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Abstract

We prove that if 1 > a > 1/2, then there exists a probability measure u such that the

Hausdorff dimension of its support is & and p * u is a Lipschitz function of class oo — 1/2.
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Chapter 1
Preliminaries

Unless otherwise stated, we will be working on T = R/Z = [-1/2,1/2], and only with
positive, Borel, regular measures. We will use A to denote the Lebesgue measure on T
(and dx, dy, dt, and so forth to denote integration with respect to Lebesgue measure), and
|E| = M(E). Measures that are absolutely continuous or singular are taken with respect
to A in the case of T, and (left) Haar measure, should we require a more general setting.
When speaking of measures living in an L? space or having other properties associated
to functions, we mean the measure is absolutely continuous and we consider its Radon-

Nikodym derivative to have this property.

1.1 Introduction

The absolutely continuous measures form an ideal in the algebra of measures, so that for
an absolutely continuous measure p, p * p is still absolutely continuous and so the Radon-
Nikodym theorem gives rise to an associated function f € L' such that p* u = f\. For
any o-finite measure p, Lebesgue’s Decomposition theorem decomposes p as p = flge + fis,
where . is absolutely continuous and g is singular. It is thus natural to ask whether a
similar situation holds with singular measures, that is, given a singular measure p, does

there exist a function f € L' with pu* u = fA? This is easily seen to be false, for if



po= > and,, is a discrete measure, then p* p = > a0y, 44, 15 also a discrete

measure.

To progress further, it may be helpful to appeal to an extension of Lebesgue’s Decom-
position theorem, which gives for any o-finite measure p three unique measures fige, fles
and g which are absolutely continuous, continuous singular, and discrete, respectively,
such that p = pae + pes + ptg- Then we ask if we might recover the nice property of p*
being absolutely continuous in the case of 1 being a continuous singular measure. This is
still not always the case, as there exist continuous singular measures on T where even their
nth convolution power is singular for any n; for such an example we will need a preliminary

definition.

Definition 1.1. Let —1/2 < a; < 1/2 and define the trigonometric polynomials on T

N
Py (t) = H(l + 2ay, cos 3"1).
k=1
It is a standard result that Py are probability measures which converge weak- in M (T)
to a probability measure p with
1 if n=020,
An) = S TIY ax, ifn= 30, 638, ¢; = £1,

0 otherwise.

This measure y is called the Riesz product measure associated to {ay}.

Lemma 1.2. If yy and po are Riesz product measures, then so is py * pa. Moreover, if p;

is associated to {ay;}, then py * ps is associated to {ax ak2}.

Proof. We calculate the Fourier coefficients of the convolution:

1 if n=0,
e ia(n) = ) a0) = T agaans ifn= Y, 630, =+, (L1)
0 otherwise.



Then we can define the trigonometric polynomials on T

N
Py(t) = H(l + 2ay. 1a,» cos 3¥t),
k=1
noticing that —1/2 < —1/4 < agjax2 < 1/4 < 1/2. The weak-* limit of Py produces a

Riesz product measure whose coefficients satisfy (1.1), so we are finished by uniqueness. =

A standard result (see, for example, [6] Theorem 7.2.2) gives that a Riesz product
measure y is singular if and only if Y ;2 ai = oo. In particular, suppose u is a Riesz
product measure associated to the constant sequence {c} for some constant 0 < ¢ < 1/2.
Certainly Y 7, ¢* = oo, so that u is singular. Inductively applying Lemma 1.2, u" =
ok ok - - % 1 (the mth convolution power of 1) is a Riesz product measure associated to
{¢"}. Then ) 2, ¢* = oo, and so p™ remains singular. It is also not hard to show that

Riesz product measures are continuous, in general.

It should be remarked that the choice of frequencies 3% is not essential, and Riesz
product measures may be generalized further. In addition, the concept of Riesz product
measures as a whole and the conclusion that there exist continuous singular measures
whose convolution powers always remain singular can be extended to any infinite, compact,

abelian group (see [6]).

We now know it is impossible to hope the square convolution of a singular measure is
absolutely continuous in general, even when restricting to the case of continuous singular
measures. However, we may expect that are still some positive results; convolution behaves
a smoothing operation, evidenced by the fact that both the continuous measures and the
absolutely continuous measures form ideals in the space of measures. Indeed, a famous
result due to Wiener and Wintner [16] produces a singular measure g on T such that
7i(n) = o(|n|~1/2*%) as n — oo for every £ > 0. By an application of the Hausdorff-Young
inequality, such a measure can be shown to have the property that its square convolution

i * u is absolutely continuous, and in fact, u* u € LP(T) for every p > 1.

Other authors have generalized this result; Hewitt and Zuckerman [9] constructed a
singular measure ;1 on any non-discrete, locally compact, abelian group G such that p*u €

LP(G) for all p > 1. It is worth noting that the condition of non-discrete cannot be
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dropped, since otherwise all measures would be absolutely continuous. Using Rademacher-
Riesz products, Karanikas and Koumandos [10] prove the existence of a singular measure
with ux p € L'(G) for any non-discrete, locally compact group G. Shortly thereafter,
Dooley and Gupta [3] produced a measure p with p* g € LP(G) for every p > 1 in the
case of compact, connected groups and compact Lie groups using the theory of compact

Lie groups.

Saeki [15] took this concept further in a different direction by proving the existence of
a singular measure p on T with support having zero Lebesgue measure such that p* p has
a uniformly convergent Fourier series. This is an improvement on previous results; in this
case the continuity of the partial Fourier sums for p * pu ensure that their limit, namely
(%, is continuous. Then p* p € L°°(T) and subsequently p* p € LP(T) for p > 1 since
T is compact. Generalizing this, Gupta and Hare [7] show such a measure exists (now
using Haar measure in place of Lebesgue measure) when replacing T with any compact,

connected group.

Korner [11] recently expanded on Saeki’s work; to discuss how, we need the following

definitions.
Definition 1.3. For 1 > 3 > 0, we say a function f : T — C is Lipschitz of class %, or
simply (-Lipschitz and write f € Ag if

supsup || 7P| f(t +h) — f(t)| < cc. (1.2)
teT h+0

Some references define a function to be Lipschitz of class 3 if there is a constant C' with
|f(z) — f(y)] < Clz —y|? for every z,y € T. These definitions are in fact equivalent, with

a straightforward proof.

Lemma 1.4. f € Ag if and only if | f(z) — f(y)| < Clx — y|® for a constant C, for every
z,y€T.

Proof. This is a simple matter of relabeling; use t =y and h =z — y. n

!Functions with this property are also sometimes referred to as Hélder of class B.
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It is useful to note that the Ag classes are nested downwards:

Lemma 1.5. Suppose 1 > 3; > 0 fori=1,2. If B1 < By, then Ag, D Ag,.

Proof. Since 1 > f; >0, for h € T = [~1/2,1/2] we get that |h|=% < |h|7P2. Thus if

supsup |h| %[ f(t + h) — f(t)] < oo,
teT h+#£0

we certainly have

supsup ||| f(t 4+ h) — f(t)] < oo,
teT h#£0

implying Ag, D Ag,. n

We will also require the notion of Hausdorff dimension, which we recall here:

Definition 1.6. Fix o > 0 and let 6 > 0. For a set F, define

HS(E) = inf {Z Bl | JE 2 B |E| < 5} :
1=1 i=1

where E; can be taken to be intervals. Notice H$(E) is monotone increasing as ¢ decreases,

since fewer permissible collections of sets are taken in the infimum. Then we take

HY(E) = lim H§(E) = sup HS(E),

6—0t >0

and we call H*(E) the a-Hausdorff measure of E; it is standard that this is indeed a
measure (see [4], for example). Of special interest is the case a = 1, in which case we

recover the usual Lebesgue measure.

It is easy to show that there is a critical value for « such that H*(E) = oo for « less
than this critical value, and H*(E) = 0 for a greater than this critical value. Then we
define the Hausdorff dimension of FE by

dimg(F) = sup{a : HY(F) > 0} = sup{a: H*(F)
=inf{a: HY(E) < oo} = inf{ar: H*(E)

oo}
0}.

Heuristically, the Hausdorff dimension allows us to compare sets that are too sparse for

the Lebesgue measure to be of use.



For our results, we will need to have a way of describing where a measure “lives”; we

make this formal by introducing the concept of the support of a measure.

Definition 1.7. Let (X,T') be a topological space, and p be a Borel measure on (X, 7).
Then the support of p is defined to be the set of all points x in X for which every open

neighborhood N, of z has positive measure:

supppu ={r € X : u(N,) >0,Vz € N, € T}. (1.3)

Among other things, Korner demonstrated the existence of a probability measure p
whose support has a prescribed Hausdorff dimension (between 1 and 1/2) such that p * p
is a Lipschitz function. Our goal will be to prove one of his main results, which is the

following:

Theorem 4.19.If 1 > «a > 1/2, then there exists a probability measure p such that
dimy (supp t) = @ and p* pu = fA where f € Ay_1/o.

We will show that this theorem is indeed an extension of Saeki’s work. Using Lemma

1.4, we can see that f € Ag yields a constant C' such that
|[f(z +h) = f(z)] < C|h|?

for any z and h, implying f(z + h) — f(z) = o(((In |h|7*)~') (see Appendix B.1). By the
Dini-Lipschitz test (see Appendix B.2), f has a uniformly convergent Fourier series. This
says that the measure Korner produced has the same property as Saeki’s, provided it were
also singular. This fact will hold due to the Hausdorff dimension condition; indeed, the
fact that dimpg(supp p) < 1 implies that [supp | = 0 by definition of the dimension and
recalling H! is simply Lebesgue measure. Since we always have p((supp u)¢) = 0, this

provides the necessary decomposition for p to be singular.

Consider now the condition 1 > o > 1/2. As we have seen, this ensures the constructed
measure will be singular since sets of Hausdorff dimension less than 1 have zero Lebesgue
measure; however the converse is not true. Indeed, it is well known that there exists a set

of Hausdorff dimension 1 with zero Lebesgue measure. Then the case a = 1 could give still
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give rise to singular measures. Since we are working on T which has Hausdorff dimension
1, monotonicity of Hausdorff dimension (easily seen from monotonicity of the Hausdorff
measure) ensures we need not consider the case o > 1. We shall see soon that we also need
a > 1/2 for a positive result involving this Lipschitz condition, after proving a tightness

condition.

1.2 A tightness condition

In this section, we aim to show that the result in Theorem 4.19 is nearly the best we
can hope for. In particular, we will show that if the support of a measure y has Hausdorff
measure dimension « and pxp € Ag, then a—1/2 > . To begin, we mention a relationship

between the Hausdorff dimension of the support of a measure and its Fourier coefficients.

Definition 1.8. We define the s-energy of a finite, compactly supported measure p on R”,

denoted I(u), to be
// Ix - yl

Lemma 1.9. Suppose p is a non-zero measure, 0 < n <1, and

Z |M|2
k|t

k40

Then dimpg (supp p) > n.

Proof. By Theorem 2.2 in [8], with d = 1 and 0 < i < 1, we have for some constant b that

() < ( O+ Z’WM)

k+£0

Then by Theorem 4.13 in [5], dimy(supp p) > n. n

Now, we develop a bound for portions of the /7 norm of the Fourier coefficients of a

[-Lipschitz function.



Lemma 1.10. If f € Ag and 0 < p < 2, then
~ 1
N k)P < ot
n<|k|<2n—1

for some constant C.

Proof. Fix h € [—1/2,1/2]. Let g(t) = f(t +h) — f(t — h). A simple calculation shows
that the Fourier coefficients of g are given by

~

g(k) = 2isin(2rkh) f (k).
By Parseval’s identity, Y, [g(k)|* = ||g]|?, so that
47| (k)| sin?(2mkh) = / |f(t+h) — f(t—h)[*dt.
k
Since f € Ag, there is a constant C' such that
[f(t+h) = f(t =R < C|(t+h) = (t = h)|" = C|2h]°,
forall t € T, so

4ny 2sin?(2mkh) < /((J|2h|ﬁ)2 dt = 4°C?|n)*® < 4C?|h|?.

