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Abstract

Let E be an elliptic curve over the rationals without complex multiplication such
that any elliptic curve Q-isogenous to F has trivial Q-torsion. Koblitz conjectured

that the number of primes less than z for which |E(F,)| is prime is asymptotic to

X
5 log 2)?

for Cg a real positive constant dependent on E. Miri and Murty showed that for
infinitely many p, |E(F,)| has at most 16 prime factors using the lower bound
sieve and assuming the Generalized Riemann Hypothesis. This thesis generalizes
Koblitz’s conjectures to a function field setting through Drinfeld modules. Let ¢ be
a Drinfeld module of rank 2, and F, a finite field with every F,[¢]-isogeny having no
[F,[t]-torsion points and with Endg(¢) = F,[t]. Furthermore assume that for each
monic irreducible [ € F,[¢], the extension generated by adjoining the I-torsion points
of ¢ to [F,(t) is geometric. Then there exists a positive constant C; depending on
¢ such that there are more than N
C¢%
monic irreducible polynomials P with degree less then x such that x,(P) has at
most 13 prime factors. To prove this result we develop the theory of Drinfeld

modules and a translation of the lower bound sieve to function fields.

il



Acknowledgements

The Pure Mathematics department at the University of Waterloo has been my
home for the last several years. I would like to thank all the students, faculty, and
staff that I have come to know over this time for their friendship, mentorship and
advice. Most importantly I am grateful for the infinite patience and wisdom that
Professor Wentang Kuo and Professor Yu-Ru Liu have shown me as my supervi-
sors. My partner on this research project, Lloyd Eliott, has been an outstanding
collaborator and an amazing person to work with. Finally but certainly not least
I would like to thank Patrice Camire and Sourav Sen Gupta for many discussions
and thoughts that helped this thesis come to fruition.

v



Contents

1 Introduction
1.1 Motivation . . . ... ... ...
1.1.1 Heuristics . . . . .. ..
1.1.2 ASieve .........
1.2 Koblitz’s Conjecture . . . . . .
1.2.1  An analogous problem

1.2.2 A First Sieve Approach

1.2.3 The General Sieve Problem . . .. ... .. ... ... .....

1.2.4  Applying the Sieve . .
1.2.5  An Improved Result . .

2 Function Fields and the Drinfeld Module

2.1 Function Fields . . .. ... ..

2.1.1  Number Theory in Function Fields . . . . ... ... ... ...

2.1.2  Prime Number Theorem . . . . . .. .. ... ... ... ....

2.1.3 The Tchebotarev Density Theorem . ... ... ... .....

2.2 Drinfeld Modules . . . . . . ..

2.2.1 The Carlitz Module and Cyclotomic Extensions . . . . . . ..

3 Generalizing the Lower Bound Sieve

3.1 Bombieri’s Lower Bound Sieve

co oo W W W

10
13

15
15
15
17
19
20
22

26



4 Koblitz’s Conjecture for Function Fields
4.1 The Euler Characteristic . . . .. ... ... ... ... ... ......
4.2 Some Algebra . . . . ...
4.3 Applying the Sieve . . . . . . ...

4.4 The Error Term
4.5 The Main Term

Appendix A
A1l ASum .....

List of References

vi

34
34
36
40
40
41

48
49

54



List of Tables

1.1 Predicted and computed estimates for f(n) (see [8]) . . . ... .. ..
2.1 Analogy between the Carlitz Module and Classical cases . . . .. ..

4.1 Analogy between the Drinfeld module and elliptic curves. . ... ..

vil



List of Figures

1.1 The Serre curve y? +y=23-3 . . . . . .. ...

4.1 A Drinfeld module of rank 2, such that the reduction at every prime

Is geometric. . . . . . ...

viii



Chapter 1

Introduction

1.1 Motivation

The twin prime conjecture asks whether infinitely many pairs of the form p,p + 2
where both p and p + 2 are prime exist. This question has generated countless
amounts of research and has motivated many techniques. In the following we study
a problem, though seemingly unrelated to the twin prime conjecture, which shares
the same structure and can be studied by similar means. We begin this study with

an overview of classical approaches to the twin prime conjecture.

1.1.1 Heuristics

Consider the following question: “How many primes p between 5 and n have the
property that p + 2 is prime?” Recall that the prime number theorem gives an
asymptotic expression for the number of primes less then n as n/logn. Heuristically
the ‘probability’ that an integer 1 < m < n is prime (denoted P(m)) is just 1/logn.
This tempts us to say

1

P(p and p + 2 are prime) = W
ogn

However this is under the assumption that the events, 'p is prime’ and 'p + 2 is

prime’ are independent, which is certainly not the case.

To account for dependence we use conditional probabilities. Note that for an



arbitrary integer m <n

P(p+2 is prime|p is prime)

P(p is prime) P(m is prime).

(1.1)

Now if we know that p is prime, then p # 0 mod [ for any prime [ # p. Thus

P(p and p+2 are prime) = PO is prime)

p+2 can lie in [ — 1 congruence classes modulo [ of which [ — 2 are nonzero, hence
[-2
P(l +p) = T If we assume that the probability that [ 4+ p is independent for

different prim_es [, then

[-2
P(p+2is prime|p is prime) = [ —.
>3 I-1

| prime
This probability is approximately .66. Using similar reasoning as above we can also
see that 11
P(m is prime) = [] —

>3 !
[ prime

Also we see that by the above P(p is prime) = P(m is prime) = 1/logn. Combining

these results and using (1.1) gives,

1 1
P(p and p +2 ime) = - |
(p and p + 2 are prime) ll;! ( (1- 1)2) (logn)?

[ prime

In particular Hardy and Littlewood extended this heuristic to the following

conjecture

Conjecture 1.1.1 ([6]). The number of twin prime pairs less then n, is asymptotic

1 n
2 11 (1‘ (z—1>2) (logn)?"

I prime

to

Note that in our analysis we are assuming that p is any integer, however we
know for a fact that p + 2 must be odd so since there is a 1/2 probability of a
random integer being odd, leading too the correction factor of two so we do not

just count half the number of twin prime pairs.



1.1.2 A Sieve

To establish the heuristics in the previous section, we need to be able to compute

an asymptotic formula for

> oL

pLx
p+2 is prime

Presently such a direct attack is infeasible. As often happens in number theory we

are forced to study a weighted version of this sum using sieve methods.

In [1] Bombieri applied the lower bound sieve to establish the following result
Theorem 1.1.1. There are infinitely many primes p such that p+2 has at most 4
distinct prime factors.

Our exposition of this result is due to Murty and Cojocaru [2].

Bombieri studied the sum

2

I > 1) ]2- > 1

P<T | gz /8 (log )8 g<z' 4 (log ) B
d squarefree q|lp+2
dlp+2

where B is a positive constant and the \; are positive weights bounded in absolute
value by one. Using the lower bound sieve, he managed to show that for large x
the expression is positive. Thus for infinitely many x there must exist primes p for
which

2- > 1 (1.2)

q<zt*(logz) B
qlp+2

is positive. So for infinitely many p, p+2 has at most one odd prime factor less than
24 (logz)B, yet p+2 can have at most 3 prime factors greater then z1/4(logx)5.
Thus there are infinitely many primes for which p + 2 has at most 4 prime factors.

We will study the lower bound sieve in more depth in Chapter 4.

1.2 Koblitz’s Conjecture

1.2.1 An analogous problem

In a seminal paper in 1988 Neal Koblitz outlined the fundamentals of elliptic curve

cryptography (see [8]). His method was based on the difficulty of the discrete



logarithm problem for certain elliptic curves defined over finite fields. In particular
a secure choice can be made by choosing an elliptic curve E and a finite field F,, so

that the group of points, E(IF,) has prime order.
For a fixed elliptic curve E let N, be the size of the set of points on the elliptic

curve over the finite field F, for p prime. To prevent singularities we insist that
p + A where A is the discriminant of E. In addition £ must not be Q-isogenous
to a curve with nontrivial Q-torsion or have complex multiplication. In this case

Koblitz formulated the following conjecture

n

|{primes p <n,p + A, N, is prime }| = CW.

where C' is a positive constant of the form []; ime@(!) which depends on E. To
understand this, we can use the heuristic method used for the twin prime conjecture.
Firstly we need to compute the probability that a given prime [ does not divide
N,. Let E[l] denote the [-torsion points of E. Recall the following

Lemma 1.2.1. For an elliptic curve E defined over C, we have the following iso-

morphism of groups:

7 7
[l] = Z_Z X li
In particular the extension Q(E[1])/Q obtained by adjoining the coordinates of the
points in E[l] to Q is Galois.

