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Abstract

Achieving a higher transmission rate had always been a goal in the field of communications.
Having a two-way channel in which two nodes transmit and receive data at the same time,
is an important tool to achieve this goal. A two-way channel is the first step from point-
to-point communication channel toward multi-user networks. In its ideal form, we can
transmit data two times faster by using a perfect two-way channel. However, the area
of two-way channels had not been of interest of researchers during the past years and
number of articles on this area is considerably low comparing to other types of multi-
user communication networks, such as multiple-access channel, broadcast channel and

interference channel.

On the other hand, use of analog-to-digital converters (ADC) is a must in modern
systems to enable us to analyze data faster; nevertheless, presence of ADC add some other

difficulties to the system.

In this thesis, different scenarios about two-way channel are studied. The Shannon’s
model of two-way channel and his inner and outer bounds on the capacity of this channel
are presented. For the Gaussian Two-Way Channel with quantized output, in which the
ambient noise has a Gaussian distribution, the expression of Shannon’s inner bound for

both Gaussian and discrete inputs are derived.

The best uniform quantizer to obtain the maximum achievable rate for Gaussian input
is found numerically. Then we will evaluate the additive noise model for the quantizer

from an information theoretic point of view.

For the discrete input, the method of rotating one input with respect to other one is

employed to enlarge the achievable rate region.

At last, two scenarios will be studied in which, minimizing the power of interference,

does not necessarily maximizes the transmission rate.
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Chapter 1
Introduction

In this chapter we will study a variety of subjects related to our works. We will have a

glance on prior arts and what has been done by researchers so far.

First of all, in the next section, basics of Two-way Channel, which is the main topic of
this thesis, is presented. A short history of this channel is given and different features will

be investigated.

In the next section, a study on quantization is presented. We will see how we can
model a quantizer in our systems and it affects the performance. Quantization noise is
then looked at and best model of its pdf will be introduced.

In section 3, we will see a scenario which is called erasure channel for a point to point
communication. This type of channel has been also studied in this thesis for Two-Way

channel.

But, we need first to know what has been done on this topic before. So, a short

discussion on very important paper on this topic will be given.



1.1 Two-Way Channel: A short review

Two-way channel, for the first time, has been introduced by Shannon [1] in 1961. In that
paper Shannon described properties of a two- way channel in general. A two-way channel
consists of two users, trying to send information to each other through a common path. A

simple model of two-way channel has been depicted in Fig. 1.1.

Xl XZ
—> <
Y Two-Way Channel
1 LY
User 1 User 2

Figure 1.1: A simple model of Two-way Channel

To study a two-way channel we will enter the field of network information theory. The
capacity of a two-way channel in its general form is still an open problem. But, in [1],
Shannon derived both an inner bound and an outer bound for the capacity region of a
two-way channel. These two bounds, coincide in some cases of two-way channel. But, in
most cases there is a gap between Shannon’s proposed bounds. For example, for MOD 2

adder (Fig 1.2) as a Two-way channel introduced in Shannon’s paper, these two bounds

coincide.
MOD 2 Adder
Xl XZ
—_— > + [
Y, ‘L Y,
<€ >

Figure 1.2: An Example of Two-way channel in which Shannon’s bounds coincide

But, for Binary Multiplying Channel (BMC) (Fig. 1.3), where the adder is substituted

with an AND gate, these bounds do not coincide.
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Figure 1.3: An Example of Two-way channel in which Shannon’s bounds do not coincide

For the BMC channel shown in the above figure, Schalkwijk in [2] proposed a new coding
scheme that leads to a achievable rate beyond Shannon’s inner bound. He also improved
this achievable rate later in [3] and [1]. In 1995, an even better scheme introduced for this

particular channel in [5].

Each node at two-way channel has both transmitter and receiver antennas. These two
antennas are close to each other. A very common phenomenon in two-way channel is
self-interference or leakage signal, which is the signal from transmitter to receiver of one

node.

In 1984, for the general case of two-way channel, Han derived a higher achievable rate
than Shannon’s inner bound in [6]. In this paper, he also calculated the exact capacity
of Gaussian Two-Way (GTW) channel, and showed that for this scenario, the two-way
channel can be modelled as two parallel channels with Gaussian noise and the capacity

region is rectangular.

A new outer bound on the capacity of two-way channel has been introduced in [7]. In

this work the bound is derived by introducing two auxiliary random variables.

After these works the area of capacity of two-way channel has not been investigated so

much.

Throughout this thesis we will consider two independent codebooks for users and try

to enlarge Shannon’s achievable rate region.



1.2 Quantization in Communication

Another topic that will play an important role in this thesis is Quantization. In the modern
communication systems, quantization is an inevitable part. Most of signal processing at
the receiver side are performed after an analog-to-digital conversion and quantization is a

part of this conversion.

Our model of two-way channel is also Gaussian, with uniform quantizers at receivers.
Use of quantizer at receivers has been studied recently in some works. In [3] and [9], it has
been shown that for point-to-point channel, when we quantize the output of the channel,
the capacity achieving input distribution has to be discrete. In fact it has been proven
that use of quantizer imposes an additional peak-power constraint on the input random
variable and according to [10] the input has to be discrete. In [11] and [12] the author

considered output quantization for MAC and Broadcast channel with discrete input.

Different aspects of quantization has been studied so far. In this thesis, the main feature
that we will face through using a quantizer is Quantization error or Quantization noise.
We will consider an additive model for this error. So it is defined as the difference between
the value of the quantizer’s input signal and the value of the quantizer’s output. This

quantization noise is well-studied at [13] and [14].

We will use both Gaussian and discrete random variables as the channel input.

1.3 Gaussian Erasure Channel

In the third chapter of this thesis we will consider a Gaussian Erasure two-way channel.
In this channel the messages can be completely erased with some probability distribution
of erasure, and receiver only receives the channel noise. In [15] the capacity of Gaussian
Erasure point-to-point channel is studied and the asymptotic expressions for the capacity

is found.



Chapter 2

Two-Way Channel with Output

Quantization

2.1 Introduction and Preliminaries

In this chapter we will discuss about basics of two-way channel and the model which intro-
duced by Shannon in 1961. Then Gaussian Two-Way (GTW) channel and Han’s argument
([6])about this particular, but important, type of two-way channel will be presented. Then

we will discuss about our own model in which, a quantizer is added at both receiver ends.

2.1.1 Shannon’s Model of Two-way channel and Prior Arts

Shannon proposed a discrete memoryless two-way channel. His model of two-way channel

has been shown in Fig. 2.1 [1].

In this figure, f and g are encoding functions and ¢ and v are decoding functions.
my and my are input messages for userl and user2 respectively. m; is chosen from set
My = {1,2,..., My} and my is chosen from set My = {1,2,..., Ma}. P(y1,ya|z1,22) is

the channel transition probability function. X; and X5 are channel inputs and Y; and Y5



mi X
> f ' |  Two-Way Channel Y2 > P R
7y y
Y Y
— @ [« P (y1,y2lx1,%5) < g [«
ms; y] X2 m;

Figure 2.1: Shannon’s model of Two-Way channel

are channel output alphabet sets. For encoding a message, each user, uses both current

message and a sequence of received symbols from the other user. Similarly, decoding at

each receiver end depends on the message sent and the sequence of received symbols. For

a block code of length n, the encoding functions are as follow:

ot = (fo(ma), filma,ya1), fo(ma, ya1, vi2), -y fam1 (M1, Y11, ooy Y1n-1))

ry = (go(m2), g1(Ma, Y21), 92(Ma, Y1, Y22), - Gn—1(Ma2, Yo1, -+ Y2,n-1))
The probability of error at each terminal is then defined as the following:

M; My

Fey = M11M2 m§1 m;1 P(m1 # 7711\7711, mowere sent)

LM
P, = 3757 m21 m§1 P(mgy # mg|my, mowere sent)

(2.1)

(2.2)

Let us denote the rate of the code-book that carries information from transmitter 1 to

receiver 2 by Ry and from transmitter 2 to receiver 1 by Rs.

