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Abstract

In the first part of this thesis, we will explore an iterative procedure to determine the detailed
asymptotic behaviour of solutions of a certain class of nonlinear vector differential equations which
approach a nonlinear sink as time tends to infinity. This procedure is indifferent to resonance in
the eigenvalues. Some attention will be given to finding approximations to solutions which are
themselves flows. Moreover, we will address the writing of one component in terms of another in
the case of a planar system.

In the second part of this thesis, we will explore the Michaelis-Menten mechanism of a sin-
gle enzyme-substrate reaction. The focus is an analysis of the planar reduction in phase space
or, equivalently, solutions of the scalar reduction. In particular, we will prove the existence and
uniqueness of a slow manifold between the horizontal and vertical isoclines. Also, we will deter-
mine the concavity of all solutions in the first quadrant. Moreover, we will establish the asymptotic
behaviour of all solutions near the origin, which generally is not given by a Taylor series. Finally,
we will determine the asymptotic behaviour of the slow manifold at infinity. Additionally, we will
study the planar reduction. In particular, we will find non-trivial bounds on the length of the
pre-steady-state period, determine the asymptotic behaviour of solutions as time tends to infinity,
and determine bounds on the solutions valid for all time.

In the third part of this thesis, we explore the (nonlinear) Lindemann mechanism of unimolecular
decay. The analysis will be similar to that for the Michaelis-Menten mechanism with an emphasis

on the differences. In the fourth and final part of this thesis, we will present some open problems.
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Chapter 1

Introduction to the Thesis

Consider the vector ordinary differential equation
x = Ax + b(x), (1.1)

where x € R” is the state vector, t is time, "= %, the matrix A € R™*"™ is HurwitzH, and the
nonlinear vector field b € C?(R™, R") satisfies b(0) = 0 and Db(0) = 0. All solutions with initial
condition xq sufficiently close to the origin will approach the origin asymptotically as ¢ — oco. It is
very desirable to obtain the asymptotic behaviour of the solution ¢;(x¢) as t — oo with sufficient
detail when ||xg|| is sufficiently small. In Part [[lof this thesis, we will explore an iterative procedure,
which is indifferent to resonance in the eigenvalues, to construct asymptotic expansions of ¢ (xq)
as t — oo with any desired accuracy. This detailed asymptotic behaviour, for example, will enable
us to construct phase portraits with more detail than the linearization. Moreover, the detailed
behaviour will have implications for concavity results, parameter estimation and reduction methods
in chemical kinetics, and it will show the limitations of using traditional power series.

The famous Michaelis-Menten mechanism for an enzyme reaction is given symbolically by

k
S+E1§C@>P+E,

-1
where S is the substrate, E is the enzyme, C is the complex, P is the product, and k_i, k1,
and ko are the reaction-rate constants. This leads to the planar system of dimensionless ordinary
differential equations

t=-z+(1-n+z)y, eg=z—(1+2)y, (1.2)

!That is, all the eigenvalues have real parts that are strictly negative.



1.1. Toy Problem 1

where z is a scaled substrate concentration, y is a scaled complex concentration, = %, e>0isa
parameter (generally assumed to be small but in this thesis it can be of any size), and n € (0,1) is
another parameter. In Part [T of this thesis, we will derive many new and interesting properties of

the planar system. Observe that the planar system (L2) is indeed in the form of (LI).

The (nonlinear) Lindemann mechanism for unimolecular decay is given symbolically by

k
A+A2A+B, B2 p

k1

where A is the molecule that decays, B is the activated complex, and P is the product of the decay.

This mechanism yields the dimensionless planar system
L2 .2
i=-—x‘+4exy, Y=2zx°—1y—cxy, (1.3)

where z is a scaled concentration of A, y is a scaled concentration of B, € > 0 is a parameter (which
can be of any size), and "= %. In Part [II of this thesis, we will derive many properties of this
planar system. Note that this system is not in the form of (I.I]) since the matrix for the linear part
is not Hurwitz.

In this introductory chapter, we will explore a few “toy problems.” These problems will be
similar in spirit to some of the problems we will encounter in this thesis and thus will serve to
give the reader a taste of things to come. However, the simplicity of these problems enables us
to approach them in a manner that may be different than the approach we would take in a more

complicated example.

1.1 Toy Problem 1

Consider the initial value problem
i=—z—z% z(0)=1, (1.4)

where "= %. We will pretend that we cannot solve the initial value problem exactly. Our goal is
to obtain non-trivial bounds on the solution z(¢) and to establish the (non-trivial) leading-order

behaviour.



Chapter 1. Introduction to the Thesis

1.1.1 Bounds on z(t)

Observe that £ = 0 is a solution of the differential equation and # < 0 when z = 1. It follows that
x(t) satisfies
0<z(t)<1 forall t>0. (1.5)

We can use these simple bounds in conjunction with the differential equation to obtain better

bounds. Combining (I4]) and (L), we see that
—2z(t) < #(t) < —z(t) forall t>0.

That is,
#(t)+2x(t) >0 and #(t)+x(t) <0 forall ¢>0.

If we multiply each inequality by an appropriate exponential integrating factor, replace ¢ by s, and
re-arrange, we get

— (e2ssc(s)) >0 and 4 (e°z(s)) <0 forall s>0.

ds - ds - -

Now, integrate with respect to s from 0 to ¢, use the initial condition z(0) = 1, and re-arrange the
result. This yields

e <zx(t)<et foral t>0. (1.6)

This process can be repeated to obtain even better bounds.

1.1.2 Leading-Order Behaviour of x(t)

The initial value problem (L4]) can be written as the integral equation

¢
z(t)=e ' — e_t/ e’z (s)? ds.
0

Importantly, we can re-write this as

where



1.2. Toy Problem 2

Figure 1.1: A phase portrait for the planar system (L7).

Note that, by virtue of (L6,
(o @)
%e_3t < / essc(s)2 ds <e t forall t>0.
t
It follows that we can write
—t —t ot —2t
ce " <z(t)<e forall ¢t>0 and =z(t)=ce —i—O(e ) as t— 00

for some ¢ € (0,%). (Appealing to the bounds (6] and the fact that x(t) # e 2! and x(t) Z e,
we cannot have ¢ =0 or ¢ = %) The techniques we will develop in Chapter [Bl can be used to show

_ 1
that ¢ = bR

1.2 Toy Problem 2

Consider the linear system

& =-—r, y=-ay, (1.7)

where a > 1 is a constant and "= %. The corresponding scalar differential equation is

where ' = %. See Figure [Tl which gives the phase portrait. We will restrict attention to x > 0.

EY
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1.2.1 Antifunnel

The solution y = 0 to the scalar differential equation (L.§]) is an exceptional solution which appears

to attract all other scalar solutions. Define the region
Fb::{ (x,y) + >0, —xe_bxgygxe_bx} (b>0), (1.9)

which is an example of an antifunnel. (See §A.3] for a discussion on antifunnels.) It can be shown
using the Antifunnel Theorem (see Theorem [A4]) and other techniques that any solution to (L.7)
with 2(0) > 0 will eventually enter and remain inside the so-called trapping region I'y. Moreover,
the solution y = 0 is the only solution to (L.8]) contained entirely in T',. In Parts [l and [[IT of this
thesis, we will deal with planar systems, namely (L2)) and (I3]), having trapping regions which

contain a unique attracting solution (called a slow manifold).

1.2.2 Fraser Iterative Scheme

Consider the scalar differential equation (L8]). If we choose an initial function yo(z), we can define

an iterative scheme
/
zyn(2)

Ynt1(x) = (n € No),

where Ny :={0,1,2,...}. This can be referred to as the Fraser iterative scheme, after Simon Fraser
who used the scheme to approximate the slow manifold for both the Michaelis-Menten mechanism

and the Lindemann mechanism. See, for example, [43].

Finding the Iterates using a Generating Function

Define the exponential generating function

L S yn(x) n
w(z,T) = T
n=0
where {y,(x)},~, are the Fraser iterates. Note that
yn(x) = (?97:](:6’ 0) forall neN,.

See, for example, pages 6061 of [77] and [128] for a discussion on generating functions.

Observe that

Ow U)o, dw e Ynri(2)
%(.T,T)— T and E(ZE,T)—%TT .



1.2. Toy Problem 2

Since ayn+1(x) = xy, (), we see that w(z, ) satisfies the partial differential equation and initial

condition

ow ow
T 0 = 0, w(x,0)=yo(x).

We will use the method of characteristics (see §A.12] of Appendix [A]) to solve this. Consider the

initial value problem
dx dr dw
(45555 ) = @ a0), (0700, (0) = (5.0.30(5),
which describes a curve parameterized by r in the solution surface w(x, 7). Solving gives
x=se, T=—ar, w=yo(s).

Solving the first two equations for s in terms of x and 7 gives s = xexp(g). Thus, the generating

function is given by

w(z, T) = Yo (x exp(%)) .

c

Initial Iterate yo(x) =z

Suppose that we choose yo(z) := ¢, where ¢ > 0. Then, the generating function is given by

w(z, ) = 2¢ exp(£> .
a

Thus, the Fraser iterates are given by

yn(x) = (£>n:cc (n € Np).

a

Clearly, if ¢ < a then the Fraser iterates converge pointwise to the solution y = 0 and if ¢ > a then

the iterates diverge.

Initial Iterate yo(z) =e”

Suppose now that yo(z) := e®. Then, the generating function is given by

w(z,T) = exp(:r exp(%)) :

Interestingly, we can write this as

w(z,7) =¢e" [Z ir;(s‘) T”] ,
n=0
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where {¢, ()}, are the exponential polynomials (which are also called the Touchard polynomi-

als). See, for example, [7] or pages 63-67 of [I03]. Consequently, the Fraser iterates are

e fn ()

n

yn(x) = (neNy).

Observe that

im0 =50 ana Bl (1) (B ey,

B
where {B,},7, are the Bell numbers. Since lim "l o, it follows that lim Yn(1) = o0.
n—oo n n—oo
1.3 Toy Problem 3
Consider now the nonlinear planar system
T=-x+xy, Y=—ay—zy, (1.10)

where a > 1 is a constant and "= %. This system could arise, for example, from applying the Law

of Mass Action (see §A.1] of Appendix [Al) to the chemical mechanism
X+vydiex, xLp, v&p,

where P; and P, are arbitrary products. The corresponding scalar differential equation is

o (a—l—:z:)y

Yy = m, (1.11)

where ' = %. We will consider only x > 0. See Figure

1.3.1 Antifunnel

The solution y = 0, as with the linearized system, is an exceptional solution which attracts all other
solutions. In fact, the region I'y, which was defined in (I.9)), is a trapping region for the nonlinear
system just like it is for the linear system. Again, the solution y = 0 (the slow manifold) is the only

scalar solution which is contained entirely inside I',.



1.3. Toy Problem 3

X'=-Xx+Xxy a=35
y' =-ay-xy
1
0.8 [ i
0.6 e
0.4H :
0.2 -
>~ 0 = = = =
-0.2 .
-0.4 3
-0.6 [ i
-08f |
-1 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1.2: A phase portrait for the nonlinear planar system (LI0) for a = 3.5.

1.3.2 Exact solution of the scalar differential equation

The scalar differential equation (LII)) can be solved exactly in terms of the Lambert W function
(see §AT6] of Appendix [A]). Write the differential equation as

[ﬁ—l}y’(s):%—i—l for s> 0.

If we integrate with respect to s from xy to z and apply the initial condition y(z¢) = yo, where

x0,yo > 0 for simplicity, we get

In(%> — y(z) + o :aln(%) +z— .

Taking the exponential of both sides and re-arranging,

_ —y@) — (Y0 ) age
y(z)e = <x8e$0+90>x e”.

B
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By definition of the Lambert W function, we obtain the explicit solution

_ B Yo a .z
i ele)

Since W (x) = x + o(z) as  — 0, we can say

_ Yo a a +
y(x) = [7x8ex0+yo]x +o(z%) as x—0".

Observe that if a ¢ {2,3,...} then y(z) is not representable as a Taylor series at z = 0. However,

applying the power series method to the scalar differential equation (ILI1]) yields the zero series.

1.4 Comments on this Thesis

1.4.1 Structure

This thesis is divided into four parts. Part [l deals with iterative schemes which determine the
asymptotic behaviour of solutions of a certain class of nonlinear vector differential equations as
they approach a sink. Part [l deals with properties of the Michaelis-Menten mechanism of a
single enzyme-substrate reaction. Part [[IT deals with the Lindemann mechanism of unimolecular
decay. Part [[V] consists of a chapter on open problems as well as the appendix. Each part (except
Part [[V]) has an introductory chapter (where the problem and literature are introduced), a main
chapter (where the fundamental results are established), and additional specialized chapters.

This thesis is intended to be reader-friendly and leisurely yet rigorous. Simple examples are
included frequently where appropriate. Most chapters conclude with a brief summary of essential
material in the chapter. Moreover, Appendix [Al includes a review of some results and concepts
which are used in the thesis. Finally, Appendix [Bl includes some interesting results or approaches
which have not been fully explored, have led to issues which have not been overcome, or otherwise

do not fit in anywhere else.
1.4.2 Goals and Themes
There are many goals and themes that are common in this thesis.

e Obtaining (non-trivial) leading-order behaviour as t — oo for solutions x(t) of certain non-

linear differential equations x = g(x).



1.4. Comments on this Thesis

Obtaining simple bounds on solutions x(t) of certain nonlinear differential equations x = g(x)

valid for all ¢ > 0. Differential inequalities are a common tool used for this purpose.

Obtaining asymptotic expansions for x9 in terms of x; as 1 — 0 for solutions x(t) of certain

planar nonlinear differential equations x = g(x).
Handling resonance in the eigenvalues for certain nonlinear differential equations x = g(x).

Finding approximations to solutions of certain nonlinear differential equations x = g(x) which

are also flows.
Establishing concavity for solutions of certain scalar nonlinear differential equations y' = f(x,y).

Utilizing isoclines (other than the horizontal and vertical) to analyze certain scalar nonlinear

differential equations y' = f(z,y).

Proving the existence and uniqueness of a solution in a trapping region for certain scalar

nonlinear differential equations 3y’ = f(z,y). To achieve these results, we use antifunnels.

Estimating the time for solutions x(¢) to enter a trapping region for certain nonlinear differ-

ential equations X = g(x).

The Lambert W function makes many fundamental appearances.
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Asymptotics Near a Nonlinear Sink
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Chapter 2

Introduction

Part [l of this thesis is concerned with the determination of asymptotic behaviour of solutions of
systems of ordinary differential equations as they approach a nonlinear sinkH Many known ap-
plicable results may quickly come to mind, such as the Hartman-Grobman Theorem, Poincaré’s
Theorem, and normal form theory. However, a certain limitation of the Hartman-Grobman Theo-
rem, Poincaré’s Theorem, and normal form theory also quickly comes to mind, namely resonance.

The techniques of this part of the thesis, fortunately, are not hindered by resonance.

Remark 2.1: Part [ of this thesis deals with a system that has a non-hyperbolic equilibrium.
In particular, this equilibrium point is a saddle node. Some attention is given to determining the
asymptotic behaviour of solutions as they approach this equilibrium. See JA.8 of Appendix[Alwhich

gives a brief overview of the classification of equilibrium points.

2.1 The Problem

Let n € N and consider the constant matrix A € R"*" and vector field b : R™ — R". The system

of ordinary differential equations under consideration is

%X =Ax+b(x), xeR", ':%,

where A and b have certain properties which we will outline below.

1 An equilibrium point is a sink if the linearization matrix at this point only has eigenvalues with strictly negative
real parts. Consequently, all nearby solutions approach the equilibrium point asymptotically. The “nonlinear” of

“nonlinear sink” merely emphasizes the fact that it results from a nonlinear differential equation.

13



2.1. The Problem

2.1.1 The Matrix A

The matrix A is assumed to be Hurwitz with eigenvalues {);}!_; which have respective negative

real parts {y;};_,. Moreover, we will assume a specific ordering of the eigenvalues.

Assumption 2.2: The real parts of the eigenvalues of the matrix A satisfy
:unglun—lg"'g:ul<0- (21)

A very crucial ratio is given by

Hn
K= —, 2.2
H1 (22)

which quantifies the spacing of the eigenvalues. Observe that x > 1. The significance of the ratio

between eigenvalues has been noted before. See, for example, $11.3 of [16].

Remark 2.3: In this chapter, as well as other chapters in this part of the thesis, the constants
{p;};—, are understood to be the real parts of the eigenvalues of A and satisfy (2.I]). Furthermore,
the constant  is understood to be the ratio in (2:2I).

2.1.2 The Vector Field b

The b(x) term in the differential equation encapsulates the nonlinear part. We will need to make
an assumption on the minimum amount of smoothness possessed by b(x). Moreover, we need to
specify the basic decay rate of b(x) and Db(x), where the notation D := 8% denotes the derivative

operator. In particular, the Jacobian of b is given by

o .. O
Ox1 oz
ab; " "
Db = =
i) 5
Obn ... Obn
Ox1 Oxn

Note that we will be using the notation B,(p) and B, to denote, respectively, the open balls in R™

of radius r centred at p and O.

Assumption 2.4: Consider the vector field b.
(a) There is some neighbourhood N’ C R" with 0 € N and b € C}(NV,R").
(b) There are 6,k > 0 such that Bs C N and

Ibx)|| < k|x|* forall x e Bj, (2.3)

14
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where a > 1 is a fixed parameter.

(c) There are 6,k > 0 such that Bs C N and
IDb(x)|| < k|x|® forall x e Bs, (2.4)

where 3 > 0 is a fixed parameter.

Observe that these assumptions imply
b(0) =0 and Db(0)=0

which, among other things, means that the origin is an equilibrium point of the given system. Since

A is Hurwitz, we can conclude that the origin is asymptotically stable.

Definition 2.5: Consider the matrix A and vector field b. If 1 < k < «, we will say that the
eigenvalues of A are closely-spaced relative to the vector field b. If kK > a, we will say that the

eigenvalues of A are widely-spaced relative to the vector field b.

The distinction of closely-spaced and widely-spaced eigenvalues turns out to be of fundamental
importance. Moreover, note that this distinction does not make reference to resonance in the

eigenvalues.

Remarks 2.6:

(i) In this chapter, as well as other chapters in this part of the thesis, the constants o and [ are

understood to be as in ([2.3]) and (2.4]).

(ii) The constants 0, k in (2.3]) are only used to establish a decay rate. We will be dealing with many
precise estimates (and combinations of estimates) which are introduced by saying something
like “there are constants d,k > 0 such that...” The scope of where these constants retain
their meaning is usually clear from the context. The important point is that there are some

constants such that a given inequality is true.

(iii) Sometimes an optimaH choice for o and 3 is clear, for example b(x) = 22, and sometimes an

optimal choice is not clear, for example b(x) = 2% In(z) with 5(0) = 0. In the former example,

2As we will see, higher values of a and 3 yield better approximations to the solution. Moreover, our choice of a

]

might be the difference of the eigenvalues being closely-spaced (the “easy” case) or widely-spaced (the “hard” case).
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(iv)

we can take o = 2 and 5 = 1. In the latter example, however, any « € (1,2) will satisfy (2.3])

and any (3 € (0,1) will satisfy (2.4]) with no optimal choices for the decay rates.

Suppose that b € C"(N,R™), where r € {2,3,...}, Witl’H D%b;(0) = 0 for all 4 € {1,2,...,n}
and || < r — 1. Then, if we wish, we can take &« = r and 5 = r — 1. This follows from Taylor’s

Theorem. In the scalar case, n = 1, for each m € {0,...,r — 1} we have

r 1

b (2 i

1=0

(m+1)
b (O)x —l—(’)( ) :O(xr_m) as x — 0.

In particular, setting m = 0 and m = 1 gives b(z) = O(z") and b/'(z) = O(z"!) as z — 0.

For a given «, it need not be the case that § =a — 1. After all, one cannot differenti-
ate asymptotic expressions in general. Consider b(z) := z* sm( ) with it understood that

b(0) = 0. Now, for x # 0 we have

8[|

b(z) =42%sin(L) —2%cos(2) and b'(z)=122sin(2) — 62 cos(L) —sin(2

)-

is un-

Observe that b € C' but b & C?. Moreover, |b(z)| < |:z:|4 for all z. However, ‘b/x(?)

bounded in any neighbourhood of the origin. Hence we can take o = 4 (which is the natural

choice for o) but we cannot take 5 = 3. The optimal choices are & =4 and § = 2.

2.1.3 The System x = Ax + b(x)

Consider the initial value problem

X = Ax+b(x), x(0) = xo, (2.5)

where x € R” and "= %. The system has the origin as an equilibrium point. As is customary, we

will denote by ¢¢(xq) the flow of ([Z5]). That is, ¢¢(x¢) is the solution of the initial value problem as

a function of the initial condition xg. The goal of this part of the thesis is to determine the detailed

behaviour of solutions to (23] near the origin. That is, we want to find asymptotic expansions of

¢1(x0) as t — oo when ||xq]| is sufficiently small.

3We are using multi-index notation to indicate all the possible derivatives of order at most r — 1.
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2.1.4 Integral Equation

Equivalently, the initial value problem (23] can be re-written as an integral equation. Multiply

t

the differential equation by the integrating factor e ** and then replace t by s, giving

e A [x(s) — Ax(s)] = e *Ab(x(s)).

Simplifying the left-hand side,

d —s _ =S
I (e Ax(s)) = e *Ab(x(s)).

If we integrate with respect to s from 0 to t, we get
t
etAx(t) — x0 = / e~ "Ab(x(s)) ds.
0
Solving for x(t), we are left with the integral equation

x(t) = exq + /Ot e~ Ab(x(s)) ds. (2.6)

2.1.5 Resonance

The techniques developed in this part of the thesis will work regardless of resonance, but we still
need to be mindful of when resonance might occur. The reader may wish to consult §A.9] of

Appendix [A] which reviews resonance.

Proposition 2.7: Resonance in the eigenvalues of A can only occur if k > 2.

Proof: Suppose that there is resonance. By definition of resonance, there is an index j € {1,...,n}
and set of coefficients {m;};"; C N, such that
n n
)\j = Zmz)\z and Z'mz Z 2.
i=1 i=1

Taking the real part of the first equation and re-writing (2.1]), we have

n
pi=> mip; and 0< —py < -0 < —pp.
=1

It follows that
—pn = =gy =y mi(—pi) > (Z mz) (=p1) = 2(=p).
i=1 i=1

That is, @, < 2u; which is equivalent to k > 2. O
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2.2 Functions Defined By Integrals

In this part of the thesis, we will be dealing heavily with exponential estimates and improper
integrals. Most importantly, we will be constructing approximations to solutions of (2.5]) whose
definitions involve improper integrals. Two good references for this material are §14.4-14.9 of [3]
and §6.5 of [81].

We will be dealing with a certain class of functions defined by improper integrals. Let § > 0 be

a constant and define the set
Qs:={ (t,x) : t>0, xeR", |x||<d}.

Suppose that for the function F € C1(25,R"), there are k, p > 0 such that

|F(t,x)|| < ke ” forall (t,x) € Qs.
Hence, we consider the function

o
f(t,x) := / F(s,x)ds, (t,x)¢€ Qs.
t

Observe that, for all (t,x) € Qs,

/ F(s,x) ds g/ IF (s, %) dsg/ (ke ) ds = (—) ert < X,
t t t p p

It follows from the Weierstrass M-Test that the integral converges uniformly on 25 and f is con-

tinuous on 5. Furthermore, if there are ¢, > 0 such that

Hg—F(t,x) <te™ forall (t,x) e Qy,
X

then we can differentiate f(¢,x) under the integral sign, giving

of * OF
8_x(t’x) =/ a—x(s,x)ds, (t,x) € Qs,

where the integral converges uniformly in 5. See, for example, Theorems 14-19, 14-22, and 14-24
of [3].

There is one other possibility we should mention. Suppose that for the function F above, we
have instead x € C" and F(¢,x) € C" with F complex analytic at 0. Then, fis complex analytic at
0 and derivatives of f of any order can found by differentiating under the integral sign. It follows

from this that fis real analytic in x at 0. See, for example, §6.5 of [81].
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2.3 Important Exponential Estimates

2.3.1 The Need for o

Many of the results that follow in this part of the thesis are established by considering exponential

estimates of functions of time. In particular, these estimates are of the form
lu(t)] < kel@t for >0,

where a is some constant inherent to the problem at hand and ¢ > 0 is some constant included
to accommodate the possible effects of repeated eigenvalues and resonance. Typically, o is taken
to be as small as one desires. In the above example, if a < 0 we would assume that o < —a so as
to preserve the decaying property of the exponential. However, any positive value of ¢ would not
change the truth of the statement.

Why exactly is the o necessary? When there is resonance or there are repeated eigenvalues,
solutions of ordinary differential equations may have terms of the form t™e®. We will look at the
necessity of ¢ more closely.

Let u(t) := t™e™, where m € N and a < 0 are constants. We will make a few observations about

the decay rate of u(t).

e There does not exist a constant k > 0 such that |u(t)] < ke for all t+ > 0. This is because

|u(t) e=®| = t™ is unbounded as t — oco.

e For any ¢ > 0, there exists a constant k > 0 such that |u(t)| < ke(®+9) for all t > 0. This is

because |u(t)e=(¢+9)| = ¢me=! js bounded for all ¢ > 0.

e There does not exist a k > 0 such that |u(t)| < ke(® ) for all ¢t > 0 and for all ¢ > 0. This
is because |u(t) e~(@T9)| = tMe~7! achieves the maximum value (2)™ for a given ¢ > 0 and

this maximum value is unbounded as ¢ — 0.

Remarks 2.8:

(i) Note the position of the ¢ > 0 in the second and third observations above. In this thesis,
the (arbitrary) choice of ¢ > 0 is made at the beginning of the calculation of exponential

estimates.
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(ii) Let u(t) be an arbitrary function. Suppose that for any o > 0 there is a £ > 0 (which depends
on o) such that
lu(t)| < kel forall ¢>0.

Then,

Inju(t)| <atot Ink
—=<a+o+—.
- t

Since ¢ > 0 is arbitrary and k is a constant (with respect to t), it follows that

I t
lim sup M <a
t—o0

This is an equivalent way of indicating the exponential decay rate of u(t). It is the prevalent
way in, for example, Chapter 13 of [28]. In this thesis, however, the exponential way is of
practical benefit. Note that if u(¢) =0 for some t > 0 we take In|u(t)| = —oo by extending

the logarithmic function.

2.3.2 Decay Rate of the Matrix Exponential

For obvious reasons, the decay rate of the matrix exponential e will be of fundamental importance
to us. Intuitively, we would expect that, for large time, the size of the matrix exponential e'* decays
at a rate determined by the slowest eigenvalue in real part. In turn, the decay rate of ¢¢(x¢) should

have this same decay rate. This is indeed the case.

Claim 2.9: Let A := diag(u1, ..., pn). Then,

ent < HetAH <&t gnd e Mt < He*tAH < gkt for all t>0.

Proof: 'We will only prove the bounds on |[e"*|| for ¢ > 0 since the bounds for ||e™**|| are similarly

proven. Now, we know
: T
e'h =diag (e",... e"") and e"x = (e"'ay,... e y,)

It follows that, for ¢ > 0,

[ = max {flx]} = max

lIx[[=1 lIx[I=1
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Furthermore, if we choose x = (0,...,0,1)T we see that

etA = maX
"]
=1

O

If A is not diagonal, there may be terms like t’e** in the matrix exponential and so we need to
introduce o in the basic decay rate of e*. What follows is a standard result for the decay rate of
etA . However, we append a condition which tells us when we can ignore the 0. As we shall see, the
presence (or absence) of ¢ in the decay rate of etA has a ripple effect on many calculations which

appear in the following chapters.

Lemma 2.10: Consider the matriz A and let o > 0.

(a) There is a k > 0 such that

HetAH < kelmatolt forall t>0. (2.7)

(b) There is a k > 0 such that

et 4| < ket for all ¢ > 0. (2.8)
(c) If A is diagonalizable, then we may take o =0 in (21) and 2.8).

Proof:

(a) Tt follows from the fact that the elements of e are linear combinations of terms of the form

t'eMt, where i € {0,...,n— 1} and j € {1,...,n}.
(b) Similar to the previous part.

(c) If A is diagonalizable, there exists an invertible matrix P such that A = PAP™!, where
A :=diag (\1,...,\n). A standard result tells us that e = Pe'AP~!. By Claim 29,

|| < 1P| [P et and |[e™™| < |P|[|P~!|e " forall t>o0.



2.3. Important Exponential Estimates

Remark 2.11: Suppose that A is not diagonalizable. Let J be the Jordan canonical form. (Jordan
forms are mentioned in §A.TH of Appendix[Al) Then, there exists an invertible matrix P such that
A =PJP~!. Consequently, et = Pe'?P~!. Since A is not diagonalizable, J has a Jordan block
which is not a diagonal matrix. Hence, there will be at least one term of the form t‘eM? for

ie{l,...,n—1}and j € {1,...,n}. See, for example, Chapter 3 of [28] and Chapter 1 of [100].

2.3.3 Decay Rate of the Flow

The matrix A is Hurwitz and hence all solutions of the linear system x = Ax approach the origin

asymptotically. In particular, for any o € (0, —uq) there is a constant k£ > 0 such that
[e"4x0|| < ket |xo||  for all ¢ > 0.

This carries over to solutions of the nonlinear system, although we cannot conclude global asymp-

totic stability.

Theorem 2.12: Consider the system (2.5) with flow ¢i(xp). For any o € (0,—u1), there are
constantﬂ 6,k > 0 such that

e(mo)|| < ke T |lag||  for all (t,20) € Q. (2.9)

Proof: 'We will assume that ||xg|| > 0 for if this were not the case the result would be trivial. This
proof is more or less standard but we are careful to include the initial condition in the estimate
which is not standard. See, for example, pages 314 and 315 of [28]. In [28], they used Gronwall’s
Inequality at a key step (they had a slight difference in assumptions) but we will instead use a
modification

From the integral equation (2.6]),

\M@mswmwmuﬁﬂwmmwu@mmm& (2.10)

Applying the estimates (2.3]) and (27) to the inequality (2.I0)), there are constants d1, k1, k2 >0
such that
t
20| < e ol + ko [ e ) s, (211)
0

4The constant k is understood to be independent of xq.
®Such modifications are examples of Bihari’s Inequality. See, for example, [I2] which was Bihari’s original paper.
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provided that
llde(x0)|| < 61 for all ¢>0.

(2.12)

Later, we will show that (2.12]) is satisfied for ||x¢|| sufficiently small. Now, multiply both sides of

the inequality (ZII) by e~ #1+9)t to get
t
e~ (TN 1y (x0) || < K 30 + k2/ e~ (MF9) | (x0) | * ds.
0

This can be manipulated, giving

I

t
R Al el LA TR

Let
u(t) = e~ 1T gy (xo)[| > 0,

Then, (2I3]) becomes
¢
u(t) <k [lxoll + ko / (=D +9)3y () i,
0

Now, define
t
o(t) := ky ||xo|| + ko / ele=Dmta)sy, () ds > 0.
0

Note that

B(t) = kpe@ DTy () >
and v(0) = k1 ||xo||. Then, the inequality (2.14) is equivalent to
u(t) < o(t).
It follows from (2.I5]) and (2.I6]) that v satisfies the differential inequality
b(t) < kpel@Dlnta)ty, (pe
Dividing both sides of [ZI7) by v(t)* > 0 and replacing t by s,

U(S) < k2e(a71)(y1+o)s.
v(s)*

Integrating with respect to s from 0 to ¢ and recalling that o > 1 and p; + 0 <0,

1 1 1 k2 } (a=1) (o)t
— < e (e H1iTo)t 11.
L—a o)t gt HxOHa‘l] - La—l) (1 +0) | ]

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Observe that

k2 [e(a—l)(m-i-(f)t 1] < = k2
(a—1) (1 +0)

Thus, we have
1 1 ko

T [ T

a—1
L, ! (1 L k2 lxol > (2.18)

v(t)2=1 T x| AP p+o

Now, we want the expression in the brackets to be strictly positive, which yields the condition

1
1 p1+ o\ ol
<— (- .
ol < - (-27)

1
s P (_mtoNeT
Tk ko ’

where p € (0,1) is arbitrary. Hence, assume that ||xo|| < § and take

Re-arranging,

Let

1

1 koo 1\ T-a 1

e (k ﬂfmf) = ki (1= )T >0, (2.19)
1

which is independent of ||xq||. It follows from (Z.I8]) that

1 S 1
W@ ol TR

Re-arranging and recalling that u(t) < v(t),
u(t) < k%ol -

By definition of u(t), we have

lpe(x0) || < kel |Ixo]l.
All that remains is to show that ([2Z12]) is satisfied for a particular choice of p. We have shown
that, for a fixed p € (0,1),

[xo0| <6 = [[ée(x0)]| < kelrto)t |xo|| for all ¢>0.

This, however, is contingent on the condition ||¢:(xp)|| < d; for all ¢ > 0. If ké < §; then we are
finished. Using our expressions for k£ and J, we see that we can choose p € (0,1) sufficiently close

to zero to accomplish this. O
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Remarks 2.13:
(i) If we set t = 0 in (29) we get ||xo|| < k||x0]|. It follows that k > 1.

(ii) Consider our definition ([2I9]) for the constant k. We chose p sufficiently small to satisfy
certain conditions and so we expect k = k;. Recall from the proof of the theorem that k;

‘etAXOH < kle(u1+(7)t HX(]H This

was used in the decay rate of the linear solution, that is,
strengthens our belief that the nonlinear solution behaves like the linear solution. Later, we

will improve this statement.

(iii) A glance at the proof of the previous theorem shows that o is only necessary in the basic
decay rate of ¢y(xq) if o is necessary in the decay rate of e'*. Indeed, if A is diagonalizable

then we can take o0 = 0 in (2.9)).

(iv) In [28], they assume that ||b(x)|| = o(||x||) as ||x|| — 0. (Technically, they used b(x,t) instead
of b(x).) The proof in [2§] does not allow one to set ¢ = 0 in the event that the estimate for
e does not require o. (Note that ¢ in [28] corresponds to ¢ in this thesis and o in [28] is

used for something related but different.)

2.3.4 Decay Rate of _8%75(3(0)
X0

Proposition 2.14: Consider the system (23 with flow ¢¢(xy). For any o € (0,—u1), there are

constants §,k > 0 such that

"8%:5:0%)“Ske<“1+0>t for all~ (t,z) € Qs. (2.20)

Proof: A standard result tells us that

%<&Z$@):{A+g§wwﬁm]&ﬁgw’ &Zgwtﬂzl (2.21)

See, for example, the corollary on page 83 of [100]. Consider x¢ to be fixed in ([2:2]]) and let

@@:8ﬁ§”

b
d B(t) :=— .
and B(1) == 2 (u(x0))
The estimates (2.4]) and ([Z.9) tell us that there are constants d, k1 > 0 such that

IB(t)|| < k1ePW1F9)t x|®  for all  (,%0) € Q. (2.22)
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Re-writing (Z.21)) in terms of ® and B, we haveH
®=[A+B@1)]®, ®0) =1
This initial value problem can be written as the integral equation
B(t) =™ + /O t e =)AB(5)®(s) ds.
Hence, for (t,xg) € Q5 we have
2] < 4]+ =4 B 1) ds

Applying the estimates (2.7)) and (2Z22]), there is a constant ko > 0 such that for each (¢,xg) € Qs,

12()I] < kae1+7 4 kaky [[xo0]” /Ot [ IO

_ elmtolt {,Q +Erky HXOHﬁ/Ot B-Dn+)s 5 (s))| ds}.

Re-arranging,

0@ <+ bk ol [ " PG00 ()| ds,

By Gronwall’s Inequality, which is given in §A.6l of Appendix [Al on page B12],

t
e~ (mto)t 1B (8)|| < ks exp (kle HXOHﬁ/ eBu+o)s ds)
0

ks |1xol”
S,Wp(_ o o )

B p1 + o]
B
B lp + o]
Taking k := ko exp (— &L’i%‘:g) which is independent of ||xgl|, gives us (2.20). O

2.4 Writing One Component in terms of Another

Consider the special case n = 2. Suppose that we want to write one component of the solution

x(t) = (x(t),y(t)) in terms of the other, say y(¢) in terms of x(¢). For example, suppose that

z(t) =e '+ O(e_2t) and y(t) =2e "+ (’)(e_%) as t — 0o.

The differential equation is an example of an almost-constant linear differential equation since tlim IB(t)|| = 0.
— 00



Chapter 2. Introduction

If we re-arrange the expression for x(t) we get
el=z(t)[1+0(e™)] =2()[1 +O(z(t)] as t— oo.
Since z(t) = O(e™") as t — oo, it follows that e™" = z + O(2?) as z — 0 and
y:2x+(9(x2) as z — 0.

Let x(t) = (x(t),y(t)) be a solution of the planar differential equation x = g(x). Now, the set

of points (z(t),y(t)) defines a curve y = y(z) in the zy-plane. Since the planar differential equation

d

— 2@@) Ghere ! = <. Thus, writing y(¢) asymptotically in

g1(z,y(x))
terms of z(t) amounts to finding an asymptotic expression for y(z).

is autonomous, we see that y'(z)

The classic method of finding an asymptotic expression for a solution to a scalar differen-
tial equation y' = f(x,y) is the power series method. Here, one assumes a solution of the form
y(x) = Y2, &', substitutes into the differential equation, and arrives at recursive relationships
for the coefficients which are then solved. It is possible, however, that one can perform the power
series method unhindered yet the resulting power series still misses important asymptotic terms.
A remedy of this problem, at least for the special case xk € N, involves a theorem of Poincaré. This
theorem, along with related concepts such as resonance and Poincaré domain, are reviewed in §A.9]

of Appendix[Al First, we need a result on when resonance occurs.

2.4.1 Resonance

Proposition 2.15: Suppose that A € R?*? has real-valued eigenvalues A and Xg.

(a) Suppose that A1, o #0 and K = i—f > 1. Then, there is resonance in the eigenvalues if and

only if k € {2,3...}. Moreover, the eigenvalues belong to the Poincaré domain.

(b) Suppose that A\; =0 and A2 # 0. Then, resonance in the eigenvalues always occurs.

Proof: Let
S:={(a,b) : a,beNy, a+b>21}.

Recall that, by definition, {1, A2} is resonant if and only if there is a j € {1,2} and (a1,a2) € S
such that A\; = a1\ + az)s.
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(a) Case 1: k € {2,3,...}. Since A2 = kKA1, we can take j =2, a; =0, and az = k which yields

resonance.
Case 2: kK € {2,3,...}. Assume, on the contrary, that there is resonance.

Case A. Suppose that (aq,as) € S is such that \y = a;\; + as 2. Then,
1=ai+ak > a1 +az > 2,

which is impossible.

Case B. Suppose that (aj,as) € S is such that Aa = a1 A1 + agAe. Then,
K = a1 + a2k.

If ag =0 then ay € {2,3,...} and Kk =a; € {2,3,...}, which is impossible. On the

other hand, if ao € N then x > k, which is impossible.

The eigenvalues are of the same sign and thus the convex hull is the closed interval with the
eigenvalues as endpoints which does not contain zero. Hence, the eigenvalues belong to the

Poincaré domain.

(b) Take a; =1 and as = 1. Then, (a1,az) € S and Ay = a1 A1 + ag\o.

2.4.2 A Theorem

Theorem 2.16: Consider the system of ordinary differential equations
&= Az+ b(x), =(0)=mz, z=(})cR? (2.23)

where the matriz A is Hurwitz, the vector field b is analytic, ||b(x)| = O(HmH2> as ||z|| — 0, and

lzo|| is sufficiently small. Let the eigenvalues of A bd] A1 and A_, where A_ < Ay <0, and define

"In the two-dimensional case, when the eigenvalues are both distinct and negative it is common to refer to the
eigenvalues as A+ and A_. The =+ refers to the taking of the positive and negative root when solving the characteristic

t and A_ corresponds to the faster decay rate e*~*, Ay

equation. Since Ay corresponds to the slower decay rate e
is referred to as the slow eigenvalue (and has associated slow eigenvector) and A_ is referred to as the fast eigenvalue

(and has associated fast eigenvector).
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the ratio Kk := i—; > 1. Suppose that k € N (that is no resonance) and the eigenvector vy satisfies
(vy)1 #0. If z(t) is a solution to ([2.23)) which approaches the origin in the slow direction and (for

simplicity) is strictly positive for sufficiently large t, then
Lx) ‘
y(t) = &a(t)' + Ca(t)” + o(x(t)") as t— o0 (2.24)
i=1

for some constants {@}Z@l (which are independent of initial condition) and C' (which depends on

the initial condition).

Proof: In order to derive the necessary asymptotic expansion for solutions y(z) to (Z23]) (that is

y(t) written in terms of x(¢) with ¢ dependence dropped), we make use of the linearized problem
z=Az, z(0)=z. (2.25)

To avoid the trivial solutions, which have nothing to offer us, we will assume that xg,z9 # 0. Let
x(t) and z(t) be, respectively, the unique solutions to (223 and (2.25]), both of which tend to
the origin as time tends to infinity. We will not consider the initial conditions xg and zg to be
independent so that the solutions x(¢) and z(¢) can be related. Furthermore, we need both ||xol|
and ||zp|| to be small.

The solution to the linear problem z(¢) can be written in the explicit form

gt )\_tv_

z(t) = cye™t'vy +c_e

9

where c; > 0 (since we assumed that solutions approach the origin from the right in the slow
direction). In a later chapter, we will see how to calculate the coefficients (which depend on the
initial condition zg) using right and left eigenvectors.

We know from Proposition that there is no resonance with the eigenvalues. Moreover, the
eigenvalues are in the Poincaré domain. Applying Poincaré’s Theorem, there is a quadratic vector

field q such that x = z + q(z). Hence, we can writ

x(t) ~ Z aije(i)‘—+j)‘+)t: Z aije(mﬂ))‘” as t — oo, (2.26a)
(i,5)€S (4,5)€S

y(t) ~ Y byl = $7 el gt oo, (2.26b)
(i,5)€S (1,5)€S

8This series is not unique if k € Q.
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where

Si={(i,§) : 1.j €Ny, i+j>1}

Let ¢ := |k]. Then, the first £+ 1 most dominant terms in (2.206]) are, in order of decreasing
dominance,

e>\+t’ e2)\+t’ o 7eé>\+t’ e>\7t.

To see why this is the case, we make two observations. First, the fact that the listed exponentials
are in decreasing order of dominance is obvious except maybe for the last two. Since k = ;‘\—; >/,
we have A_ < fA; < 0. Second, there cannot be any other exponentials of the form elA++IA)E i
between those listed.

For our purposes, we need only the first £ + 1 terms of (2.26]) and hence we write

¢
= Z a; et 4 agﬂe)“t + o(e)‘—t) as t— 00, (2.27a)
Z .
= Z bie+t 4 by, et 4 o(e)‘—t> as t— 00, (2.27b)
i=1

where a; > 0. The coefficients can be related using the differential equation. To write y(¢) in terms

of x(t), we will successively eliminate the exponentials. Manipulating (2.27al) and (2.270)),

l
y(t) — & a(t) :sz Z’\+t+b ) e t—l—o(e)‘*t) as t — 00, (2.28)

=

where & = 2—11 and b§2) =0b;, — &0,

To go further, observe that we can write powers of x(t) as
z(t)) = alet + Z cij€M T+ o(eA*t> as t — 0o,
i=j+1
where j € {2,...,¢}. Note that there is no e*~* term in the expansion for x(t)/. Solving for the

most dominant exponential,
1 d Cii
el = (—) x(t)) — E (L]) et g o(e)‘—t> as t— o0o. (2.29)
j j
aq i=j+1 \ 41
With Equation (2.29]), we can successively eliminate the exponentials of (2.28)—each time intro-

ducing other exponential terms but none of order already eliminated—until we are left with an

0]
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expression of the form
¢
y(t) = Y () = b VeMt + o(e*—t) as t— oo. (2.30)
i=1

Since z(t)" = affe*-! + o(e*~") and hence

we can write (2.30) as
4
y@—Z@mﬁimw+%&ﬂ as t— oo (2.31)
i=1

Using Equations (Z.27) and (Z.30) along with the fact that there is no e*~! term in the expansion

for x(t)if i € {2,..., ¢}, we find
o ber1 — Erapty

af
Since
1
Mt =z (t)" [—K + 0(1)} =O0(z(t)") as t— oo,
ay
[231)) gives the desired expression ([2.24]). O

Remarks 2.17:

(i) The coefficients {fl-}le are calculated using the power series method. That is, one assumes
that the solution to the scalar version of (Z.23)) is y(z) = > oo, & (where & = 0 by necessity).

It is easy to see why non-integral powers are missed when solving for all the coefficients {&;};2,

even when non-integral powers are present.
(ii) The constant &; in (224)) is the slope of the slow eigenvector v .

(iii) Suppose that the elements of the sequence {ix + j }(i j)es are written as the strictly increasing
sequence {r;};2,. Then, it is easy to see (by extending the proof above) that the solution of

(223) can be written in the form
(o]
y(t) ~ Y Gu(t) as t— oo, (2.32)
i=1

One could (theoretically) substitute this in to the scalar differential equation and recursively
calculate the coefficients. This would be much more difficult than the regular power series

method. Note that, if 1 < k < 2, then r; =1, r9 = &, and r3 = 2.
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(iv) The reader may be wondering if there are solutions x(¢) such that there are no non-integral
powers of x(t) present (that is, §; = 0 if r; € Q\N) in the asymptotic expansion (2.32]). Corol-
lary [Z.18] below establishes that this is indeed the case.

Corollary 2.18: There exists a solution to (Z23)) such that
e .
y(t) ~ Z:&:t:(t)Z as t— oo
i=1

for some constants {&}:°,.

Proof:  Choose the initial condition zy so that it is parallel to the slow eigenvector v;. Then,

z(t) = c,eMtv, and hence we can write

oo oo
z(t) ~ Zaiei)”rt and y(t) ~ Z bieM! as t — oo.
=1 i=1

Any positive integer power of x(t) will be a series of the same form as x(¢) and y(t). Successively

eliminating exponents, just like in the proof of the theorem, gives us our desired conclusion. O

2.4.3 First Example

Consider the system

T -1 0 x Ty
Y 0 —a) \y —ry
where a > 1 is a constant. By inspection, k = a. Furthermore, the power series method yields the

zero series. By Theorem 216 if a ¢ {2,3,...} then all solutions of the corresponding scalar system

y = —ay — Ty
—r+xy

satisfy
y(x) = Ca%+o(z*) as z— 0.

2.4.4 Second Example

Consider the system
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The eigenvalues of the two-by-two matrix are Ay = —1land A\_ = —% and so Kk = % The eigenvectors

can be taken to be

1
Vi = and v_ =
4 1

Solutions approach the origin in the direction of the slow eigenvector and hence have slope 4. It

follows from Theorem [2.16] that

y(z) =4x +C a2 —l—o(ac%) as x — 0T,

2.4.5 Third Example

Here is an example of resonance for which solutions are not of the form of (2.24]). Consider the

system

where x := (z,y)T. This has solution ¢;(xg) = (x(t),y(t))” given by
z(t) = z0e™", y(t) = [yo + zft] e .

Observe that, for xg # 0,
Hence

The power series method will not work in this case of resonance. If one substitutes the series
y(x) = 32, &’ into the differential equation, one gets & = & = 0 but no value of & will work.
This will be the case for resonance in the Michaelis-Menten mechanism, which we will see later.

Since the differential equation for = is decoupled, we can write the differential equation for y as

§ = —2y + zpe 2.

Thus, the forcing term is a solution of the homogeneous equation. However, if we were to replace
the —2 in the original system with, say, —3 (which is still resonant), a power series would work

with &3 being arbitrary. In this case,
§ = =3y + xoe 2

and the forcing term is not a solution of the homogeneous equation.
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2.5 Literature Review

Some of the prominent personalities relevant to the topic of the asymptotic behaviour of solutions
of differential equations are Poincaré, Hartman and Grobman, Gronwall, Bellman, and Lyapunov.
In this section, we will overview some of the key results and references which are applicable to this
part of the thesis.

Henri Poincaré (1854-1912) was a French Mathematician and physicist. He has been called “the
last polymath” (having thorough knowledge of many subject areas) and has written many popular
books on the philosophy of science and mathematics which are readily available to this day. Poincaré
has also been referred to as a pioneer in the qualitative theory of ordinary differential equations and
the “father of dynamical systems.” There are many terms which bear his name, including Poincaré
Conjecture (which is no longer a conjecture), Poincaré-Bendixson Theorem, Poincaré map, Poincaré
sphere, and Lindstedt-Poincaré method. For a nice survey article on the development of the field
of dynamical systems, see [60].

The two main contributions of Poincaré which are relevant to this thesis are normal forms,
which originated in his Ph.D. thesis, and a result that is often referred to simply as Poincaré’s
Theorem, which he proved in 1879. The first volume (of eleven) of the collected works (or Oeuvres)
of Poincaré, [I01], contains these results. Interestingly, Poincaré’s work in dynamical systems is
related to his work on the three-body problem for which he won the King Oscar II of Sweden Prize.
Poincaré’s solution contained a serious error (which he later corrected) and he used the prize money
to buy back all the copies of the paper with the error.

Normal form theory, loosely, involves the substitution of an analytic, near-identity transfor-
mation to simplify the nonlinear part of an ordinary differential equation. Consider, for exam-
ple, the system x = Ax + b(x) where b is analytic in a neighbourhood of the origin and sat-
isfies ||b (x)|| = O(HX”2) as [|x|| — 0. It may be desired to find a transformation of the form
x =Yy +r(y), where r is analytic in a neighbourhood of the origin and satisfies ||r (x)| = (9<||x\|2>
as ||x|| — 0, that yields the system y = Ay + c(x) where c is analytic in a neighbourhood of
the origin and satisfies ||c (x)|| = O(”XH3> as ||x|| — 0. It is well known, however, that so-called
resonant terms cannot be eliminated by such a near-identity transformation. See, for example,
[16l 27, 100} 127].

Consider the two systems x = Ax + b(x) and y = Ay, where b is analytic in a neighbourhood
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of the origin and satisfies ||b (x)| = O(HX”2> as ||x|| — 0. If A has non-resonant eigenvalues and
the convex hull of the eigenvalues does not contain 0, then Poincaré’s Theorem says that there
is a near-identity, invertible transformation h with both h and h™! analytic at the origin such
that h (¢y(xg)) = e®h (x). That is, the flows of the two systems are analytically conjugate in a
neighbourhood of the origin. This aids greatly in determining qualitative properties of solutions
of more complicated systems. Furthermore, if we write h(y) =y +r(y), then the relationship

x(t) = etAyO +r (etAyO) can be used to extract asymptotic expansions.

The same basic principle of Poincaré’s Theorem is present in the Hartman-Grobman Theorem,
named after Philip Hartman and David Grobman. Consider again the systems x = Ax + b(x) and
y = Ay. The Hartman-Grobman Theorem and its variations involve the existence of an invertible
map h such that h (¢¢(x0)) = e*Ah (xq) for ||x¢| sufficiently small. See, for example, [16, 26, [50,

52, (53, [54]. See also [13] which provides an answer to the question “how small is sufficiently small?”

The variations of the Hartman-Grobman Theorem, as well as Poincaré’s Theorem, are distin-
guished by the specifics of the system: the smoothness of b, the smoothness of h, whether or not
the eigenvalues of A are resonant, and whether or not the origin is a hyperbolic fixed point. For
example, if b € C'! and the origin is hyperbolic, then there is a homeomorphism h; this is generally
referred to as the Hartman-Grobman Theorem. If, in addition, the eigenvalues of A are not res-
onant then there exists a diffeomorphism h; this is generally referred to as Sternberg’s Theorem,
after Shlomo Sternberg (see, for example, [I15], 116, 117, [IT8]). An alternative to this is the follow-
ing: if b € C? and the origin is hyperbolic, then there is a C!-diffeomorphism h; this is generally
referred to as Hartman’s Theorem. Sternberg showed that, in general, if b is analytic there does

not exist an h which is C2.

Thomas Gronwall (1877-1932) was a Swedish mathematician. The famous Gronwall Inequality,
which was proven around 1919 in [51], is a fundamental result used in obtaining estimates for
solutions of differential equations. A different form of Gronwall’s result was proven by Richard
Bellman around 1943 in [8]. A generalization of Bellman’s result was proven by I. Bihari around
1956 in [I2]. Further generalizations are common and frequently referred to as inequalities of the

Gronwall-Bellman-Bihari type.

Norman Levinson (1912-1975) was an American mathematician. He made contributions in

differential equations, complex analysis, Fourier analysis, and number theory. Two books co-
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written by Levinson, namely [28] [81], are solid references for the subject matter of this part of the
thesis. In particular, [28] covers general theory of ordinary differential equations with Chapter 13,

“Asymptotic Behavior of Nonlinear Systems: Stability,” being especially useful.

The so-called Levinson Theorem, which Levinson proved around 1946 in [79], is a well-known
result. The theorem deals with the asymptotic behaviour of solutions of an almost-constant linear
system. This result is given much attention in many books dealing with stability and asymptotics,
for example [9, 24, B0, 36]. Actually, [36] is subtitled “Applications of the Levinson Theorem.”
Although we have not used the Levinson Theorem in this thesis, it is still a useful result and we

could have proved Proposition .14 using this theorem.

Richard Bellman (1920-1984) was an American applied mathematician. He received his Ph.D.
from Princeton under the supervision of another prominent American mathematician, Solomon
Lefschetz (1884-1972). His doctoral work eventually led to his book [9] which is considered a
classic in the field of stability theory and exemplifies his clear writing style. He spent much of his
career at the RAND Corporation. Throughout his career, he published around six hundred twenty
papers, forty books, and seven monographs.

There are a number of other relevant books regarding stability and asymptotics which are
frequently cited and should be mentioned here. Jack Carr’s book on centre manifolds, [23], is a
ubiquitous reference on the subject. Centre manifolds (which are associated with non-hyperbolic
fixed points), however, do not appear in this part of the thesis but they do appear in the other
parts. Books useful for asymptotics in general include [19] 38, [97].

The standard methods have well-known limitations. Many results have to exclude resonance and
those that do not are often limited in their practicality. Leading-order behaviour of solutions can
be difficult to obtain and more detailed behaviour can be more difficult still. Finally, the standard

methods often give little or no detail on the relationship between components of solutions.

2.6 Summary

In this chapter, we began our investigation of the initial value problem
%X =Ax+b(x), x(0)=xo,
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where A is a Hurwitz matrix and b is a nonlinear vector field. In particular, the real parts of the
eigenvalues of A satisfy

pn < pp—1 <o <pp <0

and b is C! in a neighbourhood of the origin and satisfies the estimates
IbGoll = O(x|?) and Db} = O(Ix|") as x| -0,
for some a > 1 and 8 > 0. The system is equivalent to the integral equation

t
x(t) = exq + / =) Ab(x(s)) ds.
0

The matrix exponential, as is commonly known, for any o > 0 satisfies
le ]| = O () ana [ = 0Tt as 1 oo,

If A is diagonalizable, we pointed out that we can take ¢ = 0 in these estimates.

An important ratio we defined is
_ Hn
21

and we showed that resonance in the eigenvalues can only occur if £ > 2. The techniques we will

K >1

be developing in later chapters fall into two cases, closely-spaced eigenvalues where k € [1, ) and
widely-spaced eigenvalues where k > «.

We showed that the solution of the initial value problem satisfies the estimate
[&e(x0) || = O(e(‘“”)t ||X0||> as  |xo| >0 and t— oo

for any ¢ > 0. If A is diagonalizable, then we can take 0 = 0. If A is not diagonalizable, then
o > 0 is necessary since the elements of the matrix exponential e** contains linear combinations of
terms of the form t‘e*i!, where i € Ny and j € {1,...,n}.

For the two-dimensional case, that is n = 2, we derived a result on writing z5(¢) as a function
of z1(t) when k € N (that is A2 < A\; < 0 and there is no resonance). In particular if we drop the

t-dependence,
=]
Ty ~ Zflscll +Caf as xp — 07"
i=1

for some constants {gi}}g (which are found using the power series method and are independent of

the initial condition) and C' (which depends on the initial condition).
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In the coming chapters, we will explore iterative techniques which will yield expressions that

approximate, with arbitrary accuracy, the actual solution of the initial value problem as t — oc.



Chapter 3

The Scalar Case

3.1 Introduction

In this chapter, we will begin our exploration of iterative techniques which produce successively
better asymptotic expansions as time tends to infinity of solutions of the initial value problem (Z.3]).
The simplest case, namely the scalar case n = 1, will be treated carefully in this chapter to mitigate
the harder cases in later chapters.

Consider the initial value problem
& =azx+b(x), =z(0)=xo, (3.1)

where a < 0 is a constant and b is a nonlinear function which satisfies certain properties which we

now specify.

3.1.1 Assumptions

Assumption 3.1: Consider the function b.
(a) There is some open interval N' C R with 0 € A" and b € C1(N,R).
(b) There are 6,k > 0 such that Bs C N and

|b(x)| < kl|z|* for all z € By, (3.2)

where a > 1 is a fixed parameter.
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(c) There are 6,k > 0 such that Bs C N and
b/(2)| < k|z|® forall e Bs, (3.3)
where 3 > 0 is a fixed parameter.
Observe that the assumptions ([3.2) and (3.3]) imply
b(0) =0 =¥'(0).

Thus, = 0 is a fixed point of the differential equation in ([BI). Our goal is to obtain the detailed

asymptotic behaviour of solutions of ([B.]) as ¢ — oo when zg is sufficiently small.

3.1.2 Important Estimates We Already Know

Let ¢¢(zp) be the solution to (BI]). We can specialize a few results from Chapter 21 Note that we

can take o = 0 in the estimates since the matrix A = (a) is, very trivially, diagonalizable.
e The flow ¢:(xg) satisfies the integral equation
bi(x0) = exo + /0 t e =)p(py(x0)) ds. (3.4)
e There are §, k > 0 such that
|e(x0)| < ke |zo| for all (t,2q) € Qy, (3.5)

where

Qs:={ (t,z) : t>0, |z|]<d}.

e There are 9§,k > 0 such that

' 99:(x0)

<ke™ forall (t,xg) € Qs. (3.6)
8%0

3.2 “Flipping the Integral” and the Initial Condition y,
Let p > 0 be a constant. Then, trivially, we have the integrals

! 1 o 1
/ e Pds=—-+40o(l) as t—oo and / e Pds =—e ", (3.7)
0 P t P
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which we will use extensively in this part of the thesis. The integrals are related to the common trick
of “flipping the integral,” which, if done in a careful way, allows us to extract asymptotic information
about the solution of (B.I]). See, for example, the proof of Theorem 4.1 (Stable Manifold Theorem)
of Chapter 13 on pages 330-333 of [28] which involves the flipping of an integral in an integral

equation.

3.2.1 A Useful Integral Equation
Consider the integral equation (3.4 and write
brlan) = s+ [ e bntan)) as| - [ (oo s (3.5
0 t

Do these improper integrals converge? The following claim establishes that they do indeed converge.

Recall, first, that o > 1.

Claim 3.2: There are 6,k > 0 such that
| € b(¢e(0))| < ke |2g|*  for all (t,20) € Qs. (3.9)

Proof: 1t follows from the estimates ([B.2]) and (B.5]). O

Looking at (3.8]), it is natural to define the new “initial condition” yy, where

Yo :=¥(xo) and Y(xo) :=z0 + /000 e *b(¢s(z0)) ds, x0 € By, (3.10)

where § > 0 is as in (3.9). We have thus established the following.

Claim 3.3: There is a 6 > 0 such that
P (w0) = %y — / e =3)p(¢s(x0)) ds  for all (t,a0) € Qs, (3.11)
t

where yo = P (zp).

Claim 3.4: There are 6,k > 0 such that
lzo — Y(xo)| < k|xo|®  for all x € Bs. (3.12)

Moreover, 1 is a near-identity transformation.

Proof: 1t follows from (3.7)), (8.9), and (B10) along with the fact that o > 1. O
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3.2.2 Why y,?

Why do we bother re-writing the integral equation (3.4]) in the form (BII))? The short answer is
that yg is a more natural choice for initial condition for the linearized differential equation & = ax

than zq. It is easy to show that
|pe(z0) — eao| = O(e™ |wo|*) as t— oo and |zg| — 0.