Thus for any n,
> |f(k)Psin?(2mkh) < C?|h|*.
n<|k|<2n—1
As this holds for any h € [~1/2,1/2], consider h = 1/(8n). Notice sin®(5X) > 1/2 for
n<|k| <2n-1,so

Y. IfR)P <207 = 20°(3)n 7 < 207 (§)*n . (1.4)

n<|k|<2n—1

If p =2, we are done; taking Cy = 2C%(3)* = 55C?, and (1.4) gives

1
8

~ 1
> k)P < = ot

n<|k|<2n—1



Otherwise, 0 < p <2 and so 1 < 2/p,1/(1 — p/2) < oo; notice they are conjugate indices.
By Holder’s inequality with counting measure on {|f(k)|p}n§‘k‘§2n,1 and {1},<jpj<2n—1, We
have

p/2 1-p/2

> F(R)P < > (If (k) [)2/P Y (e

n<|k|<2n-1 n<|k|<2n—1 n<|k|<2n—1
p/2

= > FmP| o

n<|k|<2n-—1
P
< (2C%(3)°n %) (2n)' 7 by (1.4)
_ Clnl—p(ﬁﬂ/?)

as required, where C; = 2(£)P is a constant. n

Lemma 1.11. If 1 is a measure with dimg(supp p) = o and p* pu = fA where f € Ag,
then « — 1/2 > 5.

Proof. Since f € Ag, taking p =1 in Lemma 1.10 yields

D < 1-1(8+1/2) _ (1-2B)/2
[f(R) < Cin Cin :

n<|k|<2n—1

-~

for some constant C; depending on f. Since |f(k)| = |7i(k)|?, we have

SRR < Ot = ¢,
n<|k|<2n—1
and so if n > 0, we have

~ ) -~ 2 1-23)/2
Z (k)| < Z (k)| <Cln( ) — Oy (1+26-20)/2

| k|1 ni-n — nl-n
n<|k|<2n—1

n<|k|<2n—1

for all n > 1. In particular, for n = 27 for each j > 0,

Y

klli-m —

27 <|k|<2i+1 1

Ne}



so that

AR < |fi(k)[” ™ (o —(1426-2n) 2
Z k[t Z . Z k|1 < 201(2 ) ‘
k#£0 J=0 \2i<|k|<2i+1-1 3=0

Notice this converges whenever —(1 + 25 — 27)/2 < 0, that is, whenever (1 4 25)/2 > n.
Then by Lemma 1.9, dimg(supp i) > 7, for every n that satisfies (1 + 25)/2 > n. Thus

dimg (supp ) > (1 + 23)/2, that is, « — 1/2 > [ as required. [

Lemma 1.11 now gives us a motivation for the lower bound on «; taking § = 0 we see
that for p*pu € Ay, we must have dimg (supp p) > 1/2. Of course, this still leaves open the
question of what happens in the case of a = 1/2; the boundary cases &« = 1 and av = 1/2

are beyond the scope of this paper, as the proof relies on the strict inequalities.

In Chapter 2, we prove a key lemma that provides us with a discrete measure satisfying
useful boundedness properties which we help in our construction. The key to this lemma

will be using a probabilistic argument, which will span most of the chapter.

In Chapter 3, we utilize the key lemma from the previous chapter to construct an
infinitely differentiable periodic function satisfying several key properties to be used in the

main theorem.

In Chapter 4, the main theorem will be proved, first by developing some complete
metric spaces and applying the key lemma from the previous chapter in a density argument.
Employing the Baire Category theorem will bridge the final gap towards the proof of the

main theorem.
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Chapter 2

A Probabilistic Result

The key result that we will need is not easy to prove directly, so we will prove a probabilistic
variant of it instead, which will imply the result we need. We proceed by proving the

following result:

Lemma 2.1. Suppose that 0 < Np < 1 andm > 2. Then if Y1,Ys, ..., Yy are independent

random variables with

it follows that

Proof. First note that Y; € {0, 1} almost surely, so that their sum cannot exceed N with

positive probability. That is, we may assume without loss of generality that m < N. For

1 <k < N, define
N\, N,
“’“‘( K )p TRV -k

Since 0 < Np <1 and k,p > 0, we have (N — k)p = Np — kp < 1. Then as k > 1,

N! k
Ukt1 _ e DIN—k—D)' ! _ (N —k)p <

1
(1 k'(Nle)'pk kE+1 k+1

<

N | —

11



Since Y; takes on only 0 or 1 almost surely,

(o) £l

Jj=1

N
= Z ( L ) pF(1—p)NF since Y; are independent
k=m
N N
<> (4 )i-2m
k=m k k=m
l U U 1
m . k+1
< ];L = < 2Up, since ” < 3
N! 2(Np)™
_y o (Np)
ml(N —m)! m!

Definition 2.2. For a set A C R and a random variable X, we define the random variable
5X(A) by
1 if X(x) € A,
ox(A)(r) =

0 otherwise.

Lemma 2.3. If 1 > v > 0 and ¢ > 0, there exists an M(vy,e) > 1 with the following
property. Suppose that n > 2, n7 > N for sufficiently large n, and X1, Xo,..., Xy are

independent random variables each uniformly distributed on
I,=A{r/n:1<r<n}.

Then with probability at least 1 — e /n,
N
Z 5Xj ({T/?’L}) < M(77 5)
j=1

foralll <r <n.

Proof. Since 1 —~ > 0, there exists an integer M (,e) > 2 such that

M- g (2.1)

12



for all n > 2. Fix r and set Y; = dx,({r/n}). Note that Y; are independent random
variables, as X; are. Since X are uniformly distributed on I',,, we get
P(Y;
P(Y;

<2<
|

1)
0)

/m,

1
1—1/n.

<2<
Il

Since 1 > v > 0 and n” > N, we have n > n? > N, yielding Nn=! < 1. Clearly 0 < Nn~ %
Then with p =n~! and m = M(v,¢) > 2, Lemma 2.1 tells us that

P (Z 5x, ({r/n}) > M(%E)) —P (ZY]- > M(%E))

j=1
2<Nn71>M(775)
M(y,e)!
QHVM('}/?E)TL_M('Y?E)
M(v,e)!
€

< op-MOe—y) o £
— n27

where we used n” > N in the second inequality, and the final inequality follows from (2.1).

Allowing r to vary, we get immediately

(Z ox,({r/n}) > M(v,¢) for some 1 <7 < n)

S <zax (/) > MG, >)
nig

Slog
I

where we have used the fact that N < n. [ |

Definition 2.4. Suppose P is a probability measure, X is a random variable with respect
to the o-algebra F, and G C F is a sub-c-algebra. If Y is a random variable with respect
to the o-algebra G such that for all A € G,

/XdP:/YdP,
A A

13



then we call Y the conditional expectation of X with respect to G, and denote it by E(X | G).
It is a consequence of the Radon-Nikodym Theorem that such a random variable always
exists, and is unique almost surely. If X; is some random variable (with respect to the

Borel og-algebra B), we can define
E(X|Xy) = E(X[o(Xy)).

Recall 0(X,) = {X;(B): B € B} is the smallest o-algebra such that X; is a random

variable. More generally, if Xy,..., X,, are random variables, we define

EX|X1,...,X,) =EX|o(Xq,...,X,)).
We will require two simple facts about conditional expectation.

Proposition 2.5. (i) If X is G-measurable E(X |G) = X.

(ii) For any X, E(E(X |G)) = E(X).

Proof. Both parts are immediate from the definition. |

Lemma 2.6. Let 6 > 0 and for j = 0,1,...,n, let W; be a random variable that is
measurable with respect to o(Xy,...,X;). Define Y; = W; — W,_y and suppose that

E(e™ | Xo, X1, ..., Xjo1) < e95/2

for all |s| < & and some a; > 0. Suppose further that A > Zjvzl aj. Then provided that
0 <z < Ad, we have
—x2
P(IWny =Wy > 2) <2 — .
(W =Wl 2 0) < 2050 (5 )
Proof. Suppose — < s < §. By definition of W;, we have es(W~¥=W0) = ¢s(Wn=Wx—1) os(Wn—1=Wo),

Since Wx_1 and Wy are o(X3, ..., Xy_1)-measurable,

E<es(WN7WO) ‘ XO; X-17 o ,XNfl) — es(WN—I*WO)E(eS(WN*WN—l) ‘ )(07 AX’17 . ,XNfl)
_ es(WJ\]il*WO)E(esyN ‘ XO; le . ,XNfl)

14



S GS(WN—l—WO)eaNSQ/Q.

By property of conditional expectation, taking expectation of both sides gives

E(es(WN—WO)) < E<€S(WN71—W0))€GN82/2_

By induction, we get

N
E(es(WN—Wo)) S Heaj32/2 S 6A52/2,
7=1

since A > Z;\le aj. Then by Markov’s inequality (see Appendix C.1),

P(WN . WO > x) _ P(es(WNfWO) > 6‘%) < E<€S(WN7W0))675:E < eASQ/Qefsx'

Setting s = zA™!, 0 < x < AJ ensures that 0 < xA™! < §, so that |s| < §. Then by the
above,
24

The same argument applies to the sequence —W;, so that we also have

2
P(Wy — Wy > 1) < e2%/2e750 = A0 A7 2e—2A7 0 — oy (_ 3 ) :

2
P(Wy — Wy > z) < exp (—;—A) )

The result follows. |

Lemma 2.7. Suppose ¢ : N — R is a sequence with ¢(n)(logn)'/?

— 00 as n — o0, and
for any 6 > 0, we have p(n)n™° — 0 as n — oo. Suppose 1 > v > 1/2, and the positive
integer N = N(n) satisfies n? > N > n'/>™ for some n > 0, for all sufficiently large n.
If € > 0, there exists an M(vy) and an no(p,7,€) > 1 with the following property. Suppose
that n > no(¢p,7,€), and n is odd. Suppose further that Xy, Xo,..., Xn are independent

random variables each uniformly distributed on
Ih={r/neT: 1<r<n}
Then, if we write 0 = N~! Zjvzl dx,, we have

¢(n)(logn)'?

loxo({k/n}) —n"t <e N/ ,

15



and

M(7)
o({k/n}) < N

for all 1 < k < n, with probability at least 1/2.

Proof. Set M(vy) = M(v,1/4) coming from Lemma 2.3. Without loss of generality, assume
M(y) > 3. Fix r for now, and define Y3, Ya, ..., Y as follows. If Y71 6x, ({u/n}) < M(y)
for all v with 1 < u <n, set
2j — 1 Ch
Y=~ +00x,({r/n}) + 2> dx,x,({r/n}).
v=1

n

Otherwise, set ¥; = 0. Take Xo =Wy =0 and W, = Zzn:l Y,,; notice Y; = W; — W;_4.

Suppose first that 3771 dx, ({u/n}) < M(y) for all u with 1 < u < n. Observe that
if s is a fixed integer, then X; + s/n and 2X; are uniformly distributed over I, (using

addition modulo 1), since n is odd and X; are independent. Then by uniform distribution,

B(Y;) = — L + Boax, ({r/n}) + 23 E(@x,x, ({r/n))
:—zj;1+%+2§%:—2jn_2+2j;1 =0,

On the other hand, if it is not the case that >~ 6y, ({u/n}) < M(y) for all u with
1 <u <mn, then Y; = 0 by construction so that E(Y;) = 0 automatically.

We wish to make use of Lemma 2.6, and so we bound E(e®7 | Xo, X1, ..., X;_1).

