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Abstract

Many optimal stochastic control problems in finance can be formulated in the form of
Hamilton-Jacobi-Bellman (HJB) partial differential equations (PDEs). In this thesis, a
general framework for solutions of HJB PDEs in finance is developed, with application to
asset allocation.

The numerical scheme has the following properties: it is unconditionally stable; con-
vergence to the viscosity solution is guaranteed; there are no restrictions on the underlying
stochastic process; it can be easily extended to include features as needed such as uncer-
tain volatility and transaction costs; and central differencing is used as much as possible
so that use of a locally second order method is maximized.

In this thesis, continuous time mean variance type strategies for dynamic asset alloca-
tion problems are studied. Three mean variance type strategies: pre-commitment mean
variance, time-consistent mean variance, and mean quadratic variation, are investigated.
The numerical method can handle various constraints on the control policy. The following
cases are studied: allowing bankruptcy (unconstrained case), no bankruptcy, and bounded
control. In some special cases where analytic solutions are available, the numerical results
agree with the analytic solutions.

These three mean variance type strategies are compared. For the allowing bankruptcy
case, analytic solutions exist for all strategies. However, when additional constraints are
applied to the control policy, analytic solutions do not exist for all strategies. After
realistic constraints are applied, the efficient frontiers for all three strategies are very
similar. However, the investment policies are quite different. These results show that, in
deciding which objective function is appropriate for a given economic problem, it is not
sufficient to simply examine the efficient frontiers. Instead, the actual investment policies
need to be studied in order to determine if a particular strategy is applicable to specific
investment problem.

il



Acknowledgements

First of all, I would like to thank Prof. Peter Forsyth who has been my supervisor since
2003 when I started my MMath. During these years, I am always amazed by his high-
quality and high-efficiency work, encouraged by his enthusiasm on research, and inspired
by his sharp mind. What has impressed me most is that Professor Forsyth acts not only
as a leader or a supervisor, but also as a coworker. He always involves into my research
so deeply that he can quickly point out the flaws of my work, give me creative ideas, and
direct me to the right trace. No words can fully express my gratitude for his abundant
support and flawless guidance. It is so lucky of me to have Prof. Forsyth as my supervisor
for my graduate study.

I would like to thank my committee members for the time they have dedicated to
reading and reviewing my thesis: Prof. Yuying Li, Prof. Justin Wan, Prof. Ken Vetzal,
and my external examiner Prof. Anita Mayo.

I would also like to thank Prof. Yuying Li, Prof. Justin Wan, Prof. Bruce Simpson,
and Prof. Jeff Orchard for many discussions and interesting chats.

On the personal side, I owe a lifetime of gratitude to my parents, Xiangyang Wang
and Xiaofeng Guo, who are always there ready to encourage me and support me. I owe
countless thanks to my wife, Lei Yin, for her care and love. She shared all the joys and
sorrows with me in last five years.

My life at UW is a happy journey. I would like to thank all my friends at Waterloo,
especially Huaning Nie, Zhuliang Chen, Rong Wang, Stephen Tse, Tiantian Bian, Yi
Zhang, Wenjie Xiao, Bo Wang, Dong Han, and Zhirong Li for their friendships and
help. Special thanks to Yuli Ye, Yu Guan, Zhenming Jiang, Xun Fan, and Sheng Zhang
for fighting together against school work for countless sleepless nights in DC and MC.
Many thanks to my colleagues in Scicom lab, both past and present, especially Shannon
Kennedy, Amélie Bélanger, Yann d’Halluin, Simon Clift, Amir Memartoluie, Lei Zhu,
Ruonan Li, and Lin Xu for their warmhearted help and interesting chats.

v



Contents

[Author’s Declarationl ii
[Abstractl iii
[Acknowledgements| iv
Contents| v
[List of Tables| viii
[List of Figures| X
(1__Introduction| 1
L1 OVerviewl. . . . . . . . . e e e e 1
L2 Contributiond . . . . . . . . . .. ... 2
(1.3 Economic Significance| . . . . . . ... ... 5
M4 Outlind. . . .. ... . 5

2 Two Examples of Optimal Stochastic Control Problems| 7
[2.1 Passport Options| . . . . . . . . . .. .. ... ... 7
2.2 Defined Contribution Pension Planl . . . . . ... ... ... .. ... .. 7
221 Wealth Casel. . . . .. ... ... ... 8

-to- Jasel L. 9

[2.3  Overview for Mean Variance Type Strategies| . . . . . . . .. ... ... .. 9
[2.3.1 Pre-commitment Policy|. . . . . .. ... ... ... ... ...... 10

[2.3.2  Time-consistent Policy| . . . . . . . ... ... .. ... ... ... 11

[2.3.3  Mean Quadratic Variation . . . . . . .. ... ... ... 12




[3 Maximal Use of Central Differencing

[ for Hamilton-Jacobi-Bellman |
L__PDFEs in Finance | 15
(3.1 Introduction|. . . . . . . . ..o 15
[3.2  General Form for the Example Problems| . . . . . . ... .. ... ... .. 16
[3.2.1 Boundary Conditions{ . . . . . . . . ... ... .. ... ....... 17

[3.3  Implicit Controls| . . . . . . . ... ... 18
[3.3.1 Matrix Form of the Discrete Equations| . . . . . .. ... ... ... 18

[3.4  Convergence to the Viscosity Solution|. . . . . . . .. ... ... ... ... 20
[3.4.1  Discretization of the Controll . . . . . . . . .. ... ... ... ... 21

[3.5  Solution of Algebraic Discrete Equations|. . . . . ... ... .. ... ... 22
[3.5.1  Tterative Method| . . . . . . . .. ... ... 0oL 22

[3.6 Passport Options| . . . . . . . .. ... ... 24
[3.6.1 'The Pricing Model for Passport Options| . . . . . . ... ... ... 24
[3.6.2 Discretizationl . . . . . .. ... oo 26
[3.6.3  Discontinuity of The Objective Function| . . . . . . . .. ... ... 26
(3.6.4 Numerical Resultsl . . .. ... ... ... ... 000 27

(3.7 Defined Contribution Pension Plan| . . . . . ... ... ... ... ... .. 30
[3.7.1  Stochastic Modell . . . . . .. ... oo 31
.72 Discretization| . . . . . . . . . ..o 33
[B.7.3 Numerical Resultsl . . .. ... ... ..o 0oL 33
[3.7.4  Discretization of the Controll . . . . . . . ... ... ... ... 34

(3.8  Pixtension to Multi-dimensional Models| . . . . . . ... ... ... ... .. 36
[3.9 Summary| . . ... 38
[4  Pre-commitment Strategy| 39
M1 Introduction| . . . . . . . ... 39
4.2 Pre-commitment Wealth Casel . . . . . . ... ... ... ... ... ... 40
[4.2.1 Reduction to an LQ Problem| . . . . .. ... ... ... ... ... 41

4.3 Localizationl . . . . . . . . ... 43
[4.3.1 Allowing Bankruptcy, Unbounded Controls/. . . . . . . ... .. .. 43
[4.3.2  No Bankruptcy, No Short Sales| . . . . . ... ... ... ... ... 44
[4.3.3  No Bankruptcy, Bounded Control| . . . . . . . ... ... ... ... 44

vi



[4.3.4  Analytic Solution: Unconstrained Controll . . . . . ... ... ... 45

[4.3.5  Special Case: Reduction to the Classic Multi-period Portfolio Se- [

[ lection Problem| . . . . . . . . ... 46
- -to-income Ratio Casel . . . . . . . ... ... ... 46

1.0 Discretization of the HJB PDRF . . . . .. ... ... 0000 48
[4.5.1  Convergence to the Viscosity Solution|. . . . . . . .. ... ... .. 49

4.6  Algorithm for Construction of the Efficient Frontier| . . . . . . . . . .. .. 50
M7 Numerical Resultsl. . . . ... ... o o 51
471 Wealth Casel. . . . . . . ... .. ... o1

-to- jasel ... 59

.8 Summary| . . ... 64
[> Time-consistent Strategy| 67
b1 Introductionl . . . . . . ..o 67
.2  Time-consistent Wealth Casel . . . . . ... ... ... ... ... ... .. 67
- -to-income Ratio Casel . . . . . .. ... ... ... 69

B4 Discretizationl . . . . . . . . Lo 70
[>.4.1 Piecewise Constant Timestepping . . . . . . . . .. ... ... ... 70
Hh42 PDE Formulationl . . . . . . . . .. ..o oo 72
[>.4.3  Computing the Expectations|. . . . . . . .. .. .. ... ... ... 72
Hh.4.4  Tocalizationl . . . . . . . . ... 73
H.4.5  Discretization of PDES . . . . . ..o 00000000 74
[5.4.6  Algorithm for Construction of the Efficient Frontierf . . . . . . . .. 74

(.5 Various Constraintsl . . . . . . . . . . .. .o 76
[5.5.1 Allowing Bankruptcy, Unbounded Controls/. . . . . . . .. ... .. 76
[5.5.2  No Bankruptcy, No Short Sales| . . . . . ... ... ... ... ... 78
[5.5.3  No Bankruptcy, Bounded Control| . . . . . . .. ... ... ... .. 78
0.6 Numerical Resultsl. . . .. ... ..o oo 78
b.6.1 Wealth Casel. . . . . . . ... .. ... . 78

-to- Jasel ... 81

H.6.3  Monte-Carlo Simulationl . . . . . . .. .. ... ... ... ... .. 84

[b.7 Summary| . . ... 86

vil



6 Mean Quadratic Variation| 89
6.1 Mean Quadratic Variation Wealth Casel. . . . . . . . . .. ... ... ... 89
6.2 Tocalizationl . . . . . . . . . ... . 91

[6.2.1 Allowing Bankruptcy, Unbounded Controls . . . . . . . .. ... .. 91
[6.2.2  No Bankruptcy, No Short Sales| . . . . . .. ... ... ... ... . 92
[6.2.3 No Bankruptcy, Bounded Control| . . . . . . . ... ... ... ... 92
[6.3 Mean Quadratic Variation Wealth-to-income Ratio Case| . . . . . . . . .. 93
6.4 Discretization of the HJB PDEl . . . . .. .. ... ... ... .. ... 94
[6.4.1  Convergence to the Viscosity Solution|. . . . . . . .. ... ... .. 95
6.5 Numerical Resultsl. . . . . . ... ... 95
5.1 Wealth Casel. . . . . . . ... ... 96
[6.5.2  Multi-period Portfolio Selection| . . . . . . . .. .. ... ... ... 98
6.5.3  Wealth-to-income Ratio Casel . . . . . . ... ... ... ... ... 99
[6.6 Summary| . .. ... 101

[7 Comparison of Mean-variance Type Strategies| 103
(.1 Wealth Casel . . . . . . . . .. . 103
[7.2  Wealth-to-income Ratio Casel . . . . . ... ... .. .. ... ... .... 106
(7.3 Summary| . . . . ... 107

8 Conclusionl 111
8.1 Future Workl. . . . . . . . . 112

A ppend 113

[A Discrete Equation Coefficients| 113

IB_Proof of Theorem 4.2 115

[C Numerical Test for \(w)| 117

[References| 119

viii



List of Tables

[3.1 Input parameters for a passport option contract| . . . . . . . . . . ... .. 29
[3.2  Convergence study for a passport option contract, convex payoffl . . . . . . 29
[3.3 Input parameters for a passport option contract| . . . . . . . ... .. ... 29
[3.4  Convergence study for a passport option contract, convex payoff] . . . . . . 30
[3.5 Convergence study for a passport option contract, non-convex payoff|. . . . 31
[3.6 Computational parameters for the pension plan problem| . . . . . . . . .. 33
[3.7 Input parameters for the pension plan examples| . . . . . . . . .. ... .. 34
[3.8 Convergence study for a pension plan example| . . . . . . . .. .. ... .. 35
[3.9 Convergence study for a pension plan example using discretized control . . 37
4.1 Summary of various controls| . . . . . . ... ... 45
[4.2  Input parameters for the pension plan examples . . . . . . . ... ... .. 51

[4.3  Convergence study for the pre-commitment strategy, wealth case, allowing [

bankrupteyl . . . ... 52

4.4 Convergence study for the pre-commitment strategy, wealth case, allowing |

bankruptcyl . . . . ... 52

[4.5 Convergence study for the pre-commitment strategy, wealth case, allowing |

bankruptcyl . . . . .. 53

[4.6  Convergence study for the pre-commitment strategy, wealth case, allowing [

bankrupteyl . . . ... L 53

4.7 Convergence study for the pre-commitment strategy, wealth case, allowing |

bankruptcyl . . . . ... 54

[4.8  Convergence study for the pre-commitment strategy, wealth case, allowing [

bankruptey| . . ... 54
[4.9  Effect of finite boundary| . . . . . . .. ... oo 55
.10 80% rule study| . . . . . . . ... 58
[4.11 Input parameters for the pension plan examples| . . . . . . . ... ... .. 59

X



I12

Convergence study for the pre-commitment strategy, wealth-to-income ra-

[ tio, bounded control| . . . . . . ... 59
[4.13 Convergence study for the pre-commitment strategy, wealth-to-income ra- |
| tio, bounded control| . . . . . . ... 60
[4.14 Convergence study for the pre-commitment strategy, wealth-to-income ra- [
| tio, discretized bounded controll . . . . . .. ..o 60
[4.15 Convergence study for the pre-commitment strategy, wealth-to-income ra- |
| tio, discretized bounded controll . . . . . . . ..o 61
[4.16 Convergence study for the Monte-Carlo Simulations, pre-commitment strat- |
s 63
[>.1 Summary of cases for various controls, time-consistent strategyl. . . . . . . 76
[>.2  Convergence study for the time-consistent strategy, the wealth case, allow- |
| ing bankruptcyl . . . ... 79
5.3 Convergence study for the time-consistent strategy, the wealth case, allow- |
| ing bankruptcy] . . . ... oL 79
[>.4 Effect of finite boundary| . . . . . . .. ... 0oL 80
[>.5  Parameters used in the wealth-to-income ratio pension plan examples. | . . 81
[>.6 Convergence study for the time-consistent strategy, the wealth-to-income [
[ ratio case, bounded controll . . . . . . . ..o 82
(5.7 Convergence study for the time-consistent strategy, the wealth-to-income |
[ ratio case, bounded control|. . . . . .. ... 82

[5.8  Convergence study for the Monte-Carlo Simulations, time-consistent strategy| 85
[6.1 Summary ot various controls, mean quadratic variation| . . . . . . . . . .. 93
[6.2 Convergence study for the mean quadratic variation strategy, wealth case, |
allowing bankruptceyl . . . . . . . ..o oo 96
[6.3 Convergence study for the mean quadratic variation strategy, wealth case |
allowing bankruptcey| . . . . . .. ..o oo 97
[6.4 Parameters used in the pension plan examples . . . . . . .. ... ... .. 99
[6.5 Convergence study for the mean quadratic variation strategy, wealth-to- [
income ratio, bounded Controlf. . . . . . . . . . .. .. ... ... 100
[6.6 Convergence study for the mean quadratic variation strategy, wealth-to- |
income ratio, bounded Controlf. . . . . . . . . ... ... . ... .. 100
[7.1 Comparison of the convergence study of the time-consistent and mean |
quadratic variation strategies| . . . . . . . . . . . . . ... 105




List of Figures

[3.1 Local objective function for the passport optionl . . . . . . . ... .. ... 28
[3.2  Utility and optimal asset allocation strategy at ¢t =0, . . . ... ... ... 36
[4.1 Node insertion in W eridf. . . . . .. ... ... ... ... ... ... ... 49
4.2 Pre-commitment efficient frontier for the wealth case, allowing bankruptcy|] 55
4.3 Pre-commitment efficient frontiers for the wealth casel . . . . . . . . . . .. 56
[4.4  Pre-commitment efficient frontiers for various values of stock volatilities, [

wealth casel . . . . . . . . 56

[4.5 Pre-commitment efficient frontiers for the multi-period portiolio selection |

problem| . . . ... 57

~comm} i i i .. 61

[4.7  Pre-commitment efficient trontiers for various values of stock volatilities, [

wealth-to-income ratio casel . . . . . . . .. L. 62

.8 Pre-commitment optimal control as a function of (X, ), bounded controll . 63

[4.9  Convergence study for the Monte-Carlo Simulations, pre-commitment strat- |

[4.10 Probability density function for Monte-Carlo Simulation, pre-commitment [

strategy] . . . .. L 65

.11 Mean and standard deviation for the control p(t, z), pre-commitment strategy| 66

[>.1 Efficient frontiers for the time-consistent strategy, wealth casel . . . . . .. 80
0.2 Time-consistent efficient frontiers for the wealth casel . . . . .. .. .. .. 81

- . — . — . %3
(5.4  Time-consistent optimal control as a function of (X,¢)] . . .. ... .. .. 84
[>.5  Convergence study for Monte-Carlo Simulation, time-consistent strategy| . 85

[>.6  Probability density function for Monte-Carlo Simulation, time-consistent [

strategyl . . . . .. L 86

[5.7  Mean and standard deviation for the control p(t, z), time-consistent strategy| 87

x1



[6.1 Mean quadratic variation efficient frontiers for the wealth case[ . . . . . . . 97
[6.2 Mean quadratic variation optimal control as a function of (W, ¢) . . . . . . 98
[6.3 Mean quadratic variation efficient frontiers for the multi-period porttfolio |
selection problem| . . . . . .. ... o oL 99

[6.4  Mean quadratic variation efficient frontiers tfor the wealth-to-income ratio [
L casd . . . o 101
(6.5 Mean quadratic variation optimal control as a function of (X,¢) . . . . .. 102
[7.1 Comparison of three strategies for the wealth case, allowing bankruptcy| . . 104
[7.2  Comparison of three strategies for the wealth case| . . . . . . . . ... ... 106
[7.3  Comparison of the control policies: wealth case with bounded control| . . . 107
[7.4  Comparison of three strategies for the wealth-to-income ratio case, allowing [
bankrupteyl . . . ... 108

[7.5 Comparison of the control policies: wealth-to-income ratio casel. . . . . . . 108
[7.6  Comparison of the control policies: wealth-to-income ratio case with bounded |
controll . . . . . . 109

(C.1 Time-consistent efficient frontiers for the wealth casel . . . . . .. ... .. 118

xil



Chapter 1

Introduction

1.1 Overview

There are a number of financial models which result in nonlinear Hamilton-Jacobi-Bellman
(HJB) partial differential equations (PDEs). These problems usually arise in the con-
text of optimal stochastic control. Some examples of these HJB type equations include:
transaction cost/uncertain volatility models [48] [3, 64], passport options [2, [68], unequal
borrowing/lending costs [14], large investor effects [I], risk control in re-insurance [58],
pricing options and insurance in incomplete markets using an instantaneous Sharpe ratio
[76], 56, 12], minimizing ruin probability in insurance[67, 20], and optimal consumption
[13, 23]. A survey article on the theoretical aspects of this topic is given in [63].

In many cases, classical solutions to these nonlinear PDEs do not exist, and we need to
solve them numerically. In terms of existing solution methods, Markov chain [46], 19] and
PDE [36], 69, 70 [72, 27] based approaches are the two basic threads of literature concerning
controlled HJB equations. There are also other approaches including binomial lattice
based methods [31] and simulation based methods [34, 22]. A Markov chain approximation
is similar to the usual binomial lattice, which is equivalent to an explicit finite difference
method. These methods are well-known to suffer from timestep limitations due to stability
considerations. Simulation based methods can handle multi-dimensional problems, but
they have poor accuracy and have difficulty with non bang-bang type controls.

A more recent approach is based on numerical PDE methods. Since there is usually
more than one solution for a nonlinear PDE, a key aspect of this approach is to ensure
convergence to the financially relevant solution, which in this case is the viscosity solution
[29]. As demonstrated in [64], seemingly reasonable discretization methods can converge
to non-viscosity solutions. The theory of viscosity solutions is described in [29]. As
pointed out in [I0, 5], in order to guarantee convergence to the viscosity solution, the
discrete scheme must be pointwise consistent, [, stable and monotone. Unconditionally
monotone implicit methods are described in [§]. For optimal stochastic control problems,
these methods lead to a nonlinear set of discretized equations which must be solved at
each timestep.



It is common in the PDE literature [8] to suggest relaxation type methods for solution
of the nonlinear algebraic equations at each timestep. However convergence of relaxation
methods can be very slow for fine grids. A Newton-type iteration scheme [65] [36] can also
be used to solve this problem. At each iteration, a linear set of equations are solved. Since
this scheme can be regarded as a variant of Policy iteration for infinite horizon Markov
chains, the convergence proof of the iteration is similar to the proof of convergence for
Policy iteration [46]. In practice, this scheme typically converges quickly. As part of our
program to solve optimal asset allocation problems, we first develop numerical methods
for controlled HJB equations in finance with the following properties:

e The methods are guaranteed to converge to the viscosity solution.
e There should be no timestep limitations due to stability considerations.

e There should be no restrictions on the underlying stochastic process, e.g. geometric
Brownian motion, jump diffusion, or regime switching can be easily implemented.

e It should be possible to easily extend the models to include features as needed, for
example, uncertain volatility, bid-ask spread, transaction costs and so on.

e The methods should be at least efficient as other existing methods.

In general, there are two types of control for optimal stochastic control problems:
bang-bang controls and non bang-bang controls. Controls of bang-bang type can only take
values from a finite set. Controls of non bang-bang type take values from an infinite set.
Our numerical methods should be able to handle both types of control. To demonstrate
the properties of our methods, in Chapter |3 we use two specific examples, passport
options and a utility optimization problem for a defined contribution pension plan. These
methods are then used as building blocks for solving mean variance type optimal asset
allocation strategies for a defined contribution pension plan (see Chapters |4 — .

1.2 Contributions

We first develop a general framework to solve HJB PDEs in finance.

Monotonicity is one of important properties which is required to ensure convergence
to the viscosity solution. A monotone scheme is usually constructed by using a positive
coefficient method [46] 62, 8, B6]. In order to ensure a positive coefficient method, the
standard method for discretizing HJB PDEs uses forward /backward differencing for the
drift term. The choice of forward or backward differencing depends on the control variable.
This has the disadvantage that the truncation error in the space-like direction is only first
order.

We develop a positive coefficient method with maximum use of central differencing.
Our work in this area makes the following contributions (see Chapter [3):
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e We develop a fully implicit finite difference scheme to solve stochastic control prob-
lems in finance. Our scheme use central differencing as much as possible, so that
use of locally second order method is maximized (for smoothly varying grid sizes).

e We show that our discrete scheme is pointwise consistent, [, stable and monotone
so that convergence to viscosity solution is guaranteed.

e Our method can handle both bang-bang controls and non bang-bang controls.
e Our method satisfies the properties listed in Section

e In general, when central differencing is used as much as possible, the local objective
function at each grid node is now a discontinuous function of the control. We show
that convergence of the iterative method for solution of the discrete equations can
still be guaranteed, even if the local objective function is a discontinuous function
of the control.

e Numerical examples show that the scheme using central differencing as much as
possible has a better convergence rate than the standard method (which uses for-
ward /backward differencing only).

We then consider a popular stochastic control problem: optimal dynamic asset allo-
cation. In the existing literature, this problem is usually formulated in terms of a utility
function approach [71, [41]. However, in practice, it is not clear how to decide which
utility function an individual or an institution would prefer. Moreover, since the tradeoff
between the risk and the expected return is implicitly contained in the utility function,
the optimal investment decision lacks intuitive interpretation.

In this thesis, we apply the mean variance approach to the optimal dynamic asset allo-
cation problem. We use the defined contribution pension plan problem as a prototypical
example. The mean variance approach was first studied by Markowitz in the 1950s [53], 54]
for modern portfolio selection analysis in a single period. In Markowitz’s model, risk is
quantified by using variance, so that investors can maximize their expected return after
specifying a risk level, or minimize their risk (variance) after specifying an expected re-
turn. Although there are many difficulties [26] in solving variance minimization problems,
Markowitz’s idea has been extended to multiperiod problems [57, 140, [39] B33, [66, [78] [49].
One advantage of the mean variance approach is that the results can be easily interpreted
in terms of an efficient frontier, in which the tradeoff between the risk and the expected
return can be clearly demonstrated, so that an investor can intuitively choose her expected
return and risk level.

We use three mean variance type strategies to solve this problem (see Chapters 4| —
: pre-commitment mean variance, time-consistent mean variance, and mean quadratic
variation. The mathematical models for these asset allocation problems are in the form
of HIB PDEs. We applied the fully implicit method with maximum use of central differ-
encing for solving these HJB PDEs. Our contributions in this area are as follows:



e For time-consistent and mean quadratic variation strategies, dynamic programming
can be directly applied in order to construct the efficient frontiers (see Chapters
and @ However, it is well-known that dynamic programming cannot be used in
straightforward fashion for the pre-commitment strategy. To avoid this difficulty,
we follow the method in [78 [49] which embeds the original optimization problem
into a class of auxiliary stochastic linear-quadratic (LQ) problems, which can be
solved in terms of dynamic programming (see Chapter [4]).

e For the pre-commitment and mean quadratic variation strategies, a fully implicit
discretization method is developed for the nonlinear HJB PDE. Under the assump-
tion that the HJB equation satisfies a strong comparison property, our methods are
guaranteed to converge to the viscosity solution of the HJB equation. In addition,
the policy iteration scheme used to solve the nonlinear algebraic equations at each
timestep is globally convergent. Our fully implicit method has no timestep size
restrictions due to stability considerations (see Chapters [4] and [6)).

e For the time-consistent strategy, our numerical method is based on a piecewise
constant policy technique in [45]. In this case, because the time-consistent problem
can be formulated as a system of HJB differential algebraic equations, this falls
outside the viscosity solution theory in [45]. Hence we have no formal proof of
convergence of our method. Nevertheless, our technique does converge to analytic
solutions where available (see Chapter [5)).

e For all three strategies, by solving the HJB PDE and related linear PDEs, we
develop an algorithm for constructing the mean variance type efficient frontiers (see

Chapters |4 - |§[)

e Our numerical scheme (for all three strategies) can well handle various constraints
on the optimal policy. In particular, we consider three types of constraints: allowing
bankruptcy (unconstrained case), no bankruptcy and bounded control. We compare
the efficient frontiers for various constraints. From a practical point of view, we
observe that the addition of realistic constraints can completely alter some of the
properties of the mean variance solution compared to the unconstrained control case

(see Chapters [4] - []).

e We make a comparison of the three mean variance type strategies. We compare both
their efficient frontier solutions and their control policies. After realistic constraints
are applied, the efficient frontiers for all three strategies are very similar. However,
the investment policies are quite different. This suggests that the choice among
various strategies cannot be made by only examining the efficient frontier, but rather
should be based on the qualitative behavior of the optimal policies (see Chapter [7]).

To the best of our knowledge, the results for constrained mean variance asset allocation
(for all three variants) are new.



1.3 Economic Significance

As stated earlier, mean variance type criteria are popular due to their intuitive interpre-
tation. However, this thesis demonstrates that we now have reliable methods for solution
of constrained optimal asset allocation problems using mean variance (pre-commitment,
time-consistent and mean quadratic variation) criteria. It is an interesting economic ques-
tion as to which of these criteria should be used. This is, however, beyond the scope of
this thesis.

1.4 Outline

The rest of the thesis is arranged as follows. In Chapter [, we introduce two examples
of stochastic control problems in finance. In Chapter [3| we develop a numerical scheme
for solving HJB PDEs in finance, which uses central differencing as much as possible
so that use of locally second order method is maximized. In Chapters and [6] we
apply the numerical scheme developed in Chapter [3| for solving dynamic asset allocation
problems, by using pre-commitment mean variance, time-consistent mean variance, and
mean quadratic variation strategies respectively. We make a comparison of the three
mean variance type strategies in Chapter [7} Finally, conclusions are drawn in Chapter
8.






Chapter 2

Two Examples of Optimal Stochastic
Control Problems

As introduced in Chapter|[I} there are many optimal stochastic control problems in finance.
In this thesis, in order to demonstrate the properties of our methods, we use two specific
problems. These problems are pricing passport options [2], and an optimal dynamic asset
allocation strategy for a defined benefit pension plan [21].

2.1 Passport Options

Our first example is pricing passport options. Passport options are financial derivative
contracts which allow the holder to take a profit from a trading account while obligating
the writer to cover losses [2, [68].