However, using 19 instead of x( for the initial condition for the linear differential equation & = ax

gives us the following.

Proposition 3.5: Let yg := 1(xg). Then, there are §,k > 0 such that

‘gbt(:co) — eatyo‘ < ke xo|*  for all (t,xq) € Qs. (3.13)

Proof: 1t follows from 3.7), (8.9), and (B3.11). O

3.3 Iterates of the First Type

A decent first approximation to the solution of the initial value problem (3.I)) is e*zo. However, as
we have seen, a better first approximation is e®yy, where yo := ¥(x9). We will use e*yq and the
integral equation (B.I1]) to define an iterative scheme which will give successively better asymptotic

approximations (as t — 00) to the exact solution ¢ (z).

3.3.1 Definition of the Iterates

We will denote the iterates by {X(m) (t,yo)}:nozl. Since these iterates are defined in the natural
way, we refer to them as iterates of the first type. Later, we will define modified iterates which, in
certain circumstances, may be more useful.

For yo sufficiently small (to ensure the relevant improper integrals converge), we will take the
first iterate to be

XU (t,y0) = ey (3.14a)

and define recursively

X(erl) (t,yo) = eatyo . / ea(t=s)y, (X(m) (8,90)) ds (m eN). (3.14b)
t
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Observe that

% (X(mH) (t,y0)> = ax™*D (t,yo) + b (X(m) (t,yo)) (meN). (3.15)

Remark 3.6: We have two choices for the specified initial condition in the notation for the iterates,
namely x"™ (¢, z9) and x(™ (t,10), both of which have their advantages and disadvantages. Since,
in practice, the iterates will be calculated and left in terms of yy which will be regarded as a

parameter, we will use the x("™ (t,0) notation.

3.3.2 Existence and Decay Rate of the Iterates

We will be developing estimates of how close the iterates {X(m) (t,yo)}:zl are to the actual so-
lution ¢¢(xg). First, we need the basic decay rate for the iterates. Importantly, the iterates
{X(m) (t, ?/0)}::1 satisfy the same decay rate as ¢y(xg) uniformly in m.

Remark 3.7: Since the underlying goal is to compute estimates of how close the iterates are to
the actual solution (which involves xg), we will express estimates involving the iterates in terms of
xo (instead of yo).

Proposition 3.8: Consider the iterates defined by (B3.14]). Then, there is a 6 > 0 (independent
of m) such that if |xo| < & then "™ (t,y0) exists for each m € N. Moreover, there is a k > 0

(independent of m) such that

‘X(m) (t,yo)‘ < ke’ |wg| forall (t,x0)€ Qs, meN. (3.16)

Proof: We need to find 6,k > 0 that work for each m and thus we need to be very careful with

constants.

e Let §1,¢1 > 0 be such that if |z| < §; then |b(z)| < 41 |2|*. See Equation ([3:2]). There is no

harm in taking é; small enough so that

0<d
<1<[ fl

e Let dy > 0 be such that |¢(x)| < & for all (¢,z¢) € Qs,. See Equation (3. It follows that

if |zg| < d2 then yo exists.

e Let /3 > 0 be such that if |z¢| < d2 then |yo| < €3 |zo|. See Equation (B.12I).
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Take

-1
B 06871 N
k:=1/3 [1_(1—704”} >/f3 and 0 € (O,mln{?,ég}).

The upper bound we imposed on ; ensures that k is defined and is greater than ¢3. Moreover,

a—1
b [28] (3.17)

note that

The proof of the result will be by induction on m. Assume that (t,z¢) € Qs.

Consider first the base case, m = 1. We know y exists and hence y(!) (t,y0) exists. Furthermore,
XD (2, o) | = € g0l < Lse® fo| < ke fao|

and thus the result is true for m = 1.
Now, assume that the result is true for m € N. That is, ™ (¢,0) exists for |z¢| < § and satisfies
!X(m) (t,y0)| < ke |zg|. Now, for |zg| < &, we see that ‘X(m) (t,yo0)| < &1 and thus XD (¢ 40)

exists. Using (3.14D)),

oo
‘X(erl) (t,yo)‘ < et |y0| + eat/ oS
t

b (X(m) (s,yo)ﬂ ds.
By the induction hypothesis and the estimates given at the beginning of the proof,
o0
‘X(erl) (t’yo)‘ < ggeat ‘x()’ +€1kaeat [/ e(afl)as ds} ‘xo‘a‘
t

Simplifying,

1k
(m+1) < at _ M| jaat et
‘X (t,yo)‘ < l3e" |zo| + [(1 — a)a} S

bk —1a a— a
:{£3+|:(1i7a)a:| e(a 1)t|x0| 1}et|x0|.

Since 0 < el Dat < 1 and |zo| < 6 < %, we have

asa—1 a—1
ﬂmﬂ@wmgew-ﬁﬂl— WWMSEM—EEL— e || .
(1-a)a (1-a)a

Using (3.17),
XD (£, o) | < ke Ja]

Hence, the result is true for m + 1. It follows from mathematical induction that the result is true

for all m € N. O
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3.3.3 Closeness of the Iterates to the Actual Solution

Now, we establish how close each iterate x(™) (,10) is to the actual solution ¢;(z¢), which is the
main result of this chapter. As this theorem shows, each iteration increases the accuracy by a factor

which is (’)(eﬁ“t |:c0|ﬁ> as t — oo and g — 0.

Theorem 3.9: Consider the iterates defined by (314]). There are constant 6 >0 and {km}, _y CR,
such that

‘qﬁt(aco) —xm (t,yo)‘ < kypelotm=plat |30t m=15 g0l (t,z0) € Qs, meN.  (3.18)

Proof: First, we need to introduce some constants and establish some estimates.

e Let 01,41 > 0 be such that if |z| < d; then |b(z)| < 41 ||, See Equation (3.2)).

Let 85,05 > 0 be such that if [z < 6y then |V ()| < £2]z|°. See Equation (33).

Let 03,43 > 0 be such that |¢:(xg)| < £3e |zg| for all (¢, z0) € Qs,. See Equation (B.1]).

Let 64,€4 > 0 be such that !X(m) (t,y0)| < €4 |ao| for all (¢, z) € Qs, and m € N. See Equa-

tion (B.16]).

If |zo| < min {d3,d,} then any number between ¢;(zq) and x(™ (t,0) is bounded in absolute

value by (€3 + £4) e |z| for all ¢ > 0.

The proof of the theorem will be by induction on m. Take

T K
0:= mln{£3,£4,€3+£4,53,54}

and assume that |zg| < 0 which ensures that all necessary estimates apply. The base case m =1
has already been given in Equation (BI3]). Assume that the result is true for m € N. First, for any

s > 0 consider the expression

b(s(0)) = b (x™) (5,30) )| < o (s + £2)7 €% | (0) = X (5, 30)| o]

n this thesis, Ry = {x € R : x > 0}. It is also common to use R, = {r € R : x > 0}.
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where we applied the Mean Value Theorem and estimates given at the beginning of the proof. By

the induction hypothesis, for any s > 0 we know

b(s(0)) = b (™) (3,10) )| < 2 (b + £0) &7 { el 800 g 400} gy 7

= ol f )" e gy

It follows from the integral equation (B.II]) for ¢¢(x¢) and the definition ([B.I4D) of the iterate
X (8, o) that

Bilwo) = X" (1, o) | = e

| e ot~ (™ )] ds

< kmba (63 +£4)5 eat |:/ e(a-i—m,@—l)as d8:| |x0|a+mﬁ
t

ko (03 + 02)”

(a+mpB)at ‘ a+mfB
(S .’/U()‘
(a+mp—-1)a

_ karle(a—l—m,@)at |x0|a+mﬁ 7

where ky,+1 > 0 is defined in the obvious way. Hence the theorem is true for m + 1. By induction,

the theorem is true for all m. O

Remark 3.10: Suppose you have calculated a particular iterate x™ (¢,10). Theorem B3 guaran-
tees that x(™ (t,y0) correctly approximates ¢;(zo) up to a certain order. A glance at the proof of
the theorem indicates that we can discard the suspect terms of y (™ (t,yo0) and use the simplified
iterate in the calculation of x(™+1) (,y0) without sacrificing the accuracy of x(™+1) (t,0). This

potentially can simplify the calculation of iterates greatly.

3.3.4 A Simple Example

Consider the initial value problem
i=—x+2 2(0) =z

Observe that z = 0 is a stable equilibrium point but x = 1 and x = —1 are both unstable equilibrium
points. In particular, # > 0if —1 <z <0and # < 0if 0 <z < 1. It follows that we need |zo| < 1.
Here, we can take a = —1, b(z) = 23, a = 3, and 8 = 2. Using (3.14)), we can compute the first

two iterates:

xW (t,y0) =e "yo
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and
[o@)
_ _ _ 3 _ _
XP (t,yo) =e'yo — e t/ e [e 5yp]” ds = e7yp — L e yp.
t
It follows from Theorem that

br(z0) = e tyo — S e yp + (’)(e*‘r’t |:c0|5> as t—oo and z¢— 0.

Remark 3.11: Later, we will find a formula which can be used to find yg explicitly without actually
knowing the solution ¢;(x¢). It turns out

Zo

Yo = —, |zo| < 1.
e ol
For this example, we can find the exact solution,
eft{l?()

¢e(0) = ,
o \/(1 — ) + xfe

which can be used in the definition ([B.I0]) to compute yo. Alternatively, ¢;(xo) can be expanded as

a power series in e~! and the coefficient of the e~! term has to be .

3.4 Iterates of the Second Type

The calculation of the iterates of the first type, { x™ (t, yo)}

::1 where y := 9(xg), involves eval-
uating an integral. However, this integration may be difficult or impossible. In this section, we
explore a way of simplifying this integration provided that b € C'*° in some neighbourhood of 0. In
particular, in calculating an iterate we require only a certain number of terms in the Taylor series
for b to achieve the same exponential estimate for how close the iterate is to the actual solution.

Assume that b € C>°(N,R), where N C R is some open interval with 0 € /. By Taylor’s

Theorem, there is an index ¢ € {2,3,...} and constants {b;};-, such that
0 .
b(x) ~ Z biz' as x — 0.
=74

Clearly, we can take a = £ and = ¢ — 1. Now, define

B () == bia', me{ll+1,...}.
=0
Note that
‘b(:r) — p(m) (x)‘ =0@") as z—0. (3.19)
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3.4.1 Definition of the Iterates

We will denote the iterates of the second type by {)Z(m) (t,yo)}:j: For yg sufficiently small, we

I
will take the first iterate to be

YW (t,y0) = ey (3.20a)

and we will define the remaining iterates recursively by
FMHD (1, o) = e%tyo — / ga(t=s)p([m+1][e—1]) (W) (s,yo)) ds (meN). (3.20b)
t

Remark 3.12: The method in this section can easily be adapted to the case in which b is C7,
where r € {£ +1,/+2,...}, but not C"*! in a neighbourhood of 0. In this case, we would obtain

a finite number of iterates. By Taylor’s Theorem,
b(z) =bat + - +b_12" 1+ O(@") as z— 0.

Then, (™) is defined for m € {¢,...,r — 1} and x(m) (t,y0) is defined for m € {1, cen U:—” }

3.4.2 Existence and Decay Rate of the Iterates

The decay rate for the iterates { X (t, yo)}:::l is the same as for ¢;(z¢) uniformly in m.

Proposition 3.13: Consider the iterates defined by [B.20). Then, there is a § > 0 (independent
of m) such that if |xo| < & then X (t,y0) exists for each m € N. Moreover, there is a k > 0

(independent of m) such that

‘)?(m) (t,yo)‘ <ke|xg| forall (t,xg) € Qs, m € N. (3.21)

Proof: The proof is exactly the same as the proof of Proposition 3.8l O

3.4.3 Closeness of the Iterates to the Actual Solution

Now, we establish how close each iterate of the second type XY™ (t,y0) is to the actual solution
¢+(x0). Observe that the decay rate is the same as with the iterates of the first kind (with o = ¢
and 3 = ¢ — 1) given in (B.I8]).

Theorem 3.14: Consider the iterates defined by B20). There are constants § > 0 and {kny,} sy C R

such that

or(x0) — )?(m) (t,y0)| < feyy e (E- D+ 1at ]xolm(e_l)ﬂ for all (t,xo) € Q5, m € N.
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Proof:  Let 6 > 0 be small enough so that all relevant estimates apply when |z| < §. Hence,
assume that |zg| < §. The proof will be by induction on m.

Since X (t,50) = xM (¢, 40), Theorem B establishes the base case m = 1. Assume that the
theorem is true for a given m € N. We will show that the theorem is true for m + 1. First, for any

s > 0 consider

b (@sa0)) = B (00 (5, 41) )|
< |b(0s(@0)) = b (X (5,90) ) | + [ (R (5.90)) = b (R0 (s5,) )|

where we applied the Triangle Inequality. Now, using (3.3), (8.3)), (3.21]), the Mean Value Theorem,

and the induction hypothesis, we know that there is a kg) > 0 such that
‘b(¢s(x0)) 9 ()?(m) (S,yo)ﬂ < kWeltm)(E=1+1]as |0 (D) (=141
Also, we see from ([B.19) and ([B.2I) that there is a k2 > 0 such that
‘ b (g(m) (s, y0)> _ pm+1[e-1]) (g(m) (s, yo))( < k@ ltm+D(E=D+1as | (m+1)(E-1)+1
Putting these last three estimates together,
(b(qbs(xo)) _ p(Imt1][e=1]) (g(m) (WO))‘ < (,@g) I kg)) eltm+1)(E=1)+1as 7 (m+1)(E=1)+1
It follows from (B.I1)) and (3.20D]) that

o) =3 (tao)| < [ e [b0uCan)) — 001D (R0 (s540))] s

t
< km+1e[(m+1)(5*1)+1}at |x0|(m+1)(£71)+1

for some k41 > 0. This is what we were trying to show. Therefore, by induction the theorem is

true for all m € N. m

3.4.4 A Simple Example
Consider the initial value problem

i=—z+a2>+2% 2(0) =z
Then, we can take

a=-1, bx)=2?+2% and (=2

49
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Furthermore, take
b (z) =22 and ™ (x) =22 4+23 for me{3,4,...}.
We will find the first three iterates of the second type. Using the definition (3.20) of the iterates,
the first iterate is
X (o) = e o,

the second iterate is

and the third iterate is

X (t,yo) = e {yo - /t e’ [(efsyo —e By (e oy - 672831(2))3} ds}

_ —t —2t_ 2 -3t 3 2 747& 4 3 —5t 5 1 _.—6t 6
=e ‘yp—e yo+2e Yo+ 3 Yo— 7€ Y t3 .

It follows from Theorem [3.14] that
bi(x0) = e tyg — e Hy2 + 4 5e -3t 3—1—(’)( —4t 4) as t—oo and xg— 0.

Remark 3.15: If instead we calculated the first three iterates of the first type, we would see that

3t3

x? (t,y0) has terms up to e and x® (t,y0) has terms up to e %%y, Moreover, x®) (t,y0) and

X®) (t,0) agree up to the e=3*y3 term but differ starting with the e~*y3 term.

3.4.5 A Curious Example

Consider the initial value problem (B.I]) with

1
exp(——Q), if x#0
b(x) := X
0, if z=0

Observe that b € C°(R) and ™ (0) = 0 for all m € N,. Observe also that, for any a > 1 and
B >0, |b(z)| = O(|z|%) and [V (z)| = (’)(\x!’g) as © — 0. We might say that b(x) is asymptotic to
zero beyond all orders. It follows that the iterates of the second type are Y™ (t,y0) = eyq for
any m € N. Moreover, Theorem 3.14] says that the actual solution ¢;(x¢) is asymptotic to e®yq as
t — oo and zy — 0 beyond all orders when yo = 9 (z¢). Finally, it follows from ([BI2]) that yq is

asymptotic to zg as zg — 0 beyond all orders.
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3.5 The Function

Let yo := ¥(x0), where ¢ was defined earlier in (8:10). Recall that yo, as opposed to zg, is a more
natural choice for initial condition for the linearized differential equation & = ax. In this section,

we will explore properties of this intriguing transformation 1.

3.5.1 Conjugacy Condition

The Hartman-Grobman Theorem (see, for example, [50, 52] and sections §IX.7, §IX.8, and §IX.9
of [55]) says that there is a homeomorphism which maps flows of the nonlinear system onto flows

of the linear system. That is,
h(¢¢(x0)) = e h(xg) for all t >0,
where h is continuous with continuous inverse h~! and zq is sufficiently small. Consequently,

gf)t(:co) = hil (eath(:co)) .

Hence, having an expression for h and h~! (or an approximation for h and h~!) is useful. Techniques
involving successive approximations have been used to calculate (or approximate) h. Hartman
used such successive approximations in his proof of what is now known as the Hartman-Grobman
Theorem.

It turns out that v is one such transformation which satisfies the above conjugacy condition.

Later, we will find an explicit formula for ¢)(xo) not involving ¢;(xo).

Theorem 3.16: There is a 6 > 0 such that

Y (¢1(z0)) = €™ap(xg)  for all (t,z0) € Qs. (3.22)

Proof: Let 6 > 0 be small enough so that all relevant estimates apply for |z¢| < §. Assume that
|zo| < &. First, replace zg by ¢¢(xo) in the definition [BI0]) of ¢ to get

0 G1(an)) = éutan) + | " e (ge(dy(xn))) d.

Using the integral equation (3.11]) and the semi-group property of the flow,

o0

¥ (1(0)) = e™ip(axg) — et / " e by (20)) ds + /O e € (e s (o)) d

_ ot [wxo) - / " by (o)) ds + / T e b (9 4 (a0)) e

0
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Using the change of variables s = £ + ¢ in the second integral,

o0

b (Be(0)) = & [wxo) - [T e anayas+ [T e ouen) ds
= e“t¢(x0).

3.5.2 An Ordinary Differential Equation which ¢ Satisfies

We can use the conjugacy relation ([B.22]) to derive a differential equation which 1 (z) satisfies. In
turn, we will use this differential equation to find a formula for ¢(z() which does not involve the
solution ¢y (zp).

Proposition 3.17: There is a 6 > 0 such that function v satisfies the non-autonomous initial
value problem

lazo + b@o)] ¥/ —av =0, (0) =0, ¥(0)=1 (3.23)

I d
for xg € Bs, where ' = dng -

Proof:  First, we derive the differential equation. Assume that § > 0 is sufficiently small so that
if |zg| < 0 then all necessary estimates apply. Now, differentiate (3.22]) with respect to time and
apply the differential equation in (3] to obtain

W' (de(x0)) lag (o) + b (de(x0))] = ae™4p(zo).

Setting t = 0 gives the differential equation. Second, to see why 1(0) = 0 merely set g =0 in
(BI2). Finally, we show that ¢’(0) = 1. Again using ([312]), we know ¢(h) = h + O(|h|*) as h — 0.

Since o > 1, we have

¢/(0) — lim M = |lim M =1.

h—0 h a h—0 h

3.5.3 Finding ¢ as a Quadrature Solution

It is possible to find a quadrature solution to ([3.23]) in a neighbourhood of 0. Let § > 0 be small
enough so thatd 1 (zg) is defined, [B.23]) applies, () > 0 for x € (0,9), ¥(x) < 0 for x € (—9,0),

*We know that v(z) = z + o(z) and b(z) = o(z) as © — 0. Thus, for sufficiently small = > 0 we can conclude

(xz) > 0 and ax + b(x) < 0. Similarly, for sufficiently small z < 0 we have ¢(z) < 0 and az + b(z) > 0.

02
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ax 4+ b(z) <0 for x € (0,9), and az + b(x) > 0 for z € (—6,0). Furthermore, we need to assume
that a > 2.

For simplicity, assume that 0 < ¢ < x < zg < §. Using partial fractions,

a 1 b(x)
ar +b(x) = xlax+b(x)] (3:24)

Re-arranging the differential equation in (3.:23]) and applying (3.:24]), we have

Px) 1 b(x)

() =z oz [ax + b(z)]

Integrating with respect to x from ¢ to xg, we have

). = . - [

%%ﬁo)) - h(@) _ /jo %d:& (3.25)

Note that we need o > 2 so that the integral converges as € — 0%. Since

Thus,

lim M =1,
e—0t €
if we let ¢ — 0T and take the exponential of both sides of ([3.25]), we arrive at the following.

Proposition 3.18: Suppose that o > 2. There is a § > 0 such that

= — " 71)(3:) X or a X
¢($0) = Xy exp( /0 . [a.ﬁlf n b(x)] d ) f ll 0 € Bs. (326)

3.5.4 1 is C! when b is C!

Proposition 3.19: There are open intervals N1 > 0 and Ny > 0 for which 1 is a C1-diffeomorphism
from N7 to Ns.

Proof:  First, we will show that the integrand, namely e~**b (¢s(x¢)), of the improper integral in
the definition (B.I0) of (7o) is C! in a neighbourhood of 0. Since b is C! in a neighbourhood
of 0, the right-hand side of the differential equation & = ax + b(z) is C* in a neighbourhood of 0.
Thus, ¢¢(wg) is C! in both ¢ and xq for sufficiently small xo. Thus, e=*b (¢s(xg)) is C! in xq for

sufficiently small x.
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To ensure convergence of the relevant improper integrals we need estimates for e b (¢s(x0))
and % (e7%b (¢s(x0))). We know from [B.2)), (33), (B3], and [B.6]) that there are 0, k1, ko > 0 such
that

&b (¢s(w0))| < k@D |2o|*  for all (s, 20) € Qs

and

< ko™ |zol® for all (s, x0) € Qs.

efasb/ (¢s (-TO)) a%ﬁifO)

Thus, v is continuously differentiable for |zy| < 0 and we can differentiate ([B.I0) with respect to

o under the integral sign:

Y (wg) =1 —l—/o easb/(qbs(:co))iagbgifo) ds.

Let N1 be an open interval, with 0 € N7 and N C By, such that 1/ (z¢) > 0 for all zp € N7. Now,
take Ns := 1) (NV7), which is an open interval containing 0, and so we can write 1) € C1(N7, N3).
By the Inverse Function Theorem, 1 is invertible with inverse ¢~ € C*(Na, A7). a

3.5.5 Analyticity of v» when b is Analytic

Proposition 3.20: If b is analytic at zero, then 1 is analytic at zero. Furthermore, ¥ is invertible

and =" is analytic at zero.

Proof: First, we need to show that the integral

| e outan)) ds
0

which is equal to 1(zg) — x, is an analytic function of g at 0. Let F(z,t) := e~ %b(¢¢(z)) where
we consider z € C and ¢ > 0. See, for example, [59] and §1.8 of [28] for a discussion of how we can
regard z and xg as complex numbers in (B.I]). We know that there is a domain 2 C C containing
z = 0 such that F'(z,t) is complex analytic in z over Q and continuous in ¢. Furthermore, we assume

that € is small enough so that
|F(z,8)| < ke@™ D21 forall 2€Q and ¢>0

for some k > 0. We know we can do this because of the estimate ([3.9). Let » > 0 be large enough
so that 2 C B,. Then,

|F(z,t)| < kele™Datpe and / (k e(a_l)asra) ds = ———— < o0.
0
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It follows that the integral [ F(z,s)ds is complex analytic in z. (See §22] on page I8) Hence,
1 (z) is a complex analytic function of z in €. Therefore, ¥(zg) is (real) analytic in zq at 0.
The fact that 1 is invertible with 1)~! being analytic at zero follows from the fact that 1'(0) = 1

and the Real Analytic Inverse Function Theorem (see, for example, page 47 of [73]). O

3.5.6 Taylor Series for ¢ if b has a Taylor Series

Assume that both b and v can be written as Taylor series at 0,

be and  ¥(xp) Zazxo

=0

Based on our knowledge of b and v, we can conclude
b():O, b1:O, 0'0:0, and 0'1:1.

We will derive a recursive expression for the coefficients {o;};° in terms of {b;};2,.

For simplicity we will refer to x as opposed to xg. Substitute the series for b and ¢ into the

differential equation (B.23]) to obtain

a:c—i—be] [i Z—i—l)aiﬂxi] —a [imx’] = 0.

1=0 =0

Expanding the products and adjusting the indices,

[

=0

+Z sz]]+1 Oj+1 x_alzgl ]:O

=0 [ 5=0

The reader may wish to consult JA.T3] of Appendix [Al which covers the Cauchy product of series.
Recalling that by = by = 0, it follows that

i—2

1 < .
oo =0, o1=1, Ji:[a(l—z)}j (J+1Dbi—joj (i 22).

Il
o

The second and third terms are, respectively,

b2 Qb% - abg

g9 =—— and o3=
a 2a2
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3.5.7 Optimality of the Linearized Solution ey,

The following theorem shows that the initial condition g yields the linear solution e*yq that is

closest to the actual solution ¢;(zg). Note that, as can be deduced from (BI3]) and Remark 2.8|
. In |¢t(.’/€0) — eat¢(.’/€0)‘
lim sup

t—o00 t

< aa

We claim that this inequality is not preserved if we replace ¥ (xg) with zg # ¥ (z¢). In other words,

_ eat

|q§t(x0) — eatw(xo)‘ has a faster exponential decay rate than |q§t(x0) z0| for any zg # ¥(xg).

Theorem 3.21: There are neighbourhoods N1 and N5 of zero such that for any yo € Na there

exists a unique xg € N7 such tha

) In | ¢¢(wo) — e™yo|
limsup

< aa.
t—o0 t

Proof: Let 6 > 0 be sufficiently small so that if g € N7 := Bs then all appropriate estimates apply
and 1) is a bijection from N7 to Ao := 1 (N7). Let yo € N> be fixed.

To show existence, take z¢ := ¥~ (yp). The estimate is satisfied by virtue of (3.I3). To show
uniqueness, suppose that Zo € N has ¢(Zg) also satisfying the given estimate. Let o := ¢ (Zo).

Using the integral equation (B.11I),

¢(To) = "o — /OO e"=p (¢5(Z0)) ds.

t

Subtracting ey, from both sides and re-arranging,
o0
e (Go — yo) = é(o) — e'yo + / =90 (45(T0)) ds.
t
Taking the absolute value of both sides and applying the Triangle Inequality,

e g0 — yol < |6e(Zo) — e yo| + ™

/t " e (6 (30)) ds|.

Using the estimate (3.9]) along with the estimate that ¢;(Zy) is assumed to satisfy, we see that there
is a £ > 0 such that

e o — yo| < ke forall t>0.

Thus,

[Yo — vo| < Eele=Dat o a1l ¢ > 0.

Letting t — oo, we see that 7y = yg. Since 9 is a bijection from N7 to Na, Ty = x0. O

31f ’d’t (zo) — e“tyo‘ = 0 then we take the natural logarithm to be —oo.
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Corollary 3.22: There are neighbourhoods N1 and N5 of 0 such that if xg € N1 and yo € No\ {¢(z0)}
then

. In ¢ (o) — e™yo|
limsup

t—o0 t

> aa.

3.5.8 A Simple Example

We will conclude this section with two simple examples of using ([8:26)) to find ¢)(z¢). First, consider
the initial value problem

t=azr+ex", z(0)=wxo,

where a < 0, r > 2, and € > 0. Then,
o ex”
= — _ d
(o) =20 exp< /0 x lax + ex”] x)

a T
= X exp In m
0

From this, we see that we should restrict xy by requiring

ay i
‘x()’ < (——) .
€

3.5.9 Another Simple Example

Now consider the initial value problem
&= —sin(z), x(0) = xo,

where |zg| < m. Clearly, we can take a = —1, b(x) = = — sin(x), a = 3, and § = 2. Using (3.20),

Y(zo) = o eXP(/OxO %ﬁ?dm) = W.

Observe that

P(xo) = 20 + % T+ 0(908) as xp — 0.
By Theorem [3.9] the solution ¢:(xg) of the initial value problem satisfies

2[1 — cos(xp)] ot

sin(z0) +0(e™z}) as t—oo and o — 0.

bt(z0) =
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3.6 Iterates of the Third Type (which are Flows)

(e 9]

The iterates {X(m) (t,yo)} where yo := ¥(x¢) and x¢ is sufficiently small, have an undesired

m=1’

feature, namely that they are not themselves flows. To see why the iterates are not flows, we need

not look any further than the example in §3.3.4] on page We calculated

X (t,yo) = e yo — %673@3-

It is easy to see that

X (0,50) #yo and x®@ (&X(Q) (t,yo)) #x® (s +t,9).

The problem is in how we set up the iterates of the first type. Fortunately, we can construct new

iterates from the old iterates which are in fact flows.

3.6.1 A Lemma

In order to construct iterates that are flows, first we need to establish an interesting property of

the iterates of the first type. This property resembles the semi-group property of flows.

Lemma 3.23: There exists a 6 > 0 such that

™ (5,0 (d(20))) = X" (s + t,4 (wg))  for all s,t>0, g€ By, m € N. (3.27)

Proof: Thereis ad > 0 (independent of m) such that if |x| < d then all relevant improper integrals
converge and all relevant estimates apply. Hence, we will assume that |xg| < §. The proof will be by
induction on m. Consider first the base case m = 1, which involves the iterate x() (¢, 10) = e*ypo.

Using the conjugacy condition ([3.22]), we easily see that the first iterate satisfies the lemma:

XY (5.9 ($u(w0))) = e (¢4(w0)) = €& (o) = e*Tu(wg) = X'V (s + t,(x0)) -

Now, assume the lemma is true for m € N. Using the definition (B4R of the iterate x ™+ (¢,yq),

the conjugacy condition ([3.22]), and the induction hypothesis, we have

KD (5, (0n(w0) = €26 (@1(a0) [ S (M v Gulao)))

= easeat,l)z) (CCO) B /OO ea(é:ir)b <X(m) (T + t’ QIZ) (:CO))> dr.
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Using the change of variables £ = r 4t in the integral, we get

wwnwwwmm»—ﬂ“%ww—/w

s+t

e+ (0 (&, (0)) ) d

= X" (s 4,9 (w9))
Hence the lemma is true for m + 1. By induction, the lemma is true for all m € N. O
Corollary 3.24: There is a § > 0 such that

X(m) (s, e“tw(xo)) =™ (s+t,p(xg)) forall s,t>0, xg € Bs, m € N. (3.28)

Proof: 1t follows from (3.22]) and [B.27)). O

3.6.2 Definition of the Iterates

o0
Now, we are in a position to define the iterates of the third type, {gogm) (zo)} , which are indeed

flows. Generally, x™ (0,40) # yo. The new iterates will be constructed with x(™ (0,%0) (for a
given m) as the initial point. Hence, take
™ =X (0,50) (meN).
The estimate ([B.16]) implies that there are 0,k > 0 (independent of m) such that
\zgw\ < kl|zo| forall zo€ Bs, meN.
Define
~1

A o) i= ™ (16 0] ) mem), (329)
where zj is sufficiently small. (Note that there is no problem using z( in the definition ([3.29)) instead
of z(gm).) That is,

o™ (™) =X (tyo)  (meN). (3.30)

Proposition 3.25: There is a 6 > 0 such that if |z9| < 0 then, for each m € N, wgm) (20) is a flow.

Proof: ~ There is a 6 > 0 (independent of m) such that if |z9| < 0 then all relevant improper

integrals converge and all relevant estimates apply. Assume that |z9| < 8. Note that x(™ (0, ) is

indeed invertible since it is a near-identity transformation. Now, for gogm) (20) to be a flow, we need

o (20) =20 and ™ (ng) (Zo)) = soii‘% (20) -
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The first condition is obtained by setting ¢ = 0 in the definition (3.:29). To obtain the second

condition, first use the definition of (p,gm) (20), which tells us

A (7 G0)) =3 (5, [ 0] (™ ()
_ (57 ™ 0,9)] - <X<m> (t, ™ 0,9)] B (20)>>> _
Using (E28) with s = 0 and canceling inverse functions,
A (6 o)) = (s [ 0.9] 7 (6 (0 [ 0,9] ) )
— (S’ et [ (0,] (ZO)> .
Using (B328) again,

o (7 o)) =3 (s [ 0.9] o)) = 22 o).

3.6.3 Differential Equation which the Iterates Satisfy

The solution of an autonomous differential equation defines a flow as a solution. In fact, a flow

defines an autonomous differential equation. The standard argument, for the scalar case, is as

follows. Consider (pgm) (z0), which we know is a flow, and define

(m)
d _ (2) — =
(m) — & (m) _ “h
g™ (2) ﬁ@twﬁtogm —.
We know that (p(()m) (z0) = zp. Calculate
(m) (m) (m) (, (m) _ o ,(m)
d [ (m) (z0)) = lim ®in (20) =@ (20) . P (‘Pt (ZO)) ¢ (20) _m) () (z0)
dat \7t 0 h—0 h h—0 h g Pt o)

Hence, (p,gm) (20) is the solution of the initial value problem
:=g"™(2), 2(0)=z.

Consider the sequence {g(m)}oo We can actually write down an expression for g(™(z).

m=1"

Trivially,

g (z) = az.
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To specify g™+ (z), we need x(™ (0,-) and [x™*V (0,-)] ~!. Now, for a fixed m € N substitute

w= [ 09] @)

into (BI5]) and use the definition (3:29) of the iterates of the third type to obtain
G (A @) =ael™ @ (0 (1[0 00] T ).
Setting t = 0 gives
g™ () = az +b (XW <0, X 0,0] (z)>> (meN).
We have thus shown the following.
Claim 3.26: Let zy be sufficiently small. The iterate wgm) (z0) 1is the solution of
2= gm(z),  2(0) = 2,

where
az, if m=1

az+b (X(m_l) (O, [x(™ (0, ~)]71 (z))) , if m>1
Recall that the right-hand side of the differential equation in (31l is ax + b(x). How close is

9" (2) =

g™ (2) to az + b(2)? First, observe that if we set ¢t = 0 in (BI8) we obtain
X™ (0,9 (x0)) = 0 + O(|ﬂco|a+(m*1)ﬁ> as xp— 0.
For m > 1, it can be shown that@
X(mfl) <0’ {X(m) (0, )} ! (z)) =2+ O<|z|a+(m72)ﬁ) as z— 0.

Using this in conjunction with the definition of g™ (2) (given in the claim) and the Mean Value

Theorem gives us the following.

Claim 3.27: The function g™ (z) satisfies

az +b(z) = g ()| = O (|21 ) as 2o

4The following fact will come in handy. If f is a function which satisfies, for some r > 1,
fw)=u+0(ul") as u—0
then f is invertible in a neighbourhood of u = 0 with

')y =v+0(v]") as v—0.
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3.6.4 A Conjugacy Condition for the Iterates

Define, for sufficiently small z,

-~

™ (zg) == X" (0,4(z0)) (mEN). (3.31)

The initial condition z(gm) above thus can be written

2™ = ™ (xp).

Observe that
™ (D (@0)) = X (1, 0(a0) (3.32)
which follows from (B30). Observe also that P = .
Recall that the function ¢, which maps the initial condition zq to the initial condition yg, satisfies
the conjugacy condition 9 (¢¢(z0)) = e®1)(xg). That is, 1) maps flows of the nonlinear differential

equation onto flows of the linear differential equation. It turns out that the function @Z(m), which

maps the initial condition zg to z(()m), satisfies its own conjugacy condition. In particular, J(m)

maps flows of the original nonlinear differential equation onto flows of the (generally nonlinear)

differential equation which cpgm) (zp) satisfies.

Theorem 3.28: Consider the function @Z(m). There is a 6 > 0 such that

50 (gu(@0)) = ™ (9 (@0))  for all (t,w0) € O, mEN,
Proof:  Let xg be sufficiently small, say |z¢| < 6 where § > 0. Consider

B0 (91(0)) = X" (0,0 (du(w0)))  (using (E3D))
= X" (t,4(0))  (using B27) with s = 0)
=™ (B (o)) (using (B32).

g
Proposition 3.29: There is a 6 > 0 and {kn,},,_; C R, such that
P (20) — 20| < ki 20|V for all o € Bs, m e N.
Proof: Set t =0 in (B.I8) and apply B.31). O
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3.6.5 A Simple Example

Consider the initial value problem
i=—x+2? x(0) = 0.

We will find the first two iterates of the first type and the first two iterates of the third type.
We will also find the autonomous differential equation which the second iterate of the third type

satisfies. First, note that using (3.26]) we can calculate

Zo
1—.’1607

Yo = ’xo‘ < 1.

Using ([B.14]), we can calculate the first two iterates of the first type, which are

X (ty0) =e7tyo and  x@ (t,90) = e Tyo — e 2.

In order to find the first two iterates of the third type, we need to invert

2 =XV (0m0) =yo and Y =x (0,50) = yo — 5.

Thus,

-1

{X(n (o,.)} (20) =20 and [X@) (0,.)]71(20):%(1—\/1—42’0), 20| <

(Note that in finding [X(z) (0,9] - (z0), we take the negative root so that the resulting expression

is near-identity.) Hence,

o (20) = XD (8, 20) = ez

and
A (o) =X (1 [1 - VT o)) = e (3 [1 = VI g]) — e (3 [1 - V= )"

We will use the material in §3.6.3] on page [60 to find the autonomous differential equation which

4,09 (20) satisfies. Here, a = —1 and b(x) = 22. Calculate

-1
Nt (0, X 0,)) (Z)) (1 Vi),
Thus, 909 (z0) is the solution of

= (1= VT=42)%, 2(0) = 2.
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3.7 Summary
The topic of this chapter was the nonlinear initial value problem
t=azr+b(x), =z(0)=uz

and an iteration procedure to find the asymptotic behaviour of the solution ¢;(xg) as t — co. In

particular, a < 0 is a constant and the function b is C'! in a neighbourhood of 0 with
b(z)| = O(|z|*) and |¥(z)] = 0(\xyﬁ) as 0
for constants o > 1 and (> 0. The flow ¢;(z) satisfies the estimate
|ge(z0)] = O(e™ |mo|) as t— oo and zy— 0.
We re-wrote the standard integral equation for the flow ¢;(x) as
o0
) =y~ [ €I () ds,
t

where
mzmm:m+/ e b(s (o)) dis
0

is a useful, related initial condition. Note that our assumptions on a and b(z) as well as our expo-
nential estimate for the flow guarantee that the above improper integrals converge for sufficiently
small xg. Interestingly, the function 1 is near-identity and yp is the unique point such that

[im
t—o0

n o) — ¢l

In other words, yg is the optimal initial condition for the linearized initial value problem.

This chapter introduced iterates of the first type { x™ (t, yo)}:zl, given by

X (t90) = eyo, XY (2, y0) = eyo — / e (X(m) (Syyo)) ds (m€N).
t

In practice, yq is left as a parameter so that is why we regard yg as a variable instead of xy. These

iterates satisfy the decay rate

‘X(m) (t,yo)‘ =0(e"|zg]) as t—oo and w9 — 0 uniformlyin m.
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Furthermore, the iterates are successively better asymptotic approximations to the actual solution

as t — oo, satisfying
‘th(ﬂﬁo) - X(m) (t7y0)‘ = O(e[aﬂm*l)mat |$o|a+(m71)ﬁ> as t—oo and x9— 0.

If we can approximate b(z) by a Taylor series, then we can construct the iterates of the second
type {5('(’“) (t, yo)}:zl similar to the iterates of the first type by truncating b(x) to a certain order.
If we only have a Taylor polynomial for b(x), we can only define a certain number of iterates.

The function v satisfies the conjugacy condition

¥ (¢r(x0)) = e™1p(o),

which is reminiscent of the Hartman-Grobman Theorem. Also, v satisfies the initial value problem

[axg + b(z0)] Y —ayp =0, (0) =0, ¢'(0)=1.

If « > 2, we can express ¥(x) as the quadrature solution

Y(xg) = xoEXp <— /OIO %dm) .

Finally, we know that if b(x) is analytic then 1 (z) is analytic.

The iterates of the first type have a natural definition but have an aesthetically-unpleasing
feature: the iterates are not flows. Hence, we defined the iterates of the third type {(pgm) (zo)}ooil,
given by "

A o) = (6. 0] ")) me)

which are indeed flows. That is,

A (z0) =20 and o™ (o™ (20)) = &7} (20).

The initial point zq for the iterate wgm) (20) is 20 = x"™ (0,0). Furthermore, these iterates satisfy

the conjugacy condition

G (@i(wo)) = o™ (P (o)), where 0™ () = X (0,(x0))

That is, J(m) (which gives zp as a function of zg for a given m) maps flows of the nonlinear

differential equation onto flows of the differential equation which wgm) (z0) satisfies.






Chapter 4

Closely-Spaced Eigenvalues (x < «)

4.1 Introduction

In the previous chapter, we explored an iterative procedure which yielded successively better asymp-
totic approximations {x(™ (¢, yo)}:::l to solutions ¢ (xg) of the scalar version of ([2.5]) as t — oo
when xg is sufficiently small. Here, we will extend the results of Chapter [Blto the multi-dimensional
case where the eigenvalues of A are closely-spaced relative to the nonlinear part b(x). Consider

once again the system

%X =Ax+b(x), x(0)=xo. (4.1)

We will restate the important general assumptions about this system and then specify the special

assumption for this chapter.

4.1.1 Assumptions

Assumption 4.1: The real parts of the eigenvalues of the matrix A satisfy
P < pp—1 < o0 < g <0,

Assumption 4.2: Consider the vector field b.

(a) There is some neighbourhood N’ C R" with 0 € N and b € C}(NV,R").

(b) There are d,k > 0 such that

Ibx)|| < k|x|* forall x e Bj, (4.2)
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where a > 1 is a fixed parameter.
(c) There are §,k > 0 such that
IDb(x)|| < k|jx|® forall x e Bs, (4.3)
where 3 > 0 is a fixed parameter.

Assumption 4.3: Recall the ratio
Hn
k= —
K1

which quantifies the spacing of the eigenvalues and satisfies £ > 1. In this chapter, we will consider

only the case where the eigenvalues are closely-spaced. That is, we will assume £ < . Equivalently,

oy < . (4.4)

Remark 4.4: Observe that the scalar case, which we covered in Chapter [3, has xk =1 and is a
special case of closely-spaced eigenvalues. Consequently, this chapter will very much echo Chapter 3l

However, there are many complications introduced by switching to multiple dimensions.

4.1.2 Martin Wainwright

Martin Wainwright, who is the son of the cosmologist John Wainwright, once worked as a summer
undergraduate research assistant with David Siegel. The content of this part of the thesis was born
out of the work done during that summer. In particular, the exploration of (what we now call)
iterates of the first type for the case of closely-spaced eigenvalues was initiated. Moreover, the
assumptions on the vector field b were different and special cases of Theorems 2121 1.9 and

were proved.

4.1.3 Important Estimates We Already Know

Define, for any 6 > 0, the set
Q5= 1{ (%) : 120, x€R", x| <5}

The basic estimates, which we saw in Chapter [2] that we will use frequently in this chapter are
restated below. Recall that if A is diagonalizable, then we may take o = 0 in (4.3]), ([4.6]), and (L7

below.
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e For any o > 0 there is a k > 0 such that

HetAH < ket forall ¢>0. (4.5)

e For any o > 0 there is a £ > 0 such that

e < kelm#nto)t for all t > 0. (4.6)

e For any ¢ > 0 there are d, k > 0 such that

| e(x0)|| < ke + Ixo||  for all (¢, x0) € Q. (4.7)

4.2 “Flipping the Integral” and the Initial Condition y,

Consider the system (A1) and the corresponding integral equation (2.6]). As in Chapter 3, we will
“flip the integral” and re-write the integral equation in a different, more useful form. First, we need

the following estimate to justify this action.

Claim 4.5: For any o > 0 there are §,k > 0 such that

e A b(pr(0))]| < kel =rmITlt gy |*  for all (¢, 20) € Q. (4.8)

Proof: It follows from (£2)), (L8], and [@T). Note that when applying (L8] and ([T, you use

QLH instead of o. O

Using the integral equation (2.6) along with (£4)) and (£.8]), for sufficiently small ||x¢|| we know

we can write

dilxa) = A ot [T e Bb o)) ds| - [T s (09)

t

Now, there is a 6 > 0 (the one in (4.8]) will work) such that we can define the function

wlxo) =30+ [ € Ab(@u()ds, x0 € B, (4.10)
0
Using (4.9), we have thus proven the following.

Claim 4.6: There is a § > 0 such that

Be(a0) = Ay — /OO I Ap(p (o)) ds for all (t,0) € D, (4.11)
t

where yy := P (xp).
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Claim 4.7: There are 6,k > 0 such that

o — Y (@o)|| < kllmol|*  for all ao € Bs. (4.12)
Moreover, v is a near-identity transformation.

Proof: 1t follows from (4.8) and (£.10). O

4.3 Iterates of the First Type

Let y( := ¥(x0). This new “initial condition” is a more appropriate initial condition for the lin-
earized system x = Ax. We will now define an iterative scheme that will produce successively
better asymptotic approximations as t — oo to the solution ¢;(xg) of the initial value problem

(#T). These iterates are inspired by the integral equation (IT]).

4.3.1 Definition of the Iterates

Let ||xo|| be sufficiently small. The iterates we are about to define will be denoted by {x™ (¢, y,) }:::1.
Since these iterates are defined in the natural way using the integral equation (£I1]) and other types
of iterates will appear later in this chapter, we will refer to these “natural” iterates as the iterates

of the first type. Take the best linear approximation (for large ¢) as the first iterate,

X(l) (ta yO) = etAy07 (4138“)

and define the remainder recursively via

X"V (tyo) = ey - / el=)Ap (x(m) (37YO)) ds (meN). (4.13b)
t
Observe that
d
= (X (o)) = AT () + b (X (Lyg))  (mEN). (4.14)

4.3.2 Existence and Decay Rate of the Iterates

The main result of this chapter will describe how close the iterate x (™ (t,yp) is to the actual

solution ¢ (xp). First, we need to establish the existence and basic decay rate of x™ (t,y,).
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Proposition 4.8: Consider the iterates defined by [AI3]) and let o € (0, ‘“La%‘l’“) Then, there is
a8 > 0 (independent of m) such that if ||| < & then x"™ (t,y,) ewists for each m € N. Moreover,
there is a k > 0 (independent of m) such that

Hx(m) (t, yO)H < ket || for all (t, @) € Q5, m € N. (4.15)

Proof: We need to find 6,k > 0 that work for each m and thus we need to be very careful with

constants.

e Let 1,41 > 0 be such that ||b(x)| < ¢ ||x||* for all x € By,. See Equation (£.2]).

e Let 92 > 0 be such that ||¢:(x0)|| < d1 for all (¢,x0) € Qs,. See Equation (L7). It follows that

if ||xo|| < d2 then y, exists.
e Let /3 > 0 be such that ||y,|| < ¢3||xol|| for all xg € Bs,. See Equation (£I12]).
o Let ¢4 > 0 be such that ||etA]| < £4e(179) for all t > 0. See Equation (&H).

o Let (5 > 0 be such that ||e”*A|| < £ze(=#+9) for all t > 0. See Equation (&T).

There is no harm in taking §; small enough so that

(1a—ap) —(a+1) o] 1
{145 '

0<d <
Note that the restriction on ¢ implies
p1 <pr+o<0 and  (pn —apr) — (a+1)o > 0.

Take

a—1 -1
k:=4t3l4 |1 — (/L _j/lff)éi (a+1) J:| > {3fy, and 6 € (O, min {%,52}) .

The upper bound we imposed on 1 ensures that k is defined and is greater than ¢3f4. Observe

that

(4.16)

O 0skoe T
63644‘ |: 1% :| -

(in—am)—(a+1) o
The proof of the result will be by induction on m. Assume that (¢,xg) € 5.

Consider first the base case m = 1. We know y, exists and hence x(!) (¢, y,) exists. Furthermore,

X & 30)|| = lle™yoll < a7 ygl] < e+ x| < kel +) |xo]

[l
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Thus, the result is true for m = 1.
Now, assume that the result is true for m € N. That is, x(™ (t,y,) exists for xo € Bs and

satisfies ||x(™ (t,y)|| < kW19 ||xo||. Since ||xo|| < 8, we see that ||x™ (t,y)|| < 61 and thus
x ™) (t,y,) exists. Using (@130,

[xm 0y < e ol + [ [ 24] o (3 (5.50)) | as.
By the induction hypothesis and the estimates given at the beginning of the proof,
HX(erl) (t7YO)H < €3€4e(u1+a)t HXOH _’_€1€5kae(unfa)t |:/ e[(amfun)Jr(aJrl)a]s d8:| HXoHa-
t

Simplifying,
l1l5k”
(bn—ap)—(a+l)o

:| e(a—l)(;u-i—a)t HXOHQ—I} e(N1+‘7)t |

HX(erl) (tayo)H < €3€4e(u1+a)t ”XOH + [ } ea(ulJra)t ”Xo”a

U105k
= U3l +
{“ [wn—am)—(aﬂ)a

Since 0 < e(@Dn+9)t < 1 and ||xo|| < § < &, we have

%ol -

(1 05k5% !
(m—+1) < 1t5R07 (p140)t

Using (£.16),

[0 (1,30 | < kel g

Hence, the result is true for m + 1. By mathematical induction, the result is true for each m € N.

g

4.3.3 Closeness of the Iterates to the Actual Solution

Now, we establish how close each iterate x(™ (t,y,) is to the actual solution ¢;(xg). As this

theorem shows, each iteration increases the accuracy by a factor which is, for any sufficiently small

o >0, o(eﬁ<m+0>t |yx0|yﬂ) as t — oo and |[xo|| — 0.

«

Theorem 4.9: Consider the iterates defined by (A13) and let o € (0, “"10‘1“1) There are con-
stants 6 > 0 and {kp},._; C R, such that

|00(0) = X (¢, 90)|| < bl DI E g DT o it (1, ) € 0, mEN,

(4.17)
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Proof: Since we want to find ¢ > 0 that works for each m € N, we need to be very careful with

the constants.

e Let 01,¢1 > 0 be such that ||b(x)|| < ¢ ||x]|* for all x € By,. See Equation (£.2]).

Let 6,05 > 0 be such that |Db(x)|| < £, ||x||” for all x € B,. See Equation (#3).

Let 63,03 > 0 be such that |¢¢(x0)|| < €317 ||xo]| for all (t,x0) € Q5,. See Equation [{@T).

Let 04,44 > 0 be such that Hx(m) (t,y0)| < L1+t ||x || for all (t,x0) € Q5, and m € N.
See Equation (£.15)).

Let ¢5 > 0 be such that He*tAH < l5el=kn )t for all t > 0. See Equation (Z.06).

If ||xo|| < min {d3,48,4} then any point between ¢ (xo) and x™ (t,y,) is bounded in norm by
(03 + £4) et |xq || for all ¢ > 0.

The proof of the theorem will be by induction on m. Take

o1 61 09
6= m|n{€3,€4,€3+€4,53,54}.

Hence assume (t,xg) € €5, which guarantees that all necessary estimates apply. Note that the

restriction on o implies
p1 < pr+o<0 and  (pp —apr) — (a+1)o > 0.

Consider first the base case, m = 1. Using (411l and ([@I3al),
[t = XD (t30) | = lleoxo) = Ay < [ [t I (6o
t
Using the estimates at the beginning of the proof and simplifying,

010505
(Hn—ap)—(a+1)o’

| 6ex0) = XV (1, 30) | < @+ g |, where k1=

Note that kq is defined and strictly positive due to the restrictions we placed on o. Thus, the
theorem is true for m = 1.
Now, assume that the theorem is true for a fixed m € N. First, for any s > 0 consider the

expression

Hb (¢s(x0)) —b (x(m) (87YO)) H < 0y (s + £4)° P +0)s

Bs(x0) = X" (5,30)|| 1o
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where we applied the Mean Value Theorem and estimates given at the beginning of the proof. By

the induction hypothesis, we know

b (@u(x0)) = b (X" (5,30))|

< 0 (U3 + £4)P Sl1F0)s {kme[wr(mfl)ﬁ][uwa]s ||XO||a+(mfl)ﬁ} o[
= kmla (€3 + £4)" eloTmBlltols | | jotms

It follows from the integral equation ([EIT)) for ¢(xo) and the definition (@I3N) for x ™+ (s,y,)
that

[ (x0) = X )|
< [ A o ot b (3 (5.30) | s

< kil (63 + £4)° €5 {/ gluno)lt=s)glatmilutols ds} (B
t

< kel (€3 + £4)° L5eltn=)1 {/00 el(opr =pn)+mBpn+(atmf+1)ols dS} ||| >
t

elotmB[p1+o] HXoHaerﬁ ’

_ ko (03 + 04)° 05
(tn—apr) —mpBur — (a+mpB+1) o

where k,,+1 > 0 is defined in the obvious way. Note that k,,+1 > 0 is indeed defined and strictly

positive since

(s —apr) —~mBps — (a-+mB+1) 0 = (s —ap)—mpB (1 +0) — (a-+1) o
> (tn—ap) —(a+1) o

> 0.

Hence, the theorem is true for m + 1 and therefore by induction the theorem is true for all m € N.

O

Remark 4.10: Theorem E3 guarantees that x(™ (¢,y,) correctly approximates ¢¢(xg) up to a
certain order. However, x(™ (t,yo) may contain higher-order terms. Fortunately, as is evident
from the proof of the theorem, we can discard the terms of x (™ (t,yo) which are not guaranteed
to be correct by the theorem. If we use this simplified iterate in the calculation of x (Mt (t,¥0)

we will not sacrifice accuracy. This potentially can simplify the calculation of iterates greatly.

4
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4.3.4 A Simple Example

Consider the system x = Ax + b(x), where

A= and b(x):=

et =e” , M1 =—-1=ps, and kK=1.

Furthermore, we can take a =2 and # = 1. Thus, k < « and the eigenvalues are closely-spaced.
Observe that the origin is a Jordan node. (See §A.8 of Appendix[Alfor an overview of some different
types of equilibria.)

Denote x(t) := ¢+(x¢) and define, as always, y, := ¥ (x¢). Using (@I3]), the first two iterates

are given by

; Yo1 of 0

and  x@ (t,y0) = x" (t.y0) — ryore”
Yoz + yoit Yo1 + Yo2 + Yot

xW (t,y) = ¢

It follows from Theorem 9 that, for any o € (0,1),

Hx(t) —x® (t,yO)H - o(e<*3+0>t HXOHS) as t—oo and |xof — 0.
Moreover, it can be easily shown that we can write z5(t) in terms of x1(t) as

xo = —x1In|z1| 4+ (% +In \ym]) 1 +raiin|z|+0(23) as a1 — 0.

Depending on the size of 7, the term r z? In x|, which we only know about because of x? (t,y,),
may make the phase portrait near the origin of the nonlinear system significantly different from

the phase portrait of the linearized system.

4.3.5 A Complicated Example

Take

a O bi1122 + biyar1xe + biogr
A and  b(x) = 11129 1127122 12275 ’

2 2
0 a bo112] + ba12w122 + bogows
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2

where a < 0 and {biji};;

| C R are constants. Assume that at least one b;;, is non-zero and

consider the system x = Ax + b(x). The origin, as we see, is a star node. Now,

A ="l =a=ype, and k=1

Also, we can take a = 2 and 8 = 1. Thus, k < a and the eigenvalues are closely-spaced.

Define y, := ¥ (x¢) and x(t) := ¢¢(x0). The first iterate, which gives us the linearization, is
xW (t,y0) = e"yq.
Standard reasoning (as does Theorem [£.9) tells us that
r1(t) ~ ey and xo(t) ~ e ygy as t — oo.

Provided that 391 # 0, we have

xo(t) ~ (%) z1(t) as t— oo.

We will use the second iterate, x(? (¢,y,), to obtain a more detailed relationship between ()

and z2(t). Using (@I3D) and the fact that b (e*'y,) = e**'b (y,), we can calculate

1
X (ty0) = ¢ty + (1) b (). (4.18)

For notational simplicity, let & := (l) b(yo)-

a
Case 1: yo1 = yo2 = 0. If y, = 0 then xo = 0 and x(t) = 0.
Case 2: yo1 # 0. It follows from ([AI8]) and Theorem [9 that

z1(t) = eyor + £1e2% O(egat) as t— oo (4.19a)

and

To(t) = e yoo + ot 4 O(e3“t) as t— o0. (4.19b)

Using (@ 19al), we see 1 = O(e“t) as t — oo and e = O(z1) as 1 — 0. Also, we can solve

for e and back substitute to obtain an asymptotic expression for e* in terms of x; only.
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This gives
et — <£> [1_ (i) eat+0(e2at):| as 1 — oo
01 01
1
= <—> T — (5—21> exy + (’)(egat) as t— oo
Yo1 Yo1
1
= (—> xr] — (5—31) x3 + (’)(e?’at) as t— 00
Yo1 Yo1
= <L> T — (5—3}) x? + O(x:f) as x1 — 0.
Yo1 Yo1
It follows from (4.19D]) that
T = <@> ]+ <§TQ — yo?))&) 3+ (’)(:c:f) as x1 — 0. (4.20)
Yo1 Yo1 Yo1

Case 3: yp2 # 0. Similar to the case above, we get

£, = (@) zq + (le B ?/0:13§2> 23+ 0(13) as my—0. (4.21)
Yo2 Yoo Yo2

Claim 4.11:

(a) If yo1 = 0 and biag = 0 then x1(t) = 0. If yo1 = 0 and byaa # 0 then
b

x, = (%) 3+ (’)(ac%) as x9 — 0.

(b) If Yo2 = 0 and b211 =0 then CCQ(t) =0. If Yo2 = 0 and b211 75 0 then

Ty = (@> x? + (’)(mi{’) as x1 — 0.
a

Proof:

(a) To prove the first statement, observe that if 21 = 0 and bj22 = 0 then [b(x)]; = 0. Since yo; = 0,
[X(l) (t,¥0)], = 0. A simple inductive argument shows that [X(m) (t,¥0)], = 0 for each m € N.
It follows from Theorem that x;(t) = 0.

2
To prove the second statement, set yo; = 0 in (£2I]). Note that & = bm% when yg; = 0.

(b) The first statement is proven exactly the same way as the first statement in the first part of

2
the claim. To prove the second statement, set ygo = 0 in (£20). Note that & = % when

Yo2 = 0.



4.4. Iterates of the Second Type

(@ e () "

Yo = 291 +

Yo2 = 2Yo1

T = Yo1

+

3
Figure 4.1: (a) The phase portrait near the origin for the example system ([@22]). (b) The sign of (%) -8
in different regions of the yo1yo2-plane. This tells us the sign of the coefficient in front of the

22 term in the expression for z.

O
For a more concrete example, consider the system
T -1 0 T 22+ 8xixy + a2
= + 2 1. (4.22)
.’tg 0 -1 To 8%%+IE1$2+8.’E%

Using (£.20)), for yo1 # 0 we know

3
x2:<@>x1+ <@> -8
Yo1 Yo1

Moreover, using ([£.21]), for yo2 # 0 we know
y yor \’
. <ﬂ)$2+ 8(£> -
Yo2 Yo2

3
Observe that we can use the sign of the coefficient (%) — 8 in front of the #7 term in the expression

x]+ (’)(ﬂci’) as z1 — 0.

T3+ O(m%) as x2 — 0.

for x5 to deduce concavity. A phase portrait of the system (£.22) is sketched in Figure [4.11

4.4 TIterates of the Second Type

The calculation of the iterates of the first type { x (t, Yo)}:,j:p where y; := 1(x0), may be very

difficult or possibly impossible. However, if b € C'* in a neighbourhood of 0 then we can (ideally)

8
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simplify the integration by using the Taylor series for b(x). Moreover, for a given iterate we only

need to use a Taylor polynomial of a certain order to obtain the same precision as if we used the
full function b(x).
Assume that b € C*°(N,R"), where N'C R" is a neighbourhood with 0 € N'. By Taylor’s

Theorem, we can write

b(x) ~ > bi(x) as x| —0
=0

for some index ¢ € {2,3, ...}, where each b;(x) has components which are homogeneous polynomials
of degree i. Note that we can take @« = ¢ and § = £ — 1. Define

m

b (x) =Y "bi(x), me{lL+1,..},
=4

which is the Taylor polynomial of b(x) of order m. Observe that

Hb(x) - b<m>(x)H =o(IxI™") as x| —o. (4.23)

4.4.1 Definition of the Iterates

The iterates of the second type will be denoted by {)Z(m) (t,yo)}zjzl. The first iterate XY (¢,y,)
is the same as x") (t,y,) and, for m € N, X"V (t,y,) is defined exactly as x"*+V (¢,y,) (see
Equation (4.I3D)) except b inside the integral is replaced by b= - We use blm+HE=1D)
because, with this choice, the iterates of the second type achieve exactly the same closeness to the
exact solution as the iterates of the first type.

