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Abstract

Let X be a locally compact Hausdorff space along with n proper continuous
maps o = (01, -+ ,0,). Then the pair (X, o) is called a dynamical system. To each
system one can associate a universal operator algebra called the tensor algebra
A(X, o). The central question in this theory is whether these algebras characterize

dynamical systems up to some form of natural conjugacy.

In the n = 1 case, when there is only one self-map, we will show how this
question has been completely determined. For n > 2, isomorphism of two tensor
algebras implies that the two dynamical systems are piecewise conjugate. The
converse was only established for n = 2 and 3. We introduce a new construction
of the unitary group U(n) that allows us to prove the algebraic characterization
question in n = 2,3 and 4 as well as translating this conjecture into a conjecture

purely about the structure of the unitary group.
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Chapter 1
Introduction

The question of classifying dynamical systems by certain algebras has been an
active area of research for over seventy years. There have been several key players
in the development of this theory, a history of which will be shortly forthcoming.
First however, it is good to state what our definition of a dynamical system, both

one-variable and multivariable, has ended up as.

Definition 1.1 A one-variable dynamical system, denoted (X, o), is a locally com-
pact Hausdorff space X defined with a proper continuous map o : X — X, where

proper means that the inverse image of a compact set is compact.
And similarly defined,

Definition 1.2 A multivariable dynamical system, denoted (X,0), is a locally
compact Hausdorff space X defined with n proper continuous maps o; : X — X for

1 <i<n, where o = (01, -+ ,04).

The main goal of this area of study is to associate each dynamical system with
a particular Banach algebra such that the algebras are isomorphic if and only if
the dynamical systems are the same up to some form of natural conjugacy. In the

one-variable case conjugacy takes on the form:

Definition 1.3 Two one-variable dynamical systems, (X1,01) and (Xo,03), are

conjugate if there exists a homeomorphism 7 : X9 — X3 such that T ooy = 01 07T.



In the multivariable case conjugacy must be replaced by something called piece-

wise conjugacy which allows for an ambiguity of which maps are conjugate locally.

Chapter 2 will detail the complete solution to the one-variable dynamical system
problem provided by K. Davidson and E. Katsoulis in [4], which they wrote in 2006.
Along with the proof there will also be various examples of algebras that one can

associate to each system.

Davidson and Katsoulis, in [3], went on to provide an almost complete proof of
the multivariable case. This will be outlined in Chapter 3, along with the conjecture
that would finish off this problem if proven true. The conjecture has to do with
mapping an n!-simplex into the n-dimensional unitary group, U(n), such that the

map has a very specific partition structure. They only verified n = 2 and 3.

Following from this, Chapter 4 details a method of proof for this conjecture
that holds promise but demonstrates how the original question turns out to be
quite complicated due to the iterative structure of an n!-simplex. This permutation
structure comes from the built-in ambiguity of piecewise conjugacy. Our proof

works for n = 2,3 and 4, extending the known cases of this result.

Now we turn to the development of this subject and how it has changed from

the early days.

1.1 History

This area of theory can be considered to have originated with what is referred
to as von Neumann’s group-measure construction first published in 1936 by F. J.
Murray and J. von Neumann [I1]. Here one takes a locally compact space X with
an associated positive measure m. Now let G be a countably infinite discrete group
that acts on the left on X such that for ¢ € G we have z — gr,z € X is a

homeomorphism of X which transforms m into an equivalent measure.

From this situation of a space and an action, we can construct a von Neumann
algebra, called the crossed product or covariance von Neumann algebra. Suppose
that L°>°(X,m), an abelian von Neumann algebra, acts on a Hilbert space ‘H and
let § = H ® [*(G). Now we get two representations 7 of L>®(X,m) and u of G on
$ given by

m(a)é(9) = (9 'a)é(g), €€ 9H,9€ G ac L>(X,m)



u(g)é(h) =E&(g"h), heG.

This gives us that
u(g)m(a)ulg)” =7(ga), a€ L>(X,m),g€C

Let L*>(X,m) x G be the crossed product algebra generated by 7(L*(X,m)) and
u(G).

Second, W. B. Arveson, in his 1967 paper [I], developed the theory into some-
thing that is more familiar in form to our area of interest. He showed that the
classification, up to conjugacy, of an ergodic measure preserving automorphism of
the measure algebra of the unit interval is equivalent to the classification of specific

Banach algebras of operators on the Hilbert space L?(0,1).

Particularly, let M be the von Neumann algebra of all multiplications by bounded
measurable functions, acting on L?(0,1). Suppose that « is a *-automorphism pre-
serving the ergodic measure m, that is m o & = m on the projections of M. Let U,
be a unitary operator such that a(A) = U, AU on M. Then since a(M)U, = U, M
then

Ag(a) = {) AUL: Ay, A, € M,n >0}
1=0

forms an algebra. Let A(«) be the closure of Ay(«) in the operator norm. This

construction gives the required theory:

Theorem (Arveson, [I, Thm. 1.8]) Let a and [ be ergodic m-preserving -

automorphisms of M. Then a and (3 are conjugate if, and only if there exists

a unitary V- such that VA(a)V* = A(f).

This work was generalized by Arveson and K. Josephson in their 1969 paper [2].
Instead of such a limited class of automorphisms they considered triples, (X, o, m),
where X is a locally compact Hausdorff space, ¢ : X — X a homeomorphism,
and m a separable nonatomic regular Borel probability measure on X, with the

conditions:
(1) m o ¢ is mutually absolutely continuous with m (quasi-invariance),
(2) m(U) > 0 for every nonempty open set U,

(3) The set of periodic points of o, P = U,xo{z € X : ¢"(z) = x}, is measure



zero, that is m(P) = 0.

However, these are still fairly restrictive conditions as the existence of such a
measure does not happen automatically, and many interesting dynamical systems

are not homeomorphisms and have many periodic points.

Consider the Hilbert space L?(X,m) and the unitary operator

dmoo\?
Uf:< o > foo, fELQ(X,m)

where m o ¢ is the measure defined for £ C X to be moo(F) =m(o(E)). Now let

n I
A(X,0) = {ZfiUi i fu € Go(X),n > 0}
i=0

They go on to show that two different separable nonatomic Borel probability mea-
sures on X that satisfy the three conditions stated previously will produce isometric
isomorphic Banach algebras A(X, o) [2| Proposition 3.3]. As well, it is shown that
two algebras A(X1,01) and A(Xs,09) are isomorphic as algebras if and only if
(X1,01,m1) and (X3, 09, m2) are conjugate with the additional restriction that m;
and my are both ergodic and invariant under o; and o9 respectively [2, Theorem

3.11].

Furthermore, Arveson and Josephson prove that if X5, X5 are compact and the
measures mj,my are invariant then a bounded isomorphism, 7, from A(Xj,0q)
to A(Xs,09) has the decomposition 7 = (1 o 55 o ¢, where [; is a weakly inner
automorphism of A(Xs,09), 2 is an isometric automorphism of A(Xs, 02) and ¢

is an isometric automorphism from A(X;,01) to A(X2, 02) [2 Theorem 4.10).

In 1984, J. Peters [13] associated a concrete Banach algebra to a one-variable
dynamical system as defined in Definition 1.1} He originally defined this algebra to
encode the information of a C*-algebra and an endomorphism but we will use the

specific case when the C*-algebra is Cy(X), where (X, o) is our dynamical system.

Definition 1.4 Let (X,0) be a one-variable dynamical system. Let H, = I>(N) be

the space of square summable sequences & = (£,)5%, define for x € X

T (f)€ = (f(2)&o, (f o o) (w)&1, (f 0 0(2))(1')52, --), for f e Cy(X),



and let U, be the forward shift operator

Uxé- = (07507517527 U )

The semicrossed product algebra, denoted Co(X) X, ZT, is defined to be the norm

closed operator algebra acting on ®.cxH, and generated by

@xEX/]Tx(f)7 anEXU:c/]Tx(g)’ fag € CO(X)

Peter’s shows that two one-variable dynamical systems (X, o) and (Y, 7) with
X and Y compact and ¢ and 7 having no fixed points, are conjugate if and only if
C(X) x4 Z7 is isomorphic to C(Y) x, Z*.

This algebra will prove very useful as Davidson and Katsoulis use it to charac-
terize the one-variable dynamical systems up to conjugation. These semi-crossed

product algebras can also be defined via a universal property [9].

The last paper we will discuss in this history was written by D. W. Hadwin
and T. B. Hoover in 1988 [§]. They consider one-variable dynamical systems where
the space X is compact, not locally compact, but there are no longer any measure
theoretic considerations making this theory much farther ranging then the previous
work that was tied to the existence of a specific measure, which need not exist in

many cases.

This paper marks the introduction of what are called (topological) conjugacy
algebras, a class of algebras defined from a dynamical system that have a set of
properties making them particularly tractable. Davidson and Katsoulis refined this

idea which we will see in Section 2.1 and so their definition will be left until then.

However, they still imposed conditions on the fixed points of the map o. Showing
that (X3, 01), (Xs,09) are conjugate dynamical systems, where X, Xy are compact
and the set {x € X5 : 03(x) # x,03(z) = o(z)} has empty interior, if and only
if there exist isomorphic conjugacy algebras for (X, 07) and (X3, 03). Or, as they
prove later, if and only if the semicrossed product algebras of the dynamical systems

are isomorphic.



Chapter 2
One-variable case

Building on all of the work in the previous section, Davidson and Katsoulis in
[4] managed to extend this algebraic characterization to one-variable dynamical
systems (X, o) where X is any locally compact Hausdorff space and o is a proper
continuous map. Gone are the measure conditions and the restrictions on the fixed

point set.

2.1 Topological conjugacy algebras

Now we will define the algebra that encodes the one-variable dynamical system,

called a topological conjugacy algebra.

First, we need to define some basic structures to build up what we need.

Definition 2.1 Let X be a compact Hausdorff space and let 0 : X — X be a con-
tinuous function. The skew polynomial algebra, denoted P(X, o), is all polynomials
of the form

ZfiUiafi € C(X)
i=1
in the variable U for which in the “skew” case we have the multiplication

Uf = (foo)U.

The following notion is due to Hadwin and Hoover.



Definition 2.2 Let (X, 0) be a one-variable dynamical system where X is compact.

