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Abstract

The objective of adaptive control is to design a controller that can adjust its
behaviour to tolerate uncertain or time-varying parameters. An adaptive controller
typically consists of a linear time-invariant (LTI) compensator together with a
tuning mechanism which adjusts the compensator parameters and yields a nonlinear
controller. Because of the nonlinearity, the transient closed-loop behaviour is often
poor and the control signal may become unduly large. Although the initial objective
of adaptive control was to deal with time-varying plant parameters, most classical
adaptive controllers cannot handle rapidly changing parameters.

Recently, the use of a linear periodic (LP) controller has been proposed as a new
approach in the field of model reference adaptive control [20]. In this new approach,
instead of estimating plant parameters, the ideal control signal (what the control
signal would be if the plant parameters and states were measurable) is estimated.
The resulting controller has a number of desirable features:

e it handles rapid changes in the plant parameters,
e it provides nice transient behaviour of the closed-loop system,

e it guarantees that the effect of the initial conditions declines to zero exponen-
tially, and

e it generates control signals which are modest in size.

Although the linear periodic controller (LPC) has the above advantages, it has some
imperfections. In order to achieve the desirable features, a rapidly varying control
signal and a small sampling period are used. The rapidly time-varying control
signal requires fast actuators which may not be practical. The second weakness of
the LPC [20] is poor noise rejection behaviour. The small sampling period results
in large controller gains and correspondingly poor noise sensitivity, since there is
a clear trade-off between tracking and noise tolerance. As the last drawback, this
controller requires knowledge of the exact plant relative degree.
Here we extend this work in several directions:

i In [20], the co-norm is used to measure the signal size. Here we redesign the
controller to yield a new version which provides comparable results when the
more common 2-norm is used to measure signal size.

ii A key drawback of the controller of [20] is that the control signal moves rapidly.
Here we redesign the control law to significantly alleviate this problem.

iii The redesigned controller can handle large parameter variation and in the case
that the sign of high frequency gain is known, the closed-loop system is re-
markably noise-tolerant.

iv. We prove that in an important special case, we can replace the requirement of
knowledge of the exact relative degree with that of an upper bound on the
relative degree, at least from the point of view of providing stability.
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v A number of approaches to improve the noise behaviour of the controller are
presented.
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Chapter 1

Introduction

1.1 The Control Problem

A significant part of control engineering is the application of the mathematical study
of systems. These applications span a range of complexities from the nanoscopic
to the macroscopic and a range of scales from operational amplifiers to hydro-
electric power plants. The central concept in control theory is to regulate the
dynamic behaviour of a system (the plant) by using a device (the controller) such
that the response or output of the system satisfies a set of specified constraints.
Since controllers are described by mathematical equations, it is necessary to have a
mathematical model of the plant to achieve the control objectives; the more accu-
rate the mathematical model, the closer its responses to those of the actual plant.
A good model is simple enough to be practical for the control design and com-
plicated enough to accurately describe the behaviour of the actual plant. This
trade-off introduces an elementary error into the system. The error is compounded
by incomplete or inexact data from identification experiments, introducing a dis-
crepancy between the mathematical model and the actual plant. Collectively, these
inaccuracies are termed uncertainty. Uncertainties may be classified as being one
of two types: structured and unstructured [1, 4] . A structured uncertainty in the
plant model may be expressed in terms of parameters such as gains, pole and zero
locations and also in terms of the transfer function parameters [2]. Unstructured
uncertainties are associated with unmodeled dynamics, truncation of high frequency
modes, nonlinearities, and the effects of linearization and even time-variation and
randomness in the system [2]. In addition to uncertainty, in some cases the plant
parameters are time-varying.

For a controller to keep the plant within specified constraints, the controller
must satisfy the desired properties of both the mathematical model (e.g., asymp-
totic behaviour) and the physical plant (e.g., adapting to the discrepancies between
the model and reality). Two common techniques for designing controllers to deal
with uncertainty and variable parameters are robust control and adaptive control.
The goal of robust control is to design a fixed (time-invariant) controller which pro-
vides both stability and acceptable performance, even in the presence of uncertain
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parameters.

Adaptive control is another design method for controlling uncertain plants. An
adaptive controller typically consists of an LTI compensator together with a tuning
mechanism, which adjusts the compensator gains to match the plant. Because
of the modification law, a typical adaptive controller is nonlinear. Model reference
adaptive control (MRAC) is one of the most important schemes in adaptive control.
This approach uses a pre-designed stable reference model describing the desired
input-output relationship; the objective is to modify the controller parameters such
that the output of the plant with unknown parameters asymptotically tracks the
reference model output. Because of the modification law, an MRAC is nonlinear.

Although MRAC was investigated as far back as Whitaker et al. [34, 41] in the
mid 1950’s and early 1960’s, the proof of global stability was completed almost two
decades later [6l, 8,24 [31) 32]. The solution is achievable under certain assumptions:

(i) the plant is minimum phase, and
(ii) an upper bound of the plant order,
(iii) the plant relative degree, and

(iv) the sign of high-frequency gain

are known. Later attempts showed that in assumption (iii) an upper bound of the
plant relative degree is sufficient [38], and assumption (iv) is unnecessary [27].

Further work pointed out that the adaptive controllers of the 1970’s cannot
tolerate unmodeled dynamics and/or bounded disturbances and yield instability
[36]. Robust adaptive control [9, 111, 12], 13, 28], 29] uses controller redesign to help
reduce this problem. An adaptive controller is robust if the global stability of
the closed-loop is guaranteed in the presence of reasonable classes of unmodeled
dynamics and bounded disturbances. By the mid 1990’s several efforts were carried
out on performance and transients of the MRAC:; one is based on multiple models,
switching, and selection or tuning [10, 25, 26], 30].

Although the initial motivation of adaptive control was that of handling time-
varying plant parameters, the initial schemes were able to control plants with un-
known but fixed parameters. The first efforts were made in the mid 1980’s; these
control designs were based on applying a persistent exciting disturbance to the
control signal or restriction of the parameter variations to be slow or have a known
form [7, 15], [16], 33], 39, 40]. Another drawback of most classical adaptive controllers
is that they are nonlinear, which may make it difficult to predict the transient
closed-loop behaviour, and there may be large transients, especially if the initial
estimate of parameters is poor. Furthermore, this undesired feature may cause a
large control signal, which might lead to saturation.

To sum up, most adaptive control methods have the following disadvantages:

e they may not handle time-varying plant parameters well,

e the transient closed-loop behaviour may be poor,
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e because of the nonlinearity, it is not proved that the effect of initial conditions
decays exponentially to zero, and

e the control signal may be large.

So the question is: can we design an adaptive controller that does not have
these imperfections? Miller [20] proposed a new approach to the model reference
adaptive control problem which does not have the mentioned drawbacks. The early
versions of this work discuss the problem for the first-order plants [19, [18]. This
approach uses a linear sampled-data periodic controller; unlike classical adaptive
control methods, which are based on parameter estimation, this method directly
estimates the control signal. This point of view has been applied on LQR [23],
model matching [22], and H,, problems [21] as well. This new approach, when
applied to the MRAC problem, has the following advantages:

e it can handle time-varying plant parameters,

e the transient behaviour of the system is improved; immediate tracking can be
achieved if the initial conditions of the plant and controller are the same, and
if the initial conditions are not the same, then the deviation goes exponentially
to zero, and

e the control signal is not large and it can be as close as desired to the ideal
control signal (the ideal control signal is the one obtained if the plant param-
eters and state were known and the ideal LTI compensator would be applied;
this signal is modest in size).

The LPC has its own undesired properties as well:

e during each controller period the control signal takes different values; since
the controller period is small, this requires fast actuators,

e in order to achieve the desired tracking, a small sampling period is used
which results in large controller gains; this may lead the system to poor noise
tolerance; in fact, there is a trade-off between the desired tracking and noise
tolerance, and

e the plant relative degree must be known.

Here we extend this work in several directions.

First of all, in [20] the time-domain oco-norm is used to measure signal size.
However, the time-domain 2-norm is an equally (if not more) common way to
measure signal size. Here we extend the approach so that results can be obtained
in the 2-norm setting which are comparable to those of [20]. This new setting
requires a structural change in the control law together with new proofs of key
steps.

Second of all, in [20] the control signal moves vigorously, in particular during
the so-called Estimation Phase, when probing takes place; the control signal jumps
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rapidly from one value to another. Here the controller is redesigned to reduce
the size and number of the jumps. The approach is as follows. In the signal
control law [20], the controller is periodic with each period consisting of two phases:
in Estimation Phase the ideal control law is estimated, while in Control Phase a
naturally scaled version of this estimate is applied. Here we estimate the change
in the ideal control signal law between periods, which typically reduces the size of
the probing signal. We also carry out the probing more efficiently, to reduce the
number of jumps in the control signal as well. While proving this approach requires
a good deal of effort, the results are very nice: the control signal is smoother, the
controller can handle large parameter variation, the performance is better (for a
given sampling period), and in the case that the sign of the high frequency gain is
fixed the closed-loop system is remarkably noise tolerant.

The third part of this PhD thesis is focussed on the plant relative degree as-
sumption. One of the undesired aspects of the LPC is that the plant relative degree
should be known. In this work, we show that under some restrictive assumptions,
this requirement can be relaxed to that of requiring an upper bound of the plant
relative degree, at least from the point of view of providing stability.

Finally, to improve the noise rejection, four different approaches are presented.
In the first approach, a low pass filter is used at the plant output. In the second
approach, we modify the LPC in order to obtain a smaller estimation error, which
allows us to choose larger sampling times and consequently better noise tolerance.
While the idea of MMSE estimation is used in the third approach to minimize the
effect of noise, the fourth approach is based on applying a probing signal with a
larger size in order to obtain better noise rejection. Finally, we combine the fourth
approach with the redesigned controller (in the case that the sign of high frequency
gain can change) to achieve the advantages of both methods. The noise tolerant
redesigned LPC attains better noise rejection and performance as well as a better
behaved control signal.

The outline of this work is as follows. In the next section we present some
preliminary mathematics. Chapter 2 gives an overview of classical adaptive control.
A high level explanation of the LPC proposed in [20] is presented in Chapter 3. In
Chapter 4, a controller redesign is carried out so that the LPC [20] works when using
the 2-norm. To achieve a smoother control signal and a larger sampling period, we
redesign the LPC in Chapter 5. The robustness of the LPC, i.e. providing stability
for plants with lower relative degree, is discussed in Chapter 6. Four different
approaches to obtain better noise rejection are proposed in Chapter 7; in this
chapter, we also present the noise tolerant redesigned LPC. Last of all, in Chapter
8, we provide a summary, concluding remarks and discuss future work.
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1.2 Preliminary Mathematics

The Euclidean norm of the vector x € R", used to measure its size, is

Hm:<2ﬁﬁ ~ (@a")?,

and the corresponding induced norm of the matrix M € R™*" is

[NIES

The 2-norm of the continuous vector signal y(t) is defined as

umzz(lwfﬁmamQ;,

while the 2-norm of the discrete vector signal y(k7") is defined as:

lylla = O~ y" (kT)y(kT))?.

k=0

For vector signals y1,ys, -+ , Yy, we have

lyr + g2 + -+ yally < nlllyally + lalls + -+ llyall2),

SO
lys + 2 + -+ vally < Vnlllyally + el + -+ llgnlly)-

We also define )
to 2
HMMM@)Z(/ﬁy%ﬂM®ﬁ>,
t1

soif 0 <ty <ty <.--<t, then

n—1
Z ||yl|2, [titiv1) < \/ﬁ ||y||27 [t1,tn)" (11)
=1

We will be using several Cauchy-Schwartz inequalities:

(i) For real numbers z;, y;, 7,7 =1,2,---,n we have

|1y + T2y + -+ Tala| < \/x%+rc§+~-+:c,%\/y%+y§+~-+y,%.

(i) For integrable functions fi(z) and fo(x) on [a, b] we have

/f1 ) fol dx<\//f1 da:\//f2
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We denote the set of piecewise continuous functions from R* to R™™ as
PC(R™™). For f € PC(R™™), define

[/ lloo := esssup,ers L ()]]-

We let PC(R™™) denote the set of f € PC(R™™) for which ||f|l. < co. A
function f € PC(R™ ™) is piecewise smooth on [a,b] C R if there exists a finite
set of points {z;},

a=x1 < Ty < - <xp =0,

such that, on each interval (x;,x;41), ¢ = 1,--- ,k, the functions f and f are
continuous and bounded, and both have finite limits as * — z; and © — x;,.1. If
f € PC(R™™) is piecewise smooth on every finite interval [a,b] C R", then it is
piecewise smooth and we write f € PS(R™™). If for f € PS(R™™) , we have
| fllee < 00 and ||f]lee < 00, f € PC(R™™), then we write PS,(R"™ ™). For
m > 1, we say that f € PS™(R™™)if f, f(I ... fm=1) are absolutely continuous
and f(™ € PS(R™™); we also define PS™ (R™*™) to be the set of f € PS™(R"*™)
for which || flloes | fllocs - - 5 || s are all bounded. With T > 0, PS(R™™, T
is the set of functions f such that every discontinuity of f and f are at most 1" time
units apart; in a similar way PS,(R™™,T), PS™(R"™™ T), and PSZ(R"*™,T)
are defined. For simplicity, instead of writing PC(R™*"™) we omit (R™") and
write PC'; in a similar way we simply write PCy,, PS, PSs, PS™, PSZ, PS(T),
PS.(T), PS™(T), and PSZ(T).

We say that f: Rt — R™™ is of order T, and write f = O(T7), if there exists
constants ¢; > 0 and 77 > 0 so that

f(D)| <aT’, Te(0,Th).

On occasion we have a function f which depends not only on 7" > 0 but also depends
implicitly on a variable @ restricted to a set P C PS; we say that f = O(T) if
there exist constants ¢; > 0 and 7} > 0 so that

IF(DI <aT’, Te(0,T), 6P



Chapter 2

Classical Adaptive Control

2.1 Introduction

The objective of this chapter is to introduce classical identifier-based adaptive con-
trol methods together with their strengths and weaknesses. In this approach, an
adaptive controller typically consists of an LTI compensator together with a tun-
ing mechanism that adjusts the compensator parameters to match the plant, as
illustrated in Figure [2.1L Because of tuning mechanism, the resulting controller is
nonlinear.

Classical adaptive control has two different principal approaches: the indirect
and direct methods. The indirect method recursively estimates plant parameters,
and updates the controller parameters accordingly. The direct method adjusts
controller parameters directly with no plant parameter identification [8]. Adaptive
control has two important branches based on two different control objectives: model
reference control and pole placement. In model reference control the objective is
asymptotic tracking of a large class of signals as it is restricted to minimum phase
plants; in pole placement the objective is stability and possibly asymptotic tracking
of a small class of signals such as steps, and the minimum phase property is not
required.

This chapter is organized in the following manner. Section 2.2 presents an

Tuning =
Mechanism

Controller l

Parameters

Cutput

Reference LTI | Plant
. ——
Signal Compensator | Control

Signal

Figure 2.1: A typical adaptive system diagram
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Reference | ¥m
Model

& |Modification

Mechanism <
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N Tl -+
# , Plant
Compensgtor &)

N

Y

)

Figure 2.2: Block diagram of an MRAS [13]

overview of model reference adaptive control. The pole placement adaptive control
problem is presented in Section 2.3. In each section, the structure of the controller
is explained by an example.

2.2 Model Reference Adaptive Control (MRAC)

One of the most important schemes in adaptive control is MRAC. Figure 2.2 shows
the block diagram of a classical MRAC. In this approach, there is a stable refer-
ence model, which describes the desired input-output properties of the closed-loop
system. The control system consists of an LTI compensator C'(¢) with modifi-
able parameters 6 together with a modification mechanism (as tuning mechanism),
which estimates the controller parameters 6(t) online. Here r is exogenous signal,
which e = y — y,,, is the tracking error between the reference model output and the
plant output.

The goal is to design the control law such that signals in the closed-loop sys-
tem are bounded and for every bounded reference signal r all the tracking error e
converges asymptotically to zero with time. The classical assumptions [8, 24 [32]
are

the plant is minimum phase,

e an upper bound on the plant order is known,

the plant relative degree is known, and

the sign of the plant high frequency gain is known.

2.2.1 Example

To illustrate MRAC, a simple example is presented. Consider the first-order,
discrete-time plant

y(t+1) = ay(t) +bu(t), y(0) =yo, =0, (2.1)
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where y and u are the plant output and input signals, respectively, and a and b are
fixed but unknown plant parameters. The stable scalar reference model is described
as follows:

Ym(t + 1) = amym(t) + bpr(t), Ym(0) = Yy, t >0,

where v, and r are the reference model output and input signals, respectively, and

|a,,| < 1. The control objective is to design the control signal such that « and y

are bounded and the tracking error e(t) = y(t) — y(t) decays to zero. Here the
a

unknown plant parameters are 0* = b € R?, so if we choose the control law to
be
1
ult) = S (bur(t) + (am — a)y(t)
_ —(a—am) b y(t)
J: b b :| |: T(t) 9 (2 2)

then the closed-loop system is as follows:

y(t+1) = amy(t) + bmr(t), y(0) = bo.

Since a and b are unknown, k* cannot be calculated directly, so it will be estimated.
The idea is to recursively estimate 6*, and then use this estimate in . Since
we have a division by b in , we must take care that the estimate of b is never
zero. To this end, we adopt the Projection Algorithm (see [9]) for estimating the
plant parameters.
. A a(0)
With ¢ > 0, 6(0) = { H(0)
define the prediction error by

} € R? satisfying Z;(O) #0,and 6 € (0,1)U(1,2), we

€M<t) = y(t) — am y(t - 1) - ¢T(t - 1) é(t - 1)7
together with the parameter estimate update law:

{ a(t) ot —1)

o | = 40 = 001 0200 e, 00 = s

the gain ~y(t) is given by

V() = :
0  otherwise,

which ensures that ZA)(t) # 0 for ¢ > 0. We now set

1 X
u(t) = 0 [—(a = am)y(t) + b7 (1)]-
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Figure 2.3: The simulation results for the first-order system and the MRAC applied
with good initial estimates.

The control law is clearly highly nonlinear.

A simulation was carried out (see Figure 2.3) with a = 3, b = 1.5, a,, = —0.5,
b = —1, c =1, § = 1.5, the reference input r(t) = cos(wt/2), the initial conditions
y(0) = 1, ,,(0) = 0, and 6(0) = 0 = [2.5  2]T. We see that the tracking error
decays to zero and the control signal is bounded.

Remark 2.1: If the initial parameter estimate error is small, then the control signal
is modest in size, the tracking error converges to zero, and the transient behaviour
is guaranteed.

In the next simulation (see Figure 2.4) the initial estimates are poor, 6(0) =
[-1 —1]T. Figure 2.4 shows that although the tracking error converges to zero
and the estimation of parameters converges to the actual ones, but because the
initial estimates are poor, the transient behaviour is poor, and the control signal is
large.

Remark 2.2: In the face of poor initial estimates, the MRAC may yield a large
control signal, and the transient behaviour is not guaranteed.

In the next simulation, the effect of time-varying parameters are studied. First
we consider the case that the rate of parameters change is low. In this simulation,

a(t) —2 4 cos(At)

{ b(t) } = { 1.5 + cos(A) ] , Gy = —0.5, b, =—1,c=1,0 = 1.5,
the reference input r(t) = cos(nt/2), the initial condition u(0) = 0, y(0) = —1,
Ym(0) = 0, and 6(0) = [1  1)7. In Figure 2.5 we set A = 0.01, so that the plant
parameters are slowly time-varying; we see that the tracking error is small, the
control and output signals are bounded, and the estimated parameters are close to
the actual ones. In Figure 2.6, we set A\ = 0.1, so the rate of parameters change is
high; both the tracking error and the parameter estimation error are large, which
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Figure 2.4: The simulation results for the first-order system and the MRAC applied
with poor initial estimates.

illustrates that this controller cannot handle rapidly changing parameters.

2.3 Pole Placement Adaptive Control (PPAC)

In MRAC it is assumed that the plant is minimum phase, which allows a guarantee
of exact asymptotic tracking. PPAC is an approach that does not require the plant
to be minimum phase. However, exact asymptotic tracking is now guaranteed
for only a small class of reference signals [9]. The other difference of MRAC and
PPAC is the knowledge of plant order. While in MRAC, the designer needs to
know an upper bound of the plant order, in PPAC the requirement is the exact
plant order. In this method, a pole placement algorithm and parameter estimation
are combined to yield a controller that attempts to place the closed-loop poles at
desired locations; if designed properly, asymptotic tracking can be guaranteed for
sinusoids of prescribed frequencies.

2.3.1 Example

In this section the structure of a PPAC is explained using a simple example. Con-
sider the second-order system

y(t +2) = ary(t + 1) + agy(t) + biu(t + 1) + byu(t),

which can be a non-minimum phase system (i.e. |2| > 1) with unknown parameters
ai, as, by, and by. The desired closed-loop characteristic polynomial is as follows:

a (g =1 =am ¢ = Qmy ¢ — amy ¢, (2.3)
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The simulation results for the first-order system with rapidly time-
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where the operator ¢! is a unit delay [9]. The control objective is to design the

controller such that v and y are bounded, and such that, in certain sense, the
closed-loop characteristic polynomial asymptotically reaches ([2.3)); we also have a
reference input y*(¢). The PPAC requires that

a(g7) =1—aig" —axq™®, blg7") =big" +bag?

be co-prime. Define the vector of unknown parameters as

Since polynomials a(¢™!) and b(¢™!) are co-prime, we can use the Sylvester matrix
to find polynomials

g =1+hg", plg)=po+pag

such that
alg g ) +blg plg™") =a*(¢),

If we choose the control law as

ut) = [=hu(t =1) +po(y™(t) —y@) + pr(y*(t = 1) —y(t = 1))},

then the closed-loop system is as follows:

[a* (¢ Myl (t) = [b(g " pla)y*(t).

Since 6* is unknown, the ideal control law cannot be calculated. Instead, the
elements of 6 are estimated; estimates of [ and p are computed accordingly, and
these estimates are used in the control law. Since we need the estimates of a and b to
be co-prime, we assume prior knowledge of a convex closed set S in the parameter
space R* for which the corresponding polynomials are co-prime. Because of the
properties of S, we can project any estimate that is located outside S uniquely to
the closest one in S; we label this projection II.

With ¢ > 0, é(O) =0y e R and 8 € (0,2), we define the control law as follows:

ep(t) = y(t) —o"(t—1) Gt — 1),

() = MO(t—1)+ ﬁc + ¢(t¢£t1_)T1¢)5(t - 1)

a(t, 27 = 14 00y(t)2" + 0y (t)272,
b(t,27Y) = By (t)2 4 Oy (t)272,

€P<t)}7 é(O) = by,

solve R R
a(t, z )tz ") +b(t, 2 )pt, z7) = a*(z71),
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Figure 2.7: The simulation results for the second-order system when the PPAC is
applied

uniquely for i, l;, and then set

~

u(t) = =hL(t)u(t — 1) + po(t)(y*(t) — y(£)) + P () (y" (¢ = 1) —y(t = 1))

Similar to the case of MRAC, it is clear that this control law is nonlinear. A
simulation was carried out (see Figure 2.7) with a(z7!) = 1 + 2272 b(z7!) =
5270+ 3272 a*(z7) = 14+ 271 +0.2527% ¢ = 1, B = 1, the reference input
y*(t) = cos(mt/2) + sin(wt/3), the initial condition y(0) = y(1) =1, u(0) = u(l) =
w(2) =0,and §y = [-1 —1 —1 1]7. We see the control and output signals
are bounded and because the estimated parameters converge to the actual ones,
the closed-loop polynomial converges to the desired one. As Figure 2.7 shows, the
estimation error e, declines to zero. However, in this case as well, the transients
are large.

2.4 Summary and Concluding Remarks

In this chapter we introduced classical adaptive control methods, and demonstrated
their strengths and weaknesses. In these methods an identifier is used to estimate
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unknown plant (or LTI compensator) parameters, and these are used to update
compensator parameters accordingly. The approach can tolerate parameter un-
certainty and slowly time-varying parameters. While the asymptotic behaviour is
always guaranteed, the transient behaviour may be poor if the parameter uncer-
tainty is too large and the initial estimate is poor. Furthermore, the nonlinearity
embedded in the controller makes the behaviour hard to predict. In the next chap-
ter we discuss an alternative approach to adaptive control which alleviates these
drawbacks and tolerates rapid parameter variation.



Chapter 3

A Linear Periodic Approach to
MRAC

3.1 Introduction

As discussed in Chapter 2, classical identifier-based adaptive control methodologies
have several negative features:

e they cannot handle rapidly time-varying plant parameters,
e the transient closed-loop behaviour may be poor,

e they are nonlinear, which may make the control signal unduly large, the effect
of the initial conditions and the input cannot be separated out, and it is not
proven that the effect of initial conditions declines to zero.

In response to this, a new approach to the MRAC was proposed in [20]. The
approach yields a linear periodic controller (LPC), and it has the following desirable
features:

e it allows for rapidly time-varying parameters,

e it provides smooth transient behaviour (immediate tracking rather than asymp-
totic),

e the effect of initial conditions decays exponentially to zero, and
e the control signal is modest in size.

This chapter presents an overview to the idea together with its strengths and
weaknesses. In this approach, instead of estimating controller parameters (direct
method) or plant parameters (indirect method), the ideal control signal (what the
control signal would be if the plant states and parameters were known) is estimated.
The system is periodically probed to estimate the value of the ideal control signal,
and then a suitably weighted estimate is applied. The control period is divided
into two phases: an Estimation Phase and a Control Phase; during the Estimation

16
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Phase the ideal control signal is estimated, while in the Control Phase a suitably
weighted estimate of the ideal control signal is applied to the plant.

The outline of this chapter is as follows. The problem setup is presented in
Section 3.2. Section 3.3 deals with modeling of the uncertain plant. A high level
explanation of the LPC is presented in Section 3.4. While Section 3.5 gives the
controller construction, in Section 3.6 everything is pulled together to prove the
main result. Finally we carry out two simulations in Section 3.7.

3.2 Problem Formulation

In this section the structure of the set of uncertain plants, reference model, and the
controller are presented. The SISO linear, time-varying plant P is described by

#(t) = A@)x(t) + Bt)u(t), 2(to) = wo,
y(t) = C)z(),

with z(t) € R™ the plant state, u(t) € R the plant input, and y(¢) € R the plant
output; we associate the plant with the triple (A(t), B(t), C(t)). We allow a good
deal of model uncertainty, to be described in detail later on; the set of possible
models is labelled P.

The stable SISO LTT reference model P, is given by

(3.1)

Em(t) = AnTm(t) + Bnum(t), Tm(te) = Tmg,
Ym(t) = Cpam(t),

with z,,(t) € R"" the reference model state, u,,(t) € R the reference model input,
and y,,(t) € R the reference model output. The reference model describes the
desired behaviour of the closed-loop system, and is chosen to be stable. The goal
is to design a controller that provides stability and makes the plant output track
the model reference output. To this end, we define the tracking error as

e(t) = ym(t) = y(t).

The controller is a sampled data controller, which periodically samples u,, and
y. We use an anti-aliasing filter before sampling u,,: with ¢ > 0 we choose an
anti-aliasing filter of the form

am = —0Upy + O U, ﬂm(to) = amm (32)

whose input-output map (with zero initial conditions) is labelled F,. Accordingly,
we define a new version of the reference model with u,, as the input:

j:m = AnTm + B, jm(to):xmm

(3.3)

If we choose v,, > 0 and \,, < 0 so that

e < qmert, t>0,
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The Controller

Figure 3.1: The feedback diagram

it follows that
~ Tm +1
Jm(t) —ym ()| < || Bunl| % IICmHU

= [[Anl|
Bl X |Crnll | Aml]

[V
o — |[Anl| | Am]

e/\mtlamo’ +

1] [tmloos £=0.  (3.4)

Last of all, let us define the linear periodic controller by

z[k 4+ 1) = F(k)z[k] + G(k)y(kh) + H(k)Zm(kh) + J(k)tn(kh),
Z[k?o] =2p € Rl, (35)
w(kh +7) = L(k)z[k] + M (k)y(kh), T € [0,h),

whose gains I, G, H, J, and L are periodic of period p € N; the sampling time is h
and the period of the controller is T" := ph, and we associate this system with the
7-tuple (F, G, H, J, L, h,p). Observe that can be implemented with a sampler,
a zero-order-hold, and an [** order periodically time-varying, discrete-time system
of period p .

Remark 3.1: The reference model is chosen by the control system designer to
embody the desired closed-loop behaviour. Hence, we can consider our controller to
be a combination of the anti-aliasing filter , the reference model , and the
discrete-time, periodic compensator , as indicated in Figure .

The feedback configuration is given in Figure 3.1} As the figure shows, the
controller is a mixture of discrete and continuous subsystems, so the closed-loop
state is a combination of discrete and continuous states, defined as

(1)
Teq(t) = Tm(t) , t€lkh,(k+1)h).

Definition 3.1 [20]: The controller , and exponentially stabilizes
P if there exist constants v > 0 and A < 0 so that, for every P € P, set of initial
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conditions xg, Ty, Umg, and zo, set of initial times kg € Z* and ty = koh, with
um(t) =0 for t >ty we have

lzsa(®)]| < 4eX "zt ¢ > to.

3.3 Modeling of the Uncertain Plant

At this point we must explain in more detail the class of model uncertainty which
will be tolerated here. We adopt the setup of [20], which we repeat here for the
reader’s convenience. The classical assumptions adopted in MRAC are: (i) the
plant is minimum phase, and (ii) an upper bound n on the plant order is known,
(iii) the plant relative degree m is known, and (iv) the sign of the high-frequency
gain ¢ is known. We make natural time-varying generalizations of Assumptions
(i), (ii), and (iii), and replace (iv) by a lower bound on its magnitude. Given that
we wish to prove uniform tracking, independent of the plant parameters, we will
require that the parameters lie in a compact set. We also make some technical
assumptions on the smoothness of certain parameters.

We start with a general LTV differential of an input-output form, defined in
terms of the auxiliary variable 7:

Sioai(t)D'n = g(t)u
y = iy bi(t)D'n; (3:6)

we assume that the differential equation is normalized such that a, = b, = 1.
Using the definition (D'f)(t) := ZL(t), we define the input and output operators
by

a(D.t):=Y a;(t)D', b(D,t):=> bi(t)D'.
i=0 i=0
Clearly if the parameters are time-invariant, then the differential equation yields a
transfer function of
b(s)

Ya(s)
Following [20], the goal is to isolate the zero dynamics and then use the feedback
linearization technique. With the definition of the state variables as
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we can write the zero dynamics as follows:

1 0
w(t) = 1 wt)+ | | y). (3.7)
“bolt) <bi(t) - b (1) )
N ~~ o =:b1

=:A1(t)

Now we need to express v in terms of v and w. It is enough to find polynomials

50,0 =DHOD, aD)= Y af)D

with (,,(t) = 1, which satisfy

[ 1
o) = N R
| —Bo(t) —Pu(t) —Bm-1(t) J
—Aa (1)
[0 0
L ao(t) an-m-1(t) | w(t) + gu(t).  (3.8)
|1 e (1) 1
——
—:by
With
o=[10 - 0], (3.9)
we would thereby end up with a state-space model of
w(t) Al(t) b162 1 w(t) 0
0] = L { i) | o0 g, [
::v(t) ) =x(t) =B
y = [0 ¢ ] wit) | (3.10)
A_,C_/ U(t) ]

In the case that the differential equation is time-invariant (a and b are fixed), «
and ( can be obtained by long division:

~—

a(s) _ g
s

Now the question is: under what conditions on a, b, and g are sufficient to guarantee
that we can find the polynomials of « and § satisfying (3.8))?
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It turns out that it is sufficient that there be bounds on the derivative(s) of
these parameters, although jumps are also tolerated. To proceed we collect all of
the parameters of the plant (3.6 into a single vector:

O0(t) == [ ao(t) -+ an-1(t) bo(t) -+ bu_m1(t) g(t) }T c R2-mHL

The parameters of the transformed system (3.10)) can be collected into another
vector:

0(t) == [ ao(t) -~ cnmr(t) Bo(t) - Bumr(t) bo - bomr g(t) ]

Now we list some assumptions on the original parameter ¢ which are sufficient for
the existence of 6.

Assumptions on the vector ¢ [20].

Assumption 1: (Compact set) There exists a compact set I' C R>"™™*+1 50 that
O(t) € T for all t > 0.

Assumption 2: (Infrequent jumps) There exists a Ty > 0 so that 8 € PS(Tp).
Assumption 3: (Bounded derivative) There exists a constant z; so that ||0]]e <
M-

Assumption 4: (Regularity of g) There exists a positive constant g so that
l9(t)| = g, t = 0.

Assumption 5: (Smoothness of b) The parameters b, € PSZ(Ty), i =

0,1,---,n—m — 1; also, there are constants d; > 0, j = 1,--- ,m + 1, so that

1D (b)]loe <65, i=0,1,...,n—m—1, j=1,--- ,m+1.

Assumption 6: (Uniformly exponentially stable zero dynamics) There exist
constants o > 0 and A\g < 0 so that the transition matrix ® 4, corresponding to
A, satisfies

A s L0 -~ o ) - o = Y.
[P a, (t,to)|| < 70e™), t>t,>0

Remark 3.2: Observe that because of the use of “essential supremum” in the
definition of the norm, Assumption 3 does not rule out jumps in the parameters.
Also, note that Assumption 6 is a generalization of the classical minimum phase
requirement. Assumption 5 is a technical condition needed to ensure that we can
carry out the desired transformation.
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Hence, for every n > m > 1, compact set I' C R?"~™*+! et of positive constants
p; To, 01, -+, 01, g, and 7o, and negative constant g, there exists a natural class
of models of the form (3.6) which satisfy Assumptions 1-6; we label this class

P(n7m7F7M17T07517 e 75m+1>27 ’707)‘(])‘

It turns out that Assumptions 1-6 are sufficient to guarantee the existence of a, f3,
and hence . Before showing that, we list some key properties that we will require
of the transformed vector 6.

Assumptions on the vector 6 [20].

Assumption 1": (compact set) There exists a compact set T so that 6(t) € T for
all ¢ > 0.

Assumption 2: (Infrequent jumps) There exists a Ty > 0 so that 8 € PS..(T).

Assumption 3': (Bounded derivative) There exists a constant fi; so that ||0_ oo <

.