Let S be the underlying asset price which follows the stochastic process
dS =puS dt+o0S d7 , (2.1.1)

where dZ is the increment of a Wiener process, o is volatility, u is the drift rate. The
holder is allowed to hold long and short positions in the underlying asset S at any time
during the option life time, say T. Let ¢ denote the number of shares of the underlying
the holder holds at time t, 0 < t < T. |q| is limited to an amount C, i.e. |q] < C. At
maturity 7', the holder keeps any net gain, while any loss is covered by the writer.

2.2 Defined Contribution Pension Plan

The second example in this thesis concerns an optimal dynamic asset allocation strategy
for a defined contribution pension plan. A traditional asset allocation strategy for a
defined contribution pension plan is deterministic lifestyling. Initially, the contributions
of the plan are invested entirely in equities. Beginning on a predetermined date, say N
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years prior to retirement, the contributions are switched into bonds at a rate of 1/N per
year. Then, all assets are invested in bonds by the date of retirement. Deterministic
lifestyling can reduce the losses of the plan in case of a sudden fall in the stock market
just before the date of retirement. This strategy is simple and widely used. However,
obviously it is not the optimal strategy.

We will use two main approaches to determine the optimal strategy: the utility func-
tion approach (see Chapter [3)) and the mean variance approach (see Chapters {4 — . For
the utility function approach, the strategy is optimal in the sense of maximizing expected
utility [71) 41]. For the mean variance approach, the strategy is optimal in the sense of
an efficient frontier solution.

For both approaches, the optimal strategy can be determined in terms of the investor’s
wealth (Section [2.2.1]) or her wealth-to-income ratio (Section [2.2.2)).

2.2.1 Wealth Case

It is common to determine the optimal strategy in terms of the investor’s final wealth.
We will refer to this problem in the following as the wealth case.

Suppose there are two assets in the market: one is risk free (e.g. a government bond)
and the other is risky (e.g. a stock index). The risky asset S follows the stochastic process

dS = (T+§101)S dt—f-UlS dZ1 s (221)

where dZ; is the increment of a Wiener process, o7 is volatility, r is the interest rate, & is
the market price of risk (or Sharpe ratio) and the stock drift rate can then be defined as
s =1+ &10y. Suppose that the plan member continuously pays into the pension plan at
a constant contribution rate 7 in the unit time. Let W (¢) denote the wealth accumulated
in the pension plan at time t, let p denote the proportion of this wealth invested in the

risky asset S, and let (1 — p) denote the fraction of wealth invested in the risk free asset.
Then,

dW = [(7“—|—p51<71)W+7r]dt+p01WdZ1 , (222)

Let p*(t,w) denote the optimal strategy/policy. In the wealth case, we want to deter-
mine p*(¢,w) in terms of the investor’s final wealth.

Remark 2.1. The classic multi-period portfolio selection problem can be stated as the
following: given some investment choices (assets) in the market, an investor seeks an
optimal asset allocation strateqy over a period T with an initial wealth wy. This problem
has been widely studied [55, [78, 49, [51), (15, [50]. We still assume there is one risk free
bond and one risky asset in the market. In this case,

AW = (r +p&ro)Wdt + poyWdZ, (2.2.3)
W(t:()) = wy>0.



Clearly, the pension plan problem of the wealth case can be reduced to the classic multi-
period portfolio selection problem by simply setting the contribution rate m = 0.

2.2.2 Wealth-to-income Ratio Case

Many studies have shown that a desirable feature of a pension plan is that the holder’s
wealth I is large compared to her annual salary Y the year before she retires. Hence,
instead of the terminal wealth, we can determine the mean variance efficient strategy in

terms of the terminal wealth-to-income ratio X = % We still assume there are two

underlying assets in the pension plan: one is risk free and the other is risky. Recall from
equation ([2.2.1]) that the risky asset S follows the Geometric Brownian Motion,

dS = (T + 510'1)5 dt + 0'15 le . (224)

Suppose that the plan member continuously pays into the pension plan at a fraction 7 of
her yearly salary Y, which follows the process

dY = (r+ py)Y dt +oy,Y dZy + oy, Y dZy (2.2.5)

where py, oy, and oy, are constants, and dZj is another increment of a Wiener process,
which is independent of dZ;. Again, let p denote the proportion of this wealth invested
in the risky asset S, and let (1 — p) denote the fraction of wealth invested in the risk free
asset. Then

AW = (r+ p&io)W dt + poWdZ, +nYdt , (2.2.6)

Define a new state variable X (t) = W(t)/Y (t), then by Ito’s Lemma, we obtain

dX = [r+ X(—py +poi(& — oy,) + oy, + oy, )|dt (2.2.7)
—O'YOXCZZO + X(p01 - ayl)le s
X(t=0) = 20>0.

In the wealth-to-income ratio case, we want to determine the optimal strategy p*(¢, x)
in terms of the investor’s wealth-to-income ratio.

Remark 2.2. The wealth case can be seen as a special case of the wealth-to-income ratio
case. We can simply set the salary Y to be a constant (let oy, = oy, =0 and py = —r),
then X (t) is reduced to W (t).

2.3 Overview for Mean Variance Type Strategies

Continuous time mean variance asset allocation has received considerable attention over
the years 78,49, [61] 47, [15]. Financial applications include hedging futures [32], insurance
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[28, [75], pension asset allocation [38, 42] and optimal execution of trades [52]. In its
simplest formulation, an investor can choose to invest in a risk free bond or a risky asset,
and can dynamically alter the proportion of wealth invested in each asset, in order to
achieve a mean variance efficient result.

In this thesis, we consider three mean variance type strategies: pre-commitment mean
variance, time-consistent mean variance, and mean quadratic variation. Before we study
these strategies in detail in later chapters, we first give a brief overview.

Let us first consider the wealth case for the pension asset allocation problem. Define,

E[] expectation operator,
Var[] variance operator,
Std[] standard deviation operator,
]

Ei ], Vary,|] or Stdi, E[[W(t) = w], Var[-|W(t) = w] or Std[-|W(t) = w]

when sitting at time ¢,
El L) Varf -] or Stdf ,[[] :+ Eiwl], Varg,|-] or Stdy,[-], with g(s, W (s)), s > t,
being the policy along path W (¢) from stochastic process
(2.2.2)), where g can be p (the proportion of the total
wealth invested in the risky asset), or pw (the monetary

amount invested in the risky asset) . (2.3.1)

Let Wy = W(t =T). An efficient frontier solution can be defined as the solution of
the following problem:

Jw,t) = sup {E{,[Wr]},
a(s>t, W (5))

st. Varl ,[Wr] = v, (2.3.2)

subject to stochastic process (2.2.2). Given a risk level (Var{,[Wr] = v), the solution of
problem (2.3.2)) gives the best expected terminal wealth.

2.3.1 Pre-commitment Policy
The optimization problem ([2.3.2)) is equivalent to the following problem,

J(w,t) = sup ){ng[WT] — NVarf [Wrl} (2.3.3)

q(s>t,W (s)

subject to stochastic process , and where A > 0 is a given Lagrange multiplier. In
this thesis, the strategy ¢ can be p (the proportion of the total wealth invested in the
risky asset), or pw (the monetary amount invested in the risky asset). We will discuss
this in detail in later chapters. The multiplier A can be interpreted as a coefficient of risk
aversion. The optimal policy for (2.3.3) is called a pre-commitment policy [11]. Once the
initial strategy has been determined (as a function of the state variables) at the initial
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time, the investor commits to this strategy, even if the policy computed at a later time
would differ from the pre-commitment strategy.

Let ¢f(s,w), s > t, be the optimal policy for problem (2.3.3). Then, ¢/ A,(s,w),
s >t + At, is the optimal policy for

J(W(t+At), t+At) = Sup {Ef—i-At,W(t—i-At) [WT]_AVGT§+At,W(t+At) (W]} . (2.3.4)
q(s>t+ALW (s))

However, in general
@G (s, W(s)) # qiins(5,W(s)) s s >t + At (2.3.5)

i.e. the solution of problem is time inconsistent [11, [16]. Therefore, the dynamic
programming principle cannot be directly applied to solve this problem. However, prob-
lem can be embedded into a class of auxiliary stochastic Linear-Quadratic (LQ)
problems using the method in [78, 49]. The optimal strategy ¢; (s, w) can be determined
by solving those LQ problems with a dynamic programming principle. Alternatively,
equation can be posed as a convex optimization problem [50] 15 4, 37]. We will
study the pre-commitment policy in detail in Chapter [4]

2.3.2 Time-consistent Policy

Although the pre-commitment strategy is optimal in the sense of maximizing the expected
return for a given standard deviation, this may not always be economically sensible. A
real world investor experiences only one of many possible stochastic paths [50], hence
it is not clear that a strategy which is optimal in an average sense over many paths is
appropriate for an individual investor. In addition, the optimal strategy computed from
the pre-commitment objective function assumes that the stochastic parameters are known
at the beginning of the investment horizon, and do not change over the investment period.
In practice, of course, one would normally recompute the investment strategy based on
the most recent available data.

For these reasons, a time-consistent form of mean variance asset allocation has been
suggested recently [16] 11l [73]. We can determine the time-consistent policy by solving
problem (2.3.3)) with an additional constraint,

q(s,w)=gq(s,w); s>t t elt,T]. (2.3.6)

Hence the mean variance time-consistent problem is

J(w,t) = sup {Eﬁw[WT] — )\Vargw[WT]} ,
q(s>t,W(s))
st g (s,w) = qi(s,w); s>t t'elt,T], (2.3.7)

subject to stochastic process (2.2.2)).
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In other words, we optimize problem ([2.3.3) at time ¢, given that we follow the optimal
policy at time ¢’ in the future, which is determined by solving at each future instant.
Obviously, dynamic programming can be applied to the time-consistent problem. We will
study the time-consistent policy in detail in Chapter [5]

Remark 2.3. The solution of problem may not be efficient in the conventional
sense. The pre-commitment problem 15 equivalent to problem by choosing a
proper value for X. However, if we add the time-consistent constraint to problem ,
there does not exist a constant A\ which makes problem and the time-consistent
problem equivalent. Therefore, strictly speaking, the solution of problem
may not be efficient (in the sense of mean and variance). Nevertheless, we still call the
solution of problem an efficient frontier solution in later sections. This terminology
was also used in [11].

2.3.3 Mean Quadratic Variation

A criticism of both pre-commitment and time-consistent strategies is that the risk is only
measured in terms of the standard deviation at the end of trading. In an effort to provide
a more direct control over risk during the investment period, a mean quadratic variation
objective function has been proposed in [I8] B5]. Instead of using the variance/standard
deviation as the risk measure, we can use the quadratic variation [18], j;T(dw)z. From
equation ([2.2.2) we have

(dw)? = (poyw)?dt + O(dt?) . (2.3.8)

Ignoring the higher order terms, we obtain,

/t T(dw)2 = /t T(Ulp(u)w(u))2du . (2.3.9)

In [I6], it is pointed out that when bankruptcy is allowed (w € (—o0,400) and p €
(—00, +00), discussed in later chapters), if ftT(eT(T_“)dw)2 is used as the risk measure,
the mean quadratic variation strategy has the same solution as the time-consistent strat-
egy. The term (e"" =% dw)? represents the future value of the instantaneous risk due to
investing pw (in monetary amount) in the risky asset. Consequently, using this as a risk
measure, we have

/t (e’"(T“)dw)zz/75 ("W plu)w(u))du . (2.3.10)

Then, we want to find the optimal policy which solves the following optimization problem
(use p as the control),

T
J(w,t) = sup {Ef,,[Wr] — )\/ ("W pw)?du}, (2.3.11)
t

p(t,w)
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subject to stochastic process (2.2.2)). Let pj(s,w), s > t, be the optimal policy for problem
(2.3.11}). Then clearly,

pi(s,w) =pp(s,w); s>t t' elt,T]. (2.3.12)

Hence, dynamic programming can be directly applied to this problem. We will study the
mean quadratic variation policy in detail Chapter [6]
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Chapter 3

Maximal Use of Central Differencing

for Hamilton-Jacobi-Bellman
PDEs in Finance

3.1 Introduction

As introduced in Chapter [I}, in many cases, classical solutions to nonlinear HJB PDEs do
not exist, and we seek to find the viscosity solution of the HJB equation [29]. In order to
guarantee convergence to the viscosity solution, the discrete scheme must be be pointwise
consistent, [, stable and monotone [10, [].

A monotone scheme is usually constructed by using a positive coefficient method
[46], 62 8, 36]. Typically, a positive coefficient method is developed using forward or
backward differencing for the drift term. The choice of forward or backward differencing
depends on the control variable. This has the disadvantage that the truncation error in
the space-like direction is only first order.

If implicit timestepping is used, then the nonlinear discretized algebraic equations are
solved by an iterative method. The usual iterative approach [46], B6] requires solution of
a local optimization problem for the optimal control at each grid node, at every iteration.
Since the discretization at each node is a function of the control variable at that node,
the type of discretization (i.e. forward or backward differencing) may change at each
iteration. Use of forward/backward differencing means that the local objective function
at each node is a continuous function of the control variable, but non-smooth.

In this chapter, we take a slightly different approach compared to the standard tech-
nique. We will use a combination of central /forward /backward differencing at each node.
Given a value of the control variable at a node, we use the following criteria to select the
differencing method

e Central differencing is used if the discretization is a positive coefficient method (for
this particular choice of control).
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e Forward/backward differencing is used only if central differencing does not result in
a positive coefficient method. One of forward or backward differencing must satisfy
the positive coefficient condition.

This method has the advantage that central differencing is used as much as possible, so
that use of a locally second order method (assuming smoothly varying grids) is maximized.
However, in general, the local objective function at each grid node is now a discontinuous
function of the control. It would appear that iterative solution of the discretized equations
would be problematic in this case.

In this chapter we note that the proof of convergence of the iterative scheme for
solution of the discretized algebraic equations does not, in fact, require continuity of the
local objective function. Hence, convergence of the iterative method for solution of the
discrete equations can be guaranteed, even if the local objective function is a discontinuous
function of the control. Nevertheless, it is not clear that, in practice

e the use of a locally second order method as much as possible will result in improved
convergence as the mesh is refined, for practical parameter values;

e that the rate of convergence of the nonlinear iteration will be acceptable, if the local
objective function is a discontinuous function of the control.

We report the results of several numerical experiments, for passport options [2] (in-
troduced in Chapter [2)) and optimal asset allocation for a defined pension plan [21] (in-
troduced in Chapter . These experiments show that we can often obtain higher rates of
convergence using central differencing as much as possible, although at some additional
cost compared to the standard approach.

3.2 (General Form for the Example Problems

To avoid repetition, we will carry out our analysis for a general form for the example
problems.

As is typically the case with finance problems, we solve backwards in time from the
expiry date of the contract t =T to t = 0 by use of the variable 7 =T — . Set

LV = a(S,1,Q)Vss + b(S,7,Q)Vs — ¢(S,7,Q)V , (3.2.1)

where the control parameter @) is in general a vector, that is, Q = (¢, ¢z, ...)". We write
our problems in the general form

V, = sup {EQV +d(S, T, Q)}
QeQ
S € [Sumins Sae] » 0<T<T | (3.2.2)
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where Q is the set of admissible controls. Here we include the d(S,t, Q) term in equation
for generality, although in the examples in this chapter, we will always have d = 0.
We can also replace the sup in equation by an inf, and all the results of this chapter
hold in this case as well.

3.2.1 Boundary Conditions

We assume the boundary and payoff conditions satisfy the following assumptions

Assumption 3.1 (Payoff and Boundary Conditions). At 7 = 0, we set V(5,0) to the
specified contract payoff. As S — Spuin, S — Smax, We assume that either

e a Dirichlet boundary condition is specified;

e the coefficient a(S, 7, Q) vanishes, and the sign of b(S, 7, @) is such that no boundary
condition is required [9].

Note that it may be the case that the original problem has Sp.x = +00 or Sy = —o0.
In these cases, we will use a finite computational domain, and we assume that financial
reasoning can be used to determine an appropriate Dirichlet condition. This is clearly an
approximation, and introduces a localization error. However, as pointed out in [7], we can
expect any errors incurred by imposing approximate boundary conditions at finite values
of Siin, Smax t0 be small in areas of interest if |Spin|, |Smax| are selected sufficiently large.
We will assume in the following that the original problem has been localized to a finite
domain.

An alternative approach is introduced by [79] for handling the infinite domain problem,
in which reversion conditions for stochastic models are defined. At S = Sy, a reversion
condition would be a(Suyin, 7, Q) = 0 and b(Spin, 7, Q) > 0. The authors in [79] prove that
if the models satisfy reversion conditions, then the financial PDEs have a unique solu-
tion and their numerical solutions can be obtained without using any artificial boundary
conditions. However, as discussed in [79], in general this may require modification of the
PDE coefficients for extreme values of S.

Assumption 3.2 (Assumptions on the HJB PDE.). We make the assumption that the
coefficients a, b, ¢, d are Lipschitz continuous functions of (S, 7,Q), with a > 0, and
¢ > 0, and that a,b, ¢, d, are bounded on Sy, < S < Shax and that the set of admissible
controls Q is compact.

Remark 3.3. Since we restrict ourselves to a finite computational domain Sy, < S <
Smax, we avoid difficulties associated with coefficients that grow with S as |S| — oo.
If Assumptions hold, then from [24, 9], it follows that solutions to equation
satisfy the strong comparison property. Hence, a unique viscosity solution exists

for equation .
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3.3 Implicit Controls

Define a grid {Sp, S1, ..., Sp} with Sy = Smin, Sp = Smax and let V" be a discrete approxi-
mation to V/(S;, 7). Let V™ = [V, ..., V'], and let (L2V™); denote the discrete form of
the differential operator (3.2.1)) at node (S;, 7). The operator can be discretized
using forward, backward or central differencing in the S direction to give

(LfV"“)Z _ Oéln-i-l‘/;ri—il—l _{_6?-%1‘/;1%1-1 o (a;"ﬁ—l +ﬁ?+1 _i_clfz-i-l)v;n—i-l ) (331)

Here o, f3; are defined in Appendix [A]

It is important that central, forward or backward discretizations be used to ensure
that (3.3.3)) is a positive coefficient discretization. To be more precise, this condition is

Condition 1. Positive Coefficient Condition
at™t >0, gt >0, 4T >0 i=0,..,p—1 . (3.3.2)

We will assume that all models have ¢! > 0. Consequently, we choose central,

forward or backward differencing at each node to ensure that o/, 37! > 0. Note that
different nodes can have different discretization schemes.

Equation (3.2.2) can now be discretized using fully implicit timestepping along with
the discretization (3.3.1)) to give

Vn—H —_yn ntl
o = swp {(c,‘;? ' V”+1)¢+df+1} : (3.3.3)
T Qn+l€Q
Note that af™! = aPtH(QrFh), Artt = grri@Qrth), ¢t = @ i(QrtY) and At =

d?*l(Q?H), that is, the discrete equation coefficients are functions of the local optimal
control Q7. This makes equations highly nonlinear in general. We refer to meth-
ods which use an implicit timestepping method where the control is handled implicitly as
an implicit control method in the following.

3.3.1 Matrix Form of the Discrete Equations

It will be convenient to use matrix notation for equations (3.3.3)), coupled with boundary
conditions.

If a Dirichlet condition is specified at S = Sy, 7 = 7" (i = 0), then we denote this
value by Gy. If a Dirichlet boundary condition is specified at S = Spax, 7 = 7" (i = p),
then we denote this value by G. Set Q" = [Qf, QF, . .., Qy], with each Q7 alocal optimal

control. We can write the discrete operator (EgV”)i as

(LRV™): = [AMQ™)V™,
= [V + B0V = (o + B+ Vs 1<i<p.  (3.34)
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The first and last rows of A are modified as needed to handle the boundary conditions.
The boundary conditions at S = Sy, Smax can be enforced by specifying a boundary
condition vector G" = [Gy,0,...,0,G}]". If a Dirichlet condition is specified at i = p,
we set (G to the appropriate value, and set the last row in A" to be zero. With a slight
abuse of notation, we denote this last row in this case as (A™), = 0. Conversely, if no
boundary condition is required at ¢ = p, then we use backward differencing at node ¢+ = p
(which means that 3, = 0), and set G) = 0. The boundary condition at S = Spn, i = 0,
is handled in a similar fashion. Let D" be the vector with entries

ar, 1<i<p
[D"]; = 0 , ¢=0,p; if aDirichlet condition is specified
d' , i=0,p; if no boundary condition is required

(3

Let
FHQ, V") = AM(Q)V" +D"(Q) . (3.3.5)

As we shall see in Section [3.6.3] [F"(Q,V™)];, regarded as a function of @) can have a
finite number of discontinuities at points where the differencing scheme changes. Recall
that an upper semi-continuous (USC) function g(x) has the property that

limsup g(z) < g(y) (3.3.6)

T—Y

In particular, we will define a numerical objective function F"(Q, V") so that it is an
upper semi-continuous function of @), i.e.

limsup[F"(X, V"), <[F"(Q,V")] (3.3.7)
X—Q
where
F*'Q, V") = A™Q,V"V" + D"(Q) , (3.3.8)

and we now note that the definition of A" may depend on V™. In fact, F' is the upper
semi-continuous envelope of F. We will give an algorithm for determining A™(Q, V") so
that F"(Q,V") is USC in Section [3.6.2]

Since F"(Q, V") is USC, and Q is compact, the discrete equations " can then be

written as

[I o ATAn+1(Qn+1,Vn+1)] Vn—i—l S V4 A,]_Dn—‘rl + (Gn—l—l _ Gn) ’

where Q! ¢ argmax{[Fn+1<Qn+17vn+1>L} _
QMteq
(3.3.9)

Here the term (G™"*! — G™) enforces possible Dirichlet boundary conditions at S = Sp, S,.
Note also that the discrete equations (3.3.9)) are nonlinear since Q"™ = Q"1 (V1)
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Remark 3.4. We could alternatively write the discretized equation as

V= VL4 -G (3.3.10)
+ sup {AT [Fn+1(Qn+l, Vn-&—l)]i } ,
Qi

where F 1s given in equation . When considering the convergence of the iterative
scheme (see Section , it is convenient to consider the definition , which is our
main focus in this chapter. When proving consistency, it is more convenient to consider
the form . There is a distinction between these two forms, since the function
1s a discontinuous function in general.

3.4 Convergence to the Viscosity Solution

In [64], examples were given in which seemingly reasonable discretizations of nonlinear
option pricing PDEs were unstable or converged to the incorrect solution. It is important
to ensure that we can generate discretizations which are guaranteed to converge to the
viscosity solution [B, 29]. Assuming that equation satisfies the strong comparison
property [0l O, 24], then, from [I0, 5], a numerical scheme converges to the viscosity
solution if the method is pointwise consistent, stable (in the [, norm) and monotone.

It is straightforward, using the methods in [8, B6] to show that scheme ({3.3.3) is
monotone, pointwise consistent, and stable.

Theorem 3.5 (Convergence to the Viscosity Solution). Provided that the original HJB

satisfies Assumptions and discretization (3.3.10) satisfies the positive coefficient
condition (equation ) then scheme (3.3.10) converges to the viscosity solution of
equation (3.2.9).

Proof. Using the methods in [8, B6], this can be shown to follow from results in [10, [5].
We give a brief overview of the proof.

Monotonicity: from the positive coefficient condition (equation (3.3.2))) and following the
same method as in [10], we can show that scheme is monotone.

Pointwise consistency: from Appendix [A] a simple Taylor series verifies consistency.
Stability: using the same technique as in [36], we can show that scheme is I
stable by a maximum analysis.

As shown in [I0], if a discretization scheme is monotone, pointwise consistent and [
stable, then that scheme converges to the viscosity solution. O]

Remark 3.6 (Rate of Convergence). If AS = max;(S;11—5;) and At = C1h, AS = Csh,
where C1, Cy are positive constants, then there has been considerable effort in recent years
in attempts to determine rates of convergence for monotone finite difference schemes for
HJB equations. Typically, one obtains estimates of the error of the form O(h?) where p
varies from 1/27 to 1/2 depending on assumptions about reqularity of the solution and the
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PDE coefficients. See [8] for an overview of recent work along these lines. These results
seem generally pessimistic when compared with numerical experiments.

It is also useful to note the following property of the matrix [I — ATA™(Q,U)].

Lemma 3.7 (M-matrix). If the positive coefficient condition (equation (3.5.2)) is satis-
fied, and either Dirichlet boundary conditions are specified, or no boundary condztzon S Te—
quired, then [I — AT A™(Q, U)] is an M-matriz for any Q € Q, hence [I — ATA™(Q,U)]™"

0.

Proof The positive coefficient condition (equation (3 ) implies that o, 8", ¢!’ in equa-
tion are non-negative VQ € Q. Hence I — ATA”(Q U)] has positive diagonals,
IlOIl—pOSlthG off diagonals, and is diagonally dominant. As a result, it is an M-matrix. [

3.4.1 Discretization of the Control

Suppose we have a single control ¢ € Q where Q [Gmin, Gmax], Where min; max are
finite. It is sometimes convenient to discretize the control, i.e. we replace Q by Y where
Y [y07 Y1,Y2, - 7yk] with Yo = Gmins Y = Gmax- Let max; (szrl ) C3h where 03 is
a positive constant. Then we have the following Lemma.

Lemma 3.8 (Consistency of Discrete Control Approximation). If the HJB equation sat-
1sfies Assumptzonn then the discretized control problem with max;(y;11 — y;) = Csh

V., = sup {EQV +d(S, T, Q)} (3.4.1)

Qey
18 consistent with equation .

Proof. Let ¢(S,7) be a smooth test function possessing bounded derivatives of all orders,
then, in view of the fact that the coefficients of equation (3 are assumed to be Lipschitz
continuous, bounded functions of (), then

b, — Zl;g {£Q¢ +d(S, T, Q)} — (¢r — rgea;( {EQ(b +d(S, T,Q)})‘

= 0(h) . (3.4.2)
L]

Proposition 3.9 (Discrete Control Approximation: Convergence to the Viscosity So-
lution). Let AT = C1h, max;(S;y1 — Si) = Coh, max;(yir1 — yi) = Csh, with C; being
positive constants. Provided the conditions for Theorem[3.5 and Lemma are satisfied,
then the discretization with Q replaced by the discrete control set'Y converges to
the viscosity solution of equation as h — 0.

Proof. This follows immediately from Theorem [3.5 and Lemma O
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3.5 Solution of Algebraic Discrete Equations

Although we have established that discretization (3.3.9) is consistent, [, stable and mono-
tone, it is not obvious that this is a practical scheme, since the implicit timestepping
method requires solution of highly nonlinear algebraic equations at each timestep.

3.5.1 Iterative Method

Recall the definitions of F™(Q, V™) and A"(Q,V") in equation (3.3.8). Consider the

following iteration scheme:

Iterative Solution of the Discrete Equations

Let (V"1)0 =y
Let VF = (V)
For £k =0,1,2,... until convergence

Solve

I—ATA™HQY, Vk)] VERL =V (G = GT) + ATD™THQY)

QF € argmax { [F"H(Qk, f/k)L}

QFeQ
VkJrl _ Vk
If (k> 0)and | max - < tolerance | then quit
* max <Scale, V;Hl‘)

EndFor

(3.5.1)

The term scale in scheme ([3.5.1]) is used to ensure that unrealistic levels of accuracy
are not required when the value is very small. Typically, scale = 1 for options priced in
dollars.

Some manipulation of algorithm (3.5.1]) results in
1= ArA™H QR V)| (VR - 7
= At [(A”“(Q’“, VEVE+ DMHQF))
—(ATHQELVE)VE £ DMHQ)
(3.5.2)
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The proof of convergence of the iteration scheme is given in [65], B6]. Since
scheme can be regarded as a variant of Policy iteration for infinite horizon Markov
chains, the convergence proof is similar to the proof of convergence for Policy iteration
[46]. For the convenience of the reader, we sketch the proof below.

In order to prove the convergence of Algorithm (|3.5.1]), we first need an intermediate
result.