Proof. Recall that the Weierstrass g function induces a complex analytic isomor-
2

phism between the elliptic curve E and the torus 7 for an algebraic number 7
T
given by the Uniformization theorem (see for example %17], Corollary 5.1.1). Thus

the points of order [ correspond to the points

(?,%) where 0 <m,n <l -1.
If (z,y) denotes a generic point of E then the equations giving [m](x,y) =0
where [m] denotes the Z module operation of multiplying by m on a point of
E, are rational functions in x and y and the coefficients of E. Let o € Gal(Q),
then (o(x),0(y)) will satisfy [m](c(x),0(y)) = 0 and so given P € E[l] we see

o(P) e E[l].
O

This isomorphism gives rise to an action of the Galois group G; of the Galois

extension Q(E[])/Q onto the two dimensional Z/IZ vector space E[l]. In particular

4



p # [ is unramified in this extension if and only if p + Ng (the conductor of E) i.e.
it F has good reduction over p. Furthermore N, is divisible by [ if and only if the
Frobenius element op of every P lying over p corresponds to an element in G fixing
a subspace of dimension one of E[l]. For p unramified, the op form a conjugacy
class of G; that we denote by the Artin symbol o, (see [18] for details).

Note that if £ had non-trivial [-torsion then this would imply a point of order
[ in E(F,) for all but finitely many primes p. Then N, would not be prime since it
is divisible by [.

Serre ([16]) proved that for elliptic curves without complex multiplication, G, =
GL(2,Z/1Z) for all but finitely many primes [. Let L’ denote the set of exceptions.
For the Artin symbol o, to fix a subspace of dimension one of E[l] we see that
for each P|p, op must have eigenvalue one and hence o, must be contained in the
conjugacy class of matrices in GL(2,7Z/IZ) with eigenvalue one. The probability of

this occurring is
[{g € Gi|g has eigenvalue 1}|

|Gyl

We can explicitly compute this ratio in the case [ ¢ L’ to see that

[2-2

= Ty

To put this probability in perspective note that

Lol
@2-1(1-1) 1 2 13

v

1
-

So the probability that | does divide N, is slightly bigger then if IV, was random.

Now we can compute the probability that NV, is prime given that p < n. Re-
stricting to the case where L’ is empty, (so called ’Serre Curves’), and recalling the

formulation of Section 1.1.1

P(N,, is primel|p is prime)

P(p and N, are prime) = P(p is prime) P(m is prime).

P(m is prime)

for any m <n. Also

- L2
P(N, is prime|p is prime) = [T P(I + N,,) =[] (M)

1
>3 1>3 1- n



Table 1.1: Predicted and computed estimates for f(n) (see [8])

n Predicted f(n) f(n)

2000 26 30
4000 42 42
6000 95 o1
10000 80 7
14000 103 103
18000 125 123
22000 145 141
26000 165 165
30000 184 183

SO

2-1-1 1
P dN 1 = 1_ :
(pand N, are prime) H( (l2—1><Z—1>2)logn2

This density is approximately .5052. In the case where L’ is not empty we simply
change the respective probabilities, P(l + N,), for the primes in L’.

As a concrete example Koblitz considers the Serre curve y?+y = 23 -3. Let f(n)
denote [{p<n:p+ A, N, is prime }|. Table 1.2.1 lists some values of f(n) and the
corresponding prediction by Koblitz’s conjecture. A sketch of this elliptic curve is

also given in Figure 1.1.

The Tchebotarev density theorem gives an effective estimate on the number of
unramified primes whose Frobenius elements lie in the conjugacy class of G; which

have eigenvalue one.

Theorem 1.2.2 (The Effective Tchebotarev Density Theorem, [9]). Let L/K be a
finite extension of number fields and given a prime p € K let o, denote the Artin
symbol of p. Let G be the Galois group of this extension and C' a union of conjugacy
classes in G. Then assuming the Generalized Riemann Hypothesis (abv. GRH), if
nc(x) denotes the number of primes p in K with o, in C' and N qp (the norm of
p) less than some x € Z,
C C
wo(x) = Hm{(x) +0 (%asm(log(h +[L:Q] logx))

where T (x) denotes the number of primes in K with norm less than x and dy, is

the discriminant of L.
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Figure 1.1: The Serre curve y? +y =23 -3

In the case of Koblitz’s conjecture, K is Q, L is Q(E[l]) and C is the set of all
elements of G; with eigenvalue one (denoted by C7). When [ ¢ L/, |C}| =12 -2 and
|Gy = (I -1)(I2-1) giving,

p<x:l|N,, pis unramified} = {p < x : op has eigenvalue one for all P|p,p is unramified
p

(1.3)
= le +O(13%2? log(INgx)) (1.4)
(I-1D)(2-1) '
In general define a multiplicative function
~1)(2-1
sy < =D =1 (15)

2-2
for [ ¢ L.

For [ € L', define §(1) to be the reciprocal of the size of the conjugacy class of
elements in G; with eigenvalue one, Cy, to |G,|. For this to be well defined |C}| must
be nonzero. In this case NN, would be divisible by [ for a positive density of primes
p namely, density |Cy|/|G,|. But this cannot happen since E has no Q-torsion and
by the following theorem due to Katz.



Theorem 1.2.3 ([7], Theorem 2). Let E be an elliptic curve over a number field

K, and m > 2 an integer. If we have
N,=0 modm

for a set of primes p of density one in K, then there exists a K-isogenous elliptic

curve E' over K for which

| Torsion of E'(K)|=0 mod m.

By the Ogg-Neron-Shafarevich criterion for elliptic curves ¢ is multiplicative

and we have that

{p < :d|N,,p is unramified}| = liz + O(d*2x?log(dNgx)). (1.6)

1
3(d)

for any d squarefree.

1.2.2 A First Sieve Approach

Miri and Murty applied the lower bound sieve to Koblitz’s conjecture in an analo-

gous fashion to the twin prime conjecture to prove the following result.

Theorem 1.2.4 ([11]). Assume the GRH. Let E be an elliptic curve without com-
plex multiplication. Then there exists a real positive constant Cg such that there

are at least
T

5 log 2)?

primes p < x such that N, has at most 16 prime factors counting multiplicity.

We now sketch an outline of their proof beginning with a formulation of the

sieve methods used.

1.2.3 The General Sieve Problem

Let A be a finite set of integers and for p prime let A, = {a : a € A,p|f(a)} for

some function f: A — Z. For d-squarefree let A, = () A,. Choose X to be a close
pld
approximation to the size of A and ¢ a multiplicative function so that (1/0(d))X



is a close approximation to the size of A4. Define the remainder terms r4 to be

1
= Ay - —<X.
IS
Let P be a set of primes and P(z) = H p. The general sieve problem requires us to
p<z
peP

determine the number of elements in A which are not divisible by any primes in P.

Hence we have to sift’ A by the set of primes P or compute the sieving function

S(AP,2) =aecA: (f(a), P(2)) = 1} =|A\ U Ayl

plP(2)

The most elementary techniques in sieving involve inclusion exclusion arguments
however we will study a weighted version of the sieve problem given by the lower

bound sieve.

Recall that given two arithmetic functions, v and &, the Dirichlet convolution
is
vxk(n)=> v(d)x (ﬁ)
dln d
Theorem 1.2.5. Keep the notation as above. Let §5(d) be a multiplicative function
for d squarefree. Let d1 be the Dirichlet convolution 6 * . Then for any y,z >0 and
for any sequence of real numbers cy, \g which are supported at squarefree positive

integers composed of primes of P, we have

2

YD ]l X M| =AX+E (1.7)

acA | ty d<z

ac A acAy
where
2
E=0[ > (Xl || Pal] lrml
mey? | t<y d<z
m|P(yz) \tlm dm
and

Q
A = S — w(r)zar (1.8)
tgy%;gz 6(£)d1(d) ;d
tIP(y),d|P(2) r|P(2)
(t,d)=1 rlt



with

A
= ) o 1.9
2 = p(r)or(r) S;Z/T 5(sr) (1.9)
s|P(z)
for any positive squarefree integer v composed of primes of P.
Note that with our definition of z,
p(rd)
Mg = u(d)o(d 2y 1.10
d :u( ) ( )Tszz/d 51(7’d) d ( )
r|P(2)

thus a choice of z, gives a choice of A\;. We will omit a proof of the lower bound
sieve in the classical case. However in a later section we will give a proof of an

adapted version.

1.2.4 Applying the Sieve

For the specific case of Koblitz’s conjecture we use the following setup. Let A = {p:
p<x} and f(p) = N,. We need an estimate on |4, and X. We can easily see that
X =7(z) where as usual 7(x) denotes the number of primes less than or equal to
x. To compute |Ay| we recall the discussion given in Section 1.2.2 and apply the

effective form of the Tchebotarev density theorem given in (1.6).

Al = [{p <+ dIN, d + A} (111)
_ L 3/2,.1/2
= 5(d)hx+0(d z'*log(dNx)) (1.12)

where 0(d) is given by (1.5). This implies:
rq < d*z'?log(dNx).

For now let y,z > 1 be free parameters and choose bounded sequences «; and \g

supported at squarefree integers such that oy =0 for t >y, Ay =0 if d > z and with

10



|A\a| < 1. We first consider the error term E from Theorem 1.2.5

2

E < > Dl [ D] Il

m<yz? | t<y d<z
m|P(yz) \tlm dm

«< > d(m)*mPa?(log(mNz))
m<yz2

< (y22)1at*log(xN).

where d(m) is the number of positive divisors of m. If we require yz2? < x/8=¢ then

we can see that this error is << x17¢.

