | ——q* — 3¢ —a“sin’ycoty | p
¢
i=0

0s?y

2 sin® v cos? ya* — sin 7 cos® 'yqz) 2 Z (Ami(Qi + 1)q2i)> p2m)—4
i=0
2

— siny cos 'yz ( m+ 1) A2 + (2—

> o 3q2) Amz(zz + 1)q2’b> p—Q’m—4
COs* 7y

+ sin Z Api(2i 4+ 1)¢*p~2""% — 24 sin® v Z Apmi(2i + 1)q2ip_2m_4)> , (A.93)

=0 1=0
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~ V . T'U,m,1
+(* + ¢°)?

' (‘ sin® 7y Z (cot vAi (20 + 1)¢*) (—2(—2(m) — 3) cot ’yqp_Q(m)_4)

1=0

+ (2m +3)2(m + 1) siny Z Amiq2i+1p_2m_4>

i=0
+' +¢°)°
- Z (Ami(2i 4 1)2ig* ") siny cos® yp ">
i=1

: . dia® 5 | g
(Ami(22+1))SIHVCOS2700327q2 ly=2m—4

M-

(Apmi(2i + 1)) siny cos? y(2i + 2)g* p=2m—4

FJ% Il
3~

o

+ 2sin® v cos? 72ia?q* 12 (A, (20 + 1)) p2m)—4

INGER

i=1

sin 7y cos® y(2i + 2)¢% 2 (A (20 + 1)) p~2m)—4

Ms

[e=]

— siny cos® y Z m+ 1) A (2i + 2)g* p 2!

m 2

202y 2 A2
cos? vy

Z 3(2i + 2)¢7 T Ay (20 + 1)p 2"
=0
+sin~y Z Api(2i 4 1)2ig% 1 p~2m2
=1

—2asin® 4 ) " Api(2i + 1)2zq2"—1p—2m—4>> , (A.94)

i=1
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= V- -Tup1 - Z (Ami(2i 4+ 1)2ig* ") siny cos® yp 2"+
i=1
m m+1
+sin~y Z Api(2i + 1)2ig%~p=2m+2 4 Z Doig®~1p™2™ + O(p~2m=2)
=1 i=1
m m~+1
= Vo Tty +5i0°7 Y Aa(2i+1)2ig% ' p 22 4+ 3" Dyig?p "
i=1 i=1

+O(p2m?). (A.95)



Appendix B

Analysis of Jumping of Asymptotic

Orders at Corner Singularity

In this Appendix we will apply the method we have developed in sections 3.3 and 3.4 to
the singular capillary surface near a corner. (i.e. wedge region with opening angle less
than m — 2v). The leading order of the asymptotic solution was originally motivated

by Finn’s geometrical argument:

We seek a “near solution” in the form of a function whose level curves are

circular arcs that meet [the boundary] in the angle v (page 116 [1]),

We consider the capillary boundary value problem in polar coordinate system:

1( 0 U, 0 Uy

—_ - +_
r\or 1+u%+%u§ 0 m/l—ku?ﬂ—i—r%ug

Ug

ry/1+u? + %ug
=«

- il = cosvy. (B.3)

ry/1+u? + Su}
0=—q

152
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Assuming u? + T%ug >> 1, now approximate u(r, ) by v(p, q) defined to be a solution

of the following PDE and BCs:

1[0 Uy 0 Vg

- = + = = v, (B.4)

r\or v2 + S} 09 \ r v2 + S}
0 = cos7, (B.5)

/02 + S03

O=a
v,

SR = Ccos7. (B.6)

ry/V2 + 50U} ,

The uniqueness of this BVP can be proven. We make another key assumption such

that ——%—— only depends in 6,i.e.
0

/024 L0
™

(%

—— = 4(09), (B.7)
/02 + Sv3
where g(a) = cosvy; and g(b) = — cosye. We now aim to solve equation (B.7). First

collect # dependance term to the left of the equation and r dependence term to the

right of the equation such as

vg = (r*vf+v;) g*(0), (B.8)
—V1=¢*Ove = rg(@)v,, (B.9)
Lo g2(9)v9 = —rv,. (B.10)

With the method of characteristic, we solve equation (B.10) and obtain

-9

v(r,d) = f (—lnr—l—/og %da’jtl}) : (B.11)
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where f(-) is an arbitrary function of one variable and L is an arbitrary constant of

integration kept for later use. Each derivative can be written in terms of f as

1
v, = ——f", (B.12)
”

by = — 99 (B.13)

1—g2(0)

Substituting equations (B.12) and (B.13) into equation (B.4) gives

9 ) 5 9(0) f!
1 2.0
- = —r—f + =2 YT O = v, (B.14)
r \ Or fr2_1 00 fr2 1
1-92(9) 1-92(0)

N 1 (% (—TW)JF%Q@) = v, (B.15)

T T

It follows from equation (B.16) each derivative can be calculated as

v = - : (B.17)

vp = + . (B.18)

1-g*0) 40 L.
_ - = B.1
2 2 rf ’ (B.19)
0)g' (6 (6 0
9(0)g (2) L90) gl )2 3 (B.20)
ry1—g¥0) T 1—g2(0)
Multiplying equation (B.19) by r i) and adding it with equation (B.20) gives
/!
gO 90 _ (B.21)

r
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Since r > 0 equation (B.21) implies that

q'(0) +9(0) = 0. (B.22)

Hence the general solution to this ODE (B.22) can be found by inspection such that

g(f) = Acosf+ Bsinf. (B.23)