Assuming ||x¢|| is sufficiently small, hence define the first iterate as

XY (t,y0) = ey, (4.24a)
and define the successive iterates recursively by

X (tyg) = ey — [ IR (3 (s,y)) ds (meR).  (4:20b)
t

Remark 4.12: Alternatively, suppose instead that b € C"(N,R") but b ¢ C" (N, R") for some
re{l+1,0+2,...}. Then, b™ is defined only for m € {/,...,r — 1} and x™ (t,y,) is defined

formE{l,...,U:—iJ}.
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4.4.2 Existence and Decay Rate of the Iterates

The decay rate for the iterates of the second type is the same as for the iterates of the first type.

Proposition 4.13: Consider the iterates defined by (£24]) and let o € (0, %) Then, there is
a d >0 (independent of m) such that if ||| < & then X (t,y,) ewists for each m € N. Moreover,
there is a k > 0 (independent of m) such that

%0 (¢ w0 | < k¥ gl for all - (t@0) € 25, mEN, (4.25)

Proof: The proof is exactly the same as the proof for Proposition [£.8] which establishes the decay

rate for the iterates of the first type. O

4.4.3 Closeness of the Iterates to the Actual Solution

Now, we establish how close each iterate of the second type x(™ (t,y,) is to the actual solution
¢d1(xp). Observe that the decay rate is the same as with the iterates of the first kind (with oo = ¢
and 3 = ¢ — 1) given in (£I7).

Theorem 4.14: Consider the iterates defined by (£24) and let o € (0, “’fo“). There are con-

stants 6 > 0 and {kp},._; C R, such that

|0(0) = X0 (8, ) | < bl gy | EDH o il (1, 29) € 05, mE N,

Proof: Let § > 0 be small enough so that all necessary estimates apply when xg € Bs. Hence, we
will assume that xg € Bs. The proof will be by induction on m.

Since XV (t,y4) = xV (t,y,), the base case m = 1 was already proven in Theorem EE9l Assume
now that the theorem is true for a fixed m € N and we will proceed to show that the theorem is
true for m + 1.

For s > 0, consider first the expression
[ (@4 (x0)) = B (50 (s, y) )|
< b (@x0) = b (X (5,30) )| + [ (R (5, 30)) = B0 (00 (5,3 |

where we applied the Triangle Inequality. Now, using (£3)), (L7, (£25), the Mean Value Theorem,

and the induction hypothesis, we know there is some kﬁi) > ( such that

Hb (¢s(x0)) — b (i(m) (87YO)) H < kD eltm+ D=1 +1][u+0ls || 1 mFDE-D+1

30
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Furthermore, using (d.25]) and (£23]), we know there is some k{2 > 0 such that
Hb (%(m) (87},0)) _ pm+1e=1) (g(m) (87},0))” < k@ eltn+DE=D+1]la-+o)s || (m)(E=1)+1
These last three estimate together imply

Hb(¢S(Xo))—b([m+1”€_”) (i(m) (57},0)) H < (kg)Jrkg)) l(mA 1) (t=1)+1] [ +0]s HXOH(erl)(Zfl)Jrl'
(4.26)
It follows from (4.6]), (£I1)), (4.24D), and (£20]) that there is a ky,41 > 0 such that

H¢t(Xo) - i(erl) (t7YO)H < karle[(erl)(Zfl)Jrl][u1+a}s HXOH(erl)(Zfl)Jrl )

Note that the restriction on o given in the statement of the theorem ensures that the improper
integral in the expression for ¢y (xo)—x" 1 (t,y,) converges and also that k1 indeed exists and
is positive. Hence, the theorem is true for m + 1. By induction, the theorem is true for all m € N.

g

4.5 The Function v

Let y, := 1(xg), where ¥ was given in (LI0). This new “initial condition,” as we have seen is in
some sense more natural than the original initial condition xg. In this section, we explore properties

of the transformation .

4.5.1 Conjugacy Condition

The Hartman-Grobman Theorem asserts that there is a homeomorphism h which maps flows of
the nonlinear system x = Ax + b(x) onto flows of the linear system x = Ax. That is, there is a

6 > 0 such that

h (¢:(x0)) = e®h(xg) for all (t,x0) € Q;.

See Figure As we will now show, 1 is one such homeomorphism.

Theorem 4.15: There is a 6 > 0 such that

Y (pe(m)) = eap(ag)  for all (t,20) € Qs. (4.27)

BTl
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xZ9 h
] /\ -
etAh (Xo) \\ \\\
\ \\ - yl
B;(0) \%BJ(O))

Figure 4.2: The nonlinear flow ¢¢(xo) is mapped onto the linear flow e*“y, by the homeomorphism h.

Proof: Let § > 0 be small enough so that if xg € Bs then all relevant estimates apply. Hence,
assume that xg € Bs.

If we replace x¢ in ([@I0) with ¢¢(x¢), we have

b (br(x0)) = (o) + /0 " e b (e (¢4 (x0)) .

Using the integral equation ([AII]) and the semi-group property of flows,

b (i) = A (o) A [ " D (¢hu(x0) ds + / " e D (e (x0) de

t 0

=[x - [T e b g dst [T e 08D (e e

0

With the change of variables s = £ + t in the second integral, we see that

b (i(x0)) = €A [¢<XO> -/ e b (ga(x0)) ds + / T e Ab (du(x0)) ds} — (o).

4.5.2 A Partial Differential Equation which 1 Satisfies

The conjugacy condition (£27]) allows us to specify a partial differential equation which ) satisfies.

Proposition 4.16: There is a 0 > 0 such that the function 1 satisfies

[Dp(xo)] [Azo + b(x0)] — Ap(m) = 0, (0) =0, Dip(0) = I, (4.28)

for xy € Bs, where D denotes the operator for differentiation with respect to spatial variables.
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Proof: First, we will establish the partial differential equations. Assume ¢ > 0 is sufficiently small
so that all necessary estimates apply when ||xg|| < 0. If we differentiate the conjugacy relation

([£27)) with respect to t and apply the differential equation which ¢¢(x¢) satisfies, we obtain

(DY (¢¢(x0))] [A(x0) + b (¢1(x0))] = Ae e ().
Setting ¢ = 0 gives what we needed to show. Second, we show that 1/(0) = 0. This can be obtained
by setting xo = 0 in (£I2]). Finally, we show that D(0) = I. Observe that

) — ) ~Th| . [|pMb)—h]
o I AT T R

0,

where we again applied (A.12]) and used the fact that « > 1. It follows that 4 is differentiable at 0
with Dy (0) = L. 0

In Chapter Bl where we explored the scalar case, we were able to derive a quadrature solution for
Y(xg). Here, however, we cannot find such a simple expression. If one is interested in approximating
1(xg), a power series approximation can be obtained. See, for example, [5]65], both of which appear
in the proceedings of the 2003 International Symposium on Symbolic and Algebraic Computation

(ISSAC 2003).

4.5.3 Y isC'whenbis C'and Kk < 3 +1

Proposition 4.17: Consider the function ¥. If we assume that k < 8+ 1, then there are neigh-
bourhoods N1 > 0 and Na > 0 for which v is a C'-diffeomorphism from Ny to Na.

Proof: We know that b is C! in a neighbourhood of the origin and thus so is the right-hand side
of the differential equation, Ax + b(x). It follows that ¢¢(xo) is C' in both ¢ and x¢ for sufficiently
small ||x¢||. Thus, for sufficiently small ||x¢||, we can conclude that the integrand of the improper
integral in the definition (ZI0) of 1(Xg), namely e *Ab (¢s(x0)), is C! in xq.

Using (220), (£2), (£3), (&4), (1), for any sufficiently small o > 0 we know that there are
0, k1, ko > 0 such that

|e™*Ab (¢h(x0))|| < k1l 71T |1xg||*  for all (s,%0) € Qs

and

|e*ADb (s (x0)) Deps(x0)|| < kel FHDr=Hntels 15017 for all  (s,x0) € Qy.

33
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Since apy — pn, < 0 and (B + 1) pg — pp < 0, we know that both of these exponentials decay as

s — oo. It follows that

/OO e *4b (¢s(x0)) ds and /OO e *ADb (¢s(x0)) Dps(x0) ds
0 0

are continuous in xg for xg € Bs. Observe that the second integral is obtained from the first by
differentiating under the integral sign. Observe also that these two integrals equal, respectively,
P(xg) — x0 and Dyp(xg) — L.

Since 1) is continuously differentiable in a neighbourhood of the origin and D (0) = I, by virtue
of the Inverse Function Theorem we know that there is a neighbourhood N7 of the origin such that
N1 C By and ) is invertible in N;. If we take N := 1) (N7), which is a neighbourhood of the origin,
we can write 1 € C1(N7,N2) and ¥~1 € CH(No, N7). O

Remark 4.18: It is interesting to compare, for a special case, Proposition [A.17] and Theorem 3.4
of Chapter II in [16]. Now, the vector fields £(x) := Ax + b(x) and n(x) := Ax are C*-conjugate
near the origin if there exists a C*-diffeomorphism h and a § > 0 such that h(¢;(xg)) = e*h(xq)
for all (t,x0) € Q5. Suppose that b € C! in a neighbourhood of the origin with o =2 and 8 = 1.
Assume that k < a. With these assumptions, Proposition [£.17 can be used to conclude & and n are
Cl-conjugate (with 1) being one such homeomorphism). On the other hand, the theorem in [16]
requires the stronger conditions ||b(x)|| = o<||x\|2> and [|[Db(x)|| = o(]|x]|) as [|x]| — 0 in order to

conclude that & and 1 are C''-conjugate.

4.5.4 Analyticity of ¥» when b is Analytic

Proposition 4.19: If b is analytic at the origin, then 1 is analytic at the origin. Furthermore, 1

is invertible and ¥~ is analytic at the origin.

Proof: First, we will show that the improper integral

/O T a5 b (hy(x0)) ds

is analytic (in xo) at the origin. Note that this integral equals ¥ (x¢) — x¢. Let 0 > 0 be sufficiently
small. We know that there are §, k > 0 such that

&7 b (i(x0)) | < kel =t g™ for all (t,%0) € O

B4
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Let
F(z,t) := e "Ab (¢(z)) for (t,z) € Qy,

where ¢¢(x0) and {25 are extended in the natural way for complex vectors. Thus,
|F(z,0)|| < kele—ratat |Iz1%  for all (t,2z) € Qs.

Since the right-hand side of the differential equation x = Ax + b(x) is real analytic (in x) at the
origin, we know that ¢;(xq) is real analytic (in xg) at the origin. It follows that F(z,t) is complex
analytic in z at the origin. Hence, fooo F(z,s)ds is complex analytic in z at the origin. Therefore,
1(xp) is real analytic in x( at the origin.

The fact that 4 is invertible with »~! being analytic at the origin follows from the fact that
D (0) =T and the Real Analytic Inverse Function Theorem. O

4.5.5 Optimality of the Linearized Solution e'“y,

We have seen that y,, where y, := 9 (x0), gives a more natural “initial condition” for the linear
system x = Ax. As we will now show, the choice of initial condition y is in fact optimal in the
sense that Hd)t(xo) — et h(x) H has a faster exponential decay rate than H(bt(Xo) - etAon for any
zg # (o).

Theorem 4.20: There are neighbourhoods N1 and Ny of the origin such that for any y, € Na
there exists a unique xg € N7 such tha

p In|¢(x0) — 4|
im sup

t—o00 t

< op. (4.29)

Proof: Let 6 > 0 be sufficiently small so that if xqg € N7 := Bs then all appropriate estimates apply
and 1 is a bijection from N7 to Ny := 1 (N7). Let y, € N2 be fixed.

Existence follows by taking xq := 1~ !(y,) and using [@I7) with m =1 and the definition
@EI3a) of x (t,y,). To show uniqueness, suppose that Xg € N] has ¢(Xo) satisfying the given
estimate (£29) and let y, := 9 (X0). Using the integral equation (£I1I]) with X, instead of xo,

$i(R0) = e!AF, — A / T A (g4(R0)) ds.
t

If qut(xo) — etAyOH = 0 then we take the natural logarithm to be —oco.
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Subtracting e*Ay, from both sides,
Bu(R0) ey = e 5y 3] — A [T A (g (Ra)) ds
¢
Thus,
Yo — Yo =€ " [¢i(%0) — ey +/ e b (¢s(Xo)) ds.
t
It follows that
190 = yol < [l [ lo1(Zo) — Aol + [ []=*Ab (1 Z0))| s
Let o > 0 be sufficiently small. Using (£.0), (£8), and ([@.29), we know there is a & > 0 such that

10 — Yol < kelem—rntolt forall ¢ > 0.

Letting ¢ — oo, we see that y, = y,. Since 1) is a bijection from N7 to N3, we conclude Xy = xq.

O

Corollary 4.21: There are neighbourhoods N1 and Na of the origin such that if my € N1 and
Yo € N2\ {t) (o)} then

_ A
/imsuplnH('bt(mO) € yoH > o

t—o0 t

M.

4.5.6 A Simple Example

Let
-1 0 0
A = and b(x):=
0 -2 3
and consider the system X = Ax + b(x). We will use the partial differential equation in ([4.28]) to
find ¥ (x). Note that the eigenvalues are closely spaced and there is resonance in the eigenvalues.

Since the differential equation for x; is decoupled from x2, we will use the ansatz

v = ],
xo + &(1)

where £(0) =0 =¢'(0) and ' = %. Using the partial differential equation,
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The first component is already satisfied and thus we have the ordinary differential equation

%-i— 25(5’31)'
€1

(1) =2
Solving this using an integrating factor,
E(x1) = (21 + C)at,

where C' € R is an arbitrary constant. Note that £(0) = £'(0) = 0 for all choices of C. Appealing
to ([@.12]), we know ||x — ¢(x)|| = O(”XH3> as ||x|| — 0 and so it must be that C' = 0. Thus,

v = "

To + xi{’
The exact solution, which can be found easily, is given by

—t
€ "To1

Pi(x0) = 3 ~3t,.3

02 + xm] — e 1’01

e72t [

Observe that

0
Bi(x0) = e 1p(xq) +
—e 33
Thus,
lim sup In ”d)t(xo) _t etA’llb(XO)H S -3.
t—o0

(The limit is —3 if xo; # 0 and —oo if xg; = 0.) However, if y, # 1 (x¢) we see

2.

limsup In || (x0) — e yo| > _

t—o0 t

(The limit is either —1 or —2.) These results are consistent with Theorem [£.20] and Corollary 4.211

4.6 Iterates of the Third Type (which are Flows)

oo

The iterates of the first type {X(m) (t, yo)} where y, := 1(xq), are defined in the natural way

m=1’
using the integral equation (4.I1]) which the actual solution ¢;(xo) satisfies. However, the iterates
of the first type are, generally, not flows. We will specify adjustments to the iterates which make

them flows.
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4.6.1 A Lemma

The following lemma resembles the semi-group property of flows. We will use this to construct the

iterates of the third type.

Lemma 4.22: There exists a § > 0 such that

x™ (5,9 (¢e(x0))) = x"™ (s +t,9 (z0)) for all s,t>0, € Bs, m € N. (4.30)

Proof: Let 6 > 0 be small enough so that all relevant estimates apply if ||xg|| < J. Hence, let
xg € Bs. The proof will be by induction on m.
Consider first the base case m = 1. The iterate in question is x(V (¢,y,) = e"Ay,. Using the

conjugacy condition (£.27]),
XY (5.9 (1(x0))) = €29 (¢i(x0)) = e (x0) = A9 (x0) = XV (s + 1,9 (x0)).

Thus, the lemma is true for m = 1.
Now, assume that the lemma is true for a fixed m € N. Using the definition (4.I3D]) for the

iterate x(*Y (¢,y,), the conjugacy condition ([EZ7), and the induction hypothesis, we have

XD s (0n(x0)) = €44 (ulxa)) = [ EIAb (6 (1,35 (u(x0))))

_ eSAetAd) (x0) — /OO e(s—TAL (X(m) (r+t, (XO))) dr.

S

Using the change of variables & = r + t in the integral, we get

X (5,9 (@1(x0))) = e FOAplxa) — [ eHORD (x) (6,49 xa)) ) e

s+t
= X" (s + 1,9 (x0)) -

Hence the lemma is true for m + 1. By induction, the lemma is true for all m € N. O

Corollary 4.23: There is a 0 > 0 such that

x™ (s, etAi/)(;vo)) =x"™ (s +t,(x0)) forall s,t>0, @ € Bs, meN. (4.31)

Proof: Tt follows from (L27) and (£30]). O
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4.6.2 Definition of the Iterates

o0

We will denote the iterates of the third type by {¢§m) (zo)} L For the initial point for these

iterates, we will take

2 = x™ (0,y,) (meN).

The estimate (4.I5]) implies there are 6,k > 0 (independent of m) such that

zgm>H < k|xo| forall xoe Bs, meN.

Define
ol ) =" (0™ ©0.9] (@) m e, (1.32)
where ||z is sufficiently small. (Note that there is no problem using zg in the definition (432
instead of z(()m).) That is,
o™ (4") =X (ty) (meN). (4.33)

Proposition 4.24: There is a § > 0 such that if ||z|| < then, for each m € N, cpgm) (20) is a

flow.

Proof: ~ There is a 6 > 0 (independent of m) such that if ||zg|| < d then all relevant improper

integrals converge and all relevant estimates apply. Hence, we will assume that ||zo|| < J. Note

that x (™ (0,-) is indeed invertible since it is a near-identity transformation. Now, for cp,gm) (zo) to
be a flow, we need

o™ (20) =20 and @™ (™ (20)) = ol (20).

The first condition is obtained by setting ¢ = 0 in the definition ([@32]) and canceling inverse

functions. To obtain the second condition, first use the definition of gogm) (z0), which tells us

" (™ (20)) = x™ ( X ©,9] " (£ <zO>)>

— (s, X 9] (x(m) (t’ X 0]” (Z°)>>> |

Using (4.31)) with s = 0 and canceling inverse functions,

ol (6l ) = (o [ 0.0] " (0 (0.4 [ 0.9] ) ) )
= x™ ( A [xm (0,9] <z0)> :
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Using (£3])) again,

o (o1 (@) =x™ (s, [ (0.9] ) ) = o2 ).

4.6.3 Differential Equation which the Iterates Satisfy

o
Since the iterates of the third type, {cp,gm) (zo)} v are flows, we know that they must be the
m=
solution of an autonomous ordinary differential equation. We can use the iterates of the first type
along with (4.I4)) to specify this differential equation. The following results can be shown in exactly

the same manner as the corresponding results in §3.6.31
Claim 4.25:

(a) Let ||z be sufficiently small. The iterate cp,gm) (z0) 1is the solution of

where

Az, if m=1

g"(2) =
Az+b (X(mil) (07 [X(m) (07 )] - (Z))> ’ 7’f m > 1
(b) The function g™ (2) satisfies

|42+ b(2) - ¢ (2)| = O (I %) s ) —o.

4.6.4 A Conjugacy Condition for the Iterates
Define, for sufficiently small ||xg|,

P (x0) = x™ (0,9(x0)) (m e N). (4.34)

The initial condition z(()m) above, which we use for the iterates of the third type, thus can be written

z(()m) = QZW) (x0)-
Observe that

o™ (9 (x0)) = x™ (8,3 (x0)) (4.35)
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which follows from ([£33]). Observe also that 1;(1) = .

Recall that the function %, which maps the initial condition xo to the initial condition y,,
satisfies the conjugacy condition 1 (¢s(x0)) = e ap(xg). That is, ¥ maps flows of the nonlinear
differential equation onto flows of the linear differential equation. It turns out that the function
’l,/b\(m), which maps the initial condition xq to z(()m), satisfies its own conjugacy condition. In par-
ticular, 1;(’“) maps flows of the original nonlinear differential equation onto flows of the (generally

nonlinear) differential equation which ¢§m) (zg) satisfies.

Theorem 4.26: Consider the function ﬁ(m). There is a 6 > 0 such that

P (du(a0) = o™ (¥ (@) for all (t,20) € s, mEN.
Proof: Let x¢ be sufficiently small, say ||xg|| < § where § > 0. Consider

B (gu(x0)) = X (0,9 (di(x0)))  (using @)
=x") (t.(x0)) (using (@30 with s = 0)
=™ (¥ (x0))  (using @3)).

0
Proposition 4.27: There is a 6 > 0 and {kp},,_; C R such that
Hiz(m)(iﬂo) - on < ko ||20]| T V8 for all @y € By, m €N,
Proof: Set t =0 in (@I7) and apply (4.34)). O

4.6.5 A Simple Example

Consider the system in §4.3.4] along with the first two iterates of the first type. We will calculate

the first two iterates of the third type. Setting ¢ = 0 in the first two iterates, we see

Yo1 Yo1
X(l) (07 yO) = and X(Q) (07YO) = 9
Y02 yo2 [1 — ryo1] — ryg:
It follows that
-1 201 -1 Z01 1
XD 0,9] " (20) = and  [x® (0,)]  (20) = ol < 1
202 £(20)

91



4.7. Transforming Widely-Spaced to Closely-Spaced Eigenvalues

where
ozt
§(z) = 1—rz
Therefore, we have
1 —t 201 @) _t 201 o 0
p; (zg) =e and ;" (zg) =e —rzp1e
202 + 201t £(2o) + 201t 201 + &(20) + 201t

Furthermore, using Claim 4.25] we know that the iterate goEQ) (zo) is the solution of

where ||zo|| < |r|~". Note that

§2)=2+0(|lz*) as |zl —0.

4.7 Transforming Widely-Spaced to Closely-Spaced Eigenvalues

This chapter deals with the case where the eigenvalues are closely-spaced relative to the nonlinear
part of the differential equation. That is, x < «. In Chapter [l we will deal with the case where the
eigenvalues are widely-spaced relative to the nonlinear part of the differential equation. That is,
Kk > «. However, the techniques for widely-spaced eigenvalues are decidedly more complicated. For-
tunately, in practice it is sometimes possible to transform a system with widely-spaced eigenvalues

to a system with closely-spaced eigenvalues.

4.7.1 Linearization Transformation

Suppose that ¢ € CY(N,R"), where N/ C R” is some neighbourhood of the origin, satisfies
DC(x) [Ax + b(x)] - AC(x) =0, ¢(0)=0, DC(0)=T (436)

The matrix A and vector field b still satisfy the same assumptions as before but we no longer

assume that the eigenvalues are closely-spaced relative to b. By Taylor’s Theorem,

I€(x) = x| =o([x][) and [D{(x)—T|=o(1) as [x[]|—0. (4.37)
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Observe that ¢ is a near-identity transformation which is invertible in a neighbourhood of the

origin. The inverse of ¢ satisfies

¢ ) =yl =o(lyl) as [yl —o. (4.38)

We know that 1) is one such transformation (when the eigenvalues are closely-spaced relative to b).

Proposition 4.28: The change of variables y:= {(x) transforms the initial value problem
2= Az+ b(2), a(0) =
into the initial value problem
y=Ay, y(0)=((m)
Proof:  Obviously, y(0) = {(xg). Now, calculate
y = D{(x)x = D((x) [Ax + b(x)] = A((x) = Ay,
O

Remark 4.29: The fact that a linearization transformation satisfies a partial differential equation

has been explored by others. See, for example, [37].

We will use the fact that ¢ converts the nonlinear system into a linear one to simplify more
complicated systems. In particular, ¢ will annihilate lower-order terms so that the resulting system

has closely-spaced eigenvalues.

Proposition 4.30: Suppose that be CYH(N,R") satisfies
[b@)| =o(l=”) a5 a0,

where @ > 1 is a parameter. Then, the change of variables y:= {(x) transforms the initial value
problem

= Az+ b(x) + b(z), =(0) =z
into the initial value problem
y=Ay+b(y), y0)=-(a),

where

B(y) == D¢ (¢ () b(¢T (W) and [[B(w)]| = O(Iyil*) as [yl 0.



4.7. Transforming Widely-Spaced to Closely-Spaced Eigenvalues

Proof: Calculate

y = D¢(x)%
= D¢(x) [Ax+b(x) + b(x)|  (by the DE)
= D¢(x) [Ax + b(x)] + D¢(x)b(x)
— A¢(x) + D¢(x)b(x)  (applying (@30)
= Ay +D¢(¢CH) b (¢ ()

Moreover, the decay rate of b(y) follows from (37), (A3]) and the decay rate of b(x). O

Remark 4.31: Suppose you have a system with widely-spaced eigenvalues. Assume that the
nonlinear part has been split into the form b(x) + B(x) Unfortunately, it is not always possible to

solve ([4.30]) for ¢(x). The following example is one in which there is resonance in the eigenvalues

and ¢(x) can be found.

4.7.2 A Simple Example

Let
-1 0 0 ~ 0
A = , b(x):= , and b(x):=
0 -2 z? 3
Hence, consider the system
x = Ax + b(x) + b(x). (4.39)

Observe that there is resonance in the eigenvalues of A and that the eigenvalues are widely-spaced

relative to the nonlinear part. Ultimately, our goal is to find asymptotic approximations for solutions

x(t) of (£39) as t — oo.

Finding ¢

We will find a near-identity transformation ¢ such that the change of variables y := {(x) con-
verts the system x = Ax + b(x) into the system y = Ay. Since the differential equation for z; is

decoupled from x9, we will use the ansatz
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where £(0) = 0 = ¢'(0) and ' = ;% Using (@38),

1 0 —X1 —X1 0
g(z) 1 —2z9 + 23 —2x9 — 2&(x1) 0

The first component is satisfied trivially and the second component yields the ordinary differential

equation

26(1)

z1

¢ (1) = +a
Solving with an integrating factor,

E(z1) = (In|z1] + O) af,

where C € R is an arbitrary constant. We will tak

1
¢(x) =
xo + 23 In 2]
Note that ¢ € C! but ¢ € C? with
1 0 _ Y1
D () = and )=
z1[2In]z| +1] 1 y2 — y5 In |y

Finding the Transformed System

Calculate

b(y)=D¢ (¢ )b (¢ (y) =

By Proposition [£.30] under the change of variables y := {(x) the system (£.39]) is converted to the

system

y = Ay + b(y). (4.40)

Importantly, this system has eigenvalues which are closely-spaced relative to the nonlinear part.

2Sometimes, you may want to choose the arbitrary constant to be something other than zero to simplify the

resulting system.
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Finding Iterates for the Transformed System

For the transformed system (4.40)), the first two iterates are

(1) (2) eler
X (tv C) = and X (tv C) =
e 2ey e 2cy — e}

where ¢ := 9 (y,) and 9 is defined with respect to the system (£40). By Theorem [4.9]

eley +0(e™)
y(t) = o st 3 as t— oo,
e ey —e 7+ O( _5t)

where y(t) is the solution of (A40) with y(0) = y,.

Finding Associated Iterates for the Original System
Let x(t) be the solution of the original system ([£39)). Since y = {(x), we have

x(t) = ¢ (y(t))
e tep + O(e™™)
ey — e + O(e )] — [eer + O ()] In [eter + O(e™)|
Since In(1 +u) = O(u) as u — 0, we can write
In le7'er + O(e™®)| =In e 1| |1 + O(e™)]
=In e[ +Infer| +In |1+ O(e™")|
=—t+Injei| +O(e™) as t— cc.
Thus,
e~tep + O(e™™)
e —e el 1 O(e)] = e + O(e)] [+ nfer| +O(e)]
ety + O(e™)
e 2 [ca — A Inley| + Ft] —e 3} + O(e™)
Remark 4.32: It turns out that x® (t,¢) = x? (t,¢). Consequently, x™ (¢,¢c) = x? (t,¢) for
any m € {2,3,...} and y(t) = x? (t,c). Hence, we can drop the error terms in our expression for

x(t). In terms of the initial condition x(0) = x¢, the actual solution is

e_txm
X(t) - 3 2 —3t,.3

eth [
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4.7.3 Normal Forms

The concept of reducing the case of widely-spaced eigenvalues to the case of closely-spaced eigen-
values is related to the theory of normal forms. Suppose that the nonlinear vector field b is analytic
(or sufficiently smooth) at the origin and the eigenvalues of A are widely-spaced relative to b. By
means of a near-identity, analytic transformation, it is sometimes possible to convert the system to
a new system with closely-spaced eigenvalues.

Suppose that there is no resonance in the eigenvalues of A. For a given m > k, by the Normal
Form Theorem there exists a sequence of near-identity, analytic transformations such that the dif-
ferential equation x = Ax + b(x) is converted to a differential equation of the form y = Ay + c(y)
where ||c(y)|| = O(|ly|I") as ||y|| — 0. The new system, of course, has eigenvalues which are closely-
spaced relative to the nonlinear part. See §A.11]in Appendix [A] which covers normal forms.

Suppose now that there is resonance in the eigenvalues of A, say with lowest order m (see
§A.9). The best we can do is find a sequence of near-identity, analytic transformations to convert

% = Ax+b(x) to § = Ay + c(y) where [le(y)]| = O([ly|™) as [lyll — 0. Hopefully m > .

4.8 Summary
In this chapter, we explored the initial value problem
%X =Ax+b(x), x(0)=xo,

where the eigenvalues of A are closely-spaced relative to the vector field b. In particular, the real
parts {y;};—, of the eigenvalues of A and the parameters o and  are as in Chapter 2l and, in this
chapter, we assumed ap — puy < 0.
We re-wrote the standard integral equation for the flow ¢;(xg) as
oo
i) = ey = [ eI (x0) s,

where
vo = $(x0) = X0 + / e*Ab(dhs(x0)) ds
0

is a useful, related initial condition. Note that our assumptions on A and b(x) as well as our expo-

nential estimate for the flow guarantee that the above improper integrals converge for sufficiently

97]



4.8. Summary

small ||xg||. Interestingly, the function %) is near-identity and y, is the unique point such that

g M 16130) — Ay
imsup

t—o0 t

< apiy.

In other words, y is the optimal initial condition for the linearized initial value problem.

This chapter introduced iterates of the first type { x™ (t, yo)}:j:p given by

X(l) (ta yO) = etAYO7 X(m+1) (t7YO) = etAyO o / e(t_S)Ab (X(m) (57}’0)) ds (m € N)
t

In practice, y is left as a parameter so that is why we regard y, as a variable instead of xg. These

iterates satisfy, for any sufficiently small o > 0, the decay rate
Hx(m) (t,yO)H = O(e(“1+”)t HXOH) as t—oo and |[xg| =0 wuniformlyin m.

Furthermore, the iterates are successively better asymptotic approximations to the actual solution

as t — oo, satisfying
[ 61(x0) = X (2, y0)|| = O (elertm DA oy o+ (m=DF) ag ¢ 00 and [Jxol| -0,

where ¢ > 0 is sufficiently small. Note that if A is diagonalizable, we can take ¢ = 0 for these
estimates.

If we can approximate b(x) by a Taylor series, then we can construct the iterates of the second
type {)Z(m) (t, yo)}::1 similar to the iterates of the first type by truncating b(x) to a certain order.
If we only have a Taylor polynomial for b(x), we can only define a certain number of iterates.

The function v satisfies the conjugacy condition

Y (Pr(x0)) = e ap(xq),

which is the same conjugacy condition in the Hartman-Grobman Theorem. Also, 1) satisfies the

initial value problem
D (x0)] [Axo + b(x0)] — A (x9) =0, (0) =0, D(0)=1.

Finally, we know that if b(x) is analytic then 1(xg) is analytic.
The iterates of the first type have a natural definition but unfortunately these iterates are not
[e.e]
flows. Hence, we defined the iterates of the third type {¢§m) (zo)} X given by
e

ol (an) = x (1. [ 0.9] (@) ) (mem)
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which are indeed flows. That is,

o (20) =20 and ("™ (™ (20)) = @17} (20).

The initial point zg for the iterate cpgm) (zo) is zg = x"™ (0,y,). Furthermore, these iterates satisfy

the conjugacy condition

D™ (¢4(x0)) = %Em) (Qz(m)(xo)> , where 9™ (xo) = x™ (0,9(x0)) .

That is, 1;(’“) (which gives zgp as a function of x¢ for a given m) maps flows of the nonlinear
differential equation onto flows of the differential equation which cp,gm) (zg) satisfies.

We concluded this chapter with a brief discussion on how it is sometimes possible to convert a
system with widely-spaced eigenvalues into a system with closely-spaced eigenvalues. In the next

chapter, we explore separately the case of widely-spaced eigenvalues.






Chapter 5
Widely-Spaced Eigenvalues (x > «)

5.1 Introduction

Recall the initial value problem (Z5]). Our goal in this part of the thesis is to use an iterative scheme
to obtain asymptotic information about the solution x(t) as t — oo when ||x¢|| is sufficiently small.
In Chapter B we explored the scalar case and in Chapter 4l we explored the multi-dimensional case
in which the eigenvalues of the matrix A are closely-spaced relative to the nonlinear part b(x). In
this chapter, we will explore the multi-dimensional case in which the eigenvalues are widely-spaced
relative to the nonlinear part. For simplicity, we will restrict our attention to a special case (namely

the planar, diagonal case) which is most applicable to us.

5.1.1 The Problem

Consider the initial value problem

%X =Ax+b(x), x(0)=xo, (5.1)
where
a 0 b1 (X)
A = and b(x) =
0 ka ba(x)
Denote the solution of (5.1]) by
$1(,%0)
d)(tv XO) =
®2 (tv XO)
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We need to alter the notation for the flow from previous chapters since we will have to frequently

refer to the components.

Assumption 5.1: Consider the matrix A and vector field b.
(a) There is some neighbourhood N C R? with 0 € A" and b € C' (N, R?).
(b) There are §,k > 0 such that
[b(x)| < k|x||* forall xe€ B, (5.2)
where a > 1 is a fixed parameter.
(c) There are d,k > 0 such that
IDb(x)|| < k|x|® forall x e Bs, (5.3)
where 3 > 0 is a fixed parameter.
(d) Tt is assumed that a < 0 and k > «. Thus,

ka < aa <a<0. (5.4)

5.1.2 Integral Equation

The initial value problem (5.I]) can be written as the integral equation

b(t,x0) = e x + /t ell=A (¢(s,x0)) ds. (5.5)
0

Due to the form of the matrix A and vector field b, we can write the integral equation (B.5]) as

eatxm + fg ea(tfs)bl (d)(s,X())) ds

P(t,x0) = t
e/-catxOQ _|_f0 e“a(t_s)bg (¢(5,X0)) ds

(5.6)
T
where X0 = (.CCOl,.TOQ) .

5.1.3 Important Estimates We Already Know
Define, for any 6 > 0, the set
Qs:={ (t.x) : t>0, xe€R? |x|| <6 }.

The basic estimates, which we saw in Chapter 2 that we will make extensive use of in this chapter

are restated below.

LLO2]
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e We know from Claim 2.9 that

et < HetAH <e" forall t>0.

e We also know from Claim [2.9] that

e < e < e forall ¢>0. (5.7)

e Since A is diagonal, we know from (29]) that there are J,k > 0 such that

llo(t,x0)|| < ke ||xo for all (¢,xq) € Q. (5.8)

5.1.4 Decay Rate of ¢s(t,xq)

Consider the decay rate (0.8]). We cannot improve, in general, the decay rate for the first component

¢1(t,%x0) but we can improve the decay rate of the second component ¢s(t,Xg).

Claim 5.2: For any o > 0 there are §,k > 0 such that
|2(t, @o)| < ke 2| for all (t, xp) € Qp. (5.9)

Proof:  Using (5.6]), we see that

t
Pa(t,x0) = " "xgy + emt/ e ""by (¢(s,%0)) ds.
0

Applying the estimates (0.2) and (5.8]), we know that there are d, k1, ko > 0 such that if (¢, %) € Qs

then
t
(£, %0)| < % [gn] + e / e543 b, (ob(s,x0))| ds
0
t
S klenat ”XOH + k2ef@at [/ e*(fifa)as dS] HXOHa )
0

In order to simplify the integral, we need to account for the case where k = a. To accomplish this,

let ¢ > 0. Thus,
c—(k—a)a>0 and e ("7 < elo—(=alals g5 a1 s> 0

and hence

ko
ks
oc—(k—a)a

|¢2(t,x0)| < klefmt ||X0|| + |:J a) a:| |:e(aa+a)t _efmt] HXOHa

< ke x| + [ ] el |Ixo |

a3l
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Let

and k= ky + k3ot
Since a > 1 and Kk > «, we have
62t x0)| < {Ine T gy gy [T L elom T g

< [kl + k36a—1] e(aa+a)t ||X0||

_ ke(aa—f—a)t HXOH )
O

Remark 5.3: If k > a then we can take o = 0 in (5:9]). This principle, in fact, applies throughout
this chapter.

5.1.5 Crucial Obstacle

In Chapters [l and [ we were able to “flip the integral” in the general integral equation (5.5]) and

write
[e.e] [e.e]
B(t,x0) = e [XO [ e A (0s.x0) ds] = [ A (s, x0)) d.
0 t
However, we cannot do this in this chapter. Why? The estimates (5.2]), (57)), and (5:8)) tell us that
there are §, k > 0 such that

b (s, x0))|| < ke x* for all (s,x0) € Q.

The condition (5.4) prevents us from concluding that ||e™*4b (¢ (s, x¢))|| decays exponentially. This
in turn means that we cannot, in general, “flip the integral” in (&.5]). Hence, we cannot find the

initial condition y, and define the iterates as easily as with the case of closely-spaced eigenvalues.

5.1.6 David Siegel

The basic idea for the iterates, which we will explore momentarily, is due to David Siegel. In
particular, the idea involves iterating in the first component and later iterating in the second

component.
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5.2 “Flipping the Integral” in the First Component

We know that we cannot “flip” both integrals in (5.6). However, we observe the following.

Claim 5.4: There are 6,k > 0 such that
€7Dy (s, m0))| < k™D ||zo||* for all (s, ) € Qs. (5.10)

Proof: 1t follows from (5.2)) and (&.8)). O
Since o > 1, we see from (B.I0]) that we can “flip the integral” in the first component of (5.6l).
This gives us the following.
Claim 5.5: There is a § > 0 such that
etyor — [ e=9by (¢(s,2)) ds

@(t, @) = . for all (t,x) € Qs, (5.11)
&gy + [) e Iby (¢(s,20)) ds

where

you 1= G1(20) and y(20) == w01 + /0 ey (s, 20) ds. (5.12)

Claim 5.6: There are §,k > 0 such that

[wo1 — 1(a0)| < kllmo||®  for all @y € Bs. (5.13)
Proof: 1t follows from (5.10) and (5.12)). O
Claim 5.7: There is a § > 0 such that

U1 (p(t, @) = €y (xg)  for all (t, ) € Bs.

Proof: The proof is essentially identical to the proof of Theorem [B.16] on page 1] and makes use
of the integral equation (5.I1)) for ¢;(¢,%0), the definition (512 of ¥1(x¢), a change of variables,

and the semi-group property. O

5.3 First Group of Iterates

We will now introduce the iterates, which will be denoted by {x(m) (t, yo)}:j:l and, in component

form,

(m) Xgm) (t, YO)

X (t7 yO) - (m)
Xa (£ ¥0)
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However, we cannot specify all the iterates just yet since we must split the iterates into two groups.

Let yo1 := ¥1(x0) and let ||x¢|| be sufficiently small.

5.3.1 Definition of the Iterates

Define

Observe tha
pe{2,3,...} and [a+(p—1)fla<ka<]|a+ (p—2)0 a. (5.14)

Take as the first iterate

e™yo1
xW (t,y01) == . (5.15a)

and (if p > 2) define recursively

™D (4, yor) = or = Ji7 eI (XM oyon)) ds) p—2 (5.15b)
f(f eralt=s)py (X(m) (s,y01)) ds -

Remarks 5.8:

(i) The purpose of the first group of iterates is to get x®~) (¢,y01) close enough to ¢(t,xg) so

that we can perform another “trick” in the second component of the integral equation (G.1T).

(ii) Since the first group of iterates does not depend on ¥z, we use the notation x(™ (¢, yo1)
instead of x(™ (t,y,). This is a necessary distinction since g2 := th2(xo) will be defined in

terms of x®~b (t, Yo1)-

(iii) The definition of the iterates { x™ (t, ym)}fn_ll follows naturally from the integral equation

(5.I1)) except for the absence of the term e xgy. There are three reasons why we omit this

term. First, we do not yet have an appropriate interpretation of g2 and so we should not

rat rat

include the term e"**192. Second, we cannot use the term e"* x5 since we want the iterates to
be functions of y, and not of x¢. Finally, it turns out that the term e*®xgy is dominated by
the integral [} e™(=*)by (¢p(s,%0)) ds and the presence of the term e"*ygo (or e“xg2) would

not factor into decay rates until the second group of iterates.

For r € R, we know |r| <r < |r] +1. With r=*%3% and |[r] =p—2, we see p—2< 252 <p—1. Hence,
a+(p-2)<k<a+(p-1)p.
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5.3.2 Existence and Decay Rate of the Iterates

We will now establish the decay rate of the first group of iterates. This basic exponential decay
rate is the same as for ¢(¢,xg) uniformly in m.

Proposition 5.9: Consider the first group of iterates defined by (BIB). Then, there is a § >0
(independent of m) such that if | x| < & then x™ (t,yo1) ewists for eachm € {1,...,p —1}. More-

over, there is a k > 0 (independent of m) such that
X o) | < ke el foratt (tm) € Q5 me {1, p=1}. (5.16)

Proof: Since we are dealing with a finite number of iterates, we do not need to be careful in finding
0 > 0 and k > 0. The proof will be by induction on m.

Consider first the base case m = 1. It follows easily from (5.I3)) and (5I5a) that x ™ (¢, yo1)
exists and

[ o) | = O Ixoll) as £ =00 and o]l 0.

Thus, the result is true for m = 1.
If p = 2 then we are finished. Suppose that p > 2 and that the result is true form € {1,...,p — 2}.
It follows from (5.2)), (5.I3]), and the induction hypothesis that

[ e (X () ds = O o) as ¢ o0 and ol -0
t
and, for any o > 0,

t
/ eralt=s)p, (X(m) (S,ym)) ds = O(e(anra)t ”XOHQ) as t—oo and [xof — 0.
0

Since o > 0 is arbitrary and a > 1, it follows from (EI50) that x ™1 (¢, y01) exists and
[X ¢ won) | = O Ixall) s £ 00 and ol - 0.

Thus, the result is true for m + 1 and, by induction, the result is true for all m € {1,...,p —1}. O

It is worth emphasizing the decay rate for X(2m) (t,y01) as a separate result. This decay rate was
established in the proof of Proposition 5.9

Claim 5.10: Consider the first group of iterates defined by (B.ID) and let o > 0 be sufficiently
small. There are 6,k > 0 such that

™ (tyon)| < ke o[ for all (¢ o) € Q5. me {L,....p—1}.
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5.3.3 Closeness of the Iterates to the Actual Solution

Here, we establish how good the iterate x("™ (¢,y01), for m € {1,...,p — 1}, is as an asymptotic
approximation to ¢(t,xg). As this theorem shows, each iteration improves the accuracy by a factor

which is (’)(eﬁat) as t — oo.

Theorem 5.11: Consider the first group of iterates defined by (5.15]) and let o > 0 be sufficiently

small. There are constants 6 > 0 and {km}ﬁl;ll C R, such that

Hd)(t, o) — x ™ (t,ym)H < kel tm=DBllaralt g0l for all (t,x) € Q5, m € {1,...,p—1}.
(5.17)

Proof: Since we are dealing with a finite number of iterates, we do not need to be careful in finding
0 > 0 and {km}fn;ll C R,. The proof will be by induction on m.
Consider first the base case m = 1. Using (5.9)), (5.10), (5.11) and (E.I5al), we know that

61(t,x0) = X{ (L yor) = O(e xo|*)  and ga(t, x0) = 38" (8, y01) = O (27" x| )
as t — oo and ||xg|| — 0. Thus,
|6t x0) =X (80| = O(e2 @ xg]l) as ¢t =00 and xol =0

and the result is true for m = 1.

If p=2 then we are done. Assume that p > 2 and that the result is true for a fixed index

me{l,...,p—2}. Using (53), E8), II), (EI50), (5I6), the Mean Value Theorem, and the

induction hypothesis, we know that
d1(tx0) — X"V (t,y01) = O(e[wmﬂ} kel ||X0||ﬁ+1)

and

¢o(t,x0) — X(2m+1) (t,yo1) = ™ woy + 0<e[°‘+mﬁ”a+a}t HXOHﬁH)

as t — oo and ||x¢|| — 0. Note that (5.14]) and the fact that m € {1,...,p — 2} imply
ka <[a+ (p—2)Fla < [a+mfa.
It follows that

qu(t,xo)—x(m) (t,ym)H :o(e[a+mﬂ”a+<ﬂtuxo|y) as t—oo and ||xof — O.
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Hence, the result is true for m 4+ 1 and, by mathematical induction, the result is true for all

me{l,...,p—2}. O

5.4 “Flipping the Integral” in the Second Component

5.4.1 Performing the “Flip”

Let yo1 := 91(x0), where we assume ||x|| is sufficiently small. Consider the integral equation (5.11])
for which the first integral has been “flipped” but the second integral has not. We will manipulate
the expression for the second component of the flow, ¢2(t,x¢), so that we can “flip the integral” in

some way. Write
t
qbg(t, Xo) = e“atxog + e“at/ e "%, (¢(8, Xo)) ds
0

t t
+ ehat |:/ e "D, (X(P—l) (5;y01)> ds — / e FShy (X(P—l) (57y01)> d8:| .
0 0

Re-arranging,

t
bt x0) = gy 4 € [ e (b (95, x0)) — b2 (X (s.m) )| s
0
t
—I-emt/ e "%hy (X(p_l) (s,ym)) ds. (5.18)
0

We want to “flip the first integral” in (5.I8]). To do this, we need to check the exponential decay

rate of the integrand.

Claim 5.12: Let o > 0 be sufficiently small. There are d,k > 0 such that
[ [ba (s, @0)) = b2 (X7 (s5,001) )] | < ket mDI=sllotels gy 241 (5.10)
for all (s, zg) € Q5.

Proof: 1t follows from (53)), (5.8), (516), and (5I7)) in conjunction with the Mean Value Theorem.
O

We know that by virtue of (5.I4]), we have exponential decay for the integrand of the first
integral in (B.I8]). Furthermore, we see that (in general) we would not have exponential decay if we

replaced xP~1 (s,101) by x?~2) (s,y01). That is, we iterated just enough times so that we could
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perform this “integral flip.” Hence, define

Yo2 := Ya(xg) and a(Xg) 1= zp2 + /000 e a8 |:b2 ((s,%0)) — b2 (X(p_l) (s,ym))] ds. (5.20)

Claim 5.13: There are §,k > 0 such that

o2 — o (@o)|| < k||@o||®™t for all x € Bs. (5.21)

Proof: 1t follows from (5.19]) and (5.20). O

Using yg2, we can thus write (0.18) as

t
Pa(t,x0) = [e&at?/m +/ eralt=)p, (X(pfl) (57?/01)> ds]
0

— /OO era(t=s) |:b2 ((s,%0)) — bo (X(pfl) (s,y(n))} ds. (5.22)

t

Note that, using (5.11]), the first component of the flow satisfies

o1(t,x0) = [eat?/m —/ et=9)p, (X(p_l) (57?/01)> ds]
t

_ / T ealt=s) [bl (¢(s,%0)) — by (X@*l) (s,ym))] ds. (5.23)

t
5.4.2 The Function

Since we now have 11 (xg) and ¥2(x¢), we can define 1 (xg):

¢(XO) . ’l,[)l(Xo) _ . To1 + fO e_asbl (¢(8,X0)) ds . (524)
Pa(x0) w0z + fo° €7 [ba (¢(s,%0)) — ba (XY (5,91(x0)))] ds
Note that the definition of 15(xg) depends on ¥ (xg).

Claim 5.14: There are §,k > 0 such that

min{o,3+1}

2o — (o)l < K [|mo for allzo € Bs.

Furthermore, ¥ is a near-identity transformation.

Proof: The estimate follows from (5.I3) and (5.2I]). Since o > 1 and 3 > 0 it follows from the

estimate that ) is near-identity. O



Chapter 5. Widely-Spaced Eigenvalues (rk > «)

5.5 Second Group of Iterates
We are now in a position to define the remainder of the iterates, {x(m) (t, yo)}::p. Let yq := 1 (x0),
where 1) is defined in (5.24]) and ||x¢|| is sufficiently small.

5.5.1 Definition of the Iterates

With inspiration from (522)) and (5.23)), we will define the p'! iterate by

etyor — [ et =9by (xPY (s,ym)) ds

(p) —
X (t7 YO) T
e yng + f(f e =)y (xP~Y (s,501)) ds

(5.25a)

and define the subsequent iterates recursively by

XY (¢, o) == x P (¢, yo)—/too et [b (x™ (5,0) ) =b (XD (s,901)) | ds, m > p.
(5.25b)
Observe that we can combine (5.22]), (5.23)), and (5:25a)) to write an integral equation for ¢(t,x)
in terms of x P~V (t,y01) and x® (¢,y,).

Claim 5.15: There is a § > 0 such that

Bltm) =X (L)~ [ & [b(@s.m) b (XY )| s (5:20)

t

for all (t, zy) € Qs.

p—1
m=

Remark 5.16: We have been using the notation {X(m) (t, y01)} , for the first group of iterates.
However, if we need to refer to all the iterates at once we will use, for simplicity, the notation
{ x (™) (t, Yo)}::y The reader should remain mindful of the fact that yge is defined in terms of yg1

and xP~Y (¢, yo1).

5.5.2 Existence and Decay Rate of the Iterates

Proposition 5.17: Consider the second group of iterates defined by (5.25]). Then, there is a § > 0
(independent of m) such that if ||zo|| < & then x™ (t,y,) exists for each m > p. Moreover, there
is a k >0 (independent of m) such that

[x™ )| < ke Jaoll for atl (t,20) € 95, m > p.
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Proof: For brevity, we will omit the careful construction of the constants § > 0 and k > 0. See the
proof of Proposition [4.8] for how one could be more careful. The proof will be by strong induction
on m.

Consider the base case m = p. Instead of using the definition (E25al) of X (t,y,), we will

calculate the decay rate of x® (t,y,) using (5.26). Now, it follows from (5.3), (5.7), (5.8), (G-18),
and (5.1I7) along with the Mean Value Theorem that, for any o > 0,

/t (o)A [b (¢(s,%0)) — b (XOH) (s,ym))] ds

_ @(e{aﬂp—nm[wo]t HXOHﬁH) (5.27)

as t — oo and ||xp|| — 0. Since o > 0 is arbitrary, p > 1, @ > 1, and [ > 0, using (5.8) and (5:20)

we see xP) (t,y,) exists with
[x® t,y0)|| = O(e Ixoll) as ¢ =00 and xoll -0

as required.
Suppose that the result is true for each ¢ € {p,...,m} where m > p is fixed. Now, taking the

difference of (5.250) and (5.26)), we see that

oo

B(t,x0) — X0 (ty9) = — /

t

eI b (@(s.%0)) = b (X (s5,30) )| ds

for any £ € {p+1,...,m}. It follows from (B3], (57), (58), the Mean Value Theorem, and the

induction hypothesis that

H(f)(t,xo) - X(f) (t’yO)H — O<emt [/too o(B—r)as

$(s.x0) = X (5.y0)| ds] ol

as t — oo and ||xg|| — 0. It follows from a simple inductive argument, using (5.26) and (5.27]) along
the way, that

|6t x0) = X (8, y0) | = O eler+tmbllatale g (1P 1)

as t — oo and [|x¢| — 0.

By the Triangle Inequality,

Hb (X(m) (Sa}’o)> -b (X(p_l) (8,y01)) H

< b (X (5.30)) = b (&5, x0)) | + B ((s,30)) = b (X (s,300) ||

12



Chapter 5. Widely-Spaced Eigenvalues (rk > «)

Appealing to (5.3), (5.8), (516]), the Mean Value Theorem, and the Induction Hypothesis,
[b (X (5,3)) = b (X7 (5,900) ) || = Oelerto-Dletels |y 7+1)
as s — 0o and ||xg|| — 0. Using this fact in the definition (5.250) tells us x ™+ (¢,y,) exists with
Hx(m+1) (t,v) — X (t’yO)H — @(e[a+(p—1)ﬁ}[a+0}t ||X0||ﬂ+1>

and hence
X0 ¢ 30) | = O (e Ixol)

as t — oo and ||xg|| — 0. Therefore, the proposition is true for m + 1. By induction, the proposition

is true for all m > p. O

5.5.3 Closeness of the Iterates to the Actual Solution

Theorem 5.18: Consider the iterates defined by (B.I5]) and let o > 0 be sufficiently small. There

are constants § > 0 and {km},,_, C Ry such that

ch(t, o) — x™ (t, yo)H < ke elotm=DBllatolt | g (mFL=PISHL - for ol (¢, @) € Q5, m > p.

Proof: Out of necessity, the theorem and Proposition 517 were proved concurrently. O

5.5.4 A Simple Example

Consider the system
-1 0 0

0 =2 x%—l—x{’
Take
a=-1, k=2, a=2, fF=1, and p=2.

Let y, := ¥ (x9). We will calculate the first two iterates. The reader may wish to compare with
the example in §4.7.2] which begins on page

Since p = 2, we only have to find one iterate from the first group. Using (5.15al), the first iterate
is given by
e "yo1

0

xW (t,y01) =



5.6. Important Special Case

Using (5.25al), the second iterate (which is the first iterate of the second group) is given by

—t
€ "Yo1

(2) _
X (t7 YO) -
e 2 [yd) + yo2 + i t] — ey,

5.5.5 Another Simple Example

Consider the system

Take

Let yq := 1 (x0). We will calculate the first three iterates.

Using (515, the first two iterates are given by

—t —t
€ "Yo1 € "Yo1

and x? (t,yo1) = oo a0

0 € “Yo1 — € “You

xW (t,yo1) =

Using (5.25al), the third iterate is

—t
€ "Yo1

(3) _
X (tv yO) -
e 2yg + e [3102 - l/(2)1]

5.6 Important Special Case

The special case which we explore in this section is applicable to the Michaelis-Menten mechanism

which we will explore in Part [T of this thesis. Assume that x € {2,3,...}. Define

2 2
bi11x] + biiaw122 + b12275

b(x) := \ NE
ba112] + ba12w122 + b22o w5

where {bijk}?,j,kzl C R are constants with at least one b;;;, being non-zero. Take
a=2 pF=1, and p=&k.

Observe that there is resonance in the eigenvalues. Hence, consider the initial value problem

%X =Ax+b(x), x(0)=xo. (5.28)
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Let y( := ¥(x0), where ||xg|| is assumed to be sufficiently small with yo; > OH Furthermore, let
x(t) be the solution to (5.28]). Our goal is to obtain an asymptotic expression for xs in terms of x;

as 1 — 07 up to an order for which the initial condition distinguishes solutions.

5.6.1 Case 1l: k=2

We will only need to calculate the first two iterates x(M (¢,y01) and x® (t,y,). Using (5.I5a) and
(5:25a)), the first two iterates are given by

2
ymeat ymeat + [b111y01:| e2at

xW (t,y01) = and x@ (t,y,) = a
0 y02e2at + [bmlygl] t e2at

Claim 5.19: The components x1(t) and x2(t) of the solution to (5.28) satisfy

b 2
z1(t) = (yo1) €™ + (Lym) et 4 o(eQ“t) as t— o0 (5.29a)
a
and
xo(t) = (bgnygl) te® 1 (yog) 8 + o(eQ“t) as t— oo. (5.29b)
Proof: 1t follows from Theorem .18 and our expression for the second iterate. O

Claim 5.20: We can write € in terms of 1 as

1 b
et — (ﬂ) xr1 — (ﬁ) x% + o(x%) as x1 — 0F (5.30a)
and € in terms of 1 as
1
eQat — (yT) % + O($%) as x1 — O+, (530b)
01

Proof: Equation (5.30D]) follows from squaring both sides of (5.30al). To obtain (5.30al), first use

(B29a)) to write

b
z1 = (yor) e [1 + (71113/01) e o(e‘“)} as t — 00
a

from which it follows

b - b
et _ <£) [1 + (Lym) et 4 o(e“t)] = (ﬂ> [1 — <Ly01> e 4 o(eat)} as t— oo.
Yo1 a Yo1 a

%We make the assumption go1 > 0 since it corresponds to solutions with z1 > 0 approaching the equilibrium point

in the slow direction. This is desirable since it corresponds to, for example, solutions that arise in chemical kinetics.
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Observe that

:1:1:O(e“t) as t—oo and e =0(x;) as z; — 0.

Back substituting e*,

1 b 1
et = (—> x1 {1 - [L‘ym] K—) 1+ o(e“t)] + o(eat)} as t— 00

Yo a Yo1
1 b

= (—) 1 [1 — (ﬂ> T+ o(e“t)] as t— 00
Yo1 a

(1 bi11 ) o 2 i

=(— )z —|(—)af+o(z]) as =z — 0"
Yo1 ayo1

This is what we needed to show. O

Claim 5.21: We can write t in terms of x1 as

a

t= <1> In(z1) — Iny01) +0o(1) as x3 — 0. (5.31)

Proof:  Write (5.30a)) as
e = [i} [z1][1+0(1)] as =z — 0.

Yo1

Taking the natural logarithm of both sides,
at = —In(yo1) +In(z1) + In(1 +0o(1)) as 1 — 0.

If we make the observation In(1 4+ u) = o(1) as u — 0, we are left with what we were trying to show.

O

Proposition 5.22: Consider the initial value problem ([B.28), where k =2, ||x|| is sufficiently

small, yo = P(xp), and 1(x) > 0. If z(t) is the solution, then we can write xo in terms of x1 as

b bo11/
x9 = [ﬂ] x7 In(z1) + [y—gQ _ baulnlyo) zi+o(z}) as x1 — 0T,
a Yo1 a

Proof: Substitute (5.30b]) and (B.31)) into (5.29b) and simplify. O
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5.6.2 Case 2: k> 2

First, we will find the first two iterates. Using (5.15]),

b 2
1) yore™ 2) youe™ + [ 1113/01] e
1 2
t, = and t, = T
X+ (t,yo1) Xt yor) bonyh o2at _ by erat
(2—kK)a] (2-K)a

By Theorem [5.11]

b 2 [ b 2
r1(t) = yore™ + (%ym) e2al 4 (’)(63‘”) and  xo(t) = (2237%1@} e2at 4 O(e3“t)

as t — oo. By inspection,

ba11 9 3
T = [m] 7 +0(z]) as a3 — 0%

We will take this further. First, we need the following result.