Assumptions 4, 6

For every n > m > 1, compact set [ C R>» ™1 gset of positive constants i,
Ty, g, and 7o, and negative constant )g, there exists a natural class of models of
the form and which satisfy Assumptions 1’ — 3’ and Assumptions 4 and
6; we label this class

P(n,m, T, i1, To, g, Y0, Ao)-

We will not distinguish between the vector # and the corresponding model of the

form and .
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Proposition 3.1 [20]: For every set of uncertainty of the form
P(”? m, FJ M1, T07 617 ) 5m4r17g7 Yo, )\0)

there exist constants fig and Ty as well as a compact set T C R*™™F1 s0 that for

every
0 e P(n7m7rnu17T07517 T 76m+17g7 Y0, )\O)

there exist polynomials a(D,t) and 3(D,t) satisfying (3.8) so that the correspond-

ing new parameter vector 0 satisfies

é 6 75(n7m7 f7ﬂ17T07g7 707 )\O)'

From now on we will assume that our set of plant uncertainty is of the form
P<n7 m, F7 M1, T07 517 Ty (SerlJ QJ Yo, )\0)

which, in turn, induces a class of uncertainty in our new parameter vector § of the
form

P(n,m, T, fiy, To, g, Y0, Mo)
(or simply P) with corresponding state space models of the form and . At
this point we combine the plant, reference model and anti-aliasing filter to obtain
the generalized plant:

w [ Al(t) blcg 0 0 w 0
U . bgcl(t) Ag(t) 0 0 (% bg
Tm | 0 0 A, bn T +g(t) | | wd)+
U, 0 0 0 —o Um, 0
:;{(t) =z =:B
[0
0 _ _
0 U (1), z(to) = To, (3.11)
o
Q/_—/
=F
w
v
y = [0 00]]_ |, (3.12)
U,
w
_ v
e = Io —cy Cp 0] Rk (3.13)
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The goal is to construct the control law u(t) such that the closed-loop stability is
guaranteed and the map of u,, — € is small. At this point we make a natural
assumption on the relative degree of the reference model.

Assumption 7: The relative degree of the reference model is at least m.

3.4 The Approach

In this section, the proposed LPC is presented. We start with a high level descrip-
tion and then turn to a more concrete one. We start with a description of the ideal
LTI control law which we would use in the case of complete state and parameter
information. We then explain a sequence of three approximations to this control
law, with the last one being of the form (3.5)).

3.4.1 The Ideal Controller

To motivate the ideal control law, we start with the time-invariant, first-order case
(soy =z and y,,, = Tp):

y = ay+gu,
Un = Amim + Bunlin. (3.14)

The control objective is to make the tracking error of € = ¥, — y small. Start with
the tracking error dynamics:

(ym - y) = am(ym - y) + [bmam — gu + (am - a)y]
If we set
bintm — gu + (am — a)y = 0,

then the mismatch decays to zero like e®™*, which leads us to the following definition
of the ideal control law:

1 1 y
U= =(bpipm+ (am—a)y)==[am—a 0 by ]| Un
g g~ ~~ - U

This controller provides both stability and model matching.
The ideal control law in the general case uses the same basic idea. We first
define

Ay = C R =] o) - Baalt) ] (3.15)
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Since (Ag, by) is controllable, we can choose a vector of fo so that Ay := Ay +byfs is
stable with eigenvalues with real parts less than \,,, which means that there exists
a constant 7,, > v, so that

€2 < Fment, t > 0.

If we now set
u(t) = ——[—c1(t)w(t) + (fo = fo(t))o(t)] + un(t),

with u,, representing a feed-forward term to be chosen below, then we will decouple
v from w and stabilize v, yielding

0 = A+ bafg(t)ua(t)],
Yy = cou.
Because of Assumption 7 we can choose k; € RY"™ and k; € R so that

Pn(s)
CQ(S[ — A2>71b2

= ko + k(s — Ap) ' B, (3.16)
Now we choose the feed-forward term wu,, by

1 _ _
Uun(t) = ﬁ[k@um(w + k1 Zm (1)),

which yields the ideal control law of

1 — _

By labelling this control signal u°(#) and the corresponding generalized plant re-
sponse 2, the ideal closed-loop system is as follows:

Al(t) bl_CQ 0 0 0
o 0 Ay boky boks | o 0
0 0 0 —0 o

— A1)

ety = [0 —c Cp 0]2°t)

Since the plant is minimum phase, A; is exponentially stable; so it follows that this
closed-loop system is exponentially stable and the map from u,, — &° is 0.
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3.4.2 The First Approximation

Since the plant parameters and system states are not completely known, the ideal
control law (3.17) cannot be implemented exactly. Instead, this quantity will be
periodically estimated and applied. The %} term will be problematic in carrying out
the estimation, so we will approximate it by a polynomial, which will be easier to
deal with. To this end, from Assumptions 1 and 4, it follows that the set G defined
by

G :={g € R : there exists a 1) € R*"™™ so0 that[ lgp } eI}

is a compact set, which does not include zero; indeed, there exists a constant g > 0
so that G C [~g, —g] U[g, g]. From the Stone-Weierstrass Approximation Theorem
[37], we know that we can approximate 1/g arbitrarily well over G via a polynomial.

Proposition 3.2 [20]: The summation Y .o, (é;)li):lg(gQ — )" converges uni-

formly to 217 on G.

Proof: Carry out a Taylor Series expansion of % about g2 and then multiply

92
both expressions by g.
O

Unfortunately, Taylor Series expansions tend to converge slowly. There have
been investigations into optimal approximation, e.g. [5] (pp. 126-138). In any
event for every ¢ > 0 there exist ¢ € N and ¢; € R such that the polynomial
fo(9) = 0L, cig’ satisfies

ll—gfg(g)‘ <e geg. (3.18)

This brings us to the first approximation of (3.17): we define the approximate
ideal control law to be

u(t) = f(9) K (8)z(1). (3.19)

When (3.19)) is applied to the generalized plant (3.11))-(3.13)), we let u® denote the

corresponding control signal, 2° denote the corresponding state, and é° denote the
corresponding error; the equations describing this closed-loop system are

~

() = Aa(t)2®(t) + Bun(t) + [9(t) f-(9(t)) — 1 BK (t)2°(t)
= AL (1)7°(t) + Eun(t),
et) = Cr°(t).

We label the transition matrices corresponding to Ag(t) and A (t) by ®4(t, 7) and
¢, (t, 7), respectively.
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Proposition 3.3 [20]: Suppose that X € (max {\o, A\ },0). Then there exist
constants € > 0 and v > 0 so that for every ¢ € (0,2) and 6 € P, the closed-loop
system (with to = 0) satisfies

75 =20 < e [1Toll + [lumll)
le=(t) = C@a(t, 0)Toll < ye(e |[Toll + llumlloc)

IO < e [Toll + 7 lumll o ¢ > 0;

IN

furthermore, the transition matrix satisfies

105, 7)|| < 7?7t > 1 >0.

Remark 3.3: This result states, in particular, that when To = 0, the deviations
between the tracking error and the state of the closed-loop system when the approz-
imated control law is applied, namely z°(t) and € (t), and the tracking error
and states of the closed-loop system when the ideal control law 18 applied,
namely z°(t) and €°, can be made as small as desired by selecting the parameter
e>0.

So, as expected, as the approximation of é improves, the steady-state tracking

error improves. At this point we freeze A € (max{Ao, A },0) and Ay € (max Ag, A}, A).

From Proposition 3.2, we can choose € > 0, a polynomial f.(g) = 7, cigt satis-

fying (3.18)), and a constant v > 0 so that for all § € P, we have

105,(t,7)|| < veM )t > 7 >0.

3.4.3 The Second Approximation

Since neither g nor z is measurable, cannot be implemented, so the goal is to
approximate in a linear fashion. We use h small and with ¢ the order of the
polynomial approximation to %, we choose p > (2q + 1)m; recall that the controller
period is T' = ph. The second approximation is as follows:

0, t € [kT, kT + (2q + 1)mh),
U= e F T KRT)EGRT), ¢ € KT + (2 + Umh, (k + DT).

p—(2q+1)m
(3.20)
Clearly if h and T are both small, this is a close approximation of
u(t) = f(g(kT) K (KT)* (KT), ¢ € [KT, (k+ 1)T),

which, in turn, is a good approximation of (3.19). We cannot construct ({3.20]) for
the same reason that we cannot construct (3.19), but the former is amenable to
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u(t) !

Y
g

KT (k+1)T

Estimation Control
| Phase an Phase —

Figure 3.2: A control period consisting of the Estimation and Control Phases [20]

estimation. Every period is divided into two phases: an Estimation Phase and a
Control Phase, as illustrated in Figure [3.2] In the Estimation Phase, the quantity
F-(g(kT))K (kT)25(kT) is estimated; although a degree of probing is used, it is
carried out in such a way that its effect at the end of the Estimation Phase is very
small. In the Control Phase, the above estimate, scaled by m, is applied to
the plant; this scaling is chosen to reflect the fact that the Control Phase is exactly
p=Qatm o the whole period. In the next two subsections we will explain how the

Estimation Phase is implemented.

3.5 Controller Construction

In this subsection, the implementation of the above LPC is presented. We start by
explaining how to carry out the Estimation Phase. Define two (m + 1) x (m + 1)
matrices:

10 0 0 1
11 1 -1 h

Sp=|1 2 22 o 2™ | go(p)= h?/(2) (3.21)
|1 m om® e m™ I h/(ml) ]

First consider the simple system with transfer function Z with a state-space rep-

resentation of
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By setting

it follows that

y(t) = [1 P e }x(0)+%a
SRR = [x;g)} ,t € [0,mh].
If we define the sequence of output samples by
y(t)
vy =| |
y(t +mh)

it follows that

qu
The following lemma illustrates how this form of estimation can be carried out in
the general case.

Ho(h)'S:19(0) = [ #(0) } |

Lemma 3.1 (Key Estimation Lemma (KEL-3)) [20]: There exist constants
v >0 and h > 0 so that for all ty € RY, 1y € R** w,, € PCy, h € (0,h),

and 0 € P, the solution of - with
U(t) =u, t€ [to,to + mh)
has the following two properties :

(i) In all cases
12(t) = 2(to) | < vh([[Z(o) || + l[all + llumlloo), ¢ € [to, to +mh),
1 () 7185 Y (to) | < A2 (k)| + N1l + [fum]loc).

(i3) If O(t) is absolutely continuous on [ty, to +mh], then we can obtain a tighter

approximation:

et v(to)
Hm(P) S0 V) = 1 oo(te) + e (to)w(to) + glto)a | |

h(llZ ()|l + [l + [lumllo)-
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~ Now let us see how KEL-3 can be applied. First, for simplicity, we assume that
0 € P is absolutely continuous. By setting

u(t) =0, te[kT,kT 4+ mh),
and considering the definition of K (t) in (3.17)), it follows that

- T (ET)

[ fo =1 ) Hu(h) 'SV + [k ke | { i (kT) ] ~ K(kT)Z(kT).

Choose a scaling factor p > 0, and set
u(t) = p x estimate of K(kT)z(kT), t € [ET + mh,kT + 2mh);
it follows that

p [0 -+ 0 1] Hu(h) 'SHY(KT +mh) — Y(kT)] ~ g(kT)K (KT)Z(kT).

If we repeat this procedure then a close estimate of

= N T - ) _

can be obtained by the end of the Estimation Phase (the interval [T, kT + (2q +
1)mh]); in the Control Phase a suitably weighted of this estimate is applied. If
the sampling time 7" is small enough, then any discontinuity will be infrequent and
the controller will work. With the above motivation, we end up with the controller
structure as:
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THE PROPOSED CONTROLLER [20] (¢, = 0)

Estimation Phase: [kT, kT + (2¢ + 1)mh)

A [ fo =1 ] Hu(h) Sy V(T + [ by Ky ] { imgzg ] . ifi=0,
¢i(kT) =
L0 o 0 1] Hu(h) 'S, [ V(KT + (20 — Dmh) — Y(kT) |,
ifi=1,---q
(3.22)
0 t € [kT, kT + mh),

w(t) = phii(kT)  t € kT + (2i — Vymh, kT +2imh), i =1,--- ,q (3.23)
—p¢i-1(KT) t € [KT + 2imh, kT + (2i + 1)mh), i=1,--- .q.

Control Phase: [kT + (2q + 1)mh, (k+1)T)

u(t):p 2q+ chgb, (kT), te[kT + (2¢+ D)mh, (k+1)T). (3.24)

Lemma 3.2 [20]: The control law (3.29)- has a representation of the
form (with parameters (F,G, H,J, L, M, h,p)) which is deadbeat; in fact,

F(0) = 0.

Now we present a proposition which consider the closed-loop system over one period.

It is shown that the closed-loop system with control law (3.22)-(13.24]) behaves very
much the same as the closed-loop system with the approximated ideal control law

(3-19).
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Lemma 3.3 (Key Control Lemma (KCL-3)) [20]: There exist constants
v >0 and T > 0 so that for all k € Z+,T € (0,T), and 6 € P, the solution of

with u given by (3.29)- has the following properties:

(i) In all cases

z(t) — 5 (t, kT)z(kT) — / O, (t, 7) Bty (T)dT

kT

< AT(lzED) + llumll),

[u@I < AZED + lumll), t € KT, (k+ 1T),

(ii) If O(t) is absolutely continuous on [KT, (k + 1)T)], then

(k+1)T -
|lz((k+ 1)T) — ®5,((k+ V)T, kT)z(kT) — /kT O, ((k+ V)T, 7) By, (1)d7||
<AT*(|ZERT)| + [[wmll0)-

KCL-3 describes the closed-loop system behaviour during each period. By the
following proposition, it is proven that the proposed controller — acts
like the approximated ideal control law for all time. We adopt the following
notation: we let 4 denote the control signal, z° denote the state, € denote the
error, and ¢° denote the plant output when - is applied. Recall that we
use z° and e® to denote the corresponding signals when is applied.

Proposition 3.4 [20]: There exist constants T > 0, A < 0 and v > 0 so that for
every 0 € P, 7o € R+, € PCy and T € (0,T), we have

12°(t) = ()] < ATe™|1Zoll + v T l[tmlloo, ¢ > 0.

3.6 The Main Result

Now we can put together all results of the last few sections to prove that the LPC
provides both stability and good tracking for all admissible models.
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Theorem 3.1 [20]: For every 6 > 0 and X\ € (max{Xg, \n},0) there exists

a controller of the form , , and so that for every 0 € P, %y €

Rt and u,, € PCs, we have that the closed-loop system is exponentially

stable, and when to = kg = 0, we have

77 () = ym(t) = CPa(t,0)2(0)] < de™(|Zo]| + Ol|umllc, > 0.

Remark 3.4: This result states that the deviation between the output of the closed-
loop system when the proposed control law — is applied, namely i°(t),
and the output of the closed-loop system when the ideal control law 1$ applied,
namely

Ym (t) + CjCI)cl(ta 0)Zo,

can be made as small as desired by selecting the controller parameters € > 0 and
T > 0.

Remark 3.5:  Theorem 3.1 and the control law (3.29)- demonstrate that,
unlike classical adaptive control methods, the proposed controller has these desirable
features:

e the controller is linear,
e there is no tuning phase and near exact tracking is achieved immediately,

o the eM||Zo|| term shows that the effect of non-zero initial conditions decays
exponentially to zero,

e since the ideal control law 15 modest in size and the applied control
signal is stmilar to it, the control signal is not large,

e parameters can be time-varying without pre-specified structure.

Remark 3.6: [t is clear that to achieve good tracking, we need to have a good
estimate ofé which needs a small ¢ > 0; this good estimate yields a high order

polynomial fg(g) = Y1 jaig'. We also need to have the sampled-data controller

period T be small. These two facts result in the sampling period h = % < (2q+)m
(recall that m is the plant relative degree) must be very small which means that

some of the controller gains should be large (looking at the control law —
shows that some are proportional to ;%m) Large controller gains lead to poor noise
tolerance, which is one of the imperfections of the proposed controller.

3.7 Examples

Here we present two examples to illustrate the proposed design methodology and
its positive and negative features.
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3.7.1 Example 1
The plant model is first order:

The set of plant uncertainty is given by
F:{[ Z ] cR*:ac[-1,1], ¢* € [1,14]},

P:P(n: 1’ m = 17 F)lul = 17T0:5770: 17>‘0: _5)

While the reference model is
jjm = —Ty + am;

the anti-aliasing filter is
Uy = =50y, + 50Uy,.

We set p = 1.
For approximating the polynomial é, we use the approximation of:

foor(g) = 2.1647¢g — 1.5153¢° + 0.34334°,

so ¢ = 5, and we choose p = 25 > 2(2¢ + 1), i.e. the control phase is 66% of the
time. We set T' = 0.25 (so that h = 0.01). Figure 3.3 shows the simulation results
with yo = 3, U, = 0, u,, a square wave given by

2mt

Uy, = 3ign(cos(1—5)),

and
a(t) = cos(t/2) and g(t) = [1.2 4+ 0.2cos(t/2)] * sign[cos(t/4)];

as shown in Figure 3.3, the effect of the initial conditions declines exponentially to
zero, the tracking is quite close, and the control signal is modest in size, even with
time-varying plant parameters. We add a noise signal of the form

h * random sequence uniformly distributed between +1
to the output measurement at the time ¢t = 66 sec; we see that it degrades the
tracking slightly. In Figure 3.4 we provide a close-up of the control signal during
the first three periods.
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3.7.2 Example 2

In this example a minimum phase relative degree two model of a DC motor is
considered [17]:

t= {8 ﬁll(t)]x+[g?t)]u’

—— ——

y = [1 0]

~——
=:C

The set of plant uncertainty is given by

Bo
f:{ ﬁl eRgiﬁ():O, ﬁle[_57_1]7 96[172]}7
g

P=Pn=2m=27T,1, =1,Ty=10,7 =1, A\ = —5}.

The reference model is relative degree two with the state space representation:

. 0 1 n 0
Ym = [1 0]z,
The anti-aliasing filter is chosen as
Uy = —H0Uyy, + 502Uy,.

We set p = 1.
For the approximation of é, we use the polynomial

foor(g) = 2.1647 — 1.5153¢ + 0.3433¢>,

so ¢ = 2 and we choose p = 25 > 2(2¢ + 1)m and set T' = 0.25 (so that h = 0.01).
A simulation was carried out (see Figure 3.5) with 2o = [1 17, Yy = Ume = 0, U,

a square wave given by
gnicos(22)
Uy, = sign(cos(—)),
g 15
and

B1(t) = =3+ 2% cos(t/2) and g(t) = 1.5+ 0.5 * sin(¢/4).

We see that the tracking is quite good and the control signal is modest in size, even
in the face of significant time variations. We add a noise signal of the form

h? * random sequence uniformly distributed between £1
to the output measurement at the time ¢t = 66 sec; we see that it degrades the
tracking slightly. In Figure 3.6 we provide a close-up of the control signal during
the first three periods.
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As these two examples show, although the noise signals are much smaller (pro-
portional to the sampling time in Example 1, and to the square of the sampling
time in Example 2) than the reference signals, they have noticeable effects on the
output signals. In other words, the closed-loop system has poor noise tolerance,
which is a drawback of the LPC. To see another undesired feature of the LPC, we
provided a close-up of the control signals during the first three periods (see Figure
3.4 and Figure 3.6); observe that during the Estimation Phase, the control signals
take a range of values, which results in a rapidly time-varying control signal, which
requires a fast actuator.

3.8 Summary and Concluding Remarks

The underlying motivation of the LPC [20] is to design a model reference adap-
tive control scheme for time-varying minimum phase systems, which, unlike most
classical MRACs, is linear and periodic. Rather than estimating parameters, the
LPC directly estimates what the control signal would be if the plant parameters
and states were known and the ideal LTI compensator were applied. This control
method has the following positive features:

i it handles rapidly time-varying parameters,

ii it provides smooth transient behaviour,

iii the effect of initial conditions decays exponentially to zero, and
iv the control signal is modest in size.

In contrast to the desirable features, the LPC [20] has its own drawbacks. In order
to achieve the aforementioned advantages, a small sampling period is required,
which results in a rapidly time-varying control signal. This control signal requires
fast actuators, which may not be practical. The second disadvantage of the LPC
[20] is poor noise tolerance. A small sampling period results in large controller gains
and consequently poor noise tolerance behaviour. The last drawback is that this
controller requires knowledge of the exact plant relative degree. While in the next
chapter we redesign the controller so that it works in the context of the 2-norm,
Chapters 5, 6, and 7 are devoted to redesigning the approach to alleviate these
drawbacks.
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Chapter 4

The Linear Periodic MRAC in the
Context of the 2-Norm

4.1 Introduction

As discussed in Chapter 3, to overcome the undesirable features of most adaptive
control methodologies, a new approach to the model reference adaptive control
problem was proposed in [20]. In this approach, rather than estimating the plant or
controller parameters, as is often done in the classical approach, the quantity being
estimated is the ideal control signal, which could be used if the plant parameters and
states were known. The approach yields an LPC, with nice transient and steady-
state tracking properties, as well as an ability to handle rapid time-variations.

In the LPC [20], the time-domain co-norm is used to measure signal size. How-
ever, the time-domain 2-norm is an equally common way to measure signal size and
is the one used in the popular H,, paradigm. Here we extend the approach so that
results can be obtained in the 2-norm settling which are comparable to those of
[20]. This requires structural change in the control law together with new proofs of
key steps. Since we will be using a sampled-data controller, we will need to add an
anti-aliasing filter before sampling the plant outputE]. The filter can be incorporated
into the plant and the reference model at the expense of increasing the complexity
and worsening the performance and noise tolerance of the closed-loop system.

The outline of this work is as follows. The problem setup is presented in Section
4.2. A high level explanation of the LPC is presented in Section 4.3. In Section 4.4,
a controller redesign is carried out so that the idea works when using the 2-norm.
To show how the proposed controller works, two examples are presented in Section
4.5. Last of all, Section 4.6 provides a summary and concluding remarks.

I This is not required when using the co-norm to measure the size of a time-domain signal, since
the discrete-time co-norm of a sampled signal is bounded above by the continuous-time co-norm
of this signal.

39
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4.2 Problem Formulation

The problem setup is similar to that of Chapter 3, except we have added an anti-
aliasing filter before sampling the plant output. The SISO linear time-varying plant
P is described by

#(t) = A@)x(t) + Bt)u(t), 2(to) = wo,
y(t) = C)z(),

with z(t) € R™ the plant state, u(t) € R the plant input, and y(t) € R the plant
output; we associate the plant with the triple (A(t), B(t),C(t)). We allow a good
deal of model uncertainty, to be described in detail later on; the set of possible
models is labelled P.

The stable SISO LTT reference model is given by

(4.1)

Em(t) = AnTm(t) + Boum(t), zm(te) = Tmg,

with z,,(t) € R" the reference model state, u,,(t) € R the reference model input,
and yn,(t) € R the reference model output. The reference model describes the
desired behaviour of the closed-loop system, and is chosen to be stable. The goal
is to design a controller that provides stability, and makes the plant output track
the model reference output. To this end, we define the tracking error as

e(t) = ym(t) — y().

The controller is a sampled data controller, which periodically samples u,, and
y. We use an anti-aliasing filter before sampling w,,: with ¢ > 0 we choose an
anti-aliasing filter of the form

Up = =0l + Uy, U (to) = Uy, (4.2)

whose input-output map is labelled F,. Accordingly, we define a new version of the
reference model with u,, as the input:

a;: i é::i‘;:—'— B,  ZTm(to) = Ty, (4.3)
If we choose v, > 0 and \,, < 0 so that
le |l < e, 20,
it follows that
|Tm = ymll2 < é |G| B + IICmI|-||Am||-||Bm||&—:| [|tml]2 +
|Z—:}IICmII'IIBmII x \/LQ—UHETHUH' (4.4)
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Figure 4.1: The feedback diagram in the context of the 2-norm

Since sampling a continuous time signal with finite energy may yield a discrete-
time signal with infinite energyﬂ, we need to make changes to the controller of [20]
for it to work in this new setting. Clearly, an anti-aliasing filter is in order, which
we place at the plant output. Hence, with ¢ > 0 we choose the anti-aliasing filter
at the plant output as follows:

y=—oy+oy, yto) = to- (4.5)
Finally let us define the linear periodic controller by

o[k + 1) = Fk)z[k] + G(R)y(kR) + H(k)En(kh) + J(E)m(kh), 2[ko] = 20 € R,
w(kh + 1) = L(k)2[k] + M(k)y(kh), 7€ [0,h),

(4.6)

whose gains F, G, H, J, and L are periodic of period p € N; the sampling time is
h, and the period of the controller is T := ph. We associate this system with the
7-tuple (F, G, H, J, L, h,p). Observe that can be implemented with a sampler,
a zero-order-hold, and an [*" order periodically time-varying discrete-time system
of period p.

Remark 4.1: The reference model is chosen by the control system designer to
embody the desired closed-loop behaviour. Hence, we can consider our controller
to be a combination of the anti-aliasing filter , the reference model , the
anti-aliasing filter , and the discrete-time periodic compensator @

2An example of such signal is

w={ KT <t <kT+ %
TV 0 M+ <t <k+1)T

a€R, 0<b<T, keZ, telkT,(k+1)T).
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The feedback configuration is given in Figure [£.1] As shown in the figure, the
controller is a mixture of discrete and continuous subsystems, so the closed-loop
state is a combination of discrete and continuous states, defined as

Definition 4.1: The controller (4.9), . (4-9), and ({4.6) exponentially stabi-
lizes P if there exist constants v > 0 and A < 0 so that, for every P € P, set of

initial conditions o, Yo, Tmy, Ume, and zo, and set of initial times ko € Z" and
to = koh, with u,,(t) =0 fort >ty we have

lzsa®) < 4Tzt t>to.

Accordingly, we have the new version of the generalized-plant:

w [ Al(t) blCQ 0 0 0 w 0
v b2C1(t> Ag(t) 0 0 0 (% b2
Yy = 0 o —o 0 0 g | 4gt)| 0 [u(t)+
T 0 0 0 A, Bn Tm 0
U 0 0 0 0 —o Uy, 0
~— ~~ S N — ——
=:A(t) =z =:B
[0
0
0 um(t), .f(to) = 2_70, (4 7)
0
o
'\,7_/
=F
w
v
y=[00100]]| ¥ (4.8)
=:Ch B
U,
The plant output and the corresponding tracking error are given by
w
v
y=[0 ¢ 00 O0]| ¥ |, (4.9)
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w
v
é:\[O —cg 0 Cpp ol y (4.10)
i Lm
Um

The goal is to construct the control law () such that the closed-loop stability is
guaranteed and the map of u,, — € is small.

Remark 4.2: In the new setup, the measured and controlled outputs are y and vy,
respectively.

4.3 The Approach

In this section, the proposed LPC is presented; the design is based on that of
[20], with a modification arising from the anti-aliasing filter applied to y. We start
with a high level description and then turn to a more concrete one. We start
with a description of the ideal LTI control law which we would use in the case of
complete state and parameter information. We then explain a sequence of these
approximations to this control law, with the last one being of the form (4.6)).

4.3.1 The Ideal Control Law

To motivate the ideal control law, we start with a time-invariant, first-order case
(soy =z and Y, = Tp):

y = ay+ gu,
y=—oy+ oy, (4.11)

The control objective is to make the plant act like the reference model, so we would
like the tracking error of € = ¢, — y to be small. Start with the tracking error
dynamics:

(Ym = ¥) = @m(Um — Y) + [binlim — gu + (am — a)y].
If we set
bt — gu ~+ (@ — a)y = 0,

then the mismatch decays to zero like e*!, which leads us to the following definition
of the ideal control law:

1
U = ;(bmam + (am - (l)y) =

The controller provides both stability and model matching.
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The ideal control law in the general case requires the same idea as the LPC
[20] explained in Chapter 3. With (As, be) defined in equations and (3.15)
of Chapter 3, Sections 3.3 and 3.4, since (Ag, bs) is controllable, we can choose a
vector of fg so that Ay := Ay + by fg is stable with eigenvalues with real parts less
than \,,, which means that there exist ¥,, > 7,, so that

€| < Fment, t > 0.

If we now set
——[—er(w(t) + (fa = fa(0)v(t)] + un(t),

with u,, representing a feed-forward term to be chosen below, then we will decouple
v from w and stabilize v, yielding

b = Agv+ ba[g(t)u,(t)]
Yy = Caov.

Because of Assumption 7 of Chapter 3 we can choose k; € R™™ and ks € R so
that

Pr(s)

_ = ko + ki(s] — A,)) ' B,,. 4.12
(5] — Ay) 1y o + ki(s ) ( )

Now we choose the feed-forward term wu,, by

1
n t) = —= kf 7m t k 7m 13 )
which yields the ideal control law of
1 _

::K(t)

By labelling this control signal u°(¢) and the corresponding generalized plant re-
sponse 7, the ideal closed-loop system is as follows:

AQ 0 bzkl b2]€2 ~
o —o 0 0 | 2°(t) + Eun(t)

Am Bm

[am

) =

o O OO

go(t) = éljo(t)’
elt) = Cua'(t),

Since the plant is minimum phase, A; is exponentially stable, so it follows that this
closed-loop system is exponentially stable and the map from wu,, — €° is 0.
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4.3.2 The First Approximation

Since the plant parameters and system states are not completely known, the ideal
control law (4.13) cannot be implemented exactly. Instead, this quantity will be
periodically estimated and applied. The % term will be problematic in carrying out
the estimation, so we will approximate it by a polynomial, which will be easier to
deal with. To this end, from Assumptions 1 and 4 of Chapter 3, it follows that the
set G defined by

G :={g € R : there exists a ) € R*"™™ so0 that[ lgp } el}

is a compact set, which does not include zero; indeed, there exists a constant g > 0
so that G C [—g, —g]U]g, g]. From Proposition 3.2 of Chapter 3 we can approximate
1/g arbitrarily well over G via a polynomial, i.e. for every e > 0 there exist ¢ € N
and ¢; € R such that the polynomial f. (g) =>°1 g satisfies

ll—gfg(g)‘ <e g¢ge@q. (4.14)

This brings us to the first approximation of (4.13)): we define the approximate
ideal control law to be

u(t) = fo(g(8)) K (D)2 (t). (4.15)
When (4.15) is applied to the generalized plant (4.7))-(4.10), we let u® denote the

corresponding control signal, ¢ denote the corresponding state, and é° denote the
corresponding error; the equations describing this closed-loop system are

~

() = Aa()7°(t) + Bun(t) + [9(t) fo(g(t)) — 1 BE()7%(t)
= AL()Z°(t) + Bun(t),
et) = Cz°(t)

We label the transition matrices corresponding to Ag(t) and A (t) by ®4(t, 7) and
¢, (t, 7), respectively.
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Proposition 4.1: Suppose that A € (max { o, A\n},0). Then there exist con-
stants € > 0 and v > 0 so that for every ¢ € (0,2) and § € P, the closed-loop
system (with to = 0) satisfies

IN

|75 =2, < velllToll + lumll,),
(/0 [6°(t) — CPa(t,0)T0|*dt): < e(|[Toll + [lumll,),

1250, < AUzl + llumll2);

N

furtheremore, the transition matriz satisfies

105,(¢, 7)|| < ve*=7)) > 7 >0.

Proof: See Appendix A.

Thus, as expected, as the approximation of é improves, the steady-state tracking
error improves. At this point we freeze A € (max{ g, \;n},0) and Ay € (max Ao, A}, A).
From Proposition 4.1, we can choose ¢ > 0, a polynomial f.(g) = Yol cig satis-
fying , and a constant v > 0 so that for all § € P, we have

105,(t, 7)|| < veM Tt > 7 >0.

4.3.3 The Second Approximation

Observe that cannot be implemented, since neither g nor z is measurable,
so the goal is to approximate in a linear fashion. We adopt the technique of
Chapter 3. We use h to be small and with ¢ the order of the polynomial approxi-
mation set to %, we choose

p> (2¢+1)(m+1);

recall that the controller period is T" = ph. The second approximation is as follows:

e e (9RT)) K (KT (KT) ¢ € [kT + (2g + 1)(m + 1h, (k + 1)T);

p—

{ 0 t € [KT, kT + (2q 4 1)(m + 1)h),

(4.16)
clearly if h and T" are both small, (4.16]) is a close approximation of

u(t) = f(g(kD)K (KT)a(KT), t € [KT. (k +1)T),



CHAPTER 4. THE LINEAR PERIODIC MRAC IN THE CONTEXT. .. 47

u(t) !

Y
g

KT (k+1)T

Estimation Control
| Phase an Phase —

Figure 4.2: A control period consisting of the Estimation and Control Phases [20]

which, in turn, is a good approximation of . We cannot construct for
the same reason that we cannot construct (4.15]), but the former is amenable to
estimation. Every period is divided into two phases: an estimation phase and a
control phase, as illustrated in Figure In the Estimation Phase, the quantity

A

fe(g(KT)) K (KT)"(KT)

is estimated; although a degree of probing is used, it is carried out in such a way
that its effect at the end of the Estimation Phase is very small. In the Control
Phase, the above estimate, scaled by

p
p—(2¢+1)(m+1)

is applied; this scaling is chosen to reflect the fact that the Control Phase is exactly

p—(2¢+1)(m+1)
p

of the whole period. In the next two subsections we will explain how the Estimation
Phase is implemented.

4.3.4 The First-Order Case (constant parameters and g =
1)

Here we consider the simplest possible case, that of first order with constant pa-
rameters, as displayed in equation (4.11)). The error satisfies

(Ym = ¥) = am(Um — Y) + [bnlim — gu + (am — a)yl,
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and ideally we would like to set
A~ q .
u(t) = fo(9)K2(t) =) cig [bmtim (1) + (am — a)y(1)].
i=0

(Recall that we've chosen p > 2(2¢+1) = 6 and h > 0, and have set T" = ph.) First
we look at the first period [0, 7). For simplicity, we consider the case of ¢ = 1, so
the first step is to construct an approximation of

1
1:20 TV

(0)

& \gz b1 (0) + (@ — a)y(0)] .
#:(0

Since the controller does not directly measure the output signal y, first we need to
estimate the terms containing y(0). From the filter equation (4.5 we have

(t) = (1) + 30). (117

Assuming that ¢ is smooth, we have

y(0) =~ —[g(h) —75(0)]

L{g(2h) — g(0)]
1

~ S [-g(2h) + 4g(h) — 3g(0)]. (4.18)

Combining (4.17) and (4.18)) results in

Q

am — — — —
any(0) & (2h) + 43(h) — B5(0)] + a5 (0).
The assumption of smoothness of ¢ also yields
N 1
y(0) = 55[50) = 25(h) + 5(2h)]. (4.19)

To obtain an estimate of ay, we combine the filter equation (4.5) with the plant
equation:

y = —oj+oy
=y = —oj+oy
= —oy+ oay+ obu. (4.20)

Suppose that we initially set

so regarding (|4.20]), we obtain
y(t) = —oy(t) + oay(t), t€[0,2h).
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Thus, assuming once again that 7 is smooth, we have
1

ay(0) = Eg’j(O) +3(0)
~ #[5(0) — 25(h) +§(2h)] + %[—ﬂ(%) + 45 (h) — 35(0)].