Define A to be a Banach algebra that satisfies the following conditions:

1. P(X,0) is a dense subalgebra of A such that the units are the same, that is
ly=1¢ P(X,O'),

2. C(X) C P(X,0) C A is closed,

3. There exists an algebra homomorphism Ey : A — C(X) such that Ey(f) =
f,¥f e C(X) and ker Ey = AU, and

4. U s not a right divisor of 0.
For such an algebra we can define a Fourier series for each element.

Lemma 2.3 Let A be defined as in the previous definition. Then we can associate
a formal power series with each element of A, that is there exist continuous maps
E,: A— C(X) such that

Proof. Note that Fy has already been given in the definition of A. Now since C'(X)
is closed in A then Ej is continuous by a classical continuity result. Hence, ker
Ey = AU is closed as well.

Define the map S : A — AU by Sa = aU. By the Inverse Mapping Theorem

we know that S has a bounded left inverse T'.

Since a— Fy(a) € kerEy = AU, there is a unique b € A such that a = Ey(a)+bU.

So inductively define nth coefficient map, where n > 1 to be
E,=FE, T(I — Ey)

because E,, \T(I — Ey)(a) = E, 1T(b) = E,_1(bU'). Combining each step we get
that
E, = Ey(T(1 — Ep))".

Thus, it is clear that each FE, is continuous and we can now define an algebra

homomorphism A : A — P>(X, o) given by A(a) =) E,(a)U". O



Now we can define the topological conjugacy algebra. We begin first with the

case when X is compact.

Definition 2.4 Let (X, 0) be a one-variable dynamical system where X is compact.
Then A is a topological conjugacy algebra for (X,o) if A is an algebra given in
Definition[2.9 such that

lim sup (|| £, [[|U™ )" < 1.

From this we can define a topological conjugacy algebra for the non-compact
locally compact X case. Define X=XU {w} to be the one-point compactification
of X. Then we identify Cy(X) with the continuous functions on X that vanish at
w. As well, we can extend a continuous proper map, o, on X to a continuous map

on X that has w as a fixed point.

Definition 2.5 Let (X, 0) be a one-variable dynamical system where X is locally
compact but not compact. Let A be the topological conjugacy algebra for (X,&).
Then the topological conjugacy algebra for (X, o) is the norm closed algebra A
generated by the polynomials with coefficients in Co(X). As well, A is called the

canonical unitization of A.

Now we look at several examples of topological conjugacy algebras, which shows
the flexibility of the theory. The first two examples are neither Banach algebras or
complete but they do satisfy Hadwin and Hoover’s looser conditions for conjugacy

algebras [8]. However, they serve as basic demonstrations of the theory.

Example 2.6 It is not hard to see that P(X, o) is a topological conjugacy algebra
for (X, o) minus the issues discussed above. We just need to have a condition on
the “variable” U, that is, something like ||U]| < m
P(X,0) satisfies the conditions in Definition [2.2] and then

From this we see that

Lim sup(|| 2, | [0 [)" = limsup || Bo(T(I — Eo))"||V" U™ */"

< limsup || Eo| | T[] = Eol[lU] < 1.

because ||Ey|l = 1.



Example 2.7 In the same way P>(X, o) is also almost a topological conjugacy
algebra for (X, o) by imposing a similar norm condition, in this case make it ||U"]| <
za1- Again the four conditions of Definition [2.2| are satisfied quite easily.

Besides failing to satisfy the full definition for a topological conjugacy algebra,
neither P(X, o) or P*(X, o) give us much information about the dynamical system.

We move on to more useful examples.

Example 2.8 Let (X, 0) be a one-variable dynamical system. Let H, = [*(N) be

the space of square summable sequences £ = (£,)>°, and for each x € X define

Trl"(f)g - (f(x)g(): (f o U)(‘T)gla (f © 0-(2))(‘7:)527 o )7 for f € CO(X)7

and

Vp§ = (51,52,53, T )

The norm closed operator algebra Ax, acting on @,cxH, and generated by the

operators
@meXﬂ'z(f)a @xeXﬁx(g)an fag € CO(X>7

is seen to be a topological conjugacy algebra.

Hadwin and Hoover in [§] provide more examples of topological conjugacy al-

gebras.

Example 2.9 Let W be a Banach space and let f — M/ be a faithful continuous
representation of C'(X) as operators on W. For instance W could be C(X') and M;
could be "multiplication by f”. Or, if m is a Borel measure on X with m (V') > 0 for
every non-empty open set V', and if 1 < ¢ < oo, then we could let W be L(X,m)
and let My be multiplication by f.

Fix p,1 < p < oo, and let Y be a Banach space of all norm p-summable
sequences of points in W. Let U be the backwards shift operator on Y. For f in
C(X), let Ty be the operator on Y defined by

Tf((“’ﬂ)?f:l) = (My.gn(wn))n24

It is readily verified that the norm closed algebra A generated by U and all the T}’s

is a topological conjugacy algebra for (X, o).

9



As well, note that the semi-crossed product algebras, Definition are isomor-

phic to those with W a Hilbert space and p = 2.

Example 2.10 Suppose that the continuous map o is freely acting on X in the
sense that, for every non-empty open set V' and for every positive integer n, there is
a non-empty open subset V' of V such that the sets o*(V’),0 < k < n, are pairwise
disjoint. It is easily shown that o acts freely if and only if, for each positive integer

n, the set {z : 0™(x) = x} has empty interior.

Suppose m is a Borel measure on X such that m(V) > 0 for every non-empty
open set V', and such that m and m o ¢ are mutually continuous with Radon-
Nikodym derivative h = dm o o/dm. Also assume that every set with positive

measure contains a set with finite positive measure.

Suppose 1 < p < oo, and let C(X) act on LP(m) as multiplications. Define the
operator U on LP(m) by U(f) = (f o o)h'/?. In the case of p = oo, let the weight
function h'/P be the constant function. Let A be the norm closure of P(X, o) in the
algebra B(LP(m)) of all operators on LP(m). Note that if m is counting measure
and p = oo, then C'(X) (with the supremum norm) is a norm closed subspace of
L>(m) that is invariant for the algebra A. In this case, once we prove that A is
a topological conjugacy algebra, it will follow that the restriction of A to C(X) is

also a topological conjugacy algebra.

The operator U is an invertible isometry on LP(m), so |[U]| = 1. Suppose
that « € P(X,0) and a = Y., f;U". Suppose 0 < k < n and r > 0, and let
V={x € X : |f(x)] > |Ifel| — r}. Choose a non-empty open subset V' of
o®(V) such that the sets o*(V’),0 < i < n, are pairwise disjoint. Let f be the
characteristic function of a subset E of V' with 0 < m(E) < oo. The functions

foo' 0<i<mn,have pairwise disjoint supports and U* f vanishes off V. Thus,

lafll = I(f o a®)afll = I fu(f o e YUFFI = (L full = 7)1

Since r can be chosen to be arbitrarily small, it follows that ||a|| > || fx|| for 0 < k <
n. Hence the coefficient maps Ey, E1, - -+ are continuous with norm 1 on P(X, o).
Thus the coefficient maps can be extended to contractive linear maps on A. It

follows then that A is a topological conjugacy algebra for (X, o).

10



2.2 Characters and representations

In this section we will develop some theory around characters and representations
of the semicrossed product algebra. This turns out to be one of the key steps in
the characterization of one-variable dynamical systems which will be proven in the

next section.

First, a technical proposition about algebra homomorphisms and how they relate

to the power series of an element in a topological conjugacy algebra.

Proposition 2.11 Let A be a topological conjugacy algebra for the one-variable
dynamical system (X, o). Let B be an algebra and p : A — B an algebra homomor-
phism. If Co(X)U C kerp, then p(a) = p(Ey(a)), for all a € A.

Proof. If a € A, then
a = Ey(a) + Ey(a)U + bU?

for some b € A. We assumed that p annihilates the second summand above and
we are done if we can show that p annihilates bU? as well.

Let (e,) be the contractive approximate unit of Cy(X) of all positive functions of
norm less than 1 with compact support. The order on the net is given by, e, < eg
if and only if e (x) < eg(z), for all z € X. Now (e,) is also an approximate
unit for the Banach algebra AU? and so span(AU?Cy(X)) = AU?. Hence the
right multiplication on AU? by elements of Cy(X) defines an anti-representation of
Co(X) on the Banach space which satisfies the hypothesis of Cohen’s Factorization
Theorem [12, Theorem 5.2.2]. The conclusion is that

span(AU?Cy(X)) = span(AU?Cy(X)) = AU?

and so there exists ¢; € A and ¢; € Cy(X) so that bU* = "7 | ¢;U?g;. But then

p(bU?) = Zp c;U)p(Ug;) = Zp ;U oo)U) =0.

and the conclusion follows. O

Now there is a natural partitioning of the character space, M 4, of a topological
conjugacy algebra. This partitioning is important since we will show that it is

preserved via homeomorphisms of topological conjugacy algebras.

11



Definition 2.12 Let A be a topological conjugacy algebra for a one-variable dy-
namical system (X,o0) and let p be a character on A. Then since the action of p

on Cy(X) C A is a point evaluation on some point, we define for x € X,
M.A,z = {p € MA : p(f) = f(x),Vf € OO(X) - A}

Thus, we get the following partitioning: My = UIGXMA@.

From this, look at the structure of a partition based on whether it is or is not
related to a fixed point of o. First, suppose that x is not a fixed point of ¢ and
p € My, then for all f,g € Co(X)

f@)pU)g(x) = p(fUg) = p((g 0 0)fU) = g(o(x))f(x)p(U) = f(z)p(U)g(o(x))
which implies that Co(X)U C ker p. Hence, by Proposition [2.11]
pla) = p(Eo(a)) = Ey(a)(z) forall ac A

Therefore, M4, = {6,}, a single element.

The next theorem deals with the more complicated case when x is a fixed point
of o. It turns out that in this case M 4, is homeomorphic to o(U) = D, a closed
disc. We will call a map © from a domain 2 C C into M 4 pointwise analytic if
O(z)(a) is analytic for z € 2 for all a € A.

Theorem 2.13 Let A be a topological conjugacy algebra for the one-variable dy-
namical system (X,o0) and let © € X be a fized point for o. Then there exists a

homeomorphism

O, :0(U) = My,
which is pointwise analytic on the interior o(U)° of o(U) and satisfies ©,(z)(gU) =
g(x)z for every g € Co(X).

Proof. First suppose that X is compact. The following argument is due to Hadwin

and Hoover in [8] to show that M 4, is homeomorphic to the spectrum of U.