Notice as n” > N and v < 1, we have n > n” > N. Then (2N —1)/n < 2N/n < 2.
Suppose first that 37" dx, ({u/n}) < M(y) for all u with 1 < u < n. Then

2j — 1 ks
Yl < =+ dax; ({r/n}) + 2;5xv+xj({r/n})
N — 1
< +14+2M(y) <2+ 14 2M(v) < 3M(7),

n

16



where we have used the fact that M(y) > 3. Setting Z; = Y; + (25 — 1)/n, we notice that
Z; # 0if any of 6x,4x,({r/n}) # 0 for 1 <v < j. As X; are uniformly distributed and by
subadditivity, we thus get P(Z; # 0) < j/n. Since E(Y;) =0,

¥ =L (sY;)* = sk
e = (3O ) -S>y
k=0 ’ k=0
S <1 S Bl gy
=1+> B0 <143 STy
k=2 k=2
_ _ °°|s|’“ - |s[*
—1+P(Z3_0);k E(|Y;|*| Z;, = 0) + P(Z; 7&0ka (Iv;¥| Z; # 0)

<1+ Blegyriz =0+ 23 ey 2, £ 0)

where the third line follows from the partition formula, and the final inequality follows
since P(Z; =0) <1 and P(Z; #0) < j/n. Since Z; =Y, + (2j — 1)/n, in the case Z; =0
we have |Y;| = (2j —1)/n. Otherwise, our earlier approximation gives |Y;| < 3M(v). Thus,

o] 2] 1 . 00
3M
k=2 n k=2
— (] |2Nn1)k N o (s !3M "
S D D T
k=2 k=2
since 1 < 7 < N. Notice if we have a constant 0 < a < 1, then
DSy
k=2 k=1
For sufficiently large n, we have 0 < [s|25=2 < 1. If [s| < 53—, we also get 0 < |s[3M (v) <

1, so by our quick result above,

~1\* N N?2 N
> (| 13M (7))? < 1+4¥s2+9M(7)2—52

n

E(e¥7) <1+ <s

<1+ (4 +9IM(y)HNnts®> <1+ 10M(y)?Nn~ts?
< exp (QOM(W)QNn_lsQ/Q) ,
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where we have used M ()? > 9 in the second to last inequality, and the fact that 1+xz < e®
for every real x in the last inequality. Define a; = 20M ()22 > 0.

If it is not the case that >/_1 dx, ({u/n}) < M(y) for all u with 1 < u < n, then by

definition of Y}, we get automatically
E(e7) = E(¢’) = E(1) = 1 < exp (20M (7)*Nn~'s°/2) .

Define
N N
A= Z aj = Z 20M (7)*Nn~' = 20M (7)*N?n "
j=1 j=1

Set 6 = ) and

3M(
z = e¢(n)(logn)/2Nn=1/2.

To apply Lemma 2.6, we must check that 0 < z < A¢ for sufficiently large n. Indeed,
#(n)(logn)/? — 0o as n — oo, while e > 0 and Nn~'/2 > 0 for every n, so that x > 0 for

sufficiently large n. In order to show x < Ad, we must have

ed(n)(logn)?Nn=% < 20M (7)*N*n ' ———
() (log ) (N 33

—

520M(7>¢(n)(10g n)2n!/? < N.

By hypothesis, N is such that there exists n > 0 With N > n'/247 for all sufficiently large

n. For this value of n > 0, we get ¢p(n)n~"?2 < 2OM

) for sufficiently large n by property
of ¢. Then we easily get that for sufficiently large n,
3
6—
20M (v)

as required. Then by Lemma 2.6,

22155 oo (T

6(n) (log n)/2n1/2 < n2(log m)' /212 < nl/20 < N,

g2 )

Notice — M2 < 0 is a constant, and we are given ¢(n)?logn — oo as n — oo. Then,

40M(
we may choose ng(¢,7,¢) > 1 such that for all n > ny,

P(|[Wy — Wol > e¢(n)(logn)'*Nn~"/2) < (2.2)

|
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For the rest of the proof, we assume n satisfies this condition.

Recall M(7y) = M(+,1/4), as given by Lemma 2.3. By that lemma, we have that with
probability at least 1 — 1/(4n),

> ox,({r/n}) < M(7), (2:3)

for all 1 <7 <n. Then for every 1 <r < n and for every 1 < 5 < N,

S ok, ({r/nh) < 3 b, ({r/n}) < M(),

with probability at least 1 — 1/(4n). Then by construction,

25 —1
v, =~

(/) 423 b, ([r/n))

By definition of W;,

Wy —Wy = Z ( & + dox, ({r/n}) + 2 Z(SXerX {7“/71}))

Notice N
—1 N?
S(-2) -
while N : NN
Z <5zx ({r/n}) +225XU+X ({r/n}) ) = Zz&ﬁxj({r/n})- (2.4)

Combining (2.2) and (2.4), we get that with probability at least 1 — 1/(4n) —1/4 > 1/2,

we have

< ep(n)(logn)/2Nn=1/2,

SN b () -

v=1 j=1

Wy — Wo| =

Writing ¢ = N~ ! Zjvzl dx,, this becomes

1) _ $(n)(logn)!”2
o o(fr/n}) —n'| < eSS,
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and (2.3) becomes
M()
o({r/n}) < 1)

Allowing r to take values from 1 to n, the result follows. |

Lemma 2.8. Suppose ¢, v, and N are as in Lemma 2.7. If € > 0, there exists an M ()
and an ng(¢,7,€) > 1 with the following property. Suppose that n > ng(p,7,€), and n is
odd. Then we can find N points

zje{r/neT: 1<r<n}

(not necessarily distinct) such that, writing

N
p=N""! Z Oz;5
j=1
we have o)1 )1/2
-1 n)logn
lx p({k/n}) —n"| < S SV R
and
M(v)

p({k/n}) < N

foralll <k <n.

Proof. This follows immediately from Lemma 2.7, since an event with positive probability

must have at least one occurrence. [ |
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Chapter 3
A Key Lemma

In this chapter, we will take steps to convert the discrete measure generated by Lemma 2.8
into an incredibly well-behaved function, being a periodic, positive, infinitely differentiable
function satisfying several key properties; this procedure will be completed in four lemmas.

We will write 14 for the indicator function of the set A.

Lemma 3.1. Suppose ¢, v, and N are as in Lemma 2.7. If € > 0, there exists an M ()
and an ng(p,7y,e) > 1 with the following property. Suppose that n > ny(¢,v,€), and n is
odd. Then we can find N points

zje{r/neT: 1<r<n}

(not necessarily distinct) such that, writing

N
n
9= N Z Loy —(2n) 1 4 (20) 1)
j=1

we have:

. n)(logn)t/2nt/2
() g% g — oo < eHmMloED R

(ii) For eacht € T, if 0 < |h| < 1/n, then

¢(n)(logn)!/*n’/?

|| g xg(t+h)—g=*g(t) < 4e N

21



(iif) |g(t)] < ™MD for allt € T.

(iv) [lglly = 1.

Proof. By Lemma 2.8, we can find N points
zje{r/neT: 1<r<n}

(not necessarily distinct) such that, writing

N
p=N"Y b,
j=1
we have o)1 )1/2
-1 n)logn
[ p({k/n}) —n"| < Nz
and
M(v)

k < —
({k/ny) < 0
for all 1 <k <n. Observe that as §,, is supported on {x;}, for any a,b and any x € T we

have
0a; * Liay () = / Loy (@ = y) doe, () = Loy (2 = 75) = 1z, 00,40 (T)-
As convolution respects addition,

N N
n n
i L qamy 1, o) = 37 D Oy * et ) = 7 D Uity om—) = 0
J=1

j=1

Since 1;_(2p)-1,(2)-1) i symmetric almost everywhere,
Le@mten-n * Li@n-1en -1 = / Lim 1,201 (= @)L=y, (8) dt

= / L @n)=1a+@n)-1) (O 1 @2n)-1,@2n)-1)(t) di

(

0 if v < —1/n,

J et arennt)dt if —1/n <z <0,
S lemw-ren-n () dt 0 <z <1/n,

0 if x > 1/n,

\

22



0 if |z| > 1/n,
1/n—|z| if |z] < 1/n,
=max {0,1/n — |z|}.
Writing
A, =max{0,1 — n|z|},

the previous calculations give

g*xqg—= (n,u * 1[_(2,1)71,(2”)71)) * (n,u * 1[—(2n)*1,(2n)*1)) = U * U * nAn

In particular, we have
g% g(r/n) = (% 1) % nAn(r/n) = / nmax {0, 1 — n| (/) — 1]} d(u * 1)(2).

Since g is supported on {k/n}, 1 < k < n, so is u * u. Then the above integral is zero
except possibly when ¢ = rg/n for vy € Z, i.e. nt € Z. Now, A,((r/n) —t) is non-zero
only if

1 —n|(r/n) —t| >0,

yielding 1 > |r — nt|. But nt € Z, implying nt = r. Therefore,
g*g(r/n) =n(l =n|(r/n) = (r/n))p+ p({r/n}) = npx p({r/n}). (3.1)
It is routine to check that for x; € {r/n € T: 1 <r <n}, we have

Loi— )= it 2n)=1) * L= @)= 2t 2m) 1) (2)
0 if o ¢ [x;+x; —1/n,2; +x; + 1/n],
=qz—(vi+az;)+1/n  ifzer+z;—1/na+ ),
—x+ (v, +x;)+1/n ififx ez, +x),z,+x;+1/n].
Notice x; + z; is of the form r/n as well, so that this convolution is continuous and

piecewise linear on each interval [(r — 1)/n,r/n], for 1 < r < n. Then g * g, being a

linear combination of such convolutions, will be continuous' and piecewise linear on each

!Continuity can also be obtained by noticing g € L?(T), and L?(T) = L*(T) C C(T).
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interval [(r — 1)/n,r/n], for 1 <r < n. Thus, g * g attains a local maximum at points in
{r/neT:1<r<n}.

By property of the chosen pu, we have

Ly _¢(n)(logn)'/?
s p({r/n}) —n=7| < ET%/Q-

By (3.1), this becomes

¢(n)(logn)"*n'/2
7 .

g g(r/n) =1 <e
Since ¢ * ¢ has local maxima on {r/n € T: 1 <r <n}, we get

¢(n)(logn)"*n'?
N Y

_ - _1l <
lg % g = 1o = max |g+ g(r/n) —1| <€

verifying part (i).

To verify part (ii), we need to check the claimed inequality for each ¢ € T. We have

two cases.
Case 1: t = r/n, for some 1 <r < n.
Suppose 0 < h < 1/n. Since g * g is linear on [r/n, (r + 1)/n], g x g(r/n + h) can be
expressed as the convex combination:
g*g (L +h) =01 —nh)(gxg) () +nh(gxg) ().

Then

[ g * g(t +h) — g* g(t)| = |h[" g * (% + 1) — g * g(%)]
= [A]7H(1 = nh)(g * 9)(5) + nh(g* 9) (") — g+ g(L)]
= [B]"'n|hlg * g("2) — g % g(£)]
<n(lg*xg("=) =1 +|g*g(5) — 1))
o (Llogn P | pteogny

N N
¢(n)(logn)"*n*?

_9
c N
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The argument is similar if —1/n < h < 0.
Case 2: t # r/n, for any 1 <r < n.
Suppose 0 < |h| < 1/n. Then there exists r/n, for some 1 < r < n, within a distance

of 1/n of both ¢ and ¢ + h. By Case 1,

|h| g g(t+h) — g g()] < |h| 7 (lg = g(t +h) — g = g(Z)| + g = g(=) — g% g(t)])

1/2,,3/2
< 4o logn o

Cases 1 and 2 together give part (ii).
Fix t € T. We have that [t — (2n),t + (2n)™!) intersects {r/n € T: 1 < r < n}
exactly once, say at k/n. Then as yu is supported on {r/n},

19(D)] = [np* 11— @n)-1,2n)-1) (2]

= "/1[—(2n>1,<2n>1>(t —y) du(y)

_ nM(v)
=nu({k/n}) < —=,

by property of i, completing part (iii).