Claim 5.23: There exist constants {&;}5, and {p;}=' which do not depend on the initial condition

and a constant o which may depend on the initial condition such that

z1(t) = Z & (eatym)i + O(e(“+1)“t) as t— oo (5.32)
i=1
and .
xo(t) = Z Pi (e“tym)i + 0 (e’mt) + (’)(e(“+1)at> as t— oo. (5.33)
i=1
Moreover,
ba11

§1 ) P1 ) an P2 (2_’%)0/

Proof: 1t follows from Theorems [5.11] and [5.I8] the definition (5.I5]) of the first k — 1 iterates, and
the definition (5.25al) of the ' iterate. O

Proposition 5.24: Consider the initial value problem (B.28]), where xk € {3,4,...}, ||| is suffi-
ciently small, yo = 1 (x), and ¥1(xy) > 0. If x(t) is the solution, then we can write xo in terms
of r1 as

Ty = coxd 4o+ c,{,lx'ffl +Caf + O(x'f+1) as 1 — 0"
for some constants {ci}f:}l (which depend only on the differential equation) and C' (which depends

on the differential equation and the initial condition). Moreover,

bo11

2= @-ma

017
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Proof: Note that
T = O(eat) as t—oo and e =0(x;) as =z — 0T,

which follows from (5.32). Now, by inverting (5.32]) in a process we have done many times before,

it follows that there are constants {v;};_, which do not depend on the initial condition such that
R .
eyor = Z vieh + O(zft) as @ — 07, (5.34)
i=1

Substituting (5.34) in (5.33)), there must be constants {¢;}7~}' (which do not depend on the initial

condition) and C' (which may depend on the initial condition) such that

rk—1
To = Zczxi +Caxf + O(w’f“) as x1 — 0T,
i=1
Note that
b
=1 ¢ =0, and cy= @ _21;)@.
O
5.6.3 A Simple Example
Consider the initial value problem
-1 0 0
X = x+ . x(0) =xo
0 -2 x?
This can be solved exactly and the solution is given by
—t
Zp1e
x(t) = 01
(202 + 23t] e
Since et = 2L and t = In(xo1) — In(x1), we see that
Lo1
2 02 2
To = —I] |n(£1?1) + |:T + |n(£1?01):| Iy-
201

This is consistent with Proposition (.22 Note that, here, ¥ (x¢) = xq.
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5.6.4 Another Simple Example

Consider now the initial value problem

-1 0 0
This can also be solved exactly:
—t
To1€
x(t) =
adie ™ + [wop — 23] e
Since e”! = ﬂ, we see that
Zo1

This is consistent with Proposition [5.24]

5.7 What if A is Diagonalizable but not Diagonal?

5.7.1 Introduction

Consider the initial value problem
x=Ax+b(x), x(0)==xq, (5.35)

where the matrix A and vector field b are as before except that A is only assumed to be diago-
nalizable with eigenvalues a and xa. Since A is diagonalizable, there exists an invertible matrix P
such that

A =P AP,

where A := diag (a, ka). Define
b(y) =P 'b(Py) and y,:=P 'x,.
Claim 5.25: If 2(t) is a solution of (5.35) then y(t) := P~'x(t) is a solution of

y=Ay+b(y), y0)=1y,. (5.36)
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Proof: Clearly, y(0) = y,. To establish the differential equation, calculate

y=P % =P !'[Ax+b(x)] =P ! [APy + b(Py) = Ay + P 'b (Py).

Claim 5.26: Consider the vector field b.
(a) There are 6,k >0 such that ||b(y)| < k|ly||* for all y € Bs.

(b) There are 6,k > 0 such that | Db (y)|| < k Iyl for all y € Bs.

Proof:

(a) We know from (5.2) that there are d;,k; > 0 such that if ||x|| < d; then ||b(x)| < &y [|x[|”.

Take ¢ := ”%” and k := ky ||[P7H| |P[|%. If |ly|| < 6 then ||Py|| < ||P|||ly|| < 1. Hence,

Iyl <d = [b® < [P b @)l < ki [[PTH Py < ko [[PTHIPI [y ]* = kllyll”-

(b) First, note that Db (y) = P~! [Db (Py)] P. We know from (5.3)) that there are 1, k; > 0 such
that if ||| < &) then Db (x)|| < k1 [|x[|”. Taking & := (% and k := ky [[P~"[| [|P[|**, we see
that if [[y|| < d then ||Db (y)|| < k|ly]|°.

5.7.2 Associated Iterates

The iterates {x(m) (t, (yo))}fno:1 defined with respect to A and b allow us to construct associated

o0

iterates for the original system. In particular, the associated iterates are {Px(m) (t, (7 (Pflxo)) }

m=1"
Theorem 5.27: Let z(t) be the solution of the initial value problem (5:30)). Consider the iterates
{x(m) (t, v (yo))}::1 defined with respect to A and b. For any sufficiently small o > 0 there are
constants 6 > 0 and {kp,},>_; C R, such that

Hw(t) _ PX(m) (t, 1/) (P_I:B())) H < kme[a-i—(m—l)ﬁ][a-i-a]t H:BOH

forall (t,xy) € Q5, me{1l,...,p—1}
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and

Hm(t) — Px(m) (t, ) (Pilazo)) ” < kme[aJr(mfl)m[aJro]t H:BOH(erlfp)ﬁJrl

for all (t,zy) € Qs, m > p.

Proof: Let § > 0 be sufficiently small so that if ||xo|| < d then the appropriate estimates apply.
Hence, assume X € Bs. Let y(t) := P~1x(t), which is the solution to (5.38]). Observe that

Iyoll < [P~ lIxoll and ||x(t) = Px™ (¢4 (vo))|| < IPI [y6) = X (&, (30

Applying Theorems [5.11] and B.I8] give the conclusion. O

5.7.3 A Simple Example

Take
1 -2 4a? — dzyzo + 23 11
A = , b(x):= ! e , and P:=
4 =5 822 — 81179 + 273 12
Then,
1 2 -1 — 1 -1 — 1 0
P = , A=P AP = , and b(y)=P 'b(Py)=

Hence, we will consider the associated system

y: y—+ )
0 -3 yi

which just happens to be the systemH we explored in §5.5.5] on page [[14]
The third iterate for the system in §5.5.5 was

—t
€ 201
X (t,20) = 2t .2 _3t 2 ’
e “'z5 te [zog — ZOI]

where zg := 9 (y;). So, the associated third iterate for the original system is

—t —2t 2 —3t 2
PX(g) (t7 ZO) = |: ]

e tzor + 27223 4+ 273 [200 — 28 ]

®Since b (y) = P~ 'b (Py) and y = P~ 'x, we have b (x) = Pb (P~ 'x). This enables us to choose b (x) so that it

gives us a desired b (y).
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By Theorem [5.27]

Hx(t)—Px<3> (t,zo)H =0 xof?) as t—oo and x| = 0.

5.7.4 Writing z, as a Function of z;
Consider the initial value problem

x=Ax+b(x), x(0)=xo, (5.37)
where the matrix A is diagonalizable (but otherwise the same as before) and

b11123 + bi12z172 + bioow3
b(x) := )

2 2
ba1127 + ba12w122 + b2go s

where {bijk}?,j,kzl C R are constants with at least one b;j; being non-zero. We want to be able
to write xo as a function of z; when x(¢) approaches the origin in the slow direction and there
is resonance in the eigenvalues, that is, when x € {2,3,...}. Note that the case when there is no
resonance in the eigenvalues was covered in Theorem on page

Since x(t) approaches the origin in the slow direction from the right, we can take the slow
eigenvector of A to have positive first component. Since we can take the first column of P to be
the slow eigenvector, it follows we can choose the invertible matrix P so that it satisfies p1; > 0.

p21

Note that the slope of the slow eigenvector is b and so we expect x9 = % x1+o(z1) as 1 — 0T,

Recall that A = P~'AP, where A = diag (a, ka), b(y) = P"'b(Py), and y, = P~ 'x¢. Observe

— Ellly% + br12y1y2 + 5122?/%
b(y) =

5211?;% + ba12y1y2 + 5222?/%

for some constants {Bijk}?j w1 As we saw before, y(t) := P~ !x(t) is the solution of
y=Ay+b(y). y(0) =y, (5.38)

Since the solution x(t) approaches the origin in the slow direction and is strictly positive for
sufficiently large ¢, we know that zyp; > 0, where zg := ¥(y,) with 9 being defined with respect to

the diagonalized system (5.38]). Observe that we are now in the scenario we considered in §5.6

Theorem 5.28: Consider the initial value problem (5.3T). Suppose ||xol|| is sufficiently small and
k€{2,3,...}. Let x(t) be a solution which approaches the origin in the slow direction and (for

simplicity) is strictly positive for sufficiently large t.
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(a) If k = 2, then we can write x4 in terms of x1 as
Ty = c1w1 + co xh In(xy) + C 22 + o(x%) as x1 — 0T
for some constants c1,co (which depend only on the differential equation) and C' (which depends

on the differential equation and the initial condition). Moreover,

_ b1 B ba11 (P11p22 — p12p21)
=—— and cy= .

3
P11 b4

C1

(b) If k € {3,4,...}, then we can write xo in terms of x1 as
To=ciT1+ -+ c,i,lsc'ffl +Caf + (’)(x'f“) as w1 — 0T

for some constants {ci}?;ll (which depend only on the differential equation) and C (which

depends on the differential equation and the initial condition). Moreover,

_ Pz
p11

C1

Proof:
(a) Applying Proposition 5.22] we can write y2 in terms of y; as
ba11 202 boariln(zo1
Y2 = [7 yi In(y1) + 2 % yi +o(yi) as y1— 0" (5.39)
01

Now, since x = Py we have

1 =puyr +pi2y2  and T2 = pa1y1 + P2oye. (5.40)

If we substitute (5.39]) into the first equation of (5.40]) and “solve” for y; (in a manner we used

before), we obtain (after some tedious simplification)

1 _
Y1 = |:—:| Tl — |:p7123b211:| CC% |n(561)

P11 pra
bop1
— [g] [2—22 _ 2o/ n(p11z01)} :c% + o(:c%) as x1 — 0T, (5.41)
P11l L*01 a

Substituting (B.47]) into (5.39)) yields (after more tedious simplification)

b 1 bop1
Yo = |: ;11:| x% |n(x1) + |:T:| |:Z_(2)2 _ M} :C% + o(x%) as 1 — 0t. (5.42)
P10 P11l L%01 a
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Substituting (B.47]) and (5.42]) into the second equation of (B.40]), we get

b _
Ty — [@} T+ [ 211 (p11p22 p12p21)] x% |n(x1)

P11 pha
— z bor1ln z
+ [pnpm . p12p21] [% _ bonn (p11 01)} :1:% —I—o(x%) as xq — 0T
P11 201 a

Note that det (P) = p11p22 — p12p21 # 0.

(b) Just like in Claim [5.23] there are constants {Ez}le and {7;}/~] which do not depend on the

initial condition and a constant @ which may depend on the initial condition such that
K .
yi(t) = Zfi (e201)" + (’)(e(“H)at) as t— 00
i=1

and
rk—1

ya(t) = Zﬁi (eath)i +2(e") + O(e(’”l)“t) as t— 00.
i=1

Note that & =1 and p; = 0. Since x(t) = Py(t), clearly there are constants {¢}7_, and
{pi}fz_ll which do not depend on the initial condition and a constant ¢ which may depend on

the initial condition such that
K
z1(t) = Z§z‘ ('3‘”201)z + (’)(e(“+1)“t> as t— 00
i=1

and
k—1

zo(t) = sz‘ (e“th)i + 0 (e") + O(e(“+1)at) as t — 0o.
i=1
Note that & = p11 and p; = pa1. Proceeding exactly as we did in the proof of Proposition [(£.24]

we see that there are constants {¢;}/"' (which do not depend on the initial condition) and C

(which may depend on the initial condition) such that

k—1
X9 = Zczxﬁ +Caxf + O(:):’f“) as w1 — 0%,
i=1

Note that ¢; = Z2L.
p11

Remarks 5.29:

(i) If b(x) is polynomial instead of purely quadratic, the expression for zy in terms of x; as

x1 — 07 will generally have terms of the form z% In(z1).
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(ii) The second part of Theorem [5.28 can be extended to show that x2 can be written as a Taylor

series in z as 1 — OT.

5.8 Higher Dimensions

In this section, we will briefly mention how the techniques of this chapter can potentially be gen-
eralized to the case where the eigenvalues of A are widely-spaced relative to b(x) when we are
considering the general initial value problem (Z2X). Suppose that J € R™ is the Jordan canoni-
cal form of A. Then, there is an invertible matrix P such that P"'AP =J. Now, let A have
¢ e{2,...,n} distinct eigenvalue {)\i}le C C with respective multiplicities {mi}le C N where
Zle m; = n. Then, we can write J = @le J; where {Ji}le are the Jordan blocks. (See §JATH of
Appendix [Al which mentions the Jordan canonical form.)

Consider the initial value problem

y=Jy+cly), y(0) =y

where y := P~ !x, y, := P7!xq, and c(y) := P~ 'b(Py). If we have iterates to approximate y(t)
then we can form associated iterates to approximate x(t) just like in §5.71 Now, write

y=01n-y)" . Yo=o..-»yo) . and c(y) = (ci(y),...,c(y))’,

where y; € R™i and c¢; : R™ — R™i. Then, y,(t) satisfies the integral equation

t
yi(t) = etJiYOz' +/ e(t_S)Jici(Y(S)) ds (i=1,...,0). (5.43)
0
In general, we could form ¢ groups of iterates to approximate the solution y(t). However, the
construction of the £ groups of iterates would be tedious. Define the ratios

K = Hitl (i=1,...,0-1)
251

which satisfy 1 < k1 < --- < ky_1 and kg1 > a. The i*" group of iterates would involve “fipping
the integral” in the i component of (5.43)). Moreover, the number of iterates in each group (except
for the last group which has infinitely many iterates) would be in terms of «, [, and the ratios
{ni}f;ll. The last iterate in each group, except for the final group, would (by design) be close

enough to the actual solution so that we can “flip the integral” in the next component

4Tt must be that £ > 1 since otherwise the eigenvalues would be closely-spaced relative to the nonlinear part.
5Tt is possible that a particular group of iterates will have zero iterates.
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5.9 Summary

In this chapter, we explored a special case of widely-spaced eigenvalues. Consider the initial value

problem
a O b1 (x
X = x + 1(x) . x(0) = xp.
0 ka ba(x)
A b(x)

In particular, @ < 0 and & > 1. Moreover, b is C! in a neighbourhood of the origin and there are

constants « > 1 and 3 > 0 such that
IbE)ll = O(Ix|*) and  [Db(x)|| = O(Ix|?) as x| - 0.

Importantly, £ > « which is the defining characteristic of widely-spaced eigenvalues.

We encountered a problem when attempting to “flip the integral” the way we did in Chapter [
To remedy this, we looked at each component of the solution ¢(t,x() separately. By defining
Yor = P1(x), where N

Y1(x0) = zo1 -l-/o e b1 (¢(s,%0)) ds,
we wrote
(t.x0) = eUyop — ftoo e(t=5)p, (d(s,%0)) ds
e oo + fg e“a(t_s)bg (¢(s,%0)) ds

p—1
m=1

Using this form of the integral equation, we defined the first group of iterates {x(m) (t,ym)}
by

at at _ [o° _a(t—s) (m)
xW (t,yo1) = o and XY (t,y01) = o =S b O . y00)) ds

0 Jy b (™ (s, y01)) ds

where

These iterates satisfy
[x™ (t.yo0) | = O Ixoll) as =00 and ixol =0
and, for any o > 0,

[t x0) = X" (t.yon)|| = O (DT g |) a5t =00 and x| 0.

126



Chapter 5. Widely-Spaced Eigenvalues (rk > «)

If kK > o then we can take o = 0.

By defining yo2 = ¥2(x¢), where

Ya(x0) = wo2 + /000 e " [52 (p(s,%0)) — bo (X(p_l) (s,ym)ﬂ ds,

we wrote the second component of the flow as
¢
P2(t,x0) = [e“atym +/ emall=2)p, (X(p_l) (Saym)) dS]
0

_ /Oo eralt—s) |:b2 (¢(s,%0)) — ba (X(p—l) (57%1))} e

t

(e 9]

Using this form of the integral equation, we defined the second group of iterates {X(m) (t, yo)}
by

m=p

x?) (t,y,) = e“yor — [ ey (xPY (s,901)) ds
y Y0/ —
ety + [ e =)by (X P (s,y01)) ds

and

X (¢, y0) = x® (t,yo)—/too Q(t—5)A [b (X(m) (573’0)> b (X(pfl) (s,ym))] ds.

Interestingly, we can write the integral equation for the flow as

Blt.x0) =X (o) = [ eI [b((sx0) ~ b (X (s.300))] s

t

These iterates satisfy
X" (t30) | = O Ixoll) as t—oo and xo =0
and, for any o > 0,
| 6(t:3x0) = X" (t,y0)| = Oelertm DAl oy (D) g ¢ 00 and - xol| — 0.

As before, if kK > « then we can take o = 0.

Consider now the special case where k € {2,3,...} and

b11173 + br1a7172 + bi2o73
b(x) =

2 2
bo1127 + 127122 + booo s

Suppose that ||xo]| is sufficiently small, y, = ¥ (x0), and ¥1(x¢) > 0. If K = 2, we were able to write

the second component of the flow in terms of the first component as

2

b bo11ln
To = [ﬂ} :c% In(x1) + [@ - 2ol (vo1) $% + O($%) as x1 — 0.
a Y51 a
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On the other hand, if k € {3,4,...} we can write
Ty = cpx? 4 + c,«v,lx'f*l +Caxf + O(m'f“) as x — 0T
for some constants {ci}’;:_; (which depend only on the differential equation) and C' (which depends

on the differential equation and the initial condition). Moreover,

bo11

2= @-ma

Suppose that A is merely diagonalizable and P is an invertible matrix such that A = P"1AP,
where A = diag (a, ka) and b(x) is the general vector field from before. If we define y, = P~'x

and b(y) = P~!b (Py), then y(t) = P~!x(¢t) is the solution of the initial value problem

y=Ay+b(y), y(0)=yo
Moreover,
IB(y)|| = 0Ulyl*) and [Db(y)| =0(Iyl?) as Iyl —o.

We can define the associated iterates {Px(m) (t,zo)}::p where zg = ¥(y,) with 1 defined with

respect to the diagonalized system. These associated iterates satisfy
Hx(t) — Py (t,zo)H - o(e[aﬂmflwﬂaw HXOH) as t—oo and ||xof — O,
for m < p, and
Hx(t) — Py(™ (t’ZO)H _ @(e[a+(mfl)ﬁ][a+o]t HXOH(m+1—p)ﬁ+1> as t—oo and ||xof — 0,

for m > p.

Consider now the special case where A is merely diagonalizable with x € {2,3,...} and

2 2
bi11x] + bi12w122 + b12275
b(x) = ) )
bo1127 + 127122 + b2

Let P = {pij}?,jzl be as before and

— _ 51111/% + 51121/11/2 + 51221/%
by)=P b(Py)={_" T
ba11y7 + b212y1y2 + b222y5

Suppose that [|xg| is sufficiently small, y, = 1 (x0), and 91(xp) > 0. Assume that the solution

x(t) approaches the origin in the slow direction and is strictly positive for sufficiently large ¢.
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Consequently, we can assume pi; > 0. If kK = 2, then we can write the second component of the

solution in terms of the first component as
Ty = c1x1 + o xhIn(zy) + C2? + o(:c%) as x; — 0"

for some constants cj, co (which depend only on the differential equation) and C' (which depends

on the differential equation and the initial condition). Moreover,

_ b1 B b1 (p11p22 — P12p21)
=== and ¢ =

C1 3
P11 b4

On the other hand, if k € {3,4,...} then
To=cix1+ -+ c,«v,lx'f*l +Caxf + O(m'f“) as x1 — 0T

for some constants {ci}f:_f (which depend only on the differential equation) and C' (which depends

on the differential equation and the initial condition). Moreover,

_ P2
p11

C1
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Chapter 6

Introduction

The Michaelis-Menten mechanism, which is named after two researchers who worked on the model,
is the simplest chemical network modeling the formation of a product from a substrate with the
aide of an enzyme. There are different and more complicated networks which involve, for exam-
ple, multiple enzymes, inhibition, and cooperativity. However, even though the Michaelis-Menten
mechanism is relatively simple, there are plenty of results on the mechanism and the standard
techniques of analyzing the reaction are easily adapted to the more complicated networks. In this
part of the thesis, we will develop many new results regarding the Michaelis-Menten mechanism.

These results, as will be apparent, can also be adapted to more complicated networks.

6.1 The Michaelis-Menten Mechanism

6.1.1 History

An enzyme is an organic molecule (usually a protein) which catalyzes a chemical reaction and is not
consumed by the reaction. The reactants of such a reaction are called substrates. Enzymes often
act upon only one or very few specific substrates. The key effect of the binding of the substrate to
the active site of the enzyme is the lowering of the activation energy. It is not uncommon for this
binding to speed up the rate of reaction by a factor in the millions.

Emil Fischer (1852-1919) was a German chemist who, in 1894, proposed the “lock and key”
model for an enzyme. In this model, the enzyme and substrate have complementary “shapes,”

with a given enzyme fitting exactly into a specific substrate. See, for example, Fischer’s paper [41].
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Fischer won the Nobel Prize for Chemistry in 1902 “in recognition of the extraordinary services
he has rendered by his work on sugar and purine syntheses.” The “induced-fit” model, which was
proposed by the American biochemist Daniel Koshland (1920-2007) in 1958 and is the currently
accepted model for binding, is a modification of the “lock and key” model. See, for example,
Koshland’s paper [72].

It was known in the late eighteenth and early nineteenth centuries that there were reactions,
such as digestion, which were aided by another substance which was not consumed by the reaction.
Anselme Payen (1795-1871) and Jean-Francois Persoz (1805-1868) were French chemists who, in
1833, discovered the first enzyme, amylase, which they called diastase. See, for example, their paper
[99]. Diastase is now the generic term for an enzyme which catalyzes the breakdown of starch into

maltose.

Louis Pasteur (1822-1895) was a French chemist who studied, among other things, the fer-
mentation of sucrose into alcohol (alcoholic fermentation) by yeast. For much of the nineteenth
century, there was debate over whether or not the catalyst in alcoholic fermentation was living
or not living. Pasteur believed that the fermentation was catalyzed by a vital force in the yeast,

saying “no fermentation without life.” See, for example, [86].

Adrian Brown (1852-1920) was a British biochemist who worked at a brewing company until
1899 and later became a professor of malting and brewing at the University of Birmingham. He
investigated the fermentation of sucrose by yeast and found in 1892 that the rate of fermentation
of sucrose in the presence of yeast appeared to be independent of the amount of sucrose that was
present. Furthermore, he suggested that a substance in the yeast (later identified and referred to
as the enzym invertase) was responsible for speeding up the reaction. See, for example, [75] and
Brown’s paper [17].

Eduard Buchner (1860-1917) was a German chemist. In 1897, Buchner showed that a non-
living extract of yeast (namely the invertase) catalyzed alcoholic fermentation. This demonstration
is regarded as the birth of biochemistry and death of VitalismH. For this discovery, Buchner was
awarded the 1907 Nobel Prize for Chemistry. See, for example, Buchner’s paper [2I]. Brown, in

IThe word “enzyme,” which is Greek for “in leaven,” was first used by Wilhelm Kiihne. A “leaven” is any

substance, yeast being the most common, which causes batter or dough to rise.
2Vitalism is a belief system that asserts that processes in living organisms cannot be fully explained as physical

or chemical phenomena.
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light of Buchner’s results, in 1902 suggested that the invertase combines with the substrate to form

an enzyme-substrate complex. See, for example, Brown’s paper [18].

Victor Henri (1872-1940) was a French physical chemist. Throughout his career he published
more than five hundred papers. Interestingly, he co-wrote with Alfred Binet a book on intellectual
fatigue. Henri was critical of Brown’s model of an enzyme reaction, which asserted that the enzyme-
substrate had a fixed lifetime and was abruptly created and destroyed. In 1902, Henri originated the
accepted model of an enzyme reaction. See, for example, Henri’s paper [58]. Henri, unfortunately,

is not usually credited with formulating this model.

Leonor Michaelis (1875-1949) was a German biochemist and Maude Menten (1879-1960) was
a Canadian medical researcher and biochemist who was one of the first Canadian female medical
doctors. Michaelis and Menten, in 1913, popularized Henri’s work and advanced the experimental
techniques used in enzymology such as pH-control. See, for example, their paper [88]. Even
though Henri originated the enzyme model, the mechanism is generally referred to as the Michaelis-
Menten mechanism. Moreover, the equilibrium approximation is frequently attributed to Michaelis
and Menten rather than Henri. However, it should be noted that Michaelis and Menten clearly
indicated Henri’s contribution. Moreover, Michaelis and Menten made very important contributions

to enzyme kinetics and are regarded as the founders of enzymology.

There are many good general references on the Michaelis-Menten mechanism. For example,
[29] [32], 69, [71), [76]. The goal of this chapter is to introduce the model and make preparations for
studying the model mathematically. In Chapter [0, we will explore the properties of the planar
reduction, which we will soon introduce, in phase space. In Chapter [, we will explore time-
dependent properties of the planar reduction. In Chapter [@ we briefly explore some alternatives

to the Michaelis-Menten mechanism.

6.1.2 The Model

In the scheme of Michaelis and Menten (and Henri), an enzyme reacts with the substrate and
reversibly forms an intermediate complex, which decays into the product and original enzyme.

Symbolically,

k
S+E=CcBpyE, (6.1)

k1
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where S stands for substrate, E for enzyme, C for complex, and P for product. The constants k_1,
ki, and ko are the reaction-rate constants.

Technically, the reaction from C to P+ E is reversible, but the rate constant k_o is usually
negligible and the reverse reaction is omitted. Henri’s original model allowed for the reverse reaction.
Moreover, in a cell or laboratory the product is continually removed to be used for other purposes

which prevents the reverse reaction from occurring.

6.2 Associated Ordinary Differential Equations

6.2.1 Ordinary Differential Equations

Consider the mechanism (6.1]). Let lower-case letters (as is the convention) stand for concentrations,
t for time, and " = %. The Law of Mass Action (see §A.1] of Appendix [A]) gives the set of four

ordinary differential equations

$ =k_1c— kyse, (6.2a
é = (k_1 + ko) c — kyse, (
¢ =kise — (ko + ka)c, (6.2¢

p = kac. (6.2d

The traditional initial conditions are s(0) = s, €(0) = ep, ¢(0) = 0, and p(0) = 0. However, we will
allow the initial conditions to be arbitrary.

These equations can be confirmed to be a successful model of a given enzyme reaction by
experiment. For example, observations can be made over time of the changes in certain light
absorption properties of the chemical species involved which would enable the experimenter to

estimate the respective concentrations over time.

6.2.2 Conservation Laws

There are a couple of important conservation laws that can be deduced from our system of four
differential equations. First, adding ([6.2D]) and (6:2d) and then integrating with respect to ¢, we
see that

c(t) + e(t) = ep. (6.3)
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Second, adding (6.2a)), (6.20) and (6.2d)), and integrating with respect to ¢, we get
s(t) + e(t) + p(t) = so. (6.4)

We choose sy and eg to denote the constants since, traditionally, the complex and product are
regarded as not being initially present. These conservation laws tell us that solutions of (6.2]) are

restricted to a two-dimensional surface within the four-dimensional solution space.

6.2.3 Planar Reduction

The system (6.2]) consists of four differential equations. However, we can reduce that number.
The equation for p(t), (6.2d)), can be ignored for our purposes because none of the other three
concentrations depend on the value of p(t). Furthermore, we can ignore the equation for e(t),
(62D), due to the conservation law (G.3)) which implies that the time evolution of e(t) can be
determined precisely from that of c(t)H We can hence consider only the system of two ordinary

differential equations

$=kac—kis(eg—c), (6.5a)

¢=kis (60 — C) — (k‘_l + kg) C. (6.5b)

This is frequently referred to as the planar reduction of the Michaelis-Menten reaction. The tra-
ditional initial conditions are s(0) = so and ¢(0) = 0. However, we will again allow the initial

conditions to be arbitrary.

6.2.4 Scalar Reduction

One further reduction is occasionally made to the system ([G.2]). The system (6.0]) includes the time
dependence of the concentrations. However, we will find it useful to reduce the planar reduction to
a scalar differential equation. Note that it is of practical importance to chemists to study how the
concentration of the complex C' varies as a function of the concentration of the substrate S.

The set of points (s(t),c(t)) defines a curve in the sc-plane, say ¢ = ¢(s). Since (65 is au-

tonomous, we see that

g kis(eg —c¢) — (k-1 + k2) c

kc—kis(eg —c) (6.6)

31t is traditional to work with s(t) and c(t) instead of, say, s(t) and e(t).
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where ' = %. We restrict attention to the non-negative quadrant, which corresponds to the

physically-real spaceH The flow of the larger system (6.2]), when projected on the sc-plane, is
equivalent to the flow of (6.6]).

6.3 The Equilibrium and Quasi-Steady-State Approximations

The planar system (G.5]) is certainly simpler than the original four-dimensional system (6.2]). How-
ever, it is still impossible to obtain an explicit solution of the planar system. There are two notable
approximations employed by biochemists which are inspired by the fact that chemical reactions
have a tendency to approach an equilibrium (where one or more chemical species is produced and

consumed at the same rate).

6.3.1 The Equilibrium Approximation (EA)

To obtain an approximate solution to (6.5]), Henri applied what is called the (rapid) Equilibrium
Approximation (EA). Although Michaelis and Menten did use the EA, it was Henri who originated
the approximation. Frequently in the literature, Michaelis and Menten are given credit for inventing
the EA which Henri deserves.

In particular, Henri assumed that the substrate is in equilibrium with the complex. That is, the
substrate is produced and consumed at roughly the same rate. Mathematically, we can interpret

the equilibrium approximation as the condition $(¢) &~ 0 for sufficiently large time ¢t. From (G.5al),
k1s(t) [eo — c(t)] = k_ic(t).

Solving for ¢(t), we get
k1

eps(t)
)~ ——— h K= .
D~ K Tsqy Vhere ko

In terms of the scalar reduction, this gives us the equilibrium approximation

_ €pS
K.+ s

CEA(S) : (6.7)

41t is also common to restrict attention to s > 0 and 0 < ¢ < eg since, using the conservation law 63), we know

that ¢(t) cannot exceed eq.
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6.3.2 The Quasi-Steady-State Approximation (QSSA)

John Haldane (1892-1964) was a British evolutionary biologist and geneticist. Haldane made major
contributions in many areas of science with, arguably, his most important contribution being his
development (along with Ronald Fisher and Sewall Wright) of the mathematical theory of natural
selection. Interestingly, Haldane described his service in the infantry during the First World War
as a “very enjoyable experience” and admitted that he “enjoyed the opportunity of killing people.”
Moreover, he is known to have used himself (and those around him) in experiments (involving, for
example, oxygen poisoning and decompression sickness). He also wrote a well-known humourous
poem shortly before his death about the cancer which killed him. See, for example, [I] and pages
300-303 of [20].

Haldane, along with the British botanist George Briggs (1893-1985), introduced in 1925 a
second, more common approximation for the Michaelis-Menten reaction. They suggested that after
sufficiently much time has passed, the complex is produced and consumed at roughly the same
rate. Since the complex is an intermediate of the reaction, this approximation is known as the
Quasi-Steady-State Approximation (QSSA). See, for example, their paper [15].

The reasoning for this approximation is as follows. At the beginning of the reaction, the
concentration of the complex increases rapidly as the enzyme combines with the substrate. During
the initial period of the reaction there is plenty of substrate and the speed of the reaction is limited
only by how fast the enzyme can work. However, as the complex builds up, more complex is
consumed producing substrate and product until a quasi-steady-state is reached.

The mathematical interpretation of the quasi-steady-state approximation is that, after suffi-

ciently large time, we have ¢(t) ~ 0. From (6.5h)),
kis(t) [eo — c(t)] = (ko + k_1) c(t).

Solving for ¢(t), we get

eos(t) kfl + k‘Q
t) ~ —————— h K, =——.
D~ g Fspy Vhere ko

In terms of the scalar reduction, the quasi-steady-state approximation is

€oS
K, +s

cqssa(s) ==

The constant K, is called the Michaelis-Menten constant (or the Michaelis constant).
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6.3.3 Lineweaver-Burk Plots

. . . . . _d
The velocity V' of the reaction (6.1]) is defined as the rate of formation of product, that is, V' := 5.
Using (6.2d) and the QSSA (6.8),

,ICQGQS
K,,+s’

which is known as the Michaelis-Menten approximation. This can be re-written as

11 N K, \ 1
V" Viax  \Vinax /) 8

where Vinax := keoeg is the maximum velocity. Observe that V = %Vmax (known as half saturation)

when s = K,,.

The values of s and V' can be experimentally measured. If % is plotted versus %, the resulting
curve is approximately a straight line. The slope and intercept can be found yielding a value for
Vmax and K,,. Such a graph is called a Lineweaver-Burk plot, after Hans Lineweaver and Dean
Burk who, in 1934, suggested this technique for measuring Vi, and K,,. See, for example, their
paper [83]. There are other techniques for measuring some of the constants associated with the

Michaelis-Menten reaction, but this method is the most well-known.

6.4 Dimensionless Ordinary Differential Equations

It is very helpful for future analysis to re-scale the differential equations (6.5) and (6.6) into dimen-

sionless form. First, we note that the dimensions of the involved quantities are

. Q 1 L3
ﬁ? I:Suc] = ﬁ’ [k717k2:| = T’ and [kl] — @’

[87 C, 60] -

where @) stands for quantity of substance (usually measured in moles), L stands for length, and 7'
stands for time. To improve the presentation, we use for example [s, ¢, eg] in place of [s],[c], [eo]

since all three of the quantities have the same dimension.

6.4.1 Dimensionless Variables and Parameters

The system (6.5]) can be written in dimensionless form in several ways. See, for example, [35] [84],
911, 98], 112]. Usually, a parameter ¢ with 0 < ¢ < 1 is introduced. The more traditional choice is

€= 2—8 We, however, will use a different scaling which was used, for example, in [109].
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DeﬁneH

T:=kiept, x:= (7k1 ) S =< £:= 716160 and = 7162
= h1E0h, — k_1+k2 ) Y= 60’ T k_l—i-k'g’ n:i= k'_l—i—kQ’

which are all dimensionless, and note that
e>0 and O0<n<l1.

Thus, 7, x, and y are, respectively, a scaled time, substrate concentration, and complex concentra-
tion.

The parameter € measures the ratio of the time scales and a small value of ¢ is indicative of high
efficiency of the enzyme. Moreover, the parameter 7 can be regarded as the probability that the
complex C' decays to product P. It is apparent from the mechanism (6.I)) that the EA reduces to
the QSSA when n — 07. Also, when n — 1~ we see that the conversion of substrate S to product
proceeds with little or no resistance, which suggests that the complex cannot be near a quasi-steady
state.

Throughout this part of the thesis, it will be our philosophy that both ¢ > 0 and n € (0,1)
are arbitrary parameters of any permissible size. In particular, we do not need to make the usual

assumption that e is small.

6.4.2 Planar System

It is easy to verify that the differential equation (6.5]) takes on the dimensionless form
i=—z+(1-n+a)y, y=c'fz—(1+2)y, (6.9)

where "= % and (for simplicity) we are using ¢t when we really are using the scaled time 7. We will

occasionally need to refer to the vector field of the planar system (69). Hence, define

g(x) = _er(l_n”)y , (6.10)
etz — (14 2)y]

where x := (z,y)”. In Chapter [ and Chapter [§, we will explore properties of solutions of (G.9).

SInstead of using € = i—g, which is the ratio of initial enzyme concentration to initial substrate concentration, we

are using € = %%, which is the ratio of initial enzyme concentration to half-saturation substrate concentration.
m
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6.4.3 Scalar Differential Equation

We can also write the scalar differential equation (6.6]) in the form

/ x—(l—l—:c)y

= ) 6.11
Y o ee+(—n+a)y (6.11)
where ' = %. Furthermore, define the function
z—1+2)y
flay) = o D (6.12)

[~z +(1-n+z)y
In Chapter [1, we will explore the properties of solutions of (6.11]).

Remark 6.1: The function f(z,y) can be written

flz,y) =

where g1 (z,y) and go(z,y) are the components of the function g(x) given in (€.I0). Note the use of
the row vector (x,y) in the arguments of g1 and gy as opposed to the column vector x. To alleviate
notational headaches that arise from competing conventions involving row and column vectors,

when there will be no confusion we will use the notation appropriate for the given situation.

6.4.4 The EA and QSSA

With this new scaling, it is easy to show that Equations (6.7) and (6.8), for EA and QSSA, take

the respective forms

T d (2) x
=—— an ) = .
l1-n+=z yassa 1+z

yEA(T) : (6.13)

These can, of course, be obtained by setting # = 0 and y = 0 in (6.9]). Alternatively, we see that
yeA () is the vertical isocline of the system (G.11]) and yqgsa () is the horizontal isocline. One may
refer to y = ypa(x) as the rapid equilibrium manifold and y = yqgsa(z) as the quasi-steady-state

manifold.

6.5 Phase Portrait

The goal of this section is to develop a reasonable phase portrait for the planar system (6.9]). We will

restrict our attention to the non-negative quadrant S since, physically, we are only concerned with
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non-negative concentrationsH In Chapter [l we will develop more precise results on the properties
of the phase portrait.

To develop the phase portrait, we will find the isoclines, establish the positive invariance of
the non-negative quadrant S, look at the linearization at the origin (which is the only equilibrium

point), and specify the slopes of solutions of (6.11]) in different regions.

6.5.1 Isoclines

To find the horizontal and vertical isoclines, set, respectively, ¥ = 0 and & = 0 in Equation (6.9) to

obtain
x

H(Qf) : L and V(x) = m

=172 (6.14)
Comparing this with Equation (6.13]), we see that the EA corresponds to the vertical isocline and
the QSSA corresponds to the horizontal isocline. Interestingly, neither the horizontal isocline nor
the vertical isocline depends on €.

It is obvious from (6.14)) that

H0)=0=V(0), 0<H(x)<V(r) forall >0, and Ilim H(z)=1= lim V(x).

T—00 r—00

The region between the isoclines,
Lo:={(z,9) : >0, H@z)<y<V(z) },

will be of importance. To illustrate Remark 6.1l suppose that 2 and y are such that = > 0 and

H(z) <y < V(z). Then, we may write (x,y) € I'g as well as x € Ty, where x = (x,y)7.

6.5.2 Positive Invariance of the Non-Negative Quadrant S

The origin is the only equilibrium point of the system (69]). To see why, set £ = 0 and y = 0 which
gives y = H(z) and y = V(). Since the isoclines only intersect at = = 0, we obtain (z,y) = (0,0).

If =0 and y >0 then © = (1 —7n)y > 0. Thus, on the positive y-axis, the vector field g
points into the positive quadrant. Similarly, if 2 > 0 and y = 0 then § = e "' > 0. Thus, on the
positive z-axis, the vector field g points into the positive quadrant. It follows that the non-negative

quadrant S is positively invariant.

5Tt is also common to limit the analysis to # > 0 and 0 < y < 1. This additional restriction on y results from the

conservation law (B3] and the fact that y = <

c
eg”



6.5. Phase Portrait

6.5.3 Linearization at the Origin

The Jacobian matrix for the system (€.9) at (0,0) is
A = . (6.15)

We will find the eigenvalues and associated eigenvectors of this matrix. With the aid of Hartman’s

Theorem, these will tell us how the phase portrait of the system (6.9) looks near the origin.
The Eigenvalues A1 of the Matrix A
The characteristic equation of the matrix A is given by
2 1 n
M4+ =-+1|A24+-==0. (6.16)
€ €

Observe that —1 and 0 cannot be roots of the characteristic equation since € > 0 and 0 < n < 1.

The eigenvalues of A are hence given by

—(e4+1) +£4/(e+1)* —4ep

Ay = 5 (6.17)
Claim 6.2: The eigenvalues Ay and A_ are real-valued and distinct.
Proof:  Observe that the radicand of (6.17) satisfies
(e4+1)* —den > (e +1)> —de = (e —1)* >0,
where we used the facts that € > 0 and 0 < n < 1. The claim follows. O
Claim 6.3: The eigenvalues Ay and A_ satisfy the limits
5£%7+ Ay = —n, Eango A+ =0, Eﬁrgﬁr A = —00, and Eango Ao =—1 (6.18)
Proof: The proof is a simple exercise in limits. O
Claim 6.4: In terms of n and either eigenvalue A\, € can be written
=t (A;rnx) . (6.19)
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Proof: Solve the characteristic equation (6.16) for . O

Claim 6.5: FEither eigenvalue A satisfies
N A2\ +1)?

— = . 6.20
0 (A +n)*+n(l—mn) (0:20)
Proof: Differentiate (616]) with respect to e, solve for %, and substitute ([6.19]) to get
O AN+ A2 (A1)
Oe 2eA+e+1 ()““77)2""'7(1—77).
O
Claim 6.6: The eigenvalues Ay and A_ satisfy the inequalities
A< —-1I<—n<ApL <O (6.21)
Proof: 1t follows from (620) (and the fact that neither eigenvalue is —1 or 0) that
Oy OA_
— >0 d — >0.
e > an e >
This in conjunction with the limits (GI8]) give the conclusion. O

Since A_ < Ay < 0, the eigenvalue A is referred to as the slow eigenvalue since it corresponds
to the slow exponential decay rate O(eA+t). Similarly, A_ is the fast eigenvalue since it corresponds
to the fast exponential decay rate O(e’\*t).

Claim 6.7: There is resonance in the eigenvalues Ay and A of A if and only if k € {2,3,...},

where Kk := 3\\—’
+

Proof: 1t follows from Proposition and the fact that x > 1. O

The Ratio « of the Eigenvalues

Part [[l of this thesis made it clear that the ratio of the eigenvalues,
A
=3

will be of importance. Using the definition (6.I7)) of the eigenvalues Ay and the definition (6:22) of

K

(6.22)
K, we see that x can be written in terms of € and 7 as
e4+1+4/(e+1)% —4ep

K= . (6.23)
e+1—1/(e+1)* —4ep
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Claim 6.8: The ratio k satisfies

K > max{z-:,z-:*l} . (6.24)
Proof: For any € > 0 and n € (0,1), we have
(e4+1)% —den > (e +1)? —de = (e — 1)2.
It follows from (6.23]) that

1 -1 g, it e>1
(e+D+le |: :max{e,efl}.

e, if O<exl1

Remark 6.9: It follows from ([6.24]) that  satisfies

k>1, |lim k=00, and Ilim k= o0.
e—0t £—00

Moreover, if € is very small, which is the case traditionally considered, then « is very large. Many
results that follow in this part of the thesis will involve x and so it is a good idea to keep this in

mind.

Claim 6.10: In terms of € and k, 1 can be written

k(e +1)?
= (6.25)

Proof:  Solve ([6.23)) for n. O

Figure [6.1] sketches k as a function of ¢ for a fixed n and Figure sketches n as a function of

k for a fixed value of e. The details of these sketches are easily verified.

Remark 6.11: Equation (6.25) can tell us when the parameter x takes any desired value. For

example, we may want to design a numerical simulation with k = 3 and € = 1. Then, we need to

2
?8132 = %. However, for a given € > 0 and x > 1, there may not be a corresponding

physically valid n € (0,1).

take n =
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K(e,m)

T
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| ]
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Figure 6.1: The graph of k(e,n) versus € > 0 for an arbitrary, fixed n € (0,1). It is easy to show that

g—f]<0f0ralle>0andn€(0,1).

The Eigenvectors vi of the Matrix A

Eigenvectors associated with the eigenvalues Ay are easily calculated. We will take as the eigen-

vectors
vy o= Lo . (6.26)
Ax+1
Since A_ < Ay <0, the eigenvector v, is referred to as the slow eigenvector since solutions ap-
proaching the origin in the direction of v, do so at the slow exponential decay rate O(e’\+t).
Similarly, v_ is the fast eigenvector since solutions approaching the origin in the direction of v_
do so at the slow exponential decay rate (’)(e)‘—t).

Applying the bounds of (62I)) to the expression ([6.26]) for the eigenvectors, we see that v

points into the positive quadrant while v_ does not.

The Slope o of the Slow Eigenvector v

The slope of the slow eigenvector v at the origin is very important, and will be denoted by

Ap 41
== 2
o - (6.27)
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n(e, k)

(e+1)?
4e

2(e+1)2
9e

Figure 6.2: The graph of n(e, k) for an arbitrary, fixed e > 0. The physically relevant values of x are k > 1.

2
It can be shown that the maximum value satisfies % > 1 for all ¢ > 0 with equality only for

¢ = 1. Moreover, it is easy to show that for any x, g—g >0 for e > 1 and g—g <0for0<e<l.

Claim 6.12: The slope o of the slow eigenvector vy satisfies

1<J<L. (6.28)
1—n

Proof: 1t follows from the definition ([6.27]) of o and the inequalities in ([G.2T]). O

Claim 6.13: The slope o satisfies the limits

Iim o=1 and Iim U:L.
e—07T £—00 1—n
Proof: 1t follows from (6.18) and (6.27). O

Phase Portrait for the Linear System

Figure gives a sketch of the phase portrait for the linear system x = Ax. We will make a few

observations.
o If y < lTxn then £ < 0. Similarly, if y > lTxn then & > 0.

e If y < x then y > 0. Similarly, if y > « then ¢ < 0.
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Figure 6.3: A phase portrait of the linearized system x = Ax near the origin.

e Since A_ < Ay <0, we know that the origin is asymptotically stable with all solutions ap-

proaching the origin in the slow direction (except those on the fast eigenvector).

e Equation (6.28]) implies that the slow eigenvector v is between the horizontal isocline y = =

and the vertical isocline y = lf—n

Since the origin is a hyperbolic equilibrium point and the vector field g, where g is defined in
(6.10), is C? in a neighbourhood of the origin, Hartman’s Theorem tells us that the phase portrait
of the nonlinear system (6.9) looks like the phase portrait of the linear system in a neighbourhood
of the origin. In particular, the origin is a stable node. See §A 8 of Appendix [Al for an overview of

some different types of equilibrium points.

6.5.4 The Slopes of Solutions of the Scalar Differential Equation

Table [6.1] summarizes the slopes of solutions of the scalar differential equation ([G.I1]). These results

can be obtained easily by manipulating the differential equation.

6.5.5 Phase Portrait
The Portraits

Five computer-generated phase portraits for (6.9]) are depicted in Figures[6.4] through [6.8 for various

values of the parameters € and 7. The chosen values of the parameters are not entirely random. It
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Region Values of the Slopes of Solutions
z=0,y=0 undefined
x=0,y>0 f=—et1-n!
x>0, y=0 f=—ct

x>0, 0<y<H(z) —el<f<o0
x>0, y=H(x) f=0
x>0, Hz) <y <V(z) 0< f<oo
x>0, y=V(z) undefined
x>0, Vz)<y<l1 —co< f<—e(1—n)t
>0 y=1 f=—-c11-n!
x>0, y>1 — 11— t<f<—et

Table 6.1: This table lists the slopes of solutions of ([G.I1)) in different regions of the non-negative quadrant.
The function f is defined in (612).

is important to recognize the differences and the similarities in the phase portraits for ¢ less than

one and greater than one and for 7 near one and near zero.

The EA and QSSA

We can see from the phase portraits why the EA and QSSA have proven so useful. Both isoclines
sketch out similar curves and define a so-called “trapping region” which we have already denoted
T'g. After solutions enter this trapping region, they follow both the isoclines. It appears that
solutions follow the horizontal isocline more closely for small € which is consistent with the fact
that QSSA is the favoured approximation.

The phrase “pre-steady-state period” is often used to describe the period of time before the
reaction (6.1)) exhibits steady-state behaviour. Similarly, the “steady-state period” is the period
when the reaction does exhibit steady-state behaviour. Consider the system (6.9]) with initial
condition z(0) = 9 > 0 and y(0) = 0. We will refer to the period before the solution x(¢) enters
the trapping region I'y as the pre-steady-state period. The time afterwards, when the solution

forever remains in I'y, will be referred to as the steady-state period.
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X'=-x+(l-eta)y+xy epsilon = 1.0
y ' = 1lepsilon (x -y = Xxy) eta=0.4

1 \

0.9

0.7 _ m

0.6 7 e

0.3 b

02k / o

0.1/

0 0.5 1 15 2 25 3

Figure 6.4: A phase portrait for ([G9) for ¢ = 1.0 and n = 0.4 in which ¢ ~ 1.3 and x ~ 7.9, generated by
MATLAB using the programs dfield7 and pplane7. The dashed lines are the horizontal and

vertical isoclines.

The Slow Manifold

We can see from the phase portraits that there appears to be an exceptional solution that stays
inside the trapping region and attracts all other solutions. This exceptional solution to the scalar
differential equation (6.I1) will be referred to as the slow manifold and denoted by y = M (z) which
is defined for all z > 0. In Chapter [, we will rigorously define the slow manifold and show that it

exists and is unique.

Davis and Skodje, in [33] for example, take the slow manifold to be the trajectory joining a saddle
at infinity and a stable node which approaches in a slow direction. Fraser and Roussel, for example

in [43] 104, 106, 109], take (as we do here) the slow manifold as the exceptional solution between
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X'=-x+(l-eta)y+xy epsilon = 0.5
y ' = 1lepsilon (x -y = Xxy) eta=0.2

1 \

0.9 b

0.7 _ .

06} _ - ]

03+ / -

0.2 / .

01f s

0 0.5 1 15 2 25 3

Figure 6.5: A phase portrait for (69) for ¢ = 0.5 and = 0.2 in which o &~ 1.1 and & =~ 20.5.

the isoclines. For general references on invariant manifolds, see for example [25, [49] 126, 127].

The slow manifold is an invariant manifold and is important from a dynamical systems point of
view in the same sense that a centre manifold or stable manifold is important. Solutions approach
the slow manifold exponentially fast and then follow it as time proceeds. Hence, it is of value to

study the dynamics on the slow manifold which is of lesser dimension than the original system.

The slow manifold represents a much better long-term approximation than EA and QSSA. More-
over, knowing the position of the slow manifold accurately allows, for example, all rate constants

to be determined independently from steady-state data. See, for example, [10§].
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X'=-x+(l-eta)y+xy epsilon =5.0
y ' = 1lepsilon (x -y = Xxy) eta=0.8

0.9 - -

0.7 N

0.6 - b

03 / m

0.2 b

Figure 6.6: A phase portrait for (69) for ¢ = 5.0 and n = 0.8 in which o &~ 4.2 and & ~ 6.9.

6.5.6 Domain of Existence for Solutions of the Differential Equations

Any solution x(t) of the planar system (6.9) is defined for all ¢t > 0. We will only ever consider
xp € S, where x(0) = x¢ is the initial condition. Recall that S is positively invariant. However, we
need to be a little more careful in specifying the domain for solutions y(z) to the scalar differential

equation (6I1]). There are five possibilities.

o If (z,y) = (0,0) or if x > 0 and y = V(z), the function f is not defined, where f is given in
(612]). We will not consider there to be a scalar solution y through the origin or along the

vertical isocline.

o If y is the slow manifold, that is y = M, then y is defined for z > 0.
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X'=-x+(l-eta)y+xy epsilon =5.0
y ' = 1lepsilon (x -y = Xxy) eta=0.2

1 \

0.9 b

0.7 _ .

0.6 - - b

03k . -

0.2 b

Figure 6.7: A phase portrait for (69) for ¢ = 5.0 and n = 0.2 in which o &~ 1.2 and « =~ 34.0.

o If y lies below the slow manifold, y will intersect the xz-axis for some a > 0. Thus, y is defined

for (0,a] with y(a) = 0.

e If y lies below the vertical isocline, y will intersect V' for some a > 0. Thus, y is defined for

(0,a) with xl;rgi y(x) =V(a).

e If y lies above the vertical isocline, y will intersect V' for some a > 0. Thus, y is defined for

[0,a) with xl;rgi y(x) =V (a).

Since g in Equation (6.I0]) is analytic, solutions x(t) are also analytic. Furthermore, since f in
Equation (6.12]) is analytic except at (0,0) and along the vertical isocline V', scalar solutions y(z)

are analytic except at (0,0) and along the vertical isocline.
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-Xx+(1-eta)y+xy
1/epsilon (x =y = Xy)

X'
y'

epsilon = 1.0
eta = 0.96

09 ~ -
08F| / i
0.7F i

0.6 o

0.4

Figure 6.8: A phase portrait for (69) for € = 1.0 and 7 = 0.96 in which 0 =5 and k = 1.5.

6.6 The Matrix Exponential

The goal of this section is to find an explicit expression for the matrix exponential e, where A is
given in ([G.I5]). Recall the fast v and slow v_ eigenvectors of A, which were specified in ([6.26]).

Observe that the eigenvectors have respective slope

At +1
o 1= ——.
1—mn
Define the matrix
1 1
P .=
O'+ o_

"We have already defined o as the slope of v, but in this section we want to refer to the slopes of both eigenvectors.
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6.6. The Matrix Exponential

which has inverse

p-l_ 1 —o_ 1
o+ =0-\ o, -1
It follows that
P 'AP = A,

where A := diag (A4, A_). Moreover,
A =PAP ! A= diag (e’\+t, e>‘*t> , and e =PeAPL

Thus, we can write

etA — e>\+tB+ 4 e)\ftB_’

where
1 —0o_ —0o_ 1 o o_
B, =—— and B_ := "

oy — 00— o o Oy —0_—

-0y —0_

Consider the initial value problem
x = Ax, x(0) = xo. (6.29)

It is interesting to see how the exact solution of (6.29), which is given by e*4xg, depends on the

eigenvectors vy in addition to the initial condition xg. Define the vectors and constants

g1 wixo
W4 = and c4 = -
A+ 1 WiV

Note that w, and w_ are left eigenvectors of A which satisfy the orthogonality condition wi v = 0.
(See §AT4] of Appendix [Al for a review of left and right eigenvectors.) It can be shown that the
unique solution of (6.29))

x(t) = cpeMlvy +c et v,

Remarks 6.14:

(i) Observe that cx = 0 if and only if xq || v+.

(ii) Note that v and w4 both point into the first quadrant and v_ and w_ both point into the
second quadrant. This means that Wivi > (0. Furthermore, if we assume xg # 0 then xq
points into the non-negative quadrant, thus WiXo > 0 and ¢4 > 0. Moreover, c_ > 0 if xq is

to the left of v and c_ < 0 if x¢ is to the right of v.
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Chapter 6. Introduction

6.7 Literature Review

Throughout this introductory chapter, we included historical notes on the development of the
Michaelis-Menten reaction. In this section, we will single out some other contributions to the
literature, particularly those which apply to the mathematical study of the mechanism. Where
mathematical expressions occur, we have converted them (if necessary) into the notation of this
thesis.

Traditionally, the parameter ¢ is considered to be small. Hence, the system (6.9) with initial
conditions x(0) = zg > 0 and y(0) = 0 can be treated as a singular perturbation problem. See, for
example, [14] 45] 57, [67, [84]. A matched-asymptotic analysis yields the zeroth-order term of the
outer solution

20 (t) = W(mpe™ ™) and y(o) :H(x(o) (t)),

outer outer outer

where W is the Lambert W function (see §AT6] of Appendix [A]). Observe that the QSSA is the
(0)

zeroth-order term in the outer solution. Note that originally x i,

(0)

outer

(t) was given implicitly. Later,
Tonter(t) Was given explicitly in terms of W as an example in [31] (which was where the Lambert

W function was first given its name). The uniform approximation for ¢ > 0 turns out to be
— _~—1
xuniform(t) = W($0 e nt) and yuniform(t) =H (xuniform(t)) - H (xO) e ° (1+xo)t'

The correctness of the above analysis is proved using Tikhonov-Levinson Theory. In particular,
the solution to initial value problem converges uniformly over a time interval [0,7] as e — 0T to
the uniform approximation. See, for example, [80, 98], 120, 125]. Moreover, explicit bounds on
the approximations have been obtained for small €. See, for example, [I12]. Frank Hoppensteadt
showed that we can take the interval [0, 7] for uniform convergence to be [0, 00). See, for example,
[62] 63]. In Chapter [§] we will find estimates for the concentrations and time lengths, which are
valid for all € and 7, for both the pre-steady-state period and the steady-state period.

Lee A. Segel and Marshall Slemrod, in [I12], have argued that there is an optimal scaling for
the singular perturbation approach. In particular, they choose € = sOf—OKm, where eq is the initial
enzyme concentration, sy is the initial substrate concentration, and K, is the Michaelis-Menten
constant. Recall that the traditional scaling has € = 2—8 and that the scaling we are using in this
thesis is € = [?—Sn In a sense, the scaling we are using is an intermediate of the traditional and

Segel-Slemrod choices for . Segel and Slemrod also extended and simplified the estimates of the
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two time scales in the singular perturbation problem.

The matrix A given in ([6.I5]) has two strictly negative eigenvalues and so the Centre Manifold
Theorem cannot be applied directly at the origin. However, Jack Carr in [23] on pages 8-10 used
the system (6.9) as an example of approximating a parameter-based centre manifold. Re-scale the
time by letting 7 := 7't and denote ' = d%. Then, the system (6.9]) can be written in the equivalent
form

o =er(x,z), 2 =—-z+2—zz+er(z,z), € =0,

where

r(z,z):=—2c+(1—n+z)(r—2) and z:=z-—y.

The Centre Manifold Theorem applies to this system and hence there is a centre manifold z = z(z, €)

which is C*° in a neighbourhood of the origin (z, z,¢) = (0,0,0). To leading order,
2(z,e) = —enz +y* + O(2® +°) as z,e — 0"

and thusH

y(@,e)=(1+en)z—2*+0(z* +&%) as =z, —07.

In Chapter [1, we will show that the slow manifold can be constructed as a centre manifold for a
fixed point at infinity.

The phase portrait of the system (6.9) has been investigated by Simon J. Fraser, An Hoang
Nguyen, Marc R. Roussel (formerly Fraser’s Ph.D. student), and others. See, for example, [44], [92]
104]. The work for this part of the thesis is inspired by this dynamical systems approach. Two
main themes of this work has been the recognition of the EA and QSSA as the isoclines and the
approximation of the slow manifold.

Fraser and Roussel have argued informally that a unique slow manifold must indeed exist
between the horizontal and vertical isoclines and be unique. See, for example, [43],[104], [T06]. These
arguments make use of the idea of antifunnels. See, for example, [64]. In Chapter [ we will

rigorously prove that the slow manifold exists and is unique.

8The slope o of the slow eigenvector v, which we defined earlier, satisfies

o=1+en+0(s*) as —0".
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It was argued in [92] and [104], for example, that the slow manifold can be written as a Taylor

series at the origin, M(z) =Y >, o,2". Obviously,
op=0 and o1 =0

and, for n > 1, it was found

Shsal(n—k)on i+ (1 =n)(n =k +Don_pp1]ox + [(n = o1+ Yo
e l+(1-n)n+1)o—n '

Op = —

In Chapter [7, we will show that this is not quite correct.
It was argued by Roussel, for example in [I04], that the slow manifold, for large x, can be

written M(z) ~ Y 7§ ppa™ "™ as & — 0o. The coefficients are found to be

n—2

po=1, pr=-1, pp=1, and p,=—pp1+eY ipi[pn_i-1+ (1L —n)pnia] for n>2.
=1

In Chapter [7, we will show that this asymptotic series is fully correct.

Fraser and Roussel have introduced and investigated an iteration procedure to approximate the
slow manifold for all x > 0. See, for example, [43], 92] 104 106, 107, 109]. These iterates are defined
by yYnt1(x) := F(x,y,,(x)), where F(z,c) is found by solving f(z,y) = ¢ for y = F(z,¢) and f is
the function defined in (€.12)). A definitive proof of convergence of this scheme for all values of ¢
and 7 has not yet been given.

Roussel and Fraser, for example in [107], have used a linearized stability analysis to argue
convergence for all >0 if £ is small. Furthermore, Roussel noted, for example in [104, [106],
that if the initial function yo is analytic at the origin with y{(0) > 0, then the sequence of iterates
{yn}o | converges to M at x = 0. We will extend this result in Appendix [Bl Finally, Roussel, in

n=1

[104] on page 57 and 58, showed inductively that if
Yn(r) = Zpﬂ_i + O(x_(m+1)> as T — 00
i=0

then
m+2

Ynt1(z) = Z pix "+ O(xf(mﬁ)) as x — 09,
i=0

where {p;}:;2, are as in the asymptotic series M(z) ~ > > p,z~". Hence, two coefficients of the

asymptotic expansion of M are gained for each iteration.
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The Fraser scheme y,,+1(z) := F(z,y,,(z)) is fairly reliable but does not converge in some cases.
See, for example, [104]. Roussel suggested an alteration to the Fraser scheme in an attempt to force

convergence. First, he wrote y = F(x,y’) equivalently as

y(@) + @)y (@) = F(z,y'(x) + £(2)y (@),

where £(z) is a yet-to-be-determined weighting function, which has the same fixed points as the
original equation. New iterates are formed by writing

F(z,yp(2)) + £(2)yn(z)
1+&(x) ’

yn-l—l(x) =

Choosing
ENx

§(x) == +a?

preserves the good behaviour near z = 0 and x = co that the Fraser scheme possesses but also
suppresses any erratic behaviour in the intermediate values of = (based on a linearized stability
analysis).