Let r = lim, ., ||U"]|"/". Remember that the map Sa = aU from A to AU
has a bounded left inverse T and is therefore bounded below by ||T'||~!. Hence,
WU = 1T~ 1|l and so [[U™]| > ||T||""|I1||. Thus » > ||T||~* is positive.

12



Now consider the power series ) FE,(a)(z)z" and note that by the definition
of a conjugacy algebra its radius of convergence is at least r. Hence, for any z € C

with |z| < r, the mapping
A>a— Z E,(a)(z)z"

is a well defined multiplicative functional on A, which we denote by 6, .. Since
0,..(U) = z, for any z with |z| < r we have o(U) = D, Furthermore, the mapping
Mur 260 — 0(U) € o(U) is a continuous map between compact spaces that has
dense range. Since § € M4, is determined by #(U), this map is an injection.
By elementary topology the above map is a homeomorphism. Its inverse will be
denoted ©.,.

In the second case, if X is not compact, then the corresponding map ©, for the
canonical unitization A will provide the correct map as long as it is shown that
every character in M4, comes from one in M 4. This argument is contained in
M. O

Definition 2.14 Let © : Dy — My be an injection that is pointwise analytic,
s > 0. Then we call the range of © an analytic disc.

We see that for any f € Co(X) then ©(2)(f) = ©(2)(f). Thus O(z)(f) is con-
stant by analyticity. So then an analytic disc is contained in some M 4 ,. Therefore,
by the previous Theorem the set (M 4,)° = ©,(c(U)°) is an analytic disc for every
fixed point x of . By the Open Mapping Theorem, (M 4,)° is a maximal analytic
disc. This maximality proves to be essential in the classification of semicrossed

products.

Now we move on to our second tool for studying isomorphisms between con-
jugacy algebras. That is, the definition of nest representations and some accom-
panying lemmas. If two topological conjugacy algebras A(X, o) and A(Y,7) are
isomorphic we can prove by character theory that there is a homeomorphism be-
tween X and Y that maps the fixed points of o to the fixed points of 7 (as will be
seen in the main theorem of the next section). The following theory allows us to
prove that the existence of certain nest representations gives us the conjugacy of

the systems that we desire.

13



Definition 2.15 Let A be an algebra. Denote the collection of representations of

A onto Ty, the upper triangular 2 X 2 matrices, as repg, A. As well, let
971—,1'(&) = <7T(a)’§i7€i>a ac A,'l = 1, 2

be characters that correspond to compressions on the (1,1) and (2,2) entries where
{&1,&} is the canonical basis of C2.

Now suppose that A is a topological conjugacy algebra for the dynamical system

(X,0). Then define
repxl,xz‘A = {W € repigA : 97r,1 € MA@‘mi = 1, 2}

Hence, repg, A = Ux,yEX rep, ,A.

We will also need a few notations. Let v : A; — Ay be an isomorphism of

algebras. This induces isomorphisms

Ye: Ma, — Ma,, 7.(0) =600~7" and

Vet 1epg, Ai — repg, Ay, Y (m) =moy

These isomorphisms are associated since v.(6,;) = 0, (x); for i = 1,2.

Lemma 2.16 Let A be a topological conjugacy algebra for the dynamical system
(X,0). If v,y € X with o(x) # x,0(y) #y and © € rep, , A, then y = o(x).

Proof. We assumed 0,1 = 0,0 and 0,5 = 6,0, and so 0,,(gU) = 0,i =1,2,g €
0 ¢

Co(X). Thus, 7(gU) = for some ¢, € C. By Proposition [2.11] there

exists at least on g € Cp(X) so that ¢, # 0 or else the range of m would be
commutative. Apply 7 to gUf = (f o 0)gU for this g to get

(ch><f(x) t >:<f(a(x)) t )(ocg>
0 0 0 f(y) 0 flo(y) 00
for some t,t" € C, depending on f. We see that this gives f(y) = f(o(x)) for all

f € Cy(X) and so y = o(x). O

14



However, rep, »(2)A is not empty when z # o(x). We can see this by first letting

_( @) 0 _ (0 f@)
p(f) (0 f(g(x))>,p(fU) (0 0)

and p(fU") =0,n > 2, f € Cy(X). We can then extend p by linearity to a map
from the algebra of skew formal power series P>°(X, o) to the upper triangular
representations repg, A. Then, po A € rep, ,,)A, where A(a) = > E,(a)U" €

P>(X,0) is the Fourier series homomorphism.

Definition 2.17 Let A be a topological conjugacy algebra for the one-variable dy-
namical system (X, o). Assume that v,y € X such that o(y) =y but o(z) #x. A

pencil of nest representations for A is a set P, C rep, , A which satisfies
{On2:m € Pryt = (Muay)” ={0y.: 2 €0(U)°} = 0y(a(U)°)

Lemma 2.18 Let A be a topological conjugacy algebra for the dynamical system
(X,0) and let P, be a pencil of representations for A. Then y = o(x).

Proof. Since P,, is a pencil, there exists a m € P,, such that 0,; = 0,0 and
0r2 = 0,0. The conclusion follows by an identical argument to that in Lemma
2.16l O

Lastly, it can be shown that for z € X if we have x # o(x) and o(z) = 0? ()

then there exists a pencil of representations, P, ,(z), for the tensor algebra.

In particular, note that we need only consider compact spaces X. Recall that
liminf, ||E,||~Y/™ > r, where r is the spectral radius of U, so o(U) = D,.. If |z| < 7,
we define,

0 =z
0 z

flx) 0
0 flo(x))
For any a ~ ) E,(a)U", define

m(f) = [ ] ,  m(U) =

m.(a) = Zn 7. (En(a))m.(U)"



Since |z| < 7, m.(a) is well defined for all @ € A. As well, it is easy to see that
m.(U") =m.(U)",n € N, and 7,(f o 0)m(U) = m,(U)m.(f). Consequently, it easily

follows that 7, is an algebra homomorphism that maps onto ¥,. Therefore,

Px,a(z) = {pZZ NS U(U)O}

is the desired pencil of representations.

2.3 Complete characterization
Now we are ready to prove the characterization theorems.

Theorem 2.19 Let (X,0),(Y,7) be one-variable dynamical systems. Then they
are conjugate if and only if there exist topological conjugacy algebras of (X, o) and

(Y, 7) that are isomorphic as algebras.

Proof. 1f the two systems are conjugate, then the algebras from Example are

clearly seen to be isomorphic.

Conversely, suppose that A, B are conjugacy algebras for (X, o) and (Y, 7), and
that there exists an algebra homeomorphism ~, of M 4 onto Mp by 7.(0) = foy~1.
It is elementary to verify that . preserves analytic discs and therefore establishes a
bijection between the maximal analytic discs of A and B. This bijection extends to a
bijection between their closures and therefore to a bijection between the collections
{Mu,:x € X} and {Mp, : y € Y}. In other words, for each € X there exists
a vs(z) € Y so that

Ye(Muz) = Mp . (2)-

We have therefore defined a map v, : X — Y, which maps fixed points to fixed

points and satisfies

F(rs(2)) = (6o 0 v H)(f)

for all z € X and f € Co(Y). Notice that if (z;); is a net converging to some
r € X, then the above equation shows that (f(ys(z;))):; converges to f(vs(z)),
for all f € Co(Y), and so (ys(z;)); converges to vs(x). Hence, 75 is continuous.

1

Repeating the above arguments with v=' : B — A in the place of v, we obtain

that v, : X — Y has a continuous inverse and is therefore a homeomorphism.
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Furthermore, v, maps the fixed point set of ¢ onto the fixed point set of 7. Finally,

Claim: If x € X is not a fixed point for o, then

’Yr(repm,o'(x)A) - rep’Ys(I):’YS(U(I))B

Pick a representation 7 € rep, ,,)A. By the first equation, we have 0, (r)1 =
Ye(0r,1) and 50 0 (x)1 = Ve(0z0). By the second equation, v.(050) € Mg, () and
Oy ()1 € MBy,(2)- A similar argument shows that 0, (x)2 € Mg, (s(z)) and this

proves the claim.

We now show that 74 implements the desired conjugacy between (X,o) and
(Y, 1), ie.
vs(o(x)) = 7(ys(z)), for all x € X.

Since v, maps fixed points to fixed points, verifying the above equation becomes
trivial in that case. We therefore pick an element z € X with o(z) # = and we

examine two cases.

For the first case assume that 0(®(z) # o(z). In that case, pick a representation
T € Tep, ;(,)-A. Combining the claim with Lemma [2.16; we obtain that 7(vs(7)) =

vs(o(x)), which proves the equation.

For the second case assume that 0(®(z) = o(z) and let P, ,(») be a pencil of
representations for A as was constructed at then end of the last section. By the

claim

Vr(Pro(z)) C T€Py, (@) ya(o(a)) B-

Since 7. preserves maximal analytic discs, 7, preserves pencils of representations
and s0 Y, (Py(x)) is a pencil of the form P, (z) . (o(2))- By Lemma [2.18 we have
T(7vs(x)) = 7vs(o(x)), which proves the equation in the last remaining case. This

proves the Theorem. O

This gives us that the semicrossed product algebras completely characterize one-

variable dynamical systems. Thus, the following theorem finishes off the chapter.
Theorem 2.20 Let (X,0),(Y,T) be one-variable dynamical systems. Then they

are conjugate if and only if Co(X) Xo ZT and Co(Y) X, Z* are isomorphic as

algebras.
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Proof. Peter’s semicrossed products are not topological conjugacy algebras ac-
cording to Definitions and [2.5] However, there is a natural connection. Let
(Co(X) X, ZT),p denote the opposite algebra of Cy(X) x, Z*. That is, we define a
new multiplication ® by a®b = ba for a,b € Cy(X ) x,Z". It can easily verified that
this opposite algebra is a topological conjugacy algebra. Although, Co(X) x, Z*
does not need to be isomorphic to its opposite algebra. However, it can be proven
that Co(X) X, Z* is isomorphic to Cy(Y) x, Z* if and only if (Co(X) X, ZT),p is
isomorphic to (Co(Y) X, ZT),p.

So by Theorem if Co(X) X, Z* is isomorphic to Cy(Y') X, Z* then (X, o)

and (Y, 7) are conjugate.