By definition of g, it is easy to see that

N
n
gl Z/ﬁzlm—(zn)l,xj+<2n>1>(t) dt

(2 + (2n) 1) = (2 = (2n) )]

ZIS

ol

2|3
§|H
2|3
3|2

verifying (iv).

We next smooth the function obtained in the previous lemma:
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Lemma 3.2. Suppose ¢, v, and N are as in Lemma 2.7. If ¢ > 0, there exists an M(vy)
and an no(¢,y,€) > 1 with the following property. Suppose that n > ng(¢,v,€), and n is
odd. Then we can find a positive, infinitely differentiable function f such that:

1/2,,1/2

@) 1f % f = 1|0 < g@mloan) Bl

1/2,3/2

(i) [|[(f % [) oo < de@lmllogm /2
(i) [|f]oo < "MOD.

. n2

(V) [|f |0 < EEMG),

(v) [y f(t)dt=1.

(vi) supp f can be covered by N intervals of length 2/n.

Proof. Take M(7), no(¢,7,¢), and ¢g as in Lemma 3.1. Let K : R — R be an infinitely
differentiable positive function such that K(z) = 0 for |z| > 1/2, |K'(z)| < 8 for all z, and

Jg K (x)dz = 1. (Such a function does exist: as an example, take
K(z) =

where

Fo) = exp (——l_img) if |z| < %,

0 otherwise.

After some work, one can show that K(x) is infinitely differentiable and |K'(z)| < 7.2
everywhere. It is trivial that it is non-negative and the support lies in (—1/2,1/2).) Define
K, : T — R by K,(t) = nK(nt) for —1/2 <t < 1/2. Then K, and K, * K,, are also

positive and lie in L!(T), so for each n, we get that

2
1/2
150 * Kol = [ Kl = </ nK(nt) dt)

1/2

/2 2 1/2 2
= K(x)dz | = K(z)dz | =1,
—n/2 ~1/2
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since K (x) is supported on (—1/2,1/2) and n/2 > 1/2 for every n, where equality holds

since we have positive functions.

Set f = g% K,. Then for s € T,
|(f = f = 1)(s)] = [(g % Kn) = (g % K )(s) — 1
= ‘/(g*g)(s—t)(Kn*Kn)(zﬁ)dt—/Kn*Kn(t)dt‘

< [1a<9)(s =) = 1K, K0 d

and so

1 f = 1lloo < llg * g = Ulool | K * Kally
1/2,,1/2
Sgezﬁ(n)(logj\?) 't

verifying part (i).
Fix t € T. By Lemma 3.1, if 0 < |h| < 1/n, then

¢(n)(logn)'/*n’/?

\h|7Hg * g(t +h) — g g(t)] < 4e N

Then
DTS+ f(E+R) — [ f(1)]
= A7 (g % g) * (K Kn)(t+h) — (g% g) * (K * K,) (1)

=W|1/@*m@+h—wUQ*Km@My—/@*@@—MUQ*KM@My

S/MWng@+h—w—g*ﬂ#ﬂMUﬁ*Km@My

< [ acttros
6(n)(log ) /*n?
)

(K * Kn)(y) dy

= 4¢
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Since g, K,, € L' and K, is infinitely differentiable, f = g * K,, is infinitely differentiable.
Then f x f is infinitely differentiable, and so the following limit exists: for each t € T,

] 1/2,3/2
(% Y01 = Y (B 5 f(e+ ) — £ ¢ £(0)] < ae 22008 TR
h—0 N
and hence S )1/2 »
n)(logn)'/?n
1 £Y oo < ac22OB I
verifying part (ii).
Recall [g(t)| < %(7) for each t € T, so that for s € T,
M M
=l Kalo) < [ lots iy [0 gy - U
and hence V)
nivi{y
[flloo <

N )
verifying part (iii).

Since K, is infinitely differentiable, (g * K,,)’ = g * K/?. By choice of K, for s € T we
have

[F'(s)] = (g * Kn)'(s)] = |g % K, (s)] S/Ig(s—t)HK;(t)!dt

1/2 M 1/2
:/ \g<s—t)y|n2K'(nt)|dtg"T”)/ In2 K’ (nt)| dt

1/2 1/2
2M 1/2 2M 1/2 8 2M
N Joap N N

verifying part (iv).

Since g and K, are positive,

Aﬂﬂﬁz/@“ﬁwwﬁwmﬂmmzL

verifying part (v).

2Indeed, we may consider the Fourier transform of each function: for each r € Z we have ((g+xK,,)"J(r) =
irg * Ku(r) = irg(r) K, (r) = () K (r) = (9% K, ](r).
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By construction, the support of g can be covered by N intervals of length 1/n. K is
supported on (—1/2,1/2), so that K, is supported on (—1/(2n),1/(2n)). Then the support
of f = gx K, is covered the sum of these supports, so is covered by N intervals of length

2/n, for part (vi). n

In our proof, we will not need such precise estimates on the bounds, so we modify the

previous lemma and introduce a connection with the parameter a.

Lemma 3.3. Suppose that 1/2 > a—1/2 > > 0. Ife > 0, there exists an ny(«, 5,€) > 1
with the following property. Suppose that n > ng(¢p,7,€), and n is odd. Then we can find
a positive, infinitely differentiable function f such that:

@) [1f*f =1 <en /2.
(i) [[(f * f)lloo < en'".
(iil) [[fllec < en.

() 1l < en?.

(v) [p f(t)dt=1.

(vi) supp f can be covered by less than en®/2 intervals of length 2/n.

~

(vii) |f(r)| <e for all r #0.

Proof. Without loss of generality, assume ¢ < 1, for it only puts a more severe restriction
on the bounds. Set Kk = (a4 8+ 1/2)/2, ¢(n) = log(n), and N = |n”]. Notice ¢ : N — R
is a sequence with ¢(n)(logn)'/? = (logn)3/? — oo as n — oo and for any n > 0, we have
o(n)n™" = (logn)n™ — 0 as n — co. We have a > k > [+ 1/2, so since 1 > « and
g >0, we have 1 > k > 1/2. N is a function of n taking values in the positive integers.
Since k = (a+ 4+ 1/2)/2, we define n = (o — (8 +1/2))/2 > 0 so that Kk = S+ 1/2 4 n

and k = a — 7. For sufficiently large n we get

N(n) = |n%] > |nf12] > nB/270/2)
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For every n, n® > |n"| = N. By Lemma 3.2, there exists an M (k) and an ng(¢, k,e) > 1
with the following property. If n > ng and n is odd, we can find a positive, infinitely

differentiable function f such that:
. n)(logn)!/2nl/2
W) 1f 5 f = 1o < gttmlosr)in,
(ii

(iii

n)(logn)1/2n3/2
N F) oo < AeZmilosnl i

~—

oo < 2

~—

. TL2 R
@) [/ ]loo < P57

(V) Jp f(t)dt =1.

(vi)" supp f can be covered by N intervals of length 2/n.

This f is the function we want in the lemma. Choose ni(«, 3,€) > ng sufficiently large so
that if n > ny is odd, then
4(logn)®*n™" < ¢, (3.2)

and
SM(k)|n"| ™' <e. (3.3)

Using our particular values, 4(logn)®?n™" < ¢ <1 turns (i)’ into

] 3/2,,1/2 ] 3/2,,1/2 ] 3/2
(logn)**n'/? __(logn)**n'/? __ _, (logn)

-3
e] = i o sent/2

[f*f =1 <e

We also get || f* f — 1]|oo < €2, since 4(logn)3/?n~" < e. This will be useful in proving part

(vii) later.
(i) becomes, after another application of (3.2),

(logn)3/?n3/2 < s (logn)3/2n3/2 _ €n1_54(10g n)3/?
] S e nv

1(f 5 f) lloo < 4e

Now using (3.3), (iii)" becomes

nM (k) <

I
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and (iv)" becomes

8n?M (k) <en?

1 Nl < <
"]
(v) gives what we need immediately.

(vi)" tells us that supp f can be covered by |n"| = [n®~"| intervals of length 2/n. Our
choice of n satisfying (3.2) will ensure that n=" < ¢/2 provided n > exp(1/4) ~ 1.28, which
we will assume. Thus, supp f can be covered by less than n®™" < en®/2 intervals of length
2/n.

For r # 0,

—

P = 1T F)Y2 = |Fx Fr) =T [2 < | f # f — 1|2 <,

verifying part (vii).

For the final step of this chapter, we will impose a periodicity condition on the smooth

function we generate.

Lemma 3.4. Suppose that 1/2 > o —1/2 > > 0. There exists an integer k(«, ) such
that given any € > 0, there ezists an my(k, «, 5,e) > 1 with the following property. Suppose
that m > mq(k, a, 8,¢), and m is odd. Then we can find a positive, infinitely differentiable,
periodic function F' with period 1/m with the following properties:

@) |F*F -1 <e.
(i) [I(F % FY|loe < emh0-7),
(iii) [|Floo < em*.

(iv) [[F']loc < em® 1.

(v) JpF(t)dt =1.
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(vi) We can find a finite collection of intervals T such that

UIquppF and Z\Ila<8.

Iez Iez
(vii) |F(r)| < e for all r # 0.

(viii) |h|P|F x F(t+h) — F* F(t)| <¢e for all t,h € T with h # 0.

Proof. Since 1/2 > a—1/2 > > 0, we can find «; and f; such that 1/2 > a —1/2 >
a; —1/2 >y > > 0. For an explicit choice, let

o =dat§(3+).m= 0= 1)+ 8

Since 1/2 > a —1/2 > 8> 0, clearly $; > 0 and

while
w-i=la-h-Ha-}-p <
Moreover,
Br=1(a—3-p8)+p8>8,
and
a=a-jla-5-f)<a

Choose an integer k such that k(8; — ) > 1 (as 1 > () and k(o —ay) > 1 — « (as
a > aq); then k is determined entirely by a and § alone. By Lemma 3.3, if £ > 0 there
exists an ny(ay, B1,€) > 1 such that if for some odd m, n = m* > n; (note that n is odd

since m is), then we can find a positive, infinitely differentiable function f such that:
@) 1f* f = oo < em™/2.
(1) [1(f * f)[loo < em*0=PD.

(i) [|flloo < em?.
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V) [1f e < em?.

(v)' Jp f(t)dt=1.

(vi)’ supp f can be covered by less than em*® /2 intervals of length 2m~*.

~

(vii)" |f(r)| < e for all r # 0.

Extend f by periodicity to [-m/2,m/2]. Setting F(t) = f(mt) for t € [-1/2,1/2], we
get that F' is a positive, infinitely differentiable, periodic function with period 1/m, since
f is a function on T = [—1/2,1/2] with endpoints identified. We have

1/2
F % F(S) = /F(S — t)F(t) dt = s (m<s _ t))f(mt) dt
m/2 1 1/2
= /_ B f(ms — u)f(U)E du = s (ms —u)f(u)du = f* f(ms),

by translation invariance of Lebesgue measure. Then F' has the following properties:

@) ||F % F — 1]|oo < em~"#1/2.
()" |(F % F) |l <m0,
(i) [[Ffloo < em®.
(V)" [[F' oo < em+1,
V)" [ F(t)dt = 1.
o

(vi)” supp F' can be covered by less than em*®1*1 /2 intervals of length 2m ="
(vii)” |F(r)| < e for all 7 # 0.
As we chose k such that k(8; — ) > 1, we get 1 — kS < —kf3, and so (i) gives
|F*F =1 <em™ /2 <em!™1 /2 <em™P /2 < ¢,

verifying (i). We have kept the inequality ||F * F — 1||oc < em™*?/2 as it is instrumental

in proving (viii) later.
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Similarly, we have by choice of k that k(1 — 3) > k(1 — £1) + 1, and so (ii)” gives
|(F % F)||os < emF=80F < gpk1=5),
verifying (ii).