Now, pair (Ry, Ry) is an achievable pair rate if for n > 0 and any 0 < A < 1 there exists

a code (n, My, My) such that:
(%)long >R —n

(%)IOgMQ 2 Rg -1

(2.3)



and
P, <A\

2.4
P <) (2.4)

The set of all achievable pair rates form the capacity region of two-way channel [6].

Shannon bounds on the capacity of Two-Way channel

The capacity region of a two-way channel in its general form is still unknown. In [1],
Shannon established inner and outer bounds on the capacity region of a two-way channel.

The outer bound includes all pairs of (R;, Ry) satisfying the inequalities

Ry < I(Xq;Ys|Xy)
| (25)
Ry < I(Xy; V1| X))

where X; and X, have an arbitrary joint distribution p(x,z3). As for inner bound,

these expressions still hold, however, X; and X, are independent random variables p(z1, x2) =
p(x1)p(z2).

In this thesis we will try to enlarge this achievable rate region introduced by Shannon

for different scenarios.

New inner bound

For this model, Han in [0] introduced a new achievable rate region. According to his work
the new achievable rates can be found by defining a new random variable and block Markov
coding strategy. This new achievable rate region completely includes Shannn’s proposed
inner bound and so it is a new inner bound for two-way channel. The cardinality of the

auxiliary random variable is assumed to be finite and thus the inner bound is computable.



To understand the achievable rate region of Han, a test channel is needed to be intro-

duced. This test channel is depicted in figure 2.2.

1 >, b F———Y,
~1/ Two-Way W,
Channel
x, by =
: %

Figure 2.2: Han’s test channel

As it is shown in this figure, each channel input X; is generated using three auxiliary
random variables, U;, UZ and V~V1 Where U; carries the new message information, Ul carries
previous message information, and W, carries the feedback information from the output
terminals [0]. These three auxiliary random variables then produce channel inputs under

fi’s as the encoding functions:

Xl = fl(UhUlan)

o (2.6)
X2 = f2(U27 U27 W2)

The relation between auxiliary random variables is defined as the following (for ¢ = 1, 2):

ot =yt
s D)D) (2.7)

W, = Xy,
Han’s encoding scheme is different from Shannon’s scheme in [1]. Shannon updates the
channel input signal bit by bit using the current message and the received feedback. But
here, Han’s scheme uses a completely similar encoding scheme stated in [23]. Actually a

block Markov technique.

The main theorem of Han is the following:



Theorem 2.1.1. (Han [0]) If we define these inequalities:

R, < I(Ul;X2Y2U2W2)

. 2V (2.8)
Ry < I(Uy; X1 Y1ULWA)

and set R as below:

R = (R, Ry) (2.9)

Then every element of R s achievable.

New outer bound

After Han’s work, in 1986, a new outer bound to the capacity of two-way channel derived
in [7]. This new outer bound also derived by using auxiliary random variables. The main

theorem of this paper is the following:

Theorem 2.1.2. ( Zhang [7]) The capacity region R of a two-way channel is a subset of

the region

R* = {((R1, Ry)
Rl < mzn[H(leZg),[(Xg,Ylel,Zl)]

where X1, Xo,Y1,Ys, 71, Z5 are random variables whose joint distribution is of the form:

p(z1, 22)p(21|21)p(22|22)P(Y1, Y2 |21, 22)

and p(y1, yo|T1, x2) is the channel transition probability.

X; can be assumed to be generated by Z;. Z; itself can be considered as the combination
of the past message information and the feedback of the terminal . Therefore, the amount
of new information in X; is actually H(X;|Z;). I(X;;Y;|X;,Z;) (and i # j) is an upper



bound that is imposed by two-way channel itself. Consequently, the forward direction rate

is less than the minimum of these two values.

2.1.2 Gaussian Two-Way Channel (GTWCQC)

A Gaussian Two-Way Channel (GTWC) has been shown in figure 2.3.

x| T2
47 -—————
hll h22
‘21_6_ h2y hi2 C+>_y2>
zZ1 Z2

Figure 2.3: Gaussian Two-Way channel, Z; and Z, are Gaussian random variables

According to this figure we have:

Yi =hiuXi +haXo+ 23
: (2.11)
Yo = h12 Xy + hoo Xo + 2

where X; and X, represent the transmitted signals and Z; and Z, are additive noises at
the receiver sides. Moreover, Z; and Z, are Gaussian independent random variables. For
each terminal the signal from transmitter to its own receiver is not desired and acts as
an interference signal. Because this signal goes from transmitter to receiver of one node
we call it Self-Interference. Due to the nature of this system, the interfering signal has
much higher power than the desired signal, i.e., hy; and hgy are much larger than hqo
and hgy, respectively. Using RF techniques, one may considerably reduce self-interference
[22]. Because this signal is known for the receiver, the receiver tries to cancel it. In a

scenario where we impose a power constraint over input signals, Han in [0], derived the

10



exact expression for the capacity region of GTWC. He presented this result in the following

theorem

Theorem 2.1.3. [0] The capacity region of GTWC with power constraint Py, and Py is the
set of all (Ry, Ry) such that

Ry < Ylog (1+ 223 )

. (2.12)
Ry < Jlog (1+ a2

It is seen that the capacity achieving inputs are Gaussian and each side can completely

cancel the self-interference. As such, GTWC is equivalent to two orthogonal (parallel)

Gaussian point-to-point channels.

2.1.3 Gaussian Two-Way Channel with output Quantization

Quantization is an inevitable part of modern communication systems. Most of signal pro-
cessing operations at the receiver side are performed after the analog-to-digital conversion
stage. In the rest of this chapter, we address a GTWC with quantized outputs. The system

model is shown in figure 2.4

Figure 2.4: Model of Two-Way channel with output quantization

11



Using this figure we have the following:

Y, = Q(Yﬁ) = Q(h11 X1+ haXo+ Z)
, (2.13)

Yy = O(Y2) = Q(h12 X1 + hooXo + Z)

where Y] and Y; are the quantized outputs and Q(-) is quantization function. Since quanti-
zation is not a linear operation, users cannot cancel the effect of self-interference anymore.

Therefore, in contrast to GTWC, Gaussian inputs are not necessarily optimal.

We utilize identical quantizers with a finite number of quantization levels at both ends.
The step size of the quantizers is denoted by ¢. The output of the quantizer can assume
any of the M real numbers in the set Y = {li,ls,....,Ips}. In fact, Q(y) = I; whenever
y € R; = [b;i—1, b;] where

b(] = —0
by = +00 (2.14)
bi=(i—-4)q ie€{l,2,.,M—1}.