A Geometric singular perturbation approximation has been obtained for the slow manifold, for
example, by Hans and Tasso Kaper, who are father and son mathematicians. See, for example,
[68]. Here, they compared the Fraser iterates with initial function yy := H and the perturbation

series. They found that

yn(z) = Z My (2)e™ + O(e™)  as e — 0t

m=0

for each n where {y,},—, are the Fraser iterates and

is the perturbation series.

The use of Intrinsic Low-Dimensional Manifolds (ILDMs) in chemical kinetics has been explored,
for example, by Hans and Tasso Kaper in [68], U. Maas and S.B. Pope in [85], and Roussel on pages
50-56 of [104]. For the system (6.9]), an example of an ILDM is the slow tangent manifold. The
slow tangent manifold is not a solution of the differential equation but it does approximate the
slow manifold. Let v (x) be a slow eigenvector for the Jacobian matrix Dg(x). The slow-tangent

manifold 7 is the set of points x such that v (x) is parallel to g(x). By equating the slope of
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Chapter 6. Introduction

the slow eigenvector v (x) to the slope of the vector field g(x), one finds that the slow-tangent

manifold z = 7 (y) is given by

y{[l—eu—yﬂ+\/[1—e<1—y>2 2+4€(1—77)(1—y)2}

2(1-y)

In Chapter [, we discuss another interpretation for the slow-tangent manifold.

T(y) =

6.8 Summary

We have seen the Michaelis-Menten mechanism for an enzyme reaction,

k
S+E=2cBpiE

k_1
where S is the substrate, F is the enzyme, C' is the complex, P is the product, and k_1, k1, and ks
are the reaction-rate constants. The traditional equilibrium approximation (EA) and quasi-steady-

state approximation (QSSA) yield, respectively,

€nS d €ps
an C =
Ks+s K, +s’

~
~

where s is the concentration of the substrate, c is the concentration of the complex, eg is the initial

concentration of the enzyme, and K = k%”:l” and K, = %
The Law of Mass Action, conservation laws, and a re-scaling give the dimensionless planar
system
t=—c+1—-n+2)y, eg=z—(1+2)y,

where z is a scaled substrate concentration, y is a scaled complex concentration, "= %, e>0is
a measure of the ratio of the different time scales involved, and n € (0,1) is another parameter.

Furthermore, we form the equivalent scalar system

) = r—(14+2)y
el-z+ (1 —-n+a)yl’

where ' = %. In this introductory chapter, we initiated our study of the solutions for the scalar

and planar systems in the (physically relevant) non-negative quadrant S.
The horizontal and vertical isoclines for the planar system are, respectively,

x

x

16Tl



6.8. Summary

It turns out that the horizontal isocline is equivalent to the QSSA and the vertical isocline is

equivalent to the EA. The region between the isoclines will be of importance and is denoted by
IFo={(r,y) : >0, Hz) <y <V(x) }.

The linearization matrix at the origin, which is the sole equilibrium point of the planar system,

is given by

A= K

The fast and slow eigenvalues of A are

—(e+1) £ /(e +1)* —4ep
)\i: % )

which are both real-valued and satisfy
A< —-1<—n< Ay <O

There is resonance in the eigenvalues if and only if k € {2,3,...}, where

Ao

S

is the ratio of the eigenvalues which satisfies k > 1. Moreover, the slope of the slow eigenvector v

of the matrix A is
A +1
I—n

)

which satisfies

l<o< !
o =

As we will show in Chapter [7], all solutions to the planar system enter the region I'y and approach
the origin in the slow direction with slope o.

Figures[6.4] through give computer-generated phase portraits for the planar system. In these
phase portraits, there appears to be an exceptional solution between the horizontal and vertical
isoclines. In Chapter [l we will prove that this exceptional solution, which is called the slow

manifold and is denoted by y = M(z), exists and is unique.
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Chapter 7

Properties of Solutions in Phase Space

7.1 Introduction

The Michaelis-Menten mechanism, recall, is

k
S+tE=c®BpiE

k1
where S, E, C, and P are, respectively, the substrate, enzyme, complex, and product. The Law
of Mass Action, reduction via conservation laws, and a re-scaling give us the planar differential

equation
x = g(x) (7.1)

and the corresponding scalar differential equation

y = flz,y), (7.2)

where
—z+(1—-n+2z)y r—(1+2x)y

S P (R EE Tk

(7.3)

Note that t is a scaled time, = is a scaled substrate concentration, y is a scaled complex concen-
tration, € > 0 is a parameter, n € (0,1) is another parameter, = %, and ' = %. The physically
relevant portion of the zy-plane is the non-negative quadrant, which is denoted by S. Note also

that the Jacobian of the vector field g at the origin is

-1 1-—
A 77’

163



7.2. Isoclines

which has eigenvalues
—(e+1) £ /(e +1)* —4ep
2e '

Ay = (7.4)

In this chapter, we will explore properties of solutions of the planar differential equation (7.1I)
in phase space for non-negative x and y. Equivalently, we will be studying solutions of the scalar

differential equation (Z.2]).

7.2 Isoclines

The horizontal and vertical isoclines are usually the only two isoclines that are considered. However,
we will make tremendous use of all of the isoclines for the planar system (I). Recall that the
horizontal and vertical isoclines are, respectively,

x

H(x) L and V(x) = m,

T l+a (7.5)

with the region between the isoclines denoted by
To={(z,y) : >0, H@z) <y<V(2) }.

The most important isocline will turn out to be the isocline for slope o, where o is the slope of the
slow eigenvector. From Chapter [6
A+

o= e (7.6)

where the slow eigenvalue A} was given in (Z.4]).

7.2.1 Finding the Isoclines

The curve y = w(z) is an isocline for slope ¢ € R if f(z,w(x)) = ¢ for all z > 0, where f is given

in (C3). Solving f(x,y) = ¢ for y gives

B T
v= K(e)+x’
where
1+e(l—n)c 1
K = )
(=100 oy (.7
Hence, define the function
Flae) = oy ¢A—S oA Kl (7.8)
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Figure 7.1: Graph of the function K(c) for arbitrary € > 0 and n € (0,1).

It follows that y = F(z,¢) is the isocline for slope c. Observe that each isocline is a hyperbola

(except when K (c) = 0) with vertical asymptote at x = —K(c). Observe also that
y(2) = f(r,y(x)) fandonly it y(z) = F(z,y(z)).
Claim 7.1: Any of the isoclines w satisfy the differential equation
w(w —1) + zw’ = 0. (7.9)

x
r+x

Proof: 1t is easy to show that w(x) := satisfies the given differential equation for any r. [J

7.2.2 The Function K

In this subsection, we will establish some properties of the function K. Note that K is a transformed

hyperbola since

c
K(c)=1- .
(c) g |:€1 + c}
A sketch of the graph of r = K(c) is given in Figure [[.1]
Claim 7.2: The function K satisfies

K(o)=0"1. (7.10)
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Proof: It can be shown by substituting (7.4) and (6] into (77) and simplifying. O

Claim 7.3: We can invert K(c) =r for r # 1 —n and differentiate K(c) for ¢ # —e~* with

r—1 En

Kﬁl(r):m, r#1—n and K’(c):—m, c#— L (7.11)
Proof: The proof is easy. O
Claim 7.4: The functions K and F satisfy, for all c # —e~ 1,
F(K(c),c)=3% and f(K(c),3)=c
Proof: These can be shown directly by using the definitions (7.7)) and (78] of K and F. O
Claim 7.5: Let u(c) := cK(c). Then,
w(0) =0, wu(o)=1 and u'(c)>1-n forall c>0. (7.12)

Proof: See Figure [[.2] which gives a sketch of u = cK(c). The fact that u(0) = 0 is obvious since
K(0) = 1. Furthermore, the fact that u(c) = 1 follows from (.I0)). Finally, we show that u/(c) > 1.
Since u/(¢) = K(c) + ¢K'(c), substituting (7.7)) and (.I1) yields

'(c) = (142@) [1-1—5(1—77)6— 1?20} > (1;_0) Lte(l—n)c—n=1—n.

Remarks 7.6:

(i) The interior of I'y corresponds to 0 < ¢ < oo and 1 —n < K(¢) < 1. Furthermore, K(0) =1
corresponds to the horizontal isocline H and lim K(c) =1 —n corresponds to the vertical
CcC— 00
isocline V.
(ii) There are two exceptional isoclines, namely w(x) =0 and w(x) = 1. These correspond, re-

spectively, to slope ¢ = —¢~ ! and ¢ = —7! (1 — 17)71. For completeness, we will agree that

F(z,—e1) =0.

(iii) The vertical isocline, V', also is somewhat of an exceptional case. Approaching it from below,
one encounters increasing ¢ up to +o0o. After passing through V', the slopes increase from —oo

to —e~!. The reader is encouraged to compare Figure [[:3] and Table [6.1] for consistency.
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Figure 7.2: Graph of the function u(c) := cK(c) for arbitrary € > 0 and n € (0, 1). The function is strictly

increasing for ¢ > 0 for every admissible e and . Furthermore, v/(0) = 1 and lim u'(c) =1 —n.
CcC— 00

7.2.3 The Isocline Structure

Figure[T.3]sketches the isocline structure for the planar system (T.I]). Occasionally, we will appeal to
the isocline structure. For example, since the slow manifold is between the horizontal and vertical

isoclines, the isocline structure shows that the slope of the slow manifold is always strictly positive.

7.3 Global Asymptotic Stability

The following result, which is formulated in terms of solutions of (7.I) which are functions of time,

is necessary for understanding solutions in the phase plane.

Theorem 7.7: Consider the planar system (T1).
(a) The region 'y is positively invariant.

(b) Let x(t) be the solution to (TIl) with initial condition x(0) = xy, where xy € S\{0}. Then,
there is a t* > 0 such that x(t) € Ty for all t > t*.

(c) Let x(t) be the solution to () with initial condition x(0) = xy, where xzy € S. Then,

lim x(t) = 0.

t—o0

Proof:

(a) It follows from the definition (Z.3]) of the vector field g and Figure [T4] that g e v < 0 along V

and H, where v is the outward unit normal vector. Thus, solutions cannot exit I'g through
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increasing c
(from —oco to —e1)

¢ switches from
+o00 to —00

increasing c
(from —&~! to +00)

Figure 7.3: Sketch of the isocline structure of (Z.I)).

the horizontal or vertical isoclines. Furthermore, solutions cannot escape from I'g through the

origin since solutions do not intersect. Hence, I'g is positively invariant.

(b) We will break the proof into cases.

Case 1: (z9,y0) € I'g. Since I'y is positively invariant, x(t) € Iy for all ¢t > 0.

Case 2: 29 > 0 and yo > V(zg). Suppose, on the contrary, that x(t) does not enter I'y. It
follows that y(t) > V(z(t)) for all ¢ > 0. Using the differential equation (ZI]), we know
#(t) > 0 and y(¢t) < 0 for all ¢ > 0. Now, we see from the definition (7.3]) of the function
f and Table [6.] that

~—

yt) _
Wt) = f(z(t),y(t)) < —¢ ' forall t>0.

Thus,

y(s) < —eLti(s) forall s>0.
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normal vector

Figure 7.4: (a) The positive invariance of I'g. (b) Suppose that xo > 0 and yo > V' (xo). If the solution
x(t) never enters I'g, then x(t) is bounded by the line & = xg, the vertical isocline y = V(z),

and the line y = yo — 7! (z — o).

Integrating with respect to s from 0 to ¢ and re-arranging, we obtain
y(t) <wyo—e '[x(t) —xo] forall t>0.

Let (z1,V(z1)) be the point of intersection of the vertical isocline y = V(x) and the
straight line y = yo — e~ ! (v — xg). See Figure [[4. Obviously, z1 > z¢. Since x(t) is
monotone increasing and bounded above by x1, we see that there is an T € [z, x1] such
that tILrQO x(t) = T. Similarly, since y(¢) is monotone decreasing and bounded below by
V(x0), we see that there is a 7 € [yo, V (x0)] such that tl—l[go y(t) = y. Thus, the w-limit set
is w(zo,yo0) = {(7,7)}. Since w(xo,yo) is invariant and (0,0) is the only equilibrium point
of the system, T = 0 and ¥ = 0. This is a contradiction.

Case 3: 29 > 0 and yo < H(zp). This case is proved in a manner similar to Case 2.

Case 4: 79 =0 and yy > 0. It follows from the differential equation that #(0) = (1 — 1) yo > 0.
So, z(t) > 0 and y(t) > V(z(t)) for sufficiently small ¢ > 0. Thus, we can apply Case 2.

Case 5: zg > 0 and yo = 0. It follows from the differential equation that §(0) = e txg > 0.
So, z(t) > 0and 0 < y(t) < H(z(t)) for sufficiently small ¢ > 0. Thus, we can apply Case 3.

(c) We can assume that (zg,yo) € I'g (since the trivial solution obviously satisfies the given limit

and all other solutions eventually enter I'y). It follows from the differential equation (Il and
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the fact that I'g is positively invariant that #(¢) < 0 and y(¢) < 0 for all £ > 0. Since both x(¢)
and y(t) are strictly decreasing and bounded below by zero, by the Monotone Convergence
Theorem we know that there are T and 7 such that tILngo z(t) =7 and tILngo y(t) = 7. Thus, the
w-limit set is w(zo, yo) = {(Z,y)}. Since w(zo,yo) is invariant and (0,0) is the only equilibrium

point of the system, = 0 and 3 = 0.
O

Remark 7.8: In the preceding proof, we twice had a situation in which tlim x(t) = X, where x(t) is
— 00

a solution of (). We can show that X = 0 without using the w-limit set. Since x(¢) is bounded, it

follows from the differential equation that %(¢) is bounded and hence %(¢) is uniformly continuous.

Therefore, by Barbalat’s Lemma (see §A.7 of Appendix[Al) g(X) = 0 and hence X = 0.

7.4 Existence and Uniqueness of the Slow Manifold

In this section, we will prove the existence and uniqueness of a solution to the scalar differential
equation ([.2]) which lies entirely in the region I'g. To accomplish this, we will use the so-called
Antifunnel Theorem. The reader may wish to consult §A.3] of Appendix[Al A very good reference

for funnels and antifunnels is [64].

7.4.1 Introduction

It is tempting to refer to I'g, the region between the horizontal and vertical isoclines, as an anti-
funnel. However, this would be incorrect. The reason is that the function f is infinite along the
vertical isocline.

There are three possible courses of action to remedy this situation. First, we could extend
the results to include the case where slopes are vertical along a fence. Second, we could develop
analogous results for solutions that are curves as functions of time. The third possibility is the
simplest and perhaps most rewarding. It turns out that there is a smaller, valid, traditional
antifunnel within I'g. Hence, we would have better bounds on a unique solution lying within this

new antifunnel

In some ways, it would be simpler to consider only I'g. For example, we would only need to work with the

intuitive region I'o.
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The key to the proof is considering the isocline « for slope o, where o is the slope of the slow
eigenvector. Equations (1), (Z8), and (ZI0) tell us that « is given by the simple expression

x
ol

a(z)

(7.13)
Claim 7.9: The isocline o satisfies

d(0)=0, o= f(x,a(z)) foral x>0, and "(x) <0 forall z>0.

Proof: The first property follows from differentiating (7.I3]) with respect to z and setting z = 0.
The second property follows from the fact that « is the isocline for slope ¢. Finally, the third

property can be shown easily by differentiating (Z13]) twice. O

Claim 7.10: The curve y = a(x) is a strong lower fence and the curve y = H(z) is a strong upper

fence for the differential equation ([T2) for z > 0.

Proof: The derivative of solutions to ((C.2]) along the concave-down curve y = a(x) is identically
equal to o. Thus,

d(r) <d(0)=0= f(z,a(x)) forall x>0.

Hence, by definition, y = a(x) is a strong lower fence for z > 0. To show that y = H(x) is a strong

upper fence for z > 0, consider that
flz,H(z))=0< H'(z) for all x> 0.
O

Remark 7.11: If ¢ > o then the isocline w(z) := F(x,c) is a strong lower fence. To see why, first
let 7 := K(c). Since w is concave down for all z > 0, we know w'(z) < w'(0) = r~! for all x > 0.

Now, by virtue of (ZI2)), 7~ < ¢. Thus,
w'(z) <r7' <e= f(z,w(x)) foral z>0.
Claim 7.12: The region
Mi={(zy) : ©>0, H(z) <y <a@) ]

is a narrowing antifunnel for the differential equation (T.2]).
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Proof: We know already that y = a(x) and y = H(x) are strong fences for (T.2]). Furthermore,

the fences satisfy a(xz) > H(x) for z > 0 and

lim |a(z) — H(z)| = 0.

Tr—00

By definition, I'y is a narrowing antifunnel. O

7.4.2 The Existence-Uniqueness Theorem
Theorem 7.13:
(a) There exists a unique slow manifold y = M(x) in I'y for the scalar differential equation (T.2).

(b) The slow manifold y = M(x) is also the only solution that lies entirely in T'.

Proof:

(a) We know from the isocline structure that % > 0inI'y. So, all the conditions for the Antifunnel
Theorem (Theorem [A.4] on page B09) have been established. Therefore, there exists a unique

solution y = M(x) to (T2) that lies entirely in I';.

(b) Let y be a solution in Iy lying below M. Since M is the only solution contained in I';, y must

leave I'; through the horizontal isocline.

Now, let y be a solution in I'y lying above M. Suppose on the contrary that y never leaves
I’y and thus M(x) < y(z) < V(z) for all z > 0. Since M is the only solution contained in I'y,
y must leave I'; through the « isocline, say at x = a for some a > 0. Since o/(z) < o for all
x>0 and y'(x) > o if y(x) > a(x), we can conclude via a simple comparison argument that
a(z) <y(z) < V(z) for all x > a. Hence, y(x) > y(a) + o (x —a) for all > a. This implies

that y(x) > 1 > V(x) for sufficiently large x, which is a contradiction.

Remarks 7.14:

(i) Slow manifolds, like centre manifolds, are generally not unique and are defined locally. In our
case, all solutions that have slope o at the origin are slow manifolds. However, we look at the

global phase portrait and refer to the unique solution within I'; as the slow manifold.
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(ii) It is easy to show

alz) — H(z Sgi_l and 07_1— Iy e+0(e?) as e —0t.
la(z) — H(z)| 17

(V7 +1)° (Vo +1)°

Theorem [[.13] shows that H(x) < M(z) < a(z). It follows that, uniformly in z, we have

M(z) - H(z) =0(c) as e— 0%,

(iii) If wi(x) < M(x) < we(x) for all x > 0, where w; and ws are isoclines, then w;(x) < H(x)
and wa(x) > a(z) for all x > 0. This follows from the isocline structure and the fact (which

we will show later) that lim M’'(z) = o and lim M'(z) = 0.
Tr— 00

z—07F
(iv) The isocline « gives the improved hyperbolic rate law

k2608

Ve —F————
(Ko=) +s

for the velocity of the Michaelis-Menten reaction.

7.4.3 Nested Antifunnels

We can find a family of nested antifunnels using the isoclines as boundaries. These antifunnels will
not be valid for all x > 0. Note that the antifunnel I';, which we used to prove the existence and
uniqueness of the slow manifold, can be regarded as a limiting case.

For an isocline w(z) := F(z, ¢) to be a strong lower fence on an interval, we need w'(z) < f(z,w(z)).
Now, solving the equation w’(x) = f(z,w(x)), as we shall see, yields x = /¢ 1 K(¢) — K(c). Hence,
we define the function

£(c) :=+/c'K(c)— K(c), c€(0,0). (7.14)
We will now establish a few properties of the function £(c). See Figure for a sketch of &(c).

Claim 7.15: The function &(c) satisfies

lim &(c) = +oo, lim &(c) =0, and &(c) <0 forall ce€(0,0). (7.15)

c—07F c—o~

Proof: The first limit follows from the fact that K(0) =1 and the second limit follows from the

fact that K (o) = o~ !. To show that £(c) is strictly decreasing on (0, 0), we begin by writing

g(c):[ c—lK(c)} [1— CK(C)].
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Y
o

Figure 7.5: Graph of the function £(c) for arbitrary e > 0 and n € (0,1).

Now, it follows from (1), (CI1)), and (ZI2)) that, for any ¢ € (0,0),

Ve lK(c) >0, 1—+/cK(c) >0, K(c)—cK'(c)>0, and di(cK(c)) > 0.

C

If we differentiate £(c), for any ¢ € (0,0) we have

ct0 = [BOZKON [ ] + [verwa [-

2¢2\/c 1K (c)

d
]<0.

1
—— (C)> = (eK(©)

O

Claim 7.16: The function &(c) is analytic for all ¢ € (0,0). Furthermore, £(c) has analytic inverse
¢ 1(x) defined for all z > 0.

Proof: 1t is clear from the definition (7.I4]) that £(c) is analytic for all ¢ € (0,0). Using (713 in
conjunction with the Real Analytic Inverse Function Theorem, we know that £(c) is invertible for

all ¢ € (0,0) and that £71(x) is analytic for all = > 0. O

We are now in a position to establish on what interval a given isocline is a strong lower fence (or
a strong upper fence). Observe that no isocline between the horizontal isocline and the « isocline
is strong fence for all x > 0. That is, there are no isoclines between H and « that would give us a
thinner antifunnel valid for all > 0 with which to prove the existence and uniqueness of the slow

manifold.
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Proposition 7.17: Let ¢ € (0,0) be fired and let w(zx) := F(z,c) be the isocline for slope c.

(a) The isocline w satisfies

(b) The slow manifold satisfies

H(z) < M(z) <w(x) foral z>¢(c).

Proof:

(a) We know that

=c and w'(z)= __Klo orall =z
flz,w(x)) = d () K () 1 o for all = > 0.

We will show only the third case (the one that results in an antifunnel) since the first two cases

are similar. Thus,
x>\/c1K(c)— K(c) = L)]Q <c = w'(z) < f(z,w(z)).

(b) It follows from the Antifunnel Theorem.

7.5 Behaviour Near r = 0: Introduction

We already know that all solutions x(¢) to (TI]), except the trivial solution, eventually enter I'y.
We also know that the slow manifold M separates the solutions; solutions either lie above M and

enter ['g through the vertical isocline or lie below M and enter I'g through the horizontal isocline.

Proposition 7.18: Let y be a solution to ([T.2) lying inside Ty for x € (0,a), where a > 0. Then,
we can extend y(z) and y'(z) to say y(0) =0 and y'(0) = o.
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Proof: We should begin by emphasizing that solutions x(¢) to (Z.I]) enter and forever remain in
the interior of I'g. By hypothesis, H(z) < y(z) < V(z) for all x € (0,a). The Squeeze Theorem
establishes y(0) = 0 since H(0) = V(0) = 0.

To establish y/(0) = o, observe that the function g, as in (Z3)), is C? with g(0) = 0 and the
matrix A = Dg(0) has strictly negative eigenvalues. It follows from Hartman’s Theorem (see, for
example, page 127 of [I00]), which is a stronger version of the Hartman-Grobman Theorem and
applies even in cases of resonance, that the phase portrait of (7.I]) behaves like the phase portrait of
the linear system x = Ax diffeomorphically in a neighbourhood of the origin. Therefore, solutions

to the nonlinear system have slope o as they approach the origin too. O

7.6 Concavity

The goal of this section is to establish the concavity of solutions y(z) to the scalar system (7.2)) in
all regions of the non-negative quadrant except for along the slow manifold. The concavity of the
slow manifold will be established separately in §7.10l To achieve these results, we find and analyze

an auxiliary function h which has the same sign as y”.

7.6.1 Introduction
Let y be a solution to (.2]), which we will assume is not the slow manifold because we will deal
with that case later. Then, y/'(x) = f(x,y(x)) where f is given in (73]). By the Chain Rule,

V(@) = G y(o) + G (@) f o).

A quick calculation shows that we can write

y" (@) = p(z,y(z))h(z, y(z)), (7.16)

where
n
el—z+ (1 —n+2)y)?

The function p(z,y) is positive everywhere except along the vertical isocline, where it is undefined.

p(z,y) = and h(z,y):=y(y—1)+xf(x,y). (7.17)

For a given solution y, we will overload the definitions of h and p and write

h(zx) == h(z,y(x)) and  p(z) = p(z,y(r)).

L0l
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Claim 7.19: For a given x > 0 with y(x) # V(z), the sign of h(x) is the same as the sign of y"(x).

Furthermore, the function h has derivative
W (@) = 2y(2)y (x) + 2p(a)h(z). (7.18)

Proof:  The first part follows from (7.16) and the fact that p(z) > 0. To show the second part,

write
h(z) = y(x)? — y(a) + =y (2).
Differentiating,
W) = 2y(x)y () — o/ () + /() + 29" (2) = 2y(x)y (x) + zp(x)h(z),
where we applied (Z.10]). O

Remark 7.20: The function h cannot tell us anything about the concavity of solutions at x = 0,

not even by taking a limit.

Claim 7.21: Let y(x) be a solution to (L2) and let z9 > 0 be such that y(xo) # V(zo). Define
w(x) := F(x,y (x0)), which is the isocline through the point (xg,y(xo)). Then,

h(xo) = xo [y (o) — w'(z0)] - (7.19)
Furthermore, y"(xg) > 0 if and only if y'(zo) > w'(x0) and y"(xo) < 0 if and only if y'(xo) < w'(xp).
Proof: The first part follows from (9) and (I7). The second part follows from the first. O

The concavity of all solutions in all regions of the non-negative quadrant can be deduced using
the auxiliary function h. Table [[.I] summarizes what we will develop in this section. They are all

suggested by the phase portraits in Figures [6.4] through [6.8] from Chapter [6l
7.6.2 Establishing the Results

A Lemma

Many of the following proofs will involve the following elementary lemma, so we single it out here.

Lemma 7.22: Let I be one of the intervals [a,b], (a,b), [a,b), and (a,b]. Suppose that ¢ € C(I)

s a function having at least one zero in I.



7.6. Concavity

Region Concavity of Solutions

0<y<M concave down

M <y < a | concave down, then inflection point, then concave up

aly<V concave up
V<y<l concave down
y>1 concave up, then inflection point, then concave down

Table 7.1: This table gives a summary of the concavity of solutions of (2)) in the non-negative quadrant.

(a) If I = (a,b] or I =[a,b], then the function ¢ has a right-most zero in I. Likewise, if I = [a,b)

or I = [a,b], then the function ¢ has a left-most zero in I.

(b) If p € C*(I) and ¢'(z) > 0 for every zero of ¢ in I, then ¢ has exactly one zero in I.

Proof: Let R:={x el : ¢(z)=0}.

(a) We will prove that ¢ has a right-most zero in the case that I = (a,b] or I =[a,b]. Let
c:= sup {z} € [a,b], which exists by the Least Upper Bound Principle. Consider the sequence
{un}%i]j C R satisfying ¢ — % < uy, < ¢, which exists because R is non-empty and c is a least
upper bound. Letting n — oo, we have that u,, — ¢ and, by continuity, ¢(u,) — ¢(c). However,

¢(u,) = 0 for all n which implies that ¢(c) = 0 and hence ¢ € R. Therefore, ¢ is the right-most

zero of ¢.

(b) For a contradiction, assume that there are two or more zeros. Let [a’,b'] C I be such that at
least two of these zeros are in [a/,']. Let 29 € R be the right-most zero of ¢ in [d/,b/]. Since
¢'(x2) > 0, there is a § > 0 such that ¢(z) < 0 over (x2—0,x2). Let d € (zg — §, z9) with d > a'.
Now, ¢ has one or more zeros in [a’, d] and hence has a right-most zero in [d/, d], say x1 < d. By
construction, ¢ has no zeros in (x1,22). However, since ¢/(z1) > 0, there is a ¢ € (21,d) such
that ¢(c) > 0. Because ¢(d) < 0, ¢ has a zero in (¢,d) C (z1,x2), by the Intermediate Value

Theorem. This is a contradiction.
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Remark 7.23: The condition that the endpoint be included for there to be a left-most or right-
most zero is essential. For example, consider the function x sin (:1:*1) which is extended continuously
to be 0 at x = 0. This function does not have a left-most zero over (0,1) but does have a left-most

zero over [0,1).

Concavity Below M

Proposition 7.24: Let y(z) be any solution to (L2) lying below the slow manifold, say with domain

(0,a] where a > 0 and y(a) = 0. Then, y is concave down for all x € (0, a).

Proof:  Let h be defined as in (.I7)) with respect to the solution y. There are two regions to
consider, namely where y(z) > H(x) and where y(z) < H(z).

First, we show that y”(z) <0 when y(z) < H(z). It is clear from (TI6) and (ZI7) that
y"(z) < 0 for y(x) < H(z), noting that 0 < y(z) < 1 and ¢'(z) < 0.

Second, we show that y”(z) < 0 when H(z) < y(z) < M(x). The solution y(x) crosses the
horizontal isocline, say at x =z € (0,a). We see from (CI7) that h(x2) < 0. By continuity,
we need only show that h has no zeros in (0,z2]. Suppose on the contrary that h has one or
more zeros in (0,x2]. Applying Lemma [[22] let 1 € (0,x2) be the right-most zero of h. Using
[I]), h'(z1) = 2y(z1)y'(z1) > 0. Then, h is positive in a neighbourhood to the right of 1. Since
h(z2) < 0, by the Intermediate Value Theorem, h has a zero in (x,z2) which contradicts the fact

that z; is the right-most zero. O

Concavity Between M and o

Proposition 7.25: Let y be any solution to [[2) lying between M and o, say with domain (0, a)
where a > 0 and y(a) = a(a). Then, there is a unique x1 € (0,a) such that y"(z1) = 0. Moreover,

y is concave down on (0,x1) and concave up on (x1,al.

Proof: We know y'(0) = o and 3'(a) = 0. Hence, by Rolle’s Theorem, y has an inflection point
x1 € (0,a). To prove uniqueness of the inflection point, let A be as in (I7) with respect to the
solution y. Now, if = is a zero of h, then h/(x) = 2y(z)y'(xz) > 0. By Lemma [[.222] h has no other
inflection point in (0,a). Moreover, since h'(z1) > 0, y is concave down on (0, 1) and concave up

on (x1,al. O
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Concavity Between o and V

Proposition 7.26: Let y be any solution to (T2)) lying between o and V', say with domain (a,b)

where 0 < a < b, lim+ y(x) = a(a), and /irzrf y(x) =V (b). Then, y is concave up on (a,b).

r—a
Proof: Fix xg € (a,b). Let ¢:=y'(z9) and r := K(c). Since ¢ > o, (I2)) tells us that re > 1
which in turn implies r < Vrc~!. Let w(z) := F(z,¢) be the isocline through (xg,y(zo)). With h
defined as in (7.I7)) with respect to y, we have

h(zo) = o [c - m} = 70

c(r+ :1:0)2 — 7“]
(r —i—:):o)2 ’

where we used the expression for h in Equation (TI9]). Suppose, on the contrary, that y”(z) < 0

Then, ¢ (r + z0)* — r < 0 which implies 2o < Vre¢=! —r < 0. This is a contradiction.

Concavity Between V and y =1

Proposition 7.27: Let y be a solution to (T.2)) which lies above V' and below 1, with domain |a,b)

where 0 < a < b, y(a) <1, and /'T, y(x) =V (b). Then, y is concave down for all x € [a,b).

Proof: Tt is clear from the expression for h, Equation (7.I7), where h is defined with respect to

the solution y, and the fact that 3’ < 0 in that region. O

Concavity Above y =1

Proposition 7.28: Let y be a solution to (T2)) which lies above 1, with domain [0,a] where a > 0
and y(a) = 1. Then, there is a unique x1 € (0,a) such that y"(x1) = 0. Moreover, y is concave up

over [0,z1) and concave down over (z1,al.

Proof: ~ Let h be defined as in Equation (TI7) with respect to the solution y. We know that
Y (0)=—1(1—n)""and y/(a) = —e 1 (1 —n)"'. By Rolle’s Theorem, there exists 21 € (0,a)
such that y”(xz1) = 0. The uniqueness of the inflection point follows from the fact that any zero z
of hin (0, a) satisfies h/(x) < 0 and an application of Lemma [[.222 Moreover, since h/(z1) < 0, y is

concave up on [0,z1) and concave down on (z1,al. O

Remark 7.29: The above result does not cover the point (0,1). If y is the solution to (Z.2]) through
the point (0,1), then (ZI7)) shows us that (0,1) is an inflection point.
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Figure 7.6: The two thick curves are curves along which solutions of ({2 have inflection points, for
parameter values € = 0.6 and 1 = 0.9. The thin curves are the horizontal, a, and vertical

isoclines.

7.6.3 Curves of Inflection Points

We now know that solutions can only have inflection points between M and « and above y = 1.

There are, in fact, curves along which solutions have zero second derivative. Using the definition

([3)) of f and the definition (TI7) of A,

e(l—n+z)yP—e(l—n+22)y*+ [(e — 1)z — 2?] y + 22
el—z+(1—n+2x)y '

h(z,y) =
Thus, there are three curves along which solutions have zero second derivative, given implicitly by
e(l—n+a)y’ —e(l—n+2x)y°+ [(e - Do —2"]y+a® =0

One curve lies below the z-axis and is discarded. The other two curves are in the positive quadrant,
one lying between M and «, the other starting at the point (0,1) and increasing with x. See
Figure

We know that, for a given slope ¢ € (0,0), the isocline w(x) := F(x,c) switches from being a
strong upper fence to being a strong lower fence at = £(c), where F(x, c¢) was defined in (Z.8)) and
&(c) was defined in ([C.I4]). Thus, we expect the point (£(c), F'((c),c)) to be an inflection point for

the scalar solution through this point. To put this another way, for a given x > 0 we expect the

18T
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point (:c, F(:c,f_l(:c)) to be an inflection point for the scalar solution through this point. Hence,

we define the function
V(z):=F (2,6 (z)), x>0 (7.20)
We claim that y = Y(x) is a curve between y = M(z) and y = o(z) along which solutions to
the scalar differential equation (2] have inflection points. Note that, by virtue of the isocline

structure, H(z) < F(z,c) < a(z) for all z > 0 and ¢ € (0,0). Note also that 0 < £~!(x) < o for all
x > 0. It follows from the definition of Y(x) that H(x) < Y(z) < a(x) for all z > 0.

Claim 7.30: Suppose that o >0 and H(zg) < yo < a(xg). Define the slope ¢ := f(xo,y0) and
isocline w(zx) := F(x,c). Then, the isocline w satisfies
> f(zo,y0), if H(zo) <yo < IV(zo)
w'(20) 4 = f(xo,%0), if yo=V(x0)
< f(@o,90), if Y(xo) <yo < alzo)

Proof: Note that 0 < ¢ < o and yg = w(xg). We will only show the third case since the other two
cases are similar. Assume that Y (zg) < yo < a(xo). Appealing to the isocline structure, we know
g—g(x,y) >0ifx > 0and H(z) <y < a(z). Thus, f(xo,y0) > f(zo,V(z0)). Since ¢ = f(xp,yo) and
Y (zo) = f(wo, Y(0)), we have ¢ > £~ 1(xg). Since ¢ is strictly decreasing, x¢ > £(c). By virtue of

Proposition [T.I7), we can conclude w’(xo) < f(zo, yo)- O
Claim 7.31: The curve y = Y(z) is analytic for all z > 0.

Proof: We know that ¢~!(z) is analytic and 0 < £71(x) < o for all z > 0. Since F(x,c) is analytic

if x >0 and 0 < ¢ < o, we see from the definition (Z.20) that Y(z) is analytic for all > 0. O
Proposition 7.32: The function h, defined in (LI7), satisfies

<0, if >0, Hz)<y<Y(z)
hz,y) =0, if >0, y=(z)
>0, if >0, V() <y<a(x)

Proof: Let g > 0 and H(z9) < yo < a(xg) be fixed. Consider the slope ¢ := f(z9,yo) and isocline
w(z) = F(x,c). We know from Claim [7.2]] that

h(z0,y0) = o [f(z0,y0) — w'(x0)] -
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The result follows from Claim [7.30 O
Proposition 7.33: The curve y = Y(x) satisfies

M(z) < Y(z) < a(x) forall x> 0.

Proof: 'We know already that H(z) < Y(z) < a(z) for all > 0. From our results on concavity,
we know h(z,y) <0 if z > 0 and H(x) < y < M(x), where h is the function defined in (I7). By
continuity, we can conclude h(x, M(z)) <0 for all x > 0. It follows from Proposition that
M(x) < Y(z) for all z > 0.

To establish a strict inequality, let h be defined along the solution y = M(z). Assume, on the
contrary, that there is an x¢ > 0 such that h(z¢) = 0. Using (I8]), h'(x¢) > 0. This contradicts
the fact that h(x) < 0 for all z > 0. O

Claim 7.34: The slope of the curve of inflection points y = Y(x) satisfies

lim Y'(z) = o.

z—07F

Proof: We know that M(z) < Y(z) < a(z) for all z > 0. We also know that

lim M(z) =0, lim M'(z)=0, lim a(z)=0, and lim o (z)=o0.

z—0t z—0t z—0t z—0t

Letting  — 0" and applying the Squeeze Theorem, we see

xILn3+ V(@) =0.
Now,
M@) =0 V@) =0 _al@)=0 ¢ i 2o,
T x x
Letting  — 0" and applying the Squeeze Theorem again gives the conclusion. O

7.6.4 The Slow Tangent Manifold

The slow tangent manifold 7 is an approximation used by, for example, Marc Roussel to approxi-
mate the slow manifold. Recall that the slow tangent manifold consists of the points for which the

tangent vector for a flow points in the slow direction. Explicitly, 2 = 7 (y) is given by

y{[l—eu—yﬂM[l—e(l—y)? 2+4€(1—77)(1—y)2}

2(1—y)

T(y) =
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We will show that, in general, a curve of points where the second derivative of a scalar solution
is zero is actually equivalent to a tangent manifold. This result will be specialized to the planar
system ([ZI)) and the scalar system (.2]). Similar results have been obtained by Masami Okuda in
[94] 95, [96].

The General Systems

Consider the general planar system

x = g(x), (7.21)

where = % andg € C! (RQ, RQ). To make the expressions less cumbersome, we will use the notation

gij = gg; and suppress the dependence on x where there will be no confusion. Consider also the

scalar system

,_ 92(z,y)
Yy = ) 7.22
91(z,y) (7:22)
_ d
where ' = .
The Jacobian of the vector field g is the matrix
A — g1 912
921 g22
The characteristic equation of A is
(A —g11) (A — g22) — g12921 = 0. (7.23)
Alternatively, the characteristic equation can be written
M_TA+A=0, (7.24)

where

T:=g11+922 and A :=gi1922 — g12921.

The slow tangent manifold will be constructed in terms of the eigenvalues and eigenvectors of the

Jacobian matrix.

Claim 7.35: Suppose 4A < 7% and g1o # 0. Then, A has real and distinct eigenvalues

VT IA

Ag = 5

(7.25)
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Furthermore, the matrizx A has distinct eigenvectors

1 Ao —
vy = . where oy = =91 (7.26)

o4 912

Proof:  First, solving the characteristic equation ([.24]) yields the eigenvalues Ay. The restriction
on 7 and A ensures that the eigenvalues are distinct and real with A\_ < A;. Second, it is clear
that vy # 0 and vy # v_. Finally, it is easy to confirm using the definitions of A, vy, and o4
in conjunction with the characteristic equation (7.23)) that (ALI — A)vy =0. Thus, vy is an

eigenvector of A with associated eigenvalue AL. O

Proposition 7.36: Consider the planar system (L21)) and the scalar system ([[22)). Suppose that
g1 #0, g2 # 0, and 4A < 72 at some fized point (a,b). Let y(z) be a scalar solution through (a,b).
Then, y"(a) = 0 if and only if g || v+ or g || v— at (a,b).

Proof: By the Chain Rule, if we differentiate (T.22]) with respect to = we get

, 9 {921 + 922 (g-f)] - {911 + 912 (g-f)] 92
gt
It is routine (but tedious) to show, using (7.25) and (7.26)), that

,_ o |(#) -] [(8) -]

a1

Y

Y

Recall that oy is the slope of the eigenvector v. Thus, g || vi is equivalent to o4 = g—?. The

conclusion follows. O

The Michaelis-Menten Mechanism

We now return to the specific planar system ([.T]) and scalar system (7.2) for the Michaelis-Menten

mechanism. Here,

-1 1—n+=x 1 1—
A= Y 7 , T=y—1-— +x, and Azin( y)

1—y _lta € €

€ €

To apply Proposition [[.36], we need to check the conditions. Observe that g; # 0 except along the
vertical isocline. Furthermore, gio > 0 if 2 > 0. Finally, to show that 72 > 4A for x > 0, observe

that

etl-2m+ta 2+417(1—17+:c) _ (1 —n+a)

2

> 0.
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7.7. Behaviour Near x = 0: Conclusion

It follows from Proposition [7.36] that the curve of inflection points y = Y(z) is a tangent manifold.
Furthermore, the curve of inflection points above the line y = 1 (see Figure [(.0]) is also a tangent

manifold.

7.7 Behaviour Near z = 0: Conclusion

We have already shown that scalar solutions y(x) inside the trapping region I'y satisfy y(0) = 0 and
y'(0) = 0. The goal of this section is obtain an improved asymptotic expression for y(z) as z — 07.
It is at this point in the chapter that we need to start worrying about the ratio of the eigenvalues

Ao

H:Z'

Recall that x > 1. Moreover, k € {2,3,...} if and only if there is resonance in the eigenvalues.

7.7.1 The Power Series Method

Recall that it was argued by Fraser and Roussel that the slow manifold can be written as a Taylor

series M(x) =Y 07 ona™ at the origin. Clearly,
op=0 and o1 =0 (7.27a)

To obtain the remaining coefficients {o,}, -, the series can be substituted into the differential

equation yielding the recursive expression

S ln—k) o+ (L —=n)(n—k+1)oprp)or+ [(n—1) o1+ op

- _ > 2.
on el+(1-n)(n+1)og—n =
(7.27b)
We need to make two observations about the Taylor series. First, suppose that e = 1 and n = %.

Then, kK = %, o1 =5, and o9 = 75. However, Propositions and [7.33 imply that M”(z) < 0 for
all z > 0. Therefore, for these parameter values we cannot write the slow manifold as the Taylor
series M(z) = > 7 jopx™ at the origin. Second, since the slow manifold is defined according to
its global behaviour, we expect that the conclusions we draw regarding coefficients {oy,},-, can be
applied to all scalar solutions lying inside T'y.

Let y(x) be a scalar solution to (Z.2)) lying inside the trapping region I'y. We will show that

)4
y(z) ~ Z opx as x — 07"
n=0
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for some ¢ € N which is determined by the ratio s of the eigenvalues. In the very least, we expect
£ > 1 for all values of the parameters ¢ and n. Traditionally, € is taken to satisfy 0 < e < 1 and
consequently ¢ will be very large. First, we need to establish the source of the problem mentioned
earlier regarding the coefficient o9 and the concavity of solutions at the origin.

Consider the coefficient oy. Using (6.25)), (T.4)), (7.6)), and (Z.27h)), we can write o9 in terms of

K and € as
k(K +1)°
(k—2)(k—e)*
Moreover, we know from (6.24]) that x > max {5, 5*1}. This gives us the following.

o9 — —

Claim 7.37: The coefficient o9 satisfies

<0, if K>2
028>0, if 1<k<2 : (7.28)
is undefined, if k=2
We see that if kK = 2 then o9 is not defined. This can be generalized to say that o, is undefined

for k € {2,3,...}. Note also that (7.28)) suggests that there must be a term between o1z and oox?

in the asymptotic expansion of M(z) in order to account for the concavity.

Proposition 7.38: Consider the ratio k > 1 and the coefficients {oy},— -
(a) If K ¢ {2,3,...}, then all of {0y}, are defined.

(b) If k €{2,3,...}, then {0} _} are all defined but o, is not defined (and hence all subsequent

on are not defined).

Proof: ~ We know that the coefficients oy and o; are always defined. Consider the expression

([C270]), which gives the recursive expressions for the remaining coefficients. Solving
el4(1l-n)(n+1)o-—n=0 ne{23,...}

for n gives

2
n= % (7.29)

Note that this requires we use the definition (7Z.6]) for o and the definition (74 for Ay. Appealing
to ([6.25]), we know that (Z.29]) is true if and only if kK = n. Hence, if k € {2,3,...} then {Jn}z;(l)
are all defined but o, is not defined. If k ¢ {2,3,...}, then all the coefficients are defined. d
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7.7. Behaviour Near x = 0: Conclusion

7.7.2 Asymptotic Expressions

We want to find the detailed asymptotic behaviour of scalar solutions y(x) to the system (2] as
x — 07. However, as we have seen, the power series method, as we have seen, will not work in
general in this case. To remedy this problem, we will employ results from Part [l of this thesis.

The planar system (1)) along with the initial condition x(0) = x( can be written in the form
%X =Ax+b(x), x(0)=xo, (7.30)

where the matrix A and vector field b are given by
A= and b(x):=zy

Observe that

2
0% (o) =402 = 2oy = I — (S ) I

and

Db = max {[DbEul} = (VI+e) max {lym + aual)

[uf=1

It follows that
bl < (3v1+e2) Ix|* and [IDbx)) < (VI+22) x|

Note that, for the bound on ||Db(x)||, we used the Cauchy-Schwarz Inequality and the fact that

Il = {|(y, 2)" |-
We will also need to consider the initial value problem which results from diagonalizing the

matrix A. In §6.0] we defined the matrices

1 1 1 —o_ 1 A 0
P— N - . Cand A= (7T ,
oy o_ 7+ 70-\ o -1 0 A
where
Ay +1
oy =
L—n

are the slopes of the eigenvectors. Then, A = P 'AP. If we define

y =P x y,:=P7!xy, and b(y):=P 'b(Py),
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then the initial value problem (7.30) is transformed into the initial value problem

y=Ay+Db(y), y(0) =y,

Note that

2 2 _ _
— oy + (o +0_)y1ys + oy o_—¢
b(y) +91 ( + ) 2

)
oy —0—

oy + g1
for which the coefficient of the y? term in the second component is

o4+ (0’+ —i—sfl)
Oy —0—

5211 = > 0.

Theorem 7.39: Let y(z) be a scalar solution to (L2) lying inside I'y and consider the coefficients

{on}oe, given in (T27).

(a) If Kk & {2,3,...}, then

L%
y(x) = Zanx” +Ca"+o(z") as xz— 0

n=1

for some constant C' (which depends on the differential equation and the initial condition).

(b) If Kk =2, then
y(:):):Jx+cx2ln(x)+0x2+o(x2) as x — 0"

where

—1
A Gl I (7.31)
W

and some constant C' (which depends on the differential equation and the initial condition).
(c) If k € {3,4,...}, then
Kk—1

y(x) = Zon:c” +Cz" + O(m““) as x — 0T

n=1

for some constant C' (which depends on the differential equation and the initial condition).

Proof:

(a) The result follows immediately from Theorem 2.6l on page Note that the coefficients of the
integer powers of x must indeed be {Jn}}gl since they are generated uniquely by the differential

equation.
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7.8. All or Most Solutions Must Enter I';

(b) The result is an immediate consequence of Theorem [5.28 on page [122]

(¢) The result is also an immediate consequence of Theorem [5.28 on page 122]

Proposition 7.40: If k & {2,3,...} then there exists a scalar solution y(z) to (T2)) such that
[e.e]
y(z) ~ Zon:c" as x — 0",
n=1

where the coefficients {0y}, are given in (L20).

Proof: 1t follows immediately from Corollary 218 on page B2 that there is at least one solution

y(x) for which the coefficients of the non-integral powers of = are zero. Note that the coefficients

must indeed be {0}~ since they are generated uniquely by the differential equation. O

7.8 All or Most Solutions Must Enter I';

Theorem [ 7] established that the trapping region I'y is positively invariant and that all solutions to
the planar system eventually enter this region. Now, we investigate whether or not the antifunnel

T'; is positively invariant and all solutions enter this region.

Theorem 7.41: Consider the planar system (T.1)).
(a) The antifunnel T'y is positively invariant.

(b) Suppose that k> 2. Let (t) be the solution to (1)) with initial condition x(0) = xy, where
xg € S\{0}. Then, there is a t* > 0 such that x(t) € I'y for all t > t*.

(c) Suppose that 1 < k < 2. Then, there exists non-trivial solutions to (L)) which do not enter I';.
Moreover, solutions that do not enter I'y must enter I'g through the vertical isocline V' to the

left of the line y = ox.

Proof:

(a) It follows from the fact that ge v < 0 along a and H, where v is the outward unit normal

vector.
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(b)

We know that eventually x(¢) will enter I'y. Let y be the corresponding scalar solution lying
in I'yg. If K > 2, applying Theorem [7.39] gives

y(z) = ox + 092 +0(2*) as z— 0T,
A routine (but tedious) calculation shows

v (z) = f(z,y(x)) = 0 + 2092 +o(x) as xz— 0.
(Note that we have not justified that direct differentiation of the asymptotic expression for
y(x) is permissible.) We know from (7.28)) that oy < 0 and thus there is a § > 0 such that
0<y'(z) <o for all x € (0,0). By virtue of the isocline structure, x(¢) must enter I'y. If
instead k = 2, then we know from Theorem that
y(z) = oz +cz’In(z) + O(z*) as z— 0"
where ¢ > 0. Another routine (and also tedious) calculation shows
Y (z) = f(x,y(x)) =0 +2czin(z) + O(z) as x— 0.

Since ¢ > 0, we see there is a 6 > 0 with 0 < ¢/(z) < o for all z € (0,9). Hence, x(t) enters I'y.

Let y(z) be the scalar solution in Proposition [[40l It can be shown that
Y (z) = f(z,y(x)) = 0 + 2092 + O(z®) as x— 0.

Now, (7.28)) assures us that oo > 0. Thus, there is a § > 0 such that y/(x) > o for all z € (0,9).

Appealing to the isocline structure, y(z) > a(x) for all z € (0,0) and so x(¢) does not enter I';.

Suppose now that x(¢) is a non-trivial solution which does not enter I'y. Since x(¢) must enter
Iy, we can conclude that x(t) enters I'g through the vertical isocline. Denote by (z*,y*) the
point of intersection of the line y = ox and the vertical isocline y = V(z). See Figure [[.7]
Assume, for a contradiction, that x(¢) enters I'g through the vertical isocline to the right of
(x*,y*). We claim that x(¢) must also enter I';. Suppose that y(z) intersects the vertical
isocline at © = x1, where y(x) is the corresponding scalar solution. Observe that z; > z*, by

assumption, and y(z1) < ozy. By the Mean Value Theorem, there is an zp € (0,z1) such that

y/($0) — y(CCl) - 0 — y(CCl) S ﬂ —
r1 — 0 I T

By virtue of the isocline structure, we conclude that x(¢) enters I';. This is a contradiction.
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7.9. Bounds on y(x)

)
4 y=o0x
y=V(z)
solution [ (21, y(x1))
entering I’y y = a(z)
but not I';

solution that enters both
'y and I'y

Figure 7.7: Sketch demonstrating Theorem [[41]c).

7.9 Bounds on y(x)

Let y(x) be the solution of the scalar differential equation (7.2]) with initial condition y(xg) = yo,
where xzy > 0 and yo > 0. We will consider three cases, namely yo = 0, yo = H(x¢), and yo = a(z).
Here, H(x) is the horizontal isocline which is given in (7.0]), a(x) is the isocline for slope o which
is given in (ZI3]), and o is the slope given in ([.6)). Our goal is to obtain simple bounds on y(z)
over (0,zg]. Moreover, we will use these bounds to state bounds on the slow manifold. To realize
these goals, we will use Chaplygin’s method (see §AH] of Appendix [A]).
If x>0and 0 <y < V(z) then
g(:c,y): i >0 and ﬁ(:c,y): 2 =n+v)e
Iy efe— (1 —n+a)y’ ele— (1 —n+a)yf

0y?
where f is the function given in (73]) and V(z) is the vertical isocline given in (Z.5]). Note that

f(z,0)= -1 f(x,H(x))=0, and f(z,a(z))=0 forall z>0.

Furthermore, note that

0 0 2 0
Lo -2 Leme) -2 wa Zeaw) -

n (1 —1—01’)2

6)&96 for all x >0,

where A is the slow eigenvalue.
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Figure 7.8: For a fixed x € (0, 2], the curve z = f(x,y) is concave up on the interval [0, a(z)]. This allows

us to obtain bounds on f(z,y) over the interval [0, a(z)] using secants and tangents.

Consider = € (0, x| to be fixed. Then, the curve z = f(x,y) as a function of y is concave up on
the interval [0, a(x)]. See Figure [[.8 This fact enables us to state bounds on f(x,y) using secants

and tangents.

e The tangent to z = f(x,y) at y = 01is z = Ty (z,y), where

L.om
Ti(x,y) == —= + g2 (7.32a)

The tangent to z = f(z,y) at y = H(z) is z = Ta(z,y), where

2
To(x,y) := % (y - H%) . (7.32b)

The tangent to z = f(z,y) at y = a(z) is z = T3(z,y), where

o n(l+ Ux)2 B x
Ts3(z,y) == 0 + 75)\190 e el B (7.32¢)

The secant line through (0, —&™!) and (a(z),0) is z = S1(z,y), where
1 (1+50)(1+0m)y

= —— . 2
Si(z,y) -+ powon (7.32d)
e The secant line through (H(x),0) and (a(x),0) is z = Sa(x,y), where
o(l+ox)(1+2) x
Sa(z,y) == c—1)z Vo114 ) (7.32¢)
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7.9.1 Case 1: 7o >0 and y, =0

Suppose that yo = 0. Thus, y(x) is a solution which terminates on the z-axis at z = x¢. Since y(z)

is a solution lying below the slow manifold which in turn lies below the isocline a(z), we know that
0<y(x) <afx) forall ze (0,x0].
Now, we can see from Figure [.8 that
Ts(x,y) < f(z,y) < Si(z,y) forall =z >0 and ye€[0,a(z)],

where T3(z,y) is as in (T.32d) and Si(x,y) is as in (L32d)). (Note that we could have used T} (z, y),
given in (7.32al), instead of T3(x,y) but T5(z,y) usually yields a better bound.)

Define, for = € (0, zo], the functions

ar(z) == —1, bi(x) = (1+e0) (A + osc)’ p1(z) == exp </$0 b1(z) dz)

eox
along with
1 1 2 Zo
az(z) =0 [1 - %} ,  ba(x) = %, and po(z) := exp(/:E ba(2) dz) .
Note that

pi(zo) =1, pi(x) >0, and pi(z) = —bi(z)pi(z) (i=1,2).

Thus, we can write
az(z) + be(z)y(z) < y'(z) < ai(z) +bi(z)y(z) forall =z € (0,z0].

Re-arranging and replacing x with z,

L () 2 marz) and () < m(m(z) forall = e (0,a0).

If we integrate with respect to z from z to g, where z € (0, z¢], apply the initial condition y(zg) = 0,
and re-arrange, we obtain

_ 1
pa ()

/:0 w1 (z)ai(z)ds < y(z) < —H%(x) /:0 pa(z)az(z)ds for all x € (0,z9]. (7.33)

Figure [ gives two numerical examples of the bounds given in (Z.33)).
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Figure 7.9: For the first picture, suppose € = 0.1, = 0.75, and xg = 0.5. The two dashed curves represent

the lower and upper bounds for y(z) given in (T33). The solid curve represents the actual
solution (found numerically) with y(zo) = 0. The dash-dot curves are the horizontal and «

isoclines. The second picture is the same as the first except with e = 1.0, 5 = 0.75, and xy = 0.5.

7.9.2 Case 2: ry > 0 and yo = H(x)

Suppose now that yo = H(xg). Then, y(z) is a solution which terminates on the horizontal isocline
at x = 9. We know that

H(z) <y(z) <alx) forall ze (0,z).

Now, we can see from Figure [Z.8 that

Ty(e,y) < f(w,y) < Sa(a,y) forall >0 and y e [0,a(x)],

where T3(x,y) is as in (Z.32d) and Sa(z,y) is as in (T.32€]). (Note that we could have used T (x,y),
given in (Z.32D]), instead of T3(x,y) but T5(z,y) usually yields a better bound.)
Define, for = € (0, z], the functions

o (l+ox) _o(l+ox)(1+2)
ai(x) :== BTN bi(x) :=

(c—Dx p(z) := exp (/:O bi1(2) dz) (7.34)
along with

n(1+oz)* @0
_ 6)\3 }, ba(x) = W’ and  po(z) := exp ’ bo(2)dz | .

(7.35)
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Figure 7.10: For the first picture, suppose € = 0.5, n = 0.75, and xg = 0.5. The two dashed curves represent
the lower and upper bounds for y(z) given in (Z30). The solid curve represents the actual
solution (found numerically) with y(xo) = H(xo). The two dash-dot curves are the horizontal
and « isoclines. The second picture is the same as the first except with e = 1.0, = 0.75, and

o — 0.5.

Proceeding as before, we obtain

H(zo) — [° m(2)ai(z) ds
pa(z)

H(zo) — [ po(2)az(z)ds
pa(x)

<y(x) < for all z € (0,z0]. (7.36)

Figure [[.10] gives two numerical examples of the bounds given in (7.30]).

7.9.3 Case 3: 1y > 0 and yy = a(zo)

Suppose now that yo = a(xp). Then, y(z) is a solution which terminates on the « isocline at z = xy.

We know that

H(z) <y(z) <alx) forall z e (0,z).
Now, we can see from Figure [Z.8 that
Ty(@,y) < f(2,9) < Sa(wy) forall x>0 and ye [0,a().

Proceeding as before, we obtain

a(zo) — [7° pi(2)ai(z) ds <
pa(z)

for all z € (0,z0], (7.37)
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Figure 7.11: For the first picture, suppose € = 0.5, n = 0.75, and xg = 0.5. The two dashed curves represent
the lower and upper bounds for y(z) given in (T3T). The solid curve represents the actual
solution (found numerically) with y(xg) = a(zp). The two dash-dot curves are the horizontal
and « isoclines. The second picture is the same as the first except with e = 1.0, n = 0.75, and

o — 0.5.

where a;(z), b;(x), and p;(z) for i = 1,2 are as in (C.34)) and (Z.35]). Figure[.IT]gives two numerical
examples of the bounds given in (7.37]).

7.9.4 Bounds on the Slow Manifold

We can use the material from the previous two subsections to state bounds on the slow manifold.
Suppose that y1(x) is the solution of (7.2]) with initial condition y(xo) = H(z). Suppose also that
y2(z) is the solution of (T.2) with initial condition y(xg) = a(xzg). It follows that the slow manifold
satisfies y1(z) < M(z) < yo(x) for all x € (0,2¢]. If we combine (T36]), which gives bounds for

y1(x), and (C37), which gives bounds for ys(x), we can conclude that

H(zo) — [7° pa(2)ai(z)ds
pa ()

a(wo) = [ pa(2)az(2) ds
p2()

M(z) <

for all x € (0,z0],

where a;(z), b;(z), and p;(x) for i = 1,2 (which all depend on x() are as in (.34]) and (Z35]). It is

worth reiterating the fact that x¢ > 0 is arbitrary.

197



7.10. Properties of the Slow Manifold

7.10 Properties of the Slow Manifold

The focus of this chapter is the properties of all scalar solutions to the differential equation (7.2)).
In this section, we single out important properties of the exceptional solution y = M(z), namely

the slow manifold.

7.10.1 Bounds on the Slow Manifold

Proposition 7.42: The slow manifold y = M(x) satisfies
0< H(z) < M(z) <Y(z) <alx) <1l foral x>0.

Furthermore,

lim M(z) =0 and lim M(z) =1.

z—0t T—00

Proof:  The first result follows from Theorem [L.I3, Proposition [[.33] and the definition (ZI3) of

«. To establish the limits, note that the functions H, o, and M are all continuous for = > 0. Since

lim H(z) =0= lim a(x) and lim H(z)=1= lim a(x),

x—0t x—0t r—00 Tr—00

the limits for the slow manifold follow from the Squeeze Theorem. g

7.10.2 Concavity of the Slow Manifold

Proposition 7.43: The slow manifold y = M(x) is concave down for all x > 0.