(vi)” tells us that there is a finite collection of intervals Z (in fact, with at most

em™1 1 /2 elements) such that

U 1 O supp F,
IeT
and
mk’a1+1
Z |[‘a <e 5 <2m7k71>a _ gzaflmlfa%»k(alfa).

IeT
Since oy < « and k is fixed satisfying k(o — o) > 1 — o, there exists an my(k, o, B,¢) > 1

such that if m > my, then 20~ tm!—othl@1-a) < 1 5o that

O <,

IeT
verifying (vi).

We have already proven part (i), namely that |[(F * F)'||c < em*1=5. Then since
F % F' is smooth, the Mean Value theorem yields

B HE* F(t+h) — Fx Ft)| < |(F* F)||s < emk(1=8)
Thus if |h] < m~F,

\h|P|F % F(t+h) — F x F(t)] = |h|'" P|h| " F x F(t + h) — F * F(t)]

< g‘h‘lfﬁmk(lfﬁ) <e,

since (1 — ) > 0. If |h| > m~*, then the inequality we showed in the proof of (i) above

gives
|h|P|F % F(t+h) — Fx F()| < |h|7P2||F % F — 1|0 < g|h|Pm™ < ¢,
since —f < 0. This verifies part (viii).
The remaining parts (iii), (iv), (v), and (vii) follow directly from their counterparts

(iii)”, (iv)", (v)", and (vii)". .
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Chapter 4

The Main Theorem

Our method of proof will, in fact, result in a slightly more general version than what we
need for Theorem 4.19. For the sake of generality, we will introduce the concept of -
Lipschitz functions in the following section, and develop a complete metric space to work

in so that we may eventually apply a Baire Category argument.

4.1 -Lipschitz functions

Lemma 4.1. (i) Consider the space F of non-empty closed subsets of T. If we set

dr(E, F) :max{sup inf |e — f|, sup inf |e—f|},
F f€F6€E

ecE f€

then (F,dx) is a complete metric space. dg is known as the Hausdorff metric.

(ii) Consider the space € consisting of ordered pairs (E,u) where E € F and p is a
probability measure with supp u C E and j(r) — 0 as |r| — oo. If we take

de((E, p), (F,0)) = dr(E, F) + sup [u(r) — o (r)],

reZ

then (£, dg) is a complete metric space.
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(iii) Consider the space G consisting of those (E,p) € € such that p* p = f, A with f,

continuous. If we take

dg«Ea:U')v <F7 0)) = dg((E7N)7 (F7 J)) + “f,u - fO’HOO7

then (G,dg) is a complete metric space.

Proof. (i) It is a standard result that the Hausdorff metric defined with usual distance | - |

is a complete metric (see Appendix D.3).

(ii) If (E, ), (F,0) € £ with E = F and p = o, then it is clear that dg((F, ), (F,0)) =
0. Conversely, if dg((E, p), (F,0)) = dz(E, F) + sup,¢y [fi(r) — o(r)| = 0, then E = F by

(i) and p = o by the uniqueness theorem.
Since dg is a metric, dg((F, 1), (F,0)) = de((F,0), (E, ) for any (E,u), (F,o) € &.

Triangle inequality follows directly from the usual triangle inequality on | - | and part

(i). Thus, (&,dg) is indeed a metric space.

To see completeness, let (E,, u,) be a Cauchy sequence in (€,dg). Then {E,} is
Cauchy in (F,dz), so by completeness, we can find a set £ € F such that dz(FE,, E) — 0
as n — oo. Since the space of probability measures is weak-* compact, there exists a
convergent subsequence, say (i, — g W-*, 1 a probability measure. Since T is compact,
this implies fi,, (1) — [i(r) for every fixed r. By hypothesis, fi,, (1) — 0 as |r| — oo, and
by the Cauchy condition,

SUD | [y, (1) — i, (1)] — O
reZ

as k,l — oo, and thus u(r) — 0 as |r| — occ.

Suppose = € supp . By definition, for every neighborhood U, of z, we have u(U,) > 0.
Since p, — p w-x, there exists an integer N, sufficiently large that n > N, implies
tn(U) > u(U) for every open set U. In particular, for every neighborhood U, of x, this
gives p,(Uz) > pu(U,) > 0, so that x € supp p, if n > N,.

Let € > 0. By property of Hausdorff metric, (see Appendix D.4), we have that there
exists N, such that n > N, implies E,, C E.. Combined with the previous paragraph, this
gives z € supp p, C E, C E. for n > max{N,, N.}. Since this holds for arbitrary ¢ and F
is closed, we have that z € E, and so suppu C E.
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Weak convergence gives fi,, (1) — fi(r) for each fixed r, thus

dg((Enk’Nnk)7 (Ewu)) —0

as k — o0o. Since a Cauchy sequence with a convergent subsequence must converge to the

same limit as the subsequence,

dS((Em Mn)v (E, :u)) — 07

completing the proof.
(iii) That (G, dg) is a metric follows a similar proof as in (ii).

To see completeness, let (E,, i) be a Cauchy sequence in (G,dg). Then (E,, u,) is
Cauchy in (&, dg), so by completeness, we can find (F, u) € € such that de((E,, i), (E, 1)) —
0 as n — oo. Since f,, is Cauchy in the uniform norm, f,, converges uniformly to some

continuous function f. By properties of weak convergence, p* u = f\, so (FE,u) € G and

dg((En; pin), (B, 1)) = 0. "

Definition 4.2. Let 1 > a > 1/2 and suppose that ¢ : Rt — R7 is a strictly increasing,
continuous function with ¢(t) > t*=%/2 for all t > 0, 1(0) = 0. We call ¢ a generalized
a-power function. For our uses, ¢ need only be defined on [0, 1/2] since we are on the torus

and will be using non-negative values.

Definition 4.3. Suppose ¢ is a generalized a-power function. We say that f: T — C is
W-Lipschitz if

sup  (|h)THF(E+h) = f(t)] < oo
t,h€T,h£0

In this case, we denote this value by wy(f); notice wy(f) > 0. In the particular case of
Y(t) = P, this definition reduces to the usual definition of Lipschitz of class 3, recall (1.2).
We denote by Ay the collection of all v-Lipschitz functions. Analogously to Lipschitz
functions (see Lemma 1.4), we have a result linking this definition to another form which

may be more useable in certain circumstances, with the same proof.

Lemma 4.4. f € Ay if and only if | f(x) — f(y)| < C¥(|z—yl|) for a constant C, for every
z,y€T.
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We develop some basic properties of operations under wy, which will be used later.

Lemma 4.5. Let ¢ be a generalized a-power function. Suppose f,g € Ay, ¢ is a constant,
and F € LY(T). Then the following hold:

(i) Ay-translation invariance: ¢+ f € Ay and wy(f + ¢) = wy(f).
(ii) Ay-positive homogeneity: cf € Ay and wy(cf) = |c|lwy(f).
(iii) Ay-addition: f+ g € Ay and wy(f + g) < wy(f) + wy(g).
(iv) Ay-multiplication: fg € Ay and wy(fg) < wyp(Fgllco + we(9)]f]]oo-

(v) Ay-convolution: fF € Ny and wy(f * F) < wy ()| F|l1-

Proof. (i) and (ii) are immediate from the definition.
(iii) This follows by triangle inequality.

(iv) If f,g € Ay, we have

sup  W([h)) 7 (fo)(t + ) — (fg)(1)]

t,h€T,h#£0

< sup W(R)THIf(E+R) = F@)lg(t+ R+ 1fFOllg(t+ h) — g(t)])

t,heT,h£0

< sup ()T +R) = fFOllgt + 1)+ sup  D(h)THF(B)]lg(t + ) — g(t)]
t,h€T,h+£0 t,hE€T,h0

< sup O(R))Tf(E+R) = FOlgllee +  sup D(RD)TH flleolg(t + h) — g(t)]
t,heT,h#£0 t,heT,h#£0

= wy(f)lglloc +wy (@)l flloc < o0,

so that fg € Ay and
wy(f9) < wyp(f)lgllsc + wp ()|l

(v) If f € Ay and F € L*(T), we have for fixed t,h € T, h # 0:
D(IRDTH(f = F)(E+R) = (f * F)(t)]
= o) [ ste v n=nFwan- [ ra-nrw)a)
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< (lh)) / [+ h—y) — f(t— 9)lIF) dy
< [ F@Idy = DIFT < .

so that taking the supremum over permissible ¢ and h yields f * F' € A, and

wy (f * F) <wp(HIF[L-

There is also a nice relationship between the w, value of a function and the magnitude

of its derivative, provided f is continuously differentiable.

Lemma 4.6. Let ¥ be a generalized a-power function. If f : T — C has a continuous
derivative, then f € Ay and wy(f) < ||f']]co-

Proof. 1If f : T — C has continuous derivative, then | f’| has a maximum on T, so || f/||c <

00. By the Mean Value theorem, for any ¢t,h € T, h # 0, we have

[AITHF(E+R) = fOI < 1 Nl
so then |h| < (]h|) yields

R)THE+R) = FOI < RTFE+R) = FO] < loo-
Taking the supremum over t,h € T with h # 0, we get

sup (A S+ h) — F(0)] < 1]l < o0

t,h€T,h 40
so that f € A, and

wy (f) <N Mloo-

Lemma 4.7. Let 1 > a > 1/2 and suppose that v is a generalized a-power function.
Consider the space Ly, consisting of those (E, ) € G such that p* p = f, A with f, € Ay.
If we take

dl/}((Enu)’ (Fv 0)) = dg((E,,u), (Fv U)) +w1/1(fu - fU)>

then (Ly,dy) is a complete metric space.
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Proof. If (E, ), (F,0) € Ly with E = F and p = o, then it is clear that dy,((E, u), (F,0)) =
0. Conversely, if dy,((E, ), (F,0)) = dg((E, 1), (F,0)) +wy(fu — fr) =0, then £ = F and

[ = o since dg is a metric.

Since dg is a metric and by Ay-positive homogeneity, dy,((E, ), (F,0)) = dy((F,0), (E, 1))
for any (E, u), (F,0) € Ly.

Triangle inequality follows directly from A,-addition and the fact that dg is a metric.
Thus, (Ly,dy) is indeed a metric space.

If (E,, pn) is a Cauchy sequence in (Ly,dy), then it is Cauchy in (G,dg). Thus there
exists (E, u) € G such that

dg(<En7 “n)’ (Ev :u)) —0

as n — oo. By definition of G, we may write u, * u, = f,A and p* p = f\ with f,, and f
continuous. The condition with dg above gives f,, — f uniformly. If m > n, we have for

any t,h € T, h # 0 that

RN TH( = fa)(t+
< O(RDTH = ) (E+h) = (f = Fa) O+ (RD) T (Fo = S+ ) = (= fa) (D)]
< O(RDTHS = ) (E+h) = (f = fu) (O] + dy (B, p10), (B, f0m)
< Y(RD TN = )+ h) = (f = ) O]+ sup dy((Ep, p1p), (B, 1tq)).

p,g>n

h) = (f = fu) @)
(t+
(
(

Allowing m — oo, the first term limits to 0 and thus

AT = fa)(E+h) = (f = f) (O] < sup dy((Ep, 1p), (Eg, p1q))

p,g>n

for all t,h € T,h # 0. Thus f — f, € Ay and so Ay-addition gives f € A, implying
(E, 1) € Ly. Moreover, the above calculation gives

wy(f = fu) < sup dy((Eyp, i), (Eq, 11q))

p,g=n
so that
dy((En, pin), (E, p)) = 0
as n — oo, and hence (L, dy) is a complete metric space. |
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Lemma 4.8. Let 1 > a > 1/2 and suppose that 1 is a generalized a-power function.
Consider the set {(E, ) € Ly : pxp = fu\, fu is infinitely differentiable}. Let My, denote
the closure of this set with respect to the dy metric. Then (My,dy) is a complete metric

space.