Finally, if the dynamical systems are conjugate then it is clear that Co(X) X, Z*
is isomorphic to Cy(Y') X, Z™ by looking at their definitions. O
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Chapter 3
Multivariable case

The multivariable case presents many more difficulties than the previous one-
variable case, though the argument has a similar structure and many parallels
with the last chapter. We can define a universal algebra along the same lines as in

the one-variable case:

Definition 3.1 Let (X,0) be a multivariable dynamical system. Then the semi-
crossed product algebra is defined to be the universal operator algebra Co(X) x, F,F

generated by Co(X) and generators sy, -+ , 8, satisfying the covariance relations
fsi=s,(foo;) for feCy(X)and1<i<n
and satisfying the contractive condition ||s;|| <1 for 1 <i < n.

But Davidson and Katsoulis in [3] found this to be non-tractable when it came
to trying to prove that the semicrossed product algebra in some way characterizes

multivariable dynamical systems.

They went on to show that if one replaced the contractive condition with an-
other norm condition, namely a row contractive condition, a much nicer object
appears called the tensor algebra. This algebra also recommends itself as it is a

C*-correspondence algebra as defined by Muhly and Solel [10].

Though a lot of the following theory is mirrored in the semicrossed product
case we will be following only the tensor algebra. Readers wishing to pursue this
semicrossed product construction as well as the full details of the tensor algebra

construction and theory are directed towards [3].
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3.1 The tensor algebra

As was mentioned, the tensor algebra is defined similarly to the semicrossed product

algebra except for the change in the norm condition.

Definition 3.2 Let (X, 0) be a multivariable dynamical system. Then the tensor
algebra is defined to be the universal operator algebra A(X, o) generated by Co(X)

and generators s1,- -+ , S, salisfying the covariance relations
fsi zsi(foai) for fe€ CO(X) and 1 <i1<n
and satisfying the row contractive condition

[ [s1 82 - s || < 1.

Now we move on to a dilation theorem which lets us dilate to isometric represen-
tations. This in turn will allow us to use what are called boundary representations
to explicitly represent the C*-envelope which is the smallest C*-algebra containing
the tensor algebra as a subalgebra. Finally, we use these results to obtain a Fourier
series for each element of A(X, o) which in turn will give us that isomorphisms
between tensor algebras are automatically continuous, an important result for the

characterization problem.

Without further ado, the dilation theorem:

Theorem 3.3 Let (X,0) be a multivariable dynamical system. Let m be a *-
representation of Co(X) on a Hilbert space H, and let A = [A;---A,] be a row

contraction satisfying the covariance relations
w(f)A; = Aim(foo;) for 1<i<n.

Then there is a Hilbert space IC containing H, a x-representation p of Co(X) on K
and a row isometry [Sy - -+ S,] such that
(1) p(f)Si = Sip(f o) for f € Co(X) and 1 < i < n.

(1) H reduces p and p(f)|n = w(f) for f € Co(X).
(iii) H* is invariant for each S;, and PySi|ln = A; for 1 <i<n.

It follows from this theorem that every row contractive representation of the

covariance algebra dilates to a row isometric representation. This allows us to work
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with isometric representations which will allow us to produce the C*-envelope of

the tensor algebra.

Now to construct the C*-envelope we first need to define some representations
that Peters [13] used to define the semicrossed product of a one-variable dynamical

system.

Let F;f be the free semigroup consisting of all words in the alphabet {1,2,--- ,n}
with the empty word () as a unit. We define Fock space as the Hilbert space (*(FF;")
with the orthonormal basis {{,, : w € F;' }. Naturally we can define the left regular

representation of the free semigroup F;7 on Fock space by
ngw = §vw7 v,w € F:

Consider the following orbit representations of (X, o). First define the orbit of an

element x € X as O(z) = {0, (z) : w € F,'}. Then we can define a x-representation
7, of Co(X) on the Fock space F, = I*(F,") by

To(f)éw = flow(®)éw, € Co(X),w e Fy

or rather we can say m,(f) = diag(f(ow(z))). By sending the generators s; to
L; and letting L, = [Ly --- L,] it is easily seen that (7., L,) is the covariant

representation.

Lastly, we define the full Fock representation (II, L) where IT = 3°%_ 7, and
L = Zfe Ly on Fx = fe  Fz. With further work this gives us the following

proposition.

Proposition 3.4 The full Fock representation is a faithful completely isometric

representation of the tensor algebra A(X, o).

A completely contractive representation, say p, of an operator algebra A on a
Hilbert space ‘H is mazimal if in the case when 7 is a completely contractive dilation
of p on a Hilbert space K = H & Ky, then H reduces 7, that is # = p & 7;. In the
case of the tensor algebra we can state explicitly a condition for a representation

to be maximal.

Lemma 3.5 A completely contractive representation p of the tensor algebra A(X, o)
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is maximal if S; = p(s;) is an isometry for 1 <i <n and

Xn: S.S; = E, (O al-(X)> ,

i=1 i=1

where E, denotes the spectral measure associated to p(Co(X)).

The converse turns out to be true as well. Finally, a boundary representation is
a maximal representation that is irreducible, that is, it has no reducing subspaces.
If we can produce a completely isometric maximal representation p of A then it is

known that C¥  (A) = C*(p(A)).

Theorem 3.6 The C*-envelope of A(X,0) is C*(m(A(X,0))), where 7 is a maz-

imal dilation of the full Fock representation II.

Proof. The full Fock representation II is a completely isometric representation of
A(X,0) by Proposition [3.4 Therefore, any maximal dilation 7 of II will yield the

C*-envelope.

In [3] this is accomplished by constructing explicit maximal dilations of the orbit
representations. Taking the direct sum of the irreducible ones, that is boundary

representations, yields the required maximal dilation . U

However, this does not give an explicit description of the C*-envelope. David-
son and Katsoulis [3] also describe a second approach using what are called C*-
correspondences [9] to give another description of the C*-envelope, but again this

is via a representation.

In fact, Davidson and J. Roydor, in [5], showed that this C*-envelope of the
tensor algebra can be explicitly described. In particular, given a dynamical system
(X, o) that is surjective (they also show what happens in the non-surjective case),
that is X = J, 04(X), define Y = {1,--- ,n}¥ x X" with the product topology.
Let

X ={(i,x) €Y : 0 (Tp41) = x4 for k > 0},

the subset of all infinite tails in Y. We also define the maps

&i(i,X) = ((i,io,il, cee ), (O’i(l'o),,fo,xl, s ))
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Therefore, (X,&) is a new multivariable dynamical system which is called the
covering system of (X,o). Notice also that X is the disjoint union of n sets
X; = {(i,x) € X : 4y = i}. This allows us to define an inverse map 7 given
by

T]Xi:(ffl for 1<i<n

which is a local homeomorphism. They go on to show that C¥ (A(X,0)) ~
C*(X, ), the groupoid C*-algebra described in [6]. Finally, they use these results
to show that C*  (A(X,0)) ~ Bx,N where B is the inductive limit of homogeneous

C*-algebras. This construction mirrors how Peters in [I3] defined the C*-envelope

of a one-variable dynamical system.

We move on to associating to each element of the tensor algebra a Fourier series.
Though similar to the one-variable case there are some distinct differences. One
major difference is the necessity to pass to the C*-envelope to compute the Fourier

coeflicients.

Suppose 7 is a row contractive representation and S = [S] - -- S,| satisfies the
covariance relations. By the universality of the tensor algebra we have that =7
and AS satisfy the same conditions, for A = ();) € T". Therefore, the map that
sends the generators s; to \;s; and fixes Co(X) gives us a completely isometric
isomorphism of A(X, o). Furthermore, we can extend this map uniquely to a *-
automorphism of the C*-envelope. By letting \; = 2,1 <17 < n,z € T we obtain

the gauge automorphisms ~,.

Proposition 3.7 The map E(a) = [.7:(a)dz is a completely contractive expecta-
tion of A(X, o) onto Cy(X).

This map E also makes sense for any element of the C*-envelope. Yet in this
case the range is no longer just in Cy(X) but the span of words of the form s, fs?
for |v| = |w|. This extended version of the map F is used below as the Fourier
series of an element of A(X, o) is calculated within the C*-envelope of the tensor

algebra.

Definition 3.8 For every wordw € F;}, the Fourier coefficient map E,, : A(X,0) —
Co(X) is defined as E,(a) = E(s},a).
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Observe that
S,, if v=wu

*
u’

516, =14 & if w=wvu

0, otherwise
Hence, E(s;,s,f) # 0 only when w = v. Therefore, for a polynomial a =}~ _p+ 5, f,

in A(X, o) we have that E,(a) = f,. This extends so that we can write any element

of the tensor algebra as a Fourier series:

a~ Z Sy fw, Va € A(X, o).

velF;;

However, this series does not converge in general, rather the original element is
recovered by interpreting the series via the Cesaro means. Thus we have obtained

a Fourier series for each element of the tensor algebra.

We need one more definition before we continue. If ¢ : A — B is an epimorphism
between Banach algebras, then the separating space of ¢ is the two-sided closed ideal

of B defined as
S(p) :={be B:3Ha,}n>1 C Aso that a,, — 0 and p(a,) — b}

Thus the graph of ¢ is closed if and only if S(¢) = {0} and then by the closed
graph theorem we know that ¢ is continuous if and only if S(¢) = {0}. This gives

us the required continuity result.

Theorem 3.9 Suppose (X, o) and (Y, T) are multivariable dynamical systems. Then

any isomorphism v of A(X, o) onto A(Y,T) is automatically continuous.

Proof. Fix one of the generating isometries of A(Y, 7), say t;. For any subset S of

A(Y, 7), the faithfulness of the Fourier series expansion implies that

(s = {0}

k>0

Thus if S(y) # {0}, then it is known that there exists a ky € N so that for all
k > ko we have that t/S(v) = t:*'S(7). Thus, we have

6°S(v) = () &8(7) = {0}.

k>0
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Thus, S(y) = {0} because left multiplication by t; is injective. Therefore 7 is

continuous. O

This result will prove very useful as now we need to only consider continuous

representations in the study of isomorphisms between tensor algebras.

3.2 Characters, nest representations, and piece-

wise conjugacy

This section will follow a similar method to that discussed in the one-variable
dynamical system case in Chapter 2. Once again will we first look at characters
and then study nest representations into the 2 x 2 upper triangular matrices. There
is also an analytic structure that appears at fixed points that will be needed. Lastly,
we introduce a weakened concept of conjugacy since an extension of the concept of

conjugacy in the one-variable case becomes highly restrictive.