Lemma 3.10 (Sign of RHS of Equation 1. If APHHQF, Vk) is given by equation
(- , with the control parameter determined by

QF € argkmfxx{[pmrl( f,f/k)}} ’ (3.5.3)
QreQ !

then every element of the right hand side of equation 18 nonnegative, that is,
(An+1(Qk, ‘A/—k:)‘}k + Dn—i—l(@kz)) _ (An—i-l(Qk—l’ Vk—l)f/—k + Dn+1(Qk—1))
>0. (3.5.4)
Proof. Note that from the definitions of A™(Q) and A™(Q, V"), we have

An+1(Qk7Vk)Vk +Dn+1(Qk) = sup {An+1(Ql)‘7k + Dn+1(Q/>} ’ (3.5.5>

Q'eQ
ATHQEL VEO VR 4+ DMHQETY) = limsup {A"TH(Q)VF + D"TH(Q')}.(3.5.6)
Q/;,Qk—l
Clearly,
sup {A"TH(Q)VF + D"(Q')} > limsup {A"TH(Q)V* + D"(Q))} . (3.5.7)
QeQ Q—Qk1

The result follows from (3.5.5)), (3.5.6) and (3.5.7)). O

It is now easy to show that iteration (3.5.1) always converges.

Theorem 3.11 (Convergence of Iteration ({3.5. 1) Provided that the conditions for Lem-
mas|[5.7] cmd are satisfied, then the iteration converges to the unique solution of
equation for any initial iterate Vo, Moreover the iterates converge monotonically.

Proof. Given Lemmas [3.10/ and [3.7] the proof of this result is similar to the proof of con-
vergence given in [64]. We give a brief outline of the steps in this proof, and refer readers
o [64] for details. A straightforward maximum analysis of scheme (3.5.1)) can be used
to bound ||V*||o independent of iteration k. From Lemma [3r10‘ we have that the right

— AT ATH(QF, Vk)} is an

hand side of equation (3.5.2)) is non-negative. Noting that |/

-1
M-matrix (from Lemma\ii) and hence [I — ATAMH(QF, V’“)} > 0, it is easily seen that
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the iterates form a bounded non-decreasing sequence. Consequently, limy ., VL =V
and manipulation of (3.5.2)) shows that the residual goes to zero as k — oo. Hence the iter-

ation converges to a solution. It follows from the M-matrix property of [I — ATA"(QF, Vk)]
that the solution is unique. ]

Remark 3.12 (Q Dependent Discretizations). Note that we obtain convergence of iter-
ation even if the discrete equations, regarded as a function of the control QQ, are
discontinuous. We do, however, require that the coefficients a,b, c,d in equations —
are bounded functions of the control Q, in order to ensure that A"T!, D"*! are
bounded.

Remark 3.13 (Uniqueness of Solution). The above argument shows that the solution for
VL s unique. However, this does not imply that the controls Q"' are unique. As
a trivial counterexample, consider the case where a,b,c,d in equations are
independent of Q, in which case the solution for V is unique for any choice of Q) € Q

3.6 Passport Options

The properties of passport options have been introduced in Chapter . In [2], passport
option pricing is solved using central weighting and Crank-Nicolson timestepping. While
the results appear to converge to the correct solution, convergence to the viscosity solution
cannot be guaranteed, since this is a non-monotone method. In [65], it is shown that, for
passport options, it is not possible to pre-select central, forward or backward differencing
at a node, independent of the control, and guarantee a positive coefficient scheme. In
other words, the scheme must depend on the control.

3.6.1 The Pricing Model for Passport Options

Recall from equation (2.1.1)) that the underlying asset price follows the stochastic process
dS =pS dt+o0S d7 (3.6.1)

where dZ is the increment of a Wiener process, o is volatility, p is the drift rate. Let
V (S, W, t) denote the option value at time ¢ with underlying price S and wealth . Under
the process (3.6.1), the pricing PDE for passport options can be written as [70]

—Vi= — V4 (r—7v)SVs (3.6.2)

0252

+ sup |—((y =7 +7)gS — W)V +

(Vss +2qVsw + QQVWW):| ;
lgl<1

where
W : the accumulated wealth of the underlying trading account.

r : the risk-free interest rate.
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v : the dividend rate on the underlying asset S.
r. : a cost of carry rate.
ry : an interest rate for the trading account.

q : the number of shares of S that an investor holds, which is also named as trading
strategy. ¢ is limited to |¢| < 1 in equation (3.6.2). Different position limits can
be handled by scaling [43].

We consider two types of payoff at ¢ =T. The standard payoff is

V(S,W,t=T) = max(W,0), (3.6.3)

and the asset or nothing payoft [2]

V(S W,t=T) = (3.6.4)

0  otherwise

{S W >0

The above payoff can be generalized to specify a non-zero strike, but we assume the form
(3.6.4]) in this chapter.

For both these payoffs, we can reduce the problem to solving for V (S, W, t) = Su(x, 1),
where = W/S and 7 = T — t [2], so that equation (3.6.2) can be reduced to a one-

dimensional problem for u
Uy = —yu + ‘s‘u<p1 (r—=~y=rJg—(r—v—r)r)u, + %Q(x — @) Ugs | (3.6.5)
91>
where x € [—00, +00]. Making this simplification, the standard payoff becomes
u(z, 7 = 0) = max(z,0), (3.6.6)
with boundary conditions

u(lr — —o00,7) =0 ; ulx —o0,7)=1x, (3.6.7)

while the asset or nothing payoff is

: 0 1 ifz>0 (368
w(x, 7 = = 6.
0 otherwise

with boundary conditions
ux — —o00,7) =0 ; u(zx—00,7)=exp(—T) . (3.6.9)

For computational purposes, we truncate the domain to = € [Zyin, Tmax], and apply the
boundary conditions (3.6.7)) and (3.6.9) at Tmin, Tmax-
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3.6.2 Discretization

Passport option valuation is a special case of the general HJB equation (3 , if we note
that in this case

2

Q=(q), Q=[1+1] a(@7.Q)=(—0q?*,
bz, 7,Q)=(r—vy—r)g—(r—~v— Tt)ZL‘ , c(z,1,Q) =", (3.6.10)

where @), Q, a, b, c are defined in Sectlonm Let the discrete approximation for u(z;, 7)
be denoted by u? with U" = [u?, u?, ...,u? 1. Let U* be the k'th estlmate for U™, then
the local obJectlve function which must be maximized in Algorithm (3 is

[FPHQ, UM = [A™H(Q, UM U* + D(Q)); (3.6.11)

0.2

= ((r=7=rda = (r =y =r)z)[(@):]i + 5 (@ = *[(@)a ]I,
where []"! refers to the discrete form for []. We need a positive coefficient scheme to
solve the pricing PDE . Given node x = x;, with current solution estimate U k.
suppose the sets of ¢’s, which give a positive coefficient scheme for central, forward and
backward differencing respectively, are P, Pl-f wd, PPvd. Since central differencing is the
most accurate, it should be used as much as possible. Consequently, given a ¢, if central
differencing satisfies positive coefficient conditions, central differencing will be used for
that ¢ (with the constraint that F"*! is YSC). In other words, the proper ranges of ¢
for various differencings are Ranget®™ = P Rangel“® = P/ wd — (Pt P/ and
Rangelvd = pywd — (peent 0y phwd) - Note that

Range! N Rangef = 0, where j, k € {cent,bwd, fwd} and j # k

Range??® U Range!™" U Range™ = Q . (3.6.12)
Let Rangeg denote the closure of Rangef. For a given asset grid, and the option values
at the current iteration, Algorithm is used to determine the optimal control and
to decide which differencing should be applied. This choice of differencing method uses
central differencing as much as possible and determines A"(Q, U *) with the constraint
that F"T1(Q, U *) is USC, where F is the upper semi-continuous envelope of F.

For a given differencing method, the range of possible values of the control is divided
into closed line segments where the objective function is smooth. Standard methods are
then used to determine the maximum within each segment. If an analytic form for the
local objective function is not available, then an alternate approach is discussed in Section

B.74

3.6.3 Discontinuity of The Objective Function

When we use central differencing as much as possible, the local objective function at each
node is in general a discontinuous function of the control q. However, the proof of conver-
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gence of the iterative scheme for solution of the discretized algebraic equations (Theorem
does not require continuity of the local objective function. If forward/backward dif-
ferencing are applied, the local objective function is continuous but not smooth. Figure
3.1| shows these features, for a given grid and solution values.

Determining the Optimal Control and the Differencing Method

Apply boundary conditions at the first node zy and the last node z,

For each 7y < z; < z)
bwd

7

cent
[

Compute the positive coefficient sets Range;“"*, Range{ wd, Range
diff = cent, ¢* =0, Fa = —0
For j = cent, fwd, bwd
Compute [A"" (g, V*)]; with scheme = j
Solve g5 € arg max{[F""(q, V)
g€Range]
If [F™ (g}, VF)]i > Fioa
diff =j, ¢" = ¢}
Frnax = [F" (g}, V),
EndIf
EndFor

EndFor

(3.6.13)

Note that Algorithm requires determination of the maximum of the local
objective function for each set of points where central, forward, or backward differencing
is used. For example, as shown in Figure [3.1] central differencing can be used on two
disjoint intervals of the control space. On each of the subintervals, the objective function
is a smooth function of the control, hence we can use standard methods to maximize the
objective function. Determination of the range of controls where central, forward and
backward differencing gives rise to a positive coefficient method is generally only possible
if we have an analytic expression for the objective function. If this is not available, we
can discretize the control, and use a linear search to find the maximum as described
in Section [3.7.4] This is, of course, much more computationally expensive compared to
analytic maximization.

3.6.4 Numerical Results

In this section, we will examine the convergence as the grid and timesteps are refined for
various differencing methods.
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FIGURE 3.1: Local objective function for the passport option at (x; =0). (a)
using central differencing as much as possible; (b) using forward/backward differencing
only. Parameters: r = 0.05, ¢ = 0.03, v = 0.04, r. = 0.07, r, = 0.03. Nodes:
Ti—1 = —0.01, U;—1 = 0.173298,‘ T, = 0., U; = 0.173888,‘ Ti+1 = 0.01, Ui+1 = 0.174135.

We use a convergence tolerance of 1077 in Algorithm (3.5.1)), and we truncate the com-
putational domain to [ZTmin, Tmax] = [—3,4]. Numerical experiments show that increasing
the size of the computational domain does not affect solution values to six digits.

In [2, 65], input parameters in Table are used for testing. An unequally spaced
grid in the z direction is used, and a new fine grid node is added between each two coarse
grid nodes at each level of refinement. In Table [3.2] ratio refers to the ratio of successive
changes in the solution as the grid is refined by a factor of two, and the timestep sizes
are reduced by a factor of four. Since fully implicit timestepping is used, this allows
us to isolate the effect of the use of central weighting as much as possible, compared to
forward /backward differencing only. Local second order convergence (in terms of x node
spacing) would be consistent with a ratio of four, while first order convergence would be
consistent with a ratio of two.

For this particular set of parameters an analytical solution is known [2], V'(S,,0,7 =
T) = $13.1381 (to six figures). Table shows that our numerical solution converges
to the analytical solution. The numerical solutions in [2, [65] also converge to that value.
However, the discretization schemes in [2, [65] are not monotone so that convergence to
the viscosity solution is not guaranteed. As shown in Theorem [3.5] our numerical method
guarantees convergence to the viscosity solution.

We now compare the results from two differencing methods — using central differ-
encing as much as possible and using forward /backward differencing only. Using input
parameters in Table [3.3] Table presents a convergence study, which also reports the
actual initial option values, i.e. V =Sy u(x = Wy/So, 7 =T).

The payoff type is a call (convex payoff). As expected, Table indicates that
quadratic convergence is obtained by using central differencing as much as possible, and
first order convergence is obtained by using forward /backward differencing.
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T 0 o 0.3

y 0 Te 0
7 0 So $100
Payoff Call Strike $0

Initial Wealth | 0 | Time to expiry T' | 1 year

TABLE 3.1: Parameters used in [2, [63]], passport option.

Nodes | Timesteps | Nonlinear | Normalized | Option value | Ratio
iterations | CPU Time
Central Differencing as much as possible

67 25 52 1 13.0553

133 100 201 2.72 13.1173

265 400 801 20.91 13.1329 3.97
529 1600 3201 402.73 13.1368 3.99
1057 6400 12801 3167.27 13.1378 4.03

TABLE 3.2: Numerical example used in [2, [65], passport option, convex payoff. Fully
implicit timestepping is applied, using constant timesteps. On each refinement, a new
node is inserted between each two coarse grid nodes, and the timestep is divided by four.
Parameters are given in Table[3.1 Ratio is the ratio of successive changes in computed
solution as the discretization parameters are reduced. Analytic price is $13.1381. CPU
time is normalized. We take the CPU time used for the first test in this table as one
unit of CPU time, which uses 67 nodes and 25 timesteps.

r 0.08 o 0.2
dividend 0.035 Te 0.1
T4 0.04 So $100
Payoff Call Strike $0
Initial Wealth 0 Time to expiry T' | 1 year

TABLE 3.3: Parameters for the convex payoff, passport option.

For a convex payoff, it is always optimal to choose ¢ = —1 or 1 [65]. But for a
non-convex payoff, ¢ can be any value in [—1,1]. Table presents a convergence study
using the parameters in Table [3.3] but the payoff type is an asset or nothing, non-convex
payoff (this is a digital call in terms of u, see equation ) For the asset or nothing
payoff, if Wy > 0, the option value will be very high (close to the initial stock value) and
insensitive to the grid refinement, so it is difficult to carry out a convergence study. In
this example, option values are reported at Wy = —25 (initial wealth is —$25). When
central differencing as much as possible is applied, the convergence rate is close to second
order. First order convergence is obtained by using forward /backward differencing.

From the numerical results, we can conclude that generally we can obtain higher rates
of convergence using central weighting as much as possible, compared to forward /backward
differencing only. Of course, we cannot guarantee that this will always occur, but we can-
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Nodes | Timesteps | Nonlinear | Normalized | Option value | Ratio
iterations | CPU Time
Central Differencing as much as possible

133 100 224 1.52 10.6651

265 400 851 12.73 10.6768

529 1600 3277 96.06 10.6798 3.95
1057 6400 12848 774.24 10.6805 3.96
2113 25600 51223 5964.55 10.6807 3.95

Forward/backward differencing only

133 100 224 1 10.6945

265 400 851 9.70 10.6916

529 1600 3278 65.75 10.6872 0.66
1057 6400 12849 551.21 10.6842 1.49
2113 25600 51224 3983.94 10.6826 1.77

TABLE 3.4: Convergence study, passport option, convex payoff. Fully implicit
timestepping is applied, using constant timesteps. On each refinement, a new node
1s inserted between each two coarse grid node, and the timestep is divided by four. Pa-
rameters are given in Table [3.5  Ratio is the ratio of successive changes in computed
solution as the discretization parameters are reduced. CPU time is normalized. We take
the CPU time used for the first test using Forward/backward differencing only in this
table as one unit of CPU time, which uses 133 nodes and 100 timesteps.

not obtain second order convergence using forward/backward differencing. In all our
numerical experiments, we have never seen a case where central weighting as much as
possible converges at a slower rate compared to forward/backward differencing only.

Note that in both these examples, forward/backward differencing only requires about
60% of the CPU time compared to central differencing as much as possible. This is
simply because of the additional tests required to determine the ranges of possible central
weighting in Algorithm ((3.6.13)).

Both Table|3.4]and Table|3.5/show that the number of nonlinear iterations per timestep
is about two, indicating that Algorithm (3.5.1)) converges rapidly, in spite of the discon-
tinuous objective function that is maximized at each node.

3.7 Defined Contribution Pension Plan

The second example in this chapter concerns an optimal dynamic asset allocation strategy
for a defined contribution pension plan, which is introduced in Chapter [2]

In this section, we will follow the utility function approach given in [2I] to solve
this problem. The objective of the strategy is to maximize the plan member’s utility at
retirement. It is assumed that the utility is a function of the plan member’s wealth to
yearly income ratio (wealth-to-income case introduced in Section [21].
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Nodes | Timesteps | Nonlinear | Normalized | Option value | Ratio
iterations | CPU Time
Central Differencing as much as possible, Wy = —25

133 100 267 1.54 25.8812

265 400 865 11.79 26.0794
529 1600 3300 85.12 26.1315 3.80
1057 6400 12887 661.79 26.1452 3.82
2113 25600 51274 5196.92 26.1488 3.76

Forward /backward differencing only, Wy = —25

133 100 266 1 26.2905

265 400 863 7.44 26.2902
529 1600 3298 55.13 26.2384 .005
1057 6400 12890 446.15 26.1990 1.31
2113 25600 51271 3391.54 26.1758 1.70

TABLE 3.5: Convergence study, passport option, non-convex payoff. Fully implicit
timestepping is applied, using constant timesteps. On each refinement, a new node is
inserted between each two coarse nodes, and the timestep is divided by four. Parameters
are given in Table except that Wy = =25, K = 0, and the payoff is an asset or
nothing. Ratio is the ratio of successive changes in computed solution as the discretiza-
tion parameters are reduced. CPU time is normalized. We take the CPU time used for
the first test using Forward/backward differencing only in this table as one unit of CPU
time, which uses 133 nodes and 100 timesteps.

We give a brief derivation of the model equations, for details we refer the reader to
[21].

3.7.1 Stochastic Model

The stochastic models for the underlying asset S, the plan holder’s year salary Y, the
wealth W and her wealth-to-income ratio X have been given in equations ([2.2.4]-[2.2.7)).

Assume the plan member has a power utility function u(X (7)) at retirement time T,
which is defined as a function of the wealth-to-income ratio,

[rxay
HEE S {bg(X(T))

where 7 < 1 and v # 0 (3.7.1)
when v =0 . o

Our goal is to find the optimal asset allocation strategy to maximize the expected terminal
utility. Let J(t,z,p) = Eu(X,(T))|X(t) = z|, where X (¢) is the path of X given the
asset allocation strategy p = p(t,x), and E[-| is the expectation operator. We define

V(z,7) =sup E[u(X,(T))|X(T — 1) =] =sup J(T — 7, 2,p) .

peP pEfD

(3.7.2)

where P is the set of all admissible asset allocation strategies, and 7 = T — ¢. Then
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V(z, ) satisfies the HJB equation

1
Ve = swp{Ve + 5(00)"Vau} 5 @ € [0,00], (3.7.3)
pepP

with terminal condition

il h 1 and
Vipr=0 = 47 ¢ vheey<landy#0 (3.7.4)
log(x) when v =0,
and where
py = m+a(—py +poi(§ —ov) + oy, +oy;)
(022 = 2202, + (por — oy,)?) . (3.7.5)
with boundary conditions
Viix=0,7)=7V, ; V(z—o00,7)=0 . (3.7.6)

The boundary condition at x = 0 can be derived by assuming lim, .o(pz) = 0, which
ensures that total wealth cannot become negative.

For computational purposes, we truncate the domain to [0, Zyay], and impose the
boundary conditions (3.7.6)) on this finite domain. In order to ensure that Assumption
holds, we define the range of controls to be

~

P =0, pmax) - (3.7.7)

~

Note that in the original problem in [2I], P = [0, 00]. A value of p > 1 indicates that the
holder borrows to invest in risky assets. As a practical matter, it is unlikely that anyone
could borrow an unlimited amount relative to her wealth to invest in risky assets. We
will choose pnax sufficiently large so that the computed solution is insensitive to phyax.

The terminal condition (3.7.1)) is undefined for x = 0, if, for example, v < 0. We
adopt the simple expedient of replacing condition (3.7.1]) by

V(z,r=0 (3.7.8)

- %max(x, €)7 ifvy<0
~ log(max(z,€)) ify=0 ,

where ¢ > 0,¢e < 1. We choose ¢ sufficiently small so that the computed results are
insensitive to this value. Table shows the computational parameters used in our
numerical tests.

Note that the HJB equation (3.7.3) becomes independent of p at + = 0. This non-
uniqueness of p does not affect the solution value V. It will be understood in the following
that if we refer to a value of, say, (p ) at © = 0, then we are really referring to

lim(p x) . (3.7.9)

x—0
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Convergence Tolerance | 10~7

€ 1073
Pmax 200
Trmax 80

TABLE 3.6: Computational parameters, pension plan. Convergence tolerance used

in Algorithm . € is used to adjust the terminal condition (3.7.8). pmax is the
mazximum value of the equity proportion . Tmax S the mazimum x value in the

finite computational domain.

3.7.2 Discretization

The pension plan asset allocation model is a special case of the general HJB equation
(3.2.2)), if we make the identification

Q= (p> , Q= [O7pmax] )

1
a(z,7,Q) = 5(0;’)2 , bz, 7,Q) =k, c(x,7,Q)=0, (3.7.10)
where (), a, b, ¢ are defined in equation (3.2.2). Given node x = w;, with specified
solution estimate V* = [0f, ..., 0% 1’ the objective function which is maximized at each

node in Algorithm (3.5.1)) is
[FHQ VI = [ATHQVEVE 4 D(Q)]

= [BLil(0%)a)i + 5 (o210 *[(0)aali ™ (3.7.11)

where V* is the vector containing the current estimate of the discrete solution values.
Similar to the passport option case, if we want to apply central differencing as much as
possible, Algorithm is used to decide which differencing scheme is used (which
depends on () and Vk)

3.7.3 Numerical Results

Given parameters in Table |3.7, Table 3.8 shows the numerical results. Recall that as we
refine the grid, by inserting a fine grid node between two coarse grid nodes, we reduce the
timestep size by four. Since fully implicit timestepping is used (which guarantees a mono-
tone scheme), then the ratio of successive changes in the solution, as the grid is refined,
should be four for quadratic convergence, and two for linear convergence. As expected,
Table shows that quadratic convergence is obtained by using central differencing as
much as possible, and first order convergence is obtained by using forward/backward
differencing. As for the passport option case, convergence of Algorithm ({3.5.1)) is rapid.

Numerical tests with the parameters in Table [3.6, indicated that increasing the trun-
cated domain size .y, increasing the maximum value of the control py.., and decreasing
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the convergence tolerance and e, resulted in no change to the results in Table to six
figures.

In the passport option case, particularly with a convex payoff, numerical experiments
indicate that using central differencing only does converge to the viscosity solution [2]
65]. However, this cannot be guaranteed. In contrast, in the pension plan case, our
experiments show that the numerical scheme does not appear to converge at all using
central differencing only. In this respect, the pension plan problem appears to be more
challenging than passport option valuation.

My 0. 51 0.2
o1 0.2 oy1 | 0.05

Oyo 0.05 ™ 0.1
T |20 years | 7 -5

TABLE 3.7: Parameters used in the pension plan examples. The time units in this
problem are years, so that the ratio of wealth to salary x has the units of years.

Given parameters in Table|3.7] Figure[3.2|shows the expected terminal utility at t =0
and the corresponding optimal asset allocation strategy p as a function of the salary to
wealth x ratio. Note that as x — 0, the proportion invested in the risky asset becomes
very large. However, as noted in [21], the amount actually invested in the risky asset
(p ), tends to zero as * — 0 (this must be the case in order to ensure non-negative
wealth). This is clearly illustrated in Figure [3.2| (d). Moreover, [21] points out that (p x)
converges to 0 at the same rate as \/z. Using parameters in Table , we find that
limg_o 72 ~ 1.59. In [21], the authors do not give details about their numerical method,
and present only graphical results. We can comment only that the results in Figure |3.2

are qualitatively similar to the results in [21].

3.7.4 Discretization of the Control

In some cases, if the form of the HJB equation is complex, then it may be difficult to
implement Algorithm (3.6.13)). In this case, a simpler approach is desirable. Suppose there
is one control ¢ at each node, and we discretize the possible control values as described
in Section [3.4.1] From Lemma [3.8, we have that a scheme using discrete controls will
converge to the viscosity solution of the original HJB equation. To determine the optimal
control at each node, as required in Algorithm , we simply perform a linear search
of the discrete control values. For a given ¢, we use central weighting if this results in a
positive coefficient method, otherwise, forward/backward differencing is used.

Note that since we cannot assume that the objective function is a continuous function
of the control, linear search is the only way to find the optimal value of ¢. This method
has the obvious advantage that it is very easy to implement, especially in the case where
central differencing is used as much as possible.

The numerical results obtained using this method for the pension plan problem are
given in Table 3.9 The results are very close to the results reported in Table [3.8] Of
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Nodes | Timesteps | Nonlinear | Normalized utility Ratio
iterations | CPU Time
Central Differencing as much as possible, x =0

87 160 331 1.34 —4.06482 x 1073

173 640 1280 12.04 —3.65131 x 1073

345 2560 5120 91.97 —3.58063 x 1073 | 5.85
689 10240 20480 712.71 —3.56354 x 1073 | 4.13
1377 40960 81920 5621.07 —3.55922 x 1073 | 3.96

Forward/backward differencing only, = = 0

87 160 399 1 —6.73472 x 1073

173 640 1296 7.36 —4.68055 x 1073

345 2560 5135 56.19 —4.04828 x 1073 | 3.25
689 10240 20480 436.79 —3.79150 x 1073 | 2.46
1377 40960 81920 3447.83 —3.67543 x 1073 | 2.21

Central differencing as much as possible, x = 1

87 160 331 1.34 —4.68742 x 10~*

173 640 1280 12.04 —4.31528 x 1074

345 2560 5120 91.97 —4.26814 x 107* | 7.89
689 10240 20480 712.71 —4.25611 x 107* | 3.92
1377 40960 81920 5621.07 —4.25305 x 107* | 3.92

Forward/backward differencing only, z = 1

87 160 399 1 —7.14415 x 1074

173 640 1296 7.36 —5.55931 x 10~4

345 2560 5135 56.19 —4.87660 x 107* | 2.32
689 10240 20480 436.79 —4.55786 x 107% | 2.14
1377 40960 81920 3447.83 —4.40348 x 107* | 2.06

TABLE 3.8: Convergence study, pension plan example. Fully implicit timestepping is
applied, using constant timesteps. On each refinement, a new node is inserted between
each two coarse grid nodes, and the timestep size is reduced by four. Parameters are
gwen in Table[3.]. The utility values are given at x =1 and x = 0. Ratio is the ratio
of successive changes in computed solution as the discretization parameters are reduced.
CPU time is normalized. We take the CPU time used for the first test (x = 0) using
Forward/backward differencing only in this table as one unit of CPU time, which uses

87 nodes and 160 timesteps.

course, this method requires much more CPU time compared to Algorithm (3.6.13)). This

is simply due to the comparatively crude method used to find the optimal control at each

grid node.

In an effort to do better than linear search, we experimented with various approximate
methods for finding the optimal control (assuming a discrete set of controls). Seemingly
reasonable methods based on smooth approximations to the objective function were very
unreliable, and Algorithm typically failed to converge. This is simply because
the smooth approximation may not maximize the local objective function, and hence the
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argument used to prove the convergence of the iteration (Theorem [3.11)) breaks down.

3.8 Extension to Multi-dimensional Models

We have fully discussed the solution of one-factor cases. Many financial problems are
modelled as multi-factor HJB equations. Our scheme can, in principal, be extended to
multi-factor problems. For example, for two-factor models, the operator £ (defined by
equation (3.2.1])) changes to

‘CQV = a1<X7 Y7 T, Q)VXX + a2(X7 Y7 T, Q)VYY + G,3(X, Y? T, Q)VXY
+CL4(X, va T, Q)VX + a5(X7 Y7 T, Q)VY - a6(X7K T, Q)V ) (381)
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x-Nodes | p-Nodes | Timesteps | Nonlinear | CPU Utility Ratio
iterations | (Sec)
z=0
173 113 640 1317 63.5 | —3.65307 x 1073
345 225 2560 5146 983.9 | —3.58083 x 1073
689 449 10240 20511 15284 | —3.56358 x 1073 | 4.19
1377 897 40961 82016 242140 | —3.55923 x 1073 | 3.97
xr=1.0
173 113 640 1317 63.5 | —4.31662 x 10~*
345 225 2560 5146 983.9 | —4.26845 x 1074
689 449 10240 20511 15284 | —4.25619 x 10~* | 3.93
1377 897 40961 82016 242140 | —4.25306 x 107* | 3.92

TABLE 3.9: Convergence study, pension plan example, discretized control. x—nodes
refers to the number of nodes in the x grid. p—nodes refers to the number of nodes
in the discretization of the range of control values. Fully implicit timestepping is used
with constant timesteps. On each refinement, a new node is inserted between each two
coarse grid nodes, and the timestep is reduced by four. Central differencing is used as
much as possible. Ratio is the ratio of successive changes in computed solution as the
discretization parameters are reduced. CPU time is normalized. We take the CPU time
used for the first test (x = 0) using Forward/backward differencing only in Table[3.§ as
one unit of CPU time, which uses 87 nodes and 160 timesteps. Problem data given in

Table .

where

aq 4
{ oz S ] (3.8.2)
is positive semi-definite. Consequently, the general form of our pricing PDE changes to

Ve = sup { L2V + d(X,Y,7,Q) }
QeQ
X € [Xumin, Xmax] +Y € [Yanins Yinan] ,0< 7 < T . (3.8.3)

If we can find a positive coefficient discretization scheme for equation ([3.8.3)), we can solve
this problem using the same methods as described for the single factor case. All the proofs
follow without change.