We take SNR £ % as a measure of SNR. In [3, 9], it is shown that in a point-to-
point Gaussian channézl with quantized output, the capacity achieving input distribution
is discrete with a finite number of mass points. In the setup of a GTWC with quantized
outputs, our results confirm the supremacy of discrete inputs over Gaussian inputs at least
in the low SNR regime. As such, the majority of this chapter is devoted to constellation-

based transmitters.

In [8] it is proposed that the loss in mutual information between the input and output
of a point-to-point channel due to low-precision quantization is tolerable and even for high
values of SNR (20 dB), 3-bit quantizers do not decrease the performance more than 15%
compared to infinite precision quantization. Motivated by this observation, we rely on

8-level (3-bit) quantizers in our simulations unless otherwise stated.

The rest of this chapter is organized as follow. In section 2.2, performance of Gaussian

12



inputs is studied and optimum step size of quantizer is computed numerically for some
SNRs. In section 2.3, for 1-dimensional and 2-dimensional scenarios the expression for
channel capacity with constellation-based inputs is derived. Then, we consider a 6 degrees

rotation in constellation of one of the users, and investigate its effects on capacity region.

2.2 Gaussian Inputs

Although Gaussian inputs are not necessarily optimal for our problem, it is still of interest

to evaluate their performance in this model.

2.2.1 Why Gaussian?

Achieving a high rate data transmission is a goal in modern communication systems, spe-
cially in mobile devices. An important obstacle that these systems experience is multipath
fading. To overcome this problem, a common way is to employ multi-carrier signals,
such as OFDM [25]. The main advantages of OFDM signal are: robustness against fading
caused by multipath propagation and against Inter-Symbol Interference, robustness against
narrow-band co-channel interference, easily adaption to severe channel conditions with-
out complex equalization, and simple implementation using Fast-Fourier Transform(FFT).
But, an important problem of OFDM signals is their high Peak to Average Power Ratio

(PAPR), specially when number of carriers is large.

On the other hand, as we stated above, use of analog-to-digital converter is a must in

modern systems. This means that the received signal first goes through a quantizer.
In this section, we utilize the OFDM signals as the input of a two-way channel.
We suppose the channel inputs are chosen from constellations with N points &7 and Ss.

Sl = {Slla 512y «+1y slN}
: (2.15)

S = {521, 522, -1y S2N}

13



si;'s are complex numbers. These points are then transmitted over the channel under
OFDM modulation. We denote the modulated signal by S;(t), for ¢ € {1,2}:

N
Si(t) =) siwe I (2.16)
k=1
where:
Si(t) = X;(t) + jYi(t) (2.17)
In [106], it has been rigorously proven that bandlimited OFDM signal converges to a sta-

tionary complex Gaussian random process when number of sub-carriers goes to infinity,
i.e. both real and imaginary part of the signal will converge to a Gaussian random process.
For the sake of simplicity, we just study the real part of the signal. The results can be
extended to the imaginary part as well. We suppose N is large enough such that we can

substitute X;(¢) by X; which is a Gaussian random variable.

Because we would like to study the achievable rate region introduced by Shannon [I]
we consider two independent Gaussian signals as the channel inputs. We also assume that
h11 = hgs and his = he;. Moreover, we impose the same power constraint over inputs, i.e.
P, = P, = P. In this condition }71 and }72 in figure 2.4 are Gaussian random variables with

the following pdf’s.

] 1 i
o B 2.18
o \/27T((h112 + ho?) P + Uz12)exp( 2((h11® + ho*) P + Uz12)) 219

] 1 7s
o B 2.19
e \/QW((th + hgo?®) P + Uz22)exp( 2((h12® + hoo®)P + 0222)) 219

Due to symmetry, we focus on computing R;. According to (2.5), we need to compute
I(X1; Y51 X5). Note that Y, is a quantized version of 1?2 and is a discrete random variable.
Deriving a closed form for this conditional mutual information is unlikely. However, we

can compute it numerically and find the optimum quantizer.

In the next subsections we consider a uniform finite-level quantizer Q at both receiver

14



ends. In subsection 2.2.2 for differnt values of input power (P) we find the optimum step-
size of quantizer. In subsection 2.2.3 we will try to find a model for additive quantization

noise.

For the rest of this chapter we suppose: oy, = 0z, = 04.

2.2.2 Optimum step size for Gaussian Input

In this subsection, we will find the best uniform quantization step size for a fixed number of
levels (M is fixed) that maximizes the Shannon acheivable rate from terminal 1 to terminal

2. To do so we utilize the expression for conditional mutual information.

I(X1; Yo Xo) = H(Y2|X>) — H(Y2| Xy, Xo) (2.20)

Fig. 2.5 demonstrates the optimum step size of output quantizers, which maximizes
the rate, for different values of SNR.

snr=10dB

1(X,3Y,IX,)

snr=4.77dB
0.8f =

0.6 snr=2dB |
snr=0dB
0.4 h
snr=-2dB
0.2 ! ! | | I I I ! ! | L
0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9 241 2.3 25
Grain Size

Figure 2.5: Optimum quantizer step size for GTWC with Gaussian inputs at different
SNRs

The following observations can be made from this figure:

15



1- Low-precision quantizing does not affect performance considerably. For example, at
SNR = 4.77 dB, the best rate we can achieve is 0.89 bits/sec/hz with step size 1.3. If we
do not use a quantizer, this rate would be 1 bits/sec/hz according to (2.12). This implies
that there is about 10% loss due to 3-bit quantization in contrast to the case with no

quantization.

2- Given number of quantization levels, M, there is only one optimum step size. In
fact, for small step sizes, the quantizer cannot cover the whole dynamic range of its input.
On the other hand, as we increase the step size, the resolution decreases. This results in
loss of information as well. The reduction continues until we reach a point in which almost
the whole signal lies in one step and the amount of I(X;;Ys | X») converges to a certain
number (e.g., 0.37814 for SNR = 4.77 dB).

3- As SNR increases the dynamic range of the signal at the quantizer input grows and

the optimum step size increases accordingly.

2.2.3 How to model the Quantization noise?

In this subsection we want to replace the quantizer with an additive noise and then see how
appropriate is this model by comparing the achievable rates obtained using each model.

Let’s consider n as the additive quantization noise which is defined as the following:
N=X-9(X) (2.21)

where X is the input signal of the quantizer. In [13] and [14] quantization noise is well
studied. In both of these works for an infinite-level quantizer a necessary and sufficient
condition for the quantization noise to be white and uniform is expressed. A condition

under which the input signal and quantization noise are uncorrelated is also proposed.

It can be easily shown that the pdf of quantization noise is:

16



et X Ux (B exp(—j¥") q/2<n<q/2

fn(n) = i7#0 (2.22)
otherwise.

o

Where WU x(.) is the characteristic function of the random variables X and is defined as

below:
Uy (u) = Elexp(jur)] (2.23)

Theorem 2.2.1. (Sripad [1/]) The pdf of quantization noise is uniform

q/2<n<gq/2

fn(n) = (2.24)

O Q=

otherwise.

if and only if the characteristic function of the input random variable has the following

property:
\IJX(%) =0, foralli+#0

The above theorem explains the necessary and sufficient condition for the quantization
noise to be uniform. So N is a uniform random variable with zero mean and variance:
0% = q*/12. The same condition is a sufficient condition for quantization input signal and

quantization noise to be uncorrelated [14].