We will now choose the o, and z, (since this gives a choice for ;) in two different

ways. Our first choice is

0, otherwise

1, ift=1
atz{’ ' ’ (1.13)

and

. { z1, if r <z and r is squarefree, (1.14)

0, otherwise
for z; a positive constant.

With this choice, equation (1.7) is

2

_ .2 NQ(d) . 1—¢

where our error term comes from the computation above.

Let our second choice of «; be

1, ifti i <
Qp = { ) 1 1S prime Y, (116)

0, otherwise

This allows «a; to count divisors of N,. With the same choice of z, as above,

11



equation (1.8) becomes

2
Qy
A = — w(r)zar (1.17)
t<z§d:<z 5(t)51(d) rszz;d
t|P(y),d|P(2) T|P(2)
(t,d)=1 ’I“|t
1*(d) 1 2
> (1.18)
d<z 61(d) Z<l<y 6(” !
l+d

At this point we apply some involved estimates and the GRH on the previous

result and equation 1.2.5 to conclude

2

: logy)) p(m) ,

A ~ (1 1+1 . 1.1

a;x t;,at ; ! (m)(( +Og(logz o 5i(m) ! (1.19)
aeAt aeAd

with a; and z, from our second choice. Though the details of this calculation will
be omitted we will prove something similar in Chapter 4.

Choose

y = pl/16+

and

5 = gl/32-

thus preserving the condition that yz2 < x'/%-¢. Then subtracting equation (1.19)

from twice equation (1.15) gives the asymptotic

2

: logy)) p*(m) ,
2 - ~1 1-1 . 1.2
(162,:4 % o %4: Ad 133(( Og(logz W;Z 51 (m) 2] (1.20)

Now

1/16+€
]_—log(logy) = 1—10g(m)

log 2 log(x1/32-¢)

-
1—10g(116 )>0
3—2—6

12



Since this quantity is positive as x tends to infinity, for infinitely many primes p

2- 3 a|>0. (1.21)
t
acA¢

Our choice of oy now implies that Z oy counts the prime divisors of N, less then y.

t
aeAy
So for infinitely many primes N, has at most one prime factor less then y. Now since

p < x and by Hasse’s bound, N, < p (see [17]), we see that N, can have at most
15 prime factors greater then y. Thus N, can have at most 16 prime factors. Note
the similarity between equation (1.20) and the expression (1.2) used by Bombieri

for the twin prime conjecture.

Now recall from (1.10) that

Ay = u(d)d(d “(Td)r
d M()()g/d&(?“d) d

r|P(z)

(1.22)

thus with our choice of z; we see

Ay << 5d
PRl )r;ﬂd)'“'
d<z

< logz

< logz.

Combining the previous estimate, (1.15) and the estimate liz < , the num-

ogw
ber of primes satisfying (1.21) is at least

i
" (log x)*’

where Cg is a real positive constant depending on E.

1.2.5 An Improved Result

By applying stronger sieving techniques we can hope to improve on Miri and
Murty’s result. Steuding and Weng have effectively applied the linear sieve with

logarithmic weights to prove the following.

13



Theorem 1.2.6 ([18]). Assume the GRH. Let E be an elliptic curve without com-
plex multiplication such that any elliptic curve Q-isogenous to E has trivial Q tor-

sion. Then there exists a real positive constant C'g such that there are at least

i
5 log 2)?

primes p < x such that N, is a product of at most 8 primes counting multiplicity.

14



Chapter 2

Function Fields and the Drinfeld
Module

2.1 Function Fields

2.1.1 Number Theory in Function Fields

Fix a finite field F, of prime characteristic p with size ¢ = p® with ¢ € N. Let
A = F,[t] be the polynomial ring over F, with k£ = F,(¢), as the rational function
field. In general a function field will be a finite algebraic extension of k. Func-
tion fields possess a rich arithmetic structure analogous to that of the integers.
Many arithmetic quantities such as the Euler-Phi function and the prime counting
function translate well and have the same properties as their counterparts in the
integers. Furthermore Drinfeld modules give effective generalizations of cyclotomic

fields and elliptic curves.

This chapter will explain these connections and describe the number theoretic
properties of A. The ultimate goal is to translate Koblitz’s conjecture for elliptic
curves to Drinfeld modules. The majority of this section is based on the exposition
in [15].

Given f e A, we can express f(t) = apt™ + ap1t" 1 + -+ qg for a; € F,. The
degree of f, denoted by deg f is the highest power of f with a nonzero coefficient.

By convention we define the degree of 0 to be —oo.

The following theorem says that A is a Euclidean domain and hence a unique

factorization domain.

15



Theorem 2.1.1. Let f,g € A with g + 0. Then there exist elements q,r € A such
that f =qg+r andr =0 or degr <degg. Moreover q and r are uniquely determined
by these conditions.

Proof. See Theorem 1.1 in [15]. O

Define
qiees if g # 0,

0 if g=0.

lg] =

Theorem 2.1.2. Let ge A and g # 0, then A/gA is a finite ring with |g| elements.
Proof. Using the division algorithm, we can quickly see that

{r e Aldegr <m}
is a set of coset representatives for gA. There are |g| such representatives. O

For m € Z, |m| = |Z/mZ|, motivating the notation |g| above. We have the

following theorem about units.

Lemma 2.1.3. Let P be an irreducible polynomial in A and let e be a positive
integer. Then the size of the unit group of A|P¢A (denoted (A]P¢A)* ) is|P|*~ (| P|-
1).

Proof. First we consider the case when e = 1. Since P is prime and A is a Euclidean
domain, PA is maximal hence A/PA is a field. Thus |[(A/PA)*| = |P|- 1. In the
case where e > 1, PA/P¢A is the unique maximal ideal of A/PA. Since (A/PA)* =
A[/P¢A—- PAJP¢A we see that |A/PA| =|PJ¢ - |PA/P¢A| = |PJ¢ - |P|*!, concluding
the proof. n

Given f e A and g € A, with degg < deg f, g will be a unit in A/fA if and only
if ¢ is relatively prime to f. Let ¢(f), the Euler-Phi function, denote the size of
the unit group of A/fA.

Theorem 2.1.4. If f € A has the prime decomposition f = P;* Py*---Py™ then

o (f) = |f|H(1—ﬁ)-

PIf

16



Proof. From the Chinese Remainder Theorem

A A A A
fA PPPAT PPA T PrA
thus
A A
o =| 5T
JAI™ B PrA
=[TIRl(n-1)
Pilf
1
g5
AT 12

2.1.2 Prime Number Theorem

The rich structure of function fields gives a natural analogue of the classical zeta

function.

Define the zeta function of A to be the series,

1
CA(S)_ Jg;‘ |f|S

f monic

Since there are ¢ monic polynomials in A of degree d, we have

=L 1

54 qu 1-— ql—s

)

an analytic function for all complex numbers s with real part greater then 1.

Analogous to the case for the classical Riemann zeta function, (4(s) affords an

Euler product representation given by

1 \!
Ca(s) = H (1_’P|s) )

P monic irreducible

Let mg be the number of monic irreducibles of degree d, then

Ca(s)=T1 (1 - #)md :

d>1
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This equation is the basis for the prime number theorem in function fields.
Theorem 2.1.5. The number my of monic irreducible polynomials of degree d in

q? 0 q*
=—+0(|—].
Md =g d

Remark 2.1.6. If we let x = ¢¢ and 7,(d) = my then we can rewrite the previous

7o(d) = — +o(ﬁ).

log, x log, x

A is given by

expression as

This is similar to the conjectured classical version of the prime number theorem
dependent on the Riemann Hypothesis. In function fields the Riemann Hypothesis

trivially holds due to the 'nice’ form of the zeta function.

Proof. Firstly

(L)t
qu - 1_q1—s'

d>1

Let u = ¢~ and take logarithms of both sides of the previous expression.

[ee]

> —mqlog(1 - u?) = -log(1 - qu).
d=1

After differentiating and multiplying both sides by u we arrive at

o0

5 qma 4 qu

Hl-ud 1-qu

so by comparing coefficients of 4™ on both sides we see

ded =q".

dln

Using Mobius inversion on the above gives

o= - 5 u(d)g?.

n dln

Now note that the highest power of ¢ occurring in the sum above is ¢"*. The next
highest power is g2 followed by at most n terms with power no higher then ¢ .
Thus

giving our result. [l
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2.1.3 The Tchebotarev Density Theorem

The Tchebotarev density theorem is necessary to compute the size of the sets being
sieved in the classical version of Koblitz’s conjecture. We will need an analogous
effective version of the theorem in the function field case. Let L/K denote a finite
Galois extension of function fields, with integral rings Oy and O respectively. Let
G = Gal(L/K) and let C' denote a union of conjugacy classes of G.