Proof: 1t follows from Propositions[.32] and [[.33 that h (z, M(z)) < 0 for all x > 0, where h is the
function defined in (7ZI7). Since sgn(M”(z)) = sgn(h(xz, M(z))), it must be that the slow manifold

is concave down for all z > 0. O

7.10.3 The Slope of the Slow Manifold

Proposition 7.44: The slope of the slow manifold y = M(x) satisfies

0<M(x)<o forall >0, lim M(z)=0, and lim M'(x)=0.

z—0t T—00
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Proof: Since the slow manifold satisfies H(z) < M(z) < a(z) for all z > 0, by virtue of the isocline
structure we can conclude that 0 < M’(z) < o for all > 0. This establishes the first part of the
result. The second part of the result is a special case of Proposition [[.I8]

To prove the third part of the result, we note that, since M is strictly increasing and concave

down, there is a ¢ € [0, 0) such that

lim M'(z) = c.

Tr—00

Suppose, on the contrary, that ¢ > 0. By the Fundamental Theorem of Calculus,

M(z) = /0 M () du > /0 cdu = cx.

However, for sufficiently large x, cx > «(z), which is a contradiction. O

7.10.4 Asymptotic Series for the Slow Manifold at the Origin

Proposition 7.45: Asymptotically, the slow manifold can be written in the form

(]
Zanx"—l—C:c“—i—o(x“), if k€{2,3,...}
n=1
M(z) = J:L’+cx2/n(ac)+0x2+o(ac2), if k=2 as x— 0T,
rk—1
Zanﬂc"—FC:c“—FO(:c“H), if ke{3,4,...}
n=1

where {0, },2 | are as in (LZD) and c is as in (T31).
Proof: The asymptotic expressions follow immediately from Theorem [7.39 O

Remark 7.46: In the statement of Proposition [[.45] the constant C' (in all three cases) distin-
guishes the slow manifold from other scalar solutions. Suppose that you want to approximate C

for a given choice of € and 1. We could use the following “higher-lower algorithm.”
1. Choose a small g > 0.
2. Define 1 := 3 [H (o) + a(wo)].

3. Assuming r,, is known, find numerically the solution y,(z) of ¢ = f(z,y) with initial condition
y(xog) = . If y =yn(z) intersects y = H(x) to the right of g then r, < M(zg) and so take

Tn+1 = 3 [rn + a(z0)]. Otherwise, take r,q1 1= 1 [H(zo) + 7).
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7.10. Properties of the Slow Manifold

4. The sequence of approximations {r,} -, satisfies

IM(20) — 7 < — [alz0) — H(zg)] and  lim = M(zp).

2n n—oo
5. The constant C' can be approximated by the appropriate expression in Proposition [[.43]

Corollary 7.47: The slow manifold satisfies
M(z) = a(x) +o(z) as z— 0.
Moreover, this statement would not be true if we replace a(z) with any other isocline F(x,c).

Proof: It follows from a comparison of the asymptotic expansions for M(x), a(x), and F(z,c). O

7.10.5 Asymptotic Series for the Slow Manifold at Infinity

Recall that it was argued by Roussel, for example in [104], that the slow manifold can be written as
the asymptotic series M(z) ~ > 7, ppz~ " as x — co. Substitution of the series into the differential

equation (7.2) in conjunction with known properties of the slow manifold yields

p=1 p=-1, p2=1,
n—2

and  pp=—pn_1+€Y_ipilpnic1+ (1 —=n)pnio] for n>2. (7.38)
=1

This series, as we will show momentarily, is fully correct. To establish this, we will use the Centre
Manifold Theorem. First, we will show that M(z) ~ 1 — 27! as z — oo using the isoclines. This
will motivate our choice of a change of variables.

Let ¢ € (0,0). We know from Proposition [T.17] that
H(z) < M(z) < F(z,¢) forall z>¢(c),

where F' and £ are given, respectively, in (8] and (7I4]). (Alternatively, we could obtain the in-

equality for all z > x* for some x* > 0 by using the fact that M is concave down and lim M'(z) = 0.)

Tr—00

Manipulating the inequalities,

F(z,c) =1 _ M(m)j 1 _H(@) —11 for all 2> &(c). (7.39)

—T —T
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Now,

x
H(x) = T+

Thus, if we let x — oo in ([Z.39]) we see

= 1—:1:_1—1—(’)(:1:_2) as T — o0.

-1
limsup % <1
T—00 —x
Furthermore, since
F(z,c) = T —~K(e)a ' +0(z7?) as 17— oo,
’ K(e)+x

if we let z — oo in (T39) we see

lim infM > K(c).

Tr—00 —{12_1

Since ¢ € (0,0) was arbitrary and K(c) — 17 as ¢ — 07, we can deduce

-1 -1
1< Iiminf% < Iimsup% <1
T—00 —x Z—00 —x
Therefore,
-1
lim % =1 and M(z)=1-2""+o(z7!) as z— ococ.
r—00 —X

Unfortunately, this is as much information that we can extract using the isoclines. To obtain the

remaining terms of the asymptotic series, we will use the Centre Manifold Theorem.

Proposition 7.48: The slow manifold satisfies
o
M(z) ~ anﬂfn as T — 00,
n=0

where {p;};°, are as in (L38).
Proof: Define the new variables

X:=2' and Y :=y— (1- {L‘_l) . (7.40)
Differentiating with respect to time and using the differential equation (TI]), we arrive at the system

X=-X’q (X N1-X+Y),

V=-X%¢ (X '1-X+Y)+gp (X 1-X+Y), (7.41)
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7.10. Properties of the Slow Manifold

where g1 and g9 are as in (Z.3]). The system (Z.4]]) is not polynomial but there is no harm, because

the resulting scalar differential equation will be the same, in considering instead the system
X=-X3q (X "1-X+Y),
V=-X3g (X N1-X+Y)+Xg (X 1 1-X+Y), (7.42)
which is indeed polynomial. Expanding the key expressions, we get
X (X N1 -X+Y)=-X*pX-Y+(1-n)X (X -Y)],
Xgp(XN1-X+Y)=e'(X?-XY-Y).

The system (.42]), as we see, is a bit more messy than the original system (7.I]). The eigenvalues
of the matrix for the linear part of the new system ((Z.42)), which is diagonal by construction, are
0 and —e~!. We know from centre manifold theory that there is a C* centre manifold Y = C(X)
which, we claim, must be the slow manifold.

For the scalar differential equation in the original coordinates, all other solutions except for the
slow manifold leave the antifunnel I'; and M(z) is the only solution which is 1+ o(1) as  — oo.
Thus, to establish that the slow manifold in the original coordinates is the same as the centre
manifold in the new coordinates, it is sufficient to show that the centre manifold Y = C(X) is the
only scalar solution in the new coordinates which is o(1) as X — 0.

Observe that the Y-axis is invariant. Moreover, the fixed point (X,Y) = (0,0) is a saddle
node (also known as a degenerate saddle). The physically relevant portion of the phase portrait,
namely X >0 and Y > —1, consists of two hyperbolic sectors, one with the positive Y-axis and
the centre manifold as boundaries and the other with the negative Y-axis and the centre manifold
as boundaries. See Figure This can be shown using techniques in §9.21 of [2] (in particular
Theorem 65 on page 340) and §2.11 of [100]. Therefore, C(X) is the only scalar solution in the
new coordinates which is o(1) as X — 0%. It follows that the centre manifold is indeed the slow
manifold.

By the Centre Manifold Theorem, the slow manifold (in the new coordinates) can be written
o
M(X) ~ Z@XZ as X — 0T,
i=2

for some coefficients {p; };=,. Reverting back to the original coordinates,

o0
M(z)~1 -zt —|—Zfo}xﬂ as T — 00.
1=2
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X' =x2 (etaX-Y+(1-eta) X (X-Y)) epsilon = 5.0
Y =X2 (etaX - Y + (1 - eta) X (X - Y)) + Lepsilon (€ - X Y - Y) eta=038
3 T T T T T
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Figure 7.12: A phase portrait for ((42]) for ¢ = 5.0 and n = 0.8.

Observing that the coefficients in (7.38]) are generated uniquely from the differential equation, the

conclusion follows. O

Remark 7.49: We use the ad hoc transformation (7.40]) because it is inspired by the series for M
which we wish to obtain and it also results in a system which is in the canonical form of the Centre
Manifold Theorem. Others, for example [33] 47], have used Poincaré compactification to study the

behaviour of M at infinity and found that the fixed point is a saddle node.

Corollary 7.50: The slow manifold satisfies

1
)

M(z) = H() +o(

> as I — OQ.

Moreover, this statement would not be true if we replace H(x) with any other isocline F(x,c).
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7.10. Properties of the Slow Manifold

Proof: 1t follows from a comparison of the asymptotic expansions for M(x), H(z), and F(z,c). O

7.10.6 Curvature of the Slow Manifold at the Origin

Proposition 7.51: The second derivative of the slow manifold satisfies

209, if K>2

—o00, if k<2
Proof: Suppose first that £ > 2. We know from (Z.28)) that o2 < 0 and from Proposition that
M(z) = oz + 022° +o(2?) as x — 07,

It can be shown that

_9f
- Oz

(x, M(z)) + g(w,M(w))f(x,M(w)) =203+0(1) as z— 0T,

"
M () 5

The limit in the proposition for x > 2 follows.

Now, suppose that £ = 2. We know from Proposition that
M(z) = oz +ca®In(z) + O(z®) as x— 0"
for some ¢ > 0. It can be shown that
M"(z) =c2In(x) + 3] +0(1) as x—07.

The limit in the proposition for k = 2 follows.
Finally, suppose that 1 < k < 2. Note that (28] implies o5 > 0. If we apply Proposition [(.45]

and appeal to Remark 217 on page BIl we know that
M(z) = oz +Ca" +o92® +0(z®) as z— 0"

for some constant C. Note that the coefficient of the x? term must be o9 since it is generated

uniquely by the differential equation. It can be shown that
M'(2) =Cr(k—1)2" 2+ 205 +0(1) as z— 0.

Since the slow manifold is concave down for all z > 0 and o9 > 0, it must be that C' < 0. The limit

in the proposition for 1 < k < 2 follows. O
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7.10.7 Final Remarks on the Slow Manifold

The quasi-steady-state approximation has traditionally been used to approximate the long-term
behaviour (in time) of solutions to (T.I). Is this justified? Recall that

T T T

H@ =1 Ve =10y od 0=y

It follows that the QSSA is good for large time when o =~ 1 and the EA is good for large time when
o~ (1—n)"" Recall also that o =1+ () as e — 07 and 0 = (1 —n) ' + O(e71) as e — .
Hence, the QSSA is a good approximation for large time when ¢ is small and the EA is a good
approximation for large time when ¢ is large. Furthermore, since x > max {5, g1 }, a large number
of Taylor coefficients are correct in the asymptotic expansion at the origin for the slow manifold if

€ is very small or very large.

7.11 Summary

The Michaelis-Menten mechanism

k
S+EI§CEP+E

-1

gives rise to the planar and scalar differential equations

d d
X:g(X), = % and y/:f(-T,y), "= %7
where
—r+(l-n+x)y z—(1+a)y
86 et —(1+4+2)y and JGe) e[~z + (1 —n+a)y

The main subject of this chapter was properties of scalar solutions y(z). In the next chapter, we
explore properties of solutions x(¢) to the planar system that explicitly involve time t¢.

The Jacobian matrix A = Dg(0) has two real and distinct eigenvalues, A_ and A;. These
eigenvalues satisfy A_ < Ay < 0. Consequently, A and v, are referred to, respectively, as the slow
eigenvalue and slow eigenvector. Similarly, A\_ and v_ are the fast eigenvalue and fast eigenvector.
Two important quantities associated with the eigenvalues is the slope o of the slow eigenvector and

the ratio x of the eigenvalues, which are given by

Ay 41 A
g = .
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7.11. Summary

The isoclines of the scalar system are all hyperbolas of the form

T

w(zx) = o

There are three special isoclines, namely the horizontal, vertical, and « isoclines. Explicitly,

T T T
= V = d - .
e V@ = md el = o

Note that the horizontal isocline corresponds to the QSSA, the vertical isocline corresponds to the
EA, and the « isocline is the isocline for slope o (which is the slope of the slow eigenvector at the

origin). These three isoclines allowed us to define the positively invariant regions
IFo={(z,y) : >0, Hz) <y<V(zr)} and I'={(r,y) : >0, Hxz)<y<a(z)}.

All solutions of the planar system, we showed, enter the region I'g. Provided k > 2, all solutions
enter the region I'y (which is a subset of I'g). However, if 1 < k < 2, then most (but not all)
solutions enter I'y. Furthermore, we showed that the origin is globally asymptotically stable.

The Antifunnel Theorem applied to the region I'; enabled us to prove the existence and unique-
ness of a solution contained in I'y for all z > 0. This solution is referred to as the slow manifold
and is denoted by y = M(z). The slow manifold is so named since it, as is apparent from the phase
portrait, attracts all other solutions and approaches the origin in the slow direction.

We determined the concavity of solutions to the scalar differential equation in the non-negative

quadrant. This was accomplished by considering the auxiliary function

h(z) = y(z) [y(z) — 1] + zy/(x),

where y(x) is a solution of the scalar system, which determines the sign of the second derivative of
the solution. Table [T.I] summarizes the concavity in all the regions.

Our investigation of concavity led us to construct the curve y = Y(x), which is between y = M(z)
and y = a(z), along which scalar solutions y(z) have inflection points. Furthermore, we showed
that this curve is equivalent to the slow tangent manifold which has been explored by others.

Assuming the existence of a power series solution to the scalar differential equation, substitution
of the series in to the differential equation formally gives a recursive expression for the Taylor
coefficients {0y, } 2 ), where op = 0 and 01 = 0. We showed that if k ¢ {2,3,...} then {o,} -, are

all defined. However, if x € {2,3,...} then only {O'n}z;(l) are defined. Furthermore, we showed the
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Chapter 7. Properties of Solutions in Phase Space

behaviour of scalar solutions y(z) inside I'g is in general not given by a Taylor series. In particular,

y(x) can be written in the form

L]
Zon:c”—l—C'x“—l—o(x“), if k¢{2,3,...}
n=1
y(z) = ocx+ca’In(z) + Ca?+o(2?), if k=2 as z— 0"
K—1
Zan:c”—FC'x“—FO(x““), if ke {3,4,...}
\n=1

For a given 9 > 0, the scalar solution y(z) with initial condition y(x¢) = yo, with 0 < yo < a(zo),
satisfies 0 < y(x) < a(z) for all x € (0, zp]. Using Chaplygin’s method, we derived tighter bounds on
y(x) valid over the interval z € (0, x| for the three cases yp = 0, yo = H (), and yo = a(x). Fur-
thermore, we used these bounds to state bounds on the slow manifold over the interval x € (0, zg].

We concluded this chapter with a summary of properties of the slow manifold y = M(z). For
example, the slow manifold is concave down, is strictly increasing, and for large = has an asymptotic
series of the form M(x) ~ > > ppa~™ as  — oco. To establish the asymptotic series, we used
the isoclines to obtain leading-order behaviour and we constructed the slow manifold as a centre

manifold for a fixed point at infinity.






Chapter 8

Time Estimates

The goal of this chapter is to briefly explore a few properties of solutions to the planar system
for the Michaelis-Menten mechanism. These properties will fundamentally involve time as opposed
to being expressible in terms of the corresponding scalar solution. In particular, we will obtain a
low-order asymptotic expression for x(t) as t — oco. Furthermore, we will obtain bounds on x(t)
during the steady-state period and as well as bounds on the length of the pre-steady-state period.

The Michaelis-Menten mechanism, recall, for the single enzyme-substrate reaction results in the

planar system of ordinary differential equations
i=—-x+1-n4+2)y, g=c'lz—0+2)y], (8.1)
where "= %, e >0, and n € (0,1). The horizontal and vertical isoclines, along with the « isocline

(which corresponds to the slope o of the slow manifold at the origin), are given by

xT xT xT

_ — d = —. 2
o Y@= ad el = (8:2)

In Chapter [, we showed that all non-trivial solutions eventually enter the region
Fo={(z,9) : >0, H(z) <y <V(z) }.
Furthermore, most solutions enter the region
Ni={(xy) : >0, Hx)<y<a(z)}.

See Theorems [[.7] and [Z.4T] for more precise statements.
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8.1. Behaviour as t — o

8.1 Behaviour as t — o0

Let x(t) be the solution of (8I]) with initial condition x(0) = xo, where x¢ € I'y. We will use
the isocline structure and differential inequalities to obtain a leading-order estimate of the compo-
nents of the solution. We know already from Theorem on page 22] that z(t) = (’)(e>‘+t) and
z(t) = O(eM?) as t — oo, where A, is the slow eigenvalue. Note that the matrix A is diagonaliz-
able so the o in the statement of the theorem (which has a different meaning than in this part of
the thesis) can be taken as zero.

The origin is globally asymptotically stable (see Theorem [[77]). Thus, our first estimate is
z(t) =0(1) and y(t)=o(1l) as t— oo. (8.3)

Let § € (0,0) be fixed and arbitrary and define ¢; :== o0 — § and ¢z := 0 + 0. Now, we know from
Equation (83]), Proposition [[.I8] and the isocline structure that there is a 7" > 0 such that

F(z(t),c1) <y(t) < F(z(t),co) forall t>T, (8.4)

where F' is the function given in (T8). Using (Z.8), (1)), and (84]), we see that x(t) must satisfy

the differential inequalities

alx(t) CLQ.’E(t)

N < g < -z 7 > .
T by (D) = z(t) < T byr (@) forall t>T, (8.5)
where
K(c1) = (1—n) 1 K(cz) — (1 —n) 1
a1 = , b= ——, ag:= , and by := ,
! K(c1) YT K(e) P K (c2) 27 K(e)

with the function K being defined in (7). Note that, courtesy of Figure [[J] we can conclude

ai,as, by, by > 0. Note also that

—a; < Ay < —ag, lim ag=-Xs, and Ilim b; =0, and 1=1,2), 8.6
1 + 2 soioy + PR o ( ) (8.6)

which follows from Equations (7.6]) and (7Z.10) as well as Figure [Tl
We can apply the Initial-Value Comparison Theorem (see Theorem in Appendix [A] on
page BIO) to the differential inequalities (83). Now, Claim [A25] (which is in Appendix [A] on

page [B23]) gives us the solution of the corresponding differential equalities. Hence,

Xa‘17b1 (t) S CC(t) S Xag,bz (t) fOI' au t 2 T, (87)
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where

Xan(t) = %W([bxoebﬂ] e ) for ab>0. (8.8)

Remark 8.1: We can obtain simpler-looking bounds for z(¢) than those given in ([87). First,

observe that the lower bound in (83l can be taken one step further to give &(t) > —ajz(t) for all
t > T. Second, we use the fact that W (u) < u for all u > 0 in (87) and (8S). Thus,

xoe Mt < z(t) < zoe??®0e™ %t for all t>T.
A standard property of the Lambert W function is
W(x) ::c+(9(:c2) as = — 0T,

It follows that

and!

eolt) = [ e [14 0] 1 ox

In(xab(t)) = In(:coeb‘”0> —at+0(e™™) as t— o0. (8.9)

We can conclude from (87) and (8.9) that

IiminfM > —a; and limsup In(:z,;(t))

t—o0 t—o0

S —an.

Since this is true for all § € (0,0), if we let § — 0" and apply (8.6]), we get

lim |n(9«;(t)) o

Furthermore, since
y(t) =ox(t)[1+0o(1)] and In(y(t)) =In(c) + In(x(t)) +o(l) as t— oo

which we know from Theorem [7.39]in conjunction with (&3]), we also have

Jlim |n(yt(t)) o

We have thus proven the following.

'Since In(1 +u) = u + O(v®) as u — 0, it must be that In(1+ O(u)) = O(u) as u — 0.
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8.2. Bounds on Solutions while in I';

Proposition 8.2: Let x(t) be the solution of ([8Il) with initial condition x(0) = xy, where xy € Tg.

Then,
/ /
im PEO) g i @)
t—o00 t t—o00 t
Remark 8.3: If

[im
t—o00 t

for some function z(t) and constant p, it does not follow that
2(t) =0(e") as t— oo,

For a simple counter-example, consider

lim @: lim [@—1} = -1

t—o0 t t—o00

8.2 Bounds on Solutions while in Iy

Let x(t) be the solution of the planar system (8I]) with initial condition x(0) = xo, where xg € I'y.
We will use differential inequalities to obtain simple bounds on the components of the solution.
These estimates will be valid for all ¢t > 0.
Since the region I'; is positively invariant, which we know from Theorem [[41], we can conclude
that
H(x(t)) <y(t) < a(z(t)) forall t>0. (8.10)

The period of time while a solution is inside I'y (or I'g) may be referred to as the “steady-state
period” since the solution roughly obeys the QSSA. Here, we are assuming that the solution begins
in the steady-state period. Using (Z6), (81I)), (8.2), and ([BI0), we see that x(t) satisfies the

differential inequalities

’I’]CC(t) < x(t) < )‘er(t)

T = 1+ ox(t)
Using the Initial-Value Comparison Theorem (Theorem [A.6]) and Claim [A25] we get

for all ¢ >0. (8.11)

Xn1(t) < z(t) < xx, 0(t) forall ¢>0,

where x4(t) was defined in ([B.8). Figure Bl demonstrates the bounds on x(t). Furthermore, since
both H and « are strictly increasing functions and y(¢) satisfies (810), we have thus proven the

following.
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Figure 8.1: For the first picture, suppose € = 0.1, = 0.75, and g = 0.5. The two dashed curves represent
the lower and upper bounds for z(t), given in Equation (8IZ), while inside I';. The solid
curve represents the actual solution (found numerically) with z(0) =z and y(0) = H (o).

The second picture is the same as the first except with e = 5.0, n = 0.75, and xg = 0.5.

Proposition 8.4: Let x(t) be the solution of ([8Il) with initial condition x(0) = xy, where xy € I';.
Then,

Xn1(t) < z(t) < xonyo(t) and H (xp1(t)) < yt) < a(xon, o(t)) forall t>0. (8.12)

Remark 8.5: We can obtain simpler-looking (but weaker) bounds for x(¢) than (8I12). First,
we take the lower bound in (8II) one step further and observe that @(¢) > —nz(t) for all ¢t > 0.
Second, we use the fact that W (u) < u for all w > 0 in (88]) and (8II]). Thus,

o ™ < x(t) < zpe”@eMt  forall ¢ > 0.

8.3 Time to Enter I'y

Suppose that 2o > 0. Let x(¢) be the solution of (8] with 2:(0) = zp and y(0) = 0. Let ¢ > 0 be
the time it takes for the solution x(t) to enter I';. Moreover, let (Z,7) be the point at which x(t)
enters I';. The goal of this section is to find easily-computable bounds for £, which equals the length

of the “pre-steady-state period.” See Figure These bounds will be decidedly crude. Estimates
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8.3. Time to Enter I';

solution x(t)

¢ -

(an 0)

Figure 8.2: Estimating the time it takes for a solution starting at x(0) = z¢ and y(0) = 0 to enter the

antifunnel T';. The solution enters T'y through (7, %) at time {.

of the length of (one definition or another of) the pre-steady-state period have been considered
before. See, for example, [93] [112].
8.3.1 Bounds on ¢ in terms of T

We know that y(t) satisfies
0<y(t) < H(z(t) forall te[0,7].
Using this fact in conjunction with (81]) and (82]), we see that x(t) satisfies

—z(t) < i(t) < nz(t)

~ ~ _Tx(t) fOI' all ¢ S [O,t] .

By inspection,

zoe !t < z(t) < W(zoe™e ™) forall te [0,

where we used the expression ([88]) for x,(t). Setting t = ¢ and z(t) = T and solving for ¢, we ge@

_ |n(§0> <7< % [(mo _7) - In<§0)} . (8.13)

2If w < W(v) then e* < e(¥). Multiplying these two inequalities gives ue® < W (v)e*). By definition of the

Lambert W function, W (v) e"*) = v. Thus, ue® < v.
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Figure 8.3: The point of intersection (Z,,¥,) of y = u(x) and y = H(x), where u(z) is the tangent to the
scalar solution y(x) at * = x¢ and H is the horizontal isocline. Obviously, T, is an upper

bound for 7.

These bounds on ¢, unfortunately, are currently unusable since we do not have a value for 7.
However, if we have upper and lower bounds on  which depend only on ¢, n, and zg, then we have

usable bounds on .

8.3.2 Upper Bound 7, for =

Let y(z) be the corresponding scalar solution. We know that y(z¢) = 0 and y'(zo) = —*, the
latter of which follows from Table [6.]] on page [50l Thus, the tangent line to y(x) at z = xq is
given by

u(z) := —e  (z — ) .

This line will intersect the horizontal isocline twice (once to the left and once to the right of the

y-axis). Let (Z,,7,) be the point of intersection to the right of the y-axis. See Figure 83l Hence,

To
1+ 7

=@y —x) and (T,)? — (w0 —1—¢&)Ty — 0 = 0.

Solving for the positive root,

Tu =1 (@0—1—2) + 11/ (20 — 1 - 2) + 4z, (8.14)
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Observe that

Ty =29+ O() and 7, = N —T—Ox +0() as e—0". (8.15)
0

We know from Table [[] that y(z) is concave down on [Z,xo]. Thus, y(z) < u(x) on [T, xo).
Furthermore, the horizontal isocline is strictly increasing. Therefore, we indeed have the bounds

T <7Tyand y < Y,.

8.3.3 Lower Bound 7, for =

Finding a lower bound for Z will not be quite as easy as for the upper bound. Let y(z) be the

corresponding scalar solution, which satisfies y(zo) = 0 and 3/(z¢) = —e~!

. A straight-line lower
bound for y(x) can be found, at least on some interval with right-endpoint xg, which can be used
to find a lower bound on . However, there are some computational issues associated with using

this straight line which we want to avoid. Instead, consider the hyperbola

ro— T

————  for r>e¢.
T+ (o — )

l(z) :=

We will use the Comparison Theorem to find an interval with right-endpoint xy on which this

hyperbola is below the solution. Note that
1
lo(20) =0, Ll(x9)=—=, and £ (z),0(z) <0 forall x < m.
T

Note also that the restriction r > & ensures y/(zg) < £.(z9) < 0.

The hyperbola and horizontal isocline intersect at z = {%-. Moreover, f(z,{;(z)) decreases
monotonically on {f%,:co} from 0 to —e~!, which follows from the Chain Rule and the fact that
%(ac,ﬁr(x)) <0, g—g(x,ér(x)) > 0, and £,.(x) < 0. It follows that there is a unique a, € (19%’100)
such that

flap, br(ay)) = —% and f(x,4.(z)) < —% for all z € [ar,x0].

Since £.(z) > —1 for all z < x9, we see f(z,r(z)) < £1(z) for all z € [a,,z]. By the Final-Value

Comparison Theorem (see Theorem in Appendix [A] on page BTT]),
y(x) > L(z) forall =z € [ar,xo].

The value of a, is easy to find: solving f(a,, £ (a,)) = —r~! yields
[r = (1 —n)elxo (r—¢) o
= = 2041 — :
“ r(r—e)+r—(1—-n)e ot r—(1—mn)e
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solution

Figure 8.4: This figure depicts a hyperbolic lower bound y = ¢,.(z), for any r > ¢, for the solution curve
y = y(z). The point (a,,b,), where b, = ¢,(a,), is found using the Comparison Theorem and

allows us to find lower bounds on T and 7. In particular, ¥ > b, and T > H~1(b,).

Since € > 0, n € (0,1), and r > ¢, it is easy to check that indeed a, € (%,x()). Let b, := {(a,).
As we can see from Figure 84| the point (a,, b,) can be to the left or to the right of (Z,7). However,
it must be the case that (a,,b,) is below (Z,7). That is, b, < 7. Thus, we want to maximize b, with
respect to 7 > . A simple Calculus argument will verify that the optimal choice of 7 is \/en + €.

Hence, we will take

rog— T
and a:=-—"——%—

(Ven+e) + (w0 — )’ 2 /en+e+1

It is apparent from Figure B4l that ¢(a) is a lower bound for 7 and H~!({(a)) is a lower bound

ri= en+e, L(z):=
for T. Note that

Therefore, we take

— Zo d T Zo
Tp:= ——— an = ,
T o tet1 Y= e te+ (1+20)

which satisfy T > 7, and y > 7,. Figure gives two examples of locating the points (Z,,7,) and

(8.16)

(ZTu,7,) and demonstrates how the actual point of entry (Z,y) is between the two points along the

horizontal isocline.
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Figure 8.5: For the first picture, suppose € = 0.1, n = 0.75, and z¢ = 0.5. The actual solution (solid line)
and horizontal isocline (dashed line, the quasi-steady-state approximation) are shown. Also
shown are the hyperbola y = ¢(z) (left dash-dot line) and tangent line y = —e~!(z — z¢) (right
dash-dot line). The points (Ty,7,) and (T,,7,) are indicated by the solid circles. The second
picture is the same as the first except with € = 5.0, n = 0.75, and zg = 0.5.

Observe that

Lo

Tg:l’o-i-(/)(\/g) and yz:l-i—xo

+0(ve) as e—07. (8.17)

Equations (8I5]) and (8I7) give us the following.

Proposition 8.6: Suppose that xo > 0. Let z(t) be the solution of (&I with x(0) = xz¢ and
y(0) = 0. If (z,y) is the point where x(t) enters I'1, then

o

limzT=z9y and Imy=

. 8.18
e—0t e—0t 14+ xg ( )

8.3.4 Bounds on t in terms of 7, and 7,

We are now in a position to state non-trivial bounds on the time ¢ it takes for the solution x(t)
to enter the region I'y (that is, the length of the pre-steady-state period). Recall Equation (8I3]),
which gives bounds on ¢ in terms of the z-value T of the point of entry into I';. The expressions on
the left and right are both strictly decreasing functions of Z. With the aid of (8I8]), we therefore

have proven the following.
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0.3

0.2 s

0.1 /

0.4 0.5

Figure 8.6: For the first picture, suppose € = 0.1, n = 0.75, and zg = 0.5. With these values, we can

calculate the bounds on ¢ (the time it takes for the solution to cross the horizontal isocline) to

be t; ~ 0.0659 and t,, =~ 0.928 using (814), (B8IA), and (B20). The actual solution (solid line)

and horizontal isocline (dashed line) are shown. The thick portion of the solution corresponds

to ¢ € [0,%] and the thin portion of the solution corresponds to t € [t¢,7,]. Indeed, T € [t;,%,].

The second picture is the same as the first except with ¢ = 5.0, n = 0.75, and 2o = 0.5. The

lower and upper bounds for £ respectively are £, ~ 1.72 and £, ~ 3.65.

Proposition 8.7: Suppose that xo > 0. Let x(t) be the solution of &I with x(0) = xz¢ and

y(0) = 0. If t is the time it takes for x(t) to enter T'y, then

N ,,,(%) <7< % [(:co —T) - /n(i—é)] :

where Ty is given in (8IQ) and T, is given in (8I4). Furthermore,

lim t = 0.

e—0t

Figure gives two examples of using (8I9) to find bounds on ¢. Define

which are the lower and upper bounds for ¢. It can be shown that

fg—(l_:xo)e—i-O(EQ) and zu_[L\/*;O)}\/QO(E) as

2191

(8.19)

(8.20)

e— 0",



8.4. Summary

Remark 8.8: There is an interesting consequence of these bounds on t. Since 0 < T < T, it

follows from (8.14]) that

lim T =0.
E—0OQ
Appealing to (8I3]), we can conclude
lim t = oo.
E—OO

That is, when ¢ is large the pre-steady-state period is long. (When ¢ is small, the pre-steady-state

period is brief.)

8.4 Summary

The purpose of this chapter was to develop some basic time estimates for solutions x(¢), with initial

condition xg, to the planar system
t=-z+(1-n+z)y, eg=z—(1+2)y,

which arises from the Michaelis-Menten mechanism.
First, we used differential inequalities and properties we have developed in this thesis to establish

the long-term asymptotic behaviour of x(¢) when x¢ € I'g, where
Fo={(z,y) : >0, H(z)<y<V(z) }

with H being the horizontal isocline and V being the vertical isocline. In particular, we showed

i OO g 00D

where A is the slow eigenvalue.

Second, we obtained bounds on the solution if x¢ € I'y, where
I={(z,y) : >0, H(z) <y < a(z) }
with a being the isocline for slope o (the slope of the slow manifold at the origin). Specifically,
Yot(8) S 2(t) < Xorpo(t) and  H (xp1(t) < y(t) < @ (xor,o(t)  forall ¢ >0,
where

Xapb(t) = %quxoeb‘”o} e"”) for a,b> 0.

1220)
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Note that W (x) is the Lambert W function. Alternatively, we showed that
zoe " < x(t) < zoe?™0eMt  for all t > 0.

Finally, we found lower and upper bounds on the time ¢ for the solution to enter I'y (which it
does through the point (Z,7)) when the initial condition is on the positive z-axis. In particular,

using the Comparison Theorem and other tricks we showed that

where

are lower and upper bounds on Z. Moreover, we showed that

. _ . _ i) . —
lim T=x9, Ilim y= , and lim t=0.
e—0t e—0t 14z e—0t
At the other extreme, we showed
limZ=0, |lim7y=0, and lim t= occ.
E—00 E—OQ E—0O
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Chapter 9

Modifications to the

Michaelis-Menten Mechanism

The Michaelis-Menten mechanism is the simplest chemical network which models the formation of

a product from a substrate with the help of a catalytic enzyme. Symbolically, this mechanism is

k
S+Ek:l cB2pyp,

-1
where S is the substrate, F is the enzyme, C is the complex, P is the product, and k_1, ki, and
ko are the reaction-rate constants. There are, of course, many more complicated enzyme reactions
and chemical networks which are studied in biochemistry and chemical kinetics. The goal of this
chapter is to make it apparent that the techniques and results we developed in Chapters [0 and [8

can be extended to other chemical networks.

9.1 Henri Mechanism

A mechanism in chemical kinetics is the complete set of elementary reactions which encompass
a reaction. However, a given reaction may have many different possible mechanisms which are
consistent with the known information. Since knowing which mechanism is correct is of fundamental
theoretical importance, much attention in chemical kinetics is devoted to the distinguishing of
mechanisms.

Victor Henri, who originated the traditional Michaelis-Menten mechanism (which involves a

productive enzyme-substrate complex), also proposed another mechanism for a simple enzyme
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9.1. Henri Mechanism

reaction (which involves a nonproductive enzyme-substrate complex). This second mechanism is
often called the Henri mechanism or the Nuisance-Complex mechanism. See, for example, [108],
11T, 121].

Henri preferred what is now referred to as the Michaelis-Menten mechanism, but recognized
that both mechanisms explain the observed kinetics yet are kinetically indistinguishable using the
equilibrium approximation. Presently, the Michaelis-Menten mechanism is considered the probable
mechanism. However, more complicated mechanisms with nonproductive enzyme-substrate com-
plexes are important in many other reactions. Thus, techniques of kinetically distinguishing the

Michaelis-Menten and Henri mechanisms are of theoretical value.

9.1.1 The Model and Differential Equations

Symbolically, the Henri mechanism is

k1 ko
Ck:S+E—>P+E,
1

where S is the substrate, E is the enzyme, C' is the complex, and P is the product. The constants
k_1, k1, and ko are the reaction-rate constants. Using the Law of Mass Action, we have the system

of ordinary differential equations

$=k_c— (kjl + kg) se,
e =k_ic— kise,
¢ =kise —k_qc,

p = k28€7

where "= 4. The traditional initial conditions are s(0) = sg, e(0) = e, ¢(0) = 0, and p(0) = 0.
However, we will allow the initial conditions to be arbitrary.
Observe that

e(t)+c(t) =ey and s(t)+ c(t) + p(t) = so,

which are the same two conservation laws, (6.3]) and (6.4]), which we had for the standard Michaelis-
Menten mechanism. We denoted the constants by sg and eg since, traditionally, the complex and

product are not considered to be initially present.
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Chapter 9. Modifications to the Michaelis-Menten Mechanism

9.1.2 Reduction and Re-scaling

Using the first conservation law and ignoring the differential equation for p (which is decoupled

from the other three differential equations), we have the planar reduction
$=kagc— (ki +ka)s(eg—c), ¢=kis(eg—c)— ke (9.1)

The dimensions of the involved quantities in (O.1]) are

. Q 1 L3
[S,C, 60] = ﬁa [876] = ﬁa [k—l] = Ta and [klakQ] = @
Now, define the dimensionless quantities
kq c €o (lﬁ + k‘2) ko
= (k1 + k t = -— = — =" d = .
T ( 1+ 2)60 y X <k'_1>87 Yy 60’ € ky , an n ky + ko
Observe ¢ > 0 and 0 < n < 1. With these scaled variables, (@.I)) becomes
5‘3/:_5’34‘(1_77"‘55)% y’ze_l[ﬂc—(l—i—x)y], (92)

r_ d
where =1

The planar system (@.2]) is exactly the same planar system as for the standard Michaelis-
Menten mechanism. This was noted by Roussel in [I04]. When two different reactions give the
same system of differential equations (in this case the planar reduction), the mechanisms are said
to be homeomorphic or kinetically equivalent. Thus, everything we established in Chapters [0 and
[ for the system for the Michaelis-Menten mechanism carries forward to (0.2]). Physically, the two
mechanisms can be distinguished on the basis of product formation: The velocity of the standard
mechanism is V = p = koc and the velocity of the Henri mechanism is V = p = kose. See, for

example, [108], T11].

9.2 Reversible Michaelis-Menten Mechanism

Traditionally, it is assumed for the Michaelis-Menten mechanism that the reaction from the complex
to the product is irreversible. The rational for this assumption is that the rate of the reverse reaction
is negligible compared to the rate of the forward reaction. Moreover, in practice the product is

frequently removed as it is producedEI and hence the reverse reaction cannot occur.

'For example, the product may be consumed as the reactant of another reaction in the metabolic pathway.



9.2. Reversible Michaelis-Menten Mechanism

9.2.1 The Model and Differential Equations

Symbolically, the Reversible Michaelis-Menten mechanism is

ki ke
S+E=C=P+E,

] ko

where S is the substrate, E is the enzyme, C' is the complex, and P is the product. The constants
k_1, k1, ko, and ko are the reaction-rate constants. By the Law of Mass Action, we have the

system of four ordinary differential equations

$=k_c— kyse,
é = (k_1 + ko) c — kise — k_gep,
¢ =kise + k_gep — (k—1 + ko) c,
p = koc — k_sep.
Traditionally, the initial conditions are s(0) = sp, e(0) = eg, ¢(0) = 0, and p(0) = 0. However, we

will allow the initial conditions to be arbitrary.

Two conservations laws which follow from these differential equations are
e(t)+c(t) =ey and s(t)+ c(t) + p(t) = so.

We denote the two constants by sg and eq since, traditionally, the complex and product are not

considered to be initially present.

9.2.2 Reduction and Re-scaling

Using the two conservation laws, we have the planar reduction
$=kgc—kis(eg—c), ¢=kis(eg—c)+kao(eg—c)(so—s—c)— (kg +ko)e. (9.3)

The dimensions of the involved quantities in (0.3)) are

Q 1 L3
37T [k_1, ko] = ik and [k1, k2] = ﬁ

[8780767 60] = [876] -

Q
ﬁa
Define now the new variables

kl C
= kyegt = — d = —
T 1eot, (kil n ]{52) s, and y -
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and new parameters

cm Moo ke S0 g g2
Tkt ke n._kfl‘i‘kQ’ M'_eo’ ok

Hence, we are left with the system

¥=—-z+(1-n+2)y, y’:e_l[:r—(l—l—x)y]—l—ﬁ[,u—z—:_lx—y] -y, (9.4)

where ' = %. Observe that if ks =0 then 8 =0 and the system reduces to the system for the

(irreversible) Michaelis-Menten mechanism. Observe also that the origin is not an equilibrium point.
In fact, there is a positive equilibrium point. See Figures and 0.2 which strongly suggest the
existence of a trapping region and a slow manifold. Proving the existence of a unique slow manifold
may be as simple as constructing an antifunnel bounded by the horizontal isocline and the isocline

for the slope of the slow eigenvector (associated with the Jacobian at the positive equilibrium).

9.3 Competitive Inhibition

Another simple variation of the basic Michaelis-Menten mechanism is the presence of a competitive
inhibitor. Such an inhibitor is occasionally referred to as an “imposter substrate” since the inhibitor
is similar to the substrate and binds with the enzyme at the active site. This competition between
substrate and inhibitor effectively inhibits the conversion of the true substrate into product. See,
for example, Chapter 1 of [69] and Chapter 5 of [71]. We will show that all concentrations approach

equilibrium.

9.3.1 The Model and Differential Equations
Symbolically, the Michaelis-Menten mechanism with a single competitive inhibitor H is

k?1 k;2 k?g
S+E=C3P+E H+E =B,

4 k-3
where B is the inactive enzyme-inhibitor complex. Using the Law of Mass Action, we arrive at the

system of ordinary differential equations

$=k_c— kise, é = (k-1 + ko) c+ k_sb — kise — kseh,
¢ =kise — (ko + k2) e, p = kac,
h = k_3b — kseh, b = kseh — k_sb. (9.5)



9.3. Competitive Inhibition

Xx'=-x+(l-eta+x)y epsilon=0.5 mu=2.0
y ' = l/epsilon (x — (1 + X) y) + theta (mu — 1/epsilon x —y) (1 - y) eta=0.8 theta=0.3
| ‘ \\ ‘
| | | | | | | |

Figure 9.1: Phase portrait for the system (@.4]) for ¢ = 0.5, n = 0.8, u = 2.0, and § = 0.3.

An immediate consequence of these equations are the three conservation laws
s(t) +c(t) + p(t) = so, c(t)+0b(t) +e(t) =ey, and h(t)+b(t) = ho. (9.6)

We use sg, ep, and hg to denote the constants since, traditionally, the two complexes and the
product are not considered to be initially present. We will assume that eg > 0 which is physically

reasonable; if eg = 0 then all concentrations are constant.

9.3.2 Global Asymptotic Stability

We will now show that all six concentrations tend to a constant as time tends to infinity. Conse-
quently, this proves global asymptotic stability of a unique equilibrium point. Marc Roussel, in his

thesis [104], performed a linearized analysis about this equilibrium point using the Jacobian.
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Xx'=-x+(l-eta+x)y epsilon=0.5 mu=2.0
y ' = l/epsilon (x — (1 + X) y) + theta (mu — 1/epsilon x —y) (1 - y) eta=0.8 theta=0.3

0.5 T T T

045}
04} 4
035} 4
03f i

> 025 - i
02t J
015}
01f i

0.05 N

0 0.05 0.1 0.15 0.2 0.25

Figure 9.2: The positive equilibrium point for the system ([@.4]) for ¢ = 0.5, n = 0.8, u = 2.0, and § = 0.3.

Proposition 9.1:

(a) The concentrations s(t), e(t), c(t), p(t), h(t), and b(t) are all non-negative.
(b) The concentrations s(t), e(t), c(t), p(t), h(t), and b(t) are all bounded.

(¢) The substrate, complex, and product concentrations satisfy

lim s(t) =0, lim c(t) =0, and lim p(t) = so.

t—o0 t—o0

(d) Let

— [kfg + k‘g (60 — ho)] + \/[k'fg + :IC3 (60 — ho)]2 + 4]673/{3]10
2ks '

r=
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9.3. Competitive Inhibition

Then, the enzyme, inhibitor, and enzyme-inhibitor complex concentrations satisfvﬂ

lim e(t) = eg + 1 — ho, t/im h(t)=r, and t/im b(t) = ho —r.

t—o0

Proof:
(a) Trivial.
(b) It follows from the previous part and the conservation laws (@.0)).

(c) First, we show the limit for ¢(t). If we add the differential equations for s(¢) and c¢(t) in (@.5),
we obtain

§(t) + ¢(t) = —kpe(t) forall t>0

and thus wu(t) := s(t) + ¢(t) is non-increasing. Since u(t) > 0 for all ¢t > 0, there is some @ > 0
such that t|—|>r20 u(t) = w. Note that i(t) is bounded, which follows from the differential equations
(@3] and the boundedness of the concentrations, and thus «(t) is uniformly continuous for all
t > 0. By Barbalat’s Lemma (see §A.T of Appendix [A]), tILn;lo u(t) = 0. Since u(t) = —kac(t),
we conclude tl_l)rgo c(t) =0.

Since u(t) = s(t) + ¢(t), tILngo u(t) = u, and tILngo c(t) = 0, it follows tILrQO s(t) = u. Using the first
conservation law in (9.6]), tILn;lo p(t) = sp — u. Thus, we need only show that w = 0.

Suppose, on the contrary, that @ > 0. If we let ¢ — oo in the differential equation for s(t) and
apply limits we know along with Barbélat’s Lemma, we see that tILn;O e(t) = 0. It follows from
the second and third conservation laws in (0.0]) that tILngo b(t) = ep > 0 and tILngo h(t) = ho — eo.
By Barbalat’s Lemma, tl_l)rgo h(t) = 0. Appealing to the differential equation for h(t), we see

lim b(t) = 0 which is a contradiction. Therefore, w =0, lim s(t) =0, and lim p(t) = so.
t—00 t—o00 t—o0
(d) Consider the initial value problem
. 2 _
& =agz”® + a1z +ag, xz(ty) = o,

where ag >0 and ag < 0. Define f(z):= agz? + a1z +ag. Since f is a parabola opening

downwards with f(0) > 0, f clearly has two distinct real roots, say ri,rs where r1 < 0 < ra.

20Observe that lim r = ho.

eqg—0T
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Thus f(x) > 0 for x € (r1,r2) and f(x) < 0 for x > re. It is easy to verify that if 29 > r; then
the solution z(t) satisfies tlim x(t) = ro.
— 0
We will use the above fact and the Comparison Theorem to show that tlim h(t) = r. By virtue
— 00

of the conservation laws (9.6]), this will complete the proof of this part of the proposition.

Using the differential equation for A(t) in ([@.5]) in conjunction with the conservation laws (9.6]),
we see that

h(t) = —ksh(t)? — [k_3 + k3 (eg — ho — ¢(t))] h(t) + k_3ho.

Let § > 0 be arbitrary. Since tlim c(t) =0, there is a "> 0 such that 0 < ¢(t) < for any

t > T. It follows that

fo(h(t)) < h(t) < f5(h(t)) forall t=>T,
where

. 2
y\T) = —R3Z™ — + xr + K_ .
f ( ) . k‘g [k‘ 3 kg (60 ho ’)/)] k 3h0

Observe that r, which is in the statement of this part of the proposition, is the positive root
of fo(z) =0. Now, let rs be the positive root of fs(z) =0. It follows from the Comparison

Theorem and the discussion at the beginning of the proof that

Iitminfh(t) >r and limsuph(t) <rs.

t—o0

Since ¢ > 0 is arbitrary and 5Iim+ rs = r, we can conclude tlim h(t) =r.
—0 —00

9.3.3 Reduction and Re-scaling

Consider the system (@.5]) and conservation laws (Q.6]). Clearly, there are only three independent

concentrations. Following convention, ([@.5]) is reduced to

$=kac—kis(ep—c—0),
¢=kis(eg—c—b)— (ki + ko)c,

b=ks(eg—c—b)(hg—b) — k_3b. (9.7)

Observe that the differential equation for b does not depend on s.

231



9.3. Competitive Inhibition

The dimensions of the quantities in (@.7]) are

Q . Q 1 L’
[S,C, bu h0760] - ﬁ? |:8,C7 b] - ﬁa [k*17k27k73] - Tu and [klukS] - ﬁ

Now, define the new variables

k b
T = kleot, Xr = <m> S, Yy = i) and z:= h_o

and the new parameters

S L B R |
RN n._k—1+k2’ = e’ " kieo’ Tk

Hence, ([@.7)) becomes

o' =z +(1-n+a)y+ pzz,
Y =e e —(1+a2)y— paz],

d=—0z+w(l—y—puz)(1-2),

where ' = d%. Observe that the origin is not an equilibrium point. Note also that the z, y, and z
isoclines, respectively, are given by y = M, (z, 2), y = N.(x, 2), and y = N (x, z), where

0z

Nx(%z) — m Ny($72) = m, and Nz(%z) =1-pz— w(l— Z).

1-n+z’ 1+x

The equilibrium approximation (EA) assumes that the substrate is in equilibrium and thus

corresponds to the isocline y = NV (x, z) (which is a surface). The quasi-steady-state approximation

(QSSA), on the other hand, assumes that both of the complexes are in equilibrium and thus
corresponds to the intersection of the isoclines y = N (z,z) and y = N (z, z) (which is a curve).

We conjecture that we can form a three-dimensional trapping region containing a unique solution

by using the isoclines as boundaries. To prove this, we would need to formulate a higher-dimensional

version of the Antifunnel Theorem. Note that this would likely involve the characterization of the

antifunnel being narrowing in one direction (most likely the z-direction here).
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Chapter 10

Introduction

We turn our attention to a different reaction, namely the Lindemann mechanism for unimolecular
decay, which we will study from a dynamical systems point of view. A unimolecular reaction, as
the name suggests, occurs when a single molecule undergoes a chemical change. In the scheme of
Lindemann, for a given molecule to decay (or isomerize) it must be activated by another molecule
and this activated molecule decays into the product molecule. This idea of a multi-step mechanism
for unimolecular reactions, which originated with Lindemann, is now ubiquitous.

The Lindemann mechanism will lead to a planar differential equation and corresponding scalar
differential equation which we will explore. As with the Michaelis-Menten mechanism, there will
be a trapping region in phase space containing a unique slow manifold. In this part of the thesis,

we will adapt the techniques of Part [Tl to this mechanism.

10.1 The Lindemann Mechanism

Radioactive decay involves the emission of energy from an unstable atomic nucleus. For unimolec-
ular decay, however, a certain amount of energy must be supplied externally, namely the activation
energy. For some time, it was unknown just how the molecules became activated. Jean-Baptiste
Perrin (1870-1942), the French physicist who won the Nobel Prize for Physics in 1926, suggested
in 1919 that the activation was due to the absorption of infrared radiation. However, this idea was

quickly shown to be false.

The British physicist Frederick Lindemann (1886-1957) suggested in 1922 that unimolecular
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10.2. Associated Ordinary Differential Equations

decay involves two steps, namely the activation/deactivation by collision step and the reaction
step. See, for example, [82] which is a “discussion on the radiation theory of chemical action” that
includes Perrin and Lindemann as its participants. The British chemist Cyril Norman Hinshelwood
(1897-1967) made further contributions to the Lindemann model in 1926 and, consequently, the
Lindemann mechanism is occasionally referred to as the Lindemann-Hinshelwood mechanism. See,
for example, Hinshelwood’s paper [61]. For general references on unimolecular reactions and the
Lindemann mechanism, see, for example, [11, [42] [48], [90].

Suppose that the reactant A is to decay into the product P. Then, according to the Lindemann
mechanism, A is activated by a collision with another molecule M, typically from a gas bath,
producing the activated complex B. This activation can also be reversed. The complex then

decays into the product. Symbolically,

k
A+M 2 B+M, B2Pp

k-
where kq, k_1, and ko are the reaction rate constants. There are alternatives to this model which
include the presence of multiple products.

Observe that the concentration of M is constant and the resulting system of differential equa-
tions is linear. However, when the reactant A is activated by colliding with itself, the resulting
system of differential equations is nonlinear. Symbolically, this model, which is the standard Lin-
demann mechanism, is

k
A+A2 A4+B, B2P (10.1)

k1

This is the model which we will be using.

10.2 Associated Ordinary Differential Equations

10.2.1 Ordinary Differential Equations

Consider the Lindemann mechanism (I0.]). The Law of Mass Action gives the system of ordinary

differential equations

a = k_jab — kia?, (10.2a)
b= kia® — k_yab — kob, (10.2b)
P = kob, (10.2¢)
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Chapter 10. Introduction

where "= %. The traditional initial conditions are a(0) = ag, b(0) = 0, and p(0) = 0. However, we

will allow the initial conditions to be arbitrary.

10.2.2 Conservation Law

By adding Equations (I0.2a)), (10.2D), and (I0.2d), we arrive at the conservation law
a(t) + b(t) + p(t) = ao. (10.3)

We choose ag to denote the constant since, traditionally, the complex and product are not initially

present.

10.2.3 Planar Reduction

The system (I0.2)) consists of three ordinary differential equations. Since the differential equations
for ¢ and b are decoupled from the differential equation for p, we need only study the planar

reduction

a=k_ab— kia®, (10.4a)

b= kia® — k_jab — kyb. (10.4b)

The traditional initial conditions are a(0) = ap and b(0) = 0. However, we will again allow the

initial conditions to be arbitrary.

10.2.4 Scalar Reduction

The scalar reduction is formed by eliminating ¢ from the (autonomous) planar reduction (I0.4]) and

considering b as a function of a. Observe that % = 3 Hence, consider the system

b, _ k1a2 — k_lab — k‘Qb
N —k1a2 + kflab

: (10.5)

where ' = d%. We will, of course, restrict attention to the non-negative quadrant which consists of

non-negative concentrations.



10.3. The Equilibrium and Quasi-Steady-State Approximations

10.3 The Equilibrium and Quasi-Steady-State Approximations

The Equilibrium Approximation (EA) and the Quasi-Steady-State Approximation (QSSA), which
have proved successful for the Michaelis-Menten mechanism, have also been applied to the Linde-

mann mechanism. See, for example, §2.2 of [48] and pages 122-126 and 313-317 of [90].

10.3.1 The Equilibrium Approximation (EA)

Assume that the reversible reaction in (I0I]) is in equilibrium. That is, the activation and deacti-

vation reactions are occurring at roughly the same rate. Mathematically, a(t) ~ 0 for sufficiently

large time ¢. Using (I0.4al),

k_1a(t)b(t) ~ kia(t)?.

It is reasonable to assume that a(t) > 0. Thus, we have the equilibrium approximation

In terms of the scalar reduction (I0.0), the EA is

bga(a) := —a. (10.6)

10.3.2 The Quasi-Steady-State Approximation (QSSA)

Assume that the activated complex B of the mechanism (I0.]) is in a quasi-steady state. Mathe-

matically, b(t) = 0 for sufficiently large time ¢. The differential equation (10.4D) gives
Era(t)? = k_ja(t)b(t) + kab(t).

Solving for b(t),
kla(t)2
b(t) ¥ ——————.
( ) ko + k_la(t)

In terms of the scalar reduction (I0.5), the QSSA is

k1a2

=— 10.7
]CQ +]€,1a ( )

bQSSA (a) :

23]
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10.4 Dimensionless Ordinary Differential Equations

We will now re-scale the variables to produce dimensionless planar and scalar systems. Note that
the dimensions of the involved quantities are

. 1 LS
[a,b] = %, [C‘% b} = %7 [ka] = T and  [k_1, k1] = or"

10.4.1 Dimensionless Variables and Parameter

Deﬁn
k k k_
T = k2t7 T = <k_;> a, Yy = (k_;> b7 and g = k—llu

which are all dimensionless. Thus, 7, x, and y are, respectively, a scaled time, reactant con-
centration, and complex concentration. Moreover, the parameter € > 0 measures how slow the
deactivation of the reactant is compared to the activation. Traditionally, one may want to consider

€ to be small. In our analysis, the size of £ does not matter.

10.4.2 Planar System
It is easy to verify that, with the re-scaling, the planar system (I0.4]) becomes

&= -2 texy, y=2"—(l+ex)y, (10.8)

where * = % and (for simplicity) we are using ¢ when we really are using the scaled time 7.

Observe that the system (I0.8)) is a regular perturbation problem, whereas the planar system for
the Michaelis-Menten mechanism is a singular perturbation problem. Occasionally, we will need to
refer to the vector field of this planar system. Hence, define

—x? + ExY

g(x) := , (10.9)
2~ (1+ex)y

where x := (x,9)”. In Chapter [Tl and Chapter [[2] we will explore properties of solutions of (ILS]).

This is the re-scaling used, for example, by Marc Roussel in lecture notes available on his website

http://people.uleth.ca/~roussel at the University of Lethbridge.

239


http://people.uleth.ca/~roussel
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10.4.3 Scalar Differential Equation

With the re-scaling, the scalar system (I0.5]) assumes the dimensionless form

2
—(1

y =T —(dtealy (10.10)
—x° +exy

a4

where /' = R
X

Furthermore, we will define the function

2 —y—exy

f(z,y) = (10.11)

—z2 4 exy

In Chapter [[1] we will explore properties of solutions of (I0.10]).

10.4.4 The EA and QSSA

In terms of this scaling, Equations (I0.6) and (I0.7), for the EA and QSSA, take the respective

forms

.’E2

T lter

x
yEA(z) == - and  yqQssa(x) : (10.12)

Alternatively, these can be found by setting, respectively, # = 0 and y = 0 in (I0.8). The EA can be
interpreted as the vertical isocline, just like with the Michaelis-Menten mechanism, and the QSSA

can be interpreted as the horizontal isocline.

10.5 Phase-Plane Analysis

Later in this section, we will present two computer-generated phase portraits. Our goal here is to
provide rudimentary justification for these phase portraits. In Chapter [ we will develop more
precise results. The phase portraits, for physical reasons, will be restricted to the non-negative
quadrant S.

We will use, like in Part [} a casual notation with regard to column and row vectors. For exam-
ple, by x € S we mean the (column) vector x = (x,%)” satisfies 2,y > 0. Similarly, by (z,y) € S
we mean the point (x,y) satisfies z,y > 0.

To motivate the phase portrait, we will find the isoclines, establish the positive invariance of

the non-negative quadrant S, classify the origin (which is the only equilibrium point), and specify

the slopes of solutions of (I0.I0) in different regions of S.
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10.5.1 Isoclines

To find the horizontal and vertical isoclines for the planar system (I0.8]), respectively set § = 0 and

T =0 to get
2
H(z):

x
=11z and V(x):= -

We pointed out earlier that the EA corresponds to the vertical isocline and the QSSA corresponds
to the horizontal isocline. See Equation (I0.I12]). Note that the line x = 0 may also be regarded
as a vertical isocline. Note also that both of the isoclines depend on e, whereas neither did in the
Michaelis-Menten mechanism.

Observe that the isoclines satisfy

H0)=0=V(0), 0<H(zx)<V(zr) forall z>0, and Ilim H(z)=o00= lim V(z).

r—00 T—00

The region between the isoclines will be important and is denoted by
Iop:={(r,y) : >0, Hz) <y <V(z) }.
Note that, unlike for the Michaelis-Menten mechanism, this region is not narrowing as x — oo since

lim [V(z) — H(z)] =& 2

T— 00

10.5.2 Positive Invariance of the Non-Negative Quadrant S

It is easy to confirm that the origin (0, 0) is the only equilibrium point of the system (I0.8]). Observe
that two simple solutions of (I0.8]) are x(t) =0 and x(t) = (O,e_tyo)T (for any yo > 0). Hence,
the non-negative y-axis is positively invariant. Now, if # > 0 and y = 0, then ¢ = 2> > 0. Thus, on
the positive z-axis, the vector field g points into S. It follows that the non-negative quadrant is

positively invariant.

10.5.3 Classifying the Origin

The Jacobian matrix at the origin for the planar system (I0.8)) is



10.5. Phase-Plane Analysis

Region Values of the Slopes of Solutions
z=0,y>0 undefined
z>0,y=0 f=-1

x>0, 0<y<H(x) -1<f<0
x>0, y=H(x) f=0

x>0, Hz) <y < V(x) 0< f<oo
x>0, y=V(z) undefined
x>0, y>V(x) —oco< f<—1

Table 10.1: This table lists the slopes of solutions of (I0.I0) in different regions of the non-negative quad-
rant. The function f is defined in (IO.IT).

By inspection, A has eigenvalues and associated eigenvectors
Ar =0, A_:=-1, vy:=e;, and v_:=es.

We are thus confronted with the first significant difference with the Michaelis-Menten mechanism:
the origin is a non-hyperbolic fixed point. The Hartman-Grobman Theorem, unfortunately, cannot
be applied here.

Using Theorem 65 in §9.21 of [2], the origin is a saddle node (see Figure [A.3 in §A.8)) which
consists of two hyperbolic sectors and one parabolic sector. As we will effectively show later, S is

contained in the parabolic sector.