But according to our model, the input signal of the quantizers in the receiver sides are
Gaussian (see (2.19) ). We also know that the characteristic function and pdf of a random
variable are Fourier pair. This issues together with the fact that the Fourier transform of
Gaussian signals is also Gaussian, yields that the input signal of our quantizers does not

satisfy the condition in the above theorem.

In [13] it is shown that if the quantization step size is fine enough, we can approximately

use the results of the above theorems.

Now, we would like to evaluate this approximation from an information theoretic point

of view, i.e. we model the quantizer by an additive uniform noise which is independent

17



of quantizer’s input signal (however in the above theorem, if the condition is satisfied,

quantizer noise and the input signal are assumed to be uncorrelated).

Again we calculate R; (transmission rate from user 1 to user 2) and results are extend-

able to Ry. According to this assumption we have:
Yy = Q(Ya) = hio X1 + hooXo + Zo + Ny (2.25)

where N is the additive uniform quantization noise at receiver 2.

Now the expression of achievable rate according to Shannon’s inner bound is:

Ry < I(X1;Y2]Xz) = h(Y2|X2) — h(Y2] X3, X) (2.26)
(h12 X1 + hoa Xo+Za+ No| Xo) — h(h1a X1 +hoa Xo + Z + No| X1, X3)
(h1o X1 + Zy + No| Xo) — h(Zs + Na| X1, Xo)

(h12X1 + Zy + N3) — h(Zy + Ny)

Where (a) comes from (2.25), (b) comes from properties of differential entropy, and (c)

comes from independence of random variables.

In the above expression, h1o X1 + Z5+ Ny and Z5 + Ny are both sum of two independent
Gaussian and uniform random variables'. We know that the pdf of sum of two independent
random variable is equal to convolution of their pdf. For a Gaussian random variable

G ~ N(0,0,?) and uniform random variable U ~ Unif(—q/2,q/2) we have:
S=G+U

So fs(s) = (fa * fu)(s), where fg is Gaussian pdf and fy is Uniform pdf.

(11 (s—x)?* . 1, —q/2—s q/2 —s
6= [ e (- g = (I o)

n hi1s X1 + Zs + N the Gaussian random variable is h1a X1 + Zo with variance h122P1 + o042
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Now, for the last line of (2.26), suppose the following expressions:

S1 = h1o Xy + Zy + Ny

(2.28)
Sy = Zy + Ny
Then:
where pdf of S; and S5 are as below:

:1 _Q/2_8 _ Q/Z_S 2.30
) iR R o) 0

1 —q/2 — 2 —
foala) = L(o(TI2Z5) - (1225 231)

q 0z Oz

To evaluate the additive noise model for the quantizer we compare the Shannon’s
achievable rate obtained from (2.29) (additive model) with achievable rate obtained by
using quantizer itself. Figures below show this comparison. For these simulations we
suppose that the power of channel noise is 1 and the power of signal is 3. Channel gains

are identical and equal 1.

In the first figure, quantizer has 16 levels. According to this figure three phases can be

observed:

e For the additive noise model, when ¢ is small, the power of quantization noise is very
low. On the other hand, for the quantizer model, because there is limited number of
quantization levels, it can not completely cover the dynamic range of received signal.

So the achievable rate for the additive model is higher.

e When ¢ increases the achievable rate obtained from these two models meet each
other.

e As ¢ get larger, the power of additive noise still grows and achievable rate decreases

monotonically. But in the quantizer model as ¢ increases the whole received signal
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Figure 2.6: Comparison of Shannon’s Achievable rate for two models. Number of levels:

16

Figure 2.7: Comparison of Shannon’s Achievable rate for two models. Number of levels:

128
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In the second figure, we increase number of levels to 128 and nothing else is changed.
As we expected the effect of this increment is only on the first phase and the other two

phases remain the same as the previous figure.

2.2.4 Reducing Truncation noise

Because quantizers have limited number of bits, their dynamic range can not be infinity.
Consequently, the input signal will be clipped if its amplitude is beyond the dynamic range
of the quantizer. There is some works ([17]-[21]) on the effect of clipping the OFDM signals
and methods of mitigating the clipping error. The well-known effects of clipping OFDM

signals are in-band distortion and out-band noise emission.

In this subsection, we assume that the quantizer is fixed and from the receiver point of

view try to increase the performance of the system.

Now, consider the receiver at terminal 2 in the Fig. 2.8 (results can be used for the

other receiver).

Xl
hy, B
Y. 4
X, h22 {-9 i Quantizer 4
ZZ

Figure 2.8: Receiver at terminal 2

The desired signal for this receiver is X, and X, is self-interference. Let’s denote the

power of X; and X5 by P, and P; respectively. That is:

P, = E[X}?]
(2.32)
P, = E[X5?]
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As we mentioned earlier, at each receiver, power of self-interference signal is much
higher than power of desired signal. In the other word hgs > his. But, X5 is known for

receiver 2. Now we introduce a new random variable, W5, which is defined as the following;:

Wy = h12 X1 + Zs. (2.33)

Since X; and Z; are two independent Gaussian random variables, we have:

Py, = hio’ Py + 02 (2.34)

So we may re-write (2.25) and power of Y, as follows:

Yy = hao Xo + Wy (2.35)

Py, = hos’Ps + Py, (2.36)

Y, goes through a quantizer and whenever its absolute value is greater than T, the
truncation point, it’s truncated. Let’s denote the truncation error in receiver 2 by ~s.
We would like to calculate the power of this error. To do so, we need first to present a
formulation. We introduce a new variable, I, which takes two values (0 and 1) according
to the following expression:

0 if|g|<T
Ir(§) = ’ (2.37)
1 if ¢ >T.
Using this new variable, the power of 7, is defined as:

Bl = / (V) (Fa — T2 fy, (o) g (2.38)

(e 9]

where:

e T (2.39)



The amount of this error power depends on power of quantizer input, }72, and truncation

point, 7.

Our method to decrease F(72?) is based on our knowledge about X,. Since we know
X5, we can compensate error in truncation to some extend. Suppose we have clipper C
which clips its input signal if its absolute value is larger than 7”. We pass ho X5 through C.
Now, whenever Y, > T, we check if hgpXo > T". If this is the case, then we add hos Xy —T"
to T to produce the output of Q. So the output would be T + (hgpXo — T”). Besides, if
Yy < =T and hasXs < —T" the output of the quantizer would be —T" — (—hypXs —T"). In
this way, we decrease the amount of error. In general, by this method, error =, is as the
following:

' o>T  and hpXs<T'
Y| =T if ¢ or

5}2 < =T and h22X2 > T’

Y2 ‘WQ - T+ T/‘ if }72 > T, and h22X2 > T/,* 1 (240)
Wo+T —T'| ifYy<—T, and hppXy < =T

0 otherwise

\

Where (x) and (f) come from the following expressions:
() if Yo > T and hyy Xy > T" then the error is: Yy — (T + (hgoXo —T"))| = [Wo — T +T"|

(1) if Yy < —T and hgy Xy < —T" then the error is:
Yy — (=T = (—hpe Xy = T"))| = [Wa + T = T'|

Now, we need to calculate the power of v, based on this new definition and new pa-

rameters and find the optimum value of 7" which minimizes the error power. We take «
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as the ratio of the received power from signal X, to the one from W5 at receiver 2.

oy’ Py
o= 241
P (2.41)

Figure 2.9 , shows the result of simulations for the optimum value of T” for different values
of T and «. It is clear that for very large 7", results are the same as the scenario without

clipper C.