Given a prime P in K and a prime B lying over it, we know that Gal( f,é)oLL / ]?TKK

is a cyclic group (since it is an extension of finite fields) generated by an element
oy where for any f € Op/BO., op(f) = flOx/POx],

B —— O — K

b

P —— O, — L

Let the decomposition group of P be D(P/P) = {c € G : c(*P) = B}. Note that
since the decomposition group fixes 3, there is a group homomorphism D(3/P) —

Gal(mOOLL POTKK) with the kernel defined to be the inertia group, /y. In fact we can

show that this homomorphism is surjective so

DB/P) , (O ) Ok
T:Gal(moL P05

When P is unramified in L, the inertia group of each 3 over P is trivial, so o
corresponds to an element of G. We can show that as ¥ ranges over the primes
dividing P the resulting oq determine a conjugacy class of G' completely determined

by P which we designate by op (see [15]).

For z a positive integer we can define

mo(x, L/K) = |{P|deg P = x, P is unramified in the extension L/K, and op € C'}.

Before we can state the effective version of the Tchebotarev density theorem, we
need to define several quantities related to the extension L/K. Let Fy,F; denote
the constant fields of K and L respectively and let rj, = [LOF}( :Fg]. When ry, =1
we say the extension L/K is geometric. Define dx = [Fg : F,] and gz, gk to be the

genera of L and K respectively.

The effective version of the Tchebotarev density theorem gives the following.
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Theorem 2.1.7 ([3]). Let L/K be a finite Galois extension with Galois group G.
Let C < G be a conjugacy class whose restriction to Fr, is the a-th power of the

Frobenius automorphism of Fx. Then for x €N, if x #a mod rp

7TC(xaL/K') =0.
If x =a mod rp, we have
di \x
ro(a L) _TLQ(Q ) (2.1)
|G|
2|C
< ;% ((1G1+ gur2) (a )7P2 + |Gl (29 + 1)(g )71 + gry +[Gldf i)

Note that if we take k = K = L then applying the theorem gives

(x) :%m(ﬁ)

T

which is just the prime number theorem in function fields.

2.2 Drinfeld Modules

Given a commutative k-algebra B, it is implicitly an A-module through the algebra
multiplication. Let 7 denote the Frobenius element of k = F,(¢) where 7(X) = X¢
for X € k. Then 7 is an endomorphism on B and in particular any polynomial in
T over k is also an endomorphism of B. Given h € k and u € B, the action of 7 on
h-uis

T(h-u)=(h-u)?=h%? = hit(u).

Instead of being a k-algebra homomorphism, 7 performs the 'twisted action’ 7h =
hat for h e k. Also if a € F, then 7(a-u) = ar(u) so 7 is F, linear. Denote the ring
of polynomials in 7 over k with this twisted” multiplication as & < 7 > . This is
known as a twisted polynomial ring, and in particular we see that each element of

this ring induces an endomorphism of B.

We can view k < 7 > in a more natural way as the set of additive polynomials

that are IF, linear over k.

Definition 2.2.1. A polynomial F' € k[ X] is additive if inside the ring of polyno-
mials in two variables, k[ X,Y], F(X +Y) = F(X) + F(Y). We denote the set of
F, linear additive polynomials by A(k).
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If F, G are two additive polynomials, note that

F(G(X+Y)) F(G(X)+G(Y))

F(G(X)) + F(G(Y))

so composition makes A(k) into a ring.

Since k has characteristic p the polynomial
G(X) = anXT +ap X7+ 4o X

with coefficients in £ is an additive polynomial. In particular we can find an element
g € k<1 >such that g(7)(f) = G(f) for any f € k, namely

g(7) = apm™ + a1 T+ 4 ayg.

Thus there exists a natural correspondence between additive polynomials of the

form of G and polynomials in k<7 > .

Theorem 2.2.2. Every F, linear additive polynomial G(X) is of the form
G(X) = an X7 +ap X7 4+ a; X9+ apX.
with a; € F,. Furthermore given the map determined by
G = g(7)

where g(T) = 4T+ ap 1T+ -+ a7 + a9 demonstrated above from A(k) to k <1 >

s an isomorphism.

Proof. 1t is clear that every polynomial of the form given is in A(k). We prove
the other direction by induction on the degree of G(X). The result is clear for
constant and linear polynomials. Since G is additive G(X +Y) = G(X)+G(Y) and
L G(X+Y) = 2G(X). Setting X =0 we see that the formal derivative of G(X)
must be a constant. Let G(X) =Y ;X% G'(X) is a constant if and only if for each

1> 1 not divisible by p, a; = 0. Thus we can write

G(X)=ar X + Y ap X =a; X + H(X)"

1>1

for some polynomial H(X) with coefficients in the field [ obtained from & by ad-
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joining the p'* roots of the coefficients a,;. Note that for a € F,
G(aX) =a1aX + ZamapiXpi,

1>1

so G(aX) =aG(X) if and only if a,; =0 for p* # ¢7 for some j. Thus
G(X) = CllX + H(X)q
H(X) is an additive polynomial in /[ X] so by induction H(X) =¥ b;X? and

G(z) = a1 X + Y bixX7"
J

and since b;‘( € k the result follows. The second claim now easily follows. O

From the previous theorem we now see that A(k) and k < 7 > induce the same
endomorphisms on the k-algebra B. In a natural way this allows us to put a new

A module structure on B by any homomorphism p: A - k<7 >.

Definition 2.2.3. A Drinfeld module for A defined over k£ will be an [F -algebra
homomorphism p: A - k < 7> such that for all f € A the constant term of p(f) is
f and for at least one f in A, p(f) ¢ k.

The last condition is to guarantee that this A-module action is different from

the one induced by A as a k-algebra.

There is a natural way to interpret the previous results in terms of group
schemes. Namely let G,/k be the additive group scheme over k. Given a com-
mutative k-algebra B, G,/k assigns the underlying additive group structure B,.
From the previous discussion we know every additive polynomial gives rise to an
endomorphism of B,. Drinfeld managed to show that End(G,/k) 2 k <7 >. Thus
the module structure induced on B from a Drinfeld module is a canonical way to

make B an A-module.

2.2.1 The Carlitz Module and Cyclotomic Extensions

The Carlitz module is a concrete example of Drinfeld modules.

Since A is generated freely by one element ¢ over k, for each element g e k<7 >

with constant term ¢ and g ¢ k we can determine a unique homomorphism from
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A to k < 7> by mapping t to g. Thus any Drinfeld module is determined by it’s

action on t.

The simplest choice of g =7+t € k <7 > gives the Carlitz module denoted by

C. For example

C(t?) = C(t)?
(t+71)2

= +t-T+T L+ T

2+ (t+t)T + 72

In general we can let the Drinfeld module ¢ be determined by
P(t)=t+c1T+com? + o+ e

where ¢, # 0. We say that r is the rank of the Drinfeld module ¢. Note that in
general the constant term of ¢(¢") is t® and the degree in 7 is nr. Thus for any

polynomial a € A, the constant term of ¢(a) is a and the degree in 7 is rdeg(a).

One way to view the Carlitz module is as a function field analogue of the unit
group of Z/mZ for an integer m. The analogous structure to Z/mZ in function
fields is A/ f A for some polynomial f € A. Under this identification we can consider
Z]|mZ as a Z-module analogous to A/fA as an A-module. However (Z/mZ)" is
also a Z-module under exponentiation with no clear analogy in the function field
case, since ’exponentiation’ by A is not defined in A/fA. The solution to this is
the Carlitz module C'(A/fA). This discussion is summarized in the table below.

Table 2.1: Analogy between the Carlitz Module and Classical cases

Classical | Function Field
Z-module A-module
meZ feA
Z A
) | <)

Let the action of a Drinfeld module ¢ on k be denoted as k:_¢ Given f € A the

torsion submodule of k’_¢ is

oLf1={Neklo(f)(N) = 0}.
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Following the discussion above, the equation ¢(f)(X\) = 0 is analogous to x!—a =

0 for a € Z for x € C and [ an integer. We can precisely determine the structure of

oLf]

Lemma 2.2.4. Let f € A be nonzero. Let M be an A module and suppose for each
d|f the submodule M[d] = {m e M|dm =0} has q"°&¢ elements. Then

wins ()

Proof. Consider the prime decomposition of f = wP[* Py?*---Py", where u is a con-

stant and the P; are primes dividing f. Clearly
M[f]=M[P*] e M[Py*] @@ M[F"].

Using the Chinese Remainder Theorem we have

A A A A
—_— @ @ coe
FATPUA PPA PoA

so it suffices to establish the result for the case of f = P¢ for P a prime.