Let A = A(X,0) be a tensor algebra for the multivariable dynamical system
(X, 0). First we consider M 4, the space of characters of A defined with the weak-x
topology. We will use the partitioning M 4 = Uxe M, found in section 3 of
Chapter 2, where M 4, comprises all characters that act as the point evaluation d,
at the point x when restricted to Cp(X). Recall that we defined an expectation from
A to Cy(X) in Proposition [3.7} this allowed us to always produce the expectation
0,0 = 0,F in M 4,. Lastly, because a character § € M 4, is always continuous
then it can be determined by z = (6(s1),--- ,0(s,)). We will denote this character

as 0. when it is defined.

Lemma 3.10 Suppose v € X and let I, = {i: 1 < i < n,o;(x) = x} is the fized
point set. Then

Muz={0s.:2=0 fori¢ I, ||z]|s <1} = B(I,)

)

Furthermore, for a € A, ©4(z) = 6,..(a) is analytic on the ball of radius 1 in the
variables {z; 1 i € I} and is continuous on the closure. In the special case when x
is not fized by any o; then Ma, = {00}

In parallel with the one-variable case we again define analytic sets.
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Definition 3.11 Consider a continuous bijection © : Q@ — M C M 4 for a domain
Q C C% Then we call M an analytic set if the function ©(z)(a) is analytic on
Q for every a € A. It is called a maximal analytic set if it is maximal among all

analytic subsets of M 4.

Now let © map a domain 2 into M 4. For each f € Cy(X) both O(z)(f) and
O(2)(f) = ©(2)(f) are analytic, and thus constant. Now continuous functions on
X separate points so © maps into a single fibre. By Lemma [3.10] we have that M 4,
is homeomorphic to a closed ball. Therefore, we can conclude that the maximal
analytic sets in M 4 are precisely the open balls B, = {f0,. : z € B(,)} for those

x fixed by at least one o;.

This leads us to the following conclusion:

Proposition 3.12 The characters of A determine X up to homeomorphism, and

identify which points are fixed and by how many of the o; maps.

Proof. The above discussion shows that M 4 consists of a space which is fibred over
X, and the fibres are determined canonically as the closures of maximal analytic
sets and the remaining singletons. Thus there is a canonical quotient map of M 4
onto X, determining X. Now the points which are fixed by some o; are exactly the
points with a non-trivial fibre of characters. The corresponding maximal analytic
set is homeomorphic to a ball in C? where d = |I,|. The invariance of domain

theorem shows that the dimension d is determined by the topology. O

This theory is used in [3] to show that if (X, o) has a point that is fixed by
at least two of the o; maps then A(X, o) and the semicrossed product algebra

Co(X) x, F are not algebraically isomorphic.

Now we come to the second part of this section, that is, the development of
the theory of nest representations. It turns out that we will need a more general
development of these representations than was needed in the one-variable case in
Chapter 2.

First, let N3 denote that maximal nest {{0}, Ce;, C*} in C?. Then we can define:

Definition 3.13 A nest representation p is a continuous representation of an op-
erator algebra A on C? such that Lat p(A) = Ny. The collection of all such

representations is denoted repy,.
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This gives a more general definition of nest representations than in Chapter 2
because there are two unital subalgebras of M, (C) with N3 as the lattice of invariant
subspaces. They are T, and the abelian algebra A(F12) = span{I, F15} and both

have non-trivial radical.

Next, for any representation p of A into T, the compression to a diagonal entry
is a homomorphism. Hence p gives us two characters denoted 6,; and 0,5. As
well, if we let 1) denote the map that gives us the (1,2)-entry of p(a) then we can

conclude that v is a point derivation and we have

Y(ab) = 0,1(a)(b) +¢(a)d,2(b), a,be A.

Now we define rep, A = {p € repy, 1 0,1 € Mz, 0,2 € My} the same as in the

one-variable case.

For our purposes it is enough to consider representations which restrict to *-
representations of Cy(X). This comes automatically for (completely) contractive
representations of Cy(X). As well, representations of Cy(X) into My(C) are auto-
matically continuous, and thus diagonalizable. So, we let repi/QA and repiyA to

denote the nest representations which are diagonal on Cy(X).

Lastly we need two technical lemmas about nest representations, the second of

which is key to recovering the dynamical system from the tensor algebra.

Lemma 3.14 Let X be a locally compact space; and let 0 : X — X be a continuous
map. Let K C X, and let Q) be a domain in C?. Suppose there exists p : K x Q) —
repA that satisfies the following

(1) p(z,2) € r€p, 51 A for z € K and x € Q,

(2) p is continuous in the point-norm topology, and

(3) p(x, z) is analytic in z € Q for each fired x € K.
Then there exists A : K x Q — T, such that

(1) Az, 2)p(x, 2) Az, 2) 71 € Tep?A,

(2) Az, z) is continuous on (K \ {z : o(z) = x}) x Q,

(3) A(z, z) is analytic in z € Q for each fized v € K, and

(4) max{||A(z, 2)|, [|A(z, 2) M} < 1+ [lp(z, 2)]].

Lemma 3.15 Ifrep, ,(A) is non-empty, then there is some i such that o;(x) = y.
As well, if p € rep ,(A) and o;(x) # y, then p(s;g) is diagonal for all g € Co(X).
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Finally for this section, we define a natural form of conjugacy for multivariable
dynamical systems. When we move to the multivariable case there is an ambiguity
introduced into the construction of the universal operator algebra. Thus, isomor-
phism of universal algebras implies conjugacy of dynamical systems in only limited
circumstances. Thus, a new concept of local conjugacy, called piecewise conjugacy,

was introduced in [3].

Definition 3.16 Two multivariable dynamical systems (X, o) and (Y, T) are piece-

wise conjugate if there is a homeomorphism ~v : X — Y and an open cover

{Va:a € S,} of X such that

7_17ﬂ|va = O-a(i)|va7 fora € 5,

Thus piecewise conjugacy depends upon a cover which causes the permutations
to depend on each open set. So piecewise conjugacy and conjugacy only correspond

under rather restrictive circumstances.

One such equivalence is given in the next proposition, though the condition on

the maps o are highly restrictive.

Proposition 3.17 Let (X,0) and (Y,T) be piecewise conjugate multivariable dy-

namical systems. If X is connected and the set
E:={xe X :|{o1(x), - ,0n(x)} =n}

is dense in X then (X, o) and (Y,T) are conjugate.

If the space X is totally disconnected it turns out that piecewise conjugacy can

be explicitly stated.

Proposition 3.18 Let X be a totally disconnected compact Hausdorff space and
let v be a homeomorphism of X onto a space Y. Then the multivariable dynamical
systems (X,0) and (Y,T) are piecewise conjugate by ~v if and only if X can be
partitioned into clopen sets {Vy : € S, } such that for all o € S,,,

T 'y, = To(i) | Va -
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3.3 The central claim

Now we are ready to state what can be proven about algebraic characterization of
multivariable dynamical systems as well as the conjecture that fills in the gap in
the theory.

Theorem 3.19 Let (X,0) and (Y,T) be two multivariable dynamical systems. If
A= A(X,0) and B = A(Y,T) are isomorphic as algebras then (X, o) and (Y, T)

are piecewise conjugate.

Proof. Let v : A — B be an isomorphism. This induces a bijection 7, : M4 — Mg
by 7.(0) = 6 oy~! and a map 7, from repy;,(A) onto repy, (B).

Since M 4 is endowed with the weak-* topology, we see that . is continuous.

Because, if 0, is a net in M 4 converging to € and b € B then

lim 1.6, (b) = lim B, (77 (1)) = 6™ (6)) = 7.6(0).

Similarly this holds for 7. t. Thus, 7. is a homeomorphism.

Observe that 7, carries analytic sets to analytic sets. Indeed, if © is an analytic

function of a domain €2 into M 4, then

71.0(2)(b) = ©(2) (v (b))

is analytic for every b € B; and thus 7.0 is analytic. The same holds for v~ and
so it follows that 7. takes maximal analytic sets to maximal analytic sets. Thus it
carries their closures, M 4, onto sets Mp,. The same also holds when these sets

are singletons.

It is known that the space X is the quotient of M 4 obtained by making each
M4, a point. It follows that 7. induces a set map v, of X onto Y which is a
homeomorphism since both X and Y inherit the quotient topology.

Fix o € X, and let yo = vs(xo). Fix one of the maps o;,, and consider the set

F = {O-if)/s_lTj’VS : [Ui]afo = [U’io}xo = ['73_173’75]900}-

For convenience, let us relabel so that i = 1 and

F = {017 e 70-/6773_17-1757 e a’Vs_lTl%}-
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Fix a neighbourhood V of zy on which all of these functions agree, and such that
V is compact. Furthermore, if o1 (z) # 0, then choose V so that VN oy (V) = 0.

Now if k& = [ for every choice of x5 and map oy then we can partition the
functions into families with a common germ at zy that always have the same number
of o; maps as v, 17,7, maps. If a € S, preserves this partition at zo then we define
Vaw, =V, otherwise V, ., = 0. Finally, let Vo, = U,cx Vo, for a € S, which

defines the open covering of X that makes (X, o) and (Y, 7) piecewise conjugate.

Assume then that k£ # [. Without loss of generality we can assume that k > [.
Also note that [ = 0 is a possibility.

For any z € V and 2z = (21,29, , 1) € CF, consider the covariant representa-

tions p, . of Ag(X, o) into My defined by

() = [ flow(z)) 0 ] |

0 fl)

OZZ'
2 (5;) = for 1 <1<k,
P,z (5i) [0 0]

and

00
2.2 (5:) = for k<i<n.
Pa,=(85) [00]

This extends to a well defined representation of A, where a typical element

A~ Zwew Su fw 1S sent to

Po-(A) =

fo(o1(x)) Zle fi(@)z; ]
O f()(l‘)

There are no continuity problems since the Fourier coefficients are continuous.

This representation will be (completely) contractive for A(X, o) if z € By.
For other values of z, this representation is similar to a completely contractive
representation by conjugating by diag(]|z||2,1). Thus the norm can be estimated

as [ pez | < 2]

The representation p, . maps into ¥y and is a nest representation in rep,, (m)’xA
when z # 0, but is diagonal at z = 0. Observe that the range of p, , for z # 0
equals Ty when oy (z) # x and equals A(FE}2) when o1(x) = x. Moreover this map

is point-norm continuous, and is analytic in the second variable.
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Now consider the map defined on V x CF given by
q)o(l', Z) = ’Yr(px,z) € rep,ysol(w)’%(x)[)’.