Determine arbitrary constants A and B by the boundary conditions.

gla) = Acosa+ Bsina = cosv, (B.24)

g(—a) = Acosa— Bsina = —cosy, (B.25)
cosvy

0) = 0. B.26

9(0) oo, S (B.26)

sin
cos 7y

For simplicity of writing we let K = . Substituting equation (B.26) into the integral

foe \/%ds, and evaluating it gives

9 . 12
sin s cos @ sin” 0 <1 >
_ S 4s = In =) (1) B
/0 K\/l—s}%;s ( K K* ) K

We now choose L = In (& — 1) so that v(r,§) can be written as

cos sin® 6

Let £ = —Inr +1In (CC;G —4/1-= Si;fge), we choose f(£) = ef so that
cosf — /K2 — sin? 0
Kr '

flz) = o(r,0) = (B.29)
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We now aim to determine the asymptotic order of the term after v(r, ). Let

u(r,0) = o(r,0)+w(r,0), (B.30)

where w(r,0) = o(v(r,0)). Assuming 1 > |Vul|® for sufficiently small r, expanding

1

~ with binomial series gives
14+|Vu|

1 1 1 1 3 1
= (1 ———+ .+ ) . (B.31)
L vaf VU 2(Ve 42|V

We now require u(r, ) to satisfy equation (B.2). Asymptotically expanding the left
hand side of equation (B.2) using equation (B.31) and substituting equation (B.30)

into it gives

Vg + Wy Vg

1
2y (vf + T%Ug)gﬂ

~ cos7.(B.32)

=«

1 2
r\/v,? + 20w, + 505 + FVpwy

0=«

Expanding the left hand side of equation (B.32) asymptotically gives

Vg n Wy 1 Vg 2w,v, + T%Ugwg
2+L2 2+i2 2 2_’_L2 /Uz‘i_izvg
RV AT e B W A Vs sl X O/ T/ V7 + 23U T
1 Vo
ST, o ~ COS7. (B.33)
r (UT + r_QUG) f=a

Substituting equation (B.7) and subtracting cos~ from both sides gives

Wy 1 2w,v, + %vgwg 1 Vg
T DL R v R S AT 0. (B.34)
/v + 505 r T2V r (v 4 5v3)
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Assuming w(r, #) to be in a form of

w(r,0) ~ H(O)r", asr — 0, (B.35)
w,(r,0) ~ aH(@)r* ", as 1T — 0, (B.36)
we(r,0) ~ H'(0)re, asr — 0. (B.37)

Substituting equations (B.12)-(B.13) and (B.36)-(B.37) into equation (B.34) gives

OpevigE —eHOrr O+ 2 @)
NI oy A (1 #6)
_%2(1 _?/22((?))9(@ o~ 0, asr—0. (B.38)

Solving equation (B.38) for « gives a = 3. Similarly we require u(r,6) to satisfy
equation (B.3) and show that « = 3. Hence to satisfy the boundary condition we

require,

O(w) = O(r?). (B.39)

We now require u(r, 0) to satisfy equation (B.1). Asymptotically expanding the left

hand side of equation (B.1) using equation (B.31) and substituting equation (B.30)
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into it gives

2
0 rU, n W, 1 U, 2w, + Svgwy

87‘ 2 1,2 2 1.2 2 2 1}2 + L ’U2
= S 2
vy + -3 vy + 33U Vs —i—rwe r bzt

S | =

_ 1 U
2(e2 + )

—_

2w’rvr + 2 VoWe

Vo 1 Weo _
9, 1,2 2 1,2 2, 24 1,2 v2 + 21}
TA/UF + 3V T /UD 3 (% TQU o

~UFw. (B.40)

Substituting equation (B.4) into (B.40) and subtracting v from both sides gives

1 2 rw, 2w,v, + 2v9w9 B 1 T,
r\or \Jvi+ }21)3 \/112 L2 v+ g 2 (v2 + r%vg)?’/z
We 2w,v, + 2’0911}9 1 Vo
T«/UE%—%U% m/v2 L2 vl + 505 27‘(1}34—7%21)3)3/2

(B.41)

Simplifying equation (B.41) gives

d Wy (UZ + %21)3) — Ur (wrvr + TLQ'UQ'UJQ) — %’UT
ET 2 1.2\3/2
(vr + ﬁ%)
9 [ we (V24 5v}) — ve (wrv, + Hvpwe) — Svg
+% 1,.2)3/2
r (v + 5v5)
~ TW. (B.42)
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Substituting equations (B.12)-(B.13) and (B.36)-(B.37) into equation (B.42) gives

aH(@)ro‘_3( I7() ) + 1@ (—aH(e)ra—z £1(6) + 9(9)f’(£)H’(0)r“‘2> BENiC

0 1-92(9) V1-42(0) r
or i( £2(6) )3/2
r2 \ 1-g2(6)
1 \pa—2 () ) ) _ a—111€) | 9@ (©OH O)re=2
+2 H (G)T <1_g2(9) 1_92(0)f (6) ( &H(e)r T + \/1_92(9) )
69 l( £12(8) >3/2
r2 \ 1-¢2(0)
1_ 9(9) !
o (2 me (&) B3
—_— ~ TW. .
20| 1 < £2(6) )3/ 2
r2 \ 1-¢%(6)

Solving equation (B.43) for « gives v = 3. Thus the order of w(r, §) should be at least
of

O(w) = O(r?). (B.43)

This result is consistent with Miersemann’s result [4].
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