Since p is a prime A/PA is a field and M[P] is a vector space of degree r over
A/PA with ¢"48 ¥ elements. We can apply the structure theorem of modules over
principle ideal domains to see that

A A A

(<) ®D--- P

MIP)2 503 @ praa Pk A

112

for some ky---k, € A. The number of elements in M[P¢] is gm¢dee” but this must be

equal to g(ki+ket+kr)deg P Since k; < e we have that k; = e for each 4, 1<i<r. [

Theorem 2.2.5. Let ¢ be a Drinfeld module of rank r. Then for each nonzero

feA, we have :
oln=(77) -

Proof. We begin by showing that for each f € A, ¢[f] has ¢"9°¢/ elements. Note
that

rdeg f

O(f)(X) = X +a1 X9+ X7 + -+ gog y X9

where the a; € k and a,qeg s # 0. The derivative of ¢(f)(X) is nonzero so it is
separable and has ¢” 9 roots in k. Thus applying the previous lemma with M =k,

gives the result.
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]

We can adjoin the elements of @[ f] to k to form the Galois extension k(o[ f])/k.
This gives an injection ®; : Gal(k(¢[f])/k) = Autajea(¢[f]) where Auts/oa(P[f])

denotes the automorphisms of ¢[ f] as an A/ f A module. However from the previous

result we see that
Autaza(o[f]) = GL(r, A/ fA).

This gives us a representation of the Galois group which will be crucial in translating

Koblitz’s conjecture to function fields.
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Chapter 3

Generalizing the Lower Bound

Sieve

3.1 Bombieri’s Lower Bound Sieve

In this section we will reformulate the lower bound sieve in the context of poly-
nomials over a finite field. Our exposition will be based on the proof of the lower
bound sieve given in [2]. Fix a finite field F, and following the notation from Sec-
tion 1.2.3 let A be a finite set of monic polynomials from A = F,[t], P a set of
monic irreducible polynomials also from A, g be a function g : A - A, and let
A ={a e A:llg(a)} for monic irreducible polynomials I. We will write P(z) to
denote the product of all monic irreducibles in P with degree less than or equal to

z. Let X be a close approximation to |A| and §(d) a multiplicative function so that

1
|Ad| = mX+T’d

for some error term ry. In general, sieving is concerned with finding the following

quantity:

S(A,P,z)=|AN | Al.
leP
degl<z

Remark 3.1.1. Throughout the rest of the thesis all sums will be taken over monic

polynomials in A.
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Define the Mobius function p on A\ {0} as

(-1)«() if f squarefree,
p(f) =41 if f=1,
0 otherwise
where w( f) is the number of distinct irreducible factors of f

Selberg’s sieve relies on the inequality

SAP.2)=Y Y pld),

aeAdP(z)
acAy

SR’

acAyg d|P(z)
aG.Ad
where \; is a sequence indexed by polynomials such that A\; = 1, and A\; supported

only on squarefree polynomials of degree less than z.

Bombieri modified this sieve by adding weights to each term in the sum on the
right hand side of the above inequality. In the function field case we have a result

analogous to Theorem 1.2.5.

Theorem 3.1.2. In the general sieving situation set up above, let & be a multi-
plicative function defined for d squarefree, and let 61(n) be the Dirichlet convolution
0 * . Then for any y,z >0 and any sequence of real numbers oy, \q supported only

at squarefree monic polynomials composed of primes of P, we have

2

Y1 D ]l X M| =AX+E, (3.1)

acA | degt<y degd<z
tIP(y) d|P(z)
aEAt aE.Ad

where

E =0l ¥ | X ]l X naf il

deg mSyZQ deg t<y deg d<z
m|P(yz) tlm dlm
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and

Q
A = TR Y w(r)zer |
degtgy%egsgz 5(t)61(t) degTSzz:degs
P (y),s|P(2) r|P(z),rlt
(t,8)=1
with
Asr

zo=p(r)o(r) ),

deg s<z—degr
s|P(2)

d(sr)

for any positive squarefree integer r composed of primes from P.

Note that the above expression for z, yields

L OO e

degr<z—degd
T|P(2)

so a choice for z, gives a choice for \g4.

In order to prove this theorem, we need several technical lemmas. We fix the
notation 0(a,b) =0((a,b)).

Lemma 3.1.3. For any multiplicative function §, and squarefree polynomialst,d;, ds,

_5(t)0(d1)6(do)6 (¢, dy, ds)
C 0 (t,dy) 6 (t,dy) 6 (dy,dy)

0 ([t,dy,ds])

Proof. See Lemma 10.1.3 in [2]. O
Define (@
]
0_1(n) = .
By Mobius inversion,
1
—— =) .1(d).
iy~ 2

Lemma 3.1.4. If a,b are squarefree, monic polynomials, then

Z (51(7")(5_1(8) =
[r,s]=b

sla

. (3:2)
0, otherwise.

{ 51(b), if (a,b) = 1,
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Proof. Let T =[r,s], p=(r,s). Since a,b are squarefree and ¢; is multiplicative,then

ai(r) = A,

We will sum over s, p instead of r,s. If [r,s] = b and s|a then s|(a,b); for each such

from Lemma 3.1.3

s any p which divides s uniquely determines an r such that [r,s] = b and (r,s) = p,

namely r = %b Thus

Z (51(7’)(5,1(5): Z 51(b)571(s)(51(7—)
[r,s]=b o) 51(5) ’

sla pls
_ (51([))5 1(8) 51
s|(a,b) 51( ) pz|; ( )

d_1(s)0(s)
o1(b e e
( )s|(za,:b) 1(s)

Since 6, d1,6_1 are multiplicative for all irreducibles [,

o_1(D)o(l) (5(0 )5(5)

RO O

So % p(s). Thus,

Y, 0u(r)da(s) =au(b) Do p(s)

[r,s]=b s|(a,b)

sla
:{ 51(b), if (a,b) =1,

0, otherwise.

By expanding and applying the definition of Ay,

2

Z Z Qg Z Ad ZZ Z Ny Ady

acA | degt<y degd<z acA degt<y
t|P(y) d|P(z) degdy,da<z

acAy acAy t|P(y)
d1,d2|P(z)
a€Afrd; ]
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= Z Z O )\dl )\dg

degt<y acAr 4y ,dy)

degdl,dzgz
t|P(y)
d1,d2|P(z)
at)\dl )\dg
= Z —5 [t d d ] |A| + Z at>\d1>\d2r[t,d1,d2]‘
degt<y ( ) U1, U2 ) degt<y
degdl‘,d(eg)dggz degdrd(eg)dgs,z
t|P(y tP(y
d1,d2|P(z) di1,d2|P(2)

Let the coefficient of A be A’ and let E be the second summand.

Using the identity in Lemma 3.1.3, rearranging the terms inside the sum, and
applying the definitions of §; and d_; to d(dy,ds) and 1/0(t,dy, ds), we have

A, 6 (¢, di)Aa, 0 (2, do)
Al = 1 2 51(r) 5.(s) ).
degtSy;degZd:l,dengSz 5(t)5(d1)5(d2) r|(c§d2) ' s(t,dzl:,dg) '

t|P(z);d1,d2|P(z)

(3.3)

We can rearrange the summation signs by summing over r, s with s|t and then
for each r, s, summing over dy, ds such that r|(dy, ds) and s|(¢,d;, ds). Since st, this

occurs precisely when [r, s]|d; and [r, s]|ds.

g, 0 (t,dy) Ng,0 (t,ds)

A = > 5(r)oa(s) Y

deg t<y;degr,deg s<z 6(t) degd;,degda<z 5(d1)5(d2)
t|P(y);r,s|P(2) di,da|P(z)
ol [r,s]|dx
[r,s]ld2
2
Qv a0 (t,d) .
= ——01(1)0-1(s) ————2| , by symmetry in dy, ds.
degt<y;d§g:r,deg s<z 5(t) degZd:<z 5(d)
t|P(y);r,s|P(2) d|P(z)
slt [r,s]ld
Define
b (t,d)
M = _— (3.4)
degzd:sz §(d)
d|P(z)
uld

30



or

Aud (L, u) (d)
5(”) B degZa;szM u i
d|P(z)
uld

by dual Mobius inversion.

If d = su, then by summing over su such that s|P(z),degsu < z,(s,u) =1 we

are summing over su such that s|P(z),degsu < z, since Ay, = 0 if (s,u) # 1.

A0 (T, u)
—— = 1(S) Mt su- (3.5)
5(“) degsszzzdegu ( ) '
s|P(z)

Ift=1, (3.5) yields

)\su
= ()11 stu- (3.6)
5(SU) deg t<zz—deg su
t|P(z)

So by (3.5) and (3.6),

Nt = Z 6(t7 Su) Z :U’(t)nl,stu' (37)

deg s<z—degu degt<z-deg su
s|P(2) tP(z)

But A is supported only on squarefree polynomials. Thus (3.6) is zero unless (s,u) =
1. Say r = st, if s|P(z),t|P(z), and r + P(z), then r has repeated factors and (3.6)

is zero. Thus,

M= D, Zﬂ(g)é(g,su)m,m.

degr<z—degu s|r
r|P(2)

Analyzing the inner sum, if r|¢, then

0 ((c) - Bo(2)e0

slr slr S

= 5,(s).
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Ifr 4+t let v=_(rt)+r, then as degr/v > 0.

Db

slr

()7(5)-

> h

slr/v

=0.