It is known that since ~ is an isomorphism between tensor algebras then it is
automatically continuous; and so 7, is also continuous. Thus ®y is point-norm
continuous, and is analytic in the second variable. So ® fulfils the requirements
of Lemma m Hence there exists a map A(w, z) of V x CF into T,"', which is

analytic in the second variable, so that
®(z,2) = A, 2)7:(pa,2) Alw, 2) ™
diagonalizes Cy(Y"). Moreover
max{||A(z, 2)||, [ Az, 2) I} < 1+ [[lll1=l-

Recall that when o (z¢) # 7o, we chose V so that V is disjoint from ¢, (B). Therefore

in this case, A is a continuous function.

Choose h € Co(Y) such that h[, 5 = 1 and [|h|o = 1. Define 1;(2) to be
the 1,2 entry of ®(x¢,2)(t;h); and set U(z) = (Y1(2),--- ,¢¥n(2)). Then ¥ is an

analytic function from C* into C".
We can now show that v;(z) =0 for j > [.

Indeed, since j > [, the map v~ '7;7 is not in F. Hence there exists a net (x))xea
in V converging to gy so that 7177y, (zy) # o1(z,) for all A € A. By Lemma m,
O (zy, z)(tjh) is diagonal for all A in A.

First consider the case when oy(x¢) # xo. Then A(z,z) is continuous, and so
®(z, z) is point-norm continuous. Taking limits, we conclude that ®(zo, 2)(t;h) is

diagonal; whence 1;(z) = 0.

Now consider the case o1(zg) = xo. Recall that in this case ®(zo, z) has range

in A(E)2); so that the diagonal part consists of scalars. Fix z € C*. Since

max{[| Az, 2)[, [ Az, 2) I} < 1+ ez,
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we may pass to a subnet if necessary so that limyA(zy,2) = A(z) exists in T,

Since @y is point-norm continuous and A(zg, z) = I,
}\ig/% O (zy, 2)(th) = }\1& Ay, 2)®o(wy, 2)(tih) ATy, 2) 7!

= A(2)®o (0, 2) (t;R) A(2) ™

Therefore A(z)®g(xo, 2)(tjh)A(z) ! is diagonal, and hence scalar. So ®(xo, z)(t;h)

is scalar and ¢;(z) = 0, which proves the claim.

The function ¥ can now be considered as an analytic function from C* into C'.
Observe that W(0) = 0. Now it is known that the zero set of ¥ has no isolated
points because it is an analytic variety of dimension greater or equal to k£ —1[. Thus,
there exists zy # 0 for which W(zy) = 0. Then ®(z) is diagonal and thus is not a
nest representation. This is a contradiction which proves that k = [ and finishes
off the proof. O

Following this we have the central conjecture, namely that the tensor algebra

characterizes multivariable dynamical systems up to piecewise conjugacy.

Conjecture 3.20 Let (X,0) and (Y,T) be paracompact dynamical systems with
o={o1, - ,0n} and T ={m,--- ,7n}. Then (X,0) and (Y,T) are piecewise con-

Jugate if and only if A(X,o0) and A(Y,T) are completely isometrically isomorphic.

In [3] this was reduced to the following technical conjecture about the imbedding
of a n!-simplex into the n-dimensional unitary group with certain decomposition

conditions, which they proved to be true if n < 3.

Conjecture 3.21 Let I1,, be the n!-simplex with vertices indexed by S,. There is

a continuous function u : 11,, — U(n) such that:
(1) Every vertex is taken to its corresponding permutation matriz and,

(2) Given any two sets of partitions A1U---UA,, = BiU---UB,, = {1,--- ,n},
with |Aj] = |Bj|,1 < j < mlet P(A,B) ={a € S, : a(4;) = B;,1 < j < m}.
Then if x = ZaeP(AB) o the non-zero matrixz coefficients of u(x) are supported
on U;nzl Bj X Aj.
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This conjecture will be reformulated in Chapter 4 via a construction in the
unitary group. If this is proven to be true then the central theorem follows as

presented in [3].

Proof of Conjecture modulo Conjecture [3.21

Completely isometrically isomorphic implies isomorphic as algebras. By The-
orem we know that if A(X,o) and A(Y,7) are isomorphic as algebras then

(X,0) and (Y, T) are piecewise conjugate.

So conversely assume that (X, o) and (Y, 7) are piecewise conjugate. Namely,
there is a homeomorphism « and an open cover {V, : a € S,,}. From this simplify
so Y = X and v = id, for ease of notation. Let {g, : @ € S,} be a partition of

unity relative to the cover. Now we can define a map ¢ : X — II, given by

9(7) = (9a(T))acs,

By Conjecture there exists a map u from II, to the unitary group that satisfies
the block decomposition condition. Let v = g o w which maps X to U(n). For
x € X there is a minimum partition (A, B) and an open neighbourhood V of z
such that

oily =1jly fori € Asand j € Bs, 1 <s <m.

Because the permutations a respect this block structure when g,(x) # 0 then so

does the map v.

Define operators in A(X, o) by T; = Y7, §;0ij, where v;; are the matrix coef-

ficients of v. Since the s; have pairwise orthogonal ranges then

T T, = Zv_kjvz‘j = Opil

J=1

which implies that the T; are isometries with pairwise orthogonal ranges. Now if
v;;(z) # 0, then o; and 7; agree on a neighbourhood of x and thus v;;(f o 0;) =

v;;(f o) for all 4, j. Hence,

JT; = fzsjvij = Z%’%’j(f 00j) = Zsjvij(f o) =Ti(fom).
=1 j=1 j=1
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Next we know that A(X, o) is generated by Cy(X) and T;Cy(X) for 1 < i < n

because for 1 < k < n we have

n n n n n
Zﬂmf = Z Zﬁjvz‘jmf = Zﬁjfzvijv_z‘k = s,f.
i=1 =1 i=1

i=1 j=1

Therefore, there is a completely contractive homomorphism of A(Y,7) onto
A(X,0) sending t; to T; for 1 < i < n and which is the identity on Cy(Y) =
Co(X). Similarly there is a completely contractive homomorphism of A(X, o) onto
A(Y, 7) which is the inverse on the generators s;. Hence, these maps are completely

isometric isomorphisms. U
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Chapter 4

The reformulation of the

conjecture

In Chapter 3 we saw that the characterization of multivariable dynamical systems
rests on a question about mapping a simplex in a particular way into the unitary
group. We will use this fact to restate the conjecture as a question purely about

the structure of the unitary group.

4.1 Construction and reformulation

From algebraic topology it is known that the unitary group U(n) is a CW-complex
with a largest simplex of size n!. However, this is a general theory for all Lie groups
and it does not give us the block decomposition condition of the conjecture. The
following inductive construction gives a very “nice” subset of U(n) that contains

all the permutation matrices and is contractible at every level.

It was pointed out to the author in a private communication from R. Kane that
neither SU(n) or O(n) can be contained in such a contractible subset of U C U(n)
since the inclusion map SU(n) — U(n) induces an injective map from H,(SU(n))

0, x>0 ) )
into H.(U(n)), but because H*(U) = . 0’ since U is connected and con-
y ¥ =
tractible, then the induced homology map H.(SU(n)) — H.(U(n)) is trivial for
% > 0, a contradiction. A similar contradiction occurs when we consider O(n)

instead of SU(n).
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Therefore, the structure of such a contractible subset of U(n) will be quite

“twisted” as can be seen in the following construction.

Proposition 4.1 There exists a copy of the complex unit sphere missing one point

in n dimensions in the unitary group U(n).

Proof. Consider the inverse stereographic projection p : R"™* — S"=1\ {—¢;} given
by

1y ——yp
2
v = p( )= = "
1 Y2, y Yn 1+y%++y72l
Yn
Next consider %H:O p(ya, -y +t,- ,yn) for 2 < k < n to get an orthogonal

basis for the tangent plane of p(ys, - ,pn). Now,

—Yk
—Y2Yk
_d . B 4 :
Vi = %h:o p(y27 LYk + 1, 7yn) - (1 + y% + 4 y%)? 1+y§+'“*291%+“'+y721
—YnVYk
and |lvg|| = m for k € {2,---,n}. Thus for n > 2 let &(n)
2 n
1 1
29 [ Vg Uy, } Z 29, zn € SY
_ | w | 2 ... |
. [vall - lvnll Yo, 3 Yn =0
Zn Zn

Note that &(n) C U(n). However, the (1,1)-entry can only be real. To allow for the
first column to be anything but —e; let y; € R and consider the following variation

to the matrices in &(n):

1—y2——y2 . _ J—
% _|_ 11 —Z2Yo e —ZnYn
1—y3+-+y2 —
2 222 —i— —22ZnY2Yn

n 2 . . . )
L+ : - :
_ Iyd+ty?_ —y2
ZnUn —ZnR2Y2Yn - 2
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which have nonzero determinants because the determinant is always real when
y1 = 0 (just look at the structure in &(n)). Now we need to introduce a small
twist to ensure that all the permutation matrices show up in our construction. Let
0 < 6 < 1/2 be irrational. We can rewrite &(n) with this scaling into a simpler

form. Namely:

69m<17|y1|2;~-7|yn\2 + i) % e —Tn
9 e@ﬂ'in 1—\y2|2-;“'+\yn|2 —YsUn
L+ 370 |yil? :
iy, Yy 1+\y2|2+~~+\2yn—1|2—\an2

with y; € R and ys,--- ,y, € C. By applying the Gram-Schmidt orthonormaliza-
tion to the above matrices we get a subset &(n) of U(n) which is a copy of the
complex unit sphere missing one point, specifically the point —e®™e;. Note also
that &(n) is contractible. O

The above matrix identification of the complex n-sphere missing one point (in
its pre-Gram-Schmidt form) is central to the following theory and will be used many

times.

Now we can define a large subset of the unitary group that is a lot nicer in its

properties. This definition is motivated by the well known fact that

Un)/Un —1) ~ 5?1

Definition 4.2 Let U; = &(1) = S'\ {—e™} and

1 0

cU(n),n>2.
0 un—l

Observe that U, is a locally trivial bundle and thus the following sequence of ho-

motopy groups is exact 7, pp. 77-84]:
= T (6(n) = mp(Un-1) — me(Un) — T(E(R)) — -

By induction on n, this gives us that U, is contractible because U; is contractible.
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Next we must check that U,, contains all of the necessary elements, specifically

the permutation matrices.