However, the difficulty results from the fact that it is not trivial to find a positive
coefficient discretization for the term a3Vxy. One possible approach is discussed in [§],
where, if certain grid spacing conditions are satisfied, then a positive coefficient discretiza-
tion can be obtained if a seven point finite difference method is used to approximate the
Vxy term (the orientation of the seven point operator depends on the sign of as). Note
that forward/backward differencing for the first order terms is suggested in [§].
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3.9 Summary

Our work in this chapter makes the following contributions:

e We develop a fully implicit finite difference scheme to solve stochastic control prob-
lems in finance. Our scheme use central differencing as much as possible, so that
use of locally second order method is maximized.

e We prove that our discrete scheme is pointwise consistent, /., stable and monotone
so that convergence to viscosity solution is guaranteed.

e Our method satisfies the properties listed in Section

e In general, when central differencing is used as much as possible, the local objective
function at each grid node is now a discontinuous function of the control. We show
that convergence of the iterative method for solution of the discrete equations can
be still guaranteed, even if the local objective function is a discontinuous function
of the control.

e Numerical examples show that
(7) the use of a locally second order method as much as possible results in improved
convergence as the mesh is refined, for practical parameter values;
(77) that the nonlinear iteration converges very quickly, even if the local objective
function is a discontinuous function of the control.
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Chapter 4

Pre-commitment Strategy

4.1 Introduction

As stated in Section [2.3.1] the continuous time pre-commitment mean variance strategy
is time inconsistent. Once the initial strategy has been determined (as a function of the
state variables) at the initial time, the investor commits to this strategy, even if the policy
computed at a later time would differ from the pre-commitment strategy. Hence, the pre-
commitment strategy does not lend itself easily to a dynamic programming formulation.
There have been two main approaches to this problem. The original mean variance
optimal control problem can be embedded into a class of auxiliary stochastic Linear-
Quadratic (LQ) problems, which can then be solved in terms of dynamic programming [78,
19]. Alternatively, Martingale techniques can be used [15]. In the case of the LQ method,
previous papers use analytic techniques to solve the nonlinear HJB PDE for special cases.
In order to obtain analytic solutions, the authors typically make assumptions which allow
for the possibility of unbounded borrowing and infinite negative wealth (bankruptcy).
However, some analytic solutions have been developed for handling specific constraints:
no stock shorting [51] (but shorting the bond is still allowed) and the no bankruptcy case
[15] (but again allowing for shorting the bond).

A popular approach for optimal stochastic control problems in finance is to use utility
functions [21], B0, 60, 25, [59]. This approach usually results in financial models in form of
HJB PDEs as well. Although investment policy based on mean variance optimization has
its critics, an advantage of this approach compared to power-law or exponential utility
maximization is that the results can be easily interpreted in terms of an efficient frontier.

The objective of this chapter is to develop a numerical method for solving the con-
tinuous time pre-commitment mean variance optimal asset allocation problem. We will
use a fully numerical scheme based on solving the HJB equation resulting from the LQ
formulation. Our scheme can easily handle any type of constraint (e.g. non-negative
wealth, no shorting of stocks, margin requirements).

Although the methods developed in this chapter can be applied to any asset allocation
problem, such as those discussed in [61) [15, 28, [75] we will focus on asset allocation
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problems which are relevant to the defined contribution pension plan as discussed in [42]
21] (see also Chapter [2). In [42], the objective is to determine the mean variance efficient
strategy in terms of final wealth. In [2I] and Chapter , the problem was formulated in
terms of maximizing the utility of the wealth-to-income ratio. Here, we consider the same
model, but solve for the optimal continuous time mean variance efficient frontier. Note
that by setting the contribution rate to zero, the pension plan problem reduces to the
classical continuous time (multi-period) portfolio selection problem [78| [49] 51, [15] [50].

4.2 Pre-commitment Wealth Case

We first consider the problem of determining the pre-commitment strategy for the pension
plan asset allocation of the wealth case as introduced in Section [2.2.1} This will allow an
explanation of the basic approach for construction of the efficient frontier, without undue
algebraic complication. For certain special cases, there are also some analytic solutions
available [42] for this problem. This will enable us to compare with the numerical solution.

Recall that we assume there are two assets in the market: one is risk free (e.g. a
government bond) and the other is risky (e.g. a stock index). The risky asset S follows
the stochastic process (2.2.1)), and the investor’s wealth W follows the stochastic process
(12.2.2)).

Recall that p denotes the proportion of this wealth invested in the risky asset S,
and (1 — p) denotes the fraction of wealth invested in the risk free asset. In general,
p € (—00,+00). When p < 0 this corresponds to shorting the risky asset. When p > 1,
this corresponds to borrowing (i.e. shorting the risk free asset). In this chapter, we use p
as the control.

Given a risk level (defined as the variance of terminal wealth Var;—g .,[Wr]), an investor
desires her expected terminal wealth E;—.,[Wr] to be as large as possible. Equivalently,
given an expected terminal wealth E;_q,,[Wr], she wishes the risk Var,_g,,[Wr] to be as
small as possible. Recall from the pre-commitment optimization problem ,

SUp (Efq o [Wr] = AVarl_o,, [Wr)), (42.1)

p(t,w)€EP

subject to stochastic process , where P is the set of admissible controls. The
Lagrange multiplier A can be interpreted as a coefficient of risk aversion. Varying A €
[0,00) allows us to draw an efficient frontier. Note we have emphasized here that the
expectations in equation are as seen at t = 0 (the pre-commitment solution).

We would like to use dynamic programming to determine the efficient frontier, given
by equation (4.2.1). However, the presence of the variance term causes some difficulty.
This can be avoided with the help of the following result 78], [49].

Theorem 4.1. If p*(t,w) € P is the optimal control of problem , then p*(t,w) is
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also an optimal control of problem,

sup EP_g  [uWr — AW2) (4.2.2)
p(t,w)€EP ’
where
= 1+2\E", Wy . (4.2.3)
Proof. See [78,49]. O

Note that Theorem states that the set of controls for the original problem
is a subset of the set of controls for the auxiliary problem (4.2.2). However, if we start
with an alternative definition of efficient frontier, then we can show that the two problems
are actually equivalent. This equivalence is shown the next section.

4.2.1 Reduction to an L(Q Problem

To be more precise here, let

D := the set of all admissible wealth W(t), for 0 <t < T
P := the set of all admissible controls p(t,w), for 0 < ¢ < T and w € D. (4.2.4)

Let v = £, then from equation (4.2.3),
1 o
T=3 +2E7 ., [(Wr] . (4.2.5)
For a fixed v, with A > 0, equation (4.2.2)) is equivalent to

inf EP (W —2)7] . (4.2.6)

p(t,w)eP 2

Theorem 4.2. By choosing proper values for A and ~y, p*(t,w) € P is the optimal control
of problem . if and only if p*(t,w) is the optimal control of problem ({.2.6]).

Proof. See Appendix [B] O

Corollary 4.3. By choosing proper values for \, p and 7y, problems , and
4.2.6) are equivalent.

Proof. Problem (4.2.6)) is equivalent to problem (4.2.2)) by choosing v = £. Problems

)
(4.2.6) and (4.2.1]) are equivalent by Theorem . Hence, the three problems are equiva-
lent. O
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Let K(t,w,p) = E[(Wr—3)?|W(t) = w], where W (t) is the path of W given the asset
allocation strategy p = p(t,w). We define

V(w,7) = inf E[(Wr — %)2|W(t =T—-7)=w|=ifK{t=T-T1,w,p) . (4.2.7)

pEP peP

where 7 = T — t. Then using equation (2.2.2)) and Ito’s Lemma, we have that V(w,7)
satisfies the HJB equation

1
V, = inf{gt Vi, + =(0?) Vi } ; w €D, (4.2.8)
peP 2
with terminal condition
Viw,7=0) = (w— %)2 : (4.2.9)
and where

oy = T+w(r+poi&)
(0h)* = (pow)®. (4.2.10)

In order to trace out the efficient frontier solution of problem (|4.2.1)), we proceed in the
following way. Pick an arbitrary value of v and solve problem (4.2.6)), which determines
the optimal control p*(¢, w). We also need to determine E;_, ,[Wr].

Let U =U(w,7) = EWr|W(it =T —71) =w,plt =T —1,w) =p*(t =T —1,w)| .

Then U is given from the solution to

1
Ur = {ph Uy + 5(0—5;)2wa}p(tszT,w)zp*(tszr,w) ; wel, (4.2.11)

with the payoff
Ulw,7=0)=w. (4.2.12)

Since the most costly part of the solution of equation (4.2.8)) is the determination of the
optimal control p*, the solution of equation (4.2.11)) is very inexpensive, since p* is known.

Note that Ef;o,w [const.] = const.. Assume that W = wg at ¢ = 0. Then

2
V(o7 =T) = By, WP = 7B, [Wr]+ 1.
Ulo,7=T) = EVy,[Wr]. (4.2.13)

Assuming V (wy, 7 = T), U (o, 7 = T) are known, then for a given v, we can then compute
the pair (Vary_, ,[Wrl, Ef_ ,[Wr]) from Vari_o,[Wr] = B, [WF] — (B ,[Wr])*.

=0,w

From equation (4.2.5) we have that

1 y X
ﬁ - 5 - Ef:O,w[WT] ; (4214)
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which then determines the value of A in problem (4.2.1)). In other words, we have deter-
mined the pair (Stdj_,,[Wr], E£{_g ,[Wr]) for the optimal control p* which solves problem
(4.2.1]), with the value of A\ given from equation (4.2.14)).

We then pick another value of v, and obtain another point on the efficient frontier for
another value of A, and so on. Note that we are effectively using the parameter ~ to trace
out the efficient frontier. Since A > 0, we must have (from equation (4.2.14))

% — BV [Wi] >0 (4.2.15)

for a valid point on the frontier.

Remark 4.4. If we allow an unbounded control set P = (—o0,400), then the total wealth
can become negative (i.e. bankruptcy is allowed). In this case D = (—o0,+00). If the
control set P is bounded, i.e. P = [Pmin, Pmax], then negative wealth is not possible, in
which case D = [0, +00). We can also have pya. — +00, but prohibit negative wealth, in
which case D = [0, +00) as well.

4.3 Localization

Let,

~

D := a finite computational domain which approximates the set D.  (4.3.1)

In order to solve the PDEs (4.2.8), (4.2.11)) we need to use a finite computational domain,
D = [Wmin, Wmax]. When w — 00, we assume that

V(w— +o00,7) ~ H(7)w?+ Hao(T)w + Hs(7) ,

Ulw — +o0,7) =~ Ji(1)w+ Jo(7) . (4.3.2)

Then, taking into account the initial conditions (4.2.9), (4.2.12)),

V(w— to0,7) o~ e@hith)ry?

)

Uw — Fo00,7) ~ ", (4.3.3)

where ky = r + po1&; and ky = (poy)?. We consider three cases.

4.3.1 Allowing Bankruptcy, Unbounded Controls

In this case, we assume there are no constraints on W (t) or on the control p, i.e., D =
(—00, +00) and P = (—o0, +00). Since W (t) = w can be negative, bankruptcy is allowed.
We call this case the allowing bankruptcy case.

Our numerical problem uses

~

D = [Wnin, Wmax) , (4.3.4)
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where D = [Winin, Wmax] 18 an approximation to the original set D = (—o0, +00).

As far as the Dirichlet conditions at w = Wyin, Wmax, We can use the asymptotic form
of the exact solution (see Section [4.3.4)) to note that

pr(t,w — +o0) ~ —=>= . (4.3.5)

At W = Wyin, Wmax We apply the Dirichlet conditions (4.3.3)) with p = p* from equation
(14.3.5)).

These artificial boundary conditions will cause some error. However, we can make
these errors small by choosing large values for (|wmin|, Wmax). We will verify this in some
subsequent numerical tests. If asymptotic forms of the solution are unavailable, we can
use any reasonable estimate for p* for |w| large, and the error will be small if (|wmin|, Wnax)
are sufficiently large [7].

4.3.2 No Bankruptcy, No Short Sales

In this case, we assume that bankruptcy is prohibited and the investor cannot short the
stock index, i.e., D = [0,+00) and P = [0, 4+00). We call this case the no bankruptcy (or
bankruptcy prohibition) case.

Our numerical problem uses,

D = [0, Wnay - (4.3.6)

We make the assumption that p*(¢, wyax) =~ 0 (i.e. once the investor’s wealth is very large,
she prefers the riskless asset). The boundary conditions for V,U at w = wpy.y are given
by equations (4.3.3) with p = 0,w = wpa.x. We prohibit the possibility of bankruptcy
(W (t) < 0) by requiring that (see Remark[4.5]) lim,,_o(pw) = 0, so that equations ([4.2.8)),
reduce to (at w = 0)

‘/7—(077—) = 7V,
U-.(0,7) = =U, . (4.3.7)

4.3.3 No Bankruptcy, Bounded Control

This is a realistic case, in which we assume that bankruptcy is prohibited and infinite
borrowing is not allowed. As a result, D = [0, +00) and P = [0, pmax]. We call this case
the bounded control case.

Our numerical problem uses,

D = [0, wWnax , (4.3.8)



where wp. 18 an approximation to the infinity boundary. Other assumptions and the
boundary conditions for V' and U are the same as those of no bankruptcy case introduced
in Section [4.3.2]

We summarize the various cases in Table [4.]

Case D P
Bankruptcy [Wnin, Wmax) | (—00, +00)
No Bankruptcy 0, Winax] [0, 4-00)
Bounded Control | [0, wpax] [0, Prmax]

TABLE 4.1: Summary of cases.

4.3.4 Analytic Solution: Unconstrained Control

Suppose that the control p(¢,w) is unbounded, i.e. P = (—00,400). This allows infinite
shorting of the risky asset and the bond. This also allows for bankruptcy, which means
that D = (—o0,4+00). This is the case of allowing bankruptcy introduced in Section [4.3.1]

The analytic solution to this problem is given in [42],

3T
Var]_y,,[Wr] = S5 (4.3.9)
EP . [Wr] = tige’™ + m€==2 + /e8iT — 1Std(Wr)

and the optimal control at any time ¢ € [0,7] is

. & T e~ T(T—t)+&T
t - > _ T . T _ 1 - -
Pt w) = = 2w — (e (e = 1)) = ——

(4.3.10)
Note that when |w| — 0, from equation (4.3.10)), p*(¢,w)w, the monetary amount
invested in the risky asset, is a positive finite number, and that |p*(t, w)| — oo as |w| — 0.

We can then see directly from the SDE (2.2.2)), that W (¢) can be negative in this case.
Hence, D = (—00, 4+00). From equation (4.3.10]), when w is negative, p*(t, w) is negative.
As a result, p*(t, w)w is positive, i.e., the total monetary amount invested in stock is still
positive (the investor is long stock).

The efficient frontier (Stdf;oyw[WT}, Ef;ojw [Wr]) in this case is a straight line (equation
(4.3.9)). We will use this analytic result to check our numerical solution.

Remark 4.5. It is important to know the behaviour of p*w as w — 0, since it helps
us determine whether negative wealth is admissible or not. As shown above, negative
wealth is admissible for the case of allowing bankruptcy. In the case of no bankruptcy,
although p € P = [0,+00), we must have lim,_o(pw) = 0 so that W(t) > 0 for all
0 <t <T. In particular, we need to make sure that the optimal strategy never generates
negative wealth, i.e., Probability(W (t) < 0|p*) =0 for all0 <t <T. We will see from the
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numerical solutions that boundary condition does in fact result in lim,,_q(p*w) = 0.
Hence, negative wealth is not admissible under the optimal strategy. More discussion of
this issue is given in Section[{.]. For the bounded control case, the control is finite, thus
lim,,_o(pw) = 0 and negative wealth is not admissible.

4.3.5 Special Case: Reduction to the Classic Multi-period Port-
folio Selection Problem

As discussed in Remark [2.1] the wealth case of the pension plan problem can be reduced
to the classic multi-period portfolio selection problem by simply setting the contribution
rate m = 0. All equations and boundary conditions stay the same.

The authors of [I5] study the case with bankruptcy prohibition, i.e., W(t) is forced
to be nonnegative for all ¢ € [0,7]. In this case, D = [0,400) and P = [0, +00). An
analytic solution for this case is given in [I5]. Note that the stochastic control used in
[T5] is not the proportion of the total wealth invested in the stock, but the monetary
amount invested in the stock. The authors of [15] point out that their strategy cannot be
expressed as a finite proportional strategy. However, we will see later in Section that
the efficient frontier given by our approach (using the proportion as the control) converges
to the analytic solution given in [I5] (using the monetary amount as the control).

4.4 Pre-commitment Wealth-to-income Ratio Case

We then consider the wealth-to-income ratio case introduced in Section2.2.2l The stochas-
tic models for the underlying asset S, the plan holder’s year salary Y, the wealth W and
her wealth-to-income ratio X have been given in equations (2.2.4]- [2.2.7)).

The control problem is then to determine the control p(¢, X (t) = x) such that p(¢, z)

maximizes
ma (B o, [Xr] — Warl_o,[X]) (141)
p(t,z)€EP ’ ’
subject to stochastic process (2.2.7)). Similar to problem (4.2.1)), we can use Theorem
and to embed problem (4.4.1) into the following LQ stochastic optimal control

problem
. g
min B, [(Xr = )7 (44.2)

Let K(t,z,p) = E[(Xr — 2)*| X (t) = «], where X () is the path of X given the asset
allocation strategy p = p(t,x). We define

V(z,7) = inf B[(Xr — %)2\)((15 —T—7)=a]=inf K(t=T —7,2,p) .  (4.4.3)

peP
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where 7 =T —t. Then V (z,7) satisfies the HJB equation

1
Ve = inf{pVe+ S(00)Via} 5 @ €[0,+00) (4.4.4)
p

with terminal condition
V(z,7=0)=(x— =), (4.4.5)
and where

1 = w4 a(—py +poi(& —oy,) + oy, + 03,
(0D)? = a*(a¥, + (por —ov,)?) . (4.4.6)

We also solve for U(z,7) = E[Xr|X(t =T —7)=x,pt =T —1,2) =p*(t =T — 7,2)]
using

1
U.,. = {ugUx =+ 5(05)2Uxm}p(t:T—T,m):p*(t:T—T,m) ;X c [O, +OO) y (447)

with terminal condition

Ulx,7=0)=x. (4.4.8)

We can then use the method described in Section [4.2.T]to trace out the efficient frontier
solution of problem (4.4.1)).

We consider the cases: allowing bankruptcy (D = (—o0, +o0), P = (—00,4+00)), no
bankruptcy (D = [0,400), P = [0,+00)), and bounded control (D = [0,+00), P =
[0, Pmax)). For computational purposes, we localize the problem to to D = [Zmins Tmax),
and apply boundary conditions as in Section More precisely, if x = 0 is a boundary,

with X < 0 prohibited, then lim,,_(pz) = 0, and hence

VA(0,7) = 7V,
U0,7) = aU, . (4.4.9)

The boundary conditions at x — £oo are given in equation (4.3.3), but using x instead
of w with ky = —py + poi (&1 — oy,) + 03, + 03, and ky = 03, + (po1 — oy,)*.

Remark 4.6. Although the pension plan account contains the risk free bond, the stochastic
process for dX does not contain the risk free rate r. As a result, there is no risk free rate
r in the HIB PDE (4.4.4). The drift rate (mean growth rate) for the yearly salary Y
s v+ py in equation . If Y grows faster than the risk free rate, then puy > 0;
otherwise py < 0. Normally, we assume that the salary Y grows at the risk free rate, so
Hy = 0.

Remark 4.7. As discussed in Remark [2.9 that the wealth case can be seen as a special
case of the wealth-to-income ratio case. We can simply set the salary Y to be a constant
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(let oy, = oy, = 0 and py = —r), then X (t) is reduced to W(t) and PDE (4.4.4) is
reduced to PDE ({.2.8).

4.5 Discretization of the HJB PDE

The pension plan asset allocation model is a special case of the general HJB equation

(3.2.2)), if we make the identification
Q=@), Q=P, d(z70=0,

(e @) =500, Mem Q)= 5mQ =0, (451)

where z = w for the wealth case, z = x for the wealth-to-income ratio case, and @, a, b, ¢

are defined in equation (3.2.2)). Then equation (4.2.8))/(4.4.4) can be written as,

V, = inf {L°V} , (4.5.2)
QeQ
and equation (4.2.11))/(4.4.7) can be written as,
U, = {LU}g—0- - (4.5.3)

where the operator £ is defined in equation (3.2.1). Note that we use inf in this chapter
instead of sup in Chapter [3] We can directly apply the numerical scheme developed in
Chapter |3| to solve equations (4.5.2)) and (4.5.3)).

~k ~k

Given node z = z;, with specified solution estimate V* = (05, -y Unaa) s the objective

* Yimazx

function which is maximized at each node in Algorithm (3.5.1) is

[FHQ VI = [ATHQ,VIVE + D(Q)l;

= [iE)i[(0%):]: + %([af]i)Q[(@'“)zz]?“ ) (4.5.4)

where V* is the vector containing the current estimate of the discrete solution values, and
D(Q) = 0. Similar to the passport option case in Chapter , if we want to apply central
differencing as much as possible, Algorithm is used to decide which differencing
scheme is used (which depends on @Q and V).

Remark 4.8. As mentioned in Remark[4.4), for the wealth case with allowing bankruptcy,
we have D = (—o00,4+00) and P = (—o00,400). In this case, our W grid contains

[w’miny"'aw—Qaw—17w1;w27"'awmax]
Winin < +++ < W_g<w_1 <0< w <wy < -+ < Wpax (4.5.5)

with large |Win| and Wpa.. Note that our W grid does not contain the node w = 0,
because if w = 0 1s in the grid, no information can be passed between the negative value
nodes and positive value nodes. We set |w_1| and wy to be small values close to zero. As
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Figure shows, when the W grid is refined, a new node is inserted in between each two
consecutive nodes, except for the pair w_1 and wy. Since w = 0 cannot be in the grid, we
new w-1 new w1

add two nodes at w"{" = =+ and wi* = % into the grid.

Note that we could avoid this problem (near w = 0) by defining the control to be
amount invested in the risky asset (a = pw) instead of p. This would result in a control
problem of the form

1
V., = ing{uquw—i——(anwaw} ;o weD,
ac

2
Mi =7+ wr+ CLO’1€1
(03)2 = (a01)2 , (4.5.6)

where A 1is the set of admissible controls for the amount invested in the risky asset. How-
ever, in the more realistic case of bounded p, it is more natural to impose constraints on p,
rather than on (pw), hence we prefer to formulate the control (and constraints) in terms
of the variable p.

Remark 4.9. We use a fully implicit method to solve equation . Since p — o0 in
some cases, it would be a challenging task to determine the maximum stable timestep for
an explicit method.

Wmin, w—2 w-1 0 w1 wo Wmnaz

New — w™{”  wi®  New

FIGURE 4.1: Node insertion in W grid.

4.5.1 Convergence to the Viscosity Solution

Assumption 4.10 (Strong Comparison). We assume that equation (4.5.2)) satisfies the
strong comparison property, hence a unique continuous viscosity solution to equation

(4.5.2)) exists.

PDE is linear, since the optimal control is pre-computed. We can then obtain
a classical solution of the linear PDE (4.5.3). However, PDE is highly nonlinear,
so the classical solution may not exist in general. Provided that the original HJB satisfies
Assumption [4.10) Theorem [3.5/shows that our numerical scheme converges to the viscosity
solution.

Remark 4.11. If the control p is bounded, then from the results in [24, [9] we can deduce
that Equation satisfies the strong comparison property on the localized computa-
tional domain D (see Remark . In the unbounded control case, we violate one of the
assumptions in [9] used in the proof of the strong comparison property. However, our
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numerical results indicate that (pw) is always bounded. Hence, in the unbounded control
case, we could reformulate the problem in terms of a control (pw), and solve the problem
with assumed bounds on (pw), which would then satisfy the conditions in [9]. However,
it s not obvious how to obtain a priori bounds for (pw). In practical cases, we are more
interested in bounded controls, so in this case we have that strong comparison holds.

4.6 Algorithm for Construction of the Efficient Fron-
tier

Given an initial value 2y, Algorithm (4.6.1)) is used to obtain the efficient frontier. Since
the grid for Z is discretized over the interval [zin, Zmaz], We can use Algorithm (4.6.1)
to obtain the efficient frontier for any initial wealth Zg € [2nin, Zmaz| by interpolation. Of
course, if we choose 2 to be a node in the discretized Z grid, then there is no interpolation
error.

Algorithm for Constructing the Efficient Frontier

For v = Ymins 11, - - - » Ymaaz
For timestepn=1,..., N
Solve equation by using policy iteration (3.5.1]
Solve PDE // Q" is given from the solution of equation (3.3.9)
EndFor

Given the initial Zy, use interpolation to get the value of

* * "}/ R
(B .127), BV [(Zr — 5)2])7 at Z(t=0) = 2%

If (% - Ef;(],z[ZT]’Y >0) // possible valid point A > 0

Solve equations to get (Ef;OJ[ZT], E,f’;oyz[Z%])ﬁY
Calculate the pair (Stdf;ojz[ZT], Ef;O’Z[ZT])ﬂ,
EndIf
EndFor
Construct the efficient frontier from the set of points

(Stdfio,z [ZTL Efio,z[ZT])’W AS [’Ymina ’Ymax]
(4.6.1)

In Algorithm (4.6.1]), we trace out the efficient frontier by varying v € [Ymin, Ymaz]-
Heuristic methods can be used to estimate V,,in, Ymaz- 1hese choices are not crucial, since
we will detect invalid values of v from the condition that A\ > 0. For example, in the
wealth case, to determine 7,,;,, we consider the left most point on the efficient frontier.
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If A — oo, then the investor seeks to minimize risk. Obviously, in this case, the investor

would invest all her wealth in the risk free bond at all times. In this case, her terminal
A rT _ . . . .

wealth would be wge™ + W% with zero standard deviation. Then theoretically,

et —1

Ymin = 2(Woe"" 4 7 ). (4.6.2)

r

There is no upper bound for 7. In particular, if there is no upper bound for the control p,
there are no upper bounds for Stdf;(),w[WT} and Ef;oyw[WT] either. From our numerical
tests, we find that v,,,. = 50 is large enough to plot the efficient frontier over a reasonable
range of interest.

4.7 Numerical Results

In this section, we carry out numerical tests for the defined contribution pension plan
problem. We examine both the wealth case (addressed in Section [4.2)) and the wealth-to-
income ratio case (addressed in Section [4.4]).

4.7.1 Wealth Case

4.7.1.1 Allowing Bankruptcy

r | 0.03 3 0.33
o1 0.15 T 0.1
T |20 years | W(t=0)| 1

TABLE 4.2: Parameters used in the pension plan examples.

We first examine the wealth case with bankruptcy allowed. Parameters in Table 4.2
are used for numerical tests. We use Wyax = |Wmin| = 5925 and tolerance = 107° (see
Algorithm (3.5.1))). We test a special case first, in which the variance is zero (A — 400).
From equation 1} the analytic solution is (Stdﬁ’;ovw [WT],Ef*ij[WT]) = (0,4.5625).

Moreover, in this case, v = 2Ef;0’w[WT], SO Ef;o,w[(W —2)?] = 0. We use a finite

difference method with fully implicit timestepping to solve this problem numerically. We
analytically determine the local optimal control at each node (as required in Algorithm

3.5.1)).