10.5.4 The Slopes of Solutions of the Scalar Differential Equation

Table [[0.Jlsummarizes the slopes of solutions of the scalar differential equation (I0.I0]) in all regions
of the non-negative quadrant. These results can easily be confirmed using the differential equation.
10.5.5 Phase Portrait

The Portraits

We now present, in Figures [I0.1] and [0.2] two computer-generated phase portraits for the system
([I0.8)). In one figure € is small and in the other figure ¢ is larger.
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x' =~ +epsilon x y epsilon = 0.5
y’:xz—y—epsilonxy
5 T T /T

35

151 /

05

0 0.5 1 15 2 25 3 35 4 4.5 5

Figure 10.1: A phase portrait for (I0.8)) for parameter value € = 0.5 along with the isoclines. Curiously,
MATLAB could not find the vertical isocline, which is a straight line, sufficiently accurately.

The EA and QSSA

The phase portraits have many similarities with the phase portraits for the Michaelis-Menten
mechanism. The isoclines again define a so-called trapping region which we have already called I'.
Moreover, the horizontal isocline (QSSA) appears to capture the long-term behaviour of solutions
of the planar system (I0.8]). The vertical isocline (EA) also appears to capture the long-term

behaviour, but decidedly less so than the horizontal isocline.

The Slow Manifold

The phase portraits suggest that there is a unique exceptional solution to (I0.10]) contained in the

region I'g between the isoclines. As with the Michaelis-Menten mechanism, we will refer to this
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x' =~ +epsilon x y epsilon =2.0
y’:xz—y—epsilonxy
1 T T

0.8 b

0.7 N

0.6 b

04 _ |

0.3 -

0.2+ _|- i

Figure 10.2: A phase portrait for (I0.8) for parameter value e = 2.0 along with the isoclines.

exceptional solution as the slow manifold and it will be denoted by y = M(z). In Chapter [[T], we

will show that this solution indeed exists and is unique.

10.5.6 Domain of Existence for Solutions of the Differential Equations

For any initial condition x¢ € S, the solution x(¢) to the planar system (L0.8)) is defined for all
t > 0. However, we need to be more careful with the domain for scalar solutions y(z) to (I0.10]).

There are five possibilities.

e fr=0and y>0orifz>0and y=V(x), the function f is not defined, where f is given
in (I0.I1). We will not consider there to be a scalar solution along the y-axis or the vertical

isocline.
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If y is the slow manifold, that is y = M, then y is defined for z > 0.

If y lies below the slow manifold, y will intersect the x-axis for some a > 0. Thus, y is defined

for (0,a] with y(a) = 0.

If y lies below the vertical isocline, y will intersect V' for some a > 0. Thus, y is defined for

(0,a) with xl_l)n;f y(x) =V (a).

If y lies above the vertical isocline, y will intersect V' for some a > 0. Thus, y is defined for

(0,a) with xILT— y(x) =V (a).

Since g in Equation (I0.9]) is analytic, solutions x(t) are also analytic. Furthermore, since f in
Equation (I0.I)) is analytic except along the non-negative y-axis and along the vertical isocline V/,

scalar solutions y(x) are analytic there as well.

10.6 Literature Review

The Lindemann mechanism is a less prominent model than the Michaelis-Menten mechanism. Con-
sequently, the relevant literature for the Lindemann mechanism is much more limited than for the
Michaelis-Menten mechanism. However, when the Michaelis-Menten mechanism is studied mathe-
matically, the Lindemann mechanism is occasionally used as an alternate example (just like in this
thesis). The literature mentioned in Part [Tl and particularly §6.7 can, broadly, be extended to this
part of the thesis.

The planar system (I0.8]) has been studied as a perturbation problem. See, for example, [102],
113]. Furthermore, Simon Fraser has used the Lindemann mechanism as an alternate example in his
work on the dynamical systems approach to chemical kinetics. See, for example, [43], [46]. Finally,
two of the three authors of [35] also looked at some mathematical properties of the Lindemann

mechanism in [34].

10.7 Summary
The nonlinear Lindemann mechanism for unimolecular decay is

k
A+A=A+B BEP

k1
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10.7. Summary

where A is the molecule that decays, B is the activated complex, and P is the product of the decay.

The Law of Mass Action and a re-scaling gives the dimensionless planar system

i=—a+exy, y=a’—y—-exy,

where x is a scaled concentration of A, y is a scaled concentration of B, ¢ > 0 is a parameter,
and "= %. Traditionally, one may assume 0 < ¢ < 1 but we will consider € > 0 to be general.
Furthermore, one can form a corresponding scalar system

, 2t —y—exy

V=T E ey

where ' = %. We will be studying the planar and scalar systems in the non-negative quadrant S.

The horizontal and vertical isoclines for the planar system are, respectively,

2

H(z) and V(z) = g

- 1+4e¢ex

Physically, the horizontal isocline corresponds to the QSSA and the vertical isocline corresponds

to the EA. The important region between the isoclines will be denoted by
Fo={(z,y) :+ >0, H@x)<y<V(z) }.

The origin for the planar system is a saddle node and a non-hyperbolic equilibrium point.
This is one major difference between the Lindemann and the Michaelis-Menten mechanism. Two
computer-generated phase portraits were given in Figures [0.1] and [0.2l In Chapter 01l we will

prove that there is a unique solution (namely the slow manifold) that lies entirely in the region I'y.
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Chapter 11

Properties of Solutions in Phase Space

11.1 Introduction

The nonlinear Lindemann mechanism for unimolecular decay is

k1 k;2
A+A=A+B, B%Pp

k1

where A is reactant, B is the activated complex, and P is the product of the decay. The Law of

Mass Action and a re-scaling gave us the planar system

x = g(x) (11.1)
and the scalar system
y = f(z,y), (11.2)
where
g(x) = - eay and f(z,y) = w (11.3)
22— (1+ex)y —z°+exy

Note that t is a scaled time, x is a scaled reactant concentration, y is a scaled complex concentration,

r_ d
and = 4

€ > 0 is a parameter, = %,

In this chapter, we make precise statements about the phase portrait of the planar system
(IIJ). Equivalently, we will study the scalar solutions of the differential equation (II.2]). The
physically relevant portion of the xy-plane is S, the non-negative quadrant, and so we will only

work in that region.
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11.2 Isoclines

The isocline structure for the phase portrait of the Michaelis-Menten mechanism proved to be a
valuable tool and the same will be true for the Lindemann mechanism. From Chapter [I0, the

horizontal and vertical isoclines are given by
2

x
= d V(z)=Z=. 114

1+ex an (=) € ( )
We will show that the region between the isoclines,

Fo={(2,9) : 2>0, H(z) <y <V(z) },

is a “trapping region.”

11.2.1 Finding the Isoclines

The curve y = w(z) is an isocline for slope ¢ € R if f(z,w(z)) = c for all x > 0, where f is the slope

function given in (IT3]). Solving f(z,y) = ¢ for y gives
2

B T
v= K(c)+ex’
where
1
K(c) := —1. 11.
(@ =10 < (11.5)
Hence, define the function
F(z,c) = o, £ -1, z#—e'K(c) (11.6)
" K(c) +ex’ ’ ’ ’

Figure [[1.1] gives a sketch of K. It follows that y = F'(x,c) is the isocline for slope ¢. Note that
each isocline, except the vertical isocline which corresponds to lim K(c) = 0 and which is a straight
CcC— 00

line, has a vertical asymptote at z = —e 1K (c). Observe also that
y'(x) = f(z,y(z)) if and only if y(z) = F(z,y'(2)).

Claim 11.1: Let c € R\ {—1} and let w(x) := F(x,c) be the isocline for slope c. Then, the deriva-
tive of w satisfies

lim w'(z) =1 (11.7)

Furthermore, w is concave up for all x > 0 and satisfies the differential equation

2w’ 4 w(ew — 2x) = 0. (11.8)
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Y
o)

Figure 11.1: Graph of the function K(c).

Proof: We can write

2
x
w(z) = r+ex’
where r := K(c). Calculate
2 22
Wie) = TE T g () = o
(r+ex) (r+ex)

Clearly, lim w'(z) = ¢! and w”(z) > 0 for all z > 0. The differential equation is easy to verify.
r—00

O
Claim 11.2: We can invert K(c) = for r # 0 and differentiate K(c) for ¢ # —1 with
Kﬁl('r):l_r, r#0 and K’(c):—%, c# —1.
r (1+c¢)
Proof: The proof is trivial. O

Remarks 11.3:

(i) The interior of the region I'g corresponds to 0 < ¢ < oo and 0 < K(c¢) < 1. Furthermore,
K (0) = 1 corresponds to the horizontal isocline H and lim K(c) = 0 corresponds to the ver-
CcC— 00

tical isocline V.

(ii) The vertical isocline, which is a straight line, is an exceptional isocline. Another excep-
tional isocline is w(xz) = 0, which corresponds to slope —1. For completeness, we will write

F(z,—1) = 0.



11.3. Global Asymptotic Stability

increasing c
(from —oo to —1)

¢ switches from
+o0 to —o0

increasing c
(from —1 to +o0)

c=—1

Figure 11.2: Sketch of the isocline structure of (IT.2)). The isoclines above the vertical isocline have zero

slope along the line y = 2?’5

(iii) The vertical isocline satisfies the limit (IT.7]) and the differential equation (IT.8]). The isocline
w(x) = 0 (the isocline for slope —1) also satisfies the differential equation but does not satisfy

the limit.

11.2.2 The Isocline Structure

The isocline structure is sketched in Figure [1.21 As with the Michaelis-Menten mechanism, we
will often appeal to the isocline structure. For example, if a scalar solution is above the line y =0

and below the horizontal isocline y = H(x), we know that —1 < ¢/(z) < 0.

11.3 Global Asymptotic Stability

We have referred to the region I'y as a “trapping region.” As we will now show, all solutions x(¢) to
the planar system (II.I]) eventually enter I'y. Moreover, all solutions to the planar system approach

the origin in time. That is, the origin is globally (at least, in terms of the non-negative quadrant)
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asymptotically stable.

Theorem 11.4: Consider the planar system (I1.I]).
(a) The region Ty is positively invariant.

(b) Let x(t) be the solution to (IIII) with initial condition x(0) = xy, where xy € S\ {0}. Then,
there is a t* > 0 such that z(t) € T'g for all t > t*.

(c) Let x(t) be the solution to (ILI]) with initial condition x(0) = xy, where xy € S. Then,

lim x(t) = 0.

t—o0
Proof: The proof is essentially identical to the corresponding proof in Theorem [.7] of Chapter [§
on page [I67] Note that for (b), in the case where zy > 0 and yo > V' (x¢), if x(¢) is assumed to not

enter I'g then

f(z(t),y(t)) <=1 and y(t) <yo— [z(t) —z] forall t>0.

11.4 Existence and Uniqueness of the Slow Manifold

In this section, we will prove that there is a unique solution y = M(z) to the scalar differential
equation (IT.2) that lies entirely inside the trapping region I'y. The proof will be similar to the
corresponding proof in 7.4l However, there are two notable differences. First, the isocline o which
we will use for the strong lower fence is actually the isocline for the slope of the slow manifold at
x = oo and not x = 0. Second, the antifunnel formed by the horizontal and « isoclines will not be
narrowing. Recall that, in order to use the Antifunnel Theorem, we needed the antifunnel to be

narrowing.

11.4.1 Introduction

Suppose that we want the isocline

w(z) = , O0<r<1
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to be a strong lower fence for the differential equation (IT.2]) for all z > 0. Note that the condition

on 7 restricts the isocline to being between the horizontal and vertical isoclines. Note also that
f(z,w(x)) = K~Y(r) forall z>0.

Since w is concave up and satisfies the limit lim w'(z) = ™!, we know that w'(z) < ¢! for all
r—00

x > 0. Hence,

e <K (r) = W(2) < f(z,w(zx)) forall z>0.

Since we want the isocline that will give us the thinnest antifunnel, we choose

= 11.
CM(.’E) K (571) +ex ( 9)
Note that
K(e!) = —
(5 ) 1+¢

Claim 11.5: The isocline « is a strong lower fence and the horizontal isocline H is a strong upper

fence for the differential equation (IL2)) for all x > 0.

Proof: We have already shown that « is a strong lower fence. To show that H is a strong upper
fence, observe

f(z,H(z)) =0< H'(z) forall z>0.

Claim 11.6: The region
I={(z,y) : >0, H(z) <y <a) }
is an antifunnel for the differential equation (I1.2]).

Proof: We know y = a(x) and y = H(z) are strong fences for (IL2). Moreover, a(z) > H(x) for

all x > 0. By definition, I'; is an antifunnel. O

11.4.2 The Existence-Uniqueness Theorem

Now, we will prove the existence and uniqueness of the slow manifold. To this end, we will use an

alternate form of the Antifunnel Theorem which does not require the antifunnel to be narrowing.
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Theorem 11.7:

(a) There exists a unique slow manifold y = M(x) in I'y for the scalar differential equation (I1.2]).

(b) The slow manifold y = M(x) is also the only solution that lies entirely in T'.

Proof:

(a)

Suppose that x > 0 and H(z) <y < V(z). Using (IT14),

e’ <ey < and 0< ey < e’
T an T — T — .
14+ ex Y Y 1+ex
Re-arranging, we have
1 1 1 2 1
0< = o and O<(—+5> <—7.
x T —ey x (ac — 5y)

Thus, using the definition (IT3]) of f we have
2
g—g(:c,y) = m > <§ —|—5) > g2,
Hence, we can apply the Alternate Antifunnel Theorem (Theorem on page BI0) with
r(x) := &2, To see why, consider that
o0 _ 1
/0 r(z)dr = o0 and xllj;o[a(x) — H(z)] = 0o

and thus
im a(ac)x— H(x)
z—oo exp( [ 7(s) ds)
We can therefore conclude that there is a unique solution y = M(x) to (IL2) that lies in I’y

=0.

for all z > 0.

Let y be a solution in I'g lying below M. Since M is the only solution contained in I'y, y must

leave I'; through the horizontal isocline.

Now, let y be a solution in I'y lying above M. Suppose on the contrary that y never leaves I'y
and thus M(z) < y(z) < V(z) for all z > 0. Consider the isocline w(z) := F (x,2¢™!). Since
w is a strong lower fence, the proof of the first part of the theorem can be adapted to show
that M is the only solution contained in the region between the isoclines H and w. Thus,

there is an a > 0 such that y(a) = w(a). Now, w'(x) <e~! for all x >0 and y/(z) > 2e7 1 if
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11.4. Existence and Uniqueness of the Slow Manifold

y(x) > w(zx). Tt follows from a simple comparison argument that w(z) < y(z) < V() for all
x> a. So, y(x) > y(a) + 2e7! (x — a) for all x > a. This is a contradiction since y(z) > V(z)

for sufficiently large x.

Remarks 11.8:

(i) We are referring to the unique solution between the isoclines as the slow manifold. However,
all scalar solutions in I'y are technically slow manifolds (and, as it turns out, centre manifolds).

This is because, as functions of time, the solutions approach the origin in the slow direction.

(i) If wi(x) < M(z) < wa(x) for all x > 0, where w; and wy are isoclines, then w;(z) < H(z)
and wy(x) > a(z) for all x > 0. This follows from the isocline structure and the fact (which

we will show later) that Iim+ M'(z) =0 and lim M'(z) =¢1.
z—0 T—00

11.4.3 Nested Antifunnels

We have seen that the region between the horizontal isocline and the w isocline, where w(x) := F(x, c)
for ¢ > £, is an antifunnel (containing unique solution y = M(x)) for all z > 0. We can find thin-
ner antifunnels than I'y. However, these antifunnels will not be valid for all 2 > 0.

For an isocline w(x) := F(z,c), where 0 < ¢ < !, to be a strong lower fence on an interval, we
need w'(z) < f(z,w(x)). Solving the equation w'(x) = f(z,w(x)), as we shall see, gives x = £(c),

where

£(c) == [K{EC)} [\/11——5(: - 1] , ce(0,e7h). (11.10)

Note that 1 —ec > 0. We will quickly establish a few properties of £(c). See Figure I1.3] for a
sketch of the function.

Claim 11.9: The function &(c) satisfies

lim &(c) =0, lim &(c)=o0, and €(c)>0 forall ce (0,e7'). (11.11)
c—0t CH(5_1)7
Proof: The proof is routine, tedious, and omitted. O

Claim 11.10: The function &(c) is analytic for all ¢ € (0,e™'). Furthermore, &(c) has analytic

inverse £~ (z) defined for all z > 0.
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Figure 11.3: Graph of the function £(¢) for arbitrary € > 0.

Proof: 1t is clear from the definition (ILI0) that £(c) is analytic for all ¢ € (0,e7!). Using (IIII)
in conjunction with the Real Analytic Inverse Function Theorem, we know that £(c) is invertible

for all ¢ € (0,e') and that £'(z) is analytic for all z > 0. O

We are now in a position to establish on what interval a given isocline is a strong fence. Observe
that no isocline between the horizontal isocline and the « isocline is strong fence for all x > 0. As a
consequence, this gives us infinitely many nested antifunnels. These nested antifunnels are formed
by altering the strong upper fence (lower boundary) and leaving the strong lower fence (upper
boundary) alone. The opposite was the case for the Michaelis-Menten mechanism which required us
to alter the strong lower fence (upper boundary) and leave the strong upper fence (lower boundary)

alone.
Proposition 11.11: Let c € (0,5*1) be fixred and let w(zx) := F(z,c) be the isocline for slope c.
(a) The isocline w satisfies
< f(zyw(z)), if 0<x<E(c)
w'(2) § = fz,w(z)), if =¢c)
> [z, w(@)), if =>¢€(c)
(b) The slow manifold satisfies

w(z) < M(z) < ax) for all = > &(c).

1220
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Proof:

(a) We know that

oz 2K (c) + ex]

flz,w(z)) =c and w'(z) K(0) + e’

for all x> 0.

First, we will solve the equation w'(z) = f(z,w(z)) for z. Set

z 2K (c) + ex]
[K(c) + ex]?

This leads to the equation
e(l— z-:c)ac2 +2K(c)(1—ec)x —cK(c)2 = 0.

Solving,

o[ fra ]

Since & > 0, the only solution is = £(¢). It follows that w'(z) = f(x,w(x)) when z = £(¢). By
adapting the above calculation, it can easily be shown w'(z) < f(z,w(x)) when 0 < z < £(c)

and w'(z) > f(z,w(z)) when z > ().

(b) It follows from the Alternate Antifunnel Theorem.

11.5 Behaviour Near z = 0: Introduction

We will eventually show that each solution inside the trapping region I'y can be represented as a

Taylor series as * — 07. First, we need to establish a basic result.
Proposition 11.12: Let y be a solution to (IL.2)) lying inside 'y for x € (0,a), where a > 0. Then,
we can extend y(z) and y'(z) to say y(0) =0 and y'(0) = 0.

Proof: Observe that

lim a(x) =0 and lim o) = 0.
z—0t z—0t I

Since

0<y(z)<a(x) forall ze€(0,a),
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the Squeeze Theorem establishes y(0) = 0. Now,

0< y(x; :g(o) < O‘Ef) for all z € (0,a).

Thus, by the Squeeze Theorem again as well as the definition of (right) derivative, we can say

y'(0) = 0. 0

11.6 Concavity

In this section, we will establish the concavity of all scalar solutions, except for the slow manifold,
in the non-negative quadrant. The concavity of the slow manifold will be established later. These

results will be obtained, like with the Michaelis-Menten mechanism, by using an auxiliary function.

11.6.1 Introduction

Let y be a solution to (IL2) and consider the function f given in (IL3). If we differentiate the

equation y/(x) = f(x,y(z)) and apply the Chain Rule, we get

(@) = G @) + G @) f oyt
It is easy to verify that
y"(z) = p(z,y(x))h(z, y(z)), (11.12)
where
p(z,y) = m and  h(z,y) := 2%f(z,y) +y (cy — 2z). (11.13)

The function p(x,y) is positive everywhere except along the vertical isocline and for x =0,
where it is undefined. For a given solution, we can overload the functions A and p and consider

them defined with respect to y:
h(z) :=h(z,y(z)) and p(z) :=p(z,y(z)).

Claim 11.13: For a given x > 0 with y(z) # V(x), the sign of h(x) is the same as the sign of

y"(x). Furthermore, the function h has derivative

W (z) = 2*p(x)h(x) + 2y(z) [ey/(z) — 1] . (11.14)



11.6. Concavity

Region Concavity of Solutions

0<y<H concave down

H <y < M | concave up, then inflection point, then concave down

M<y<V concave up

y>V concave up, then inflection point, then concave down

Table 11.1: This table gives a summary of the concavity of solutions of (II.2)) in the non-negative quadrant.

Proof:  The first part of the claim follows from (IT.I2]) and the fact that p(x) > 0. To show the

second part of the claim, write

h(z) = 2%y + ey — 2xy.
Differentiating with respect to = and applying (IT.12]),
W (x) = 2zy (x) + 2%y (2) + 2ey(2)y' () — 2 [y(x) + 29/ (2)] = 2®p(x)h(z) + 2y(2) [ey'(z) — 1] .
O

Remark 11.14: The function h cannot tell us anything about the concavity of solutions at x = 0,

not even by taking a limit.

Claim 11.15: Let y be a solution to (IT2)) and let xy > 0 with y(xo) # V(xo). Consider the

isocline through the point (xo,y(x¢)), which is given by w(x) := F(x,y'(x¢)). Then,
h(zo) = o [y (z0) — w'(20)] -
Furthermore, y"(xg) > 0 if and only if y'(xo) > w'(x0) and y"(xo) < 0 if and only if y'(xo) < w'(xo).

Proof: The first part follows from (I1.8) and (II.I3]). The second part follows from the first. O

The concavity of all solutions in all regions of the non-negative quadrant can be deduced using
the auxiliary function h and Lemma [7.22] on page [77l Table IT.J] summarizes what we will develop
in this section. They are all suggested by the phase portraits in Figures [[0.I] and from
Chapter 10
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11.6.2 Establishing the Results
Concavity Below H

Proposition 11.16: Let y be a solution to (I1.2) lying below H with domain |a,b], where a > b > 0,

y(a) = H(a), and y(b) = 0. Then, y is concave down on [a,b].

Proof:  We know y/(a) =0 and y/(b) = —1. Also, y(z) > 0 and y'(z) < 0 for all = € (a,b). Note
that y < V(x) which implies ey — 2z < 0 for all x € [a,b]. Let h be as in (ILI3)) defined with
respect to the solution y. Observe that

h(a) = H(a)[eH(a) —2a] <0 and h(b) = —b* < 0.
Observe also that
h(z) = 2%/ (z) + y() [ey(z) — 22] <0 for all x € (a,b).

Therefore, y is concave down on [a, b]. O

Concavity Between H and M

Proposition 11.17: Let y be a solution to (IL2) lying above H and below M with domain (0, al,
where a > 0 and y(a) = H(a). Then, there is a unique x1 € (0,a) such that y"(x1) = 0. Moreover,

y is concave up on (0,x1) and concave down on (x1,al.

Proof: Let h be as in (IT.13]) defined with respect to the solution y. Now, we know 3/(a) = 0 and, by
Proposition [[T.I12] we can extend y'(x) continuously and write y'(0) = 0. By Rolle’s Theorem, there
is an 1 € (0, a) such that y”(x1) = 0 and hence h(z1) = 0. To show the uniqueness of 1, suppose
that z9 € (0, a) is such that h(xze) = 0. Now, since H (z2) < y(z2) < a(x2), by virtue of the isocline
structure 0 < y/(x9) < e~!. Moreover, we see from (IT.14]) that h'(z2) < 0. By Lemma [[.22] we
can conclude x9 = z1. Finally, by continuity we can conclude that h(xz) > 0 on (0,21) and h(x) <0

on (x1,a] since h(a) = y(a) [ey(a) — 2a] < 0. O

Concavity Between M and V

Proposition 11.18: Let y be a solution to (IL2) strictly between M and V with domain (0,a),

where a > 0 and lim y(x) =V (a). Then, y is concave up on (0,a).
T—a
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Proof: Let h be as in (IT.I3]) defined with respect to the solution y. Define the sets
I={2€(0,a) : Mxz)<y(z)<a(z)} and J:={ze(0,a) : alz) <y(z)<V(zx)}.

Since since lim y(z) = V(a), we know that J # (). We will show separately that h(x) > 0 for each
x € I and fg;gach xeJ.

Suppose that = € J. By virtue of the isocline structure, y/(x) > e~!. However, any isocline w
satisfies w'(z) < e~1. Appealing to Claim [TI5} h(x) > 0.

If I = () then we are done. Suppose that I # () and let z3 € J be fixed. We have already shown
that h(x3) > 0. We need to show that h(z) > 0 for all x € I. By continuity, it suffices to show
that h has no zeros in I. Suppose, on the contrary, that this is not the case. By Lemma [[22] h
has a right-most zero z1 € I C (0,z3]. Observe that y/(z1) < ¢!, which follows from the fact that
y(x1) < ax1). Since h(z1) = 0 and y(z1) > 0, (ILI4) informs us h'(x1) < 0. Consequently, there
is an xg € (x1,x3) such that h(x2) < 0. Since h(z3) > 0, the Intermediate Value Theorem implies

that h has a zero in (z2,x3), which is a contradiction since z; is the right-most zero. O

Concavity Above V

Proposition 11.19: Let y be a solution to (IL2)) lying above V' with domain (0,a), where a > 0,
/im+ y(x) =00, and lim y(x) =V (a). Then, there is a unique x1 € (0,a) such that y"(x1) = 0.
z—0 T—a~

Moreover, y is concave up on (0,x1) and concave down on (z1,a).

Proof: We know that

lim ¢y'(z) = —0c0 and lim y/'(z) = —oo.
z—0t T—a~

By continuity, there are by, bs € R such that 0 < by < by < a and y'(b1) = 3/(b2). Thus by Rolle’s
Theorem, there is an z; € (0, a) such that y”(x;) = 0.
To prove uniqueness, suppose that xzo € (0,a) is such that h(ze) = 0, where h is as in (IT.I3])

defined with respect to the solution y. Now, we know from Table [0l that y(xs) < 1.

Using
([II14), h(z2) < 0. Since z2 was an arbitrary zero of h, we can conclude using Lemma [7.22] that
x9 = x1. Furthermore, since h/(z1) < 0, we can say that y is concave up on (0,z1) and concave

down on (z1,a). O
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Figure 11.4: The two thick curves are curves along which solutions of (IT.2) have inflection points, for

parameter value € = 0.5. The thin curves are the horizontal, o, and vertical isoclines.

11.6.3 Curves of Inflection Points

We know from Table [[T.1] that solutions to the scalar differential equation (IL.2]) can only have
inflection points between H and M or above V. Just like with the Michaelis-Menten mechanism,
we can construct a curve of inflection points which is close to the slow manifold.

It is easily verified that

e?y® — (Bex) y? + (22% —ex® —z) y + 2°

h(z,y) = py— :

where h is as in (ITI3]). Thus, there are three curves along which solutions have zero second

derivative, given implicitly by
ey — (Bex) y® + (227 —ea® —2) y +2° = 0.

One curve lies below the z-axis and is discarded. The other two curves, as expected, are in the
positive quadrant. See Figure M[T.41
Recall that, for a fixed ¢ € (0,e7!), the isocline w(z) := F(x,c) switches from being a strong
lower fence to being a strong upper fence at z = &£(¢) and y = F(&(c),c), where F is defined in
(IT6) and ¢ is defined in (ITI0). As was the case for the Michaelis-Menten mechanism (see §7.6.3]
on page [ET),
VY(z):=F (x,f_l(:c)) , >0 (11.15)
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will be a curve of inflection points between H and M. Note that H(x) < F(x,c) < a(z) for all
x>0 and cée (0, 5*1), which follows from the isocline structure. Moreover, 0 < £71(x) < ™! for

all z > 0. Thus, H(x) < Y(z) < a(z) for all z > 0.
Claim 11.20: Suppose that xo > 0 and H(xg) < yo < a(x¢). Define the slope ¢ := f(xo,y0) and
isocline w(x) := F(x,c). Then, the isocline w satisfies

> f(zo,90), if H(zo) <yo < IV(zo)

w'(20) § = f(wo,y0), i yo = V(wo)

< f(zo,y0), if Y(wo) < yo < afzo)
Proof: Note that 0 < ¢ < ¢! and yo = w(xg). We will only show the third case since the other two
cases are similar. Assume that Y (z¢) < yo < a(zp). Appealing to the isocline structure, we know
g—g(x,y) >0ifz > 0and H(z) <y < a(x). Thus, f(zo,y0) > f(xo,Y(x0)). Since ¢ = f(xo,yo) and

£ (zo) = f(xo, Y(0)), we have ¢ > £~ 1(zq). Since £ is strictly increasing, 9 < £(c). By virtue of

Proposition [[T.TT] we can conclude w'(xg) < f(zo, yo)- O
Claim 11.21: The curve y = Y(x) is analytic for all z > 0.

Proof: ~ We know that £7!(z) is analytic and 0 < ¢71(z) < e~! for all 2 > 0. Since F(z,c) is
analytic if > 0 and 0 < ¢ < ™!, we see from the definition (ITI5) that Y(x) is analytic for all
x> 0. g

Proposition 11.22: The function h, defined in (ITI3)), satisfies

<0, if >0, Hxz)<y<Y(z)
hz,y) =0, if >0, y=(z)

>0, if >0, V() <y<a(x)

Proof: Let g > 0 and H(z9) < yo < a(xg) be fixed. Consider the slope ¢ := f(z9,yo) and isocline
w(z) = F(x,c). We know from Claim that

h(zo,90) = zo [f (0, y0) — w'(x0)] -

The result follows from Claim O
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Proposition 11.23: The curve y = Y(x) satisfies

H(z) < Y(z) < M(z) forall x>0.

Proof: ~We know already that H(x) < Y(z) < a(x) for all z > 0. We know from our results on
concavity (see Table I1.T]) that h(z,y) > 0 if x > 0 and M(z) < y < a(z), where h is the function
defined in (IT.I3]). By continuity, we can conclude h(x, M(x)) > 0 for all x > 0. It follows from
Proposition that Y(z) < M(z) for all x > 0.

To establish a strict inequality, let h be defined along the solution y = M(z). Assume, on the
contrary, that there is an xg > 0 such that h(z) = 0. Using (ILI4]), h'(x0) < 0. This contradicts
the fact that h(xz) > 0 for all > 0. O

11.6.4 The Slow Tangent Manifold

The two curves of inflection points (the one between H and M given by y = )(x) as well as the
one above V') are tangent manifolds. To justify this statement, we will use the results of §7.6.4] on
page [I83]

The Jacobian of the vector field g, given in (TL3), is

—2x + ¢y Ex
20 —ey —exr—1

This matrix has trace and determinant given, respectively, by
Ti=—(+2)x+ey—1 and A:=2zx-—ey.

To apply Proposition [[.36] we need to verify that g1 # 0, %—gg #0, and 72 > 4A in the relevant
regions. Trivially, g1 # 0 (except along the vertical isocline) and g2 > 0 for > 0. To show that
72 > 4A for x > 0, observe

e+2)x—177

72 4N = &2 y_( + dex > 4ex > 0.

Remark 11.24: For the Michaelis-Menten mechanism, it is possible to write down the slow tangent
manifold explicitly in the form x = 7 (y) with the expression for 7 being simple. However, for the

Lindemann mechanism, the slow tangent manifold is given implicitly by the equation

e?y® — (3ex) y? + (22° —ea® —z) y +2° = 0.
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Thus, to write down an expression for the slow tangent manifold, either in the form y = )(z) or
x =T (y), we need to find the roots of a cubic polynomial. The resulting expressions, in both cases,

are quite messy.

11.7 Behaviour Near 2 = 0: Conclusion

In this section, we establish the full asymptotic behaviour of scalar solutions y(x) as * — 0%. We
will begin by attempting to find a Taylor series solution. Consider the differential equation (IT.2]),
which can be re-written

exyy — 22y —a? +y+exy =0. (11.16)

Assume that y(z) is a solution in I'y of the form
o0
y(x) = bpa" (11.17)
n=0

for undetermined coefficients {by}, .

Calculate
zy(z)y' (z) = Z ', xy(x) = Z bp_12", and x?y/(z) = Z (n—1)bp—12",  (11.18)
n=1 n=1 n=2
where

n—1

cp 1= Z (n —m)bpbyp—p for n>1.
m=0

If we substitute (IT.I7) and (ITI8) into (ILI6]), we get
bo + [ECl + by —|—5b0]:c+ [662 —|—b2—|—(€— 1)b1 — 1]:62

+Z[Ecn +b,+(e+1—n)by_q1]z" =0.
n=3

We must have by = 0 from which it follows that ¢; = 0. In turn, this means by =0, co =0, by = 1,

c3 =0, and b3 = 2 — e. Thus, the coefficients {b,},~, in (ILI7) must be given by
bOZO, b1:0, b2:1, b3:2—€,

n—2
and b,=Mn—-1—-¢)by,_1—¢ Z (n—m)bpbp—ym for n>4. (11.19)
m=2
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We will use centre manifold theory to show that the series (ITI7)) is fully correct for each so-
lution inside the trapping region I'y. However, we must first show that each solution is a centre
manifold. That is, we must show that each solution y(z) satisfies y(0) = 0 and 3’(0) = 0. Proposi-
tion [[T.12]already established that this is true for y(z) inside I';. Note that for the Michaelis-Menten

mechanism, solutions generally were not given by a Taylor series at the origin.

Proposition 11.25: Lety be a solution to (IT2) lying inside I'y for x € (0,a), where a > 0. Then,

we can extend y(z) and y'(z) to say y(0) =0 and y'(0) = 0.

Proof: These limits have already been established if y is the slow manifold or if y lies below the

slow manifold M. Hence, we will assume that
M(z) <y(x) <V(x) forall ze€(0,a).

Let ¢:=y'(%). We know from Table II1] that y is concave up on (0,%). Since M(z) >0 for
T € (0, %), we thus have

0<y(z) < F(z,c) foral ze€(0,%),

where F' is the function given in (IT.0]). Note that

F
lim F(x,c)=0 and lim

z—0t z—0t x

It follows from the Squeeze Theorem that we can take y(0) = 0. Now, observe that

y() = y(0) _ Fla,c)

z—0 x

Again by the Squeeze Theorem, we see that we can take y'(0) = 0. O

Theorem 11.26: Let y(x) be a scalar solution to (I1.2) lying inside I'y and consider the coefficients

{bn}o2y given in (ILI9). Then,

y(z) ~ Z bz as x— 0.
n=2

Proof: The Centre Manifold Theorem guarantees that there is a solution u(z) to (IT2]) such that

o
u(z) ~ Z bpz" as x — 0%,
n=2
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11.8. All Solutions Must Enter I';

Since y(x) is a centre manifold, it follows from centre manifold theory that
y(x) —u(x) = O(xk> as x— 07T

for any k€ {2,3,...}. See, for example, Theorem 1 on page 16, Theorem 3 on page 25, and
properties (1) and (2) on page 28 of [23]. Alternatively, see §A.T0l of Appendix[Al Therefore,

o0
y(x) ~ Z b as x — 07,
n=2
O

Remark 11.27: For analytic systems of ordinary differential equations for which the Centre Mani-
fold Theorem applies, if the Taylor series for a centre manifold has a non-zero radius of convergence,
then the centre manifold is unique. Since all solutions y to (IL.2) lying inside I'g are centre mani-

folds, we can conclude that the Taylor series >, by,2™ has radius of convergence zero.

11.8 All Solutions Must Enter I

Earlier, in Theorem [IT:4], we showed that all solutions x(¢) to the planar system (ITI]), except for the
trivial solution, eventually enter the trapping region I'y. Here, we show that I'; is itself a trapping
region. Note that for the Michaelis-Menten mechanism, there were values of the parameters € and

1 which prevented I'; from being a true trapping region.
Theorem 11.28: Let z(t) be the solution to (IT1]) with initial condition x(0) = xy, where @y € S\ {0}.
(a) There is a t* > 0 such that x(t) € I'y for all t > t*.
(b) Define the region
Fy:={(z,y) : ©>0, Y(x) <y<a(z)}.

Then, there is a t* > 0 such that x(t) € I'y for all t > t*.

Proof:

(a) We know from Theorem [IT.4] that x(¢) eventually enters and stays in I'y. Let y(z) be the
corresponding scalar solution to (IL2). Then, we can say y'(0) = 0. Appealing to the isocline
structure, this means that x(¢) has entered I';. Furthermore, since g e v < 0 along the hori-
zontal and « isoclines which form the boundaries of the region in question, we see that I'; is

positively invariant.
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(b) It follows from Table [1.1l Proposition IT1.22] and the previous part of the theorem.

11.9 Bounds on y(z)

Let y(x) be the solution to the scalar differential equation (II.2]) with initial condition y(z¢) = yo,
where xp > 0 and yo > 0. Our goal is to obtain simple bounds on y(z) over (0, z¢] for three cases.
In particular, we will consider yo = 0, yo = H(z¢), and yo = a(xo), where H(x) is the horizontal
isocline which is given in (IL4)) and «(x) is the isocline for slope e~! which is given in (I1.9).
Moreover, we will use these bounds to state bounds on the slow manifold. To these ends, we will
use Chaplygin’s method (see §A.0 of Appendix [A]).

If x>0and 0 <y < V(z) then

of 1 0% f 2
Ly =——5>0 and 2 L(a,y) = ———
Oy (@) (x — <€y)2 an 0y? (@) (x — f-:y)3

where f is the function given in (IT3)) and V (z) is the vertical isocline given in (IT.4]). Note also
that
f(z,0)=—1, f(z,H(z))=0, and f(z,a(z))=c! foral z>0.

Moreover, note

of of

1 B of
8y (.’/U,O) - Fa 8_y(x’H(x)) -

(1+ex)? of B
— and ay(x,a(x))— .

(14 (14 ¢)a]?

5 for all x> 0.

Consider z € (0,z¢] to be fixed. Then, the curve z = f(x,y) is concave up on the interval
[0,a(x)]. See Figure This fact enables us to state bounds on f(x,y) using secants and

tangents.
e The tangent to z = f(z,y) at y =0 is z = T} (z,y), where
1
T (z,y) == -1+ Rl (11.20a)

e The tangent to z = f(z,y) at y = H(x) is z = Ta(z,y), where

1+ex)? x?
To(z,y) = (3072) <y — 1 —|—5x) . (11.20b)
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11.9. Bounds on y(z)

Figure 11.5: For a fixed z € (0,x], the curve z = f(x,y) is concave up on the interval [0, «(z)]. This

allows us to obtain bounds on f(z,y) over the interval [0, a(x)] using secants and tangents.

e The tangent to z = f(z,y) at y = a(x) is z = T3(x,y), where

1 14+ (QQ+e)a) (1+¢)?

e The secant line through (0,—1) and (a(z),e™!) is z = Si(z,y), where

1 1
Sy(z,y) = —14 T (x;r ©)z (11.20d)
e The secant line through (H(z),0) and (a(z),e™!) is z = Sa(z,y), where
14ez][14 (1+¢)x] z?
= — . 11.2
52(377 y) ) Yy 1+ex ( Oe)

11.9.1 Case 1: 20 >0 and y, =0

Suppose that yo = 0 and so y(x) is a solution which terminates on the z-axis at z = z¢. Since y(z)

is a solution lying below the slow manifold which in turn lies below the isocline a(z), we know that
0<y(z) <alx) forall ze (0,z.
Now, it is apparent from Figure [[1.5] that

Ty(e,y) < f(w,y) < Si(a,y) forall >0 and y e [0,a(x)],
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where T3(x,y) is as in (IT20d) and Sy (z,y) is as in ([I1.20d).

Define, for = € (0, zg], the functions

ar(z) = -1, bi(z):= 1-%(272—1—5):6’ pp(z) == exp(/gc0 b1(2) dz>
along with
as(z) = —@, ba(x) == [1—#(136——:6)33]2’ and  po(z) := exp(/gc0 ba(z) dz) .
Note that

pi(zo) =1, pi(z) >0, and pi(z) = —bi(z)pi(z) (i=1,2).

Thus, we can write
az(z) + be(z)y(z) < y'(z) < ai(z) +bi(z)y(z) forall z € (0,z0].

Re-arranging and replacing = with z,
d d
75 (12(2)y(2)) 2 pa(z)az(z)  and - — (ui(2)y(2)) < p(2)ar(z) forall 2 € (0, 2]
If we integrate with respect to z from z to xq, where z € (0, x¢], apply the initial condition y(x¢) = 0,
and re-arrange, we obtain

B 1
pa(z)

_ 1
p2(z)

/xo pi(z)ai(z)ds < y(x) < /xo pa(z)ag(z)ds for all x € (0,z0]. (11.21)

Figure [I1.06] gives two numerical examples of the bounds given in (IT.2]).

Remarks 11.29:

(i) The lower bound in (II2I]) is a very good approximation to y(x) when z is close to xg.

Moreover, the upper bound in (IL2I]) is a very good approximation when x is close to 0.

(ii) To get a better upper bound for y(z) when z is close to zg, we should use the tangent 71 (z,y)

in the calculation instead of T3(z,y). This is evident from Figure [[T.6]

11.9.2 Case 2: 75 > 0 and yo = H(x)

Suppose now that yo = H(xp). Thus, y(x) is the solution to (IT.2]) which terminates on the hori-

zontal isocline at x = xyp. We know that

H(z) <y(z) <a(z) foral e (0,z.
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Figure 11.6: For the first picture, suppose € = 0.5 and zy = 2.0. The two dashed curves represent the lower
and upper bounds for y(z) given in (ILZI). The solid curve represents the actual solution
(found numerically) with y(x¢) = 0. The dash-dot curves are the horizontal and « isoclines.
The dotted curve represents the upper bound for y(z) which results from using the tangent
T (x,y) instead of T5(z,y). The second picture is the same as the first except with e = 2.0
and xg = 2.0.

Appealing to Figure [1.5]
Ty(z,y) < f(w,y) < Sz(w,y) forall x>0 and yel0,a(x)],

where T3(x,y) is as in (IT.20d) and So(x,y) is as in (I1.20€)).

Define, for = € (0, x|, the functions

al(x) = — [1 + (1 + 8) .le] , bl(.%') — [1 + 5x] [1;; (1 + 5) CC]’ ’ul(gj‘) 1= exp (/xo bl(z) dZ>
’ (11.22)
along with
2 2 )
as(x) := —M, ba(z) := W%M, and po(z) = exp</ ba(2) dz> .
’ (11.23)

Proceeding as we did above, we get

H(zo) — [7° pi(2)ai(z) ds
p1(z)

H(xo) — [7° pa(2)az(z) ds
pa(x)

<y(z) < for all =z € (0,z9]. (11.24)

Figure [[T.7] gives two numerical examples of the bounds given in (I1.24]).
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Chapter 11. Properties of Solutions in Phase Space

Figure 11.7: For the first picture, suppose € = 0.5 and zy = 2.0. The two dashed curves represent the lower
and upper bounds for y(z) given in (II.24). The solid curve represents the actual solution
(found numerically) with y(z¢) = H(z¢). The two dash-dot curves are the horizontal and «
isoclines. The dotted curve represents the upper bound for y(z) which results from using the
tangent To(z,y) instead of T3(x,y). The second picture is the same as the first except with
e =1.0 and x¢ = 2.0.

11.9.3 Case 3: 25 > 0 and yo = a(xg)

Suppose now that yo = a(xg). Thus, y(x) is the scalar solution which terminates on the « isocline

at x = xg. We know that
H(z) <y(z) <a(z) foral e (0,z.

Furthermore, we can see from Figure that
Ty(w,y) < [(5,9) < Salwy) forall >0 and ye[0a().

Proceeding as before, we obtain

a(zo) — [ pi(z)ai(z) ds
pa(z)

a(zo) — [ pa(2)ax(z) ds
p2(z)

<y(z) < forall =z € (0,x20], (11.25)

where a;(x), b;(z), and p;(z) for i = 1,2 are as in (IL22) and (IT.23). Figure I1.§ gives two

numerical examples of the bounds given in (I1.25]).
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Figure 11.8: For the first picture, suppose € = 0.1 and zy = 0.5. The two dashed curves represent the lower
and upper bounds for y(z) given in (II.28). The solid curve represents the actual solution
(found numerically) with y(z¢) = a(zp). The two dash-dot curves are the horizontal and «

isoclines. The second picture is the same as the first except with e = 1.0 and x¢ = 0.5.

11.9.4 Bounds on the Slow Manifold

We can use the material from the previous two subsections to state bounds on the slow manifold.
Suppose that y; () is the solution of (IT.2]) with initial condition y(z¢) = H(xg). Suppose also that
y2(z) is the solution of (IT.2]) with initial condition y(xg) = a(xzg). It follows that the slow manifold
satisfies y1(x) < M(z) < yo(z) for all z € (0,z0]. If we combine (IL24]), which gives bounds for

y1(x), and (II28), which gives bounds for y2(z), we can conclude that

H(xo) — [° pi(2)ar(z)ds
pi1 ()

a(zo) — [ pa(z)a(z) ds
p2(z)

M(z) <

for all z € (0,z0],
where a;(x), b;(x), and p;(z) for i = 1,2 (which all depend on xg) are as in (I1.22]) and (IL23]). It

is worth reiterating the fact that z¢ > 0 is arbitrary.

11.10 Properties of the Slow Manifold

The purpose of this section is to single out some important properties of the slow manifold.
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11.10.1 Bounds on the Slow Manifold

Proposition 11.30: The slow manifold y = M(x) satisfies, for all x >0,
0< H(z) < Y(x) < M(z) < afx).

FPurthermore,
lim M(z) = 0.

z—0t

Proof:  The first part follows from Theorem [[T.7] and Proposition [1.231 The second part follows

from the Squeeze Theorem. O

11.10.2 Concavity of the Slow Manifold

Proposition 11.31: The slow manifold y = M(x) is concave up for all x > 0.

Proof: 1t follows from Propositions [1.22] and I1.30] that h(xz, M(x)) > 0 for all x > 0, where h
is the function defined in (ITI3)). Since sgn(M”(z)) = sgn(h(z, M(x))), it must be that the slow

manifold is concave up for all z > 0. O

11.10.3 The Slope of the Slow Manifold

Proposition 11.32: The slope of the slow manifold y = M(x) satisfies
0<M(x)<et forall z>0.

Furthermore,

lim M'(z) =0 and lim M'(z) =¢ L.

x—0t T—00

Proof: The first part is a consequence of Proposition [[T.30] and the isocline structure. The first
limit is a special case of Proposition [[1.25l To prove the second limit, let ¢ € (0,6*1). It follows

from Proposition [[I.T1] and the isocline structure that
c< M(z)<et forall z>¢&(c),

where ¢ is the function defined in (ITI0). Applying (ILII)) and the Squeeze Theorem gives the

second limit. O



11.10. Properties of the Slow Manifold

Remark 11.33: The justification which Fraser provides in [43] (just before Theorem 1) that

lim M’(z) = e~! is incorrect. The error is that the distance between the horizontal and vertical
r—00

isoclines does not tend to zero as x tends to infinity. Thus, the asymptotic behaviour of M’'(z)

need not be the same as the asymptotic behaviour of H'(x) and V'(z).

11.10.4 Asymptotic Series for the Slow Manifold at the Origin

Proposition 11.34: Asymptotically, the slow manifold can be written
o0
M(x) ~ an:c" as = — 0T,
n=2

where the coefficients {by },- o are as in (I119).
Proof: Since the slow manifold is contained entirely in I'g, we can apply Theorem [11.26] O

Corollary 11.35: The slow manifold satisfies
M(z) =H(z) +O(z*) as x—07.
Moreover, this statement would not be true if we replace H(x) with any other isocline F(x,c).

Proof: Tt follows from a comparison of the asymptotic expansions for M(z), H(z), and F(z,c). O

11.10.5 Asymptotic Series for the Slow Manifold at Infinity

Here, we will establish the full asymptotic behaviour of the slow manifold at infinity. First, we
will extract as much information as possible from the isoclines. Second, we will attempt to find a
series in integer powers of x. Third, we will prove definitely that the resulting series is indeed fully
correct.

Let ¢ € (0,e7'). We know from Proposition [T.II] that
F(z,c) < M(z) < a(z) forall z>¢(c),

where F' is defined in (IT.6) and € is defined in (IT.I0). Note that

x K(c)

1 T 1 1
F(.’E,C)—g— 22 +O<;> and OZ(CC)—E—M—FO(;) as T — OQ.
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Since

F(x,c)—§<./\/l(:1:)—§<a(x)—§ for all 2 > &(c),

we can conclude

Iixr’rlLrgf [M(w) - g > —KE(QC) and “;rJLsolip [M(:c) - g] < _5(117—1—5)'
Since ¢ € (O, 5_1) is arbitrary and
im _K(Qc) _ 1 ’
cs(e-1)~ € e(l+e¢)
we have
lim [M(w) - q 1 and M(z) = v 1 +o(l) as z — oc.
z—00 £ e(l+e) e e(l+e)
Assume that we can write o
M) = > pua" (11.26)
n=—1

for undetermined coefficients {p,}oo. ;. Of course, we expect p_3 =&~ 1. Write the differential

equation (IL2]) as

exyy —x*y' —a* +y+exy=0. (11.27)

Substitution of (I1.26]) in to (IL27) yields

[o¢]
eea+(E—1)pa—1a?+ > [eenp1+ (n+14€) ps1+ pa]a" =0, (11.28)
n=-—1
where
n+1
Cp 1= — Z (n—m) pm—1pn—m for n>—1.
m=0

Observe that

co1=p%, o= p-po,
n+1
and  cpi1 = —NP_1Pni1 — Z (n—m+1) pm-1pn—m+1 for n>0. (11.29)

m=1
In order for the coefficient of 22 in (IT28)) to be 0, p_; needs to be either —1 or 1. Since M(z) > 0
for all > 0, we must have p_; = ¢~!. Furthermore, in order for the coefficient of =" for n > —1
to be 0, we need

eepp1+(n+14+¢)ppi1+pp=0 for n>-1.
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Using (I1.29)), we see that the coefficients {p, },—_; are given by

1 B 1
p—1_€7 /00— 5(1‘1‘5)7
1 n
and p, = “1xe Pn—1—E€ Z (n —m) pm—1Pn—m for n>1. (11.30)
m=1

Proposition 11.36: Asymptotically, the slow manifold can be written

o
M(zx) ~ Z pnz” " as T — 00,

n=-—1

where the coefficients {py}rr_; are as in (IL30).

Proof: To prove the result, we will apply the Centre Manifold Theorem to a fixed point at infinity.

Consider the change of variables
X:=z! and Y:=y—r(z), where r(z):=paz+po+pz ",

with the coefficients p_1, po, and p; being given in (II.30]). Differentiate the new variables with
respect to time and use the differential equation (II.J]) to obtain the system

X=-Xq (X r(XxYH+Y),

Y = —/ (X_l)gl (X_I,T(X_l) -I-Y) + g2 (X_I,T(X_l) —|—Y),

where ¢g; and gy are as in (IL3]). This system is not polynomial but there is no harm in considering

the system

X=-X3g (X 'r(XY+Y),

V=X (X NagX ' r(XH)+Y)+g X Lr(X ) +Y)], (11.31)

which is polynomial. This is because the resulting scalar differential equation will be the same.
The system at hand, while messy, is in the canonical form for the Centre Manifold Theorem. Note
that the eigenvalues of the matrix for the linear part of this system are 0 and —(1 + ). We know
from centre manifold theory that there is a C'™ centre manifold ¥ = C(X) which, we claim, must
be the slow manifold.

For the scalar differential equation in the original coordinates, all other solutions except for

the slow manifold leave the antifunnel I';. To establish that the slow manifold in the original
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x’:1/2X2—1/4x3—x2y
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Figure 11.9: A phase portrait for (TT.31]) for ¢ = 1.0.

coordinates is the same as the centre manifold in the new coordinates, we need only show that

Y = C(X) is the only scalar solution in the new coordinates which is o(1) as X — 0.

Observe that the Y-axis is invariant. Moreover, the fixed point (X,Y) = (0,0) is a saddle
node (or a degenerate saddle). The physically relevant portion of the phase portrait, namely
X >0, consists of two hyperbolic sectors, one with the positive Y-axis and the centre manifold
as boundaries and the other with the negative Y-axis and the centre manifold as boundaries. See
Figure [1.9 This can be shown using techniques in §9.21 of [2] (in particular Theorem 65 on
page 340) and §2.11 of [100]. Therefore, C(X) is the only scalar solution in the new coordinates

which is o(1) as X — 0T. It follows that the centre manifold is indeed the slow manifold.
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11.11. Summary

By the Centre Manifold Theorem, in the new coordinates the slow manifold can be written
o0
MX) ~ D X" as X — 0%,
n=2

for some coefficients {p,},~,. Upon reverting back to original coordinates and observing that the
coefficients in (IT.30]) are generated uniquely from the differential equation, the conclusion follows.

g

Corollary 11.37: The slow manifold satisfies

1
2

M(z) _a(x)+o(

> as I — OQ.

Moreover, this statement would not be true if we replace a(x) with any other isocline F(x,c).

Proof: 1t follows from a comparison of the asymptotic expansions for M(x), a(x), and F(z,c). O

11.10.6 Final Remarks on the Slow Manifold

For the Michaelis-Menten mechanism, « is the optimal isocline near x = 0 (see Corollary [.47]).
Consequently, « is the best approximation (in terms of isoclines) to planar solutions for large
time. The horizontal isocline, on the other hand, is optimal at x = oo (see Corollary [T.50). For
the Lindemann mechanism, however, « is the optimal isocline at x = co (see Corollary IT.37]) and
H is the optimal isocline at =0 (see Corollary [[I.35]). Consequently, the QSSA is the best

approximation (in terms of isoclines) to planar solutions for large time.

11.11 Summary
Recall that the nonlinear Lindemann mechanism for unimolecular decay is

k
A+A2A+B, BRP

k1
where A is the molecule that decays, B is the activated complex, and P is the product of the decay.

In this chapter, we explored the resulting planar reduction

. 2 . 2 . d
T=-—x"+exy, Yy=x —Y—ETy, :a
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in phase space. Equivalently, we studied the scalar differential equation

, :c2—y—5xy , d

v = 2 tery  dv

Note that the origin for the planar system is a non-hyperbolic fixed point. In the next chapter, we
explore properties of time-dependent solutions.

The isoclines for the planar system are all of the form

xQ

w(z) =

r4+ex

Three of these isoclines are especially important, namely the horizontal, vertical, and alpha isoclines:

2 " 72
H(z) = , Vix) = = and «a(x) =

T5e ez
Note that the horizontal isocline corresponds to the QSSA, the vertical isocline corresponds to the
EA, and the « isocline corresponds to the slope of the isoclines at infinity. These three isoclines

define two important regions in the non-negative quadrant given by
Fo={(z,y) : >0, Hz)<y<V(z)} and T'1={(r,y) : >0, Hz)<y<a(z)}.

As we showed, both regions are positively invariant and all solutions eventually enter both I'g and
T'y. Note that I'y C I'y. Furthermore, we showed that the origin is globally asymptotically stable.
The region I'7 is an antifunnel but it is not narrowing. Using the Alternate Antifunnel Theorem
allowed us to prove the existence and uniqueness of a solution y = M(x), called the slow manifold,
contained entirely inside I';.
We determined the concavity of all solutions of the scalar differential equation in all regions of

the non-negative quadrant. To achieve this, we used the auxiliary function

h(z) = 2%y (x) + y(z) [y (x) — 2],

where y is a solution of the scalar system, which has the same sign as y”(x). Table ILIlsummarizes
the results. Furthermore, we constructed a curve y = )(z) between H and M along which solutions
have inflection points. This curve can be considered a slow tangent manifold.

All solutions y(x) inside I'y can be written as a Taylor series with radius of convergence zero.
To show this, we used centre manifold theory. Furthermore, the leading-order term is quadratic

and thus all solutions are centre manifolds.



11.11. Summary

For a given zg > 0, the scalar solution y(z) with initial condition y(x¢) = yo, with 0 < yo < a(zo),
satisfies 0 < y(x) < a(z) for all x € (0, zp]. Using Chaplygin’s method, we derived tighter bounds on
y(x) valid over the interval z € (0, x| for the three cases yp = 0, yo = H (), and yo = a(x). Fur-
thermore, we used these bounds to state bounds on the slow manifold over the interval z € (0, zo].

The chapter was concluded with a summary of properties of the slow manifold. For example,
the slow manifold is concave up, strictly increasing, and for large  has an asymptotic series of the

form M(z) ~ 3% | ppa™™ as  — oo.
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Chapter 12

Time Estimates

The goal of this chapter is to briefly discuss a few properties of solutions to the planar system for
the Lindemann mechanism which fundamentally involve time. In particular, we will construct a
low-order asymptotic approximation for x(t) as ¢ — oo. Furthermore, we will obtain bounds on
x(t) during the steady-state period and bounds on the length of the pre-steady-state period.

Recall that the Lindemann mechanism for unimolecular decay gives rise to the planar system
of differential equations

i=—a?+exy, §=—y+a*—cay, (12.1)

where "= % and € > 0. The horizontal and vertical isoclines, along with the « isocline (which

corresponds to the slope e =1 of the slow manifold at infinity), are given by

2 32‘2

T

oz
 l4ex’

H(x)

We showed in Chapter [Tl that all non-trivial solutions to (I2.I]) eventually enter both of the regions

I’y and I'y, where

Fo={(z,y) : >0, Hz)<y<V(z)} and T'1={(r,y) : >0, Hz) <y <a(z)}.

12.1 Behaviour as t — oo

Let x(t) be the solution of (IZ]) with initial condition x(0) = x, where xo € I'g. Since the origin
is not a sink, the material of Part [l does not apply here. However, we can extract information using

other techniques.
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12.1.1 A Method using the Integration of Asymptotic Expressions
A First Estimate

Since the origin is globally asymptotically stable (see Theorem [IT.4]), a first estimate for the com-

ponents of the solution is
z(t) =o0(1) and y(t)=o(1l) as t— oo. (12.3)

Note that Theorem [IT.26] in conjunction with (I2Z.3]) implies

y(t) = 2(t)* +o(z(t)*) and y(t) =o(l) as t— oo. (12.4)

x(t)

To obtain further estimates, first we need a lemma.

A Lemma

Lemma 12.1: Let a € R be a constant and let f,g : [a,00) — R be non-negative, integrable func-

tions such that
f(t)=g(t) +o(g(t)) as t— 0.

If G(t) is an antiderivative of g(t) such that t/im G(t) = oo, then
¢
/ F(s)ds = G(t) + o(G(t) as t— oc.

Proof: For any 0 € (0,1) there exists a T > a such that
(1-=08)glt) <ft)<(1+06)g(t) forall t>T.
Then, for t > T we have

(1- 5)/T g(s)ds < /T f(s)ds < (1 +5)/T g(s)ds.
That is,
(1=9)[G{) - G(T)] < /T fs)ds < (1+0)[G(t) — G(T)] .
It follows that

o f(s)ds o dr f()d
IltﬂngC;T21_5 and Ilﬂs;ipTGT
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Since § € (0,1) was arbitrary,

fr} f(s)ds

lim =———~—— =1 and /T f(s)ds = G(t) +o(G(t)) as t— oc.

Moo G

Hence,

t T
l/f@%—/aﬂﬁ%+G@+dﬂM—G@+dG@)astew.

Remark 12.2: Suppose, for example, that f is non-negative and integrable on [0, c0) with

f(t) —%—I—o(%) as t— oo.

We cannot immediately apply Lemma 211 since ¢~! is not integrable on [0, 00). However, for any

a > 0, Lemma [T2.1] says

/t f(t)dt = /a f(&)dt +1In(t) +o(In(t)) = In(t) + o(In(t)) as t— oc.
0 0

A Second Estimate

With the lemma, we can improve the estimate (I23]). First, we will write the differential equation

" i(s) (s)
i(s) . yls . .
z(s)2 1 6:1:(8)’ 20

If we integrate with respect to s from 0 to ¢, where ¢ > 0, we get

t
L—i—t—a/ @ds.
0

z(t) xo x(s)

We know that

t t
£>0 forall ¢t>0 and ﬁ—i—l:l—l—o(l) as

x(t) x(t)
By Lemma [12.7]

AT%%*@*=“wm as t— oo

It follows that

(12.5)

t — oo.