Proposition 4.3 The permutation matrices, which we will denote by S,,, are con-

tained in U,,.

1 0
0 Z/{n,1

)

Proof. Because of the inductive structure of U,,, namely U,, = S(n) x

we can prove inductively that it contains the permutation matrices.

First, for ki, -+ ,k, > 0 and a = {aq, -+, o, } € {—1,1}", define the set

alefklaﬂz

Sk, kn) = x S,

anefknem

of all permutation type matrices that have a ozje_kﬂ'e” in the jth row, where 6 is

the same irrational number chosen in Proposition [4.1]

We begin with looking at the case n = 2. Let ky,ky > 0 and a € {—1,1}%
Since 6 is irrational, e %™ £ —ef™ for k > 0. Thus we have the following

multiplications:

1 0
S e 6(2) 0 U ,U el € Uy
—k10m1
e ™ 0 1 0
X . €SSk, k
[ 0 1 ] [ 0 e hebm 2 (k1 ko)

0 _aze(kg—‘rl)Ofri 1 0 N
[a2€—k2em 0 X 0 —aqoge (kitket)om € S5 (k1 ks)

Hence, from the above table we can see that S$(ky, ko) C Uy for all ki, ks > 0 and
ae{-1,1}%

Now assume that S,?Ll(kl,~- vkno1) C Upq for ky,--+ Jkpy > 0 and o €

{=1,1}""1. Then we can construct the following matrices when ky,--- ,k, > 0,

38



a€{—1,1}" with a; = al,1 <i<n—1and when 2 <m < n:

1 0
S e 6(n) X Uel,1 € U,
0 U
[ —k10m1 0 1 0
e 8 € Sg(kb"' 7kn)
L 0 In—l 0 Snfl(ké) e 7kn)
[ 0 0 _ame(km+1)97ri
0 L o 0 0
e Fmfmi 0 0
i 0 0 0 Ly m

1 0
X ESS(I{;l?JkTL)
0 S) (- kmo1, k1 +kn+ 1 kpgr,--+)

where 3,7 € {—1,1}" ! with 3, =a;;,1<i<m—1land 3 =y, m<i<n-—1

aswell as v, = a1, 1 <1 <m —2, Vo1 = 1y, and v, = i, m < i <n — 1.
Thus by induction S¢(ky,--- ,k,) C U, for ki, -k, > 0 and a € {-1,1}".

Therefore, S, = ST{LI}R(O, -+-,0) C U,. So all permutation matrices are contained

inl,. O

Now we are ready to reformulate the Davidson-Katsoulis conjecture into a con-
jecture about the structure of the Unitary group. First, consider a partial ordering

on the set of partitions of {1,--- ,n}.

Definition 4.4 Suppose A = {Ay, -+, Apn} and A’ = {A},--- | AL} are partitions
of {1,--+ ,n}. Then A’ is finer than A if for every 1 < i < m there is a partition
of A; in A'. Similarly a pair of partitions (A’, B') is finer than another pair (A, B)
if A’ is finer than A and B’ is finer than B.

Conjecture 4.5 For any two partitions A = {Ay,-+- ,Apn} and B={By, -+ ,Bn}
where A1U---UA,, = BiU---UB,, = {1,--- ,n}, with |A;| = |B;| for 1 < j <m,
there ewists a subset of U,,, denoted U a, gy, that has the following properties:

(1) It is contractible.
(2) If U € Ua ) then the nonzero entries of U are supported on UL, B x A,.

(3) If S € S, and its nonzero entries are supported on | J;- | Bix A;, then S € Ua p).
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(4) If (A’, B') is another pair of partitions satisfying the same conditions as above
and (A', B') is finer than (A, B) then Uar gy C Uia ).

From this we shall prove that the Davidson-Katsoulis Conjecture follows. Here

we state the conjecture again.

Conjecture Let I1,, be the n!-simplex with vertices indexed by S,,. There is

a continuous function u : II,, — U(n) such that:
(1) Every vertex is taken to its corresponding permutation matriz and,
(2) Given any two partitions AyU---UA,, = BU---UB,, = {1,---,n}, with

’A]| = |B]|,1 S j S m, let P(A,B) = {Oé € Sn . Oé(Aj) = Bj,l S ] S m}

Then if v = cp
on U;nzl B] X A]

(4,B) Talt the non-zero matriz coefficients of u(x) are supported

Proposition 4.6 If Conjecture[].5 is true then Conjecture[3.21 is true as well.

Proof. First map each vertex to its corresponding permutation matrix, o — u(«).
Next, given two vertices oy, g, there exists a minimum partition (A, B) such that
u(ay) and u(az) are supported on (Ji-, B; x A; and there is no other partition
(A’, B') such that u(ay) and u(asy) are supported on Ji*, Bj x A’ C (JiL, B x A;.

Then since U4 gy C U, is contractible we can fill in the map u(zriaq + xo00) C
Uca,p), where z1 + 22 = 1,721,279 > 0 or specifically that 1-cell of the simplex.

Note that the minimum partition for two vertices may be (A, B) where A = B =

{{17 T 7n}}

Next for k vertices aq, - - - , ag, with 3 < k < n!, again there exists a minimum parti-
tion (A, B) with u(o;) € Ua,p), 1 < i < k and thus also contains U(Zle 2 Tj0),
for 1 <i¢<k.

Now the boundary (or skeleton, where at least one of the xy, -, xy is zero) of a
k-simplex can be associated with the k — 2 dimensional sphere S¥~2. Namely, there
exist k equidistant points on S¥~2 which are associated with the vertices of the k-
simplex and from there connect the vertices by geodesics and so on until there is a
homeomorphic map, f, from the boundary of the k-simplex to S¥~2. By induction

we can conclude that v has been defined already for this boundary or skeleton.
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Because U4, p) is contractible then there is a homotopy, H(t, S*=2), between
u(f~1(S*7?)) and and the point u(Z?Zl zaj) which is chosen to be in Ua p). This

homotopy continuously fills in the required face or (k — 1)-cell of the simplex.

In this way the function w : I1,, — U,, C U(n) is defined with the required conditions.
U

4.2 Partial answers

There is no particular difficulty in defining such a U5y C U, for some set of
partitions (A, B). However, defining them so that condition (4) of Conjecture
holds, that is these sets must contain all finer U4/ pry, is where the difficulty lies.
However, we can give partial results that easily prove the n = 2 and 3 cases and
also let us prove the n = 4 case which was until now unproven. Hopefully this

method will give an idea how a proof of the Conjecture may follow.

First when A and B are made up of n 1-element sets, define U4 ) to be the

single permutation matrix that has its nonzero entries supported on J_, B; x A;.

Next we define a few necessary concepts:

Definition 4.7 From Proposz'tion consider all matrices in &(n) such that y, =
0 for some 2 < k < n. They will have the following pre-Gram-Schmidt orthonor-

malization form.:

LY 1_2?:1,1 |yl . _
e’ (—=EE T + i) —Yr—1 0 —Urkt1
Ori 1+EZL:1,L k|yl‘2_2‘yk—1|2
e Y1 e = 0 —Yk—1Uk+1
n 2 2
Omi —_— T3 70 1k [0l =21k
e Y1 T —Yr+1Yr—1 0

2

This is easily seen to be a copy of S(n—1) imbedded in S(n) with a 1 in entry (k, k).
We will label this imbedding &(n—1)** and thus we have &(n—1)*F homeomorphic
to S(n—1).
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Definition 4.8 For 1 < j <n define the map ¥;,(U) : U, — S(n+1) by

0 Wy o Ty
—egm'ulﬁj ¥ eee ok

Wj,n(U) = .
—egm'un?j * *

which is in &(n+1) determined by setting yy = 0 and y; = —u;—1j for2 <i < n+1.
10

Then set ®;,(U) = ¥;,(U) x U

€ un—i—l'

The map ®;,, is bijective and is easily seen to be a homeomorphism. Observe
that ®;,(U)e;j+1 = e1. Thus, ®;,, should be thought of as taking

1
_ e@ﬂiul u/ 0 u'
U to ] ,
"y, - u 0 ul
n,J nl nn

that is, an imbedded copy of U in the bottom left corner of U,,,; with the first and

J + 1 columns interchanged, but still maintaining the necessary structure of U,,.

We can move on to define U4 p) in the case when there is an (n — 1) x (n — 1)

block in the partition structure.
Proposition 4.9 Let 1 <1i,5 <n,n > 3, then for

A={{j}, {1, ,j—-17+1,---n}} and B={{i},{l,---,i—1,i+1,--- ,n}},

Uca,py can be defined in U,

Proof. The goal of this proof is not only to define such a set but to define the
largest set in U, that satisfies the required conditions for U4 gy hopefully allowing
for ease of construction in the other types of partitions. To this end we want U/ 4 )

homeomorphic to U,,_.

First, for ease of notation let U denote a subset of U, with its (z,7) entry

equal to 1. Inductively we will define these sets such that %/ is homeomorphic to
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U,, and then we can define U4 gy = U . Tt also needs to be shown that these %7
preserve the structure of the U,,, that is, they must contain all of the permutation

matrices that have a 1 at the (4, j)-entry.

1 0
0 U
Now using Definition it is easy to set up the inductive step. We define Z/{12 e
S(1)%? and then

We begin with when ¢ = j. If 7 = 1 then just define U} = [ ] ,m > 1.

1 0

U = &(m)" x il
0 u

Y

which is exactly the same way we defined the sets U,,,. Therefore, we see that U%’
is homeomorphic to U, by taking out the ith row and jth column. Thus, U%" still
has the same structure as U,,,. In correspondence with this inductive definition, for
1,7 > 2, define

u;;;j = &(m)"" x

1 0
0 Yttt |
i
We can see that the structure of 2%/ is then dependent on that of 247/ ~"

1 . Hence,
the only sets left to define are U%:! and UL for 2 < 4,5 < m.

The first case is simple enough, for 2 < i < m + 1, just take S € &(m) such

that y; = e~ %™ then we can define

1 0
0 Uy,

u, =S5-

0 U

Then from Proposition we know that S (ky,- -+ ,kn) C Uy, for ki, -+ Kk, >0
and « € {—1,1}™, then it follows that the imbedded copy S (ki,-- - , kn)"t C UL

In the second case assume that 2 < j <m + 1 and U = [up|{")—; € Uy, Then

:UGUm}.