Tablel4.3|and H show the numerical results. Table4.3|reports the value of Efio,w [(Wr—

1)2], which is the viscosity solution of nonlinear HJB PDE :4.2.8 . Table 4.4 reports the

value of Ef’;oyw [Wr], which is the solution of the linear PDE (4.2.11)). Given Ef;o’w[(WT -

1)?] and Ef;Qw [Wr], the standard deviation is can be easily computed, which is also re-

ported in Table H The results show that the numerical solutions of Ef;ojw[(WT - 1)?]
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and Ef;(],w [Wr] converge to the analytic values at a first order rate as mesh and timestep
size tends to zero. Let

m?:X(wi+1_wi):O(h) ; At = O(h) (4.7.1)

where h is the discretization parameter, then from Table [4.4] we see that the standard
deviation converges at a rate O(h'/?). The total number of nonlinear iterations shown in
Table is about two or three times of the number of timesteps. Hence, the iteration

scheme (3.5.1)) converges rapidly.

Nodes | Timesteps | Nonlinear | Normalized Ef;ojw[(WT — 2)?] | Ratio
(W) iterations | CPU Time

728 160 480 1 0.0818318

1456 320 960 4.42 0.0409428

2912 640 1295 13.21 0.0204766 1.998
5824 1280 2561 52.82 0.0102394 1.999
11648 2560 5120 213.98 0.0051200 2.000
23296 5120 10240 888.49 0.0025601 2.000

TABLE 4.3: Convergence study. Use analytic solution for the optimal control at each
node. Fully implicit timestepping is applied, using constant timesteps. Parameters are
given in Table with v = 9.125. Values of Ef;07w[(WT — 1)?] are reported at (W =
1,t = 0). Ratio s the ratio of successive changes in the computed values for decreasing
values of the discretization parameter h. Analytic solution is Efio,w[(WT -3)? =0o.
CPU time is normalized. We take the CPU time used for the first test in this table as
one unit of CPU time, which uses 728 nodes for the W grid and 160 timesteps.

Nodes | Timesteps Stdf;o’w [(Wr] Ef;&w (W] Ratio Ratio
(W) for Stdf;ojw (W] | for E[Wrq]
728 160 0.285617 4.54653
1456 320 0.202202 4.55494
2912 640 0.143039 4.55845 1.410 2.396
2824 1280 0.101166 4.56031 1.413 1.887

11648 2560 0.071547 4.56148 1.414 1.590

23296 5120 0.050595 4.56200 1.414 2.250

TABLE 4.4: Convergence study. Use analytic solution for the optimal control at each
node. Fully implicit timestepping is applied, using constant timesteps. Parameters are
given in Table with v = 9.125. Values of Stdf;()’w[WT] and Eflo,w[WT] are re-
ported at (W = 1,t = 0). Ratio is the ratio of successive changes in the computed
valuef for decreafing values of the discretization parameter h. Analytic solution is
(Std ,[Wrl, By, [Wr]) = (0.0,4.5625).

For another example, let A = 1.72646 in problem (4.2.1). The analytic solution given

*

by equation 1) is (Stdf;)’w[WT],Efzovw[WT]) = (0.8307,6.9454). Tables and
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show the numerical results. The numerical solutions for Ef;oyw[(W —2)?] and Ef;(m (W]
converge to the analytic solution at a first order rate as h — 0. We also carried out a
convergence study using Crank-Nicholson timestepping. In this case, convergence cannot
be guaranteed, since Crank-Nicholson is not monotone in general. The numerical results
are shown in Table [4.7] and [£.8] Tables [4.5 and [4.7] show that the value function appears
to converge more rapidly using Crank-Nicholson. Figure shows an efficient frontier at
(W =1,t =0), which is a straight line as expected.

Nodes | Timesteps | Nonlinear | Normalized Ef;07w[(WT — 1)%] | Ratio
(W) iterations | CPU Time

728 160 480 1.11 0.934593

1456 320 855 4.05 0.852331

2912 640 1280 12.95 0.812095 2.045
5824 1280 2560 04.16 0.792530 2.057
11648 2560 5120 222.56 0.783030 2.059

TABLE 4.5: Convergence study. Use analytic solution for the optimal control at each
node. Fully implicit timestepping is applied, using constant timesteps. Parameters are
given in Table with A = 1.72646 (v = 14.47). Values of Ef;()’w[(WT - )% are
reported at (W = 1,t = 0). Ratio is the ratio of successive changes in the computed
values for decreasing values of the discretization parameter h. CPU time is normalized.
We take the CPU time used for the first test in Table [{.3 as one unit of CPU time,
which uses 728 nodes for the W grid and 160 timesteps.

Nodes | Timesteps Stdf;o,w (Wr] Eio,w (W] Ratio Ratio
(W) for Stdl_, ,[Wr] | for E[Wry]
728 160 0.915441 6.92426
1456 320 0.872917 6.93442
2912 640 0.851483 6.93992 1.975 1.847
5824 1280 0.840821 6.94251 2.007 2.124

11648 2560 0.835612 6.94383 2.045 1.962

TABLE 4.6: Convergence study. Use analytic solution of the optimal control at each
node. Fully implicit timestepping is applied, using constant timesteps. Parameters
are given in Table with A\ = 1.72646 (v = 14.47). Values of Stdf;o’w[WT] and
Eflo,w[WT] are reported at (W = 1,t = 0). Ratio is the ratio of successive changes in
the computed values for decreasing values of the discretization parameter h. Analytic
solution: (Stdl_y ,[Wrl, BV ,[Wr]) = (0.8307,6.9454).

Note that according to equation (4.3.9)), if the market price of risk & is fixed, the
value of stock volatility ¢; has no effect on the efficient frontier. When we reproduce
Table [4.3] [4.4] [4.5 and [4.6] by using parameters in Table [£.2] but with different volatilities
01, we obtain the same solutions. Hence, our numerical solutions agree with this property.
However, we will see in later sections that this property may not hold when additional
constraints are added to the optimal policy.
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Nodes | Timesteps | Nonlinear | Normalized Ef;07w[(W — 1)?] | Ratio
(W) iterations | CPU Time

728 160 480 1.37 0.806889

1456 320 727 3.86 0.786974

2912 640 1280 14.48 0.778982 2.492
0824 1280 2560 08.45 0.775851 2.553
11648 2560 5120 236.27 0.774658 2.624

TABLE 4.7: Convergence study. Use analytic solution for the optimal control at each
node. Crank-Nicholson timestepping with Rannacher smoothing is applied, using con-
stant timesteps. Parameters are given in Table with A = 1.72646 (v = 14.47).
Values of Egio,w[(WT —1)?] are reported at (W = 1,t = 0). Ratio is the ratio of succes-
sive changes in the computed values for decreasing values of the discretization parameter
h. CPU time is normalized. We take the CPU time used for the first test in Table[{.5
as one unit of CPU time, which uses 728 nodes for the W grid and 160 timesteps.

Nodes | Timesteps Stdf;o,w (W] Efio,w (W] Ratio Ratio
(W) for Std!_, ,[Wr] | for E[Wr]
728 160 0.847680 6.93780
1456 320 0.837022 6.94112
2912 640 0.833002 6.94330 2.651 1.523
2824 1280 0.831430 6.94418 2.557 2477

11648 2560 0.830873 6.94464 2.822 1.913

TABLE 4.8: Convergence study. Use analytic solution of the optimal control at each
node. Crank-Nicholson timestepping with Rannacher smoothing is applied, using con-
stant timesteps. Parameters are given in Table with A = 1.72646 (v = 14.47).
Values of Std_, ,[Wr] and E'_,  [Wr)] are reported at (W = 1,t = 0). Ratio is the
ratio of successive changes in the éomputed values for decreasing values of the discretiza-
tion parameter h. Analytic solution: (Stdf;o,w (W], Egio,w[WT]) = (0.8307,6.9454).

As mentioned in Section {4.3.1], some error is introduced using the artificial boundaries
Wmin and wW,,e., which approximate infinite boundaries. However, we can make these
errors small by choosing large values for (|wmin|, Wmax). Table shows the values of

Ef;07w[(W — 2)?] and Ef;o?w[WT] for different large boundaries. We can see that once

(|wWmin|, Wmax) are large enough, the values of Ef;oyw[(WT —2)?] and Ef;oﬂu [Wr| are insen-
sitive to the location of these large boundaries. Recall that we use an unequally spaced
grid, with a large grid spacing as |w| — oo. Hence use of large values for |wy,i,| and Wy,
is inexpensive.

4.7.1.2 Bounded Control

In this section, we examine the wealth case with bounded control P = [0, 1.5]. There is no
analytic solution in this case. The efficient frontier is shown in Figure [£.3] with (W (t =
0) =1,t =0). We also show the efficient frontiers for D € [0, +00) and P = [0, +00), the
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FIGURE 4.2: Pre-commitment efficient frontier. Parameters are given in Table @
Values are reported at (W = 1,t =0).

Nodes (W) (Wiin, Winax) Eflo,w[(WT - %)2] E:io wWr]
11648 (-5925, 5925) 0.783030 6.94383
11904 (-11953, 11953) 0.783030 6.94383
12160 (-23906, 23906) 0.783030 6.94383
12672 (-47869, 47869) 0.783030 6.94383

TABLE 4.9: Effect of finite boundary. Parameters are given in Table @ with v =
14.47. There are 2560 timesteps for each test.

no bankruptcy case, and for the case where bankruptcy is allowed, D = (—o0, +00) and
P = (—o00, +00). Clearly, the strategy given by the allowing bankruptcy case is the most
efficient, and the strategy given by the bounded control case is the least efficient.

As discussed in Section [4.7.1.1] in the case of allowing bankruptcy, if the market price
of risk & is fixed, the value of stock volatility o; has no effect on the efficient frontier.
However, this property may not hold when additional constraints are added on the optimal
policy. For example, in the case of bounded control, the efficient frontier will move upward,
if the value of oy increases with & fixed (this makes the stock drift rate pg = r + &0y
increase). This result is illustrated in Figure 4.4] (a). However, if the value of o increases

with pg fixed (this makes & decrease), the efficient frontier will move downward. This
result is illustrated in Figure (b).

4.7.1.3 Multi-period Portfolio Selection Problem
In Section [4.3.5] we show that the pension plan problem can be reduced to the classic
multi-period portfolio selection problem by simply setting the contribution rate # = 0. Of

course, when m = 0, the efficient frontier is still a straight line in this case from equation
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FIGURE 4.3: Pre-commitment efficient frontiers (wealth case) for allowing bankruptcy
(D = (—o00,4+00) and P = (—o0, +00) ), no bankruptcy (D = [0, 4+00) and P = [0, +0o0))
and bounded control (D = [0,4+00) and P = [0.,1.5]) cases. Parameters are given in
Table . Values are reported at (W =1,t =0).
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(a) Fix & = 0.15 (b) Fix pg = 0.08

FIGURE 4.4: Pre-commitment efficient frontiers for various values of stock volatilities.
Parameters are given in Table in particular W(t = 0) = 1, D = [0,+00) and
P =[0,1.5]. Figure (a) shows the efficient frontiers for different volatilities with a fixed
market price of risk & = 0.15. Figure (b) shows the efficient frontiers for different
volatilities with o fized stock drift rate ug = 0.08.

(4.3.9) for the case of allowing bankruptcy. In this section, we examine the case of no
bankruptcy, where D = [0, 4+00) and P = [0, +00). An analytic solution is given for the
no bankruptcy case in [I5]. We can show numerically that the efficient frontier given by
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our approach converges to the analytic solutions given in [I5]. Using the parameters in
[15, (78] (r = 0.06, o4 = 0.15, & = 0.4, T =1 and W(t = 0) = 1), Figure shows
the efficient frontiers. The straight line is for the case of unbounded control, allowing
bankruptcy, which is obtained from equation (4.3.9). The curves below the straight line
are actually two overlapping curves. One of them is obtained from the analytic solution
given in [I5], and the other is obtained from the numerical solutions using our approach.
Figure clearly shows that our numerical solutions converge to the analytic curve. Note
that as discussed in Section , the approach given in [15] uses the monetary amount
as the control, but our method uses the proportion as the control. Figure {4.5shows that
the two methods produce the same solutions in terms of efficient frontier.

Allow Bankruptcy

Bankruptcy Prohibition

LML LA L L L L B BRLA NN EmmEm |

5 1 1.5
std[W(t=T)] att= 0

FIGURE 4.5: Pre-commitment efficient frontiers for the multi-period portfolio selection
problem. The straight line is for the case of allowing bankruptcy, which is obtained
from equation . The curve below the straight line is actually two overlapping
curves. One of them is obtained from the analytic solution given in [I5]], and the other
is obtained from the numerical solutions by our approach. Parameters are r = 0.06,
01=0.15,& =04, T =1 and W(t =0) = 1. Values are reported at (W = 1,t =0).

The 80% Rule [50]

In [50], the authors discuss an 80% rule for continuous time mean variance efficiency. This
rule states that in the case of allowing bankruptcy (D = (—o0, +00) and P = (—o0, +00)),
given any target terminal wealth, say g (> W (t = 0)e’?), where g = Ef;ojw [Wr], there is
at least an 80% probability that the optimal strategy will reach the target over the time
horizon [0, 7]. This result may be surprising at first glance. The cost of this surprising
rule is the high probability of bankruptcy when the target terminal wealth is high. We
use Monte-Carlo simulations to examine this rule. Using the same parameters as used
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to construct Figure , we solve the stochastic optimal control problem (4.2.1f) with
Algorithm (we choose a 7 such that Ef;o,w(WT) = §), and store the optimal
strategies for each (W = w,t)). We then carry out Monte-Carlo simulations based on
the stored strategies with W (¢t = 0) = 1 initially. As mentioned in [50], at any time
t € [0,T], once the investor’s wealth W (t) > ge ""=%  the investor will switch all her
wealth into bonds, so that her final wealth W7 > §. Note that this simulation strategy
is slightly different from the pre-commitment strategy. With a pre-commitment strategy,
the investor commits to the pre-computed strategy until t = T irregardless of reaching the
investment target. Table[4.10]shows the result of Monte-Carlo simulations. We see that no
matter how large the target wealth, the probability of success (hitting the target wealth) is
higher than 80%. However, when the target wealth is high, the probability of bankruptcy
is also very high. Note that at any time ¢t € [0, 7], if W (¢) < 0, bankruptcy occurs. But
since bankruptcy is allowed, the investor can still borrow money and continue investing.
This may result in positive wealth at some later time. The last column in Table
shows the probability of bankruptcy at time 7', which is much lower than the probability
of bankruptcy at any time ¢t € [0, 7.

Table 4.10] also examines the probability of hitting the target for the bankruptcy
prohibition case and the bounded control case. The results show that the 80% rule does
not hold for these two cases. When the target wealth increases, the probability of hitting
the target decreases, but the probability of bankruptcy is zero.

Eflo’w[WT] =g Stdf;oﬂw [Wr] | Success investment | Bankruptcy at | Bankruptcey at
any time ¢ time T'
Bankruptcy is allowed: D = (—o0,400) and P = (—o0, +00)
1.19979 0.33123 82.3984% 1.3063% 0.5297%
2.00060 2.25380 82.2125% 38.7344% 10.6656%
4.60097 8.49677 82.3922% 69.7328% 14.1094%
Bankruptcy prohibition: D = [0, 4+00) and P = [0, +00)
1.19994 0.33348 82.7866% 0 0
2.00199 3.69090 63.8516% 0 0
3.06641 20.66430 43.9625% 0 0
Bounded control: D = [0, +00) and P = [0, 1.5]
1.08225 0.04908 82.5922% 0 0
1.16185 0.26486 74.9141% 0 0

TABLE 4.10: 80% rule study. Parameters used as in [15, [78] (r = 0.06, o1 = 0.15,
§&1=04,T=1and W(t=0)=1). 64,000 Monte-Carlo simulations for each test. 512
Monte-Carlo timesteps are used for allowing bankruptcy case and bounded control case,
and 25600 timesteps are used for no bankruptcy case. Success is defined as W(t) >
By W[Wrle @9, ¢ <T.

Remark 4.12. In the case of bankruptcy prohibition, lim, o(p*w) = 0. Our numerical
tests show that as w goes to zero, p*w = O(w®). For a reasonable range of parameters,

6 =~ 0.95 4+ 0.02. Hence, this verifies that the boundary condition ensure that
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negative wealth is not admissible under the optimal strategy. This property also holds for
the wealth case and the wealth-to-income ratio case.

We apply an explicit Milstein method [44] when carrying out Monte-Carlo simulations
to ensure that negative wealth is unattainable. The explicit Milstein method requires some
timestep size restrictions. As a result, we use a small timestep size (m year) for the no
bankruptcy case in simulations. Although negative wealth is unattainable for the bounded
control case, we do not have to use the Milstein method. Since the control p is capped at
1.5, as w — 0, p*w goes to zero as the same rate as w. We do not observe any difficulties
i this case using the standard explicit Fuler scheme.

4.7.2 Wealth-to-income Ratio Case

Hy 0. 51 0.2
ol 0.2 Oy 0.05
Oyo 0.05 s 0.1
T | 20 years | =y 15
P 0, 1.5] D |[0,400)

TABLE 4.11: Parameters used in the pension plan examples.

In this Section, we examine the wealth-to-income ratio case. We use parameters in
Table [4.11], and our finite difference method for solution of the optimal stochastic control
problem (4.4.1). We set Tmax, [Tmin] = 1000 in this case, and tolerance = 107° in
Algorithm [3.5.1] Increasing @, had no effect on the solution to six digits. There is no
known analytic solution for this case. A convergence study is shown in Tables and
. Table@l reports the values of Ef;o’m[(XT —2)?], and Table reports the values

of Stdf;o’x [X7] and Ef;oyx[XT]. Both tables show a first order convergence rate as h — 0.

Nodes | Timesteps | Nonlinear | Normalized Ef;07x[(XT — 2)?] | Ratio
(X) iterations | CPU Time
89 40 100 1 15.9197
177 80 166 4.08 15.7498
353 160 320 13.27 15.6682 2.082
705 320 640 53.06 15.6272 1.990
1409 640 1280 205.10 15.6066 1.990
2817 1280 2560 841.84 15.5963 2.000

TABLE 4.12: Convergence study. Fully implicit timestepping is applied, using constant
timesteps. Parameters are given in Table . Values of Ef;o,x[(XT — %)2] are reported
at (X = 0.5,t = 0). Ratio is the ratio of successive changes in computed values as h — 0.
CPU time is normalized. We take the CPU time used for the first test in this table as
one unit of CPU time, which uses 89 nodes for the X grid and 40 timesteps.
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Nodes | Timesteps Stdf;oyx [X7] Ef;o’m [ X7] Ratio Ratio

(X) for Std?", [X7] | for B, [X7]

89 40 1.80509 3.94173

177 80 1.77167 3.94881

353 160 1.75521 3.95213 2.030 2.133

705 320 1.74692 3.95381 1.986 1.976
1409 640 1.74276 3.95467 1.993 1.953
2817 1280 1.74068 3.95509 2.000 2.048

TABLE 4.13: Convergence study. The optimal control at each node is computed using
analytic methods. Fully tmplicit timestepping is applied, using constant timesteps. Pa-
rameters are given in Table|/.11. Values of Ef;ow [X7] and Sta’%iOJ[XT] are reported at
(X =0.5,t =0). Ratio is the ratio of successive changes in computed values as h — 0.

In order to solve the HJB PDE , the optimal control p* needs to be determined
to minimize the objective function at each node. This objective function is a piecewise
quadratic function of p. Hence, it is not difficult to determine the analytic solution for the
control p. Values in Table and are obtained by using the analytic method for
optimal p* at each node. However, in some cases, it is not easy to determine the analytic
solution for the control. In such cases, the control set P can be discretized to a set ]13’,
and the optimal control can be determined by linear search. The convergence to viscosity
solution of this method is proven in [72] (see Chapter [3). Table [4.14] and [4.15] show a
convergence study with the discretized control. Again, a first order convergence rate is
obtained in both tables. Of course, this method requires much more CPU time compared
to the method used by Table and [4.13] This is simply due to the comparatively crude
method used to find the optimal control at each grid node.

Nodes Timesteps | Nonlinear | Normalized Ef;07x[(XT — 1)?] | Ratio
(X x P) iterations | CPU Time
89 x 21 40 101 4.08 15.9242
177 x 41 80 166 22.45 15.7509
303 x 81 160 320 161.22 15.6684 2.101
705 x 161 320 640 1276.53 15.6272 2.002
1409 x 321 640 1280 9917.35 15.6066 2.000
2817 x 641 1280 2560 76102.04 15.5963 2.000

TABLE 4.14: Convergence study. Use discretized control set P and linear search to
find the optimal control. Fully implicit timestepping is applied, using constant timesteps.
Parameters are given in Table . Values of E{_ [(X1 — 1)?] are reported at (X =
0.5,t = 0). Ratio is the ratio of successive changes in computed values as h — 0. CPU

time is normalized. We take the CPU time used for the first test in Table as one
unit of CPU time, which uses 89 nodes for X grid and 40 timesteps.

Figure shows the efficient frontiers for the allowing bankruptcy, no bankruptcy and
bounded control cases. Again, the strategy given by the allowing bankruptcy case is the
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Nodes Timesteps Stdf;o,x [X7] Ef;w [ X7] Ratio Ratio
(X x P) for Std}_ ,[X7] | for Bl [X7]
89 x 21 40 1.80701 3.94206
177 x 41 80 1.77144 3.94854
353 x 81 160 1.75529 3.95213 2.202 1.805
705 x 161 320 1.74693 3.95381 1.932 2.137
1409 x 321 640 1.74276 3.95466 2.005 1.976
2817 x 641 1280 1.74068 3.95509 2.005 1.977

TABLE 4.15: Convergence study. Use discretized control set P and linear search to
find the optimal control. Fully implicit tzmesteppmg is applied, usmg constant timesteps.
Parameters are given in Table - Values of E}_ ,[Xr] and Stdp _o.2|X1| are reported
at (X = 0.5,t = 0). Ratio is the ratio of successive changes in computed values as
h — 0.

most efficient, and the strategy given by the bounded control case is the least efficient.

6 —
I Allow bankruptcy
55 -
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© + No bankruptcy
;4 sk
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L Bounded control
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std[X(t=T)]att=0

FIGURE 4.6: Pre-commitment efficient frontiers (wealth-to-income ratio case) for al-
lowing bankruptcy (D = (—o0,+00) and P = (—o0,+00)), no bankruptcy (D = [0, +00)
and P = [0,400) ) and bounded control (D = [0,+00) and P = [0.,1.5]) cases. Parame-
ters are given in Table . Values are reported at (X = 0.5,t = 0).

In Section [4.7.1] we have discussed the effects of changing the value of oy on the
efficient frontier solution. We obtain similar results for the wealth-to-income case. For
a fixed &, different values of o; give the same efficient frontier solution in the case of
allowing bankruptcy. However, this property does not hold for the bounded control case.
Figure (a) illustrates that for a fixed &, increasing o; moves the efficient frontier
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upward in the case of bounded control. Figure (b) illustrates that for a fixed pg,
increasing o; moves the efficient frontier downward.

5 -
[ 45
| sigma, = 0.4 I
3 sigma, = 0.2
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o sl
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L e I S T S
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std[X(t=T)]att=0 std[X(t=T)]att=0
(a) Fix & =0.2 (b) Fix pug =0.04

FIGURE 4.7: Pre-commitment efficient frontiers for various values of stock volatilities.
Parameters are given in Table in particular X(t = 0) = 0.5, D = [0,400) and
P = [0,1.5]. Figure (a) shows the efficient frontiers for different volatilities with a
fized market price of risk & = 0.2. Figure (b) shows the efficient frontiers for different
volatilities with o fized stock drift rate pg = 0.04.

Figure shows the values of the optimal control (the investment strategies) at dif-
ferent time ¢ for a fixed 7' = 20 and v = 15. Under these inputs, if X(¢ = 0) = 0.5,
(Stdf;w [ X7], Ef;O,I[XT]) = (1.7407,3.9551) from the finite difference solution. From this
figure, we can see that the control p is an increasing function of time ¢ for a fixed X. This
is a bit counterintuitive, since one may imagine that the investor should become more
conservative (switch to bonds) as time goes on. However, if total wealth-to-income ratio
remains fixed as time increases, then the investor must take on more risk to have a higher
probability of hitting the investment target. This behaviour of the optimal strategy is
also seen in the analytic solution for the wealth case with bankruptcy allowed (Equation

(@-3.10)).

Using the parameters in Table we solve the stochastic optimal control problem
(equation (4.4.1])) and store the optimal strategies for each (X = z,t). We then carry out
Monte-Carlo simulations based on the stored strategies for X (¢ = 0) = 0.5 initially. The
value for (Stdf;ovx [ X7], Ef;w [Xr]) is (1.7407,3.9551) (from the finite difference solution).
Table shows a convergence study for Monte-Carlo simulations, and Figure 4.9 shows
a plot of the convergence study. As the number of simulations increases and the timestep
size decreases, the results given by Monte-Carlo simulation converge to the values given
by solving the finite difference solution.

Figure shows the probability density function of Monte-Carlo simulations (500000
simulations). Figure (a) uses v = 15 ((Std_ . [X7], Bi_o.[X7]) = (1.7407,3.9551)),

62



FIGURE 4.8: Pre-commitment optimal control as a function of (X,t). Parameters are
given in Table . Under these inputs, if X (t = 0) = 0.5, (Stdf;o’z[XT], Ef_o .1 XT]) =
(1.7407,3.9551) from finite difference solution.

# of Simulations | MC Timestep Ef;ojm[XT] Std?”, [ X7]
1000 0.25 3.9840 1.7233
4000 0.125 3.9396 1.7305
16000 0.0625 3.9656 1.7366
64000 0.03125 3.9566 1.7381
256000 0.015625 3.9559 1.7390

TABLE 4.16: Convergence study for the Monte-Carlo Simulations. Parameters are
given in Table . Values for Ef_, [X7| and Std]_, ,[X7] are reported at (X =

0.5,t = 0). The finite difference values are: Ef;OJ[XT] = 3.9551 and Sta’gf;OJ[XT] =
1.7407.

while Figure (b) uses v = 8 ((Std?",,[X7], By, [Xr]) = (0.6627,3.2647)). The
shape of the probability density function depends on input parameters (v in this example).
Note the double peak in Figure [4.10)(a). For this case, when the control is unconstrained
(P = (—00, +00)), the probability density function (which is not shown in this thesis) has
a single peak near Ef;o’z [ X7].

However, when v = 15, pnax = 1.5, then the control hits the constraint (see Figure
for small X. Hence the investor has to choose a strategy with less than optimal
(compared to the unbounded control case) expected return. As a result, there is another
peak to the left of the value of Ef;w [X7] in the probability density function. If y is small
enough, the optimal strategy does not hit the constraints, and the probability density
function reverts to a single peak. As shown in Figure [4.10] (b), there is only one peak in
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FIGURE 4.9: Convergence study for the Monte-Carlo Simulations, pre-commitment
strategy. Parameters are given in Table . Figure (a) shows the plot of Ef:()’x[XT].

Figure (b) shows the plot for Stdf;OJ[XT]. Eio,z[XT] and Stdf;ow[XT] are written
as E[X7| and Std[Xr] in the figure. Values for Egiow[XT] and Stdf;ow[XT] are re-

ported in Table . The finite difference values are (Stdf;ovx[XT],Ef;OJ[XT]) =
(1.7407,3.9551).

the probability density function for v = 8.

Figure shows the mean and standard deviation for the strategy p(t,z) as time
changes. Figure (a) uses y = 15 ((Stdf;w[XT], Etp;(),x[XT]) = (1.7407,3.9551)), while
Figure (b) uses v =8 ((Stdf;w [ X7], Ef;o,z[XT]) = (0.6627,3.2647)). Both of these
Figures show that the mean of p(t, z) is a decreasing function of time ¢, i.e., as time goes
on, the investor switches into the less risky strategy (on average). Since the value of
Ef;w [X7] in Figure (a) is higher than the one in Figure |£1g (b), the mean strategy
in Figure (a) is more risky compared to Figure (b).