(12.6)



12.1. Behaviour as t —

Solving for x(t) and utilizing (I2.4]), we have our second estimate

w(t) = % + o(%) and y(t) = — + o(t%) as t— oo. (12.7)

=3
A Third Estimate

We will make use of our second estimate to obtain our third estimate. Now, it follows from (I2.7])

le—kol as t— oo.
x(t t t

that

By Lemma [T2.7]

/t y(s) ds =In(t)+o(In(t)) as t— oc.
o x(s)

Using this in (IZ.5)) and re-arranging, we obtain

=t (M| w o

(1) t t
Solving for x(t) and utilizing (IZ4]), we have the following for our third estimate.

Proposition 12.3: Let x(t) be the solution to (I2ZI)) with initial condition x(0) = xy, where

xg € I'g. Then,
1 In(t In(t 1 In(t In(t
:c(t)zz—ke nt(Q)—i—o( nt(2)) and y(t):t—2+25 r;(g)—i—o< nt(3)> as t— oo.

Remark 12.4: We will not attempt to obtain more terms to the asymptotic expansions for x(t)
for y(t). Note that if we use the expressions in Proposition [2.3] along with Lemma [I2.1] in the
differential equation for z(t), we will get no new asymptotic information for x(t). Note also that

the asymptotic expressions for z(¢) and y(f) do not contain the initial conditions z(0) = z¢ and

y(0) = yo.

12.1.2 A Method using the Isoclines and Differential Inequalities

Proposition [2.3] can be established using differential inequalities and the isocline structure. Let
¢ > 0 be fixed and arbitrary. We know from (I2.3]), Proposition [1.25, and the isocline structure

that there exists a 7" > 0 such that

H(z(t)) <y(t) < F(z(t),c) forall t>T, (12.8)
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Chapter 12. Time Estimates

where F' is given in (I1.6]). Using (IT6), (I2.1), (I2.:2)), and (IZ8)), we can see that z(t) satisfies

w(t)? < i) < x(t)?

A M fral t>T
1+ ex(?) Troz(t) % =0

)

where b := 7 and K is the function defined in (IL5). It follows from the Initial-Value Comparison
Theorem (see Theorem in Appendix [Al on page BIT) in conjunction with Claim [A226] (which is
in Appendix [Al on page 324]) that

Xe(t) < x(t) < xp(t) forall t>T, (12.9)

where
1

a(t) :=
O W ([ () ee(20))

A standard property of the Lambert W function is

for a>0. (12.10)

W (t) = In(t) — In(In(t)) + o(In(In(t))) as ¢ — oc.

Consequently, it can be shown

W (e') =t —In(t) +o(In(t)) and ert) = % + Int@ + 0(—) as t — oo.

Hence,

It follows from (I2.9]) that

iminf [x(t) - ﬂ [%] >c and limsup [x(t) - ﬂ [mi)} <.

Since ¢ was arbitrary with lim K(c) =1 and lim b=c¢,
c—07t c—07t

o2 [ -

This, once again, gives us Proposition 2.3

12.2 Bounds on Solutions while in I';

Let x(t) be the solution of (IZ1]) with initial condition x(0) = x¢, where xg € I'y. We will use
differential inequalities to obtain simple bounds on the components of the solution which will be

valid for all ¢ > 0.
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12.2. Bounds on Solutions while in I'y

2.0 2.0
x 1.0 x 1.0

0.5 0.5

Figure 12.1: For the first picture, suppose € = 0.1 and ¢y = 2.0. The two dashed curves represent the
lower and upper bounds for z(t), given in Equation (IZI3)), while inside I';. The solid curve
represents the actual solution (found numerically) with z(0) = z¢ and y(0) = H(zo). The

second picture is the same as the first except with ¢ = 5.0 and zg = 2.0.

We know from Theorem [IT.4] that 'y is positively invariant. Thus,
H(x(t)) <y(t) < a(z(t)) forall t>0. (12.11)

The period of time while a solution is inside I'y (or T'g) may be referred to as the “steady-state

period” since the solution roughly obeys the QSSA. Using (IZ1]), (I2.2), and (I2.11]), we see that

x(t) satisfies
x(t)? : x(t)?
T Tra S WS T a0

It follows from the Initial-Value Comparison Theorem in conjunction with Claim [A.26] that

for all ¢ >0. (12.12)

Xe(t) < x(t) < x14£(t) forall ¢ >0,

where x,(t) was defined in (IZI0). Figure [2.I] demonstrates the bounds on z(¢). Furthermore,
since both H and « are strictly increasing functions and y(t) satisfies (I2Z.11]), we have thus proven

the following.

Proposition 12.5: Let z(t) be the solution of ([I2Il) with initial condition x(0) = xy, where
xg € I'1. Then,

Yelt) S 2(t) < xuaelt) and H(xo(t) < y(t) S a(yipe(t)) forall t>0.  (12.13)
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)

A y=ofz) y=H(z
solution x(t)

. x

(an 0)

Figure 12.2: Estimating the time it takes for a solution starting at x(0) = z¢ and y(0) = 0 to enter the

antifunnel T'y. The solution enters I'y through (7, %) at time ?.

Remark 12.6: Since 0 < z(t) < zg for all t > 0, we can take the inequalities in (I2Z.12]) one step

further to obtain

—z(t)? < i(t) < —LIS)Q forall ¢>0
- — 14+ (1+e) o -
Solving these gives the nicer-looking (yet weaker) bounds
0 <o) < 2o for all ¢ > 0.
1+ CC()t

ek
12.3 Time to Enter I';

Suppose that xg > 0. Let x(¢) be the solution of (IZI)) with z(0) = 29 and y(0) = 0. See Fig-
ure [2Z2] Let t > 0 be the time it takes for x(¢) to enter I'y. Moreover, let (Z,7) be the point

3

at which x(t) enters I';. We want to estimate ¢, which equals the length of the “pre-steady-state

period,” with easily computable bounds.

12.3.1 Bounds on t in terms of =

Since x(t) starts on the positive z-axis and enters I'y at time ¢, we have

0<y(t) < H(z(t)) forall te0,7].



12.3. Time to Enter I';

(xOv O)

Figure 12.3: The point of intersection (T, 7,) of ¥y = u(z) and y = H(z), where u(x) is the tangent to the
scalar solution y(z) at z = zy and H is the horizontal isocline. Obviously, T, is an upper

bound for 7.

Using this in conjunction with (I2.1)) and (I2.2) gives us the differential inequalities

—z(t)? < @(t) < —LIS)Q for all for all ¢ € [0,7]
- — 1+ex(t) T

By inspection,
i) <
14+ xot —

z(t) < xe(t) forall te 0,7,

where x,(t) is given in (IZI0). If we set t =t and z(¢t) = T then solve for t, we get

1 . /1 1 T
——gtg(:——)—gm(i). (12.14)
i) x i) i)

Since we do not know T, we need to find bounds on T which depend only on ¢ and x.

8l —

12.3.2 Upper Bound 7, for =

Let y(z) be the corresponding scalar solution. We will use the tangent line at x = x to give us an
upper bound for Z. Now, y(zg) = 0 and y/(z9) = —1, the second of which follows from Table [0

So, the tangent line to y(z) at x = xg is

u(x) == z9 — .
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Figure 12.4: This figure depicts a straight-line lower bound y = £.(z), for any ¢ € (—1,0), for the solution
curve y = y(z). The point (ac, b.), where b, = £.(a.), is found using the Comparison Theorem

and allows us to find lower bounds on T and 7. In particular, § > b. and T > H ~1(b,.).

This tangent line intersects the horizontal isocline twice (once to the left of the y-axis and once to
the right). Let (Z,,7,) be the point of intersection which occurs to the right of the y-axis. See
Figure 2.3 Thus,

()

1+ezy

=z90—T, and (1+¢) (fu)2 + (1 —z0e) Ty — o = 0.

Solving for the positive root,

(xoe — 1) + \/(acoz-: + 1)2 + 4z

T (12.15)

Ty =

We know from Table 1] that y(x) is concave down on [Z,zo]. Thus, y(z) < u(z) on [T, x¢).

Furthermore, the horizontal isocline is strictly increasing. Therefore, we indeed have T < 7, and

Y=Yy

12.3.3 Lower Bound 7, for =

Finding an easily-computable lower bound Z; for T will not be as easy as for the upper bound 7.

Furthermore, our explicit value of Z, will not be as pretty as for the Michaelis-Menten mechanism.
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12.3. Time to Enter I';

Let y(z) be the corresponding scalar solution. We know that y(zg) = 0 and y/(x¢) = —1. Now,
we want to find a function ¢(x) for which y(x) > ¢(z) in some left neighbourhood of zy. For the
Michaelis-Menten mechanism (see §8.3.3]), we used a hyperbola. Unfortunately, we will not be able
to use a hyperbola here for computational reasons in order to obtain an explicit lower bound on T.

Instead, consider the straight line
le(x) :=c(x —x9) for ce(—1,0).

Note that £.(z¢) =0 and ¢.(z) = ¢ for all z € R. We would like to find a. € (0,20) such that
f(z,l(z)) < L.(x) on [ac, zo] which, by virtue of the Final-Value Comparison Theorem (see Theo-
rem [AT), implies that y(x) > £.(z) on [ac, zo].

Consider the isocline for slope ¢, namely y = F(x,c). Appealing to the isocline structure,
f(z,l.(x)) < cprovided 0 < £.(x) < F(x,c). Thus, we need to solve F(z,c) = £.(z) for x. Specifi-

cally, we need to solve

562

mzc(w—xo).

Solving for the positive root gives us

Q¢

¢[K(c) — ex] + 1/ [ (¢) + o] — deK (e)arg
2[1—¢(] '
Let b. := l.(a.) = c(ac — xp).
As we can see from Figure [2.4] 3 > b. and T > H~1(b.) for any ¢ € (—1,0). Note that

H l(y) = i [sy—i— \e2y? +4y} )

Ideally, we would find the value of ¢ which maximizes b.. However, we cannot find an explicit,

tangible value for ¢ to accomplish this. Note that Ilim b.=0 and lim b, =0 with b. > 0 for

c——11 c—0~

¢ € (—1,0). To obtain a reasonable approximation for the optimal choice of ¢, consider the tangent

lines to b. at ¢ =—1 and ¢=0. These tangents are given, respectively, by y = 23 (c + 1) and
y = —xgc. We will take the c-value of the point of intersection of these two tangents, which is
T
=— ) 12.16
¢ 14z ( )

as the value of ¢ to define T, and ¥,. Figure [[2.5] demonstrates two examples of this method. The

corresponding straight-line lower bound is given by

Uz) = — (1 f_oxo) (z — ).
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N / 2.0 N / 2.0
AN 1 AN 1
AN // E AN //
AN AN
N / ] N /
\\ / 15. \\ / 15
/ =] / 7
N - N
N4 N4
/ \\ / \\
/ /
/ \\ b 10_- / \\ b 10_-
/ N e I / N .1
AN 1 AN 1
// N ] // N
AN g AN
/ N | / AN |
// \\ 0.5 // \\ 0.5
/ o ] / h ]
N E N
/ N | / N
N / N
10 08 0.6 0.4 02 0 10 08 0.6 0.4 02 0

Figure 12.5: For the first picture, suppose € = 0.1 and xg = 2.0. The value of b, is plotted versus c over
(—1,0). The c-value of the intersection point of the tangent lines at ¢ = —1 and ¢ = 0 gives
an approximation of the location of the maximum value of b. over the interval. The second

picture is the same as the first except with ¢ = 5.0, and zo = 2.0.

Take

and b :={(a), (12.17)

. c[K(c) —exo] + \/62 (K (¢) + exo)® — 4cK (¢)xo
o 2

[1—ec]
where ¢ is as in (IZI6]). Note that, with the value of ¢ given in (IZI6]), we have K(c) = 1 + ¢ and
cK(c) = —zg. Therefore, with a and b as in (IZI7)) we will take

Tp:=H 'b) and 7,:=b (12.18)

as our lower bounds, respectively, for T and 3. Figure[12.6] gives two examples of locating the points

(Eéu yf) and (Eua yu)

12.3.4 Bounds on ¢ in terms of 7, and 7,

The goal of this section was to obtain non-trivial bounds on the time ¢ it takes for the solution x(¢)
to enter the antifunnel I'y. In (I2.14)), we stated bounds on ¢ in terms of T, which is the x-value of
the point of entry of x(¢) into I';. Observe that the expressions on the left and right of (IZ.I4]) are
both strictly decreasing functions of . Since we have bounds on Z, namely T, < T < T,,, we have

thus proven the following.

1291



12.3. Time to Enter I';

, .
/ \ K
3 / 124\ A
/ N A
y N \
/
/
/
24 /
~N
- /
y '~ /
~ - /
< //
~. ~N
~._ <
14 S o VN
>~/ ~
VA ~
’ RN i
e ~.
e >
~ ~
// ~ N
0 T T T 1
0 05 1.0 15 2.0
X X

Figure 12.6: For the first picture, suppose € = 0.1 and z¢ = 2.0. The actual solution (solid line) and
horizontal isocline (dashed line, the quasi-steady-state approximation) are shown. Also shown
are the straight line y = ¢(x) (left dash-dot line) and tangent line y = z¢p — « (right dash-dot
line). The points (Z¢,7,) and (Z,,7,) are indicated by the solid circles. The second picture

is the same as the first except with ¢ = 5.0, and xy = 2.0.

Proposition 12.7: Suppose that xo > 0. Let x(t) be the solution of (I21) with x(0) = x¢ and
y(0) = 0. If t is the time it takes for x(t) to enter I'y, then

1 1 - 1 1 T
_———gtg_————a/n(ﬂ>, (12.19)
Ty X Ty X0 Zo
where Ty is given in (I2ZI8]) and T, is given in (I215).
Define
_ 1 1 _ 1 1 T
ty=——— and ¢, =—— — — 5In<ﬂ) (12.20)
Ty X0 Ty xo Zo

which are the lower and upper bounds for ¢. Figure [2.7] gives two examples of using (IZ19) to
find bounds on ¢.

Remark 12.8: If we choose ¢ = 0 and z¢ = 2.0 then (I2Z.20) gives us ¢t; = 0.5 and ¢,, ~ 0.901. That

is, Iim+f # 0. Recall that the limit was always zero for the Michaelis-Menten mechanism.
e—0
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/
/
/
/ 0.3
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// /
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X X

Figure 12.7:

For the first picture, suppose € = 0.1 and zy = 2.0. With these values, we can calculate the
bounds on ¢ (the time it takes for the solution to cross the horizontal isocline) to be ¢, ~ 0.468
and ¢, ~ 0.966 using (I2.15), (I2I8), and (IZ20). The actual solution (solid line) and hor-
izontal isocline (dashed line) are shown. The thick portion of the solution corresponds to
te [0,%@} and the thin portion of the solution corresponds to ¢t € [fg,fu]. Indeed, t € [fg,fu].
The second picture is the same as the first except with ¢ = 5.0, and zy = 2.0. The lower and

upper bounds for # respectively are £, ~ 0.0895 and #,, ~ 2.10.

12.4 Summary

The purpose

of this chapter was to develop some basic time estimates for solutions x(t), with

initial condition xg, to the planar system which arises from the Lindemann mechanism. This

system, recall, is given by

i=—a?+ery, §=-y+a?—cay.

First, we used two methods (integration of asymptotic expansions and differential inequalities)

in conjunction with properties we have developed in this thesis to establish the long-term asymptotic

behaviour of x(t) when xq € Iy, where

Fo={(z,y) : >0, Hx) <y <V(z) }

with H being the horizontal isocline and V' being the vertical isocline. In particular, we showed

(t) =

1Jrswjtocn(t)) and y(t):l+2€w+0(w) as t— oo.

t t2 t2 t3
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12.4. Summary

Second, we obtained bounds on the solution if x¢ € I'y, where
I'i={(zy) : >0, Hz)<y<a)}
with a being the isocline for slope e~ (the slope of the slow manifold at infinity). Specifically,

Yelt) S 2(t) < xuaelt) and  H (xe(t) < y(t) < a(xuselt) forall >0,

where

Xa(t) = !
aW([ﬁ exp(a—io)] exp(ét))

Note that W (x) is the Lambert W function. Alternatively, we showed that

for a>0.

Zo

o
_t0 <
14+ 2ot —

L+ |:1+(1I£E)ZEO:| t

Finally, we found lower and upper bounds on the time ¢ for the solution to enter I'y (which it

a(t) <

for all ¢ > 0.

does through the point (Z,7)) when the initial condition is on the positive z-axis. In particular,

using the Comparison Theorem and other tricks we showed that

1 _ 1 1 Ty
—— <t ————¢lIn|{ —
Zo Ty Zo Zo

are lower and upper bounds on ¢, where

CIe

(.’E()E - 1) + \/(%06 + 1)2 + 4560

T, = H b d =z, =
o (b) and =z 2(1+¢)

and b is defined in (IZ.17).
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Chapter 13

Modifications to the Lindemann

Mechanism

The standard (nonlinear) Lindemann mechanism of unimolecular decay is

k
A+A2A+B, B2p (13.1)

k1

where A is the molecule that decays, B is the activated complex, and P is the product of the decay.
In this chapter, we mention some possible alterations to this basic scheme. The techniques we have

employed throughout this thesis can be adapted to these alterations.

13.1 Linear Lindemann Mechanism

13.1.1 The Model and Differential Equations

In the Linear Lindemann mechanism, the decaying molecule is activated by a collision with a

different chemical species. Symbolically,

k
A+Mk:1 B+M, BEP
—1
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13.1. Linear Lindemann Mechanism

where M is the other chemical species. The Law of Mass Action gives us the ordinary differential

equations

a=k_bm — kiam,
m =0,
b= kiam — k_1bm — kob,

p = kab,

where "= %. The traditional initial conditions are a(0) = ag, m(0) = mg, b(0) = 0, and p(0) = 0.
However, we will consider the initial conditions to be arbitrary. It is apparent from the differential
equations that

m(t) =mo and a(t) + b(t) + p(t) = ao,

the second of which is the conservation law (I0.3]) for the standard Lindemann mechanism. Note

that we use the constant ag since, traditionally, B and P are not initially present.

13.1.2 Reduction and Re-scaling

Since m(t) is constant and p(¢) does not affect a(t) and b(t), we are left with the linear planar
system

a4 = — (kﬁlmo) a—+ (k‘,lmo) b, b = (klmo) a— (k‘,lmo + k‘Q) b.

The dimensions of the quantities in the planar system are

: 3
%’ [a’b} - o (ko] = " and [k, k] = L

[CL, bu mO] - LST’ — ?7

If we define

k1 k1 k_ ko
= k t = e = e b = — d =
T 1mot, €T (k2> a, Yy <k‘2> ) € kl ) an n k‘lmO’

which are all dimensionless, we obtain the system

/

¥=—-x+ey, v =x-(c+n)y, (13.2)

where ' = %. See Figure [[3.1], which clearly suggests the existence of a trapping region and a slow

manifold.
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X'=-x+epsilony epsilon = 2.0
y ' =X - (epsilon + eta) y eta=0.5

09 . :

08f , |

0.7 / 4

0.6 - / -

> 05 b

04 -

0.3 / b

0.2 N

0.1 N

0 0.5 1 15 2 25 3

Figure 13.1: A phase portrait for (I3:2]) for ¢ = 2.0 and n = 0.5.

13.1.3 The Slow Manifold

Define the matrix
—1 €
A =
1 —e—n
Then, the system ([I3.2]) can be written x’ = Ax. It is easy to show that A has eigenvalues and

associated eigenvectors given by

1 2 <
)\i:_i[—(e—l—n—l—l):l:\/(a—l—n—l—l) —4n and vg = \ ,
+ +

Observe that the eigenvalues are both negative and distinct. If we let

Ay +1
g =
15
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denote the slope of the slow eigenvector v, we see that M(z) := oz is the slow manifold. Moreover,
for initial conditions x(0) = xg and y(0) = ox¢ (that is, the initial condition is on the slow manifold),

([I3:2)) can be easily solved to give

AT AT

x(1) = xpe and y(7) = oxpe

13.2 Continuous Removal of the Decaying Molecule

13.2.1 The Model and Differential Equations

Suppose that, in (I3.]), the decaying molecule is continuously removed from the reaction (perhaps

to save as much of it as possible before it all decays). Symbolically,

k
A+A=A+B, BR2p Ak

k_1

The Law of Mass Action gives us the system

a=k_1ab— k1a® — ksa,
b= kia® — k_yab — kob,

b = kob.

13.2.2 Reduction and Re-scaling

Note that the reaction-rate constant k3 has dimensions [k3] = T~!. Note also that the third differ-

ential equation has no bearing on the first two. Define the dimensionless variables

k1 k1 k4 ks
= kot == =(-—=1]0b = d §:=—=.
T 2t, X (k2> a, Yy (kQ) y € kl ) an kQ

All of these, except for J, are exactly the ones we used for the standard Lindemann mechanism

(I31). It is easy to verify that we are left with the planar system
o= —0x —a®exy, Yy =a®—y—exy, (13.3)

where ' = %. See Figure [[3.2] which clearly suggests the existence of a trapping region and a slow

manifold. Observe that the vertical isocline of (I3.3]) does not pass through the origin.
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X' = - deltax - + epsilon xy epsilon = 0.5
y' = -y -epsilon xy delta=0.1

5 T T 2

45 / T

35 / N

15F y .

051 / *

0 0.5 1 15 2 25 3 35 4

Figure 13.2: A phase portrait for (I3.3)) for ¢ = 0.5 and § = 0.1.

Remark 13.1: The origin is a sink for the system ([I3.3]) and thus the material of Part [ can be
applied. This model, which the author of this thesis has not seen in the literature, was proposed
merely as a potential means of proving Theorem To be more specific, the ratio of the
eigenvalues for the system (I3.3)) is xk = %. Thus, as 6 — 07 we have k — oo and the system
([I33) reduces to the standard planar system for the Lindemann mechanism. It is suggested by
Theorems and that, as kK — oo, we obtain a Taylor series for any scalar solution y(x) at

the origin for the standard Lindemann mechanism.
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Chapter 14

Open Questions

In this final chapter, we will mention some open problems. To be more specific, these open problems
include results that could be improved, areas that could be explored further, and questions that
have arisen which have not be fully answered. References to the appropriate location in the thesis,

when applicable, will be given to serve as a setup of the issue at hand.

e In Chapter (] which dealt with the case of closely-spaced eigenvalues, we proved two smooth-
ness results for the transformation 1 (see Propositions .17 and T9]). Suppose that b is C”
in a neighbourhood of the origin. It seems plausible, with modest additional assumptions on

b, that @ is C" in a neighbourhood of the origin.

e In Chapter 4, which dealt with the case of closely-spaced eigenvalues, we derived a simple
conjugacy result (Theorem .15)) for the function ¥ (xg). Moreover, the iterates (of the first
type) had a nice semi-group property (Lemma [22]) which allowed us to construct iterates
(of the third type) which were flows. Unfortunately, the iterates for the case of widely-spaced

eigenvalues, covered in Chapter [ resisted all attempts at similar results (which are desired).

e For Chapter [B the general case of widely-spaced eigenvalues when A € R™ is Hurwitz with

Jordan canonical form J has not yet been worked out in detail. See §5.8l

e A result of Segel and Slemrod, in [I12], could be improved. There, they only have bounds
on the QSSA for finite time intervals. It should be possible to extend this to include time

intervals of infinite length.
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e In his book [62], Hoppensteadt uses a so-called QSSA Theorem that gives an error bound
between a solution of the planar system for the Michaelis-Menten mechanism and the quasi-
steady-state approximation which results from a matched asymptotic expansion. This error
is O(e) for time intervals of infinite length. It should be possible to improve this to include

errors of the form (’)(5 e*“t) for some p > 0.

e The use of Padé approximants (see for example [0]) may yield a useful approximation of the
slow manifold M(z). For the Michaelis-Menten mechanism, Proposition [7.45] gives us the

asymptotic expression
¢
M(z) = Zanx” + o(:c£> as = — 0T,
n=1

where £ is the largest integer strictly less than k. We could then construct a Padé approximant
Pim/n)(), where m,n € Ny and m +n = {. It would interesting to see how well pj,, /()
approximates M(z) over the semi-infinite interval [0,00) in the different regimes £ small, €

large, and ¢ intermediate.

e Consider the Michaelis-Menten mechanism. For sufficiently small € > 0, geometric singular
perturbation theory (in particular Fenichel’s Theorem) has been applied to give a slow in-
variant manifold M, within distance O(e) of the quasi-steady-state manifold Mg (which is
normally hyperbolic). See, for example, [40, 67, [126]. Moreover, there are perturbed local
stable and unstable manifolds of M. which are the unions of invariant families of, respec-
tively, stable and unstable fibers. It would be nice to have similar results which are valid for

intermediate and large €.

e In 83 which begins on page 213}, we obtained crude but non-trivial bounds on the length ¢ of
the pre-steady-state period for the Michaelis-Menten mechanism. We showed that Iim+f = 0.
e—0
However, it would be nice to have the leading-order behaviour in € of t.

e In 9.1 we noted that the Michaelis-Menten and Henri mechanisms yield the same planar
reduction. There are a number of techniques in the literature for the kinetic distinguishing
of these mechanisms. It would be nice if we could distinguish the mechanisms using a result

or technique from this thesis.
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Chapter 14. Open Questions

e We concluded §9.3] with a conjecture. In particular, we claim that the three-dimensional
reduction of the Michaelis-Menten mechanism with competitive inhibition has a trapping

region, with boundaries given by the isoclines, containing a unique solution.

e In Proposition [I2.3], which is in §I2.T] that begins on page 2R1], we give asymptotic expressions
for z(t) and y(t) as t — oco. Here, (x(t),y(t)) is a solution of the planar system for the
Lindemann mechanism. It would be nice to add more terms to these asymptotic expressions.
More specifically, we would like to obtain the lowest-order term which depends on the initial

conditions.

e In §12.3] which begins on page 287, we obtained crude but non-trivial bounds on the length
t of the pre-steady-state period for the Lindemann mechanism. We did not, however, give a
value of |im+ t. (The limit, if it exists, would be strictly positive and would likely be messy or

e—0

impossible to give explicitly.) Moreover, it would be nice to have the leading-order behaviour

in € of .
When ¢ = 0, the dimensionless planar system for the Lindemann mechanism is

i =—2% §=—y+a

where "= %. With initial conditions z(0) = x¢ and y(0) = 0, this can be solved yielding

0= w0 =adet [
z(t) = ———, = ———— ds.
1+ xot y 0 o (1+ z0s)>
Note that y(t) can be written in terms of exponential integrals. Finding the length of the

pre-steady-state period amounts to solving y(f) = z(%)? for £ (which is unique and strictly

positive).
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Appendix A

Review Material

This chapter consists of a review of important results and concepts that are employed throughout

this thesis. The presentation is cold and concise with the goal being to mention only what is needed.

A.1 Law of Mass Action

Suppose that a sequence of m simultaneous chemical reactions involving n chemical species is

occurring. Symbolically,
n i n
doayX; =Y byX; (i€l),
j=1 j=1

where I :={1,...,m}. If welet J :={1,...,n}, then {X;},_; are the chemical species involved in
the reactions, {k;},.; are the reaction-rate constants, and {a;;, b;;} (i.j)eIx are the stoichiometric

coefficients. If we denote the concentration of X; at time t by x;(t), the Law of Mass Action says

that
gy =Y (bij—ay) ki [[ 20 Ge),
i=1 /=1

where = 4. The Law of Mass Action is standard and can be found, for example, in [39] and [122].

This “law” is not generally valid at very high or very low concentrations. It is derived using
statistical methods and is based on the idea that reaction rates are determined by the probability

of collisions involving reactants.
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A.2. Asymptotics

A.2 Asymptotics

This thesis deals with many asymptotics results. For good references on general asymptotics, see
for example [10] [19, [38], ©97].

Definition A.1: Let f and g be two functions defined in a neighbourhood of z = a. (If a = co
then f and g are defined for sufficiently large x.)

(a) Suppose that there are 0, k > 0 such that |f(z)| < k|g(z)| for all z € (a — d,a +0). (If a = 00
then suppose that there are X,k > 0 such that |f(z)| < k|g(x)| for all x > X.) Then, f(x) is

big-oh of g(x) as * — a. This is written f(z) = O(g(z)) as * — a.

(b) Suppose that lim % = 0. Then, f(z) is little-oh of g(z) as x — a. This is written f(z) = o(g(x))
as r — a.

(¢) Suppose that lim % = 1. Then is asymptotic to g(x) as x — a. This is written
f(z) ~ g(x) asx — a. Observe thalf +o(g(z)) as * — ais equivalent to f(x) ~ g(x)
as r — a.

(d) Suppose that there are functions {¢y },-, such that f(z) = > " bpn(x) + o(om(z)) asz — a
for each m. Then, f(x) has asymptotic series (or asymptotic expansion) Y > bpen(x). This

is written f(z) ~ > 07 bpn(z) as © — a.
Remark A.2: There are many interesting and counter-intuitive facts related to asymptotics.

(i) If f(z) ~g(z) as x — a it does not follow that f(z) — g(z) =0(1) as = — a (that is the
difference tends to zero). For a counter-example, consider f(z):=e” and g(z) :=e” +x as

Tr — OQ.

(ii) If f(z) = o(x) as  — 07 it does not follow that f(z) = O(a") as  — 0 for some r > 1. For

. x
a counter-example, consider f(x) := e
nx

(iii) Using ¢p(z) := 27", the asymptotic series for e™ as x — oo is the zero series. Note that, in

general, if f has an asymptotic series as  — a in terms of {¢,},-, then it is unique.

By f(z) = g(x) + o(g(x)) as x — a we mean f(z) — g(z) = o(g(x)) as z — a.
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o (z) < fz,a(z)) strong lower fence

¥

antifunnel

strong upper fence

y = B(x) \\

fz,B(x)) < B'(z)

Figure A.1: An antifunnel. The defining characteristic is that solutions have greater slope along « than «

itself and smaller slope along § than 3 itself.

A.3 Antifunnel Theorem

A good reference for antifunnels (as well as funnels) is Chapter 1 and 4 of [64]. The standard
Antifunnel Theorem can be found on pages 31-33 and an Alternate Antifunnel Theorem can be
found on page 196. The Wazewski method, which is covered for example in the survey article [119],

can be viewed as a generalization of the funnel/antifunnel method.

Definition A.3: Let I be an interval with end points a and b (with a < b) and consider the scalar

differential equation y' = f(x,y) over I.

(a) The curve o € CY(I) is a lower fence if o/(x) < f(x,a(x)) for all z € I. If there is always a

strict inequality, the fence is strong. Otherwise, the fence is weak.

(b) The curve 3 € CY(I) is an upper fence if f(x,B(x)) < B'(x) for all x € I. If there is always a

strict inequality, the fence is strong. Otherwise, the fence is weak.
(c) Let a and 3 be, respectively, strong lower and upper fences. If 3(x) < a(z) on I, then the set
Fi={(z,y) : z€l, Blz) <y <o)}

is called an antifunnel. Moreover, if lim |a(z) — B(x)| = 0 then I is narrowing.
T—b~

Theorem A.4 (Antifunnel Theorem): Let I' be an antifunnel with strong lower and upper

fences o and B, respectively, for the differential equation y' = f(x,y) over the interval I. Then,



A.4. Comparison Theorems

there exists a solution y(x) to the differential equation such that (z,y(x)) € T for all x € I. If, in

addition, T' is narrowing and g—g(aj,y) >0 in T, then the solution y(x) is unique.

Theorem A.5 (Alternate Antifunnel Theorem): Let I' be an antifunnel with strong lower
and upper fences a and (3, respectively, for the differential equation y' = f(x,y) over the interval

I, where I = [a,00) or I = (a,00). Suppose that there is a function r such that

o . a(z) — B(x)
@) < g @y forall ey €l and im e ms

Then, there ezists a unique solution y(x) to the differential equation such that (x,y(z)) € T for all

=0.

rzel.

Proof: This result was presented as an exercise in [64] and so we will provide an abbreviated proof
for the case I = [a,00). Note that if I = (a,00) then we could consider the interval I = [c, o),
where ¢ > a, and let ¢ — a*. Existence is guaranteed by the first Antifunnel Theorem. To prove
uniqueness, suppose on the contrary that y; (z) and ys(x) are distinct solutions with yo(x) > y1(z)
for all z € I. Let u(z) := yo(x) — y1(x) which, in particular, satisfies u(a) > 0. Now, for any x € I

we have

v2(r) 9

u(z) > u(a)exp ([ r(s)ds) forall =z el

Observe that
u(z) a(z) — B(z)
< <
ula) < exp([7 r(s)ds) ~ exp([. r(s)ds)
Using the limit in the statement of the theorem gives us the contradiction u(a) < 0. n

forall ze€l.

A.4 Comparison Theorems

The comparison method, which is covered for example in Chapter 1 of [74], Chapter II of [123], and
§I1.9 of [124], has obvious similarities to the material we discussed regarding antifunnels. Certain
versions, perhaps the simplest, of standard comparison results are given below.

Theorem A.6 (Initial-Value Comparison Theorem): Let I := [a,b] be a given interval, where
b>a, and let f € CH(I x R,R) be a given function. Lety € CY(I,R) satisfy y' = f(z,y) on I and

y(a) = yo.
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(a) Let £ € CH(I x R,R) satisfy £'(z) < f (z,€(x)) on I and £(a) = yo. Then, y(z) > {(z) on I.
(b) Let u € CH(I x R,R) satisfy u'(z) > f (z,u(z)) on I and u(a) = yo. Then, y(z) < u(x) on I.

Theorem A.7 (Final-Value Comparison Theorem): Let I := [a,b] be a given interval, where
b>a, and let f € C*(I x R,R) be a given function. Let y € C*(I,R) satisfy 3y = f(z,y) on I and

y(b) = wo.
(a) Let £ € CY(I x R,R) satisfy ¢'(x) > f (z,4(z)) on I and £(b) = yo. Then, y(z) > {(z) on I.

(b) Let u € CH(I x R,R) satisfy u'(z) < f (z,u(x)) on I and u(b) = yo. Then, y(z) < u(z) on I.

A.5 Chaplygin’s Method

Chaplygin’s method, which can be found for example in §1.3 of [89], is very useful in conjunction
with the Comparison Theorem. Let I := [a,b] be an interval and let f € C?(R?,R) be a function.
Let ¢,u € C(I,R) be two further functions that satisfy ¢(z) < u(z) on I. Suppose that x € I is
fixed and consider the curve z = f(x,y) over the interval J, := [((z),u(z)]. If %(m,y) >0on J,
then the curve z = f(x,y) over J, is below the secant through the points (¢(z), f(z,¢(x))) and
(u(x), f(x,u(x))). Furthermore, the curve z = f(z,y) over .J, is above the tangent line at the point
((x), f(z,€(x))). Therefore, for any y € J, we havjj

Ui — [z, ()
b)) + G o ) by~ 0] < o) < Slnt(o) + | LEHNTEL N g,

Similarly, if %(m,y) < 0 on J; then

[, 6(z)) +

for any y € J,.

2 Alternatively, we could use (u(x), f(x,u(z))) as the point of tangency and replace

Fa b)) + §—£<x,e<x>> y— )] with f(zu(x) + g—;‘(x,u(m» Iy — u(2)].



A.6. Gronwall’s Inequality

A.6 Gronwall’s Inequality

Gronwall’s Inequality, and its generalization Bihari’s Inequality, are very important in differential

equations. See, for example, [12] 511 [100].

Lemma A.8 (Gronwall’s Inequality): Let ¢ > 0 be a constant and let f, g € [a,b] — R be con-

tinuous, non-negative functions. If

flz)<e+ /I f(s)g(s)ds for all z € [a,b]

then
flx) < cexp(/x g(s) ds) for all x € [a,b].

Remark A.9: Suppose instead that

f(x)gc—k/xw(f(s))g(s)ds for all x € [a,b],

a

where w is a continuous and strictly increasing function with w(0) = 0. If Q(u) is an antiderivative

1
of ——, then it is easy to show that

w(u)
Q(f(x)) < Qc) + /x g(s)ds for all =z € [a,b].

This is Bihari’s Inequality. There are tedious details to worry about regarding €2(0) and the domain
of Q1.

A.7 Barbalat’s Lemma

Barbalat’s Lemma is useful in stability theory of ordinary (and delay) differential equations. See,

for example, page 323 of [70].

Lemma A.10 (Barbalat’s Lemma): Let a € R be a constant.

(a) Suppose that f : [a,00) — R is a uniformly continuous function with faoo |f(x)| dz < co. Then,

A1, J1#) = 0-

(b) Suppose that g : [a,00) — R is a differentiable function such that ¢’ is uniformly continuous

and lim g(x) exists and is finite. Then, lim ¢'(z) = 0.
r—00 r—00
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A.8 Equilibrium Points

An equilibrium point (also known as a fized point, a zero, a critical point, and a singular point) of
the differential equation %X = g(x) is a vector p such that g(p) = 0. In dynamical systems, it is
important to classify an equilibrium point in order to understand how solutions behave near this
point. The definitions and pictures in this section are standard. See, for example, Chapters 1 and

2 of [100].

Definition A.11: Let p be an equilibrium point of the differential equation x = g(x) and define
the matrix A := Dg(p).

(a) If no eigenvalue of A has zero real part then p is hyperbolic.

(b) Suppose that p is hyperbolic. If all the eigenvalues of A have strictly negative real parts then
p is a sink. If all the eigenvalues of A have strictly positive real parts then p is a source. If p

is neither a sink nor a source then it is a saddle.

Figure [A.2] depicts the phase portraits for four sinks encountered in this thesis. Figure [A.3
depicts the phase portrait for a non-sink equilibrium point which is encountered in this thesis (a

saddle node) along with the phase portrait of a saddle.

A.9 Theorems of Hartman-Grobman, Hartman, and Poincaré

The Hartman-Grobman Theorem, which relates flows of a nonlinear differential equation to the flows
of the linearization, is arguably the most fundamental result in the theory of dynamical systems.
There are many variations of this result, such as Poincaré’s Theorem (which is a very special case
and pre-dates the Hartman-Grobman Theorem) and Hartman’s Theorem. For Poincaré’s Theorem
see, for example, page 190 of [4], §IV.4 of [78], and [I0I]. For the Hartman-Grobman Theorem
and Hartman’s Theorem, see for example [50} 52} [53| [54], [100]. For Sternberg’s Theorem, which is
another alternative, see for example [I15] [116], 117, [118§].

Consider the nonlinear differential equation x = g(x) along with its linearization at the origin
% = Ax. Here, we have = 4 x € R", g(x) € R?, g(0) =0, and A := Dg(0). Let ¢(x0) be the

flow of the nonlinear system.



A.9. Theorems of Hartman-Grobman, Hartman, and Poincaré

(a) (b)

Figure A.2: The phase portraits for four typical sinks. (a) stable node (b) star node (special type of stable
node) (c) stable spiral (d) Jordan node

Theorem A.12 (Hartman-Grobman Theorem): Suppose that the origin is a hyperbolic equi-
librium point and g € CY(E), where E C R™ is a domain containing the origin. Then, there exist
domains U C E and V containing the origin and a function v such that v is a homeomorphism

from U to V and, for each x € U, there is an open interval I(x) containing 0 such that

P (py(x)) = éAap(x)  for all t e I(x).

Theorem A.13 (Hartman’s Theorem): Suppose that the origin is either a sink or a source and
g € C?(E), where E C R™ is a domain containing the origin. Then, there exist domains U C E
and V containing the origin and a function 1 such that 1 is a C'-diffeomorphism from U to V

and, for each x € U, there is an open interval I(x) containing 0 such that

P (Pe(x)) = etAllJ(:B) for all te I(z).

Definition A.14: Suppose that the eigenvalues of A are given by {\;},_;.

(314
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N
O

Figure A.3: The phase portraits for two non-sinks. (a) saddle (b) saddle node (half saddle, half node)

(a) The eigenvalues are said to be resonant if there exist {a;};_; C Ny and j € {1,...,n} such

that > p_;ar >2and \j =Y p_; apA,. The number Y ), ay is the order of the resonance.

(b) The convex hull of {\;}j_, is the smallest convex set in the complex plane containing all the
eigenvalues. The eigenvalues are said to belong to the Poincaré domain if this convex hull does

not contain zero.

Theorem A.15 (Poincaré’s Theorem): Suppose that g is analytic at the origin. Suppose further
that the eigenvalues of A belong to the Poincaré domain and are non-resonant. Then, there are
domains U and V' containing the orﬁm such that for any g € U there exists a unique y, € V and

interval I(xp) containing 0 such tha

bi(20) = €4yy + q(eyy)  for all t € I(xp)

for some analytic function q which satisfies q(0) = 0 and Dg(0) = 0.

A.10 The Centre Manifold Theorem

The results in this section on the Centre Manifold Theorem can be found in Chapters 1 and 2 of
[23], which is the standard reference for centre manifold theory. In particular, see Theorem 1 on

page 16, Theorem 3 on page 25, and properties (1) and (2) on page 28. For the Centre Manifold

3Equivalently, for any y, € V there exists a unique xo € U and interval I(xo) containing 0 such that the remainder

of the statement is true.
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Theorem, the canonical system is
x=Ax+f(x,y), ¥=By+gkxy), (A1)

where the first equation correS@onds to the centre component and the second equation corre-

sponds to the stable component!] In particular, we have x € R™, y € R", A € R™*™ B ¢ R"*",
f(x,y) €e R g(x,y) € R", and "= %. Moreover, we assume that A has eigenvalues with zero real
part and B has eigenvalues with negative real part. Finally, we assume that f and g are C" in a
neighbourhood of the origin, where r > 2, with f(0) = 0, g(0) = 0, Df(0) = 0, and Dg(0) = 0.
Definition A.16: Suppose that y = h(x) is an invariant manifold for ([A.Il) for sufficiently small
|x||. If his C” in a neighbourhood of the origin, h(0) = 0, and Dh(0) = 0, then y = h(x) is a
(local) C™ centre manifold for the system (AT]).

Define the operator T by
T[h](x) := Dh(x) [Ax + f(x,h(x))] — [Bh(x) + g(x,h(x))] .

Observe that if T[h] = 0 then y = h(x) is an invariant manifold for the system (A.I)). To see why,
just differentiate y = h(x) with respect to t and apply (A.Jl). It follows that if y = h(x) is a centre
manifold for (A.I)) for sufficiently small ||x||, then T[h](x) = 0 for sufficiently small ||x||. Consider
also the differential equation

u = Au + f(u, h(u)), (A.2)
which describes the time evolution along the centre manifold.

Theorem A.17 (Centre Manifold Theorem): Consider the system (Ad). There exists a

function h such that y = h(x) is a C" centre manifold for sufficiently small | z]|.

Theorem A.18:
(a) The zero solution of (A has the same stability classification as the zero solution of (A.2]).

(b) Suppose that the zero solution of (A2) is stable. Let z(t) = (x(t), y(t))T be a solution to (AI)
with || zo|| sufficiently small. Then, there exists a solution u(t) of (A2l) and a v >0 (which

depends only on B) such that

z(t) =u(t)+O0(e) and yt)=h(u(t) +0(e) as t— cc.

4We could also consider a system with an unstable component.
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Theorem A.19: Let h be the C" centre manifold guaranteed to exist by the Centre Manifold
Theorem. Suppose that the function p satisfies p(0) = 0 and Dp(0) = 0. Then, as ||z| — 0,
| 7)) = O (lll*) — IIh(z) - p@)| = O(Jlal*)

Corollary A.20: If hy and hy are two C” centre manifolds for (Adl) for sufficiently small ||z||

then, for any k,
|h1(@) = ha(@)]| = O(Jlall*) a5 lall — 0.

A.11 Normal Forms

The theory of normal forms, which originated with Poincaré, yields a method of reducing a nonlin-
ear differential equation to a “simpler” differential equation by means of a near-identity, analytic
transformation. See, for example, [16], 27, 100, 127].

Consider the nonlinear differential equation

% = Ax + b(x),

where x € R","= %, A e R™™ b e C"(N,R") for some r € {3,4, ...} and neighbourhood N' C R"

with 0 € NV, b(0) = 0, and Db(0) = 0. Denote by Hy, the set of all vectors in R” whose components

are homogeneous polynomials of degree k € {2,...,7 — 1}. Then, by Taylor’s Theorem we can write
r—1
b(x) =) bi(x)+O(Ix]|") as [x]| -0,
k=2

where by(x) € Hy, for each k € {2,...,r — 1}. Define also the set H := @Z;; Hj, and the operator
L:H—H, L(h(x)):=Dh(x)Ax — Ah(x).
Observe that
L(Hy) C Hr and Hp = L(Hx) D Gk,
where Gy, := Hp\L(Hx).

Theorem A.21 (Normal Form Theorem): By a sequence of near-identity, analytic transfor-

mations, the differential equation &= Ax+ b(x) can be transformed to y = Ay+ c(y), where

ﬁ
I
—

c(y) =) cl(y +O0(yl") as |yl—0
2

and ¢x(y) € Gy for each k € {2,...,r—1}.

M
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Remarks A.22:
(i) The normal form differential equation given in the theorem is not unique.
(ii) The terms {ck(y)}z;é are called resonance terms.

(iii) If A has no resonances of order k then L£(Hj) = Hj, and G, = {0}. Consequently, ci(y) = 0.

A.12 Method of Characteristics

The method of characteristics is typically the first technique a student learns to solve a partial
differential equation. See, for example, §1.4 of [66] and Chapter 1 of [87]. Consider the quasi-linear

partial differential equation
ol 1) G (o) + B, ) G, 0) = ol ) (A3)

subject to the initial condition wu(x,0) = f(z), where a,b,c, f € C'. Observe that (A3) can be
written

(a,b,c) ® (ug,uy,—1) =0
and thus the vector field (a,b,¢) is tangential to the solution surface z = u(x,y). It follows that
the solution of the system of ordinary differential equations

dx dy

du
i a(z,y,u), i b(x,y,u), — =c(z,y,u) (A4)

dt

gives a curve parameterized by ¢ lying in the solution surface z = u(z,y). Solving (A.4) subject to
the initial condition (z(0),y(0),u(0)) = (s,0, f(s)) gives us a solution of the form (x(¢, s), y(t, s), u(t, s)).
Writing (¢, s) in terms of (z,y) gives us the solution u(z,y) to (A3]).

A.13 Cauchy Product of Series

For the two series
o0 o0
Z a, and Z bn,
n=0 n=0

the Cauchy product is given by

icn = (i an> (i bn> , where ¢, := i Ambn—m-
n=0 n=0 n=0 m=0

[318]
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The product series converges if one of the original two series converges absolutely. See, for example,

pages 73-74 of the classic [110]. Two other useful forms which follow from this are the following:

o0 (o] o0 n
<Z an:):”> (Z b,ﬂ:”) = Z cpx”, where ¢, := Z Ambn—m
n=0 m=0

n=0

and

(i % x”) (i % :):”) = i % x", where ¢, := z”: (;) U bp—m-

n=0 n=0 n=0 m=0
A.14 Left and Right Eigenvectors

For a good reference on left and right eigenvectors, see for example Chapter 1 of [129]. Let A € R™*"
be a general matrix with (right) eigenvalues {\;};_; and associated (right) eigenvectors {v;}._ ;.
That is,

Av, =\ \v; (i=1,...,n). (A.5)

The eigenvectors are always taken to be non-zero. We know that the eigenvalues of AT are also

{\ 3. Let the (right) eigenvectors of AT be {w;}!",. That is,
ATw; = \jw; (i=1,...,n).
If we take the transpose of both sides of this equation, we obtain
wliA = \w! (i=1,...,n). (A.6)

Since this equation is the same as the eigenvalue equation for A except with the vector acting on
the left of A instead of on the right, the vectors {w;};" ; are called the left eigenvectors of A. Using
(A5) and ([ALQ), it is easy to verify the following orthogonality condition.

Claim A.23: If the eigenvalues {\;};—, of A are all non-zero and distinct, then the left eigenvectors

{wi};_, and the right eigenvectors {v;};-_, satisfy the orthogonality condition
wivj=0 (i#}]).

Suppose we want to find the matrix exponential e!A. Assume that the eigenvalues {Ni}, are
all distinct and non-zero and the eigenvectors {v;}1 ; and {w;}_; are chosen so that w!v; = J;;

fori,j =1,...,n, where d;; is the Kronecker delta. Define the matrices

P:: (Vl Vn) and A:: d|ag(>\1,,An)

(3191
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: T, A"
Since {wi v]}m.:1 =1I,,, we see that

Pl=(w; -~ w,)" and A=P7'AP.
Moreover,
A= Z Xi (viw])  and elh = Z et (viwy).
3 =1
A.15 Jordan Canonical Form

See, for example, pages 38-39 of [30] and §1.8 of [I00]. Let A € R™™" be a matrix. Suppose that
A has ¢ € {1,...,n} distinct eigenvalues {)\i}le C C with respective multiplicities {mi}le CN
where SX¢_ m; =n. Fori € {1,...,¢}, define the Jordan block J; € R™*"™: 1,

A 10 -~ 0 O
o x 1 -~ 0 0
3, = 0 Ai 0 O
0 0 O A1
0 0 O 0 N

Hence define the Jordan canonical form

30 0
l
0 J 0
3= - ’
=1
0 0 3

Then, there exists an invertible matrix P such that
P AP =1J.

Moreover,

V4
et — @et‘]i and e =PedP L
=1

5Tf m; = 1 then J; = (AZ)



Appendix A. Review Material

Figure A.4: The Lambert W function and its inverse.

A.16 The Lambert W Function

Perhaps the simplest transcendental equation is

z=wew,
where x € R and W > —1. Solving for W in terms of x gives the Lambert W functionH A good
reference for the Lambert W function along with its properties is [31], which is also where the
function was given its name.

Figure [A.4] gives a sketch of W (x) as well as its inverse. We will now mention a few basic

properties of the Lambert W function.
e For any x € R, W(ze") = x.

e For z > —e~!, W(x) is differentiable with

@) 1, if =0
W'(z) = W (z) ‘
T W@ it z#0

5The Lambert W function is also called the plog(z) function. Note that there are other branches for solutions W

of & = We" but we need only concern ourselves with the principal branch.

(32T]



A.16. The Lambert W Function

e The Taylor series for W (z) at x =0 is

0 nflnn—2
W(x) = Z % ", |r| <e h

n=1

e Asymptotically, W (x) satisfies
W(x) =In(z) — In(In(x)) + o(In(In(x))) as x — oo.

1

e The function W (x) is strictly increasing and concave down for z > —e™'. Furthermore,

W(z) <z for all z > —e~L.
A.16.1 Solving an Important Equation

Suppose that =,y > 0 satisfy the equation

where a,b > 0 are constants. We want to find x as a function of y. Now, observe that

in () ol()

Using the definition of the Lambert W function and multiplying by  allows us to solve for z.

Therefore, we have proven the following.

Claim A.24: Let x,y,a,b > 0. Then,
a bx . . a b
y=ux% if and only if ,CC:EW_W ]
a

A.16.2 Solving an Important Initial Value Problem

Suppose that we want to solve the initial value problem

dx ar
E__l_i_bxa .Q?(O)—xo,

where a, b, zg > 0 are constants. Observe that = 0 is a solution of the differential equation and

2’ < 0 for z > 0. Hence, we can conclude that

0<z(t)<zy forall t>0.
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First, write the differential equation as

1 dz(s)
——+b =—a forall s>0.
[95(5) + ] ds a forall s>

Now, integrate with respect to s from 0 to t, where t > 0, to get

[In(z(t)) — In(zo)] + b [x(t) — x0] = —at.
Re-arranging,
In(x(t)) + bx(t) = In(xg) + bxg — at.

Taking the exponential of both sides,
.’E(t) ebx(t) _ xoebxoefat'

Using the definition of the Lambert W functions enables us to state the following.
Claim A.25: The solution of the initial value problem

dx ar

& Ty "0 =20

where a,b,xg > 0 are constants, is
1 bax —at
z(t) = 3 %% ([bxoe O] e ) .

A.16.3 Solving Another Important Initial Value Problem

Suppose now that we want to solve the initial value problem

dx az?
E__l_i_bxa .Q?(O)—xo,

where a,b, xg > 0 are constants. Like before, we know that
0<z(t)<zy forall t>0.

If we write the differential equation as

[_:c(ls)Q B x(bs)] dﬁ:)

and integrate with respect to s from 0 to ¢, where ¢ > 0, we obtain

=qa forall s>0

1 1
i~ |~ bnGele) )] =t

(323]
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Re-arranging,

Taking the exponential of both sides,

() ()~ (2) ()

Appealing to Claim [A24],

Therefore, we have proven the following.
Claim A.26: The solution of the initial value problem

dx az?

@ Ty "0 =20

where a,b,zg > 0 are constants, s




Appendix B

Other Interesting Things

In this appendix, we will present some interesting results or approaches that were not fully realized

and do not fit in anywhere else in the thesis.

B.1 An Interesting Limit

Suppose that the sequence {c,},-; C R has limit ¢ € R. A well-known fact is

1 n
lim — =c.
gt () =
m=1
That is, the sequence of averages also has limit ¢. We can form a similar result involving two

convergent sequences. This result will be utilized later in this chapter.

Proposition B.1: Consider two sequences {a,},., C R and {b,},~, C R having respective limits

a €R and b e R. Then,

. 1 « n
n/Lrgo on Z (m> Ambp_m = ab.

m=0

Proof: Let € > 0 be arbitrary and fixed. Define

M := sup {|an|, |bn]} < o0

neN,

and observe that |a|, [b] < M. Since lim a, = a and lim b, = b, we know that there is an N; € N,
n—oo n—oo

such that
€

€
i and |bn_b|<6—M for all n > Nj.

lan, —al| <

325



B.1. An Interesting Limit

Since > o (1) =27,

1 — n
2—nz (m>ambn m — ab| <

m=0

Let n > 2N 4+ 1 be fixed. We will show that

1 n
o <n> |@mbp—m — ab| < e (B.1)
m=0 m

which will prove the proposition.

Observe that
O<N+1<n—-N—-1<n and m,n—m>N; for me{N +1,....,n—N; —1}.

We will break the sum in (B.I]) into three separate sums,

n—N1—1
1 n
( ) |G bp—m — ab| = on E + E g <m> | bp—m — abl , (B.2)
m=0 = m=N1+1 m=n—N1

and look at each separately.

Manipulating the middle sum of (B.2]),

1 n—N1—1 n
o Z (m> |G by —m — abl

m=N1+1
n— N1 1

1
= o ( ) |@mbn—m — abp—m + abp—p, — abl
m=N1+1
1 n— N1 1 n
:2_71 ( ) n m+a[bn—m_b”
m=N1+1
1 n— N1 1 n
<= < > =M+ M ]
Q"m Netl m 6M
< g
3

To analyze the first sum in (B.2)), note that |a;,by—m — ab] < 2M? for all m,n € N,. So, the first
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sum thus satisﬁe

N1 2 Ny
1 n 2M n
32 ()l —at < =5 ()

m=0
- 2M2 (N, +1) (n
- 2n Ny
2M? (N +1)n(n—1)---(n— Ny +1)
27 Ny !
Ni+17 [nM

<[ )

Since lim 712 =0, it follows that there is an Ny > 2N7 + 1 such that if n > N5 then

n—oo 2M
N1
1 n €
2—n (m> |ambn,m - ab| < §

IN

m=0

Similarly for the third sum in (B.2)), there is an N3 > Nj such that if n > N3 then

1 " n €
2—n Z <m> |ambn,m - ab| < g

m=n—N1
O
B.2 The Fraser Iterative Scheme
The (dimensionless) scalar differential equation for the Michaelis-Menten mechanism is
/ r—(1+a2)y

= , B.3
S R G R P (B:3)

where ’ = %. By solving this equation for y, one can form the Fraser iterative scheme

x 1+ eyl (z

Yot (2) : L+ e (2) (neNy), (B.4)

T lte(-nyn(e) + oL+ ey (@)
where yo(z) is an appropriately chosen initial function. See, for example, [43][92], 104, 106, 107, [109].

Assume that the iterates {y,(z)} -, can be written

o
vnlz) = o"a' (neNy). (B:5)
=0
'Since n > 2N; + 1, it must be that (g), (?), RN (A',ll) are in ascending order.
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B.3. Alternate Fraser Iterative Scheme

It was noted by Roussel in [106] that if 050) > 0 then lim O'in) = o, where o > 1 is the slope of the
n—oo
o0 o
slow eigenvector. We will mention a few convergence properties of both {JYL)} . and {J(n)}
n=

2
o

In regards to {Jén)} o we want to know when the sequence converges to og, which is given in
n=

n:O.

([C.27h). The reader may want to see Equation [[.28, which informs us of the sign and existence of

o2 in relation to the ratio x > 1 of the eigenvalues.

Substitution of (B.5]) into (B.4) yields

1+ EJYL)

1—1-5(1—77)(75")

25770§n) — [1 + Eoln)} ’

Yn+1(x) = x + 2 +0(2%) as 22— 0",

[1 +e(l—n) J%")]Q

Hence, we have the recursive relationships

2
(n) 2enos™ — 1+ eol™
1+eo n+1 92 1
1 Ok and aé ) = [ ] (n e Nyp).

U(n—f—l) -0 J(n-i—l) _
’ ’ ()]
l+e(l—n)oy [14—6(1—77)01 }

Observe that if 050) = o then 05") = o for all n € N;. Note that if we choose yo(x) := a(z) (that

is, the isocline for slope o) then a(()o) =0 and a%o) = 0. We will now state a couple of properties of

o o0
{agn)} and {aén)} . In the interest of space, we omit the proofs.
n=

n=0

Claim B.2: Consider the sequence {Uﬁn)}oio. If 050) >0 then {Uﬁn)}w is momnotonic with
() "

lim o, =o0.
n—oo

Claim B.3: Consider the sequence {Uén)}, where we take a§0) =o. Then,

o9, if K>2

(n) -0, if K=2
lim o5 =

+oo, if 1<Kk<2 and oy >o09

—o0, if 1<k<2 and 0§0)<02

B.3 Alternate Fraser Iterative Scheme

Write the differential equation (B.3)) as
[ o= ex ;e —n+z) ,
y_[1+x}+[1+x]y [ 1tz ]yy
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Combining this with Proposition [B.1l suggests the iteration scheme

@)= [ 1]+ [ - [P LS (M uowonte) (e ).

1+x 1+x 14+ 2 m

m=0
Define the (exponential) generating function

- Yn(T) o

w(z,T) = o

n=0

and observe
o"w

(@) = 5 (@,0) (€M),

It is easy to confirm that w(x,7) satisfies the delay partial differential equation

ow x . ex '\ Ow e(l-n+x) ow
E(CE,T) = [1—1—:):] e’ + (l—l—ac) %($,T)— [71_1_36 ]w(:c, 37) o (z,37).

Solving this is much easier said than done. See, for example, [56, [130] for references on functional

differential equations. Delay differential equations have been considered in chemical kinetics. See,

for example, [105].

B.4 A Related Delay Differential Equation

Consider the initial value problem
0(t) =v(rt), ov(0)=1,
where r € (0,1) is a constant and "= %. This can be written as the integral equation
t
v(t) =1 +/ v(rs)ds.
0
Define the interval I := [0, 00), the weighted norm
1£1l :=sup {e~" |F(®)I}
tel
where ¢ > r~! is a constant, and the operator
t
T:CYI,R) — CYI,R), Tu(t):=1 +/ u(rs)ds.
0

It is easy to verify using the Contraction Mapping Theorem, which can be found for example on
pages 220221 of [110], that 7" has a unique fixed point v which is the unique solution of the initial

value problem.
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B.4. A Related Delay Differential Equation

Using the power series method, we can obtain a series solution for the initial value problem.

This series is given by

> lnmn-1)
ra
n=0 ’

Using the ratio test, we see that the series converges absolutely for all ¢ € R.
Consider the change of variables u(7) := v(e™). With this, the given initial value problem is
converted to
W' (1) = e"u(t — ¢), lim wu(r)=1,
T——00
where ¢ := —In(r) and ' = £.

Interestingly, we can solve the initial value problem

ow
5 (@) = deyw(z,rt),  w(z,0) = w(x)

using the function v(t). In particular,

w(z,t) = wo(x)v(te(z)).
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