>oh

slv

()3e()7

So,
Nt = Z 51(T)771,ru
degr<z—-degu
r|P(z),r[t
>\rsu
= 01(r) ——, by (3.4)
degr<z—-degu deg s<z-degrs 5(7“su)
r|P(z),r|t s|P(z)
,LL(U) )\rsu
= pu(r)p(ru)oy (ru) : (3.8)
51(“’) deg rsg:degu deg sgzz:deg ru 5(7”8U)

r|P(2),rlt

s|P(2)

Substituting (3.4) and (3.8) into (3.3) gives

A=

degt<y;degr,deg s<z

By moving the sum over s inside, and indexing by u =

A=

>

degt<y;degu<z
t|P(y);ulP(z)

>

degt<y;degu<z
t|P(y);ulP(z)

O

(t,u)=1
_ Z Qi
deg t<y;deg u<z 6(t)51 (U)
1P (y),ulP(2)
(tyu)=1
>
degt<y;degu<z 6(t)51(t)

tIP(y);ulP(2)
(tyu)=1

=A.

\

2.

(S(t) 51 (T)5 1(8)7715 [rs]

tP(y)ir,s|P(2)

s|t

[r,s], we have

Syt 2 ()
s|t

(u)n;, by lemma 1.

2
Arsu
S uutwneo || Y
r<z—degu deg s<z—-degru (’I“SU)
r|P(z),r|t s|P(z)
2
> u(r)am, | , by substituting the definition of z, in (3.2).

degr<z—-degu

IP(z),rlt

(3.9)
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This is the coefficient of |.A| in Bombieri’s lower bound sieve.

Returning to the error term, by summing over m = [¢,dy, ds] we have

E = Z at)\dl )\dzr[t,dl,dg] (310)

t<y;di,d2<z
t|P(y);d1,d2|P(2)

2

=0 2 2 leal [ 20 Wl f Il |- (3.11)

deg m<yz? degt<y degd<z
m|P(max{y,z}) \t/P(y) dm

This concludes the proof of the function field analogue of the lower bound sieve.
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Chapter 4

Koblitz’s Conjecture for Function
Fields

4.1 The Euler Characteristic

Our ultimate goal is to present a version of Koblitz’s conjecture for Drinfeld mod-
ules. The starting point is to understand the respective module structures between
elliptic curves over finite fields and Drinfeld modules defined over quotients of A

by irreducible monic polynomials.

Drinfeld modules are the function field analogues of elliptic curves. In this thesis
we will only consider the rank two case. Though this will become clearer in the next

section, as an example note that given an elliptic curve over C, E[m] = (Z/mZ)’

and for a Drinfeld module ¢ and a polynomial f e A, ¢[f] = (A/fA)>.

Fix an elliptic curve over a finite field F(IF;). This has a natural Z-module
structure induced by the additive group of the elliptic curve. Similarity by fixing

an irreducible polynomial f € A, A/fA has a natural A-module structure.

In the elliptic curve case we are interested in studying the quantity w(|E(TF;)|),
where w(n) denotes the number of distinct prime factors of n. In our case w (JA/fA|) =
1 regardless of f, thus is not a very interesting quantity to study. However from
the discussion in Chapter 2 we can construct a new A-module structure on A/fA
through a Drinfeld module ¢. However w (|¢ (A/fA)]) = w(JA/fA|) = 1, still an
unenlightening quantity to study.

Given an elliptic curve £ and a prime [, for sufficiently divisible m € Z we have
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E(F)) c E(FF;)[m], and

Z Z
@

E(F) =~
( l) le ng

where |E(F,)| = miymy for some my,ms € Z.

Given a cyclic Z-module, Z/mZ we denote the FEuler characteristic of Z[/mZ
as X(Z/mZ) = m. Extending this definition multiplicatively to E(IF;) we see that
|E(F)| = mamy = x(E(F)).

Using the decomposition theorem for finite modules over principle ideal domains,
we see that

A A A A
0] (—) ~ ® e ®
JA]  [iA - LA fA
where the f; € A and f;|fi1 for 2 <i < s. Since the Euler characteristic of A/fA is

f, we can decompose

X(qs(f%))ﬁx(fil@ffA"'@ffA) .
R N
= fiforfo. (43)

This quantity is the natural analogue of the size of E(F;) for function fields.
We may now ask how often x(¢(A/fA)) is prime for an irreducible polynomial f.
From now on we adopt the notation x4(f) = x(¢(A/fA)). Note that unlike the
elliptic curve case, our Euler characteristic is not an integer but a polynomial. We

can now formulate Koblitz’s conjecture for function fields.

Theorem 4.1.1 (Koblitz’s Conjecture for Function Fields.). Let ¢ be a Drin-
feld module of rank two with every A-isogeny having no A-torsion points and with
End;(¢) = A. Furthermore assume that for each monic irreducible | € A, k(¢[l])/k
is a geometric extension. Then given x € Z, there exists a real positive constant C

depending on ¢ so that there are asymptotically
q$
CQ&P

monic irreducible polynomials p with degree at most x such that x,(p) is prime.

We can also prove the following analogue of Miri and Murty’s result given in
Chapter 1.
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Theorem 4.1.2. Let ¢ be a Drinfeld module of rank two with every A-isogeny
having no A-torsion points and with Endg(¢) = A. Furthermore assume that for
each monic irreducible l € A, k(p[l])/k is a geometric extension. Then given x € Z,

there exists a real positive constant Cy depending on ¢ so that there are at least
ql’
C¢;

monic irreducible polynomials p with degree at most x such that x,(p) has at most

13 prime factors.

Remark 4.1.3. Through an abuse of notation, we are going to use p to denote a

prime in A. Also prime and monic irreducible will be used interchangeably.

The various requirements we need will be explained.

4.2 Some Algebra

Before we begin a proof of Theorem 4.1.2 we need a proper algebraic formulation
of the divisibility properties of x4(p) for p € A prime analogous to those established
for N, in Section 1.2.1. Throughout this section, we assume that ¢ is a Drinfeld

module of rank 2.

Fix a prime [ € A and recall Theorem 2.2.5 gives,
A 2

r={—1 .

A= (73)

Let ¢[l>] denote the direct limit of the ¢[I"], namely

o[1=]=Uoll"].

n>1

If we allow A; and k; to be the completions of A and k at [ then we can define the
l-adic Tate module of ¢, Ti(¢) as

Ti(¢) = Homy, (k1] Ar, ¢[17°])

which is a free A;-module of rank r.

For all but finitely many irreducibles p € A, ¢ has good reduction at A/pA.
By an analogue of the Ogg-Neron-Shafarevich theorem for Drinfeld modules, ¢ has
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good reduction at p if and only if p is unramified in the extension k(¢p[i*°])/k for
all primes [ € A coprime to p. In this situation let o, denote the Artin symbol of p

in Gal(k(¢[l>~])/k). By choosing an appropriate basis for Tj(¢) there is an action

pre Gal(k(o[1*])/k) - Aut(Ti()) = GL(2, Ay).

In particular the characteristic polynomial P, 4 of o, under this action is inde-

pendent of [ and we have the following result:

Theorem 4.2.1 ([5]). As ideals of A,

Xo(P) = Ppo(1)A.

Since ¢ has rank 2 we know that P,, = 22 — tr(o,) + det o, so if l|x,(p) then

1-tr(o,) +deto, =0 mod [ implying that o, has an eigenvalue of one.

Now recall the representation given in Section 2.2.1

O : Gal(k(8[1])/k) — GL(2, A/lA).

In particular we have the following result:

Theorem 4.2.2. If ¢ has good reduction over p then x4(p) is divisible by [ if and
only if ®,(0,), where o, is the Artin symbol of p in the extension k(¢[l])/k, has

ergenvalue one.

In general since ¢ has rank 2 then for all but finitely many primes, we have that
®, is an isomorphism provided Endg(¢) = A. Let the set of exceptional primes be
denoted by L.

This is a specific case of the more general open image conjecture for which we
refer the reader to [14].

Now define
m(x,l) ={pe A:degp=x,lxs(p),p + [, p unramified}.
From the above discussion we see that
m(x,l)={pe A:degp=1x,p +1,P/(0,) has eigenvalue 1},

a quantity that we will now compute using the Tchebotarev density theorem.
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Let C' denote the conjugacy class of matrices in GL(2, A/IA) which have eigen-
value 1. We will use Theorem 2.1.7 with L = k(¢[l]), under the assumption that

this extension is geometric (r; = 1). In addition we have the following theorem.

Theorem 4.2.3 ([4]). Let | € A and let grpyy be the genus of the extension
k(¢[l])/k. Then there exists a constant D(¢) depending on ¢ only, such that

Ire()) < D(@)[k(o[1]) : k] degl.

Applying Theorem 2.1.7 gives

C olc
ro(w,1) = %wq(:p) +0 (%qxﬂ degl) . (4.4)

Since AJlIA is a finite field of size [I|, |GL(2, A/lA)| = (|I|> - |I|)(||* - 1) and
|C| = |I|*> - 2|l|]. Thus we see that for [ ¢ L,

e I g
my(x,l) = e 1)7rq(x) + O( p’ 24 gl) (4.5)
_ ﬁwq(x) + O(%qxﬂ degl) (4.6)

where we define §(1) to be

_ (P =D d-=1)
-2

0

Since L}, is finite we can extend the definition of ¢ (1) to these primes also so
that (4.5) holds with (1) = |G|/|C]. The only issue in doing this is to guarantee
d(1) > 1. However this is a direct consequence of the following analogue of Katz’s
theorem ([7]) for Drinfeld Modules.