4.8 Summary

The main results of this chapter are

e Based on the methods in Chapter [3, we develop a fully implicit method for solving
the nonlinear HJB PDE, which arises in the LQ formulation of the pre-commitment
mean variance problem. Under the assumption that the HJB equation satisfies a
strong comparison property, our methods are guaranteed to converge to the viscosity
solution of the HJB equation. In addition, the policy iteration scheme used to solve
the nonlinear algebraic equations at each timestep is globally convergent. Note that
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FIGURE 4.10: Probability density function for Monte-Carlo Simulation, 500,000
simulations and 1280 simulation timesteps. Parameters are given in Table [4.11]

Values  for (Ef;ow[XT],Stdf;O’x[Xﬂ) are reported at (X = 05,6t = 0). Fig-

ure (a) uses v = 15, while Figure (b) uses v = 8. For Figure (a),
(Std]_y ,[X1], E{_y ,[X1]) = (1.7407,3.9551) from finite difference solution; For Fig-
ure (b), (Stdf;o’r[XT],Ef;()’x[XT]) = (0.6627,3.2647) from finite difference solution.

an explicit method would have timestep restrictions due to stability considerations.
In the case of an unbounded control, the maximum stable timestep would be difficult
to estimate. This problem does not arise if an implicit method is used.

e By solving the HJIB PDE and a related linear PDE, we develop a numerical method

for constructing the mean variance efficient frontier (in continuous time). Any type
of constraint can be applied to the investment policy. To the best of our knowledge,
this scheme for numerical computation of the pre-commitment efficient frontier is
new.

e We pay particular attention to handling various constraints on the optimal policy.

In particular, in order to compare the numerical solution with the known analytic
solution in special cases, it is necessary to allow for negative wealth and unbounded
controls. This requires careful attention to the grid construction and form of the
control as the mesh and timesteps shrink to zero.

e From a practical point of view, we observe that the addition of realistic constraints

can completely alter some of the properties of the mean variance solution compared
to the unconstrained control case [50)].
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FIGURE 4.11: Mean and standard deviation for the control p(t,x). There are
64000 simulations and 1280 simulation timesteps. Parameters are given in Table
[4.11.  Figure (a) uses v = 15, while Figure (b) uses v = 8. For Figure (a),
(Stdf;07x[XT],Ef;07x[XT]) = (1.7407,3.9551) from finite difference solution; For Fig-
ure (b), (St£;07x[XT],Ef;07I[XT]) = (0.6627,3.2647) from finite difference solution.

66



Chapter 5

Time-consistent Strategy

5.1 Introduction

In Chapter [ we studied the mean variance pre-commitment strategy. Recall the pre-
commitment strategy, for time t + At, computed at time ¢ will not necessarily agree with
the strategy for time t+At, computed at time t+At. Hence, the pre-commitment strategy
is time inconsistent. This time inconsistent property may be problematic in practice as
discussed in Section 2.3.2]

A time-consistent form of mean variance asset allocation has been suggested recently
[16, 111, [73]. We may view the time-consistent strategy as a pre-commitment policy with a
time-consistent constraint (equation ([2.3.6))). We will study the time-consistent strategy
in this chapter.

5.2 Time-consistent Wealth Case

We first consider the wealth case for the pension asset allocation problem. Let,

D := the set of all admissible wealth W (t), for 0 <t < T,
Q := the set of all admissible controls ¢(t,w), for 0 <t < T and w € D. (5.2.1)

Recall from equation (2.3.7)) that the mean variance time-consistent problem is

J(w,t) = sup {Eﬁw[WT] - )\Vargw[WT]} : (5.2.2)
q(s=t,W (s))
q€Q
st. g (s,w) = qi(s,w); s>t t'elt,T)], (5.2.3)

subject to stochastic process (2.2.2)), and where ¢* denotes the optimal control. In this
chapter, the control g can be p (the proportion of the total wealth invested in the risky
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asset), or pw (the monetary amount invested in the risky asset). Varying A € (0, 00)
allows us to draw an efficient frontier.

We can now drop the subscript “t” from ¢; (s, w), since we will impose constraint
and the optimal policy at time ¢ + At does not depend on the policy at time ¢. Note
we are following here time consistency as defined in [I1]. There are other possibilities, as
discussed in [16].

Define,
Uw,t) = B2y (5.2.4)
V(w,t) = BL=" W) (5.2.5)

with terminal condition
Ulw,t =T) =w,

V(w,t=T) = w? (5.2.6)

Note that
Ulw,t) = BLSSSHAWONT (W (it 4+ At), t + At)] (5.2.7)
V(w,t) = ELISSSHAEN (W (4 4 ALt + AL)] (5.2.8)

Then, J(w,t) can be rewritten as

J(w,t) = sup {Eziizt’w“”[w—A{EE,S?W“”[W%]—<Ez<;2t’W“”[WT]>2}}
q(s>t,W(s))
qeQ
qsatisﬁes

t<s<t+At,W(s *(s>t+At,W (s
= Sup {Eggu ( ))[thJr(At,W(tJrAt; ))(WT)]
q(t<s<t+At),W(s))

q€Q
q satisfies ((5.2.3))

t<s<t+At,W(s *(s>t+At,W (s
_AEEE.U ( ))[E§+(At,W(t+At§ ))(WT%)]

+>\(Eg(t§s§t+At,W(s)) [Eq* (sZt-l—At,W(s)) (WT)] )2}

W t+ AL, W (t+At)
- sup {ng[U(W(t + AL, L+ At)] (5.2.9)
q(t<s<t+At,W (s)) ’
q€Q
q satisfies

—AMEL V(W (it + A), t + At)] = {EL [UW(t + At), t + At)]}z)} .

Assume that the set of all controls Q is compact, and that Ef [-] is a bounded, upper
semi-continuous function of the control q. Given ¢*(s > t + At, W (s)), suppose we can
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determine (U(W (t + At),t + At), V(W (t + At),t + At)). Then,

Ct<s<t+At,W(s)) € arg max {Eﬁw[U(W(t + At), t + At)] (5.2.10)
q(t<s<t+At,W(s))
qeQ

— ME{ VW (t+ At), t + At)] = {E{, [UW(t + At), t + At)]}Q)} .

Equations (5.2.7H5.2.10)) can be used as the basis for a recursive algorithm to determine
V(w,t),U(w,t) for any t (see later Algorithm (5.4.10))). Assuming V(w,t = 0),U(w,t =

0) are known, then for a given A, we can compute the pair (Varl, ,[Wr], EL, ,[Wr])
from Var{_, ,[Wr] = V(w,t =0) — [U(w,t = 0)]%

5.3 Time-consistent Wealth-to-income Ratio Case

We then consider the wealth-to-income ratio case introduced in Section2.2.21 The stochas-
tic models for the underlying asset .S, the plan holder’s year salary Y, the wealth W and
her wealth-to-income ratio X have been given in equations (2.2.4]-2.2.7)).

The time-consistent control problem is then to determine the strategy ¢(t, X (¢) = x)
such that ¢(¢, z) maximizes

J(x,t) = sup {ng[XT] — )\Varft{x[XT]} , (5.3.1)
q(s>t,X(s))
qeQ
st. g (s,x) = qi(s,x); s>t t'elt,T]. (5.3.2)

subject to stochastic process (2.2.7)). Similar to the wealth case, let

U, t) = B2 ]

s

V(1) = Bl 3] (5.3.3)
with,
Ft<s<t+AtX(s) € arg max {thx[U(X(t + At), t + At)] (5.3.4)
q(t<s<t+At,X(s)) ’
q€Q

—NEL[V(X(t+ At), t + At)] — {EL[U(X (¢t + At), t + At)]}Q)} .
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Then, J(z,t) can be rewritten as

J(z,t) = sup {ng[U(X(t + At), t + At)] (5.3.5)
q(t<s<t+At,X(s))
q€Q

q satisfies
—ANELIV(X(t+ At), t + At)] — {EL[U(X (t + At), t + At)]}Q)} .

5.4 Discretization

In this section, we develop a discretization scheme to solve the mean variance time-
consistent problem numerically. Let z = w for the wealth case, and z = x for the
wealth-to-income ratio case. The optimal control problem in both cases is then

Uz, t) = ELESSFAZON0(Z(e+ A, ¢+ AL)] (5.4.1)
Vizt) = ELISSSTAYEE (284 At),t + AL)] (5.4.2)
Ft<s<t+At Z(s)) € arg max {EfZ[U(Z(t + At), t + At)] (5.4.3)
q(t<s<t+ AL, Z(s)) ’
q€Q

—MELV(Z(t+ AL), t+ At)] = {EL[U(Z(t + At), t + At)}}2)} :

with terminal condition

Viz,t=T)=2>. (5.4.4)

The form of constraints applied to the control will dictate a choice of ¢ = p or ¢ = pz.
This will be discussed in later Sections.

5.4.1 Piecewise Constant Timestepping

For general constraints, we cannot find an analytic solution for the time-consistent strat-
egy. Therefore, the control has to be to determined numerically. One possible approach
for solution of problem ((5.4.115.4.3)) is to use piecewise constant policy timestepping [45].

We can replace the set of admissible controls Q by an approximation Q. Define

Q = [q07 q1y -y qm] ) with q0 = qmin ; 9m = Gmax
Ogl%%_l(%ﬂ —q)) = Cih, (5.4.5)
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xr

where (] is a positive constant. Let At = . Define a set of discrete times,

=z

{t. | ta=nAt,0<n< N},

where (5 is a positive constant. We assume the control is a constant over the period
[tn, tn+1]. Set

qn<z) = Q(tmz) ; Un(z) = U<tn7z> 3 Vn(z> = V(tmz) (547>
Ui(z) = By U (Z(tar)] (5.4.8)
Viz) = EYV'THZ(tn))] (5.4.9)

We compute the solutions of equations (5.4.8)) and ([5.4.9) for each control ¢;, 0 < j < m,
then find the optimal control g;- according to the objective function, and update the
values for U™ and V". This gives us the following algorithm.

Piecewise Constant Timestepping Algorithm

j
For timestepn =N —1,...,0

UN(Z):Z, \/}N(z):,ZQ,foraHOSjgm

For j=0,....m
Ui(z) = B2 (U (Z(t + At))]
V/'(2) = EL [V"HZ(t + At)))]

EndFor
7 € argmax{U7(2) = MV} — (U}
<j<m
("(2)) =qj=; Uj'(z) =Uji(2) ; Vi"(2) = Vji(2) , forall 0 < j <m
EndFor

(5.4.10)

Remark 5.1. In [{)], the authors applied the piecewise constant timestepping to a scalar
HJB equation, and proved that the solution given by the piecewise constant timestepping
method converges to the viscosity solution as h — 0. However, the problem we study in
this chapter is more complex, since we solve a system set of expectations and a nonlinear
algebraic equation. We have no proof that Algorithm converges to the solutions of
equations , although we will see in Section that our numerical solutions

converge to the analytic solutions where available.
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5.4.2 PDE Formulation
Formally, we can formulate this problem in the limit as At — 0 (equation (5.4.6)) as
L g
U = pilU.+ 5(02) U.: ,

1
Vi = Vet (o0 (5.4.11)

q € argmaX{U—)\(V—U2)},

q
where
pi o= pl=m+w(r+poi&)
(09)? = (%) = (porw)* . (5.4.12)
for the wealth case introduced in Section [5.2; and

pd = pd =7+ a(—py +poi(& —oy) + oy, +03,)
(09 = (00)* = 2*(0%, + (por — ow,)?) . (5.4.13)

for the wealth-to-income ratio case introduced in Section [5.3] Note that in equations

(5.4.12)) and (5.4.13), we set ¢ = p (use p as the control). If we want to use pw (the

monetary amount invested in the risky asset) as the control, we can set ¢ = pw (pz) and
replace pw (px) by ¢ in equation (5.4.12)) ((5.4.13))).

Equation (5.4.11)) is a coupled system of nonlinear differential algebraic equations
(DAESs) which appears to be beyond the scope of present day viscosity solution theory.

5.4.3 Computing the Expectations

Algorithm (5.4.10|) gives a piecewise constant timestepping method for solution of the
optimal stochastic control problem. However, it is not clear how we can compute UJT‘(Z)
and V}*(z). Recall that

U'z) = Ef_ U Z(tws))]
V) = B V().

According to [45], given a constant control ¢;, we can determine U} (z) and V['(z) by
solving (dropping the subscript from ¢ to avoid notational clutter)

1

~U, = pilU,+ i(ag)QUzz . zeD, (5.4.14)
1

-V, = usz+§(ag)2V23 . zeD, (5.4.15)
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over the interval [t,11,,] (we solve backward in time) with U(z,t = t,11), V (2, = tp41)
computed from the previous step of Algorithm (5.4.10), and at t =ty (t =T,

Uiz,t=T) =z
Viz,t=T)=2>. (5.4.16)

Since we solve PDEs ([5.4.14) and ([5.4.15)) backward in time, in order to derive the dis-
cretization of the PDEs using conventional notations, let 7 =T —t. Then, 7, =T —tn_,
for 0 < n < N. We define

Ur,z) =U(T —t,2) , (5.4.17)
V(r,z)=U(T —t,2) . (5.4.18)

Then equations ((5.4.14) and (5.4.15]) become

U = iU, + %(03)2022 . zeD, (5.4.19)
V. = piV.+ %(ag)%z . zeD, (5.4.20)
with terminal condition
U(z,7=0) =z,
V(z,r=0)=2", (5.4.21)

We then can find the values for U]"(z) and V"(z) by solving PDEs (]5.4.19[) and d5.4.20[),
over the interval [7,, 7,11] in Algorithm ([5.4.10]), with ¢ replaced by ¢; as appropriate.

5.4.4 Localization

Let,

A

D := a finite computational domain which approximates the set .

~

Q := a finite computational set which approximates the set Q. (5.4.22)

In order to solve PDEs ([p.4.19) and ([5.4.20)) we need to use a finite computational domain,

D = [Zmin, Zmax]- When z — 400, we assume that

Uz — +00,7) ~ A(1)z,
V(z— +00,7) ~ Bi(r)z%. (5.4.23)

Then, taking into account the initial conditions (5.2.6]),

Uz — +o00,7) ~ €M7z,
V(z — +o0,7) ~ PRtk 2 (5.4.24)
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If ¢ = p (use p as the control), then k; = r + qo1&; and ky = (qoy)? for the wealth case;
ki = —py +qo1(& —oy,) + 03, + 03, and ky = 03, + (qo1 — 0y, )? for the wealth-to-income
ratio case. If ¢ = pz (use pw or px as the control), then k; = r + L0, and ky = (‘12—12)2
for the wealth case; k1 = —py + 201(& — oy,) + 03, + 03, and ky = 0§, + (01 — 0y, )* for

the wealth-to-income ratio case.

Since in Algorithm (5.4.10)), we update the values for U and V at the end of each
timestep according to the optimal strategy, it is more appropriate to compute U and V'
at z — 400 by using the updated values. Rewriting equation ([5.4.24]) gives

U(z — 00,7+ A7) ~ M370(z — to00,7) ,
V(z— o0, 7+ A7) ~ e@HRIATY (4 400 7) (5.4.25)

Note that the optimal control at z — +oo is also determined by Algorithm (5.4.10),
i.e. we compute equation ([5.4.25)) for each ¢ € Q, then determine the optimal ¢ according
to the objective function. More discussion of these boundary conditions is given in Section

B.Al

5.4.5 Discretization of PDEs

The discretization method for PDEs (5.4.19) and (5.4.20) is the same as the method
developed in Chapter [3] if we make the identification

Q:(Q>v Q:Qa d(Z7T70):07
a(z,7,Q) = %(02)2 , bz, 7 Q) =4, c(z,T,Q) =0, (5.4.26)

where @), a, b, c are defined in equation (3.2.2). Then,

U, = LU, (5.4.27)
V. =LV . (5.4.28)

where the operator £ is defined in equation (3.2.1). From equation (3.3.9)), we can see
that equation (5.4.27) can be discretized into (in matrix form),

[[ _ ATAnJrl(QnJrl, Un+1>:| Un+1 — [jn + (GTZ}+1 _ GTLL]) 7 (5.4.29)
and equation ([5.4.28) can be discretized into

[1 — ArATH(QL, V”H)] Pl = P (G - G (5.4.30)

5.4.6 Algorithm for Construction of the Efficient Frontier

Given a positive value for A, by solving PDEs ([5.4.19) and (5.4.20) over each period
[Ty, Tnt1], we can compute the numerical solutions of equations (5.4.1)), (5.4.2) and ([5.4.3)).
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For the convenience of the reader, we rewrite Algorithm in terms of 7 =T — ¢,
where the expectations are given by solving equations ((5.4.30]) and (5.4.29). The algorithm
is given below. Note that ﬁf] and \72’; are the values for U and V at node (2i 5, Tn)
respectively.

Algorithm for the Time-consistent Policy

Uo =2z, \A/O»:z?, forall0<:<land 0<j<m

] 1]
For timestep n =0,..., N —1
For each j =0,...,m

Solve equations ((5.4.29)) and ([5.4.30))

// Note that [Q"]; = g;, for all 0 < i <1

EndFor
Fort=0,...,(
J" € amgmax{ U3 = MV — (O}
EndFor
EndFor

(5.4.31)

Given an initial value Zy, Algorithm ([5.4.32]) is used to obtain the efficient frontier.
Since the Z grid is discretized over the interval [zpin, Zmax), We can use Algorithm ([5.4.32])
to obtain the efficient frontier for any initial wealth Zy € [zmin, Zmax] by interpolation. Of
course, if we choose Z; to be a node in the discretized Z grid, then there is no interpolation
error.
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Algorithm for Constructing the Efficient Frontier

For A = )\mina )\17 BRI )\max
Compute solutions of equations (5.4.1)), (5.4.2) and (5.4.3) by

Algorithm ([5.4.31))

Given the initial 2y, use interpolation to get the numerical values of

(U(20,t = 0),V(30,t = 0))5 at Z(t = 0) = 2

~

Then EL . [Z7] = U(%p,t = 0)

t=0,20

and StdLy ., [Zr] = \/V (Zo, t = 0) — [[1(50,t = O)]?
EndFor

Construct the efficient frontiers from the points
(Stdglo’go [ZT]v Eg;o,;go [ZT])/\v A€ [)\mim )\max]

(5.4.32)

5.5 Various Constraints

In this section, we apply various constraints to the control policy ¢. As for the pre-
commitment strategy, we consider three cases: allowing bankruptcy, no bankruptcy (no
shorting stocks) and bounded control. We will see later that these constraints have differ-
ent effects on boundary conditions and dramatically change the properties of the efficient
frontiers.

We summarize the various cases in Table below.

Case Control ¢ Original Domain: Localized Domain:
D, Q D, Q
Bankruptcy Dz (—00, +00), (—00, +00) | [Zmins Zmax)s |Gmins max]
No Bankruptcy | p or pz [0, +00), [0, +00) [0, Zmax)s [0, ¢max]
Bounded Control P [0, +00), [0, Gmax] [0, Zmax)s [0, ¢max)

TABLE 5.1: Summary of cases.

5.5.1 Allowing Bankruptcy, Unbounded Controls

We have defined this case in Section We solve this problem by using the monetary
amount invested in the risky asset as the control (¢ = pz). Note that the amount invested
in the risky asset was also used as the control in [I5] to determine analytic solution for
the pre-commitment policy.
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Our numerical problem uses

A ~

D= [Zmina Zmax] y @ - [Qmiru Qmax] s (551)

where D = [Zmin, Zmax] and Q= [Gmin, Gmax| are approximations to the original set D =
(—00,+00) and Q = (—o0,+00). For each ¢ € Q, we apply the Dirichlet conditions

(5.4.25) at 2 = Zmin, Zmax-

As discussed in previous chapters, the artificial boundary conditions will cause some
error. However, we can make these errors small by choosing large values for (|zmin|, Zmax)
and (|¢min|, ¢max)- The error will be small if (|2min|, Zmax) and (|Gmin|, gmax) are sufficiently
large [7]. We will verify this in some subsequent numerical tests.

An analytic solution exists for the wealth case [11]. The efficient frontier solution is

Veromlir] = e (5.5.2)
A rT __ J.
Ey—0,00[Wr] = oe™T + m<—=L + &V/T'Std(Wr) |
and the optimal control (¢ = pw) at any time ¢t € [0, 7] is
q*(t,w) S1grr—t) (5.5.3)

- 2)\0’1

We can then see directly from the SDE (2.2.2)), that W (¢) can be negative in this case.
Hence, D = (—o0,+00). From equation @, given a time t, the optimal monetary
amount ¢* = p*w invested in the risky asset is a positive constant. Hence the investor is
always long stock.

The efficient frontier (Std}_, ,[Wr], E{_y.,[Wr]) in this case is a straight line. We will
use this analytic result to check our numerical solution.

Remark 5.2. For the wealth case, from equation , we can see that if we use p as
the control, then
* 51 —r(T—t)
t =——725" . 5.5.4
p ( 7w) 2)\0111}6 ( )
Clearly, this will cause some difficulties near w = 0, as discussed in [7}|] (see also Chapter
. We can avoid these problems in this case by using the control ¢ = pw, which is always

finite from equation .

Remark 5.3. The authors of [16] argue that the optimal control (equation ) is not
economically meaningful. Since equation suggests that the investment strategy (in
monetary amount) is independent of the level of wealth, a wealthy investor would have the
same investment strateqy as a less wealthy investor if she uses the same value for \. [16]
suggests letting the risk aversion coefficient A depend on current wealth, i.e. a function
AMw) instead of a constant . Our numerical method can easily handle this (use \(z;)
instead of A in Algorithm without any further change). We show a numerical
test for a particular function of N(w) suggested in [106], in Appendiz[C
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5.5.2 No Bankruptcy, No Short Sales

We have defined this case in Section We can solve this problem by either using
the proportion p as the control (¢ = p) or using the monetary amount pw as the control

(¢ = pw).
Our numerical problem uses,

~ A

D = [0, 2max) , Q=1[0, ¢max - (5.5.5)

Similar to the pre-commitment strategy, we prohibit the possibility of bankruptcy (Z(t) <
0) by requiring that (see Remark the optimal monetary amount lim,_o(p*z) = 0, so
that PDEs (5.4.19) and (5.4.20)) reduce to (at z = 0)

>Q}>

<

0,7) = 7U, |
(0,7) = =V (5.5.6)

5.5.3 No Bankruptcy, Bounded Control

We have defined this case in Section 4.3.3l Since the borrowing upper bound g, is
usually based on the investor’s total wealth (e.g, the investor can borrow at most 50% of
her total wealth), we use the proportion of the total wealth invested in the risky asset as
the control (¢ = p) for this case.

Our numerical problem uses,

~

D = [0, 2max], Q=Q =10, ¢may] - (5.5.7)

where 2z, 18 an approximation to the infinity boundary. In this case we also specify that
g > 0 (no shorting the risky asset). Other assumptions and the boundary conditions for
V and U are the same as those of no bankruptcy case introduced in Section [5.5.2]

5.6 Numerical Results

In this section, we carry out numerical tests for the defined contribution pension plan
problem. We examine both the wealth case (addressed in Section [5.2)) and the wealth-to-
income ratio case (addressed in Section |5.3]).

5.6.1 Wealth Case

We first consider the wealth case introduced in Section 5.2l When bankruptcy is allowed,
analytic solutions exist. We use the monetary amount pw as the control. Table
and h show the numerical results. Table reports the value of Ef ,[W7], which is

the solution of equation ([5.4.9). Table reports the value of Ef;ojw [Wr], which is the
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solution of equation . Given th;(),w [W2] and th;o,w [Wr], the standard deviation
can be easily computed, which is also reported in Table [5.3] The results show that the
numerical solutions of Ef;Qw [W2] and Ef;oﬂu [Wr| converge to the analytic values at a
first order rate as mesh and timestep size tends to zero.

Nodes Timesteps | Normalized thlo,w [W?2] | Ratio
(W x Q) CPU Time
180 x 105 40 1 43.0211
360 x 209 80 7.24 40.3870
720 x 417 160 56.16 41.4764 -2.418
1440 x 833 320 437.04 42.0794 1.807
2880 x 1665 640 3445.49 42.3825 1.989
5760 x 3329 1280 31277.09 42.5347 1.991

TABLE 5.2: Convergence study for the wealth case, allowing bankruptcy. The monetary
amount invested in the risky asset is used as the control (¢ = pw). Fully implicit
timestepping is applied, using constant timesteps. Parameters are given in Table [{.5,
with A = 0.6. Values of Ef;o’w [W2] are reported at (W = 1,t = 0). Ratio is the ratio
of successive changes in the computed values for decreasing values of the discretization
parameter h. Analytic solution is Ef;o’w [(W2] = 42.6873. CPU time is normalized. We
take the CPU time used for the first test in this table as one unit of CPU time, which
uses 180 x 105 nodes for W x @ grid and 40 timesteps.

Nodes Timesteps Stdf;o,w (W] Ef;oﬂu [Wr] |  Ratio for Ratio
(W x Q) StdZ, ,[Wr] | for E[Wr]
180 x 105 40 1.74390 6.32297
360 x 209 80 1.32762 6.21486
720 x 417 160 1.28790 6.31013 10.480 -1.135

1440 x 833 320 1.26536 6.36226 1.762 1.828
2880 x 1665 640 1.25392 6.38828 1.970 2.003
2760 x 3329 1280 1.24812 6.40132 1.972 1.995

TABLE 5.3: Convergence study for the wealth case, allowing bankruptcy. The monetary
amount invested in the risky asset is used as the control (¢ = pw). Fully implicit
timestepping is applied, using constant timesteps. Parameters are given in Table
with A = 0.6. Values of Stdg;oyw[WT] and Eg;]’w[WT] are reported at (W = 1,t = 0).
Ratio is the ratio of successive changes in the computed values for decreasing values
of the discretization parameter h. Analytic solution is (Std?;o’w[WT],Ef;Qw[Wﬂ) =
(1.24226,6.41437).

We also solve the problem for the no bankruptcy case and the bounded control case.
Analytic solutions do not exist for these cases. The efficient frontiers are shown in Figure
5.1, with parameters given in Table The straight line is the efficient frontier for
the allowing bankruptcy case. This result agrees with the analytic solution (equations
(5.5.2))). The curve for the case of no bankruptcy is actually two overlapping curves. One
is from the solutions obtained by using the monetary amount invested in the risky asset

79



as the control, and the other is from the solutions using proportion as the control. The
lower curve is for the bounded control case. Clearly, the strategy given by the allowing
bankruptcy case is the most efficient, and the strategy given by the bounded control case
is the least efficient.

20

15

—t T 1 1

Allow bankruptcy

No bankruptcy

Bounded control

1 1 1 1 |

2 4 6
std[W,]

FIGURE 5.1: Time-consistent efficient frontiers (wealth case) for allowing bankruptcy
(D = (=00, +00) and Q = (—o0, +0) ), no bankruptcy (D = [0,4+00) and Q = [0,+00))
and bounded control (D = [0,4+00) and Q = [0,1.5]) cases. Parameters are given in

Table . Values are reported at (W =1,t =0).

As mentioned in Section |5.5.1], some error is introduced using the artificial boundaries.
However, we can make these errors small by choosing large values for (|wmin|, Wmax) and
(|¢minl> ¢max)- Table 5.4 shows the values of E{_, ,[W7] and E[ , [Wr| for different large

boundaries.

We can see that once (|wmin|, Wmax) and (|umin|, Umax) are large enough,

the values of th;o,w [W?] and Ef;ojw [Wr] are insensitive to the location of these large

boundaries.

(Winin, Winax) (qmins Gmax) | Blou[WF] | Bioo0[Wr]
(-1000, 1000) | (-1000, 1000) | 42.5347 | 6.40132
(-2000, 2000) | (-2000, 2000) | 42.5347 | 6.40132
(-5000, 5000) | (-5000, 5000) | 42.5347 | 6.40132
(-10000, 10000) | (-10000, 10000) | 42.5347 | 6.40132

TABLE 5.4: Effect of finite boundary, wealth case, allowing bankruptcy. The monetary
amount invested in the risky asset is used as the control (q = pw). Parameters are given
in Table[{.3, with A\ = 0.6. There are 1280 timesteps for each test. Recall that ¢ = pw,
which is the monetary amount invested in the risky asset.

As discussed in Remark [2.1] the wealth case can be reduced to the classic multi-period
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portfolio selection problem. The efficient frontier solutions of a particular multi-period
portfolio selection problem are shown in Figure 5.2} As for the wealth case, the efficient
frontier for the bankruptcy case is a straight line. The curve for the case of no bankruptcy
is actually two overlapping curves. One is from the solution obtained using the monetary
amount invested in the risky asset as the control, and the other is from the solution
computed using the proportion as the control. Again, the strategy given by the allowing
bankruptcy case is the most efficient, and the strategy given by the bounded control case
is the least efficient.