Hence, we can make a good estimate of

$0(0) := bytim(0) + (am — a)y(0),

namely
G0(0) 1= bt (0) + a§(0) + 575 [=5(2h) + 45(h) = 35(0)] -
o7 1= 21) + 45(h) = 35(0)] — 5 [5(0) — 29(h) + 5(20)]
~  ¢o(0).

To form an estimate of ¢1(0) = g¢o(0), we will carry out some experiments.
With p > 0 a scaling factor (we make this factor small so that it does not disturb
the system very much), set

u(t) = poo(0), t € [2h,4h).

Of course, in completing this experiment, we have excited the state. This can be
largely undone by applying

u(t) = —pdo(0), t € [4h, 6h).

To obtain an estimate of bu(2h) = pgeo(0), we return to (4.20) which we rewrite as

bu(2h) = y(2h) + oy(2h) — oay(2h)]

<

N~{H

y(2h) +y(2h) — ay(2h)

Q

almalmel=al-

J(2h) + y(2h) — ay(0)

N{H

S Z(2h) +§(2h) — 0) — §0);

combining this equation with (|4.18|) and (4.19) results in

bu(2h) & —o[p(2h) — 25(3h) + §AR)] + 5 [~g(4h) + 45(3h) — 3p(2h)] ~
5 19(0) — 25(h) + 5(20)] — 5-[~5(2h) + 4g(h) - 35(O)].
Hence
61(0) = 2%,1[—17(4@ +45(3h) — 35(2h) + §(2h) — 45(h) + 35(0)] +
ol 0)+ 20() = §(20) + 7(20) — H(3h) + 540

Q

¢1(0). (4.21)
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At the end of the Estimation Phase, we are at ¢t = 6h, and we have an estimate of
¢1(0) to form our control signal to be applied during the Control Phase. We now
set u during the Control Phase to be

u(t) = [c060(0) + 101 (0)], ¢ € [6h, ph).

p
6
It follows that
y(ph) = y(T)
T
= ep“hy(())—i—/ ea(T_T)gu(T)dT
0

~ ¢y (0) +Tgf(9)bmtim(0) + (am — a)y(0)]

T
6“7”Ty(0)+/ eam(T_T)bmem(T)dT,
0

Q

as desired.

The above analysis was quite informal although reasonably intuitive. In the
next section we extend this to the general case and rigorously prove a result on
estimation.

4.3.5 The General Case

Now we will show the controller construction for the general n!* order case with
time-varying parameters. First, we need some notation. Let us define 1 x (m + 2)
vector

G=[00 -+ 010], (4.22)

and with two (m + 2) x (m + 2) matrices S, 11 and H,,1(h) defined by equation

(3.21)) of Section 3.5, by and cp defined by equations (3.8)) (3.9, respectively, of
Section 3.3, and A, defined by equation (3.15)) of Section 3.4, we define two (m +

2) x (m 4+ 2) matrices

_ ‘, -
i Ay 0 by Col\o
Ay:= | o0cg —0 0 |, Fo(o) = : . (4.23)
0O 0 0 52]\31
I 62/N\gn+1
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To motivate the upcoming result, first consider the special case in which the plant
is LTT with transfer function %, which means that w has zero dimension:

0 1 0
v = v+ u,
1 0 g
0 1
;XQ —b2
git) = [1 0 -+ 0],

so combining the plant with the ouz:ut filter yields
i ] = Lo L]+ (5o
g = [0 1 [ Z% } | (4.24)

~——

Now suppose that u is a constant:
u(t)=u, t>0.
Then we combine this equation with (4.24):
O (t) - v(t) }
. Ay b _
o] - ki ol |

g’d(t) — gu(t)

y(t) ZM [?Jt)} , 120

notice that (¢, Ay) is observable. It is easy to see that

Ca

] i &hy | | V) v(0)
y(t) = Lt - (;:1)1 . y(O) + O(tm+2) y(0>
Lo qu qu
G ATt
If we sample () at multiples of h, we obtain
y(0)
7(h) ) v(0) ) v(0)
: = Smt1Huy1(h) Fnri(0) | 9(0) | +O(R™) | 5(0) |,

_ ' gu gu
y((m +1)h)
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SO

52

y(0
_ e 0(0) 0(0)
Fria(0) Hypioy (1) S 5 = | 90) | +O(h) | 5(0)
g((m+1)h) . .

Indeed, as long as u(t) is constant (equal to @) on t € [0, (m + 1)h), then we can
estimate v(0) and gu (we do not need to estimate ¢(0) since we can measure it).

Since we are using a sequence of m + 2 samples of y(t) we define

S _ _ _ T
Y(t) = [yt) yt+h) yt+(m+1h) |
The following result shows how to do estimation in the general case, with a precise

bound on the estimation error.

Lemma 4.1: (Key Estimation Lemma (KEL-4)) There exist constants v > 0
and h > 0 so that for all t, € RT, o € R +2 y, € PC., h € (0,h), and

0 € P, the solution of — with

u(t) =a, tE€ [to,to+ (m+1)h)

has the following two properties:

(i) In all cases

HFr;}H(U)Hr;}rl(h)sgziljﬁo)|

tighter approximation.:
'U(to)

IE, (o) H,y (h) S V() — | falte)u(te) + ClEtO;w(to) +g(to)u | |
y(to

_ _ 1
h(llz@)l -+ llull + 2 lumllz oo+ omtam)-

|2(£) — 2(t0) | < Y(AllZ(t0)l| + hllall + B2 uml2 ron)s ¢ € [torto + (m + 1)h),

_ _ 1
| < a(llzCo)ll + llall + ~2 lfumlls fo.to+mrnm)-

(ii) If O(t) is absolutely continuous on [ty,ty + (m + 1)h), then we can obtain a

<

Proof: See Appendix A.
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To see the application of KEL-4, suppose that § € P is absolutely continuous.
If we set
uw(t) =0, te[kT,kT+ (m+1)h),

with K(t) defined by (4.13)), it follows that
: o - 15 )
[ fo =10 } m—ll-l(U)Hm}&-l(h)Sm}i-ly(kT) + [ ki ks } { Ui (KT)
~ K(kT)z(kT).
Similar to Chapter 3, with p > 0 a scaling factor, now set
u(t) = p x estimate of K (kT)z(kT), t € [kT + (m+ 1)h, kT +2(m + 1)h);
then it follows
S10 e 0 1 0] Bl LS DT + (m+ D) = PET)] ~
g(kTYK(ET)z(kT).

Similar to the Chapter 3 approach, repeating this procedure, a close estimate of

g(kT) -

-~

;K(kT)E(kT) ~ i ci g(kT)' K (KT)z(kT)
=0 —i4 (KT)

can be obtained by the end of the Estimation Phase (the interval [kT, kT + (2q +
1)(m + 1)h)); in the Control Phase a suitably weighted of this estimate is applied.
If the sampling time 7" is small enough, then any discontinuity will be infrequent,
and the controller will work. Finally, we end up with the controller structure as:
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Estimation Phase: [kT,kT + (2¢+ 1)(m + 1)h)

THE PROPOSED CONTROLLER (¢, =0)

([f =1 0] B L H (WS ET) + [ ke ] { ﬁ;’jgzg ]
) if i =0,
¢i(kT) = -
S0 001 0 ]E L (o) L (R)S5)
([ V(KT + (20 — 1)(m + 1)h) — Y(kT) | ifi=1,---,q,
(4.25)
(0 t € [kT, kT + (m + 1)h),
poi (KT)  te kT + (20 —1)(m + 1)h, kT + 2i(m + 1)h),
i=1,---,q,
u(t) =
—poi_1(kT)  t € [kT + 2i(m 4 1)h, kT + (2i + 1)(m + 1)h),
L 7 = 17 s q.
(4.26)
Control Phase: [kT + (2¢+ 1)(m + 1)h, (k+ 1)T)
p ~
W) = G DT ) ;Ci@(m, t € [kT + (2q+ 1)(m + Dk, (k + 1)T).
(4.27)

Lemma 4.2: The control law — has a representation of the form

(with parameters (F,G,H, J, L, M, h,p)) and is deadbeat; in fact, F'(0) = 0.

Proof: See Appendix A.
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Now we present a proposition which considers the closed-loop system over one
period. It is shown that the closed-loop system with control law (4.25)-(4.27))
behaves very much the same as the closed-loop system with the approximate ideal

control law (4.15)).

Lemma 4.3:(Key Control Lemma (KCL-4)) There exist constants v > 0 and
T > 0 so that for all k € Z+,T € (0,T), and 0 € P, the solution of —
with u given by — has the following properties:

(i) In all cases

T(t) — &5 (¢ KT)F(KT) — / "5 (t, 1) Buy (r)dr

_ 1
< AT ZED) + T2 [[mlly o)

lu()]l < A([ZED) + T2 [l gorgy)- t € KT, (k+ 1)T).

(i3) If O(t) is absolutely continuous on [kT, (k + 1)T), then

(k+1)T -
|lz((k+ 1)T) — ®5((k+ )T, kT)z(kT) — / O, ((k+ V)T, 1) By, (1)dT||

kT
_ 3
< A(T?||z(kT)|| + T2 HumHz [kT,(k+l)T))'

Proof: See Appendix A.

The KEL-4 and KCL-4 describe the closed-loop system behaviour during each
period. In the following result, it is proven that the proposed controller —
acts like the approximated ideal control law for all time. Before proceeding,
we need some notation: we let 4° denote the control signal, 2° denote the state,

¢ denote the error, and §° denote the plant output when (4.25)-(4.27) is applied.
Recall that we use z°, €°, and y° to denote the corresponding signals when (|4.15))
is applied.
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Proposition 4.2: There exist constants T > 0, A < 0, and v > 0 so that for
every 0 € P, uy, € PCs, and T € (0,T), we have

101 < A(eMIzoll + lumllz p.y), >0,
125 = 2% < (Tl Zoll + Tllumll2)-

Proof: See Appendix A.

4.4 The Main Result

Now we can put together all of the results of this chapter to prove that the proposed
LPC provides both stability and good tracking in the face of plant uncertainty.

Theorem 4.1:  For every § > 0 and A € (max{)\g, \,},0) there exists a

controller of the form ,, , and @ so that for every § € P,

To € R and u,, € PCL, we have that the closed-loop system is exponen-

tially stable, and when ty = ko = 0, we have

(/OOO\QE(t)—ym(lf)—@%(t,0)33(0)|2dt)é < o(llzoll + llumll2), ¢ =0.

Remark 4.3: If £(0) = 0, then this means that

197 = ymlla < Olumll2-

Remark 4.4: Theorem 4.1 states that the difference between the output 3¢, of the
closed-loop system when the proposed controller is applied, and the output of the
closed-loop system when the ideal control law 15 applied, namely,

Ym(t) + CDy(t, 0)zo,
can be made as small as desired by selecting the controller parameters ¢ > 0 and

T > 0 properly.

Remark 4.5: Often we may have reference signals which have infinite 2-norm,
such as a sinusoidal. Because of causality, Theorem 2 also means that, for every
T>0

( /OTmE(t)—ym<t>—C*@cl(t,oxz-(on?dt)% < 31zl + o /Ofrumwczt)%, r>0.
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Proof:

First suppose that tg = kg = 0. We start with the bound on the transients. If
we choose o > 0 sufficiently large that

1 m Tm 10
= NCull N Bl + Cmll N Aml || Bl | = | + =—|Cl]-||Bm|| X —= < =,
— NGl Bl | + 1Con |- Ama] ] |||)\m| |/\m|l\ |1 Bml| 7os =3
it follows from (4.4)) that
|Tm = ymlla < (6/3) ([[Zol| + |uml[2)- (4.28)

Let A € (max{Xo,\nn},0) and A\ € (max{Ao, A}, A); from Proposition 4.1
there exist constants € > 0 and v > 1 so that for every ¢ € (0,£) and 0 € P, the
closed-loop system satisfies

@5t 7)] < et > 7 >0,
<

1702 < mllZoll + llumll2), (4.29)
(/ (1) = C@u(t,0)Z0’dt)? < ie(||Zoll + umll2)-
0
Thus, now choose ¢ € (0,€) so that
mE < 5/3

It follows that

(/Om\és(lt)—Cfbcz(lﬁ,O)ioIth)é < (0/3)(Izoll + [lumll2), ¢=0.  (4.30)

From Proposition 4.2 there exist T > 0 and 75 > 0 so that for every § € P,
Um € PCy, and T € (0,7T) we have

IZ=O1 < ezl + lumll2pon), ¢ =0,
e =&l < 7(TZoll + Tlumll2), (4.31)
122 = z°ll2 < 2 (TlZoll + Tllumll2).

Choose T € (0,T) so that
VI < §/3;

it follows that
e —&lla < (6/3)(IIZoll + lltmll2)-
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If we combine this equation with (4.28) and (4.30)) we end up with

(150 = o) = Coutt,0m Py

IA

(/OOO [5°(6) = 47 (8) + 57 (1) = G () + Gn (1) — g (£) — CD(t, 0)0 *dt) 2

18 = &l + 1 — mlls + / (1) — Cu(t, 0)2|2dt)?
0

<
< (6/3) (1ol + llumll2) + (6/3)(|Zoll + [[umll2) + (6/3)IZoll + [Jtm]l2)
< 0(|Zol| + |umll2), t>0.

Hence, the controller given by (4.25)-(4.27)) (with a representation of the form (4.6)))

together with (4.2)),(4.3)), and (4.5)) satisfies the constraints on the error.
It remains to prove that this controller provides exponentially stability. So first

suppose that ty = kg = 0 and that u,, = 0. From Proposition 4.2, there exists a
constant 3 > 0 such that

1251 < yse]|Zoll, ¢ > 0.

From Lemma 4.2 we know that the representation (4.6)) of (4.25))-(4.27)) is deadbeat;
indeed, F'(0) = 0. Hence, if we solve (4.6]), it follows that there exists a constant

74 > 0 so that
|2 [K]| yamax{|[z*(k —j)| : 0 < j <p, k—j >0}
73746““?””50 |
Y3yae T ATzl k> 1.
—_——

=5

INIAIA

Recall that the state of the closed loop system is defined by

Teq(t) = [ "Z%) } , te kT, (k+1)T),

so it follows that

lzsa@®ll < (5 +75e") ¥ l2sa(0)], > 0.
—_———
=16

Now we turn to the case when t, = koh > 0. Since the controller (4.6|) is periodic
of period T, it follows that if our starting point is tg = 577, then

lzsa ()l < v6e™ P l2a(GT), t > JT.

Since the plant parameters are uniformly bounded, it is straight-forward to prove
that nothing un-toward happens if we start between samples: there exists a constant
~7 so that for every ty = kgh > 0, we have

|2sa ()] < 37 [lzaalto)ll, t > to,

i.e., we have exponential stability.
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4.5 Examples

In this section two examples as Chapter 3 are presented, one with relative degree
one and one with relative degree two.

4.5.1 Example 1
The plant model is first order:

The set of plant uncertainty is given by

F:{[ Z} cR*:ac[-1,1], ¢° € [1,14]},
P=PI,m=1Ty=5"5=1X=—-5).
The reference model is
-%m = _-fm‘l'ﬂm;

while reference model anti-aliasing filter is chosen to be
Uy, = —501y, + 50Uy,
as is the anti-aliasing output filter:
y = —50% + 50y.

For approximating the polynomial é, we use

Ffoor(g) = 2.1647¢ — 1.5153¢° + 0.3433¢°,

so ¢ = 5, and we choose p = 50 > 2(2¢ + 1), i.e. the Control Phase is 66% of
the time. We set 7" = 0.1 (so that h = 0.002) and p = 1. Figure shows the
simulation results with yo = 3, %,, = 0, u,, a square wave given by

2mt
Uy = sign(cos(l—g)),

and
a(t) = cos(t/2) and g(t) = [1.2 + 0.2cos(t/2)] * sign|cos(t/4)];

we add a noise signal of the form

h * random sequence uniformly distributed between +1
to the output measurement at the time ¢ = 66 sec. We see that the effect of the
initial condition decays to zero and finally good tracking is attained, even in the
presence of rapid time-variations and noisy measurements, although it is clear that
the effect of the tiny amount of noise is quite significant.



CHAPTER 4. THE LINEAR PERIODIC MRAC IN THE CONTEXT. .. 60
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Plant and reference
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time(sec)

Figure 4.3: Example with a and ¢ varying with time and the output anti-aliasing
filter

4.5.2 Example 2

In this example a minimum phase relative degree two model of a DC motor is
considered [17]:

T = [ 0 L } T+ [ 0 } U
0 Bu(t) g(t) |
—_——— ——
=:A(t) =:B(t)
Yy = [ 10 } x.
——
=:C
The set of plant uncertainty is given by
T
F:{ ﬁl E]-:{'3:50:07 616 [_5a_1]7 96[1,2]},
g
P=Pn=2m=2T,j=1Ty=10,7% =1, = —5}.

The reference model is relative degree two with the state space representation:

. Jo 1 Lfo

Ym = [1 0]z,
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The anti-aliasing filter is chosen as
Uy = —50Uy, + 50Uy,
and the anti-aliasing output filter is given by
y = —50y + 50y.

The range of ¢ is smaller than in Example 1, so for the approximation of %, we use
the polynomial R
foo1(g) = 2.1647 — 1.5153¢g + 0.3433¢%,

so ¢ = 2, we choose p = 40 > 2(2¢ + 1)m, and set T" = 0.04 (so that h = 0.001),
and p = 1. A simulation was carried out (see Figure ) with zp = [1 1]7,
Ymo = Umy = 0, Uy, a square wave given by
, 2mt
Uy = szgn(cos(1—5)),
and
B1(t) = =3 4+ 2 x cos(t/2) and g(t) = 1.5 + 0.5 x sin(t/4).

We add a noise signal of the form

h? * random sequence uniformly distributed between +1
to the output measurement at the time ¢ = 66 sec. While Figure [4.4]illustrates the
simulation results, Figure [4.5| provides a close-up of the control signal during the
first three periods. As shown in these two examples, the tracking is quite close,
the control signal is modest in size, and the effect of the initial conditions declines
exponentially to zero even with time-varying plant parameters.
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Figure 4.4: Example with 3; and g varying with time
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Figure 4.5: A close-up of the control signal
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4.5.3 Example 3

In this example we analyze the performance and the noise behaviour of the closed-
loop system. We compute the £, induced norm when the plant parameters are
fixed and investigate how the performance and the noise behaviour of the sampled-
data system depends on the sampling period. The first computation of the L.
induced norm of the LPC [20] was carried out by Xiaosong [43]. The tool that is
used is the lifting technique (see Chen and Francis [3] which establishes a strong
correspondence between periodic systems and time invariant infinite-dimensional
systems.

We adopt one admissible plant model of the set of plant uncertainty of Example
1 of this chapter as

y(t) = y(t) +ult).

In the LPC [20], for approximating the polynomial é, we use the estimation poly-
nomial R

flg)=g
For the LPC both in L, framework (oco-norm) and H* framework (2-norm). With
the controller designed as above but with h free, in Figure [4.6] we plot ||T,, ||
and ||T,]| as a function of h. As expected, for both controllers, while the former
goes to zero, the latter goes to infinity as h — 0. As this figure illustrates, for

the new framework H* (2-norm) the closed-loop performance and noise-tolerance
deteriorate.
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Figure 4.6: The ||u,, — e|| and ||n — e|| map for two controllers; the high frequency
gain sign is fixed

4.6 Summary and Conclusion

The performance of many controllers is determined by the size of specified signals.
The dependence of the 2-norm on the entire signal as well as its measurement of
energy both in time and frequency domains make it more commonly used, e.g. in
the H* framework, than the co-norm for measuring signals in control designs.

Miller [18, 17, 20] proposed a model reference adaptive control for time vary-
ing, minimum phase systems, which unlike most MRACs, is linear and periodic.
Rather than estimating parameters, the linear periodic time-varying controller di-
rectly estimates the control signal (what the control signal would be if the plant
parameters and states were known, and the ideal linear time-invariant compensator
was applied). The obtained results are in the oco-norm.

In this chapter, we modified the controller [20] by adding an anti-aliasing filter
to the plant output measurement, and produced results which hold when using
the 2-norm to measure the signal size. Adding this filter resulted in increasing the
complexity and deteriorating the performance and noise tolerance of the closed-loop
system.



Chapter 5

The Redesigned LPC

5.1 Introduction

In the adaptive control technique of [20], discussed in Chapter 3 and extended
in Chapter 4, the adaptive controller operates periodically, first estimating the
ideal control signal using a probing signal, and then applying this (suitably scaled)
quantity. Carrying out estimation and control in series is different than that used in
classical adaptive control, where it is done in parallel. That, in itself, is not a major
concern, although doing estimation and control in parallel is more aesthetically
pleasing than in series. The real problem arises from the fact that the probing
signal is quite large and must be of short duration for the approach to work, which
is hard on the actuator. Since the goal is to estimate the ideal control signal and
this quantity does not change rapidly, it is reasonable to expect that consecutive
estimates are quite similar, so it would make more sense to estimate the difference
in the value of the ideal control signal between consecutive periods, for that should
be roughly proportional in size to the size of the period. While this idea is intuitively
reasonable, the details are involved and the proof is intricate. Since the probing is
now a second-order effect rather than a first-order effect as in [20], it has additional
advantage that we need not cancel out the effect of the probing, which reduces
the number of experiments (or probes) during a given period. Because of the fact
that the control signal is always close to the ideal control signal, we might expect
the required period T to be larger than in the similar design for the same level of
performance.

Remark 5.1: If the sole concern is an active actuator, an obvious solution would be
to put a low-pass-filter at the plant input, and proceed as before. Using the original
technique of [20], the input to the low-pass-filter would still be discontinuous and
rapidly moving, but the control signal would be continuous. Of course, the relative
degree of the augmented plant (the plant together with the low-pass-filter) would
increase by one, which would increase the size of the gains, and therefore decrease
the noise tolerance, which is a major drawback. If this is not a major concern then
this could be considered with the new idea of simultaneous estimation and control

65



CHAPTER 5. THE REDESIGNED LPC 66

discussed above.

5.2 The Problem Formulation

In the following we adopt the same setup as in [20], which was discussed in Chapter
3. For completeness we collect relevant notation. We start with the linear time-
varying plant:
z(t) = A(t)x(t) + B(t)u(t), x(to) = o,
y(t) = Ct)x(t).

We will allow a good deal of model uncertainty: the set of possible models is
labelled P; roughly speaking, the set of models corresponding to a time-varying
counterpart of the classical set with a compactness requirement added. We adopt
the approach illustrated in Figure[5.I}, which we borrow from Chapter 3. It includes
an anti-aliasing filter F, applied to u,, before it is sampled

(5.1)

Up = —OUp + OUpy, U (o) = Uy, (5.2)

a reference model P,, which embodies the desired closed loop behaviour with the
state-space representation:

'%m = AnTm + B, im(to)zxmo,
Ym = C’mffma

(5.3)

and last, but most important, a sampled-data periodic controller, listed below:

z[k + 1] = F(k)z[k] + G(k)y(kh) + H(k)Z(kh) + J (k) (kh), z[ko] = 20 € RY,
w(kh +7) = L(k)z[k] + M (k)y(kh), 7€ [0,h)

(5.4)

with z representing the state. The input-output map is labelled K and the gains
F., G, H, J, L and M are periodic of period p € N; the period of the controller is
T := ph, and we associate this system with the 8-tuple (F,G, H, J, L, M, h,p). As
noted before, but worth emphasizing, observe that can be implemented with a
sampler, a zero-order-hold, and an {** order periodically time-varying discrete-time
system of period p .

Following Chapter 3, we can characterize our time-varying plant by the vector
6 which lies in the set

P(n,m, T, i, To, g, Y0, Ao)-

Each admissible # corresponds to a plant model of the form

H((f))} = [bféfft)) jﬁ) H((f)) } +g(t) { 502 } a(t).
A 7 ——
y(t) _ [O C::] (t)w(t) i | =:a(t) =B (5.5)
N—— 'U(t) ] !

=:C
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! _ > LPC |i,
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The Controller

Figure 5.1: The feedback diagram. (Here P,,(s) = (sI — A,,) "' B,.)

here the system parameters Ay, As, by, by, c1, ¢z have rich structure (for details
see Chapter 3) and are implicitly functions of .

It is convenient at this point to combine the plant, the reference model and the
pre-filter together to form a generalized plant:

w [ Al(t) b102 0 0 w 0
v . bgCl(t) Ag(t) 0 0 (% bg
i | 0 0 A, By || an@ | TIW ] g | MO+
U, | 0 0 0 —o U (t) 0
“io ne 7z
[0
0 _ _
o | Flto) = 3o, (5.6)
o
'\,7_/
=F
w
v
y = [0 00]] (5.7)
w
e = [0 = Cp 0]] 0 (5.8)
N — 2| T |
=C Up,

here € represents the difference between y and the reference model P,, driven by
the filtered reference model input ,,, and can be proven to be close to the actual
tracking error e (see equation of Chapter 3). Hence, for each model in our
class of models P, we have a well-defined generalized plant. Our control objective
will be to make the closed loop map from u,, — € small while guaranteeing closed
loop stability.

To find our ’ideal control law” we need to define several gains. Arguing as in
Chapter 3, we can choose k; € R™>™ k, € R and f, € R">™ (independent of
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6 € P) so that the ideal control law given by

1 z _
u(t) = ml —ci(t) fo —Vf2(t) ki ke | Z(t) (5.9)

=:K(t)

both stabilizes the system and yields a transfer function from u,, — € to be exactly
zero, the time-varying components of the closed loop system have been removed).
Of course, to implement this control law requires knowledge of both the generalized
plant state  and the plant parameters g(t), f2(¢) and ¢1(t), none of which are
accessible. Hence, we require a sequence of approximations.

In the first approximation, we observe that g(¢) takes values in a compact set
G not containing zero; indeed, there exists a constant g > 0 so that G C [—g, —g| U
[9,3]. From Proposition 3.2 of Chapter 3 we can approximate 1/g arbitrarily well
over G via a polynomial, i.e. for every £ > 0 there exist ¢ € N and ¢; € R such
that the polynomial f.(g) = oI, cig satisfies

1-gf(9)<e g€G. (5.10)

Hence, the approximate ideal control law is

u(t) = f-(g(0) K (£)z(t). (5.11)

As shown in [20] and Proposition 3.2 of Chapter 3, if € is chosen small enough, then
the approximate ideal control law works almost as well as the ideal control
law.

With € > 0 chosen to be small enough that the approximate ideal control
law is near optimal in a sense made precise in [20] and Chapter 3, clearly the
control law

f(g(kT) K (KT)Z(KT), t e [kT, (k+1)T),

should work almost as well as the approximate ideal control law. Since this cannot
be implemented either, we now turn to the control law implemented in [20] and
discussed in Chapter 3: with

¢;(kT) := estimate of g(kT)'K (kT)Z(kT), i=0,1,--- ,q,

and p > 0, the control law is

(0 t € [kT, kT + mh),
pdi_1 (kKT t € [kT + (2i — 1)mh, kT + 2imh),
1= 17 4
u(t) =4 - . . (5.12)
—pi 1 (KT t € [kT + 2imh, kT + (2i + 1)mh),
1= 17 4
| e Do Goi(KT) ¢ € [KT + (2 + mh, (k+ 1)T).
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Figure 5.2: A typical control signal over a period for the controller of [20].

Hence, the controller operates by first estimating g(kT)'K (kT)z(kT) fori = 0,1,--- ,q,
combining them to form f.(g(kT))K (kT)Z(kT), and then applying this suitably
scaled quantity. It turns out that the forming of the estimates (zgl(k;T) can be car-
ried out linearly, resulting in a linear periodic controller, and the approach can be
proven to be as close to the optimal control law as desired by choosing ¢ and T'
sufficiently small. This control methodology is illustrated in Figure

As mentioned in the previous section, and clearly visible in Figure [5.2] the
estimation and control are done in series, and results in a control signal which
switches rapidly between different values. It is intuitively reasonable that

A

fe(g(KT)) K (ET)z(KT)

should be quite close to

~

felg(kT = T)K(KT = T)z(KT = T),

so it would clearly make sense to apply

~

Fu(g(kT = T) K (KT — T)a(KT — T)
as the nominal control law during [kT), (k + 1)7T") and try to estimate
flg(RT) K (KT)Z(KT) = fo(g(kT = T))K (KT — T)Z(KT —T)

by suitable experiments, hopefully without disturbing the plant very much, from
which we can obtain an estimate of

~

fe(g(kT)) K (KT)z(KT);

this idea is illustrated pictorially in Figure [5.3] While the approach is intuitively
reasonable, it requires a careful design and completely new proofs to show that it
works, which is the goal of this chapter. It turns out that as long as ¢ < 1, this
approach works: this is completely unexpected, but the mechanism at work will be
explained in the next section.
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Figure 5.3: A typical control signal over a period for the new controller.

5.3 Controller Construction

In this section we present the redesigned controller. We start with the high level
motivation of the approach. We then move on to the controller design for the first-
order case, followed by a reasonably straight-forward extension to the general case.
Next we present the formal controller definition, followed by a proof that it satisfies
our objective.

5.3.1 The High Level Analysis

In the LPC of [20], the term ¢o(kT) provides an estimate of K(kT)z=(kT) and
¢1(kT) provides an estimate of g(kT) K (kT)z°(kT); we use these estimations to
form a good estimate of the approximated ideal control law f.(g(t))K (¢)z(t):
constants ¢;, 1 =0,1,---,q, are chosen so that

~

FoWT)K(KT)2(KT) & 3 e (KT).

Here the goal is to estimate the ideal control law rather than approximate
the ideal control law. As in [20], with ¢ > 0 we first choose a polynomial

fa(g) =31 ,¢g" so that
1—-gf-(9)) <e, g€,

although now we will not require € to be small. Here the variable 4°(kT) is used to
represent an estimate of the ideal control signal at time kT". We apply this control
signal on [kT, (k + 1)T), and apply an additional probing signal to create a new
estimate 4°[(k 4+ 1)T] to be used during the following period. It turns out that if
we apply the same formula for ggl as in [20] then the presence of 4°(kT') will affect
the estimates QASZ(k:T ): if all plant parameters are continuous on [kT, (k+ 1)7T") then
(i)

~

¢o(KT) ~ [K(KT)z(kT) — g(KT)a®(kT)]
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rather than )
do(kT) ~ K (KT)Z (kT),

and

(ii)

K(KT)z(KT) — g(kT)a® (kT)]

2
/lim
I i
=53

rather than

Gi(KT) =~ g(KT)'go(kT)
~ g(kT)'K(kKT)z*(kT).

Notice that now ;T) qg"(kT) gives a good approximation to how much g (kT)

differs from K (kT)Zz(kT), so it is natural to define

(kT

Wk +1)T) = a°(kT)+ Z ¢;i(kT)
a’(kT) + Z cig(KT)'¢o(kT)

W(KT) + J.(g(KT) K (KT)E(KT) — (kT (KT)]
11— gkT) . (gRT)a (KT) + (g (KT)) K (KT)#(KT).

Q

(5.13)

Now

I1—gf(9)| <&, g€G;

we impose the reasonable condition that ¢ < 1. If g, K, and Z are slowly moving,
it is clear that if 7" is small, then after some initial transients

l(k+ DT] ~ s KTk,

which is quite close to the ideal value

1

S (kDD 2((k+ 1)

Hence, this mechanism should do a good job of estimating the ideal control law
1

K
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rather than a good job of estimating the approximate ideal control law

Je(g() K (8)z°(1).
While a small e was required in [20] to ensure good performance, here all we need
is € € [0, 1); this is totally unexpected and an extremely desirable feature.

Remark 5.2: Because of Assumption 1, Chpater 3, page 21, on P, the set G is
compact and does not include zero.

(1) If every element of G has the same sign (all positive or all negative), then there
erist g, g € R satisfying

0 < g<g or —g< —g <20,

G C lg,9] or G C [-g,—g

If we set
A 1
fa(g) - 2_9
if every element of G s positive and
A -1
fe(9) = %

when every element of G is negative, then it is easy to confirm that

; g
1—-gf(9)] < 1—2——g <1, ge€gq.
——

=€
This means that we can use a zero-th order polynomial if we so desire, which
means that probing is not required at all!

(ii) Now suppose G contains both positive and negative values. Then there exist
g, g € R satisfying

0 <

o= (55:) o

then it is easy to confirm that
2
1-giol < 1-5(4) <1 e

N————

=€

If we set

N —
NSRS

This means that we can use a first-order polynomial in this case. Hence, in
this new design approach we only need to probe once!
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5.3.2 The First-Order Case (constant parameters)

Here we consider the simplest possible case, that of first-order with constant pa-
rameters borrowed from Chapter 3:

y = ay-+gu,

Ym

The error satisfies

(ym - y) = am(gm - y) + [bmﬂm —gu -+ (am - a)y],
and ideally we would like to set

1 Y

or its sampled-data approximation:

1
u(t) = —Kz(kT), telkT,(k+1)T).
g
We proceed as follows. We start with an estimate of the ideal control signal, which
we label 4°(0); the goal is to apply this estimate while at the same time probing
the system to obtain a good estimate at time ¢t = T, namely 4°(7"). Motivated by
the last subsection, we would like to form an approximation of

Y i g'bntim(0) + (am — a)y(0) — gi®(0)] .

1=0 ::;:(O)

Suppose we initially set
u(t) =u°(0), tel0,h).

Since a and ¢ are constrained to compact sets, it follows that

h
y(h) = e™y(0)+g / e 2(0)dr
= [1+ah+ Oh*)]y(0) + [gh + O(h*)]a°(0).

Hence

%[y(h) —y(0)] = ay(0) + ga’(0) + O(h)y(0) + O(h)a*(0).

Thus, at this point we have a good estimate of ay(0) + ¢ga°(0), with the quality of
the estimate improving as h — 0. Hence, we can form an accurate estimate of

$0(0) := byt (0) + (am — a)y(0) — ga°(0),
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30(0) = Bi(0) + ay(0) — = [y(h) — y(0)]
bt (0) + (am — a)y(0) — gi?(0) + O(h)y(0) + O(h)a*(0)
= $0(0) + O(h)y(0) + O(h)u’(0).
To form estimates of ¢;(0) = g'¢(0), we will carry out some experiments. With

p > 0 a scaling factor (we make this factor small so that it does not disturb the
system very much), set

~

u(t) = ppo(0) +a°(T), te€ [h,2h).
Then

2h
y(2h) = y(0)+g [ e a(0)dr +g / ") pgy(0) + 1°(0)]dr
h

= [L+2ah+OR)y(0) + [2gh + O(*)]a?(0) + [gh + O(h*)]pgo(0)
= [1+ 2ah]y(0) + 2gha°(0) + pgheo(0) + O(h?)y(0) + O(h?)a°(0) +
O(h*)ii,, (0).