Theorem 4.2.4. Let ¢ be a Drinfeld module and m € ANF, . For each prime p of
k at which ¢ has good reduction, if

X¢(p) =0 modm

for a set of primes of density one in k, then there exists a k-isogenous Drinfeld

module ¢’ over K for which
| Torsion of ¢'| =0 mod m.
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The proof is identical to the elliptic curve case.

In particular from our formula for §(/) when [ ¢ L} and the fact that L is finite,

for each [ € A, monic irreducible, we have that
5(1) = Il - a (4.7)

for some constant a;. Furthermore we can find a positive constant C' such that the
|a;| are uniformly bounded by C.

Let d = p1py be the prime decomposition of a squarefree polynomial (in gen-
eral the number of factors is irrelevant to this discussion), and let G4 (respectively
G,,,Gp,) be the Galois group of the field k(¢[d]) (respectively k(¢[p1]), k(P[p2]))
over k. By our previous discussion we know that G4 can be embedded in GL(2, A/mA).
By the analogue of Ogg-Neron-Shafarevich for Drinfeld modules, the reduction
of GL(2,A/dA) to GL(2,A/p1A) (or GL(2,A/pyA)) is compatible with the Ga-
lois action for G, restricted to k(é[p1]) (or k(¢[p2])). In particular a matrix in
GL(2,A/dA) has eigenvalue 1 if and only if it’s reductions on GL(2,A/p;A) and
GL(2, A/p2A) have eigenvalue 1. Since d|x,(p) if and only if p1|x,(p) and pa|xs(p),

0 is multiplicative and by the Tchebotarev Density theorem

m(x,d) ={pe A:degp=x,d|xs(p),p + d,p unramified} (4.8)
1 P .
- 5y 0 (7q 2 deg d) . (4.9)

We summarize the analogy between elliptic curves and Drinfeld modules in the

following table.

Table 4.1: Analogy between the Drinfeld module and elliptic curves.

Classical Function Field
Z-module A-module
elliptic Curve £ Drinfeld Module ¢
pe peA
A
E(F,) o(3)
Ny Xo(P)
Tate Module T)(E) | Tate Module T;(¢)
Endg(F) =Z Endz(¢) = A
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4.3 Applying the Sieve

We are now at the point that we can apply the lower bound sieve developed in
Chapter 3 to the situation at hand. Fix a Drinfeld module ¢ of rank 2 with the

assumptions in Theorem 4.1.2.

Let A= {pe A:degp = x,¢ has good reduction over p} and for d squarefree
let Aj={peA:xs(p) =0 mod d}. In this case X = m,(x) and from the previous

section .
Agl = =X +
A5
where 3
Ty < uq””/2 degd.
T

As was done in the elliptic curve case, we will make two different choices of «y

and \; and allow y, 2z to be constants we will choose later.

The lower bound sieve, Section 3.1.2, tells us that

Y1 Y all D M| =AX+E. (4.10)

peA | degt<y degd<z
| P(y) d|P(z)
tIxe (p) dlxs(p)

We divide the rest of this chapter into the computations of the error and the

main term respectively.

4.4 The Error Term

From above,

3
T << &q“/z degm, (4.11)
x

thus

E=0 > Yl > Pl Il |-

deg m<y+2z | degt<y deg d<z
m|P(y+z) tlm dlm
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Using (4.11), we see that this reduces to

5|m[? /2
E« > d(m)*—q¢"*degm
x

deg m<y+2z
2
q"!
« Z n4q3n
T 1<n<y+2z degm=n
2
q"!
< ntg?n

T 1<n<y+2z

qx/2

«< (y +22)°q %)
T

« q(l—e)z

provided that
1
Y+2z < (g—e)x. (4.12)

4.5 The Main Term

Now we tackle the computation of A present in the main term of (4.10) for two

different choices of sequences oy and Ay.

We begin with a series of lemmas. The following result is crucial to our proof

and also interesting in its own right. A detailed proof is presented in Appendix A.

Lemma 4.5.1. For any positive integer z there exists a positive constant A; and

a real number As such that

degzugz 51 ( U)
u squarefree

=A12+A2+O(L). (413)

qz/2

The sum (4.13) will be referred to as V' (z). This lemma is the analog of Lemma
10.2.3 in [2]. If z is an integer, then restricting the sum (4.13) to a single degree
yields:

U . 1
degu=2 51 (u) degu<z 51 (U’) degu<z—1 (51(U)
u squarefree u squarefree u squarefree
1
A, +o(qz %) (4.14)
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The function 9, also satisfies the following lemma:

Lemma 4.5.2.

2 (51(1u) log(l +z1jil/egu) =V (1 HOg(l;zy)) +O(log2).

degu<z
u squarefree

Proof.

Z 1 10( 1+y )
defmse o1 (u) & 1+2z-degu

u squarefree

=log(1+y) >

degu<z
u squarefree

=V (2)log(1+y) - Ay Z Ing"'O( Z ;Zii)

1<k<z

51(1u) - (A1+O(;_))log(1+z—n), by (4.14)

2
1<n<z qn/ ¢

By partial summation,

+
dosn<s 51(1u) log ( 1+ zl— gegu) (4.15)
u squarefree
V() log(1 +y) - Ay ([z] log=- [ %dt) +O(log 2) (4.16)
=V (2)log(1+y) - Aizlogz+ A1z + O(log 2)
V() (1 +log (“7?’)) +O(log 2), by (4.13). (4.17)
The error term in (4.16) comes from summing log k/q*/?¢. O

Lemma 4.5.3 (Mertens’ Formula). There exists a positive constant C' such that

1 1
degzl:g:m_log(1+x)+c+o(l+x)' (4.18)

Firstly note that from our discussion of (1) = |I| - a; above, (1) < |I|. Now

1 1
ZM‘ZW‘=

degl<z degl<z

2 0|

degl<z
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This sum converges absolutely, so there exists a constant C' such that

1 1 ap
o= =C+
degl<z |l| degljsz 51(l) ‘ degl:zz |l|5(l) ‘
=C+0 (i) ,
q*

using the fact that the a; are uniformly bounded.

By the prime number theorem for irreducibles in A,

—=% —+0
Ll g (£
1 1
= —+ O )

n<x nqn/2
=logx +~v+0(1/z).

But logz =log(1+z) +O(1/z), and O(1/z) = O(1/(1 +x)), so the result follows.

We also have the following two lemmas.

Lemma 4.5.4.

1
= O(log 2).
degu<z 51(”)(1 +zZ= degu) ( & )
u squarefree
Proof. From Lemma 4.5.1
1 1

O (u)(1+z-degu) ) o1(u)(1+2z-n)

1<n<z degu=z

1 1
:1£Z—1+2_H(A1+O(W)).

< logz

degu<z
u squarefree

Lemma 4.5.5.

Z 1 1
degu<z 61 (U) z—degu<deg <y 5(l)
u squarefree [ irreducible,

I4u

= 0(1).
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These last two lemmas are analogs of Lemmas 10.2.4, and 10.2.5 in [2]. Recall-
ing the discussion from Section 3.1 on making a choice for \; through implicitly

choosing z, we make the following first choices of a; and z, as:

at:{l’ if degt=0 (424

0, otherwise

and

- { z1, if degr < z and r is squarefree (4.25)

0, otherwise

If degt < z — degu and t|P(z), then degr < z — degu and r|P(z) for all r|t, so

2

> ou(r)] =o0. (4.26)

degr<z—degu
r|P(z),r|t

Also, if t is a prime,

2

1, if degt>z—-degu
I | (4.27)
deg r<z—deg u 0, otherwise.
r|P(z),r|t
The first choice for «; yields the following main term:
2
Ay =22 > B Yoo w(r)ze
degt<y,degusz (5(15)51(16) degr<z-degu
t1P(y),ulP(z) r|P(2),rlt
(t,u)=1
1
=2 Y. ——, by (4.26) and because t =1,
degu<z 01 (u)
u|P(z)
=23 (4.28)

The second choice for «; is
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o = { 1, if ¢ irreducible (4.29)

0, otherwise

with 2, remaining the same. This yields for the main term:

Ap=22 S S| ()

degt<y,degu<z 5(t)51(u’) degr<z—-degu

t|P(y),ulP(z) r|P(z),r|t
(t,u)=1
1
e by (429).
V2 S Y @)

z—degu<degl<y
u squarefree

l4u
i i
-~
degu<z 51 (u) z—degu<degl<y 5(l)
u squarefree ltu
1 1 1
_ 2 - —

deg u<z 51 (u) z—degu<degl<y 5”) z—degu<degl<y 5(l)
u squarefree l|u

By Mertens’ formula,

1 1+y 1 1
ot 3 oty o)
2= ), 91 (u) B 1o degu M G degu Z_deg;deglsy a(1)

degu<z
u squarefree llu

(4.30)

By appealing to Lemma 4.5.2,

Ay =2} (1 +10g(1+7y)) V(2) +0 (2 logz)

1 1 1
e O(——)- L
' deggz 51(“) l+z- degu z—deguzjdeglgy 6(l)
u squarefree llu
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By Lemmas 4.5.4 and 4.5.5,
2 l+y 2
Ay =zf(1+log(—=) | V(2) + O(z}logz). (4.31)
z

Substituting (4.28) and using our respective choices of oy into the main theorem

of the lower bound sieve gives the following.