3.5¢ . .

R : ‘ : —8—T=11, o=sqrt(8)
—+—T=10, a=sqrt(8)
——T=9, u=sqrt(8)
—e—T=11, 0=3

i 25 ______ 5 e ................... .................. ------ —+—T=10, a=3
5 T=9, 0=3
o .
R T e T R 2
w ‘
g y | | |
-_.g 1.5 """""""" o S “_ """"" R Fiashithaeh bl i il
[1v] | E . o & 3 )
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e
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R0 T Yy e e TS - o

0.5F - AR e

7 8 g 10 11 12
Tl

Figure 2.9: Optimum value of 7" for different quantizers

2.3 Constellation-based Inputs

Next, we evaluate the Shannon achievable region in a GTWC with constellation-based
inputs. In [I1] and [12] use of constellation-based input for Gaussian MAC and Gaussian

broadcast channel with quantized output is investigated. Simulation results in Table 1
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compares the values of Ry in constellation-based GTWC with PAM signals and GTWC
with Gaussian inputs. According to this Table, at least at low SNR discrete input has

supremacy over Gaussian. We didn’t optimize over all discrete inputs though, and just

used identical 8-points PAM with different power constraint for both transmitters. For

subsections 2.3.1 to 2.3.4, we assume that the noise power is equal to 1, i.e., 02 = 1 and

channel gains are symmetrical, i.e., hy; = hoy and hiy = hoy.

Table 2.1: Performance of Gaussian and Discrete Inputs in a GTWC with Output Quan-

tization

Gaussian Inputs

Discrete Inputs (PAM)

SNR Ry Opt. step Size Ry Opt. step Size
1 0.46432 0.95 0.46972 0.85
2 0.71814 1.2 0.72418 1.05
3 0.88916 1.4 0.89247 1.2
4 1.0162 1.55 1.0165 14
5) 1.116 1.65 1.1125 1.5
6 1.1976 1.8 1.1911 1.7
7 1.2659 1.9 1.2564 1.8

Suppose X; and X, are generated uniformly over finite constellations X; and &5 with

cardinality K, and Ks, respectively, i.e., X; = {x;1, %9, ..., 2 i, } for i € {1,2}. One may

express 1(X7;Ys|Xs) as

](Xl;Y2 | XQ) :H(Y2|X2)—H(Y2|X1,X2>-

(2.42)

For I(X5;Y; | X1) we will have exactly the same arguments as (2.42) and just need to

exchange the indexes.

We study both 1-dimensional and 2-dimensional scenarios in the following subsections.
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2.3.1 1-Dimensional Constellations

In this subsection we consider a constellation with points along one axis. For such constel-
lation, H(Y; | X3) in (2.42) has the following form:

Ko
1

H(Yz | Xo) = 7= ) H(Y2 | Xy =) (2.43)

2 =1

and
H(Y2 | Xy = 452,1') =
(2.44)
— 2211 P(}/Q = lk | X2 = Igﬂ‘) 10g2 P()/Q = lk | X2 = LEQ’Z‘).
On the other hand,
P(YQ:ZHX2:£U2,¢):

(2.45)

K%Z]K:H P(Yo =1, | Xo =29, X1 = 1)

We need to discuss about (2.45). Note that Y3 is a quantized version of Y3 and the
probability density function of Y is

1 (Ya — hagva; — hioa ;)2
——exp(—
V2T 2

This leads us to (2.47) where ¢(-) is the cumulative distribution function of a standard

f(3~/2 | Xo =29, X1 =11) = ). (2.46)

Gaussian random variable.

PYo=1;| Xo =29, X1 =21;) = P(Yfz € Ri | Xo =2, X1 =21)

b; Vo —hao@o ;—hi22y ;)2 Y
= [ Lexp(— Otmnchenal) gy, (2.47)

= ¢(bz - h22$2,z‘ - h12351,j) - ¢(bz’—1 - h22$2,z‘ - h12$1,j)
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As for H(Y; | X4, X»),

H(Y, | X1, Xo) =70 Y o H(Yy | Xy =115, Xo=12). (2.48)

T KK =
Similarly, H(Ys | X; = 21, Xo = x9,) can be written as follows:

H(Y2 | X = $1,j,X2 = $2,i)
(2.49)
= — 224:1 P(Yo=1; | Xo =29;, X1 = 1) 10g, P(Yo = I}, | Xo = 29, X1 = 21)

2.3.2 2-Dimensional Constellations

Next, we consider 2-Dimensional Constellations. The ambient noise at both ends is modeled

as circularly symmetric complex Gaussian noise with unit variance.

We require to perform 2-dimensional quantization at outputs. Quantization is per-
formed independently on each dimension. Due to uniform quantization, the quantizer
regions, R,.., will be rectangular with horizontal boundaries b,,_; and b,, and vertical
boundaries d,,_; and d,,. Let us denote the quantization regions by [,,,. Assume that
the quantizers have M horizontal and N vertical levels. If y; € R, then Q(y;) = Ly
(for i = 1,2). Basically, expressions for obtaining conditional mutual information in 2-
dimensional case can be derived in an almost similar manner to 1-dimensional problem.
However, they are slightly different. Equations (2.43) and (2.48) remain unchanged. How-
ever, equations (2.44) to (2.47) and (2.49) change to equations (2.50) to (2.54) where V()
and V) denote components of variable V, V = V) 4 /=1V®_ Note that we need to

rely on numerical computations.

M N
H(Yy [ Xy =1m;) == > P(Ya =l | Xo =9;)logy P(Ys = Ly | Xo = 2,) (2.50)

m=1 n=1
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f(f/g | X2 = 1'271‘,X1 = I’Lj) = —6_‘{/2_I2’1_x1"7 (252)
P(Yo =l | Xo =204, X1 =21;) = P(Ya € Ry | Xo = 20,4, X1 = 1)
= for, dcrl:fl %e_%_mi_m’j|2d§~/2(1)d3~/2(2)
(2.53)

= [6(/20n — o8] = D)= (V201 — 2] — 2]

X[ 6(V2dn — 28] = 22 = $(V2dn-1 — 2f) — 2)]

H(Y; | Xq =1, Xo = x9)

= M SN P(Ya =l | Xo = @04, X1 = 21;) 10gy P(Ya = Ly | Xo = @94, X1 = 21)
(2.54)

In the next subsection, the rate region will be sketched for 4-PAM and QPSK at some
SNRs.

2.3.3 Rotation of Constellation

In this section we extend the concept of Uniquely Decodable (UD) alphabet pairs proposed

in [21]. For given constellations X} and Xy, Xsym1 and Xsume are defined as follow (given
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hll = hgz =q and h12 = h21 = b)

Xsuml = {Q(aml + bl‘g) | VJfl € Xl,l‘g & XQ}

(2.55)
Xsqu = {Q(bl‘l —+ CLZL‘Q) | Vl'l c Xl,ZL‘Q € XQ}

In fact, X1 and Xiume denote the quantized version of received constellations at each
receiver. Given the mappings ¢ : X} X Xy — Xgum1 and ¥y @ X X Xy = Xgyma, we call
the pair (X}, X) to be a UD pair if ¢, and 19 are one-to-one mappings.

If the pair (X}, Xs) is UD, probability of error in decoding the received signal decreases

and information can be transmitted through the channel at higher rates.