Proof. By definition, (M, dy) is a closed subspace of the complete metric space (L, dy)
(by Lemma 4.7), and hence is complete. |

4.2 Density results

Let 1 > o > 1/2 and suppose that ¢ is a generalized a-power function. Let H, be the
subset of (M, dy) consisting of those (E, 1) € M, such that we can find a finite collection

of closed intervals Z with

(03 n 1
UIQEand Zm 1/ <

IeT 1e7

Notice that H,, O H,+1. Our goal will be to show that #,, are dense in (M, d,) which
will be Lemma 4.16.

Lemma 4.9. Let 1 > o > 1/2 and suppose that v is a generalized a-power function.

Suppose further thatn > 1, g : T — R s a positive, infinitely differentiable function with

/Tg(t) dt =1

and H s a closed set with H O supp g. Then, given € > 0, we can find a positive, infinitely
differentiable function f: T — R with

/Tf(t)dtzl

and a closed set E 2 supp f such that (E, f\) € H,, and

dy((E, fA), (H,g)\)) <e.
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Proof. Since H,, O H,y1 and 1 > « > 1/2, we may restrict ourselves to the case when
1 >a+1/n>1/2. Lemma 3.4 provides us with an integer k = k(o + 1/n, a0 — 1/2) > 1
with the property described in the next sentence. Fix 0 < n < 1/n for the time being; then
there exists an integer mq(k,+1/n,a—1/2,n) > 1 such that if 2m+1 > m;, we can find
a positive, infinitely differentiable function F,, which is periodic with period 1/(2m + 1)

with the following properties:

D [ F* Fo = Lo < .
(i) [[(Fom % Fin)' lloo < m(2m 4 1)F—eF1/2),
(iil)m [[Fmlloo < n(2m +1)F < (2(2m))* = 4Fm".
(V)i 1 Fpllo < m2m + 1)2FF < (2(2m))?PHT = 4262+t
(V)m [|[Fulli = [ En(t)dt = 1.

(vi);, We can find a finite collection of intervals Z,, such that

1
ID F,, and I]ots <n < —.
J I 2supp F, and > 1| <

1€y, 1€y,
(Vii) |P/’T\n(r)| < for all r # 0.
(Vi) |h]7FY2|E,, % F(t 4 h) — Fy % Fou(t)] < for all t,h € T with h # 0.

Since ¢ is a generalized a-power function, ¢ (t) > t*~/2 for every t > 0. Then using

(viii),, and taking the supremum over ¢, h € T with h # 0,

wy(Fn* Fy) = sup  W(|R)) 7 Fo x F(t + h) — E,, % F, ()]
t,hET,h#£0

< sup |h|TOTY2|E, % E,(t + h) — Fp % Fp(t)] <.
t,h€T,h£0

We shall also call this property (viii),,, as we will no longer need the previous version.
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Since ¢ is infinitely differentiable, all of its derivatives g\¥) are continuous on the torus. In

particular, g@)(—1/2) = gU)(1/2) for every j. Then by integration by parts with u = ¢ ()

1/2 ) )
/ 72mrt dt
1/2

Then by induction, for every 5 we have

and dv = e~ dt, we have

o~

1 —
= — U+ ().
z’rg (r)

- (ir)l
In particular, for j = 2k + 4, we have that for r # 0

N 1
!9(7”)|:W—k+4

where C; = ||\, is a constant. By a straightforward application of the integral test,

1
~ —(2k+3) —(2k+2)
Sl < S sza[(r+%+2)m ]

|r|=m |r|=m

since m > 1. Thus, we get that with C' = 2C} Qkkjf a constant,

S [r|[G(r)] < CmC2), (4.1)

r|=zm

Since §(0) = [ g(t) dt = 1, we have in particular that

Y G < @)+ Y Irlgnl < 1+C. (4.2)

r=—oc0 Ir[>1

Set Gp(t) = g(t)F,.(t). Since F,, is periodic of period 1/(2m + 1), we know that

Fo(r) = 0if r ¢ (2m + 1)Z. Then since §(0) = 1 and F,,(0) = [, F,(t)dt = 1,
Gn(0) =1 =G% Fu(0) = 1= > G(r)Fu(-r) -1
=GO)F.0) =1+ > G((2m+1)5)Fu(—(2m +1)j)
Jj=—00,j#0



= Y Gr)Fa(-r).

[r|>2m+1

Also, |ﬁ;(—7“)| < ||F|l1 = 1, so that the previous bound of é,\n(O) — 1 gives

Gn(0) =11 < D rl[gn)] < C@2m + 1)) < O~ @2, (4.3)

|r|>2m+1

using (4.1). Since G, = [; G (t) dt, (4.3) gives that for sufficiently large m, [ G, (t) dt #

0, so that we may deﬁne
~1
= (/ Gm(s) ds) Gm(t).
T

This function f will be the function we want to approximate the given g, but we will need

in addition a special closed set E that is close to H.

Notice

supp f C suppgNsupp F,, € H Nsupp F,,, C H.

In particular,

sup inf |e —h| =0.
e€supp f heH

H C T is a closed subset of a compact set, hence compact. Then as (T, | - |) is a metric
space, H is totally bounded. That is, (with ¢ > 0 given in the hypothesis) there exist
finitely many balls of radius r; < /4 centered at points a;, say Bi(ai,r1),...,B(ay,ry),
such that H C |JY, B(as,r;). Consider the finite set A = (JI*,{a;}, and fix hg € H. Then
hg € Uf\il B(a;,r;), so that there is some 1 <1i < N with hy € B(a;,r;). In particular, we
get an element a; € A with |hg — a;] < £/4. Then

€
inf [ho — a| < |ho — a;] < .
CILEAMO al < lho —a4| < 1

Taking the supremum over elements in H,

sup inf |h —a| <
heH a€A

=1

Define £ := AUsupp f. Then the previous estimate remains unchanged when A is replaced
by FE, since for each fixed element hy in H, the infimum of distances to an element in F

is still smaller than the distance between hy and a;. FE is closed, being the union of

44



finitely many closed sets, so F € F. f\ is a probability measure since by construction,
Jp f(t)dt = 1, and clearly supp f C E. f(r) — 0 as |r| — oo since f is infinitely
differentiable, and so (E, f\) € €. fA*x fA = (fx f)(AxA) = (f = f)A, and f * [ is
continuous (in fact, infinitely differentiable) as f is, so that (E, fA\) € G. f € Ay as f is
infinitely differentiable, and so (E, fA) € M. The finite collection of intervals Z consisting
of those in Z,, together with the degenerate closed intervals [a;, a;] = {a;} has the property
that

1
U]QAUsupmeQAUsuppf and Z|]|O‘+1/”<77<—,
n

1€l IeT

so that (E, fA) € H,. Moreover,

e €
dr(E, H) igg }1161;[ le — h| + }Szlelgégg le—h| <0+ 11 (4.4)

Recall we are to show that
dy((E, fA), (H,gA)) <e.
By definition, the metric dy, is expanded as

dy((E, fA), (H, gA))
= dg((E, fA), (H,g)\)) +wy(f * f —g*g)
= de((E, fA), (H,gA) + If % f — g gllo +wy(f * f —gxg)

-~

= dr (B, H) +sup [ f(r) = g(r)| + |If + f =g glloe + wp(f+ f =g 9).

We have bounded the first term by /4, it remains to show the remaining three terms are
also bounded by £/4. In order to show these, we first will show that f is close to G,, for

sufficiently large m, and appeal to a triangle inequality argument.
For ease of notation, write C,, = Cm~**2 > 0. We may assume C,, < 1/2 for all
sufficiently large m. With this notation, (4.3) yields
1—Cp < Gp(0) <14C,p, <2,

Then

_ N+ GOl = Gu(0)] _  3Cn 3Cm  _

|G (0)7" = 1 |é;(0)2| ~(1-=Cp)? = (1—-1/2)2

120,
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since C,, < 1/2. As an immediate consequence, we have
G (0)™F = 1] < |G(0)72 = 1| < 12Cm~@F+2) (4.5)

since [r7! — 1] < [272 — 1] for = > 0.

Claim 4.10.

-~

sup [ f(r) — Gu(r)] <

rez

| M

Proof. Fix r € 7Z. Notice that as G, is the product of two positive functions, it is itself
positive and hence [|Gylly = [i Gon(t) dt = Gp(0) < 2. As |Gon(r)| < [|Gonllr, by (4.5) we
get

< 24C'm~(k+2)

(/T Gonls) ds> T

Since 24C' is a constant, m can be taken sufficiently large that

7(r) = Gulr)] < .

Taking the supremum over r € Z yields the desired result. n

Claim 4.11.
€

Proof. A direct computation gives, using (4.5),

-2
||f>l<f—Gm>l<GmHoo:H(/Gm(s)ds) G * Gy — Gy % Gy
T

</T Gn(5) ds) T

< 2||Gnloe12Cm ™~ kF2),

o0

< (|GGl
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We have ||Giulloo = [|9Fmlloo < |gllool|Emlloo, and our estimate from (iii),, gives

1 5 F = G Gonlloo < 24 glctPmbm™ G442 = 24C g ™5+

Since 24C|g|| 4" is a constant, m can be taken sufficiently large that

1 % = G Gunlloe < .

Claim 4.12.
wy(f*f—GprxGpy) <

| ™

Proof. We have

wy (G * Gn) < wy (G| Gy by Ay-convolution
= wy(9En) Gl < 2wy (gFm)
< 2wy (9) 1 Fmlloo + wi(Fm)ll9lloo] by Ay-multiplication
< 219" looll Ermlloo + [1F70llso 19 loc] by Lemma 4.6
< 2 [[lg'lloc4"m"* + 4 m* g o] by (iii),, and (iv),,

< 2([19'lloo + llgloo) 4> tm® 1,

Then using Ay-positive homogeneity and (4.5),

)
wy(f* [ — G x Gy) = wy ((/TGm(s)ds) Gm*Gm—Gm*Gm>

(/T Gn(s) ds) T

< 1202 + [lg]l) 42
= 240(|¢ |l + llglloc) 227

Wy (G % Giy)

Since 24C(||¢|loo + |lglloo)4%**t is a constant, m can be taken sufficiently large that

wy(f*f—GpxGpy) <

ool M
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We next need to show that G,, is close to g for sufficiently large m.

Claim 4.13.

—

~ e
sup [§(r) — Glr)] < 5.
rez

Proof. For a fixed r € Z, we have

G(r) = G(r)| = [g(r) — Z G — HFn(5)
- Zﬁ(r - ])ﬁ;(?) since ]5:”(()) -1
i#0
<> gt = by (vii),,
J#0
=n(l+0C) by (4.2).

We may choose n < ¢/(8(1 4+ C)), and so taking supremum over all r € Z gives

—

sup [g(r) — Gn(r)] <
rez

ool ™

We now fix n for the remainder of the proof, so that the previous claim holds and we

have
1< (gl +wilg* 9) +2) o, (4.6)
but we leave m free for now, subject only to the constraint that previous claims remain
true.
Claim 4.14.
g * g — G * Goalloo < %
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Proof. Consider the mth partial Fourier sum,
Sult) = 3 )
|r|l<m

Since ¢ is infinitely differentiable on T, the Fourier inversion theorem tells us that

[e.e]

g(t) = 3 Grper,

r=—00
and so

(g =Sa)O =] D g™ < gl < Y Irllg(r)l:

|r|=m |r|>m |r|>m
Then by (4.1),
19 — Smlleo < Cm7(2k+2)a

and hence we may choose m sufficiently large that

lg = Smlloo < 1.