>

Hence, define

bi(T) = pih[y@h) — 2y(h) + y(0)
= go(0) + O(h)y(0) + O(R)a(0) + O(h)a
= 61(0) + O(h)y(0) + O(h)a(0) + O(h)iy,

Of course, in completing this experiment, we have excited the state. This can be
largely undone by applying

u(t) = —pdo(0) 4+ 0°(0), t € [2h, 3h);

however, to save time we may as well do two steps at once by (almost) cancelling
out the effect of this experiment at the same time as we do a new experiment: set

u(t) = po1(0) — po(0) +@°(0), ¢ € [2h,3h).

m(0)
(0).

This results in

h 2
y(3h) = e3ahy(0) + g/ e“(3h_7)ﬁ°(0)d7' + g/ e(3h=T) [pdo(0) 4+ a°(0)]dT +
0 h

3h
g / "7 pd, (0) — pdo(0) + @°(0)]dr
2

= [1+3ah+ O(h)]y(0) + [3gh + O(h?)]a°(0) + [gh + O(h*)]pe1(0) +
O(h?)¢ho(0)
= [1+ 3ah]y(0) + 3ght°(0) + pghd,(0) + O(h?)y(0) + O(h?)a°(0) +
O(h?) i, (0),
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which means that

L y3h) —y@h) — y(h) + 5(0)] = 961(0) — 9do(0) +

ph
O(h)y(0) + O(h)a°(0) + O(h) iy, (0).
Using the fact that ¢1(0) ~ goo(0), a good estimate of ¢ (0) is

ba(0) = pih[y@h) — y(2h) — y(h) + y(0)] + dr(0)
461(0) — g0 (0) + 61(0) + O(h)y(0) + O(R)a2(0) + O(h)iiny(0)

¢2(0) + O(h)y(0) + O(h)a®(0) + O(h)um(0).

This can be repeated ¢ — 2 more times. At t = (¢ + 1)h, we have estimates of
®0(0), - -+, ¢,4(0); the last step is to approximately cancel out the effect of the last
probe:

u(t) = —po1(0) +@°(0), t € [(q+h, (q+2)h).

So we set T':= (q + 2)h, update the estimate of the optimal control signal:
q ~
iW°(T) == 0°(0) + Y _ cio(0),
=0

and repeat the procedure.

Remark 5.3: Now we carry out estimation and control simultaneously. This is both
intuitively appealing as well as more efficient. We shall soon see via a simulation
study that this also has better performance for a sampling period h.

5.3.3 The General Case

Now we will show how this approach works for the general n'® order case with

time-varying parameters. Since the key ideas are the same and only the details are

different, we only summarize the approach. We do so on the interval [kT, (k+1)T).
We start with an estimate of u°(kT), which we denote by @°(kT). If we set

u(t) = a(kT), t € [kT,kT 4+ mh),

and consider the definition of K (t) in (5.9)), it follows from KEL-3 that we should
define

Go(kT) = [ fo =1 ] Hu(h) 'S YET) + [ ki ko ] { u:glgg ]

~ K(kT)z(kT) — g(kT)a*(kT).
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By choosing a scaling factor p > 0, we set

u(t) = px estimate of [K(kT)Z(kT) — g(kT)u®(kT)] + a°(kT)
= pho(kT) +0°(kT), t e [KT + mh, kT + 2mh);

it follows that we should define
o (kT) = % [0 -+ 0 1]Hu(h) 'SHY(T +mh) — Y(KT)]
~ g(kT)[K(KT)z(KT) — g(kT)a°(KT)]

~ g(kT)do(KT).
In the next stage in order to achieve a close estimate of ¢o(kT") = g(kT)p1(kT), we

apply pgz@l(k‘T) as the probing signal and at the same time cancel out the effect of
¢o(kT') by setting

u(t) = poy (kT) — poo(kT) + a°(kT), t € [kT +mh, kT + 2mh).
This results in
[0 -+ 0 1] Hy(h) 'S YT + 2mh) — Y(kT)]
~ g(kT) [él(kT) - ggo(kT)]
~ g(kT)p1(KT) — ¢1(KT),

which means that we should define

Go(KT) = %[0 e 0 1}Hm(h)—ls,,;l[y(kT+2mh)—y(kT)]+¢31(kT)

~ (kD) (KT).

SR

If we repeat this procedure then we can obtain a good estimate of ¢;(kT), i =
3,4,--- ,q, which we can use to update our estimate of the optimal control signal:

Wl(k+D)T] = a°(kT)+ Y cii(kT)

=0

Q

@(kT) + Z cig(KT) K (KT)Z(kT) — g(kT)a (kT))]

= [1— f(g(kT))g(KT)]a*(KT) + f-(g(kT)) K (KT)Z(KT);

here, we set
T { mh if ¢ =0,
| (¢4 2)mh else.

If ¢ < 1, we would expect u°(kT") to converge to a good estimate of K (kT)z(kT),
assuming that 7" is small enough. Of course, the above high level analysis assumes
that there are no discontinuities in the plant parameters; if the sampling period
is small enough, then any discontinuity will be infrequent and we will be able to
prove that the controller still works.
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THE PROPOSED CONTROLLER (¢, = 0)
For k € Z*:
(. ot T (KT) .
[ f2 -1 }Hm(h) Sm ym(kT) + [ kl k2 } i (kT) 3 if i = 07
. 110 -+ 0 1] Hp(h)rSt [ VKT 4 mh) — Yo (KT) 1,
oilkT) =4 " if i =1,
S0 o 0 1] Hy(h) 'S [ Yol KT +imh) — Yo (KT) |+
L gbi*l(k‘T)u 1fZ:27 » 4,
(5.14)
If ¢ = 0 then
u(t) =a°(kT), tel[kT, kT +mh)=I[kT,(k+1)T),
and if ¢ > 0
( w°(kT) t € [kT, kT + mh),
pdo(ET) + 0°(KT) t € [kT +mh, kT + 2mh), i =1
poi1(kT) — poi_o(kT) + 02(KT)  t € [KT + imh, kT + (i + 1)mh),
U‘(t): i:2a"'7q7
— g1 (KT) + 0°(kT) t € kT + (g + 1)mh,

w’[(k+ 1)T7

KT + (q+ 2)mh).

(5.15)

— @°(kT) + zq: b (kT), t€ KT + (p— 1)h, (k+1)T). (5.16)

At this stage, the goal is to prove that the state of the system can be made as close
as desired to the approximate ideal control law. We first examine a single period.
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Lemma 5.1 (Key Control Lemma (KCL-5)): There exist constants v > 0
and T > 0 so that for all k € Z+,T € (0,T), and 8 € P, the solution of @—

(5-8) with w given by -(5.16) has the following properties:

(i) In all cases

z(t) — Oyt kT)x(ET) — /]:T O (t, 7) Bty (T)dT

<AT(|Z(RT) || + a°(kT)] + llum|l o),

lu@I <A(lz(RD) + [a°(RT)| + umll), T € KT, (k+1)T),

[a[(k + DT <Ak + [a°RT)] + lumll),

(i3) If O(t) is absolutely continuous on [kT, (k + 1)T], then

[@°(k + 1)T] = [1 = fo(g(kT))g(KT)]a*(KT) = fo(g(kT)) K (KT)2(kT)|
SAT(Z(ED) [+ 12 (KT + [lumll ),

(k+1)T ~
|lz((k+1)T) — ®uq((k+ 1)T,kT)z(kT) — / Ou((k+ )T, 7)Euy,(T)dr —

kT

(k-+1)T
/k ) ek + )T, 1) BlokT)u(kT) — K(-T)a(kT)dr|

< AT*(|z(RT)|| + [a°(RT)| + [l o)-

Proof: See the Appendix B.

Now by the following proposition, it is proven that the proposed controller ((5.14))-
(5.16)) acts like the ideal control law for all time. To be precise, we let 4° denote
the estimate of the ideal control signal at time k7',  denote the state, € denote the
error, and ¢y denote the plant output when — is applied. Recall that we
use T, € and y to denote the corresponding signals when ideal control law is
applied.
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Proposition 5.1: There exist constants T > 0, A < 0 and v > 0 so that for
every 0 € P, u,, € PCy, and T € (0,T), we have

lz(t) = 2@l < ~T2eM(|7o]l + @) + T2 [tmlloo, t 20,
| (KT)]

IN

v (I Zoll + 185]) + Ytmlloo, & > 0.

Proof: See the Appendix B.

In the next lemma, the controller structure and stability are discussed.

Lemma 5.2: The control law -[(5-18) has a representation of the form
given by (F,G,H, J, L, M, h,p) with F periodic with period p and F and z

partitioned as

Fu(jp+1i) Fi(jp+1i)

| o z1[jp + i
F(jp+2) B Fgl(]p‘f“l) Fgg(]p—f—@) 1’

) zZljp + 1| = . .
Ljp + 1] [ 2[jp + ]
jeZr, ie{0,---,p—1},
with the following properties:

(1) FQ?(JP+Z):]-7 ]’GZ+, 16{0a7p_1}

(ii) The second state is associated with u° in the following sense:

O[(j + I)T]7 i=p—1,

>

. ) u® (3T } 0,---,p—2 )
22[]p+2]:{U(] )7 Z.E{a Y }7 j€Z+-

(iii) The first sub-system is deadbeat in the following sense:

Fu(p—1)Fu(p—2) Fu(0)=0.

Proof: See the Appendix B.

Now we need to prove that the new controller provides both stability and close
tracking for all admissible models.
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Theorem 5.1: For every § > 0 and A € (max{\o, A\, },0) there exists a controller

of the form , , and with the following properties:
(i) the controller exponentially stabilizes P, and

(ii) for every 0 € P, zy € R+ and u,, € PC., when ty = ko = 0 the

closed-loop system satisfies

[9(t) = ym(t) = CPa(t,0)2(0)] < de™(||Zo]| + lig]) + 0llumlloc, > 0.

Proof:

First suppose that ty = kg = 0. We start with the bound on the transients. To
proceed, following the derivation of equation (3.4)) of Chapter 3, Section 3.2, first
we choose 0 > ||A,,|| sufficiently large that

1Bl X [|Cl| 1Bl X |Crnll [ Aml]

[ + 1] + [Ym +1 < 9/2,
o — || Anl| o — [|Anl] | Am]
it follows from (3.4)) that
Gn() = ym (D] < (6/2) (€[[Tol] + [|uml|o) > 0. (5.17)

Recall that x and y are the closed-loop system state and output respectively when
the ideal control law ([5.9)) is applied, so there exist A\; < 0 and y; > 0 so that

lZ@)]l
ly(®)ll

~ From Proposition 5.1 there exist T >0, \s <0, and v, > 0 so that for every
6 € Pand T € (0,7) we have

2~ 1
12(t) — 2(t)[| < Tz (||Zol + [i5]) + 2T %[t >0,
|6 (KT)| < v2e?2 (||| + |45]) +72||Um||oo7 k> 0.

1€ Zol| + M[tmlloc,

<
< e Zoll +nllumlls, = 0. (5.18)

(5.19)

Choose T € (0,T) so that )
T2 ||C]| < 6/2;

then it follows that
5(t) — y(®)] < (6/2)[eM (|1 Zoll + [Gg]) + [[ttmloc], > 0.

With A := max{A1, A2, A\ }, if we combine this with (5.17) and use the fact that
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Q)

. (t,0)z(0) = 0, we have

9(t) = ym(t) = Ca(t,0)z(0)| < [5(t) — y(t) +y(t) — G (t) +
( (

the map u,, — € is zero, i.e. e(t) —

INA
<
~
N—
|
<
)
~
-
+
<
—~
~
SN—
|
NIl

3

(t) VC@ ((£,0)Z(0) | + |Fm (t) = ym ()]
< (6/2)[e™"(|Zoll + lag]) + ||umﬁoo)] +(8/2)(e*"[|zo]| + Jlnl|oo)
< ole™(IZoll + lagh) + lumllc], > 0.

Hence, the controller given by ((5.14)-(5.16]) (with a representation of the form (5.4)))

together with (5.2)) and (5.3|) guarantees property (ii).
It remains to prove that this controller provides exponentially stability. Thus,

first suppose that tg = kg = 0 and that u,, = 0. From (j5.18]) and (5.19]) we see that

IZO1 < (1 +0/2) (o]l +145]). t >0. (5.20)
——
=173

Now let us look at the controller states. Recall that Lemma 5.2 states that with
the controller states z partitioned as

=[]

|22[jp+l]| S max{|11"(jT)|, |ﬁ’0[(.] + 1)T]|}7 ] € Z+7 (S {07 e, D — 1}7

we have

and the first subsystem is deadbeat, so there exists a constant v, > 0 so that
lz1lip +4lll < v (max{||2(Gp+i = DR[| : 0 <i—1 <p—1}+
max{|a’(jT)|,|@°[(j + DTN}), je€Z*, i€{0,--,p—1}.
If we use the obtained bound - for u°(jT), and then - to get a bound on
max{||z(jp+i—1|:0<i—-1<p—-1,j€Z", i€{0,---,p—1}, we have
(LN T mgewufou +[ag)
< (e A qaye ) AP (|70 | + fag)),

~
=71

||z1l7p + ]l

jeZr, ie{0,---,p—1}
Thus,

||21[jp+i]\lf+||22[jp+i]\|
(va + 72e”1) AP 20| + [ag]),
N—————

=5

1207 + 4]l

IAIA

j€Z+, ZE{Ovap_l}
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Setting k = jp + ¢ yields
2RI < s ([|zoll + ), k€ ZF.
Hence, with

) = | 1)

so it follows that

lzsa(®)ll < (5 + v5¢™) e¥llzaa (0], > 0.
—_—

=176

Now we turn to the case when ty = koh > 0 and u,,(t) = 0 for ¢ > 0. Since
the controller (5.4]) is periodic of period T, it follows that if our starting time is an
integer of multiple of T, i.e. of the form ¢y = j7', then from above

HISd(t>H < Vﬁek(titO)H'rsd(ih)H? t > 1.

Since the plant and controller parameters are uniformly bounded, it is straight-
forward to prove that nothing un-toward happens if we start between periods:
there exists a constant v; > 74 so that for every kg > 0, with ¢y := kgh we have

lzsa(®)]] < 3 zsalto)ll, ¢ > to,

i.e. we have exponential stability.

5.4 Examples

In this section several examples with relative degree one and one with relative
degree two are presented. In all cases, we compare the new controller to that of
[20].

5.4.1 Example 1
The plant model is first order:

The set of plant uncertainty is given by
I'= {|: ;L :| eR?:a¢€ [—1,1], g € [0.5,1.5]},

P:P<P,/L1:1,T0:5,’70:1,)\0:—5).



CHAPTER 5. THE REDESIGNED LPC 83

The reference model is

Ty = =T + U,

while reference model anti-aliasing filter is chosen to be

Uy = —50U,, + 50u,,.

For the LPC of [20], we approximate the polynomial é, as in [20]:

foor(g) = 2.1647 — 1.5153¢ + 0.3433¢2,

so ¢ = 2, and we choose p = 10 > 2m(2q + 1) = 10, i.e. the Control Phase is 50%
of the controller period. For the new approach, since every element of the compact
set G := [0.5, 1.5] is positive, we can apply Remark 5.2 and set fg(g) = % and p = 1.
In both controllers, we set p = 1, and h = 0.01, so in the LPC [20] 7"= 0.1 and in
the redesigned LPC, T" = 0.01. Figure|5.4]shows the simulation results with y, = 3,

Um, = 0, U, a square wave given by

, 2mt
Uy = szgn(cos(1—5)),
and

a(t) = cos(t/2) and g(t) = [1 4+ 0.5sin(t/4)];

we add a noise signal of the form

h * random sequence uniformly distributed between +1
to the output measurement at the time ¢ = 66 sec. In Figure [5.5| we provide a
close-up of the control signal during the time interval ¢ € [0,0.4] sec. As shown in
Figures and the redesigned LPC has significantly better noise rejection and
performance and a smoother control signal.
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LPC

Qutput Control Signal

Redesigned LPC

20

40 60 80 100 o 20 40 60 50 100
time(sec) time(sec)

Figure 5.4: The plant output and control signal with a and g varying with time

Redesigned LPC

Control Signal

0.05 0.1 0.15 02 025 0.3 035 04

Figure 5.5: A close-up of the control signal
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5.4.2 Example 2
The plant model is first order:

y(t) = a)y(t) + b(t)u(t).

The set of plant uncertainty is given by
F:{[ Z ] cR*:ac[-1,1], ¢* € [1,14]},

P:P(n: 1’ m = 17 F)lul = 17T0:5770: 17>‘0: _5)

The reference model is

Ty = =Ty + U,

and the anti-aliasing filter is
U, = =500, + 50U,

For the LPC of [20], we approximate the polynomial %, as in [20]:

foor(g) = 2.1647g — 1.5153¢> + 0.3433¢°,

so ¢ = 5, and we choose p = 25 > 2m(2q + 1) = 22, i.e. the Control Phase
is 56% of the controller period. For the new approach, since the compact set
G :=[—14,—1] U1, 1.4] contains both positive and negative values, we can apply
Remark 5.2 and set fg(g) = ﬁg and p = 3. In both controllers, we set p = 1, and
h = 0.01, so in the LPC [20] 7" = 0.25 and in the redesigned LPC, T' = 0.03.
Figure shows the simulation results with yy = 3, Uy, = 0, u,, a square wave

given by
, 2rt
Uy, = szgn(cos(1—5)),

and
a(t) = cos(t/2) and g(t) = [1.2 4 0.2cos(t/2)] * sign[cos(t/4)];

we add a noise signal of the form

h * random sequence uniformly distributed between +1
to the output measurement at the time t = 66 sec. As shown in Figure [5.6]
the redesigned LPC has better noise rejection and performance. In Figure we
provide a close-up of the control signal during the time interval ¢ € [0, 1] sec.
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Qutput

LPC

86

Control Signal

Redesigned LPC

20 40 60 80 100 ] 20
time(sec)

time(sec)

Figure 5.6: The plant output and control signal with a and g varying with time

Redesigned LPC

Control Signal

Figure 5.7: A close-up of the control signal
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5.4.3 Example 3

In this example a minimum phase relative degree two model of a DC motor is
considered [17]:

The set of plant uncertainty is given by

Bo
f:{ Bl €R3160:0, 616 [_57_1]7 96[172]}7
g

P=Pn=2m=27T,1, =1,Ty=10,7 =1, A\ = —5}.

The reference model is relative degree two with the state space representation:

Ty = [_01 jz}xm%—{?]um,
Ym = [ 10 } T -
The anti-aliasing filter is chosen as
U = =50y, + 50Uy,.
For the LPC of [20], we approximate the polynomial é, as in [20]:

Fooi(g) = 2.1647 — 1.5153¢ + 0.3433¢,

so ¢ = 2, and we choose p = 25 > 2m(2¢q + 1) = 20, i.e. the Control Phase is 60%
of the controller period. For the redesigned LPC, since the compact set G := [1, 2]

contains only positive values, we can apply Remark 5.2 and set f.(g) = 1 and

1

p = m = 2. In both controllers, we set p = 1, and h = 0.01, so in the LPC [20]
T = 0.25 and in the redesigned LPC, T' = 0.02.

A simulation was carried out (see Figure |5.8 with 2o = [1 1], Yy = tm, = 0,

Uy, & square wave given by

27t
Uy = sign(cos(%)),

and
B1(t) = =34 2% cos(t/2) and g(t) = 1.5+ 0.5 x sin(t/4).

We add a noise signal of the form

h? * random sequence uniformly distributed between +1
to the output measurement at the time ¢ = 66 sec; we see that it degrades the
tracking slightly. In Figure [5.9] we provide a close-up of the control signal during
the time interval ¢ € [0,1] sec. As Figures[5.8land[5.9)illustrate, the redesigned LPC
has much better noise tolerance and performance and a smoother control signal.
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Output Control Signal

LFC

Redesigned LPC
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time(sec) time(sec)

Figure 5.8: The plant output and control signal with 3; and g varying with time

Control Signal
4 T
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Redesigned LPC
(=
i

0 0.1 02 03 04 05 086 07 08 09 1

Figure 5.9: A close-up of the control signal



CHAPTER 5. THE REDESIGNED LPC 89

5.4.4 Example 4: Large Range of Parameter Variation and
Noise Size

In the next three simulations, we show that the redesigned LPC handles large
parameter variation and in the case that every element of G has the same sign (all
positive or all negative) this controller is remarkably noise tolerant.

(a) Relative Degree One and the High Gain Frequency Sign is Fixed: In
the first simulation we adopt the setup of Example 1 of this chapter but with
larger parameter variation. The plant model is first order:

y(t) = a(t)y(t) + g(t)u(t).

The set of plant uncertainty is given by
= {{ ch ] € R?:a € [-15,15], g € [-37,—1]},

P:P(F,/jl :1,T0:5,"}/0:1,)\0:—5).

The reference model is

Ty = =Ty + U,

and the anti-aliasing filter is

Uy = —50U,, + 50u,,.

Since every element of the compact set G := [~37, —1] is negative, we apply
Remark 5.2 and set f.(g) = 1_7%) and p = 1. We also set p = 1, and h = 0.0004,
so 17" = 0.0004.

Figure shows the simulation results and plant parameters with yy = 3,
Um, = 0, U, a square wave given by
27t

Uy = sign(cos(1—5)),

and
a(t) = 15cos(t/2) and g(t) = [—19 — 18sin(t/4)];

we add a noise signal of the form
100A * random sequence uniformly distributed between 41

to the output measurement at the time ¢ = 20 sec. As Figure [5.10] shows,
although the size of noise is large (a hundred times of the sampling time), the
plant output has not been disturbed largely. This illustrates the significant
noise tolerance of the redesigned LPC in the case that the high frequency gain
does not change sign.
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Plant Output

Control Signal

Plant Parameters

Figure 5.10: Example 4, part (a) with a relative degree one plant, large plant
parameter variation and noise size, and the fixed high frequency gain sign

(b) Relative Degree Two and the High Gain Frequency Sign is Fixed: In
the second simulation we adopt the setup of Example 3 of this chapter but
with larger parameter variation. In this simulation a minimum phase relative
degree two model of a DC motor is considered [17]:

= A(t) —=:B(t)
y = [1 O}x

The set of plant uncertainty is given by

b
I={ 5(1) eER’: 5, =0, B €[-9,1], g€[0.5115]}
g

P=Pn=2m=27T,j =1,Ty=10,7 = 1,\g = —5}.

The reference model is relative degree two with the state space representation:

. Jo 1 Lfo

Ym = [1 0]z,
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Plant Output

Cantrol Signal

Plant Parameters
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Figure 5.11: Example 4, part (b) with a relative degree two plant, large plant
parameter variation and noise size, and the fixed high frequency gain sign

The anti-aliasing filter is chosen as
Uy, = =50y, + 50Uy,.

Since the compact set G := [0.5,11.5] contains only positive values, we apply
Remark 5.2 and set f.(g) = 1—12 and p = m = 2. We also set p = 1, and
h =0.001, so T'= 0.002.

A simulation was carried out (see Figure with 2o = [1 17, Yy = tm, =
0, u,, a square wave given by

2mt
Uy, = sign(cos(l—g)),

and
B1(t) = —4 4 5% cos(t/2) and g(t) = 6 + 5.5 * sin(t/4).

We add a noise signal of the form
5h? * random sequence uniformly distributed between £1
to the output measurement at the time ¢t = 20 sec. As Figure shows,

with large noise size, the plant output has not been disturbed largely.

(c) Relative Degree One and the High Gain Frequency Sign is Varying:
In this simulation we adopt the setup of Example 2 of this chapter but with
larger parameter variation. The plant model is first order:

y(t) = a®)y(t) + b(t)u(t).
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The set of plant uncertainty is given by
r:{{ g 1 eER’:a€e[-3,3], ¢*€[1,16]},

P = P(F,,ul = ]-,TO = 5,’70 = ].,)\0 = —5)
The reference model is
‘%m = =Tyt ﬂm7

and the anti-aliasing filter is
U, = =500, + 50U,

Since the compact set G := [—4, —1]U[1, 4] includes both positive and negative
values, we apply Remark 5.2, page 69, and set f.(g) = 35 and p = 3. We also
set p =1, and h = 0.0004, so T' = 0.0012.

Figure [5.12| shows the simulation results and plant parameters with yo = 3,

U, = 0, up, square a wave given by

2mt
Uy, = sign(cos(l—z)),

and
a(t) = 3cos(t/2) and g(t) = [2.5+ 1.5cos(t/2)] * sign[cos(t/4)].

We add a noise signal of the form
h * random sequence uniformly distributed between %1

to the output measurement at the time ¢ = 20 sec. As Figure shows, the
controller handles large parameter variation.

As shown in Figures[5.10] [5.11] and [5.12]the redesigned LPC remarkably handles
a large range of plant parameter variation. Also Figures [5.10| and illustrate
that in the case that the high frequency gain sign is fixed, the redesigned LPC is
significantly noise tolerant.
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Figure 5.12: Example 4, part (c) with a relative degree one plant, large plant
parameter variation, and high frequency gain sign changing

5.4.5 Example 5: Performance and Noise Behaviour

In this example we analyze the performance and the noise behaviour of the closed-
loop system. We compute the L., induced norm when the plant parameters are
fixed and investigate how the performance and the noise behaviour of the sampled-
data system depends on the sampling period. The first computation of the L
induced norm of the LPC [20] was carried out by Xiaosong [43]. The tool that is
used is the lifting technique (see Chen and Francis [3] which establishes a strong
correspondence between periodic systems and time invariant infinite-dimensional
systems.

We consider two cases: (i) the high frequency gain sign is fixed and (ii) the high
frequency g can obtain both positive and negative values. We inject noise n at the
plant output; we let T, ~denote the map from u,, — e and 7;, denote the map
from n — e.

(a) The high frequency gain sign is fixed: We adopt one admissible plant model
of the set of plant uncertainty of Example 1 of this chapter as

y(t) = y(t) +ult).

In the LPC [20], for approximating the polynomial é, we use the estimation
polynomial A
f(g) = 2.1647 — 1.5153g + 0.34334°.
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For the redesigned LPC, the estimation polynomial fg(g) = % is used. With
the controller designed as above but with h free, in Figure[5.13 we plot ||T,,,||
and ||T,|| as a function of h. As expected, for both controllers, the former goes
to zero as h — 0, with that of the new controller goes to zero much faster;
indeed, the gain of ||7,,|| for the redesigned LPC converges to a constant as
h — 0, while that for the LPC [20] blows up. This demonstrates that the
noise behaviour is significantly improved.

solid: Redesigned LPC - LPC
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= 5 : : | =
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h (sampling time) h (sampling tirme)

Figure 5.13: The ||lu, — e¢|| and ||[n — e|| map for two controllers; the high
frequency gain sign is fixed
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(b) The high frequency gain can obtain positive and negative values: We
adopt one admissible plant model of the set of plant uncertainty of Example
2 as

y(t) = y(t) +ult).

In the LPC [20], for approximating the polynomial é, we use the estimation
polynomial )
f(g) =2.1647g — 1.5153¢> + 0.34334°.

For the redesigned LPC, the estimation polynomial fE(g) = 5% is used. With
the controller designed as above but with h free, in Figure we plot
|| T, ]| and ||T,|| as a function of h. As expected, for both controllers, while
the former goes to zero, the latter goes to infinity as h — 0. As the figure
shows the redesigned LPC remarkably improves both noise behaviour and
performance.

solid: Redesigned LPC -2 LPC
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Figure 5.14: The ||u,, — e|| and |[n — e|| map for two controllers; the high
frequency gain can obtain positive and negative values
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5.4.6 Example 6: Effect of ¢

In the next simulation, the stability analysis of the redesigned LPC with respect to
co is carried out. We consider the case when the high frequency gain ¢ is known,
since in the next chapter we deal with this case and small values of ¢y. We inject
noise n at the plant output; we let T3, denote the map from wu,, — e and T,
denote the map from n — e.

We adopt one admissible plant model of the set of plant uncertainty of Example
1 of this chapter as

g(t) = y(t) +u(t).

For the redesigned LPC, the estimation polynomial fe(g) = ¢ is used. With
the controller designed as above but with h free, in Figure [5.15 we plot ||T,,, || and
|77,|| as a function of h. As this figure shows, small values of ¢, result in instability
of the closed-loop system in smaller sampling times. This result matches ,
since small values of ¢y make the term

L—g(kT)f(g(kT))

closer to the critical value one and consequently instability margin. In Chapter 6,
we will show that with ¢y small (which demands small sampling time) and some
other conditions, the redesigned LPC provides stability for plants with lower relative
degree.

sohch:OG ch:OS *cD:O’l -CD:001

60:05 ........... E i

m

1. 1lu_—-=ell

I,
I
T

IIT,I. lIn--=el]

n

h {sampling time)

Figure 5.15: The ||u,, — e|| and ||n — e|| map for the redesigned LPC and different
values of ¢y; the high frequency gain is positive
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5.5 Summary and Concluding Remarks

In [20] Miller presented a new adaptive control technique. This method was dis-
cussed in Chapter 3 and extended in Chapter 4. This adaptive control technique
has a number of significant desirable features:

e it handles rapid changes in the plant parameters,
e it provides nice transient behaviour of the closed-loop system,

e it guarantees that the effect of the initial conditions declines to zero exponen-
tially, and

e it generates control signals which are modest in size.
Having these advatages, we look at its drawbacks:

e during each controller period the control signal takes different values; since
the controller period is small, this requires fast actuators,

e in order to achieve the desired tracking, a small sampling period is used
which results in large controller gains; this may lead the system to poor noise
tolerance; in fact, there is a trade-off between the desired tracking and noise
tolerance, and

e the plant relative degree must be known.

In the LPC [20], the control signal moves vigorously, in particular during the
Estimation Phase, when probing takes place; the control signal jumps rapidly from
one value to another. Here the controller is redesigned to reduce the size and
number of the jumps. The approach is as follows. In the signal control law [20],
the controller is periodic with each period consisting of two phases: in Estimation
Phase the ideal control law is estimated, while in Control Phase a naturally scaled
version of this estimate is applied. In the redesigned controller, we estimate the
change in the ideal control signal law between periods, which reduces the size of
the probing during the Estimation Phase. We also carry out the probing more
efficiently, to reduce the number of jumps in the control signal as well. While
proving this approach required a good deal of effort, the results were good: the
control signal is smoother, the performance and noise tolerance are considerably
better (for a given period). While in this chapter the LPC was redesigned to
improve the first two drawbacks, the next chapter is devoted to modifying the LPC
to relax the last undesirable feature.



Chapter 6

Analyzing the Relative Degree

6.1 Introduction

Knowledge of the plant relative degree is typically assumed in model reference
adaptive control. While in early works, knowledge of the exact relative degree
was required, later attempts [3§] relaxed this requirement and showed that an
upper bound of the plant relative degree is sufficient. Unfortunately, the LPC [20]
demands knowledge of the exact plant relative degree. In this chapter, we deal with
this requirement in the context of the redesigned LPC introduced in Chapter 5. The
goal is to analyze and possibly redesign the redesigned LPC to relax this demand;
instead of the exact relative degree, only an upper bound is required, at least in an
important special case. More specifically, we will show that the redesigned LPC,
developed for relative degree [ > 1, provides stability for plants with lower relative
degree, i.e. an upper bound of the (instead of the exact) plant relative degree is
sufficient, if

(i) the plant high frequency gain is known and always has the same sign,

(ii) to approximate the term é, we use the constant approximation polynomial

f(g) = co # 0, and ¢, has the same sign of the high frequency gain and |c|
is very small, (which requires small sampling time).

(iii) the controller parameters vector f, is chosen large in an appropriate sense,
and

(iv) the plant is time-invariant.

Now for an outline of this chapter. In Section 6.2, we show that assumption
(i) is necessary for the redesigned LPC to require only an upper bound, instead
of the exact, relative degree of the plant; a counterpart-example proves that if the
approximation polynomial order is higher than zero, the controller may result in an
unstable closed-loop system for plants with lower relative degree. Finally Section
6.3 proves that if conditions (i)-(iv) are met, then in the redesigned LPC, an upper
bound (instead of the exact) on the plant relative degree is sufficient.

98
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6.2 The Requirement on the Sign of the High
Frequency Gain

In this section we present a counter-example to show that, if the sign of the high
frequency gain ¢ is unknown, and the LPC is applied to a plant with a lower relative
degree, then closed-loop stability is not guaranteed.

To proceed, we use a very simple example; specifically, suppose that the uncer-
tainty used for designing the controller is the set of transfer functions

g

S +as+ag 9=l |af sa, i=01} (6.1)

with a corresponding state-space model
: { 0 1 ] { 0 }
r = T+ u,
—Gp —ay g
y = [ 10 } x,

while the actual plant lies in

g _
: =41 <
{S+a g ; ol < afj,

with a corresponding state-space model of
y = —ay+ gu. (6.2)

(We can certainly define the corresponding P with the usual notation, but we omit
this for brevity). Thus, we apply the approach of Chapter 5 for the relative degree
two case: we choose a stable reference model

. { 0 1 } {0}_
Tm = — - Tm + — | Um,
—Qp —a1 g
—_—— ~——
=Am =Bm
Um = [1 O}xm.
_
With
f2 = [_fl —fz},
chosen so that
0 1
-fh —f |

is stabld'] then we can design the ideal control law for the modelled plant, which
is of the form

1 1 1
u = —[ao—fl al_f2}x+_kljm+_ﬂm-
g g g

I This is clearly the case if and only if f; > 0 and fo > 0.
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Now we apply the sampled-data controller introduced in Chapter 5. Given that
g = %1 in the nominal model class, it is natural to choose an estimate of é to be
g; indeed, we get an exact match by setting

f(9) = folg)

g.
Hence, we have p =1, m = 2, and T' = 3mh, so we define
10071 'T1too0]"
¢o(kT) == [ —=fi —fo =1]]0 h O 111 x
00 2 1 2 4
y(kT)
Y(KT +h) | + kol (KT) + k17, (KT),
y(kT + 2h)
10071 'T1oo0]"
¢ (kT) == [0 0 1]]0 A O 11 1| x
00 2 1 2 4

2
y(kT + 2h) — y(kT)
y(kT 4 3h) — y(kKT + h)
y(kT + 4h) — y(KT + 2h)
Since fe(g) = g, the control signal is given by
u’(kT), t € kT, kT + 2h),
u(t) = { w(kT) + ¢o(kT), t € [kT + 2h, kT + 4h), (6.3)
W (kT) — ¢po(kT), te [kT +4h, kT + 6h),
and
Wk +1)T) = a°(kT) + oy (kT). (6.4)

When this control law is applied to the nominal model class (6.1)), we know from
Theorem 5.1 that we get closer and closer to optimal behaviour as 7" (or k) — 0.

Now let us apply the control law (6.3)) to the system (6.2)). Here we have
u(t) =u’(kT), telkT,kT+ 2h).
Combining this with the first-order system (6.2)), yields

h
y(kT +h) = e “My(kT) + / ge” T (KT)dr
0

Oy k) + 9(h = o yir()

~ (1—ah+
2h
y(kT +2h) = e *?y(kT) + / ge T (KT)dr
0

(1-2ah+ @)y(m) +g(2h — a@—gy)ﬁo(kT),

Q
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for small h, which results in

do(kT) ~ (=f1+ afs — ) y(kT) + gloe — f2)i00(KT) + kyZ (KT + koti, (KT).