A simple way to achieve such UD pairs is to rotate the constellation of one user, i.e,
X, = X1e7%. As such, we let K; = Ky = K. Our goal is to find an angle of rotation that
maximally enlarges the Shannon achievable region. Let us denote such an angle by 6*.
Numerical simulations show that the rotation of one constellation enlarges the achievable
region and in some cases, results in a rectangular region. According to the definition of UD
pairs, it is clear that in some cases, constellation rotation does not help us in reaching our
goal, i.e., 8* = 0, specially for quantizers with large step size. In fact, the optimum value
of 6 depends on the structure of the quantizer. Generally, for 1-dimensional constellations,
0* = 90 for most of the cases. For 2-dimensional constellation, by increasing the number

of constellation points, the optimum angle decreases.

For a UD constellation pair, both X,,,,1 and Xsyme have K2 elements. As SNR increases,
sum rate converges to log, K? = 2log, K, which is the maximum achievable sum-rate for

a channel with K-point constellations at inputs.

It is necessary to mention that, if we do not quantize the output, rotation of constel-
lation would not help, because the receiver knows the constellation and rotating it does
not give any further information. However, since the quantizer does not operate linearly,
its output is not completely clear for the receiver. From a mathematical point of view, we
can say without quantization (2.53) is an integral from —oo to +00 and rotation (which is
equivalent to changing the mean value of the random variable 172) does not have any effect

on the results. But, because here we are integrating on a bounded interval, location of the
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mean value of Y, is important.

2.3.4 Applying Rotation method to some known Constellations

In this subsection the effect of rotation of constellation is studied for some practical con-
stellation choices. In all of the results of this section, we assume all channel gains are equal

to 1, and step size of the quantizer is also equal to 1.

We first apply this method to a 4-PAM constellation. As it is illustrated in figure
2.10, rotation enlarges the achievable rate region considerably, specially for higher values
of SNR. Without rotation we have only one dimension in transmission. Through applying

rotation, we are adding another dimension which decreases the effect of self-interference.

221

snr=0dB

I I I I I
0.6 0.8 1 2 2.2

Figure 2.10: Result of Rotation of Constellation for 4-PAM at different SNRs- Dashed:
with rotation, Solid: without rotation

Figure 2.11 shows the results of rotation of one QPSK constellation. Here, we can see
the advantage of rotation as well. In a moderate SNR (10 dB) we can almost achieve 2
bits/sec/hz for each user which is the maximum achievable rate when we use this particular

constellation.
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Figure 2.11: Result of Rotation of Constellation for QPSK at different SNRs- Dashed:
with rotation, Solid: without rotation

We can also compare the performance of these two constellations. For all amounts
of SNR, QPSK works better than PAM, as it was expected. But, for PAM, improve-
ment obtained by rotation of constellation is much larger than QPSK. This is due to the
orthogonality (0* = 90 for PAM) caused by rotation for 1-dimensional constellations.

2.3.5 Adjusting self-interference channel gain

In this subsection we consider a fixed quantizer at each receiver side, i.e. users are not able
to manipulate the structure of output quantizer to obtain a better achievable rate. But,
there is another parameter in their hand to play with and achieve a higher rate. Actually,
they can adjust the self-interference channel gain. We suppose that each user can adjust
the power of signal that goes to its own receiver, but because of some obstacles (such
as system inaccuracy or analog-to-digital conversions) they can not completely remove
this interference. In other words, each leakage channel gain h; is always beyond some
constant «;. So hy € [y, 00). We would like to show, although the signal from one’s
node transmitter to its receiver is an interfering signal, due to presence of quantizer at

each endpoint, minimizing the power of this signal does not help us to obtain a higher
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transmission rate.

We consider K-point PAM as the channel input. Each user uniformly chooses one of

these K points to transmit.

Again we work on R;. We can use expressions in subsection 2.3.1 to calculate the
achievable rate. In these expressions every thing is given except hoy. We change this
parameter to obtain maximum achievable rate. The channel gain at which this maximum

rate is achieved is denoted by hao™.

Figure below demonstrates the R; versus hgs. For this simulation we consider a 4-point
PAM, forward channel gain is 1 (h12 = 1), and quantizer has 16 levels with step size equal
to 2. According to this figure it is obvious that rate is not a monotone decreasing function

of leakage channel gain.

i ! ! ! ! : ! ! : !
0.402
0.401 -

0.4

0.399

I(X,;Y,IX,)

0.398

0.397

0.396

i i i i i i
1.9 2.8 3.7 4.6 55 6.4 7.3 8.2 9.1 10
Leakage Channel Gain

0.395, i i i

Figure 2.12: Effect of changing leakage channel gain on achievable rate

Figure 2.13 , shows the received constellation at receiver 2, without noise. According to
this figure and our other observations, whenever the the received constellation is uniformly
placed at quantization bins, the rate increases. This result can be justified by saying that

when the points are uniformly placed, they become distinguishable. So the effect of channel
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Location of received points at endpoint 2
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Figure 2.13: location of points before adding noise, the dashed lines are boundaries of
quantizer’s bins

noise becomes low.
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Chapter 3

Gaussain Erasure Two-Way Channel

3.1 Introduction

In this chapter Gaussian Erasure Two-Way channel is studied. In an erasure channel the
received signal is erased and the erasure factor has some probability distribution. Under
this situation the receiver just receives the channel noise. We will use discrete random
variables as the channel inputs. So the pdf of received signal at each endpoint is mixed-
Gaussian. Before we start to describe our model in this chapter, a very important and

useful theorem is expressed as the following:

Theorem 3.1.1. ! Let X be a random variable with PDF

M
pm _(ac—x,n)2
plz) = wori (3.1)

'Derived by K. Moshksar, Ph.D. (kmoshksa@uwaterloo.ca), Supposed to be submitted in a joint paper

m=1
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where 11 < -+ < zpr and (pm)M_, is a discrete probability sequence. Define

x2, m
(lm:pme_ﬁa bm:%7m:1a 7M7 (32)
=0 gt by — by, m=1,- M~ 1, (3.3)
apg
C%:a_mad;n:bl_bmamZQ:"'aM> (34)
(3]

M-1

nt(r) =In (1 + Z c;edm> ,r€Ry, (3.5)
m=1
M-1 )

n (x)=1In (1 + Z cmedm’“") ,reR,. (3.6)
m=1

Let x> 0 be the unique root of n™(z) =In2 for ay < 3 and - = 0 otherwise. Similarly,
let ;7 > 0 be the unique root of n~(z) = In2 for a; < % and x, = 0 otherwise. For any
NibvNilba N2 eNU {O};

B+ QNI 41,N, <h(X)< B+ QaNb Ny s (3.7)

where ann+ and B are given in (3.8) and (3.9), respectively. Finally, the errors a;yw v, +
B —h(X) and asyp 1y, + B — h(X) scale like O (ﬁ) +0 (NA) and O (%) +0 (NL)
respectively.

Proof. See appendix A. n

This theorem helps us to find arbitrarily tight bounds on the entropy of a Mixed-

Gaussian random variables.
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—1lo e]wz_l i ~(x) (Q (—x” +x’”) -Q (—x”“ i xm)) (3.8)
i n=0 m:lpmn " \/ﬁ \/ﬁ . .