Similarly,

(9= Su) ()] = | S gr)@min)e™| < 2w 3 |r|[g(r)]
Iri=m Irizm
so by (4.1),
1(g = S lloe < 2mCim= (442,

Consider the Fourier coefficients of S,, F,,,. For u,v € Z with 0 < v < 2m,

SnFm(@m 4 Du+v) = Y Su()En((2m+ u+ v —j).

j==oc

—

(4.9)

Since F,, is periodic of period 1/(2m+1), F,,,((2m+1)u+v—7) = 0 unless (2m+1)u+v—j €
(2m + 1)Z, that is, unless v — j € (2m + 1)Z. On the other hand, S,, is a trigonometric

polynomial of degree at most m, and hence é:n( j) = 0 unless |j| < m. Since 0 < v < 2m,

we only get non-zero terms if 7 = v. Thus we have

e~ o~

S Fn(2m + D+ v) = S (0) Fon((2m + 1)ar).

49



Likewise, we can consider the Fourier coefficients of (.S, *S,,)(Fy, * Fy,). Since Sy, .S, is a
trigonometric polynomial of degree at most m and F), * F}, is periodic of period 1/(2m+1),

the above work shows

—~ —~ —

(S * Si) (Frp * E))((2m + Du + v) = (Sp(v))*(En((2m 4 Du))?.
These last two identities give

((SmFom) % (SmE))(2m + Du+v) = (S Fon((2m + D+ v))?
= (Sm()*(Fn((2m + 1)u))?

= ((Sp * Si) (Fp * Fi)) (2m + 1)u + v).

Since u,v € Z and 0 < v < 2m, every Fourier coefficient of these functions agree, so the

uniqueness theorem tells us that
(SmFm) * (SmFm)(t) = (Sm % Sim) (t) (F % Fr) (), (4.10)
for every t € T. Then
19% 9 = G * Gilloo = llg % g = (9Fm) * (9Fm)loo
< lg* g = Sm * Smlloo + [19m * Sm = (SmFon) * (SimFin)l| oo
1 (SmEm) * (SmFm) = (9Fm) * (95m) oo
=119 9 = Sm * Smlloc + [15m * Sm — (Sm # S ) (Frn * Fin)[|oo
+ 1 (SmFom) * (SmFm) = (9Fm) * (9Fm) oo
Let us consider each of these three terms separately.

We rewrite the first term,

1(g +Sm) * (9 = Sm)llec < lg + Smllllg = Smlleo
glls + I1Smll)llg = Smllee < (X 4 [[Smllsc)llg = Smll
2+ [lglle) (Crm=ZH42),

< (
< (
where in the last inequality we used (4.7) and (4.8). Since (2 + ||¢]|«)C' is a constant, we

can take sufficiently large m that

€

lg % g = Sm + Smlloe < 57 (4.11)
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For the second term,

S * S = (S % Si) (Fin * Fip) oo = [|(Sm % S ) (1 = Fo % Fi )|
< Sm * Smlloclll = F * Fonl oo
< Sl lll = Fon % Foll oo
< (1+ llglloo)n,

by (4.8) and (i),,. Recall that  was chosen so that (4.6) holds, that is,

€ €
- ) -2 = < ~ 1 -2 =
1< (ol + wolo * 9) + 207 < (lgll + 1)
since wy (g * g) > 0. Thus,

€

1S * S — (S % Sin) (Fon % Fip) || oo < v (4.12)

For the third term, we proceed as in the first case,

1(Sm b ) (S bm) = (9Fm) * (9Fm) oo
< SmEom + gE |11 SmFm — 9Fmllso
< [1Sm + gllss [ Emll1[1Sm = gllooll Fimlloe
< (1+2g)loo) O~ 42 (4Fm)
= 451+ 2l|glloc) O~ "+,
where we have used (iii) s, (V)m, (4.7), and (4.8) in the last inequality. Since 4*(1+2||g||)C

is a constant, we can take sufficiently large m that

1S o) * (S Fon) = (9F3m) % (9Fm) oo < 57 (4.13)
Equations (4.11), (4.12) and (4.13) together give
g% g — G * Gnl|oo < g
|

Claim 4.15.
wy(g* g — Gm*Gp) <

ool ™
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Proof. This claim proceeds much like Claim 4.14. By Ay -addition, w,, satisfies the triangle
inequality:

wy(g* g — G * Gm) = wy(g * g — (9Fn) * (9Fm))
S wy(g* g = S Sm) + wy (S * Sy — (SmFin) * (SimFin))
+ wy((SmFin) * (SmFm) — (9Fm) * (9Fm))
= wy(g* g — S * Sm) + Wy (S * Sy — (S * ) (Fi * Fi))
+ wy((SmFin) * (Smbm) — (9Fm) * (9Fm)),

using (4.10) for the last equality. We consider each of the three terms separately.

For differentiable functions F' and G we have

We(F* F = G*G) = wy((F+G) % (F = Q) < [|(F+G) % (F - G)) [l
= [(F+G) % (F =G|l < [IF'+ Gllull(F = Gl
< (P + IGIDIE = G)[loo- (4.14)

For the first term, we use (4.14) to get

w9 % g = S * Sm) < (lglh + 1Sml)1(g = Sin) lloo < 2+ l|glloc) 27 Cm 2

by (4.8) and (4.9). Since (2 + [|g]|«)27C' is a constant, we can take sufficiently large m
that

w0p(g% 9 = S * Sn) < 5

o (4.15)

For the second term,

Wi (S % S — (S * S ) (F  Fyy))

= wy((Sm * Sm) (1 — F * Fy))

< wy (S * S |1 = Fi % Fip | oo + wip(1 — Fiy % Fp)[|Sm % Sin || oo
< wy (S % S |1 = Fin % Fipl|so + Wy (Fin % Fip)[[Sm % S| oo

< wy (S S ) + 1| S+ S lloo
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where the first inequality follows by Ay-multiplication, the second follows by A-translation
invariance, and the final inequality is a consequence of (i),, and (viii),,. To handle this

expression, the proof of (4.15) gives
Wy (S * Sm) S wy(g*g) +1
and the proof of (4.11) gives
[1Sm * Smlloe < llgll3 + 1.

Thus,

€

ww(Sm * S — (S * i) (Frn % Fip)) < (W¢(g*g) + ||g||?>o +2)n < Yk

(4.16)

by our choice of 7 to satisfy (4.6).

For the third term, we use (4.14) to get

Wy (SmFm) * (S Em) = (9Fm) * (9Fn))

< (ISmEmlls + 1gEmll) N (SmFom = 9Fm) |

< (ISmllell Emllx + llglloo HEm IO ((Sm = 9) Fm) llo
(14 2[lglle) (S = 9) Fn) [l oo

by (4.8) and (v),,. Now by the product rule,

(S = @) Fm) lloo < [[(Sm — 9) Fanlloo + [1(Sm — 9) o
S H(Sm - g)/”oo“FmHoo + “Sm - g”ooHFrlnHoo
< 2ﬂ_cm—(2k+2)4kmk + Cm—(2k+2)42k+lm2k+l

< O~ R4 42041 21 o = (2he2) 42K+ 2k

—9. 42k+10m—1
where we have used (4.7), (4.9), (iii),,, and (iv),, in the third inequality. Thus,

ww((SmFm) * (SmFm) - (gFm) * (gFm)) < 2(1 + 2||g||00)42k+1cm_1'
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Then we can take sufficiently large m that

€
Wy ((SmEm) * (SmFm) — (gFn) * (9Fn)) < 2 (4.17)
Equations (4.15), (4.16) and (4.17) together give
€
wy(g* g —Gm*Gp) < 3
[ |
Combining (4.4) with Claims 4.10 through 4.15, we get
dy((E, fA), (H, g)))
= dr(E, H) +Su§|fA(T) =g+ f* f =g glle +wy(f * [ —gx9g)
re
(TSt e e e,
4 8 8 8 8 8 8
as required. |

Lemma 4.16. Let 1 > o > 1/2 and suppose that ¢ is a generalized a-power function.
Then H,, is dense in (My,dy) for every n.

Proof. Fix ¢ > 0 and let (E,u) € M,. By definition of M,, we can find an infinitely
differentiable function ¢ : T — R and a closed set H such that (H, g\) € M, and

dy((E, p), (H, gN)) < (4.18)

€
5
Notice ng(t) dt = 1 since gA is a probability measure. By Lemma 4.9, there exists a
positive, infinitely differentiable function f : T — R such that fT f(t)dt =1 and a closed

set F' D supp f such that (F, f\) € H, and

dy((F, fA), (H,g))) < (4.19)

DN ™

Combining (4.18) and (4.19) yields the desired result. n
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Theorem 4.17. Let 1 > « > 1/2 and suppose that ¢ is a generalized a-power function.
The complement of the set

H={(Ep eMy: dimg(F) <a}

is of first category in (My,dy). In particular, H is dense in (My, dy).

Proof. We claim #,, is open in (My, dy). Suppose (E, 1) € H,. By definition of #,,, we
can find a finite collection of closed intervals Z with
1
IDE atl/n o —
U DO E and Z ] <
IeT I€T
Since 7 is finite, we can find an n > 0 such that
1
z]uwamwﬂn<ﬁ.

IeT

Define Z = {[a — n,b+1] : |a,b] € I}. If (F,0) € My, with

dy((E, p), (F, o)) <,

then automatically, 1
IDOF d I a+1/n < =
U ) an Z | | TL’

IeT IeT
and so (F,0) € H,. Thus H, is open in (My, dy).
Lemma 4.16 tells us that #,, is dense in (M, dy), so it follows that the complement of
., is nowhere dense, being closed. Thus, the complement of ()~ H,, is of first category

in (MTZM dw)

Suppose (E, ) € (.~ Hn, then for each n we can find a finite collection Z of closed

intervals such that |
I D F and Ijetm < 2
Jr2Ema Yjre <!

Iez IeT
Assume dimg(F) > a. Then there is an integer N such that dimg(F) > a + 1/N. Fix

9 > 0 and take n > N sufficiently large that o+ 1/n < 1 and 1/n < §. Then

1
Il < ]a+1/n< ]a+1/n<_<5
1< i < ST e < 2 <,

IeT
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and (J;c7 1 2 E. In particular, this gives a uniform bound
1
Het N (B) < HZHM(E) < YT < S <1 < oo,
n
1€z

for every ¢ > 0. Taking the supremum over § > 0, we get that
HHN(E) <1 < o0,

and so dimy(F) < a+1/N, a contradiction. Therefore, dimpy(F) < «, and so (F, u) € H.
This gives H® C (o, H,). Since any subset of a set of first category is of first category,
this completes the first part of the proof. We will suppose H¢ = |, E,, for some nowhere

dense sets E,,.

By Lemma 4.8, (M, dy) is a complete metric space, so the Baire Category theorem tells
us that this space is Baire, that is, the countable intersection of open dense sets is dense.
The interior of the complement of a nowhere dense set is dense, so that ()~ int(E%) is

dense as M, is Baire. Then H contains a dense set, and thus is itself dense in (M, dy). B

We finally arrive at a somewhat generalized form of our main theorem:

Theorem 4.18. Let 1 > a > 1/2 and v be a generalized a-power function. Then there
exists a probability measure p such that dimg(supp p) < a and p* p = fA with f € Ay.

Proof. By Theorem 4.17, H is non-empty. Thus we can find (£, 1) € M,, with dimy(E) <
a, and so dimg (supp pt) < a. By definition of My, we also have that u is a probability
measure with g x = fA with f € Ay. [

Theorem 4.19. If 1 > « > 1/2, then there exists a probability measure p such that
dimpy (supp p) = o and pu* p = fA where f € Ag_1/5.