\2
> > M| =AV()m(2) + B, (4.32)

deg p<z d|P(z)
p irreducible dlxe(p)

( 2
> o1 > A zzf((1+log(1¥))‘/(z)+O(logz))7rq(:c)+E.

deg p<x deg i<y deg d<z
p irreducible | [ irreducible d|P(z)
lxs () dlxe(p)

(4.33)

Taking a linear combination of (4.32) and (4.33) yields the following:

2

> 2- > 1 > M :z%(l—log(“Ty))-V(z)-qx—x+E.(4.34)

deg p<x degl<y degd<z
p irreducible [ irreducible d|P(z)
txo () dixe(p)

Say that for large z,
1
1+ log (ﬂ) >0, (4.35)
z

This would imply that for infinitely many monic irreducible polynomials p

2- > 1
deg i<y
[ irreducible
lxe(p)
will be positive. These primes will contain at most one irreducible factor with
degree less then y and since deg x,(p) = degp < x they can have at most [1/y|-z—1
prime factors other then y. So for infinitely many primes p, x,(p) contains at most

| 1/y-] prime factors. To minimize this quantity we must maximize y subject to the
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constraints (4.35) and the constraint from our error term, (4.12). Let

y=(k+e¢)-z and (4.36)
z=(l+¢€)x (4.37)

for k,1,e > 0. After some simplification, (4.35) is equivalent to

k
—<e.
and (4.12) becomes
k+2l< 1
8
Combining these gives
k < .0720

and thus we see that for infinitely many primes p, x,(p) has at most 13 prime

factors.

Now we can count the number of such primes we have identified with the use of
equation (4.32) and Lemma 4.13. From the definition of z, and M&bius inversion

we know that

1
A = u(d)5(d) L,
deg r;degd 51 (Td}
r|P(z)
Thus
1
< S 6(d) L (4.38)
degZd:SZ degZd:<z deg rgzzzdegd 61 (Td)
d|P(z)
dlx¢(p)
<z (4.39)
<L (4.40)

Thus equation (4.32) along with the prime number theorem gives that the number

of primes with x,(p) having at most 13 prime factors is at least
q.l'
C‘?ﬁ

for some real positive constant Cy depending only on ¢.
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Figure 4.1: A Drinfeld module of rank 2, such that the reduction at every prime is
geometric.

As a final tribute to the elusive, monstrous and certainly mysterious Drinfeld

module, we present an artist’s rendition of a Drinfeld module of rank 2, such that

the reduction at every prime is geometric.

48



Appendix A

A.1 A Sum

The goal of this appendix is to prove Lemma 4.5.1. We restate it here.

Lemma A.1.1. Let § be a multiplicative function on A whose support is the set of

monic squarefree polynomials, and for any irreducible [,
() =l|-a;>0
for some real number a;. Furthermore, we assume that
a; = O(1),

i.e., there exist a positive constant ¢ such that |ay| < ¢ for all irreducible . Then,

for any z € 7, there exists a positive constant Cy and a real number Cy such that

1
—— =C12+Cy+ O (q7#?).
degz1;<z (S(U) ( )
u squarefree
Remark A.1.2. In the notation of chapter 4, the function ¢y, defined 6;(1) = §(1) -1
for | monic irreducible satisfies these properties by the discussion in Section 4.2.

This proves Lemma 4.5.1.

For any integer z € Z, we have

qz+1

> 1=q_1+0(1).

deg f<z

For any f € A, let w(f) be the number of distinct irreducible factors of f. Then we

have

deg f )

C‘J(f):O(logdegf
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Let ¢(f) be the cardinality of the unit group (A/fA)* of A/fA. From Theorem
2.1.4,
1 s
an=in T (1) -1 D i

Uf s|f

[ irreducible

The following lemma is the key step to prove our main lemma.

Lemma A.1.3. Let 6 be a multiplicative function on A with the properties in

Lemma A.1.1. For any z € Z*, there exists positive constant A such that

[l
= Ag? + O (%) .
Z 5(z) A0+ Oa)

u squarefree

PROOF. First of all, we can rewrite |u|/d(u) as follows:

ul i
s - 1150
| irreducible

N
Lo/l
[ irreducible
al
- I (el @te) = T (105),
l|u i
l irre(‘iucible l irre(‘iucible

for some a; which also has the property a; = O(1). By abuse of notation, we
still use q; to denote them. Then
MU (1 N a_i) _yaa
[ irreducible

where
Qg = H aj.
l|d
[ irreducible
Thus,
|ad| < Cw(d),

where the constant ¢ is a uniform bound for the @;. The sum in our lemma now

50



becomes

Y - ¥ >

degu<z degu<z
u squarefree u squarefree
Qq
= ) —( 2 1)-
degd<z |d| dlu
u squarefree deg u<z,u squarefree

Define for z € Z*
s(z,d):= > L

dlu

degu<z
u squarefree

Let’s modify s(z,d) in the following way

s(z,d) = > 1
dlu
deg u<z—degd,u squarefree

= 2. 1
degu’<z-degd,
u’ squarefree,(u’,d)=1

- D ,u(r)( > 1).

degr<(z-degd)/2 degu’<z-degd,
r2u’ (v ,d)=1
Again, we consider the inner sum. If (r,d) # 1, then the sum is zero. Hence, we
may assume that (r,d) =1. Then

S o1=Yus Y 1

degu’<z—degd s|d degu''<z—deg(d-r?-s)
r2|u’,(u',d)=1

=Y u(s)

sld

! p) Y,
T (Z ) R

sld sld

( z—deg d-2degr-deg s+1

=~ +O(1))

q SO(d) d
= z. O (2¢@)
=17 a0
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Thus, the original inner sum s(z,d) is

- |
(r,d)=1
degr<(z—-degd)/2

-1 eld) 5 pr) | 022 D 1)  (A2)

v o), O(Q“’(d))) (A1)

q
g-1" |r*-|dP

q-1 |d|2 (r,d)=1 |T|2 degr<(z—degd)/2
degr<(z—-degd)/2
q p(d) (1) (d)  (+-degd
-4 .. : BA 24 O(2w(d) . g(z-degd)/2) A3
1T B, TR ()

degr<(z-degd)/2

Note that the sum

Z (1)
(r,d)=1 ’T|2
degr<(z-degd)/2,

is absolute convergent as z goes to infinity. Hence, there exists a positive constant
cq = O(1) such that

r r
Z 1 2) =y Z ( 2) _ Cd+o(q—(z—degd)/2)'
(r,d)=1 7] (r,d)=1 7]
degr<(z-degd)/2, degr>(z-degd)/2,

Since % <1 and ¢; = O(1), substituting this in (A.1) gives

— q z (P(d) w(d z—degd)/2
S(Z,d)—cdq_—lq W+O(2()q( gd)/ )

Now we come back to our original sum.

Jul _ g
236 a0

degu<z degd<z,
u squarefree u squarefree
. %'(Cd' 9. p(d) +O(2w(d)_q(z—degd)/2))
degd<z, |d| q- 1 |d|2

u squarefree

z 4 Sp(d) YA a/d'ZW(d)
=q° - Z (ad- WE )+O(q /2. Z —|d|3/2 )

degd<z, degd<z
u squarefree

where @, = aq-cq-q/(q—1). Since |ag < @, w(d) = O(degd/logdegd), and
ca=0(1), for any € >0,

aq=0(|d), ay=0(d), 2@ =0(d]).
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Therefore, the sums

p(d) 1
al, - < —_—
degzd:<z, a |d|3 JZ:Z q(l—e)x
u squarefree

and

0] - 24 |
EEE < ; (20

2

degd<z

are convergent. Furthermore, there exists a constant C' such that

p(d) , ¢(d)
al - =C al -
degzd:sz, I |d|3 degzd;z, I |d’3
u squarefree u squarefree

= C+0(1/¢-9%).

Putting all together, we get

u —€)z z
3 = (€O ) -0 )
degu<z
u squarefree

=C-¢+ O(qz/2).

To justify the positivity of C', we come back to the original sum. The limit |u|/d(u)

is 1. Therefore, as z goes to infinity, the original sum is bounded below by
degu<z
u squarefree
Therefore, C' must be positive.

Proor oF LEMMA A.1.1. By the Abel summation formula and Lemma A.1.3

1 U
(OO - X (O 0) (- )
-0 )+ (1-1/0) % (C+O( )
=Cyz+ Cy + O(q7#?), s_ince Z q~*/* converges,

where Cy = (1-1/q) - C > 0. It completes the proof. &
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