M
_ 1 loge 9
=5 log(2mP) + 5P (P + E pmxm>

M M
—log ayy, meQ (—%) —loga, meQ ( )
m=1

“logeb, Xl\i:pm (a:mQ <%> . \/geﬁf‘> . (3.9)

M-1

M
1 M—1 . 2 1
0= (G, 1) == ZasegP(ister:l md, ) Q <_ (xf - P (ibs + Z jmd,ﬁ>>>3.10)

m=1

, &, =—,n=0,---,Ns. (3.11)




3.2 System Model

Let us consider a two-way channel where the received signal at endpoints 1 and 2 are given
by
}/1 — El(hlle + hngQ) + Z1 (312)

and
}/2 == EQ(hngl + h22X2) + ZQ, (313)

respectively. Here, Xj, € &}, = {—v/Py, V' Py} are such that
1
Pr{X, =z} = 7 TE X, k=1,2. (3.14)

This yields
E[Xy] =0, E[X}] =P, k=1,2. (3.15)

Moreover, Z; and Z5 are independent N(0, 1) random variables and F; and E, are inde-
pendent Ber(e;) and Ber(ey) random variables, respectively, for known ej,e; € (0,1) at
both ends. We emphasize that £; and F, are unknown to both ends. The gain h;; can be

set at any value in [o;, 00) for i = 1, 2.

3.3 Shannon achievable rate in Gaussian Erasure Two-

Way channel with binary input
We know that the Shannon achievable rate is given by

We have
R} := h(Y1]X7) — h(Y1| X4, X2), (3.17)
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where

1
h(Y1]X1) = By Z hEy(huzy + hat Xo) + Z1) (3.18)
T1EX]
and |
h(Yi] X1, Xy) = - > W(Ei(hnwy + hayra) + Z1). (3.19)

T1EX,x2EX
To calculate h(E;(hi1x1 + ho1 Xs) + Z1) note that Ey(hjixy + hoi Xa) + Z; is a mixed
Gaussian random variable where all its Gaussian components have unit variance and means
0, hiiz1 — hor/Ps and hyy @y + hoyy/P, with corresponding probabilities 1 — ey, % and .
Also, in computing h(E;(hj1x1 + ho1xs) + Z1), we note that Ey(hy1x1 + hojxs) + Z; is a
mixed Gaussian random variable where both its Gaussian components have unit variance
and means 0, hq1x1+hoy s With corresponding probabilities 1 —e; and e;. As such, Theorem

1 can be utilized to derive arbitrarily tight upper and lower bounds on Rj.

For example, let us consider a scenario where ay = s = 1, hio = hg; = 1 and
P, = P, = 2dB. Setting hy; = hoo = a, Fig. 3.1(a) and Fig. 3.1(b) present plots of lower
and upper bounds on R} + R in terms of a for (e, e3) = (0.4,0.2) and (ey,ey) = (0.8,0.7),
respectively. Setting N = 5 and N("P) = 6 guarantees a uniform distance of less than
0.01 between the upper and lower bounds on R} + R35. Moreover, it is seen that R} + R;

is an increasing function of a and eventually saturates as a grows sufficiently.

The previous example motivates us to study the behaviour of R} + R; in the large
leakage regime where h; ; = hy s = a tends to infinity. As a increases, the k" user is enable
to recognize the realization of Ej. As such the achievable rate for the k' user increases to
I(X5; Y1 Xy, Ey) that is larger than I(Xy;Y1| Xy, E1)?. To explore this in more detail, let
us define?

Ui(x1) :== Ei(axy + ho1 Xo) + Z1, 21 € X (3.20)

and
Vi(;vl, 172) = El(a$1 + hg}lxz) + Zl, T € Xk, k= 1, 2. (321)

21\10136 that I(X2;Y1|X1,E1) = h(Xg) — h(X2|Y1,X2,E1) that is larger than h(Xg) — h(X2|Y1,X2) =
I(X2;Y1|X1) due to the fact that conditioning reduces differential entropy.
3The random variables Us(x2) and Vo (21, x2) are similarly defined for x € Xy, k= 1,2.
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Figure 3.1: Plots of lower and upper bounds on the sum rate R} + R} in a scenario where
hia=ho1 =1and P, = P, = 2dB. It is seen that the bounds meet as the indices N}b and

NP increase.

Then
R :% S Bt (1)) —}l S hVile,w)). (3.22)

T1EX T1EX,x2EX,

If a is sufficiently large, then py, (z))5, (4|0)Pr, ()5, (u|1) = 0. This together with the fact
that pUl(l'l)(u) = (1 - el)pUl(xl)\El (U|O) + €1PU (1) Er (u|1) yields

h(Ui(z1)) =~ h(Ui(z1)|E1)
= ejh(axy + hop Xo+ Z1) + (1 —e1)h(Z)
= eh(ho1 Xo+ Z1) + (1 —e1)h(Z)
= ejh(ho1 Xo+ Z1) + % log(2me), (3.23)

for any z; € &;. Similarly, for sufficiently large a, we have py, (z, 415, (V]0)PVi (21,2051 (V|1) =
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0. Then

h(Vi(z1,22)) ~ h(Vi(z1,22)|E1)
= ejh(axy + hojxe + Z1) + (1 — e1)h(Zy)
= eh(Z))+ (1 —e)h(Zy)
= h(Z)
_ %log(Zwe), (3.24)

for any z € Xy, k= 1,2. By (3.22), (3.23) and (3.24),
R~ R = eih(ho1 Xo + Z1) — %log(%re). (3.25)

Similarly,
Ry~ R = eoh(hy o Xy + Zo) — i;log(zm). (3.26)
Hence, we come up with an approximation for the sum rate given by

e + ey

R} + R = eyh(ho1 Xo 4 Z1) + esh(hi2 Xy + Zs) — log(27e). (3.27)

Note that he X5+ Z; and hy 92X + Z5 are mixed Gaussian random variables with densities

1
PhayiXat 20 (W) = 3 <g(w; —ho i/ P2, 1) + g(w; ho/ P, 1)> (3.28)

and .
Ph1,2X1+ZQ(w) = 2 <g(w; —hy2v/ P, 1) + g(w; hia\/ P, 1)) ) (3-29)

respectively. It is worth mentioning that in this case the bounds offered in Theorem 1 take

on a very simple form. For example,

B4 cagnny 10 < h(ho1 X + Z1) < B+ agyen o, (3.30)
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where (3 is given by (3.9),

N
—1)n
ano = logez ( n) f(n), NeN (3.31)

n=1

and
O(n) = e2Bal2n(n=1) (h2,1 VP (2n — 1)) + 2haalen(n+ ) (h2,1 VP (2n + 1)> . (3.32)
Let us consider a symmetric scenario where e; = ey = e and h; 9 = hy; = 0. Then
R: + R, = e (2h(bX, + Z») — log(2me)) (3.33)

where we have used the fact that h(bX; + Z2) = h(bX2 + Z4).
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Chapter 4
Conclusion and Future Works

Two-way channel, as an important type of communication channels, has not been well
investigated by researchers in the past years. In this thesis, some aspect of two-way channel

was studied.

We presented the previous work which have been on this area by other researchers.
We explained the inner and outer bounds on the capacity region of the channel and then

introduced our models.