15
Allow bankruptcy

No bankruptcy

=
o
—t 1T T 11T

Bounded control

0 | - T | - | T
0 2 4 6 8 10
std[W,]

FIGURE 5.2: Time-consistent efficient frontiers (multi-period portfolio selection prob-
lems) for for allowing bankruptcy (D = (—oo, +00) and Q = (—o0, +00) ), no bankruptcy
(D = [0,+00) and Q = [0,+00)) and bounded control (D = [0,+0c0) and Q = [0,1.5])
cases. Parameters are given in Table[].9 except that the contribution rate m = 0. Values
are reported at (W =1,t =0).

5.6.2 Wealth-to-income Ratio Case

Hy 0. 51 0.2
ol 0.2 Oy 0.05
Oy 0.05 s 0.1
T |20 years | A 0.25
Q 0, 1.5] D |[0,400)

TABLE 5.5: Parameters used in the wealth-to-income ratio pension plan examples.

In this section, we examine the wealth-to-income ratio case (discussed in Section (5.3))).

Table[5.5] gives the data used for this example. Table[5.6and [5.7]show a convergence study
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had no effect on the solution to six digits. Table |5.6| reports the value of Ef;(m [X2], and
Table reports the values of Ef;07w[XT] and Stdg;o,x [Xr]. The results show that the

numerical solutions of Ef;o,x [X2] and Ef;07x[XT] converge at a first order rate as mesh
and timestep size tends to zero. No analytic solutions are available in this case.

for the bounded control case. We set Zax, |xminh: 1000 in this case. Increasing .«

Nodes Timesteps | Normalized Ef;m [XZ] | Ratio
(X xQ) CPU Time
90 x 16 40 1. 15.1154
179 x 31 80 17. 15.2894
357 x 61 160 104. 15.3453 | 3.113
713 x 121 320 794.50 15.3696 | 2.300
1425 x 241 640 6430.01 15.3814 | 2.059
2849 x 481 1280 52513.05 15.3871 | 2.070

TABLE 5.6: Convergence study for the wealth-to-income ratio case, bounded control.
The proportion of the total wealth invested in the risky asset is used as the control
(g =p). We set q =p € [0,1.5]. Fully implicit timestepping is applied, using constant
timesteps. Parameters are given in Table with A = 0.25. Values of Ef;ox[X%] are
reported at (X = 0.5,t = 0). Ratio is the ratio of successive changes in the computed
values for decreasing values of the discretization parameter h. CPU time is normalized.
We take the CPU time used for the first test in this table as one unit of CPU time,
which uses 90 x 16 nodes for W x Q grid and 40 timesteps.

Nodes Timesteps Std?;w [ X7] Ef;oyx[XT] Ratio for Ratio
(X x Q) Std”, [X7] | for E[Xy]
90 x 16 40 1.37474 3.63669
179 x 31 80 1.35197 3.66900
357 x 62 160 1.33799 3.68172 1.629 2.540

713 x 121 320 1.33060 3.68770 1.892 2.127
1425 x 241 640 1.32688 3.69063 1.987 2.041
2849 x 481 1280 1.32500 3.69208 1.979 2.021

TABLE 5.7: Convergence study for the wealth-to-income ratio case, bounded control.
The proportion of the total wealth invested in the risky asset is used as the control
(¢ = p). We set g € [0,1.5]. Fully implicit timestepping is applied, using constant
timesteps. Parameters are given in Table with A = 0.25. Values of Stdg;ovx[XT]
and Ef;) L1 X1] are reported at (X = 0.5,¢t = 0). Ratio is the ratio of successive changes
in the co%nputed values for decreasing values of the discretization parameter h.

Efficient frontiers for the wealth case are shown in Figure |5.3], with parameters given
in Table The curve for bankruptcy case is determined by using the monetary amount
invested in the risky asset as the control. As for the wealth case, the curve for the case
of no bankruptcy is also two overlapping curves. One is from the solutions using the
monetary amount invested in the risky asset as the control, and the other is from the
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solutions using the proportion as the control. Again, the strategy given by the allowing
bankruptcy case is the most efficient, and the strategy given by the bounded control case
is the least efficient.

e
551
5L Allow bankruptcy
o |
a5k
- -
- -
«© B
E'._ 4 No bankruptcy
w B
35 Bounded Control
3
L | L1 L1 L1
2'50 1 3 4

2
std[X,]Jatt=0

FIGURE 5.3: Time-consistent efficient frontiers (wealth-to-income ratio case) for al-
lowing bankruptcy (D = (—o0, +00) and Q = (—o0, +00)), no bankruptcy (D = [0, +o0)
and Q = [0, +00)) and bounded control (D = [0, +00) and Q = [0,1.5]) cases. Parame-
ters are given in Table . Values are reported at (X = 0.5,t = 0).

Remark 5.4. Similar to the pre-commitment strategy (see Remark , in the case of
bankruptcy prohibition, we have to have lim,_o(p*z) = 0 so that negative wealth is not
admissible, where z = w or x. Qur numerical tests show that as z goes to zero, p*z =
O(2%). For a reasonable range of parameters, we have 0.9 < 3 < 1. Hence, this verifies
that the boundary conditions ensure that negative wealth is not admissible under
the optimal strategy.

Figure shows the values of the optimal control (the investment strategies) at dif-
ferent times ¢ for a fixed T" = 20 and A = 0.25 for the bounded control case. Under
these inputs, if X (t = 0) = 0.5, (Std{_o,[Xr], B{_o.[Xr]) = (1.32500,3.69208) from the
finite difference solution. From this figure, we can see that the control ¢ is an increasing
function of time ¢ for a fixed X. This behavior of the optimal strategy is also seen in
the analytic solution for the wealth case with bankruptcy allowed (Equation @ This
result is also the same as for the pre-commitment case [74] (see also Chapter [4)). In other
words, if time goes on, and wealth remains constant, then the investor’s optimal strategy
is to invest more in the risky asset. Note that the curves for the control are not very
smooth in Figure (a). This is due to the fact that we have discretized the control in
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each interval [7,, 7,11]. Recall from equation ((5.4.5)),

Q= [po, D1, Gm] > With Po = Gumin ; Gm = Gmax »
ogrgng%r}fq(qﬂl — q]') = Clh . (561)

The curves for the control in Figure [5.4] converge to smooth curves as h — oo. Figure
(b) is computed by using a finer grid and more timesteps.
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FIGURE 5.4: Optimal control as a function of (X,t). Parameters are given in Table
with A = 0.25. Under these inputs, if X(t =0) = 0.5, (Stdg;ox[XT], Ef;om[XT]) =

1.32500, 3.69208) from the finite difference solution. Figure (a) uses 4560 nodes for X
grid, 433 nodes for the control grid, and 640 timesteps. Figure (b) uses 9120 nodes for
X grid, 865 nodes for the control grid, and 1280 timesteps.

5.6.3 Monte-Carlo Simulation

In this section, we carry out Monte-Carlo simulations. We use the wealth-to-income
ratio case with a bounded control as an example. Using the parameters in Table [5.5]
we solve the stochastic optimal control problem (equation (/5.3.1))) and store the optimal
strategies for each (X = x,t). We then carry out Monte-Carlo simulations based on the
stored strategies for X (¢ = 0) = 0.5 initially. The value for (Stdf;ovm[XT],Ef;07x[XT])
is (1.32500, 3.69208) (from the finite difference solution). Table shows a convergence
study for Monte-Carlo simulations, and Figure |5.5|shows a plot of the convergence study.
As the number of simulations increases and the timestep size decreases, the results given
by Monte-Carlo simulation converge to the values given by solving the finite difference
solution.

Figure[5.6|shows the probability density function computed from the Monte-Carlo sim-
ulations (500000 simulations). Figure|5.6| (a) uses A = 0.15 ((Stdi_, [X7], B, .[X7]) =
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# of Simulations | MC Timestep Ef;OJ[XT] Stdf;oyx [ X7]
1000 0.25 3.7234 1.2753
4000 0.125 3.6705 1.2892
16000 0.0625 3.6815 1.3053
64000 0.03125 3.6883 1.3161
256000 0.015625 3.6913 1.3202

TABLE 5.8: Convergence study for the Monte-Carlo Simulations (bounded control).
Parameters are given in Table . Values for EL, [Xt| and Stdi_ [X1] are re-

ported at (X = 0.5,t = 0). The finite difference values are: Ef;07x[XT] = 3.69208 and
Stdi_, ,[Xr] = 1.32500.

373 133

Lo vy v IR IR NI AT RN R
0 50000 100000 150000 200000 250000 ) 50000 100000 150000 200000 250000
Number of Simulations Number of Simulations

(a) (b)

FIGURE 5.5: Convergence study for Monte-Carlo Simulation (bounded control). Pa-
rameters are given in Table . Figure (a) shows the plot of Eg;o,x[XT]' Figure (b)
shows the plot for Stdg;oyx[XT]. Eg;o@[XT] and Stdg;07x[XT] are written as E[Xr] and
Std[Xr] in the figure. Values for Ef;o,m [X7]| and Stdgio’m [X7] are reported in Table .
The finite difference values are (Stdg;[)’x[XT], Eg;o,x[XT]) = (1.32500, 3.69208).

(1.91306,4.01011)), while Figure [5.6] (b) uses A\ = 0.25 ((Std{_,,[X7], B ,[X7]) =
(1.32500, 3.69208)). The shape of the probability density function depends on input pa-
rameters (A in this example). The double peak in Figure 5.6 (a) is due to the same effect
as described in [74] (see also Chapter |4)).

Figure [5.7| shows the mean and standard deviation for the strategy ¢(t,z) = p(t,z) as
time changes. Figure[p.7(a) uses A = 0.15 ((Std?_, ,[X7], B, ,[X7]) = (1.91306,4.01011)),
while Figure[5.7] (b) uses A = 0.25 ((Std}_, ,[X7], B, ,[X7]) = (1.32500, 3.69208)). Both

of these Figures show that the mean of p(t,z) is a decreasing function of time ¢, i.e., as
time goes on, the investor switches into the less risky strategy (on average). Since the
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FIGURE 5.6: Probability density function for Monte-Carlo Simulation, bounded con-
trol, 500,000 simulations and 1280 simulation timesteps. Parameters are given in
Table . Values for (Ef;ox[XT],Stdg;O’x[XT]) are reported at (X = 0.5,t = 0).
Figure (a) uses A\ = 0.15, while Figure (b) uses A\ = 0.25. For Figure (a),
(Stdg;(),x[XT],Efio,m[XT]) = (1.91306,4.01011) from the finite difference solution; For
Figure (b), (Std_y [ X1), B, ,[X1]) = (1.32500,3.69208) from the finite difference
solution.

value of Ef;(Lz[XT] in Figure (b) is higher than the one in Figure (a), the mean
strategy in Figure (b) is more risky compared to Figure (a).

5.7 Summary

The main results of this chapter are

e We develop a fully numerical scheme for determining the optimal time-consistent
mean variance strategy. Any type of constraint can be applied to the optimal policy.

e The method is based on the piecewise constant policy technique in [45]. In our case,
since the time-consistent problem can be formulated as a system of HJB differential
algebraic equations, this falls outside the viscosity solution theory in [45]. Hence
we have no formal proof of convergence of our method. Nevertheless, our technique
does converge to analytic solutions where available.

e Although we have given examples in this chapter with constant A, the numerical
schemes can handle non-constant A as proposed in [16] (see Appendix [C]).
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FIGURE 5.7: Mean and standard deviation for the control q(t,x) = p(t,x). There
are 64000 simulations and 1280 simulation timesteps. Parameters are given in Ta-
ble . Figure (a) uses A\ = 0.15, while Figure (b) uses A = 0.25. For Figure (a),
(Stdsz,x[XT],EfLOJ[XT]) = (1.91306,4.01011) from the finite difference solution; For
Figure (b), (Std_q ,[X1], By ,[X7]) = (1.32500,3.69208) from the finite difference
solution.
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Chapter 6

Mean Quadratic Variation

We have discussed pre-commitment and time-consistent mean variance strategies in the
previous chapters. As discussed in Section [2.3.3] a criticism of both pre-commitment
and time-consistent strategies is that the risk is only measured in terms of the standard
deviation at the end of trading. In an effort to provide a more direct control over risk
during the investment period, a mean quadratic variation objective function has been
proposed in [I8, [35]. In this chapter, we will study the mean quadratic variation strategy.

6.1 Mean Quadratic Variation Wealth Case
In this section, we give the mathematical model for the optimal mean quadratic variation
investment strategy. Let,

D := the set of all admissible wealth W(t), for 0 <t < T,

P := the set of all admissible controls p(t,w), for 0 <t < T and w € D. (6.1.1)

In this chapter, we use p (the proportion of the total wealth invested in the risky asset)
as the control. Recall that the mean quadratic optimization problem (2.3.11)) is

T
J(w,t) = sup {EY,[Wr] — )\/ (e" T g pw)?du}. (6.1.2)
p(t,w) t
We define .
V(w,t) = sup B}, [Wr — )\/ (e"T=Wa pw)du) . (6.1.3)
peP t

Let 7 = T — t. Then using equation (2.2.2) and Ito’s Lemma, we have that V(w,7)
satisfies the HJB equation

1
V., = sup{pbV, + 5(05’)2wa — XeTopw)?} 5 weD, (6.1.4)
peP
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with terminal condition
V(w,7=0)=w, (6.1.5)
and where

ph, = m+w(r+poi&)
(0h)? = (porw)*. (6.1.6)

In order to trace out the efficient frontier solution (in terms of mean and quadratic
variation of the wealth) of problem (6.1.2), we proceed in the following way. Pick an
arbitrary value of A\ and solve problem , which determines the optimal control
p*(t, w). We also need to determine Ef;&w [(Wr].

Let U =U(w,7) = EWr(W(t=T—-7)=w,pt =T —1,w) =p*(t =T —1,w)] .
Then U is given from the solution to

1
Ur = {pih, Uy + 5(UZ)Qwa}pu:T—nw):p*(t:T—nw) ; wel, (6.1.7)

with the payoff
Uw,7=0)=w. (6.1.8)

Since the most costly part of the solution of equation (6.1.4)) is the determination of the
optimal control p*, solution of equation ({6.1.7]) is very inexpensive, since p* is known.

Note that Ef;oyw [const.] = const.. Then

T
Ve, 7=T) = Ef*oyw[WT] Y / (er TV p*w)?dt |
0

Ui, 7=T) = EVg,[Wr]. (6.1.9)

Then, the quadratic variation fOT(eT(T_t)le*w)th =U(wy,7=T) = V(ig,7=T).

It is useful to know the variance of the terminal wealth, Varflovw[WT], under the
optimal strategy in terms of mean quadratic variation. Let C = C(w,7) = E[W2|W (t =
T—71)=w,plt=T-1,w)=p"(t=T—7,w)]. Then C is given from the solution to

1
C’T = {ILLI;]C’LU + 5(UZ)Qwa}p(t:TfT,w):p*(t:Tfr,w) ;o we D ) (6110)
with the payoff
C(w,7=0)=w>. (6.1.11)
Assuming C(wy, 7 = T),U(wy, 7 = T) are known, For a given A\, we can then compute

the pair (Varl_y,,[Wrl, BV ,[Wr]) from Varl_y ,[Wr] = C(ig, 7 = T) — U?(wg, 7 = T)

and EV ,[Wr] = U(o, 7 =T).
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6.2 Localization

Let,

~

D := a finite computational domain which approximates the set D.  (6.2.1)

In order to solve the PDEs (6.1.4), (6.1.7) and (6.1.10)), we need to use a finite computa-
tional domain, D = [wyin, Wmax]- When w — +o00, we assume that

V(w — +oo,7) ~ H;
Uw— +o0,7) ~ Ji(r)w,

C(w — +o0,7) =~ L(T)w*, (6.2.2)

then, ignoring lower order terms and taking into account the initial conditions (6.1.5)),
6.1.8), (6.1.11).

Ae' Tk
V(w— +o0,7) =~ ﬁ(l — Rtk 2
U(w — do00,7) ~ " w
Clw — +o0,7) ~ ePith)ry? (6.2.3)
where ky = r + po1&; and ky = (poy)?. We consider three cases.
6.2.1 Allowing Bankruptcy, Unbounded Controls
We have defined this case in Section [£.3.1] Our numerical problem uses
D = [Wmin, Wmax) (6.2.4)

where D = [Winin, Wmax] 1S an approximation to the original set D = (—o0, +00).

When allowing bankruptcy, the solution for the mean quadratic variation strategy
is identical to the time-consistent mean variance policy (5.2.2) [16]. Recall that the
analytic solution for the time-consistent strategy (equation (5.5.3)) shows that p*w is

constant. Suppose we discretize W into the grid [wg, w1, ..., Wimaz], Where wy = Wy, and
p* (t,w1)w1

Wimaz = Wmaz- Lhen, since p*w is constant, p*(t, Wmin) = Fm— where p*(t,w;) can
be determined by solving PDE (6.1.4) with the method given in Section [6.4] Similarly,

*(t,w; _1)w; _
p*<t7 wmag;) — p ( imax 1) imax 1.

Wmazx

An alternative way to determine p*(t, Wnin) and p*(t, Wias) is to use the method of
discretization of the control (see Section [3.4.1| and [3.7.4). Define a discrete set P =
{Pmins ---» Pmaz } for the control. At w — 400, recall that

ATk
V(w — £00,7) ~ o2 (1 — ehitha)T)y2

~ 6.2.5
2k, + ks ’ ( )
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then,

1
p(w — +o0,7) € argmax{pul V,, + 5(05)2wa — Ao pw)?} . (6.2.6)
peP

Note that we apply this method only at the boundary nodes w,,;;, and wy,,, to determine
p* <t7 wmm) and p* (ta wmaa:)-

6.2.2 No Bankruptcy, No Short Sales

We have defined this case in Section 4.3.2 Our numerical problem uses,

~

D = [0, wna - (6.2.7)

The boundary conditions for V, U, C' at w = wpax are given by equations . We make
the assumption that as w — +oo, p*(t, w)w is constant (as for the allowing bankruptcy
case). This is clearly an approximation, but the error in regions of interest can be make
small by choosing w,,., sufficiently large. We can use the same method to determine
P*(t, Winae) as for the allowing bankruptcy case.

Similar to the pre-commitment strategy, we prohibit the possibility of bankruptcy
(W (t) < 0) by requiring that (see Remark [£.5) lim,,_o(pw) = 0, so that equations ([6.1.4)),
(6.1.7) and (6.1.10) reduce to (at w = 0)

VA(0,7) = 7V,
U-(0,7) = 7U, .
C-(0,7) = wC, . (6.2.8)

6.2.3 No Bankruptcy, Bounded Control

We have defined this case in Section [£.3.3] Our numerical problem uses,

A~

D = [0, wma , (6.2.9)

where wy,.x 1S an approximation to the infinity boundary. We still make the assump-
tion that as w — 400, p*(t,w)w is constant. Alternatively, we can also determine
P*(t, Winin) and p*(t, Wima,) using the method of discretization of the control as for the
allowing bankruptcy case. Both methods give similar results. Other assumptions and
the boundary conditions for V' and U are the same as those of the no bankruptcy case
introduced in Section [6.2.2]

We summarize the various cases in Table [6.1]
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Case D P
Bankruptcy [Winin, Wmax) | (—00, +00)
No Bankruptcy [0, Wimax) [0, +00)
Bounded Control | [0, wyax] [0, Drmax]

TABLE 6.1: Summary of cases.

6.3 Mean Quadratic Variation Wealth-to-income Ra-

tio Case

We next consider the wealth-to-income ratio case introduced in Section[2.2.2 The stochas-
tic models for the underlying asset .S, the plan holder’s year salary Y, the wealth W and
her wealth-to-income ratio X have been given in equations (2.2.4] - [2.2.7)).

The mean quadratic variation control problem is then to determine the strategy
q(t, X (t) = x) such that ¢(t, r) maximizes

T
T t) = sup (ELLXr) = A [T (a2 ), (6.3.1)
t

p(t,)

subject to stochastic process ([2.2.7), where r’ = —py + 03, 4 0y, and recall that

ph = m+x(—py +poi(§ —oy) + 02y0 + 032/1)
(0)? = *(o%, + (por —ow)?) - (6.3.2)

Note that we have posed the problem in terms of the future value of the quadratic variation
using 7’ as the discount factor. For the wealth case, with no constraints on the controls,
the analytic solution for the time-consistent mean variance policy is identical to the mean
quadratic variation strategy [16]. However, there does not appear to an analytic
solution available for the wealth-to-income ratio case. By analogy with the allowing
bankruptcy case, we use r’ as the effective drift rate, i.e. the drift when there is no
investment in the risky asset. There are clearly other possibilities here.

Similar to problem (6.1.2)), we define

T
V(x,t) = sup Bf ,[Wrp — )\/ T (gP) 2] (6.3.3)
t

peP

Let 7 =T —t. Then V(xz, 7) satisfies the HJB equation

1 /
Ve = sup{ptV, + E(aﬁ)zvm — ¥ (oP)?} ; zeD, (6.3.4)

peP

with terminal condition

V(ie,7=0)==x. (6.3.5)



We still use D Aand P as the sets of all admissible wealth-to-income ratio and control.
As before, we let D be the localized computational domain.

We also solve for U(z,7) = E[Xp|X(t=T—7)=z,pt =T —7,2) =p*(t =T —71,)]
and C(z,7) = EW3Xt=T—7)=x,pt =T —7,2) =p*(t =T — 7,2)] using

1

U = {phUs + 5(Uﬁ)zUm}p<t=T—T,x>:p*(t=T—T,x> ; v €0,+00), (6.3.6)
1

Cr = {0, + 5(GQ)Qsz}p(tﬂ—nx):p*<t=T—m) , veD, (6.3.7)

with terminal condition

Ulx,7=0) = z.
Cz,7=0) = 2*.

We can then use the method described in Section [6.1] to trace out the efficient frontier
solution of problem (|6.3.1)).

We consider the cases: allowing bankruptcy (D = (—o0,400), P = (—00,+00)), no
bankruptcy (D = [0,400), P = [0,+00)), and bounded control (D = [0,+00), P =
[0, Pmax]). For computational purposes, we localize the problem to to D = [Tmin, Tmax],
and apply boundary conditions as in Section [6.2 More precisely, if 2 = 0 is a boundary,
with X < 0 prohibited, then lim,,_o(pz) = 0, and hence

V.(0,7) = 7V,
U.(0,7) = =U,,
C;(0,7) = wC, . (6.3.10)

The boundary conditions at x — £o00 are given in equation (6.2.3)), but using = instead of
w and 1’ instead of r with ky = —py +po1(§ — oy, )+ 03, +03, and ky = o3, + (po1 — oy, )*.

At z — +oo, similarly to the wealth case (see Section |6.2.1)), we can use the method
of discretization of the control to determine the optimal controls for the boundary nodes.

6.4 Discretization of the HJB PDE

Similar to the pre-commitment strategy in Chapter 4 we can directly apply the numer-
ical scheme developed in Chapter [3| for solving equations (6.1.4])/(6.3.4), (6.1.7))/(6.3.6),

(6.1.10)/(6.3.7). The pension plan asset allocation model is a special case of the general
HJB equation ({3.2.2), if we make the identification

Q=(p), Q=P, d(z,7,0)= -7 (%),
o(7.Q) = 3@ L WETQ) = 7 Q) =0, (6:41)

/
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where z = w for the wealth case, z = x for the wealth-to-income ratio case, and @, a, b, ¢

are defined in equation ({3.2.2). Then,

V, = sup{L9V +d(z,p,7)}, (6.4.2)
QeQ
and
U, = {L}g-0- , (6.4.3)
C, = {LYC}g—q- - (6.4.4)
Given node z = z;, with specified solution estimate V* = [vg, oy OF 0e)'s the objective

function which is maximized at each node in Algorithm (3 is
[FHQ VI = [ATHQ,VIVE + D(Q)];
. 1 ky T
= [ZIl0"):)s + S (2 [(0):) T + (=, Q7)) (6.4.5)

where V¥ is the vector containing the current estimate of the discrete solution values.
Similar to the passport option case in Chapter |3] if we want to apply central differencing
as much as possible, Algorithm 13.6.13) is used to decide which differencing scheme is
used (which depends on @ and V*).

Given an initial value %y, we can use Algorithm (4.6.1)) in Chapter |4 to obtain the
efficient frontier.

6.4.1 Convergence to the Viscosity Solution

PDEs and (| are linear, since the optimal control is pre-computed. We can
then obtaln classmal solutlons of the linear PDEs and - However, PDE
is highly nonlinear, so the classical solution may not exist in general. In this case,
we are seeking the viscosity solution [5], 29].

As for the numerical scheme for the pre-commitment strategy, following the same proof
given in Chapter [3| we can show that our numerical scheme converges to the viscosity
solution of equation (|6 , assuming that (| satisfies a strong comparison principle

(Assumption [4.10)).

6.5 Numerical Results

In this section we examine the numerical results for the strategy of minimizing the
quadratic variation. We consider two risk measures when we construct efficient frontiers.
One measure is the usual standard deviation, and the other measure is the quadratic
variation, [; ( T(erT=Hdw)2. We use the notation Q_std?" “0.0[Wr] to denote the square root

off (e"TDdw)?, i.e. Q_stdl_, ,[Wr] = \/f e (=) dw)?
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6.5.1 Wealth Case

When bankruptcy is allowed, as pointed out in [16], the mean quadratic variation strategy
has the same solution as the time-consistent strategy. The analytic solutions for the time-
consistent strategy are given in Section [5.5.1] Given the parameters in Table 4.2} if
A = 0.6, the exact solution is (Std}_,,[Wr], B/ o, [Wr]) = (1.24226,6.41437). Table
and m show the numerical results. Table reports the value of V' = Ef;o wlWr —

A f ("D dw)?], which is the viscosity solution of the nonlinear HJB PDE ((6.1.4)). Table
shows the our numerical solution converges to the viscosity solution at a first order
rate. Table |6.3| reports the value of Ef;o,w[WT], which is the solution of the linear PDE
1} We also computed the values of Ef;Qw[W%] (not shown in tables), which is the
the solution of PDE (6.1.10)). Given Ef;(m [W2] and Ef;o?w[WT], the standard deviation
can now be easily computed, which is also reported in Table [6.3] The results show that
the numerical solutions of Stdf;Qw [Wr] and Ef;[),w [Wr] converge to the analytic values at
a first order rate as mesh and timestep size tends to zero.

Nodes | Timesteps | Nonlinear | Normalized | V(w = 1, = 0) | Ratio
(W) iterations | CPU Time

1456 320 640 1. 5.49341

2912 640 1280 4.13 5.49092

5824 1280 2560 16.31 5.48968 2.008
11648 2560 5120 66.23 5.48906 2.000
23296 5120 10240 268.53 5.4887H 2.000
46592 10240 20480 1145.15 5.48860 2.067

TABLE 6.2: Convergence study, wealth case, allowing bankruptcy. Fully implicit

timestepping is applied, using constant tzmesteps

PammeteTs are given in Table

with A = 0.6. Values of V = E;_ Ow[WT — )\f (e"T=Ddw)?] are reported at
W = 1,t = 0). Ratio is the ratio of successive changes in the computed values for

decreasing values of the discretization parameter h. CPU time is normalized. We take
the CPU time used for the first test in this table as one unit of CPU time, which uses
1456 nodes for W grid and 320 timesteps.