(6.5)

Using the obtained value of ¢o(kT) in (6.5), if we apply (6.3) to the system (6.2),

we will have

3h 3h
y(kT 4 3h) = e 3y (kT) + / e Tgu°(kT)dr + / e~ g0 (KT dr
0 2

(a3h)? h

~ (1 —a3h+ —>)y(kT) + g(3h — a(SZ)Q)ao(kT) +g(h — ah;)gso(kT),

and

4h

4h
y(kT 4 4h) = e Yy (kT) + / T g (KT)dr + / e~ =) g (kT dr
0 2h

(adh)?
2

O k) + gan — 0y (k7) + g(2n - o 20 duar,

~ fe%!
(1 —adh+ —— 5

which leads to

$1(KT) ~ —agge(kT)
—ag [(—fi + afy — ®)y(kT) + g(a — fo)u®(kT)+
k1% (KT) + kot (KT)) .

Q

For T small, if we apply the corresponding control signal (6.3]) to the plant (6.2))
we obtain

T
yl(k+1DT] = e Ty(kT) + g/ e T y(kT + 7)dr
0
~ e “Ty(kT) + gTu°(kT).
The update on the control signal is

W[(k+1)T) = a°(kT) + ¢ (kT)
= W(kT) — agl(—f1 + afo — ®)y(kT) + gla — fo)a°(kT) +
k1Z (KT) + koti, (KT)].

Combining the last two equations results in the following closed-loop system:

{ 50[6@111@] } ~ { —ag(—fi :szz —a?)  1- g2§<Ta — f2) } [ 50(@?) } i

{ _29 ] (k1 Zm (KT) 4 kot (KT)],
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with the characteristic polynomial

nA) = N+ A[—e — 1+ g%a(a— fo)| +
-5
g_“T — e_O‘TgQQ(oz — fo) + ag2T(—f1 +afy — 042)1,
—.5,

which is Hurwitz if the roots stay in the open-unit disc. It is easy to show that this
polynomial is not always Hurwitz. For example if a > 0 is small, then

S) — =2+ g*ala— fo) < =2,

as T'— 0, so n(\) has roots outside the open-unit disc, which results in closed-loop
instability. Thus, the control law does not gurantee the closed-loop stability.

We conclude that, even in a very simple case, if the relative degree is unknown,
then more information about the system parameters are required for our approach
to work. In the next section we will demonstrate that knowledge of the sign of the
high frequency gain is sufficient.

6.3 Stability of the LPC for Plants with Lower
Relative Degree

In this section we prove that if the sign of the high frequency gain is known, then
the redesigned LPC, designed for plants with relative degree [, provides closed-
loop stability for the LTI plants for lower/equal relative degrees m = 1,2, -+ |1, if
certain controller parameters are designed properly.

6.3.1 The Set of Uncertainty

At this point we explain the class of model uncertainty which will be handled here.
We adopt the setup [20], which was repeated in Section 3.3 of Chapter 3:

75m(na m, f? i, T(h 517 T 5m+17 9,70, )\0)
Now withn; > ¢ >1, 1 =1,--- 1 we define the following sets of plant uncertainty
with different relative degrees:

751(”17 m = ]-) Fb ﬂl? TO) 617 527 gv Y0, A0)7

752(”27 m = 2) F2> ﬂl, TO) 517 ) 53)2) Yo, /\0>7

P, m =1,Ty, iy, To, 01, - - - , 01415 9> Y0, Ao),

so that the high frequency gains g1, - - - , g; have the same sign. For this section the
class of plant uncertainty is of the form

P — U,ll:1752
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6.3.2 The Controller Structure

In this section we present the redesigned LPC of Chapter 5, designed for a system
with the relative degree [ which stabilizes plants with lower relative degree. First,
let us recall two (I + 1) x (I 4+ 1) matrices S; and H;(h), which are defined in (3.21))
of Section 3.5 of Chapter 3, and the sequence of output samples by

V(t):=[y(t) ylte+h) - yle+1h)]".

Recall that we choose f, € R so that the eigenvalues of

0 1 0
|
. sz

0 1

/‘\,2 b

lie to the left of those of A,,.To achieve closed-loop stability we will see that we

have to define rg, 71, ..., so that all polynomials
T T T yme To | ym
s™ 4 ml)\*sm—1+ m2)\*28m—2+.”+_1/\* 1S+—O/\* :
T'm T'm T'm T'm

m=1,2,---,1, r:=1,
are Hurwitz. Now if we choose \* large enough and define the vector f, as
,]FQ()\*) = [ _TO/\*Z _Tl/\*l_l o _rl—l/\* ] ’

then Ay + by fo is Hurwitz with eigenvalues on the left of those of A,,.

Because we have assumed that the sign of the high frequency gain is known,
according to Remark 5.2 we can choose fs to be a constant, i.e. the constant
approximation polynomial fe(g) = ¢p. Hence, ¢ = 0, so the control law is as
follows:

THE PROPOSED CONTROLLER (¢, = 0)

u(t) = a°(kT), te[kT, kT +1h),
do(KT) = | fo(X*) =1 ] Hy(h) 'S V(KT) + [ Ky ks | { u:gzg ] (6.6)
w[(k + )T = @(kT) 4 codo(kT).

I
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6.3.3 Applying the Control Law, Designed for Plants with
Relative Degree [, to Plants with Relative Degree m <
[

In this section we apply the control law (6.6)), designed for plants with relative
degree [ to a plant with relative degree m < [ and analyze the closed-loop stability
and performance. In this analysis, we assume that the plant is time-invariant and
the rest of analysis is based on this assumption. Before proceeding, observe that
with 2(t), A, B, and C defined in (5.5) and #(t), A, B, and C defined in equations
(5.6) and of Chapter 5, Section 5.2, we have

CAZ(kT) = CA'z(kT), . . N
= . 1,-- 1o 1—1 7+
CAB = CAIB, Pe {0l ) e {0l 1=} ke

Recall that
u(t) =u’(kT), telkT,kT +lh),

so from Lemma 3.1 (KEL-3) | of Chapter 3, for every [ € N we have:

C 0
. . CA CB A
H;(h)S " Vi(kT) — : z(kT) + : u’(kT)
CA CA-'B
C 0
P CA | . °B |
= H,; (h)S, " V(kT) — : z(kT) + : u’(kT)
CA CA-'B
——
=:0 =P

= O(h)([|z(KT)|| + [a°(KT)]).
Thus, with

~ —

oo(kT) = [ fo =V ]H (WS VET) + [k ks | {2:21@)}

we have

~

o(kT) = [ fo =1 ]O&(T)+ [ fo =1 |pa’(kT) +

[ k1 ks ] { Z:EZER } + O(T)||F(kT)|| + O(T) @ (KT).

2 Technically speaking, a bound is proven in this theorem. Since we need an equality, we use
the above equality form.
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If we combine this equation with the update rule for 4° in then it follows
Clk+1)T) = c[fo —1]OFKT)+ (L+eo[ fo —1]p)a®(kT) +

wlh k)| ) | +

O(T)||Z(kT)| + O(T)|a° (KT (6.7)
Now observe that we can choose perturbations A; and As, satisfying

1A (kD) < T2[lz(kT)I,
12:(kT)|| < T?|Ja°(KT)I,

so that applying the control law (6.6]) yields

- T _
S+ )T = ATERT) + / AT=7) Bio (kT dr
0
= (I + AT)2(kT) + TBu°(kKT) + Ay (kT) + Ay(kT),
for small T'. If we combine this equation, , and (6.7) together, we have

(k+1)T) 1 I+ AT + Ay (kT) BT + Aq(KT)
{ﬂo[(k/‘—Fl)T]} - |:Co[f2 —1]OZ+O(T) 1+CO[]F2 —1]p[+O(T) x
Z(kT) 0 0 ][ Zm(kT)

{ @ (kT) 1 + 6 [ Ky ko 1 { iy (KT) } : (6.8)

The following result shows that under certain conditions this closed-loop system is
stable.

Lemma 6.1: There exists a constant T > 0 so that for all T € (0,T), the
closed-loop system is stable for all 0 € P if

(i) Supg€ﬁ|1+60 [ o -1 ]pl| < 1, and

(ii) there exists a compact set Y C C~ so that

i_pkf 1o

cY, QeP.
[ 2 =1 ]p

sp

Proof: See Appendix C.

To prove closed-loop stability, we need to show that conditions (i) and (ii) of
Lemma 6.1 are satisfied if f, is chosen properly. Lemma 6.2 states under certain
conditions parts (i) and (ii) of Lemma 6.1 are met.
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Lemma 6.2: There exist constants \** >> 1 large enough and 1 >> ¢y > 0
small enough so that for all € P and \* > X if

(a) the high frequency gain g is known,
(b) 0 < |eo] < € and co has the same sign as the high frequency gain g, and

(c) the coefficients 1o, 71, ..., are defined so that the polynomials

T'm—1\x m— ™1y #l- *
s gl N T s N m=1,2, 1, =1

? Y Y
T'm T'm

are Hurwitz and fy is given by
fQ()\*) — [ _ro)\*l _Tl)\*l_l o _Tl—l)\* } 7
and

(d) the plant is time-invariant, then

(i) sup§€75|1+co [ fo —1 ]pl| < 1, and

|
]
=
|
o
N

(ii) there exists a compact set T C C~ so that sp |A— =
T, HecP.

Proof: See Appendix C.

Now we need to prove that the new controller provides stability for plants with
lower relative degree.

Theorem 6.1: There exist constants T > 0, \** >> 1 large enough, and 1 >>
o > 0 small enough so that for all @ € P, T € (0,T), and \* > \** if conditions
(a)-(d) of Lemma 6.2 are satisfied then the control law designed for plants

with relative degree | provides stability for all plants with lower relative degree.

Proof:

Recall that if we apply the control law designed for plants with relative
degree [ to plants with relative degree m < [, then the closed-loop system is given
by . Regarding Lemma 6.2, there exist constants \** >> 1 large enough and
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¢o small enough so that if conditions (a)-(c) of this lemma, which are conditions
(a)-(c) of Theorem 6.1, are met then

(1) SUPéeﬁ|1+Co [ fo -1 }pl‘ < 1, and

-1 ]Oz —

(ii) there exists a compact set Y C C~ so that sp |A — B | cY, fe

P,

which are the conditions (i) and (ii) of Lemma 6.1. Thus, based on Lemma 6.1 the
closed-loop system is stable for all # € P and relative degree m <.

g

6.4 Example

In this section one example is presented. In this simulation the plant relative degree
is one and the controller, designed for a plant with relative degree two, provides
stability for the first-order plant. The time-invariant plant model is first order:

y(t) = ay(t) + gu(t),

with a = 3 and g = —4. The set of plant uncertainty is given by
a 2
Flz{[g ] eR :a=3, gy = -4},
1

aq
Iy ={| as €R3:g2€[—4,—1]},
92

P = Piln=1m=1T,u=1Ty=5v%=1X =-5U
732(71:2,77’1,:271—‘2,“1 = 17TU:57,70: 17)\0: _5)a

Since the high frequency gains g; and g9 are both negative, we can apply Remark

5.2 and set fg(g) = % and p = 2. We set p =1, and h = 0.01, so T' = 0.02.
Figure shows the simulation results with yy = 1, U, = 0, u,, a square wave

given by
, 27t
Uy, = szgn(cos(1—5)),
as shown in Figure [6.1] the redesigned LPC designed for relative degree two, pro-

vides stability for the first-order plant, but unfortunately the tracking provided is
Very poor.
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Figure 6.1: The plant output and control signal of the first-order plant and the
redesigned LPC designed for relative degree two

6.5 Summary and Concluding Remarks

One of the undesirable features of the LPC [20] is that knowledge of the exact
plant relative degree is required. This chapter is devoted to this requirement of
the redesigned LPC, introduced in Chapter 5. We showed that in the redesigned
controller an upper bound of the (instead of the exact) plant relative degree is
sufficient, if

(i) the plant high frequency gain is known and always has the same sign,

(ii) the approximation polynomial is chosen a constant with a small size and has
the same sign of the high frequency gain,

(iii) the controller gains are chosen large, and

(iv) the plant is time-invariant.



Chapter 7

Improving the Noise behaviour

7.1 Introduction

In many control designs, noise tolerance is an important goal. Two main sources
of noise effect are actuators and sensors. When applying the control signal, there
can be noise acting on the actuator at the plant input. Noise can also affect mea-
surement sensors when determining the plant output.

Although the LPC [20] has significant desirable features, it suffers from poor
noise tolerance. The reason is that in order to achieve good tracking performance,
a small sampling period is used. This results in large controller gains and con-
sequently poor noise tolerance. There is a clear trade-off between noise rejection
and performance. This chapter is devoted to improving the noise tolerance of the
LPC [20] as well as examining and improving the noise tolerance of the redesigned
controller of Chapter 5. Figure [7.1]illustrates the LPC [20] feedback configuration
with noises. In this diagram, n; and ns are the noise effects on the actuators and
measurement sensors, respectively. This chapter deals with the most problematic
term, namely the measurement noise ny, and presents several methods to achieve
better noise tolerance behaviour.

The outline of this chapter is organized as follows. In Section 6.2, we present
four different ideas of noise reduction of the measurement noise n,. In the first
method, we apply a low-pass filter after the output. In the second approach, we
redesign the LPC to obtain a smaller estimation error, which allows us to choose
larger sampling time which hopefully will produce better noise rejection. In the
third approach, the MMSE estimators are used to minimize the effect of noise. In
the last approach, we adopt a more vigorous probing signal in order to achieve
better noise tolerance. Finally, in Section 6.3, we combine the last approach with
the redesigned controller of Chapter 5 to take advantage of both methods. The
noise tolerant redesigned LPC' is more tolerant to noise, has better performance,
and requires slower actuators.

109
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Figure 7.1: The feedback diagram with noises.

7.2 Noise Rejection Ideas

In this section, we present four different controller redesigns to improve noise tol-
erance of the controller of [20]. We carry out a time-domain simulation to produce
a glimpse of the noise behaviour and we also compute the noise gain and tracking
error gain (in the induced norm sense) as a function of the sampling period.

In the time-domain simulations, we simulate the plant and the controllers and
then plot the plant output, the reference model output, and the control signal. In
all time-domain simulations of Section 7.2, we adopt the following example:

The plant model is first order:

y(t) = a®)y(t) + g(t)u(t).

The set of plant uncertainty is given by
FZ{{ Z ] ceR?:ac[-1,1], g €[0.8,1.2]},

P:P(F,,Ul:1,T0:5,’70:1,)\0:—5).

For approximating the polynomial é, we use

fo.m(g) =9,

so ¢ = 1. In all controllers, we set p = 1, and h = 0.005. The simulations are
carried out with yo = 3, U, = 0, u,, a square wave:
2mt

Uy, = sign(cos(1—5)),

and
a(t) = cos(t/2) and g(t) = [1 + 0.2sin(t/4)];

we add a noise signal of the form

h * random sequence uniformly distributed between 41
to the output measurement at the time ¢ = 30 sec.

An analysis of performance and the noise rejection is also carried out. We inject
noise n at the plant outputﬂ; we let T, denote the map from w,, — e and T,

'We use n to denote the noise signal rather than no to minimize notation.
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Figure 7.2: The time-domain simulation results for the LPC [20] and the controller
with a low pass filter for different values of o.

denote the map from n — e. With the designed controllers but with h free, we
plot ||T,|| and ||T},|| as a function of h. As we will see, in all approaches, the former
goes to zero as h — 0, while the latter goes to infinity as h — 0.

In all cases, the plant is an admissible plant model of the set of plant uncertainty
of the time-domain simulation example, namely

y(t) = y(t) +u(t), t>0.

7.2.1 Using a Low-Pass Filter

In the first approach, to reduce the effect of the measurement noise, we add a first-
order low pass filter F,,(s) = -2 at the plant output. To redesign the LPC [20]
in Chapter 3 to deal with the 2-norm case, we added an anti-aliasing filter at the
plant output. Here we do the same: we add this filter at the plant output, which
results in increasing the relative degree by ond?

Figure[7.2] shows the time-domain simulation results for different values of 0. As
the figure illustrates, this method does not improve the noise rejection. In Figure
we provide the operator gains. This method worsens the performance as well
as the noise rejection, and larger values of o make the performance even worse.

The reason of this deterioration is that using a low-pass filter increases the

relative degree by one which results in the longer estimation phase.

2Since the high frequency gain of the resulting plant is the high frequency of the original plant
times o, large o results in instability.
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Figure 7.3: The performance, ||u,, — €l||, and the noise rejection behaviour, ||n —
el|, of the LPC [20] and the controller with an output low pass filter and different
values of o.

7.2.2 Controller With the Smaller Estimation Error

In the design of [20], the control signal is chosen to make sure that the error is
O(h). In this approach, we redesign the controller [20] such that the error is O(h?).
So, to reach good tracking, we can choose larger values of the sampling time, which
should lead to better noise rejection.

For simplicity, let us examine the first-order case:

(Ym = 9) = am(Um — Y) + [bnlim — gu + (am — a)y]

and we would like to set
u(t) = f(g) KT(t) = cig bt (t) + (am — a)y(t)).
i=0

Recall that we've chosen p > 2(2¢ 4+ 1) = 6 and h > 0, and have set T = ph. First
we look at the first period [0,7). In the first step we would like to construct an
approximation of

i gz (b (0) + (@, — a)y(())l.
—6:(0)

Now we need to approximate ay(0). Suppose that we initially set

1
=0

u(t) =0, tel0,2n),
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so it follows that

212

y(h) = ey(0) = [1 + ah + = + O(h*)]y(0),

y(2h) = €*y(0) = [1 4 2ah + @*(2h)° + O(h*)]y(0).
Hence
%[—y(%) + 4y (h) — 3y(0)] = ay(0) + O(h*)y(0).

So at this point we have a good estimate of a,,y(0) and ay(0), with the quality of
the estimate improving as h — 0. Hence, we can make a good estimate of

®0(0) := byt (0) + (am — a)y(0),

namely
50(0) = butn(0) + any(0) — 5 [—y(2h) + 4y(h) — 3y(0)
= 6u(0) + O(R)y(0),

SO

90(0) = ¢o(0) + O(h?)y(0).

To form an estimate of ¢1(0) = g¢o(0), we will carry out some experiments. With
p > 0 a scaling factor (we make this small so that it does not disturb the system
very much), set

u(t) = pgo(0), t € [2h,4h).

Of course, in completing this experiment we have given the state a boost. This can
be largely undone by applying

U(t) = _p¢20<0)’ te [4ha6h‘)7
Then

2h
sy = ey + ([ erdrigulzh

(4ah)? (2h)?

= [1+4ah + + O(h)]y(0) + [2h + a==— + O(h*)]go (0),

h
v = ehy0)+ ([ emaniguizn)

" 9 2 ~
Bah) L o) y(0) + [ + ah? +ODlgd0(0)

= [1+3ah+

Hence

1

gp0(0) = _—%[y(4h) — 4y(3h) 4 6y(2h) — 4y(h) + y(0)] + O(h*)y(0),
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so define

51(0) = 5 ly(h) — 4y(3h) + 6y(2h) — dy(h) + y(0)]

= 61(0) + O(h*)y(0).

which is a good estimate of ¢;(0). At the end of the estimation phase, we are at
t = 6h, and we have estimate of ¢1(0) to form our control signal to be applied
during the control phase. We now set u during the control phase to be

u(t) = 1(0), t € [6h,ph).

It follows that

y(ph) = y(T) = e*y(0) + Tg@(O) + O(h)y(0) + O(R*)y(0)
e"y(0) + Tgf (9)[bmtinm (0) + (anm — a)y(0)] +
O(h)y(0) + O(h?)y(0)

T
e“’"Ty(O)+/ e“m(T_T)bmﬂm(T)dT,
0

Q

as desired. Figure [7.4] shows the time-domain simulation results for the controller
[20] and the proposed controller. In Figure the operator gains are illustrated.
As these figures show, this method worsens both the performance and the noise
rejection.

Although the new approach has a smaller estimation error, the response has not
been improved. The reason is that, although the smaller estimation error improves
performance, it requires a longer estimation phase which worsens the performance.
In fact, there is a trade-off between the estimation error and the length of the
estimation phase.

7.2.3 Using MMSE Estimation

In all previous approaches, estimation is carried out in only one way. The following
approach is based on getting different samples in order to approximate. Let n €
N[0, §?] define a realization of a normal random vector with mean value 0 and the
variance 02, representing the noise signal. Now we begin with a first-order system
and the controller [20]:

u(t) =0, te kT, kT + 2h),
which gives

y(kT +h) = (1+ah)y(kT)+ O(h?),
y(kT +2h) = (1+2ah)y(kT)+ O(h?).
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Figure 7.4: The time-domain simulation results for the LPC [20] and the controller
with smaller estimation error.
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Figure 7.5: The performance, ||u,, — €l||, and the noise rejection behaviour, ||n —
el|, of the LPC [20] and the controller with smaller estimation error.
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Let y,, denote the measured output. The measured output is a combination of the
real output and the noise; in fact, what we get as the measured output is as follows

yn(KT) = y(kT) + n(kT),
Yn(KT +h) = y(kT +h)+n(kT + h),
yn(KT 4+ 2h) = y(kT + 2h) + n(kT + 2h).

We can approximate ay(kT') in three different ways as follows:

sihr) = YT H2D) gD+ D) y(RT +2R) + n(kT +2) — y(kT + ) — n(kT + h)

h h
— ay(0) + n(kT + 2h)}; n(kT + h) Lo,
:=n1 (kT)
Sy(kT) = Yn (KT + hf)L —yn(kT) _ y(kT +h) + n(kT +hh) — y(kT) — n(kT)
= ay(er) + MEE h}z — kD) L om),
:=no(kT)
Sy(kT) = Yn (KT + 2;2 —yn(KT) _ y(kT +2h) + n(kT Z h?h) — y(kT) — n(kT)
= ay(kT) + n(hT + 22}2 — n(kT) +0(h),
=ng(kT)

which can be rewritten as

[ Sy(kT) So(kT) Ss(kT) " ~ [1 1 1]" ay(kT) +

7 -

g

:ST(kT) =HT

[ 71 (KT) na(KT) ms(kT) ],

with 7, € N[0, 22—2] , N2 € NJO, 22—2] , n3 € NJO, %], random vectors with mean
value 0. Now let us define the weighting matrix

If we use the method of MMSE [35] estimation, the best estimation of ay(0) is as
follows:

~

Estlay(kT)] = (H'W 'H)'H"W'S(kT)
= 0.255,(kT) + 0.2555(kT) + 0.5S5(kT).
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In order to construct the term ¢, we need the term y(k7T"). Although we have this
term, we use the same method to find the best estimation. The term ¢; = bgg is
estimated by this method as well.

To compare the performance of this controller, two simulations are carried out.
The results of the time-domain simulation are shown in Figure [7.6] As the figure
illustrates, the MMSE has better noise rejection. The operator gains are illustrated
in Figure [7.7] As the figure shows, the new method improves the noise rejection
but worsens the performance.

In summary, since the MMSE uses different samples, which requires longer
estimation phase, the performance drops down. However, this method improves
the noise rejection.
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Figure 7.6: The response and the control signal of the closed-loop system with the
controller [20] and the MMSE estimating method.
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Figure 7.7: The performance, ||u,, — el|, and the noise rejection behaviour, ||n —
e||, of the controller [20] and the MMSE estimating method.
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Figure 7.8: The procedure of the continuous estimate of the unknown term ay(k7T).

7.2.4 The Vigorous Probing Controller

In this approach, we use two techniques: (i) obtaining a continuous approximation,
instead of a discrete one, of the term ¢o(kT'), and (i) applying larger values of the
free parameter for the control signal.

For simplicity, consider a first-order plant. First, we need to obtain a continuous
estimate of the term ¢o(kT"). To do this we have

oo(kT) = (am — a)y(kT) + by, (KT)

= —ay(kT) + any(ET) + by, (KT .
S—— ~~
continuous estimate measureable

Now, the term ay(t) can be written as:

y(t) = ay(t) + bu(t) (7.1)
= ay(t) = y(t) — bu(t).

So to have a continuous estimate of ay(kT"), we can simply estimate the two terms
y(kT) and bu(kT). Figure shows how the continuous estimate can be carried
out by a filter, which is a differentiator rolled off at high frequencies; in this filter,
7 should be small.

Now, we need to have an estimation of bu(kT'). Let us define the term

bt (KT) + (am, — a)y(kT) == u*(kT).

Recall that in the proposed controller [20], first we estimate ¢o(k7T") = u*(kT") and
then we define ¢ (kT") by

o1 (KT) = bu™ (KT).
In (7.2)), we need the term bu(kT') so we also define ¢, (kT") = bu*(KT).

_In the next step, we probe the plant more vigorously when trying to estimate
bigo(KT). With o € (0,1), we set

0 t € [kT, kT +mbh),
u(t) =< ph=7¢;_1(kT) t € [kT + (20 — 1)mh, kT + 2imh), i =1,--- ,q, (7.3)
—ph™7¢i 1 (KT) ¢ € [kT + 2imh, kT + (2i + 1)mh), i=1,--- ,q.



CHAPTER 7. IMPROVING THE NOISE BEHAVIOUR 120

Finally, we combine two the ideas together: the continuous estimate of ay(kT") and
the vigorous control signal (7.3).

Figure presents the time-domain simulation results for the controller [20]
and the proposed vigorous probing controller with different values of o. In this
simulation, we choose 7 = 0.04 in the estimator. As the figure shows, the vigorous
probing controller has good noise rejection, especially for higher values of o, but
the control signal is big, which is a negative aspect of this method. In Figure[7.10]
we plot operator gains; as expected, vigorous probing controller has better noise
rejection, especially for bigger values of o, but poorer performance.

To sum up, probing the control signal with larger values improves the noise
rejection, worsens the performance, and makes a larger control signal.
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Figure 7.9: The output and control signal of the closed-loop system with the con-
troller [20], and the vigorous probing controller for different values of o.
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Figure 7.10: The performance, ||u,, — el||, and the noise rejection behaviour, ||n —
el|, of the controller [20] and the vigorous probing controller with different values
of 0.
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7.3 The Noise Tolerant Redesigned LPC

In Chapter 5 we saw that in the case that the high frequency gain does not change
sign, the redesigned LPC significantly improves the noise tolerance, but when the
sign change is allowed, the noise rejection is not improved too much. The objective
of this subsection is to show that if we increase the value of the scaling factor p, but
not too much, then the new controller of Chapter 5 yields a larger control signal
and poorer performance but improves the noise tolerance.

7.3.1 Examples

In this subsection, two examples are presented to illustrate the proposed method-
ology.

Time Domain Example

We adopt the setup of Example 2 of Chapter 5, Section 5.4.2; the plant model is
first order:

y(t) = a(t)y(t) + g(t)u(t).

The set of plant uncertainty is given by
F:{{ g ] eR2:ae[-1,1], ¢* € [1,1.4]},

P:P(’I'L:]_, m:]_, F,M1:17T0:5,’}/0:17/\0:—5).

While the reference model is
i'm = =Tyt ﬂma

the anti-aliasing filter is
U = =50y, + 50Uyy,.

As the LPC [20], for approximating the polynomial é, we use the approximation
of:
foor(g) = 2.1647g — 1.5153¢> + 0.3433¢°,

so ¢ = 5, and we choose p = 25 > 2m(2q + 1) = 22, i.e. the Control Phase
is 56% of the controller period. For the redesigned LPC, since the compact set
G :=[—14,—1] U1, 1.4] contains both positive and negative values, we can apply
Remark 5.2 and set f-(g) = g and p = 3. We also set h = 0.01, so in the LPC [20]
T = 0.25 and in the redesigned LPC, T'= 0.03. Moreover, in the LPC [20], we set
p =1, and for the redesigned LPC we use different values of p.

Figure shows the simulation results with yy = 3, @y, = 0, u,, a square

wave given by

2mt
Uy = sign(cos(l—z)),
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and
a(t) = cos(t/2) and g(t) = [1.2 4 0.2cos(t/2)] * sign[cos(t/4)].

We add a noise signal of the form

h * random sequence uniformly distributed between +1
to the output measurement at the time ¢ = 30 sec. As shown in Figure [7.11] the
noise tolerant redesigned LPC, designed for the case that the plant high frequency
gain sign can have both positive and negative values, has much better noise rejection
and higher performance when p is larger than 1, but not too large.

Qutput { oy ----yom) Control Signal
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Figure 7.11: The output and control signal of the closed-loop system with the
controller [20], and the noise tolerant redesigned LPC for different values of p.

Performance and Noise Behaviour

In this simulation we analyze the performance and the noise behaviour of the closed-
loop system. We compute the L, induced norm when the plant parameters are
fixed and investigate how the performance and the noise behaviour of the sampled-
data system depends on the sampling period. The first computation of the L
induced norm of the LPC [20] was carried out by Xiaosong [43]. The tool that is
used is the lifting technique (see Chen and Francis [3] which establishes a strong
correspondence between periodic systems and time invariant infinite-dimensional
systems.

We inject noise n at the plant output; we let T, denote the map from u,, — e
and T, denote the map from n — e. We adopt one admissible plant model of the
set of plant uncertainty of the time domain example of this subsection as

g(t) = y(t) +ult).
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In the LPC [20], for approximating the polynomial é, we use the estimation poly-
nomial

flg) = 2.1647g — 1.5153¢> + 0.3433¢°.

For the redesigned LPC, the estimation polynomial fg(g) = ¢ is used. With the
controller designed as above but with & free, in Figure [7.12] we plot ||T,,,|| and
|77,|| as a function of h. As expected, for both controllers, while the former goes
to zero, the latter goes to infinity as h — 0.

As the figure shows, increasing p results in better noise tolerance, but dete-
riorates the performance. We see that while increasing p from 1 to p = 3 or
p = 5 remarkably improves noise tolerance, it slightly worsens the performance.
Meanwhile increasing p from 5 to p = 10 results in minor noise tolerance improve-
ment and performance deterioration. These results show that the noise tolerant
redesigned LPC with p larger than 1 but not too large values significantly improves

performance and noise tolerance compared with the LPC [20].
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Figure 7.12: The ||u,, — e|| and ||n — e]|| for the LPC [20] and the noise tolerant
redesigned LPC with different values of p
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7.4 Summary and Concluding Remarks

Although the LPC [20] has several advantages, it suffers from poor noise tolerance.
In this controller, in order to achieve the desirable features, a small sampling period
is used. This results in large controller gains and consequently poor noise tolerance.
There is a clear trade-off between noise rejection and performance. In this chap-
ter, we presented four different ideas of noise reduction of the measurement noise
and examined a way to improve the noise tolerance of the redesigned controller of
Chapter 5.

In the first method, we applied a low-pass filter after the output. Using a low
pass filter to reduce the noise effect of a signal works only when the signal has
enough time to settle down. In this approach, we take a few samples of the output
in a short time. Thus, using the filter does not improve the noise rejection. This
approach also leads to poorer performance, since using a low-pass filter increases
the relative degree by one and consequently results in a longer Estimation Phase.

In the second approach, we redesigned the LPC to obtain a smaller estimation
error, allowing us to choose larger sampling time and achieving better noise re-
jection. Although the new approach has a smaller estimation error, the response
has not been improved. The reason is that, although the smaller estimation error
improves performance, it requires a longer Estimation Phase, which worsens the
performance. In fact, there is a trade-off between the estimation error and the
length of Estimation Phase.

In the third approach, the MMSE estimators are used to minimize the effect
of noise. The MMSE approach improves the noise rejection but worsens the per-
formance, since this method uses different samples, requiring a longer Estimation
Phase.

In the last approach, we probed the control signal with larger values in order
to achieve better noise tolerance. Probing the control signal with larger values,
improves the noise rejection but worsens the performance and makes a larger control
signal.

In short, none of the attempts at modifying the LPC [20] were very successful at
improving the noise tolerance-tracking performance trade-off. Thus, we examined
the redesigned controller of Chapter 5. In the case that the high frequency gain
does not change sign, this controller is significantly noise tolerant. In the case
that the high frequency gain sign can have both positive and negative values, we
considered the free parameter p and determined that for large (but not too large)
values we could improve the noise tolerance with minimal change in the tracking
performance.



Chapter 8

Conclusions

8.1 A Summary

Adaptive control is a widely used approach which deals with plants with uncer-
tain or time-varying parameters. An adaptive controller typically consists of an
LTT compensator together with a tuning mechanism which adjusts the compen-
sator gains to match the plant. Because of the adjustment law, a typical adaptive
controller is nonlinear. This nonlinearity often results in poor transient closed-loop
behaviour and large control signal. Although the initial motivation for adaptive
control was to cope with time-varying plant parameters, most classical adaptive
controllers cannot handle rapidly changing parameters.

Recently Miller [20] proposed an LPC as a new approach in the field of model
reference adaptive control. This approach uses a linear sampled-data periodic con-
troller; unlike classical adaptive control schemes, which are based on parameter
estimation, this method directly estimates the control signal. The achieved con-
troller has the following advantages:

e it can handle time-varying plant parameters,

e the transient behaviour of the system is improved; immediate tracking can be
achieved if the initial conditions of the plant and controller are the same, and
if the initial conditions are not the same, then the deviation goes exponentially
to zero,

e the control signal is not large and it can be as close as desired to the ideal
control signal (the ideal control signal is the one obtained if the plant param-
eters and state were known and the ideal LTI compensator would be applied;
this signal is modest in size).

Although the LPC [20] has the above desirable features, it has some imperfections:

e during each controller period the control signal takes different values; since
the controller period is small, this requires fast actuators,

126
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e in order to achieve the desired tracking, a small sampling period is used
which results in large controller gains; this may lead the system to poor noise
tolerance; in fact, there is a trade-off between the desired tracking and noise
tolerance,

e the plant relative degree must be known.

In this PhD research, we extended this work in several directions.

First of all, in [20] the time-domain oco-norm is used to measure signal size.
However, the time-domain 2-norm is an equally (if not more) common way to
measure signal size. Here we extended the approach so that results can be obtained
in the 2-norm setting which are comparable to those of [20]. This new setting
requires a structural change in the control law together with new proofs of key
steps.

Second of all, in [20] the control signal moves vigorously, in particular during
the so-called Estimation Phase, when probing takes place; the control signal jumps
rapidly from one value to another. In this research the controller has been re-
designed to reduce the size and number of the jumps. The approach is as follows.
In the signal control law [20], the controller is periodic with each period consisting
of two phases: in Estimation Phase the ideal control law is estimated, while in Con-
trol Phase a naturally scaled version of this estimate is applied. In this work, we
estimated the change in the ideal control signal law between periods, which reduces
the size of the probing. We also carried out the probing more efficiently, to reduce
the number of jumps in the control signal as well. While proving this approach re-
quires a good deal of effort, the results are very nice: the control signal is smoother,
the controller can handle large parameter variation, the performance is better (for
a given sampling period), and in the case that the sign of high frequency gain is
fixed the closd-loop system is remarkably noise tolerant.