In particular this construction still insures that ¢!/ is homeomorphic to U,,. Lastly,

using Definition 4.8 we can define

1 0

UN =D, 1, (U =L Ui, (T)-
m JL(){JL()OU

43



we can see that if '€ S% (ky,- -+ , k) C Uy, then

0 0 aekif™

0 Ly 0 0
\I]‘%m(T) - — .6(17]'6]')971'1' 0 O 0

0 0 0 In

Soif k;j > 1 then U;,,,(T) - T € S (k1,- -+, kp) T C UL and from this we can

see that all of these permutation type matrices are achieved. O

We can extend this definition so that U4 ) in the above context is mazimal
contractible, that is, one cannot add any more elements without making it fail to

be contractible.

Corollary 4.10 Let (A, B) be as in the previous proposition. Then we can define
Z;{(AB) containing U a gy to be mazimal contractible, that is, such that the By x A,

entry is homeomorphic to Uy and the By x As entries are homeomorphic to U, 1.

Proof. We can use the iterative definitions of the ¢%’ in the previous proposition

to get this result.

In particular, define

~ 6(1 1 U
urzl = ( ) X = ! € U1,
Inm Up, Un,
. 1 0 U
U = 6(1)*? = € Uy,
0 U 1
_697riq_5
~ I
L1 2 X € Z/{erla and
¢ elU Up,
Im—l
71y . . L0 .
Ul =L, D) S RS X 7
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Then we can define the rest in the same way as in the proposition, that is

U = &S(m)" x

1 0
it |-
0 umflj
All of these sets U7 are easily seen to be maximal contractible. O

Proposition also allows us to define U4 gy when there is one large partition

block and the rest is just a permutation matrix.

Corollary 4.11 Let A, B be two partitions such that |A;| = |B;| = 1,1 <i<m—1
and 50 |Any| = |Bp| =n —m+ 1. Then Ua )y can be defined in U, such that it is

homeomorphic to Uy, +1.

Proof. From the proof of the previous proposition we see that L[;LI was defined in
such a way that any matrix in 2, that has a 1 at the (i, j)-entry is contained in "7 |.
Thus, any matrix that has a 1 at both the (7, j) and (k, [)-entries will be contained
in both U>7, and L{ﬁl. But then since "7 | still has the same structure as U, we
see that Z/l,(f_’]é)’(k’l) C UY,, is all matrices in U* | that have a 1 in their (k,)-entry,
but then it follows that this Ué@é)’(k’l) = U, ﬂL{:fl which is homeomorphic to
Uy—s.

m—1 Z/{Bl 7Ai

Therefore we can use this argument repeatedly to see that Ua gy = (;,—; U, 1

is homeomorphic to U,,_,,+1 and still contains the appropriate permutation matrices

and structure. O

Corollary 4.12 Let A, B be two partitions as in the previous corollary. Then we

can define a mazximum contractible set ?;I(A,B) that contains U a,py.

Proof. As in Corollary |4.11| we get this set by showing that Z;{( AB) = ﬂ:’:ll Z;{f_i’f
We know that U4 p) = ﬂ?:ll Z/IB_"’IAi. Then we can simply add in what we need

as in Corollary [4.10]

Let L{((il) B C Z;{f_l’lAl be defined such that the B; x A; entry is homeomorphic
to Uy and the other n — 1 x n — 1 partition block is Ua,,... An}{Bo,,Bm})- Lhen
1 ~B1,A m—1, /B;,A;
u((A),B) =U " Ny Uy

n—1
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Continue in this way defining &/ um C U such that its B; x Aj; entry is
homeomorphic to U;, one partition block is Z;l({Al Aj1}{Bi1,—.,B;_,}) and the re-

maining partition block is U4, A}, {Bji1, Bm})- Lhen

j .
Ui = (14" o0 )

i=j+1

This process takes Z/{((i‘jBl as a subset of U, J’ Y into u,’ J’ % and then calls it L{((Q B):

Thus, let Z;{(AB) = Z/I(ZE) = ﬂ;’:l L[fﬁ’f‘ ‘. This set is maximal contractible
because each B; x A; entry is homeomorphic to U; for 1 < i < m — 1 and the

B,, x A,, entries are homeomorphic to U, 1. ]

From this we can now prove the n = 2 and 3 cases by this new method. Note

that Davidson and Katsoulis had already proven these cases in a different way.

Example 4.13 Forn = 2ifwelet A = {{s1(1)},{s1(2)} and B = {{s2(1)}, {s2(2)}}
where 51,55 € Sy then Uapy C Sy C Uy. Therefore, Conjecture holds which
implies that Theorem |3.20] is true.

For n = 3, partitions (A, B) come only in two types:

o A = {A, Ay, A3} where |A;| = 1,4 = 1,2,3, in which case U p) is just a

permutation matrix.

o A={A, Ay} where |A;| = i,i = 1,2, which is the case proven in Proposition
and so Ua, p) exists with the required properties.

Therefore, the conditions of Conjecture are satisfied and the theorem applies.

Lastly, this theory allows us to prove the n = 4 case by brute force methods.

This was as yet unproven and will hopefully shine a light on the proof of Conjecture

Theorem 4.14 Forn = 4, dynamical systems are completely characterized by their

tensor algebras up to piecewise conjugacy.

Proof. So far we know that Sy C Uy and by Corollary ifm = 2,3 and (A, B) are
two partitions such that |A;| = |B;] = 1for 1 <i<m—1and |A,| = |Bn| =5—m
then U(A,B) C Uy.
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Thus, the only partitions (A, B) where U4 py is undefined is the case when

m = 2 and |A;| = |As| = 2, of which there are eighteen such partitions.

In the light of Corollary we have all of the 3 x 3 partitions with U; and Us

blocks, that is the sets ¢;”. Hence we have the following sets:

Uy B S(2) " 1
U, | I U
(Uz)11 (Us)12
(t)or (U)as o8 ] [
(Usz)11 (Us)12 I, 22212
(Uz)21 (Us)22
(Uz)11 (Us)12
«_»| 6(2) 1
(Ua)21 (Ua)az = I, ] x e

Uy

w__»

We say since the right hand side is not equal to the left hand side but rather is
homeomorphic in each partition element. There are six more partitions that follow
like this, two of them being shown below. Note that (U4); ; refers to the (i, j) entry

of Uy C M5(C) so that we can identify Uy imbedded into larger matrices.

(Us)1a (Usz)12 S(2)nn S(2)12
(Us)11  (Usz)ro « _» 1 v 1 i
(U)o (Us) 2o S(2) S(2)2 UQQ’?)
(Us)ar  (Usz)ao 1
(Us)11 (U212 S@n 1 S2ha 1
U)o (U w1 1 @
(Us)a1  (Usz)22 S(2)a S(2)2

Thus, nine partitions of the eighteen have been accounted for. Next we use the
map ¥;,, that was given in Definition £.§, We have:

(UZ)ll (u2)12 1
Us “ =, 4(6(1) - §) x [
<u2)21 (Z/{2)22

1o
X

S € 6(2)3’3 ] Z/{Q
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Uo)11 (Usz)12

1 1
(Uz)1n  (Us)r2 ‘5 (S(1)-5) x | 2
(Usz)21  (Ua)ao S(2)* Us
(Usz)21  (Uz)22
1
Uy * % 1,
“="T,5(6(1)- S € (2 x X
" al®) - Ses x| T "
521 ko ok

Finally consider the partition (A, B) = ({{2,3},{1,4}},{{1,4},{2,3}}). This
construction is where brute force must be used. For the n > 4 case this must be

generalized in order for this method of proof to work.

Let 71,79, 51,89 € [0,1] with 72 + rZ = s? 4+ s3 = 1 then we have the following
matrix in &(4) x &(3):

LT 1 0 —es; row;

69’”7“1 * % 69”817“1 * % 69”7’1 0 TOWo
i X omi = omi

e’ ry k% e’™s1ry k% e’y 0 rows

1 sy % x 0 sy row,

By the structure of &(3) as seen in Proposition we know that row! € RZ
Since the above matrix is unitary then dim(Span{row!,row}}) = 1 and because

0 < 0/2 < /2 then for all choices of 71,73, s1, S2

rowt + 2" row}

—jrowt 4 9727 - row}|

SO(T17 T2, 51, 52)

is defined and is a continuous function into {z € C?: |z| = 1,z # —e’™¢e;}. Then

we have the set V in 6(4) x &(3) x &(2) C Uy consisting of the following matrices:

0 —e"ig, row 0 —eTigy % 0
i, 0 rows | I B e, 0 0 x
efmiry 0 rows o(r1,m9, 81, 82) % | efmip, 0 0 x

0 sy row, 0 sy % 0

which is in the right (A, B) partition form, is contractible and contains four per-
mutation type matrices, though they are not the ones in Sy. Let (A%, BY),1 <i <4
be the four finer partitions of (A, B) that contain a 2 x 2 partition block. Finally
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define A
U(A,B) =)V U (U z:{(Ai7Bi)).
=1

Visually this is the following union:

¥k
*
*
¥k
U
* [ * ok | *
* * * * * *
U U
* * * * * *
* * ok *
U
_ .. -
*
*
* ok

where the outside 4 are the maximal contractible sets Z/?( 4i,pi) and the center is the
contractible set V. The most important point is that any two sets that adjoin in the
diagram (including diagonally) have non-empty contractible intersection. Hence,

U(a,B) is contractible and contains all finer partitions.

The construction of the remaining 5 partitions follows exactly as above. There-
fore, we have satisfied the conditions of Conjecture [4.5for n = 4 and thus dynamical
systems are completely characterized by their tensor algebras up to piecewise con-

jugacy. U

We feel fairly confident in the truth of Conjecture [£.5] As we have seen the
n = 4 case above contains another level of complexity over that of the n = 2 or 3
cases. Thus the truth of it should lead to a proof of the aforementioned Conjecture,
and hence the complete characterization of multivariable dynamical systems up to

piecewise conjugacy.

Another possibility for proof of the characterization result is to examine what
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happens to the covering systems (X, #), introduced in [5] and outlined in Section

1 of Chapter 3, when two dynamical systems are piecewise conjugate.

Finally, we can ask some questions about further directions of research stemming
from this study of dynamical systems. An important point to remember is that
here we assumed that a multivariable dynamical system had unrelated maps. A
further avenue of research is to examine what happens when there are relations
among these maps, for instance when all the maps commute. Is there a similar
characterization up to some natural conjugacy? Are all such dynamical systems

equivalent to our unrelated map case when one quotients by the center?
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