We also solve the problem for the no bankruptcy case and the bounded control case.
The efficient frontiers are shown in Figure [6.1, with parameters given in Table and
(W(t =0) =1,t = 0). Figure (a) shows the results obtained by using the stan-
dard deviation as the risk measure, and Figure (b) shows the results obtained by
using the quadratic variation as the risk measure. Note that, in both figures, the three
efficient frontiers pass through the same lowest point. At that point, the plan holder
simply invests all her wealth in the risk free bond all the time, so the risk (standard de-
viation/quadratic variation) is zero. For both risk measures, the efficient frontiers for the
allowing bankruptcy case are straight lines. This result agrees with the results from the
pre-commitment strategy (see Chapter [4]) and the time-consistent strategy (see Chapter
5). The strategy given by the allowing bankruptcy case is the most efficient, and the
strategy given by the bounded control case is the least efficient.
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Nodes | Timesteps Stdf;ovw (Wr] Ef;[),w (W] Ratio Ratio
(W) for Stdy_ ,[Wr] | for E[Wr]
1456 320 1.30652 6.41986 1.960
2912 640 1.27466 6.41711 1.972
0824 1280 1.25853 6.41574 1.975 2.007
11648 2560 1.25041 6.41505 1.986 1.986
23296 5120 1.24634 6.41471 1.995 2.029
46592 10240 1.244300 6.41454 2.000 1.995

TABLE 6.3: Convergence study for the wealth case, allowing bankruptcy. Fully implicit
timestepping is applied, using constant timesteps. The parameters are given in Table[].3,
with A = 0.6. Values of Std_, ,[Wr] and EL, [Wr] are reported at (W = 1,t = 0).
Ratio s the ratio of successive changes in the’computed values for decreasing values
of the discretization parameter h. Analytic solution is (Stdfimw[WT],Efio’w[WT}) =

(1.24226,6.41437).

20

Allow bankruptcy

15

E [WT]

No bankruptcy

Bounded control

4 6
std[W,]

(a) Risk measure: std

15
Allow bankrupcty

\

No bankruptcy

Bounded control

(b) Risk measure: Q) _std

FIGURE 6.1: Mean quadratic variation efficient frontiers (wealth case) for allowing
bankruptcy (D = (—o0,+00) and P = (—o0,+00)), no bankruptcy (D = [0,+00) and
P = [0,4+00)) and bounded control (D = [0,+00) and P = [0,1.5]) cases. Parameters
are given in Table [4.4 Values are reported at (W = 1,t = 0). Figure (a) shows the
efficient frontiers with risk measure of standard deviation. Figure (b) shows the efficient
frontiers with risk measure of quadratic variation.

Figure shows the values of the optimal control (the investment strategies) at
The parameters are given in Table [4.2] with
bounded control (p € [0,1.5]) and A = 0.604. Under these inputs, if W(t = 0) = 1,
(Std} g o, [Wr], BV [Wr]) = (1.23824,6.40227) and Q_std}_, ,[Wr] = 1.52262 from the
finite difference solution. From this Figure, we can see that the control p is a increasing
function of time ¢ for a fixed w. This agrees with the results from the pre-commitment

different time ¢t for a fixed T = 20.
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[74] (see also Chapter [4)) and time-consistent strategies [73] (see also Chapter [5)).
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FIGURE 6.2: Optimal control as a function of (W,t). Parameters are given in Table
with X = 0.604. Under these inputs, if W(t = 0) = 1, (Stdi_, ,[Wr], E{_ ,,[Wr]) =
(1.23824,6.40227) and Q,stdf;()w [Wr] = 1.52262 from the finite difference solution.

Remark 6.1. Similar to the pre-commitment strategy (see Remark , in the case of
bankruptcy prohibition, we have to have lim, _.o(p*w) = 0 so that negative wealth is not
admissible. Our numerical tests show that as w goes to zero, p*w = O(w®). For a
reasonable range of parameters, we have 0.9 < [ < 1. Hence, this verifies that the
boundary conditions ensure that negative wealth is not admissible under the optimal
strategy. This property also holds for the wealth-to-income ratio case.

6.5.2 Multi-period Portfolio Selection

As discussed in Remark the wealth case can be reduced to the classic multi-period
portfolio selection problem. Efficient frontier solutions for a particular multi-period port-
folio selection problem are shown in Figure [6.3] with parameters in Table but with
7 = 0. Again, we consider three cases: allowing bankruptcy, no bankruptcy, and bounded
control cases. Figure (a) shows the results obtained by using the standard deviation
as the risk measure, and Figure (b) shows the results obtained by using the quadratic
variation as the risk measure. As for the wealth case, in both figures, the efficient frontiers
for the allowing bankruptcy case are straight lines.
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(a) Risk measure: std (b) Risk measure: Q) _std

FIGURE 6.3:  Efficient frontiers (multi-period portfolio selection) for allowing
bankruptcy (D = (—o0,+00) and P = (—o00,400)), no bankruptcy (D = [0,+00) and
P = [0,4+00)) and bounded control (D = [0,400) and P = [0,1.5]) cases. Parameters
are given in Table[4.2 but with m = 0. Values are reported at (W = 1,¢t = 0). Figure (a)
shows the efficient frontiers with risk measure of standard deviation. Figure (b) shows
the efficient frontiers with risk measure of quadratic variation.

Hy 0. 61 0.2
ol 0.2 Oy 0.05
Oyo 0.05 s 0.1
T |20 years | A 0.25
Q 0, 1.5] D |[0,4+00)

TABLE 6.4: Parameters used in the pension plan examples.

6.5.3 Wealth-to-income Ratio Case

In this section, we examine the wealth-to-income ratio case. Tables and show
the numerical results for the bounded control case, using the parameters in Table [6.4]
Table [6.5( reports the value of V = B} [X7 — A fOT(eT(T_t)dxy], which is the viscosity
solution of nonlinear HJB PDE 1} Table reports the value of Ef;o,x[XT], which
is the solution of the linear PDE 1’ We also computed of the values of Ef;07m[X:2p]
(not shown in tables), which is the the solution of PDE (6.3.7). Given Ef’;o’x[X%] and
Ef;O,x[XTL the standard deviation can be easily computed, which is also reported in Table

. The results show that the numerical solutions of V' and Eflo,x[XT] converge at a first
order rate as mesh and timestep size tends to zero.

Efficient frontiers are shown in Figure using parameters in Table with (X (t =
0) = 0.5;¢t = 0). Figure|6.4](a) shows the results obtained by using the standard deviation
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Nodes | Timesteps | Nonlinear | Normalized | V(z = 0.5, = 0) | Ratio

(X) iterations | CPU Time

177 80 160 0.21 3.26653

353 160 320 1. 3.26534

705 320 640 3.86 3.26476 2.052
1409 640 1280 15.00 3.26447 2.000
2817 1280 2560 56.79 3.26433 2.071
9633 2560 5120 239.79 3.26426 2.000
11265 5120 10240 966.29 3.26422 2.003

TABLE 6.5: Convergence study, mean quadratic variation, Bounded Control. Fully
implicit_timestepping s applied, using constant timesteps. Parameters are given in
Table with A = 0.2873. Values of V = Efio,x (X7 — Af(;f(e”(T_t)dx)Q] are reported
at (X =0.5,t =0). Ratio is the ratio of successive changes in the computed values for
decreasing values of the discretization parameter h. CPU time is normalized. We take
the CPU time used for the second test in this table as one unit of CPU time, which uses
353 nodes for X grid and 160 timesteps.

Nodes | Timesteps Stdf;o’m [ X7] Efio,x [X7] Ratio Ratio

(X) for Std}_, ,[X7] | for E[X7]
177 80 1.39064 3.69771

353 160 1.35723 3.69524

705 320 1.34035 3.69403 1.979 2.041
1409 640 1.33187 3.69343 1.991 2.017
2817 1280 1.32762 3.69313 1.995 2.000
5633 2560 1.32549 3.69298 1.995 2.000
11265 5120 1.32443 3.69291 2.009 2.143

TABLE 6.6: Convergence study, wealth-to-income ratio case, bounded control. Fully

implicit_timestepping s applied, using constant timesteps. Parameters are given in
Table with A = 0.2873.  Values of Std,_ [Xr] and E{_ [XT| are reported at
(X = 0.5,t = 0). Ratio is the ratio of successive changes in the computed values for
decreasing values of the discretization parameter h.

as the risk measure, and Figure (b) shows the results obtained by using the quadratic
variation as the risk measure. Again, for both risk measures, the strategy given by allowing
bankruptcy case is the most efficient, and the strategy given by the bounded control case
is the least efficient. Note that, although the efficient frontiers in both figures pass through
the same lowest point, unlike the wealth case, the minimum standard deviation/quadratic
variation for all strategies are no longer zero. Since the plan holder’s salary is stochastic
(equation (2.2.5)) and the salary risk cannot be completely hedged away, there is no risk
free strategy.

Figure shows the values of the optimal control (the investment strategies) at dif-
ferent time ¢ for a fixed 7" = 20. The parameters are given in Table with A = 0.2873.
Under these inputs, if X (t = 0) = 0.5, (Stdi_, ,[X7], E{_, [ X7]) = (1.32443,3.69291) and
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std[X,] Q_std[X;]
(a) Risk measure: std (b) Risk measure: Q) _std

FIGURE 6.4: Mean quadratic variation efficient frontiers (wealth-to-income ratio)
for allowing bankruptcy (D = (—o00,4+00) and P = (—00,4+0)), no bankruptcy (D =
[0,400) and P = [0,+00)) and bounded control (D = [0,+00) and P = [0,1.5]) cases.
Parameters are given in Table[6.4, Values are reported at (X = 0.5,t = 0). Figure (a)
shows the efficient frontiers with risk measure of standard deviation. Figure (b) shows
the efficient frontiers with risk measure of quadratic variation.

Q,stdf;aw [X7] = 1.49213 from the finite difference solution. Similar to the wealth case,
we can see that the control p is a increasing function of time ¢ for a fixed x.

6.6 Summary

In this chapter, we formulate the optimal investment policy for the mean quadratic vari-
ation problem as a nonlinear HJB PDE. We extend the numerical methods in [74] [73]
(see also Chapters [4] and [5) to handle this case. Our method can handle various con-
straints on the control policy, and we can prove that our numerical scheme guarantees
the convergence to viscosity solutions.
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FIGURE 6.5: Mean quadratic variation optimal control as a function of (X,t),
wealth-to-income ratio with bounded control. Parameters are given in Table with
A = 0.2873. Under these inputs, if X(t = 0) = 0.5, (Std_ ,[X7], E{_ ,[XT]) =

(1.32443,3.69291) and Q,Stdf;OJ[XT] = 1.49213 from the finite difference solution.
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Chapter 7

Comparison of Mean-variance Type
Strategies

We have studied three mean variance type strategies in previous chapters, including the
pre-commitment mean variance (Chapter , the time-consistent mean variance (Chapter
and the mean quadratic variation (Chapter @ In this chapter, we compare the three
strategies.

7.1 Wealth Case

We first study the wealth case for the three strategies. Figure shows the efficient
frontiers for the case of allowing bankruptcy for the three strategies. The analytic solution
for the pre-commitment strategy is given in [42],

* SEIT_
Vari_g,,[Wr] = S5 (7.1.1)
BV o[Wr] = e’ + 7= 4 V/eST — 1Std(Wr) |

and the optimal control p* at any time t € [0, 7] is

3 e T efr(Tft)Jré"%T
St by Dt )y
oW [w = (toe™ + r (e ) 2\

p(t,w) = ] . (7.1.2)

Extending the results from [I1], we can obtain the analytic solution for the time-
consistent strategy,

) _ &
{ VartzO,wo [WT] 4X2 T Ty (7 1 3)

Ei—0.5,[Wr] = woe™ + &=L + 5\/TStd(WT) ,

r
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and the optimal control p at any time ¢ € [0, 7] is

* 61 —r(T—t)
t =——c" . 1.4

Figure shows that the efficient frontiers for the time-consistent strategy and the
mean quadratic variation strategy are the same. This result agrees with the result in
[16]. Figure also shows that the pre-commitment strategy is most efficient strat-
egy. The three efficient frontiers are all straight lines, and pass the same point at
(Std(Wr), E(Wz)) = (0,wee"” + W&;l) At that point, the plan holder simply in-
vests all her wealth in the risk free bond, so the standard deviation is zero. The slope

(= V€8T — 1) for the pre-commitment strategy is larger than the slope (= &+/T) for the

time-consistent /mean quadratic variation strategy. But note that v/ eSiT — 1 — flﬁ as
T — 0, so the three strategies are the same as 7" — 0. This is easy to understand, since as
T — 0, finding the global optimal strategy (pre-commitment case) is the same as finding
the local optimal strategy (time-consistent case).

35

30

Pre-commitment

Time-consistent

10

Mean quadratic variation

LB L N A N N B |

] ]
5 10
std]W ;Jatt=0

o

FIGURE 7.1: Comparison of three strategies: wealth case, allowing bankruptcy. Pa-
rameters are given in Table .

Figure (a) shows a comparison for the three strategies for the no bankruptcy case,
and Figure (b) is for the bounded control case. We can see that the pre-commitment
strategy is the most efficient strategy, and the mean quadratic variation strategy is more
efficient than the time-consistent strategy. For the bounded control case, the three efficient
frontiers have the same end points. The lower end corresponds to the most conservative
strategy, i.e. the whole wealth is invested in the risk free bond at any time. The higher
end corresponds to the most aggressive strategy, i.e. choose the control p to be the upper

bound py..(= 1.5) at any time. Figure and show that the difference between the
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efficient frontier solutions for the three strategies becomes smaller after adding constraints.

Since the efficient frontiers for the time-consistent strategy and the mean quadratic
variation strategy are very close for the bounded control case, we want to make sure that
the small difference is not due to computational error. In Table [7.I we show a conver-
gence study for both time-consistent strategy and mean quadratic variation strategy. The
parameters are given in Table We fix Stdf;o,w[WT] = 5. Table|7.1|shows that the two
strategies converge at a first order rate to different expected terminal wealth.

Refine | Time-consistent | Mean Quadratic Variation
Egioyw [WT] Efioyw [WT]
0 10.3570 10.4337
1 10.4508 10.5537
2 10.5055 10.6035
3 10.5319 10.6273
4 10.5448 10.6390
5 10.5514 10.6447

TABLE 7.1: Convergence study, wealth case, bounded control. Fully implicit timestep-
ping is applied, using constant timesteps. The parameters are given in Table[].3. We
fix Sta‘i’;07w[WT] = 5 for both time-consistent and mean quadratic variation strategies.
Values of Stdfiow[WT] and Ef;ow[WT] are reported at (W = 1,t = 0). On each re-
finement, a new node is inserted between each two coarse grid nodes, and the timestep
is divided by two. Initially (zero refinement), for time-consistent strategy, there are 41
nodes for the control grid, 182 nodes for the wealth grid, and 80 timesteps; for mean
quadratic variation strategy, there are 177 nodes for the wealth grid, and 80 timesteps.

It is not surprising that the pre-commitment strategy is the most efficient strategy,
since the pre-commitment strategy is the strategy which optimizes the objective function
at the initial time (¢ = 0). However, as discussed in previous chapters, in practice, there
are many reasons to choose a time-consistent strategy or a mean quadratic variation
strategy.

In Figure[7.3] we compare the control policies for the three strategies. The parameters
are given in Table and we use the wealth case with bounded control (p € [0, 1.5]). We
fix Stdf;o,x[WT] ~ 8.17 for this test. Figure shows that the control policies given by
the three strategies are significantly different. This is true even for the bounded control
case, where the expected values for the three strategies are similar for fixed standard

deviation (see Figure (b)). Figure (a) shows the control policies at ¢t = 0.

We can interpret Figure as follows. Suppose initially W (¢t = 0) = 1. If at the
instant right after t = 0, the value for W jumps to W (t = 07), Figure (a) shows the
control policies for all W (¢ = 07). We can see that once the wealth T is large enough, the
control policy for the pre-commitment strategy is to invest all wealth in the risk free bond.
The reason for this is that for the pre-commitment strategy, there is an effective investment
target given at ¢ = 0, which depends on the value of A\. Once the target is reached, the
investor will not take any more risk and switch all wealth into bonds. However, there is
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FIGURE 7.2: Comparison of three strategies: wealth case. (a): no bankruptcy case;
(b): bounded control case. The parameters are given in Table .

no similar effective target for the time-consistent or the mean quadratic variation cases,
so the control never reaches zero (for finite W). Figure (b) shows the mean of the
control policies versus time ¢ € [0,7]. The mean of all policies are decreasing functions
of time, i.e. all strategies are less risky (on average) as we approach maturity. We use
Monte-Carlo simulations to obtain Figure (b). Using the parameters in Table [£.2]
we solve the stochastic optimal control problem (2.3.11)) with the finite difference scheme
introduced in Section and store the optimal strategies for each (W = w,t). We then
carry out Monte-Carlo simulations based on the stored strategies with W(t = 0) = 1
initially. At each time step, we can obtain the control p for each simulation. We then can
obtain the mean of p for each time step.

7.2 Wealth-to-income Ratio Case

Figure [7.4] and shows a comparison for the three strategies of the wealth-to-income
ratio case. Figure is for bankruptcy case, Figure (a) is for no bankruptcy case, and
Figure (b) is for the bounded control case. Similar to the allowing bankruptcy case, the
pre-commitment strategy is the most efficient strategy for all cases. Note that unlike the
wealth case, the efficient frontiers for the three strategies do not have the common lower
end point. As discussed in Section [6.5.3] no risk free strategy exists in this case because of
the salary risk. Further more, since the salary is correlated with the stock index (oy, # 0),
in order to (partially) hedge the salary risk, the most conservative policy is not to invest
all money in the bond (p = 0) all the time. The three strategies have different views of
risk, hence their most conservative investment policies would be different. Therefore, their
minimum risks (in terms of standard deviation) are different. Also note that, the efficient
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FIGURE 7.3:  Comparison of the control policies: wealth case with bounded
control (p € [0,1.5]). Parameters are given 1in Table . We fix
stdfzo’w [Wr] ~ 8.17 for this test. More precisely, from our finite difference solutions,

(Staﬂtio’w[WT], Ef;07w[WT]) = (8.17479,12.7177) for the mean quadratic variation strat-
eqy; (St@floyw[WT],Eiovw[WT]) = (8.17494,12.6612) for the time-consistent strategy;
and (Stdflo,w[WT]:Egio,w[WT]) = (8.17453,12.8326) for the pre-commitment strategy.
Figure (a) shows the control policies at t = 0%; Figure (b) shows the mean of the control
policies versus time t € [0,T].

frontiers given by time-consistent strategy and the mean quadratic variation strategy are
very close, almost on top of each other.

Similar to the wealth case, Figure shows a comparison of the control policies for
the three strategies. Parameters are given in Table |6.4] and we use the wealth case with
bounded control (p € [0, 1.5]). We fix Stdf;oﬁx[XT] ~ 3.24 for this test. The comparison
shows that although the three strategies have a similar pair of expected value and standard
deviation, the control policies are significantly different.

7.3 Summary

In this chapter, we study the three mean variance type strategies: pre-commitment mean
variance, time-consistent mean variance, and mean quadratic variation. For the allowing
bankruptcy case, analytic solutions exist for all strategies. Furthermore, in this case, the
time-consistent strategy and the mean quadratic variation strategy have the same solution.
However, when additional constraints are applied to the control policy, analytic solutions
do not exist for all strategies, and the solutions for various strategies are different. After
realistic constraints are applied, the efficient frontiers for all three strategies are very
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FIGURE 7.4: Comparison of three strategies: wealth-to-income ratio case, allowing
bankruptcy. Parameters are given in Table 6.4}

- 5~
sk [
B Pre-commitment - .
I 45+ Pre-commitment
4.5; r
[ Mean quadratic variation [
N . . O 43+
L Time-consistent " |
= 4 = [
X F s |
u = 5"_ 35 r Mean quadratic variation
35| W
I - Time-consistent
3 T
L 1 1 ! L
2'50 2 3 2'50 1 2 3 4 5
std[X ;] std[X ;Jatt=0
(a) No Bankruptcy (b) Bounded Control

FIGURE 7.5: Comparison of the control policies: wealth-to-income ratio case. (a): no
bankruptcy case; (b): bounded control case. Parameters are given in Table .

similar. However, the investment policies are quite different. This suggests that the
choice among various strategies cannot be made by only examining the efficient frontier,
but rather should be based on the qualitative behavior of the optimal policies.
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FIGURE 7.6: Comparison of the control policies: wealth-to-income ratio case

with bounded control (p € [0,1.5]). Parameters are given in Table [6.4 We fiz
stdfzo’x[XT] ~ 3.24 for this test. More precisely, from our finite difference solutions,

(Sta”tio’x[XT],Ef;O’m[XT]) = (3.24214,4.50255) for the mean quadratic variation strat-
eqy; (Stdéio,m[XT],Ef;Q’w[XT]) = (3.24348,4.50168) for the time-consistent strategy;

and (Stafio,x[XT]vEflo,x[XT]) = (3.24165,4.50984) for the pre-commitment strategy.
Figure (a) shows the control policies at t = 0% ; Figure (b) shows the mean of the control
policies versus time t € [0,T].

109






Chapter 8

Conclusion

Optimal stochastic control problems in finance can usually be formulated in the form of
nonlinear HJB PDEs. In general, classical solutions do not exist for these PDEs, and we
seek to find the viscosity solutions of the HJB equations.

In this thesis, we first develop a general framework to solve nonlinear HJB PDEs in
finance. Our numerical scheme is a fully implicit finite difference scheme, which has the
following properties:

e The scheme uses central differencing as much as possible, so that use of locally
second order method is maximized.

e There are no timestep limitations due to stability considerations.

e The scheme guarantees the convergence to viscosity solution (assuming the PDEs
satisfy a strong comparison result).

e There are no restrictions on the underlying stochastic process, e.g. geometric Brow-
nian motion, jump diffusion, or regime switching can be easily implemented.

e Our method can well handle both bang-bang type of control and non bang-bang
type of control.

e The scheme can be easily extended to include features as needed, for example,
uncertain volatility, bid-ask spread, transaction costs and so on.

We demonstrate the numerical scheme on two examples: passport option pricing, and an
optimal dynamic asset allocation problem for a defined contribution pension plan.

We then use the mean variance approach to solve the optimal dynamic asset allocation
problem. Although utility function approach is commonly used for this problem, this has
at least two disadvantages. First, it is not clear how to decide which utility function an
individual or an institution would prefer. Second, the tradeoff between the risk and the
expected return is implicitly contained in the utility function, so the optimal investment
decision lacks intuitive interpretation. In contrast, the results given by the mean variance
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approach can be easily interpreted in terms of an efficient frontier, in which the tradeoff
between the risk and the expected return can be clearly demonstrated, so that an investor
can intuitively choose her expected return and risk level. We study three mean variance
type strategies: pre-commitment mean variance, time-consistent mean variance, and mean
quadratic variation. The key points for these mean variance type strategies are as follows:

e For the pre-commitment strategy, we first embed the original optimization problem
into a class of auxiliary stochastic LQ problems, so that dynamic programming can
be applied. We then use our fully implicit scheme to solve this problem.

e For the time-consistent strategy, our method is based on the piecewise constant
policy technique. Since the time-consistent problem can be formulated as a system
of HJB differential algebraic equations, this falls outside present day viscosity solu-
tion theory. Nevertheless, our technique does converge to analytic solutions where
available.

e For the mean quadratic variation strategy, we can directly apply our fully implicit
scheme with a maximum use of central differencing for solving the problem numer-
ically.

e For each strategy, by solving the HJB PDE and related linear PDEs, we develop a
numerical method for constructing the mean variance efficient frontier (in continuous
time). Any type of constraint can be applied to the investment policy.

Finally, we make a comparison of the three mean variance type strategies.

8.1 Future Work

Some directions for future research are:

e It is desirable to have a numerical method which guarantees convergence for the
time-consistent strategy. A major problem here is that, formulated as a system
of nonlinear DAEs, the scheme falls outside the current scope of viscosity solution
theory.

e It would be a challenge to develop a robust and efficient numerical scheme for
optimal stochastic control problems with multi-factor stochastic processes.

e There are also interesting economic issues involved concerning the appropriate choice
of pre-commitment, time-consistent, or mean quadratic variation policies. This the-
sis has focused on developing robust numerical methods for solving for the optimal
strategies. We leave the issue of the choice of the appropriate objective function to
economists and finance practitioners.
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Appendix A

Discrete Equation Coefficients

Let Q7 denote the vector of optimal controls at node 7, time level n and set

al™ = a(S;, ", Q), bt =b(S;, ", QF), It = c(S;, T, QF) . (A.1)

2

Then, we can use central, forward or backward differencing at any node.

Central Differencing:

. [ 2a} b} }
Q; = -
i,central (Sz _ Si—l)(si-i-l — Si—l) Si-i-l — Si—l
2al b
n — ? + ¢ . A2
i,central |:<Si+l _ Sz)(SH-l — Si—l) Si-i—l — Si—1:| ( )

Forward /backward Differencing: (b > 0/ b < 0)

n 2a7 + max(0 b )
o = m _—
i,forward/backward (Sz _ Si—l)(si—i-l — Si—l) ) S@ — Si—l
2a? by
n _ i 0,— )| .
5z,forward/backward |:(Si+1 — Sl)(SH_l — Si_l) + maX( ) Si+1 — Sz ):|

113






Appendix B

Proof of Theorem 4.2

In this section, we show that problem (4.2.6]) is equivalent to problem (4.2.1])).

It is well-known that the points on the variance minimizing frontier can be character-
ized as solutions to the problem

min Varfzovw [WT] = Ef:(),wKWT)Q] —d’

Ef:(),w [WT] =d

i (B.1)

subject to {

Problem (B.1]) is a convex optimization problem, and hence has a unique solution. We can
eliminate the constraint in problem (B.1) by using a Lagrange multiplier |51, (15} [77, 4], 37],
which we denote by . Problem (B.1]) can then be posed as [17]

sup inf EP,,[(Wr)* —d* — (B ,[Wr] —d)] . (B.2)

v p(t,w)eP
For fixed 7, d, this is equivalent to finding the control p(¢,w) which solves

inf Bl [(Wr — 1), (B.3)

p(t,w)€P 2

which is the problem (4.2.6). Note that if for some fixed ~, p*(¢,w) is the optimal con-
trol of problem (B.3), then p*(t,w) is also the optimal control of problem (B.I)) with
d = E_.,[Wr] b1, I5]. Conversely, if there exists a solution to problem , with
E}_.,[Wr] = d, then there exists a v which solves problem E) with control p*(¢,w).
Hence, problem (B.1]) and problem (B.3|) are equivalent (i.e. they have the same optimal
control).

Since it is well-known that problem (4.2.1)) is equivalent to problem (B.1]) by choosing
the proper value for A, problem (4.2.1)) and problem (B.3]) are also equivalent.

Remark B.1 (Efficient Frontier). The efficient frontier, as normally defined, is a portion
of the variance minimizing frontier. That is, given a point (Ey[Wr|, \/Vary[Wr]) on the
efficient frontier, corresponding to control p*, then there exists no other control p* such
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that Varg[Wr| = Vary[Wr| with Ez[Wr] > E,«[Wy|. Hence the points on the efficient
frontier are Pareto optimal. From a computational perspective, once a set of points on the
variance minimaizing frontier are determined, then the efficient frontier can be constructed
by a stmple sorting operation.
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Appendix C

Numerical Test for \(w)

In Remark [5.3] we mentioned that [16] suggests using a function A = A(w) for the risk
aversion coefficient instead of a constant A. One simple choice is

Aw) = % , (C.1)

. The efficient frontier can be traced out

~—

where 6 is a given constant (as suggested in [16]
by varying 6.

For this choice of A(w), the efficient frontiers are shown in Figure[C.1] with parameters
given in Table The top three curves in Figure are the same efficient frontiers
in Figure (from the solutions by using constant A’s), and the lower two efficient
frontiers are from the solutions by using A\(w) = %. Note that we do not include the
allowing bankruptcy case when using A\(w) = %, since % is meaningless for a risk aversion
coefficient when w < 0. Even if we use A\(w) = |%|, this does not have much economic

justification.

Figure shows that it is less efficient to use A(w) = % compared to constant A as the
risk aversion coefficient. Hence, \(w) = % is not a good choice for this case. Moreover,
when we use A\(w) = %, the bounded control case is more efficient than the no bankruptcy
case. This seems absurd. However, recall the discussion in Remark [2.3] the solution of
problem ([5.2.2)) may not be the efficient frontier solution as normally defined. Therefore,

there is no guarantee for which case should be more efficient than the others.
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FiGURE C.1: Time-consistent efficient frontiers (wealth case) for allowing bankruptcy
(D = (=00, +00) and Q = (—o0, +00) ), no bankruptcy (D = [0,4+00) and Q = [0, +0o0))
and bounded control (D = [0,4+00) and Q = [0,1.5]) cases. Parameters are given in
Table . Values are reported at (W = 1,t = 0). The top three curves are the same
efficient frontiers in Figure (from the solutions by using constant \’s), and the lower

two efficient frontiers are from the solutions by using \(w) = L
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