The third part of this PhD thesis has been focussed on the plant relative degree
assumption. One of the undesired aspects of the LPC is that the plant relative
degree should be known. In this work, we show that under some restrictive as-
sumptions, this requirement can be relaxed to that of requiring an upper bound of
the plant relative degree, at least from the point of view of providing stability.

Finally, to improve the noise rejection, four different approaches were presented.
In the first approach, a low pass filter has been used at the plant output. In the
second approach, we modified the LPC in order to obtain a smaller estimation
error, which allows us to choose larger sampling times and consequently better noise
tolerance. While the idea of MMSE estimation has been used in the third approach
to minimize the effect of noise, the fourth approach has been based on applying a
probing signal with a larger size in order to obtain better noise rejection. Finally,
we demonstrated that the degree of freedom present in the redesigned controller,
mentioned above, can be used to achieve the advantages of both methods. The
noise tolerant redesigned LPC' attains better noise rejection and performance as
well as a better behaved control signal, as compared to the original controller of
[20].
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8.2 Future Research

In Chapter 5, we proposed the redesigned LPC with considerable desirable features,
such as a smoother control signal, higher noise tolerance, and better performance.
These advantages make an appropriate controller of the redesigned LPC for practi-
cal adaptive control applications: a smoother control signal alleviates the require-
ment of fast actuators, higher noise tolerance is of great benefit in real-life control
problems which demand noisy environments, and finally better performance eases
the necessity of fast sampling which is an advantageous aspect in practical con-
trol purposes. Implementation of the redesigned LPC for control of time-varying
systems, such as fuel consumption, would be an extension of this research work.

The LPC [20] uses a linear sampled-data periodic controller; unlike classical
adaptive control methods, which are based on parameter estimation, this method
directly estimates the control signal. We modified this controller to achieve the
redesigned LPC of Chapter 5. The modification is based on the idea of combining
the Estimation and Control Phases. This idea might be used on [21], 22, 23] which
apply the same point of view of that of the LPC [20].

In Chapter 6 we modified the redesigned LPC of Chapter 5 and showed that
with the new setting, the controller provides stability for plants with the same/lower
relative degrees. We could perhaps redesign/modify this controller to achieve both
stability and performance.

In the redesigned LPC of Chapter 5, in the case that the high frequency sign
can change, the controller period is three sampling times. We would adopt more
effective approach to carry out the control in two sampling times, instead of three.
This modification could result in higher noise-tolerance and better performance.
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.1 APPENDIX A

Before starting the proofs, four technical results are presented, which are used in
other proofs. In these results, B(t) is a time-varying vector and A(t) is a time-

varying square matrix; we let ® 4 denote the transition matrix corresponding to
A.

Lemma A.1 of [17]: Consider the differential equation
0(t) = A)n(),
with A € PC and ¢ := ||Al|oc. Then

1At to)

< eclt= to)
[Daltte) 1] < (9 1), 121,

Lemma A.2 of [17]: Consider the differential equation

(t) = [A(E) + A)]n(t),
and suppose that there exist ¢ > 0 and A < 0 satisfying

DAt to)] < et >t

With A, € (A, 0) and [|All» < 2521 it follows that

D arn(t,to)| < 2ceMEt0) ¢ > ¢
+

Lemma A.3: Consider the time-varying system

0(t) = A()n(t) + B(t)u(t), n(to) = 1o.

Suppose that b := sup,s||B(t)|| < oo, and that there exist ¢ > 0 and A < 0
satisfying

@At to)]| < et > 1.

Then

In()]] < e In(to) || + —== m [u@)llz gy, T2 to-

Proof:

Since the system is linear, we can partition 7(t) into its zero-input-response and
zero-state-response

n(t) = nzir(t) + nzsr(t).



131

The zero-input-response satisfies

Inzir (@) < e (o)l t = to. (1)

While the zero-state-response satisfies

t
Inzsa(®)] < / A u(r)]| dr, ¢ > to.

to

If we apply the Cauchy Swartz inequality to this integral, we obtain

> to. (2)

||7725R ||_ \/T” ||2[t0, ) t_

Combining this equation with yields

be
> .

In@)|| < e |In(to) || + —== o lully gy 2

Lemma A.4: Consider the time-varying system

0(t) = A@)n(t) + B(t)u(t).

Suppose that b := sup,»||B(f)|| < oo, and that there exist ¢ > 0 and A < 0
satisfying

[ a(t,to)|| < e ¢ >t

Then

be
t < t + U .
1712 1,00) 2|A| [[n(to) B ||| 2 ft6,00)

Proof:

We adopt the method of the previous proof. nz;r(t) and nzgr(t) are the zero-
input-response and zero-state-response, respectively. For the zero-input-response
we have

Inzir@®)] < e n(to)ll, > to,

SO

21RO |5 19,00) < \/W (o)l - (3)
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For the zero-state-response we have

t
Inzsa(®)]| < / et [[u(r)||dr.

to

be

5, driven

We can regard the RHS output of an LTI system with transfer function
by ||u(t)||, so using Parseval’s Theorem it follows that

be
Inzsrll, fto.00) = W ||U||2, [to,00) *

If we combine this equation with , then it follows that

c be

t < to)|| + —— ||u o) -
16 ) < 7757 I+ 5 el

Proof of Proposition 4.1:

First we examine ®.. Let ®; denote the transition matrix associated with Ay;
it follows from Assumption 6 of Chapter 3 that there exist constants 7o and Ag < 0
so that, for every 6 € P, we have

| @1 (¢, 7)|| < 706’\0(t_T), t>T.

Observe that —o < A, by hypothesis and that A,, and A, have all eigenvalues with
a real part less than \,,,. Now let A € (max{)\o, A, },0); with Ay € (max{Ao, Ain}, A),
it follows from the structure of A, that there exists a y; > 0 so that for every § € P,
we have

@t 7)]| < MeMD > 7 >0. (4)
T _ ’YlHEH T ’YlHEH —
1Zol| + [ty < max{ : FUIZol| + [lwmlly)- (5)
V2| M| A1l 2 V2M] A ?
=2
Now define

A(t) == Blg(t)f-(9(t)) = 1K (#);

which means that

A5 (1) = Aa + AL(2).

By definition of fg and the boundedness of the plant parameters, there exists a
constant 73 so that for every ¢ > 0 we have

[A(H)]| < yse, 0P, (6)
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so it follows from Lemma A.2 angi 7 that there exist constants v, > 0 and e; > 0
so that for every ¢ € (0,¢;) and 6 € P, we have

195,(t, 7)|| < 72?7, t>7>0. (7)

Now let us define

Then ' -
B(t) = AL (1) T (1) — A(6)T°(t).

Using this equation, Lemma A .4, , @, , and the fact that To = 0, it follows

that for all € € (0,£1) and 6 € P, we have

Y37V4
V2|l
N——

=75

127, < e [Toll, -
If we combine this equation with we have that, for all € € (0,¢,) and 6 € P:

1750y < v2vsellZoll + llumll,)- (8)

Since the map of u,, — € is zero, if we multiply both sides of this inequality by
|C]], the bound on the error follows immediately. Last of all, using and it
follows that for all € € (0,¢;) and 6 € P, we have

1701, < (2 + 727580) ([Zol| + [lumlly)-

d
Proof of Lemma 4.1 (KEL-4):
We have
z(t) = At)z(t) + g(t) Bu + Euy,(t), t€ [to,to+ (m+ 1)h). (9)
Define
n = sup(|Allss + [lgllecll BIl + | £]] +

ocpP
[ f2lloo + llerlloo 4 [lglloo + 11 f2lloo + [lér]loo + 1141D;

it follows from the standing assumptions that -, is finite. (Notice that the co-norm
contains an essential supremum, so that infinite derivatives at the discontinuities
do not show up when computing ~;.)

Let us first prove the first bound. Let ®(¢,7) denote the transition matrix
associated with A(t). From Lemma A.1 we have that

le(t, T < e @t r) — I < et 1, t>7 >0
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If we solve @D and apply the Cauchy-Schwartz inequality, we see that for small h
we have

t
lZ(t) = z(to)l| < (e”l(tt(’)—l)\lf(to)\H/ Uyl dr +

to

t
| el dr

to

’)/1\/6271(t_t0) —1

< (et — 1) (|lz(to) || + Nlall) + oo [2ml|2 ft0.1)
< 2ymh(||z(to) || + |a@]) + 71 V2ZmV R [uml2 r0.0)

1
< a(hl|z(to)]] + Allall + h2|[umll2 to.0), t € [to, to + (m 4+ 1)h),

(10)

where 75 := 27ym. This yields the first part of (i) of Lemma 4.1.
Now let us look at v in detail. Observe that

0(t) = (g + bafa(®))v(t) + bacr (w(t) + g(t)bei
= Aau(t) + b [L()u(t) + e (Dew(t) + g(t)a).

L J/
-~

=(1)

Using the bound on v and w from equation and the fact that fs, ¢1, and g are
bounded by 71, it follows that there exists a constant 3 so that for small h we have

(O] < s([lZ )| + 1all + h2 [[umll2 o), t € [to,to + (m+ 1)), (11)

Combining the differential equations for v an § yields

] = Lom ][0 ]+ [6]s0 0o
i = 0[] @

Solving this differential equation yields

_ t_ -~
o(t) = e™2t10)g(¢) +/ 2T boa (1) dr,

to

which results in
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From the form of As, by, and & it follows that

_ m+1 Aztz
E2€A2t _ Z— —|—(’)(tm+2)

i=0
2
mt1 o\ o
_ [1 t (fnﬂ),} : + O™,
52(A2>m+1
and
- m tl

626A2tb2 Z 2 (tm—i-l)
— !
A bot™

= & 22 o™,
m)!

Hence, solving the differential equation for ¢ results in

(&)
pym41 o\ _ o <
g =[1 t—t o LT () + O )0(t) + A,
E2A’S‘L+I

From the form of Ay, by, and & it follows that there exists a constant Y4 > 0 so
that for small A we have

Ca2
m~+1 N i = A
_ A _ Az tz m41 CQAQ
| et — Z C2 2.2, | = ||C2€A2t Lt - (fn—‘,—l)! ] : |
i=0 ’ e
~ ~ - @y (AQ)erl

=:Aq(t)

and
o, S, 8 g, M
o€ %'y — C b = ||Ge™?*by — & b
|| 2 2 Zz_; 2 2|| || 2 2 2 ml 2||
NTD
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Hence, solving the equation for g yields, for small h:

C2
- gyt Col\y B
gty = |1 (t—ty) --- %} 5 o(to) +
]\mi t t
At —to)v(to) + 2 ﬁbz/ (t—T)m¢(r)dr+/ Ayt — 7)3p(7)dr,
. to to
—As(t)
€ [to,to + (m + 1)h). (14)
Now observe that
B ~ Ay by ]
CoN' = [02 0}{02 02}
] N, ASD
:[020}{02 202}
_ CQA2 52]\371[32
0 0 ’

which means that
&AD(ty) = &N o(to) 1 .

Hence, ((14]) can be rewritten as

w0 = [1 - o G Rt | G ] aae
t € [to, to + (m + 1)h). (15)

Using the above bounds on A;(t) and Ay (t) given above together with the bound
on ¥ given in (11)), it follows that there exists a constant 75 so that for small h:

HAa( )H Ya(t = to)™¥[o(to) || +

[} —bz‘\ / (t — 7)™ dr x 3 (||Z(to)l| + 1G]] + 12|t 2, to,0) +

t
74/ (t =)y x (112 ()| + llal] + A2 [l o)

to

=yt — o)™ 2| |0(to)|| +
(AL

V3 2( +1>

V374 m . _
g (= t)™ P (Ilz(to)l| + [lal] +

m _ _ 1
ba| (t — to)™ (12 (to) ] + [lal] + R [[tml|2, fro.0) +

1
B2t ]2, [to,t))
1
Vs (t = to)™ (|2 ()| + [|al] + 22 [[tmlla, fto.to+(m1yn))s T € [to, to + (m + 1)h).

IN
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Hence, if we substitute this equation into and evaluate it at t = g, to +
hy, -+, to+ (m + 1)h we obtain, for small h:

As(to)
_ o(to As(to +h
19(5) = Sos s Fn(e) | 0 1= | Y

As(ty + (:m + 1)h)

m+1
m m — 1
(Z] “) R (2 )+ (1@l + 2w |2, froto+(mt1)m))

te [to, to + (m + 1)h)
using the fact that ||H, .}, (h)|| = (hm,jfl , it follows that for small h:

1) Hda ;) - | 5 |1 <

m+1

1
3
1E i (@I 1Sl ysh™ (ijH) (Ilz (o)l + llull +
j=1
1
R |[wm] ]2, [to,t0+(m+1)h))’
which is the second part of (i).
Now let us assume that g and A are absolutely continuous on [tg, to+ (m+1)h).

Now we re-examine and take this into account. To proceed, using the definition
of 1) observe that

D(t) = fo(t)o(t) + falt ) ( )+ ar()u(t) + e (Hw(t) + 9(0)a; (16)
using the bound on Z given in , we can obtain a bound on v and w, while

provides a bound on || f2()]|, Hc’l (t)||, and [g(t)], so there exists a constant -4 so
that for small h,

(1)) < %(Ilﬂ?(to)ll + |Iﬂ|| + 12 [tmlla o), € [to, to+ (m+1)h).

Now we can rewrite , and ._
{Z(@} o o] L [ ] e
o - o8]

From the form of Ay, by, and ¢ it follows that there exists a constant ~7 so that
for small h we have
+ Z
H 626 Z < 77tm+27 te [07 (m + 1)h)7
— !

[ J/

Z()
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and
o o] ”’itiN
&byl = || Y & ——bsl|
—— ) 7]
=:As(t) t=m+1

< ™ttt e [0, (m+ 1)h).

Hence, solving equation ([17)) we obtain

Ca
_ 4 \ym+1 62A2 5
gty = [1 (=) o G L) +
EQAS”L—H

Ayt —to)o(to) + /t Aj(t — T)lb(T)dT, t € [to,to + (m+1)h). (18)

to
N 7
-~

=:A¢(t)

Now it follows that there exists a constant g so that for small h:
126(0)]] < o (t — to)™ [0 (to) || +

t
_ _ 1
/ V(T = to) ™ dr x (|| (ko) || + [|@l] + h2||wmll2, to.to+(m+1)m))

to
< £ )25 (¢ Y67 "
< yr(t =)™ [0( o)l!+m+2(

— to)" ([ (to)|| + ||l +

1
h2 ||Um| |2, [to,to+(m+l)h))

_ _ 1
< st —to)™ 2 (|2 (t)ll + |1l + A2 ||umll2, froto+(msmy), T € [fo,to + (m+ 1)h).

Hence, if we substitute this into and evaluate it at t = ty, to+h, -+, to+
(m + 1)h, we obtain, for small h:
Ag(to)

_ AG 0 h
15(to) — Smi1Hmi1(h) Frnpa(0)o(to)]| = (t.+ )

Ag(to + (m+ 1)h)

m—+1 2
= (Zﬂ +2> W2 (|2 ()| + |al] + h2 | uml 2, fo.to+ m1m));
j=1

using the fact that

_ (m+1)!
Ll = TR

and

fg(to)?)(to) + Cl(tg)w(to) + g(t(])ﬂ



it follows that for small h:

|y (0)H,y oy (R)S () —
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fg(to)l}(to) + C1 (to)w(to) + g(to)ﬂ

m—+1

HFEiNUN\HSEiﬂ|vdz<§:Jw”2) (m + D ([|2(t)[| +[lall +

j=1
1
hz ‘ |um| |27 [t07t0+(m+1)h))7

as desired.

Proof of Lemma 4.2:

To prove this, the interval of [jT, (j +1)T") will be analyzed. In this regard, the

state z has dimension 2(m + 1) + 2 = 2m + 4:

e 2z keeps track of

\[0 1 O}F,;ile+1(h)—1S;i£

~[ 8 &

=

5m+1 }

y(iT)
y(3T + h)

y(iT + (;71 + 1)h)

e 2, keeps track of the current ngSi(jT), t = 1,---,p, being constructed. We

define

[ 60 0

to be used in the construction of ¢o(57).

(5m+1]::[f2 -1 0}

o H L (R)S,

e 23 is used to construct the control signal to be used during the Estimation

e 2, is used to construct the control signal to be applied during the Control

Phase.
Phase.
The periodically time-varying gains F', G, H, J, and L (with period p) are parti-
tioned as
F5(k) Ga (k)
F k == 5 G k = , H k —
N R RN (AN R
Fy(k) Ga(k)
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Since the controller is periodic of period T, for simplicity we will assume that 7 =0
which means that we are analyzing the first period [0,7"). We would like z; to keep
track of a weighted version of ¢(0):

y(0)
y(h
a(k)=[0 1 0]F 1 H, L (R)S y(:) k=m+2,-,p,
[0 01 - G | y((m+1)h)
SO we set
([O 00 0}7507070) ]{]:O,
(Fl,Gl,Hl,Jl)(k): ([1 0 0 0},(57;,0,0,) kle,"',m+1,
(|1 00 0],000) k=m+2--,p—1

The objective of 25 is to construct the current qgi(O), t=1,---,q. To this end,
we set

((0,0,0,0) k=0,---,m,
([-1 0 0 0],60,0,0) k:(2i—1)(m+1),
(Z: ’ ',Q)
(F>,Ga, Hy, Jo)(k) =< ([0 1 0 0],6;,0,0) :(22—1)(m+1)+j,
(7’:17 7q)7
(]: 7"'7m+1>7
( ([0 1 0 0],0,0,0)  all remaining k € {0,---,p— 1}.

This choice of parameters results in
2Q2i(m+1)+7) =¢(0), j=1,--- m+1, i=1,-,4q

The state z3 is used to construct the control signal to be used during the Es-
timation Phase. While 2z, captures ¢1(0),- -, ¢4—1(0), we can obtain ¢y(0) from
samples of y, Z,,, and u,,. To this end, set

(0, 60, k1, k) k=0,
(0O 0 1 071,6,00) k=1,---,m+1,

(Fs,Gs, Hs, J5)(k) = ({o 10 oJ,o,o,o) k= 2+ 1)(m+1)—1,
(i:17"'7Q)a

(O 01 0],0,0,0) all remaining k € {0,---,p— 1}.

Hence,

z((m+ 1)+ ) = z3(m +1) + 5pia@((m+ 1)h) = 9o(0), j=1,--+,2(m+1) -1,
23((20+ 1) (m+1)+7)=¢;0), i=1,---,q, j=0,---,m

The state z4 is used to form the control signal to be used during the Control
Phase. To this end, we set
(0,0,0,0) k=0,
([ 0 0 co 11],0,0,0) k=m+2,
(10 ¢ 11],0,0,0) k=2i(m+1)+1,

(Z:]-J 7Q)7

([0 0 0 1],0,0,0) all remaining k € {0,---,p—1}.

(F4,G4,H4, J4)(k’) -
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So .
a(k) = cii(0), k=2q(m+1)+2,--- p.
i=0
The construction of the control signal is as follows
( (070) B k:07"'7m7
([O P 0 0]7p6m+1) k:m+17
([0 0 p 0],0) k= 2+ 1)(m+1)+j,
(L, M)(k) = (1=0,---,q—1)(j=0,---,m),
([0 0 —p 0],0) k= (2i+2)(m+1)+ 7,
(ZZO,,q—l) (]:07 ’m)7
L ([00 0 7505 ].0) k=(Q2¢+1(m+1),-- p—1

By examining the definitions of Fy, Fy, F3, and F} it follows that F'(0) = 0, so
Fp—1)x---x F(1) x F(0) =0,

which means that the controller is deadbeat.

Proof of Lemma 4.3 (KCL-4):

First define
Moo= esssuptzo(llz‘fl(t)ll +lgOILIBI -+ [l +'||01(t)|| + |1 f20)]]),
vo = esssupiso([[A®)] + [|g)]] + lea )] + (| f2(0)]]);

it follows from the standing assumptions that v, and v, are finite. Now let us
examine the equation given in (4.8]), namely

z(t) = A()z(t) + g(t)Bu(t) + Eun(t). (19)
Thus, using Lemma A.1 and the Cauchy-Schwartz inequality it follows that
120 < T 20D+ T =150 ()l gy Hltmloer)s -t € KT, (k+1)T).
From KEL-4 there exists a constant =3 so that for small T’
ok < 52T+ T2 et s 1y
I6: (KTl < ANk + |Z(KT + (2 = 1)(m + Dh)| + plldsa (KT +
Tz ||Um||2,[kT,kT+2z‘(m+1)h)) i=12--,q (20)
From KEL-4 we also have that there exists a constant 4 so that for small T’
J2(T + (m+ D) < AaZEDI + T2 e (Ol e onsay)
|Z(RT +2(m + DR < 2u(@kT + (m + Dh)| + pT oo (kT)| +
T HumH2,[kT+(m+1)h,kT+2(m+1)h))
Vi lZ(RT) | + T | o (KT +
Y4(ya +1) T3 Hum”2,[kT,k:T+2(m+1)h))7

=5

IN
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If we repeat this procedure, then there exists a constant 4 such that

i—2
|1Z(KT + (20 = 1)(m + DR)| < y(|ZED)]| + pT Y 6, (k)| +
=0
T%||um||2,[kT,kT+(2i—l)(m+1)h))7 1=1,2,--+,q.

Combining this with we see that there exists a constant 7 so that for small 7’

1—2
| (kD) < (KT + pT Y Nl (KT)| + pligi-s (KT +
=0
: .
T2 [Jumlo g i s2imrnm): 1= 1 5 q

Solving iteratively, we see that there exists a constant ~g so that for small T’

~ _ 1 .
16:(KT)|| < vs(l|2(KT)[| + T ||um||2,[kT,kT+2z‘(m+1)h))? i=1-.q (21)
From the definition of the controller we have
u(t) = 0, te[kT, kT + (m+1)h),

lu@)ll = pllgia(kT)l, i=1,--- 4,
te[kT + (20 — 1) (m+ )h, kT + (20 + 1)(m + 1)h),

and
WOl < o oD gmn@ (kT)
te kT + (2¢+ 1)(m+ 1)k, (k+ 1)T),
SO
plg+1) )
Ju)l < = (2Q+1)(m+1)cmax{ue>i<kT>H},
i:0,1,---9,q, t e [kT + (2 + 1)(m + Dk, (k+ 1)T),
where

¢ = max{l,max; {c;}}.
Combining this with we see that for small T’
lu@)] < vy ([ERKD) + T2 [[umlly gory), T € FT, (k+1T). (22)

If we now solve once again and use Lemma A.1,

T
lz(t) — (kD) < (™" 1) [|z(kT)] +71/ e |u(kT + 7)l|dr +
0

1
\/Q_%(GQ’YIT - 1)’71 ||um||2,[kT,t) s te [k’T, (k + 1)T)
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Combining this with , there exists a constant ;9 > 0 such that for small 7":
_ _ _ 1
1Z(t) = 2(KT)|| < yo(TNZ(RT)| + T2 |lumllypryy), ¢ € KT (k+1)T).  (23)

From Lemma A.1 we have that there exists a constant 1, so that for all § € P, we

have .
Acl

195, (t, kT) — I|| < (el Al _ 1y <7,

1
t . _ 2
< (/ 2[4 ) ||EH2dT)2 [t | gy »
kT

1,
< lelTQ HumHQ,[kT,t) y t e [kT, (k’ + 1)T)

t
/ O, (t, 7) By (1)dT
kT

If we combine these inequalities with we have

T(t) — &5 (¢ KT)F(KT) — / "5, (t.7) By (r) dr

1 _ 1
T2 wmllyry) + T NEED) |+ 3107 Nl gy - ¢ € KT, (k +1)T),

< (T |Z(RT)[| +

so there exists a constant ;5 such that for small 7"

T(t) — @5 (¢ KT)F(KT) — / "5 (t.7) By (r) dr

kT
2T |ZRD) + T2 l[umlly pirgy), ¢ € KT, (k 4+ 1)T).

<

Now we look at the more interesting case when § € P is absolutely continuous
on [kT, (k+ 1)T). Define

L(t) = [ci(t) f2(t) O 0 0]
From KEL-4 we know that there exists a constant 7,3 so that for small 7" we have

|60 (RT) — K (KT)2(kT)|| < 1a(TN2RT)| + T2 |[mlls, persrsomsam) — (24)

and
s (kT) — %L(k;T +(2i — 1)(m + 1)h) (kT + (2i — 1)(m + 1)h) +

%L(k;T):Z*(k;T) — G(KT + (2 — 1)(m + 1)h) i1 (KT)|| <
Ys(T|Z(KT)|| + T\ z(KT + (20 — 1)(m + 1)h)|| + T'||¢i—1 (KT)|| +

3 3
T2 | tm]l2, prkr+me)n) + T2 [tm |2, w7+ @2i—1) (mt-1) h kT +2i(m+1)R) ) 5
1= 1727"' , q-
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Using to obtain a bound on ||¢;_; (kT)||, and to obtain a bound on ||Z(t)||
for t € [kT, (k + 1)T'), we see that there exists a constant 714 so that

|6:(kT) — %L(M b (2 — 1)(m + 1)) F(ET + (2i — 1)(m + 1)) +
%L(k:T)x(k:T) — g(RT + (20 — 1)(m + 1)h) ¢ 1 (k)|

_ 3
< qu(TNz(RT)| + T2 |wmll2, prarr2imsn))-

Now we combine this with and the fact that L is a sub-matrix of A and is
absolutely continuous on [KT), (k+1)T') to obtain a nice relationship between ¢;(kT')
and ¢; 1 (kT):
Gi(KT) = g(kT)i 1 (KT)| <

1

;](L(E(lﬁT + (2i — 1)(m + 1)h) — L(ET))z(kT + (2i — 1)(m + 1)h)| +

%,L(kT) (@(KT + (20 — 1)(m + 1)h) — 2(kT))| +

[g(KT + (2i — 1)(m + 1)h) — g(kT)]i—1 (kT)| +
Ya(TNZRD)|| + T2 [Jwml2, g7 11+2i(m+1)8))

IA

1 _ 1
;72T (L +y0D)|Z(ET) || + 10T 2 |t ]l 2, k4 20— 1) (mt1)h) | +

1 B 1
;71710(T||$(k‘T)|| + T2 ||wmll2, prrrr@i-1)menn) +

_ 3
Yoy (T2 (ET)|| + T2 ||t ||2, e or+(2i—1) mt-1)8)) +
(T ZET) || + T2 [t o, e ar-+266m s 198))5

so that there exists a constant v;5 so that for small 7" we have

N ~ _ 1
10s(kT) — g(kT) i1 (KT)| < yis(TNZ(KT)|| + T2 |t |2, e rr+2ims1)) )
1= 1727"’ g

If we combine this with our bound on ¢o(kT) given in , it follows that there
exists a constant vy so that for small T’

~ . 1
|03 (KT) — g(KT) K(ET)Z(KT)| < me(TZ(ET)|| + T2 |[tml2, prpr+2i(ms1)0))
Z':0717”' , q-

This means, in turn, that there exists a constant ;7 so that for small T’

1> adi(kT) — (9T K(RT)2(T)| < e (TIRD) + T [ o, e m):
1=0

(25)
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Now let us look at . We have

z(t) = A() )+ Eup,(t) + g(t

#(t) + Eu ) Bu(t) )
= AL)Z(t) + Eun(t) + (A(

t) — A5(t)z(t) + g(t) Bu(t).
Roughly speaking, we need to prove that
t
w(t) == [ @5 (AWM - B)a(r) + g(r)Bulr)], te (KT (k+ DT),

kT

when evaluated at T = (k + 1)T", goes to zero as T2 as T — 0. But
(A(t) — A5 ()2(t) = —g(t) f*(9(t)) BK (t)2(1),

so it follows that

D(t) = AG(0)0 (1) + g (OB [= [ (9(8)) K (8)2(t) + u(t)], $(kT) = 0.

—n(t)

Using and the bounds on the plant parameters and their derivatives, it follows
that there exists a constant ;g so that for small T

n(t) = ut) + f*(g(kT)) K (KT)z(kT)| )
< I (gRD)NE(RT) — [ (gD E @) > |2(RT)I| + || f-(g(8) K (#)]| x

< [1f(g(kT)) = J*(g(t)] sup [ K(7)[[[l2(kT)]| + 2 (g(0)]
() = K(KT)||] x ||z (k‘T)H + (supllg(r)ll + &) sup [[K ()] x [[2(¢) — 2(kT)]|

< ns(TIZED + T2 o, wr). ¢ € T, (k +1)T).
Arguing in a similar way, it follows that there exists a constant 79 so that
lg(tnt) = g(T)u(t) + g(KT)F*(o(KT)) K (KT)a(kT)|
< Yo(TNz(KD) | + T2 [[umlle, k), t € [KT, (k+1)T).
(26)
From Lemma A.2 we have that for small T
@5t 7) = I <2n(t—7), t=2720, [t=7]<T.

Using this equation and and to obtain a bound on 7, it follows that there
exists a constant vy so that

(k+1)T (k+1)T

k)~ [ Byt =1 [ - DBy(ryn(r)ar]|
T

2v1—||B

g IBlcsup gl max - n(7)]

IN

< oI (||Z(RD) || + lwmll2, per,k1yr))-
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Combining this equation with , it follows that there exists a constant 9, so
that for small T

I ((k +1)T) — g(kT)B [ [u(r) — f(g(kT)) K (kT)z(kT))dr]|

< (TR ED + T2 2, per,eym))-
(27)

Using the definition of u, it follows that for small T’

(k+1)T
AT fu(r) — f*(g(kT)) K (KT 2 (KT)) dr ZTZQ@H

g(kT)"K(k’T) (KT)].

If we now use to provide an estimate of qgi(kT), it follows that for small T’
(k+1)T
| / F(g(RD) K (RT)E(RT)]dr || < 317 (T2 ZRT)|| + T ||t s-1y7)-

If we now combine this with , we see that for small T’

9((k + DT < (e +32) (T2 EET) |+ T2 o, g gsaym),

as required.

U
Proof of Proposition 4.2:
The system equation for z° is
t
T°(t) = @5, (¢, kT)2° (KT + / (¢, 7)Euy (7)d7, t > KT. (28)
kT

By hypothesis € has been chosen so that there exists a constant 7; so that

105t Tl < peM 7, >,

SO

IEIV]e2t =11 % [[umll2, gy, 20, (29)

1251 < e |70l + ——=

\/2|>\1

and

1Z°|2 < IE|| % [|uml2, t > 0.

— == IZoll +

WELLARvErn
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We can use KCL-4 to get bounds on z¢ and 4°. There exists a constant 7, so
that for small 7"
t

165(t) — @5,(t KT)E(T) — /Tqil(w)Eum(T)dTu <

k
A 1
V(TR + T2 |umllz, gre), (30)
g Ag 1
la* @) < (2R + T3 {Jumll2pre), t € KT, (k+1)T), (31)
and when 6(t) is absolutely continuous on [kT, (k + 1)T'), for small T' we have:
R R (k+1)T )
1271k + DT] = @5 ((k + V)T, KT) 2" [KT] — / 5 ((k + 1)1, 7) Eum (7)dr |
KT
A 3
< (T (12°(RD)| + T2 ||umllz, gz gernyr). (32)

Now we will prove that z¢ is well-behaved at the sample points when 7" is small.
Since we have to allow for the occasional parameter jump, our proof is a little
tricky: we will require that our period 7" be much smaller than the lower bound 7}
on the time between the parameter jumps. To this end, we will introduce a new
integer valued variable

Tt
r(T) = integer part of (TO);
it follows that
r(T)T < Ty,

and r(T)T — Ty as T — 0.
Now let us proceed with our analysis of 2°. Using the differential equation for ¢
and and , we see that we can choose perturbations Ay, --- , A4, satisfying

IALRT)]| < Tz (RT)], i
{ 0 if 6(¢) is a.c. on [kT, (k+ 1)T)

< A~
A (RT)|| < vwT||z5(KT)||  else,

1A (KT < 7o ||l (KT, (k+1)T)

0 if 4(t) is a.c. on [kT, (k+ 1)T
1A < { . (t) (KT, (k+1)T)

VoI '2 || |2, ke 1yT)  €lse,

so that
(k+1)T )
*[(k+1)T) = &5((k+1)T,kT)2°[kT] + / O, ((k+ V)T, 7) Bty (T)dT +
kT
AL (KT) + Ag(KT) + As(kT) + Ay(KT). (33)

Using our bound on ||®5 (¢, 7)||, we end up with

k—1

~ ) E
|z*(kT)|| < %GAlkT”%” i Z,Yleh(k—l—])Th/l ||2 |L| | T — enT
=0 1

[mllz, wrerryry + (A RT)|| + [ A2 (BT + [[As(KT) | + [| Aa(KT)]]].
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Let ¢ (kT') denote the RHS of this equation. Then

E
V[(k+1)T] = eMTY(kT) + vl[vl%v 1= eMT X [wmll2, fr,e1)T) +
1

[ALET) | + [ A2(KT) + [[As (KT + | Aa(KT)]]]- (34)

Since
|25 (KT)|| < (ET),

$(0) = 7 l12°(0)]] = nllzoll,

it is enough to get a bound on .
The goal is to obtain a tight bound on . Before proceeding, observe that for
small 7" > 0 we have

M7 4 72T2 < e(>\1+>\)T/2 —. gt [)\2 = <)\1 + )\>/2]

Hence, from it follows that there exists a constant 3 > 0 so that for small 7'
we have

A2 TY(kT) + 73T'2 [t |2, per,(e-+1)1) if 0(t) is a.c. on
Y[(k+1)T) < kT, (k+ 1)T) (35)
(L 4+ D) (KT) + T2 |lumllo, pr,e+1yr) - €lse.