Proof. Taking ¢ (t) = t*~'/2, Theorem 4.18 gives us a probability measure with dim (supp ) <
aand p* p = fA with f € Ay = Ay_1/2. By Lemma 1.11,
dim g (supp ) — ! > a— l,
2 2
and hence dimy(supp p) = a. |
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Appendix A

Measure Theory

Some of these results are applicable in the more general case of o-finite measures, but for
our purposes, we will only require finite measures. As such, we will make the assumption

that all measures are finite. Measures will also be taken to be Borel and regular.

Definition A.1l. Suppose (£2,3) is a measure space and p and v are complex measures
on (€2,%). u is said to be absolutely continuous with respect v if whenever v(E) = 0 for
aset £ € X, then we have u(E) = 0. In this case, we typically write p < v. If Q is a

topological group and v is the Haar measure, we typically say u is absolutely continuous.

Absolutely continuous measures are nice, due to their correspondence with L! functions.

Theorem A.2 [RADON-NIKODYM THEOREM]|. Suppose (§2,%) is a measure space, and
w, v are measures on (2,2). Then p < v if and only if there exists a function f € L*(p)
such that

W(E) = [E i

for any measurable set E € 3. f is referred to as the Radon-Nikodym derivative.

Such a correspondence allows us to treat absolutely continuous measures as functions,

by taking their Radon-Nikodym derivatives.
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Definition A.3. Suppose (£2,Y) is a measure space. A measure p on (£2,3) is said to be
singular with respect to a measure v on ({2, X) if there exist two disjoint sets E, F € ¥
with FUF = () such that p is zero on every subset of E and v is zero on every subset of F'.
In this case, we typically write u L v. As this definition is symmetric in x4 and v, we may
sometimes simply say p and v are singular. Notice that in the case of positive measures,
it suffices to have the condition pu(E) =0 = v(F). If Q is a topological group and v is the

Haar measure, we typically say pu is singular.

Theorem A.4 [LEBESGUE’S DECOMPOSITION THEOREM|. Suppose (§2,%) is a measure

space, and p,v are measures on (2, X). Then there exist two measures fiqze and fis such
that

(i) M= Hac T fs,

(ii) pee < v, and

(iil) ps L v.
Furthermore, these two measures are uniquely determined.

Both Theorems A.2 and A.4 are standard results that can be found in any good measure

theory (see, for example, [13] Theorem 6.9).

In the special case of v being Lebesgue measure, Lebesgue’s Decomposition theorem
may be further extended to include the concepts of continuous measures and discrete

measures.
Definition A.5. Suppose (£2,X) is a measure space. A measure p on (£2,%) is said to

be continuous if p({z}) = 0 for every z € Q. A measure p is said to be discrete if it is

concentrated on a countable set, that is, if it can be expressed as

o= Z an5In7
n=1
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where a,, are constants, x,, € (), and ¢, is the Dirac measure defined by

1 ifxekF,
0 ifzx¢E.

02(E) =

Recall that we assume measures are finite, so this summation is finite.

The next lemma shows another decomposition of the space of measures, this time using

continuous and discrete measures.

Lemma A.6. Suppose (2, %) is a measure space, and p is a measure on (2, %). Then
there exist two measures p. and pq such that

(i) p= pe + pa,

(i) pe is continuous, and

(ili) pq is discrete.
Furthermore, these two measures are uniquely determined.

Proof. Let E = {x: p({z}) # 0}. For each finite subset F' C E, >  _.|u({z})| <
|\pllar@y < oo. Taking the supremum over all possible finite subsets I C F, we get
Y ower x| < el < oo. Thus for every n € N, there can only be finitely many
x € E such that u({z}) > 1/n, and so E must be countable, say E = {z, zo,...}. Define
the discrete measure pg =Y o~ ({2, })ds,, and define p. = p— g Then for every = €

0 ifx ¢ FE,

p({zn}) — pa{zn}) =0 ifzx =z, € E,

pe({z}) =

so that u. is continuous.

For uniqueness, suppose p.. is a continuous measure and p; is a discrete measure,
with g = pl + p). Then pe + pg = pl. + ply yields pe — pl. = ply — pg. It is clear from the

definitions that both the continuous measures and discrete measures are closed under linear

61



combinations, so we have the continuous measure p. — . equal to the discrete measure
Wy — pa = Y, andy, . Since this is continuous, for each n the discrete measure must assign
a weight of 0 to the point y,, which implies a,, = 0. Therefore u. = !, and pg = !, so the

decomposition is unique. ]

It is clear from the definition of the support of a measure and a discrete measure that

if p1g =", andy, is a discrete measure, then

supp pg = {x, : a, # 0}.

In particular, ug is supported on a countable set, and hence is easily seen to be singular
with respect to Lebesgue measure. Then by Lemma A.6, the singular measures can be
decomposed into a discrete part and a part that is both singular and continuous, which we
call continuous singular. This proves the following extension of Lebesgue’s Decomposition

theorem:

Theorem A.7. Suppose p is a o-finite measure on R™ or T". Then there exist three

o-finite MEASUTes fiae, fes, and g such that

(i> M= fac T fes T M,
(1) pac is absolutely continuous,
(iil) pes s continuous singular, and

(iv) pq is discrete.

Furthermore, these three measures are uniquely determined.
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Appendix B

Convergence of Fourier Series

Definition B.1. Suppose we have two functions, f(x) and g(x). We write

as x — 0 if and only if f(z)/g(x) — 0 as x — 0. For brevity, we typically omit the
condition x — 0 and simply write f(x) = o(g(z)).

Theorem B.2 [DINI-LIPSCHITZ TEST|. As a function of h, if

fla+h) = f(z) = o((n|r[7)7)

uniformly in x on T, then the Fourier series of f converges uniformly on T.

For a proof and more detailed discussion, refer to [1] Chapter IV §4.
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Appendix C

Probability Theory

Theorem C.1 [MARKOV’S INEQUALITY]. If X is a non-negative random variable, then
for all a > 0,
P(X > a) <E(X)a™.

Proof. Define a random variable Y by

a if X(z) > «,
Y(z) =
0 otherwise.

Clearly Y < X, so that E(Y) < E(X) by monotonicity. On the other hand, we have by
direct computation that E(Y) = aP(X > «). The result follows immediately. |
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Appendix D

The Hausdorff Metric

Definition D.1. Suppose (X, d) is a metric space, and let F be the family of all closed
and bounded subsets of X. For two sets E, F' € F, define

dr(E, F) = max {sup inf d(e, f),sup inf d(e, f)} )

ecE fEF feF €€k

We call dz the Hausdorff metric.

It is worth noting that there is a natural reason to restrict to sets belonging to F.
Indeed, if we allow arbitrary sets to be measured in this way, then we shall see dz(E, F) =0
if and only if E and F' have the same closure, which does not necessarily mean F = F|,
violating the definition for a metric. As well, allowing unbounded sets will allow dr to take
on the value oo, which is undesirable. We now show that the term “metric” is used here

in a natural way, that is, we do in fact have a metric.

Theorem D.2. (F,dx) is a metric space.

Proof. Clearly if E, F € F with £ = F, then dz(F, F) = 0. Conversely, if dz(E, F) =0
then
sup inf d(e, f) = 0 = sup inf d(e, f).

ecE JEF feF e€b
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Since these infima are non-negative, we get

inf d(e, f) = 0 = inf d(e, f).

fer eck
As F and F' are closed, this implies £ = F.
Trivially, dz(E, F) = dx(F, E) for any E, F € F.
Finally, suppose E, F,G € F and choose ¢y € E, fy € F. By triangle inequality,
;ggd(eo g9) < glnf( (€0, fo) + d(fo, 9))
= d(eo, fo) + iggd(fo,m

< d(eo, fo) + sup inf d(f 9)-

feF 9€G

Since this holds for any fy € F, it holds in the infimum,

inf d(eg, g) < 1nf d(€0 f) -+ sup inf d(f7 9)

9€G fer 9€G
< sup inf d(e, f) + sup inf d
- eeg fer (. ) fez«Ege (/:9):

so that taking supremum,

fd < fd(e, f)+ fd(f, g
sup Inf d(e, 9) < sup inf d(e, f) + sup inf d(f, 9).

By symmetry, we get

sup inf d(g, e) < sup mf d(g, f) + sup inf d(f, e).
geG €€E geG | feF €€k

Combining these equations together gives
d]:(Eu G) < df(‘E?F) + d.7:<F7G)
Thus, (F,ds) is indeed a metric space. |

A nice property of the Hausdorff metric is that it inherits completeness from the un-

derlying metric.
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Theorem D.3. If (X,d) is a complete metric space, then (F,dx) is a complete metric

space.

Proof. Theorem D.2 ensures (F,dr) is a metric space. To see completeness, let Ey, Fs, . ..

be a Cauchy sequence in (F,dz). By taking a subsequence if necessary, we may assume
dr(En, Eny1) < 27771 Define

E={e=lime,: e, € E, and d(e,,epy1) <27 "}.

n—0o0

To see E is non-empty, we will inductively create a sequence satisfying the necessary
property for its limit to lie in F. Since F; € F, it is non-empty, thus we can choose

e; € Fy. Inductively, having chosen e, € E,,, our assumption gives

f€ER+1 gEE, f€En11 fEEn41 9€ER

inf d(e,, f) < max { sup inf d(g, f), sup inf d(g,f)}
=dr(Ep, Epq) <2771
Since F, 1 is closed, the infimum is attained and so there exists e, 41 € E,11 such that

d(en,ent1) = feigf+1 d(e,, f) <271

Thus {e,} forms a Cauchy sequence. Since X is complete with respect to d, e, converges
to some e € X. That is, e € E, so E is non-empty. Notice that by triangle inequality, we
also get that for this e,

d(en,e) < 27",

Let ¢ > 0. Let N be sufficiently large that 2=¥*! < . Suppose n > N and take
e, € E,. By the construction above, we can get e € E with d(e,,e) < 27""!. Then

certainly

: —n+1
}Ielg d(en, f) <2 .

Since this holds for any e, € E,,

sup inf d(g, f) < 27"+
sup inf (9.f) <
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Conversely, take e € E. By definition, there is a sequence e,, with e = lim,, , €,, €, € E,,
and d(e,, €,41) < 27™. Then by triangle inequality, d(e,,e) < 27", and so certainly

inf d sy
Jnf (g.€)

Since this holds for any e € F,

sup inf d(g, f) < 27"t
fEE gEEn
The suprema and infima are unchanged if we replace E with its closure E. Then together,

these give

df(En,F) = max { sup inf d(g, f),sup inf d(g, f) ¢ < 9=+l < =N+l o
geE, fekE feﬁge n
Hence, E, converges to £ € F in the dr metric, that is, (F,dr) is a complete metric

space. n

Two sets are close in the Hausdorff metric if they lie in a “thickened” version of the
other set. To be precise, let (X,d) be a metric space. For a subset £ C X and ¢ > 0,
define

E.=|J{feX:dlef) <e}

eck

Then we have the following;:

Lemma D.4. Ifdz(E,F) <e, then EC F. and F C E..

Proof. Suppose dz(E, F) < €. Then by definition, we have in particular that

sup inf d(e, f) < e.
sup inf (e, f)

Fix e € F; then
inf d(eg, f) < sup inf d(e, f) < e.

feFr ecE fEF
By definition of infimum, there exists fo € F with d(eg, fo) < €, so that ey € F.. Hence
E C F., and the second identity follows by symmetry. |
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It may be worth noting that the converse almost holds: a quick proof of the nature
above shows that if £ C F. and F C E., then dz(E, F') < 2e. This provides a useful alter-
native viewpoint to sets converging in the Hausdorff metric, by examining containments

in thickened sets.
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