In the first part, to get closer to the real world of communication, we considered a two-
way channel in which we add a uniform quantizer at both receiver ends. Then we employed
both Gaussian and discrete inputs. For Gaussian input, we derived the best step size of the
uniform output quantizer that maximizes the Shannon achievable rate. We also evaluate
the uniform distribution for the additive quantizer noise from an information theoretic
point of view. Then we tried to find a way to reduce the effect of noise that is generated
due to presence of quantizer. We split this noise into two parts: Quantization noise and
truncation noise and for both of them introduce a way for decreasing the noise impact on
the system. For the constellation-based input, like Gaussian input, using numerical method
we first obtained the best uniform quantizer at receiver. Then for both 1-dimensional and
2-dimensional constellations we derived the expression of Shannon achievable rate. Then

we employed the idea of rotation of one constellation with respect to the other one to
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enlarge the Shannon achievable rate region. We observed that using this method, in some
cases, the rate region significantly enlarges. At the end of this part, we assumed that each
user is able to control the power of self-interference. Actually user can adjust the channel
gain between its own receiver and transmitter (but user cannot completely cancel it). Then
we showed that in this condition, minimizing the self-interference power is not necessarily

a solution for the problem of maximizing the achievable rate.

In the second part we analyzed the Gaussian Erasure Two-Way Channel with discrete
input. In this scenario, we chosen a similar approach to the previous section to show that
when we are able to set the self-interference channel gain, we need to be aware that we do
not always need to decrease this gain as much as possible. Specifically in this case, we can
asymptotically understand the erasure factor by increasing the self-interference channel

gain.

Contrary to the most communication channel types, such as interference channel,
multiple-access channel, broadcast channel,..., Two-way channel has not been studied
deeply. There is lots of open problem in this area that can be look at. For example
finding the best input distribution for this channel when we are using output quantization

is an interesting one.

We believe, as the need of having high-speed communication increases, two-way channel
will be one of the most attractive problems among researchers in the field of network

information theory.
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APPENDICES

Appendix A

One can write p(-) as

M

p(x) = g(x:P) Y ame™™,

m=1

12 .
where g(x; P) = \/217736_@. It is easy to see that

/p(x) Inp(x)dx = —% In(27P) — EQ[);Q] + Pr{X > 0}Inay

FPr{X < 0} Inay + by E[X1(X > 0)] + b E[X1(X < 0)]
i / " () (x)da + / " (e (o)da.

Straightforward calculations show that

M
EX*| =P+ puth,
m=1

Pr{X >0} = ﬁ;me (—%) :
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and

Moreover,

E[X1(X > 0)] = ipm (@e—ﬁ? 0 (-%)) (4.6)

E[X1(X < 0)] = i:lpm <me (%) - \/ge—“fﬁ) . (4.7)

Next, let us consider the term [° p(x)n* (z)dz. We write

and

/0 Oop(x)m(x)dx: /Oxjp(x)f(x)dx n /x j’ p@)nt(@)dz. (48)

We treat the integrals in (4.8) separately.

1- For z > zf

* )

alternating series and for any Ni® € NU {0},

we have ZM Letednt < 1. Therefore, applying Leibniz test! for

mlm

rwe Y U (i m> (19)

n=1 m=1

and the difference between the right and left side in (4.9) is less than or equal to:

2(NiP+1)
+ dfnz
ity (Bae) ™

'An alternating series Zzozl(—l)"_lan where a,, > 0 converges if a,, is decreasing and lim,,_, s, a,, = 0.
Moreover, for any N € N, 3208 (=1)"a, < 3207 (=1)"Lan < Y02 (—1)"ay.
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This yields

2N}b+1( 1>n_1 o M-1 n
0 < Z p /xjp(:c)<Zce ) dz

n=1

m=1
(4.10)
Similarly, for any N} € N,
0 < [ bl @y
at
2NpP n
- (_1)71 / + dma:
2 Z .
) - M 2NPP+1
< + dhe dr.
T 2N 41 /xj a2 <m2::1 o ) !
(4.11)
It is remarkable that the right side of (4.10) is less than or equal to m which is

O (ﬁ) This implies that the upper and lower bounds derived on [ Of p(z)n(z)dz are
1

asymptotically tight. One may calculate the terms [ p(z) (Zn]‘f 11 che dm“”) dzx for any
n € N asin (4.12).

2- Note that n7(-) is a decreasing function on [0,00). Let us show that n7(-) is also
convex on [0, 00). One can write <1 Yy M lete din ) dd— ) asin (4.14). Using Cauchy-
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M
E Qg€
s=1

(4.13)

)

1P(bet oM} jmdxl)QQ (

Si-

M—1 M—1 M-1
= ch(dh) e + (Z c:;(d;)Zedz‘”) ( c;"nedmw>
m=1 m=1 m=1
M—1 2
- <Z c;d;edmx> (4.14)
m=1
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Schwartz inequality and noting that ¢,, > 0, and we this expression:

M-1 2 M—1 2

(Z C;d;rle(mw) = (Z ((c;)%d;e%d’tw> ((c;)éeéd’fﬂ)> (4.15)
m=1 1
1

m=
M- M-1
< ( c;;(d:;)zedm> <Z c:,ibedm> .

Applying this in (4.14) yields C{‘—;nJF(:c) > 0 for any x € R, i.e., () is convex.

We partition the interval [0, 2] into N subintervals with end-points x,} = % for
n=20,---, Ny. Define
No—1
n(x) =) 0t (an) et <@ <afy) (4.16)
n=0
and
Na—1
()= Y 0t @)ley < v <) (4.17)
n=0
for x € [0,z]]. Then
n(x) <n'(x) <7x), = €[0,27], (4.18)
and we get
Ij e
[ rentaa < [ s
0 0
Na—1 o
= > ot [ sty (4.19)
+
n=0 Tn
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Similarly,

V4
N
4
g ]
&
|3
&
oL
8

/0 " e (@)

The term fxf“p(m)da: can be expressed as an\le P (Q (%) - Q < ”*\}ﬁ m)) To
bound the difference foﬁ p(x)ﬁ(l‘)d$—f0x*+ p(x)nt(z)dx, note that 77(x) —n™(z) < n*

Nt (zny1) for x € [z}, 2}, ]. Hence,

0 < /0 N p(x)n(z)dz — /0 N p(x)nt (z)dz
< z_: (1 (zn) — 0" (Tnt1)) /jnH p(x)d. (4.21)

zt
The upper bound 322 (i () —nt (zh,,)) [77+ p(z)da tends to 0 as Ny grows to infinity.

@t

To see this note that by the Mean Value Theorem, there are y, € (¢}, 2}, ) and z, €

(z;f, 2, ;) such that

a 2 Lt ()
7 = 1 ) = = gl — ) = — ) (4.22)
and )
mn 1 +
/ 7 p@)de = p(an) (- af) = TEGn) (4.23)
er N2

) — I*+2 -4 n Zn
Therefore, Y35 (n* () — n* (w,1) [ pla)da s equal to Y32, t 2 dnvn)ren)
Tn 5

Since p(-) and —<LnT(-) are continuous on [0,z], there are constants ki, ks € Ry such
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that —=Ln™(y,) < ki and p(z,) < ks for all values of n. This yields

Ny—1 e
kika ()" (4.24)

n=0

which approaches 0 as N, tends to infinity. Similarly, we can show that the difference
between both sides of (4.24) is O(N, ).

Finally, note that ono p(x)n~(z)dz = [;° p(—z)n~ (—x)dz. One can treat fi)oo p(x)n~ (z)dz
exactly as we treated [° p(z)n™(z)dz. The details are omitted for brevity.
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