Now we analyze the system every r(7T') steps apart, and use the fact that 6(¢) will
be absolutely continuous except for at most one of these steps to obtain a crude
bound on :

VKT + r(T)T] < XD 4 4, T)[RT] +
k+r(T)—1

1 |
T2 > (LD O Dy G,
=k

B 1 14+ ’YQT)%(T) -1 %
< eMT(M-1(q T[T T ( X

[ tmll2, o, (ktr())T)

which for small 7"

Q’YQT _ 1
YT +r(T)T] < X Ty[kT] + (% %H) x
2

N J/
-~

=:Y4

[wmll2, gz, (k-4r(m)1)-

For small T we have
XN T[r(T) — 1] + T < Mr(T)T,

1
Ar(T)T < S AT



149

then

VKT +r(DT] < OTYRT] 4+ yal|timl|o, er sz (1)
i1
= Ylir(DT] < ()7 O(0) + 70 Y X O [ly, gy gy,
- (36)
It follows that for small T":

Ylir(T)T]

(6)\T>ir(T)1/}<O)+74\/1+62AT7"(T)+€4)\TT(T)+__‘||um||27 0.r(T)T)
< (ez\T)ir(T)w(O)

IN

1
gl i

To see what happens at the sample points between ir(7)T" and (i 4+ 1)r(T")T, for
j€40,1,--- ,r(T) — 1} we can use the crude bound provided in and argue as
above:

Ylir(D)T + §T) < (™) Olir(T)T) + 31 ol oriryrirryr457)
, 1
T\r(T ATNir(T
< (6'72 ) (T) {(e ) ( )w(O) +’)/4_—1 — e—)\TO/2”um”2’ [0,ir(T)T) }—|—

Ya ||t || r 2y ir (157

S e’yQTOe—)\TO (6)\T)Z7‘(T)+jw(0> + 74(1 +

1
\/ﬁ) X ||um||2 [0,ir(T)T+5T)>

-~

=5

(37)
for small T'. Hence, for small T'
[ (KT < D27V (XY R (0) + s [tm o, .47,
so using the definition of v, it follows that
lZ=(KT)| < w(kT)
< 31OV Zo || + s [t o, o 47)- (38)

=16
We now examine the deviation between z° and z°(kT') . To this end, define
() = 2°(t) — 7°(1).

Using and it follows immediately that there exists a constant y; > 0 so
that for small 7" > 0 we have that the following crude bound holds at the sample
points:

125 (RT)|| < ve (|20l + [[wmllo, ), & = 0.
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Now we use to prove that nothing untoward happens between sample points.

So for t € [kT, (k+ 1)T):

l2°(t) —2*(RT)|| < (@5 (t, kT) — )3°(KT)|| +/ 15 (t, DI HE 1w (7)lldr +
Vo(TNEE(RT)|| + T [t |2 )

It follows that there exists a constant vg > 0 such that

|25t = 2=k < 35 (TNFEED)| + T2 |tmll2 ), ¢ € [T, (k + 1)T).
(39)

Combining this with , for small T"

Ze s 1
[zl < A+ D)2 (RT)| + 28T [[wml2 gy
_ 1
< (L4 D)6 () ¥ (|Zoll + 5l tm 2, oar)) + 16T ([T l2 wre)
< (1+ %;T) see M|zl + (1 +%T)v6vs + 78T2)||Um||2 (KT.t)>
€ kT, (k+ 1)T).
Thus there exists a constant vy > 0 such that for small T’

1O < (™[I Zoll + [lumllz p.y), ¢ >0, (40)

as desired.

Now we will examine Z¢ to get a bound on Y~ [|2°(kT)||>. Before proceed-
ing, we need a technical result, which is handy for the rest of the proof of this
proposition:

I

Claim A.1:

(212 L e 1 2
jZOHfr GTIIP = O 1Zoll” + O(H) ]l

Proof: The proof of Claim A.1 is given below.

First examine the behaviour of z° at the sample points. If we combine
evaluated at t = (k + 1)T" with (33)), we end up with

Flk+1)T] = O5((k+1)T,kT)z°[kT] + Ay (kT) + Ao (KT) + Ag(kT) + Ay(KT),
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SO

Flk+1T] < ’hiemk’l’”T(HAl(kT)H+||Az(kT)||+IIA3(kT)|I+HA4(/€T)H)

j:
k—1 k—1
= NI AL KT + ) e EIT A (kT | +
=0 j=0
5K =53 K
k—1 k—1
eI AT + Y e EIT AL (RT))
j=0 Jj=0
—54 K] 54K

Now from the definition of A; and A, together with Claim A.1 it follows that

1 1
||51H2 < 62)‘1T 2 § ||A1 jT H 2
2 " 2
< TG )

= OT)OHO()H ol + O unll)

= O(D)|Zo]l + OT)|[ttm ]2,

and for small 7"

152l < (;—xm@r em §ZHA2 iT)%)z,

273 .
1_ e)\TO) H:U H27

= OT) O() (O 0]l + O()? ).
= <T%>||xo||+0<T2>||um||2

< T

Using the definition of A3 we can write

m\»—t

1
1Ss]l2 < GQM )3( ZIIAS JT)IP)

IN

3 71 1

72T2(m)2||um||2
1

= O(T2)0(T2)[uml|»

= O)|lumll2-
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Using the definition of Ay, for small 7" we have

l 1
1Sall = (v eQM(T ZZHA4 (KT)|1%)2

1 271 1
< ViTQ(iszxﬁg)zHUmH2
1
= O(T7)||umll2-
Combining Sy, Ss, S3 and Sy together gives
Q_lFHED)IP)2 = OT=)|@o]| + O(T)][tumll>- (41)
k=0

Now we use the bound on Y - ||z¢(kT)||* given in and the bound on
Soreo lZ°(kT)||* given in Claim A.1 to obtain a bound on [|z° — z°||;. By the
definition of 2-norm, it follows that

o0 00 A(k+1)T
2e —£112 2e —e 2 2e —€ 2
13 — |2 = / 16°(6) — (1) |Pdt = Z/ 1) — 2 (1)
0 o kT

If we use the formula for z° from ([28) it follows that
o0 (k+1)T
2e —e112 Ze 5 —€
-2t = Yo ([ I - ST -
i—o \JkT

t
/ @il(t,T)Eum(T)dT||2dt>
k

(k+1)T
22 [ / 175(8) — &% (¢ KT)35 (KT +

¢
/ q)il(t,T)Eum(T)dT|l2dt+
kT

IA

(k+1)T
/kT |2,(¢, KT) (3°(kT) — 2°(kT)) | dt

TV
<05 (¢TI [|2° (kT) —z< (KT) |2

Using (130)) it follows that

(k+1)T
& - 7|3 < 22 | TR + Tl B e+

(k+1)

M 12 (KT) — 2= (kT)||dt].

\”

kT
This equation yields

25 —z|; < 2T Z 293 (T2 (KT + Tl w2, e rayry)+
k=0
Vil (kT) — 2°(KT)|1*] .
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Using Claim A.1 and , it follows that

~

L 1. 1
125 = z°|3 = O(T?’)(O(T)onIIQ+@(T)Ilum||§)+C’)(T2)I|um||§+

O(T)O(T)|7o|I* + O(T) [t )
= O(T*)|zol* + O(T?)|[um]f2-

It follows that there exists a v19 > 0 such that for small T'

13 =2l < 0T lFoll + Tlumll2),

as desired.
Ol
Proof of Claim A.1:
We need to prove:
- Der - 2 1 — 112 1 2
S IEGTII = OG0l + O a3
=0
From we have
i1
Ylir(T)T] < ()" My(0) +’V4Z€AT LD o, g (ryr 11y (YT
] =0 - ,
tQ[ﬂ
SO
D Wlir(MTIP = Y [tli] + tafi]]”
=0 1=0
< 2> [hfil]P+2) ) [afi]
i=0 i=0
But for small T’
Y[R = ) (D) y3(0)
=0 i=0
1 2
- 1_ 62)\TT(T)w (0)
2 2
< 1_—62/\%@5 (0)
= O(1)¢*(0). (42)
With the definition of g[i] := ||um||2, @r(r)r,(i41)r(r)r), We can obtain t[i] as the

output of a digital filter as shown in Figure [I} Parseval’s theorem states that for
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gl | _zr  |abl

ATHTY

E—&

Figure 1: Block diagram of ¢,[i] and g[]

small T’
f;mmﬁ < sl i |22|g
s lunl
2
e (O E
= O()l|unl (43)

Combining this equation with , it follows that
S lir(TTIE = O()(0) + O(1) fun
i=0
this means that there exists a constant v;; so that for small 7"
i [[ir(T)TIP < 7119%(0) + Yl 13- (44)
i=0

Now let us look between multipliers of »(T')T. To this end, using the fact that
the controller is periodic of period T, it follows from that for every ¢ € Z™ and

j€{0,1,--- ,r(T)}:
lir(T)T + §T] < (e AT)’“%UT)

o7 Z A Ol |lo, greryr g, @vyeeryrg)-
If we argue in the same way as that used to obtain , we have

DI (DT + T < 4 GT) +ymllumll, 5 =0,1,--- 7(T) = 1.

Hence
o] r(T)-1 oo
STRETIP = Y > [lin(T)T + T
k=0 J=0 =0
r(T)—1
< (G + i llumll3)
7=0
r(T)-1

IN

Z Yl G | + 3017 (1) 3. (45)
Jj=
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Using it follows that

[k + DT < (1 +3%T)SET) + 15T o, wresayr)
k—1

l _ _.
= YkT] < (14+7%T)*0] +25T7 Y 1(1+ 2T " fumllz, jr,genm)-
j=0

Now for k € 0,1,--- ,r(T) — 1 we have

(1+72T)’“ < (e'YQT)T(T) < e’YzTo’

SO
k—1
YIRT] < e2T0[0] + T2 ; 20w o, 17
= [KT] )= - _
=:pa[kT)|
which results in
r(T)—1 r(T)—1 r(T)—1
ST < 2 > BT+ 2 Y w3liT. (46)
5=0 §=0 5=0
It is easy to see that
r(T)—1
> wiliT] < (1) =yR o).
5=0
Since r(T) = O(), we have
r(T)—1 1
> wiliT) < O(Z)¢?[0]. (47)

7=0
Now we need to get a bound for Z;(:TO)_I V3[§T]. First we rewrite ¢[kT], k €
0,1,...,7(T) — 1, in matrix form:

5[0 0 [wmlle, o.7)
I R ol
. — )3 .
Pa(r(T) — 1T 1 1 -~ 10 m |2, ((r(7)-1) T (T)T)
W:<rT>

Using Greshgorin Circles [42], it can be easily proven that [|[W,|*> < 3k?, so we
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r(T)—1
UT] < 9 T e[ Wop[|? Z 13, 17,541y

IN

2 T QQWTO Z ||Um||2 LT, G+1)T

1 2
= O(f)””m”z,[o,r(T)T)

1
< Ol

Combining this equation with , , and using the definition of ¥, it
follows that:

0o r(T)—1
SOIEETI < A8 Y0 WGP+ v (D) unlf3
k=0 Jj=0

as desired.

r(T)-1 r(T)—1

294 [ (T + szﬂ’ + 317 (1) [ 3
0

IN

1
= 2711

/_\

1
0+ 0 Wm@>+m0%WwM

= O(5 ) (0)+0(5 ) el

= Ol + O i 3
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.2 APPENDIX B

Proof of Lemma 5.1 (KCL-5):
First define

= ZHP(HAHOO + [ Aallos + l9Bllos + I Ell + lgllos + |IBl]oo);
cP

72 = sup([[Aflsc + [|glloe);
P

it follows from the standing assumptions that both -, and 7, are finite. (Notice
that our oco-norm contains an essential supremum, so that infinite derivatives at
the discontinuities do not show up when computing vs.)

First we look at the worst case scenario, in which there may be a parameter
jump during a period. From the KEL there exists a constant 3 > 0 so that for
small T’

1o (kT) | < (KT + (@ (KT)] + umlc).
16T < s (2D + (KT + mb)l| + (kT + o (kT + oo
I6:(KDI < 5 (2(RT) | + (KT + imh)| + [ (kT) |+

i 1 KT + 62T + umlloc) » i =2+ ,a.

A

Solving iteratively, it follows that there exists a constant 73 > 0 so that for small
T:

A (KT < A T 00 (kT =1.---.q. (4
los(KT)|| < A3 (Tqéﬂr,l(%im |Z(7)]| + [a°(k )|+||um||oo>, i=1,---,q. (48)

From the definition of the controller we have

llae(kT)]| t € [kT, kT + mh),
|lp@o(KT) + 4 (KT)]
t € [KT 4+ mh, kT + 2mh),

lu@)l] = S lpgi1(kT) — pdi—a(kT) + 6 (kT)|
t € [T + imh, kT + (i + 1)mh),
1= 27 4,
([ = pdg1 (KT) + @o(kT)]| KT + (q + 1)mh, kT + (g + 2)mh),
and

WkT+T) = a°(kT)+ > cigi(kT).
=0
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Combining this with and we see that there exists a constant -, so that for
small T’

l®)ll < vl max | 2O+ @ ERD] [umlloe), ¢ € KT, (k+1)T) - (49)

~0 < ~0 )
(KT + T)| < e ([2(0)] 4 0(T)] + s ) (50)

Now let us examine the system equation
z(t) = Az(t) + g(t) Bu(t) + Eupn,(t). (51)
Solving this equation, using Lemma A.1, and the bound on w, it follows that

- < N7z nT _1q 0o (kT
[zl < e lz(kT)| + (e o max N2+l (RT)] +

(I +ya)llumllo)], ¢ € [KT, (k+1)T7.
By simplifying this implicit inequality in ||Z(¢)]|, it follows that for small 7" we have

_ _ V4 A
T(t — 2D || + 27y —————=T'|0°(KT)| +
7O < 75 R IR+ 2n g Tl T)
14+
2 ———=T||um ||, t € KT, (k+ 1)T). 52
Mg Tl ¢ € KT (k4 1)T) (52

If we now solve once again and use Lemma A.1, we end up with
|z(t) — z(kT)|| < (e —1D)|z(kT)| + (e —1) x
T u’ (kT 1 o],
(o _mae ) 2l RT)] 4+ (1 70) i o]
te kT, (k+1)T7.

If we combine this with , , and and the definition of u it follows that

there exists a constant 75 so that for small T" we have

[2(t) =z (KT < AT([Z(KT)[| + [a°(KT)] + [[umllo),
lu@®] < wZED)] + @R+ umlle), t € KT, (k+1)T], (53)
(@ (RT+T)| < s([[2(KT)|| + [a°(KT)| + [|tim]|s0),
oK) < wlzRD) + [a(RT)] + lumlle),  7=0,1,--- 4.

From Lemma A.1 applied to Aq(t), it follows that there exists a constant v so that
for all 6 € P, we have

|@altKT) ~ T < (M40 1) <,
t t - _
|| @ults)Bun(rldr < [ (M E] x i
kT kT
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for small 7. If we combine this with we have

1Z(0) — Du(t kKT)F(KT) — /kTCDd(t,T)Eum(T)dTH

1Z(t) — Z(KT)[| + [[(Palt, KT) — DZ(KT)|| + | /kT Ca(t, 7) Bun(r)dr|

<
< BL(ZRD) |+ [a(RT)| + Jumlloo) + 6T | Z(KT) || + ¥6T ||t [ 0
< (5 + 1) TlZERD) | + [0 (RT)] + |umlleo), ¢ € [KT, (k +1)T],

for small T, as required. If we combine this with , the proof of part (i) is
complete. o
Now we look at the more interesting case of when 6 € P is absolutely continuous

on [kT,(k+ 1)T'). Define
Lt)=[al®) £ 0 0].
From the KEL we know that there exists a constant +; so that for small T" we have

1o(KT) =K (KT)2(KT) +g(kT)a* (KT)|| < 7T (|2(kT)|[+]@° (T)|+ [[um o), (54)

| (KT) — %L(kT + mh)z(kT + mh) + %L(kT)f(k;T) -

g(kT + mh)do(kT) + %g(k;T)ao(kT) — %g(kT + mh)a° (kT)|
< W T(|z(kD)|| + |2(KT + mh)|| + |¢o(KT)|| + @ (ET)| + |[tml[oo),

and

|5 (KT) — %L(kT + imh)z(kT + imh) + %L(kT)j:(kT) -
g(kT +imh) i1 (kT) +
%g(kT Ju’(kT) — %g(kT +imh)i@* (KT) + g(KT + imh) ;o (kT) = i1 (KT)

< Y T(z®ED) + [T + imh)[| + |¢ia (KT + [| 2 (RT)]| +
@ BT+ umllo), 1= 2,- ¢

using we see that there exists a constant g so that
. 1 1
|1 (KT) — —L(KT + mh)z(kT + mh) + —L(kKT)z(kT) —
p p

g(kT + mh)do(kT) + %g(kT)f&"(kT) - %g(l{;T + mh)a’(kT)|
< WL(Z(RT) | + [ (RT)| + [lum o),
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and for i = 2,...,q, we have

\MAKTy—%L@T+¢mmf@T+wmhy+%L@Tﬁ@ﬂ)—
(KT + imh)ds 1 (KT) +
%g(kT)ﬂ"(kT) - %g(k:T + imh)a®(kT) + g(kT + imh)¢;_o(kT) — ¢;_1(kT)||
< wIT([[2(RD)] + [a(KT)| + [[umllso)-

Now we use together with the fact that L is a sub-matrix of A and is absolutely
continuous on [kT, (k + 1)T) to show that for small T":

g1 (KT) —  g(KT)go(KT)|| < %H[L(k‘T +mh) — L(KT)]|z(KT + mh)|| +
aw%ﬂﬁ%T+mM—i%ﬂm+

[lg(KT +mh) — g(KT)]do(KT)|| + %I[g(kT +mh) — g(KT)]a*(KT)| +
T ([[T(RT)| + @ (RT)] + [Juml] o)
%’YzT(l + s D)[[[2(KT)]| + [0 (RT)| + |uml]oo] +

IN

1 . S0
;%%THI&?(kT)H + @ (RT)] + [[um]loo] +

_ ~0 1 ~0
2y T |Z(RT)|| + 18 (KT)| + [Jum||oo] + ;72T|U (KT
T (KT + [6°(KT)| 4 [|um] o),
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and fori =2,--- ¢

6:(KT) — gT)dia(KT)]| < %H[L(krT + imh) — LT)E(kT + imh)|| +
%HL(kT)[x(kT +imh) — z(kT)]|| +
g(kT + imh) — g(kT)des (KT)|| +
%Hg(k‘T + imh) — g(kT)|u’(kKT)| +

|Gi 1 (KT) = g(kT)s—2(KT)| + [[g(kT + imh) — g(kT)]s—2(kT)| +
W (|[Z(RD)]] + [a°(RT)| + [[um|]o)

%VzT(l + s T)[|[2(KT)]| + @ (KT)| +

IN

1 = ~0
[[tmloc] + 27T UFET + [@(RT)] + [[umloo] +

_ ~0 1 ~0
T[RRI+ 1@ RT)] + [[umloo] + 22T (RT)| +

(Gi- 1 (KT) = g(KT) o (KT)| + 123 T2 (RT)|| + |6 (KT)| + [t |oc] +
T (|[ZRT)] + 0 (RT)] + [lum|]oo ),

It follows by iteration that there exists a constant o so that for small T, if § € P
is absolutely continuous on [kT, (k 4+ 1)T") then we have

|0:(kT) — g(KT) i1 (KT)| < 3T (||Z(KT)|| + |0 (KT)| + [[ttmlloc)y i=1,--,q.

If we combine this equation with the bound on éo(k_T ) given in , it follows that
there exists a constant 739 so that for small T, if § € P is a.c. on [kT, (k+ 1)T)
then
|0:(KT) = g(KT)'[K(KT)Z(KT) — g(kT)a®(kT)]|
< T ([Z(RT)|| + [a°(RT)| + llumll),  i=0,1,--+,q. (55)

Recall that a°(kT + T) is constructed by

W(kT+T) = a(kT)+ Y cigi(kT).

1=0
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Combining this equation with and defining ¢ := max{1, max;{¢;}} yields:
|@°(KT +T) = [L = f*(g(kT))g(KT)]a(KT) — f*(g(KT) K (KT)z(kT)]

— @[k + DT) = @°(T) = 3" cg(RTY I (KT)(T) — g(KT)i ()]
= 1Y adlkT) = 3 cg(TY K (KT)a(KT) = g(KT)a (kT

= 136 [BlRT) — g TV K (RT)a(kT) = g(KT) (k)] |

< (g + Deng TR + |a°(RT)| + [[umlloo);
————

=11
hence, for small T, if € P is a.c. on [kT, (k + 1)T) then

@ (KT +T) [1— f(g(KT)g(KT)]a* (KT) — f*(g(kT)) K (KT)z(kT)|

< uT([z(RT)| + [@°(KT)] + [[tm]]oo ),

which is the first equation in (ii).
Now let us look at . We have

(t) = A@)Z(t) + Eun(t) + g(t)Bu(t)
Aa()T() + Buy(t) + (A(t) -

= Au(t)Z(t) + Eun,(t) + Blg(t)u(t) — K(t)Z(1)).

So we need to prove that

o(t) = /kT ®a(t, 7)Blg(r)u(r) — K(7)3(7) — g(kT)ia*(kT) + K (KT)z(kT)]dr,

1

-~

=1(7)
when evaluated at ¢t = (k + 1)T is of the form
OT*)(lx (KT + @ (KT)] + ||t |)

when T is small and € P is a.c. on [kT, (k + 1)T). Now rewrite ¢ as

(k+1)T (k+1)T
Y[(k+1)T) = /k Bn(r)dr + /k [Du((k+1)T,7)— I|Bn(r)dr

T T

B (k+1)T
= W[(k+1)T]H§HBH><H/kT n(r)dr|| +

(k+1)T -
/k [Balt,) — 11| % 1Bl % lIn(r)ldr.

T
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Next we obtain a crude bound on 7. From and the fact that || K| is uniformly
bounded as a function of § € P, we see that there exists a constant ;5 so that
when T is small and 6 € P is a.c. on [kT, (k+ 1)T):

I < (@I + [[a*RDI]) + (1Kl (@1 + lz(RT)I])

<
< K loo(2 + 45 + D) ([Z(RT)] + [a°(RT)| + [|tm]]oo)
< (R[] + (@ (RT)] + [fumllso),

and from Lemma A.1 we have
[Pa(t,7) = 1II] < 2n(t—7), t>2720, [t—7|<T,

SO

(k+1)T -
/k | @alt, m) = I x ||B]| x |In(T)lldT < 27y T(||2(KT)|| +
T
@ (KT)| + [[umllo).  (56)

Now we obtain a crisper bound on 7. Using (53) and the facts that K, g, and ¢
are uniformly bounded function of € P | it follows that there exists a constant
713 so that when T is small and 6 € P is a. c. in [kT, (k+ 1)T):

In(t) = g(kD)lu(t) — aRD| = |[lg(t) — g(RT)]u(t) + [K(KT) — K(8)]z(kT) +
K(@)z(kT) = z@0)]l]
< Tlgllee % [ful)l| + TIE]loo x 12(KT)|| + || Kool |2(KT) — 2(t)]]
< ysT([2(KD)[] + [@°(KT)| + |[umlloo), ¢ € [KT, (k +1)T).

Using this equation together with the definition of u means that when 7' is small
and 0 € Pis a. c. in [kT, (k+ 1)T):

(k+1)T (k+1)T
I / Al < || / g(KT)[u(r) — @ (KT)Jdr]| +

(k+1)T
I /kT [n(7) — g(KT)[u(r) — a®(KT)]]dr]
< 0+ T ([[2(RD)|| + [ (RT)] + [t |o)-

If we combine this with , it follows that when T is small and § € P is a. c. in
kT, (k+ 1)T):
[0k + DD < T*[vyie +yusl|Bl] [[1ZRD)]] + [a°(KT)]| + |[tm|]oo],

as desired.
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Proof of Proposition 5.1:
Set ty = 0 and let A € (max{)\y, A },0). The system equation for z° is

() = Oyt kT)Z°(kT) + /t Oy (t, ) By (1)dr, t>KkT. (57)

By Assumption 5 and the choice of K (t) it follows that there exist a \; < A and a
constant 7, so that

[Pa(t,7)|| < meM, t>r7, (58)
which means that

_ — DS
1Z2°@®)]] < %emllxo|!+m||Ell><Hum||oo, t>0. (59)

We now use KCL to obtain bounds on z° and 4°. There exists a constant v, so
that for small 7™

15(1) — Bult, KT)F(T) — /kTq>d(t,T)Eum(T)dTy|

< RT(EED)|| + |6 (KT)] + [[tm]]o), (60)

Na@l < wT([ED)] + @ ED)] + [[umlloo),
t € [KT, (k + 1)T), (61)
[@[(k + DTN < ([T + @ (KT)] + | [um]] ), (62)

and when 0 is absolutely continuous on [kT, (k + 1)T'), for small 7' we have

(k+1)T
13](k + V)T — ®u((k + 1)T, KT)E(kT) /kT Bo((k + 1)T, 7) By (7)dr —
(k+1)T
/k ) O G((k + DT, 1) Blg(kT)ao (KT) — K (KT)2(KT)dr]|
< RT*(||Z(kT)|| + |a°(KT)| + |[tm]|o), t > KT, (63)
and

[@[(k + 1)T] = [1 = fo(g(kT))g(KT)]a*(KT) — fo(g(kT)) K (KT)2(KT)|
< RT([EED)] + [ (KD + [|um]|). (64)

Now we will prove that z is well-behaved at the sample points when T is small.
Since we have to allow for an occasional parameter jump, the proof is a bit tricky.
Recall that, by hypothesis, there is a lower bound 7 on the time between parameter
jumps. To this end, recall that to = 0, and let {¢; : i € N} denote a sequence of
times satisfying

e t; >0, and t; = 0 if §(¢) is discontinuous at t = 0,
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® ti+1 — tl Z To, 1 E N, and
e 0(t) is absolutely continuous on (t;,t;41), i€ N;
these constant times are typically not unique. For a given sampling period T', we

identify the problematic periods on which #(¢) loses absolute continuity: define
no(T) := 0 and

ni(T) = {%J , 1€N.

This means that 6 is absolutely continuous on
Uol(ni(T) + DT, nipa (T)T),
with all discontinuities contained in
U o[ni(T)T,ni(T)T +T).
Notice as well that for : € N

limsup[n;+1(T)T — [ni(T) + 1T] > Tp;
T—0
the case of i = 0 is special since there could be a discontinuity very soon after the
starting time t.
To proceed, we need to define an indicator function which is active during
problematic periods: we define

X:Z" xRt —{0,1},

by
1 if je{n(T):ieZt}
0 else.

x4, 1) = {

Hence, for a given T, x(j,T) equals 1 at exactly those j for which [T, (j + 1)T')
contains an element of {t; : ¢ € Z*}. With this notation in hand, we can rewrite
equations —: there exists a constant 7, > 7, so that for small 7"

(k+1)T )
5[(k + 1)T] — ®u((k + )T, KT)3(KT) — /k Bl + D7) Bu(r)r -
(k+1)T
/k Rl DT ) BlG(RT)(RT) — K(KT)F(T dr|
< T? + 3R Tx(k, D(|ZRD)|| + [a°(KT)| + Numllw), & >0, (65)
and

[@[(k + 1)T] = [1 = fo(g(kT))g(KT)]a*(KT) = fo(g(kT)) K (KT)2(KT)|
< [T+ Fox(k DI([2(ED)]] + [0 (KT)| + |lum|ls), & = 0. (66)
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At this point we recall that a°(kT) is trying to capture a good estimate of
an K (kT)Z(kT), so it is natural to introduce a new state variable:

g(
1 .
kT == a°lkT] — ——K(kT)x(kT
RT] = WHT) = s K(ET)E(T) (67)
It follows immediately that the generalized plant state equation becomes
(k+1)T -
2((k + 1)T) — ®a((k + 1T, KT)3(RT) — / Bu((k + V)T, 7) By (r)dr —
kT
(k+1)T B
[ allh+ )T By DK r|
kT
< [T+ %Xk, D (RED)| + KD + [Jumll), k€ Z*. (68)

Using the fact that

K(kT) K(k+1)T) { O(T), if § is a.c. on [kT, (k+1)T)

g(kT)  g((k+1)T) | O(1), else,
after more algebra it is easy to verify that there exists a constant v3 > max{vys, J2}
so that for small T’

1Al(k +DT] = [1 = fo(g(kT)g(KT))A(KT)||
< [T+ ysx (&, DN(zED)] + [T+ [wmllso),
keZt. (69)

Now let us examine the difference equation in more details. Combining
and yields:

[FRTY| < e | 5 (ko T]| |+Zve T TN E] X et |+
j=ko
T Bl % |lgllsolAGT)]| +
T2 + 4Ty (e, D EGDN + G + tmlloo)] . & > Ko > 0,

and solving yields:

IAlkTII < ¥ ko) || +
k—1

Z eI T + ysx (G, DNZGD + 1AGT)] + et o),

k> ko> 0.

These two inequalities are tedious to handle. To this end, with v, := || B|| supgesp ||9]|o
we consider two associated difference equations:

Uik +1)T] = MTYRT] + NTE| X |t oo + 1172 T0[RT] +
[T + s Tx(k, T IRT] + vKT] + |Jum] |0,

1z(0)], & >0,

ev[kT] + [vsT + yax (k, T (GIKT] + 0[ET] + [|tm|]s0),

7(0)], k=0.

<
=
|

v[(k +

=
||

=
=
|
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Claim B.1:

IN

1Z(kT)| NYKT],
(D] < o[kT], k>0

N

Proof: The proof of Claim B.1 is given below.
We can combine these two equations into a state space form:

\I’{(l{? + 1>T] _ €>\1T + 73T2 ’}/1’}/4T + ’)/3T2 \I’[/{ZT] +
v[(k+1)T] 3T e+ 3T v[kT)|
NI Ell + 4517
LT o+

(&, T) [ ot ] (WT) + o(kT) + lunll)s k> 0. (70)

Claim B.2: Define

Ai(T) = {ti +T\/ﬂ , ieN.

For every Ay € (A1, ) there exists a T > 0 and 75 > 0 so that for every § €
PC, o € R""™*1 and T € (0,7, we have

=
>
S
IA

Y525 (U[0] + 0[0]) + 75 [t oo
vlkT] < ’)/56)\2kT<\I/[0] +0[0]) + V5| tm oo, k€ ZT,

and

vlkT] < AsVT e (W[0] + 0[0) + 15 VT [tmlloo, (T < k < 1ia (T),
i€Z".

Proof: The proof of Claim B.2 is given below.

We can use Claims B.1 and B.2 to immediately conclude that, with s := 7175,
for small T" we have

[ZED)] < e ([ZO0)]] + [12(0)]1) + 61t o
DI < 6™ (120)]] + [17(0)]]) + Yol [uml oo, & >0,
1GKD)I| < A6VT(Z(0)]] + [17(0)]1) + 76V T |ttm oo

7_7,7J<T) < k < Tli+1(T>, 1€ Z+.
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Using and the fact that

K(t)
supsup ||—|| < o0
gep >0 9(t)

it follows that there exists a constant ~; so that for small 7"

1Z(ET)I| < yze2  ([[2(0)]] + [|@°(0)]]) + 7 [t loo,

[1a°(RT)|] < 57e2*([[2(0)]] + [|a°(0)]]) + 7 [t loo,

1T < A7 ([[2(0)[] + [[a°(0)]]) + val[tmlloe, & =0, (71)
(DI < A7V T (||2(0)]] + [[a°(0)[]) + 37V T |t o,

ni(T) <k <ni(T), i€Z".

This yields the second inequality of the proposition.
Now that we have proven that Z is well behaved at integer multiples of T, we
will proceed to show that it is very close to z° there. To this end, define

‘Hb

T:i=7x°—

Combining and and the fact that v3 > max{~ys, ¥, } yields

Z[(k + 1)T] — ®u((k+ )T, kT)z(kT) — /(kH)T Oy ((k+1)T,7)Bg(kT)h(kT)dr||

< [T + 3 Tx(k, D12 (RD)|] + [7(RT)] + ||t loo)-

Now
k+1 _
[ / Da((k + DT, 1) Bg(RT)a(kT)dr|| < Bl x lgkT)|| x T x
AT

since ¢ is uniformly bounded over all § € P, it follows that there exists a constant
~s so that for T

Z%e DT T [ (GT)|1] +

-~

=:f1(kT)

k—1

Z71736“('“*17”TT2[|\f(jT)\! F10GT)]| |t [oo] +

=0

—f>(KT)

k—1

Z%%emk_l_ﬁTTX(j, D[z + G+ wmllo] - (72)
=0

-~

—: f3(kT)
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The second term fo(kT) is easy to handle; using it follows that

1429 2727377 2 AgkT
RT) < sy or ! lmlle + T miogmemr L €7 %
(1z(0)[| + [la*(0)]])
= O(D)[ " (|1Z(0)]| + [[a°O)]]) + | [ton] | o). (73)

The third term f3(kT') takes a bit more work. Using the fact that

tiyn —ti = To,
TLH_l(T) — nZ(T) Z T() — QT, 1€ N,

it follows that
b1 k—1
Z ME=1=ITy () = Z Ty (k—1-34,T)
j=0 J=0

S 1 + (1 + e)q(TonT) + 62)\1(T072T) + .. _)
1

= 1+ T onman) (for small T')
= 0(1),
and
k—1 k—1
Z GAl(k_l_j)TX(j, T)€/\2jT _ Z 6>‘UTX(/€ —1—3, T>6>\2(’€—1—J)T
j=0 Jj=0
k—1
—  pMekT =T Z M=y ( — 1 — 4. T)
j=0

< ex\QkTe—)\zT[l +€(>\1—A2)(T0—2T) +
e2(i=22)(To—2T) 4 . ]

= O(1)eM.
Combining these observations with yields
Fs(kT) = 0@ (12O + [ O)]]) + [[tm] |oc]- (74)
The first term fi(k7") is the trickiest to deal with. Define the set of integers

N(T) = (UZoni(T),n(T))) NZ*.
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Using , it follows that

k-1
ART) = T Y M)

J=0

k-1
< T Y T EIIT(R(0)]] + ([0 0)]]) + 7l fumlloo] +
§=0, JEN(T)
k—1
nl Y VTR I (||2(0)]] + [[a°(0)]]) +
j=0, j¢N(T)

YV T [t |oc)-

But

(T) — ng(T) = { =

IN
~

ﬂ _I_
3
N————

I
VR
NS

I

—_
~—

IN

so with some careful analysis we see that the first summation looks like
O(T2)[e**(||2(0)]] + @ (O)[1) + [l [oo],

while with some straight forward analysis the second summation clearly is of the
form

O(T ) (Z(0)]] + [ (O)]]) + [ <.

Hence,
FUET) = O(T) [ (||F(0)]] + ([ (0)]]) + ||t | oc)-

If we combine this with and , we have that there exists a constant vy so
that for small T"

[FET)| < T2 [ (2O + [|a°O)]]) + lumll], k€ Z.  (75)

Now we prove that everything is smooth between sample points. From ([57)),
(60), and Lemma A.1 it follows that there exists a constant v1o > 0 so that for
small T":

12°(t) = 2D < oL (|2(RD)| + [6°(KT)] + l[umlloc), t € KT KT +T],

12(t) = 2(RD)| < oL ([2(RT)|| + @°(KT)| + [[um|lo), t € [KT, kT +T].
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Hence, using these two equations together with , it follows that for 6 € [0, 7]

we have

[Z(KT + 6)| 12K + [|2(KT + 6) — 2(KT)]|

1Z(RT)|| + 12T + 6) = Z(KT)|| + [|2(KT + 6) — 2(kT)|
Yo VT(|Zo]| + T [ag| + [unlloc) +

oL (|Z(RT) + [a°(KT)| + [[tmlloo) +

YT (|Z(RD)|| + | (KT)| + [[tmlloo)-

ININ A

Using for a bound on ||z°(kT)|| and for a bound on ||z(kT)||, and observing
that z(0) = z°(0) = 7y, it follows that there exists a constant v;; > 0 so that for

small 7" > 0 we have
12O < VT (||zoll + 185]) + 111V [tmlloo, >0,

which proves the first inequality of the proposition.

Proof of Claim B.2:
The key idea is as follows. We see from that

C[k+DT]] [N 4 95T? T T2 | [ WRT] ]
vl[(k +1)T] 3T e+ T v[kT]
’YST m||00)

k& {no(T), na(T), na(T), - - - },
and that there exists a constant 4; so that for small T’

Y[(ni(T) + )T < (eMT 4+ 3T + 43T [ni(T) T+
N [0(ni(T)T) + [[tm|] ool
v[(ni(T) + )T < %[ni(T)T] + v(ni(T)T) + [|wm]|oo]-

(77)

Now, we apply a similarity transformation to to diagonalize the difference
equation, which greatly simplifies the analysis; we then use to get a bound on
the size of the jump in the state on the problematic intervals [n;(T)T, (n;(T)+1)T).

We then glue the intervals together to prove the desired result.
To proceed, we first diagonalize the state matrix

eMT + 3 T? T + 312

M =
13T e+ T
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of ; we do so in two steps. The first goal is to choose real-valued L(T) so that

the (2,1) element of
1 0 1 0
] ™

is zero. Equivalently, we want
(M7 +45T?) L+ 35T — (T + T?) L — (e +4T)L = 0, (79)

which results in

e+l Y1yT + 1%, T
— L L. E—
emT + ’73T2 eMT -+ ’73T2 eMT + ’73T2
A(D)

notice that f; is a continuous function of its argument. Since ¢ € (0, 1), for T" small
we have that

fi:10,1] = [0,1);

hence, by Brouwer’s Fixed Point Theorem there exists a solution to the above
equation; in fact, it can be obtained by iteration, and it is easy to confirm that it
is O(T)[] i.e. there exists a 9, so that, for small 7,

IL(T)]] < AT

Now we apply another similarity transformation to to diagonalize it: more
specifically, the goal is to choose real-valued p(T") so that

1 p 10 1 0 I —p
o L Ve Y0 T
_ 1 D 6>\1T + 73T2 — (’}/1’}/4T + ’)/3T2)L ’)/1’)/4T + ’}/3T2
01 0 €+ 73T + (71’}/4T + ’73T2)L

L —p
0 1 |’
is diagonal. Equivalently, we want

e + T + (T + T L — M —T? + (T +T?)L]p
+ T +yT? =0,

so p is O(T): there exists a constant 43 so that for small 7"

[Ip(T)] < 7T

!One can obtain a closed form expression for L by solving the quadratic equation (79), but it
is tedious to analyse.
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Using these similarity transformations, we can now define a new state:

EA R B (ki
Equation becomes:
ERGE

eMT + 3 T? — (T + 3 T?)L(T) 0
0 e+ T + (v + ’)/3T2)L(T>
01

o(kT)
[ 1 —}—p(T)L(T)](’leHE_’H ‘*:73T2) +3T'p(T) } ] |oo +
VT + L(T)(nT||E|| + vT?) e
(k. T) { Tl +7§(E’L§;TL )(]Tﬂ; v3p(T) } "
[ (1= L(M)(kT) + 1+ L(T)p(T) = p(T))0(kT) + |[ttm |0 ]
0

)-
[ 56m |+ | o |l +

X

For small T

pi(T), p2(T)
pi(T)

pa(T)

[07 1)7
6()\1+/\)T/2 = 6)‘2T [)\2 = ()\1 + /\)/2]7
e+1

5

INIA M

Solving this difference equation yields, for i € Z*:

GET] < po(TYF O g (T)T + T + pr(T) 2 By (T) [t o
j=
pi(T

pi(T) —1

k—n;(T)— -1

\_/O

< p(D)FO W (T)T +T] + Ey(T) [t

= p (D)D" (TYT 4 T) + OV |[timlloe, k= ni(T)+ 1, ,niy1 (T),
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and
k—TLz(T)—2
OKT] < po(T) D= 0[ny(T)T + T + pa(T)F 07279 By (T) [t || o
=0
, TYk—n (T)—1 _ 1_
< po(T)F O 5[0y (TYT + T1 + pa( ;Z(T) ——Ea(T)l [
= po(T)* D00y (T)T + T + O(T)| [t oo,
k=ni(T)+ 1, nia(T). (82)

Now from ([80))

Y[n(T) + DT] < pu(T)(ni(T)T) + Er(T)|[uml oo + Bi(T) %

ni(T)T) + O( )17( (T)T )+0( [t |oo,
(83)

and
o[(ni(T) + DT] < O (ni(T)T) + O(L)0(ni(T)T) + O(1)[tm]loc-  (84)
Combining (81)-(84) and evaluating at k = n;41(T") yields

Ynin(D)T] < py(T) 07O+ O(T))i (ni(T)T) + O(T)0[ni(T)T]} +

O)[ oo,

Ui (TYT] < ) =) o
1)1

]{)(; )T) + O(M)o(ni(T)T) + O(D)|[tml[o } + O(T)|ttn]]oo-
Now
lip inf(ni1 (T) = n(T)T > T,
lim ps(T)
p(T)

so using the fact that Ay € (A1, 0), it follows that there exists a 7, so that for small
T we have

Blness(T)T) + 0nia (D)T) < 202D (0 (T)T) + 0(ny(T)T)] +
294 [t oo
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as well as
GIRT] < (14 3uT)e* O (n(T)T) + 0(ni(T)T)] + Fal [t | oo
o[kT] < 7O (n(T)T) 4 0(na(T)T)] + Fal |t | oo

ni(T) < k < nia(T),
so for small T this leads to

Hna(1)T) + 0l (T)T) < OO gy (T)T] + 0l (T)T)} +
.
1_—Zim|lum|!oo, ieN.

and
GIKT] + 0[kT] < (1473 + D) (n(T)T) + 0(ni(T)T)] +
294 |umlloo,  1i(T) <k < miga (T).

If we combine these it follows that for small 7" and n;(T) < k < n;.1(T):

PIET) +0kT] < (1+ 74 + TP 5 [ (T)T] + o[ny(T)T)] +

27t |0 .
< (L4 27) eI [Plng (T)T] + 0y (T)T]] +
.\ 3N _
(1 +2790) 5z + 274l [Jum o, (85)
=%

which means that
YIRT] +olkT) < Ase O [ng (T)T] + 0lna (T)T1] + Fs| [t oo
k> ny(T). (86)
Now we have to extend this bound back to ¢t = 0. We have two possibilities:
(i) If t; = 0, then ny(T") = 0, so we are done.

(ii) If t; > 0, then 6(t) is continuous on [0, n,(T)T), so solving clearly yields
a slightly modified version of and : there exists a 74 so that for all
small T’

T4 (0) + Fo [t | oo,
e 5(0) + Fol[tmlloe, 0 <k < (T,

YIRT] <
olkT] <
SO

VIRT) + 0[kT] < e [¢[0] 4 0[0]] + 296 [ttm]|0o, 0 < &k < ny(T).
If we combine this with , we have

GIRT) +okT) < 3 [9[0] + 0[0]] + (35 + 23530) [l loor & > 0.
(87)
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Hence, clearly holds in all cases. If we now solve for { f } in terms of

|

SIS

i | =L e [ |

and use the fact that L(T) = O(T) and p(T) = O(T), it follows that there exists a
constant 7, so that, for small 7"

YIKT) < 31X (4(0) + 0(0)) + Tl )
olkT] < e (15(0) 4 0(0)) + Felltm s >0,

as desired.
It remains to find a tighter bound which holds during the last part of each
interval [n;(T)T,n;11(T)T). To this end, define

n:(T) = {t" +T\/ﬂ ieN:

henceforth we assume that T is sufficiently small that
T_lZ(T> < MNyy1 (T)

Notice that

~5[S

(ni(T) = ny(T))T >

From (82)) and there exists a g > 0 so that for small 7"

oRT] < (IO 0 TIT) + Fu(TIT) + [t o] +
< Nt

2
V8T [[tm|loo,  14(T) < k (T),

SO

4

okt < 3 (T5F) T MO TT) + T + o] +

Now 5+1 < 1, so it is easy to confirm that

(5”)%:owﬂ,

2
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so there exists a constant 79 so that for small 7"

ORT) < VT O G (0 (T)T) + (i T)T)] + oV T ||t o

Combining this with and using the fact that e*2((D=NT 1 a5 T — 0, it
follows that there exists 7o so that for small 7"

ORT] < F1oVTEH[0(0) + 9 (0)] + F10V T ||t | oo
ni(T) <k <nia(T), i €Z".

Now
v(kT) = O(T)Y(kT) + (1 + O(T*))v(kT),

so combining the above equation with and , it follows that there exists a

constant ;7 so that for small 7"

vlkT] < AuVTe 0(0) + ¥(0)] + 31 VT |[tn]] o,
n(T) <k <nip(T), i€Z",

as desired.
O
Proof of Lemma 5.1:
The states of ¥ and v satisfy
k—1 A )
WRT] = e p(0) + Y M ETIT N T|E]] x ||uml oo + 17 To [T+
§=0
[T 4 T x (5, T (W UT] + o[ T] + [t |0)] (90)
k—1
vlkT] = 0(0) + > e T + yax (G, DIWUT] + 0[T) + [uml o). (91)
§=0
Clearly
1Z(0)]] = ¥(0) < (0),
170)]] = v(0) < v(0)
So suppose

—N
ST
[
~
_— =
IAIA
c &
Ry
S

<

|

=

=

J??‘

|

=
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we must prove that they hold for j = k. Let’s examine the update laws for z and
7. We have

k—1
1ZRT]] < 0 T20)]| + D ne T [(NT|E|| X ]|+
j=0
T AGTI A+ [sT? + 3T x (G, DIZETI A+ AT A+ umlloo)]
S 711/1[kT]7
k—1
AT < 1A+ ) s + ysx G DINEGETI] + IAGT + [t o)
=0
< [jT].

Proof of Lemma 5.2:
Proof of Lemma 5.2:

To prove this result, the interval of [jT,(j + 1)7) will be analyzed. Here we
analyze two cases: (i) ¢ =0, and (ii) ¢ > 1. While in the first case the state z has
dimension 2, in the second case the state z has dimension 7. First we prove the
lemma for the case ¢ = 0:

e 2 is used to construct ¢o(;7):

(y(jT)h>

N _1 o ol y(UT + T (5T)

do(iT) = pl fo i 1_}vm(h)_ Sm, : + [ ki ko } [ U (5T)
=:[ (50 (51 6m ] y(]T+mh)

e 2, is used to construct and keep track of u°(57T).

The periodically time-varying gains F, G, H, J, and L (with period p) are
partitioned accordingly as

=[50 ) o =[], mor= ], = 48]

LK) = [ Li(k) Lo(k) ]

Since the controller is periodic of period T, for simplicity we will assume that
J = 0 which means that we are analysing the first period [0,7). The state z; is
used to construct ¢q(0). We have

%0 O%:Oaklaké) k=0, p=1,
— ( 00 7507()’0) k:O, p>1
(Fy, Gy, Hy, Jh)(k) = ([ 1 07,6,0,0,) k=1,---,m
([1 0}707070) k:m—i‘l,"',p—l, p>m—|—1,
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The state z5 is used to form the u°(jT"). To this end, we set

( (:co 1},0051,0,0) k=0, p=1
(_0 1],Cogk+1760k1,00]€2) k=0, p>1, p=m.
(fo 1],0,0,0) k=0, p>1, p>m
(F2, Ga, Ha, o) (k) =4 ([ co 11],c00%,0,0) k=p—1, p=m, m>1
([ co 1},0,0,0) k=p—1, p>m m>1
( 0 1],0,0,0) all remaining
L ke{l,--- p—2}

In the case that p =m, m > 1 the initial value of the states should be chosen as

{ 28 } - { —co&fiym). }

The construction of the control signal is as follows

(([co 1],601,0,0) k=0, p=1

(10 17,c00641,0,0) k=0, p=m, m>1

([0 17,0,0,0) k=0, p>m, m>1
(L,M)(k)=<¢ ([0 1],0,0,0) k=p—1, p=m, m>1

([1 17,0,0,0) Ek=p—1, p>m m2>1

([0 17,0,0,0) all remaining

- ' ke{l,---,p—2}

The difference equation for the states is as

[zl(pj+@'+1>] _ {Fl( Jpj+i) F (2)(pj+z')} {zl(mﬂ)%
2P +it+1) F2(1)(pj +14)  F2(2)(pj +17) | | 2(pj +1)

[ Ep; 13 } y(GT + ih) + { Hl(pgﬂ) } (T + ih) +

[ Jl(pé“) 1 Uy (jT +1ih), jeZ*, i€{0,---,p—1}.

Recall that the matrices F, Iy, Gy, Gy, Hi, Ho, J; and J, are periodic with period p
for j € N. From the controller construction, it is easy to show that F2(2)(pj+1i) =
1, jeéN, i€{0,---,p—1} and

Z2 = ﬁo(jT)

as desired in parts (i) and (ii) of Lemma 5.2. To prove part (iii), using the fact that
F1(0), it follows

Fi(p—1)Fi(p—2)---F1(0) =0,

i.e. the first sub-system is deadbeat, as desired in part (iii) of Lemma 5.
Now we prove the lemma for the case ¢ > 1 and the state z has dimension 7:
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z1 keeps track of the following entry, used to construct the éz (47) terms:

y(T)
%\[ 0 1] Hm(h)‘lS;fl WT:HL)
[0 &1 o 0w ] | yGT +mh)

Construction of the (ZSZ (jT') terms is carried out using two states:

2 keeps track of the current ¢;(jT') — 6,y(jT + (i + 1)mh), i=1,--- ¢,
which is being constructed.

y(iT +imh) —y(jT)
(G 6 e 6] y(§T +imh + h) —y(jT + h) O (T) -
y(JT + (i + 1)m‘h) —y(jT + mh)

Omy(§T + (i + 1)mh), i=1,---,q.

23 keeps track of the current ¢ (4T7), ©=1,---,q, whichis being constructed.

y(T +imh) —y(3T)
y(jT + imh + h) —y(jT + h)

[ 60 0 -+ O } : +g§z_1(jT),
y(4T + (i + 1)mh) — y(§T + mh)
i=1,---,4q.
24 is used to construct ¢ (jT):
y(iT)

A 1oz y(iT + h) Z(§T)
T) = - —1 | Hy(h)'S,} . + [k K {m.
Go(4T) /)\[ f2 - _}V ( )_ m : [ 1 R2 } Uy (GT)

=[ d 4 Om | y(JT + mh)
z5 is used to keep track of the current gﬁi_l(jT), i = 1,---,q; this is

essentially a delyed versionof z3.
zg 1s used to construct > 7 ;i (T).

27 is used to construct and keep track of u°(jT).



181

The periodically time-varying gains F, G, H, J, and L (with period p) are
partitioned accordingly as

F(k) () H,(k) (k)
Fy(k) Ga(k) Hy(k) Ja(k)
F3(k) G (k) Hs(k) J3(k)
F(k)=| Fu(k) |, G(k)=| Ga(k) |, H(k)=| Ha(k) |, J(k) = | (k) |,
F5(k) G (k) Hs (k) J5(k)
F(k) Ge(k) Hg(k) Jo(k)
| Fr(k) | | Gr(k) | | Ha(k) | | Jr(k) |

L(k) = [ Li(k) La(k) Ls(k) La(k) Ls(k) Le(k) Lq(k) ].

Since the controller is periodic, for simplicity we will assume that j = 0.
For z; we have

(OO0 0000 0],8,00 k=0
(F1,G1, Hy, J)(k)=< (|1 0 0 0 0 0 0],6,0,0,) k=1,---,m
(1 00000 0],000) k=m+1--,p—1

This means that
Zl(k) |:0 1] ()15 1ym( )7 k:m+177p_1

The objective of z, is to construct of the current ¢;(0) — 6,y ((i + 1)mh), i =
1,---,q. To this end, we set

(([0O O 0000 0],0,0,0) k=0,---,m—1
(o001 0000 0],6-m00) k:m, 2m—2
(l-1 10000 0],6%1,0,0) k=2m 1
(00000 0 0],d,0,0) i=2,---.,q, k=im
(o1 0000 of,ak_im,o,()) i=2-,q,

(F27G27H27J2)(k): k:Zm+17 ?<Z+1) _27

([-1 10100 0],0,-1,0,00 i=2,--+,q,
k=({+1)m-—1,

(o 10000 0],0,0,0) all remaining

\ kE{O,"',p—l},

which results in
za(im +m) = 6,(0) = 8,y((i + mh), i=1,--- g
The state z3 is used to construct the current ggi(O), i=1,---,q. We have

(foo0oo0000O0],000,) k=0,---,2m—1
(0010000 0],6,,00) i=1,---,4q,
(F37G37 Hg, Jg)(k’) = k= (Z + 1)m,
(OO0 1000 0],00,0) all remaining

k‘G{O,---,p—l},
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which results in
z(k) = ¢;(0), i=1,---,q, k=@G+Dm+1,--,(i+2)m.
The state z, is used to construct $0 ). We have

(0
([000 000 0 0],d,kiky) k=0
(F4,G4,H4,J4)(k’): ( O O O 1 O 0 0 7514370707) k‘zl,---,m
(O 00O 100 0],0,0,0) k=m+1,--- ,p—1.

The state z5 is used to keep track of current ngSi_l(O), i=1,...,q. To this end,
set

(0,0,0,0) k=0,---,2m
(o 00100 0],000) k=2m+1

(F5, G5, Hs, Js)(k)=< (O 01 0 0 0 0],0,0,00 i=2,---,q, k=(i+1)m
(O 00O 010 0],00,0) all remaining

ke{0,---,p—1}.
The state zg is used to form Y 7 ¢;0;(0). To this end, we set

(([00 0000 0],000 k=0,---,m

(1000 ¢ 00 0],000) k=m+1

(00 ¢ 001 0],000) k=(@G+1)m+1

(F67G67H67J6)(k): ) (Z:L 7q_1>

_ ¢g 001 0],6,,00) k=(qg+1)m

(O OO OO0 10],00,0) all remaining
ke{0,---,p—1}.

—~
[a)
o

Thus,
q

z6(k) = Zciﬁgi(o)a k=(g+1Lm+1,--p.

=0
The state z7 is used to form the 4°(0). To this end, we set
(foo0o0011],000) k=p-—1
(F7,G7, Hy, J7)(k)=1< ([0 0 0 0 0 0 1],0,0,0) all remaining
kefo,---,p—2}.

The construction of the control signal is as follows

(([0O0 0000 1],0 k=0,--- ,m—1
(000 p 00 1],p0, k=m
(000 p 00 1],0 k=m+1,--- ,2m—1
(1000 p —p 0 1],p0n) k=(i+1)m

(L, M)(k) = (i=1,.q-1)

([O000p —p 0 1],0) k=@G+1)m+1,-- ,(i+2)m—1
(i:17"'aq_1)

(0000 —p 0 1],0) k=(qg+1)m, - ,(g+2)m—1

(OO0 000 1],0) k=(¢g+2)m, - ,p—1.

p—2q—1
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<1
<2
<3
Z4
z5
[ ~6 |
ing, with an arbitrary (1 xn) vector @ we define the vector Qp;.;jj, @ < j < n, equal

Now let us divide the states into two parts: ¢ := and z7. Before proceed-

toa (1 x (j —i+4 1)) row vector consisting of elements it to jth of ). Regarding
this partitioning and definition, we define the following matrices

[ Fipg Fipza
Fa.6 Fapr.a
F31.6 F3(7.7
o= , Fiy = , o = Fopg), Foy = Fopr.
11 Firg 12 Fynr b1 7[1:6) 22 7[7:7)
Fi1.6) Fy[7.7
R | Fopr) |
[ Gipag | [ Hijpap | [ Ty |
Gaopia Hyp Jop:1)
A G311 - Hjp.q * J3[1:1]
G, = , Hy = , Jy = ;
! G ! Hypa ! Sy
G Hs[1.q J5[1:1]
| Ge[:) | | He[1.1] | Jep |
thus, the difference equation for the states is as
Cpj+i+1) T _ [ Fulpi+1) Flz(pj+i)} [ C(pj +1) ] N
z(pj+i+1) Fou(pj +1i) Foo(pj+1) | | 26(pj +1)
Gi(pj +i . . Hipj+i) ] _ . .
[ 1(]1(7)—1—2) }y(gT—l—zh)%— [ 1(pé+l) }C{Jm(]T—f—Zh)"‘

{ Jlél) ] U (JT +ih), jE€Z*, i€{0,---,p—1}.

Recall that the matrices Fiq, Fia, Fo1, Fo, G1 Hy, and J; are periodic with period
p. From the controller construction, it is easy to show that Fy(k) =1, k€ ZT,
and zg is constructed as

e, ie{0,1,---.p—2} . ..
z6(p]+2)_{ao[(j+1)T]’ i:p—l, 7]€Z7

as desired in parts (i) and (ii) of Lemma 5.2. To prove part (iii), using the fact that
Fi(0), F5(0),---, Fs(0) are all zero vectors, it follows that F3;(0) = 0 and so

Fi(p—1)Fi(p—2)--- F11(0) = 0,

i.e. the first sub-system is deadbeat, as desired in part (iii) of Lemma 5.2.
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.3 APPENDIX C

Before starting the proofs, a technical result is presented which is used in other
proofs.

Lemma C.1 [14]:
Consider the square matrix

A A
A =
[ Ag1 A } ’

where A,y is nonsingular. On defining Lg := A;;Azl and Ay := Ay — AiaLg, if
—1 1 ~1
142 |1 < 5 (Aol + [z ][ Lol[) ™,

then there exists a matrix M with the property that

2| Ao|| [| Lol|

[|M]| < :
|| Aol| + [|Ar2]| || Lol|

such that if L := Lo+ M, then

I 0 Ay Agg I 0 . Ay — AL Ao
L I Agl A22 —L I o 0 A22+LA12

Proof of Lemma 6.1:

Suppose that the two conditions (i) and (ii) hold. Examining (6.8), the closed-loop
system is stable if and only if eigenvalues of

L I+ AT + Ay(KT) BT + Ay(T)
dosed == Ny fo =1]O+0O(T) 1+c[fo —1]m+0O(T) |’

stay in the open unit disk. To proceed, we first carry out a similarity transformation
to make the (2,1) element small, while maintaining the (1,2) element small. First
we need some notation:

[ —1]0
[ o —1]p

and we define the similarity transformation 7T} as

I 0
T12: |:,]1:|

J =
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Then

A - -1 __
Aclosed Cha TlAclosedTl -

[+ (A= BT + Ay(KT) — Ay(KT)J

=:Aqq (KT)

TAJ +TJA+ JA(KT)+O(T) —TJBJ + JA(KT)J — O(T)J

/

=:A21(kT)

BT + Ay(KT)
~—_——

=:A1a(KT)

Ltco[ fo =1 ]p+O(T) +TIB+ JA(kT)

-~

=:Ag2(kT) ]
_ | an(T) ann(T) |
’ (Igl(T) CLQQ(T) ’
recall that there is a ; > 0 so that
1AL(RT) < mT?,
122(kT)| < mT?,
so there exists a constant 5 > 0 so that
1AL(KT)]] < 72T?
1A(KT)|] < 7T,
1A (KT)[| < 72T,
B2 (KT)[| < 72T

Now we carry out a second similarity transformation to put Agseq into upper

triangular form, so that stability will be determined by the diagonal terms. Before
proceeding, define

a = sup |1 + ¢ [ fo —1 ]pl|,
0P

which is less than one. Now we define the second similarity transformation as

o= [WéT) (1)]
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W (T') will be defined in such a way that 7 2 Agoseal 2_1 is upper triangular. We have

TQAclosedTQ_l =
all(T) — alg(T)W(T)
W(T)a1(T) + ant (T) — W(T)ars (TYW(T) — asa(T)W(T)

alz(T)
age(T) + W(T)a1o(T)

(92)
Now we would like the (2,1) element to be zero, which is true if and only if
W(T) = an(T)ai(T) ™" = W(T)aro(T)W(T)ar(T) ™" — an(T)W(T)an(T) " .
(W (1))
Now we have
CLll(T) =1+ O(T),
Cl12<T) = O(T),
921 (T) = O(T), B
GQQ(T) =1+ Co [ f2 —1 }pl + O(T),
SO
nW(T)) = [I+O(MIOT) + I +O(T)W(T)O(T)W(T) +
I+O0M)){1+c[ fo =1 ]p+0O(T)}W(T).
Hence, if ||W(T)||]2 < 1, then there exists a 73 > 0 so that for small 7"
W (TN < A+ 3T + (L+3T)wTW(T)]* +
(1 +3T)(a+T)|[W(T)]
Hence, for small T, say T € (0,T):
a+1 -
v < S ges.

According to Brouwer’s Fixed Point Theorem, the equation
W(T) = n(W(T))
has a solution for T € (0,T) satisfying
W(T)]] < 1.
A tighter bound on its size can be obtained by examining (93)):
WD = (WD)l
< (T4+9T)ysT +

(1 + Ty T[W(T)|| + (1 + ysT) (a + 5T |[W(T)]
= [1= (1 +wT)(a+2D)] WD) < (1+75T)7sT;
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for small 7" we have

a—+1
2 )

(1+T)(a+2T) <

so for such T

a+1
I === WD = (L+T)%T
(1+157)7sT
=W = —— (=)
2
= O).
Now we return to . For small T the closed-loop system is stable if and only
if
splan (T) — ap(T)W(T)] C D, 6€P,
and

lag(T) + W (T)aw(T) <1, 0€P.
Now we have
g (T) + W(T)aw(T) = 1+c [ fo =1 ]p+O(T),
so for small T’

|aga(T) + W(T)ao(T)]

< Y
-2
Also
an(T) — app(TYW(T) = I+ (A—BJ)T + O(T?
— I+T[(A—BJ)T+O(T)].

From condition (ii) it follows that there exists a compact set T c C~ containing v
so that for small 7'

splA—BJ+0O(T)]cY, 6eP.
Hence, for such a range of T
spll + T(A—BJ+O(M)]c{l1+Tv: veT}

but this lies in D for small 7. Hence, we conclude that there exists a T > 0 so that
we have closed-loop stability for all § € P and T € (0,T).

To prove the closed-loop stability we need to show that the controller states z
are well behaved. First suppose that tg = kg = 0. From the stability of the A.oseq
it follows that there exist constants v4 > 0 and A < 0 so that

1Z(ET)|] < 7ae " (||Zol| + [5]) + Yal [t oo

o - . keZt. 94
@ (KT)] < 7™ (|1Z0]] + 131) + Yalltum oo (94)



188

Using an identical argument to that used in Theorem 5.1 we can show that there
exists a constant v5 > 0 so that

k]| < e (T30l + 165]) + sllumllee, k€ ZF

It remains to prove that z is well behaved between sample points. However, it
follows from solving the system equation that for ¢ € [kT, (k + 1)T) that

o(t) = (I+0D)I(KT) + O(T)||umllo + O(T)| | (KT)]|,
so it follows that there exists a 7 > 0 so that
z(t) < e ||Zoll + Yol lwml|o-

In the more general case of ty = koh > 0, we simply argue in the same way as in
the proof of Theorem 5.1.
Hence, with

oa(t) = [ A ] . te[kh, (k+1)h),

so it follows that
zsa(®)]| < (56 +76) (€| 25a(0) ]| + tmllo), >0,
—_——
=7

as desired.

Proof of Lemma 6.2:
Recall that regarding Condition (d), the plant is time-invariant, so we observe the
following two properties

e Property 1:

C =[010 - 0]
CA=[(001-- 0]
cA™t = [0 0 -+ 0 1]
CA™ = [ ag o Q1 —Bo 0 —Bma }
CAm+1 = [ —b()Ozn_m—l - O-/Oﬁm—l T ﬁm—l + 57271—1 ] :
For simplicity let us define:
CA™ = [ —bottn—m-1 — Bm-1 o P +ﬁ72”71 }
= [ Co,o qu,o ] :

If we do the same procedure we will have

OAl = [ CO,lfm T Cnfl,lfm ] .
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e Property 2:

CB =0
CAB = 0
CA™ 2B = 0
CA™'B = ¢
CA™B = —gBm_1.
For simplicity let us define:
CA™B = 4,.

If we do the same procedure we will have

CA™'B = 9,1

First we prove part (i) of Lemma 6.2. To proceed, we use these properties to obtain

l+c| fo =1 ]m,

and
o -110
i pLP Jor|
[ 2 —1]p
It is easy to show that
[ f2 —1 ]pz = —grmk*lim - 190Tm+1)\*l77n71 = =V ar N = 0,

and since \* is very large we have

- m

[ —1]p=~ g,

and so

= l—m

1+Co[f2 —1}plz1—cogrm/\* ;

it is easy to show that
l—m
|1 — cogrmA™ | <1,

if and only if ¢y and g have the same sign and

1

0 <o < ———
‘ 0| rm’g’)\*l—wﬂ

is small enough; thus, with this two conditions

|1+Co[f2 —l]pl|<1,
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as desired in part (i) of Lemma 6.2.
Now we prove part (ii) of Lemma 6.2. The objective is to design the controller

gains appropriately so that for all § € P there exists a compact set T C C~ so that

[ -1]0 o
[ f2 -1 }pl
To proceed, let us define
l—m—1
>|<lf”m, 7
Hi = _lem,i - Z Ci,ijJrj)\
§=0
~ _CO Z,rm)\*l_ ) { € {07 ,—1m — 1}7
then
[ JfQ -1 ] Ol =

[ Ho == Hn-m—1 _TO/\*Z + Un—m _Tm—1>\*l7m+l + fn—1 ]

~ [ _go’orm)\*lim T _CO,n—m—l'f’m)\*lim —To)\*l Ce —’f‘m—l)\*lﬂrﬁl }
Thus,

B [ f2 -1 } Ol =
[ 0 0 0 0 _
~9 _Covorm)‘*lim —Co,nfmfﬂ“m)\*lw —roA e AT
0 NN 0 0 . 0
L 0 O 0 0 |
This structure yields
[ 72 _1 }Ol
[ o —1]p 0 Am B |’
0 0 -0

which is a diagonal matrix. Observe that A, is stable and o > 0, so we only need to
design the controller gains so that for all § € P, there exists a compact set T C C~

so that -
A—B—[ 2 1 1O

cY, 6eP.
[ f2 =1 ]p

Sp
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Now let us analyze this matrix. It is easy to show that

([ 0 1
0 0o ... 1
—by —by ... —bp_m-1
—1 O | n—m
A—B[ff |0
[ —1]n T 0
0 0 0
i _040+C0,0 a1+ G - Opem—1 + Con—m—1
00 1]
0 0 . 0
1 0 . O_
0 1 T
0 0 1
—Bo— AT =B — AT By = ey |

Now we consider that

—B; — DU N —Q)\*mfj, je{0,---,m—1},

Tm T'm
and define k; :== o; + (s, 1€ {0,---,n—m —1}, so
A—B[ ff —1 }Ol _. A Ap
[fg —1 ]pl T A Ax
[ 0o 1 00 11
0 0o ... 1 00 ... 0
_—b[) —b1 ... —by_m-1 1 0 ... O_
[0 0 0 1 l
0 0 0 0 0 1
| [ Ko K1 o Kneme e N S T
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with
0 1 00
A — 9 A - 9
1 0 0 1 2 00 ...0
| —bo —b by 1 10 ...0
[0 0 0 1
Ay = B Agy = :
2 0 0 ... 0 P 0 0 1
| Ko K1 oo Eneme e N

To achieve the desired result, first we need to transform

[ 2 —1]0
[]E2 —1]]71

into an upper triangular matrix using a similarity transformation:

A-B

Claim C.1: There exists a A\* >> 1 large enough so that for A* > X\* there
exists a nonsingular transformation 7" := [ i ? ], where ||L|] = O(55) and we
have
7la-pbf 2O G g An Ae ] pa
[ Jo —1 }Pl Ag1 A
_ | Au— AL Arz
0 Agp + LAy |-

Proof: The proof of Claim C.1 is given below.
Now we have the diagonal transformed matrix

Ay — AL A
0 Ags + LA |

and we analyze the matrices on the diagonal. First we work on Ay; — Ao L. Recall
that because the plant is minimum phase, A;; is Hurwitz. From Claim C.1 for
A* >> 1 large enough, ||A12L|| = O(1/X\*) is small, so there exist constants v; > 0
and Ay > 0 so that

etan - < gyt (97)



193

Now we look at Ay + LA1. First we have to prove that Asy is Hurwitz. From the
structure of Ay in , it is easy to show that the characteristic polynomial of this
matrix is as
m Tm—1 % m—1 xm—1 *M

s+ ——A\'s + 4+ —A s+ —A\" .
Regarding the fact that rg,ry,...,r, are defined so that the above polynomial
is Hurwitz, so A,y is Hurwitz. Similar to the stability proof of A;1 — AL, for
A* >> 1 large enough, ||LAz|| = O(1/)\*) is small, so there exist constants vy, > 0
and Ay > 0 so that

ot

(A22+LA12)t|| < 72€_>\ .

le

If we combine this inequality with @, and we set A** = max{\*,\*}, then for
A* > A" for all 0 € P, there exists a compact set T C C~ so that

fr —1]0 _
sp a_plf 11O cT, OeP:
[ 2 =1 ]p
recall that in the diagonal matrix A, is Hurwitz and o > 0. Thus
[ f -1]0 _
Sp A—BM cY, 0eP,
[ 2 —1]p

as desired in part (ii) of Lemma 6.2.

Proof of Claim C.1:

To transform

[ fo -1 ] O, _ Ay A
A-B f 1 B [ Agr Ag }
—_—

=:Aclosed

into an upper triangular matrix, first we show that Ayy = O(\) and then use Lemma
C.1. Let us define the transformation matrix

1

|-

)\*mfl
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then we have

0 1
T1A22T1_1 = )\* 0 0 1
—ge —g . —gimL

Tm Tm

= O\).
Now we apply Lemma C.1 [I4] to transform A,seq into an upper triangular matrix.
Since A22 = O(}\), on deﬁning LO (t) = A;;Agl (t) and AO (t) = A11<t> — A12L0<t>,

since \* >> 1 is large enough, ||Lo|| = ||45 Az|| = O(1/X*), and ||Ao]| = || A1 —
AIQLOH = O(l), we have

_ 1 _
1Az I < ([ Aol + [[Asal] [ Lol ™"

So there exists a matrix M (t) with the property that

2| Aol || Lol
|M]| <
|| Aol| + || Ar2]|] || Lol|
= O(1/X\),

such that if L(t) := Lo(t) + M (t) = O(1/X*), then

I 0 All A12 1 0 o All —AlgL A12
L I A21 A22 —L I o 0 A22+LA22 ’

as desired.
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